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1701. In AABC the following relationships holds:
2

R? + _* 2 bc(s —a)? | +11r% > 21Rr
a2b?c? -
cyc
Proposed by Daniel Sitaru-Romania
Solution by Tran Hong-Dong Thap-Vietnam

z bc(s — a)? = be(s —a)? + ca(s — b)? + ab(s — ¢)? =
cyc
= bc(s? — 2sa + a?) + ca(s? — 2sb + b?) + ab(s* — 2sc + ¢?) =
= s%(ab + bc + ca) — 6abcs + abc(a+ b +¢) =
= s%(s? + 4Rr + 1*) — 16Rrs? = s*(s> —12Rr +r?) =

2
4 4
IpicE <z bc(s — a)2> = @Rrs)?

cyc

2

(s2 (s> —12Rr + rz))

_ $*(s* — 12Rr + 1%)” s*>16Rr-5r* (16RT — 5r*) (4R — 41%)* _
B 4R272 - 4R272 B
4r(16R — 51)(R — 1)?

2

= 4(16Rr — 51%) (1 - %)

Let:g =t > 2. We need to prove:
1 2
2 + 4(16t — 5) (1 —?) +11= 21t

t*+4(16t-5)(t—1)2-212 + 11t >0
t*+ (64t —20)(t—1)2 - 213 + 11t > 0

t* +43t3 - 137t + 104t — 20> 0

(t—2)(t3—45t> —47t+10)>0

Which is clearly true, because:
t=>2=>t—2>0and
t3—45t> — 47t +10>2(22-45-22-47-2+10 =104 > 0.

Proved.
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1702. In AABC the following relationship holds:

+b2+cz 1 +cz+a2 - (4 2)+b2+cz (mb+ 1 )
Mals T 5 g h,h,  2bc |~ Mol T a h, 2bc  2cah,

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

+b2+cz 1 +cz+a2 - (4 2)_I_b2+cz (mb+ 1 )
Malls T =5 ca h,h, 2bc |~ MalC"Ta h, 2bc  2cah,

mym, mymy(c*+a?®) b*+c* (b*+c?)(c? +a?)
h,h, 2bc 2cah h, 4abc?

- m,m,(c* + a?) N m,(b% + c?) N m,(c? + a?) N b? + c?
- 2bc 2bch,, 2cah, 2cah h,
m,m, (b?+ c?)(c? + a?) - my(b%? + c?) my(c? + a?)

h,h, 4abc? ~  2bch, 2cah,

mgm mgm mgm mgm 2bc
L by o b>_abj_¢ "because(sazﬁ-ma)
hghy SaSh Sahp hgsp b%+c

& hghy, + 545y = hesp + hySq © ha(hy — sp) + Sq(sp —hp) =0
< (Sb - hb)(sa - ha) = 0.
Which is clearly true,because: s;, > hy; s, = h,.Proved.

1703. In AABC,AA'B’'C' the following relationship holds:
(@a+a)(b+b)(c+c)=8(r2s+1's + 6rr'Vss)
Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
(a+a)(b+b)(c+C) =

Holder

= (@)’ + (Va)") (%) + (V)) (V)° + (Ve)') "=

R>2 2r'

3 r;ﬁli’z
> (Vabc + 3\/a’b’c’)3 > (3V4Rrs +3 4R’r’s’) >
3 3
> (i/8rzs + i/8r’zs’) =8 (3\/ r2s + 3 r’zs’)
Let: x = 3\/rzs;y = 3\/ r'?s’ (x,y > 0)
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We need to prove:

8(x+y)® = 8(x3+y3 +6xy/xy) &
B+y3+3axyx+y) =23 +y3+6xy/ay e

3xy(x+y) = 6xy,/xy © xy(x +y) = 2xy./xy

AGM
Which is clearly true, because x,y > 0,x +y > 2,/xy &

xy(x +y) = 2xy,/xy. Proved.
1704. In AABC,DE = my,, EF = m_, FD = m,, R,,, 1,, - circumradii and
inradii in ADEF. Prove that:

r

<R)2 _ 2Ru,
2

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Tran Hong-Dong Thap-Vietnam

M

We have: MB = MC,NA = NC,PA = PB
BMXN - parallelogram = AM = m,, BN = MX = m,; CP = AX = m,
Choose: F = A,D = M,E =X> SADEF = %SAABC

m,mym, 3SaaBC
SRy =Ty =
2(my, +my + m,)

J

3SaaBc
R, 2 (mg,+my,+m)m,mym,

Tm 9 52
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2R, 4(mg+m, +m)m,m,m, 4(m, +my + m)m,mym, ) (R)Z

= = = —
T 952 9(sr)? -

r
(*)C:’ (ma + my + mc)mambmc < %(SR)Z

rex
2

Which is clearly true because:m, + m, + m, <4R+1r < %

myomym, R mymym, R Rs?
————— <> ——FS  —<—->mmm < ——
TaTpTc 2r sér 2r 2

2
= (mg + my + m_)m,ymym, < QRTS = (*) is true = proved.
1705. In acute AABC, 0o, —circumcevian, the following relationship holds:

h, h, h 8r
S R e
0, 0, O, R

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Daniel Sitaru — Romania

V3 w

ABAA 0, c csinB
= =0, =——1=
VsinB sin(Tic-p) ¢ cos(B-O)

1 1+ csinB —1 B—C) =
+Z— Z CsinB +ZCOS( -C) =

cye v cos(B—C) cye
. 2 + 172 + 2Ry B 1GERR£TSEN
2R? -
_ 16Rr — 5r% + 1% + 2Rr _18Rr - 47?2 -
- 2R? 2R? -
“&"18Rr—2r-R _16rR _8r
- 2R? 2R? R

1706. In AABC then following relationship holds:

11 1 _2/1 1 1
hZh, ' hih, hZh, ~ 3R\hZ hZ h2

Proposed by George Florin Serban-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

1+1+1“§M33 1 3 3 3R
hZh, hZh, hZh, ~ (hghyhp)3 — hyhyh, 25 282
R

2 1+1+1 2 a? + b?% + ¢?
3R\hZ h? hZ) 3R 452

3R 2 a?+b%+c?
We muste show that: — >

¢ Zan e © 9IR? > a® + b? + c® which is true by Leibnitz’s

Inequality.Proved.
1707. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

¢9)
1 PY P + n, 8y, + n.g. g < Iy + Iy + I'c )2

h,h, + hyh. +h.h, = \m, + my + m,

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s — b)
=an2 +a(s—b)(s— c)and b?(s —b) + c?(s — ¢)
=ag2+a(s—b)(s—c)
- an%.ag? > a?s%(s — a)?
& {b%(s—c)+c%(s—b) —a(s—b)(s— c)}{b%(s — b) + c?(s — ¢)

(@
—a(s—b)(s—c)} S a?s?(s — a)?

Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc
=X+y
Using these substitutions, (a)
e {zz+x*+yx+y)? —yz(y + D}Hy(z + ) + z(x + y)*
—yz(y+2)} =2 x3(y + 2)?(x + y + z)?
oxy?+xz?+y3+z3>2xyz+yz(y+z) ©x(y—2z)?>+ (y+2z)(y —z)? > 0 > true

= (a)is true = n,g, > s(s — a)and analogs
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oY mgzs Y =5 = (Y me) (M) 252y (29 ()
ST (R Iy Y

~ 2s.rs_ 2r

(m)
N N,8a + nL 8y + neg g 5
h,h, + hyh, + h.h, = 2r

. B . C . (B+C A 2 A
sin 7 sin i sSsin (T) CoSs 7 SCOS 7
Now, 1, + 1. =S B+ c|= —

_4R ZA
B' C AcosBeosC  (an) %2
COSz COS2 COSZCOSZCOS2 4-R

1
Ty + I = 4Rcos? >

AbY ®
Now, (b + c)? > 32Rrcos? > 2 8r(r,+r.) = 8rzs<

y 2 )
s—b s—c
a
—8(s—a)(s—b)(s—c)(s_b)(s_c)—4a(b+c—a)
o (b+c)+4a2-4a(b+c)>0=(b+c—2a)2>0-true~b+c

Ioscu

A ~ b+c A
>4 2chosE=>~Z:ma > 2( > cos—)

2

> Wz Zcoszg = WZu + cosA) = \/m(tl +%) = \/%(z ra)

% (m), (n) = (1)is true (QED)

( r, + I, +r. )2(,1)
= <
m, + my, + m,

1708. In any AABC, g, —Gergonne’s cevian, holds:
2r 8ryrpr.

R g.8p8c

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India
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?
Triangle inequality = g, < Al +r < w, &

r iZabccos%
—+r<———=
siné a(b+c¢)
2
r 2 8Rrscos%
S +r< A A
sinz 4R(b + c)smicosi
2 a+b+c 1 2 1 AL
s +1< =3 +1<+ + < (b+c¢)sin=<a
. . A . A . A . A
sin (b + c)smi sinz (b + c)smf sin

A B-C A/ A A
< 4Rcos —cos sinE <4Rsin—cos—

?

- 8rynpr,  8ryrnpre.
& cos <1 - true . w, > g, and analogs = >
8a8b8¢ WaWpWe
B 8rs? _ 8rs’[[(b+c)
2bccosé - 8a2b2c? (Hcos A)
-2 2
b+c

_ 8rs?.2s(s> + 2Rr+r?) s®+2Rr+r?

2r 8r,n,r.  2r s?+ 2Rr +r?
S >—+ =>—+
128R2r2s? (ﬁ) 2Rr R g.8»8 R 2Rr
s2 + 2Rr + 5r2 2, i
= >9 < s?2>16Rr — 5r?
2Rr

2r 8rn,r.
— true (Gerretsen) . — +

R 8a8b8¢
1709. In any AABC, n, —Nagel’s cevian, holds:

> 9 (Proved)

Z (a +/hy(hy, — Zr)) (n, +/2r,h,) < 3V2s?

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + ¢*(s — b) = an? + a(s — b)(s —¢)

= s(b% + ¢?) — bc(2s —a) = an? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)

RMM-TRIANGLE MARATHON 1701-1800
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= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s — b)(s—c)(s—a)

bc(s —a)
, 4as(s—b)(s—oc) 5 , 4s(s—b)(s—o¢)
= as“ — =>n; =8° —

a N a

a
CBS 4s(s—b)(s—c¢)
~n, ++/2r,h, < V2yn2 + 2h,r, = V2 [s%2 — . + 2h,r,

= as? — 4sbcsin? 5= as? —

_ \/E\/sz B 4s(s—b)(s—c¢) N 4(s—a)s(s—b)(s—c¢) o, + J20h

a a(s—a)

< V2s and analogs

= z (a +/h, (hy — 2r)) (n, + ,/Zraha) <+2s (25 + z Jh,(hy — Zr)) 2 3252
= Zw/ h,(h, — Zr) < s
)

o 3 2= 3, (25

—Zrz\/iw/s(s— )<Zr/ / s(s—b)—Zr’
2rs

Euler

\/ZRr V4r?
= z Vha(hy — 2r) < s = (1)is true - Z (a + +/h,(hy, — 2r)) (n, + /2r,h,)
< 3v/2s? (Proved)
1710. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:
1 2

N,8a + n, 8y + n.g. ; < Iy + Iy + I'¢ )
h,hy, + hyh.+h.h, = \m, + my + m,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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Stewart’s theorem = b%(s — ¢) + c?(s — b)

= an,? + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)

ag,2+a(s—b)(s—c¢)
- an,%. ag,? > a’s?(s — a)?
o {b*(s—c)+c*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c*(s—¢c) —a(s

(a)
—b)(s — ©)} = a?s2(s — a)?

Lets—a=x,s—b=yands—c=z:.s=x+y+z>a=y+zb=z+xandc
=X+Yy
Using these substitutions, (a)
e {ziz+x* +yx+y)? —yz(y + DHy(z + 0% + z(x + y)* — yz(y
+2)}2x*(y+2)’x+y+2)°
oxy?+xz? +y3+z3 > 2xyz+yz(y+z) © x(y —2)% + (y + 2)(y — 2)? = 0 - true

= (a) is true = n,g, > s(s — a) and analogs

=Y gy - =52 = (Y me) (Yhm) 252 (57) (o)
-3 HE ) -

)

-1

(m
N,8a + nL 8y + nge g 5
h,h, + hyh, + h.h, = 2r

. C _(B+C A 2 A
sin 7) B ssin (T) COSf SCOS 7
C
2

inB
s1nz

A
= = 4Rcos? —
cos” 5

(ar)

_|_

Proof:rb+rc=s< C
CoOs» COS%

A
COS 5 COS+ COS
2 2

®
Ty + I = 4Rcos? >
by (i)

Now, (b + ¢)? > 32Rrcos’ = = 8r(r +r)=8rzs< ! + ! )
’ - 2 b T s—b s—c

=8(s—a)(s—b)(s—o0) =4a(b+c—a)

a
(s—b)(s—0)

11 RMM-TRIANGLE MARATHON 1701-1800
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& (b+c)?+4a’-4a(b+c)>0= (b+c—2a)>2>0->true~b+c

Ioscu

A ~ b+c A
>4 2chosE::>Zm:,l = Z( 2 cosi)

> \/mz ZCOSZ% = \/mZ(l + cosA) = \/m(él +%) = \/%(Z ra)

2 ()
) 2 2-(m), (n) = (1) is true (QED)

( r,+n, +r,
m, + my + mg
1711. In any A ABC,n, — Nagel's cevian, g, — Gergonne’s cevian holds:

Nn,8a > m, my, + mg

hbhc B Iy Iy Ie
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b%(s — ¢) + c?(s — b) =an,? + a(s — b)(s — ¢)
= s(b% + c?) — bc(2s — a) = an,? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an,? + a(as — s?)
= s(b% + ¢? — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
bc(s —a)

= as? — 4sbcsin? 5= as? —

€Y

4A0? 20\ / A
= as? — =as? —2a (:) (s — a) = as? — 2ah,r, - n 2 = s? — 2h,r,

Again, Stewart’s theorem = b?(s — ¢) + c2(s — b)
=an,%? + a(s —b)(s — c)and b?(s — b) + c?(s — ¢)
=ag,>+a(s—b)(s—c)
~ an,%. ag,” > a’s*(s —a)?
o {b%(s—c)+c*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c*(s—c) —a(s

(a)
—b)(s — ©)} = a?s2(s — a)?

Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc

=Xx+y

12 RMM-TRIANGLE MARATHON 1701-1800
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Using these substitutions, (a)

e {zz+x)? +yx+y)? —yz(y + D}y + x)* + z(x + y)* — yz(y
+2)} > x%3(y+2)%*(x+y+12)?

oxy?+xz?2+y3+z3 >2xyz+yz(y+z) ©x(y—2)?2+ (y+z)(y —2)? = 0 - true
= (a) istrue = n,g, > s(s —a)

rs n,g,r, bcrs? bc

= n,g,r, = s(s—a) ( ) =rs? = n,g,r, >rs? >

s—a hyh, ~ 4r2s?2  4r
Panaitopol
R ™ naga ma
=(—|h = m, > > — and analgs
(21‘ 2 2 hyh, Iy g
n m, m m
282 Ma Mo , Me (Proved)

hyh, Iy |
1712. In AABC the following relationship holds:
a’b? + b%c? + c*a? - R
abc(a+b+c) — 2r

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania
Using Goldstone Inequality: 161%s% < a?b? + b?c? + c*a? < 4R?s?
We have: abc = 4RS;a+ b+ c=2s>

a’b? + b*c? + c*a? - 4R’s> Rs R
abc(a+b+c) ~4RS-2s 2S5 2r

Solution 2 by Soumava Chakraborty-Kolkata-India

a’b? + b%c? + c?a? (s? + 4Rr +r?)? ) < R (s? + 4Rr +r?)? - R + 4r
= — —
abc(a+b +c¢) 8Rrs? ~ 2r 8Rrs? -~ 2r
< 4R(R + 4r)s? > (s? + 4Rr + r?)?

@
& s* — s2(4R% + 8Rr — 2r?) + r2(4R+1)2 2 0

Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0,where m

= 2R? + 10Rr —r? and n = 2(R — 2r)vR% — 2Rr

13 RMM-TRIANGLE MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmbh.ro
(sz—(m+n))(s2—(m—n))SOz:»s"—sz(Zm)+m2—n2 <0
EL)
= s* —s?(4R* + 20Rr — 2r?) + r(4R+1r)* <0
~ (i) = in order to prove (1), it suffices to prove :
s* — s?(4R* + 8Rr — 2r%) + r?(4R + r)? < s* — s?(4R? + 20Rr — 2r?) + r(4R + r)?
& 3s? < (4R +r)? - true (Trucht)
a’b? + b2c? + c?a?

1list <— (P d
= (D istrue abc(a+b+c) _Zr(rove)

Solution 3 by Tran Hong-Dong Thap-Vietnam

. ad+b3+c3+abc 2R 1 ad+b3+c3+abc R
In any trlangle wehave: —M8M8M < —o - —mF—— < —
abc r 4 abc 2r

1 a3+b3+c3+abc a?b2+b%c%+c2a?
We need to prove: - - =
4 abc abc(a+b+c)

(a+ b +c)(a®+ b3+ c + abc) = 4(a®?b? + b*c? + c?a?)
a* + b* + ¢* + abc(a + b + ¢) + ab(a? + b?) + bc(b? + c?)

()
+ ca(c? + a?) > 4(a?b? + b%*c?* + c?a?)

chu

S r
But: a* + b* + ¢* + abc(a+b+c) > ab(a®?+ b?) + bc(b? + ¢?) + ca(c? + a?) =
a* + b* + c¢* + abc(a + b + ¢) + ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) >

(%)
> 2[ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?)] >

> 4(a’b? + b%c* + c*a?) &
ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) > 2(a’b? + b*c* + ¢*a?®) &
ab(a — b)? + be(b — ¢)* + ca(c—a)> >0

Which is clearly true= (**)true= (*) true.

1713. In AABC the following relationship holds:

(ma + mb)(mb + mc)(mc + ma) < <£)2
8m,mym, - \2r

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Tran Hong-Dong Thap-Vietnam
Let:x =m,, y=mp,z=m,>x+y+z<4R+r
1 1 1 1 1 1 1
+

x 'y z h, h, h, 7T
x+ + +x) «x x 1
@ty +a@Etr) x X+—+—+£+X+2=(x+y+Z)(—+—+—)—1:>
xXyz y X z z 4
LHS = [( +y+ )( ) ] [(4R+ ) 1] 1 4R R (*)(R)
xryrz T 8 r 2r  \2r

Dottt (t=£z1)<=t(t—1)20truebytz1=>t—120=>t(t—1)20.Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

,  mympym.(m, + my + m;) _mimj + mim? + m?m?
Xy < X® = = 952

9§2

9\ 2212 Gold 9\ 4Rr242 2
_(qg)zatbree §t°"e(16)4R s©_ (5)
9§2 - 9ris? 2r

- (R)z (;) m,mpm.(m, + my + m,)
“\2r) T 952
abca+b+c) 2[[(a+b) 16R?*r?s%.2s 5 5
52 > e =3 75 > 4s(s“ + 2Rr +r*)
®H
& 8R% >s? + 2Rr +r?

Now,

? ?

4R? + 6Rr + 4r2<8R%2 & (R — 2r)(2R+ 1) S0 - true

Vs t abc(a+b+c)>2H(a+b)
(i) is true 52 > “be
. . . . . 2rna 2rnb ch
applying which on a triangle with sides 3 '3 '3

Gerretsen

Now,RHS of (i) <

whose area of course

S

= -, t:
3 we ge
8 2 16
ﬁmambmc (§) (ma + my, + mc) . ﬁ (ma + mb)(mb + mc)(mc + ma)
S2 = 8
9 ﬁmambmc

15 RMM-TRIANGLE MARATHON 1701-1800
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N mambmc(ma + my + mc) (f“2>‘\) (ma + mb)(mb + mc)(mc + ma)

9§2 - 8m,mym,

~(1),(2)

2
- (ma + mb)(mb + mc) (mc + ma) < <%) (Proved)

8m,mym,
Solution 3 by Bogdan Fustei-Romania
Let x = ab,y = bc,z = ca = xy = ab®c,yz = abc?,zx = a*bc =
xy +yz + zx = abc(a + b + ¢) < a?b? + b*c? + c*a?® where a, b, c-lenghts sides of the
triangle ABC and m,, m;,, m. —can be the sides of on triangle with area S,,.
We can rewritten the relationship: abc(a + b + ¢) < a?b? + b?*c? + c*a? for
my, my, mg:
momym.(m, + my, + m;) < m2mi + mém? + m2m?
But: m2m% + mim? + m?>m? = 19—6 (a?b? + b%*c? + c*a?),
bc = 2Rh, (and analogs) = a?b? + b%c? + c2a? = 4R*(h2 + h} + h?)
But: w, > h,(and analogs) = w2 + w? + w? > h2 + h% + h? and with w2 <

s(s — a)(and analogs) = w2 + w2 +w? <s?=>

'4R2
h?% + hZ + h? < s* = a?b? + b?c? + c*a? < 4R*s* =

2.2 2.2 2.2 22, 2 _ 9y 5=t
mymy, + mpymg + memg < 4R%s -RzzR §t =
mZm2 + m2m? + m?m? - ngsz 1

952 4 952712
m2m; + mim? + m?m? - R? o m2m; + mim? + m?m? - (5)2
952 ~ 412 952 2r

2
mompym.(m, + my, + m;) < <§) ; (1)
We must show that:

mambmc(ma + my + mc) > (ma + mb)(mb + mc) (mc + ma)
9§52 - 8m,m,m,

3 3
Sm == ZS; abc = 4RS;m,mym_. = 4R, S,, = 4Rm-ZS = 3SR, =

16 RMM-TRIANGLE MARATHON 1701-1800
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msympmc
Ry=—F57
m 3s
my, +my, +m,
Sm=Smlm; Sm =
2
3 S mg, +m,+m, 3S
—-S= T DTy =
4 2 moeome 2(mg + my +my)
R, _ mampym, m, +mp +me momym.(m, + my + m.)
2T, 3s 3s 952

So, the inequality:

mambmc(ma + my + mc) > (ma + mb)(mb + mc) (mc + ma)
9§52 - 8m,m,m,

(mg+mp)(mp+me)(mc+mg)

R
becomes: —= >
2rm 8m,mpm,

R - (a+b)(b+c)(c+a):>4R> (a+b)(b+c)(c+ a)
2r 8abc r abc
(a+b)(b+c)(c+ a) =2s(s* +1r%+ 2Rr);
ab + bc + ca = s*> + r? + 4Rr
2R(h, + hy + h.) = s> + % + 4Rr; bc = 2Rh,(and analogs)
2R(h, + hy + h, —1) =s* +r? + 2Rr
(a+b)(b+c)(c+a)=4Rs(h, + hy + h,—71)
4R 4Rs(h,+hy,+h.—1) h,+hy,+h,—71
—_— = >1=>
r 4Rrs 4R
4—R2ha+hb+hc—r=>4—R+r2ha+hb+hc(:)

=

ra+rb+r62ha+hb+hc

R (a+b)(b+c)(c+a)
> -
So, we get: 2 = Babe =

mambmc(ma + my + mc) > (ma + mb)(mb + mc) (mc + ma) .

;(2)

952 - 8m,m,m,
From (1),(2) we have:
2

(ma + mb)(mb + mc)(mc + ma) < <R )
—\2r

8m,m,m,
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1714. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following

relationship holds:

1
mtzl = E (naga + rbrc) = rpre

Proposed by Bogdan Fustei-Romania

Solution 1 by Adrian Popa-Romania

1
1) E(naga + rbrc) ZTpTc S Nggq +TpTc 2 21‘1,1',_- S Nggq = TpTc

s s 52 _s(s—a)(s—b)(s—0)
s—b s—c (s—-b)(s—c) (s—b)(s—o0)

N,ga = s(s — a)true.

rpr, = =s(s—a)=>

1
2)m? > 2 (Nggq +TpTe) © 2M2 > nyg, + 137,
n2 + g2 = 4m? — 2s(s — a)
, L, AGM =2n,g9, < 4m% —2s(s —a) >
Ng+ga = 2N49,

Ngga < 2m? —s(s—a) = 2m2 >n,g, +s(s —a) =

1 1
m2 2 2 (Raga + 505 — @) = 5 (MeGa + 147

Solution 2 by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b2(s — ¢) + c¢?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
- an%.ag? > a?s?(s — a)?
o {b%(s—c)+c*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c*(s—¢c) —a(s
—b)(s—¢)} (2) a’s?(s — a)?

Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc

=Xx+y

18 RMM-TRIANGLE MARATHON 1701-1800
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Using these substitutions, (a)

e {zz+x)? +yx+y)? —yz(y + D}y + x)* + z(x + y)* — yz(y
+2)} > x%3(y+2)%*(x+y+12)?
oxy?+xz2+y3+z23 > 2xyz+yz(y+z) © x(y—2)% + (y+2)(y —2)? > 0 > true

@®
= (a) is true = n,g, > s(s —a)

Also, Stewart’s theorem = b?(s — ¢) + ¢(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)

Adding the above two,we get: (b? + c?)(2s—b—¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b% + ¢?) =2a(n?+g%) +a(a+b-c)(c+a—b)=2(b%+c?)
=2(n2 + g%)+a? - (b —c)?
>2(Mb*+c?)—a?+(b-c)?=2m%+g?) =4m?+ (b-c)?=2(n?+g?
= 4m2 + (b — ¢)? + 4n,r. = 2(n? + g2) + 4n,r,
= 4m2 + (b — ¢)? + 4s(s — a) = 2(n? + g2) + 4r,r. = 4m?2 + 4m?
=22 +g%) +4rr, > n? + g2 =4m? - 2nr,
A-G 9_‘)
= 4mj — 21y = 2,8, > m; > E(naga + Ipre)
(i)

1 .
Again, (1) = 21, < 1 + n,8, = E(naga + 1pre) = nre - (i), (ii) = m?

=

N| =

(n,g, + rpre) = rpr. (Proved)

1715. In AABC the following relationship holds:

4

m2 + m; <<R)
(m, + my)? — \2r
cyc

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Tran Hong-Dong Thap-Vietnam
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AGM
(mg + mp)?*(my, + m)*(m, + my)* > 4m,m, - 4mym,-4m.m, = 64(m,mm_)*>

Let:xzmﬁ;yzmlz,;z:mﬁ:>x+y+z=%(a2+b2+c2)=

3
=—-2(s?—4Rr —1?)

4
1+1+1 1 1 1 52—4Rr—r2
-4 — =
Xy h2 h2 h2 2s2r2

LHS — 81_[ m?2 + mj < 8(x+y)(y+z)(z+x) _
(m, + my)? 64xyz

1 1 1 1 1[3(s? — 4Rr — r%)? ® R\*
=§[<x+“2)(;+;+;)‘1] =§[ 45717 —1l < (z)
& r?[3(s? — 4Rr — 1%)? — 45*r?] < 2s*R*

& r?[3(s* + 16R*r? + r* — 8Rrs? — 25*r? + 8Rr?) — 4s5%r?] < 2s*R*
& r?(3s* + 48R*r? + 3r* — 24Rrs? — 10s%*r? + 24Rr3?) < 2s*R*
& 2(R* + 12Rr3 + 51r*)s? > 3r%s* + r?2(48R*r? + 3r* + 24Rr3)

()
& [2(R* + 12Rr3 + 51%) — 3r?%s%]s? > r?(48R*r? + 3r* + 24R13)
But: 16RT — 51% < s? < 4R? + 4Rr + 3r? (Gerretsen)
= 2(R*+ 12Rr3 + 5r*) — 3r%s? > 2(R* + 12Rr3 + 5r*) — 3r%(4R? + 4Rr + 31?)

R
t=—22
— 2R* + 12R13 +r2 — 12R*r? =

=2t* - 122+ 12t +1=2t(t>-6t+6)+1>2-2(22-6-2+6)=9>0
So, we need to prove:
(2R* + 12R73 + r?> — 12R*r*)(16R — 51) > 3r3(16R? + r? + 8Rr)
e (2t* — 12t + 12t + 1)(16t — 5) > 3(16t*> + 8t + 1)
& 3215 —10t* — 192¢3 + 204t> — 68t —8 >0
© 2(t—2)(16t* + 27t3 —42t> + 18t +2) > 0
Which is clearly true, because: t > 2 =>t—-2 >0
16t* + 2763 — 42t% + 18t + 2 = t{[t(16t%> + 27t) — 42] + 18} + 2 = 342 > 0 = (*%)

is true= (*)true.Proved.
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Solution 2 by Soumava Chakraborty-Kolkata-India

,  mymym(m, + my, + m,) mgmﬁ + mZm? + m?m?
9S 9S

9\ v 4212 Gold EAPT Y
_(qg)zatbree 5"“(16) 4R°s” (5)2
9S2 - Or2g2 2r

2
R\* mymym.(m, + m, + m
: ( ) 2{ alllp M (1M b C)} and so, it suffices to prove :

2r 9S2
2 (1) 2 2
m,mym.(m, + my + m,) S m;+m;j
9§2 - (m, + my)?
bz + C 1 Bandila 1
— | <
T (e e et
b? + c? R
8R® 2%  8R? R P R? R
= < = < = —
(R+2r)2 = 4R.2r(R+2r) r(R+2r) ~ r(R+R) 2r
E‘iéer(Rr _ (R)z b? + c? :>{abc(a+b+c)}2
2r/) \2r) T (b + c)? 16S2

c2

>81_[b lying which on a triangle with sides 2 Wb 2Mc
> b+ o)z 2PPlying which on a triangle with sides

373’3

8 2 z
ﬁmambmc (§) (ma + my, + mc)

16S?
9

S
whose area of course = 3’ we get :

. g 1—[ (m§+mb)

(ma + mb)z

m,mym.(m, + my, + m m3+m} | | m3+m;
_, JMalMy o( a2 b c) > a—%:(l)istruer-S a—bz
9s (m, + my) (m, +my)
4

< (%) (Proved)
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1716. In AABC then following relationship holds:

2( m, my, m, )<R

3\my+m, m.+m, m,+m, 2r
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

, _ mympym(m, + my +m,) mﬁmlz, + m?m? + m?m?
9S 9S

_ (%) y aZp? Goldétone (%) 4R?%s2 ~ < R >2

952 = 9r2s2  \2r
- (R)z (;) m,mpm.(m, + my + m,)
“\2r/) T 9s2
Ya® 4Rrs+2s(s? — 6Rr —3r?) s? —4Rr — 3r?
Now > + =
2r 4 4abc 16Rrs 8Rr

& s?2 —4Rr — 3r? < 4R? & s? < 4R? + 4Rr + 3r? - true

abc(a+b+c)
(Gerretsen) . ——————

16852
21+Za3 i i . o 2my ’Zmb 2m, _S
4  4abc 3 3 3 3
8 2
% Mympm, {§ (m, + my, + mc)} 1 (ma +mp + m3?)
we get : Sz = 1 + 3
16 ( 9 ) 4 (27) m,m,m,
s m,m,m.(m, + my, + mc) 1 1. m + m} + m?
9§?2 - 4 4m,mym,
- mambmc(ma +my + mc) ; ’1 m3 + mj + m3
' 9S2 ~ 4 4mymym,
1 z _(Za 2 1 3abc+ (Ta)(Ta?-Yab) [Ya?\’
Again, — S -+ =
4 4 bc Y ab 4 4abc Y ab
(Za)(Ta?-Yab) _ (Ta?)’
< = -1
4abc Y. ab
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X a)(Ta*—-Yab) (X a®-Yab)(Ta*+Yab)
= >
4abc . (2 ab)?

2
O TR - N —

2
> ,it suffices to prove :

Ya Ya%’+Yab

2 22
4abc> 3 ab)? S (s“+ 4Rr +r1r%)

1 3 2
1. a > a
4 4abc Y ab
> 8Rr(3s? — 4Rr — r?)
®
& s* — s2(16Rr — 2r?) + r2(48R% + 16Rr + r2) S 0
Gerretsen
Now,LHSof (i) = s%(16Rr — 5r?) — s?2(16Rr — 2r?) + r?(48R? + 16Rr + r?)
=r%(48R? + 16Rr + r? — 3s?)

Gerretsen

S r2(48R? + 16Rr + r? — 12R? — 12Rr — 9r?)

Euler 1 Zas
— A2 2 _ ’““ 2.2 N .
= 4r2 (9R* +r(R—2r)) £ 36R’r?> 0= (i) istrue - 3+

2m, 2my 2m,
3’3" 3

applying which on a triangle with sides ,we get

2
%(m§+mﬁ+mg) %(m§+ml2,+m§)
=

1
g
4 8 4
4 (ﬁ) m,mpm, g (mymy, + mym, + mem,)
1 m§+ml3,+m§(§)< m? + mZ + m?

4 4m,m;m,

2
> > ~(1),(2),3)=

m,my + mym, + m:m,

(E)z - m,mym.(m, + my, + m,) 1 N m3 + m} + m?
2r/ — 9§2 4 4m,mym,

2 4
>< m? + m + m? > R m?2 + mZ + m?

m,m; + mym, + m.m, 2r  m,my + mpym, + m.m,
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2\ Ya(c+a)(a+b) 2(s®?—4Rr-r?)
<§>Zs(sz+2Rr+r2)S sZ + 4Rr + r?

Now, 32b+c Zab

(1) Y{a(ab + a%)} - s? — 4Rr —r?
3/ 2s(s? + 2Rr + r?) ~ s? + 4Rr + r?

(1) 2s(s? + 4Rr + r?) + 2s(s? — 6Rr — 3r?) - s? — 4Rr — r?

@ —

3 2s(s? + 2Rr +r?) ~ s +4Rr +r?

2)(s? + 2Rr + r?) > (s? + 4Rr + r?)(2s? — 2Rr — 2r?)
(if)

& st —12Rrs2 —r2(4R+1)2 3 0

Gerretsen

Now,LHS of (ii) = sZ(4Rr — 5r?)

& 3(s2—4Rr—-r

Gerretsen

—r2(4R+1)?2 = r2{(16R - 5r)(4R — 5r) — (4R + r)?}

Euler

=12r2(R-2r)(4R-r) S 0

2
S (i) is t .z
(ii) is true 32b+c
2m, 2my 2m,

< 5 ::) applying which on a triangle with sides 3 '3 '3 ,we get :
Z (%)Zmﬁ :E< m, my, N m, )
3 3(mb+mc) _(%)Zmamb 3\my+m, m,+m, m,+m,
m? + m{ + m? bng)ﬂ (Proved)

<
m,my + mym, + mc.m,

Solution 2 by Bogdan Fustei-Romania

2<a+b+0)<R
3 bl Cq rq
2/a b CBSZ 1 1
=(—+— ) \/a2+b2+c2 S +=+=
3( b1 % b% C%
2 2 2 2 iy
a +b1+cls91R (Leilbmz) 2<a b+ )<2 . 1
= —|—+4+ — —_— =
o 3 b1 3 21"1

b+ <
a?  b? ¢ 4r?

1
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2/a b c R
e
3 aq bl Cq rq
ai+bi+cq
Letbea1=b+c,b1=c+a,c1=a+b,sl=T=25

abc=4RS

2sry = \/Zs(2s —b-c)(2s—c—a)(2s —a—b) =V2sabc LN

2sr; =V2s-4Rrs = 2sV2Rr > r; = V2Rr

So, we have the following relationship holds:

2/ a b c R? R
—( + + )s —= |—=
3 +c¢c c+a a+b 2Rr 2r

m,, my, m, can be the sides of the triangle, then we get:

2 m, my, m, R,
=] + + )< @)
3\mp+m, m.+m, m,+m, 2r,

3 3
S =—S;abc = 4RS = m;mym, = 4R,,S;, = 4R, -~ S = 3SR,,

™4
m,m,m, m, +my,+m,
Rsz;szsmrm; Sm = 2
3 m, +my, +m, 3S
=S=1rn" Tm =
4 2 2(m,+my +m,)
R R, mgmym; my,+my+m. mympym.(m,+my,+m.)
2r, 3§ 3S B 952

.1
Using ESZR > mgm,m,

9R
ma+mb+mcS4R+r;4R+rS7@8R+2rS9R®R22r(Euler)

9R
Sm,+m,+m,< >
1
1, 9R _mymym. (mg+m,+m,) 2
—~Rs* — > =
2 2 52

R? o momym.(m, + my, + m) _ Rn :52 R, . (2)
472 9§52 2r,, 2r 21,

From (1),(2) we get:
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E( m, my, m, ) < i
3 2r

+ +
mb+mc mc+ma ma+mb

1717. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

mahbhc n mbhcha n mchahb
8a 8b 8c
Proposed by Bogdan Fustei-Romania

n,r, + nyr, + n.r. =

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + c(s — b) =an,? + a(s — b)(s — ¢)
= s(b? + c?) — bc(2s — a) = an,? + a(s® — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an,? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
B bc(s —a)

2

= as? — 4sbcsin? 5 =as

®

2A A
= as? — 2 (—)( )z 2 _ 2ah,r, - n,2 252 — 2h
as al—)\g=5)=3s ah,r, ~n,*=s ala

4N
s—a

= as? —

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)
= an,? + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)
=ag,2+a(s—b)(s—¢)

- an,’.ag,” > a’s?(s — a)?
© {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?(s—b) + c2(s—¢) —a(s

@)
—b)(s — ©)} S as2(s — a)?

Lets—a=x,s—b=yands—c=z:-.s=x+y+z>a=y+zb=z+xandc
=X+y
Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z + 0% + z(x + y)* — yz(y
+2)} > x2(y+2)?(x+y + z)?
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oxy?+xz2 +y3+z3 > 2xyz+yz(y+z) © x(y —2)% + (y + 2)(y — 2)? = 0 - true

= (a) istrue = n,g, > s(s — a)

> s( ) rs 5 o o2, MaBala bc.rs?  bce
=>n r_ss—a( )=rs = n,g,r, = rs’ = > =—
aBafa s—a aBala hyh, — 4r2s2  4r
Panaitopol
~ mahbhc
=|l=—)h, = m,>n,r,=> and analogs
2r 8a

mahbhc + mbhcha + mchahb

= NI, + Ny, + DI = (Proved)

8a Sb 8c

1718. In any A ABC, n, — Nagel’s cevian, g, — Gergonne's cevian holds:

min ((Z n,g, ) (Z hahb)_l , (Z m,w, ) (Z hahb)_1> > %

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + c?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
- an2.ag? > a?s?(s — a)?
o {b*(s—c)+c*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c?(s—¢c) —a(s

(a)
—b)(s— ©)} = a?s2(s — a)?

Lets—a=x,s—-b=yands—-c=z.s=x+y+z=>a=y+zb=z+xandc
=X+y
Using these substitutions, (a)
e {zz+x? +yx+y)? —yz(y + DHy(z + 0)* + 2(x + y)* — yz(y
+2)} = x%(y+2)?(x+y+2z)?
oxy?+xz2 +y3+z3 > 2xyz+yz(y+z) © x(y —2)% + (y + 2)(y — 2)? = 0 - true

= (a) is true = n,g, > s(s — a) and analogs
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sz sy st o (D) () =3 (2 )
Y}

2s.rs 2r
Ioscu

= (Z naga) (Z hahb)_1 (g)%
s S man, %[ (2o - 3 e[ )

b+c 2

=S Z(s —a) = s? ‘
> (Z m,w, ) (Z hahb)_1 > 52 {Z (2’_;) (%)}'1 _ {<4Rrs)‘1} { (Z a)_l}

4R?

— rH R
> R
~2srs Zmawa Eh B, ~ 2r
—1
(m), (n) = min Z n,g, Z h hb 2 m,w, 2 h hb > — (Proved)

1719. In any A ABC holds:

S <5 2r)22 h, (i) S (2+R)
2R R

s—a ZR r
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

. . B . C A B C 2B 2 C
h, _ 2rs _ 2.4Rs1n751n75m7.4Rcos7cosicosi B (Zcos Z) (Zcos 2)
s—a a(s—a)

4Rsin%cos%.4Rcos%singsin§ ZCOSECOSgCOS%

=5 (1 + cosB)(1 + cosC) and analogs

Z h, 2R
=> =—
s—a s

2R
(1 + cosB)(1 + cosC) = TZ(l + (cosB + cosC) + cosBcosC)
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(R+n?* _  s*—4Rr—r?
:Z—R 3+Z(R+l‘)+ R2 3+ 2R2

S R 2

4R?

_ 2R (12R2 +8R(R+r) +2(R+1)? — 6R? + 5% —4Rr — r2>
s

- z h, ™s2 4 (4R +r)? s + (4R +r)? - s(R + 2r)

~ d so, (2 <
s—a 2Rs and so, (2) < 2Rs 2Rr

>rs? +r(4R +r)?

& (R + 2r)s?

)
& (R+1)s? S r(4R + r)?
Gerretsen ? ?
Now,LHSof (i) = (R+r)(16Rr—5r?)>r(4R +r)? < 3Rr> 6r?
— true (Euler) = (i) = (2) is true
(ii)
& R(4R +1)? = (4R — 2r)s?

s? + (4R +1)? - s(5R — 2r)
2Rs - 2R?
Rouche

Now,RHS of (ii) £ (4R

Again,(m) = (1) &

?
— 2r) (2R? + 10Rr — r? + 2(R — 2r)VR? — 2Rr) SR(4R +1)?
& R(4R +r1)% — (2R% + 10Rr — r2)(4R — 2r) > 2(4R — 2r)(R — 2r)vVR2 — 2Rr

2

© (R—2r)(8R? — 12Rr +r?) = 2(4R — 2r)(R — 2r)yR? — 2Rr
(iii)

wR—2r = .- inorder to prove (iii), it suffices to prove : 8R? — 12Rr + r2
> 2(4R — 2r)//R? — 2Rr
& (8R%2 —12Rr +r?)2 —4(R? = 2Rr)(4R-2r)? > 0 © r?(4R +1r)?> > 0 - true

= (iii) = (ii) = (1) is true (Proved)
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1720. In AABC the following relationship holds:

5
[ [Gms—ng+ws) < (] [oma— o+ wa

cyc cyc
Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
(x—y+2)°=

=x°—y° + 2%+ 5xy(y3 — x3) + 5xy(a® + 23) + 10x%y*(x — y) + 10x%222%(x + 2)
+ 10y%22%(z — y) — 20xyz(x? + y? + z%) + 30xyz(xy + yz + zx) =
x—y+2)°—-(x*—y5+2°) =
=5(x—Yx+2)Zz-y[x*+y:+z2—(xy+yz+2zx)] =0
Becausex >z>y > 0; x2+y*+z - (xy+yz+2zx) >0
Choose:x =my ;y=hg;z=w,;;(x=>z>2y>0)=>

(mg—hy, +wy)’ >m —hl +wd =

H(mf, >+wy) < (ﬂ(ma —hg + wa)>

cyc cyc
Proved.

1721. In AABC the following relationship holds:

2

I9G(m, +my)(my, + m.)(m_.+m R
( a b)( b c)( c a>§1+2(—)
8m ,m,m, r

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Tran Hong-Dong Thap-Vietnam

Letx=ma;y=mb;z=mc=>x+y+z£4R+r;%+§+%S%=>

(x+y)y+2)(z+x)

X
xyz y

y y 1 1 1
= + +— +2—(x+y+z)( +—+—)—1;:>
X y y z
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LHS = - [(x+y+z)( +—+ ) ] [(4R+r) ——1]

9R R
=—s1+z(—)
2r r

94R
8r
2

(*)®2t2+1—§t20@4t2—9t+220®(t—2)(4t—1)20truebyt22=>
t—2>0>4t—1>8—-1 =7 > 0.Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

,  mymym(m, + my, + m,) mgmﬁ + mZm? + m?m?
9S 9S

(16) Z aZb? Golditone (196) 4R2%g2 ~ < R )2
B 9s2 - 9r2s2  \2r

®
(E)Z > 4m,mym.(m, + my + m.) SRHS S 14 8m,mym.,(m, + my + m,)

952 - 952
abc@a+b+c) 9@+b)(b+c)(c+a) 8Rrs?
> e1+——r
2§82 8abc 2r2s?

r

Now,1 +

@

18s(s? + 2Rr + r? "
( ) & 16R(4R + 1) > 9s? + 9(2Rr + r?)

>
- 32Rrs
Gerretsen ?
Now,RHSof (i) < 9(4R? + 4Rr + 3r%) + 9(2Rr + r2) £16R(4R + 1)
? ?
& 14R?2 —19Rr — 18r250 & (R—2r)(14R+9r) S0
Euler
Strue R 3 2r= (i)istrue ~ 1 +

abc(a+b+c)
2S2

- 9(a+b)(b+c)(c+a)
- 8abc

2m, 2my 2m,
3’3" 3

applying which on a triangle with sides

whose area of course = 3’ we get :

8 2 72
ﬁmambmc (§) (ma + my, + mc) . ﬁ (ma + mb)(mb + mc) (mc + ma)

257 ;
9

1+

64
ﬁ m,m,m,
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2
8mambmc(ma + my + mc) (r“>‘\) 9(ma + mb)(mb + mc) (mc + ma)

=1+ 9§2 - 8m,mym,

~(1),(2)

2

9 R
- (ma + mb)(mb + mc)(mc + ma) <1+2 (_)
8m,mym,

1722. In AABC the following relationship holds:
a* b* ¢* 3R(a*+ b*+c?)

—+—>
b2+c2+a2_ 2(R+71)

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
2 2 2 2 2 2
Lemma: Forx,y,z > 0=-+LX+Z > M; (D
y z x x+y+z
Chose: x = a%;y = b?;z = ¢

+c4 3(a* + b* + c*)
¢z a?” a?+b%+c?

a4- 4
(1) = ﬁ-l_

We need to prove:
3(a* + b* + ) - 3R(a? + b% + ¢?)
az+b%2+c%2 — 2(R+71)
2(R +r)(a* + b* + ¢*) > R(a? + b? + ¢?)?
4(R +1)(s* — (8Rr + 61%)s%? + r2(4R + 1)?) > 4R(s* — 4Rr — r?)?
(R+1)(s*— (8Rr + 61r%)s® + r2(4R + 1)?) >
> R(s* + 16R?*r? + r* — 8Rrs? — 25%r? + 8R13

(R+1)[s* — (8Rr + 61%)s?* + r*(4R +1)?] >

> R[s* — (8Rr + 21%)s? + r?(4R + 1)?]
rs* + [R(BRr + 2r?) — (R+1)(8Rr + 61®)|s? + [[R+ 1) — R]r>(4R+ 1) >0
rs*+2r[R(AR+1)— (R+ 1) (4R +31)]|s* +r3(4R+1)? >0

s*—2(6Rr +3r*)s’ +r*(4R+1)* = 0

()
s?(s> —12Rr —6r>) +r?2(4R+1)? > 0

(+)
But: s> > 16Rr — 5% = LHS,) = s*(4Rr — 11r*) + r?(4R +1)* > 0
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Now, we prove that: (**) is true.

(*+) © s2(SR—11r) +r(4R+1)?2 >0
If 4R — 11r > O then: s2(4R —11r) + r(4R +1)?> > 0

4R - 11r <0 R _11 2 5 )
If{ZTSR(Euler):)ZS;<Tthenfrom.s <4R*+4Rr +3r* =

(4R?* + 4Rr + 3r®)(4R-11r)+r(4R+1)? >0 &

R 11
(4t2+4t+3)(4t—11)+(4t+1)220;(t=;;2£t<7)<:>

16t3 —12t* —24t—-32>0< 4(t—2)(4t* +5t+4) >0

e 11
Which is true, because: 2 < t < i (*¥*)true= (*)true.

1723. In AABC the following relationship holds:
5 2r< 2A+ 2B+ 2C<1_I_3R
RS sec > sec 2 sec > = >

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

1 s2+(4R+1)2
24 s2
cos?3

A
Let O = ¥, sec? > = Zeye

) 2r s*+ (4R +1)? 2r (4R +1)?
QZS_F(:) =>5 &S —

2r
24—F<:>R(4R+r)2

s2 s2

> s2(4R — 2r)
But: s < 2R? + 10Rr — 1% + 2(R — 2r)/R(R — 2r)
= s2(4R — 2r) < (4R — 27) [ZRZ +10Rr — 1% + 2(R — 2r)R(R — 2r)]

()
< R(4R +1)?

R
t=—22

(x) &= (4t — 2) [26% + 10t — 1+ 2(t - 2)|/t(t - 2)| < t(4t + 1)?
o 42t — 1)(t — 2)/t(t — 2) < t(4t + 1)% — (4t — 2)(2t% + 10t — 1)
o 42t —1)(t—2)J/t{t—2) < (t—2)(8t2 — 12t + 1)

& (t-2)[862 - 12t +1 - 2t — 1)t —2)| 2 0
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Because:t >2=>t—2=>0
We just check: 8t% — 12t + 1 > (2t — 1)\/2(t — 2) &
(8t — 12t + 1)? > (2t — 1)%*t(t — 2)
(8t — 12t +1)> — (2t —1)%t(t—-2)=>0
60t* —180¢3 + 151t> — 22t +1 >0
Which is clearly true, because:
f(t) = 60t* — 180¢3 + 151t — 22t + 1;(t > 2)
f(t) = 240t — 540t + 302t — 22

t=2
f'(t) = 720t2 — 1080t + 302 = 360¢(2t —3) + 302 = 1022 >0 =

ff12;,0)=2f(t)=f(2)=342>0=
fT(2;,0)= f(t) = f(2) =81 > 0= (x)true=> (1)true.

@) 3R s*>+ (4R +1)? 3R (4R +1)? 3R
0<1+—& <1+—&1+—1+—
2r s2 2r s2 2r

< 2r(4R + 1r)% < 3Rs?

But: sZ > 16Rr — 512 = 3R(16Rr — 51%) (? 2r(4R + 1)?
(*+) © 48R?*r — 15Rr? > 2r(16R? + 8Rr +1?%)
& 48R? — 15RT > 32R? + 16Rr? + 2r?
© 16R?* —31Rr — 2r* > 0 © (R — 2r)(16R + 1) > 0 true by R > 271 (Euler)= (**) is
true= (2) is true. Proved.
1724. In acute AABC the following relationship holds:
sinA cos3A sin3A cos3A 9 1
2. ( PORMTG) ) +] ] ( uB) " p0 > 720" Teye(m - ()

cyc cyc

Proposed by Radu Diaconu-Romania
Solution by Tran Hong-Dong Thap-Vietnam
Because: 0 < A,B,C < g =

sin3A, sin®B, sin3C > sin*A, sin*B, sin*C > 0
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cos3A, cos®B, cos®C > cos*A, cos*B, cos*C > 0

sin®A cos3A sin*A cos*A
? :;<u<3) ) > >;<u(3) ) ) -
B z ((sinzA)2 (cosZA)2> Bergstrom < (sin®A + cos*A)?
B n(B) n(0) uB) +pu€)

B 21—2 Berg;trom 1+1+ 1)2 _ i
B LipB) +u©) T 2(uA) +pB) + u(C) T 2m
sin3A cos3A sin*A  cos*A
®= 1;[(#(3) ) ) g 1;[<u(3) R ) -
_ 1—[ <(sin2A)2 N (cosZA)2> Bery;trbm 1—[ <(sin2A + cosZA)2> B
B LIN w® n(C) IR AN CORY () -
1
- 1_[ (n — u(A))
cyc

LHS — z<5m3A cos? > H(sin3A+cos3A> >i+ 1
uB)  u() Ve uB)  u) 27 [Ieyc(m — n(A))

1725. In any A ABC,n, — Nagel's cevian, holds:

32 ar, > V2(2R - r)z:(na1 +/2h,r,)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b%(s — ¢) + c?(s — b) = an,? +a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢ — a% — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
bc(s —a)

= as? — 4sbcsin? 5= as? —
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2
= as? — :f = as? —2a <%) (s é a) = as? — 2ah,r,
CBS
= n, +./2h,r, < \/E\/sz — 2h,r, + 2h,r, = V2sand analogs

1
= z:(na +4/2h,r,) < 3V2s = V2(2R-r) z:(na +./2h,r,) £ 6s(2R - 1)

. A A A ., A
Again, 3 z ar, =3 z 4Rsmicosistan§ = 6Rsz 2sin 7= 6RSZ(1 — CosA)

=6Rs(3—1—%) — 65(ZR—T1)

by (1)

S V2(@2R-r1) Z:(na +/2h,r,) (Proved)

1726. In AABC, K —Lemoine’s point, the following relationship holds:

48r* 3R?
< AK + BK + CK < —
3 2r

Proposed by Marian Ursarescu-Romania

Solution 1 by Bogdan Fustei-Romania

2bc
AK = Zibi i m,(and analogs); bc = 2Rh,
4R - h,m, 4R

_ g .
K= a? + b2 + c2 = aZ + b2 + ¢2 ha(and analogs), m, > ha

a? + b% + ¢ < 9R?*(Leibniz)
AK > R hZ > R h?% = dhg
“a?+b%2+c¢2 *T9RZ " O9R

h,+ h, + h. >9r = (h, + hy + h,)? > 81r?

(and analogs)

CBS
3(hG + R} +hZ) = (ho+hy+h)? = B+ b} + hE 22777 =

4(h% + hi + h%) 4 27r%  12r? AK + BK 4 CK > 1212
= =
9R ~ O9R R ~ R

; (1)

12r2 _ 48r* 472
We must show that: Rr > R: 1> R—rz & R? > 41* © R > 2r(Euler)
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3
m2 + m? + m? =Z(a2+b2+cz);

4R
AK < m ' mﬁ(and analogs) =
4R -%(uz + b% + ¢?)
AK+BK +CK<——————=3R;(2)

2
We must show: 3R < % 1< % < R > 2r(Euler)

From (1),(2) we have:

48r* 3R?
< AK + BK + CK < ?

Solution 2 by Soumava Chakraborty-Kolkata-India

2bcm,

m, 1
AK = and analogs and =— < and analogs . z AK < Z
Yar B Ta =273, &

2bc
2+/3a

Z bZCZ Goldétone 4_st2 Rs
" 4V3Rrs  4V3Rrs +3r
3V3
Mitrinovic R> <T> 3R2 D gp2

2 = ~AK+BK +CK < —
- \V3r 2r FBR+ LR = 2r

Now, WLOG we may assumea>b>c-m, <m, <m.andbc < ca < ab -~ z AK

_ (ﬁ) Z bem,

Chebyshev ereshin
é (BZaZ) Zbc Zma T —h ( zzaZ)ZR(Zha)<2b24;cz>

4-

)
& R358r3

> <6R;a )2R(9r)2a2 =6r>4§

2 +@ 48r*
< R>2r - true (Euler) - < AK+BK+CK - (1),(2) = "E

3R?
<AK+BK+CK < o0 (Proved)
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1727. In AABC the following relationship holds:

. . N 6n + 18R
Mg + 1+ Ymy +1p +Ym 41, <S————nE€ N,n>2
Proposed by Mokhtar Khassani-Mostaganem-Algerie
Solution by George Florin Serban — Romania
1 14

Let: f:(0,0) > R, f(x) = Vx = x%,f’(x) =—xn

n

1
f'(x) = %(% - 1) xn 2 < 0= f —concave on (0, )

x+y+2y_ [ +f0)+f@
()=

1
zwggngzx
cyc cyc
n m,+r n m,+ ), 1
Z"/—ma+ras3- Xma+7a) o "[XMatXTa _
3 3
cyc
/9R R
nY¥m,+ 4R +r Euler "5 +4R+ 5 — D 6n+ 18R
=3.\/2 a 3 < 3- %quBRST:

. 9R 3R
(1)@3-\/3R53+7<= \/3Rsl+7<:>

; (Jensen)

n Bernoulli
(1 +3TR) > 1 +3TR-n —1+3R>3Ro 1 +3TR> %/3R true.Proved.

1728. In any A ABC, holds:
W, W, W
w, + wy, + w, Zs+(6—3\/§+—a+—b+—c)r
ha hb hc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Now,b+c — a = 4Rcos—cosB_ ¢ - 4Rcos—sin—

2 2 2

A B-C B+ C A B _ C

= 4Rcosi(cos > cos ) = 8RcosEs1nEs1ni
W A B C

=s — a = 4Rcos —sin —sin—
2 So sy
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r 4Rsin7sin7sin§ B cvWDg_ 4 A@g_ 4
Again, Al = —¢ = = 4RsinEsin— =2 = cos = I
sinz sinz cos>
A 1-cos5 WB1-—m= Al- (s- a) (@) A
We have, tan— = - - = >AIEs — a+rtan
sin Al r

) B © C
Similarly, BI=s — b + rtanZ andCI=s — c+ rtanz ~ @)+ (b) + (c)

3) A
:>ZAI”=“s+rZ tanZ

X X
Let f(x) = tan (%) vxe(0m) -~ f"(x) = tan (1) sec” (Z)

3 > 0 = f(x) is convex
Let tan— tan— 1 2m z212v3 1=0
—_— = AR —_——=— — = =
e an12 m an6 B 1om m m m
—2V3+ViZ+ 4 n®
= 5 =2—\/§:>tanﬁgz—\/§

Jensen

A
Now, by (4),ZAI =s+ rz tanZ >
n X
=s+ 3rtanﬁ (as f(x) = tan (Z) is convex which has been proved earlier )

@
=s+3r(2—\/§)=s—3\/§r+6r=>ZAI§s—3\/§r+6r

Let I be the incenter and let us join Bl and Al and let Al produced meet BC at D.

Angle bisector theorem on A ABC =

CD b a b+c EL) ac d le bisector th A ABD Al
_— = —_— = = = —
B <> BD c s and angle bisector theorem on DI
C b’,',fi)b +¢c w, 2s aw,
=— = >—=—>DI=
BD a DI a 2s
aw,
= w, = Al + DI = Al +X and analogs = ZWa
1 by (4) 1
=ZAI+£Zawa = s—3\/§r+6r+EZawa
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(5) 1
-'-Zwa = s—3\/§r+6r+£Zawa

w, aw, S |

= = fan) R >q —
r h, r rs zsZ:awa by(5)and(6)Zwa_s 3\/—r+6r+rzh

—s+<6 3\/—+h—+h—b+hc) r (Proved)

1729. In any A ABC, holds:
2

m, W, + MyWp + MW r,+ 1, +r.+sV3
hahb + hbhc + hcha m, + my, + me; + ha + hb + hc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

R B R I s DY
) (Eon) = EEIG -{(5) (T

R (m)

= —=LHS > —
Zs.rs 2r 2r

. ) R r,+r,+r.+sV3
(m) = it suffices to prove : |— 2>
2r my+my+mg+h, +hy, +h,

R R @
PN Z(ma+mb+mc)+ E(ha+hb+hc)2ra+rb+rc+5\/§

inB
s1nz

. C _(B+C\ A 2 A
sin ssin (T) Cos5  scos” 3 A
Now,r, + 1. =s +—%¢ | = T A 4RcosZE
f;)Si COSE cosicosicosi (ﬁ)
1
Ty + I = 4Rcos? 2
AP D 1 1
Now, (b + ¢)* > 32Rrcos’= = 8 =82< )
ow,(b+0¢)* > reos” r(r, +r.) s\ Ts- e

=8(s—a)(s—b)(s—c)(s_b)a(s_c)=4a(b+c—a)

©(b+c)?+4a®—-4a(b+c)=>0< (b+c—2a)2>0->true-b+c

loscu b+c A
= 4V2Rr cos—=>~Z:ma > 2( > cosi)
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> Wz Zcoszg = WZu + cosA) = \/m(tl +%) = \/%(z ra)

R @
= ﬂ(ma+mb+mc)2ra+rb+rC

R 2 (s? + 4Rr +r?)?
E 2 2 2 242 2
Now, <Zr>( ha) >3s° o SRE > 3s* © (s“ + 4Rr +r%)“ > 24Rrs
(i)

& s* —s2(16Rr — 2r2) + r2(4R+1)2 3 0
Gerretsen
LHS of (ii) > s?(16Rr — 5r?) — s?(16Rr — 2r?) + r?(4R +r)?
Trucht

=r2{(4R+r1)? —3s2} = 0 > (ii) is true

m,w, + mpwy + m.w,
h,hy + hyh, + h:h,

R (b)
¢ [5e(hy+hy + 1) S 5V3 = @) + (b) > (1) s true
2

) (Proved)

- r,+r, +1.+sV3
~\m, +my +m,+h, +h, +h,

1730. In AABC the following relationship holds:

m m m 3R
a + b c <
m, m, m, 2r

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Marian Ursarescu-Romania

From Cauchy Inequality, we have:

m, m, m:? 1 1 1
(—“+—”+—C) < (m2 + m} +m§)<—2+—2+—2>
m, m, m, m2 mZ m?

We must show that:

1 1 9R?
—t— < —;
472

1

2 2 2
ms;+m;+m + (1)
(mg b C)<m5 m2  m?

But: m2 + mj + m? = %(a2 + b?% + ¢?) and a? + b? + ¢?> < 9R? (Neuberg) =

2
i ; (2)

From (1),(2) we must show:

m2+mi+m? <
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1_|_1+1< 1_(3)
mZ m2 m2~ 3r?’

1 1
But: m, > +/s(s —a) = oz S o) (4)

From (3),(4) we must show:

4R+r
=
ST

) s

We must show that:

1731. In AABC the following relationship holds:
s—a s—a
cyc cyc

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Zs’f’fZ%:”Zﬁ

cyc cyc

(s— a)2 (S - a)2
cyc cyc

Let:x=s—a;y=s—b;z=s—c,(x,y,z>0):»x+y+z=s;a=x+y,

b=x+2zc=x+ythen

h r
D) et
s—a s—a

cyc cyc
1 1 1 191 11
[x(y+z) + o + Z(x+y)] <5+ " + = which is true, because
S S S TR WA A
x(y+z) xy+xz = 4\xy xz/’
1 _ 1 Bis 1 ( 1 ) 2)
y(z+x) yz+yx = 4\yz yx
1 1 Bcs1 /1
LA
z(x+y) zx+zy 4\zx zy
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From (1),(2),(3) we get:
11 11 _1

11 1 1 .
]S—'—+—-—+—-—S—+—+—:>(*) is true.
xy yz z x  x2 y2 @ z2

[ 1 1 + 1
x(y+z)  y(z+x)  z(x+y)

Solution Soumava Chakraborty-Kolkata-India

. A . B.C A B C 2B 2 C
h, 2rs _2.4Rs1nfsmism7.4Rcos7cosicosi_(Zcos Z) (Zcos 2)

s—a a(s—a) 4Rsin%cos%.4Rcos%singsin§ ZCOS%cosgcos%

2R
=5 (1 + cosB)(1 + cosC) and analogs

h, 2R 2R
= z s_a = TZ(l + cosB)(1 + cosC) = TZ(l + (cosB + cosC) + cosBcosC)

(R+r)? _ s’ —4Rr—r?
:2_R 3+Z(R+l‘)+ R2 3+ 2R2

S R 2

4R?

_ 2R (12R2 +8R(R+r) +2(R+1)? — 6R? + 5% —4Rr — r2>
s

s2+ (4R+1)2PETS 4 (4R +1)? Z h, (Z)sz + (4R + 1)?

<
2Rs - 4rs s—a 4rs
I, stan% tan%.4Rcos%cosgcos% S. stan%
Again = = =

's—a  4pcosBsinBsin 4Rcos A sin B sin & tan 2. stan &
Cos 5 sinz siny 0S5 sinz sins stan.stan-

sr, sr? I, r?

= =—> = — and analogs
rpl, IS s—a rs

=~ (m), (n) = it suffices to prove : s + (4R + r)?

r, (4R +r)? - 2s2
= =
z s—a rs

< 4(4R +r1)? — 8s? © (4R +1)% > 3s?

ha ra
s—aS E s_a (Proved)
1732. In AABC the following relationship holds:

a N b N c N abc >g<i+54r2>
p(B) n( wd) pAuBp€)  m\3R n?

Proposed by Radu Diaconu-Romania

— true (Trucht) . Z
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Solution 1 by Tran Hong-Dong Thap-Vietnam

au—o (p(4) + p(B) + p(C))° _ 1 27
pApB)u(C) < X =27 = WA RB)O >—3
N abc >27abc_27_ R R2>2r 54-4_ 2. (1

RDRBRC) > w3 RS =2 s ()

In anyAABC:\/ab+\/E+\/ca>%(a+b+c) &

4(ab+bc+ca)+ZZ\/abc(\/E+\/3+\/E) > (a+ b+ c)?

cyc
Which is clearly true, because:
4(ab+ bc+ca) > (a+b+c)?> © 4(s* +4Rr +1?) > 45’
4(4Rr + %) > 0 (true)

a b ¢ & VB Ve bergstrom (Va+ Vb +c)

uB u©) w@ w® n© w@ T p@+u® +p©
_(\/E+\/E+\/E)2_a+b+c+2(«/ﬁ+\/ﬁ+\/a)>
T T

a+b+c+2-%(a+b+c) 4s 2) 452
> =— >
T T - 3R

(2) © 3R > s © 9R? > s?
Which is true, because: s*> < 4R? + 4Rr + 3r% (Gerretsen).

So, we need to prove that: 4R?> + 4Rr + 31> <9R? © 5R> —4Rr - 3r* >0 &
R
562 — 4t +3 >0 <t == 2(Euler)> o t(5t—4) — 3 > 0 (true)

because t(5t—4) —3 >2(5-2—4) —3 =9 > 0. Proved.

1733. In any A ABC, holds:

w2 N w N w2 O, Wi, W,
h3  h? hZ ™~ w,w,w,+ 2h,h,h,

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India

2 A-G
Wi - 3 W, W, W, Ow, Wpw, 9x
— = 3/x? ( h = )2 = & x?
hZ XWX = hyh, ) = w,wyw, + 2hhoh, x+2
> 27%° (x+2)3-27x>0
—_— (:} —_
= xt2)° X X >

© (x+8)(x—1)% >0 - true

w N w N w2 IW, W, W,
“hZ  h¢  hZ T w,wpw,+2h,hyh,

(Proved)
1734. In any A ABC,holds:

A B .C LA B B _C _.,C_ A
2<sm E+Sll’l E+sm E)—(sm Esm§+sm Esm§+sm ESIHE)<3

Proposed by Nguyen Van Canh - Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A

. A .3 ., A . 3 A . oA
smE<1=>sm E<sm Eandanalogs:ZZsm E<225m

2
r
:Z(l_COSA):?’_l_ﬁ<3

:22'3A Z 'ZA'B<3 2 in2 3 si B<3(1D d)
sin 2 sin 2Sln2 sin 2Slnz rove

cyclic cyclic

1735. In any A ABC,holds:

2hyh, |2hch,  |2hshy _ 3hahyh,
h{ +h? h2+h2 hZ+h? ~ m,m,m,

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India
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z 2h,h, z 2ca.ab z
h2+h2 c2a? + a2b? b2 + c2
2ab )

z\/_< h 2bc d
where x = b2+c2 c2+ 2an zZ= a2 7 b2

- 2hh (1)
; xyz = z b_c
B hi-+h? =

3h,hyh,  3s,S,S (szcz) 3h,h,h, &
Now,—2—¢ < abc=31_[ b+—c 3xyz:>#r<~‘3xyz
m,mp,mc m,mym, m, m,mp,me

(1), (2) = it suffices to prove : 35/xyz > 3xyz © xyz < (xyz)® © (xyz)° <1

2bc
S Xyz < 1@1_[(1)2_}_(:2) 1 - true

2bc
b2 +c 2 —

2hph, 2h h, 2h,hy  3h hyh,
N + 5ot 5 = (Proved)
h{+h? hZ%+h; hZ+h; ~ m,m;m

1736. In any A ABC, holds:

YL ( YR 7

Proposed by Bogdan Fustei — Romania

< 1 and analogs as (b — ¢)? > 0 and analogs

Solution by Soumava Chakraborty-Kolkata-India

r,h, 2rssanA C C
z\/_ z t 2A< b + ) \/72 bszrs )

4Rs1n 5 COS > 2bccos

_1 r Zs+s—a
~ 272R s—a
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1 L<3+SZ(s—b)(s—c)>=1 r<3+4R+r)=2 L<R+r

N————

~ 272R sr2 2R 2R\ r

2N 2R
z,/ra (1) (R+r>
r
Panaitopol

Avai (1+sza> 2r = (1+<2)3R) 2r
gAMLt T3,/ RS 3)2r) R
2r R+ "V ./r,h
= /—( ) = z 22 (Proved)
R r w,

1737. In any acute A ABC, n, — Nagel's cevian, g, — Gergonne's cevian holds:

PINLCEE S EDYCETN

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

= 4R ZA
é E E ( S ) = COSs E
COSZ COSZ COSZ 4R

(sing sin %) ssin (%) cos% scos? %
Iy + Ic=S + C = =
cos; cosy

(i)

Ty + I = 4Rcos? 2

Now, Stewart’s theorem = b%(s — ¢) + c¢?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
Adding the above two, we get : (b? + ¢?)(2s — b — ¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b?+c?)=2am2+g?) +a(a+b-c)(c+a—b)=2(b?+c?
=2(n%+g?) +a?-(b-c)?
= 2(b%+c®) —a?+ (b—c)? =2(n%+g2) =4m,2% + (b—c)? =2(n2 +g?)
= 4m,2 + (b — ¢)? + 4ryr, = 2(n% + g2) + 4nyr. = 4m,% + (b — )2 + 4s(s — a)
=2(n3 +g3) + 4rpre
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= 4m,?% + 4m,? = 2(n2 + g2) + 4ryr, @ n2 + g2 = 4m,% - 2ny 1,

CBS ?
ang+ga < V2ynZ + g2 =vV2/4m,2 — 2r,r < 2(rf +1d)

? ? ? by (D)

- ~ ,-h
o 4am? - 2nr. < +rl o 4m?<(rp, +r.)? © 2m,<r, +r. = 4Rcos? >

2

S m, < R(1 + cosA) — true for acute angle A

/Z(rﬁ +r2) > n, + g, and analogs = 2 /Z(rlf +r2) > z:(na +g.)
= Z /Z(rg +r2) > Z:(na + g,) (Proved)

1738. In any A ABC, g, — Gergonne's cevian holds:

9 2
Thalvle , 215 10
8a8b8¢ R

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

Irrpre 9rs? _ 9rs’[[(b+c)  9rs®.2s(s® + 2Rr +r?)
= = = s
WaWpWe 2bccos% 8a2b2c2 (Hcos %) 128R?r2s? (ﬁ)
b+c

_ 9(s* +2Rr +1?)

16Rr
Ir,rpre 2r  9(s?+2Rr+r?) 2r 9(s?+ 2Rr +r?) + 32r?

— = + >
w,w,w. R 16Rr R 16Rr
& 9s? + 18Rr + 41r? > 160Rr
(1)
& 952 S 142Rr — 41r?

?

Now, 9s2 > 144Rr — 45r2 > 142Rr — 41r2 & 2Rr S 4r? & R3S 2r - true (Euler)
@

9 2r

it 23

w,w,w. R

?

= (1) is true -
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? r iZabccos%

Now, triangle inequality = g, < Al +r<w, o inA trs a(b+c)
2

2 8Rrscos%
= +r< A A
? sino 4R(b+c)sm?cosi ?
~ a+b+c 1 1,2 a 1 b . Aé
© = A _b+ . é(:) ) _+ <+ Do é+ . é<=>( +c)51n5_a
sin ( q:)sm2 sin ? ( c)sm2 sin
AR A B-C . A24R' A

<:> J— J— J— J—

cos - €os sin < 4Rsin - cos 5

or,rp,r. 2r

?

B—-C~
<1 - true - w, > and analogs =
a=8a 857 Zagvgc R

S cos
by (a)
or,nr, 2r
> —abe § 10 (Proved)
w,wpyw, R

1739. In any A ABC,holds:
SZ(I'a - rb)z

(s2 4+ r,r,)?
Proposed by Adil Abdullayev-Baku-Azerbaijan

R>1+
2r

Solution by Soumava Chakraborty-Kolkata-India

22
rs rs \2 2(r°s 2 2
s?(r, —1p)? SZ(s—a_s—b) _ S <r482)(a_b) (s —c)
AR (24 0 ) (o2 4SBT Do bIE— O
s—a's—b (s—a)(s—b)
_s?(a—-b)’(s—c)? (a—b)?*(s—c)?
s2r2(s+s—c)2  r2(a+b)?
.,A—B . ,C c. A .,B A—B
2cin? 2 L 2 2L .. 2A . 72D _ 2
(16R sin ) sin 2) (16R cosS 2sm 2sm 2) _1 cosS >
- A B C — C\ A—B
2cin2 2 cin2b . 2L 2 2 2 L 2
(16R sin 2s1n zs1n 2) (16R coS cos 2) coS >
s2(r, — 1p)? (é) 1
A—B

1
= 11+ =
— 2 2

49 RMM-TRIANGLE MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. A . B . (A+B C 2C
siny  siny ssin (T) Cos3 sCos” 5
Now,r, + 1, =s + = =
A B
cos, COsy

= 4R 2 C
A B C - ( S ) = 4Rcos 2
C0S 5 C0S 75 COS 5 4R

® C

o 2

& I, + 1, = 4Rcos 2

C by (i)
Now, (a + b)? > 32Rrcos? =

1 1
5 = 8r(r,+r,) = 8rzs< )

s—a+s—b
=8(s—a)(s—b)(s—c)(s_a)c(s_b)=4c(a+b—c)
o (@a+b)?+4c® -4c(a+b)=>0< (a+b—2c)? >0 - true

~a+b
=>4 2chosE = 4Ro:os£cosA B =>4 2chosE
- 2 2 2 2
:>cosA_B> E:>;<5by§(:)1+z(a—_b) R — (Proved)
R coszA;B_ r (Sz‘l'l'l'b)z_

1740. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

(Y —g0) (Y )5 o2y o BB

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India
_ _ 2 r 2 2abccos%
Triangle inequality = g, < Al+r<w, & —a +r< m
sin
2
r 2 8Rrscos%
= +r=< A A
sinf 4R(b + c)sinfcosf
1,1 a+b+c 1 +1é+ a 4 1 (b + Osi Aé
= = c)sin—-<a
. - . A . A - . A . A 2°
sino (b + c)smi sin (b + c)smi siny
AR A B—-C A - ,2 AR A A
@ —_— J— J—
cos cos— sin 7= sin— 5 Cos 5
50
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1
B—C. e
<1l-true.g,<w,<m,

< COS

Now, Stewart's theorem = b%(s — ¢) + ¢*(s —b) = an2 + a(s — b)(s — ¢)
= 4an? — 4am?
= 4b%(s — ¢) + 4c%(s — b) — 4a(s — b)(s — ¢) — a(2b? + 2¢% — a?)
=2b%(a+b—-c)+2c*(c+a—b)—a(ct+a—b)(a+b—c)—a(2b?+ 2c? —a?)
=a(b — c)? + 2b3 + 2¢3 — 2b%c — 2bc?
=a(b—c)?+2(b+c)(b?>+c%?—bc)—2bc(b+c)=a(b—c)?+2(b+c)(b--c)?
= (a+2b+2c)(b-c)? >0 = 4an? > 4am?

(i) (i)
>N, =2m, -~ (1),(2)=>n, =8,

Again, Stewart’s theorem = b?(s — ¢) + c2(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)

~ an%.ag? > a?s%(s — a)?
& {b%(s—c¢) + c%?(s—b) —a(s — b)(s — ¢)}{b?(s —b) + c*(s — ¢) — a(s

(@)
—b)(s — ©)} S a2s2(s — a)?

Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc
=Xx+y
Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z + 0% + z(x + y)* — yz(y
+2)} > x%2(y+2)?(x+y + z)?
oxy?+xz?2+y3+z3 >2xyz+yz(y+z) ©x(y—2)2+ (y+z)(y —2)? = 0 - true

€]
= (a) is true = n,g, > s(s —a)

Also, Stewart’s theorem = b?(s — ¢) + ¢?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
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Adding the above two,we get: (b? + ¢2)(2s—b —¢)

= an? + agZ + 2a(s — b)(s — ¢)
= 2a(b% + ¢?) =2a(n?+g%) +a(a+b-c)(c+a—b)=2(b%+c?)
=2(n%+g?)+a%?— (b-c)?
=2(b%*+c®)—a’+(b-c)? =212 +g2) =4m,?% + (b—c)? =2(n2 +g?)

= 4m,? + (b — ¢)? + 4ryr, = 2(n% + g2) + 4nyr. = 4m,% + (b — )2 + 4s(s — a)
=2(n2+g%) +4s(s—a)

(5
= 4m,” + 4m,% = 2(nZ + g2) + 4s(s —a) > nZ + gz = 4m,%? — 2s(s — a)

= b?% + ¢ — 2bc — (n? + g2 — 2n,g,)
by (5)

by (4
2 b2+ c?—-2bc+2n,g, — (4m,2 — 2s(s — a)) yg( )bz + ¢% — 2bc + 2s(s — a)
—4m,? + 2s(s — a)
=b%+c?—-2bc+ (b+c+a)b+c—a)— (2b% + 2c? —a?)
=b?+c?2-2bc+(b+c)?—a?—-(2b% +2c*—-a%?)=0
by (3) (6)
=>(b-0)2%=>m,—g,)%> 3 |b—c|>n,—g,and analogs
Let AX, BY and CZ be the nagel cevians intersecting at N,. Now,AZ = s — b, BZ

=s—aBX=s—¢CX=s—bCY=s—a
and AY=s—c

Bv Van Aubel's th ANa_AZ+AY_s—b+s—c_Zs—b—c_ a
y van Aubets eorem,XNa—BZ CY s—-a s—-a s—a s—a
XN, s—a XN,+AN, s AN, a
AN, a AN, a n, S

= AN, = Ta and analogs and choosingM =N, andx=n, —g,,y=n, —gpand z

= n, — g. in Klamkin’'s polar moment of
inertia inequality, we get

: (Z(na _ ga)) <(na - ga)aznﬁ + (ny, — gb)bznlz) N (n, — gc)czn%>

s2 s2 s2

2 Z aZ (nb - gb)(nc - gc)
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= (Zma ~£2)) 7 <%> n + (e~ &) (4:)22 ) My

s2 s2

2

( c c) S %
* - (41-252)“ _z<a—2>(nb—gb)(nc—gc)20

s2 4r2g2

(m)
Z(na ga) (Z (na ga)na) — g2 Z (nb - gblzgnc - gc) 2 0

zlb - CI z (na ga)na

Now, (6) and analogs = z

= (Y -0 (Z ""“') . Zmb—glﬁgnc—gc)
by(m)

> Z(na g.) <Z (n, — ga)“a) Z(nb gb)(nc gc) 2 o
Z(na ga) (Z ) Z(nb gb)(nc ) (Proved)

1741. In AABC the following relationship holds:

s B a N b N c <3
S5RZ—-2r2 " mi+m2 mi+mZ mZ+m’:” s

Proposed by Marin Chirciu-Romania
Solution by Marian Ursarescu-Romania
In any AABC we have: m, > \/s(s —a) = m; + m? > s(s — b) +s(s—c)=as=

a
m < and simillary, then:}. .. ——— 2+m2 < (1)

1 1  Chebyshev's
=)

let:as<b<c>m,=2m,=m, =
- - a= b = ¢ m,2,+m§ _m§+m,21_m,21+m,Z,

a N b N c >a+b+c 1 N 1 N 1
mi+m2 mZ+mi mZ+mi 3 mi+m?2 mi+mi mi+mj

We must show:
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2s 1 - 2s Z 1 - 1
— S
3 Lum?+m2~ 5R? - 2r? m2 +m2 ~ 5R% — 21?2 @

cyc cyc

But:

z 1 Z( 2 4 m2) >9:>z 1 > 2 (2)
S m2 +m?) | > >
m?2 + m2 br e mi +m2 ~ 2(m2 +m2 + m2)

cyc cyc cyc

From (1)+(2) we must show:

9 3 2
> & = (m2 + mj + m?) < 5R* — 2r?
2(m +mi +m2) ~ SR?-2r? 3 (i + mj, + m) < ’
23 2 2 2 2 2 2 2 2 2 2
@§-Z(a + b“ + c*) < 5R* —2r°“ @ a“ + b“ + ¢c* < 10R* — 4r“ (3)

From Gerretsen we have: a? + b* + c> < 8R* +4r* <a? + b* + * < 10R* -4’ &
R =2r
1742. In AABC the following relationship holds:
8m,mym (m, +my, + m,) V3(m, +my +m,)*
9F? 1= 3F
Proposed by Adil Abdullayev-Baku-Azerbaijan

,F = [ABC]

Solution 1 by Tran Hong-Dong Thap-Vietnam
We have: MA = MB,NA = NC,PA = PB
BMXN —parallelogram=>AM = m,, BN = MX = m,,CP = AX = m,

Choose: F = A,D = M,E = X = [DEF] = > [ABC]
R — momym, . 3[ABC(] R R, _ l_mambmc(ma +my, +m,)

mo3[4Bc]’ ™ 2(mg+my+m.) 2r, 9 F?

So, the inequality becomes as:
8 R, 1 V3(m, +my + m)? _ V3(m, + my, + m,)?
27 - 3. 4[DEF] B 4[DEF]
3
R @ V3(m, + my + m,)?
4__m+12\/—(ma my mc)

Tm 4[DEF]

Hence, for any AABC we need to prove that:
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R  @+3(a+b+c)?
4'7+12 ( )

4[ABC]
V3 - 4s? R V3s
4 —tlz—e4-—+1z2—6
r 4sr r r

4R + r > /3s (true) = (2)true = (1)true.

Solution 2 by Bogdan Fustei-Romania

m,, my, m. —it can be the sides of triangle with S,,, —area, S = [ABC(]; %S =Sn
m,m,m, m, +my, +m,
T; Sm = SmVm Sm = 2
3 rm(mg, + my +m,) 3S
—-S= =21, =
4 2 mg, +my, +m,

Rm _ mambmc(ma +my + mc)

2r, 952

Then, the inequality becomes:

R,, V3 (mg,+my +m,)?
8 —+1>—- ;38 =4Sy, =
2r,, 3 3 m
4R, - V3(m, + my + m,)>?

Tm 4S,,

momym, =4S,R,, = 3SR, > R, =

1+

1+—>— — 2 -~ = =
r 4 S 4 S 4 sr
4R _sV3 4R+71_ sV3
1+—= < =
r r r r
But:r, + 1, +7,=4R+71; s2 =1r,rpy + 17, + 7.7,
2412+ 72 + 20y + 11 +1c1g) = 3(1gly + TpTe + TcTy)
r24+ 12 +ri>rry +rpr. 1o,
212 + 212 + 202 > 21,1y + 21,1 + 21,1,
(ra - rb)z + (rb - rc)z + (rc - ra)z =0 (true)
1743. In AABC denote DE = m,, EF = my,; FD = m_, R,,,, r,,, —circumradii

and inradii in ADEF. Prove that:

R Ma

2r,,  h,

Proposed by Adil Abdullayev-Baku-Azerbajan
Solution 1 by Tran Hong-Dong Thap-Vietnam

We have MB = MC,NA = NC,PA =PB
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BMXN —parallelogram= AM = m,, BN = MX = m;,,CP = AX = m,
Choose: F = A,D = M,E = X = [DEF]| ==[ABC]
m,mym, 3[ABC]
Rm =T =
3[ABC] 2(my,+my + m,)
R, 1 mymym/(m,+my+m;)

2r, 9 sz

3
4

_ 1 . mambmc(ma + my + mc)
~9 16 1
3 1¢ Ma + Mp + m) (M, — My + m) (M, — My, + m) (Mg + my —m,)
_ m,mym, (*) m,
(mb —m, + mc)(ma —my + mc)(ma + mp — mc) N ha
3 4 2 m2+m§ —mlzl 2
More, ', =Ja = a=m/, = |20 - ;Jz(m% +m2) —m?
3
[DEF] = § =

§ = S DEF] = 3/(mg + my ¥ m)(my — m, + m)(m, — my + m ) (mg 4y — )
Then,
o288 - mym,=>a(my,—m, +m,)(m, —my + m)(m, + my, —m,) &
mymg/mg +my, + mg >

> \/Z(mlz, +m2) — m2 -/ (my — my + m,)(m, — my, + m)(in, + my, — m,)

vz, Jx ¥y +z>22(02+22) - x2-J(y+z-x0)(z+x—y)(x+y—2)
Where (m, = x;my, = y;m, = z).
xyz

(x+y—z)(y+z—x)(z+x—y)2

\/Z(yz + z2) — x2
4

2 ) () () (=)
PNEL3 = % Which is clearly true for any AXYZ.Proved.

2ry, x

=

Solution 2 by Bogdan Fustei-Romania

m,, my, m, —it can be the sides of triangle with §,, —area, S = [ABC]; %S =Sn

m,mym, m, +my, +m,
momym, =4S,R,, = 3SR, > R, = T; Sim = SmTm Sm = 2
3 rm(mg, + my +m,) 3S
=S = = 2r, =

4 2  mg+my+m,
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Rm _ mambmc(ma +my, + mc)
2r, 952

Let denote h,, —the altitudes in ADEF for the side m,,.

h, -m, 3 h,, -m; 3 3s
=t S g=—"T0 25 -§=h,, m;=>h,, = (and analogs)

S = s =
m 2 4 2 2 2m,
, 2b*+c*)-a® , 2@®+c?H)-b* , 2(a®+b*)-c?
m2 = ms = m? =
a 4 ) b 4 ) C 4
2(a? + c?) — b*> +2(a® + b*) — c* 4a® + b? + c?
ms +m? = =
¢ 4 4
2 . 8aZ+2b*+2c?
2(my +mg) = 2
, _2(mp+m?)—mi 8a®+2b*+2c* — 2b* - 2¢* + a®
Mmg = 44 = 44
, _ 9a® 3
mmaznzmma=za

m, 3 2m, am, am, m,
h, 42735 25§ _a-h, h,

a

So, we have :':m“ =24 (and analogs)

mq a

R m m
— >_T¢ - _2(pgnaitopol’s Ineq. for Am,m,m,)

2r;m  hym, hq

mgmpmc(mg+mp+m) > mq
952 ~ hq

Or

1744. In any A ABC,n, — Nagel's cevian, holds:

n h 2
(25) (25 =5 2 e
h, n, bcnyn,
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Let AX, BY and CZ be the nagel cevians intersecting at N,. Now,AZ = s — b, BZ
=s—aBX=s—¢cCX=s—b,CY=s—a
and AY=s—c¢

57 RMM-TRIANGLE MARATHON 1701-1800



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Bv Van Aubel’s th AN, AZ AY_s—b+s—c_Zs—b—c_ a
y van Aubels eorem,XNa—BZ CY s—-a s—a s-—a s—a

XN, s—a XN,+AN, s AN, a
= = =

= =
AN, a AN, a n, S

(N S
an,”” ~ bn, andz

an
= AN, = Ta and analogs and choosingM = N, and x =

ot v (332 [5 ) ()= Sl ) )
B )2+ Y
- Sl T~ 2R

2
a

> s2 E — (Proved)
b*ic

bc
1745. In any A ABC,n, — Nagel's cevian holds:

1 R r n
S\/EZ—ZZ /—+ /— +Z—a
w, r R w,
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

in & ssin(B+ )cosé 24
sing | 5 7 scos’s A

. B
sin
= 4Rcos? >

t—¢|T A _B_C )
(.;.:057 COSZ C087COSECOSE 4R
1

o Ty + 1. = 4Rcos? >

Now, Stewart’s theorem = b%(s — ¢) + ¢%(s — b) =an% + a(s — b)(s — ¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
= as? — 4sbcsin? A as? — Asbe(s—b)s—O)(s—a)
2 bc(s —a)

Proof :r, +r. =5
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42 20\ [ A b
= as? — =as2—2a(—)( )—as —2ah,r, = n? = s? — 2h,r,
s a/\s—a

2r n, 2r 2r
> 1+
rb+rc l'b+l'c I'b+l'c

n2 by (i),(ii) s2 — 2h r
>-5 8 1+—— =
2s 4Rcos2 4Rcos2
o 28— ) ( )
Rcos2 4Rcos2 s—a
o sy 4Rrs. rs? o >0
s s2 sec—
Rsa(s —a) a(s - a) 4R 2
214 8r? 5 2r A o 214 8sbcr? 5 2r A -
o _ 2 |— — o _ 2 |— —
S a(s—a) R Sec 2/ S abcs(s — a) R Sec 2/

@21+8sr2(bC)22r A>0
S 4Rrs/ \s(s—a) Rsecz -

o s? 1+zrsecZA 2 zrsecA >0os%(1 zrsecA >0
R 2 R 2 R 2 -

- true

2r n n 2r S\/_ n
21— | —>—2>51-—2L> = 2 = sV2 —n,
nh+r. sv2 svV2 I, + Ie I, +I¢

-2 r r 1
S |—m—mmm ™ =8§ |—
- ’ A \/R A
2 a2
4Rcos > cos2

r{ 1 svV2—n r{ 1 b+c
:»S\/f—naZS\/; > -

cos Wa R cos% 2bccos%
B \/F( b+c ) 1\/F<b+c>
“SR 2s(s—a)/ 2VR\s—a
sv2—-n, 1 [r/b+c sV2 — M, s+s—a
>5S—2== —< ) and analogs :»Z Z
w, 2VR\s—a s—a
1 [r S
_E\/%{B-I_SI‘_ZZ(S_b)(S_C)}

1-—

IV

N 3>
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ST S B
( [ () " (rroved

1746. In AABC, N —nine point center, the following relationship holds:
2

a? + R? 2+ b? + R? 2+ RN
NB NC Na ) =T

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
The nine-point center N satisfies:
AN? + BN? + CN? = 3R? — ON?

Other, ON = 2% (N —midpoint OH) =

1 1
AN? + BN® + CN* = 3R* — OH? = 3R? —Z(9R2 —(a® +b% + cz)) =

a%+b%+c%+3R?

= —. Now,
Lhs — Z 24 R2 Z (a? + R?%)? Bergstrom (a® + b* + 2 + 3R?)?
5= NB? =  TANZ+BNZ+CNZ

cyc cyc
(a? + b? + ¢% + 3R?)?

a? + b% + c% + 3R?
4

= 4(a® + b* + c? + 3R?) > 4(4V3S + 3R?) =

s=3+/3r
R>2r
=16V3-sr+12R? > 16-97r%2+ 12 -41r% = 192r2. Proved.

1747. In AABC the following relationship holds:

(mg, + my + m)* - 32m,mym.(m, + my, + m,)
9F2 - 9F2
Proposed by Adil Abdullayev-Baku-Azerbaijan

5+
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Solution by Tran Hong-Dong Thap-Vietnam

We have: MA = MC,NA = NC,PA = PB
BMXN —parallelogram= AM = m,, BN = MX = m;,,CP = AX =m,

Choose: F = A,D = M,E = X > [DEF] =

Bl w

[ABC] = %Fz
g o MaMMpMe 3F?
m="3pz I'm= 2(m, + my, + m,)

R, 1 mymym (m,+m,+m)
2r, 9 F?

2

3 4
[DEF] = Sypgr = g F = F? = (5) F? =

16 1
= ?'E(ma +my + m)(-my + my + m)(m, — my, + m)(m, + my —m,)

= 6 (ma +my + mc)(_ma +my + mc)(ma —my + mc)(ma +my — mc)

So, inequality becomes as:

5 ("la"'"lb'*'"lc)4

1 > 32- Bm
9-5(mg+mp+me)(—mg+mp+me) (ng—mp+me) (mg+mp—m) 2T m
m, + my + m,)3 R
5+ (m, +m, + mc) >16-—2; (1)
(_ma + my + mc) (ma —my + mc) (ma + my — mc) 2‘rm
Now, for any triangle ABC we need to prove:
a+b+c)d R
5+ ( ) >16-—;(2)
(a+b-c)(b+c—a)(c+a—-Db) r
. (a+b+c)* - 16 R
< +16(a+b+C)(a+b—C)(b+c—a)(c+a—b)_ P
2 2 2 2
2s)%
5+ (25)

16(sT)Z > 16 ol 5r* + s* > 16Rr © s* > 16Rr — 5r*(Gerretsen)

= (2)is true= (1) is true.Proved.

1748. In any A ABC,n, — Nagel’s cevian, g, — Gergonne's cevian holds:
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\[%Z(na +8a) = ZZ I,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + c?(s — b)
=an,? +a(s —b)(s — c)and b?>(s — b) + c%(s — ¢)
=ag,2+a(s—b)(s—c¢)
Adding the above two,we get: (b? + c?)(2s—b —¢)
= an,% + ag,? + 2a(s —b)(s — ¢)
= 2a(b% + ¢?) =2a(n,2 +g,2) +a(a+b—c)(c+a—b) > 2(b%+c?)
=2(n,* +g,%) +a* — (b—¢)?
=>2Mb%+c®)—a’l+(b-c)2=2(n,2+g,%) >4m2+ (b—c)? =2(n,2+g,%)
= 4m,% + (b — ¢)? + 4n,r. = 2(n,% + g,2) + 4rpr, = 4m,% + (b — ¢)? + 4s(s — a)
=2(n,?% +g,2) + 4s(s — a)
1
= 4m,?% + 4m,? = 2(n,% + g,2) +4s(s —a) > n,2 + g,%2 = 4m,% — 2s(s — a)
an,?. ag,? > a’s?(s — a)?
e {b*(s—c)+c%(s—b)—a(s—b)(s—c)}{b?(s —b) + c*(s — ¢)
(@)
—a(s—b)(s—c)} S a?s%(s — a)?
Lets—a=x,s—b=yands—c=z:-.s=x+y+z>a=y+zb=z+xandc
=x+y
Using these substitutions, (a)
e zEz+x)?+yx+y) —yay + DHyz +x)% + z(x + y)?
—yz(y + 2)} 2 x*(y + 2)*(x + y + 2)*
oxy?+xz? +y3+z3 > 2xyz+yz(y+z) © x(y—2)? + (y + 2)(y — 2)? = 0 - true
(2)
= (a)is true = n,g, > s(s—a)
by (1)and (2)
Now,n,2 +g,2 +2n,8, >  4m,%—2s(s—a)+ 2s(s —a) = 4m,2
3)
=>(n,+g,)?>4m,2=>n, +g, > 2m,
sinE sinE ssin (B—-I_C) cos a scos? a A
2 2 _ 2 2 _ 2 _ 4RCOSZE

BYC/|T A B _C )
::;)S 2 COS Z COS 2 COS 2 COS Z 4R
1

o Ty + 1. = 4Rcos? >

Also,r, + 1. =s
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by (i) 1 1
Now, (b + €)% > 32Rrcos? = = 8r(r, + :82< + )
ow, ( c) rcos > r(r, +r.) res s—p s

=8(s—a)(s—b)(s—c)(s_b;‘(s_c)=4a(b+c—a)

e (b+c)?+4a’-4a(b+c) >0« (b+c—2a)? >0 - true
4)

- A

~b+c=>4 2chos§

by (4)

by (3) Ioscu
- ol b+c A\ - A
Now,Z(na+ga) > ZZ:ma > ZZ( 5 cosi) > ZVZRFZZCOSZE
r
- 2\/2R1‘Z(1 + cosA) = 2V2Rr (3 +1+ ﬁ)

= 2V2Rr <4RR+ r) = 2\/% (z ra) = \/gZ(na +g.)=>2 z r, (Proved)

1749. In any A ABC, holds:

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

2
3 + + +
Proof:<25>  3xyz Y{xy(x Y)}=3+zu=3+EX+Z§
XyZ Z X y

y

cyc cyc cyc
x2 y @ X
(=4 z - + =>3+ z —
y X y
cyc cyc cyc
2
x2 1 x| %=1 X x? X y A6
Now, —22— z— 2—.3.2—#2—222—811(1 Z—Z 3
y* 3 y 3 y y y X
cyc cyc cyc cyc cyc cyc
x? y X :
Z—2+Z— >3 +Z—:> (1) is true
y X y
cyc cyc cyc
2 2
- z x| _ 3xyz+ Yxy(x +y)} N z r2 - 3r2r2r? + Y{r2rf (r2+rd)}
o —_ = —2 = 22222
cyc y xyz cyc T TaTpTe

3 + X Crd —1d)}

ris#
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_ 3rirprl + (X)X i) - 3cirir? {(4R+1)? — 282 H{(X r1,)? — 2r,1pr (X 1,))

r2st r2st
{(4R +1)? — 25%}{s* — 2rs?(4R + 1)}
- r2s*
Z r2 g\/{(é}R +1r)2 — 252}(s2 — 8Rr — 2r?)
=> —
2 rs
cyc
. 8nyr, 8rs?(s? + 2Rr + r?) s? + 2Rr + r?
Again,——— — 5 = -5= -
W, W, W, 16Rr2s2 2Rr

8r,r,r. "Ws2 — 8Rr + r?
= =

W, WpW, 2Rr

JV{(4R + r)% — 252}(s2 — 8Rr — 2r2)

(i), (ii) = it suffices to prove :

rs
s? — 8Rr + r?
>
2Rr
{(4R + r)%? — 25%}(s?® — 8Rr — 2r?)  (s? — 8Rr +r?)?
4 >
s? 4R?

& 4R%{(4R + r)? — 25%}(s* — 8Rr — 2r?) > s%(s? — 8Rr + r?)?
& s% + s*(8R? — 16Rr + 2r?) — s2(64R* + 96R3r — 44R?*r? + 16Rr3 —r?)

@
+8Rr(AR+1)3 20

Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0,where m

=2R? +10Rr —r?and n = 2(R — 2r)vR% — 2Rr
(sz—(m+n))(sz—(m—n))S0=>s4—sz(2m)+m2—n2 <0

(i)
= s* — s2(4R% + 20Rr — 2r2) + r4R+1)3 £ 0
and - by Gerretsen,s?> — 16Rr + 5r* > 0
(iv)
«~ {s* — s2(4R? + 20Rr — 2r2) + r(4R + r)3}(s? — 16Rr + 5r2) £ 0

(iv) = in order to prove (a), it suffices to prove :
s® + s*(8R?% — 16Rr + 2r?) — s2(64R* + 96R3r — 44R?r? + 16Rr3 — r%)
+ 8R*r(4R +r)?
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< {s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3}(s? — 16Rr + 5r?%)
© s*(12R? + 20Rr — 5r?)
—s?(64R* + 224R%r + 304R%r? — 104Rr? + 10r*) + r(512R> + 1408R*r
(b)

+ 544R3r2 — 40R?r3 — 44Rr* — 5r5) 2 0
W

Now, (iii) = (12R? + 20Rr — 5r?){s* — s2(4R% + 20Rr — 2r%) + r(4R+1)3} < 0

(v) = in order to prove (b), it suffices to prove
: s*(12R? + 20Rr — 5r%) — s2(64R* + 224R3r + 304R?*r? — 104Rr3

+ 10rh)
+r(512R> + 1408R*r + 544R3r? — 40R?r3 — 44Rr* — 5r°)

< (12R? + 20Rr — 5r?){s* — s?(4R? + 20Rr — 2r?) + r(4R + )3}
© s?(4R3 — 24R?%r — 13Rr? + 9r3) + r(64R* + 112R3r + 60R?*r? + 13Rr3 +r*) > 0
& s?(R — 2r)(4R? — 8Rr) + r(64R* + 112R3r + 60R?*r? + 13Rr3

©
+r%) = s2(8R%r + 29Rr? — 9r3)

Gerretsen
Now,LHSof (¢) > (16Rr —5r?)(R — 2r)(4R? — 8Rr) + r(64R* + 112R3r
(m)

+ 60R?*r? + 13Rr3 + r*) and

Gerretsen

RHS of (¢) <
(m)

= in order to prove (c), it suffices to prove :
(16Rr — 5r?)(R — 2r)(4R? — 8Rr) + r(64R* + 112R3r + 60R?*r? + 13Rr3 + r?)
> (4R? + 4Rr + 3r?)(8R?r + 29Rr? — 9r?)

?

(4R?% + 4Rr + 3r2)(8R?r + 29Rr? — 9r3) = (m), (n)

o 48t* — 156t3 + 146t — 59t + 14 >0 <where t= ;)
? Euler
& (t—2){(t—2)(48t* + 36t +98) + 189} >0 - true ~ t > 2
2 2 r? 8rnpr.

ra
= (c)=>(b)> (a)istrue .5+ —=+ =
(© = (b) = (@) 2 r¢ i waw,w,

(Proved)
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1750. In any A ABC, n, — Nagel’s cevian, g, — Gergonne's cevian holds:

2 I I,
Z\/r—a(na+ga)28\/;z \/P_EJF\[;

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

Proof : Stewart’s theorem = b?(s — ¢) + c2(s — b)
=an,? +a(s —b)(s — c)and b?>(s — b) + c2(s — ¢)
=ag,2+a(s—b)(s—c¢)
Adding the above two,we get: (b? + c?)(2s—b —¢)
= an,% + ag,2 + 2a(s —b)(s — ¢)
= 2a(b% + ¢?) =2a(n,2 +g,2) +a(@a+b—c)(c+a—b) > 2(b%+c?)
=2(n," +g,") +a* — (b—o)’
=222+ c?)—a?+(b—c)2 =22 +g,%) = 4m,2 + (b — )2 = 2(n,2 + g,2)
= 4m,% + (b — ¢)? + 4rpr, = 2(n,2% + g,2) + 4ryr. = 4m,% + (b — ¢)? + 4s(s — a)
=2(n,2% +g,2) + 4s(s — a)

®
= 4m,”> + 4m,? = 2(n,% + g,%) + 4s(s —a) = n,% + g,2 = 4m,?> — 2s(s — a)

an,?. ag,? > a’s?(s — a)?
o {b%2(s—c)+c?(s—b) —a(s —b)(s—c)}{b?(s —b) + c%(s — ¢)

(@
—a(s —b)(s — ©)} = a?s2(s — a)?

Lets—a=x,s—b=yands—c=z:-.s=x+y+z>a=y+zb=z+xandc
=X+y
Using these substitutions, (a)
e {zz+x? +yx+y)? —yz(y + DHy(z + x)? + z(x + y)?
—yz(y+2)} = x2(y + 2)2(x + y + z)?
oxy?+xz?2+y3+z3 >2xyz+yz(y+z) ©x(y—2)? + (y+z)(y —z)? > 0 - true

(2)
= (a)is true = n,g, S s(s—a)
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by (1)and (2)

Now,n,2 + g,% + 2n,g, S 4m,% — 2s(s —a) + 2s(s —a) = 4m,?
3
2 2 <
= (na + ga) Z 4ma = na + ga 2 Zma

. B . C . B+C\ A ,A
siny  sinzy ssin (T) COS5  scos” > )
Also, 1, + 1. =5 _+ c|™ A B C - (i) = 4Rcos 2
Cos5 OS5 COS 5 COS 5 COS 5 iR
1
rb+rc”="4Rcoszi
AYD 1 1
2 2 _ ap2
Now, (b + ¢)* = 32Rrcos > 8r(r, + r.) = 8r S(s—b+s—c)
a
=8(s—a)(s—b)(s—c)(s_b)(s_c)=4a(b+c—a)

o (b+c)?+4a2—4a(b+c¢)>0< (b+c—2a)?2 >0 - true

4) A
~b+c 2 4 ZchosE

Now, ,/r,rpr.(n,
by (4) by (i)

(S‘/F)COS% S sr(V2R) <4cos2 %) =2 s(V2R) (r" :{_ rc)

by (3
y (3) Iog::u b+c

+g) = 2(svr)m, = 2 >

2
= S\/; (rb + rc)
2 Iy I,
= Jra(n, +8,) =S R\ [ + . and analogs = z Jra(, + g,)

> S\/%Z(\/f—:+\/:::> (Proved)

1751. In any A ABC,holds:

3w, WpW, - R
w,wpw. + 2h,hyh, = 2r

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India

W, W, W, \/s(s —a)ys(s—b)ys(s—c) Rsrs R R _w,w,w,
h,hyh, 16R2rZs? = 2r%sZ 25 2r> hohgh,
8R3
3w, WpWw,
~ wy,wpw, + 2h,hyh,

3x
X+ 2

WaWpWe

hahbhc

_ WaWp W o1 3w, WpW,
h,hyh, = 7 wywyw, + 2h,hph, =

S X >

<wherex: )®x2+2X23x<:)x(x—1)20—>true'.'x

(QED)

1752. In any A ABC,n, — Nagel’s cevian, g, — Gergonne's cevian holds:

z l'b+r
2r 3 a

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Proof : Stewart’s theorem = b%(s — ¢) + c?(s — b)
=an,% + a(s —b)(s — ¢) and b%(s — b) + c2(s — ¢)
=ag,2+a(s—b)(s—¢)
Adding the above two,we get: (b? + c?)(2s—b—¢)
= an,% + ag,? + 2a(s —b)(s — ¢)
= 2a(b% + ¢?) =2a(n,2 +g,2) +a(a+b—c)(c+a—b) > 2(b%+c?
=2(n,2% +g,%) +a% — (b — ¢)?
2% +c®)—a’l+(b-0c)?=2m,2+g,%) >4m2+ (b—c)? =2(n,2+g,%)
= 4m,? + (b — ¢)? + 4nyr. = 2(n,%2 + 8,%) + 4rpr. = 4m,% + (b — )2 + 4s(s — a)
=2(n,% + g,2) + 4s(s — a)

@®
= 4m,% + 4m,2 = 2(n,% + g,2) + 4s(s —a) = n,2 + g,%2 = 4m,> — 2s(s — a)
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an,2. ag,? > a’s?(s — a)?
& {b%(s—c¢) + c?(s—b) —a(s — b)(s — ¢)}{b?(s —b) + c*(s — ¢) — a(s
(@
—b)(s—¢)} = a’s%(s — a)?
Lets—a=x,s—b=yands—c=z:-.s=x+y+z>a=y+zb=z+xandc
=X+Yy

Using these substitutions, (a)

e {zz+x)? +yx+y)? —yz(y + D}Hy(z + x)* + z(x + y)* - yz(y
+2)} > x%(y+2)%(x+y+2z)?
oxy?+xz2+y3+z23 > 2xyz+yz(y+z) © x(y—2)% + (y+ 2)(y — 2)? > 0 > true
(2)
= (a) istrue = n,g, > s(s —a)
by (1) and (2)
Now,n,2 + g,% + 2n,g, S 4m, % — 2s(s —a) + 2s(s — a) = 4m,?
3
= (0, +82)* 2 4m,* > n, + g, > 2m,

. B . C . B+C\ A ,A
sin  sinz ssin (T) Cos5  scos” > A
Also,r, + 1. =s st—=¢|= A B C- 75y - 4Rcos? >
COs5 COS3 C0S 5 COS 5 COS 5 (ﬁ)
(i)
Ty + I = 4Rcos? 2
) ) AbY® ) 1 1
> —_ = =
Now, (b + ¢)* = 32Rrcos > 8r(r, +r.) = 8r°s (s _ + p— c)

=8(s—a)(s—b)(s—o0) =4a(b+c—a)

a

(s—b)(s—0)

o (b+c)’+4a2—4a(b+c)=>0< (b+c—2a)2>0 - true
(:t) A
~b+c=>4 2chos§

bY(3) Ioscu
Now,n, + g, S 2m, S 2

by C)) Ay YD

A I, + T
cos vV2Rr <4cos E) =2 \/ZRr( b c)

R
2r rb +r.
(rb +r.) = and analogs

b+c
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rb+rc
>3 _>z z
2r na+ga 2r 3

1753. In any A ABC,holds:

(Proved)

m m R
_a+_b<_
m, m, T

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

Tereshi - a’+b? 4RSm, S a2 4 b2 abcm, a2 apto e 3 b
= = = = —+—
ereshin = m, > iR S >a S >a s 27 a
. . . . . Zma 2rnb ch
applying which on a triangle with sides 3 '3 '3 whose area of course
= 2 and medians of abe t:
= 3 and medians of course = 5,5, we ge
(ch) (E) 2m, 2m >
§ zl zma (é) my, m, my, m,
3 _ 3 3 c
zmc Pana:opol R
< < T (Proved)
1754. In any A ABC holds:
a? + b? + ¢? 3'.1(1*\)1-'_ ( a_ b L )v <10
ab+bc+ca 2 llb+c c+a a+b u_9

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

a? +b? + ¢ @ a b c 3
(1)®ab+bc+ca_1Zu(b+c+c+a+a+b_i)
a®? +b?% +c?
ab+bc+ca
2s2 — 8Rr — 2r% — (s2 + 4Rr + r?) ' s2 — 12Rr — 3r? 10/ a
- s2 + 4Rr + r? ~ "sZ + 4Rr + 12 and?(b+c
b C 3
+c+a+a+b_5>
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_10(Ya(c+a)(a+b) 3] 10[ X{a(Cab+a®)} 3
_?{ [1(b +¢) _E}_? 25(s2+2Rr+r2)_El

10 (2s(s® + 4Rr +r?) + 2s(s? — 6Rr — 3r?) — 3s(s® + 2Rr + r?)
B 2s(s? + 2Rr +r?)

O

)5 /g2 _ 10Rr — 7r2 . a’+b*+c?
o >
s2 4+ 2Rr + r? (®), (i) ab+bc+ca

10( a N b N c 3)
~“" 9\b+c¢c c+a a+b 2
s2 —12Rr — 3r? 5 /(s? — 10Rr — 7r?2
2 —
s2 + 4Rr + r? 9\ sZ+ 2Rr +r?
> 5(s? — 10Rr — 7r?)(s? + 4Rr + r?)
3)

& s* — s2(15Rr — 3r?) > r?(4R? — 7Rr — 2r?)

Gerretsen Gerretsen ?

Now,LHSof (3) = s?(Rr—2r?) = (Rr-2r?)(16Rr — 5r?) >r?(4R?

— 7Rr — 2r?) & 2R%2 — 5Rr + 2r2 3 0

- Euler _ a% + b? + ¢?
< (R-2r)(2R-r)=0-true *R > 2r = (3)istrue -

> © 9(s? + 2Rr + r?)(s? — 12Rr — 3r?)

2

ab+bc+ca
S
“"9\b+c c+a a+b 2
L10
.Z‘u a b C 3 3 a b C 3 -
= u<b+c+c+a+a+b_i)<'b+c+c+a+a+b_§2ObyNesmtt>

= (2) = (1) is true (Proved)
It is to be noted that (s> — 12Rr — 31r?) and (s* — 10Rr — 71?%)

Gerretsen Euler

> 0using s:—16Rr+5r2 = OandR > 2r

1755. In AABC the following relationship holds:
m m m 1 R
a + b + c _ <=
m,+m,. m.+m, m,+m, 2 2r
Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Bogdan Fustei-Romania

abc+a3+b3+¢3
2abc

B+y3+z22 1 x®+y*+ 22 R  a?+b?+ c?
et E o VY 2> 05 [

We known that:é =

4xyz 4~ xy+yz+zx’ ab + bc + ca

c 1 a%+b%+c?
We show that: —+—+—S—+—
c+a a+b 2 ab+bc+ca

Z a <ab+bc+ca+az+b2+c2
b+c 2(ab + bc + ca)

cyc

abc

But: (ab + bc + ca) - — = [a(b + ¢) + bc] - —=a2+b+c

So, we have: (ab + bc + ca) chcb— =a®? + b? + ¢* + abc chc -and then

1
a2+b2+cz+abczb—+csa2+b2+cz+i(ab+bc+ca)<:>

cyc

bz 1 <1( b+ be + ca) z 2 <ab+bc+ca 1+1+1
- < = I= =—4+—-—4+-—
avc b+c_2a crca b+c™ abc a b c
cyc cyc
1 1+1 1+1 1
b+c a b b c
cyc
1 1 4 b+c b+c b ¢ 2
—+—> = + >4 —+-—>2ob*+c%>2bce
b ¢ b+c b c c b
(b — ¢)? = 0; (and analogs). Summing, we get:
1 1 1 1 1 1 4
—t—t—t—+-+==

>
b c+a b+c b+c

cyc

So, we have prove that:
1 a’ + b% + ¢? d4f R  a%?+ b? + ¢
—+—— andfrom —>——— >
2 ab+bc+ca 2r — ab + bc + ca

a 1 R
Sresi
b+c 2 2r

cyc

\Y

e

cyc

m,, my, m, —can be the sides of on triangle, then we can write:
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m, < 1 R,
m,+m, 2 2r,
cyc

w

moympym,
Smn=="5;, S, =mmym,; mmym,=4S,R,, =3SR,, > R,, = —35

Sn=Sm'Tm 3s
Sm

N

ma+mb+mC:>rm:

2
Rm _ mambmc(ma +my, + mc)

27, 952
m, + my +m, < 4R + rand momym, < % - Rs? then
Rm _ 1 R(4R+71)s> 1 R(AR+1)
21, ~ 2 952 2 972
C(R\? _ 1 R@R+1)
We must show that: (Z) =
R(4R+1r) R 4R+
S -2
912 2 9
Rm _ R

Finall (5)2 >8m B 5 [Bmq)
Y, 2r) T 2rm 2r  Al2rpm]

m 1 R
—2 <+ [
my,+m, 2 2r,,

cyc

From (1),(2) we have:
m, N m, n m,
mb+mc mc+ma ma+mb
Solution 2 by Tran Hong-Dong Thap-Vietnam

2(mg+my +my)

(—1
RZ
4r?

1
25- < 9R >8R + 2r © R = 2r (Euler)

We have: MB = MC; NA = NC; PA = PB
BMXN —parallelogram= AM = m,,BN = MX = m;,,CP = AX = m,

Choose: F = A,D =ME=X> SADEF = %SAABC

£
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m, my, m, BCS 1
oo M, M, Do Y ot
my+m, m.+m, mg+m, (mg + my)
cyc
(ma+mb) z4mgmy
D mi Z 2 |2 Z
4mamb mamb

cyc cyc

g1 <\/§ 73

Cycmamb 1 (1)1 R
— 2 2 4 2 —
z\/(a+b+c)/s—2+2r

3 V3 R\* 3V3(s®—4Rr —r? R +1)?
(1)@Z(a2+b2+cz)-;§<1+;) =3 ( )<( ) =

IA

2s - r
2s(R+1)% = 3V3r(s? — 4Rr — r2) © 4s2(R + r)* = 27r%(s? — 4Rr — r?)?
But: 16Rr — 57% < s* < 4R? — 4Rr + 3r%(Gerretsen)
4s*(R +1r)* > 4(16Rr — 5*)(R + 1)*; (2)
271r%(s?> — 4Rr —1%)? < 27r*(4R?> — 4Rr + 31> — 4Rr — 1%)? =
= 27r*(4R* + 2r*)? = 27 - 4r*(2R* + r*)%; (3)

From (2), (3) we need to prove:

4(16Rr — 51> )(R+1r)* > 27 - 4r*(2R* +r*)* &
R
(16Rr — 57)(R + 1r)* > 27r(2R? + r?)?; <t == > 2) o

(16t —5)(t+1D*>272t*+1)2 o (16t —-5)(t+ 1D*-272t* +1)? >0 &
16t> —49t* + 7613 —64t* —4t—-32>0
(t—2)(16t* —17t3 + 42t* + 10t + 16) > 0

Which is true becauset >2=>t—-2 >0

t=2
16t* — 173 + 42t + 10t + 16 = t3(16t — 17) + 42t* + 10t + 16 >

>23(16:2-17)+52-22+10-2 + 16 = 324 > 0.Proved.

Lastly, we prove that:

BB

mamb i  4S\per

cyc 3 SADEF

In fact, for any AABC we have:
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1 1 1 a+b+c 2s R‘3~F13\/— 3.3
atptes = 2 Zor

=" abc _4Rsr - 2 2Zsr 4S
Apply to ADEF =proved.

1756. In any A ABC,n, — Nagel's cevian, holds:

n,\2 n;\ 2 n.\?2 4R —-2(h,+h, +h
)+ (2 + (2 1 20
I, I, I, r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + c?(s — b) =an2 +a(s — b)(s —¢)
= s(b% + ¢?) — bc(2s —a) = an? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)

= s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

A 4sbc(s —b)(s—c)(s—a
= as? — 4sbcsin? — = as? — ( )( )( )
bc(s —a)
4A2 ZA A N 5
= aSZ — = aSZ —2a (—)( ) = aSZ — Zahara - ng — SZ _ Zhara N <_a)
s—a a/\s—a .
2 2h A 4rs
s =
= A a=cosec25—1_ I?S
s?tan® Ta =
bc(s—a s—ay bc(s—a 4sbc
= (s —a) . ( ) _be(s—a) L3
(S - a) (S - b) (S — C) a Srz 4Rrs

ZRh 4Rrs +3 2 h (na)2 2Rh 4R L3 2 b
= — Bl — —_— = | — = — Bl — —_—
rz2 " sr2 r ? A rz2 ? r r ?
sumningup n, 2 ny, 2 n. 2
and analogs = <—) + <—) + (—)
Iy Iy Ie
2R 12R 2 Xha9r  oR 12R 2
_o Ry, IR 2y, TR (B, 1R 2y,
r r
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2R 4R 2 Euler 2
-9+ ———Zh S 13+——;2ha

4R—-2(h, +hy, +h
=13 + ( 2 b ) (Proved)

r

1757. In any A ABC,holds:
/R, 1 a b

min (— —+ ) ==+

rn r, b a

Proposed by Alex Szoros — Romania

Solution by Soumava Chakraborty-Kolkata-India
Leta=y+zb=z+xandc=x+y-~2s=a+b+c=2(x+y+2z)=s
=X+ytz-.s—a=Xxs—b=y

r, rbabyxy+z Z+X 2 o2
a2y 2> S+->
St o Zptaoxtys Z+X+y+z=>(x +y)z+x)(y+2)
>xy((z +x)*+ (y +2)%)
<20 +y) —xyz(x +y) + 22 (x -y 2 0 © z(x + Y)(x —y)? + 22 (x—y)? 2 0

r, , a b RBa'gllaa_l_b

strue.—+—>—+—and ~-— >
r, I, b a b a
Rr, a Rr,
-2 _bZ_+_:>min(—,—a —b)_—+—(Proved)
r'r, r, b rrn, I, b

1758. In any A ABC,holds:

m,mym.(m, + my + m,) = 2r

\/ mZm? + mZmZ + mZm? _R

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

Euler

Now,abc(a + b + ¢) = 4Rrs(2s) > 16r2s? = abc(a+ b + ¢

> 16S? and applying this last inequality on a triangle with
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2m, 2m, 2m,

sides 3 '3 ' 3 whose area of course = §,we get
8 16S?
oo MMy, {5 (m, + my + mc)} > 9
1 D
= mymym.(m, + my + m;) > 982 = <

mambmc(ma + my + mc) - 3rs

9 Goldstone

Also,m?m? + m¢m? + m?m? = RZ a’b? < <E) 4R?%s?

@)
= \/mgmﬁ + mm? + mZm? 2 — (1),(2)=>

5 5 3Rs
m2mg + mymZ + mZmj - (T)
m,mym.(m, + my +m,) - 3rs 2r

1759. In AABC the following relationship holds:
2 2 2
a b c S,SpS
+ + ab?e > 2
b2+ c? c?+a* a?+b? 2mymym,

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

2bc SaShSc 8a’b?c?
=———"m; > = =
b2+c2 Y mgmym, (a%+ b?)(b? + c?)(c? + a?)

Sa

SaSpSc 4a?b?c?
2m,mym, (a2 + b2)(b? + c2)(c? + a?)

So, we need to prove:

a? b? c? 4a?b?c?

+ + + =2
b2 +c2  c2+a? a?+b%* (a?+ b?)(b?+ c?)(c? + a?) ()
Let: x = a%;y = b%;z = ¢?
4x
(*) & Y z Yz 2 o

+ + + >
y+z z+x x+y x+y)y+2z2)(z+x)
B+y3+22+3xyz=>xy(x+y) +yz(y + z) + zx(z + x)
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Which is true by Schur’s inequality.Proved.

1760.In any A ABC,holds:

zm w, Zh h,) S\/—+2 Z(m +hy)

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Ioscu

N DN S RIC ML y WEC RN Y

= s?
—1 5 4Rrs -1
S G (G
R (m)
S
~ 2s.rs_ 2r zma“’a zhhb -

B C B+C\ A 2 A

siny  siny ssin ( > ) cos3  scos’y
Now, 1, + 1. =S + cl= A B C - 3 = 4Rcos” ~
CoOs» COS5 0S5 COS 5 COS 5 (ﬁ)
®
- Ty + r. = 4Rcos? >
) AbPY® ) 1 1
Now, (b + ¢)? > 32Rrcos?= 2 8 =8 ( )
ow, (b +¢) reos” r(r, +re) rss—b+s—c

=8(s—a)(s—b)(s—c)

a
(s—b)(s—c):4a(b+c_a)

o ((b+c)2+4a2—-4a(b+c)>0< (b+c—2a)2>0->true~b+c

loscu
b+c A
> 4vV2Rrcos— :Zma > 2( > cosi)

>x/ﬁ22cos ——ﬁ2(1+cosA)_x/ﬁ(4+R) \/%(Zra)
= (> m, + hy) = ( j% D)+ ha>2
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() 2 [ (S ) (T (D)
- (e m) E2 () 2 ) (S )+ (O
.0 (o) () (Y )
() 2[R () (S ) (B ()
S (S mawa) (Y et (Y, 1) = (sv3+ Y )’
o2 (RS REn)  (R) (E)
(s 23T m) +(3n))

=23, {\/72" —sv‘} SIS —3s}

R 2 (s? + 4Rr +r?)?
Now, <2r>( E ha) > 3s SRr > 3s (s* +4Rr +r*)“ > 24Rrs

\235

On)

1)
& s* —s2(16Rr — 2r2) + r2(4R+1)2 3 0
Gerretsen
LHSof (1) = s2(16Rr —5r?) — s2(16Rr — 2r?) + r2(4R + r)2
Trucht
=r2{(4R+1r)2—3s2} S 0= (1)istrue

(%) (Z h;,,)2 >3s? = (%) (z h;,,)2 — 352 (:zi“) 0and fz h, —sV3 (l:) 0

« (i), (iif)
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™

=2(Y'n) { EZ b - @} HE) () -3fS 0w

= (Y maw) (D) (Ym +10) = (V34 Y ')’
= (Z m,w, (z hahb)_l > (svV3+ z ra,)2 (Z(ma + ha))_2

1761. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

2(a?% + b?) N 2(b% +¢?) 2(c*+a? - 3n,8.1,
(a + b)? (b + ¢)? (c+a)? = hyhyh,
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

.A . B . C
_ 8Rsm7s1n7s1n7

Proof : R (1 Zr) - 4R?(sin’B + sin?C) 4RZsinBsinC L
: _Z — S
roo R)= 4R 2R R
> sin?B + sin?C — 2sinBsinC = (sinB — sinC)?

1 — 4si A(Z' B . C)>(2 B+C . B—C)2
1 - — — —
sm2 smzsm2 > | 2cos > sin >
1 — 4si A( B-C B+C)>4_ ZA(l 2B—C)
s 1 - — — —(1 -
sm2 cos > cos > > 4sin > cos >
1 — asi A B—C+4_2A>4_2A 4-2A 2B—C
o1 - — — —— —
smzcos > sin 5 2 sin > sin 2cos 5
-zA 2B—C A B-C
< 4sin“ —cos — 4sin—cos +1=0
2 2 2
2 b? +c¢% bc

A B-C
S (Zsinicos >~ 1) >0->true=>R—-2r>
®
= (b — )2 € 4R(R — 2r) and analogs
Again, Stewart’s theorem = b?(s — ¢) + c2(s — b)
=an,% + a(s —b)(s — ¢) and b%(s — b) + c2(s — ¢)
=ag,>+a(s—b)(s—¢)
~ any%. ag,? > a’s%(s — a)?
o {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?*(s—b) + c%(s—¢) —a(s
(a)
—b)(s — ©)} = a?s2(s — a)?
Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc
=Xx+y

4R 2R
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Using these substitutions, (a)
o {zz+x)? +yx+y)? —yz(y + DHy(z + 0)* + 2(x + y)* — yz(y
+2)} > x%(y+2)%(x+y+2z)?
oxy?+xz2+y3+z23 > 2xyz+yz(y+z) © x(y—2)% + (y+2)(y —2)? > 0 > true
= (a) istrue = n,g, > s(s — a)

3n,8.1, (>) 3s(s —a) ( ) 8R* _3R
h,hyh, 16R2r2s?2 - 2r
2(a% + bz) (b + ¢)? + (b — ¢)?
Now,
(a+ b)2 (b + ¢)?

by (1) and analogs

—c)? - 4R(R - 2r) AAG
=3+ Z 2 3+ Z 23

(b + ¢)? (b +c)?
+z4R(R 2r)
4bc 5
=3 +R(R-2 (28)—3+R_2r=> 26240 5 Ro2r o
( r 4R 2r (a+b)2 ~ 2r = (2),(3)
3R R—2r

= it suffices to prove : r >3+

2r
R —2r R—2r R-2r
= 3( ) > o > 0 - true (Euler)
2r 2r r

2(a® +b?) N 2(b% + c?) N 2(c? +a?) - 3n,g,1,
" (a+b)? (b + ¢)? (c+a)2 ~ hyhyh,
1762. In any A ABC,holds:

m, m, a b R
—+ |[—+ [+ |- s4(1+—)
w, r, b a r

Proposed by Bogdan Fustei-Romania

(Proved)

Solution by Soumava Chakraborty-Kolkata-India

m, S 242\ 1_/b ¢y 1_/c by 1_b+c
RN ENOCERDORS

2bc b 27\a a a
1 4Rcos%cosB > ¢ 5 1
2% jRsinBcosA 27 ginA
sinz cos~ sin
- ® 1
( 0 < cos <1and analogs) —ZAI = 2—<—ZAI
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m, Pana,gomﬂ Rh, 2Rrs(s — a)
2 r, 2 2rr, 2 2r2as

R(s —a)>® 4R?cos 2 sin B sin &
=3 =) 22 _2 —z
ra AR é.é4R.é.§.C é
cos5sin.4Rsinz sin5 sin5 sin
_ 1 Al
=252

(1)
H-\ 1
Now,x*+1>= (x +1)2 —(2x)(x +1)=>x*+1>x(x%+1) = x? +—>x+—

Ch'—\/a'l t-\/5+b<a+bdl=>\/5+b
oosing x = bm(),wege- b S = T 7 andanalogs > b 3

3d)-nEed) -2t

a a a a

C

4Rcos % cos B

=2

1 1
<> A( -0 < cos <1and analogs) = ;ZAI

N 3N

4Rsin 1; coSs

Sln

-1
:’ZU DS;
m, m, a b 1 1 1 _2
Va+zj;+z< B+\/;>SEZAI+§ZAI+;ZAI—;ZAI

_ 1 bc(s —a)
_zz . A_zz\/(s—a)(s—b)(s—c)
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CBS

- 2 2/s 2Vs? + 4Rr + r2
< —,/Yab s—a)=——+s2+4Rr +r2 =

rﬁJz JVE(s—a) r\/gJ -

m, m, a |b\ 2Vs2+4Rr+r2
my (B0 )
w, r, b a r

Gerl;eﬂtsen z\/4R2 + 8Rr + 4.]‘2 4-(R + r) R
= : _ - =4 (1 + ;) (Proved)

1763. Let ABC be an arbitrary triangle ; denote by A the set A = {r,,rp, r.}.
With the usual notations in triangle , prove that :

a) R—2r < %(maxA —minA)
b) Let t € R be such that in any triangle R — 21 < t(max A — min A). Then
t>-.

Proposed by Cristian Miu — Romania
Solution by proposer

a) Suppose that the sides of the given triangle verify : ¢ > b5 > a . Denote by
x=p—-a,y=p—-b,z=p—c.ltresults that x>y >_z. Applying the formula
S _\/xyz(x+y+z)_\/yz(x+y+z)
p—a X X
abc H (x+y) S xyz

R=%2_ == :
45 4 xyz(x+y+z) p \xty+z

From . >7, > 7, it results that max A=7,, min A=r,. We have:

=

a

, etc,, itresults that 7. > 7, > 7, . We have also

RozreliopyeLLG*D ) [z 1 Jwztoyes) Jwzeoyes))
2 4\/xyz(x+y+z) X+y+z 2 z ¥

H(x+y)—8xyz£ 2y(x+y+2)(x—2) & X y+xy° +6xyz > x°z+xz° +3y°z+3yz°

which results by adding the inequalities : x°y > x’z,3xyz > 3y°z,3xyz >3yz>, xp° > xz° ,
which are true according to the hypothesis x>y >z.
b) As above , the inequality from enunciation is equivalent to the following : for any
X, v,z € R satisfying x> y >z, we have :

H(x+y) |z <t(\/xyz(x+y+z)_\/xyz(x+y+z)
4xyz(x+y +z2) Xx+y+z z x
= H(x+y)—8xyz <Aty(x+y+z)(x—z)

)&
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Taking y =z in the above inequality it results that for any x, z € R for which x >z the

following inequality is verified :

2z(x+2) —8xz° <4tz(x+22)(x —z) & (x+2)° —4xz < 2(x+22)(x —2) & x — 2z < 2(x +22)
Since x > z, it results that there is an « > 0 such that x = z + u . Doing this substitution,
the latest inequality becomes equivalent to : u <2¢(3z+u) < u(l1—-2¢t) <6zt, which is

1
satisfied for any u, z positive real numbers only when1-2t<0< ¢ > 5 g.e.d.

1764. In AABC the following relationship holds:

m, my, m, 1 R

+ + < —
m,+m,. m.+m, m,+m, 2 2r

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Bogdan Fustei-Romania

3 3 3
We known that; & > 2cta+b+c
r 2abc
Xty 42 1 xt+yt+2 R a?+b%+c?
axvs a2 v v VOYE>0=2 o2
4xyz 4~ xy+yz+zx’ 57 Z ah T hetca
i 1, a’+b*+c?

—_—t—t—< =
We show that: —+ —+— < -+ ————

z a <ab+bc+ca+az+b2+c2
b+c

2(ab + bc + ca)
cyc

But: (ab + bc + ca) - .— = [a(b + ¢) + be] - — =a’+ Z_iz

So, we have: (ab + bc + ca) chcb = a? + b* + ¢? + abc Yeyer s L - and then

1
az+b2+cz+abczb—+cSa2+b2+cz+E(ab+bc+ca)<:>

cyc
bz 1 <1( b+ be + ca) z 2 <ab+bc+ca 1+1+1
R — =% —_ — — —
avc b+c_2a crca b+c™ abc a b c
cyc cyc
1 1+1+1+1 1
b+c a b a b c
cyc
1 1 4 b+c b+c b 2
—+> = + >4 — + 22<:>b +c?>2bce
b ¢ b+c b c b
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(b — ¢)? > 0; (and analogs). Summing, we get:

1 1 1 1 1 1 4
>

So, we have prove that:
<1+a2+b2+c2 df R>az+b2+c2
-+ —————and from —>—F—>
2 ab+bc+ca 2r — ab + bc + ca

R

b+c 2 2r

cyc

Z a
b+c

cyc

m,, my, m, —can be the sides of on triangle, then we can write:

m 1 R
2 <4 |
m,+m, 2 2r,,

cyc

3 m,mym,
Sm = i S; Sy, = [momym.]; mymym, =4S,,R,, =3SR,, = R,,, = —35
Smn=Sm ' Tnm 3s
m,+m,+m =7 —
Sm = — 2b ST IM T 2(mg + my, +my)
Ry, _ mambmc(ma +my + mc)
2rm 952

m,+my,+m;,<4R+randm,mym, < % Rs? then

R, < 1 R(4R +1)s? 1 R(4R+1)
2r, ~ 2 952 ~2 9r2

1 R(4R+7)

2
R

We must show that: (—) > = .
2r 2 Ir

R> 1 RAR+r) R A4R+r
2 —_ o —
412 — 2 9712 2 9

2
R R R R
; R\ S Bm R /_m
Finally, (Zr) T 2rm 2r  A2rn] (1)

m, 1
—F—— <5+ ()
my,+m, 2
cyc

From (1),(2) we have:

< 9R >8R + 2r © R > 2r (Euler)
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m, my, m, 1 R

mb+mc+mc+ma+ma+mb 27 2r
Solution 2 by Tran Hong-Dong Thap-Vietnam
We have: MB = MC; NA = NC; PA = PB
BMXN —parallelogram= AM = m,, BN = MX = m;,,CP = AX =m,

Choose: F = A,D = M,E =X= SADEF = %SAABC

m, my, m, BCS 1
e B (S i [
my,+m, m.+m, m,+m, (my, + my)

(ma"'mb) 24mgmy
> m /Z 2 |2 D
4mamb mamb
cyc cyc cyc cyc
chcmamb 1 V3 (1) 1 R
< 5 Z + b? + c? =+
2 (“ s =2V

3 V3 R\* 3V3(s®—4Rr —1r? R +1)?
(1)@Z(a2+b2+cz)-;§<1+?) =3 ( )<( ) =

2s - r
2s(R +1)% = 3V3r(s? — 4Rr — r?) © 4s2(R + r)* = 27r%(s? — 4Rr — r?)?
But: 16Rr — 572 < s* < 4R? — 4Rr + 3r%(Gerretsen)
4s*(R+1r)* > 4(16Rr — 5r*)(R + 1)%*; (2)
271r%(s?> —4Rr —1%)? < 27r*(4R?> — 4Rr + 31> — 4Rr — 1%)? =
= 27r%(4R? + 2r*)? = 27 - 4r*(2R?* + )%, (3)

From (2), (3) we need to prove:
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4(16Rr — 5r*)(R + r)* = 27 - 4r2(2R? + r?)?

(16Rr — 51)(R + 1r)* > 27r(2R? + r?)?; <t _R > 2)
(16t —5)(t+1D*>272t* +1)? o (16t —-5)(t+ 1)*-272t* +1)? >0 o
16t° — —4t-32>0¢%

17t3 + 42t*> + 10t + 16) > 0
Which is true becauset > 2 =>t—-2>0

49t* + 76t3 — 64t>

(t—2)(16t* —

t=2

16t* — 17¢3 + 42t* + 10t + 16 = t3(16t — 17) + 42t*> + 10t + 16 >
>23(16-2—-17)+52-224+10-2 + 16 = 324 > 0.Proved

Lastly, we prove that:

\/_ V3 3V3
mamb s 4 B

4S5
3 SADEF ADEF

cyc

In fact, for any AABC we have:

1,11 _a+tbh+c_ 3¢“1 3V3 3V3
a b abc _ 4Rsr — 2 2sr 4SS
Apply to ADEF =proved

1765. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:
|ra - l'b”rb - l'c”rc - ral = (na - ga)(nb - gb)(nc - gc)

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

?
Triangle inequality = g, < Al +r < w, &

r 2z 2abccos%
—+r<———=
sin2 a(b+c)
A 2
2 8Rrscos
s +r< A A
sin > 4R(b + ¢)sin 2 C0S >
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? ?

2 a+b+c 1 - a 1 . A
S 1< o +1<+ + © (b+c)sin—-<a
. A b + O)si A . A b + o)si A . A 2
sin ( c)sin >  siny ? ( c)sin > siny
4R B Cin224Rsi
@ —_— J— —_— J—
cos - cos sin < 4Rsin - cos 7
B—C/ e
< cos <1-true.g,<w,<m,

Now, Stewart’s theorem = b%(s — ¢) + c*(s —b) = an2 + a(s — b)(s — ¢)
= 4an? — 4am?
= 4b%(s — c¢) + 4c*(s — b) — 4a(s — b)(s — ¢) — a(2b? + 2¢% — a?)
=2b%(a+b—-c)+2c*(c+a—b)—a(ct+a—b)(a+b—c)—a(2b?+ 2c? —a?)
=a(b — c)? + 2b3 + 2¢3 — 2b?%c — 2bc?
=a(b—c)?+2(b+c)(b?>+c%?—bc) —2bc(b+c)=a(b—c)?+2(b+c)(b--c)?
= (a+2b+2c)(b—c)? = 0= 4an? > 4am?
(2) 3)
>n,2m, - (1),2)>ng,
Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)
= an? + a(s — b)(s — ¢) and b%(s — b) + ¢%(s — ¢)
=ag2+a(s—b)(s—c)
~ an%. ag? > a?s%(s — a)?
o {b%(s—c)+c*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c?(s—¢c) —a(s
(@
—b)(s— ©)} = a?s2(s — a)?
Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc
=Xx+y
Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z + x)* + z(x + y)* - yz(y
+2)} > x%(y+2)%(x+y+2z)?
oxy?+xz2+y3+z3>2xyz+yz(y+z) ©x(y—2z)%+ (y+2z)(y —z)% = 0 > true
€]
= (a) istrue = n,g, > s(s —a)
Also, Stewart's theorem = b?(s — ¢) + c¢?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
Adding the above two,we get: (b? + ¢2)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b% + c¢%?) =2a(n?+g%) +a(a+b-c)(c+a—b)=2(b%+c?)
=2(n2 + g%)+a?— (b —c)?
=2(Mb%*+c®)—a’+(b-c)? =2n%+g2) =4m,?% + (b—c)? =2(n2 +g?)
= 4m,2 + (b — ¢)? + 4ryr. = 2(n% + g2) + 4nyr. = 4m,% + (b — ¢)2 + 4s(s — a)
=2(n2+g%) +4s(s—a)
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(5)
= 4m,? + 4m,% = 2(n%2 + g2) + 4s(s —a) > n2 + gz = 4m,% — 2s(s —a)
= b% + c? — 2bc — (n2 + g2 — 2n,g,)
by (5) by (4)
2 b%+c2—2bc+ 20,8, — (4m,% —2s(s —a)) > b?+c? —2bc+ 2s(s —a)

—4m,? + 2s(s — a)

=b?%+c?—-2bc+ (b+c+a)b+c—a)— (2b% + 2c? — a?)
=b%+c2—-2bc+(b+c)2—a?—-(2b%2+2c2—-a%?)=0

by (3)
=>((b-0c)?%>(/m,—-g)% 3 |b-c|>n,—g,and analogs
(6)
= |a—bllb—cllc—al 2 (n, — ga)(my — gp) (N — )

N | I I | | rs rs || rs rs | rs rs
ow,|r, — ||, — r.|lr. — r,| = - - -
Fa = TbIlTb — Tellfe = Ta s—a s—blls—b s—clls—c s—a
r3s3
=—————|a—Db||b—cl||c—a
{Il(s —a)}?
S Mitrinovic
e
=;|a—b||b—c||c—a| >  3v3la—b|lb—c||c—a|
by (6)

>la—b|lb—cl|lc—al = (n,—g,)(n, - g,)(n—g.) (Proved)

1766. 1) In any AABC the following relationship holds:
a’b? + b%*c? + c*a? - R
abc(a+b+c)  2r

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Marin Chirciu-Romania

Using known identity in triangle: abc = 4Rrs;a+ b + ¢ = 2s
Z a’b? = s* + s?(2r?> — 8Rr) + r*(4R + r)?

The inequality becomes as:

s*+s?(2r* —8Rr) +r*(4R+1r)*> R
< 204 p2 922 2 > 42 2
T — _zr@s(4R +8Rr —2r“—s*)>r“(4R+r)

2
r(4::rr) < 16Rr — 51% < s < 4R? + 4Rr + 3r%*(Gerretsen) and

4R? + 8Rr — 21r%* — 5% > 0 see s> < 4R? + 4Rr + 3r*(Gerretsen)

which result from

It remains to prove that:
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r(4R +1)?

R (4R? + 8Rr — 21* — 4R? — 4Rr — 31r%) > r*(4R + r)? © R > 2r(Euler)

Equality holds if and only if triangle is equilateral.
Remark. The inequality it can be developed.
2) In any AABC the following relationship holds:
a’b? + b%c? + c*a?
abc(a+ b +c)

R
+n§(n+1)z,neN

Proposed by Marin Chirciu-Romania

Solution by proposer

Using known identity in triangle: abc = 4Rrs;a+ b+ c = 2s
Z a’b? = s* + s?(2r?> — 8Rr) + r*(4R + r)?

The inequality becomes as:

s* + s%2(2r? — 8Rr) + r?(4R +1)? fn<me1) R
—
4Rrs - 2s = 2r

s’(4(n+ 1)R? + 8(1 — n)Rr — 2r? — s?) > r?(4R + 1)?
2
which result from Z2*" < 16Rr — 512 < s < 4R? + 4Rr + 3r%(Gerretsen) and

4(n+ 1)R? + 8(1 — n)Rr — 2r? — s* > 0 see s> < 4R? + 4Rr + 3r*(Gerretsen)
It remains to prove that:

(4R +1)*

R T (4n+1DR?>+8(1 —n)Rr — 212 —4R?> —4Rr - 3r*) > r’(4R+ 1)’ &

4nR’+ (3—-8n)Rr—-61r’>0< (R-2r)4nR+3r) >0
R > 2r(Euler)
Equality holds if and only if triangle is equilateral.
Note. For n = 1 we get the proposed problem by Adil Abdullayev-RMM-2/2020

1767. In acute AABC the following relationship holds:

1+zmaS2R_ha+h,,+hC
w r ra+rb+rc

cyc
Proposed by Bogdan Fustei-Romania
Solution by Marin Chirciu-Romania

Lemma. In acute AABC the following relationship holds:
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m, <s2 + 1% —2Rr

w, 4Rr
cyc
2bc mg b2 +c? . .
Proof. We have: s, < w, & —— -m, < w, & — < —— (Tsintsifas).We get:
b2+c2 Wq 2bc
m, b? + c?
w, 2bc
cyc cyc

Let’s solve the proposed problem.

24 2.2 4R T .
= T . ¥ r, = 4R + r it is suffices to prove that:

Using lemmaand ) h, = R
Z+ 2 2R 2R s2+r2+4Rr
S re— T .
1+————<=-—28 __ whichresult from s> < 4R? + 4Rr + 3r*(Gerretsen)
4Rr r 4R+r

Remain to prove that:
4R> + 4Rr + 31> <8R’ - 2Rr+r* © 2R*-3Rr-2r* >0 &
(R—2r)(2R + 1) = 0 true from R > 2r(Euler).
Equality holds if and only if the triangle is equilateral.

Remark. The inequality it can be developed.

In acute AABC the following relationship holds:

m 2R r ,+1r,+1r
1+z aS L la b c
W, r ha+hb+hc

cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

. 2412 +4R - .
Using lemmaand ) h, = %; Y'r, = 4R + r it is suffices to prove that:

sz+r2—2Rr<2R 4R+ 1 sz+r2+2Rr< 4R*(4R + 1)

— @

4Rr ~ r s2+71r2+4+A4Rr 4Rr “r(s2+1r%+4Rr)
2R

(s* + 1% + 2Rr)(s®> + > + 4Rr) < 16R3(4R + 1) © s* < 8R? — 2Rr — r? which result
from s> < 4R? + 4Rr + 3r*(Gerretsen).
Remain to prove that:

(4R* + 4Rr + 31> + r> + 2Rr)(4R?> + 4Rr + 31> + 1> + 4Rr) < 16R3(4R+1) &
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(4R%? + 6Rr + 4r*)(4R?> + 8Rr + 4r*) < 16R3*(4R+1) &

(2R? + 3Rr + 2r®)(R> + 2Rr +1r*) < R}(4R+1) &
6R* —5R3r —10R*r> - 7Rr® -2r*>0
(R —27r)(6R3 + 7R*r + 4Rr?* + 13) > 0 true from R > 2r(Euler)
Equality holds if and only if the triangle is equilateral.

Remark. The inequality it can be developed.

In acute AABC the following relationship holds:

1+2maS2R.ra+rb+rc SZR.ha+hb+hc
w r hy+hy,+h,— 1 ro+1r,+r1,

cyc
Proposed by Marin Chirciu-Romania
Solution by proposer
Applying the first inequality and we prove that:
S e (Um) =) = Yhes Y,

. . 4R i
it is suffices to prove that: % < 4R +r ©< s? < 8R? — 2Rr — r? which result

from s? < 4R? + 4Rr + 3r*(Gerretsen).
4R? + 4Rr + 312 < 8R? — 2Rr —r* & (r — 2r)(2R + 1) = 0 true from
R > 2r(Euler).
Equality holds if and only if the triangle is equilateral.
1768. In any acute — angled A ABC,holds:
4abc

a3 + b3+ ¢3 +abc
Proposed by Adil Abdullayev-Baku-Azerbaijan

cos(A — B)cos(B—C)cos(C—A) <

Solution by Soumava Chakraborty-Kolkata-India
Proof : cos(A —B)cos(B — C)cos(C—A)

A—-B B—-C C—A
=(2cos2 5 —1)<Zcos2 5 —1)(2cos2 5 —1)
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(a) B — C B —
981_[cosz +22:cos2

B—-C B —
_4(1_[COSZ 5 )Z sec?

. 2A
N Z ,B—C Z (b + ¢)?sin® > 1 2 be(b + ¢)?
oW, ) cos = =

2 _
z 16stin2%c052% 16R"s s—a

1 z:bc(s+s—a)2
"~ 16R2%s s—a

__1 zbcsz+2b+b( ot {32 ZA+3Zb 3b}
—16st s_a SDC C\(S a —16RZS S secC 2 S a apnc

4s? 4+ (4R +1r)% + 3r?

1 [ (s +(4R+1)?
~ 16R?%s

} + 3s(s? + 4Rr + r?) — 12Rrsl =

s2 16R?
Z ,B—CD4s? + (4R + )% + 3r?
= =
COS 16R2
. 5, A A
Again z sec22—C_ z 1R sin"g c0s 2 _ \16R%s(s —a)a
’ (b + c)zsinzg 4Rrs(b + c)?2

_ 2R a(b+c- )(Z)ZR
_Tz (b+c¢)?2 {Zb+c (b+c)2}

N Z a(c+a)a+b)  Ya(Xab+a?)
ow, Z b+c [1(b + ) Zs(s2 + 2Rr + r2)

_ 2s(s? + 4Rr +r?) + 2s(s® — 6Rr — 3r?) (,3_3 2sZ — 2Rr — 2r?

2s(s2 + 2Rr + r2) ~ s2 4 2Rr +r2
a2 (2s-(b+ c))2
a“d'z b+c)? Z (b + )2
_N 4 4+ 9+ b+ 971 [Zl(c+a) (a+ b)Y
- Z (b + ¢)2 - TI(b + ©)}2
Z(c +a)(a+b)
[1(b+c)

Z{(c+a) (a+b)?} = ZZab+a =Z{(Zab)2+2a22ab+a4}

_3 (Z ab)2 42 (Z ab) (Za2) + (Ya?)? — 2ya%b?
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- (Z ab)z +2 (Z ab) ($a?) + (Sa?)? + 25a%b? + 4abc(2s) — 23a’h?

= (Z ab + Zaz)2 + 32Rrs?

= (352 — 4Rr — r?)? + 32Rrs?
(i)
Z{(c +a)%(a+b)?} = (3s% — 4Rr — r?)? + 32Rrs?

Again,Z(c +a)(a+b) = Z (Z ab + az) = SZab + Ya?

=Za2+ZZab+Zab=4sz+sz+4Rr+r2

(iii)
Z(c +a)(a+b) = 5s% + 4Rr +r?

22
H(b + ¢) = s% 4+ 2Rr + r? - (i), (i), (iii) = Z ®1o?
4s%{(3s* — 4Rr — r?)? + 32Rrs?} 4s(5s? + 4Rr +r?)
- 4s2(s%2 + 2Rr + r2)2 ~ 2s(s2 + 2Rr + r2) +
_ (3s? —4Rr —r?)? + 32Rrs? — 2(5s® + 4Rr + r?)(s*> + 2Rr + r?) + 3(s® + 2Rr + r?)?
(s2 + 2Rr + r?)2
_ 25" —s*(8Rr + 12r?) + 12R?r? + 8Rr> + 2r*
(s2 + 2Rr + r2)2

a2 ®W2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*
> z (b + ¢)? - (s2 + 2Rr + r?)2
B-C

2

(2),(3), (4) = Z sec?

_ 2R 2s%2 — 2Rr — 2r?
s2 + 2Rr + r?

r

2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*
(s2 + 2Rr + r?)2

®)2R[(2s? — 2Rr — 2r?)(s? + 2Rr + r?) — {2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr? + 2r%}
T r (s2 + 2Rr + r2)2
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Al 81—[ ZB_C_Sn(b-I_C)ZSinZ%
SO, cos 2 -

az

_ o [4s%(s® + 2Rr +r?)? r? (g) (s? + 2Rr + r?)?

B 16R2r2s2 16RZ) 8R*

(s? + 2Rr + r?)?
8R*

(s? + 2Rr +12)”) 2R [(2s? — 2Rr — 2r2)(s? + 2Rr + r2) — {2s* — s?(8Rr + 12r2) + 12R?r? + 8Rr + 2r4}
16R* (s + 2Rr + r2)?

(a),(1),(5),(8) = cos(A —B)cos(B— C)cos(C—A) =

r
N 4s? + (4R +1r)? + 3r?
8R?
= cos(A — B)cos(B — C)cos(C

) (2) r(s? + 2Rr + r?)? — Ro + R?r{4s? + (4R + r)? + 3r?} — 8R*r
8R*r
(where ¢ = (25 — 2Rr — 2r?)(s? + 2Rr + r?)
— {2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r%})
4abc 2r 16Rrs 2r

) > — > — & 4R?
ai+b3+c3+abc R  2s(s?2—6Rr—3r2)+4Rrs R

Now

> s — 4Rr — 3r? - true(Gerretsen)

4abc (::) 2r

>
a3+b3+c3+abc R
~ (m), (n) = it suffices to prove

_r(s? + 2Rr + r?)? — Ro + R’r{4s® + (4R +1)? + 3r?} — 8R'r 2r

8R*r R
<0
r(s? + 2Rr + r?)? — Ro + R?r{4s? + (4R +r)? + 3r?} — 8R*r — 16R3r? <o
o
8R%r -

x)
& st + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R?*r? + 8Rr3 + r* < 0

~ A ABCis acute — angled, Walker and Gerretsen
= (s? —2R?* —8Rr — 3r?)(s? —4R?> —4Rr-3r?) <0
= in order to prove (x),

it suffices to prove : s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R?r? + 8Rr3 + r*
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< (s? — 2R? — 8Rr — 3r?)(s? — 4R?> — 4Rr — 3r?)
(2]
& (R + 2r)s? < 8R3 + 7R?%r + 7Rr? + 2r3

Gerretsen ?

Now,(R+2r)s? < (R+2r)(4R? + 4Rr + 3r2) < 8R3 + 7R?r + 7Rr? + 2r3

2 R
o432 —5t2-4t-4>0 (wheretz;)
? Euler
o (t—-2)4t2+3t+2)>0->true~t > 2> (y) = (x)is true

4abc
=~ cos(A — B)cos(B—C)cos(C—A) < 23 7 b3 7 & T abe (Proved)

1769. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

ZLS} ga+gb+gc_(g+
g,.+ts—a 2 r b

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
€3]
Proof : R(4R +r)? 3 (4R — 2r)s?

Rouche

Now,RHSof (1) < (4R

?
— 2r) (2R? + 10Rr — r? + 2(R — 2r)VR? — 2Rr) SR(4R +1)?
?

& R(4R + )2 — (2R? + 10Rr — r?) (4R — 2r) S 2(4R — 2r)(R — 2r)vR? — 2Rr

?
© (R—2r)(8R? — 12Rr + r?) = 2(4R — 2r)(R — 2r)yR? — 2Rr
2
Euler
+R—2r = - inorder to prove (2),it suffices to prove : 8R?> — 12Rr + r?

> 2(4R — 2r)yR% — 2Rr
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& (8R% — 12Rr + r?)?2 — 4(R? - 2Rr)(4R—2r)2 > 0 © r?(4R + r)? > 0 - true

] 4R-2r (4R +r)?
= (2)=> (1) is true - R < 2

a\2 (4R — 21\ 5 (4R +1)? O a\2
- (29 FR) 250y o
= in order to prove (z 3)2 (4R _ Zr) < i it suffices to prove :
b R r2
4R +1)? a2 sz 2@ a 4R
T Q) =nemz DY)
Lets—a=x,s—b=yands—-c=z.s=x+y+z>a=y+zb=z+xandc

=X+Yy
\ 52 ~ st ~ st (2) (Tx)3 i1 4R

WA st - -G —0  xyz et
_ 4sabc _ N0+ Pxyz+ Iy +2)
B 1+4s(s —a)(s — b)(s —¢) 1+ Xyz XyZ

Al a_ Oy+z@03x+y)y+2)? 4 (Xx)°

so,y £=> 22 TR CIOIOR OR L

- [Xyz +[1(y + Z)] lZ(x +y)(y + z)?
B Xyz [I(y +2)

e {1y +2)}Ex)* = {xyz + [[(y + 2)IT(x + Y)(¥ + 2)?
5)
& Yx2yt + Yx3y3 S xyz(Yx2y) + 3x2y?z?
Now,if u,v,w > 0,then

A-G A-G
- -
v3+vi4+ud > 3viuwd+wd+v3 > 3w?vand ud + ud

A-G
+w? = 3u’wand adding these three :
Yu® > Yuv? and choosing u = xy,v = yzand w = zx, we get

@ A-G
: Yx3y3 S xyz(Xx%y) and ¥x2y* :2: 3x2y?z?
(b)
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©
(@) + (b) = (5) = (4) istrue:(zg)z (4R;2r) s:—z:> (%+g+§) f4—%2§

Now, Stewart’s theorem = b%(s — ¢) + c¢?(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)

Adding the above two,we get: (b? + c?)(2s—b—¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b% + c¢%?) =2a(n?+g%) +a(a+b-c)(c+a—b)=2(b%+c?)
=2(n%+g?) +a?- (b-c)?
=>2(b%2+c®)—a?+ (b-c)2=2(n%+g2 =4m2 + (b—c)? =2(n2+g?)
= (b-c)2+4s(s—a)+ (b—c)?=2(n2+g?

®
=>n%+g2=(b—c)?+2s(s—a)

Also, Stewart’s theorem = b?(s — ¢) + c?(s — b) =an2 +a(s — b)(s —¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢2 — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
bc(s —a)

= as? — 4sbcsin? 5= as? —

~ 4as(s—b)(s—0) R (D) B 4s(s—b)(s—0¢)

=as” a ng = s* T ), ) = g3
= (b—c)? + 2s(s —a) —s? +4S(S—l;)(s—c)
=sz—Zsa+a2+(b—C)2—a2+4S(S_2)(S_C)
= (S—a)z+(b—c+a)(b—c—a)+4S(S_:)(S_c)

4s(s—b)(s—¢c)
S =

2, 4(s — a)(sa— b)(s—¢)

=(s—a)> —4(s—b)(s—¢) +

(s —a)2 + 4(s — b)(s — ©) (Z— 1)

=(s—a)
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H—AE=DEZ9 (g, +5— a)ga—s+ a)

>gl=(s—a)’+

a
4(s—a)(s—Db)(s—c 2rs
_ 4(s—a)(s — b)( )=2r<_)=2rha
a a
h —s+a h —s+ a
= a _Ba and analogs = z a = 2(8a )
Bats—a 2r g.+s— a 2r
Ye. s "Pg tg +g. 17,a b c 2r
= —— < ———<—+—+—) 4 — —
2r 2r 2r 2\b ¢ a R

h, 1(/8.+8p+ 8 (a b c> 2r
Ly — 2 <[22 Ot (44 _-
Zga+s—a_2< r b+c+a 4 R (Proved)

1770. 1) In any AABC the following relationship holds:
2

cosB + cosC S
z <

Tq N m,m,m,
cyc

Proposed by Bogdan Fustei-Romania

Solution by Marin Chirciu-Romania

2) Lemma. In any AABC the following relationship holds:

Z cosB + cosC 2
r, R

cyc
Proof.
a’?+c?2—-b* a®?+ b%* - c?
z cosB + cosC z 2ac T 2Zab
Tq B S
cyc cyc s—a

1 b(a? + ¢* — b?) + c(a? + b? — ¢?) 2
=5
25 abc R

cyc
Let’s solve the proposed problem.

Using Lemma, the inequality can be written as:
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SZ
<

2 Rs? . .
= © momym, < — which result from m, < R(1 + cosA) true in acute
R mompmg 2

trianglem, < R Zcoszg © m, < 2Rcos? g implies that
A A s\2 Rs?
<| |2R 2—=8R31_[ 2_=8R3: (—) =—.
H Ma H €053 €053 (4R) 2
cyc cyc cyc
Equality holds if and only if the triangle is equilateral.
Remark. In same class of problems.

3) In any AABC the following relationship holds:

2

Z cosB + cosC S

=
ha m,mpym,
cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

4) Lemma. In any AABC the following relationship holds:

Z cosB +cosC 1
h, r

cyc
Proof.

a?+c? —b?*  a%+ b?-c?
cosB + cosC 2ac T 2Zab B
Z h, B Z 28
cyc cyc 7

1 Zb(a2+cz—b2)+c(a2+b2—cz) 1
48 bc
cyc
Let’s solve the proposed problem.
Using lemma the inequality can be written as:

s2

1 .
= © mamum, > rs? which result from m, > ,/s(s — a) therefore

Hmaznm=s5=rsz

cyc cyc

mgmpme

Equality holds if and only if the triangle is equilateral.

Remark.
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cosB+cosC 2
Ta ~ R and chc

cosB+cosC 1

For the sum Y . - =-we have:
a

5) In any AABC the following relationship holds:

Z cosB + cosC - Z cosB + cosC

L ha

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

cosB+cosC 1

cosB+cosC
=_we have:

. 2
Using: X.cyc = zand Yeye

Ta

2_1 . R>2r(Euten
(=4

R 7 €

6) In any AABC the following relationship holds:
2

4r - cosB + cosC - S Z cosB + cosC R

— < < < <
R T, m,mym, h, 212

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by proposer
Using inequalities (1),(3) and R > 2r(Euler)
1771. In AABC the following relationship holds:

a’ + b% + ¢ (mg + my, + my)*
+ 7 N = 2
ab+ bc+ca (my,+my+m)*+2(mymym.(m,+m, +m,) — 95%)

Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

1682 = zz a?b? — z at = zz a?b? — <(z az)2 - zz a2b2>
=4 am? - (Ya2)
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2 2
—4—Zmamb—— Zmﬁ) :>9SZ=4Zm§mlz,—(Zm§)
(€Y)

= 982 = ZZmamb Zma

a% +b? + c2 (m, + my, + m)*
Now, + > 2
ab+bc+ca (m,+ my+ m)*+2(m;mym.(m, + m, + m,) — 952)
Ya%?—Yab 2(mymym,(m, + my, + m.) — 95%) o
Y.ab (m, + my, + m)* + 2(m,mym (m, + my + m,) — 95%) —
bg)ZaZ —Yab 2(mymym.(m, + mp + m,) —2Y m2m{ + ¥ m}) E‘>“i)o
Y. ab (m, + my + m)* + 2(mymym (m, + my + m,) — 9S2) —

Now, Schur = z mj + m,mym,(m, + my + m,)

A—G
"~
> ngmb +Z:m13,ma > Zngmﬁ

cyc cyc
2 3)
"~ "~
= mymym.(m, + my, + m,) —Zngmﬁ +Zm§ >0and - Zaz —Zab >0
=~ (2),(3) = (i) is true
.a2+b2+c2+ (m, + my, + m.)*
“ab+bc+ca (m,+m,+my)?*+2(mymym,(m, + my + m,) — 952)

> 2 (Proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam
We have: MA = MC,NA = NC,PA = PB
BMXN —parallelogram= AM = m,, BN = MX = m,;,,CP = AX = m,

Choose: F = A,D =ME=X> SADEF = %SAABC

A

M
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3 4
m§+m,2,+mc=—(a2+b2+c2):>a2+b2+cz=§(mﬁ+m,2,+m§)

4
, 3 4 2 2 : 2
my=jasa=om, =3 2(m? + m%) — m2 (and analogs)
m,m, + mym, + m;m, (2 5 N r?
a? + b2 + ¢2 ~ 8 2R?

(ByYin HuaYan in 2000, Research in Inequalities)

Then, Inequality becomes as:

L
31Ma N Emy,)* s

=
%Z <\/2(m§ +m2) - mﬁ) <\/2(m§ +m?) - m.z,) ETmy)*t+2 <mambmc(ma +my,+my)—9 (%SADEF) )

3%m; + T my)*
5 (Jz(mg +m2) — mg) <\/z(mg +m2)— mg) Emy)* + 2 (mambmc(ma +m, +me) — 16S§DEF)

=2;(2)

So, for any AABC we need to prove:

3Y a? N Ca)t >
2 (\/Z(b2 +c?) - az) (\/Z(az +c?) - bz) Ea)* +2(abc(a+b+c) —165%,5c
3 a? 2s)*
- 2 + (25) =2
4 yYym,m, (2s)*+ 2(4Rrs-2s— 16s%r?
3 a? s?
3.z >2;(3)
4 Yym,m, s?+ Rr—2r?
by(1) Y a? - 1 8R? @
= = ;
Y Ymomy, §+ r2  5R? + 4r?’
8  2R?

From (3), (4) we need to prove:

3 8R*? s?
Z.5R2+4r2+sz+r(R—2r) =2e
24R*(s* + TR — 2r*) + 4s*(5R* + 4r*) > 2 - 4(5R* + 4r*)(s* + rR—-21r)) &
24R*r? + 24rR3 — 48R%*r? 4+ 20R%*s% + 165%r% >
> 8(5R%s? + 57R3 — 10R*r? + 4r*s®> + 4Rr3 - 8r* &
(R?> — 41r*)s®> + 8R*r* —4rR®* - 8Rr* +161r* >0 =
But: R > 2r(Euler) = R? > 4r?; s> > 16Rr — 5r*(Gerretsen) =

(R? — 4r®)(16Rr — 51%) + 8R*r? —4rR®* —8Rr3 + 161* > 0
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R
(R?> — 41r*)(16R — 57) + 8R?*r — 4R3 —8Rr* + 1613 > 0 ( t=—2 2) =

(t? —4)(16t—5)+8t* —4t3 -8t +16 >0
1263 +3t> — 72t +36 >0 4t3 +t? —24t+12>0 = (t—2)(4t* +9t—6) > 0
Whichis clearly trueby: t >2=>t—-2>0; 4t +9t—-6>4-4+9-2-6 >0
Proved.
1772. In AABC the following relationship holds:
1 1 1 6
+ + >
R+1rcosA R+rcosB R+1rcosC 2R+7r

Proposed by Florentin Visescu-Romania

Solution by Marian Ursarescu-Romania

From Bergstrom inequality we have:

1 1 1 9
>
R + rcosA * R +rcosB * R +1rcosC ~ 3R + 1r(cosA + cosB + cosC)

We must show that:

9 6
> &
3R + r(cosA + cosB + cosC) — 2R +r

6R + 3r = 6R + 2r(cosA + cosB + cosC) < cosA + cosB + cosC < %true, because

A+ cosB + C < bz+c2—a2+a2+c2—b2+b2+a2—cz<3
cosA + cos cosC< - EPEN
-2 2bc 2ac 2ba -2

ab(a + b) + ac(a+ ¢) + be(b + ¢) < a® + b3 + ¢3 true by Schur’s inequality.

1773. In AABC the following relationship holds:

1 >3 (—2 )3n eEN
E v n
A B C\ — N ’
cyc COS3™ 5 (cos 5 * cos 7) 3

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

A B c s
Let: x = €OS>,y = €OS—,Z = COS-; (x,y,z>0) = xyz = R
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AM-cMy+z+z+x+x+y 2(x+y+2z)
Vo+2@Z+0)x+y) < 3 = 3 =

\/—
-

Jensen 2 <A+B+C) V3
_ ) = = =

=— A B c) < =-3 -
(cos + cosB + cosC) 3 cos 3 3

B 1 AM-GM 3 1 B
Lhs = Czycxwy R N O CE DT TN

3 1 3 1 4R\"
Y+ N+ Dz + ) oD VB (ﬁ)ﬂ A (T) "

R >—s

> ()" VE=v3(2)" . proved.

Solution 2 by Asmat Quatea-Kabul-Afganistan

1
f(A,B,C) = ¢
cyc €OS3™ 5 (cosf + cos 7)
4
k = either min(f)or max(f) > whenA=B =C = 3
1 3 2\3"
k= Z 3n 1T m ~ - \/—(\/_E)
n
e cos’t & (cos G T cos 6) 3 \/75
A
' B
checking k:
supposen =1

if Aapproachtom
then B and C approach to 0
and f approach to infinity
hence the k is minimum value of
cydic trignometric expression

3n
Z _ 1B C)zﬁ(\%) imEN

3
cyc €COS°™ > (cos 7 + cos 7
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Solution 3 by Soumava Chakraborty-Kolakata-India

[Case1: n = 0|Then, LHS

z 1 Berggrom 9 ]er;en 9 ( f( ) X y
= —_— _— X) = COS— X
B C - A — V3 2

cyc OS5 + COS 2Y cos> 2.35
€ (0,m) is concave) =3
2 3n 1 (’:3 2 3n
~V3 <_) (+n=0) - $V3 (—)
V3 an A B (S0 V3
cyc €os>"! ) (cos > + cos 2)

|Case 2: neEN- {0}| Letg(x) = x"V x> 0 Then, g"(x) = n(n — 1)x"2

>0(vn>1)=x"isconvex = x" + y" + z"

3 2 2’ 2

n n
> sec% Jensen 3SGC%
>3 = 3
- 3 - 3

( f(x) = sec; Vx € (0,m)is convex) =3 <i) 2 sec"= = 3 <i)

Jensen n
- X _ A B C
> 3|— ] and - puttlngx =SseC_,y=s8seC,Z=seC,we have : 2 sec” —

cyc

1

Now
’ A B C

3 > =

cyc €0s>" 2 (cos > + cos Z)

) o) (&)

n__ Hold n £4) by (1) and Jensen —

_Z (sec"z) °~>-er(zse" 2) 2 V3
6.

o B cC — = 3
cyc cosf+cosi 62cos2 3T
z 3n
(3
V3
(“) 3n
1 o 1
S, B C>" (\/—) ~ ) )= Z A (cosB + cos C
cye €OS°" > (cos 5 *+ cos 2) cye €OS%" = (cos 5 + cos 7)

3n

2ﬁ<%> vn € N (Pd)
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1774. In any acute — angled A ABC,

cos(A — B)cos(B— C)cos(C—A) < Sabc
(a+b)(b+c)(c+a)

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India
Proof : cos(A — B)cos(B — C)cos(C—A)

,A—B ,B—C C-A
= (Zcos 2 —1) <2cos 2 —1) (Zcos —1)

@) B-C

—81_[cos (l_lcos2 5 )Zsec +22cos

. 2A
N Z ,B—C Z (b + ¢)?sin? > 1 2 be(b + c)2
ow, ) cos = = > —
z 16RZsin? %coszé 16R"s s—a

1 z:bc(s+s—a)2
"~ 16R2%s s—a

= b S s+ be(s - a)] = o {s® Y sec? 24 35 > ab - 3abe]

_16RZS s_a sbcC c(s—a _16RZSS sec 2 S a abc

1 ls{s2+(4R+r)2 4s% + (4R +r1)? + 3r?
S

} + 3s(s? + 4Rr + r?) — 12Rrsl =

~ 16RZs s2 16R2
z ,B—CD4s? + (4R + )2 + 3r2
= =
COS 16R2A .
Again, Y sect "=y 16R*sin® 7 cos®5 <7 16R?s(s — a)a
’ 2 (b + c)zsmz A 4Rrs(b + ¢)?

2R a(b+c—a)P2R

ZTZ (b+c)? {Zb+c (b+c)2}
N Ya(c+a)(a+b) Ya(Xab+a?)
Owa+c

[I(b+c¢) ~ 2s(s? + 2Rr + r?)
_ 2s(s? + 4Rr +r?) + 2s(s* — 6Rr — 3r?) (;) 2s? — 2Rr — 2r?
B 2s(s2 + 2Rr + r?) ~ s2 4+ 2Rr 4+ r?

a2 2s— (b +c) g
a“d'Z(b+ 02 Z( (b + )2 )
4s? —4s(b+ )+ (b+ 02D  [T{(c+a)?(a+b)}}
Z ®+ o T Tmror
Z(c +a)(a+b)
[1(b + ¢)
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z{(c +a)?(a+b)?} = z (z ab + az)z = Z {(z ab)2 + 2a? Z ab + a4}
-3 (Z ab)2 42 (Z ab) (Ta2) + ($a?)? — 2ya’b?
(z ) (Z ab) (Ya?) + (Ya?)? + 2Ya’b? + 4abc(2s) — 2Y a’b?

(Z ab + Ya ) + 32Rrs?

= (3s% — 4Rr — r?)? + 32Rrs?
(i)
Z{(c +a)%(a+b)?} = (3s% — 4Rr — r?)? + 32Rrs?

Again,Z(c +a)(a+b) = Z (Z ab + az) = SZab + Ya?

=Za2+ZZab+Zab=4sz+sz+4R1‘+r2
(111)
Z(c+a)(a+b) 5s2 + 4Rr + r?

22
ﬂ(b + ¢) = s? + 2Rr + r? = (i), (i), (iii) = Z m
4s%2{(3s2 — 4Rr — r?)? + 32Rrs?} 4s(5s? + 4Rr + r?)
- 4s2(s2 + 2Rr + r2)2 ~ 2s(s? + 2Rr + r2) +
(3s2 — 4Rr — r?)? + 32Rrs? — 2(5s% + 4Rr + r?)(s? + 2Rr + r?) + 3(s? + 2Rr + r?)?
- (s2 + 2Rr + r2)2
2s* — s?2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*
(s2 + 2Rr + r2)2
a2 W2s* _ s2(8Rr + 12r2) + 12R%r? + 8Rr3 + 2r*
> z (b + ¢)? - (s2 + 2Rré— r2)2

2), (3), (4) = Z sec?
ZR{ZSZ — 2Rr — 2r?

~r | s?+2Rr+ r2
2s* — s?2(8Rr + 12r?) + 12R?*r? + 8Rr3 + 2r*
B (s2 + 2Rr + r?)2 }
®© = 2R (2s2 — 2Rr — 2r2)(s? + 2Rr + r2) — {2s* — s2(8Rr + 12r2) + 12R?r2 + 8Rr3 + 2r%}
[ (s2 + 2Rr + r?)2

B-—C (b+ c)zsinZ%
Also, 8 1_[ cos? =8 1_[ >
2 a
{452(52 + 2Rr + rz)z}( r? ) (g) (s? + 2Rr + r?)?

16R2r2s? 16R? 8R*
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(s? + 2Rr + r?)?
(a),(1),(5),(8) = cos(A —B)cos(B—C)cos(C—A) = SRE
(s? + 2Rr +1r2)®) 2R [(2s? — 2Rr — 2r2)(s? + 2Rr + r2) — {2s* — s?(8Rr + 12r2) + 12R?r? + 8Rr3 + 2r4}
B 16R* _[ (s? + 2Rr + r2)2
4s? + (4R +r)? + 3r?
8R?
= cos(A — B)cos(B — C)cos(C
A (2) r(s? + 2Rr + r?)? — Ro + R?r{4s? + (4R + r)? + 3r?} — 8R*r
) = 8R4r
(where 6 = (2s? — 2Rr — 2r?)(s? + 2Rr + r?)
— {2s* — s?(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r%))
8abc - 2r 32Rrs - 2r 3R? (g) 2 4 9Rr 4 12
— s — s
0W’(a+b)(b+c)(c+a) “ R 2s(s?+2Rr+r?) R =S rer
?

Gerretsen

Now,RHSof (iv) < 4R%+6Rr+4r2<8R? & (R—2r)(2R+r)30 - true

8abc (:) 2r

: > —
(a+b)(b+c)(c+a) R
~ (m), (n) = it suffices to prove
_1(s® + 2Rr + r?)? — Ro + R’r{4s® + (4R +1)? + 3r’} — 8R'r 2r

r

N

2

= (iv) is true -

8R*r R
<0
r(s? + 2Rr + r?)? — Ro + R?r{4s? + (4R + r)? + 3r?} — 8R*r — 16R3r? <o
=3
8R%r -

=)
& s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R%r? + 8Rré + r* 2 0
A ABCis acute — angled, Walker and Gerretsen
= (s? —2R? - 8Rr — 3r?)(s? —4R?> —4Rr—-3r?) <0
= in order to prove (x),
it suffices to prove : s* + 8R* — s?(6R? + 8Rr — 2r?) + 8R3r + 22R?r? + 8Rr3 + r*
< (s? — 2R? — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?)
07
& (R + 2r)s? < 8R3 + 7R?r + 7Rr? + 2r3

Gerretsen ?

Now, (R +2r)s2. <  (R+ 2r)(4R? + 4Rr + 3r%) < 8R3 + 7R%r + 7Rr? + 2r3

- R
© 43 -5t2 - 4t—-4>0 (wheret=;>
? Euler
S (t—2)4t2+3t+2)=>0->true~wt > 2> (x) > (y) is true
8abc
A—B B—-C C—A)< P d
cos( )cos( )cos( ) < @rb)b+ O+ a) (Proved)
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1775. In any A ABC,
2

z:hbhc z r,—r |h, <sa+sb+sc
a? w, .|r, - r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

A B—-C A A

Proof : b+c—a= 4RcosEcos 2 —4RsmEcosE

A B-C B+C A B _ C

= 4Rcos§ (cos >~ cos > ) = 8Rcosismismi
@ A B _ C

= s—a = 4Rcos—sin—sin—
2 Sy sy

Also, acosA + bcosB + ccosC = R(sin2A + sin2B + sin2C)
= R{2sin(A + B)cos(A — B) + 2sinCcosC}

abc
= 2RsinC{cos(A — B) — cos(A + B)} = 4R[[sinA = 4R <8R3)
4Rrs 2rs A (2) 2rs
= = = —
ORZ R Yacos R
rs rs
r,—r |h, a(m )(b+c) 2rs
Now, Z w. ||~ Z A A. A _A
a a 2abccos 2 4Rstan 2 sin 2 cosS 2

ars

J—Z 4Rsm cos- {S(X aB} (b+0¢)

8Rrscos = 2 sins 2
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i . A A T
. A___A] A4Rrsinjcosy
4Rsin 5 cos 5 (b+0¢)
2 2 A. B.C
4Rcosismfsm7

A._ A
8Rrscos Vi sin >

1 T _ 4Rsin? 2 cos 2
NERTE Sy s o T
2s/N2R A.A. B.C
2

i 4Rcos > sin Vi sin v sins

[ (4Rsin? 2
@z
rs \/72 2sin? —(b+c)} < )fZ{l—cosA)(b+c)}
= (E) \/ZLR [43 — Z{(Zs — a)cosA}]

R
= (E)\/;{lls— 2s (1 + )+ZacosA
2
bY@ Ry [T 2rs 2rs 2R h, 2R
= EmE-T+3 f f { ( —>} T

Z hyh, Z h, 2R caab 1 bc
= — = — -
aZ W, I, 4R%aZ 2R

1 SatSpts
= ;Z h, < %bc (Proved)

1776. In AABC, K —Lemoine’s point, G —centroid. Prove that:
KG 1 BC & (b = ¢)v(5a% = b? + ¢?)
KG | BC  2a? = b? + c?

Proposed by Gheorghe Alexe, George Florin Serban-Romania
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Solution by Marian Ursarescu-Romania
a)KG LBC = KG-BC=0< GK-CB =0; (1)

a?-PA+b%PB+c%PC
a?+b2+c?

CB =GB - a'); (3). From (1),(2),(3) we have:

a?-GA+b*GB+c*GC 2
a?+b2+c? (2

But PK = VP EG= GK =

a’?-GA + b*-GB + ¢ - GC
a? + b% + c?
(a? GA+b? - GB +c*-GC) - (GB—GC) =0; (4)

-(ﬁ—ﬁ)zO@

But in any AABC: GA + GB + GC = 0; (5)
From (4),(5) we have: [(b? — a®)GB + (¢ — a®)GC| - (GB - GC) =0 &
(b% — a?)GB? — (¢ — a®)GC? + (c2 — b>)GB - GC = 0; (6)

4 1 4 1
GB? = gmj, = 5 (2a® +2¢* — b?); 6C* = gmi = 5 (2a* +2b* - ¢);  (7)

2 4\9 9
From (6),(7),(8) we get:

— . —, GB?>+GC*-BC*> 1.4 4 1
GB:-GC = =—<—m,2,+—m§—a2)=E(b2+c2—5a2); (8)

(b? — a?)(2a® + 2¢% — b?) — (c? — a?)(2a? + 2b* — ¢?) +%(c2 — b?)(b? +¢*-5a%) =0

b=c
(c? = b®)(b? +c*-5ad%) & { v
b* + ¢ = 5a?
—_ —_ —_ —_ 2.CA 2.CB 2.0 —_— —
b) KG | BC © 3a € R* such that KG = a - BC & LSS _ . (6B - GC) &
aZ+b2+c?

(b% — c2)GB + (c? — a?)GC = a(a® + b% + c2)GC — a(a® + b? + ¢*)GB &
(b2 —a? + a(a®? + b* + cz))ﬁ?) = (a(a® + b% + c) — 2 + a®)GC; (9)
Butif b2 —a? +a(a? +b?>+c*) #0anda(a’? +b*+c®)—c?+a? +# 0>
GK = k- GC false. (10)

b’—a’*+a(a®>+b*+c*) =0
a(@®+b*+c>)—-c*+a*=0
2a? = b% + ¢?

From (9),(10) we get:{ esbht-a?-ad*+ct=0s
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1777.V a,b,c > 1, '3/8192(a% + b3)(b5 + ¢5)(c5 + a%) < a? + b? + ¢2

Proposed by Jalil Hajimir — Canada
Solution by Soumava Chakraborty-Kolkata-India
2(a2—ab+b?)?—-(a*+bY) - (a—b)*=0= 2(a? —ab + b?)? — (a* + b?)
0)
=(a—b)*>0> 2(a?—ab +b2)?2Sa* +b*
by (i)

Now,a® + b% = (a+b) (a4 + b* —ab(a®? —ab + bz)) < (a

+b) (2(a? — ab + b?)? — ab(a® — ab + b?))

= (a+b)(a% — ab + b%)(2a% — 3ab + 2b?) = (a° + b5)2
< (a+ b)%(a? — ab + b?)%(2a% — 3ab + 2b?)? and analogs
= Y (@5 + b5)2(b5 + c5)2(c5 +a5)2 <

15{/(a + b)2(a% — ab + b2)2(2a% — 3ab + 2b2)2(b + ¢)2(b% — bc + ¢2)2(2b2 — 3bc + 2¢2)2(c + a)%(c2 — ca + a2)2(2c2 — 3ca + 2a?)?
weighted
AMéGM Y(a+b)?+2(a® —ab + b? + 2a%2 — 3ab + 2b% + b2 — bc + ¢ + 2b% — 3bc + 2c¢? + c® — ca + a% + 2c? — 3ca + 2a?)

15

_ 14a” + 14b” + 14¢” — 6ab — 6bc — 6¢ca

15
) 2
-~ 14> a“—6) ab
» V(@ +b%)2(b5 + c5)2(c5 +a5)2 < Z 15 2 and - '3/8192
©)
="21321

by (1) and (2) 2 ?
- 14> a“ — 6) ab -,
- 13/8192(a5 + b5)2(b5 + ¢5)2(c5 + a5)2 < 2 2 2 E aZ

15
?
@14Za2—62abQ15Za2
@Za2+62ab;0—>true
3)

~ 'Y/8192(@5 + b5)2(b5 + ¢5)2(c® + a%)% < a? + b? + ¢?
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Now ab>1:a%+b5>2= (a5+b%)” >2(a’+b%) >a’+b5 = a’ +b°

<(a®+ b’;)2 and analogs
- (a5 + %) (b5 + ¢5)(< + a%) < (% + %) (65 + ¢5)7(cF + )
> (7)1 (6% + )% + €9)(* + %) < () n (0% +5)"(6° + €)'(e" +0')
= In"{/(@ + b%) (b5 + ¢)(c5 + a%) < In"/((@® + b%)2(b5 + ¢5)2(c’ + a%)?)

= '3/8192(a5 + b5) (b5 + ¢5)(c5 + a’)

by (3)
< 3/8192((a5 + b5)2(b5 + ¢5)2(c5 + a5)2) < aZ + b2 + ¢2 (Proved)

1778.Let DEF be the orthic triangle in acute A ABC. Then :

4|DEF] _ (ab + bc + ca)2
[ABC] ~ \a? + b2 + c?

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

B M BF
Using A ABD, cosB = AB = BD = ccosB and using A CBF, cosB = BC

(i) 1
= BF = acosB and - [BDF] = EBD. BF.sinB

T2 Bcos”B = ab(:(1 + cos2B) = ARrs (1 + cos2B) = = (1 + cos2B)
= 3 acsinbcCos ~ B8R cos ~8R cos =3 cos
M g
= [BDF] £ > (1 + cos2B) and similarly,
@) g 3)

[CDE] £ ?(1 + co0s2C) and [AEF] £ ;(1 + cos2A) and - (1) + (2) + (3)

= [ABC] — [DEF] = rz—s (3 + Z cosZA)
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3 1- 41_[cosA —rs 1 chosA DEF]—rs—rsl Zl_[cosA

_y A 4[DEF] (“‘>8 A
_ I | N -
rs COoS [ABC] COoS

ab + bc+ ca 2r 2
a2+b2+c2> ZE‘:’R(S + 4Rr + r?)? > 8r(s? — 4Rr — r?)?

& (R —2r)s* + s?(8R?%r + 66Rr? + 16r%) + 16R3r? — 120R?*r3 — 63Rr*
(iii)
—8r° S 6rst
Gerretsen
Now, LHS of (iii) = (R — 2r)(16Rr — 5r2)s? + s2(8R%r + 66Rr? + 16r3)
(@)
+ 16R3*r? — 120R?r® — 63Rr* — 8r°
Gerretsen
and RHS of (iii) <  6rs?(4R? + 4Rr + 3r?) = (a), (b)
(b)

= in order to prove (iii), it suffices to prove :
(R — 2r)(16Rr — 5r%)s? + s2(8R?r + 66Rr? + 16r3) + 16R3r? — 120R?r3 — 63Rr*
— 8r% > 6rs?(4R? + 4Rr + 3r?)

Now, (

(iv)
& s2(5R + 8r) + 16R® — 120R%r — 63Rr? — 8r3 = 0
Gerretsen
Now,LHSof (iv) > (16Rr —5r?)(5R + 8r) + 16R3 — 120R?*r — 63Rr?
?

i R
—8r350o2t3-5t2+5t—630 (wheretz;)

? Euler
o t—-2){t-2)2t+3)+9t2}50 > true = t > 2 = (iv) = (iii) is true

- <ab + bc + ca)2 (ﬁ) 2r

‘\aZz+b2+c¢2/ ~ R

] ] 2r s?—4R? —4Rr —r?
~ (m), (n) = it suffices to prove : 8 1_[ CcosA < n S Rz <

:ul'-s

< 4R? + 5Rr + r?
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© s?2 —4R? — 4Rr - 3r? —r(R—2r) < 0 - true

s —4R? —4Rr -3 ZGerr’gseno dR-2 El:>l“er0-4[DEF]
. S r r s an r = "[ABC]

< (ab+bc+ca>2
~\aZ +b?% +c?

1779. In AABC the following relationship holds:

Do || D )| Dma | Do | 2 | e

cyc cyc cyc cyc cyc

2

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution by Marian Ursarescu-Romania

z,/ma > 33/,/mambmc and Zma > 3%/ m,m,m, =

cyc cyc

)

cyc cyc

similarly: (Xcye vWa) (ZeyeWa) = 9y/WoWpW,. Therefore,

(3 ) (39 () () o1 e

cyc cyc cyc cyc

We must show that:

2
1
3\/mambchaWch2m' zh“hb ; (D

cyc

a+b+c)
=

But in any AABC we have: m, -w, > s(s — a); ( s=—

Jmomymwowyw, > sS = s’r; (2)

From (1),(2) we must show:
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2

1
351 2 5 Zhahb . (3)
cyc

2 2
But chc hohy = %; (4)

4s%r?

= © 3R*(2R + 51) > 4s’r; (5)

From (3),(4) we must show: 3s%r >

e . 27R?
From Mitrinovic inequality: s? < > (6)

From (5),(6) we must show: 3(2R+ 5r) > 27r © 2R+ 5r>9r © 2R > 4r &

R > 2r (Euler) true. Proved.

1780. In acute AABC the following relationship holds:

z 6 + tan’*A + tan’B - 12

6 + V3tanA + tan?B + tan?C 5

cyc
Proposed by Gheorghe Alexe and George Florin Serban-Romania
Solution by Tran Hong-Dong Thap-Vietnam

Since: AABC-acute, then tanA, tanB, tanC > 0

2
aM-6M (+/3)" + tan’*A 3 + tan?A
V3tanA < ( ) > = >

15 + tan?A
6 + V3tanAd + tan®B + tan®C < — + tan?B + tan?C =

_ 15 + tan®A + 2(tan®B + tan*C)
B 2

Let: x = tan®?4;y = tan’B; z = tan®’C = x,y,z > 0

; (and analogs)

Then, inequality becomes as:

6+x+y 12 6+x+y 6
22— =2 (D e

15+x+2(y+2z) 5 15+x+2(y+2) 5

cyc

cyc

52(6+x+y)(15+y+2(x+z))(15+z+2(x+y)) 22(15+x+2(x+y))<:>

cyc cyc

117 | RMM-TRIANGLE MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
62;\:3 + (x%y + y*z + z%y) +452x2 >
cyc cyc
> 4(xy? + yz? + zx?) + 9xyz + 45(xy + yz + zx)
Because:

AM-GM 5
303+y3+2%) = 3-3-(xyz)3 =9xyz; (2)

AM-GM
x2+y2+22 > xy+yz+zx=45(x%+y% +2%) > 45(xy + yz + zx); (3)

AM-GM

B+ +yi+a%y = 4Ya8 yt=4axly
amM-6M

Y +y3+23+y*z = 4y%-zt=4y*z
AM—GM

BB+ +2%x > 4Yz8 - x* = 47%
3(x3 +y3 +23) + x%y + y2z + z%y > 4(xy? + yz? + zx?) (4)
From (2),(3),(4) we get (1) true. Proved.
Equality holdsifx2 = y2 =22 © A=B =C =§
1781. In any A ABC,holds
4R +1)? > i<a—2+ zhe )(b—2+ 2 ><f+ 2ab > > 27R%r
16 \r, rp,r./ \Iv \/IE Ie \/Iﬁ

Proposed by Alex Szoros — Romania

Solution by Soumava Chakraborty-Kolkata-India

| 2be a’(s —a) L 2bey(s—b)(s -0
. /e 4/s(s—a)(s—b)(s—c) +s(s—a)(s—b)(s—c)
_a’(s—a)+2(bVs—b)(cvVs—¢)

- Js(s—a)(s—b)(s—c)

A,JéGaz(s —a)+b*(s—b)+c*(s—c) s(Ta®)-Ya’

rs rs
_ 2s(s?* — 4Rr — r?) — 2s(s? — 6Rr — 3r?) _ 2s(2Rr + 2r?)
rs rs

=4(R+r)

118 RMM-TRIANGLE MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

az 2bc multiplying together az 2bc bz 2ca CZ
o—+ < 4(R + r) and analogs 5 < + ) (— + ) (

I 1% o8 fa  Jrpre/ \Ib  /rcra/ \Tc

b
+ ) < 64(R +r1)3

Iy

AR 4 1) (é) 1 <a2 N 2bc )(bz N 2ca ><c2 N 2ab >
= r>—(— — —
16\r, . /ryr./\% Jrr,/\Ic Jrn,

Al a2+ 2bc a2+ bc N bc A,;Gsz <a2>< bc )( bc > 33 16R2r2s2
S0, — + —=— > — =3 |————
fn Jrpre Ta  rpre /TpTe Iy ) \{rpre/ \\/TpTe rs?

> 33/16R?r and analogs

Iy 19 o

multiplying together az 2bc bz 2ca CZ 2ab
3 —+ —+ —+ > 27.16R?r
<l‘a Y rbrc> <rb vV rcra> (I‘c vV I'arb>
1 <a2 N 2bc > (bz N 2ca ><c2 N 2ab >(;) 7R
= — — JE— —_ = r
16\r, . /nr./\m Jrr,/\Ic Jrn,

;s 1 (az 2bc ) <bZ 2ca ><c2 2ab ) )
1),2)=>4R+r1r)’=>2—|—+ —+ + > 27R*r (Proved)

—16\r, /rr./\ J/rr, T JTaly

1782. In any A ABC,holds:

(m, +1,)°
m3 + 10m2i12 + 312

3(a2+b2+c2)22:3 > (a+b+c)?

Proposed by Alex Szoros — Romania
Solution by Soumava Chakraborty-Kolkata-India

x+y)° Y x+y)* 26 +yHE+p*t L
= <2(x*+y?)
3x% + 10x2%y2 + 3y*  3x* + 10x2%y? + 3y* = 3x* + 10x2y? + 3y+ ™~

?

o 3x* 4+ 10x%y? + 3y* > (x + y)*

o x* + 2x2y2 + y* S 2xy(x2 + y2) © (x% + y2)2 S 2xy(x2 + y2)

o X2 +y)(x-y)230 > true
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+ 6
3x4 +(1X0x2};7)2 + 3y4 < Z(XZ + yz) and choosingx =m,,y = [,, we get

. (ma + la)6 <2 2 lZ e 52“‘34 2
‘3mit 10m2iZ 4 30 = 2Matle) = 4mg

summing up

~ (ma + la)6 2 2
andanalogs = 3m? + 10mZI2 + 303 — 1) m=3)a

@ 6
o l
~3@%*+b%+c?)> (m, + L)

3mg + 10m2l2 + 31}

Avai (x+y)° -
ain, >
B 10x2%y? + 3y*

4xy & (x +y)® — 4xy(3x* + 10x%y% + 3y") > 0

& (x—y)® =0 - true

(x+y)° _
3x* + 10x2yZ + 3y* > 4xy and choosing x = m,,y = [,, we get

_ (m, + 1,)° - am.1 '°3>f“4<b+c) A(ZbC) A
"3mt + 10m22 + 312 = ata = 52+ %2
s(s —a) (m, + 1,)°
=4b =4s(s—a) >
“he sG-a) = g TomzZ 1 308
summing up 6
-~ m, + 1
> 4s(s — a) and analogs = (m, + Lo)

3mg + 10m212 + 31}

> 452(5 —a)

¢))]
m, +1,)°
——452——(a+b+c)2=>E 3( a t lo)

S (a+b+c)?
+ 10m212 + 312

6
CD@=3E b ) 2 Y )

>(a+b+c)? (P d
mi + 10m22 + 303 = (A TP+ o7 (Proved)

1783. Generalization for Marian Ursarescu problem

In AABC the following relationship holds:
m,m, \" mym, \" mom, \" 3r\"
(rarms) * () + () 22 (7) ome
m, +my my, +m, m.,+m, 2

Proposed by Marin Chirciu — Romania
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Solution by Tran Hong-Dong Thap-Vietnam

1

Z -—

xy o | 2T1

xy \" (Z x+ y) x Ty

S LHS = ( ) _
xX+y 3n-1 3n-1
Schﬁv_v‘arz (@) (%%) (ﬂ)n g M
X z T _ 2
= 3n-1 = gn-1  gn-1 3. (?) . Proved.

1784.1f a,b > 0, then :

4\/E+(a+b)2>a+b+ 4ab
a+b 4ab — /ab (a+b)?

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

a+b
LetA =T,G = +vab and of course : A > G

4\/ab+(a+b)2>a+b+ 4ab 2G+A2>2A+G2 A2 G2 2A 2G
S—t=Z2—Ft==—-—"—=2——"—

a+b 4ab ~ ap (@+b)2 A GZT G Az 'GZ A2 G A

A* — G* - 2(A% - G?)

A2GZ T~  AG

A% — G2\ (A% + G2 A%z — G?\ (A - G)?
=S -2|]=20s > 0 - true

=14

AG AG AG AG

.4\/ab+(a+b)2>a+b+ 4ab
“a+b 4ab ~ ap (a+b)

5 (Proved)

1785. In any A ABC,holds:

S < abc(b + c)w,
" (a+b)(at+c)(b+c—a)

Proposed by Alex Szoros — Romania
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Solution by Soumava Chakraborty-Kolkata-India

B-C o A A_ A( B-C B+C)
COSZSIIIZ— COS2 Ccos 2 Cos 2

A
b+c—a= 4Rcosicos

= 8R A ins
= coszsmzsm2

@ A B C
=>b+c—a=8RcosEsmEsmE

Now,S(a+b)(a+c)(b+c
)by,_£1)5<4R C A—B)(4R B A—C)BR A B C
a = COSZCOS 2 COSZCOS 2 COSZSIDZSIHZ
A_B_C A-B A-C
, COS Sl)

C B
< 3 — _ —gin—sin— [ -
< 2rs(4R)>cos 2 cos > cos > sin 2 smZ ( 0 < cos

B A B C

—2<4R . A _ B . C)(4R A B C>(4R)3 C . .
= sin—sin > sin > cos > cos > cos > cos > cos > cos > sin > sin >

_2(4R_ A A)<4R_ B B)2(4R_ C c)z A
= sin > cos > sin > cos > sin > cos > cos >
- cos% 2bccos%
= 2ab“c P (b+c) =abc(b +¢) Brc |- abc(b + c)w,

abc(b + c)w,

SG@ib@tomtc_a Froved

=>8<

1786.
In any A ABC,n, — Nagel’s cevian, g, —

ZZ 2_l_z:b2+c
hZ_ nZ + g2

Proposed by Bogdan Fustei — Romania

Gergonne's cevian holds:

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b%(s — ¢) + c*(s — b)
= an? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag2+a(s—b)(s—c)
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~ an%.ag? > a?s%(s — a)?

& {b%(s—c¢) + c?(s—b) —a(s — b)(s — ¢)}{b?(s —b) + c*(s — ¢) — a(s

(@)
—b)(s — ©)} S as2(s — a)?

Lets—a=x,s—b=yands—c=z:-.s=x+y+z>a=y+zb=z+xandc
=X+Yy
Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z + 0% + z(x + y)* — yz(y
+2)} > x%2(y+2)?(x+y + z)?
oxy?+xz2+y3+z3 >2xyz+yz(y+z) ©x(y—2)?+ (y+z)(y —2)? = 0 - true

¢y
= (a) istrue = n,g, > s(s —a) and analogs

Also, Stewart's theorem = b?(s — ¢) + c¢?(s — b)
=an2 + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)
=ag2+a(s—b)(s—c)
Adding the above two,we get: (b? + ¢2)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b%? +c?)=2a(n?+g%)+a(a+b-c)(c+a—b)=2(b?+c?)
=2(n%+g?)+a?- (b-c)?
=>2(b%+c?)—a?+(b—c)2=2(n2+g?) =4m?+ (b-c)?2 =2(nZ+g?)

O]
= (b—c)?+4s(s—a)+ (b—c)?=2(n2 + g2

= 2(b%+c?) —2(m2 +g2) =2(b*+c?) —2(b—c)®> - (b+c)* +a?
=a?— ((b+c)? —4bc) =a%— (b—c)?
(b? +c?) — (nf +g3)
ng + g3

=(@a+b-c)(cta—b)=4(s—b)(s—c) =

_2(s—b)(s -9 AéG 2bcsin? %byrfl) 2bcsin2% sztanZ%

n; + g3 T 20,8, B 2bccos2% B s2
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bz +c2 rz summing up bz + Zra

5— " <1+-2 andanal 5 z+z o5+
"It g 5z and analogs T g )
(4R +1)? —25* (4R +71)? + 3s?
=5+ 2 = 2
s s
b2+c2()(4R+r)2+35
=>2+Z 5 5
na+ga S

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b) =an2 +a(s — b)(s — ¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢2 — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
4sbc(s —b)(s—c)(s—a)

= as? — 4sbcsin? 5= as? —

be(s —a)
= as - T _: 679, gz g B0 :)(S 9. (), (i) = g2
:(b_c)2+25(s_a)_sz+4S(S—:)(S—C)
=SZ—2sa+a2+(b—c)2—a2+4s(s_:)(s_c)
=(s—a)z+(b—c+a)(b—c—a)+4S(S_:)(S_c)
:(S—a)z—4(S—b)(5—c)+4S(S_l;)(s_c)=(s—a)2+4(s—b)(s—c)(§—1)
(s a4 HETDEDE=O
S gl=(s—ay+ a0 a)(sa_ DIEZ9 _ (a4 (s—a) <—az - (: - c)2>
:(S—a)<S—a+a—(b;c)> (S_ )(as—(b—c))
:ﬁ—é—(s ") (@s - (b0 )( T 22r2> 2= 09 nd analogs

23
=2 z g i 2511'2 z a(s—a)(as— (b — c)z))
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Now,z (a(s —a)(as— (b — c)z)) = SZ a’(s—a) — Z a(s —a)(b? + c¢% — 2bc)
= SZZ a®— SZ a3+ Zach(s —a)— Ea(s —a)(b? +c?)
= 25%(s? — 4Rr — r?) — 2s%(s? — 6Rr — 3r?) + 2sabc — 52 a(b? + c?)
+ Z aZ(b? + ¢?)
= 2s%(2Rr + 2r?) + 2 z a’b? + 2sabc — sz ab(2s —¢)
=2 (z a’b? + 4sabc) — 3sabc + 4s%(Rr + r?) — 2s? Z ab
=2 (Z ab)2 — 2s? Z ab + 4s?(Rr + r?) — 12Rrs?

= 2(4Rr + r?)(s? + 4Rr + r?) + 4s%(Rr + r?) — 12Rrs?

@
z (a(s —a)(as—(b- c)z)) 2= 2(4Rr +r?)(s? + 4Rr + r?) + 4s?(Rr + r?)

— 12Rrs?
(3),(4) = 2 g5 (4R +1)(s®> + 4Rr +r1?) + 25*(R + 1) — 6Rs?
’ hz s2r
_ (4R +71)? 4 357 by @ b? + c?

> + ——— (Proved
52 nz+gg ey

1787. In any A ABC,n, — Nagel's cevian, holds:

4R
<1+—
r

P (L
R h, s+n,
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + c*(s — b) =an2 + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?)
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= s(b* + ¢* —a* — 2bc) = ang — as® = ang = as® + s(ZbccosA — 2bc)
A 4sbc(s —b)(s—c)(s—a
= aSZ - 4SbCSin2— = asz — ( )( )( )
2 bc(s — a)

472 20\ 1 A
= as? — = as? — 2a<—> (s — a) = as? — 2ah,r, - n2 + 2h,r, = s?

ng 2r, sng,+n%+2h,r, sn,+s?
= = =
h, s+n, h,(s +n,) h,(s +n,)

summing up

s(s+n,) n, N 2r, s d ! - 2 (na N 2r, ) 2 1
= — = — = —_— = J—
h,(s+n,) h, s+n, h, and analogs h, s+n, S

1
LY (e 2 )25

h, s+n, r
2

We shall now prove : R(4R +r)? 3 (4R — 2r)s?
Rouche

Now,RHS of (2) < (4R

—2r) (ZR2 + 10Rr — r% + 2(R — 2r)VR2 — 2Rr) ZR(4R + )2

?

& R(4R +r1)% — (2R% + 10Rr — r2)(4R — 2r) > 2(4R — 2r)(R — 2r)vR2 — 2Rr

& (R —2r)(8R? — 12Rr + r?) % 2(4R — 2r)(R — 2r)yvR? — 2Rr
0)

“R—2r = - inorder to prove (i), it suffices to prove : 8R* — 12Rr + r?

> 2(4R — 2r)y/R? — 2Rr
& (8R% — 12Rr + r?)? — 4(R? - 2Rr)(4R—2r)2 > 0 © r2(4R + r)? > 0 - true
= (i) = (2) is true . R(4R +r)? > (4R — 2r)s?

R(AR+1)2 (4R —2r)s2 Y D R(4R + r)? n 2r
S X )" )s” "5 RUERH D) 2(4R—2r)<2(—a+ - ))
r2 r? r? h, s+n,

4R - 2r n, 2r, \\>° (4R+r)?
AR e ) <
R h, s+n, r2

4 Zrz<na+ 2r, )<1+4R p d
:> _—— —_— —
R h, s+n,/ r (Proved)

2
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1788. In any A ABC,n, — Nagel’s cevian, g, — Gergonne's cevian holds:

B C 1 Ng+ gq + 20,1 + 2,/17,
1_[ <cot— + cot—) > —1_[
2 2 8 h,—r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Proof : Stewart’s theorem = b%(s — ¢) + c?(s — b)
= an? + a(s — b)(s — ¢) and b%(s — b) + c?(s — ¢)
=ag?+a(s—b)(s—c)
Adding the above two,we get: (b? + c?)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b? + c?) = 2a(n2+ g% +a(a+b—c)(c+a—b) = 2(b%+ c?)
=2(n2%+ g2) + a® — (b — ¢)?
= 2(b%+c®) —a’>+(b—-c)? =22+ g% =>4m%+ (b—c)? =2(n2 + g%)
= (b—c)?+4s(s—a)+ (b—c)? =2n2 + g2)
=>n:+g%=(b-c)?+2s(s—a)
CBS
S Ny + Go + /25T + 2,17, 2 VaynZ + g% + 2rpr, + 41,

=2\/(b—c)2+Zs(s—a)+25(s—a)+4<rzs)

s-a

:z\/(b—c)2+4s(s_a)+4<(s —a)(S - b)(S —_ C))

s—-a

=2\/(b—c)2+(b+c+a)(b+c—a)+(c+a—b)(a+b—c)
=2J(b-c)?+(Mb+c)?2—-a’+a’—(b-c)2=2(b+c)

na+ga+\/2rbrc+2\/rra< b+tc ab+c) a
2(h, —r) T2rs_ . r(2s-a) v
a
Mg+ go+ 20T +2\/rra(£a
h 2(h, — 1) r
. B . C . (B+C\ A 2 A
siny  sinz ssm( > )cosf scos® )
Now, 1, + 1. =S + cl= A B C - 3 = 4Rcos 2
cos5 cos3 COS 7 COS 5 COS 5 (4R)

(i)

~ Ty + I, = 4Rcos? >
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B C s s S(I‘b + rc) by (ii) al:g analogs H (4RSCOSZ %)
(ot -[ ) -T2
2 2 Iy Ic IpIe (ra Iy rc) 2

2
33(_S
_64R S (16R2> _4Rs_4Rrs_abc_1—[a

o drzs;‘ o2 r3 r3 r
y (i) and analogs
.y 1 n, + + 2,1 + 2,/1rr
S - aTYa \/ b'c \/ a (Proved)
8 l l h,—r

1789. In any A ABC,n, — Nagel's cevian, holds:

2r 4R
)1
s+n r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + ¢*(s — b) =an2 + a(s — b)(s —¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b% + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s—b)(s—c)(s—a)
bc(s — a)

= as? — 4sbcsin? 5= as? —

2A A 2 2 2
B 2a<7> (s - a) = as® — 2ah,r, - ng + 2h,r, =5

ng 2h, _sng+n;+2h,r, sn,+s?
r, s+n,  r,(s+n, " r,(s+ny,)

s(s+n,) n, 2h, summing up n, 2h

S 1
=— 25 24 = — and analogs 3 z<—+ >=s —
r,(s+n,) r, s+n, r, r, s+n, Iy

@®

2t =5

= = -

S+na r
(2)

We shall now prove : R(4R + r)? S (4R — 2r)s?
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Rouche

Now,RHS of (2) < (4R

—2r) (ZR2 + 10Rr — r% + 2(R — 2r)VR2 — 2Rr) ZR(4R + )2
?

& R(4R + )% — (2R% + 10Rr — r2)(4R — 2r) > 2(4R — 2r)(R — 2r)vR? — 2Rr

& (R —2r)(8R? — 12Rr + r?) % 2(4R — 2r)(R — 2r)yvR? — 2Rr
®
Euler
+R—2r > - inorder to prove (i), it suffices to prove : 8R* — 12Rr + r?

> 2(4R — 2r)y/R? — 2Rr
& (8R% — 12Rr + r?)? — 4(R? - 2Rr)(4R—2r)2 > 0 © r?(4R + r)? > 0 - true
= (i) = (2) is true .~ R(4R + r)? > (4R — 2r)s?

R(AR+1)2 (4R —2r)s2 Y D R(4R + r)? n, 2h, \\?
_ K - )" ( k )s” " R( - ) 2(4R_2r)<z(_a a))
r r r

r, s+n,
4R—2r< n, 2h, \\> (4R+r1)?
QG )) =
r, S-+n, r2

2r 4R
4——2 ) <1+ — (Proved)
s +n, r

1790. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

RN

Proposed by Bogdan Fustei — Romania

h, s+n>

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + c*(s — b) =an2 + a(s — b)(s —¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc

= an? + a(as — s?)
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= s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
4sbc(s —b)(s—c)(s — a)
bc(s — a)

= as? — 4sbcsin? 5= as? —

4N 2A A
= as? — =as2—2a<—>( )zasZ—Zahr ~n2+2h,r, =s?
s—a a s—a a*a a a*a
ng 2r, sng,+n%+2h,r, sn,+s?
= — = —
h, s+n, h,(s+n,) h,(s+n,)

summing up

s(s+n,) n, N 2r, s d ! - 2 (na N 2r, ) 2 1
= — = — = —_— = J—
h,(s+n,) h, s+n, an analogs h, s+n, S h,

g

h, s+n, r

@z m“rg“‘“\/— b2 +c2 , 2be _ z (b+c)2 _I(b+o) _4s
2r @ - - 2r 4r 4r

by (1)

s n,
=12 D () Croved)

1791. In any A ABC, n, — Nagel’s cevian, g, — Gergonne's cevian holds:

ORCHRDYCEFTS

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b?(s — ¢) + ¢*(s — b) =an2 + a(s — b)(s —¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b% + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s—b)(s—c)(s—a)
bc(s — a)

= as? — 4sbcsin? 5= as? —
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4)? 2A A
= as? — = as? — 2a<7> (s — a) = as? — 2ah,r, - n2 + 2h,r, = s?

n, 2h, sng+ng+2h,r, sn,+s?

r, s+n,  r,(s+n,)  ru(s+ny)
s(s+n,) n, 2h, s summing up n, 2h, 1
= —+ = — and analogs = Z<—+ )=s —
r,(s+n,) r, s+n, r, r, s+n, I,
™y

YL

r, Ss-+n, r

VR Tereshin /R b2+c2 2bc <R (b+c)2 Y(b+c) 4s
R R
2r 2r 4R 4R 2r 4R 4r 4r

sPY® n, 2h,
== = Z —+ (Proved)
r I, s+n,

1792. In any A ABC,n, — Nagel's cevian, holds:

(1—cosA)| 1+ ’

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b%(s — ¢) + ¢*(s — b) = an? + a(s — b)(s —¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
B bc(s —a)

= as? — 4sbcsin? — = as?

@®

2A A
= as? — 2 (—)( )= 2 _ 2ah,r, - n 2 52 — 2h
as al—)\g=5)=3s ah,r, ~n; =s ala

42
s—a

= as? —
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N na<R L R? 2R+1>n§b’f)R2 2R_|_1>s2—2hara s?a? 2r,
2< 1o —-— S ——— = -2
ow,ha_ r r2 r ~ hZ r2 r - h2 4r2s2  h,
_a? (21‘s>(a)_a2 (@a—s)+s
" 4r2 \s—a/\2rs/ 4r2 s—a
a? s a%(s —a) — 4(sr? a’(s—a)—4(s—a)(s—b)(s—c
_ 41— 14 ( ) —4( ):1+ ( ) —4( )( )( )
4r? s—a 4(s — a)r? 4(s — a)r?
aZ —(a®2—(b-1c)? b — ¢)?2
14 ( ( ) )= 1+( )
4r2 4r2
R? 2R>(b—c)2 R(R—2r)>b2+c2—2bc R_2 >b2+c2 bc
r2 r — 4rz r2 - 4r2 "="2R 2R
_ _ o A . B.C
2r\ _ 4R?%*(sin’B + sin?C) 4RZsinBsinC 8Rsin 5 sin3 siny
R(1-2) i o1
R 4R 2R R
> sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
1 4_A(2_ B . C)>(2 B+C _ B C)
@ J— — p— —
sin—{2sinzsinz ) > (2cos ——sin—
A/ B-C B+C A B—C
o1- 4sm—<cos — cos ) > 4sin? —(1 — cos? )
2 2 2
1 asin®e0s BT L iz = acin?®  acin? A egsz B
@ J— j— j— —_—— —
sin - cos— sin® 2 > 4sin” 2 — 4sin® - cos® —
o asinz® c0s2 B¢ acin® cosBC 1 15 o
sin® > cos®* — sin - cos— >
(2 A B—-C 1>2>0 ¢ n, <R 1 and 1 n,nyn,
— - > 2<—— > -2 °
smzcos rue . and analogs h_hoh.

3
< ——1

nanbnc R 151+ 3 nanbnC < E
a C r
1 — cosA)h, n,nyn 2sin®3.2rs R
:>( ) 1+3hahbhc < - ZA _ (—)=1
Ta alb™c 4Rsin cos 7 stanz r

= (1—cosA) | 1+ |22 ) < 72 (proved
( cosA) h.hyh, _h 2 (Proved)
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1793. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

22 aga Inb-l_In
h,w. m,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart’s theorem = b%(s — ¢) + ¢*(s — b) =an? + a(s — b)(s — ¢)
= s(b? + ¢%) — bc(2s —a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢Z — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
®

= as? — 4sbcsin? > Zas? —4s(s—b)(s—c¢)

= n?

, as(c+a—-b)a+b-oc 5 <az—(b—c)2>
— as? — =as?—as|———

a

2 _(h_ 2 1) _ 2
=s<s—u>:>n2 s(s—a+(b c))

a a
Also, Stewart’s theorem = b?(s — ¢) + c2(s — b)
=an2 +a(s—b)(s— c)and b?(s —b) + c?(s — ¢)
=agZ+a(s—b)(s—o),
and adding the above two,we get : (b% + ¢?)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b? +c?)=2a(n?+g%) +a(a+b-c)(c+a—b)=2(b?+c?)
=2(nf +g3) +a% - (b—c)?
=>2Mb%*+c®)—a?+(b-0c)?=2m%+g% =>4m2 + (b—c)?>=2(n2+g?
= (b-c)?+4s(s—a)+(b—c)?=2(n2+g?
(u)
=>n2+g22(b-c)?+2s(s—a) - (i),(ii) = g2
4s(s—b)(s—o¢)

=(b—-c)?+2s(s—a)—s?+ -
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4s(s—b —
N (s—b)(s—o¢)
a
4s(s—b)(s—c¢)
a

(s —a)% + 4(s — b)(s — ©) (Z— 1)

=s%2—2sa+a%+ (b-c)? - a?

=(s—a)?+M-c+a)b—c—a)+

=(s—a)’—4(s—b)(s—¢) +4s(s—l;)(s—c) =

4(s—a)(s—b)(s—0¢)
a

a2 — (b —c)? @) (b—c)?
=) (-5

=(s—a)’+

=>gZ=(s—a)

=(s—a)<s—a+

:s(s—a)<s—a+(b;c)2><s—(b_c)2>

a

> ~ (1),(2) = nZg?

— )2 2 N4
=s(S—a)(s(s—a)+s(b aC) _(b ac) (S—a)—(b c))
(a) b o
ﬁngggQS(S—a)<s(s—a)+(b_c)2_ - >

., 5, (b=0)?+4s(s—a) 4bcs(s —a)
Again, m;w; = 2 T+ o2

(b)

= m2w?2 = s(s — a) (b—c)? + 4s(s — a)) = (a), (b)

bc (
(b + ¢)?
= n3gk - miw}

— 4

((b —¢)? +4s(s — a)))

2 _ _ 2
= s(s—a) <s(s —a)+ (b —c)? <a (abz © > - E’:c)z ((b—¢)2+ (b+c)?— a2)>
_ (b — ¢)? bc
=s(s—a) (s(s —a)—bc+ (@%—-(b-c)? ( =zt R c)2>>
— _ 2
_ 5(54 a) (((b +¢)2 — a% — 4bc) + (a® — (b — ©)?) (4(ba2 2 (b4:)2>>
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— _ 2
- 5(84 2) ((b—c)2 —a’+ (a’—(b—o) )(4(b Zc) + 4be ))

(b + ¢)?
- @(a2 —(b-0? <4(ba_z 2 + (b4-|l-)f:)2 - 1>
0 -0 B (i)
=r2s?(b — ¢)? (2 3 Jlr ) (ZI;(J;)Z:c_) a) =
= nig? > miw? > Zh::,f: > Zl?::ﬂv:a thfaa > and analogs

z naga ""‘ zma
=2
h,w, —

a

) b’+c®> 4RSm, _, , abem, _, , am
Now, Tereshin = m, > AR =3 S >b“+c* = S >b“+c* =

alT

=—+

=l I )

. . . . . Zma Zmb 2m
applying which on a triangle with sides

whose area of course

3733
abc
= — and medians of course = 2'2'2 we get :
(2131’13) (%) CLU L 2m, m, m;, 2Zm Jmp  m
3 3 a b c a b
> = >—+—> — 4+ — and anal
% = ch + Zmb (ZS) = m, + m, h, - mc + m, and analogs
a

ﬁZZ"‘*‘ 20 (e i) = 2 ()

2ma ,« my + m, n,g, my + m,
> - . = S
= E h, = E m, (m),(n) > 2 E how, = E m, (Proved)

1794. In any A ABC,,n, — Nagel's cevian, holds:

h S n
LRIk
s—n, r r,

Proposed by Bogdan Fustei — Romania
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Solution by Soumava Chakraborty-Kolkata-India

Proof : Stewart’s theorem = b%(s — ¢) + ¢*(s — b) = an? + a(s — b)(s —¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)

= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

A 4sbc(s —b)(s—c)(s—a
= as? — 4sbcsin? — = as? — ( )( )( )
2 bc(s — a)
440? 20\ A @
= asz — p— = aSz —2a (?> <S — a) = asz — zahara - ng o) SZ _ Zhara

h h,(s +
Now, 2 Z 2 =2 2 (s + 1)
s—n, (s—ny)(s+ny,)

z h,(s +n,) Y ® a',‘,_f analogs 5 h,(s+n,) z s +n,

2 2 -
s —n, 2h,r, I,

1 n
=sz—+z—a
ra l‘a

s n,
=-+ Z — (Proved)
r Iy

1795. In any A ABC,,n, — Nagel’s cevian, holds:

A n2 h
Yoo Yoyl
2 r; r,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart's theorem = b?(s — ¢) + ¢*(s — b) = an? + a(s — b)(s —¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

A 4sbc(s —b)(s—c)(s—a)
 ne? 2 2
= as 4sbcsin > as be(s — a)
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4)?
s—a

2A\/ A n;
= as? — = as? — 2a (—)( ) = as? — 2ah,r, - n? =s? — 2h,r, > r—;
a

a/\s—a

s? h,

= ——— — 2— and analogs
s?tan? 5 Ta

2 2
E_Z 2A ZE z zé_ZE 2&
:Zraz = cot > 2 I = cot > = raZ+2 T (Proved)

1796. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

naga A
> / E h h E —
W, = allp tan 2

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Proof : Stewart's theorem = b%(s — ¢) + ¢*(s — b) = an? + a(s — b)(s —¢)
= s(b? + c¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
A®

= as? — 4sbcsin? > Sas?—4s(s—b)(s—¢)

, as(cta—-b)@a+b-c) 5 <a2—(b—c)2>
— a = as™ — as f

2 _(h_ )2 ™ — )2
=s<s—u>:>nggs<s—a+(b c))

a a

= n2

= das

Also, Stewart's theorem = b?(s — ¢) + c¢?(s — b)
=an2 + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)
= agi +a(s—b)(s— o),
and adding the above two, we get : (b% + ¢?)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b%? +c?)=2a(n?+g%)+a(a+b-c)(c+a—b)=2(b?+c?)
=2(n2+g?)+a?-(b-c)?
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= 2(b% + c?) —a? + (b —c)? = 2(n3 + g3) = 4mj + (b — ¢)* = 2(n3 + g3)
= (b—c)?+4s(s—a) + (b—c)?=2(n? +g?)
(ii)
=>n%+g2 = (b-c)?+2s(s—a) - (i), (ii)) > g2
4s(s—b)(s—c
N ( )( )

= (b —c)? + 2s(s —a) — s>

a
=sz—Zsa+a2+(b—C)2—a2+4S(S_2)(S_C)
=(s—a)z+(b—c+a)(b—c—a)+4S(S_:)(S_c)

=(s—a)> —4(s—b)(s—¢c) +

4s(s — l;)(s —O_ (s—a) +4(s—b)(s—o¢) (Z_ 1)

4(s—a)(s—b)(s—c)
a

=(s—a)’+

2 _ (h— )2 (2) — )2
=@—¢%s—a+1—%}ii>:g§2@—@%s—wzf))aaxa>ﬁnk§

=s(s—a)(s—a+(b_c)2><s—(b_c)2>
a a

b-0* (b-0o? w—ov
a

(s—a)—

a a2

=s(s—a)(s(s—a)+s

(@ — 4
= n2g2 = s(s —a) (s(s —a)+(b—-c)? - (® azC) )

— )2 — —
Again, m2w? = (b—c)* +4s(s—a) .4bcs(s a)
4 (b + c)2

(b)

202 & bc
= miw? = s(s —a) 5> (b —¢)? +4s(s — a)) - (a),(b)

(b+0¢)
= n3gi — maw}

_ 4
_ s(s —a) (s(s —ay+ -2 azc) e IJ:CC)Z (b= €)% + 4s(s — a)))

2 _ _ M2
=S(S—a)<s(s—a)+(b_c)2(a (b C)) bc

=2 "t (b—c)*+ (b+c)?* - az))
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~ . ) (b — ¢)? bc
=s(s—a)|s(s—a)—bc+(a“— (b ))( a2 +(b+c)2>

_ N2
- 8(84 a) (((b +¢)? —a% —4bc) + (a2 — (b—¢)?) (4(b > ©) + (b4-|t-)z)2>)

) 4(b-c? 4b
=s(s4 a)((b_c)z_a2+(a2 (b— ))<( ZC) +(b+i)2>)

_s(s—a) 4(b—c)2 4bc

— 4(b—c)®2 (b-c)? 4 1
=S(S a) 4( —b)( _ )< ( ZC) Eb+32>=r252(b_c)2<;_(b+c)z)
2 1 2b+ 2c—a

=ris*(b- C)Z( iy )( a(b + 0 )20

naga aga """
= nig? > miw? > > m, and analogs = z Z m,
a

. B . C . /B+Cy A ,A
siny  siny ssin (T) Cos5  scos” 3 A
Now,r, + 1. =s +—%¢ | = T A 4Rcos? >
CoOs» COS5 0S5 COS 5 COS 5 (ﬁ)
(i) A
. Ty + I, £ 4Rcos? >
2 S 22 _ a2
Now, (b + ¢)* = 32Rrcos 2 8r(r, + r.) = 8r°s (s _— + v c)

=8(s—a)(s—b)(s—o0) =4a(b+c—a)

a
(s—=b)(s—¢)
o ((b+c)2+4a2—-4a(b+c)=>0< (b+c—2a)2>0->true~b+c

loscu b+c A
> 4V 2Rr cos—:Zma > 2( > cosi)

> \/mz Zcoszg = \/mzu + cosA) = \/m(tl +%) = \/%(z ra)

- (st~ m s Y
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Now, fz h.h, = \/ b:;;a _ \/4R:;(3$) ,Z _h g ® \/: (), (1), (8
= Z % > /Z h,h, Z tan% (Proved)

1797. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

z ha 1 ga+gb+gc z__z
g.ts— a 2

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Proof : Stewart’s theorem = b%(s — ¢) + c*(s — b)

an2 + a(s — b)(s — ¢) and b%(s — b) + c%(s — ¢)
agZ+a(s—b)(s—o¢)

Adding the above two,we get: (b? + ¢2)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
= 2a(b?+c?)=2am2+g?) +a(a+b-c)(c+a—b)=2(b?+c?
=2(n2 + g%)+a?— (b —c)?
=>2(b%2+c®)—a?+ (b-c)2=2(n%+g2 =4m2 + (b—c)%2=2(n2+g?)
= (b—c)2+4s(s—a)+ (b—c)?=2(n2+g?)

®
=>n%+g2=(b—c)?+2s(s—a)

Also, Stewart’s theorem = b%(s — ¢) + ¢?(s — b) =an? +a(s — b)(s —¢)
= s(b% + ¢?) — bc(2s —a) = an? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
 ne? 2 2
= as 4sbcsin > as be(s — a)
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, 4as(s—b)(s—oc) . (D 4s(s—b)(s—c¢)

- _ 2 m 2 e e 2
= as 3 n; =s a ~ (1), (1) = g;
=(b—c)2+25(s—a)—sz+4s(s_l;)(s_c)
=sz—Zsa+a2+(b—c)2—a2+4s(s_l;)(s_c)
:(s—a)z+(b—c+a)(b—c—a)+4S(S_l;)(s_c)
:(s—a)z—4(s—b)(s—c)+4S(S_l;)(s_c)=(s—a)2+4(s—b)(s—c)(§—1)
=(S_a)z_I_ll(s—a)(sa—b)(s—c)
=>g§=(s—a)2+4(s_a)(sa_b)(s_c)z(ga+s—a)(ga—s+ a)
_4(s—a)(s—b)(s—¢c) 2r<E> _orh
= . — = 2rh,
h, _ga_s+a Z(ga_s+a)_2ga Z(S_a)
=}'ga+s—a_ 2r andanalogs=>zga+s_a 2r ~2r  2r
_Bat8t8 S
h 2r 2r
h, ga+gb+gc(,»1-\) S
:Zga +s—a 2r

4s(s—b)(s—c)
n, 1 n, h, \ <5 na a by an s2 — + 2h,r,
\/_Z Z\/rt <21‘a \/7> Z\/— Zr;:l r;,l \/ aeral
2 _ 4s(s —b)(s—c¢) + 4(s—a)s(s—b)(s—c¢)

=Z\E\/ a o a(s—a) _ s 1_s

r, r
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Do Yo e Ay y oy

<1 ga+gb+gc 12“3 Z ha
2 r V24ar, r,

1798. In any A ABC,n, — Nagel's cevian, g, — Gergonne's cevian holds:

Zrb+r Z_

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

? ? A
] ] ] - r - 2abccosi
Triangle inequality = g, < Al+r<w, © S_A +r=< m
ins
2
r 2 8Rrscos%
o +r< A A
sinz 4R(b + c)smicosi
2 a+b+c 1 i a 1 . AL
= +1< =3 +1<+ + < (b+c¢)sin=<a
sin (b + c)siné siné (b + c)siné siné 2
2 2 2 2 2
4R Bt Aé4R i
<:> J— J— J— J—
cos - cos sin- < 4Rsin cos 7
_c? ®
& cos glﬁtrue.'-gagwaﬁma:magga

Now, Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s — b)(s — ¢)
= 4an? — 4am?
= 4b%(s — ¢) + 4c%(s — b) — 4a(s — b)(s — ¢) — a(2b? + 2c? — a?)
=2b%(a+b—c) +2c*(c+a—b)—a(c+a—b)(@@+b-—c)—a(2b? + 2¢? —a?
=a(b — c)? + 2b3 + 2¢3 — 2b%c — 2bc?
=a(b—c)?+2(b+c)(b?+c%2—bc) —2bc(b+c) =a(b—c)?+2(b+c)(b——c)?
=(a+2b+2c)(b—-c)? > 0= 4an? > 4am?

) 3)
=>n, =>2m, - (1),(2)=>n, =g,
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. B . C . (B+C A 2 A
siny  sinz ssin (T) Cos3  scos’ > ,A
Proof : 1y + 1. =s E+ c|= A B C - (i) —4RcosE
CoOs» COS5 C0S 5 C0S COS 5 IR
4) A

Ty + I = 4Rcos? >

Now, Stewart’s theorem = b2(s — ¢) + c*(s — b)
=an? +a(s—b)(s — c)and b?(s — b) + c¢*(s — ¢)
=ag2+a(s—b)(s—0¢)

-~ an%.ag? > a’?s?(s — a)?
& {b%(s—c) +c%(s—b) —a(s—b)(s — c)}{b%(s — b) + c?(s — ¢)
—a(s—b)(s—c¢)} (2) a’s?(s —a)?

Lets—a=x,s—b=yands—-c=z-.s=x+y+z>a=y+zb=z+xandc
=Xx+y

Using these substitutions, (a)
e {z(z+x)? +yx +y)? —yz(y + D}Hy(z + 0* + z(x + y)?
—yz(ly+2)} > x*(y+z)’(x +y + z)?

oxy?+xz2+y3+z23>2xyz+yz(y+z) ©x(y—2z)?+ (y+2z)(y —z)? > 0 - true

(5)
= (a)is true = n,g, > s(s —a)and analogs

Also, Stewart’s theorem = b%(s — ¢) + ¢%(s — b) =an% + a(s — b)(s — ¢)

= s(b? + ¢?) — bc(2s —a) = an2 + a(s? — s(2s — a) + bc) = s(b? + c?) — 2sbc
= an? + a(as — s?)

= s(b? + ¢? — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
B bc(s —a)

2

= as? — 4sbcsin? 5 =as

42
s—a

, 20
= as“ —2a (—
a
by (5)
=>n-n,g, < s?-2h,r,—s(s—a)
(6)
~
= as — 2h,r, > n2 — n,g, < as — 2h,r,

A
= as? — ) ( ) = as? — 2ah,r, - n2 = s? — 2h,r,

s—a
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by (4) A A A
Again,r,(r, + r. — 2h,) = stan <4Rcos2 E) —2h,r, =s. 4RcosEsinE — 2h,r,

by (6)
I
=as —2h,r, = n,(n, —g.)
summing up
. — 8a
Iy + r. —2h, — n

<) 2 (P d
_zna( roved)

1799. In any A ABC,holds:

4R4T) > 1 (az N 2bc )(bz N 2ca ><c2 N 2ab ) > 27R?
r)3 > — — > r
16 rpr./ \ v r.,r,/ \Te . /ran

Proposed by Alex Szoros — Romania

~ n,—g
. ( n, = g, by (3)) and analogs = 2 m

Solution by Soumava Chakraborty-Kolkata-India

a’  2bc a’(s—a 2bc/(s—b)(s— ¢
Proof : o + JTore \/s(s - a)((s — b))(s —0) " Js(s :/:\)(s —)l())(s —)c)
_az(s—a)+2(b\/s—b)(cx/s—c)
Js(s—a)(s—b)(s—c)
Afa%(s—a)+b%(s—b)+c2(s—¢) s(Ta?)-Ya’

rs rs
2s(s? — 4Rr — r?) — 2s(s? — 6Rr — 3r?) 2s(2Rr + 2r?
_ ( )rs ( ): ( - )=4(R+r)

az 2bc multiplying together az 2bc bz 2ca CZ
L—+ < 4(R + r) and analogs 5 <— + ) (— + ) <—

fa Jrpre/ \Iv Jr.ry/ \Xec

2ab
) <64(R+r)3
\/ rarb

AR+ )3<§ 1 < N Zbc><b2+ zca><c2+ zab>
= r —|— — —
16 VIpTe/ \Tb v Icla Te v Talb
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2

Al a N 2bc a2+ bc N bc A,;Gga <a2>< bc )( bc ) 33 16R2r2s?
S0, — + —=— > — =3 |[———
n Jrpre Ta  rpre /Ipre Iy ) \{rpre/ \/TpTe rs?

a2 2bc

Iy

> 31/16R?r and analogs
IpIe

multiplying together 2 2bc bz 2ca C 2 2ab
3 —+ —+ —+ > 27.16R%r
) G )
1 (az N 2bc ) <b2 N 2ca )(cz N 2ab )? 27R2
> —|— — — > r
16\r;  /rpr./\b . Jrer,/ \Te /rr

2 2 2
(1),2)=4R+71)* > i(a_ + 2be > (b— + 2ca > (c_ + > > 27R?r (Proved)
16\r, /ryr./\Tb  Jrry/\Fe . /rn,

1800. In any A ABC,holds:

6cos "B B-C C-A__,A-B _ ,A-B
COos 2 Cos 2 COos 7 = Cos Cos 2

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

+4

r
proof : cos A= B o B C C—A_l—[<b+c _ A)_ZS(SZ‘l‘ZRr"‘rZ)(ﬁ)
root : cos 2 Ccos 2 Cos 2 = sin = 4Rrs

2
s? + 2Rr + r? (,,'2 5 5
= BRZ => LHS=s“+2Rr+r

. A . B . (A+B C 2 C
siny  siny ssin (T) Cos3  SCOs“5
Now,r, + 1, =S A+ = =

2
_A _E _C (—S )
Ccos 73 COs 73 COSs 2 4R

C
B = 4Rcos? —
cos5 cosy

(i)
. T, + 1, = 4Rcos? 2
by (i)

1 1
28 =82< )
r(r, +ry) r-s s—a+s—b

Now, (a + b)? > 32Rrcos? >

— 8(s — a)(s — b)(s — ©) (S_a)c(s_b) —4c(a+b—c)
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©((@+b)?+4c?-4c(a+b)>0=(@a+b-2c)0’>0->true~a+b
C A—-B

C
=>4 2chosi = 4Rcosicos

A—B 2r 4A—B 2A—B
Zi:cos + 3cos 2

C
> 4+ 2Rrcos 2

= cos? +4

4r?  6r 2 by ()
2F+E+42LHS 2 s2 4+ 2Rr +r?
?

& 2 + 2Rr + r2 2 4R? + 6Rr + 4r2

?

22 4n2 2 A—-B
& s <4R” + 4Rr + 3r“ - true (Gerretsen) -. 8 cos cos cos

A—-B 2A—B
+ 3cos

< cos* + 4 (Proved)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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