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1601. In any A ABC holds :

ab? + bc? + ca?
at+b+c

<2R(2R-71)

Proposed by Marian Ursarescu — Romania

Solution by Soumava Chakraborty-Kolkata-India
A-G A-G
b3 +b3 +a% > 3ab? c®+c3+ b3 > 3bc? and
A-G
a3 + a® + ¢3 > 3ca? and adding these 3 inequalities, we get :

5 abZ +bc? +ca? Y a® 2s(s?—6Rr—3r?)
SZab S3Za3=> < = <2R(2R-r)
a+b+c 2s 2s

© s? < 4R? + 4Rr + 3r? - true (Gerretsen)

ab? + bc? + ca?
at+b+c

< 2R(2R —r) (Proved)

1602. In any A ABC holds:
€y

N sinAsinBsinC & 4u+1( in?A + sinB + sin%C)
" sinA +sinB +sinC~ 9 St > -
Vp=2

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

o (1 42 _ 2A> ,_ sinAsinBsinC __ Ysin’A'Z)
@ _—— f—
M9 M) T sinAtsinB+sinC 9 -

Leibnitz

4 ] pre 4 )
Now,az sinA < 1=>1 _52 sinfA>0and ~ p>2

. LHS of (2) > 2 (1 42 _ 2A> , SinAsinBsinC % sin®A & 0
o (0] = 9 sin Z SinA 9 =

o2 (Z sinA) (9 - 42 sinZA) + 9sinAsinBsinC — (z sinZA) (Z sinA) é 0
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o2 z sinA + sinAsinBsinC — (Z sinZA) (z sinA) é 0

2s 4Rrs s (sz — 4Rr — r2> 2
=0

@ —_—
R * 8R3 R 2R?

? ?
& 4sR? + Rrs — s(s2 — 4Rr —r2) 30 © s2 —4Rr — r2 < 4R? + Rr
?
(:)52§4R2+5Rr+r2
&)

Gerretsen ? ? ?

Now,LHSof (3) < 4R?+4Rr+3r2<4R?+5Rr+r2 o Rr>2r2 & R32r

— true (Euler)

= (3) = (2) = (1) is true (Proved)

1603. In AABC the following relationship holds:

A B C
2 2 2
cos” 5 +cos"5 +cos"5 R

sin?A + sin?B + sin?C ~ 2r
Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Daniel Sitaru — Romania

-1
A
Z cos? > Z sin?A =
cyc cyc

-1
cyc

GERRETSEN
~

:4R2(2+%)'s2—r21—4Rr =

_aR? AR +r 1 _2R(4R+71) _
N 2R 16Rr — 5r2 —r2 —4Rr 12Rr — 612

R
R 4R+7""2"R 4R+35 R 9R R

6r 2R—r ~ 6r 2R—§ 6r 3R 2r
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1604. In AABC the following relationship holds:

O (@ @ oo (Y zanenn=

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Forne N,n > 2:

n
a’? b* c?

o B )

- 3n—1 3n—1

n

Ggigigif ( 4s? )

. ab+bc+ca) \ab+ bc+ca
= 3n-1 - 3n-1
Let u = (a+b+c)? _ 452

= >
ab+bc+ca ab+bc+ca —

We need to prove:

un 1,2 ®
+9(E> 24®un+2_4‘_3n—1u2+3n+1 >0

3n—1
Let p(u) = u™?—-4-3" 12 + 3" vu>3,neN,n>2

'™ =m+2)u™-8-3"lu=u[(n+2)u®-8-3"1]

22
>3[(n+2)3"-8-3"1]=3"3(n+2)—8] nZ 9(3:5-8)=63>0

= @(u) T [3,0) = @(u) = e(3) = 0 = (*) is true.Proved.
Solution 2 by Soumava Chakraborty-Kolkata-India

Letf(x) =x"VneN—-{0}andvx>0-f "(x)=nn-1Dx"2>0

. a\n b\" c\n
= f(x)is convex - (E) + (E) + (5)
Jensen g h E n
s 3(bfc’a
® 3
bretas. ., (bteta
Now, 3 > 1=1In 3 >0and “n—-1>0
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a b c
b cta b cta
3

_a b, :>(a)“+(b)“+(c)“+9(ab+bc+ca)2
b ¢ a b c a 4s2
b ¢ ab + bc + ca\> 9(a? +b? + ¢?)
+—+—+9< ) >
c a 4s? (a+b+c)?
2

9x 9y

— — 2 —
_x+2y+(x+2y)2 (wherex-Za andy—Zab)

& 9x? + 18xy + 9y? > 4x? + 16xy + 16y?

9 (ab + bc + ca)2
(a+b+c)?

_ 9x(x +2y) + 9y?
B (x + 2y)2

©5x2+2xy -7y’ >0 (x—y)(5x+7y) >0 > true - x>y

nbh\"  c\" ab + bc+ca
:(3) +(—> +(5) +9(—

2
c 452 ) > 4 (Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

a b c
Forn=1]|LHS =+ +_+ - (

ab + bc + ca\?
+-—+ 9—)
b ¢

4s2
9(a? + b? + c?)

(ab + bc + ca)2
(a+b+c)? (a+b+c)?

9x 9y? 5 9x(x + 2y) + 9y?
_x+2y+ X + 2y)2 (wherex- Za andy—Zab) =

4
(x + 2y)? -
© 9x? + 18xy + 9y? > 4x? + 16xy + 16y?

©5x2+2xy-7y* >0 (x—y)(5x+7y) >0 > true - x>y
:>a+b c
b

ab + bc + ca\?
(B 24 =[[Mis true]
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[Forn = 2][LHS = (3)2 + (2)2 + (g)z 49 (W)Z

b 4s2
>1(a_|_b_|_c>2 (ab+bc+ca)2
~3\b ¢ a (a+b+c)?
1 9(a? + b? + ¢2))’ (ab+bc+ca>2_ 27x? N 9y?  27x%+9y?
—3| (@a+b+c)? (@+b+c)2/)  (x+2y)2 (x+2y)2 (x+2y)?

>4 © 27x% + 9y? > 4x% + 16xy + 16y?
© 23x% —16xy — 7y? > 0(x—y)(23x+ 7y) >0 > true “ x>y
b 2

2 2 2
=) () +Q) o (P 2e-

C

Let us assume that (1)holds truen = kwherek e Nand k > 3
2@

. (a)k N (b)k N (c)k +o (ab + bc + ca) 24
b c a 4s2 -
We shall show that (1)holds true for n = k + 1 as well, meaning,

B &) (O o (Bt ey,

k+1 2 Chebyshev

vow () () Q) o ()2

=3 Grer O @) @ o)
Flo(® Q) O oy

B (a)k N (b)k N (c)k +o (ab + bc + ca)2 by;(i) 4
~\b C a 452 =
= (1) holds trueforn=k +1

= we conclude via the principle of mathematical induction that (1) holds true v n

€ N — {0} (QED)
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1605. In any A ABC n, —Nagel’s cevian holds:

mal Zmb+m m,
na

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Letx=my + m,—m,,y =m,+m, —myand z =m, + m, — m,

y+z Z+X X+y
'°'ZX=Zma=>ma=T;mb= 2 yMe = 2

1
- sum of any 2 medians > third - x,y,z > 0 and also,let —=u,— =,
A/ Mg +/ Np
1 . .
—— = w .. proposed inequality &
hY; nC

+z Z+X X+
4 u? + v2 4+ 4

2 2 2

vz + w? w2 + u? u? +v?
S X > +y > +z > = XVW + ywu + zuv - true

vZ 4+ w2\ A6
x< > ) > xvw and analogs (Proved)

w2 > XVw + ywu + zuv

1606. In any A ABC, n, —Nagel’s cevian, g, —Gergonne’s cevian, holds:

gaha n gbhb n gchc > E(rbrc n ¥ P n rarb)

w, Wy w, L R\n, n;, n,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

. B . . (B+C\ A , A
smi N smi B sSsin (T) COSi _ SCOS 7
COSE COSE COSACOSECOSE (i)
2 2 2 €057 €053 4R
M

. Ty, + 1. = 4Rcos? >

,+r.=Ss

A
= 4Rcos? —
2
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AL 1 1
Now, (b + ¢)? > 32Rrcos?= = 8r(r, +r1.) = 8r2s< + )
2 s—b s—c

=8(s—a)(s—b)(s—0¢) =4a(b+c—a)

a
(s—b)(s—o)
e (b+c)?+4a’-4ab+c) >0 (b+c—2a)? >0 - true

(ii) A
~b+c> 4\/mcosi and analogs
Stewart’s theorem = b?(s — ¢) + c?(s —b) = an,2 + a(s —b)(s — ¢)
andb?(s—b) + c?(s—c) = ag,2+a(s—b)(s—¢)
-~ any%.ag ? > a’s%(s —a)?
e {b?(s—c)+c%*(s—b) —a(s —b)(s — c)}{b?(s — b) + c*(s — ¢)

(a)
—a(s—b)(s— )} S a%s2(s — a)?

Lets—a=x,s—b=yands—-c=z-.s=x+y+z=>a=y+7%
b=z+xandc=x+y
Using these substitutions, (a)
ez +x*+yx+y)? —yz(y + 2)}Hyz + x)? + z(x + y)?
—yz(y +2)} 2 x*(y + 2)*(x +y + 2)?
oxy?+xz?2+y3+z3>2xyz+yz(y+z) ox(y—-2)>2+(y+z)(y—2)2=>0
(irfj)
— true = (a)is true = n,g, = s(s —a)

n,g,h, by (i s(s—a) 2rs b+c 2P
Now, > ( ) >
W, I I, {S(S —a)(s—b)(s— C)} a /\ 2pccos A
(s—=b)(s—o¢) 2
4 2chosA 2 h 2
rs 5 r I [Ty,
> ( ) 2| |Zf_Balay —( b c) and analogs
4Rrs cosA R \A R \n,
2

h h h 2r /ryr. I, TI,I
8a a+gb b+gc € _(bc+ ca. ab) (Proved)
\A Wp W \‘ Rin, m n
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1607. In any A ABC holds, n, —Nagel’s cevian, holds:

n 3V2 1
D=4 ja-bl
ha 2 2\/51‘

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + ¢2(s — b) =an2 +a(s — b)(s —¢)
= s(b? +c?) —bc(2s—a) = an? + a(s? —s(2s—a) + bc) =
= s(b? + ¢%) — 2sbc = an? + a(as — s?)
= s(b? + ¢ — a%? — 2bc) = an2 — as? = an? = as? + s(2bccosA — 2bc)

A 4sbc(s — b)(s — ¢)(s —
_ as? — asbesin? 2 = agz _ 2sbels —b)(s —c)(s —a)
2 bce(s —a)

42 20\/ A W
=asz—s_a=asz—Za(?>(s_a>=asz—2ahara:.nf‘gsz—Zhara
n, V2 1
Now,—>—+——|b — (|
ha 2 Zﬁr
nz2 1 (b-c)? V2 1 D2 _2hr, 1 (b-c)? |b—c
B RO YT R PN L Y
hz — 2 8r? 2 /\2+/2r h2 2 8r? 2r
sZa? rs a 1 (b-¢)? |b-c
- B ( )( )___( )Zl |
4r2s? s—a’/\2rs/ 2 8r? 2r
a2 a(s—-b)(s—-c) 1 (b-c)? |b—c|
& —— —=- >
4r? sr? 2 8r? 2r
2(a+b+c)a2—4a(c+a—b)(a+b—c)—(b+c—a)(c+a—b)(a+b—c)—(a+b-+—c)(b—c)2>
< 16sr? -
_ — )2 — ava2 _
2|b cl(:)a(b 0“4+ (s—a)a 2|b c|
2r 4sr? r

(m)

& fab -2+ (s—aaz}’ S 16ss —a)(s — b)s — o)(b — )2
Letx=s—a,y=s—b,z=s—c.'.szs:>a=y+z,b=z+x,c=x+y

.. via these substitutions, (m)

{(y+2)(y—2)?%+x(y+2)?} > 16xyz(x +y + z)(y — z)?

10 | RMM-TRIANGLE MARATHON 1601-1700
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o x2{y* + z* + 38y2z2 — 12yz(y? + z%)}

+ 2x{y5 + 2% — 7yz(y® + z%) + 6y?z2(y + z)}
+y® +z° — 2yz(y* + z* — 2y?2?) —y?z%(y* +2%) = 0
o x2{(y? +z%)? + 36y2z22 — 12yz(y? + z%)}
+ 2x(y +z)(y* —y3z + y?z?% — yz3 + z* — 7y3z — yz3 + 7y?2% + 6y?z?)
+(y? + z2) (y* + z* — y?z?%) — y2z%(y? + z?) — 2yz(y* + z* — 2y?z2) > 0
o x%(y? +z% — 6yz)? + 2x(y + z){y* + z* + 14y?z? — 8yz(y? + z%)}
+ (y* +z* — 2y?z2%)(y? + 22 — 2yz) > 0
& x2(y? + 22 — 6yz)? + 2x(y + z){(y? + 22)? — 8yz(y? + z%) + 12y?z?}
+(y-2)>*y*-2z*)*=20
o x%(y? +2z% - 6yz)2 +2x(y +2)(y? + 22 — 6yz)(y? + z2 — 2yz) + (y + 2)%(y —2)* = 0
o x*(y?+z2—-6yz)? +2x(y*+z2 —6yz)(y+z)(y—2) +(y+2)?(y—2)*=>0
& {x(y?+z22-6yz)+ (y+z)(y—2)?}2 =0
Y|

t (m)is t Ma V2,
- true=> (Mm)istrue > — = —
ha 2 Z\Er

n, 3vV2 1 3v2
ay2ve Z|b—c|=

1
hEg s T+—zﬁr2'a_b' (QED)

|b — c| and analogs =

1608. In any A ABC, n, —Nagel’s cevian, g, —Gergonne’s cevian, holds:

naga+nbgb+ncgc> S n S n S
a b C Ir,—-r rn—-r r.—-r

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + ¢?(s —b) = an,?2 + a(s — b)(s — ¢)
and b?(s —b) + c?(s — ¢) = ag,>2 + a(s —b)(s — ¢)
- an,% ag,? > a®s?(s — a)?
o {b2(s—c)+c%(s—b) —a(s—b)(s—c)}{b?(s—b) + c2(s — ¢)

(a)
—a(s —b)(s — ©)} S a%s%(s — a)?

11 | RMM-TRIANGLE MARATHON 1601-1700
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Lets—a=x,s—b=yands—c=z~.s=x+y+z=>a=y+zb=z+xand

c=x+y
Using these substitutions, (a)
e {zz+%? +yx+y)? —yz(y + DHy(z + x)* + 2(x + y)* —yz(y
+2)} > x%(y+2)?(x+y+2z)?
o xy? +xz2+y3+23>2xyz+yz(y+z) ©x(y—z)% + (y +2)(y —2)? = 0 > true

= (a) is true = n,g, = s(s — a)

rs rs s(s—a) n,g,(r,—r) rs
n
=1 2B > and analogs
a r,—r
n n n S S S
aBa + bEb + B > + + (Proved)
a b c r—r Ipy—T TI.—T

1609. In any A ABC, n, —Nagel’s cevian, g, —Gergonne’s cevian, holds:

naga(ra - l‘) n nbgb(rb - l‘) n ncgc(rc - l‘) > 3R
hyh, h.h, h,h,

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + c2(s — b)
=an,% +a(s—b)(s— c)and b*(s —b) + c?(s — ¢)
=ag,2+a(s—b)(s—c)
~ an,?. ag,’? > a’s%(s — a)?
o {b2(s—c)+c%(s—b) —a(s —b)(s —c)}{b?(s —b) + c2(s — )

(a)
—a(s —b)(s — ©)} = a%s%(s — a)?

Lets—a=x,s—b=yands—c=z.s=x+y+z=>a=y+zb=z+xand

c=x+y

12 RMM-TRIANGLE MARATHON 1601-1700
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Using these substitutions, (a)

e {z(z+x? +y(x+y)? —yz(y + DHy(z + x)* + z(x + y)?

—yz(y + z)} = x2(y + 2)2(x + y + z)?
oxy?+xz?2+y3+z3>2xyz+yz(y+z) ©x(y—2)? + (y+z)(y —2)? > 0 - true

= (a)is true = n,g, > s(s — a)

N,8a (ra - l‘)

rs E) _ {s(s —a)

= N,g,(r, —r) > s(s —a) ( }rsa =rsa=

s—a s s(s—a) hyh,
4R%rsa  4R’rs n,g,(r, —r)
> = =R+.—— = >Rand 1
~ ca.ab  4Rrs hyh, ~ and analogs

N,8, (ra - I') + nbgb(rb - l‘) + ncgc(rc - l‘)

>
hoh. h.h, h.h, > 3R (Proved)

1610. In any A ABC holds:

3v2[ IR |R b+c—a 3v2[{ |[R |R
—_— —— |—=2 Sz < —+ [—=2
2 r r a 2 r r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

b+c—a <f ) b+c—a 1<R R 2 /R(R — 2r)>
f—_ / ——— =g to-2+
a 2 a 2

R(R 2r)
+ _

A B
b+c—a A0 +10 4Rcos;cos—; AO + 10
—+1< <

=
a - r A. A ~— r
4Rcosism7
PO
< Al cos <AO+10
N P LI <1
e, —— < = =
ow, > 2 > cos >

13 RMM-TRIANGLE MARATHON 1601-1700
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triangle inequality

AO + 10 = (i)is true

Al cos

b+c—a 9 d 1
a =5 and analogs
b+c—a(;:)3\/§ \[l; R
:Z/ < —+ /——2
a 2 r r
. /b+c—a f ’ b+c—a
Again,

1/R R 2./R(R - 2r) — 2Rr
> —+t—--2- ZyRR-20)) R_, VR'-2Rr

b+c_R—VR*—2Rr _(R+VR®>—2Rr)(R—VR?>—2Rr) _ 2Rr
a = r - r(R + VRZ — 2Rr) ~ r(R+VRZ —2Rr)

a R + VR2 — 2Rr
b+c R

2a—b —c(i?x/RZ 2Rr
b+ c - R

r r r

=4

=4

L
If2a—b—c<0,then, LHSof (ii)) <0 < ——

(ii)is true = /b+c—a (j:_ ’ — >

Let us now consider the case when2a—b—-c> 0
(i) (2a—b—c>2<R2—2Rr 2r<1 (2a—b—c>2
= o — S I —
u b+c R2 R~ b+c
2r 2a—b-c 2a—b—c 4a(b+c—a) 8a(s—a)
X (1- )(1+ )- _
R b+c b+c (b + ¢)? (b + ¢)?

(%) (b + ©)? < 4a(s — a)

14 RMM-TRIANGLE MARATHON 1601-1700
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4_A_B_C<4R A B—C>2<44R_A A reosA B C
e —sinsinz = : —Ccos . —sin—sin—
SIHZSIHZSIHZ COSZCOS 2 < Sll‘lZCOS2 COSZSanSln2

<1-true - 0<cos

& cos?

2
= (ii)is true = / +:—a_ > (f ’ )
o b+c—a +2[ |R R
~ combining both cases, /T > 7(\[; - /; - 2) and analogs
b+c-a%3vZ[ R R 3vZ[ R |R
22/ a =2 (f“ /?‘2)"(1)'(2):’7 v v 2
SZ ’b+:—as3\2/f<\[§+ /%—2) (Proved)

1611. In AABC the following relationship holds:

b+c c+a a+b 3+ur(R 27) <5
2s+ta 2s+b 2stc-2 rRs ' =6a

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

b+c + c+a a+b
2s+a 2s+b 2s+c

Let: O =
_(2s—a)2s+b)(2s+c)+(2s+ a)(2s—b)(2s+c)+ (2s+a)(2s+ b)(2s —¢)
B (2s+a)(2s + b)(2s + ¢)

_ 245+ 4(a+b +c)s* — 2(ab + bc + ca)s — 3abc
~ 8s3+4(a+b+c)s?+2(ab+ be+ ca)s + abc
_ 24s% + 85 — 2(s> + 4Rr + 1r?)s — 12Rrs
~ 8s3+8s3+2(s24+4Rr +1r?)s+4Rrs
_ 2s(16s* —s* —4Rr —r* — 6Rr) _ 15s5* — 10Rr —1?
~ 2s5(8s2+s24+4Rr +1r2+2Rr) 952+ 6Rr +1r?

So, we need to prove:
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ur(R — 2r) 5 1552 — 10Rr — 12 (
+t————— ,us -
Rs 64 9s2 + 6Rr + 12
pr(R-2r)
Rs

) ur(R — 2r)

Rs

IV

Q>3 3+
2 2
3.3
'f”SO:’EZE+
We just check:

15s%2 — 10Rr — r?
9s2 + 6Rr + 12

3
> > & 30s%2 — 20Rr — 21r% > 27s* + 18Rr + 312

& 3s% > 38Rr + 512

But: s > 16Rr — 512 (Mitrinovic), then we have:

(+*)

3s? > 48Rr — 15r% > 38Rr + 512
(¥+x) © 10RT > 201%* © R > 2r (Euler) = (1) is true=> (2) is true.

fo<uc< > then:
64

15s% — 10Rr — 12
9s2 + 6Rr + 12

ur(R — 2r)
Rs

r 1
But.SZ3\/§T=>;Sﬁ

So, we just check:
1552 —10Rr — 1> ®3  u(R - 2r)
>
9sZ + 6RT + 12 2 3V/3R

>3+
-

6vV3R(15s% — 10Rr — 12) > (952 + 6Rr + 12) (9\/§R +2u(R - r))
& 6V3R(15s2 — 10Rr — 12) > (952 + 6Rr + 12) ((9\/§ + 2R — 4ur)
© 9(V3 — 2u)Rs? + 36urs?
> 6V3R(10Rr +12) + (6Rr + 1) ((9V3 + 2))R — 4pr)

& [9(V3 —2p)R + 36pur|s?
> 6V3Rr(10R + 1) + 1(6R + 1) ((9V3 + 2)R — 4pr)

From s? > 16Rr — 5r? (Mitrinovic), we need to prove:
9[(V3 — 2u)R + 4ur|(16R — 51) (é)

6V3R(10R +7) + (6R + 1) ((9V3 + 2u)R — 4pr)
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R
t=—22

& 9[(V3 - 2p)t + 4pu|(16t — 5)
> 6V3t(10t + 1) + (6t + 1) ((9V3 + 2p)t — 4u)
& 2(t — 2)[15(V3 — 10u)t + 44p] = 0 true, because

5
t>20<u<—ot—23>0,
= =64

50 50\ 105
15(\/§—1ou)t+44u>15(\/_—6—4)+0>15(1—6—4)=3—2>

= (2) is true= (1) is true.Proved.

1612. In AABC the following relationship holds:

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

28 S 28 S 28 S
fa=giTe s s T e T e
Let:xz'r‘—zzz(%“)>0;y=’r'—:=2(s;b)>0;z='r’—s=2(sc'c)>0
1 1 1 1 1 1
:>x+2+y+2+z+2:2.5_2+2+2.£_2+2+2.§_2+2

a b c
a+b+c 1 1 1
:T:1®x+2+y+2+z+2:1; ()
Now,

LHS=(x+y+z)(§/§+i/;+ :{/E)
- (7 ) (5 457 ) (5 )

=1 1+3y 11+¥z1-1)
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Am—-Hm

(Bx 3y+ 32)2
x+2 y+2 z+2

(L LY
=3 (x+2+y+2+z+2 =9
1613. In AABC the following relationship holds

o)+ ) + ) =5

m, 3

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania

VP — point of plan the AABC, we have:

__|__.|.—> V3;GA = —ma and analogs

=G> —+—+— me Mg My M, 3V3
FP=6-"+24+Z >3 o ( b+c)2\/§<= +0E 4 B>
m, m, m a b Cc \ Am-Hm 3\/_
a b c/\m, m, m
b c\?
So,wehave—+—+—>2\/_:>( _|___|__) > 12
m mp mc mgq my me

a? b®? c2\cBS/a b c\?
3(—5+—5+—] = (—+—+—)
miZ m?: m?

m, my m,
2

2
a+b2+c>4— <a2+b2+c2> > 16
—_— —_— —_— = @ —_— [E— RE— =
mZ  mi m? mZ  mi m?
at* b* c*\cBs/a® B> c2 2
3l m+—5+—) = |5+—=+—=) =16
mi mj m mZ mZ m?
a* N b* N ¢t 16
mi mj; m¢~ 3

Solution 2 by Marian Ursdrescu-Romania

a b c 4
LA ()
m* 4 = 33

b Mc

4
From Holder inequality, we have: =+

18
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4
Wemustshow:(mi+mlb+mi) 233-16(:mi+mib+mi22\/§; (D

Lemma: m <a2+b2+c2
e = 2.3a

a?+b?%+c?

Proof: 4m2 + 3a? > 4\/3a = 2b? + 2¢* — a? + 3a%? > 4/3m, > m, < 2 75a

2v3a a 2+v/3a? . .
> ——— > — > ———and simillary, then
— a?+b%+c2 T mg — a’+b%+c? Y,

1

mq
2 2 2

4y by e S 2BEHEH) _ 5 3, (1) its true

mg my, me  a’+b%+c?

1614. In AABC the following relationship holds:

4R+ [4R+T h2 s h s h? >r2
6 r o wgtm, wp+m, w.+m, R

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Bogdan Fustei-Romania

hg
Yot Z— (1)
w, +m, Zm ~2

cyc cyc cyc
2
From = > z ha I, h,
2r R 2m, R
and analogs.
AL T th) 2o LT @
2 Lm,~R b T M =R >R’

cyc
h% < s(s — a) and analogs (because: h, < w, < ,/s(s — a))

b+c A
m, > -, cos and analogs, then we have:

m, -w,=>s(s—a)=> 2m, w, = 2s(s — a) and with
m2 + w2 > 2mow,) > (m, + wy)? = m? + w2 + 2m,w, > 4s(s — a)

m, +w, = 2,/s(s — a) and analogs.

s(s—a h% 1 h2
o 5 M :E,/s(s—a)szw

2. /s(s—a) mg+wg

and analogs.
a

19 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 hZ
So,we have: EZCYC VS(s —a) = Yeye ——

mg+wgq

Applying C-B-S and we have: sv3 > YeyeVS(s —a)
sv3 1
2 250 V56 a

cyc
hg

mg+wgq

4R+r |4R+r 4R+r
We must show that: p / - = 5 =

4R+r

But: 4R +1r > sV3 = -

= chc

,FR:r =23 4Rr+r > 9 & R > 2r (Euler).Proved.

Solution 2 by Tran Hong-Dong Thap-Vietnam

Q- h2 N hi N h? c-8-s
We+tm, w,+m, w.+m,
9R
(hq + hy + h)? L Was)mMas5
(mg,+my +m,) + (w, +wy, +w,) -
s? + 12 + 4Rr\
o (hat hy +h)? 2R _ (412 +4Rr)? O
a 9R a 9R a 36R? ~ R

27
(x) © (s® + 12 + 4Rr)? > 361?R?> © s + r2 + 4Rr > 6Rr
© s2>2Rr —r?

But: s > 16Rr — 572 (Mitrinovic inequality), then

16Rr — 512 (;) 2Rr —1?
(*+) © 14Rr > 4r* © R > %r (true because: R > 2r > ér Euler)
& (xx) —is true= () —is true.
w,m, = h, = w, + m, > 2h, and analogs.

Q- h2 - hﬁ_l(h h +h)_sz+r2+4Rr<
w,+m,  Zi2h, 2 P77 4R =

cyc cyc
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- 4R?> + 4Rr +3r* +4Rr +r* R?>+2Rr+1r? (R+71)?

o 4R R R

We need to prove:

R
(R +1)? (24-R+r 4R +1r =722 (t + 1)2<4t+1

Vat+1
R - 6 r t -6 +

36(t+1)*<t?(4t+1)3 &
64t° + 12t* — 13283 — 215t* - 144t - 36 > 0 &
(t — 2)(4t? + 4t + 3)(16t> + 19t + 6) = 0 true from t > 2 = (1) is true.Proved.

1615. In any AABC holds:

h, h, h\
< LI A C) +\/h§+h,§+h%£3(ra+rb+rc)+s
RN RN

Proposed by Nguyen Van Canh-Vietnam

Solution by Bogdan Fustei-Romania

CBS.
We known that: (x + y + 2)? < 3(x?+y%* +2%),vx,y,z>0>

2
h h h h? h: h?
( S+ c) 33<—“+—”+—c>;(1)
Jrp  JTe +/Ta Ty T¢ Tq

h, <w, < |/s(s —a) = /rpr, and analogs.

= =r,+71r,+r
L) re rq L) re rg N b ¢

h%+h:+ h? <s(s—a)+s(s—b)+s(s—c) =s?

2 2 2
So,wehave:3('r'—:+':—’c’+:'—;>+ fh§+h,2,+h§s 3(r,+1,+1.) +5;(2)

From (1) and (2) we have:

h, h, h\’
( RN R S ‘) + |[R2+h2+h2<3(,+r,+1)+s
NTANCAN/ S
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1616. In AABC the following relationship holds:

tan? % tan? 5 tan? 5 cot? '% cot? g cot? 5
9 +—24 > +—2+

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

.24
sin®5
tan?4 cos?% R2 A
T DY
hZ 452 s2 2
cyc cyc cyc
4R?%sin? %cos2 %

_R2<8R2+r2—sz>_8R2+r2—s2

T 52 8R2 8s2
A
22
cos* >
cot? % sin? %4 R2 A
h2 :Z 452 :s_Z'ZCOS 2
cyc cyc A A cyc
2¢in2d 24
4R4sin 2 cos 2
_R?((4R+71)*>—s*\ (4R+1)?—s?
Y 8R? B 852

8RZ+r2_g2 4R 2_c2
We must show that: 9( +r2 > ) > +r)2 e
8s 8s

9(8R%> + 12 —s?) > (4R +1)? — 5> © 9(8R? + %) — (4R + 1)? = 8s?
72R? + 9r% — (16R? + 8Rr + 1?) > 8s? & 56R? — 8Rr + 8r? > 8s?
& 7R? — Rr + 1% > s?
But: s < 4R? + 4Rr + 3r? (Mitrinovic inequality)
So, we just check: 7R? — Rr +r? > 4R* + 4Rr + 31’
3R?> —5Rr — 2r* > 0 & (R — 2r)(3R + 1) = 0 which is true from R > 2r (Euler).
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1617. In AABC the following relationship holds:

4 tan2%+tan2§+tan2%< 33RZ 1
9R%2 ™ m,w, myw, mw, 85% 2r2

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

A
2
sin® >

tan? % coszé R A
e
h2 4§ 3 2

cyc cyc A A cyc
4R2sin? 5 cos? >

_R2 8R2 + r? — s2 _8R2+r2—s2
Y 8R?2 N 852

A
tan?<

Let: 0 =4 - chcﬁwz

2
R R
Mg, We < - h, > m,w, < (;) h% and analogs, then

27\ 2 tanz%‘(*) 4
0=a(Z)

=
R hZz =~ 9R?
cyc
2r\? 8R2+r?—s> 4 s 2 )
(*)@4-(?> . 352 29R2<:>9(8R +71r°—s5°)=>12s

© 9(8R% +1?) > 1152
But: s < 4R? + 4Rr + 3r? (Mitrinovic)

(+%)
= 11(4R? + 4Rr + 31%) < 9(8R? +1r?)
(*x) © 28R? — 44Rr — 241> > 0 & (R — 2r)(7R + 37r) > 0 true, from R > 2r

(Euler) = (**) is true= (*) is true.

(1 tanzg 2 33R2 1 33R% — 452
MaoWeZ Mo S0 S4 ) =77 = g@ ~2,2~ 852
cyc
8RZ + 12 —s2 33R? — 45>
<
852 852

2)e4- s
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4(8R? + 1% — s%?) < 33R? — 4s? & 32R? + 4r? — 4s* < 33R? — 457

© 4r? < R? & 2r < R (Euler) = (2) is true= (1) is true.
Proved.
Solution 2 by Soumava Chakraborty-Kolkata-India
1)

1 1
m2mim? = o1 (2b% + 2¢? — 2a%)(2c? + 2a® — 2b?)(2a% + 2b% — 2¢?) = 6—4{—4Za6

+ 6(Ya*b? + Ya?b*) + 3a%b2c?}
Now, Ya® = (Ja?)3 — 3(a?+b?)(b? + c?)(c? + a?)
=(Ja?)3 -3 (ZazbzcZ + Ya?b%(Ya? - cz))
(2)
= (Ja?)3 + 3a’b%c? — 3(3a’b?)Ya? - Ya® = (Ya?)3 + 3a’b?c? — 3(3a’b?)Ya?
3
Again, Ya*b? + Ya’b* = Ya?b?(Ya? — c2) = (Ya?b?)Ya? — 3a%b?c?
= (1),(2),(3) = m2m{m?
= %{—4(2a2)3 —12a%b?c? + 12(3a?b?)Ya? + 6(Ya%b?)Ya? — 18a%b?c?
+ 3a%b?c?}
= 6—14{—4(2a2)3 + 18(Fa’b?)Ya? — 27a%b%c?}
= 6—14{—4(2a2)3 + 18((Yab)? — 2abc(2s))(3a?) — 27a?b%c?}

1
= a{—32(s2 — 4Rr — r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)?

— 576Rrs?(s? — 4Rr — r?) — 432R?r?s?}
264

1
= E{SG —s*(12Rr — 33r?%) — s2(60R?r? + 120Rr3 + 33r*) - r}(4R + )3} <
O]
& s% —s*(4R? + 12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33rY) —r}(4R+r)¥ <0
Gerretsen
Now,LHSof (i) < —s*(8Rr—36r?) —s?(60R?*r? + 120Rr3 + 33r*%)

2

~r34R+1)3<0
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& s*(8R — 16r) + s2(60R2r + 120Rr? + 33r3) + r2(4R + r)3 % 20rs*
)
Gerretsen

Now,LHSof (ii) S  s2(16Rr — 5r2)(8R — 16r) + s2(60R?r + 120Rr? + 33r3)

(@
+1r2(4R +1)3

Geretsen

and RHS of (ii) < 20rs?(4R? + 4Rr + 3r2)

(b)
(a), (b) = in order to prove (ii), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs?(4R? + 4Rr + 3r?) © s2(108R? — 256Rr + 53r2) + r(4R+1r)3 >0
(iii)
& s2(108R% — 256Rr + 80r2) + r(4R + )3 = 27r2s?
Gerretsen
Now,LHS of (iii) > (108R? — 256Rr + 80r?)(16Rr — 5r?)
(©
Geretsen

+r(4R + 1) and RHS of (iii) < 27r2(4R2 + 4Rr + 3r2)
@

(c), (d) = in order to prove (iii), it suffices to prove :

(108R?% — 256Rr + 80r?)(16Rr — 5r%) + r(4R +r)3 > 27r%(4R? + 4Rr + 3r?)

R
& 22413 — 587t2 4+ 308t— 60 >0 (where t= ;)
Euler
o (t—2){(t—2)(224t+309) + 648} > 0 - true ~ t > 2 = (iii) = (ii)

R2s* ® Rs2

= (i)is true > m?m?m? <

A 2bcc08% A/ 2bc\MEM A
Now,rawaz(stani> brc =(ssin—>( ) < (ssin—)\/m

(5)
=s5/(s- b)(s- ¢) =/s(s- b),/s(s - ©) < mym,

by (5)and its analogs by (€))

tan 1 ry e 2 3
Mo Y = =AY s © ()2
S m,w,r, m,m,m, Rs
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HoL(\ler 2R(4R+ l‘)3 Tr:l:ht6\/§ng
S ———a =
9RZ2g4 9RZg4

Mitrglovic 6\/_(25)5 4 tan ‘;(g) 4
(3v3)9R2s* ~“9rz " L. m,w, = 9R?
\ I"f;c“ (b +c ) ( 2bc A) b s(s—a)) _ (s—a)
ow, m,w, (Z) 2 COoSs b+c COSs 2 C be =SSs—a
. Z tan by (6)andéts analogs (S _ b) (S _ C) GMéAM (S —b4s— C)Z
ow, mawa - {s(s —a)}? - 4s%(s — a)?

(a—s+s)?
" 4s? Z (s —a)?
1 (s—a)?? 2 rs 1 r2s?
=4SZIZ(S—3)Z_;ZE+F_2 (s —a)?

1[ 2(4R + 1) (4R+r)2—2szl,133R2 1
3 - + <

T as? r r2 ~ 852 2r?
(4R+1)2 —2s2+3r2—2r(4R+r) 33RZ 1 ./
e — <0
4r2s? 8r2sz  2r?
2(4R + 1)% — 4s% 4+ 6r% — 4r(4R + r) — 33R% + 452 |
e <o
8r2s2
2 2Am
4r? — R?  \tan“5 L 33R7 1
& WS 0 - true, by Euler - Z mw, < 8SZ  2r2

4 tanZ% tanzg tanzg 33R2
(m), (n) = 9RZ < + < -

< Proved
m,w, myw, mw, 8S2 2 ( )

1618. In AABC the following relationship holds:

h? b b hZ b he h? <9 9

bc ab — 4

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania

bc = 2Rh, and analogs

26 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

ha _ _ha _ ha —2 and analogs
bc  2Rh, 2R g

h: hi h?> 9 h,+h,+h, 9 h,+h,+h. 9
LR S Il I L i S R
bc ca ab ™ 4 2R 4 R 2

But: h, + hy, + h, < 2R + 5r — (Bankhoff inequality) then
2R + 57 <ZR & 4R + 101 < 9R & 101 < 5R © 27 < R —Euler
Solution 2 by Adrian Popa-Romania

h2 h2 h? 9 ah? bh2 ch? 9
<—¢e < —
ca ab~4 abc abc abc” 4

2Sh, Z Z (ZS 28 N ZS) abc ab + bc + ca
2RS 2R 2R b ¢ 4R? abc
cyc cyc cyc
ab + bc+ca a?+ b?+ c? Leibniz 9R? 9
4R? 4R? 4R?2 4

1619. In AABC the following relationship holds:

z Tea+T Z h, Z Te—71T |h,
Wa ra Wa ra
cyc cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Tran Hong-Dong Thap-Vietnam

28
he a _. b+c _S-(b+tc)  b+c
w. 2bc A _ Al ) A ) A
a bhtc cosi ab cosi 4RS cosf 4R cosi
2sr
28 , A A
_a: 7 :4R-Sln70057: 1 L:> E: 1 . L
Ta s-tang sin% sng 2R Ta sin% 2R
S-—
A
cos>
z b+c [ Zb+c
Wa cyc 4Rsm cos cyc

27 | RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A
r,— 71 = 4Rsin’? =

2

A
L Ta=T h, 4-Rsm f 2b+c siny
Wa ro 2bc sm cos 2R ZR cosé
b+c cye 2

= 2R LZ btc sz z (b + ¢)sin? )

2R 28 A~ 2R
cyc A 4 €0Sy 2 cyc

2sm Cos 5

b+c A
E / ke _ E - E(b+c)sin2—=ﬂ
w, w, T, a 2
cyc

cyc cyc cyc
Zb+c_zZs—a_2 3= 25 sz+4Rr+r2 3_32—2R1~+r2
a = S a 4Rrs =~ 2Rr
cyc cyc cyc
., A . A
Z(b+c)smzi=Z(Zs—a)sm25=ZSZsm ——Za sin? —
cyc cyc cyc cyc
—2 2R—r1r ZRZ 'A(l_COSA>—S(2R )R Z . 12 24
=25 —5 sin 5 =R T sind - ) sin
cyc cyc cyc
_ (2R ) — R(S 1 Zsr> 2 sTr +sr_
= r R 2 R? STRTSTRTS
So,
RHS—Q—l zb+c Z(b_l_ ),ZA_l s?—2Rr+r> s> —2Rr +1?
s a oSt 5 =y 2Rr 5= 2Rr
cyc cyc
A A
T+ s-tan7+(s—a)-tan7 2s —a 1
_ . =2s-=-1
Tg—T A a a

A
s-tanzy — (s—a)-tani

Te+T 1 s? + 4Rr + 1? s? —2Rr +r?
LHS=Z =2$Z——3=2S' -3 = = RHS
Te—T a 4Rrs 2Rr

cyc cyc

28 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

1620. In AABC the following relationship holds:

cot? % R

< + + <
mw, ~ 4r3

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

coszé
A .
cot’5 Z sin?3 _R? Z +A_R* (4R+1)*-5°
= cos* - =—
h2 452 ~ sz 2 s% 8R?
cyc cyc A ) cyc
2¢in2 2 a
4R°sin 5 €0S“ 5
(4R + 1)? — s?
B 852
t2
e “
g™ vgzha . Z cot? 2 (4R +1)% — s?
B B 252
cyc
2_¢c2 2_¢c2
We must show that: % < % % < L3
28 4r 2s4r 4r

Sr[(AR+1)2-s?)]<s?Rer(4R+1r)> < (R +1)s?
But: s2 > 16Rr — 5% (Mitrinovic)
(16Rr —5r2)(R+7r) >r(4R +1)? © (16R—5r)(R+ 1) > (4R + 1)?
& 16R? + 11Rr — 51% > 16R? + 8Rr + 1r* © 3Rr > 6R?

< R = 2r (Euler)

2
R
‘h, > mow, < (;) h? and analogs.

My, Wo < 5
cot? 27\ 2 cot? 2
=4 w2t (7)) L
R h2
cyc
(4R +1)%2 —s2 () 4
=4- (—) >
R 282 R2
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(xx) © (4R +1)2 — 52 > 252 © (4R +1)? > 352 © 4R + r > s\/3 true.

Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

1 €Y
mZmim? = a(2b2 + 2c? — 2a%)(2c? + 2a%? — 2b?)(2a% + 2b% — 2¢?) =

= 6—14{—4-Za6 + 6(Ya*b? + Ya?b*) + 3a%b?c?}
Now, Ya® = (Ja?)3 — 3(a®+b?)(b? + c?)(c? + a?)
=(a?)3-3 (Zazbzc2 + Ya?b%(Ya® — cz))

2
= (Ja?)3 + 3a’b%c? — 3(3a’b?)Ya? - Ya® = (Ya?)3 + 3a’b?c? — 3(3a’b?)Ya?
3)
Again, Ya*b? + Ya?b* = Ya?b?(Ja? — c?) = (Ja’b?)Ya? — 3a’b?c?

=+ (1),(2),3) » mimimZ =
%{—4(2312)3 — 12a%b?c? 4+ 12(Ya%b?)Ya? + 6(3a’b?)Ya? — 18a%b?c? + 3ab?c?}
= %{—4(23.2)3 +18(Ta?b?)ya? — 27a%b%c?}
= 6—14{—4(23.2)3 + 18((Tab)? — 2abc(2s))(Xa?) — 27a%b%c?}

1
= a{—SZ(s2 — 4Rr — r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)?

— 576Rrs?(s? — 4Rr — r?) — 432R?r?s?%}
264

1
= E{SG —s*(12Rr — 33r?%) — s2(60R?r? + 120Rr3 + 33r*) - r}(4R +r)3} <

)
& 56 — s4(4R? + 12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r%) —r3(4R + r)3< 0
Gerretsen
Now,LHSof (i) < —s*(8Rr—36r?) —s?(60R?r? + 120Rr3 + 33r*%)
?
—r3(4R+1)3<0
?
& s*(8R — 16r) + s2(60R?r + 120Rr? + 33r3) + r2(4R +r)3 % 20rs*
(ii)
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Gerretsen

Now,LHSof (ii) S  s2(16Rr — 5r2)(8R — 16r) + s2(60R?r + 120Rr? + 33r3)

(@
+1r?(4R +1)3

Geretsen

and RHS of (ii) < 20rs?(4R? + 4Rr + 3r2)

(®)
(a), (b) = in order to prove (ii), it suffices to prove :
s2(16Rr — 5r2)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R + r)3
> 20rs?(4R? + 4Rr + 3r?) © s2(108R? — 256Rr + 53r?) + r(4R+1r)3 >0
(iii)
& s2(108R? — 256Rr + 80r2) + r(4R + )3 = 27r2s?

Gerretsen

Now, LHS of (iii) S (108R2? — 256Rr + 80r2)(16Rr — 5r2)
(©)
Geretsen

+r(4R + 1) and RHS of (iii) < 27r2(4R2 + 4Rr + 3r2)
@

(c), (d) = in order to prove (iii), it suffices to prove :

(108R? — 256Rr + 80r2?)(16Rr — 5r%) + r(4R +r)3 > 27r2(4R? + 4Rr + 3r?)

R
& 22413 — 587t2+308t— 60 >0 (where t= ;)

Euler

e (t—2){(t—2)(224t+309) + 648} > 0 > true ' t S 2> (iii) = (ii)

2.4 C))]
. 2 2. 2 S ~ Rs?
= (i)is true > mimym;: < 7 = Mampm < 5B
A 2bcc08% A/ 2bc\MEM A
Now, r,w, = (stan E) Brc |T (ssin E) (b n c) < (ssini) vbc
(5)
= s\/(s — b)(s — ¢) =./s(s — b){/s(s — ¢) < mpm,
COt SZ by (5) and its analogs Sz by 4
Now ) = Y ° Lmmmm © (k)2
ow, rZm,w, r,m,mym, <Rsz>
2R Fuler 4 cot2 5™ 4
> > —
“Rlr - RZ m,w, ~ R2
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s 'b+c¢  A\/ 2bc A s(s —a)
Now, m,w, (f) ( > €0s E) (b T ccos E) = bc (T) =s(s—a)
. COtZ A by (6) andéts analogs 1 ~ Z(S _ a) ~ r Eger R
W Llmw, T (GGG A T
s(s—a)
cotZ%(:) R

4 cot? A cot? B cot? ¢
(m),(n) > — < —2 2 Z
RZ™ m,w, mpw, mw,

< 213 (Proved)

1621. In AABC the following relationship holds:

2B—-C 2C—A4 24A—B 3r
+ 2, 2 >

A B C ~ R
coS > coS 2 coSs 2

cos

S3IN)

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursdrescu-Romania

2
(,'OSé COS— COSE 2
2 2 2

B—C c-4 A-B B—C c-4 A-B
cos?=—=  c0s?=L  cos?==Am-Gm 3 |cos2="-cos2-=Z.cos?==
2 2 2 3 2 2

(,'OSA'COSE'COSE
2 2 2

We must show:

cos?B=C.co52C A, o2AB 64713
_ 2 2 2 r.
33 i_B_¢ W
COS7 - COS5 - COS7
B-C _ s®+r’+2R A B c
But: [1yc cos— = z +;R; " and COS 7" €OSZ " COS = ﬁ; (2)

From (1),(2) we must show:

s2 +1r2+2Rr)?2 4R 6413
3v3 - N
64R* S R3

32—\/5R (Mitrinovic) and r < S(Euler); (4)

& 3V3(s2 + 12 + 2Rr)? = 4°13s; (3)

But: s<

From (3),(4) we must show: (s? + r? + 2Rr)? > 4*R?*r?
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& s2+1r?+2Rr > 16Rr © s* > 14Rr — r?; (5)

From Gerretsen inequality we have: s > 16Rr — 512%; (6)
From (5),(6) we must show: 16Rr — 51% > 14Rr — r?
& 2Rr > 4r? © R > 2r (Euler).Proved.

Solution 2 by Bogdan Fustei-Romania

B-C ,z
We known that: cos —— > ?r and analogs.

B—C _ 2r
cos* — > & and analogs.
2B-C 2r 2r 2r
. cos R R R
So, we have: ¥, 2> E 4+ B+ B,
COSE COSE COSE COSE

We must show that:

2r 1 \/_
2

cye cos

1 1 1 Am;Gm3 3 1 1
AT Bt ¢ 2 a_ B¢
COSZ cOoS 2 COSZ COSZ CcOoS 2 COSZ

>2«/§

A Tyt
cos; = % and analogs, then:

A B C r1arpre  Ss s
€055 1 C0S5 0S5 =" ubc _ 4RS 4R

Wemustshow:3\/7>2\/_<:>27 *R > 8v27 = 3V3R > 2s

3\/_R > s (Mitrinovic). So, 3 3/% > 2v3;(2)
COSE'COSE'COSE

From (1),(2) the inequality is proved.

1622. In AABC the following relationship holds:

TpTe TcTg rarb<3R
w2 wi w2 T 2r

Propsed by Marin Chirciu-Romania

33 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Marian Ursdrescu-Romania

1 1 rpre 1 IpT,
R e B P T JEL PR QL
\ s(s—a) A S s—a

a cyc a cyc

We must show that: chc% >3s; (1)

. I'prc 3 &
But: chc S— 2 3 (s—a)(s—b)(s— C) ( )

(ra Iy rc)z

(s—a)(s—b)(s—c) —

o Tahpre = s%r; (s —a)(s — b)(s — ¢) = sr?, then

> 3s3;:(3)

(rarbrc)2 _ s*r2 _ 3 .
(s—a)(s=b)(s—c)  srZz sT = (3) it's true.
I IpIe
Wa = ha _)_<__>Z 7<) 7@
h2
cyc Wa cyc a
2
I, e _ (S —_ b)(s — c) 1 a2 . (5)
h3 4s? 4 (s—b)(s—0¢)’

az
From (4) and (5) we must show that:

<3R_ 5
chc(s—b)(s—c)—ﬂ'()

2

. a _ 4(R+r1) |
But: chc (s-b)(s—=¢) r ’ (6)

From (5) and (6) we must show: % < — - < 2R 4+ 2r < 3R < 2r < R —(Euler)

Solution 2 by Bogdan Fustei-Romania

4b
: (b+cc)z s(s — a); I, = s(s — a) and analogs.

2 2
rprc b“+2bc+c 1 1/(b c
= ———=-+-|-+ =) and analogs.
w2 4bc 2 4\c b g

b2 +c2 .. .
m, > . (Teresin inequality) and analogs.

bc = 2Rh, —and analogs

E>b2+c2_1(9 c)_R
C b/’

m
- 2. M . R .
h, — 2bc 2 = (Panaitopol inequality)
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:%2%(2+§):§22+§ and analogs.

I 3+1 b+c>3| 4
= — —_ . =
w: 2 4 a

cyc

6 + chc > 12 = chc

" £>6 true, from Am-Gm.

50,3 < Yeye V‘;Z (1)

1 1 R Iprc
-) = -+ — > —=-ans analogs.
(+2) 2+4r_wzasa alogs

3 3R> I re 3R 3 3R

; =+—
2 A4r w2’ 2r = 2 4r

cyc
3R 3R _ 3R 3R 3R __ 3R R
—=2"—=—+— —+— —>-=>—2>=1= R = 2r —(Euler)
2r 4r 4r 4r 4r 4r 2 2r

rnr. R

> <5-:(2)
wi 2r

cyc

From (1),(2) we have: 3 < 23 4 <2 4 2 < 3R

wa wy wg 2r

Solution 3 by Tran Hong-Dong Thap-Vietnam

2vbc
We have: w, = e /T and analogs.
2 __ 4bc Tple _ (b+c)
Wi = —— Il = and analogs.
a7 b+g2 PTCT wZ T abe &

nr. ror, rr 1[@+b)? (b+c)? (c+a)?
:Q:bc_l_ca ab__( )_I_( )+( )

wZ w2 w2 4| ab bc ca

_c(a+b)®>+a(b+c)?+b(c+a)?

4abc
c(a® + b? + 2ab) + a(b? + c? + 2bc) + b(a? + c? + 2ac)
- 4abc
ab(a+b)+bc(b+c)+ca(c+a) 2s(s®+4Rr+r?)+3-4Rrs
- 4abc - 4 - 4Rrs
s2+4Rr +r? +6Rr s+ 10Rr + r?
- 8Rr - 8Rr
s? + 10Rr + r?

Q & >3 © s? > 14Rr —r?

8Rr
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But: s2 > 16Rr — 5r2

We must show: 16Rr — 5r? > 14Rr — r? © R > 2r, true,(Euler)

3R s?+ 10Rr + r?
QSE@ Rr < s2+10Rr + r2 < 12R? & s2 < 12R% — 10Rr — r?

But: s> < 4R? + 4Rr + 3r?
So, we need to prove: 4R? + 4Rr + 3r? < 12R? — 10Rr — r?
© 8R?Z—14Rr — 4r> > 0 © 4R?> - 7Rr — 2r? > 0 © (R — 2r)(4R +r) > 0 true, by

Euler.Proved.

1623. In AABC the following relationship holds:

2 < + + <
wi+w?z wi+wi wZ+w?

a? b? c? R
r

Proposed by Marin Chirciu-Romania

Solution by Adrian Popa-Romania

2b2 2
>
Dwg=h, > Z Wb n WZ z h2 + hz 452 452 452(b2 + ¢2)
cyc cyc b2 cyc
16R?*S? 1
WY WZ—
4S2(b2 + ¢2) (b2 + cz) b2 + 2bc
cyc cyc cyc
2R2(1 1 1)_2R2a+b+c_ , 25 R?’s R
B b be B abc 4RS Rs r

iDw,<.s(s—a)>w:<s(s—a)>
2

a a? Bergstrom S a)?
> >
ZWIZ,+W% ;s(s—b)+s(s—c) ~  2(3s%2—sa—sb-—sc)

cyc

B 452 287
" 2(3s2—s(a+b+c) 3sz—2s?

=2
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1624. In AABC, O —circumcenter, I —incenter the following relationship

holds:

(b — ¢)%sinA + (c — a)*sinB + (a — b)?sinC < u- 0I?>, u>6V3
Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

We have: a = 2RsinA,b = 2RsinB,c = 2RsinC

@ o b c
sin —ZR,sm —ZR,sm =3z

LHS = (b — ¢)?sinA + (c — a)?sinB + (a — b)?sinC

1
=5z lalb — o) + b(c — a)* + c(a - b)?]

1
= 3R [a(b? — 2bc + ¢?) + b(c? — 2ca + a?) + c(a? — 2ab + b?)]

1
=5R l[ab(a + b) + bc(b + ¢) + ca(c + a) — 6abc]

1
= [2s(s? + 4Rr + 1%) — 3 - 4Rrs — 6 - 4Rrs]

1
=—[2s(s* + 4Rr + %) — 36Rrs| =

2 2 _ _
>R [s* + 4Rr + r* — 18R]

[s?2 — 14Rr + 1?]

x| w
x| @»

RHS = pu-0I> = u-(R?—2Rr); > 6V3
We must show that:
S
R [s2 —14Rr + %] < u- (R? — 2Rr); ()
3V3 s _ 3V3
-2 R~ 2
p =63 = u(R? — 2Rr) > 6V3(R% — 2Rr)
3v3
= (

So, we need to prove: s — 14Rr + r?) < 67/3(R? — 27)

& s2 —14Rr + 2 < 4(R* — 2Rr) © s* < 4R? + 6Rr — r?
But: s* < 4R? + 4Rr + 312
We just check: 4R? + 4Rr + 3r? < 4R? + 6Rr — r? © 41r? < 2Rr & R > 2r (Euler)
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1625. In AABC the following relationship holds:

B C C A A B 9
cosAcos 2 cos 5 + cosBcos — > cos 5 + cosCcos - > cos - < —

2 8
Proposed by lonut Florin Voinea-Romania
Solution by Tran Hong-Dong Thap-Vietnam

We have:

A B C
cosA = 2cos? > 1, cosB = 2cos? 5~ 1,cosC = 2cos? 5~ 1

Lt = ) cosacos g os = 2] [eos ) cos | - ) (coseos ;)
= cos COSZCOSZ— C'OS2 COS2 COSZCOS2

cyc cyc cyc cyc
Zcosés%
< (3\/_1_[cos—>—3 1_[cos2 = 3V3t3 — 3t = 3t3(V3t - 1)
Am-Gm
cyc cyc

3\/ 3 27 9
<33 _3.2_2_Z_
4 8 4

8
Where 0 < t = /l—[cyc cos f f . Proved.

1626. In AABC the following relationship holds:

f cosA+j: cosB+I cosC<—

Proposed by lonut Florin Voinea

9

Solution by Tran Hong-Dong Thap-Vietnam

Lemma:Ifx,y,2,0,,0,,0; € R, 0, + 0, + 03 = 1 then:

Q)
x% +y? + 2% > 2(yzcosO, + zxcosO, + xycos03)
Proof: 03 = T — (0, + 0;) - cos03 = —cos(0, + 0,) = sinB,sinb, — cosO,cos0,

x* + y* + z% — 2(yzcos0, + zxcos0, + xycosOs)
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= (z — (xcos@, + ycos01))2 + (xsinf, — ysinf,)? > 0 true, so (*) true.

Now, choose: x = f f zZ= f p.qr>0

Tr r
o
q r

Let:p=\f%,q=\/§,r=\/%; 0,=40,=B,0;=C
Wehave:f cosA+f cosB+f cosC < - ( + + )

1/c a b 3R
We must show that: 5 (Z +o+ ;) <—¢ ; (D)

a
4r b

(*) & pcosO, + qcosB, + rcosf; <

b

+-+

c
a

We have: (§+§)+(9+5)+(5+%)s§+§+§=¥

c b a

a b ¢ b ¢ a 3R
(—+—+—)+(—+—+—)s—; (2)
b ¢ a a b ¢ r

Now,wlog, we suppose: a > b > c.
Wemustshowthat:2+2+£22+£+2<—>
b c a a b c
a’b + b?>c + c?a > b*a+ c*b + a*c < (a—b)(a—c)(b—c) > 0truebya > b > c.
So,

y (2)
2(E+2+£)S(E+f+£)+(2+£+ﬂ) < B2y h18 23R, (1) is true.Proved.
b c a b c a a b c r b c a r

1627. In AABC the following relationship holds:

AL B - C _sV3 sV3 |a? a b2 .\ c?
wy |sin=+w, |sin—+w, |sin— — 4+ —
b ¢ 2 @ 2 2 bc ca ab
Proposed by Mokhtar Khassani-Mostaganem-Algerie
Solution by Marian Ursdarescu-Romania

We must show:
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§2 az bz c2
wp sm +wc sin— +wa sm > bc ca ab> (1)

From Cauchy inequality we have:

2
A . B . C A B c
wp smz+wc smE+wa smz S(wa+wb+wc)(sm2+sm + sin ) (2)

2 2
From (1),(2) we must show:

A B C\ 3s*(a* b* c*
(wa+wb+wc)<sm2+sm2+sm2)<7 veTcatan ;(3)

But in any AABC we have: w, < ,/s(s — a) then:
wi+wi+w?i<s(s—a)+s(s—b)+s(s—c)=s?% (4)

From (3),(4) we must show:

A+ B+ C 3az+b2 c? . (5)
SmZ SmZ SmZ_Z bc ' ca ' ab

, A (s—b)(s—c) s—b+s—c a
. - = < =
But: sin 2 \’ bc —  2vVbc 2vbc then

A+ B+ C 1( a b ) 6)
sin sin sin=<
2 2 2 2\\p \/ca vVa

From (5),(6) we must show:

a?

a b c2 . .
The + F F <3 (— + o + E) true from Cauchy inequality.

1628. In AABC the following relationship holds:

V3 -1 cotA cotB cotC R\V3 = 2r
< -+ + <
2\3r ~ s+r, s+r, s+r.” 23Rr

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Bogdan Fustei-Romania

1-— tanzg
cotx = —x=
Ztani

40 RMM-TRIANGLE MARTATHON 1601-1700




R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

A T
tan- = :“ and analogs.

QN

1-Ta

cotA = s

_ s2-r2 s sZ2-r% d |
2:_a =" m. T Zora and analogs.
2_..2 — —
cotA __S"rta  _ (s—rg)(s+ry) _S$Ta and analogs.
S+1g 2514(s+71g) 251q(s+71g) 251y
cotA 1 s—r 1 s 1 /s s—3r
Dt mh e m5 ) 5m63) -
s+r, 2s Tq 2s Tq 2s\r 2sr
cyc cyc cyc
1 1 1 1
—t—+—=—
ry T, T, T
\/§—1<s—3r \/§—1<s—3r
= & <
2V3r 2sr V3

o sV3—s<sV3-3V3r
& 3+/3r < s (Mitrinovic inequality)

s—3r RV3-2r s—-3r RV3-2r
< o <
2sr 2V3Rr

S

[ —1
RV3
RsV3 — 3RrV3 < RsV3 — 2rs © 2sr < 3RrV3

s < B\/Z_j (Mitrinovic inequality)
1629. In AABC the following relationship holds:

cos? B-¢

,C—A ,A—B
5 cos® — cos* —; >12r
A4 T . B TT ¢ =R
Slni Slni sSin =

2
Proposed by Marin Chirciu-Romania
Solution 1 by Bogdan Fustei-Romania

B-C ,Zr
+ €OS—— = i and analogs.

cos2B-€ 2r 2r 2r
2 R R R
Z A - _ AT . Bt ¢
e Siny siny  siny  singy
We must show that: 2y — > oy L > ¢
n; R sin
41
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We will show that: ), LA >6

s mi

Al b+
— —Cand analogs, then
Wq
b+ Al 1 b+ b+
Al =25 w, =2 = 1 =2 =2 Y54 analogs.
2s r sin; 28 a hq
>h
1 b+ Walta
So,—5 = —.%a > —and analogs.
sin; a hg
1 b+c a b b C c a\ Am-Gm
Z ZZ =(z+-)+(z+7)+(c+2) = 6
. A a b a c b a ¢

smi

Y - > 6.Proved.
sin-

2

Solution 2 by Tran Hong-Dong Thap-Vietnam

(B—C) b+c A
= . 4
cos 2 a Sl‘n2

,(B—C\ (b+c\?  Amm-Gmabc A
COS<2>=( ) ' 2 g sinty
cos? (%) 4bc - sins

mA
smz

cos? 4bC'Sl.n%Am—Gm 3 (abc)zl_[sin%
cyc Sln cyc

3
We need to prove: 12°| = > 2 o L > (L) & R? > 4r?
\}411 R R
< R = 2r (Euler).Proved

1630. In acute AABC, H —ortocenter, AA{, BB, CC, —altitudes.Prove that:

1 1 1 2
+—+—5>—,4; € (BC),B; € (CA),C, € (AB
HA?  HB? HC:™ R?'T (BC),By € (CA),C1 € (4B)

Proposed by Marian Ursarescu-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

In acute AABC: AH + BH + CH = 2R(cosA + cosB + cosC) = 2(r + R)

1 1 1 1/ 1 1 1 \2C.B.Sq 9 2
HA§+HB§+Hc§2§<HA1+H31+H61) = §(HA1+HBI+HCI)
HA, + HB, + HC; = hy + h, + h, — (AH + BH + CH)
=s2+r2+4-Rr_2(r+R)=s2+r2—4R2
2R 2R

We must show that:

1( 9 )2 12 9

— 2_@

3 HA1 +HBl +HCl RZ SZ +1‘2 —4R2
2R

& 3R%2>5s%2+12—-—4R? © 7R? —r? > s?

6
2_
R

But: s < 4R? + 4Rr + 312
So, we just check 4R? + 4Rr + 3r* < 7R? —r?
© 3R> —4Rr — 41> >0 © (R—2r)(3R + 2r) > 0 true by R > 2r(Euler)

1631. In AABC the following relationship holds:

<R>3 - (a? + b®)(b? + c*)(c* + a?) -
r/) — (mgw, +rry)(mywy +rry)(mw,. +11.)
Proposed by Alex Szoros-Romania

Solution by Bogdan Fustei-Romania

b+c A
m, > 5 cosy (and analogs)
_ 2bc A (and logs)
W, = 3" ¢os (and analogs
A s(s—a) nrpr,
2 = =
cos > be be (and analogs)

R . .
— > T (panaitopol’s Inequality)
2r hq
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b? + c? T hin); b _ZRh_Zm,,t_b2+c2_b_|_c_2
ar (Tereshin)ibe =2Rhg; === == — ="+ (2)

mg, =

From (1),(2) we have: g > g + % (Badila’s Inequality);(3)

b+c A) (2bc A)_ s(s—a)
€055) \b+e %2) 77 "he

ryrc+ar,=s(s—a)+(s—b)(s—c)=2s*—s(a+b+c)+ bc=hbc
b2+c2_b c b? + c?

=—4+-_>——;(4
bc c b mawa+rra()

mow, > ( =s(s—a)=rpr,

From (3),(4) we have: © > " (and anal
rom (3),(4) we have: = > ——"——— (and analogs)

<R>3 - (a? + b?>)(b? + c*)(c? + a?)
r/) — (mgwg +rry)(mywy, + rry)(m.w, + rr.)

;(5)
b? + ¢* = n% + g% + 2rr,(and analogs) (B.Fustei)

n,g, = m,w, (and analogs) (B.Fustei)

AM-GM
b2+c?=n2+g%+2rr, = 2mug,+2rr,=2mow, + 211, >

b? + c? - (a? + b*)(b? + ) (c? + a?) -
_  >2> >
myw, +rr, (myw, + rr ) (myw, + rry)(m.w, + rr.)

8; (6)

From (5),(6) we get

(R>3 (a? + b?)(b? + c?)(c?* + a?)
r/) — (mugw, +rr )(mywy, + rry)(mow, +1rr.)

b+c  cta , a+b mp+mc "M,
1632. In any A ABC,— + — =+ — >2) N

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

Letx=my+m,—m,,y=m,+m, —mpandz = m, + m — m,

y+z Z+X X+y
.-.ZX=Zma:>ma=T,mb= 7 Me=—

- sum of any 2 medians > third
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1 1 1
~x,7,Z> 0and also, let =u, =v, =W
N ma+mb+mc_z m, b2+c2_1z(b+C)_12b+c
ows Sa S, Sc 4w 2bcm, 2bc 2 c b/ 2 a
b2 + c2
b+c m m m
:Z =2<—a+—b+—c)
a Sa  Sp  Sc
+m.—m

m
=y+zul+ Z+x)vi+ x+y)w?> ZZ b 2 = 2xvw + 2ywu + 2zuv

+/ SpS¢

vz + w? w2 + u? u? + v?
o X +y +z > > XVW + ywu + zuv - true

2 2

vZ + w2\ AZE
X > > xvw and analogs

b+c c+a a+b my, + m, —
+ + >2
a b C /Sbsc

1633. In any A ABC holds:

ma
(Proved)

2

z cosB + cosC - S
I, N m,myme

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India
1
Now, m?mim? = o1 (2b?% + 2¢? — a?)(2c? + 2a% — b?)(2a% + 2b?% — ¢?)

1
1
= a{—42a6 + 6(Xa*b? + Ya’b*) + 3a%b?c?}

~
—

Now, Ya® = (Ja?)3 — 3(a?+b?)(b? + c?)(c? + a?)
= (Ta?)3 -3 (Zazbzc2 + Ya?b?(Ya% — cz))

= (Ja?)3 + 3a’b%c¢? — 3(3a’b?)Ya?

@
=~ Ya® 2 (Fa?)3 + 3a’b%c? — 3(Fa’b?)Ya?

3
Again, Ya*b? + Ya’b* = Ya?b?(Ya? — c?) = (Ya?b?)Ya? — 3a%b?c?
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=+ (1),(2),(3) = mimim? =
6%{_4(232)3 — 12a%b?c? + 12(3a?b?)Ya? + 6(Ya%b?)Ya? — 18a%b?c? + 3a’b?c?}
= 6%{—4(2512)3 + 18(Ya%b?)Ya? — 27a’b?c?} =
6—14{—4(Za2)3 + 18((Xab)? — 2abc(2s))(3a?) — 27a%b%c?}

1
= a{—32(s2 — 4Rr —r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)?

— 576Rrs?(s? — 4Rr — r?) — 432R?r?%s?%}

2

R2s*

1
= 1—6{s6 —s*(12Rr — 33r?%) — s2(60R?r? + 120Rr3 + 33r*) —r}(4R + )3} <

M
& s6 — s*(4R? + 12Rr — 33r2) — s2(60R?r? + 120Rr3 + 33rY) —r3(4R + )3 < 0

Gerretsen

Now,LHSof (i) < —s*(8Rr— 36r2) —s2(60R%r? + 120Rr3 + 33r%)

—r3(4R+1)320

< s*(8R — 16r) + s2(60R?r + 120Rr? + 33r3) + r2(4R +r)3 % 20rs*
(ii)
Gerretsen
Now,LHSof (ii) > s%(16Rr —5r%)(8R — 16r) + s?2(60R?*r + 120Rr? + 33r3)
(@
Geretsen
+r?2(4R+r)>and RHS of (ii) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a), (b) = in order to prove (ii), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?2(60R?r + 120Rr? + 33r3) + r2(4R +r)3
> 20rs?(4R? + 4Rr + 3r?) © s?(108R? — 256Rr + 53r?) + r(4R+1r)3 >0
(iii)
& s2(108R?% — 256Rr + 80r2) + r(4R + )3 > 27r2s?
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Gerretsen
(108R? — 256Rr + 80r?)(16Rr — 5r2)

Now, LHS of (iii) =
©
Geretsen
27r2(4R? + 4Rr + 3r?)

+ r(4R + r)? and RHS of (iii) <
(d)

(c), (d) = in order to prove (iii), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3 > 27r%(4R? + 4Rr + 3r?%)
R

& 22413 — 587t2 4+ 308t— 60 >0 (where t= ;)

Euler

& (t—2){(t—2)(224t +309) + 648} > 0 > true ~ t > 2 = (iii) = (ii)
R2s* ® Rs2
<

= mympme < —

= (i) is true > m?mZm? <
cZ+a2—b2_|_a2+b2—c2

Now, cosB + cosC = 2ca 2ca
_be(b+c¢) — (b+c)(b?—bc+c?) +a%(b+c)

2abc

(b+o){a* — (b — )}
- 2abc
_2(b+0o)(s—b)(s—0) R cosB +cosC  2(b+c)(s—Db)(s—c)(s—a)
4Rrs.rs

Iy

abc
2(b+c)sr? b+c
= TARrZsZ _ _ 2Rs and analogs
2 2 W g2
< (Proved)

cosB+cosC  Y(b+c) 4s 2
B B "R Rs?2 =~ mympm,

Z r, 2Rs _ 2Rs
2

1634. In AABC, I —incenter, R, Ry, R, —circumradii of ABIC,ACIA, AAIB.

Prove that:

5
R, + Ry, + R, 274‘1‘
Proposed by Marian Ursarescu-Romania
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Solution by Bogdan Fustei-Romania

A
R, = 2Rsin5 (and analogs)

r

A B C
2 2R

5R 5
R,+ R, +R, 27+r(:>sin§+sin§+sin ZZ+
Let be the function: f: (O, g) - R, f(x) = cosx, f'(x) = sinx,
f"(x) = —cosx < 0,Vx € (O, g) = f —concave on (0, g)

Applying T.Popoviciu’s Inequality, we have:

£ + o)+ @+ 31 () < 2[r (F2) + £ (50) + 1 (50))

T
Vx,y,z€ (O'E)
lLetx=A,y=B,z=C;A,B,C€ (0,§)and from cosA + cosB + cosC =1 +£

We get:

A+B+C B+C
cosA+cosB+cosC+3cos(T) SZ'ZCOS( 2 )(:)

cyc

1+r+3<2 E in E 'A>5+r
— — . — — — -
R 2~ S3 SM2 =47 2R

cyc cyc

1635. In any A ABC holds:

m m m
(ma+mb+mc)223\/§S( L °)

my, m m;,
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—-c=z:.s=x+y+z>a=y+zb=z+xand
cC=Xx+y
2 g% s (é)(zx)3

Now'r_2 “A2 s(s-a)(s-b)(s-¢)  xyz

4R
and 1 +T
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B 4sabc _ [y +z) (é) xyz + [[(y + z)
_1+4s(s—a)(s—b)(s—c)_1+ Xyz XyZ
a y+z@3x+yy+2)?* s 4R\ ~Ca
Mso) £=) = Tyrn C@®@=52(1+7)(2p)
o &% [xyz +1(y + z)] lZ(x +y)(y+ z)zl
XyzZ XyZ [I(y +2z)

o {[Iy +2)}(Xx)® = xyz + [I(y + 2)IXx + y)(y + 2)°
(O]
& Yx2y* + Yx3y3 > xyz(Tx%y) + 3x%y?z?
Now, if u,v,w > 0, then
A-G A-G
v3+v3i4+ud > 3viuwd +wi +v3 > 3w?vand ud + ud
A-G
+ w3 > 3u?w and adding these three :
Yu3 > Yuv? and choosing u = xy,v = yzand w = zx, we get
@ A-G
: Yx%y? > xyz(¥x*y) and Yx*y* > 3x’y’z?
(b)

= (a) + (b) = (i) is true = i—i = (4R . r) (2. %) 2 (2. %) =’

r r

> /3S (z %) = (Z a)2 > 4+/3S (Z %) applying which

2m, 2my 2m, h ¢ S ¢
3 '3 ' 3 whose area o course—g,wege

DESEEEl=s)

on a triangle with sides

= (m, + my + m.)? > 3\/§S(
1636. In acute AABC the following relationship holds:

2 2 2
p-(4) p°(B) pe(C) T

t > 2+ —
L Teot— —+sec— +op

Proposed by Radu Diaconu-Romania

cos
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Solution by George Florin Serban-Romania

Let be the function f: (O, ;—t) - R, f(x) = cosx; f'(x) = —sinx < 0 = f —decreasing

x<£=>x2<n—2:1<n—2<5:3n<16(true)=>”2(A) T
2 4 4 16 3 4 3
cos w A > cosE = 1

4 3 2
Let be the function g: (O, g) - R,g(x) = cotx,g'(x) = — Sl_izx < 0 = g —decreasing
x<E=>x2<n—2=>x—2<n—2<f'(n'<4true)=>”2(3)<E=>
2 4 4 16 4’ 4 4
cot”Z(B) > cotg =1
() 1 1 3 ) 4
sec—, —cosuz(c)>§—1,(cosx< <§)=>
4 3
cos”z(A)+cotu2iB)+secH2iC)>%+1+Z=z
We must show that:
2>2+L<:>L<1<:>R221'(Euler)
4 2R 2R 4
IfR=2r:>a=b=c:>u(A)+u(B)+u(C)=§
x?  m? ? 2 m? (1 1 9
Zzg,cos£+cot%+sec£=2+zzz
On the other hand, we have:
n—2<f<:>31t<36<:>n<12(true):>cosn—2>coszzl
36 3 36 3 2
§<%®n<6(true):>cot§>cot%=\/§
w2 1
secgzws—n_z>1
36

Adding up relations, we get
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2 2 2
cos:—6+cot;t—6+sec13t—6=%+\/§+ 1 =;+\/§>%=> (D true.

1637. In any A ABC holds:

Z 1 RE(h + b |'2A)
m, h. 22T a c/sin” 7

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

2 2

A A A A
8m? > (b + ¢)? (cosi> + (b - ¢)? (sini) +2(b+c)|b- cIcosEsinE

i (sin) ) + abe(cos?) + () b+ Olb- ¢
+(sm2) + c(cosz) +(2R) +cC -C

4bcs(s — a)
bc

© 8m? > (b — ¢)? <(cos %)

& 8m2 > (b—c)?+ +(%)(b+c)|b—c|
@Bmﬁz(b—c)z+(b+c+a)(b+c—a)+(%)(b+c)|b—cl(:>8m§

> (b - c)2+(b+c)2—a2+(%)(b+c)|b—cI

© 8m?2 > 4m? + (%) (b+c)|b- ¢/l ©8Rm2 >a(b+c)|b-c| & (ZZZC) 4m? >
a(b + c)|b - ¢
& 4a%b?c?(2b? + 2¢? - a?%)?
>(@+b+c)b+c — a)c+a — b)(a+b — c)a?(b?- c?)?
& 4b%c?(2b? + 2¢? - a?%)? > (2Ya%b? — Ya*)(b? - ¢%)?

(expanding and re—arranging)
~

s a*(b? + c2)? - 2a%(b® + c%)- 14a%b?c?(b% + c2) +
(b% + c2)* + 8b%c?(b? + c?)?2 + 16b*c* > 0
& {a*(b? + c?)? + 16b*c* - 8a%b?*c?(b? + c2)} - 6a%b?c?(b? + c¢2) + (b? + c?)*
+ 8b2c?(b? + c?)?
—2a2(? + c®)(b* +c*- b%c?) >0
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& {a%?(b? + c?)- 4b%c?}? — 6a%b%c?(b? + c2) + (b?% + c?)*

+ 8b%c2(b? + ¢?)? - 2a%(b? + c¢?){(b? + c?)? - 3b%*c?} >0
& {a?(b? + c2)- 4b%c?}? + (b? + c?)* + 8b%c?(b? + ¢2)? - 2a%(b%? +c2)3 >0
& {a?(b? + ¢?)- 4b2c2}2 + (b% + c?)* - 2(b? + c2)?{a?(b? + c¢?)- 4b%*c?} > 0
o [{a?(b? + c?)- 4b%c?} - (b%? + ¢?)?]? > 0 - true

——

2 A A\
~(2v2m,)" > (b+c)cos—+ b — clsmi
A
\[g \[ 4Rsin = 5 COS > stan 2R
>m, [—=m, =m, /—sm—
h, 2rs
A((lb+ Jcos 5+ [b — )
—sin = — c|sin
2\/_ s c)cos clsin;
and analogs
Zab . LA
:Z f —\ﬁ Ib — c|sin E)}
A
R — in2 —
= {zha+z<w i)
1638. In any A ABC holds:
2
Z r,—r |h, >22:mb+mc
W, I 3 r,

1 2R
1 R
=zf o+
b+ ,A
f{a( ©) +|b — c|sin®=
r 2
1 |R A
_ -2 — clsin2 —
=5 |3 Z (ha + |b — c|sin 2) (QED)
Proposed by Bogdan Fustei — Romania
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Solution by Soumava Chakraborty-Kolkata-India

A B-C A A A B—-C B+ C
b+c—a=4RcosEcos 2 —4RSInEcosE=4RcosE(cos > — CoS 2 )
A B C
= 8RcosEsmEsmE
@ A B _ C
:s—a=4RcosEsinEsinE

Also,acosA + bcosB + ccosC = R(sin2A + sin2B + sin2(C)
= R{2sin(A + B)cos(A — B) + 2sinCcosC}

. . abc 4Rrs _ 2rs
= 2RsinC{cos(A — B) — cos(A + B)} = 4R[[sinA = 4R( )

8R3 2R2 R
@) 2rs
AS —
= Yacos R
rs rs
N Z _Z a(s—a_?)(b_l_c) 2rs
o Wa - 2abccos é 4Rstan é sin é coSs é
2 2 2 2

ars

\/—Z 4Rsm cos > {S(As )A}(b+c)

8Rrscos= 2 sins 2

i . A A 1
. A ___A] A4Rrsinjcosy
4Rsin3 cos5 (b +c)
2 2 A B
4Rcos+ 2 sin 2 sm 2

A. A
8Rrscos 2 sin 2

~ (w2

OGSt o] - () S b
_ (E) \/%Zu — cosA)(b + ¢)}

4Rsin? g cos%
A (b+0¢)
4Rcos sin5 sins sins
2 2 2
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= (rES) \/% [45 — Z{(Zs - a)cosA}]
by (2)

- (ol Vamlas —2s(1+g) +zacosa} = () [ (25—

2R [T f |
-l )

Now, WLOG, we may assume a > b > cand then, m, + m; > m, + m,

~
£y
—

2R
r

3

1 1 1
>m, + my and — < —= < - . by Chebshev's inequality,
b c

Zz:mb+mc z( N )(Zl) 4) m, a,»gqe4(4R+r)
3 r, Mo mc 9r 9r

my, + m, 2 4(4R +r)
o 9r

2
2R _4(4R+r) r,—r |h,
—2=2————9R >8R+ 2r & R = 2r - true (Euler) - z —
r 9r Wa Ia

my, + m
> 3 Z = (Proved)

1639. In AABC the foIIowmg relationship holds:

=~ (a), (b) = suffices to prove :

N R I S S
a(s—a) b(s—D>b) c(s —c¢) a(s—a) b(s—b) c(s - )

Proposed by Marin Chirciu-Romania

Solution by Marian Ursdarescu-Romania

z s

hﬁSw§Ss(s—a):>a( aa)<—:>
Z h2 - (1+1+1>_s(ab+bc+ca)
a(s—a)_sa b ¢/ abc

cyc
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But ab + bc + ca = s* + 1% + 4Rr and abc = 4Rrs then, we get

Z h? <sZ+r2+4Rr
a(s—a) ~ 4Rr

cyc

; (1)

Now, from Bergstrom inequality we have:

2

Z r2 (ro+r,+r.)?
=
a(s—a)  2s?—(a% + b? + c?)

cyc

Butr, + 1, + 1. = (4R + r)? and a? + b? + ¢ = 2(s* — r? — 4Rr) then, we get

Z r2 - (4R + 1)? (4R +1)? _ 4R+

= = 2
a(s—a)  2r2+8Rr 2r(4R+r) 2r (2)

cyc

From (1),(2) we must show that:

s? + 1%+ 4Rr <4R+r
4Rr - 2r

s? <8R?-2Rr—1%;, (3)

& s+ 124+ 4Rr < 8R?>+ 2Rr &

From Gerretsen: s> < 4R? + 4Rr + 3r%; (4)
From (3),(4) we get:
+ 4Rr + 3r° < —2Rr —r“ © 6Rr +4r° < < 3Rr +2r° < true.
4R? + 4R 3r2 < 8R? — 2R 2 6R 41% < 4R? 3R 21?2 < 2R?

1640. In AABC the following relationship holds:
648313 < a(a—3b—3c)2+bBa—b—c)?+c(3a—b—c)? < 81V3R3
Proposed by Daniel Sitaru-Romania

Solution by George Florin Serban-Romania
X=a(a-3b-3c)2+b(Ba—-b—c)>*+c(Ba—-b—-c)?=
= a3 + 9ab? + 9ac? — 6a?*b + 18abc — 6a?*c + 9a*b + b3 + bc? — 6ab? + 2b?*c —
—6abc + 9a’*c + b%*c + ¢ — 6abc + 2bc* — 6ac? =
= a3+ b3 + 3 + 3a®?b + 3ab? + 3ac? + 3a®*c + 3b?*c + 3bc? =
=(a+b+c)3=8s3

Applying Mitrinovic Inequality: 3V3r<s< 3\/_%we get:
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3
(3\/§r)3'8S853S8-<32ﬂ> &

27-3vV3R3
27-3x/§-8r3SXSB-T

648313 < a(a—3b—3c)2+b(Ba—b—c)? +c(3a—b—c)? <81V3R?

=4

1641. In AABC the following relationship holds:
4  tan? 4 an2B anzl 33RZ 1
<— 24 2, 2. -
9R?2 =~ myh, myh, mh, 852 2r?
Proposed by Marin Chirciu-Romania

Solution 1 by Bogdan Fustei-Romania
*:m, > h,;a-h, =2S and analogs

Ta—

A
tan—- = —;
2 a

A A T, —T\?
tan’3 - tan’> _ Z (—aa ) _ (ry —1)?
myh, ~ h2 h2 452
cyc

cyc cyc

AT+ 3ri 4+ 2r(rg 1y 1)
B 482
Ta+ry,+r.=4R+7r= (ro+7r, +r.)? = (4R +1)?

cyc

Talp + 1T + rcra> = (4R + 1)?

=52

r¢21+r,2,+r§+2<
2+ 1% +712 = (4R + 1)? — 5% then

A
tan®3 (4R +71)? —2s% + 3r2 — 2r(4R + 1)

h2 452
cyc
_(4R+71)(4R+71—2r) +3r* — 25> 16R* + 2r% — 25?
B 452 B 452
2 2_92 2
We show that: 2% +2r2 2 < 33122 - iz
4s 8s 2r

32R? + 4r% — 45? < 33R? — 45 © 41r%? < R? © 2r < R (Euler)

24
tan“>  33R? 1
. —2 - T 5
So, we have: chc hZ = gs? 272 (1)
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R . . R
From - > % (Panaitopol Inequality) we have: el h:>m, -h, >
a

. —- nd analogs.
R moh. 2R Y and analogs

A
2 tan?<

< chc K_hi (2)

(rq-7) 2
452

4 2r
We show that: ORZ < ?chc =

4 2r 16R? + 21?2 —2s®> 2r 8R? + 1?2 — s% s2=52y2
— < . p .
OR? R 452 R 252

4 8R2 + r% — 252

<
9R? s2Rr

& 4s’R < 9R(8R? +1%) — 9Rs? & s%(9R + 41r) < 9R(8R? + 1?)

& 4s%r < 9R(8R? + r? — 5?)

& s% < 4R? + 4Rr + 31? (Gerretsen Inequality)
We show that: (9R + 471)(4R? + 4Rr + 3r%) < 9R(8R? + 1?)

9R 4R*> 4R 9R (8R?
@(—+4>(—2+—+3)s— —+1
r r r r r

Denote: t = — > 2 (Euler) we have:

-

(9t+4)(4t2 +4t+3) <9t (8t +1) &
36t3 —52t2 - 34t—-12>0< 18t3 - 26t2 —17t— 6 >0
& (t—2)(18t% + 10t + 3) = 0 true, from t = g > 2 (Euler) (3)
From (1),(2),(3) the inequality is proved.
Solution 2 by Tran Hong-Dong Thap-Vietnam

A
P2
sin®

tan? 2 cos?d R2 A
B B Y
h2 452 52 2

cyc cyc a a cyc
4R%sin? 5 cos? 5

_R2 8R?% + r?2 — s2 _8R2+r2—s2
Y 8R? N 852

A
tan?<

let: 0 =4-), z

cye p2
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) 4 8R? + 1% — 52 4
- . 2 2 2 _ o2 2,2
029R2@4 852 29R2=>9R(8R + 1% —s%) > 8s°r

< 9R?(8R? + 12) = (9R? + 81?)s?

But: s2 < 4R? + 4Rr + 3r? (Mitrinovic inequality), then

(+%)
(9R? + 8r?)(4R? + 4Rr + 31%) < 9R?*(8R? +1?)

R
t=—22
(x) &= (9t2 + 8)(4t2 + 4t + 3) < 9128t + 1) &

2(18t* —18t3 — 25t —16t—12) >0 &
2(t—2)(18t3 + 18t? + 11t + 6) > O true, from t = g > 2 (Euler)

= (**) —is true=> (*) —is true.
(1) 33R? 1 33R? — 452 8R? + 12 —s?> 33R%? —4s?
852 212 852 8s2 8s2
& 4(8R? + 1% — s2) < 33R? — 4s5? © 32R? + 4r? — 4s? < 33R? — 45?

& 4r? < R? © 2r < R (Euler) = (1) proved.
Solution 3 by Soumava Chakraborty-Kolkata-India
1 @ 4
mZmim? = o1 (2b?% + 2¢? — 2a%)(2c? + 2a% — 2b?)(2a% + 2b% — 2¢?) = a{—42a6
+ 6(3a*b? + Ya?b*) + 3a%b?c?}
Now, Ya® = (Ja?)3 — 3(a®?+b?)(b? + c?)(c? + a%)q
= (Ya%?)3 -3 (Zazbzc2 + Ya?b?(Ya% - cz))

(2)
= (Ja?)3 + 3a’b%c? — 3(3a’b?)Ya? - Ya® = (Ya?)3 + 3a’b?c? — 3(3a’b?)Ya?

3
Again, Ya*b? + Ya’b* = Ya?b?(Ya? — c?) = (Ya?b?)Ya? — 3a%b?c?

«~ (1),(2),(3) = m2mZm?
= - [-4(5a?)° — 12a%b2e? + 12(5ab?)La? + 6(Fa%b?)ya?

— 18a%b?c? + 3a%b?c?}
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1
= a{—4(2a2)3 + 18(Fa’b?)Ya? — 27a%b%c?}
1
= a{—4(2a2)3 + 18((3ab)? — 2abc(2s))(3a?) — 27a%b%c?}
1
= a{—32(s2 — 4Rr —r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)?

— 576Rrs?(s? — 4Rr — r?) — 432R?r?%s?}

24

1
= 1—6{s6 — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) —r3(4R + r)3} <

®
& s — s*(4R? + 12Rr — 33r2) — s2(60R?r? + 120Rr3 + 33r*) —r3(4R +1)3 <0
Gerretsen
Now,LHSof (i) < —s*(8Rr—36r?)—s?(60R?r? + 120Rr3 + 33r%)
~r}(4R+1)320
& s*(8R — 16r) + s2(60R?r + 120Rr? + 33r3) + r?(4R +r)3 % 20rs*
(i)
Gerretsen
Now,LHS of (ii) > s%(16Rr — 5r?)(8R — 16r) + s?(60R?*r + 120Rr? + 33r3)
(@)
+r?(4R+r)3
Geretsen

and RHS of (ii) < 20rs2(4R? + 4Rr + 3r2)
®

(a), (b) = in order to prove (ii), it suffices to prove
: $2(16Rr — 5r?)(8R — 16r) + s2(60R?r + 120Rr? + 33r3)
+r?(4R+r)3
> 20rs?(4R? + 4Rr + 3r?) © s?(108R? — 256Rr + 53r?) + r(4R+1r)3 >0
(iii)
& s2(108R?% — 256Rr + 80r2) + r(4R +r)3 = 27r2s?
Gerretsen
Now,LHS of (iii) S (108R? — 256Rr + 80r2)(16Rr — 5r2)
(9
Geretsen
+ r(4R + r)3 and RHS of (iii) < 27r?(4R? + 4Rr + 3r?)
(d)
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(c), (d) = in order to prove (iii), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3 > 27r?(4R? + 4Rr + 3r?%)

R
& 2243 — 587t2 +308t—60 >0 (where t= ;)

Euler
& (t—2){(t—2)(224t+309) + 648} > 0 —> true ' t S 2= (iii) = (i)
. , 2, RZs? D Rs?
= (i) is true > mymym¢ < >mmym,< ——

2

A}

A Zbccos% 2bc \ MM A
< = — —_— | = in—
Now, r,h, < r,w, (stan 2) bTec (ssm 2) (b n c) < (ssm 2) vbc

=s/(s — b)(s — ©
5)
= \/s(s — b)\/s(s - ©) < my,m,

3 by (5)and its analogs 3 by 4

tan? -~ 2 3
>
Now, Z h, mah r, - Z m,mym, (Rs4) Z fa

Holder 2R(4‘R + )3 Tru>Cht 6\/§RS3

=~ 9RZs* T ORZs?
Mitrgovic 6\/5(28)83 _ 4 . tan? g (2) 4
(3V3)9RZs*  OR? L myw, = 9R?
tan2 % m, = h, :’i.:ld analogs tan?2 g 16RZ%sin? %COSZ %tanz %
Again,z S - Z
m.h, h2 4s2r?

4R?
= WZ 31114 252 Z(l — cosA)?

2 R? s? —4Rr —r? R+r
Z(l + 1 — sin?A — 2cosA) = Iz 6 — - 2( )

= s2r2 2R2 R

_ 12R%?-s? + 4Rr +r2 —4R? —4Rr ., 33R? 1

< —_
2s2y2 — 8S%2 2r2
8R%2—s2 +r2 33RZ N 1 éo 32R%2—4s? + 4r2 — 33R? + 4s? é 0
= — =
2s2r2 8s2rz  2r2°— 8s2r2 -
4r? — R?2 [,
& 85Iz <0 - true, by Euler
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tanZ%(:)33R2 1 4 tanZ% tanzg tanzg
< — <
myh, = 85% 2r? (m), (m) = 9R? © m,h, * mpyh,  m.h,
33R? 1
- 8S%2 2r?

cot? g cot? % R

R2~ myh, myh, m,h, = 2r3
Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

A
2
cos® o

cot2 A sin2 4 R2 A
Ly i
h2 452 s? 2

cyc cyc A A cyc
4R?sin? 5 cos? 5

_R? <(4R +1r)? — sz> _(4R+1)? —s?

Y 8R? 8s2
cot?d
. — 2
Let: O = X¢yc —
24 2 2
Qma<2ha4. cot®> (4R+1)’ -5
= £ hz 252
2_c2 2_.2
252 2r3 25272 2r3

©r[4R+1)? - s?]| < s’Ro 1r(4R +1)? < (R + 1)s?
But: s > 16Rr — 572 (Mitrinovic inequality)
We need to prove: (16Rr — 5r*)(R+1) >r(4R +1)* &
(16R—5r)(R+71) > (4R +1)?
& 16R? + 11Rr — 5r? > 16R? + 8Rr + 1?

< 3Rr = 612 © R > 2r true from Euler.

R R
m, < - hy > mgh, < - h2 and analogs.
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24 24
cots  2r cot” = 2r (4R+1r)2 —s? (9 4
_ 2 _ 2
m,h, — R h2 R 852 R?

cyc cyc

(*x) © R[(4R +1)? — s%] > 4rs®> © R(4R +1)? = (R + 41)s?

But: s2 < 4R? + 4Rr + 3r? (Mitrinovic inequality), then

R
t=—>2
(R+41r)(4R%® + 4Rr +3r)) <RUAR + 1)’ ==

(t+4)4t> +4t+3)<t@t+1)? o 6(t—2)2t2+2t+1) >0
true from t = g = 2 (Euler).Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

1 S|
mZmim? = o1 (2b% + 2¢% — 2a%)(2c? + 2a% — 2b?)(2a% + 2b?% — 2¢?) = 6—4{—425\6

+ 6(Ya*b? + Ya?b*) + 3a%b?c?}
Now, Ya® = (Fa?)3 — 3(a%+b?)(b? + c?)(c? + a?)
= (Ta?)3 -3 (Zazbzc:2 + Ya?b%(Ya® — cz))

(2)
= (Ya?)3 + 3a’b%c? — 3(3a’b?)Ya? . Ya® = (Ya?)3 + 3a%b?c? — 3(Ja’b?)) a?

3)
Again, Ya*b? + Ya’b* = Ya?b?(Ya? — c?) = (Ya?b?)Ya? — 3a%b?c?

~(1),(2),(3) = mgmgm%
= 4 (~4(3at)? ~ 12a%b%c? + 12(3a?b)Ya? + 6(ZatbD)ya?
— 18a%b?c? + 3a%b?c?}
- %{_4(232)3 + 18(Ya%b?)Ya? — 27a%b%c?}
= 6_14{_4(232)3 + 18((Tab)? — 2abc(2s))(Ya?) — 27a?b?c?}
= 6_14{_32(82 — 4Rr — r2)3 + 36(82 — 4Rr — rz)(sz 4 4Rr + rZ)Z

— 576Rrs?(s? — 4Rr — r?) — 432R?r?s?%}
2.4

1
= E{s(’ — s*(12Rr — 33r?%) — s2(60R?*r? + 120Rr3 + 33r*) —r3(4R + r)3} <
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M
& s% — s*(4R? + 12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33rH) - r3(4R+r)3 <0
Gerl;itsen
Now,LHSof (i) < —s*(8Rr—36r?)—s?(60R?r? + 120Rr3 + 33r%)
~r3(4R+1)320
© s*(8R — 16r) + s2(60R?r + 120Rr? + 33r%) + r2(4R +1)° = 20rs*
(i)
Gerretsen
Now, LHS of (ii) > s%(16Rr — 5r2)(8R — 16r) + s?(60R?r + 120Rr? + 33r3)
@
+ r2(4R +r)3
Geretsen

and RHS of (ii) < 20rs2(4R? + 4Rr + 3r2)
®

(a), (b) = in order to prove (ii), it suffices to prove
: s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3)
+r2(4R +r)3
> 20rs?(4R? + 4Rr + 3r?) © s?(108R%? — 256Rr + 53r) + r(4R+r)3 >0
(iii)
& s2(108R? — 256Rr + 80r?) + r(4R + )3 = 27r2s?
Gerretsen
Now,LHS of (iii) S (108R? — 256Rr + 80r2)(16Rr — 5r2)
(©
Geretsen
+ r(4R + r)3 and RHS of (iii) < 27r?(4R? + 4Rr + 3r?)
(d)

(c), (d) = in order to prove (iii), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3 > 27r?(4R? + 4Rr + 3r?%)

R
& 22413 — 587t2+308t—60 >0 (where t= ;)

Euler

o (t—2){(t—2)(224t+309) + 648} = 0 - true ~ t > 2 = (iii) = (ii)

4
R%s* @ Rs?
>mymym < —

= (i) is true > m?m?m? < >
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A Zbccos% A\ /2bc\™MIM, A
Now,r,h, < r,w, = (stan E) Brc |- (ssmi) (b n c) < (

=s/(s — b)(s — ©)
)
= \/s(s — b)\/s(s - ©) < m,m,

COt SZ by (5) andr:‘ts analogs SZ
oy o2y

r’m,h = Zrmmm - <Rsz>z_
a tMalla atliaiiip

A
Eul 2 A (m)
_2R75T4 V5 4

R?r — R? m,w, R?

cot? % Ma 2 hy and analogs | g2 % 16R?sin? % cos? %cot2 %
Again,z < = z =
m,h, h2 4s2r?
4R?
=22 cost— = —Z(l + cosA)?
) R? s? —4Rr —r? R+r
=7 2z:(1+1—smA+2¢:osA)— 22 6 — 2R +2( M )
12R%—s2 + 4Rr + r2 + 4R? + 4Rr ., R
= <
2s2r2 2r3
16RZ +8Rr+r2—s2 R / r(16R% + 8Rr + r2) — (R + r)s -
— =
2s2r2 2r3 — 2s2r3
?
© (R+1)s? Z r(16R? + 8Rr +r?)
(iv)

Gerretsen ? ?

Now,LHSof (iv) > (R+r)(16Rr —5r?)>r(16R? + 8Rr + r?) & 3Rr = 612

?

o R32r - true, by Euler = (iv) is true

cot? g(ﬁ) 4 cot? % cot? g cot? %
= — P d
m,h, = 2r3’ - (m), (n) R? = m,w, myw, mw, 2r3 (Proved)
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1643. In AABC the following relationship holds:

2B—C cosz% cosZA;B 2\3r
+ + >

B C R
COtf COti

cos

(ST

cot

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursarescu-Romania

2 2 22 2
- 3
Z cos 9 Am—Gm cos 2 cos 2 cos 2

A = ' A B _ _C
cyc COtE coticoticoti

2C—A  ,A-B

B—C
3 |cos2——cos2—-"cos 2r
Wemustshow:\/3-\[ 2 z >

cotgcotgcotg R
B—-C C—-A A—B
cos? cos? cos? 8r3
3v3- 2 2 Z > .
t2cotBeot& R?
cotz cot > cot>
B-C  s%+r?42Rr A B C s
But: [, cos PR and cot> cot-cot; = ;,(2)
. ) (s2+r2+2Rr)2 T 8_r3
From (1),(2) we must show: 3v3 e s > Pl
3v3(s% + r% + 2Rr)? > 64 - 8s12R; (3)

From Mitrinovic inequality: s < Z—ﬁR; (4) and with (3), we must show:

(s2 +71%2+2R1r)? > 64-4R*r*> © s*> + > + 2Rr > 16Rr
& s% > 14Rr — r?, true because from Gerretsen
s2 > 16Rr — 512 > 14Rr — r* © 2Rr > 4r* & R > 2r (Euler).

Solution 2 by Tran Hong-Dong Thap-Vietnam

, C

A-B (@2s—osing s 1 . C

CcOoS = = —— —Ssin—

2 , C C 2R c 2

4Rsin 2 cos 2 cos 2
. . B-C s 1 , A A-C s 1 i

Simiary: cos— =—-—3 —sin—-; cos— = —-—5 — sin—-
2 2R cos) 2 2 2R cosZ 2
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s 5 (A — B) s? 1 s ; C N ,C
CcoSs = 2 —tian — Sln oy
2 4R Coszg R 2 2
A—B
COSZ(—Z ) s? <1+t Zc)t C s, ,C, . C_sin
—1 = . —_ — —_—
g 4-R2 an 2 anZ R an 2 anz 2
COtz
s2 1)e C+ s2 't ,C s t ,C sinC
4R? any +gpz tan’ s —petants ——
COS 2
= LHS = Z C
cyc coti
(St 1) D eand S rans 2N tanr 1N sima
= 4-R2 anz 4-R2 an R an Sin
cyc cyc cyc cyc
_s>+4R* 4R+r s* (4R+71)’—-12s°R s (4R+1)>-2s* s
"~ 4R? s 4R? s3 R s2 2R
_ (s +4R*)(4R + 1) N (4R +1)3 — 12s>R  [(4R +1)? — 25> s (*) 2V/3r
B 4R%s 4R%s Rs 2R =~ R

s> +4R?>)(4R+ 1)+ (4R +1)3 — 125*R 4R + r)? — 252 s
BPCES O FC S WIS E S

& (s2+4R*>)(4R+71) + (4R +1)3 —125’R — 4R((4R + 1)? — 25%) — 2Rs?
> 8RrsV3
& [(4R+71) - 4R? — 4R(4R + 1)% + (4R + 1r)3] — 2Rs? + rs? > 8RrsV3
& (4R +1r)[4R* — 4R(4R + 1) + (4R + 1)%] + rs? > 2Rs? + 8RrsV3

& (4R +1)(2R + 1)% + 1% > 2R(s% + 4rsV/3)
3V3

But: 16Rr — 51% < s* < 4R? + 4Rr + 3r%;s < =~R — (Mitrinovic)
We need to prove:
(%)
(4R +1r)(2R + 1r)?> + r(16Rr — 51%) > 2R(4R* + 4Rr + 3r%* + 18R7)
< (4R +1)(2R +1)? + r(16Rr — 51%) > 2R(4R? + 22RT + 371?)

R
t=—22

& (4t + 1)(2t + 1)% + (16t — 5) > 2t(4t? + 22t + 3)
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© 813 — 2417 + 18t — 4 2 0 & 2(t — 2)(2t — 1)? 2 0 which is true from £ = > 2
(Euler).
Solution 3 by Bogdan Fustei-Romania
We known that: cos% > \/% and analogs.
L = tan— —and analogs.
COt—
rg+ry,+r.= sV3
So, we have:
2 A - B
cos (T) 2r A B C 2r vty T,
Z— >—- (tan—+ tan— + tan—) =— ——=;(1)
R 2 2 2 R s
cyc COti

2r TatTpHTe 2V3r rotrp+r,
— =
R s - R

From (1),(2) the inequality is proved.

>V3=or,+r,+1.>5V3;(2)

1644. If x,y,z > 0 then in AABC the following relationship holds:

(y+2)sinA (z+x)sinB (x+ y)sinC
xsinBsinC  ysinCsinA  zsinAsinB

> 4+/3

(generalization for Daniel Sitaru RMM problem)
Proposed by Marin Chirciu-Romania
Solution 1 by Avishek Mitra-West Bengal-India

(y+2z)sinA (z+ x)sinB (x+ y)sinC > 43
xsinBsinC  ysinCsinA  zsinAsinB ~—

@Zy+z. .sm/.l _ y+z A_2R2y+z a
sinBsinC X
cyc cyc 4-R2 cyc
1 1
Am—-Gm H(}’ + Z) abc |3 Am—Gm H Zx/ﬁ 1 3

> 2R-3 .
- I1x a?b?c? - abc
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1

[Tx 1 \3
= ok 2<Hx abc>

We need to show:

12R 9
> 43 © 123R3 > 64-3V3 - 4Rrs © —R? > 4rs
Yabc V3
& (3V3R)R = (25)(25s) true from R > 2r (Euler) and 3v3R > 2s (Mitrinovic).Proved.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0 we have:

xsinB ysinC zsinA xsinC zsinB ysinA

+ + =
ysinCsinA zsinAsinB xsinBsinC zsinAsinB ysinCsinA xsinBsinC

xsin’B ysin?C zsin’A

=ysinAsinBsinC zsinAsinBsinC xsinAsinBsinC

Si/sinZAsinzBsinZC XY % Bi/sinzAsinzBsinZC XY %

_|_

> p p ; . ; ;
sinAsinBsinC sinAsinBsinC

> =
sinAsinBsinC — /3

3 63 sin2Asin?Bsin%C B 1 6-2
~ 7 |sin3Asin3Bsin3C

Because: sind + sinB + sinC < T\/—

Hence: 3§/sinAsinBsinC < 32—\/5

3 1 2
Hence: [————=>—=
sindsinBsinC — 3

Solution 3 by Tran Hong-Dong Thap-Vietnam

With sindsinBsinC # 0 we have:

_(y+2)sind (z+ x)sinB (x+ y)sinC
~ xsinBsinC = ysinCsinA = zsinAsinB

_ <y N z) sinA (z 4 x) sinB (x y) sinC
~ \x  x/sinBsinC ' \y ' y/sinCsinA sinAsinB
Z ( ysinA xsinB ) Am;Gm 2 z ysinAsinB
xsinBsinC ysmCsmA xysinAsinBsin?C
cyc cyc
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1 1 1 \ C-B-s 9 2.9
=(.+.+.)>-, , — > =43
sinA sinB sinC sinA + sinB + sinC — 3./3
2
Because: sinA + sinB + sinC < 32£
Solution 4 by Marian Dincda-Romania
(y+2z)sinA (z+ x)sinB (x+ y)sinC -
xsinBsinC  ysinCsinA  zsinAsinB —
33 (y+ z)sinA (z + x)sinB (x + y)sinC
xsinBsinC ysinCsinA zsinAsinB
3 +z)(z+x)(x+ 1 2
_ 3} |+ 2)(z+2)( y).. 1 2.2 43
xXyz sinAsinBsinC V3
(y+2)(z+x) (x+y)

vz > 8 (Cesaro inequality)

3
sinAsinBsinC < sm3§ = (\/Z—_) Jensen inequality for the concave function

f(x) = log(sinx),x € (0,m)
1645. In AABC, K —Lemoine’s point, the following relationship holds:

aAK + bBK + ¢CK - 2R\V3
m,+my+m, = 3

Proposed by Daniel Sitaru-Romania

Solution by Marian Ursdarescu-Romania

AK AC' | AB'
=—+—; 1
KA’ ¢'B  B'C’ ( )

From Van Aubel theorem we have:

] AC'  b* AB' ¢?
From Steiner theorem we have: — = —; —=—=; (2)
C'B a?’ B'C a2

From (1),(2) we have:
AK b*>+c¢* AK b?% + ¢? AK b? + ¢
= > — - == - —_ .
KA’ a? S, a’+b%+c? az+b%2+c%2 1
b+ 2bc _ 2bcm,
T2 +b+E B+ T a2+ b+
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2abc ..
= aKA = ——5—— - mg and simillary.
aAK + bBK + cCK 2abc
mg+my,+m,  a?+ b2+ c?

We must show:

2abc <2R\/§@ ARTs <R\/§®
az+b%2+c2- 3 a?+b%+c2~ 3

12sr </3(a? + b% + ¢); (3)

From Mitrinovic: s > 3V3r=>r < —; (4)
3v3
From (3),(4) we must show:
452 < 3(a? + b?> + ¢?) © (a+ b + ¢)? < 3(a®? + b? + ¢?) true because it’s Cauchy

inequality.Proved.
1646. In any A ABC holds:

z(t A+ tA)>Z ma+ ma+ ha+ hy,
an4 co4 n W, I, hy, h,

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

A B-C

b+ — 4R 4Rcos > sin’ = 4R A( B-¢ B+C)
¢ — a = 4Rcos — cos - 4Rcos 5 sin - = 4Rcos - | cos—— - cos—
_ areos A cin B ain ©
= 8Rcos - sin sin
@ A B C
=>s — a”=“‘4Rcos—sin—sinE
r 4Rsin%singsin% B CcYWWMg_ g, A@g_ 3
Now, Al = = = 4Rsin—sin—- = :>cosig N
sinz sin cos
A vy 2 S — ()
_ A 1-cos53 W H1——5= Al—(s—a) AWAI - (s—a)
Again, tan— = —*= = v = = tan—=2—__ =~ 7
. A r r 4 r
smf Al
70
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Ay . A Ay . A

A siné 1+ cos ) sinZ 1+ cos5 )sins

a 2 2 2 _ 2 2

Also,cot— = = =

4 A ,A
1—cosi 1 — cos 2

A
in2 A
sin® 5

1 + cos%bY(Z) 1+3-2

AI AI+(s—a) A(£A1+(s—a)
= = - = cot—=——"-—
A I r 4 r
sin 2 Al
A A AI—(s—a)+AI+(s—a) 2Al
~ tan — 2 + COtZ - - and analogs

A A\ D2
= tan— t—| =2 -YAI
Z(an4+co 4) rZ

Tsintsifas
m,

oy b? + ¢? 1 b c 1 c by 1vb+c
)T D-TE D
w, 2bc 2 c b 2 a a 2 a
4Rcos cos
-2, —ZZ

4Rsm cos

sm

B-C m, 2 1
( 0 < cos <1and analogs —ZAI

z Panaltopol Z ZRI'S(S - a)
era  2rfas

R(s A 4R? cos sm sm
=), = ). A A A ZZ = gp2Al
4Rcos sm 4Rsm sm sm sm r
R
ﬁz/ S
2r
(3)
Now,x* +1>= (x +1)2

1
(ZX)(X +1D)=>x*+1>x(x2+1) = x2 +_>X+_
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Choosi —f's t-f+b<a+bd1
oosing x = bln( ), we get : b b aan analogs
h, hy | bc \/a \[’

a b c b b+c 4Rcoszcos .
< -4+ -] = —4 -] = =
_Z<b+a> Z<a+a> Z a ) . A

4Rsin 2 cos

NI:>N

1 1
A( -0 < cos <1and analogs) = ;ZAI

Sln
hb (lv)
= Z ( \[; \[7 ) ZAI
m, hb by (")+(lll)+(lv)
+Z\/:+z<\£ f) —ZAI+ ZA]+ ZAI

by ()

= —ZAI = Z (tan— + cot

. A ma
: Z (tan 2 + cot 4 . h_b + |[— | (Proved)

1647. In AABC, AA'B'C’ the following relationship holds:

=X

1923 1 1
<< +—5
(a+a)b+b)(c+c) r3 r3

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

192v3 1,1 1
(a+a"Y(b+b"Y(c+c) — 13 " ¥ 3 3 T @arh3

We need to prove:
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1923 1 , , | Am_m ’
(a+a)(b+b)(c+c) = Z,I(rr’)s e (a+a)b+b)(c+c) = 96y3@r)?

Am—-Gm

But: (a+ a')(b+ b')(c+ ') S 8Vabc-abc

So, we just check: 8vVabc-a'b’'c’ > 96+/(rr')3
s Vabe-a'b'c > 12./30(1r")3 © abc-a'b'c’ > 432(rr')3
& (4Rrs) - (4R'r's') = 432(rr')3 & RsR's' = 27 - r2r'% (x)

Which is clearly true because :

2 2 2
R>——s=>Rs> s? > 27r2 =2-3V3r2 (1)
3V3 3V3 3V3
R > oRs>2s?> 2 o7% 2. 3vV3r? (2)
~ 33 “3V3 T 3V3

(1),(2)
=S Rs-R's' >4-27 -r2r'* > 27r*r'* = () is true.Proved.

1648. In acute AABC, O — circumcentre, I —incentre, I, , I}, I. - excenters,

AA'B’'C’ -orthic triangle. Prove that:

B'C 9/3R?
8r < Z ; Z 1, <
a

(0] 2r

cyc cyc
Proposed by Radu Diaconu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

01, = OI, = OI, = 2R;
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. A . B . C
II, = 4R smE;IIb = 4-RsmE;IIC = 4-Rsm§
~ B'C* = AC* + AB'> —2AB’ - AC' - cos A
= (bcosA)?> + (ccosA)? —2bcos? A -cos A
= cos?(b? + ¢?> — 2bccos A) = (acos A)?;

AABC—-acute '
= B'C' =acosA;

Similarly: A'C' = bcosB;A'B' = ccosC

B'C’ acosA A®
= 0= z ZII Z( ) Z(4Rsm )—ZR zsm2A zsm—>8r

cyc cyc cyc cyc cyc cyc

(*) © RY.cysin24 -5 > 4r

Zsr

S R-=-) sm >4r & s, sm > 2R. Which is true because: AABC - acute:

s2>2R+1)>>2R)?*=s>2R

Z in2 =14 4si (”_A> ' (”_B) ' (n—C)>1+4 0=1
smz— sSin ) sin ) sin ) =

cyc

9\/_R 9v3R?

2r

2sr A 9\/_R2 A
@ZR-—-Zsin < ®8sr2-Zsm < 9V3R3

= (*) is true. Lastly: Q < © 2R Y ycSin24 - Yoy Sin <

RZ 2> 2r 2=
cyc cyc
(+5)

But: Y05 <> = 8512 > = 12517 < 9V3R?

(**) © 4sr? < 3V3R3 = (2r)?-s < R?-3V3R
Which is clearly true because: R > 2r = R? > (2r)?

3\/_R < 3v/3R = (*¥) is true. Proved.

1649. In AABC the following relationship holds:

5
a*m?\° .\ b*m N ctm2 \° - (45)10
mym, m.m, m,m,/ 81

Proposed by Daniel Sitaru-Romania
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Solution 1 by Avishek Mitra-West Bengal-India

5
a*m? a?’'ml® am-em 31a20h?20c20mlomi’ml® >
= s = 3 = 3y (abc)?°

10.,,10
m,m mm mliodm: “m
cyc b™ e cyc b™"c a b ¢

= 33/(4RS)20

10
Need to show: 33/(4RS)20 > 20— < 3- 81VR?0 > V410 - /10 . /510

& 27 -813 - R20 > 410410410 rye from R > 2r (Euler) and 3+/3R > 25 (Mitrinovic), we
have:
10
3V3R? 2 4rs = (V33)  R20 2 41°(rs)!0 = 315R%0 > 410(rs) 0
= 27 - 813 - R?0 > 410910410 proyed.
Solution 2 by Tran Hong-Dong Thap-Vietnam

42 \° am—em 3 |(a*b*cH)SmZmim2 ) (4.5)10
Z a*m? m2 m 3 (a*b*c*)>mim;m? — 33/ (abo)® > (48)
mym, (m,mym,)? 81

cyc

(45)30 (45)%°  (4sr)10
20 > 20 > —
() © 27(4RS)? = - © 2TRN > - = =2
(4s1)10
813

From R > 2r (Euler) and 3v/3R > 2s (Mitrinovic), we have:

& 27R10R10 >

10 10
27R1°R10 > 27(2r)1° (3%) = 8D = () is true.Proved.

1650. In AABC the following relationship holds:
3|/h 2 3|/h 2 3|/h 2
G+ |G+ ) =3
Tq rp re

Proposed by Rahim Shahbazov
Solution by Tran Hong-Dong Thap-Vietnam

b . Tc p—c c

T20-b)he . B 20-0

=
I [
Q

Tq _ _ a . Tp
ha 2 20-a)’ by

=| §|:|i‘ “
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Now,

aAM -HM 3 B 3 3p-a)

,I T ’ Tq _a - _a - ’
P 3[(hp\2 _ 3(-b) 3| (ke _ 30-0)
Similary: ’(rb) == /(rc) ==

3 2 — —_ — —
_,LH5=Z (% 23(17 a)+3(-b)+3(-c) _3Bp—2p) _

1651. In AABC the following relationship holds:

Ty Tp 36r2 13
Ta by Tey — > —
T, T¢ Tq4 s 3

Proposed by Rahim Shahbazov
Solution by Tran Hong-Dong Thap-Vietnam

2 —a)(p—b)(p— —a)(p—b)(p—
. S=pr—>r=§—>r2=3—=p(p a)(p-b)(p-c) _ (p-a)(p-b)(p-°c)

p? p? N p
i razi’ rbzi;rczi
p p-b 4
)
Inequality < pb ypmc pray 36.% sB
p-a p-b p-c P 3

let x=p—a,y=p—-b;, z=p—c > x+y+z=p

y Z X Xyz 13
T+ +24+436— >
(*)Hx+y+z+ (x+y+2z)3~ 3

2,22
But: 2 4+ 24 % 5 214
x y (x+y+2)

L 9(x2+y%+22) xyz 13
We need to prove iyin)? hyin)? =3
3.[9x2 + y2 + z*)(x + y + z) + 36.xyz] > 13(x + y + z)3
(%)
o 14(x3 +y3 +23) + 30xyz > 12[xy(x +y) + yz(y + z) + zx(z + x)]

Which is true because:

Schur
(x3 +y3 +23) + 3xyz S [xy(x +y) + yz(y + z) + zx(z + x)]
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->10(x3+y3+23) +30xyz > 10[xy(x + y) + yz(y + z) + zx(z + x)]|; (1)

And:
2(x3 +y% + 2%) > 2(xy? + yz% + zx?); (2)
2(x3 +y3 + 2%) > 2(yx? + zy? + xz%); (3)

D+(2)+(3)
5 10(x3 + y3 + 23) + 30xyz + 4(x3 + y3 + 23)

>10[xy(x+y) + yz(y + z) + zx(z + x)]
+ 2[xy(x+y) + yz(y + 2) + zx(z + x)];
- (**) istrue — (x)istrue.

1652. In AABC the following relationship holds:

3< 1 N 1 N 1 _ 12R
" 4R +7r

2 . 34 . 3B . 3C
1+sm2 1+sm2 1+sm2

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

3 A . 3A . 3 A
Z zl+sm ——smzzzl+sm 7_2 smf
A . 2 A . 2 A

1+ sm3 1+ sm3 1 + sin3 5 1 + sin3 5

sin3 12R

_3_ z
1+ sm3 A 4R +r
sin® EL) 3r
=),
1+ sm3 A 4R+T
A A ., A2
348 s 440 Bergstrom 2A
Now sin” 5 _ Z sin® 5 - (Z sin 2)
1+ sin3% sin%+ sin4% 1) ZsmA+Zsm4g

Zs %1 ZZ(l—cosA)——(S—l—%)”z“ _rand ZSm —
(Zsm —) —ZZsm —sin? =
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) ([ o) cosect
= 2R sin 2 cosecC 2
3 (2R — r)z 2r? Y bc(s —a)
~\ 2R 16R2/ (s —a)(s — b)(s — ¢)
_ (ZR — r)z r’{s(s® + 4Rr + r?) — 12Rrs} _ (ZR - r)z s? — 8Rr + r?
~\ 2R 8R2sr? ~\ 2R 8R2
_ 2(2R-r)? — 5%+ 8Rr —r? ;8R2+r — s
B 8R?2 B 8R?2
—sinE
2
< 0

X
Again, f(x) = sinE vx € (0,m) is concave as f "'(x) =

Jensen A+B+Cy, 3 A93
)——=>ZSl <5
2=2

: E ind 2 3si
o Sll’l2 S sm( 6 =
(2R —r)?

2R—r
1),(2),(3),(4 iz sin’ > ( ) = 4R”
~(D,(2),3).® 1+s1n3A 3.8 R2+r2_sz 20RZ 4 12 — 52
2 2 8R? 8R?
2(2R —1)? Z siny 2 2(2R-1)?
= =
2 2 g2 - 2 2 _ g2
20RZ +r2 —5s 1+sin3% 20RZ +r2 -5

(5) = in order to prove (i) and consequently (b), it suffices to prove

C202R-1?2 D 3r
"20R2+r2—5s2 " 4R+
Gerretsen El:’lh‘er Rz

< 4R? +2R2+7<20R2 = 20R%? +r% -5

Now,s? —r2 < 4R?+4Rr+2r? <

>0and - (ii) &
2(4R +r)(2R—r)? > 3r(20R? + r? — s2)
iif)

& 2(4R+1)(2R - 1)? + 3rs? > 3r(20R? +r2)

~

Gerretsen ?
Now, LHS of (iii) = 2(4R+r)(2R—r)?+ 3r(16Rr — 5r2) > 3r(20R? + r2)
?
& 8t3 —21t2 +12t—-430 (wheret = F)
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? Euler

o t-2){(t—2)Bt+11) +24}S0 > true~ t > 2 = (iii) = (ii) = (i)
=

A A A 1 1
v0<sinm=<120<sin]-<1=21<1+sin3-<2=>———>= &analogs
2 2 2 1+sin35

2
3
Sy > (QED)
1+ sm3
Solution 2 by Tran Hong-Dong Thap-Vietnam
1 1 M 3

Lemma:Ifx,y,z > 0,xyz <= then—+y+—1+z+—1 < 1+33yz

u=3/xyz

Proof: (1) & (1+x)A+y)+A+y)A+2)+A+2)(1+x))
<31+x)1+y)(1+2)

)
ox+y+z2A-2u)+xy+yz+zx)2—u) +3u*—3u >0
Because:u=f/xyz=>0<u<3\/%=%<2=>1—2u>0;2—u>0

Am—G
LHS ., s 3%/xyz(1 — 2u) + 33/xyz(2 —u) + 3u® — 3u
=3u(1 - 2u) +3u?(2 —u) + 3u — 3u = 0 = (%) is true.

. 2 A , 2B . 2 C
Now, choose: x = sin3 Y= sin3 S Z= sin3 5

1
=<

. A . B ., C\° 1
=>x,y,Z>0and xyz = (sin-sin-sin-) <—S<-
2 2 2 8 8

1 1 1

<

1+ sin3£

B
in3
1+ sin 2

A
in3
1+ sin >

2

< 3 singsingsingz 4—rR 3 12R
. A . B . C r 4R + 1
D = 1+
1+smzsmzsm2 4R

. A . B . C
Lastly, 0 < sin_;sin_;sin; <1

1 1 1

=
. 24 . 2B ., 2C
1+sm3i 1+sm3i 1+sm35

1 1 1 3
>E+E+E—E.Proved.
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1653. In AABC the following relationship holds:

mg, my m.
(m,+my +m,) ( - + )

9
>—/a? + b? + 2
m, m, m, 2

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
2\ 2(95a%)" _81(Za®)? _27(Sa*)(Sa)?
(22 5 =(2.2) {(252} BT ) I
(Y)Y E s Y

Applying (1)on a triangle with sides

2m, 2my 2m,
3373

;(Zma)Z%:ZB\E 429m§
Zma m—b>3\/_ ZmZ—B\/_/BZ 2=:>(ma+mb+mc)(—+— —)

> E\/ a? + b? + c¢? (Proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

,we get :

Because: m2 + m2 + m? = %(a2 + b?% + ¢?)

Let: x =m,y =my,z=m,(x,y,Z> 0)

O]
So, we need to prove: (x + y + z) (f +2 4 £) > 3\/3(x2 + y2 + z2)

. C-B-S
Proof: (; ) (xy+yz+zx) = (x+y+2)7?% (1)

3(xy +yz + zx)\/3(x2 + y2 + 22) = /27(x2 + y? + 22)(xy + Yz + 2x)?

Am—-Gm

< J@Z+yr+z24+2xy+2yz+2z2x)3 =/(x+y+2)°=(x+y+2)3 (2)
From (1),(2) (*) is true.Proved.

Equaltye x=y=zoem,=m,=m. o a=b=c
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1654. In AABC the following relationship holds:

J(8R? — a?)(8R? — b2)(8R? — ¢2) > 2V5R%(2R + 1)
Proposed by Marian Ursarescu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

€
J(8R2 — a?)(8R? — b2)(8R? — ¢2) > 2v/5R%(2R + 1)

(1) © (8R? — a?)(8R? — b?)(8R? — c?) > 20R*(2R + r)?

& 512R® — 64R* (Z aZ) + 8R? Z a’b? — a’b?c? > 20R*(2R +r)?

& 512R® — 128R*(s? — 4Rr — r?) + 8R?{(s? + 4Rr + r?)%? — 16Rrs?} — 16R?*r?s?
—20R*(2R+1r)2 >0

@
& 108R* + 108R3r + 59R%r? + 16Rr3 + 2r* + 2s* — s2(32R? + 16Rr) > 0

®
Now, Gerretsen = 4R2 + 4Rr + 3r% — s2 > 0 = 2(4R? + 4Rr + 3r2 — s2)23 0 - (i)
= in order to prove (2), it suffices to prove :

108R* + 108R3r + 59R?r? + 16Rr3 + 2r* + 2s* — s2(32R? + 16Rr)

> 2(4R? + 4Rr + 3r? — s?)?

3)
& 76R* + 44R3r — 21R%r? — 32Rr? — 16r* = s2(16R? — 12r?)

Gerretsen ?
Now,RHSof (3) <  (16R? — 12r?)(4R? + 4Rr + 3r2) < 76R* + 44R%r — 21R?r?
— 32Rr3 — 161t

2

- R
o 12t —20t3 — 21t2 +16t+20>0 (where t= ;)

? Euler

o (t—2){(t—2)(12t2 + 28t +43) + 76} >0 > true = t > 2
= (3) = (2) > (1) is true (Proved)
Solution 2 by Rahim Shahbazov-Baku-Azerbaijan

J(8R% — a?)(8R? — b?)(8R? — c2) > 2V5R%(2R +1); (1)

1
a = 2RsinA; b = 2RsinB; c = 2RsinC (:;
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16R?*(2 — sin?A)(2 — sin’B)(2 — sin?C) > 5(2R + r)?

r 2
16R?*(1 + cos*A)(1 + cos?B)(1 + cos*C) > 5R? (2 + E)

16(1 + cos?4)(1 + cos?’B)(1 + cos?*C) = 5(1 + cosA + cosB + cosC)?

Let: cosA4 = g; cosB = %; cosC = %then

(x2+4)y*+4) (2> +4)=>5(x+y+z+2)% (2)

Am—G +z+2\2
(x+y+z+2)>° msm(x2+4)<1+(y 2 )>=>

2
5<1+(y+2;+2> )S(y2+4)(zz+4)(:>5(y+z—2)220

1655. In AABC the following relationship holds:

r,—h r,—h r.—h 2r
a a_l_ b b+ c C+—S1
ra+ha rb+hb rc+hc R

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution by Tran Hong-Dong Thap-Vietnam

L a a

ro—h, 71,—hy rc_hc_ ha_l_ Z(S_a)_l_ b+c—a_1
Tathe Ththy Toth, LiTarq i@ 1 L._a@
cy¢ h, cye2(s —a) veb+c—a
2r (a+b-c)(b+c—a)(a+tc—b)
R abc
Let:x=b+c_a,y=a+c_b,z=a+b_c:>0<xyxs 1
a b c
1 N 1 N 1 1 4 1 N 1
= =
x+2 y+2 z+2 b+c—a+2 a+c—b+2 a+b—c+2
a b c
a b c
1e

:b+c+a+a+c+b+a+b+c:
xXyz+xy+yz+zx =4
More, (xy + yz + zx)? > 3xyz(x + y + z) =

(xy +yz +2x)* (4 - xyz)?
3xyz ~ 3xyz

X+y+z<
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Inequality become as:
1-y 1-2z <1
1+x 1+y+1+z+xyz_ <

1—x

(xyz)? + xyz(xy+yz+zx+x+y+z—3)—2(xy+yz+2zx) +2<0
e (xyz)? +xyz(4—xyz+x+y+z—3)—2(4—xyz)+2<0
o (xyz)?+xyz(1—xyz+x+y+2z) +2xyz—6<0
S xyz(x+y+2z)+3xyz—6<0

Let: t = xyz, (0 < t < 1). We need to prove:
(4 —t)?

3t

t .

1
+3t—6SO@§(4—t)2+3t—6SO@

4-1)?+9t-18<0ot>?+t—2<0 (t—1)(t+2) < 0true, because
0<t<1l=>t—-1<0,t+2>2>0.

1656. In any A ABC, n, —Nagel’s cevian, g, —Gergonne’s cevian, holds:
H(na - ma) = AV, 8a8b8¢ 1_[(\/ m,; — vV ga)

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

?
Triangle inequality = g, < Al +r < w, &

r ,-’_\Zabccos%
—tr<———*=
sind a(b+c)
2
r 2 8Rrscos%
S +r=< A A
siny 4R(b + c)smicosf
PERRLAL 1 42, +— 1o b+ osi Az
= = o c)sin-<a
. - . A . A - A A 2
siny (b+c)sm7 siny (b+c)sm7 siny
A B-C_ AL A A
< 4Rcos 2 cos sin 3 <4Rsin-cos -
B-C/ W
& cos <l-otrue-g,<w,<m,=>g,<m,
83
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Now, Stewart’s theorem = b%(s — ¢) + c?(s —b) = an2 + a(s — b)(s — ¢)

= 4an? — 4am?
= 4b%(s — ¢) + 4c?(s — b) — 4a(s — b)(s — ¢) — a(2b? + 2¢% — a?)
=2b%(a+b—c)+2c2(ct+a—b)—a(c+a—b)(a+b—c)—a(2b? + 2c¢% — a?)
= a(b —¢)? + 2b3 + 2¢3 — 2b%c — 2bc?
=a(b-c)?2+2(Mb+c)(b?+c?—bc)—2bc(b+c)=alb—c)?2+2(b+c)b-—c)?
= (a+2b+ 2c)(b—c)? = 0 = 4an? > 4am?

2
~
>n, =m,

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)
=an? +a(s—b)(s—c)and b?(s—b) + c?(s — ¢)
=agZ+a(s—b)(s—c¢)
- anj.ag? > a’*s?(s — a)?
e {b’(s—c)+cE(s—b)—a(s—b)(s— )} {b?(s = b) + (s — ¢) — a(s
(@
—b)(s— c)} S a%s%(s — a)®
Lets—a=x,s—b=yands—c=z.-.s=x+y+z=>a=y+zb=z+xandc
=x+y
Using these substitutions, (a)
o {z(z+x)? +yx+y)? —yz(y + DHy(z + x)* + z(x + y)* - yz(y
+2)} =x2(y+2)?(x+y+2z)?
o xy?+xz2+y3+z3>2xyz+yz(y+z) ©x(y—z)? + (y +z)(y —2)? = 0 > true

3
= (a) istrue = n,g, > s(s—a)

Also, Stewart's theorem = b?(s — ¢) + ¢?(s — b)
=an? +a(s — b)(s — ¢) and b?(s — b) + c2(s — ¢)
=agZ+a(s—b)(s—c)

Adding the above two, we get : (b + ¢2)(2s—b —¢)
= an? + ag? + 2a(s — b)(s — ¢)
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= 2a(b? + ¢?) =2a(n? +g%)+a(a+b—c)(c+a—b)=2(b%+c?)

=2(nf +g3) +a’ —(b—0¢)?
=2Mb*+c®)—-a’?+(b-0c)?=2(n2+g?=>4m,2 + (b—c)? =2(n? + g?)
= 4m,?% + (b — ¢)? + 4r,r, = 2(n?% + g2) + 4r,r. > 4m,% + (b — ¢)? + 4s(s — a)
=2(n2 +g2) +4s(s—a)
= 4m,?% + 4m,? = 2(n2 + g?) + 4s(s —a) > n2 + g2 = 4m,%2 — 2s(s — a)

by (3)
= n2 + g%+ 2n,g, S 4m,? — 2s(s —a) + 2s(s — a)

by (1)
_ 2 <
_4’ma :na'l'gazzma = ma+ rnaga:>na_rna2 m,g8., — 8a

= Jga(yma - Jga)
~n, —m, >./g,(/m, —/g,) and analogs and

by (2) by (1)
“n, —m, = 0andanalogsand. m, —,/g, = 0and analogs

e -mo 2] [Va(m - v} = | [ —m)
> /8.8b8. n(m — /8a) (Proved)

1657. In AABC the following relationship holds:

a N b N c Lo abc =5
b+c c+a a+b (a+b)(b+c)(c+a)

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

a Ya(c+a)(a+h) Y{a(X ab + a?)}
2_z:b+c_2_ [1(b + ©) _2_Zs(sz+2Rr+r2)
5 2s(s? + 4Rr + r?) + 2s(s? — 6Rr — 3r?)

B 2s(s? + 2Rr +r?)
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\[ 2abc

(a+b)(b+c)(c+a)

_ 2(s®’+2Rr +r?) — (2s* —2Rr — 2r?) _ 6Rr + 4r? -
B s2 + 2Rr + r2 ~ s2+2Rr+r2 "
8Rrs

(6Rr + 4r?)? -
(s2+ 2Rr+r?)2 = 2s(s? + 2Rr + r?)

D
& R(s? + 2Rr + r2) > r(3R + 2r)?

?

2

Gerretsen ? )
R(18Rr — 4r?) >r(3R + 2r)? © 9R? — 16Rr — 4r?> >0

Now,LHS of (1) 3
? Euler
= 2r

< (R=2r)(9R + 2r) >0 - true = R

2abc
(a+b)(b+c)(c+a)

a
1)i 2 — <
= (1) is true = Zb+c_\[

> 2 (Proved)

R a N b N c N 2abc
b+c c+a a+b (a+b)(b+c)(c+a)

Solution 2 by Tran Hong-Dong Thap-Vietnam
abc

a b c
- >
b+c+c+a+a+b+2 \/(a+b)(b+c)(c+a)_2
b
2 j i (+)

a b c
> .
®b+c+c+a+a+b_ (a+b)(b+c)(c+a)’
By Schur’s inequality:
a b N c N 4abc -
b+c c+a a+b (a+b)(b+c)(c+a)
c 4abc ()

a b
> _ .
®b+c c+a+a+b_2 (a+b)(b+c)(c+a)’

From (x), (**) we need to prove:

2 4abc 2 7. abc
“(a+b)b+o)(c+ta) T " (a+b)(b+c)(c+a)

4abc

abc
2 'J(a+b)(b+c)(c+a) Z@+bbtolcta
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5. abc <1 abc < 1
@+bb+ocra) - “(at+hbrolcta) 4
Which is true by Am-Gm:
(a+ b)(b + c)(c + a) = (2Vab)(2Vbc)(2+ca) = 2,/(abc)? = 2abc

abc 1 1
(a+b)(b+c)(c+a) 8~ 4

1658. In AABC, K —Lemoine’s point, the following relationship holds:

AK 1 12r(a + b + c)
yaKk) (s 1), o<1

2 2 2
w ; a“ + b= +c
cyc a cyc(P'l'SlnE

Proposed by Radu Diaconu-Romania
Solution by George Florin Serban-Romania
Let: f:(0,m) - R, f(x) = sin;—c,f’(x) = %cos;—c,f"(x) = —ising <0,

vx € (0,7t) = f —concave.

A+B+C fA+f(B)+f(C)
F(557) =2 55

(by Jensen inequality)

Zsm;l < 3f(n) = 35in% =;

cyc

1 Bergstrom 9 9 9
_ > > > =2

. A - . A A~
e @ +siny Leye@ +siny 3¢ + 2y siny

6r(a+b+c)
aZ+b2+c2

We must show that: chc w— >
a

AK 2bcm, 2 bcm, ; 6r(a+b+c)

w, Zi(a®+b%+c2)w, a?+b?+c? w,  a?+b?+c?
cyc cyc cyc

>Wa

bcm,
@z ™ 23r(a+b+c)—6rs<=>
a

cyc

bcm, bcw,
=

z bc > 4SV3 > > 6sr
Wa

cyc cyc cyc

48\/3 = 4+/3rs > 6rs. Proved.

87 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1659. In AABC, G —centroid, O —circumcentre, I —incenter, H —orthocenter,

N, —Nagel's point, the following relationship holds:

GO 1 GI © OH? + IN% = 90I?
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Marian Ursarescu-Romania
We have: OH? = 9R? — (a? + b? + ¢%), 01> = R? — 2Rr and in any AABC,1,G,N, —it’s
collinear and IN, = 3GlI.

2_ 2
ST16RMST™ = OH? + IN%2 = 901 &

But: IG? =
9R? — (a® + b* + ¢*) + s> —16Rr + 51> = 9R*> — 18Rr &
—(a? + b?> +c*) + s>+ 2Rr + 5r* = 0 and
a? + b? + ¢? = 2(s? —r? — 4Rr) then OH? + IN? = 90I* &
—25%+ 2r?2 + 8Rr + s + 2Rr + 51> = 0 & s? = 10Rr + 7r?
OH? + IN2 = 90I%> & s? = 10Rr + 7r2, (1)

GO L GI & GO? + GI? = 0I?

1 2 _16Rr + 512
@Rz—a(a2+b2+c2)+s 9r r = R? — 2Rr

& —(a? + b? + ¢*) + s* — 16Rr + 51 = —18Rr

& —2(s>—1r>—4Rr)+ s>+ 2Rr +5r* =0
& 52 = 10Rr + 7r%, means GO L GI & s? = 10Rr + 7r%, (2)
From (1), (2) we have: GO L GI & OH? + IN?% = 90I>

1660. In AABC the following relationship holds:

21,1 21,1, 2r .1, - 3h,hyh,
r:2+r: [ri+rz ri+riT momym,

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by George Florin Serban-Romania

hahph 2
We show that: —227¢ < =~

mgompme R
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2s52r?
3hahbhc < R 2s%r 21"
mumbmc_\/S(S—a)-\/s(s—b)-\/s(s—c) R rs-s R
Zrarb hqhph,
We show that: chc 22 2 g Z> p——
2 2
L + L
>1e -1)2>0
Zrarb - (ra rb) =

Let: f:(0,0) > R, f(x) = x_%, f'(x) = —ix_%, f'(x) = %x“g > 0 = f —convex.

f (x+y+z) < f(x)”(sy)ﬁ(z) (by Jensen inequality)

3
1

r2+71}
Z 21,1} 22\ Leye s, 2r b -4 Buler 2r
3L [ri+1% 34 Zr oT'b \ / =" = R

Solution 2 by Rahim Shahbazov-Baku-Azerbaijan

2xy 2yz 2zx 24xyz
Lemma: =
x%+y? + y2+z2 + 22+x2 T (x+y)(y+2)(z+x)

4xy _ 4xy

2x, 2x,
Proof:/zyzz z e 2
x“+y ’2xy(x2+y2) xXy+x4+y (x+y)

64x2y2z2
cyc x2 + y Z (x + y)Z (x + y)Z(y + Z)Z(Z T x)z

%2 95 3YK% >3k o k <1true.
(x+y)(y+2)(z+x) —

211 hghph mgmpm, R
Yeve 2“” 3—>3 asbZe - Zabx > — (Well known)
y +r mgmpme hqhph, 2r

my, = /Tt

1661. In AABC the following relationship holds:

3(Th N 3[T¢ L 3MaMmpm, 3m,m,m,
h,, h, h,hyh,

Proposed by Adil Abdullayev-Baku-Azerbaijan

If we take k =
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Solution by George Florin Serban-Romania

mompme R

We show that: hahohe = 2r

m,m,m, - \/s(s—a)-\/s(s—b)-\/s(s—c) _s'rs*R_R
h,hyh, — 25212 ©2s%2rz2 2r
R

1 2
Let be the function: f: (0,0) - R, f(x) = x = a3, f'(x) = %x“i,

5
2 -2
f'(x) = —5X3< 0 = f —convave, by Jensen f(
?
1 1 R
1y 3fa3fly  Ta o R _mempme
346Y¢ || h, 3<YCh, ~ 2r hghph,

1or, 1 S a R
R
3L.h, 3L.s—a 25 8r3

cyc cyc

x+§+z) > f(x)+f;y)+f(z) we get:

= < S —r—— = < -
s—a 6 r 8r3 3 r 38
cyc

R
12 a 1 4R-2r R* 2 R 1 1(R)3t=;22
- — . PN
6 r
3t3>16t—8 < (t—2)(t> + 6t —4) > 0 trueby t > 2 and
t?+6t—4>22+6-2—4=20> 0.Proved.
1662. In AABC the following relationship holds:

1 1 1 48(a’ + b? + c?)
A_,B" _,B._,C' _,C. LA~ ab+b
sinf5sin?5  sinf5sin’s  sin?gsin?s ab + bc + ca

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania

. B . C
We know that: AI = 4Rsm;sm5 = LA and analogs.
sin-
2

sin2 = [™" and analogs.
2 \/ 4R
R_a*+b*+c
2r — ab+ bc+ca
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-y 16R? and
cye 42 AI2 " 4Rr2

" and analogs, then

1 16R*(ro—r+1,—T+7,—7)

. A . ,B 4Rr?
oye sin? 5 sin? 7

1

So, we have: ¥, = ‘:—I: (4R+1r—3r) = i—f (2R-71)

A B
in2-¢in2=
sin 2Sln 2

We must show that: 2= (ZR —r)=>48- \[7

st

7 > 2 (Euler) :>

>3=>2R—r>3r=>2R>4r=>

R > 2r( Euler).Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

2 : = Z(l — cosA) = 8R(ZR —1) > 48Y a’> 96(s? — 4Rr —r?)
sin? gsmz ¢ rZ r2 =Y ab s? + 4Rr + 12

< R(2R —r)(s? + 4Rr + r?) > 12r?(s? — 4Rr — r?)

€Y
& (2R? — Rr — 6r2)s? + {R(2ZR — 1) + 12r2}(4Rr + r2) S 6r2s?
Gerretsen
Now,LHSof(1) > (2R?—Rr - 6r?)(16Rr — 5r?)
(a)

+{R(2R —r) + 12r?}(4Rr + r?)
Gerretsen
and RHSof (1) < 6r?(4R? +4Rr + 3r?) - (a), (b)
(b)

= in order to prove(1), it suffices to prove:
(2R? — Rr — 6r?)(16Rr — 5r?) + {R(2R —r) + 12r?}(4Rr +r?)
> 6r2(4R? + 4Rr + 3r?)

R
& 10t3 - 13t2 - 17t +6 >0 (where t= ;) & (t—2)(10t> + 7t — 3) = 0 - true

Euler
rA“ =
“t > 2= (1)istrue
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1 48 a?
Z B C > 2 (Proved)
sin? 5 sin? 5 Yab

1663. In any A ABC holds:
1 /a* b* c*
< —|—+—+—|<R+r?
16\r, 1, 1.
Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

4 4(c _
Zi—a = Za (s-a) <16(R®+rd) e Za“(s —a) <16rs(R®+r1r?)

rs

1
=N ZSZ at - ZZ a® < 32rs(R3 + r3)

Now, (Z a) (Z a4) = Za5-+2ab(a3 + b3 = ZsZa‘* - Zas

(3 - () (L) - T
Now, (Z az) (Z a3) = Z a® + Z{azbz(ZS — )} = 2sYa’b? + Z a® — abcz ab

(i)

- Yo S as( () ~zabe (Y ) -abe Y an— (34) ()
() + (i) > 25 ) at =2 ) a8
() (Y ) - abe Yo 25 (Y ab) - 2abe (3 o)
ane Y ab - (Y at) (Y o)

= 2s(s? + 4Rr + r?)(s? — 6Rr — 3r?) — 8Rrs(s? — 4Rr — r?)
+ 2s((s? + 4Rr + r?)? — 16Rrs?) — 4Rrs(s? + 4Rr + r?)
—4s(s%2 — 4Rr — r?)(s? — 6Rr — 3r?) < 32rs(R3 + r3)

@
& 4R3 + 12R%r + 11Rr? + 613 = (R + 2r)s?
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Gerretsen

Now,RHSof (2) < (R+ 2r)(4R? + 4Rr + 3r?) = 4R3 + 12R?r + 11Rr? + 613

= (2) = (1) is true
1 (a* b* D
e (L) 2 R 443
16<ra+rb+rc>_ tr

4 Bergstrom

] a " 4(s? — 4Rr —r?)2 /, 3
Agaln,z o = =>144r
a

4R +r

?
© s*— s2(8Rr + 2r?) + 16R?r? — 136Rr® — 35r* = 0
@)
Gerretsen

Now,LHSof (3) = s2(16Rr — 5r2) — s2(8Rr + 2r?) + 16R%r? — 136Rr3
—35r*

Gerretsen
> (16Rr — 5r?)(8Rr — 7r?) + 16R?r? — 136Rr3 — 35r*
a* b* c*

Euler (m)
~ ~ 1
= 144Rr’(R—2r) > 0= (3)istrue -~ 9r3 < R(r_a + o + I'_c>

1 /a* b* c*
(m),(n) = 9r3 < —<— +—+ —> <R3 + r3 (Proved)
16\r, 1, r

1664. In any A ABC,

min (3] mag) (Y )" (Y maves) (3 ) ) 2 51

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s — b)
= an,% + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)
=ag,2 +a(s—b)(s—¢)
~ an,?. ag,? > a?s%(s — a)?
& {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?(s—b) +c2(s—c) —a(s

@
—b)(s — ©)} S a?s%(s — a)?
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Lets—a=x,s—b=yands—-c=z.-.s=x+y+z=>a=y+zb=z+xandc

=Xx+y
Using these substitutions, (a)
e {zz+%? +yx+y)? —yz(y + DHy(z + x)* + 2(x + y)* —yz(y
+2)} > x%(y+2)?(x+y+2z)?
o xy? +xz2+y3+23>2xyz+yz(y+z) ©x(y—z)% + (y +2)(y —2)? = 0 > true

= (a) is true = n,g, > s(s — a) and analogs

B YT YRR JRT) XY ) y Lol
- {5 ) e
- (Y na) (Tw) £ 1
sain 3 a5 {21 o (25 eos3) - 3 e[
=sZ(s—a)=s2
- (T zhhb D)) = [
e~z (L) (o) )'sn
(m), (n) = min ((Z naga) (> hatn) (Y mawy) (> ay) >>—(Proved)

1665. In AABC the following relationship holds:
r r r m,mym
1+ 24+ 24> 2( a b< W“w”wc)
ha hb hc

Proposed by Adil Abdullayev-Baku-Azerbaijan

rarpre hahb hc

Solution 1 by Bogadan Fustei-Romania
We know that: %Rs2 > m,m,m,

T TpTe = Ss = s*r
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. A Tg—T _ T
sin?= =-2— 72 and analogs.
2 4R 2R hg

abc = 4RS = 4Rrs
2S = ah, = bh, = ch,
Te+71,+7.=4R + r. We have:

1 1 mompm 1 mgmpm, R mgmpm,
_RSZ_ > abc@_RSZ 22 abc®_2 abC(l)
rqlpTc rqlpTc 2 rs rqlptc 2r TalpTc

Z -zA 4-R+r—3r 4R—-2r 2R-r71T
sin“ - = =

2 4R 4R 2R
cyc
2R- a _ 2R a _ 2R
But: =~ = chc chcr =7—1=>1+ch€;—“=7, (2)
) 282
4S -2S8° = hyhyh. - abc = h,hyh, - 4RS = h,h,h, = R
But: S = st > §% = s2r? = Ssr = rr 1,
_2s% _or _ Talbre
So, h,hyh, = — = Tal'sTc™> ; = haohe

R WaqWpW,
) < — _ S s Ya¥b e aWpWce
But: w, < /s(s — a) \/rbrc and analogs, then - > PR , (3)

From (1), (2), (3) we get:

> 2 (mambmc WqWy Wc)

1422420
LA hahbhc

h, h, h, =

Solution 2 by Tran Hong-Dong Thap-Vietnam

R .
TaltbTe | Palb¥e o - (See www.cut-the-knot/triangle/all

We known Inequality:
9 y Tal'pTc hghph,

inclusivelnequality.shtml)

O]
_ mempm, . WqWpWe E
So, RHS =2 ( TalpTe hahbhc) = r
S S S
Ta Th Tc_ s—a_, s—-b_s—c_
LHS—1+h +hb+hc_1+ 25 + 25 +§ =
a b c

1/ a b c
:1+E(s—a+s—b+s—c)
1 a(s—b)(s—c)+b(s—c)(s—a)+c(s—a)(s—b)
3 G-aG-b)s-0

95 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
N 1 (a+b+c)s?—2(ab + bc + ca)s + 3abc

2 sr2
1 2s-s*>—2(s>+4Rr +r?)s + 12Rrs
=14
2 sr2
B 1 2s(s?—s?—4Rr —r%+ 6Rr
B 2 sr2
12Rr — r? 2R 2R by
=1+——=1+—-1=— > RHS.
T T T

1666. In AABC the following relationship holds:

T, rpr 2ur 1
al'vle P v p<-
W WpW, R 8

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

2vbc 2+/ac 2vVab \/_
w, = T, Wy = T ey W, = ——— = T T =
“ b+c b7 b ™ a + ¢ “eeTc a+b a’b
8abc
W WpWw, = T TpTe =

(a+b)(b+c)(c+a)

rarpre  (a+b)(b+c)(c+a) 2s(s>+4Rr +1?) —4Rrs
W WW, 8abc B 8- 4Rrs

_ 2s(s> +4Rr +1? —2Rrs) _s? + 2Rr +1?

8- 4Rrs 16Rr
So,
Tal'pTc +2m‘>1+ sz+2Rr+r2+2ur(;)1+
&
WaWpWe R K 16Rr R — K

But: s > 16Rr — 512 (Gerretsen) = s? + 2Rr +r* > 18Rr — 4r? =

s’ +2Rr+71* 2ur - 9 r 2ur®»

4+ 51
16Rr | R °8 arT R = 1tH
9 (1-8wr 1-8u (1-8uwr
_ - > >
(%) & 8+ AR >1+pue Y (true)

Because: u < % >1-8u=0R=2r> ﬁ < %. Proved.
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1667. In AABC the following relationship holds:

st —r,ry, st—ryr. s*—r.r, < (1 r)
s24r,ry, st+ryr, sE+roa,

Proposed by Marin Chirciu-Romania

Solution 1 by George Florin Serban-Romania

SZ
2 _
ZSZ—TaTb_ZS (s—b)(s—c)_zsz—s(s—a)_
S2+r,r, 5 52 S List+s(s—a)
cyc cyc S +(S—b)(S—C) cyc
_ZSZ_S2+aS_Z as _z a
- s2s—a) Lis2s—a) Lib+c
cyc cyc cyc
2s% —2r% — 2Rr

=g IR S 3(1—%),R22r>r:>
2Rs? — 2Rr? — 2R*r < (3R — 31r)s%? + 3Rr? — 313 + 6R?*r — 6R1?
(3r —R)s?> < —Rr? — 313 + 8R*r
If 3r — R < 0 = (2r — R)s? < 0 we show that - Rr% — 3r3 + 8R?>r > 0

R
t=—2>2
8R2—Rr-3r>0—8t2-t—-3>0

8t2—t—-3=t(8—-1)—3>2(8-2—1)—3 =27 > 0.True.

|f3r—R>0:>3r>R:>t=§<3:>te[2,3)

(3r — R)s? (g) (3r — R)(4R? + 4Rr + 31%) < —Rr? — 31 + 8R?*r
3B-t)(4t? +4t+3) < —t— 3 + 8t?
203 -5t—6>0 © (t—2)(2t? + 4t + 3) > 0 true from
t>2and2t>+4t+3>0,Vt > 2.
Solution 2 by Tran Hong-Dong Thap-Vietnam

SZ

2 SZ— 2 _ _

S5 —Tal'p (s—a)(s—b) s"—s(s—¢c) ¢ ¢

52+7‘a7‘b_sz+ 52 "~ s2+s(s—c) 2s—c a+b
(s—a)(s—b)

Similarly:
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s’—=ryre b s*-ro, ¢

s2+ryr. a+c’'s?+ror, a+b

1 r_1 (a+b—-c)(b+c—a)(c+a—D>b)
R 2abc
We need to prove that:
a b c +b—-c)(b+c— +c-b
N N _31_(a c)b+c—a)a+c—b)
b+c c+a a+b 2abc

abc—(a+b—c)(b+c—a)(a+c—b)
abc

a+b+c
b+c c+a a+b

— )2 —
%Z @ J(rbb)(:z)+ c)l < ZZ [b zape 0]

3(b+c—a) 1
Z [( 2abc N (a+b)(b+ C)> (b — c)zl >0

cyc
_3(b+tc-a) 1 _3(b+c—a)(a+b)(b+c)—2abc
*  2abc (a+b)(b+c) 2abc

3 3
__S_
22

We need to prove: S, > 0 < 3(b+c—a)(a+ b)(a+ c) — 2abc (*>) 0
let:a=y+zb=z+x,c=x+y,(x,y,2>0)
Suppose: x = max{x,y,z}=>x>y;x >z
o bx(x+y+22)(x+z+2y)—2(x+y)(y+2)(z+x)>0
2[3x3 + 8x%(y + z) + 5x(y* + z%) + 13xyz — yz(y + z)] > 0
2[3x3+8x%(y +2) +5x(y + 2)2 + 3xyz—yz(y+2)] > 0
2[3x3 + (8x% + 5(xy + x2z) — yz) + 3xyz] > 0
Which is clearly true because:
x>+ 5(xy+ xz) —yz > 8yz+ 5(zy + yz) — yz = 17yz > 0 = () is true.Proved.
1668. In AABC the following relationship holds:
Te—hy 1mo,—hy 7r.—h, 2r
r:+hz+r::+hz+rc+hc+_ 1

Proposed by Rahim Shahbazov-Baku-Azerbaijan
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Solution 1 by Tran Hong-Dong Thap-Vietnam

&_1 L—l a -1
ru—hu_l_rb_hb rc_hC_Zha _\'2(s-a) _N\N'b+c—a
reo+h, 1o+h, r.+h, ZLiTa_,q a B a
“ @ b boe ¢ CYCha+1 CYCZ(S—a)+1 CJ’Cb+c—a+1

2r_(a+b—c)(b+c—a)(a+c—b)
R abc
Let:x=b+c_a;y=a+c_b;z=a+b_c;0<xyz§1=>
a b c
1 11 1 . 1 . 1 _
x+2 y+2 z+2 bt+c—a at+c—b a+b—c
—a + 2 — 5 +2 — < + 2
a b c
=lexyzt+xy+yz+zx=4

=a+b+c+a+b+c+a+b+c
More, (xy + yz + zx)? > 3xyz(x + y + 2)

xy+yz+zx)? (4-—xyz)?
x+y+zs(y y )" _(4—xyz)
3xyz 3xyz

Inequality becomes as:
R S S R
1+x 1+y 1+z xyz =

(xyz)®? + xyz(xy+yz+zx+x+y+z—3)—2(xy+yz+2zx) +2<0

(xyz)®? + xyz(4 —xyz+x+y+z—3)—2(4—xyz) +2<0
(xyz)? + xyz(1—xyz+x+y+2)+2xyz—6<0
xyz(x+y+z)+3xyz—6<0
Let: t = xyz (0 < t < 1). We need to prove:
4 — t)? 1
( ) +3t—6§0<—>§(4—t)2+3t—6S0<—>

t.
3t
(4-10)2+9t-18<0ot?+t—-2<0o (t—1)(t+2) <O0true,

because 0 <t<1-t—-1<0;t+2 =2 > 0.Proved.

Solution 2 by Avishek Mitra-West Bengal-India
S 28
Q_Zra_ha_ m‘;_z 3a-2a _ZZa—(b—l—c)_
- Luir,+h, S _I_E_ a+2s—2a b+c
cyc s _a a cyc cyc
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_Z a _3
Lib+c

cyc

a a+b+c 1 X(b+c)c+a)
g =) = —3=2s| ) —3=2s-
b+c b+c b+c [I(a + b)
cyc cyc cyc
Y.(ab + bc + ca + ¢?) Yc2+3XYab

S'Zab(a+b)+2abc B S'abc+2ab(23—c)_
2(s> —4Rr —1r*) + 3(s> + r%> + 4Rr)

=2s 2s(3 ab) — abc 3=
s 552 +r? + 4Rr 3o 552 +r? + 4Rr e
2s(s2+ 1%+ 4Rr) — 4Rrs 2s(s2 +1r% + 2Rr)
5s2+ 12 + 4Rr 25?2 — 2Rr — 2r?
=sz+r2+2Rr_3= s2+1r2+ 2Rr
_432—4Rr—4r2_3 _ 52 —10Rr — 7r?
s2+ 12+ 2Rr s2+1r2+ 2Rr

2r _ R-2
Needtoshow,ﬂSl—?r: Rr

s?—10Rr —7r* R -—2r
<
s2+ 12+ 2Rr R
R(s?> —10Rr —7r2) < (R—2r)(s* +r? + 2Rr) &

L d

2s5% < 2R? + 2Rr — r? but form Gerretsen s* < 4R? + 4Rr + 317 need to show:
4R?* + 4Rr + 31> < 2R*+2Rr — 1> © 2R* - 2Rr - 41> > 0 ©
2(R —2r)(R + 1) = 0 true from R > 21 (Euler).Proved.
1669. In right AABC the following relationship holds:

m2 m: m? 13

sz s2 st 4
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by George Florin Serban-Romania

zmﬁ_z b? + ¢? 2;13
sz 2bc | T 4

cyc cyc
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2

Z (2 + %) = (tanB + cotB)?* + (

cyc

sinB cosB

(

cosB sinB

2
) + (sinB +

sin’B + cos*B

Z(bz + c?

bc
cyc

sinB

sinBcosB

(

g

1
sinBcosB

2
) + (sinB +

sinB

2
) + (sinB +

sinB

1 2
—) + (cosB +

1
—) + (cosB +

;

2
)213

1
cosB + ——
c

2

osB

2

+ (cosB +

Let: x = sinB,y = cosB,x* + y* = 1,x,y > 0

S

cyc

_x2+y2 12 12_x2+y2 2 i 2 l l
=St (x4l) () =z gt 252135 2(5 45
8—>i2+i224truefrom
xt oy
1 1 Bergstrom (1_|_ 1)2
J— J— > _— =

c

b =

z 1

2

2

(2 e

2 2

Solution 2 by Soumava Chakraborty-Kolkata-India

WLOG, we may assume A = 90° .. a? = b? + ¢?

S,

m; m; m¢

s3  si st

1(/b?% + c?

)

_ 2bcm,
~ bZ+c2

1

c2 + a?

and analogs

) + (sinB +

)

cosB

a? + b?

1 \2
sinB)

2

2

2

)

e

bc
(c? + b? + ¢?)?

)+

ca

(b? + c* + b?)?

ab

)

4

[

bc

(

b2 + c?
bc

1

4

) +

2
) * c2(b? + ¢2)

1

bZ(b? + 2)

bZ + ¢2 c?

{

(b2 +2c)?  (c? +2b7)”

bZ

}
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Berg,;.f“’m 1 {(b2 + cz)z L P2 e+ 2b2)2} 1 {(bz + c2>2 s 9}2“ LI
-4 bc (b% + ¢2)2 4 bc T4
13
4
1670. In AABC the following relationship holds:

2 .2 .2
ra 1y 1i (U4 3)rerpr,
M+ —S+5+52 ,U<5
ri 12 rk W WpW,

Proposed by Marin Chirciu-Romania

Solution by Rahim Shahbazov-Baku-Azerbaijan

r2 r2 r: 8r,rr
5+t 24+ >—2025 (1)
2 r: i wowpw,
2 2
r (a+b)(b+c)(c+a)
(1) >5+2pbyle c >
s A abc

2 2 2
rg T, T¢ ( 1)

6+—+— > b +—); (2
+r,2,+r§+r,21 (a+b+c) b - (2)

Leta=x+yb=y+zc=z+x->

y? 1 1 1
6+—2+—2 —>2(x+y+z)( + + )—>
y? z2  x? x+y y+z z+x
x* y* z? 2 2 2 a?>2a-1
—2+—2+—22 + + ,(3)—>

y2 z2 x?2 x+y y+z z+x
x? x 3) X z x z 3
—=22-—1->—-+4 X+ = + 4 + +5-
y? y y z x y+z z+x x+y 2
Xz Xy yz 3

y(y+z)+z(x+z)+x(x+y)25

Lhs — Z (xz)? S (xy + yz + zx)? > 3
xyz(y+z) 3xyz(x+y-+z) 2
yc
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1671. In AABC the following relationship holds:

3(a2+b2+cz)+ a’?+b*+c* R
(a+ b+ c)? ab+bc+ca” r

IA

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania

R abc+a®+b3+c3

—> ; (1
r 2abc (1)
3 3 3 2 2 2\ 2
x> + +z 1 x° + +z
x,y,z>0:y—+—2 rry Tz ; (2)
4xyz 4 Xy +yz+zx
R(l)a3+b3+c3 1@ (a®+b2+c2\°
> _—t -2 |
4abc 4 ab + bc + ca
R a*+b*+c? R>2r R a’ + b% + c?
S —>1 —> — > —
2r ab+bc+ca 2r 2r ab+bc+ca
a?+b?+c? 3(a2+b2+c2)
We show that: ab+bc+ca (a+b+c)?

1 3

> 2 S
ab+bc+ca_(a+b+c)2_>(a+b+c) > 3(ab + bc + ca)

a? + b%? + c? + 2(ab + bc + ca) = 3(ab + bc + ca) -
(a—b)?+b-0c)+(c—a)>2=>0

] a?+b?% +c? > a?+b?+c? | 3(a?+b%+c?)
ab+bc+ca — ab+bc+ca (a+b+c)?

So,i =
2r
Equality holds if a = b = c.
Solution 2 by Soumava Chakraborty-Kolkata-India

LHS = 2( 2 _ 4R 2)( 3 " 1 ) _ (SZ — 4Rr — 1‘2)(752 + 12Rr + 31‘2)
- &S T \as2 T2y aRr + 12/~ 2s52(s2 + 4Rr + r2)

R
< —
r

& s*(2R—7r) + s?(8R%*r + 18Rr? + 4r3) + 3r3(4R+r)2 > 0

)
& s*(2R — 4r) + s2(8R%r + 18Rr? + 4r%) + 3r3(4R + )% 3 3rs*
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Gerretsen

Now,LHSof (1) <  s2(16Rr — 5r2)(2R — 4r) + s2(8R?r + 18Rr? + 4r3)
(@
+3r3(4R + r)?

Gerretsen
and RHSof (1) < 3rs?(4R? + 4Rr + 3r?%) . (a), (b)
(b)

= in order to prove (1), it suffices to prove :
sZ(16Rr — 5r2)(2R — 4r) + s%2(8R?r + 18Rr? + 4r3) + 3r3(4R + r)?
> 3rs?(4R? + 4Rr + 3r?%)

& s%(28R? — 68Rr + 15r%) + 3r2(4R+1)2 >0
@)
& s2(28R —12r)(R — 2r) + 3r?(4R + r)? > 9r2s?
Gerretsen
Now,LHSof (2) > (16Rr - 5r?)(28R— 12r)(R - 2r)
(©

Gerretsen

+3r?(4R+r)?and RHSof (2) < 9r?(4R? + 4Rr + 3r?)
(d)

~ (c),(d) = in order to prove (2), it suffices to prove
: (16Rr — 5r?)(28R — 12r)(R — 2r) + 3r2(4R + r)?
> 9r2(4R? + 4Rr + 3r?)

R
& 56t3 — 152t2 +89t— 18>0 (where t= F) e (t—2){(t—2)(56t + 72) + 153}

Euler
>0->true~t > 2= (2)=> (1)istrue

.3(a2+b2+c2)+a2+b2+c2
(a+b+c)? ab + bc + ca

< T (Proved)

1672. In acute AABC the following relationship holds:

2<h3 i hg)s o Py P g
m, m, m.

Proposed by Adil Abdullayev-Baku-Azerbaijan

104 RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Rahim Shahbazov-Baku-Azerbaijan

B-C h
Lemma 1: cos (—) ==
2 mg

Lemma 2: cos(B—C) < % (for acute triangle)
B—-C c-A A—B h
1) - (cos2 5 + cos? 5 + cos? > ) < z—a +3

m,
cyc

h h h
cos(A—B) + cos(B—C) + cos(C—A) < e b e
m, my m,

Aj=——"—— AA; >m —>cos(B—C)<ﬁ
1 cos(B—C)’""1 =" ~m,

Solution 2 by Soumava Chakraborty-Kolkata-India

y 2 o ) 4r?s?\ (2b% + 2¢%? — a?)
h,m, <s(s—a) © him; <s“(s—a)* &

" 2 < s?(s—a)?

16r2s?

& ———(2b% +2c¢* —a®) < (a+ b+ ¢)?(b +c—a)?

a
& (ZZ a’b? — Z a4) (2b% + 2c? —a?) <a?(a+b+c)?(b+c—a)?
& b® + ¢® — b*c? — b%c* + a*b? + a*c? — 2a*bc — 2a%b* — 2a%c* + 2a%b3c
+ 2a’bc3® > 0
& (b% + ¢2)(b% — ¢?)? + a*(b — ¢)? — 2a%(b* + ¢* — 2b%c? + 2b%c?) + 2a%bc(b?
+c¢2) =0
& (b? + c?)(b? — ¢?)? + a*(b — ¢)? — 2a%(b? — c?)? + 2a’bc(b—¢c)? > 0
& (b?% + c?)(b% — ¢?)? + a*(b — ¢)? — 2a%(b? — c?)?
+a?(b-c)*{(b+c)2—-((b*+c®)}>0
& (b% + c?)(b%? — c?)?2 +a*(b—¢)? —a%(b? — c?)2 —a?(b? +c?)(b—¢c)2 >0
& (b%2 — c?)%(b? + c? —a?) —a?(b—c)?(b?+c2—a%) >0
& (b2+c2—-a%?)(b—c)?’(a+b+c)(b+c—a)=0- true

1)
2+ b? 4+ ¢2 —a? > 0 as A ABC is acute — angled - h,m, < s(s — a) and analogs
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" z z hZ Bergstrom » ha)z by (1) an;l analogs (s 2 4 4Rr + 1'2)2
ow, = 3 =
m,h, Y m,h, 4R? ) s(s — a)

(s + 4Rr + r2)2 ® 12RZSZ + (s + 4Rr + r2)?

4R2s2 4R2s?2

Avai ZZ h2 B Z 8r?s2(b + c)%bc 1 Z:bc(s+s—a)2
gam, w2 Z.a?.4b2c2s(s—a) 8R? s(s —a)

1 bc{s? + (s —a)% + 2s(s — a)}
~ 8R2 Z s(s —a)

81122{ Zsec _+Zbc(s—a) ZZab}

1
= @{s2 + (4R +1r)? + 3(s? + 4Rr + r?) — 12Rr}

D452 + (4R 4 1)? + 3r2

= LHS = 3RZ
12R?%s? + (s? + 4Rr + r?)? - 4s% + (4R +r)? + 3r?

4R2s?2 - 8R?2

(@
& st —s2(4R? + 4Rr) —r2(4R+1)2 2 0
Gerretsen
Now,LHSof (a) < sZ(4RZ%+4Rr + 3r2) — s2(4R? + 4Rr) — r2(4R + r)?
Trucht

=r2(3s2 — (4R+1)?} <
1673. In AABC the following relationship holds:

(i), (i) = it suffices to prove :

w, N Wy N w, - 24abc
Jss—a) Js(s—b) Js(s—c¢) (a+b)b+c)(c+a)
Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Avishek Mitra-West Bengal-India
2Vbc-s(s—a
Ly T ZZ\/_CA"! Gm
Js(s—a) Js(s—a) b+c —

cyc cyc cyc
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33 8abc
- (a+b)(b+c)(c+a)

Need to show:

3. 3 8abc - 24abc
(a+b)(b+c)(c+a)  (a+b)(b+c)(c+a)

- 8abc - ( 24abc )3
(a+b)(b+c)(c+a)  \(a+b)(b+c)(c+a)

(a+b)?2(b+c)*(c+a)? >

(abc)2 which is true from
278

a+b=>2Vab,b+c>2Vbc,c+a=>2Jca—
(a+ b)(b+c)(c+a) =8abc —
(a+ b)2(b + ¢)?(c + a)? > 64(abc)?

1674. In any AABC, n, —Nagel’s cevian, the following relationship holds:

9 r R n%2 ni n? m2+w2 mi+w: m?+w?
< < <2 +
bc ca ab

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Bogdan Fustei-Romania

s? = n2 + 2r h, and analogs

“About Nagel and Gergonne cevians-R.M.M.-article”

2
s¢ 2rgqhg _
e = be + be ,bc = 2Rh, and analogs.

l+l 1 1 s? ng 2rsh, ni 1,
r

h, h, R, bc bc ' 2Rh, bc R

So,we have:
2

s* s? N Z n? L Ta +71, + 71, r“”"”"‘“”rz 4R + 71
bc ca ab Lubc R be +
2

1 1 1 n2 4R+t n2 s*?-2r(4R+ r)
Sk )-SR
2R\h, h, h, bc R bc 2Rr
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r+R 2R? + 12 9<2R2+r2 ORr < AR + 272
-t -=-————> =< —— >
2R r 2Rr 2 Rr r=s r

Euler

R
4R? + 2r? —9Rr > 0 — 4t% — 9t+220<—>(t—2)(4t—1)20truefort=7

>24t—1>0
9
l<—_—+2 1
4_2R+ ; (1)
r R 2R*+1* s2-2r(4R+71)
r  RK_ < 2R? + 12 < s — 2r(4R
2R T 2Rr = 2Rr = 2R*+ 17 <" —2r(4R +7)

2R? + 1% + 8Rr + 21% < s? & 2R? + 8Rr + 3r? < s?(Walker Ineq.)

TR

n, < m, +w, » n2 < (m, + w,)? and analogs.

Ix2;y22x+y (Qm — Am)emi;rwiz(m“:w“)ze

2(m? + w?) > (m, + wy)? - n2 < 2(m?2 + w?) and analogs.

nZ  2(m2+w?)
bc bc

nz m2 + w?
ZE <2 Z bc '’ 3)
From (1), (2), (3) the inequality is proved.
1675. In AABC the following relationship holds:

75253>(2\E+1) Zstz, th,L

cyc cyc cyc
Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

z z (SZ)Z Bergstrom c Sa)z D Sa) < Sa) Sazha
Sa = 2 Ys, Y. Saq

cyc cyc
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_EsHERY
> TS,

ny sz g (L)X Y oY)

cyc cyc cyc

7s
(x) o 5

>2\/E+1<—>7s>(2\/§+1)23a

cyc

Sa

Zsa < Z,/s(s— a) Bg \/3[s(s— a)+s(s—b)+s(s—c)] =sV3

cyc cyc

So, we need to prove:
2 2
7s > (2V2+1)-sV3 7> (2V2+1)V3 o (7-V3) > (2V6) ©
2 > /3 & 4 > 3.True.—~ (%) is true.Proved.

1676. In acute AABC the following relationship holds:
z:(sinA)Zt“"Z“1 + z:(sinA)Zs"’Cz“1 <3
cyc cyc
Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

=1+ tan?A

1
sec’A = —;
cos“A

=1+ tan’B

2p _
sec’B =
0s’B

=1+ tan®C

2,0 _
sec“C =
cos%C

Z(SinA)ZtanzA + Z(SinA)ZseczA —

cyc cyc

= Z(SinA)Zta"ZA + Z(Sl-nA)Z(lHanZA) — z(l + SinzA)(sinA)Zta"ZA

cyc cyc cyc
- 2(1 + sin?4)(sin%4)tan*4 =
cyc

For0 < x < g let: f(x) = (1 + sin?x)(sinx)tan’x
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f'(x) = 2tanx - sec®x - (sin?x)"*"**[2cos%x + (1 + sin?x)log(sin?x)] =

= 2tanx - sec?x - (sin?x)""°*[2(1 — sinx) + (1 + sin?x)log(sin%x)] =
= 2tanx - sec?x - (sin%x)!"°* - p(sin?x)

T
0<x< 57 tanx > 0,sec’x > 0,sin’x > 0, tan’?x > 0 -

. 2
2tanx - sec’x - (sin?x)tav’* >

et)=2(1-t)+ (1 +t)logt; ( t = sin’x,t € (0, 1))

t+1
Q'(t)=-2+ logt+T

; 1 1 t-1
vO=1"p="p
P! 0,1)=2¢9't)>p'(1)=-24+0+2=0> ¢(t) 7(0,1)

spep)<p(1)=21-1)+1+1)-0=0

<0,te(0,1)

Hence, f'(x) < 0 (0 <x< g) = f(x)1(0,1)

1
flx) < f(o*) = ,}L%!r flx) = J}il(l);r(l + sinzx)[(sinzx)s""zx]m =1

- f(x) < 1,(0<x<§)
So,0<1+1+1=3
1677. In acute AABC the following relationship holds:
MmyS, + mys, + m.s, < s*
Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam
In acute AABC

m,s, < s(s—a)

2bc a+b+c b+c—a
Ma'pzrg Me="75 '~ 3 ©
2. 2bc (a+b+c)(b+c—a)<_)
¢ bz +c2 ™ 4
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2(b%> +c*) —a* 2bc (a+b+c)(b+c—a)
. < o
4 b? + %~ 4
2bc[2(b? + c?) — a?] < [(b+ ¢)? — a?](b? + ¢?) &
[4bc — (b + ¢)?](b? + ¢?) + (b%? + ¢ — 2bc)a? < 0
—(b%? — 2bc + c®)(b? + ¢?) + (b?> — 2bc+ c*)a* < 0
(b%? — 2bc + c®)[a? — (B> + )] <0
—(b—-c)*Bb*+c*-a®>) <0
Which is true, because: AABC acute— b? + c¢?2 > a?;—(b—¢)> <0

Similary:
mys, < s(s—b); m.s, < s(s—c)
m,s, + mys, + m.s, < s(s —a) + s(s — b) + s(s — ¢) = s?

1678. In AABC the following relationship holds:

R
ab + bc + ca > 4V3S - 524\@5

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

R R
ab + bc + ca > 43S - /aﬁ(ab+bc+ca)2248-sz-a@

abc
(a+b—c)(b+c—a)(c+a—b)

(ab + bc + ca)? > 48s(s —a)(s —b)(s —¢) -

(ab + bc + ca)? >

> 48 - (a+b+c)(a+b—c)(b+c-a)(c+a-b) abc
16 (a+b—c)(b+c—a)(c+a—b)

(ab + bc + ca)? > 3abc(a+ b + ¢)

Which is true because:
X+Y+2)?>3XY+YZ+ZX),X=ab,Y=bc,Z=ca=>
(ab + bc + ca)? > 3abc(a+ b + ¢)
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R R
R>2r-—> 1:4\/55-\[:24\/55
2r 2r
1679. In AABC, g, —Gergonne’s cevian, the following relationship holds:
a? + b% + c? > 4V3 - max (&@&) > 45V3
ha hb hc
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Bogdan Fustei-Romania

h,<g.,= % > 1 and analogs.
a

ga < Al + r (triangle inequality)< w, < \/s(s —a) <m, =
9da ~ Ma

ha = hq

and analogs.

&&&):ﬂ

Let be max (
ha ’ hb ’ hc ha

We show that: a? + b% + ¢2 > 4/3 - %

a

m m
25=aha=>a2+b2+c222S-2\/§-h—a=aha-2\/§-h—a=2\/§-ama
a a

4m? + 3a? = 2(b? + ¢?) — a® + 3a® = 2(a® + b? + ¢?)
4m2 = (2m,)?, 3a? = (a\/§)2then 4m? + 3a? Am;m 4+/3am,
2(a? + b? + %) = 4V3am, = a* + b? + ¢ > 2+/3am,
Simillary:
a? + b% + ¢ > 2+/3bm,,
a? + b? + ¢ > 2+/3cm,

So, a + b% + ¢% > 4v/3 - max (&,@,&) > 45V3
ha hb hc

1680. In acute AABC the following relationship holds:

m,m, +mym,+m.m,

cos(A— B)cos(B—C)cos(C—-A) <
( )cos( )cos( ) mZ + 2+ m2

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Rahim Shahbazov-Baku-Azerbaijan

mZ+m?+m?

R
Lemmal. — >
2r momp+mpme+memg

Lemma 2. cos(A — B) < % (for acute AABC)

Lemma 3. hohphe _ 2r
Tql'pTc R
We have
h,h,h h,hyh, 2r m>
cos(A — B)cos(B — C)cos(C — A) < — be L abx =—SL
mymym,” r,rpr. R = Ym,m,

R S mym, +mym;,+m.m,
= —
= 2 2 2
2r mg + my + mg

Solution 2 by Soumava Chakraborty-Kolkata-India
cos(A — B)cos(B — C)cos(C— A)

—(2 :A—B 1)(2 :B—C 1)(2 A 1)

= COS 2 COS 2 COS 2
R ) L=
= COS 2 COS 2 secC 2 COS 2

. 2 A
N Z ,B—C Z (b + c)?sin? 2 1 Z be(b + ¢)?
ow, ) cos = = > —
2 16stin2%c052% 16R"s s—a

1 z:bc(s+s—a)2
~ 16R2s s—a

_ 1 Zbcs2+2b+b( o1 {32 2A+32b 3b}
_16RZS s_a SDC ClS a —16RZS S secC 2 S a apc

5 5 4s? + (4R + )% + 3r?
+ 3s(s* + 4Rr + r?) — 12Rrs| = 16R2

1 5 (2 + (4R +1)?
16R%s |° s2

1}

Z ,B—CD4s?+ (4R +r)? + 3r?
=
8T 16R?
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. 2 A A
Asai z ,B—C z 16R?sin? Ecos2 5 16R?s(s — a)a
gain, ) sec = = 2
2 (b + c)ZSiHZ% 4Rrs(b + ¢)

a(b+c— a)()ZR
_rz (b+c)2 {Zb+c Z(b+c)2}

N Za(c+a)(a+b) Y a(3 ab + a?)
ows Z b+c [I(b+¢) ~ 2s(sZ + 2Rr + r?)

2s(s2 + 4Rr + r?) + 2s(s? — 6Rr — 3r2) (23 2s2 — 2Rr — 2r?2

2s(s2 + 2Rr + r?) ~ s242Rr+r?
a? 3 (2s—(b+ c))2
and, ) bto? ). b + 02
N\ 4s?—4s(b+o)+ (b+c)2(ﬂi)4 , [2{(c+a)?(a + b)?}
- Z (b + ¢)2 - TIb + o)} l
Y(c+a)(a+b)
[1(b + ¢)

Z{(c +a)?(a+b)*} = z (z ab + aZ)2 = Z {(Z ab)2 + 2a? Z ab + a4}

_3 (Z ab)2 +2 (Z ab) (Ta2) + ($a?)? — 23a’b?

=(2.2

) (Z ab) (Ya?) + (Ja?)? + 2Ya?b? + 4abc(2s) — 2Ya’b?
(Z ab + Ya? ) + 32Rrs?
= (3s?2 — 4Rr — r?)? + 32Rrs?

(ii)
Z{(c +a)?(a +b)?} = (3s% — 4Rr — r?)? + 32Rrs?

Again,Z(c +a)(a+b) = Z (Z ab + a2 = BZab + Ya?

=Za2+Zz:ab+z:ab=452+sz+4Rr+r2

(111)
Z(c+a)(a+b) = 552 + 4Rr +r?
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2
a

n(b + ¢) = s+ 2Rr + r? .. (i), (ii), (iii) = z b1o?

_ 4s*{(3s> — 4Rr —r?)? + 32Rrs?} 4s(5s® + 4Rr +r?) 3

B 4s2(s2 4+ 2Rr + r?)? 2s(s? + 2Rr + r2)

_ (3s? —4Rr —r?)? + 32Rrs? — 2(5s% + 4Rr + r?)(s*> + 2Rr + r?) + 3(s? + 2Rr + r?)?
a (s%Z + 2Rr +r?2)2
_ 2s* —s?(8Rr + 12r?) + 12R’r? + 8Rr> + 2r*
(s?2 + 2Rr +r2)2

+0)?2 (s2 4+ 2Rr + r2)?2

a?  W2s* —s2(8Rr + 12r?) + 12R%r? + 8Rr3 + 2r*
= Z @

2),(3),(4) = Z sec? > ; ¢

_ 2R 2sZ — 2Rr — 2r?
N s2 + 2Rr + r2

r

2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*
(s%Z + 2Rr + r2)2

®) 2R [(2s? — 2Rr — 2r?)(s? + 2Rr + r?) — {2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr® + 2r%}
T r (s2 + 2Rr +r2)2

Al 81—[ ,B—C 81—[(b+c)zsin2%
so, cos =

2 a2
o, [4s%(s® + 2Rr +1r?)? r? (2 (s? + 2Rr +r?%)?
B 16R2r2s?2 16R2) 8R*

(s? + 2Rr +r?)?
8R*

B {(s2 +2Rr + rz)z}ﬂz[(zﬁ — 2Rr — 2r%)(s? + 2Rr + r?) — {2s* — sZ(8Rr + 12r?) + 12R?*r? + 8Rr? + 2r*}

(a),(1),(5),(8) = cos(A—B)cos(B—C)cos(C—A) =

16R* r (sZ + 2Rr +r2)2

4s? + (4R +1)? + 3r?
+ -1
8R?
= cos(A — B)cos(B — C)cos(C

™r(s?+ 2Rr +r2)? — Ro + R*r{4s? + (4R + r)? + 3r%} — 8R*r

-A) 8R*r
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(where o = (2s% — 2Rr — 2r?)(s? + 2Rr +r?)

—{2s* — s?(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*})
Tereshln (bz + CZ)(CZ + aZ) 3 ZaZbZ + Z a4
Now,z m,m,, Z =

3 Y a’b? + ) a’b?
= >
16R? 16R? 16R?
2.2
b“c th
4R?
3Y a? ,
m?2 + mi + m? Zm a 3R?Y a’ . R
2 202\ 7z =or
m,m; + mym, + m.m, Zh Z(b c ) Y.a%b 2r
4R?
& Z:azb2 % 6er a?
()]
Lets—a=x,s—b=yands—c=z.-3s—2s=)x=>a=y+zb=z+xandc
=x+y

c o) @+ a2 en D N gy
e 2(Yx) {Z(y +2)%(z + x)z} >3 {ﬂ(y + z)} {Z(y +z)

(a)
@sz +xyszy—Zx3y2 —Zx2y3 S0
Now,F(x,y,z)

=2x5+xyz2xy—zx3 2

Z x“y~ is a homogeneous and symmetric polynomial

Chebyshev
F(xy,0) = x° +y° —x3yZ —x%y3 3 E(X3 +y3) (% +y?) — x3y?
A-G
x?y? > xy(x® +y3) - x3y2 — x%y3
> x%y?(x+y) —x3

—x%y3 =0 =|F(x,y,0) > 0|
F(x1,1)=x5+1+1+x(x+1+x)—x3—1—x2—x —1-x3=x%-2x3+x

=x(x*-1)220=F(x,1,1) > 0|
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m? + m§ + m?

R
> i < —
by SD5 theorem,F(x,y,z) = 0 = (q) = (p) is true = N “m, o S 2r

(m)
m,m;, + mym, + m:.m, S 2r

mZ + m{ + m? R
~ (m), (n) = it suffices to prove

1(s? + 2Rr +r?)? — Ro + R?r{4s? + (4R +1r)? + 3r?} - 8R*r 2r

8R*r R
<0
r(s? + 2Rr + r?)? — Rr + R?*r{4s? + (4R +r)? + 3r?} — 8R*r — 16R3r? -
[—4
8R%r -

O
& s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R%r?2 + 8Rr3 +r* < 0

A ABC is acute — angled, Walker and Gerretsen
= (s? —2R?> — 8Rr — 3r?)(s? —4R* —4Rr - 3r?) < 0
= in order to prove (u),
it suffices to prove : s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R?r? + 8Rr3 + r*
< (s? —2R? — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?)

W
& (R + 2r)s? < 8R3 + 7R?r + 7Rr? + 2r3

Gerretsen ?

Now, (R+2r)s2 < (R+ 2r)(4R? + 4Rr + 3r2) < 8R3 + 7R?r + 7Rr? + 2r3

ks R
© 43 -5t2 -4t—-4>0 (wheretz F)
? Euler
& (t—2)4t2+3t+2)=>0->true~t > 2= (v) > (u) is true

m,m, + mym, + m:.m
-. cos(A — B)cos(B — C)cos(C — A) < — b pM cm,

mZ + m? + m?2

1681. In acute AABC the following relationship holds:

ab + bc + ca)2
a? + b? + c?
Proposed by Adil Abdullayev-Baku-Azerbaijan

cos(A — B)cos(B — C)cos(C — A) < (
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Solution 1 by Rahim Shahbazov-Baku-Azerbaijan

Lemma 1. cos(A — B) < :T“ (for acute)

Lemma2. mymym; = r,r,r,

hgahph 2r
Llemma3. 22t ==
Tal'pTc R

3

R a?+b%+c?
Lemma a. £ > (£22)
2r ab+bc+ca

If use lemma’s

hahohe _ hohphe _ 27 _

cos(A — B)cos(B — C)cos(C—A) < < =
momym, 7r.,rpr. R

2r (ab+bc+ca)2 R a? + b% + ¢2\*
o) 22—
R a? + b? + c2 2r ab + bc + ca

Solution 2 by Bogdan Fustei-Romania

We have:

R abc+a®+b3+c3

1) — >

r 2abc

B+y3+23 1 <x2+y2+zz>2

2)vx,y,z>0, ————+—-=2|——
)V y,2 4xyz +4 Xy +yz+zx

R M1 a3+p3+c3 (i)<a2+b2+cz>2

- > =
:>2r_4+ 4abc ab + bc + ca

How the triangle ABC is acute, we have: cos(B — C) < ::l—“ and analogs.

hahbhc .
mm ’ (l)
aMpm,

m, = ./s(s —a) = ,/r,r, (and analogs) > m,m,m, = r,r,r,

momym, > raTpTc hahbhc > hahbhc '(ii)
h,hyh, ~— h hyh, 71 ryr., — momym,’

cos(A — B)cos(B — C)cos(C—A) <

From (i), (ii) we get:

h,hyh
cos(A — B)cos(B — C)cos(C—A) < rarb £, (i)

a’ b’ c

From (3) r,r,1. = Ss; (4) abc = 4RS; (5) §? = r 1,11 we get:
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28 28§ ZS 4S - 2S?
huhbhc=

4-5 -282 282
a b B

_ 2r
abc 4RS R

=— T rpre =
R b

hohyh, 2r [a®+b?+c2\°
b e o(———); (iv)
r.rp7c R ab + bc + ca

From (iii), (iv) the inequality is proved
Solution 3 by Soumava Chakraborty-Kolkata-India

cos(A — B)cos(B — C)cos(C— A)
A—-B B-C C—-A
= (20052 - 1) <2cos2 - 1) (Zcos2 - 1)
2 2
(a) B— B-C B-C B-C
= 81_[COSZ - 4(1_[ cos? )Z:sec2 + Zz:cos2 -1
2 2 2
B—C (b + ¢)?sin? A
Now,z cos? = Z

7 1 z:bc(b+c)2
= 2
2 16stin2éc:osZé 16R"s
2 2
1 z:bo:(s+s—a)2
~ 16R2s

s—a
s—a
_ 1Zbcsz+2b+b( )= 1{32 2A+32b 3b}
= TeR%s s, T 2sbe+be(s—a)p = oris sec’>+3s ) a abc
1 s2 + (4R +1r)? 4s?2 + (4R +1r)% + 3r
= s3 ( ) + 3s(s? + 4Rr + r?) — 12Rrs| = ( )
16R?%s s2

16R?

,B—CD4s?+ (4R +r)? + 3r?
Z Z cos" T = 16RZ
B-—C 16stin2%c032%
Again,z sec? 5= Z A=
(b + ¢)?sin? 5

_ 2Rza(b+c—a) @2R Z
T r (b+c¢)? b+c (b+c)2

Ya(c+a)(a+b)
N°“’Zb+c

16R?s(s — a)a
4Rrs(b + ¢)?2

Y.a(Xab + a?)
[I(b+c) ~ 2s(s? + 2Rr + r?)
_ 2s(s? + 4Rr +r?) + 2s(s* — 6Rr — 3r?) (;) 2s% — 2Rr — 2r?
B 2s(s? + 2Rr + r2) B

s2 + 2Rr + r?
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a? B (2s—(b+ c))2
and, ) b+ 3 b + 02
N\ 4s?—-4s(b+co)+ (b+c)2£_h‘i)4 , [2{(c +a)?(a + b)?}
= Z (b + ¢)2 B N CET)E l
Y(c+a)(a+b)
—4s [+ o +3

Z{(c +a)?(a+b)?} = Z (Z ab + az)2 = z {(z ab)2 + 2a? z ab + a4}
=3 (Z ab)Z +2 (Z ab) (Ta?) + (Ja?)? — 2Ya?b?
(Z ) (Z ab) (Ya?) + (Ja?)? + 2)a?b? + 4abc(2s) — 2Ya’b?

(Z ab + Ya? ) + 32Rrs?

= (3s?2 —4Rr — r?)? + 32Rrs?

(ii)
Z{(c +a)?(a +b)?} = (3s% — 4Rr — r?)? + 32Rrs?

Again,Z(c +a)(a+b) = Z (Z ab + a2 = BZab + Ya?

=2a2+Zz:ab+z:ab=452+sz+4Rr+r2
(iii)
Z(c+ a)(a+b) = 552+ 4Rr +r?
2
a
.o — 2 2 - - -m amw
. l_[(b + ¢) = s“+ 2Rr +r- . (i), (i), (iii) = Z—(b o7

_ 4s*{(3s? — 4Rr —r?)? + 32Rrs?} 4s(5s% + 4Rr +r?) N
B 4s2(s2 + 2Rr + r2)2 2s(s2 + 2Rr + r2)

_ (3s? —4Rr —r?)? + 32Rrs? — 2(5s% + 4Rr + r?)(s? + 2Rr + r?) + 3(s? + 2Rr + r?)?

(s2 + 2Rr +r2)2

_ 2s* — s?(8Rr + 12r?) + 12R?r? + 8Rr> + 2r*
B (s2 4+ 2Rr + r2)?2

Z az  ®2s* _ s2(8Rr+ 12r2) + 12R2r? + 8Rr3 + 2r*
= =
(b + ¢)? (s2 + 2Rr + r2)2
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2),(3),(4) = Z sec? >

ZR{ZSZ — 2Rr — 2r?

-C

- s2 + 2Rr + r?

2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*
(s%2 + 2Rr + r2)2

%) = 2R (252 — 2Rr — 2r2)(s? + 2Rr + r2) — {2s* — s2(8Rr + 12r?) + 12R%r? + 8Rr3 + 2r%}
(s%Z 4+ 2Rr +r?2)2

B — (b + c)zsinZ%
Also, 8 1_[ cos? =8 1_[ 5
a
o, [4s%(s® + 2Rr +1?)? r? (g) (s + 2Rr + r?)?
B 16R2r2s2 16R2) 8R*

(s? 4 2Rr + r?)?
8R*

{(s + 2Rr + r2)2} 2R [(Zs — 2Rr — 2r?)(s? + 2Rr + r?) — {2s* — s2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r%}
16R* (s? + 2Rr + r2)?

(a),(1),(5),(8) = cos(A—B)cos(B—C)cos(C—A) =

+4s + (4R +1)? + 3r?
8R?
= cos(A — B)cos(B — C)cos(C

(M y(s2 + 2Rr + r2)2 — Ro + R%r{4s2 + (4R + r)? + 3r2} — 8R*r
8R*r
(where 6 = (2s% — 2Rr — 2r?)(s? + 2Rr +r?)
—{2s* — s?2(8Rr + 12r?) + 12R?r? + 8Rr3 + 2r*})

—A) =

wr >£<:>R(s 2 + 4Rr +1r?)? > 8r(s? — 4Rr — r?)?
aZ+b2+c2/ T R
& (R —2r)s* + s2(8R?%r + 66Rr? + 16r3) + 16R3r? — 120R?*r3 — 63Rr*
(:‘)
— 8r® > 6rs*

Now, (

Gerretsen
Now,LHSof (u) = (R-—2r)(16Rr — 5r?)s? + s?(8R?r + 66Rr? + 16r3)
(b)

+ 16R3r%2 — 120R?r3 — 63Rr* — 8r°
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Gerretsen

andRHSof (u) <  6rs2(4R? + 4Rr + 3r2) - (b), (¢)
(©

= in order to prove (u), it suffices to prove :
(R — 2r)(16Rr — 5r?)s? + s%2(8R?r + 66Rr? + 16r3) + 16R3r? — 120R?*r3 — 63Rr*

— 8r> > 6rs?(4R? + 4Rr + 3r?)
™
& s%(5R + 8r) + 16R3 — 120R?r — 63Rr%2 — 8r3 > 0

Gerretsen ?

Now,LHSof (v) = (16Rr—5r2)(5R + 8r) + 16R? — 120R?r — 63Rr?2 —8r3>0

2 R
o2t -5t24+5t-6>0 (wheretz;)

? Euler
s (t-2){t-2)2t+3)+ 9t2}S 0> true~t > 2= (v) = (u) is true
) (ab + bc + o:a)2 (,E) 2r
“\aZz+b2+c¢2/) TR

~ (m), (n) = it suffices to prove

. r(s? + 2Rr + r?)? — Ro + R?r{4s? + (4R +r)? + 3r?} —8R*r 2r

8R*r R
<0
r(s? + 2Rr + r?)?2 — Ro + R?r{4s? + (4R + r)? + 3r?} — 8R*r — 16R3r? <0
o
8R*r -

x)
& s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R?*r?2 + 8Rr3 + r* 2 0

~ A ABC is acute — angled, Walker and Gerretsen
= (s> — 2R?* — 8Rr — 3r?)(s? —4R?> —4Rr - 3r?) < 0
= in order to prove (x),
it suffices to prove : s* + 8R* — s2(6R? + 8Rr — 2r?) + 8R3r + 22R?r? + 8Rr3 + r*
< (s? — 2R? — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?)

2]
& (R +2r)s? < 8R3 + 7R?r + 7Rr? + 2r3
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Gerl;itsen :_‘
Now, (R +2r)s? < (R+ 2r)(4R? + 4Rr + 3r?) <8R3 + 7R?r + 7Rr? + 2r3
?
S 4t3 —5t2 —4t-4350 (wheret = ;)

? Euler
> 2= (x) > (y)istrue

o (t—2)4t2+3t+2)30 > true - t
) A_B B—C C—A <(ab+bc+ca)2
= cos( )cos( )cos( ) < 2121 2

1682. In AABC, n, —Nagel’s cevian, g, —Gergonne’s cevian the following

relationship holds:
ngnpn, = WaWpWe

TaTpTc B da9p9Yc
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b%(s — ¢) + ¢?(s — b) =an,2 +a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s —a) = an,? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc

= an,? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an,? — as? > an,? = as? + s(2bccosA — 2bc)

, 4sbc(s—b)(s—c)(s—a)
a bc(s —a)

= as? — 4sbcsin? 5 = as
€Y

2A A -
—) (s — a) = as? — 2ah,r, - n,2 2 s? — 2h,r,

42 )
= as“ — Za(
a

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)

= an,% + a(s — b)(s — ¢) and b?(s — b) + c?(s — ¢)
=ag,2+a(s—b)(s—¢)
~ an,?. ag,’ > a’s%(s — a)?
& {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?(s—b) +c2(s—c) —a(s
(@

—b)(s — ©)} 2 a?s%(s — a)?
Lets—a=x,s—b=yands—-c=z:.s=x+y+z>a=y+zb=z+xandc

=Xty
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Using these substitutions, (a)

e {zz+x)? +yx+y)? —yz(y + )Hy(z + x)? + z(x + y)* — yz(y
+2)} > x%(y+2)?(x+y+2z)?

o xy? +xz2+y3+23>2xyz+yz(y+z) © x(y—z)? + (y +z)(y — 2)? = 0 - true
= (a) is true = n,g, > s(s — a) and analogs

n,nyn g.g,8. S(s—a).s(s—b).s(s—a) r2s? 5
= = = =TS = W,WpW,

Il - rs? rs?
16Rr’s” 2 + 2Rr+r? > 16R
= =
s2 + 2Rr + r2 S r-r= r
& s2 —16Rr + 5r% + 2r(R — 2r) > 0 - true
Gerr:tsen El’lﬂl—\el‘ n,nyn,
~s2—16Rr+5r*> > OandR-2r > 0>
FaIp I
W, W, W
>_2bc (Proved)
8a8b8¢

Solution 2 by Bogdan Fustei-Romania
4m? = n2 + g% + 2r,r. and analogs.
4m? = 4r,r. + (b — ¢)? and analogs.
rp7. = S(s — a) and analogs.
b? + ¢ + n2 + g% + 2r,r and analogs.

(b—c)2s

nZ =ryr, + and analogs.

(b—c)2s
a

b —c)%s
aryr.+ (b—c)? =3ryr. + % + g2

4ryr. + (b—c)?> =rpr. + + g% + 21y,

— )2 _ — M2
rbrc+(b—c)2=gﬁ+—(b aC)S::»gﬁ:s(s—a)_(s b )

a

(b—c)?
a

So,g2=(s—a) (s - ) and analogs.

(b—c)?

a

n:=s (s —a-— ) and analogs.

ngggzs(s_a)(s—@) (s—a—#)zﬂs—a)s(s—b)
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(s—a)(b—c)* [(b—rc)?
a B [ a

2
>s(s—a)

s(s—a)—s(s—a)

(b — c)?
a

(s—s+a)=>

(b - c)Zr (b —c)? l(b - c)zr
=3 a >
a a a

(b—c)? >

(b—0c)? (b-c)?
a a

If b = c = b — c = 0the we have equality.

N2
Ifb¢c=>1>%:»az>(b—c)2:»a>Ib—cl
{a+b>c

Strue.
at+c>b

So,n,g, = r,T. and analogs, then
nanpn, > TalpTc

; (1)

= )
rgTpTe 9a9p9Yc

2vbc
w, = — /1T and analogs.

b+c

2
n,NpyN.ga9p9Yc > (TaTch) =

2vbc

b+c

2
<1=2Vbc<b+c= (Vb—+c) > 0true.
So, we have: r rpr, = w,w,w,; (2)

ngnpn, WaWpW,
From (1),(2), we get: —2-2—< > —2""¢ proyed.
Tal'pTc da9b9c

1683.Ifa,b,c > 0, u < %then prove:

a b c W, WpW 3
+ﬂ a"p c>

+ +
b+c c+a a+b TalpT 2
Proposed by Marin Chirciu-Romania

Solution 1 by Avishek Mitra-West Bengal-India

2
WaWp W, _ Ny Vbes(s —a) 8abc

Tyl s2r - (a+b)(b+c)(c+a) -
32Rrs 32Rrs
~ 2abc+y, ab(a+ b) ~ 2abc+y, ab(2s — ¢)) -
32Rrs 32Rrs 16Rr

- 2s(), ab) — abc ~ 2s(sZ+12+4Rr) — 4Rrs  S2 +12 + 2Rr
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Z a a+b+c 3_2( 1) 3
b+c b+c =8 b+c -

_, Xb+olct+a) _ .. 2(ab+bc+ca+c?) 3
¥ @+ ° " " "Tablatb) +2abc
Yc?2+3XYab

s'abc+2ab(2s—c) B
_ 2S_z(sz — 4Rr — 1?) + 3(s? +r2+4Rr)_3 _
2sY ab — abc
s 5s? + 1% + 4Rr 3o 55 +r? + 4Rr _
2s(s2+ 1%+ 4Rr) — 4Rrs 2s(s2+1r% + 2Rr)
2s? —2Rr — 2r?
s2+ 12+ 2Rr

Need to show:

2s%2 — 2Rr — 2r? N 16Rr - 3
sZ2 4+ 12+ 2Rr usz+r2+2Rr_” 2
2s? — Rr(2 —16u) — 21?2 3

Zu+=
s2+71%2+2Rr 2

3 3 3
252 — Rr(2 —16pu) — 2r? > (u+z>sz+(u+§)2Rr+(u+§)r2

1 7
s? (E — u) > Rr(5 —14u) +1r? (§+ u)
s? > 16Rr — 512 (Gerretsen)
Need to show:

1 1 7
(E — u) 16RT — (E — u) 5r2 > Rr(5 — 14p) +r? (E + u)

5 7
Rr(8—16u—5+14u)2r2<2—5u+z+u)

R(3—2u) = r(6 —4u) © R = 2r true by Euler.Proved.

Solution 2 by Tran Hong-Dong Thap-Vietnam

2+ bc 2+/ac 2vVab
Wa = b+c Vbl Wh = a+c VTaleWe = a+hb VTal'
8abc
WaWpW, = "Tal'pTc

" (a+b)(b+c)(c+a)
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W WpW, 8abc

rorpre  (a+b)(b+c)(c+a)

Inequality becomes as:

a b c 8abc 3 ( 1)

. > — <

b+c+c+a+a+b+u (a+b)(b+c)(c+a)_”+2' k=3
a N b N c (;) +3 8 abc

b+c c+a a+b_u 2 u(a+b)(b+c)(c+a)

By Schur’s inequality:

a N b N c N 4abc PR
b+c c+a a+b (a+b)(b+c)(c+a) ™
a b c (0 4abc

b+c+c+a+a+b = 2_(a+b)(b+c)(c+a)
From (), (**) we need to prove:
B 4abc %_ 8uabc
@ibb+ocra -t 2 @ rnbrocra
1 4abc
2 " @i rocto

8abc
(1‘2”)(1‘ (a+b)(b+c)(c+a)) =0

2

1-2pe

Which is true because:
1
n=< 2 >1-2u=0
AGM
(a+b)(b+C)(c+a) = 2Vab-2Vbc-2Vca = 8abc
8abc 101 8abc -
(a+b)(b+c)(c+a) ™ (a+b)(b+c)(c+a)

Proved.

0

1684. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian the following

relationship holds:
E . n,npyncga9gGn9c > 2""a""b"lc
r hZhZh? T S4SpSc

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Bogdan Fustei-Romania

4m? = n? + g% + 2r,r. and analogs.
4m? = 4r,r. + (b — ¢)? and analogs.
rp7. = S(s — a) and analogs.

b? + ¢ + n?% + g% + 2r,r and analogs.

b-c)2s
( a) and analogs.

nZ=rpr.+

(b-0)s )

aryr.+ (b—c)? =rpyr. + ———+ g2 + 21,1,

—c)%s
4ryr.+ (b —c)? = 3ryr, + % + g2

— )2 _ — M2
rpre.+ (b — c)? = gﬁ + —(b aC) s = g%l =s(s—a)— (s—a)b—c)

a

M2
So,gz=(s—a) (s — %) and analogs.

—_ M2
b ac) ) and analogs.

n,21=s(s—a—
nﬁgf,:s(s—a)(s—%) (s—a—%)Zs(s—a)s(s—b)

2
Coab-of [(” P> st5-a

s(s—a)—s(s—a)

2

(b — c)?
a

(b—c)* (b—oc)?
- a

2
u(s—s+a)2

@U’—c)z.azluz
a

a

(b—c)? >

If b = c = b — c = 0the we have equality.

(b C)

fbxrc=2>1>——=a’>bB-c)’=>a>|b-|

{a+b>c

Strue.
at+c>Db

So,n,g, = 1T and analogs= n,g,r, = 1,rpT,
h,hyh, = — - —-— “TarpTe;
a’b'c a b c R b" ¢/

T Tprc = S5;8 = sr
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So, we have:

NgGala TalpTc _ R

hohyh, ~ hohyh, 27

2Vb
= £1/rbrc and analogs, then

w
a b+c

B 8abc
WaWbWe = a ¥ b)(b + 0)(c + a)

TTpT: (a+b)(b+c)(c+a)
W Wpw, 8abc

Trarpre =

hqhph, < WaWpWe
TarpTc ~ TqlpTc

=

But h, < w, and analogs= h,hyh. < w,w,w, =

2r _ WaWpWe R o TalvTe (a+b)(b+c)(c+a)
R = 1 rpr, 2r T waww, 8abc

1
(x_l)z20,\7’x€]R=>x2+122x:>x+;22

TaTpTc 1 _ WWpw, N ToTpTc 4 W Wpw, -2 o

C WaWpWe X TopTe  WoWpW,  Tl'pTe

E WaWpW, >2 o NgGaTa WaWpWe > 2
2r T T, h,hyh, 1,17,

2
From n,ga. > rpre = n,nyn.g,9p9c = (rarbrc)
n,nyn, YaTpTe
> ; (1)
LA 9a9b9c

2vbc
We =" — A/ TpT and analogs.

2\/ES1<:>2\/br:sb+C(:>(\/E—\/E)Z20,true.

b+c
2+bc
So, we have: w, = —— /11, < 1- JTpTe =TT

S TarpTe = WWpW; (2)

WaWpWce

From (1), (2) we have: ~2 "¢ >
dadbYc YadbYc

2
From Ngga = rpre = n,nyn.ga,9g9p9c = (rarbrc) =

n,nyn.ga9gpn 9. > (rarbrc>2
h%,h,z,hg ~ \h,hyh,
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28 25 2§ abci4RS 2r

hohpyh, = — —— "= — 11y
a'*b'tc a b c R a’ b ¢
R 2 R?
LA ( raTpTe )
= — = =
hohyh,  2r  \hyhyh,) ~ 412
2bc b2 +c? m, 1/(b c m
But s, = —— ' m, and analogs= =—“(:>—(— —)=—“
@ p2yc? a g 2bc Sa 2 \c + b Sa

m m, m, 1/(b c
< S, and analogs — < — — 2 —|— T — ) and analogs.
h, < spandanalogs=> —2 <= 2> (24 d anal
Sa hq hq 2\c b

R . .
From - > % (Panaitopol Inequality) we have:
a

R b c v geryw .
- > ; + . (Badila Inequality)

Solution 2 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + ¢2(s — b) =an,2 +a(s — b)(s — ¢)

= s(b? + ¢2) — bc(2s —a) = an,? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc

= an,? + a(as — s?)

= s(b? + ¢ — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

B 4sbc(s —b)(s—c)(s—a)
bc(s — a)
1

2A A -
=as?—2a (;) (s — a) = as? — 2ah,r, - n,2 = s? - 2h,r,

2

= as? — 4sbcsin? 5 = as

4N
= as? —

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)
=an,? + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)
=ag,2+a(s—b)(s—¢)

~ an,%.ag,? > a®s%(s — a)?
& {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?(s—b) + c2(s—c) —a(s

(@
—b)(s — ©)} = a?s?(s — a)?

Lets—a=x,s—b=yands—-c=z.-.s=x+y+z=>a=y+zb=z+xandc
=X+y

Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z +x)? + z(x + y)* — yz(y
+2)} =x%(y+2)*(x+y+2z)?
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o xy? +xz2+y3+z3 >2xyz+yz(y+z) © x(y—z)?+ (y + z)(y — 2)? = 0 - true

= (a) is true = n,g, > s(s — a) and analogs

R n,nyn.g,gy8. (R) 16R?r?s%.s(s —a).s(s — b).s(s —a)
=—. > (—
r hZh2h? r 641656

R 16R2r str s) R3 >2mambmc
r

64r°s° 4r3 = s,S5,S,

B TT(E+E) - true =2+ £72 R andanal

> > —+—| - true =~ — < — and analogs

4r3 bcm r3 c b C r g
b2+c2

R n allpNc8a8b8c 2rnarnbrnc
o= > Proved
r° h2hZh? S.SpSc ( )

1685. In AABC the following relationship holds:

2i(14 4m mym, (m, + m, + m,)\° - (m, + my, + m)*
9F2 - 9F?
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Soumava Chakraborty-Kolkata-India

2R\> (a+b+c)* (2R+r1r)? 16s* 4R%+4Rr+3r2 s?
2+(1+T> >~ +

S > S > —
16F2 r?2 s2r2 r2 r?2

- true (Gerretsen)

2R\? (a+b+0)* abc(a+b + ©)\°
.~.2+(1+T> > o1+

16F2 4F?

(a+b+o)* . . . L
> ~—16FZ applying which on a triangle with sides

2m, 2m, 2m,

F
3 '3 ' 3 whose area of course = §,we get

2
(%) m,m,mc (ma +m + mc) - (;g) (m +m, + mc)

F2 = F2
+(5) 16(g)
4m,mym.(m, + my, + m,) 2 (m, + my + m,)*
>2+ (1 + OF2 > 9F?
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Solution 2 by Tran Hong-Dong Thap-Vietnam

A

We have: MB = MC,PA = PB,BMXN —parallelogram, then
AM =m,, BN = MX = m,,CP = AX = m,
Choose: F = A,D = M,E = X = Sypgr = 3 Saanc

— moym,m, oy = 3SAABC Rm — 1 . (ma + m, + mc)mambmc
m mo2mg+my+m,)  2r, 9 s2

)

3SAABC

So, we have inequality:

("la I m, I ""c)4 Rm 2 Rm
< —_ [p—— .
oF? _4( ) +4-—=+3; (1)

rm m

Proof. F = %SADEF then (1) becomes as:

(mg, + my + m)*
4 2
9 (3 Saper )
(""a-l'rn'b-l'rnc)4 <4<Rm)2+4_R_m+3
1682 pr B

m

R N2 R
—m> +4-—+3

T'm T'm

<4

m

In any AABC, we need to prove:

(a+b+c)4<4(R>2+4 R+3
— J— [pp— @
16s2r2  ~— \r r

(2s)* R\* R ) ) )
<4|—| +4-—+3 © s“ <4R*+ 4Rr + 3r- (Gerretsen)
165272 T T

Now,
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2
2i(14 am,mym.(m, + my, + m,) S (mg, + my, + m)* o
9F2 9F2

R, \> (m,+m,+m)*
2 1+4- (2
+< * Zrm) - 9F? @)

From (1),(2) we need to prove:

2+(1+2t)2=4-t2+4-t+3;(-'.t=—m)
2r,
2+1+4t+4t> =4t>+4t+3 ©4t> +4t+ 3 = 4t*> + 4t + 3 = (2) is true.

1686. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian the following

relationship holds:
n T W, WpWw
a9aTa aWpWc )

hahbhc TarpTc
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b%(s — ¢) + ¢?(s — b) =an,2 +a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s —a) = an,? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc
= an,? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an,? — as? > an,? = as? + s(2bccosA — 2bc)
B 4sbc(s —b)(s—c)(s —a)

) L2 2
= as“ — 4sbcsin = as
2 bc(s —a)
¢))

2A A
—) ( ) = as? — 2ah,r, ~ n,%2 = s? — 2h,r,

42 )
= as —Za(
a/\s—a

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b)

= an,% + a(s — b)(s — ¢) and b?(s — b) + c%(s — ¢)

=ag,2+a(s—b)(s—o¢)
» an,%. ag,? > a’s?(s — a)?

& {b%(s—c)+c*(s—b)—a(s—b)(s— c)}{b?(s—b) +c2(s—c) —a(s

@
—b)(s — ©)} = a?s%(s — a)?
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Lets—a=x,s—b=yands—-c=z.-.s=x+y+z=>a=y+zb=z+xandc

=Xx+y
Using these substitutions, (a)
e {z(z+x)? +yx+y)? —yz(y + DHy(z + x)* + z(x + y)* — yz(y
+2)} > x%(y+2)?(x+y+2z)?
o xy? +xz2+y3+23>2xyz+yz(y+z) ©x(y—z)% + (y +2)(y —2)? = 0 > true
= (a) is true = n,g, = s(s — a)

n,g,r, 4Rrs.rs? R
2 2 apa“a
=rs“=>n,g,r, =rs°= > = —
) aBala h,hyh, 8r3s3 2r
n,g,r, w,wpw, R 16Rr?s?
= >—+
h,hyh, rr. — 2r  (s?2+ 2Rr + r?)rs?

rs

= Nn,8,, = s(s—a) (s ~a

R N 16Rr ,;2 R - 2s%2 — 14Rr + 2r?
= — s —
2r s242Rr+r2— 2r —  s2+4+2Rr+r?
© (R—2r)s? + R(2Rr + r?) + 2r(12Rr — 2r2) = 2rs?
@

Gerretsen
Now,LHSof (i) > (R-2r)(16Rr — 5r%) + R(2Rr + r?) + 2r(12Rr
(m)
Gerretsen
—2r?)and RHSof (i) < 2r(4R? + 4Rr + 3r?%)
(m)

(m), (n) = in order to prove (i), it suffices to prove :
(R — 2r)(16Rr — 5r?) + R(2Rr + r?) + 2r(12Rr — 2r?) > 2r(4R? + 4Rr + 3r?)
< 10r(R — 2r) = 0 — true by Euler = (i) is true
. MaBala | WaWpWc
h,h,h, r,Ipre

> 2 (Proved)

Solution 2 by Bogdan Fustei-Romania
4m? = n? + g% + 2r,r. and analogs.
4m? = 4r,r. + (b — ¢)? and analogs.
7. = S(s — a) and analogs.

b? + ¢ + n?% + g% + 2r,r and analogs.
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ni =ryr.+ (b_:)zs and analogs.
4ryr, + (b — C)Z =Trpre + (b_:)zs + gﬁ + 21,1,
drpyr.+ (b —¢)? = 3r,r. + M +g2
rpre + (b — ¢)? =g§+w:gg=S(S_a)_(S—a)(b—c)Z

a
_ 2
So, g5 =(s—a) (s - %) and analogs.

_ 2
nfl:s(s—a—%) and analogs.

—c)2 _ M2
nﬁgﬁ=S(S—a)(s—%)(s—a—%)ES(s—a)S(s—b)

(s—a)(b—c)? [(b-c)?]
e

s(s—a)—s(s—a)

>s(s—a)

(b - c)? g

(s—s+a)=>

(b—dj (b — c)? [w—wﬁr
p = a >

a a

(b—c)* (b-—oc)?
a a

(b—c¢)? >

If b = c = b — c = 0 the we have equality.
—M2
Ifbic:>1>%:>a2>(b—c)2:>a>Ib—cl

{a tb>c =true.

a+c>b
So,n,g, = 1T and analogs= n,g,r, = 1,rpT,
28 28 28 abc=ars 2r
hohphe = — - — =" 1oyl
T Tprc = S5;8 = sr

So, we have:

h,hyh, ~ h hyh, 2r

2vbc
We = — \/TpT and analogs, then

NaGala > TalpTc _ R
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8abc

WaWoWe =G BY(b + o) (c + @)
TTpT: (a+b)(b+c)(c+a)
W Wpw, 8abc

T arpre =

hqhph, < WaWpWe
TalpTc ~ TqlpTc

=

But h, < w, and analogs= h,hyh. < w,w,w, =

2r _ WaWpWe R o TalbTe (a+b)(b+c)(c+a)
—<—— — =
R = 1 rpr, 2r T waww, 8abc

1
(x—l)z20,Vx€1121=>x2+122x=>x+;22

TalpTc 1 _ WWpW, N TalpTc + W Wpw, -2

W WpW,' X TarpTe WoWpW,  TrpT,

E WaWpW, >2 o NgGaTa WaWpWe > 2
2r T TpT. h,hpyh, 1,17,

1687. In AABC the following relationship holds:
(mambmc Wawbwc)
TaTpTc hahbhc

r, 1, T
14242452
ha hb hc

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania
1
1) ERSZ >m,m,m,

2)r,rpr. = Ss = s*r

A r,—r R r
.27 _Ta _ . la
3) st 5 =—4R " 2R h,

4) abc = 4RS = 4Rrs
5) 28 = ah, = bh, = ch,
6)r,+r,+r.=4R+r

1 mompme

1
We have: -~ Rs? - >
2 TalpTc rarpTc

1 m,m,m r m,m,m
. - > a''th c:>_2 a’'lp C;(l)
2 s°r T TpTc 2r T TpTc
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. ,A 4R+7r—-3r 4R-2r 2R-r
E sin“ — = = =

2 4R 4R 2R
cyc
2R—r 1T T, r, 2R . 2R
=—: ) — —=—-1=1 Z—=—;2
2R 2R Zha=>2ha 12t ) =@
cyc cyc cyc
28?2

45252 = hohyh, - abc = hohyh, - 4RS = hohyhe =~

2r
ButS = st = §? = s’r? = SsT = 17,17 = hohyhe =2 - 1.1p7,
R r 11,
2r  hgh,h,
But w, < /s(s — a) = ,/r,r. and analogs, then w,w,w_ < r, 1,1,

R > WaWpWe . 3y
2r = h h,h,

From (1), (2), (3) we get:

rq L) re
1+—+—+-—->2
+ha+hb+hc_

(mambmc WqWy Wc)
roTpTe hahb hc

Solution 2 by Soumava Chakraborty-Kolkata-India
1 @ 4
m2mim? = o1 (2b% + 2¢? — 2a%)(2c? + 2a% — 2b%)(2a% + 2b% — 2¢?) = a{—42a6
+ 6(3a*b? + Ya?b*) + 3a%b?c?}
Now, Ya® = (3a?)3 — 3(a%+b?)(b? + c?)(c? + a?)
= (Ya%?)3 -3 (Zazbzc2 + Ya?b?(Ya? - cz))

(2)
= (Ya?)3 + 3a’b%c? — 3(F¥a?b?)Ya? - Ya® = (Ya?)3 + 3a’b?c? — 3(Fa’b?)Ya>
3)
Again, Ya*b? + Ya’b* = Ya?b?(Ya? — c?) = (Ya?b?)Ya? — 3a%b?c?

~ (1),(2),(3) = m2mZm?
= - [-4(5a?)° — 12a%b2e? + 12(5ab?)La? + 6(Ta%b)ya?

— 18a%b?c? + 3a%b?c?}
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1
= a{—4(2a2)3 + 18(Fa’b?)Ya? — 27a%b%c?}
1
= a{—4(2a2)3 + 18((3ab)? — 2abc(2s))(3a?) — 27a%b%c?}
1
= a{—SZ(SZ — 4Rr — r?)3 + 36(s% — 4Rr — r?)(s? + 4Rr + r?)?

— 576Rrs?(s? — 4Rr — r?) — 432R?r?%s?}
2.4

1
= 1—6{s6 — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) —r3(4R + r)3} <

M
© s6 — s*(4R? + 12Rr — 33r?%) — s2(60R?r2 + 120Rr3 + 33r*) —r3(4R +1)3<0
Gerretsen

Now,LHSof (i) < - s*(8Rr—36r?) — s2(60R%r? + 120Rr3 + 33r%)

~r3(4R+1)320
& s*(8R — 16r) + s2(60R?r + 120Rr? + 33r3) + r?(4R + r)3 % 20rs*
(i)
Gerretsen
Now, LHS of (ii) > s%(16Rr — 5r?)(8R — 16r) + s?(60R?*r + 120Rr? + 33r3)
(@)
+r2(4R +r)3
Geretsen
and RHS of (ii) < 20rs?(4R? + 4Rr + 3r?)
(b)

(a), (b) = in order to prove (ii), it suffices to prove
: $2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3)
+r2(4R +r)3
> 20rs?(4R? + 4Rr + 3r?) © s?(108R? — 256Rr + 53r?) + r(4R+1r)3 >0
(iii)
& s2(108R?% — 256Rr + 80r2) + r(4R + )3 > 27r2s?
Gerretsen
Now,LHSof (iii) S (108R? — 256Rr + 80r2)(16Rr — 5r2)
(©
Geretsen
+ r(4R +r)3 and RHS of (iii) < 27r?(4R? + 4Rr + 3r?)
(d)
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(c), (d) = in order to prove (iii), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3 > 27r%(4R? + 4Rr + 3r?)

© 2243 — 587t2 4+ 308t— 60 >0 (where t= ;)

Euler

& (t—2){(t— 2)(224t +309) + 648} > 0 > true ~ t > 2 = (iii) = (ii)
Rs?

. R%s* m,mym,
= (i) is true > m?mZm? < > — < oe?
2m,mym, - R 2mymym, 2w,w,w, - R N 32Rr2s%. 4Rrs
— J— : J—
. T Iy T, h,hyh, ~ r (s? + 2Rr +r?).8r3s3
R 16R? RHS (,g R 16K’
= — = —_
r s2+2Rr+r? “r s?2+2Rr+r?
r, 4Rsin % cos % stan % R A
Now,1+Z—=1+z =1+—ZZsin2—
h, 2rs r 2
R R/2R—r 2R-r® 2R
=1+—Z(1—cosA)=1+—( )=1+ =—
r r R r r
2R R 16R? 1 16R
+ e->
s2+2Rr+r? r s?2+4+2Rr+r?

(4), (5) = it suffices to prove : - > T

& s?—14Rr+r?>0
& s2 —16Rr + 5r2 + 2r(R — 2r) = 0 - true
Gerretsen Euler
+s2—16Rr+5r? > 0Oand2r(R—2r) > 0
m,mpym, WwW,W,Ww,
( alllp1lic aYvb c) (Pl‘OVBd)

hahbhc

I I ¥
Al 2424
ha hb hc

Solution 3 by Tran Hong-Dong Thap-Vietnam

FaIpe

. e MaMmpme WaWpW, 5
We know inequality: p—— hahohe = 7
So,
) 2R
RHS = 2 (mambmc Wawbwc> <=
TarpT e h,hyh, r
S S S
Ta Tp T¢ s—a's—bTs—¢
LHS =14+—+—+—=1+ =
ha hb hc E + E + E
a b c
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1/ a b c
=1+ E( + + ) =

s—a s—b s-—c
_1+1.a(s—b)(s—c)+b(s—a)(s—c)+c(s—a)(s—b)_

B 2 (s—a)(s—b)(s—c)

B 1 (a+b+c)s2—2(ab+bc+ca)s+3abc_
B 2 sr? B

1 2s(s* —s?—4Rr —r? + 6Rr

—1+=- =
2 sr?
2Rr — r? 2R 2R ™
=1+——=14+—-1=— > RHS
r r r

1688. In AABC the following relationship holds:

T, N T N T, N 2(m,my + mym,+ m.m,)
r, T, Tg4 m2Z + mi + m? -

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution 1 by Bogdan Fustei-Romania

R m2 + m} + m? mamy, + mym, + mem, _ 21
2r — mymy, + mym, + m.m, mZ + mZ + m?2 ~ R

Well known that:

T r T T r T
_a+_b+_c> a+_b_|__c
Ty r. h hb hc

. A r T Tq—T T rq—T
sin?f=—.2_-"1a — = —2—and analogs, then
2 2R h, 4R hq 2r

Tq rb e Tq —r+rb—r+rc—r 4R+r—3r 4R - 2r 2R

h, hb h, 2r 2r 2r  r
So,we have o + + ud > =—101)
1 r 2R 8r

Fromx+;2Z,Vx>0andx—;:>;+522 :>T+?28

2R 1+4r 4r>7 2R 1+4r -7 4r . (2)

—_— —_— —_— :> —_— —_— —_——

r R R r R —

From (1), (2) we have:

+ + + = >7 —?and from ZMampimpmetMemy) o, A7 we get:

ma+mb+mc
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N 2(m,my, + mym, + mom,)

. 4r (3)
mZ + mZ + m?2 - R’

T r T
e by

_<
L) re rq

We must show that 7—?2 5©7-5 2%®2R24r=}R>2rtruebyEuler

So,
Ty Tp T

_<
ry r. rq

2(m,my, + mym, + mcma)

m2+mb+m2

Solution 2 by Soumava Chakraborty-Kolkata-India

Tereshm (bz + CZ)(CZ + aZ) 3 Z aZbZ + 234
Z m,my, Z =

3 Y a’b? + Y a’b?
>
16R? 16R? 16R?
2.2
b“c th
4R?
3Y a? )
m2 + mZ + m? Ymi 24:1 _3R22322R
m,m, + mym, + m.m, ~ Y hZ Z(bzcz) ~ Ya?b? " 2r
4R?
@Za2b2§6RrZa2
M
Lets—a=x,s—b=yands—c=z:-3s—2s=)x=>a=y+zb=z+xandc
=x+y

c@ o) @+t 2 en D Ny ay
s200) v+2*@+x}23{] [o+a}{) o+n

(i)
@Zx5+xyz2xy—2x3y2—2x2 >

y3=>0
Now,F(x,y,z)

=Zx5+xyz2xy—zx3y2

Z y® is a homogeneous and symmetric polynomial
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Chebyshev

F(x,y,0) = x5 + ys _ x3y2 _ x2y3 ’“2“‘ E(XB + y3)(x2 + y2) — x3y2
A;G

x’y® = xy(x® +y°) - x?’y2 —x%y3

> x%y?(x+y) —x3y? —x?y3 =0 = |F(x,y,0) > 0|

Fx,1,1)=x+1+1+xx+1+x)—-x3-1-x>—-x2-1-x3=x>-2x3+x

=x(x*-1)2>20=F(x,1,1) > 0|

m? + m{ + m? -
m,my + mym, + m:.m,

R
~ by SD5 theorem, F(x,y,z) > 0 = (ii) = (i) is true = >r

m,my + mym, + m.m, S 2r
mZ + m{ + m? ~ R

I, I T, m,my + mym, + m.m X Z 4S8\ / 4S
=>—a+—b+—°+2< a b T bk ¢ a>2§+;+§+(?)(—)

n r. I, mZ + m? + m? abc
+x x4z z+ 16xyz
A Mk Y -
X z y x+y)(y+2)(z+Xx)

— 3 =5 (Proved)

Af;G 41V + D +X)
- xyz(x+y)(y+2z)(z+Xx)

1689. In AABC the following relationship holds:

2r h, h, h, (R\?
3 |[—<—+ —+—<( ) -1
W, W, W, r

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

AGM was‘/s(s—a)
LetQ=ﬁ+"”+ﬁ > 37| hahshe TS si/ fahphe
s/s(s—a)(s—b)(s—c)

wq WaWpWe
3 Zszr2
3 Zr (*) 2r
R
2
R (R) > ?r 1 >—(:>R> 2r (Euler)
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h, <wgh, <wy;h. <w.=>

h, h, h, () /R\?
Q=—+—"4+—<1+4+14+1=3 < ( ) -1
w, W, W,

R 2
(+) ©4< (%) o412 <R? © 2r < R (Euler)
1690. In AABC the following relationship holds:

2r h, h, h, (R\®
3 —rs—“+—"+—cs( ) -1
R w, w, w,

r

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

hy

et =ta 4 M he AGM 33 [ hahhe W“S“;(s_a) 33 hahphe _
Wq Wp We - WaWpWe - S\/S(S—a)(s—b)(s—c)

h, h, h, (=) /R\?
Q=—+—4+—<14+14+1=3 < ( ) -1
Wq Wy W,

2
(x%) @4 < (g) & 41% < R? © 2r < R (Euler).Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

B . C . (B+Cy A , A
siny  siny ssin ( > ) Cos5  scos’> 4Rcos? A
I, +I.=Ss + = = = 4Rcos” -
v cosD  cosS cos 2 cos D cos & (—S ) 2
2 2 2 2 2 4R

0 A
. Ty + 1. = 4Rcos? >
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by (i)

2 2 o 2 1 1
Now, (b + ¢)* = 32Rrcos® - = 8r(r, +r.) = 8r S(s—b+s—c)

=8(s—a)(s—b)(s—0) =4a(b+c—a)

a
(s—b)(s—0)
o ((b+c)?+4a?2—4ab+c)=>0< (b+c—2a)2?>0->true-b+c

A
A ha 2rs(b + ¢) rs. 4 Zchosf
> 4v2Rrcos — > — >

Wa 2bccos % .a 4Rrs. cos %

h, h, h 2r h,
—andanalogs=>—+—+—23 — and v —
W, W, W, R A

Euler 2

h, h,
< 1 and analogs - —+—+—<3—4 1 < (—) -1
W, W, W, r

2r h, h, h. /(R
3 =< —+—+—< (—) — 1 (Proved)
R w, w w r

1691. In any AABC the following relationship holds:
1 1 1 36R*

+ + <— >
1—sin2%sin2g 1—sin2gsin2g 1—sin2gsin2% 11R* + Rr — 7

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Tran Hong-Dong Thap-Vietnam

Lemma: If 0 < x,y,z < 1 then:

1 1 1 3

<
1—xy+1—yz+1—zx_1_x}’+yz+zx
3

Proof: Let @ (x) = ﬁ; 0<t<1)

P)=—7;0<t<1),9"1t)=- <0;(0<t<1)

2
(1-1¢)3
Jensen xy+yz+zx
e(xy)+ o(yz) + p(zx) < 3¢ (f)

1
a-o?

1 1 1 3

<
1—xy+1—yz+1—zx_1_x3’+3éz+zx
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., A Y ,
Now,choose: x = sin? 3y = sin? S Z= sin? 5=

3
< =

LS = Z — sin? —sm2 B~ Y ve SIN? ésin2 B
o1 2 4 _ZocSIM3SING

3

B s2+r2—8Rr_1_s2+r2—8Rr_
1_ 16RZ 48R?
3
48 -3 - R? () 36R?

= <
48R% + 8Rr — s2 —r?2 ~ 11R%2+ Rr — r?
(*) ©4(11R> + Rr —1*) <48R*>+Rr-s* -r* o
s? < 4R? + 4Rr + 372 true by Gerretsen inequality= (*) is true.Proved.

1692. In AABC the following relationship holds:

m,m, \2 mym, \2 m.m, \2 27r
( a'th ) n ( b'tc ) n ( c'ta ) >
m, +m, my, +m, m.+m, 4
Proposed by Marian Ursarescu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
Let:x =m,, y=my,z=m ;x,y,2>0>

1+1+1<1+1+1 1
x'y z h, h, h, T

2 2 2
2 2 2 CBS
Xy yz zx 1 1 1
—_ A D — = — = T >
Now, ( ) + (y+z) + (Z+x) <%+ ) + <§+2> + (;%) =

2

1
> - - @
7 1tx NeGryd)) 7

(E)Z - momym.(m, + my, + m,) - 1
2r) 952 4 4m ,mym,

145 | RMM-TRIANGLE MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- m2 + m?2 + m?
o \m,m, +mym,+m.m,

2

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Bogdan Fustei-Romania
From %Rs2 > m,m,m, we have: 25 > Talble
r TalpTc

4R+r=>=m, + my, + m,

2R>4R + 1 © R > 2r (Euler)> —~ > Matmptme
2 2r Or

R\* mymym.(m,+m, +m,) _mgmym(m, + m, + m,)
2r = OrT, TpT, B 952 ;)

We know that:

R abc+a®+b3+c3

r 2abc
B+y3+23 1 x? +y? + 7% 2
——+ -2 |— ,Vx,y,2>0
4xyz 4 Xy +yz+ zx

Let the triangle m,m;m, with R,,,,r,,,, S;n

Sm =3S; (S —area of AABC); abc = 4RS = mymym, = 4RyyS,

3 m,mym,
momym,=4R,, -S> R, = 35
m,+m,+m, 3 (mg+my+m,)-r,
Smn=Sm ' Tm Sm = 3 :>ZS: 2
3S 5 3S
r, = = 2r,, =
™ 2(mg +my +m,) m

m, +my + m,

R, mgymm, m,+my+m, mymym.(m,+m,+m,)

21, 3S 3S B 952
R 1 a&+b+c3 a% + b? +c2\’
—>—+ >
2r 4 4abc ab + bc + ca
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m2 + mj + m? 2
> ;(2)

mom, +mym,+momm,

From (1),(2) we get:

R\? mambmc(ma+mb+mc)> +mﬁ+m,2,+m§>

1
L -3
2r 952 4 4m, m,m,

>

2
m2 + mj + m?
m,m, + mym, + m.m,

1694. In AABC the following relationship holds:
R\? m m
) =2 m)
r m, m,
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Marian Ursarescu-Romania

In any AABC we have: % < :;r (Panaitopol inequality)

2m,
my

R R
ZmaS7'ha$ S;'—S

2m R b .. 2m
¢ < =-=and simillary ==
mp r oa mg

But in any AABC we have: % + g < g; (2)

From (1),(2) we get: 2 (7 + ™) < &

1695. In any AABC, AA'B'C’ the following relationship holds:

z(a2 +a®)+2- Z a? Z a? |>36(0+1)?

cyc cyc cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania
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(Z a2> (Z a’2> =(@+b*+ ) (a?+b*+c?) s

cyc cyc

> (aa’ + bb' + cc')? =

S (a1 2 (z ) (z > .

cyc cyc cyc

>a?+b>+c2+a’+b%+c?+2aa +2bb +2cc =

Bergstrom

=(@+a)+B+b)2+(c+c)? =
- (@+b+c+a +b +c)? (25s+25)° 4(s+s')? Mitrinovic

3 3 3 -
2
4(3v3r + 3vV3r’ 4-9-3(r+1")?2
> X 3 ) _ (3 ) 36(r+ 12

Solution 2 by Tran Hong-Dong Thap-Vietnam
Inany AABC,AA’'B'C’:

s=3\3r
a’+b*+c2>4V3S=4V3sr > 3612

s1=3+/317
a?+b?%+c¢c?>4V/38 =4V3s'r > 36r2

Z(a2+a'2)+2- <Za2><za'2>=za2+za'2+z- <Za2><za'2>

cyc cyc cyc cyc cyc cyc cyc

> 3612 + 361" + 2v/3612 - 3612 = 36(r% + 17 + 2r1") = 36(r + 1')?
1696. In AABC the following relationship holds:

(R )2 momym.(mg+my+m,) 1 md+md+md
52 2 >—+
2r 952 4 4m ,mym,

>

2
m2 + m2 + m?
m,my, + mym, + m_m,

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Soumava Chakraborty-Kolkata-India

,  mymym.(m, + my + m) _miZm; + mim? + m?m?
S ye- :
9§2 9§2

_ (116) Y aZb? Goldétone (116) 4R2%s? _ (5)2
2r

952 - 9r2s2
. (R)Z (é) m,m,m.(m, + m, + m,)
“\2r) T 952
R 1 Ya® 4Rrs+ 2s(s?—-6Rr—3r?) s?—4Rr— 3r?
Now,—=>—+ = =
2r 4 4abc 16Rrs 8Rr

& s?2 —4Rr — 3r? < 4R? & s% < 4R? + 4Rr + 3r? - true
abc(a+b+c)
>
1682

22 lving which on a triangle with sides 272 2™ 2Me
4-abc app ylngw iIchona I'lang e wl siaes 3 , 3 , 3

(Gerretsen) ..

[y

S
1 + whose area of course = 3

8 2
ﬁmambmc {§ (ma + my + mc)}
SZ
16 (3)
- mambmc(ma + my + mc)

9§52

2
~mym,m,(m, + my, + m.) (§) 1 md+md+md

9§2 4 4m,mym,

Y al - Y a2 2®1+3abc+(2a)(2a2—2ab)> Y a2 2
> ab 4 4abc ~“\Yab

%(mﬁ +m} + m})

v

_|_

1
we get : it (%) —

m3 + m} + m3

1
=—+
4 4m,m,m,

o1
Agaln,z + Zabe =

L EaEa—Fab)  (Fa?\®
4abc ~\Yab
o Xa)(Xa?—-Yab) - (X a* — Y ab)(X a* + Y ab)
4abc - (X ab)?

2
O AL T R—
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Ya Ya?’+Yab
4abc > (3 ab)?

o 2 4R 2\2
4+4abc_ Y ab (s% +4Rr +1%)

> 8Rr(3s? — 4Rr — r?)

1 Xa - (Zaz

2
) ,it suffices to prove :

®H
& s* —s2(16Rr — 2r?) + r2(48R% + 16Rr + r2) S0
Gerretsen

Now,LHSof (i) > s%(16Rr — 5r%) — s2(16Rr — 2r?) + r2(48R? + 16Rr + r?)
= r?(48R? + 16Rr + r? — 3s2)

Gerretsen

S r2(48R? + 16Rr + r? — 12R% — 12Rr — 9r?)

El:l\er 1 Z a3
= 4r? (9R2 +r(R - Zr)) > 36R%r? > 0> (i) is true . — +

4  4abc
Yaz\*
= (2 ab)

applying which on a triangle with sides

2m, 2my 2m,
33 "3

,we get

%(mg +m} + m?) g(m§+m§+m§)
>

1
g
8 4
LI (ﬁ) m,m,m, g (mym;, + mpym, + mcm,)

=>—+
4 4m,mpym,

1 m+md+m® m2 + mZ + m? 2
a b C N < a b C ) (1)’ (2)’(3) =

m,my + mym, + m.m,

(E)Z - mymym.(m, +my +m,) 1 m3+m]+m?
2r 9S2

=>—+
4 4m,mpm,

- m2 + mZ + m?
— \mymy + mym, + m.m,

2
> (Proved)

Solution 2 by Bogdan Fustei-Romania

mgmpme

1 R
From - Rs? > m,m,m, we have: — >
2 2r rqrplc

4R+r=>m, + my, + m,

2R>4R+1r o R > 2r (Euler)> & > MatMbtme
2 2r 9r
(5)2 > mambmc(ma +my + mc) _ mambmc(ma +my + mc) .

; (1
2r 9rr, 1T, 9§52 )
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R abc+a3+b3+c3
We know that: - > ———
r 2abc

x3+y3+23 1><x2+y2+z2

2
- —> Vx,y,2> 0
xy+yz+zx

4xyz 4
Let the triangle m,m;m  with R,,,,r,,,, S;n

S = %S; (§ —area of AABC); abc = 4RS > m,;m,m. = 4R, S,

3 m,mym,
m,ymym, = 4'Rm ' ZS = Rm = T
m,+my+m, 3 (mg+my+m,)-r,
Smn=Sm ' Tm Sm = 3 :>ZS= 5
3S 3S
Tm 2r, =

= = =
2(mg + my + m,) my, +my, + m,

R, mymym, mg,+my+m, mymym.(m,+m,+m.)

21T, 3s 3s 952
R 1 a+b¥+c3 a? + b% + ¢2\*
—>—+ >
2r 4 4abc ab + bc + ca

momym.(m, +my +m,) 1 m3+mj+md
=4 >
952 4 4m,mym,

2 2 2 2
2( mg + mj + mZ ) .(2)

v

m,m, +mym,+m.m,

From (1)’(2) we get: ( )2 > mgmpme(mg+mp+mc) > l + mé+m—lz,+m§ >

R
2r 952 4 4mampm,

- m2 + m? + m? 2

- \m,ym, +mym,+m.m,
1697. In AABC, I —incenter, N —ninepoint center. Prove that:
A — B)

NI Zr-tanz (T

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Marian Ursdarescu-Romania
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A_B>_sin2(¥)_1—cosz(fl;—8)_ 1
) o (58) st (A3E) ot (155)

We must show that: NI > r - <% - 1> ; (1)
cos (T)

-1

tan? (

Lemma: In any AABC we have: cos? (%) > %r; (2)
Proof:1r = 4RsinésingsinE
2 272

A-B ., A . B . C
We must show that: cos? (T) > BSmEsm;smE 1=

A-B €, A-B A+B
COS2< 2 )24sm—(cos — CO0S )@

2 2 2
2<A—B>>4, C( A-B . C)@
cos > 2 4sin | cos—; sin

. 2C . C A—B 2 A—B
4sin 5_4“”5605( 2 >+cos( 2 )20(:)

2
(ZSing — cos (?)) = 0, true.

1 R 1 R-2r
<~ ——1< =
From (2) we have i) = 2 © () 1<=-;(3)

R27 & 4NI% > (R - 21)% (4)

From (1),(3) we must show: NI > =

From median theorem,we have:

N2 — 4 [2OF +1H?) — OH?) _
= Z =

=2(R>—2Rr +4R?> + 4Rr + 31> —s2) —9R?* + a? + b* + ¢* =
= 10R? + 4Rr + 61% — 25> — 9R? + 25®> — 2r? — 8Rr =
= R? — 4Rr + 41? = (R — 2r)% = (4) is true.Proved.

1698. In AABC the following relationship holds:
A B C
R (16Rcos2 > cos?* —cos? 5+ r) < 5R? + 9r?

2

Proposed by Daniel Sitaru-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

A B C s R(16R 2A 2B ZC+ )
— — —_—= — — — — =
cos 2 cos 2 cos 2 4R cos 2 cos 2 cos 2 r

S 2 SZ (*)
- R 16R(ﬁ) +1)=R(+7) =5+ Rr < 5R? + 9r2

(*) © s%2 < 5R? — Rr + 9r?

But: s < 2R? + 10Rr — r2 + 2(R — 2r)/R(R — 2r) (s) 5R? — Rr + 9r?
(++) © 3R? + 11Rr — 10r? > 2(R - 2r)/R(R - 21) &
(R—2r)(3R—5r) = 2(R-2r)/R(R-2r) &
(R—2r)[3R—5r—2 R(R—Zr)] >0

Because R = 2r (Euler)> R—2r >0

3R=61>57
We just check: 3R — 51— 2./R(R - 2r) > 0 ——

(3R —57)% > 4(R?* — 2Rr) © 9R? — 30Rr + 25r% > 4R? — 8Rr

R
t=—22

5R% — 22Rr + 2512 > 0 == 5t2 — 22t + 25 > 0

2
5 (t — %) +§ > 0 true fort > 2 = (*x) is true = (*) is true.Proved.

1699. In AABC the following relationship holds:

m2 + mi + m? _ 1_|_8(R)4
3v/3S —9 9\2r
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by George Florin Serban-Romania

3
m2 + m? + m? _1(a2+b2+02)_3-2(sz—r2—4Rr)_

3v3s 3V3rs B 4-3V3rs
s2 — r2 _ AR7 Gerretsen 4R? + 4Rr + 3712 — 2 — 4Rr Mitrinovic
= < <
2v/3sr 2+/3sr

< — 2= -
237 3V/3r 9r2 9

4R?* + 2r? _2R2+r2_2(R>2 101 8<R)4 1.8 1<R)4
9

e [—) =2
r +9_9+9 2r 9 16 \r
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t=252

&)%tz < %t“ o 92(12 — 4) > 0 © 9t2(t — 2)(t + 2) = 0 true for t > 2. Proved.

Solution 2 by Tran Hong-Dong Thap-Vietnam

a%+b%+c*<9R?

e miimi+mi=Z(a?+b*+c®) = Z

RZ.

4 )
p23\/3_‘r

e 3v35=3V3.pr S 27r2

2

mi+mp+m2 27 . 1 (R)
- <ZRr = (=
3/3S 4 27r? 2r

2
Let t = (%) > 1. We must show that:

8 1
§t2+§2 to8t?2—-9t+1>0o (t—1)(8t—-1)=>0
Which is clearly true because: t>1-t—1>0,8t—1>16—-1 = 15.
1700. In AABC the following relationship holds:
z a(sin3B — sin3C) < BSZ sin(B — C)
cyc cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
Z a(sin3B — sin3C) = Z a(3sinB — 4sin3B) — Z a(3sinC — 4sin3C)

_3Zab 3 ac 4Zab3+4 ac3
N 2R 2R 8R3 8R3

Y (ab3® — ac?) ab3 —ac3 + bc® — ba3 + ca® — cb?

2R3 2R3
ab(b? — a?) + c3(b — a) — c(b — a)(b? + a% + ab)
T 2R3
(b —a)(a®?b + ab? + ¢ — cb? — ca? — abc)
T 2R3
(b —a){a’?(b—c¢) —c(b+ c)(b—c)+ab(b—c)}
2R3
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_(b-a)b- c)(@®>-bc—c*+ab) (b-c)(c—a)(b—a)(a+b+c)

2R3 2R3
Dp—-c)(c—a)b—a)(a+b+c
Z a(sin3B — sin3C) = ( ) )(2R3 ) )
. . . B-C B-C
Again, ZSZ sin(B—-C) = 452 sin——cos —;

_ 452 {(b ; c> COS% (b : c> Sin%} _ 452 {<b2a—2c2> (si;A)}

_ 4s b? — c? B (S)Zbc(b2 —c?) B bc(b? — ¢?) + ca(c? — a?%) + ab(a? — b?)

4R a R 4Rrs 4R?%r
B bc(b? — c?) + c3a — ca® + a3b — ab?3
4R?*r
_ be(b? —c?) +a’(b—c) —a(b - c)(b? + c? + bc)
4R?%r
(b — ¢)(b%c + bc? + a3 — ab? — ac? — abc)
- ARZr
(b — ¢){b?(c —a) — a(c+ a)(c — a) + bc(c —a)}
- ARZr
(b—c)(c—a)(b?—ac—a%?+bc) (b—c)(c—a)(b—a)(a+b+c)
N ARZr N AR?r
(2)
ZSZ sin(B—C) £ (b ol a)igzra)(a thto = (1),(2)

= proposed inequality &

1 1
(b—c)(c—a)(b—a)(a+b+c)(4R2r—ﬁ>20

R —2r
4R3r
Euler

“(b—-c)(c—a)(b—a)=0asa=>b>candR —2r S o0- Za(sinBB —sin3C)

@(b—c)(c—a)(b—a)(a+b+c)( )20—>true

< ZSZ sin(B — C) (Proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

For all x, y € R we have identity:
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sinxsin3y — sin3xsiny = 4sinxsinysin(x + y)sin(x — y) =

Z a(sin3B — sin3C) =
cyc
= 2R[sinA(sin3B — sin3C) + sinB(sin3C — sin3A) + sinC(sin3A — sin3B) =
= 2R[4sinAsinBsin(A + B)sin(A — B) + 4sinCsinAsin(C + A)sin(C — A) +
+4sinBsinCsin(B + C)sin(B — ()]
= 8RsinAsinBsinC[sin(A — B) + sin(B — C) + sin(C — A)] =

= % [sin(4 — B) + sin(B — C) + sin(C — A)]

Q

0<A4BC<m=>-n<A-BB-CC-—-A<m>

<

sin(A—B)+sin(B—C) +sin(C—A4) > 0=

x| =
N | =

Q< % [sin(A — B) + sin(B — C) + sin(C — A)] <

< 8s[sin(4A — B) + sin(B — C) + sin(C — A)]
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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