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In this work we find a reverse inequality of Huygens inequality .
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A very elegant inequality - but unfortunately, an inequality still little known and
used - is Huygens inequality , [2.] . It has a simple enunciation :

1. Proposition (Huygens inequality)

If a;,az,...,a, are positive real numbers , then,

n
(1+a,)-(1+a,)- ... -(1+a,) 2 (1+Q/a1-a2- ... dg ) : )
Although several demonstrations are known, for the bibliographic independence
we reproduce the following short demonstration here.
Proof

Applying twice the AM-GM inequality ,
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k:11+ak l
n = n ’ 2)
r{/ (1+a,)
k=1
n 1ak o T ay
k=1 1+, > k=1 3)
N n ﬁ (1+a,)

by adding the two relations , we obtain :

1+ n/ f[ a,
1 Z k=1 ’
r{/H(1+ak)
k=1

equivalent to the inequality in the statement.
Equality occurs if a;=a,= ... = ap .

Looking for a complement to the left of the inequality in the relation (1) , | found
an expression as beautiful as like that the direct inequality of Huygens .

2. Proposition (reverse Huygens inequality)
If a;,a,,...,a, are positive real numbers , then ,

n
(1+a1+a2+ - T j = (1+a)-(1+a,) ... -(1+a,) - (4)
n
The Proof will be revealed later, in a more general context ( Theorem 7).

Relative to the vector a=(a;, az, ..., an) € R, The following classic means of
numbers a;, as ... , a, are well known :
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1 n
Aqla] = E-Z a, (the arithmetical mean of numbers a;, a,, ..., an), (5)
k=1
n
G,[a] = n/ 8, (the geometric mean of numbers a;, a, ..., an), (6)
k=1
. n .
Halal == ———— (the harmonic mean of numbers a;, a, ..., an), (7)
a
k=1 ak
as well as the inequality between them, Aj[a] = Gy[a] = Hy[a] , (8)
(where equality occurs ifand only if a;=a,= ... = a,).

We will also note the product from the inequalities in (1) and (4) , which we can
also call Huygens product ,

Huy,[a] = (14+a,)-(1+a,) ... -(1+a,)- 9)

With these notations, from Propositions 1 and 2 we obtain the following very
beautiful framing for the Huygens product :

3. Proposition (of framing with means of Huygens product )

If a;,ay,...,a, arepositive real numbers, then,
(1+Gyla])" € (1+a)-(1+8,) ... -(1+a,) £ (1+A[a])" - (10)
4. Corollary

The expression i Huyp[al =1 isamean of the numbers a;, aj, ... , an .
which refines the inequality AM - GM .

Proof
From the relation (10) we deduce ,

Gulal < Y(1+ay)-(14a,)- ... -(1+a,) —1 < Aja] - (11)

so the conclusion follows .
We now present a framing for another product ,
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1 1 1
P[X] = £1+X—1j-(1+x—2) '(1+X—J : (12)

5. Proposition (of framing with means for Pp[x] )

If X1,X2,...,X, are positive real numbers , then,
n n
[1+ L ] < (1+ij-[1+ij-... -[1+i)s [1+ L ] . (13)
GpIX] X X, Xp H,[X]
Proof

We apply the inequality from Proposition 3.
For real numbers ay, a, ...,an>0 , we will note X, = 1/a, , (V) k=1,

1
Obviously, x>0 ,and 1+a, 1+— , (V) k=1,n. We also have :

N PR T SRR Y
A= a, n i x H o \}kﬂ“ x/Hlx Sk

By substituting these last three expressions in inequality (10) , the inequality from
the statement is obtained .

6. Corollary
1
The expression is a mean of the numbers aj;, a, ... , an .
Pn[a] -1
which refines the inequality HM - GM .

Proof
Indeed , from relation (13) we deduce ,

1
H.[a] < <G,[a] .
nla] n P [a] —1 nla] (14)

so the conclusion follows .

We will now present a generalization of the framing with means (10) for
the generalized Huygens product ,
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Huy,g9,[X]1 = (a+BX)-(a+BX,) ... -(a+BX,), (15)
associated with the vector X = (X1, X2, ... , Xp) € R ,with a,p>0 .
7. Theorem (of framing with means of generalized Huygens product)

Let a, B positive real numbers . For real numbers X;, Xz ..., Xn >0,
there is double inequality ,

(a+B GnlX])" £ (a+BX)-(atBXy) ... (a+BX) £ (a+BALX])" - (16)
with equality iff X3 = X; = ... = X5 .
Proof

For the inequality on the left, we use the inequality of Huygens (1),

H(G+Bxk) ]‘ﬂ (1+Bxk]_a H(1+Bij (Huyzgens)
1

k=1 k= k=1 a

k=1 O
= (a+ﬁ-n/ I[ X, ] = (a+BGp[x] )”
=1

Equality occurs if X; = X; = ... = Xp .

For the right inequality, we have by using the GM-AM inequality :

n

]ﬂ[(aka)s(%.i(aka)jn: (“%'éﬁka _

k=1 k=1

= [aﬂa - Z xk] = (a+BAL[X])"

Equality occurs if
at+PX,=a+BX,=...=a+BX, & X =X=...= X,
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8. Remark For a=p# =1 the inequality of Huygens is obtained ,
both in the direct version and in the reverse version .

Because of (16) we deduce equivalently ,

r\]/ Huy,g,[x] —a
B

G,la] < < Aplal , (17)

so the following
9. Corollary

1/ Fiuy, 6ol
p

iIsa mean of positive real numbers X;, Xz, ... , X, , which refines the AM - GM
inequality .

With replacement x, — 1/x, | (V) k=1, n | inrelations (16),(17),

For a, p positive real numbers, the number

we get the following:
10. Proposition

a) For a,P ; X1, Xz,..., Xy Strictly positive real numbers ,
there is double inequality,

[a+%] < LMXEJ.LMX%} .[OH-)%J < [a+%} . (18)

p
H.[a] < < G,[a] .
b) n W‘a n (29)

In the relations (10), (13), (16), (18) were highlighted the framing for different
product - expressions . We conclude with the setting of some framing established
for the sum — expressions . Thus in [3], the following two framing with means
were presented and demonstrated :

11. Proposition

Let a,b >0.Forreal numbers x;, Xz ,..., X, € (0,a/b) and weights

P1, P2, «ees Pn >0, with Z P, =1, there is double inequality ,

k=1
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1 . D 1
—— < < .
a+bA, [X] Z} a+bx, a+b G, [X] (20)
with equality if X; = X, = ... = X, .

12. Proposition

Let a,b >0 . Forreal numbers y,,¥3 4+ees¥n €(b/a , ) and

weights py.p2y.cspa =0, with Zpﬂ =1 | there is double inequality ,

k=1

H n G
aH [y]+b = ay, +b aG_[y]+b

with equality if y,=y,= ... =y, .

Two other beautiful framing with means were presented in [5] .
See also [1] and [4] :

13. Proposition

Let » 22 a natural number . For real numbers a,a; ... ,a,e (0,2) ,
there is double inequality ,

L{i 1 < n
JtHaja TS [t4a, T 146 (22)

14. Proposition

For m 2 2 anatural number and for real numbers x;, x;,....x,€(1/2, o)
there is double inequality ,

H_[x] G, [x]
- _r "i T - (23)
1’ 1+H, [x] 1’ 1+.1::jl '\’ 1+G, [x]

Equality occurs if and only if x;=x,= ...
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