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ABOUT NAGEL’S AND GERGONNE’S CEVIANS-(IV) 

By Bogdan Fuştei-Romania 

 

In any	∆ܥܤܣ we have: ݉௔
ଶ = ଶ൫௕మା௖మ൯ି௔మ

ସ
	(and	analogs)  

௔ݓ =
2√ܾܿ
ܾ + ܿ ඥݏ)ݏ − ܽ)	(and	analogs) 

It’s easy to prove that: 

݉௔
ଶ = ݏ)ݏ − ܽ) +

1
4 (ܾ − ܿ)ଶ	(and	analogs) 

௔ଶݓ = ݏ)ݏ − ܽ) −
ݏ)ݏ − ܽ)
(ܾ + ܿ)ଶ (ܾ − ܿ)ଶ	(and	analogs) 

So, we have the following relationship: 

݉௔
ଶݓ௔ଶ = ൬ݏ)ݏ − ܽ) +

1
4

(ܾ − ܿ)ଶ൰ ቆݏ)ݏ − ܽ) −
ݏ)ݏ − ܽ)
(ܾ + ܿ)ଶ (ܾ − ܿ)ଶቇ = 
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= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4 −
ݏ)ଶݏ − ܽ)ଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ −
ݏ)ݏ − ܽ)(ܾ − ܿ)ସ

4(ܾ + ܿ)ଶ = 

= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4(ܾ + ܿ)ଶ [(ܾ + ܿ)ଶ − ݏ)ݏ4 − ܽ) − (ܾ − ܿ)ଶ] = 

ቆ∴ ݏ)ݏ − ܽ) =
ܽ + ܾ + ܿ

2 ∙ ൬
ܽ + ܾ + ܿ

2 − ܽ൰ =
(ܽ + ܾ + ܿ)(ܾ + ܿ − ܽ)

4 ቇ 

݉௔
ଶݓ௔ଶ = ݏ)ଶݏ − ܽ)ଶ + 

+
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4(ܾ + ܿ)ଶ [ܾଶ + ܿଶ + 2ܾܿ − (ܽ + ܾ + ܿ)(ܾ + ܿ − ܽ) − (ܾ − ܿ)ଶ] = 

= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4(ܾ + ܿ)ଶ (2ܾܿ + ܽଶ − ܾଶ − ܿଶ) = 

= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4(ܾ + ܿ)ଶ (ܽଶ − (ܾ − ܿ)ଶ) =⏞
௔మି(௕ି௖)మୀସ௥௥ೌ

 

= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ܽ)(ܾ − ܿ)ଶ

4(ܾ + ܿ)ଶ ∙ ௔ݎݎ4 =⏞
௔మି(௕ି௖)మୀସ(௦ି௕)(௦ି௖)

 

= ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ
ு௘௥௢௡
ሳልልልሰ 

݉௔
ଶݓ௔ଶ = ݏ)ଶݏ − ܽ)ଶ +

ܵଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ 	(and	analogs) 

We show it that: 

݊௔ଶ = ݏ)ݏ − ܽ) +
(ܾ − ܿ)ଶݏ

ܽ 	(and	analogs) 

݃௔ଶ = ݏ)ݏ − ܽ) −
(ܾ − ܿ)ଶ(ݏ − ܽ)

ܽ 	(and	analogs) 

݊௔ଶ݃௔ଶ = ݏ)ݏ − ܽ)ቆݏ −
(ܾ − ܿ)ଶ

ܽ ቇ ቆݏ − ܽ +
(ܾ − ܿ)ଶ

ܽ ቇ = 

= ݏ)ݏ − ܽ)ቆݏ)ݏ − ܽ) + (ܾ − ܿ)ଶ −
(ܾ − ܿ)ସ

ܽଶ ቇ 
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݊௔ଶ݃௔ଶ = ݏ)ݏ − ܽ)ቆݏ)ݏ − ܽ) + (ܾ − ܿ)ଶ ∙
ܽଶ − (ܾ − ܿ)ଶ

ܽଶ ቇ (and	analogs) 

݊௔ଶ݃௔ଶ = ݏ)ଶݏ − ܽ)ଶ +
ݏ)ݏ4 − ݏ)(ܽ − ݏ)(ܾ − ܿ)

ܽଶ
(ܾ − ܿ)ଶ = 

= ݏ)ଶݏ − ܽ)ଶ +
4ܵଶ

ܽଶ (ܾ − ܿ)ଶ 

We show that: ݊௔݃௔ ≥ ݉௔ݓ௔	(and	analogs) 

ݏ)ଶݏ − ܽ)ଶ +
4ܵଶ

ܽଶ (ܾ − ܿ)ଶ ≥ ݏ)ଶݏ − ܽ)ଶ +
ܵଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ  

4ܵଶ

ܽଶ (ܾ − ܿ)ଶ ≥
ܵଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ  

If ܾ = ܿ we have equality. 

If ܾ ≠ ܿ we have: ସௌ
మ

௔మ
> ௌమ

(௕ା௖)మ
⇒ ସ

௔మ
> ଵ

(௕ା௖)మ
⇒ 4(ܾ + ܿ)ଶ > ܽଶ ⇒ 2(ܾ + ܿ) > ܽ true. 

So, we have: ݊௔݃௔ ≥ ݉௔ݓ௔	(and	analogs) 

݊௔ଶ݃௔ଶ = ݏ)ଶݏ − ܽ)ଶ +
4ܵଶ

ܽଶ
(ܾ − ܿ)ଶ −

ܵଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ +
ܵଶ(ܾ − ܿ)ଶ

(ܾ + ܿ)ଶ = 

= ݉௔
ଶݓ௔ଶ + ܵଶ(ܾ − ܿ)ଶ ൤

4
ܽଶ −

1
(ܾ + ܿ)ଶ൨ =⏞

ௌమୀ௔
మ௛ೌమ
ସ
݉௔
ଶݓ௔ଶ +

ܽଶℎ௔ଶ

4
(ܾ − ܿ)ଶ

4(ܾ − ܿ)ଶ − ܽଶ

ܽଶ(ܾ + ܿ)ଶ  

݊௔ଶ݃௔ଶ = ݉௔
ଶݓ௔ଶ + ℎ௔ଶ(ܾ − ܿ)ଶ

4(ܾ − ܿ)ଶ − ܽଶ

4(ܾ + ܿ)ଶ  

Finally, we get a new inequality: 

݊௔ଶ݃௔ଶ = ݉௔
ଶݓ௔ଶ + ℎ௔ଶ(ܾ − ܿ)ଶ ቈ1 −

ܽଶ

4(ܾ + ܿ)ଶ቉	(and	analogs) 

Using means inequality for AQ-AM, we have: ට௫మା௬మ

ଶ
≥ ௫ା௬

ଶ
⇒ ඥݔଶ + ଶݕ ≥ ଵ

√ଶ
ݔ) +  (ݕ

For ݔଶ = ݉௔
ଶݓ௔ଶ ⇒ ݔ = ݉௔ݓ௔  
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ଶݕ = ℎ௔ଶ(ܾ − ܿ)ଶ ቈ1 −
ܽଶ

4(ܾ + ܿ)ଶ቉ ⇒ ݕ = ℎ௔|ܾ − ܿ|ඨ1 −
ܽଶ

4(ܾ + ܿ)ଶ 

Finally, we get a new inequality: 

݊௔݃௔ ≥
1
√2

ቌ݉௔ݓ௔ + ℎ௔|ܾ − ܿ|ඨ1 −
ܽଶ

4(ܾ + ܿ)ଶቍ	(and	analogs) 

݊௔ଶ݃௔ଶ = ݏ)ଶݏ − ܽ)ଶ +
4ܵଶ

ܽଶ (ܾ − ܿ)ଶ =⏞
ସௌమୀ௔మ௛మೌ

ݏ)ଶݏ − ܽ)ଶ + ℎ௔ଶ(ܾ − ܿ)ଶ 

Finally, we get a new equality: 

݊௔ଶ݃௔ଶ = ݏ)ଶݏ − ܽ)ଶ + ℎ௔ଶ(ܾ − ܿ)ଶ 

From: ݊௔݃௔ ≥ ݉௔ݓ௔ 	(and	analogs) ⇒ ݊௔݊௕݊௖݃௔݃௕݃௖ ≥ ݉௔݉௕݉௖ݓ௔ݓ௕ݓ௖ ⇒ 

݊௔݊௕݊௖
݉௔݉௕݉௖

≥
௖ݓ௕ݓ௔ݓ
݃௔݃௕݃௖

 

From: 	௡ೌ
௠ೌ

≥ ௪ೌ
௚ೌ
	(and	analogs) ⇒ ௡ೌ

௠ೌ
+ ௡್

௠್
+ ௡೎

௠೎
≥ ௪ೌ

௚ೌ
+ ௪್

௚್
+ ௪೎

௚೎
 

From: ௡ೌ
௪ೌ

≥ ௠ೌ
௚ೌ
	(and	analogs) ⇒ ௡ೌ

௪ೌ
+ ௡್

௪್
+ ௡೎

௪೎
≥ ௠ೌ

௚ೌ
+ ௠್

௚್
+ ௠೎

௚೎
 

From: ݉௔ݓ௔ ≥ inequality)	(Panaitopol	௖ݎ௕ݎ ⇒⏞
௥್௥೎ୀ௦(௦ି௔)

 

݉௔ݓ௔ ≥ ݏ)ݏ − ܽ)(and	analogs) ⇒ ݊௔݃௔ ≥ ݉௔ݓ௔ ≥ ௖ݎ௕ݎ 	(and	analogs) 

We know that: ݏ௔ = ଶ௕௖
௕మା௖మ

∙ ݉௔ 	(and	analogs) 

௔ݏ௔ݓ =
2ܾܿ

ܾଶ + ܿଶ ∙ ݉௔ݓ௔ ≤
2ܾܿ

ܾଶ + ܿଶ ∙ ݊௔݃௔ 

௔ݏ௔ݓ ≤
2ܾܿ

ܾଶ + ܿଶ ∙ ݊௔݃௔ ⇒
ܾଶ + ܿଶ

2ܾܿ ≤
݊௔݃௔
௔ݏ௔ݓ

	(and	analogs) ⇒
1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ ≤

݊௔݃௔
௔ݏ௔ݓ

 

Finally, we get a new inequality: 
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෍
݊௔݃௔
௔௖௬௖ݏ௔ݓ

≥
1
2෍

ܾ + ܿ
ܽ

௖௬௖

 

But: ௕ା௖
௔

= ௥ೌ ା௥
௥ೌ ି௥

	(and	analogs) so, we have the following relationship: 

෍
݊௔݃௔
௔௖௬௖ݏ௔ݓ

≥
1
2෍

௔ݎ + ݎ
௔ݎ − ݎ

௖௬௖

 

But: ∑ ௕ା௖
௔௖௬௖ = ∑ ௛ೌା௛್

௛೎௖௬௖  so, we have the following relationship: 

෍
݊௔݃௔
௔௖௬௖ݏ௔ݓ

≥
1
2෍

ℎ௔ + ℎ௕
ℎ௖௖௬௖

 

ℎ௔ = ൬1 +
ܾ + ܿ
ܽ ൰ (analogs	and)	ݎ ⇒

ℎ௔ − ݎ
ݎ =

ܾ + ܿ
ܽ 	(and	analogs) 

1
2෍

ܾ + ܿ
ܽ

௖௬௖

=
ℎ௔ + ℎ௕ + ℎ௖ − ݎ3

ݎ2  

So, we have the following relationship: 

෍
݊௔݃௔
௔௖௬௖ݏ௔ݓ

≥
ℎ௔ + ℎ௕ + ℎ௖ − ݎ3

ݎ2  

But: ௕ା௖
௔

= ௥ೌ ା௛ೌ
௥ೌ

= 1 + ௛ೌ
௥ೌ
	(and	analogs) 

So, we have the following relationship: 

෍
ܾ + ܿ
ܽ

௖௬௖

= 3 +
ℎ௔
௔ݎ

+
ℎ௕
௕ݎ

+
ℎ௖
௖ݎ

 

Finally, we get a new inequality: 

3 +
ℎ௔
௔ݎ

+
ℎ௕
௕ݎ

+
ℎ௖
௖ݎ
≤ 2෍

݊௔݃௔
௔௖௬௖ݏ௔ݓ

 

We show it that: 

4݉௔
ଶ = ݊௔ଶ + ݃௔ଶ + ௖ݎ௕ݎ2 	(and	analogs) 
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݉௔ݓ௔ ≥ ௖ݎ௕ݎ 	(and	analogs) ⇒ ݊௔ଶ + ݃௔ଶ + 2݉௔ݓ௔ ≥ 4݉௔
ଶ  

݊௔݃௔ ≥ ݉௔ݓ௔	(and	analogs) ⇒ ݊௔ଶ + ݃௔ଶ + 2݊௔݃௔ = (݊௔ + ݃௔)ଶ ≥ ݊௔ଶ + ݃௔ଶ + 2݉௔ݓ௔ 

Finally, we get a new inequality: 

݊௔ + ݃௔ ≥ ඥ݊௔ଶ + ݃௔ଶ + 2݉௔ݓ௔ ≥ 2݉௔ 	(and	analogs) ⇒ 

෍(݊௔ + ݃௔)
௖௬௖

≥෍ඥ݊௔ଶ + ݃௔ଶ + 2݉௔ݓ௔
௖௬௖

≥ 2(݉௔ + ݉௕ + ݉௖) 

We show it that: 

ܾଶ + ܿଶ = ݊௔ଶ + ݃௔ଶ + ௔ݎݎ2 	(and	analogs)	and	ܾܿ = ௖ݎ௕ݎ + ௔ݎݎ 	(	and	analogs) 

(ܾ − ܿ)ଶ = ݊௔ଶ + ݃௔ଶ − ௔ݎݎ2 = ݊௔ଶ + ݃௔ଶ − ݊௔݃௔ − ௔ݎݎ2 + 2݊௔݃௔ = 

= (݊௔ − ݃௔)ଶ + 2(݊௔݃௔ −  (௖ݎ௕ݎ

Finally, we get a new inequality: 

(ܾ − ܿ)ଶ = (݊௔ − ݃௔)ଶ + 2(݊௔݃௔ −  analogs)	௖)(andݎ௕ݎ

ඨ
(݊௔ − ݃௔)ଶ + 2(݊௔݃௔ − (௖ݎ௕ݎ

2 ≥
஺ொெ ݊௔ − ݃௔ + ඥ2(݊௔݃௔ − (௖ݎ௕ݎ

2 ⇒ 

|ܾ − ܿ| ≥
1
√2

ቀ݊௔ − ݃௔ + ඥ2(݊௔݃௔ −  analogs)	(and	௖)ቁݎ௕ݎ

From: ݊௔݃௔ ≥ ݉௔ݓ௔ 	(and	analogs) we get: 

(ܾ − ܿ)ଶ ≥ (݊௔ − ݃௔)ଶ + 2(݉௔ݓ௔ −  analogs)	௖)(andݎ௕ݎ

From: (ܾ − ܿ)ଶ = (݊௔ − ݃௔)ଶ + 2(݊௔݃௔ −  	and	analogs)	௖)(andݎ௕ݎ

݊௔݃௔ ≥ ݉௔ݓ௔ ≥ ௖ݎ௕ݎ 	(and	analogs) we get: |ܾ − ܿ| ≥ ݊௔ − ݃௔ 	(and	analogs) 

݊௔ଶ + ݃௔ଶ − 2݉௔ݓ௔ ≥ ݊௔ଶ + ݃௔ଶ − 2݊௔݃௔ = (݊௔ − ݃௔)ଶ ⇒ 

ඥ݊௔ଶ + ݃௔ଶ − 2݉௔ݓ௔ ≥ ݊௔ − ݃௔	(and	analogs) ⇒ 

෍ඥ݊௔ଶ + ݃௔ଶ − 2݉௔ݓ௔
௖௬௖

≥෍݊௔
௖௬௖

−෍݃௔
௖௬௖
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From: ݊௔݃௔ ≥ ݉௔ݓ௔ ⇒ ݊௔ ≥
௠ೌ௪ೌ
௚ೌ

	(and	analogs) 

But: ݃௔ ≤ ܫܣ + 2 ≤ ௔ݓ 	(and	analogs) ⇒ ݊௔ ≥
௠ೌ௪ೌ
௚ೌ

≥ ௠ೌ(஺ூା௥)
௚ೌ

≥ ݉௔ 	(and	analogs) 

⇒ ݊௔ + ݊௕ + ݊௖ ≥෍
݉௔ݓ௔
݃௔௖௬௖

≥෍
݉௔(ܫܣ + (ݎ

݃௔௖௬௖

≥ ݉௔ + ݉௕ + ݉௖  
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