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ABOUT NAGEL’S AND GERGONNE’S CEVIANS-(1V)

By Bogdan Fugtei-Romania

Note by Editor: The article is written as a story of discovery triangle inequalities, The

author give us a detailed mind process of these discoveries. | consider it an innovative and

outstanding method to show results to readers.

2(b2+cz)—a2

Inany AABC we have: mg = "

(and analogs)

W, =

2+ bc
b C,/s(s — a) (and analogs)
It’s easy to prove that:
1
m: =s(s—a)+ 1 (b — ¢)? (and analogs)

s(s—a)

w2 =s(s—a)— b+ o) (b — ¢)? (and analogs)

So, we have the following relationship:

miw2 = (s(s —a) +%(b - c)z) <s(s —a)— % (b - c)2> =
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s ay 4 D= b =0)? sG—a)b-o)t
=s“(s—a 7 b+ o) 20 + 02 =

s(s —a)(b —c)? [(b+c)>—4s(s—a)—(b—c)] =

= s2(s — a)? L
<.-.s(s—a):a+g+C_(a+g+c_a):(a+b+c)4(b+c—a)>

mawz = s*(s —a)? +

S(S;(Z)_fbc)—zc)z [b2+c?2+2bc—(a+b+c)(b+c—a)—(b—c)]=

=s*(s—a)*+ S(S;(Z)fbc)_z <)’ (2bc + a? — b% — ¢?) =

a’?—(b—c)?=4r7,
e

= e w02

2 2
S(S _ a)(b _ C)Z a“—(b-c) i:\t(s—b)(s—c)
=s?(s—a)*+ B 4rr, =

— SZ(S _ a)z + S(S - a)(s Ebb_?_(j); C)(b — C)2 I-Ie;r;

S%2(b —¢)?
2002 — o2(c — )2
miwz = s?(s—a)? + b+ o) (and analogs)

We show it that:
(b —c)?s
a (and analogs)

n2 =s(s—a)+

- C)Z(S —a) (and analogs)

(b —C)2>< (b —C)2>
s—a+ =
a

a

9i=s(s—a) -

n2g2 = 5(s — a) ( _

=s(s—a) <s(s —a)+((b-c)?— (2 ;ZC)4>

2
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n2g2 =s(s —a) <s(s —a)+ (b —10¢)? -W) (and analogs)

4s(s —a)(s — b)(s — )

n2gi=s2(s — a)? + — (b—c)? =
452
= s52(s — a)? +—(b —¢)?
We show that: n, g, = m,w, (and analogs)
452 S2(b — c)?
2(c— g2 (h—)2 > 2(c—) T
s?(s—a) 2 (b—c)*=2s*(s—a) (b +0)?

as? o SHb—c)?
az( €)= (b + )2

If b = c we have equality.

Ifb # cwehave: o> 5 5 45
" a? (b+c)? a? (b+ )2

= 4(b+c)? > a? = 2(b+c) > a true.

So, we have: n,g, = m,w, (and analogs)

S2(b—c)* S*(b—c)*
G+c)?  (b+roE

nzgz = s*(s — a)? +a_2(b - ) —

1 ] Lt a2 2 4(b — ¢)? — a?

4
= mczlwg =+ Sz(b — C)2 [— mcle (b - )2 az(b + C)Z

az (b + c)?

4(b —c)?> —a?
Tt

nczlgczl = maWa + hczz(b - C)Z

Finally, we get a new inequality:

a?
nzgé = miw§ + hi(b —c)? [1 - m] (and analogs)

Using means inequality for AQ-AM, we have: [~ +y o [x2+y2>— (x +7v)

2 — 21,2 —
Forx“ =m;w; = x = myw,
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2

a a?
4(b + c)?

]:>y:ha|b—C| l—m

y? = h(b - c)? [1

Finally, we get a new inequality:

2

a
mawa+ha|b—cl l—m

1
Ngga = NG (and analogs)

2 45%2=a2h3
nczzgczzzsz(s—a)z"'?(b—C)z = s?(s —a)? + h2(b — c)?

Finally, we get a new equality:
nigs =s*(s—a)* + hi(b—c)’
From: n,g, = m,w, (and analogs) = n,nyn.gegpgec = MgMpMm Wowpw, =

ngnpn, > WaWpWe

mgmpyme Ja9pYc

From: 22 > 22 (and analogs) = =% + 22 + e > Ya 4 Wb 4 e
mgq Ya Mq mp me Ya 9db dc

From: 2¢ > @ (and analogs) = —& + "2 + ¢ > Ma T 4 Te
Wq Ya Wqa Wp Wc Ya 9db dc

rpre=s(s—a)

From: myw, = 1,7, (Panaitopol inequality) 3

maw, = s(s — a)(and analogs) = n,g, = m,w, = r,7. (and analogs)

We know that: s, = bzz—liccz- m, (and analogs)
2bc 2bc
WaSa = 172 MaWa < b2+ oz ada
2bc b2 +c? nug, 1/b ¢\ mng.g
<—- = < nd analogs :>—(—+—)g e
WaSa =274 ez aba 2bc WgSq (and analogs) 2\c b/~ wgs,

Finally, we get a new inequality:



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

naga zb+c
2

cyc

b+c TatT

But: —= (and analogs) so, we have the following relationship:

NgYa >}zra+r
W,S;, 24ar,—r1

cyc cyc

But: chc " chc Bathy so, we have the following relationship:

NgYGa > 12 ha + hb
W.S, 2 h.

cyc cyc

c h,—r b+c
)r (and analogs) = = (and analogs)

b+
b= (1

1zb+c_ha+hb+hc—3r
2 B 2r

cyc
So, we have the following relationship:

naga>ha+hb+hc—3r

WoS, 2r
cyc

b+c __ 1rq+hg

But: — =1+ ? (and analogs)

Ta

So, we have the following relationship:

Zb+C:3+h_a+@+E

a T, T, T

cyc

Finally, we get a new inequality:

3+h—a+@+E<2 Bafa
7 1 . WgSq

cyc
We show it that:

4m?2 = n2 + g2 + 2r,7, (and analogs)
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myw, = 1,7, (and analogs) = n2 + g2 + 2m w, = 4m?2
Naga = maw, (@nd analogs) = ng + g& + 2n,g, = (ng + go)* = ng + g& + 2myw,

Finally, we get a new inequality:

Ng + ga = /N2 + g2 + 2m,w, > 2m, (and analogs) =

D (e +90) 2 ) nd + g7+ 2mwg = 2(mg +my +m,)

cyc cyc
We show it that:
b% + ¢? =n? + g2 + 2rr, (and analogs) and bc = 1,1, + 11, (and analogs)
(b—c)?>=ni+géd—2r, =nd+gi —nggdq — 217y +2n,g, =
= (Mo — 9a)* + 2(Naga — Tb7%)
Finally, we get a new inequality:

(b—=c)2=(ny,— g,)?*+ 2(n,g, — r,7.)(and analogs)

\/(na - ga)2 + 2(na‘ga - 7ﬂbrc) AgM Ng — Ya + \/Z(naga - 7/'brc) =

2 - 2
|b—c|=> 1 (na —Ja ++/2(nega — rbrc)) (and analogs)
V2

From: n,g, = m,w, (and analogs) we get:

(b —¢c)? = (ng — go)? + 2(myw, — rp7.)(and analogs)
From: (b — ¢)? = (n, — g4)* + 2(n,g9, — 1p7.)(and analogs) and
Ngge = Myw, = 1p1. (and analogs) we get: |b — c| = n, — g, (and analogs)

2 2 2 2 — 2
ng + Ya — 2TnaVVa = ng + Ya — 2na‘ga - (na - ga) =

Jn2 + g2 — 2m,w, > n, — g, (and analogs) =

z\/n?l+gczl_2mawa2 na_zga

cyc cyc cyc
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From: ngg, = mgw, = ng = % (and analogs)
a

MaWq = mq(Al+71)

But: g, < Al + 2 < w, (and analogs) = n, > p p

> m, (and analogs)

moW, my (Al + 1)
>n, +n,+n,=> = ——2=2my +tmy, +m,
Ya Ya

cyc cyc
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