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ABSTRACT. In this paper we present some limits of Lalescu type.
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Proof. By Cauchy-D’Alembert theorem we have:
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We denote u,, =

n—00 n—00 n Apt1

1\2n
We have: lim wu; = lim ((n+ ) L ”Rl/an+1>=

]_ 2n n ! n+1 n
= lim (”+ ) n (A DV ) e 1L
n—oo n ’I’L' a,n+1 n—|—1 a e

Therefore, taking to limit in (1) we obtain:

lim xn:e-1~ln( lim uZ):e-lne:e-lze.
n—oo n—oo
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Theorem 17. Let (ay)n>1, (bn)n>1 be positive real sequences such that:

. a . .
lim —* —¢>0and lim (b, — u - ayp) = v, where u,v > 0. If there exists:
n—,oo 1 - a,n n—oo

lim a, € Ry, then calculate:
n—oo

a) hm(\/T_H \F)

. (n+1)2 n?\ e
b) nlbnéo( ey \/Q) T a

=
Proof for a).
a
We suppose that lim a, = c¢ > 0, then because lim ntl

—— =a > 0 we get:
n—oo

n—00 1 -+ Ay,

C

= a = 0, which is false. So, lim a, = +o0o. Therefore, from
c- 00 n—00

bn : . by
lim (b,—wu-ay,) =v we deduce that lim (——u) = lim — =0= lim -~ =u
n—oo n—oo

an n—o00 Ay, n—00 Gy,
By Cauchy-D’Alembert theorem we have:
o/ b b n"
n—oo N n—00 nn n—00 (n + 1)n+1 by,

. bni1 An  Gpit n \ntl 1 1 a
= lim | .. 2t ( ) =u-—-a--=—. So,
n—soo\ apt1 b n-a, \n+1 u e e

n bn n 1
(1) Tn = gy bn+1_ n\/ bn: n\/ bn(un_l): \/> “ lnu" Vn>2

n In u,,

n+1 by,
We denote u, = —=" 1 Vn > 2 and we have:

limu—limM—lim ”+1bn+1. " 'n—i—l _9.9.1—1
n = v = v = =
n—oo n—o0o {'/E n—o0o n+1 m n e a
so lim 22" - 1. Also, we have:
n—oo Inwu,
lim w;, = lim (L 'bm_l)n = lim (b”H ¥> =
n—oo n— oo ,’”/bn n—oo bn n+\1/m
:lim(bn+1.al.an+1. nt+l n )Zu-1~a~5-1:e
n—oo\dpy1 bp n-an /b, n+1 U a ’

Therefore taking to limit in (1) we obtain:

) a ) a a
lim z, = —-1-In( lim u}}) = - -lne=—
n—00 e n—00 e €
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Proof for b).

. . a
We suppose that lim a, = ¢ > 0, then, because lim —- =g > 0, we get:
n—oo

n—00 N - Ay

€ a = 0, which is false. So, lim a, = +00. Therefore, from
c- 00 n—00
: e v . by
lim (b, —u-a,) = v we deduce lim (——u) = lim —=0= lim —=u
n—o00 n—oo\ @ n—oo @ n—oo @

By Cauchy-D’Alembert theorem, we have:

n n

\/E_ . nbn_ . bn+1 n _

lim
n—oo M n—00 nm n—o00

b n+1 1 1
= lim ( ntl . al . an+1 ( " ) =UuU-—-"-aq:-—= 9 807
n—soo\ap4y1 bn n-a, \n+1 u e e

1) eo= DT gyt
" ntl bn+1 nbn_ W " B m lnun

2 n,
We denote u,, :("—H) L,Vn > 2 and we have:

n n+\1/ bnt1

“lnw,Vn > 2

. . n+1 Vb, n+1 e a U, —1
hmun:hm( . . ):f-f-lzl,so lim =1
n— 00 n—oo\ "tl/p 4 n n a e n—oo Inu,

Also, we have:

2
lim u), = lim ( bn .<n+1> " n+\1/bn+1) =

n— o0 n— oo bn+1 n
) b, a an-n n+1 "R/b, 1 a
:eQ-hm<—n~ ntl Tl T : ﬁ-~_1):e2-<u-7-a—1 1 f)ze
n—oo\a, bpi1  Gpt1 n n+1 u e
Therefore, taking to limit in (1) we obtain:

e e e

lim xn:f~1~ln( lim uZ) =—-lne=—.

n— 00 a n—00 a a

Theorem 18. Let (an)n>1, (bn)n>1 be positive real sequences such that there
exists:

a
lim —*L and lim (by, — u - ay), then the following limits exists:
n—00 N * Ay, n—oo

a) hrn (n+1 bn+1 — bn)

n— oo

2 2
b) lim (nt)” n
P\ s Vo
Proof for a).

Let lim —"*X —4>0and lim (b, — u-ap) =v. We suppose that

n—,oo N - a,n n— o0
. . An+41 &
lim a, = c¢ > 0, then because lim —— =a > 0, we get —— =a = 0. So,
n— oo n—00 1 * Ay C- 00

lim a, = +oo. Therefore, from lim (b, — u - a,) = v, we deduce
n—00 n—00
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lim (b—n—u): lim i:O: lim b—n:u

n—00 \ Ay, n—00 Ay, n—00 Qy,
By Cauchy-D’Alembert theorem we have:
. 71\/' bn . n bn . bn+1 nn
lim = lim — = lim|(——M——  — ) =
n—oo N n—o00 nm n— oo (n —+ ]_)”+1 bn

_ nm<bn+l.an.an+1.( i )"“>:u.1.a.1:a. So,
e

n—soo\ apt1 b, n-a, \n+1 u e

v -1
(1) T = "Nbpt1 — Vbn = Vb (up —1) = bn o “Inupy,Vn > 2

n Inu,

bn+1

Vb,

We denote u,, = ,Vn > 2 and we have:

n+1 bn n+\1/ bn 1
lim u, = lim — vV n+l ( +1 n_ont ):9.5.1:1
n— oo n— oo Y b n—)oc n -+ ” b n e a
so, lim Un =2 . Also, we have:
n—oo In Unp,
lim u;, = lim (L ”bn+1>n = lim (b”"‘l #) _
n—oo n—o00 ."/bn n— oo bn n+m

. bnt1 an  Gnia n+1 n 1 e
:llm( - —_ . . ):u.f.a.f.lze
nsoo\apy1 by Mean "R/b,; n+1 u a
Therefore taking to limit in (1) we obtain:
a a a
lim 2, = —-1-In( lim u}}) = - -lne= —.
n— o0 e n— o0 e €

Proof for b).

a
Let lim —*L =g >0and lim (by—u-a,) = v. We suppose that Jim_a, = ¢ >0,
n—oo M« Ay, n— oo

. An41
then, because lim ———
n—00 N - Ay,

=a >0 we get = 0, which is false. So,
c- 00

lim = 4o00. Therefore, from li_>rn (b, —u - ap) = v we deduce
n— oo n oo

bn bn,
lim (——u) = lim izOé lim — = u.
n—00 \ Ay, n—00 Ay, n—00 Ay,
By Cauchy-D’Alembert theorem we have:

3 nlYn bn+1 n
lim = lim 2o lim ([ — 2 ) =
n—oo N n—o00 nm n—oo (n —+ ]_)”+1 bn

= i <bn+1 o a1 ( )”“>:u.1.a.1:a, So,
e

n

n—soo\ apt1 b, n-a, \n+1

(n+1)? n? n? no Up —

1
W v v YT v

‘lnwup,Vn > 2
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n n,
We denote u, :("TH> . V‘Z%,Vn > 2 and we have:

. . n+1 Vb, n+1 e a L Uy —
hmun:hm( . - ):f-f-lzl,so lim =
n—00 n—oo\ mtl/p n n a e n—oo Inuy,
b n+ 1\2»
. . n__ 1 n_ . onfl _
Also, we have: nh_)ngo up = nh—>ngo(7bn+1 ( p ) \/bn+1)
—=e?2. lim (b—n-a”Jrl . an-n.n—l—l_ N bn+1) 262-(u.1.a_1.1.g) =e.
n—=oo\ay bpt1  Gniy1 n n+1 u e
Therefore, taking to limit in (1), we obtain:
lim xn:g-l'ln( lim UZ) — S lme=2
n— 00 a n—00 a €
O

Theorem 19. Let (a,),>1 be a positive real sequence such that:

lim (ap4+1 —an) = a > 0 and let (z,,)n>1 be a sequence with

n— o0
xlzl,xn:7{/\/5~\3/5-...~\"/(Qn—l)!,then:
a) lim (ai+1_@>:7a3€4
n=o0\Tp+1 Tn 4
n n 4
b) lim (2o Ee)_ S
n—00 \ (p41 Qp, a- e
Proof for a). Let A _%_h_ﬁ( _1)_Q.L (un — 1) =
roof for a). Let Ap = 225 — 72 = 2 (up =5 Up =

2
* :@>3.TL. .u”_l
() (n T " In u,

3
) . %,Vn > 2. By Cesearo-Stolz theorem we have:

3 -1
(an> n e ‘Inwup,Vn > 2

n T, Inu,

Where u,, = (M
an

. Ap, . Ap4+1 — QAn .
lim — = lim ———— = lim (ap4+1 — an) = @, so
. Qpat . Gny1 N n+1 1
lim &n :hm( ntl 10 =a-—-1=1. We have:
n—oo Ay, n—oo\n + 1 an n a
. an ae(ant1—an)
. Ap+1 . Ap+1 — Ap \ apqr1—an 1,
1) hm( nt ) = lim (1—|—7n+ n) i —ea'® = ¢.
n—o00 A, n—oo Qp

2) By Cauchy-D’Alembert theorem we have:

\L/\/g% \"/(2n—1)! C_gvA

. Tn .
lim — = lim
n—o00 ’I’LZ n— oo

2n

o VB YT @ e
T nSeo ﬁ%m (n+1)2n+2_

"R/ (2n + 1)! _ i i © (2n — 1)! C-D’A
2n -

2

1

- e2 . nh—>ngc (n + 1)2 T2 nSko n
1. (2n + 1)! n?n 1 . 2n(2n+1)y n \2» 4
= — - lim . = — - lim ( ) ==
€2 n—oo (n+1)27t2 2n—1)1 €2 nooo (n+1)2 \n+1 e
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3 1)? 2 4 4
3) lim wu, = lim (M> - lim (xnw( " )):1- e—-l:l,so

n—oo n—oo (479 n—00 n2 Tnt1 n+ 1 64 4

n— 1
U _1

lim
n—oo In U,

. . Any1\3" . Ty,
4) lim wu), = lim ( nt ) - lim (—"1 ~xn+1) =
n— o0 n—oo\ @ n—o00 x"il

Y V3L VB v/ (2n - 1)
nﬁoo \/7 \/7 \/ﬁ "*{/nf

3.7 (n+ 1) Tnt1 5 €
=e” - lim . =e 4=
n—oo "t/(2n 1)1 (n+1)? 4 e
et adet
By the above and (*) we obtain: lim A, =a” - T 1-lne= 1
n—o0

Proof for b). Let B, = 3t — fo = Zn(y, —1) = 73 - -

ant1  an nz'a'”'(“n_l):

O N et S N I
( ) - 2 n Up = 2

n? a, In u, n? a, Inu,

Where u,, = I;“ . “—il,Vn > 2. By Cesaro-Stolz theorem we have:

an

1
“lnu,,Vn > 2

. ap, . an+1 — an .
lim — = lim —— = lim (ap4+1 — an) = @, so
. Qp41 . Gn+1 N n+1 1
lim 4 = lim ( ntl 2 )_ ~.1=1. We have:
n—00 @, n—oo\n+1 an, n a

o=

-a

an aﬁ (@nt1—an)
. a 1\" . a 1 — Qn\ apr1-an
1) hm( nt ) = lim (1—|—M) A =e
n—oo\ a, n— 00 a,

=e.
2) By Cauchy-D’Alembert theorem we have:
lim 22 o[ V3L VL. g/ (20— 1)! c-D'a
n—o00 n n~>oo n2” B
lim VEIRRVEIR. \/ﬁ "/ (2n 4+ 1)! n2n
= 1m . =
n—00 \/> \/> \ (21’L — 1)' (TL + 1)2n+2
/(2 ! 1 2n — 1
— - lim 7(71—&— ):—-hm 7(n )CDA
e2 nooo (n + 1)2 €2 nSoo n2n
1. (2n + 1)! n2n 1 .. 2n2n+1)y n \2» 4
= - lim . = — . lim ( ) =
€2 nooo (n+1)27+2 2n—1)1 €2 nooo (n+1)2 \n+1 et
2 1 1
3) 1imun:lim(xn+1~ an):lim(ﬁ-n—-an ntl n+ ):
n—oo n—oo\ T,  Apii1 n—oo\(n+1)2 xz, n  ap41 n
4 et 1 Loup —1
o Z~a-g-1—1,bo nh_)rrgo e, =1

, n n 1 n+1 1

4) lim u) = lim (M) (afn> = ~. lim Tpny1 L
n—oo n—oo T Apt1 e n—oo .TZ Tn+1
1 I (\/3!-\3/5!~...- Y@2n -1 "/2n+ 1) 1 )

= — - 1m . =
€ n—oo V315 /(20— 1) Tn41
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LI w/Cn+ 1) (n+1)2 1 4 et
— Z. lim . = - . —.— —e.
e n—ooo  (n+1)2 Tt e e 4
A 4 1 4
By the above and (**) we obtain lim B, = —.—-1-lne= —.
n— 00 e 4 a-e

O

Theorem 20. Let (an)n>1, (bn)n>1, (Tn)n>1, (Yn)n>1 be positive real sequences
such that:

. . . Tn+1
lim a, =a >0, lim b, =b6>0, lim ol
n—00 n—00 n—o0 N - Ty

If there exists nh_{r;o Zp, then nll)ngo ("Y1 — Vyn) = -

:x>0andyn:an$n+bn

Proof.
We suppose that lim z,, =t > 0, and because lim L—» yields that
n—00 n—0o0 N - Ty
T 1 t 1
r = lim ( ntl ) = - . — =0, contradiction with > 0. So, lim =z, = co.
n— 00 Ty n t oo n— 00
Yn by . .
Because y,, — a,x, = b, we have — — a,, = — which yields that:
T T

n . . bn
lim 2% = lim ap+ lim — = a+0 = a. By Cauchy-D’Alembert theorem we have:

n—00 Ty n— oo n—00 Ty

n/ s n n+1
lim Yn = lim ¢ Yn_C-D'A lim (7( Ynt1 n—) = lim <yn+1 ( " ) >

n—oo n n—ooo \| n2n n—oo\(n 4+ 1)+ y, n—oo\ m -y, \n+1

1. (yn+1.:v7n.ﬂcn+1):}

1 x
~a-—-x = —. Also, we have:
Tn+l Yn N - Ty €

(& a

Uy — YYn up — 1
Zn = W1~ Yn = Vn-(Un—1) = Yy ——Inu, = > Anuy,Vn > 2
In u, n  Inu,
Where we denote u, = —YZ2 v > 2. We have:
Vun
n+1/ 1 _
limun:lim( Ynir 1 .”“‘):E_E 1=1,s0 lim =1.
n— oo n—oo\ N+ 1 Y Yn, n e x n—oo lnu,
1
Also, we have: lim u; = lim (ynH ) =
n—oo n—o00 Un n+l UYn,
. ( Yn+1 n+1 n )
= lim . . =
n—00 \ 1N * Yp, n+1/yn+1 n -+ 1
zlim<y”+1.xl. ntl Ty m ):a.l.f.lze.
n—=0o\Tpt1 Yn "WYnt1 N-Tp, n+1 a x
By the above and (1) we obtain lim,, ,oc 2, = £ -1-In (limnﬁoo up) =%-lne= 2.
O

Theorem 21.

"1 2 26
Let (sn)az1:80 = Y, 5 then lim (sn (1) — % : 'n!) ==
k=1

n— oo
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Proof.
2
It is well-known that lim s, = —
n—oo
" Ca -D’ mber 1 n+l !
We have: lim — lim pf 2 CauchyDAlembert ), ()™ nl =
n—oo /n! n—o0o n! n—o00 (’n, + 1)' nn
1\" z
= lim (n—i— ) =e. So, B, = s, "V (n+ 1)l — % Vn! =
n—oo n

2

_ "+{/m.n+l,n(sn_ﬂ2)+7;2(n+\l/m_w)

1 =
(1) n+1 n 6
We have:
(2)
w2 Sp — = Cesaro-Stolz Sn+1 — Sn (nJ:l)2
lim n(sn——> = lim T 6 = lim ——— = lim ——— = -1
n—oo n—oo = (9) n—-o0 — — = n—-o0 ———_
n n+1 n n(n+1)
Vn! "/ (n 4+ 1)! 1
: n+41 _ Y = i . i v | —1) =
nh—>Holo( v (n+1)1=Vn!) nh—>Holo - nh_)rr;on( T 1) ; nh_)rr;o n(uy,—1)
1 n - n+\1/ 1 '
=2 lim & -Inw]y, where un:ﬁ,VnZZ.
e n—oo Inu, vn!

n+1 1| 1 _1
limun:lim< \/m n_.nt ):1,30 lim 2n =1

n— 00 n— oo n+1 Yn) n n—oo Inu,

1! 1 1
(n+1) nt = e, and then:

lm " — i ' T o S
= e T e e

1

(3) lim (""/(n+ 1) = ¥nl) = -

n—oo

By (1), (2) and (3) we obtain that:

1
lim B, = ~(—1) 4 — -

n—00 e 6

Theorem 22.

n

1
Let (Sn)n>1,8n = Z — and let (an),>1 be a positive real sequence such that:

2
k=1
2 2
. Gpy1 ) ™ a(m® — 6)
lim —= =@q € R*, then lim (s - na - — - Ya ) =—"
n—o00 Ny, + n—oo\ " il 6 " be
Proof.
72
It is well-known that lim s,, = —. We have:
n—00 6
lim / Gn = lim = ai Cauch—D;\lcmbcrt lim an+1 ﬁ _
n—oo 1 n—oo \ n™ n—oo (n+ )71 a,
L Qpal n \ntl 1 a
= lim n+< ) =a-—=-
n—oo Nay \N +1 e €
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7.(.2 2

2
So, B, = s, " An+1 — % Van = "/an41 <Sn - 6 ) + 7( " On4+1 — an) =

ntl/a, 1 2 2
(1) = mn—’_ ~n(sn—%)+%("+\l/an+1* "\/an),VnZQ

n+1 n
‘We have:
(2)
2 S s s s Ty
. . — 75 C -Stol . 1 — . 1)2
lim (sn - —) = lim 0 TEMEROE )iy 7":_ 1” =1 7(n+1) =-1
n—o00 n—oo = (Q) n—,oo — — = n—oo
n 0 n+1 n n(n+1)

. Van . "/ An+1 .
n+1 — . —_—_— = — —_ =
Jm (o = ) = Jim STt =2 1) = € i 1)
_ n+l/q
=4 lim Un -Inw;,, where u, = ntl Vn > 2

e n—oo Inuy, Va,

n+l/a, 1 n—1
limun:lim( ntl 0 -n+>:g-g-1:1,so lim -~ =
n—o00 n— o0 n+1 W n e a n—oo Inuy,

1 . 1
lim u;, = lim Gntl - _ lim (al+1~ nt L ) = a-i-l = e, then:
n— o0 n—oo (O, n+\1/(T+1 n—oo \ Nay, n+\1/(T+1 n-+1 a
i ntl _ n —
2 i, (e = )
By (1), (2) and (3) we obtain:
a 7 a a(r?—6)
lim B, = — (-1 —_— =
nggo e( )+ 6 6e
O
Theorem 23.
"1
Let (sp)n>1,8n = Z 72 then
k=1
2
lim (sn MY @n+ )N — % <Y/ (2n — 1)!!) =
n—oo
Proof.
Wz
It is well-known that lim s, = —
n—oo
. . Cauchy- D Alembert
We have: nl;ngo - in_ = nﬁoo 1/(2n— i
. (n41)ntt -1 . on+1/m+1 e
= lim . = lim ( ) = -
n—oo (2n 4+ 1)!! nn n—oo2n+1\ n 2

So, Bp = sp, "W (2n+ DI — 12 V(@2n—-Dl =
= Y (s~ )+ (/T - /T =
1 = e+ DY -n(sn - %2) + %2( "/ @2n+ DI = {/(2n — 1)

n
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We have:
(2)
72 Sn— T ¢ Stol Spt1— 8 (Jil)2
lim ’I’L(Sn—f) = lim 5 6 esaro-Stolz li n;&- 1n — lim n : -1
n—00 6 n—00 oy (%) n—00 P ey n—00 n(n+1)
lim (*/@n 3 DN - /@D = lim LD i, 1) =
2 n— "/ (2 nHi!
=— lim n(u, —1) = - lim u -Inw;, where unzﬁ, n >
€ n—oo e n—oo Inu, Y (2n— 1!
ntl/(2n + DI N 2 w1
lim unzlim( (@n+1) - n R ):f-i-lzl,so lim & =1
n— 00 n—o0 n-+1 V(@2n -1 n e 2 n—oo Inu,
5 n . (2n + 1N 1 . 2n+1 n+1 9 e
im u! = lim . = lim . =2-=ce
n=oo " nooo (2n — DI mw/(n )T noeo nt 1 R/ (2n 4 1) 2
2
(3) and then lim ( "/ (2n+ D — ¥/ (2n — 1)!!) ==
n— 00 €
By (1), (2), (3) we obtain that:
2 7 2 72-6
lim B,=-(-1)4+ —--=
oo e( )+ 6 e 3e
O
Theorem 24. Let (ay)n>1, (bn)n>1 be positive real sequences such that
bp, = a1 -+/as - Jas - ... Va,! and
. Gpg1 , (n+1)2 n? ) _e?
nlgrolo an-n then nh~>ngo< "oppr Vb a’
Proof.
n u -D’ mber 1 n+l n
We have lim n__ lim 1”/n— Canchy-D' Alembert lim 7(n+ ) S
n—oo /G, n—oo \ ay T—00 An+1 nr
1 n+1 .
= lim (n—i— ) Clim 22— € and
n—00 n n—00 Ap41 a
. n . n™ Cauchy-D’Alembert . (n + 1)n+1 by
lim = lim {/— = lim ——~— . 2 =
n—oo /b, n—00 by, T—00 bn+1 nn
. /m+1I\" by(n+1) ) n+1 e €2
zllm( ) . =e- lim ——=e-— = —
T—00 n bn—i—l n—oo "+\1/m a a
We have:
1)2 2 2 2 -1 —1
(n+1) " " (up—1) = n e ~lnun:L~un An gy
Vb, Inuy, Vb, Inu,

1 - - :
Ve v
n-+1

2
Above we denote u, :( ) .
n n

{L/E un_l

. We have lim u, =1 = i
+1 /bn+1 ¢ have n1—>rgou n1—>H;o lnun
nt N by o b (1) by
(5) W =t i )=

n

=1

Then, lim wu) = lim

n—00 n— 00 bn+1 bn+1 n+1

n+1 . "R 5 e a

=¢e?. lim - lim ef-—-5=e
n—oo ntl/a, 1y n—oo n 41 a e
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From (1) and above we obtain that:

(n+1)2 n? ) e? e?

lim( — = —.1-lne= —, and we are done!
n—oo\ nii/b " /b, a a’

]

Theorem 25. Let (z,)n>1,71 = 1,2, = 1-V3Il- V5!l ...+ {/(2n — 1)!], then

i ( (n+1)2 n? ) e?
im - = —.
n—oo n+1/xn+1 n/zn a

Proof.
" Cauchy-D’ mber 1 n+l n 1 ntl 1
We have: lim = lim {‘/n— Cauchy-TPAlembert lim ux— = lim u— =
n—oo /T, n—s o0 T T —00 Tn41 nm n—o00 n+1/(2n + 1)!! nm
= lim (L + 1)n~ lim —(n ) —elim ——2 —elim ¢ _nt__oDa
T n—oo n n—00 "+1/(2n + 1)” TS 1"/(2771 — ]_)H T s (2n — 1)” N
D’ 1)t (2n — 1! 1 I\ e?
(1) C2A ¢ lim (n+1) (n ) =e- lim ek '(n+ ) =5
n—oo (2n 4 1)!! nn n—oo 2n + 1 n 2
We have:
(n+1)2 n? n? n? wu, —1 n o u,—1 n

Inw

nu, = —-
vr, Inu "

2 = . 71 = .
(2) YT YT YT, (un=1) Y, Inu

N2 Yz -1
Above, we denote: u, :(n + ) . " . We have lim u, =1= lim Un =1
n /Tl n—oo n—oo Inu,

n+1 . n" C-D’A
= lim }/——— "=

n
lim ———— = lim ——
n—oo mH/(Op 1)1 m—oo 3/(2n — DI nooo | (20— 1)!

. (n+1D) 2n -1 . /n+1\" n+1 e
= lim . = lim ( ) . =_
n—oo (2n 4 1)!! nn n—oo\ m 2n+1 2
: n_ | s 1)2". Tn_ iy = e2. i —1 -l =
Then, 7}1—>H;o Un = nh—>ngo( n Tl Tnt1 =€ nh—)n;o m /(20 + D! Tntl =

n+1 . n+1/xn+1
=e?- lim VIR G2 — =e.

€
m — -] — .
n—00 "+,1/(2n_|_]_)!! n1—>H<;o n+1 € 2 e?

From (2) and above we obtain that:

lim ( (n+1)2 n? ) e? e?

— = —-1-lne= —, and we are done!
1 (i) 2 2

n—oo
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