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1301.

AB =5,AC=7,BD =2,DE=3,EC=3,AB | DD, || EE,
=7
x =1

Proposed by Thanasis Gakopoulos-Larisa- Greece

Solution by proposer

PLAGIOGONAL system: BC = Bx, BA = By
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1
AC: f(x) = E(\/—sz +22x+25—x+ 5)

5
[DEE,D,] = (sing)- f Fx) -
2

S, £+\/_+ \/_+—[sm1(;)+sin‘1(%)]=12.258

1302. In AABC the following relationship holds:

WoWpW, (a+b)(b+c)(c+a) R
h,hyh, 8abc T 2r

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Daniel Sitaru-Romania

WoWpW, (a+b)(b+c)(c+a) 1 (b+ow,

h,hyh, 8abc - 8 h, a
cyc
1 (b+ow, 1 b 1 b 2bc A
~38 25 —al_k +C)W“"64S3n( O sz T
cyc a cyc cyc

A s 16R*S’s R
e onr - e 1
853 (abc)® | | cos3 = 853( ) 4R = 32RS?rs — 2r

cyc

1303. In AABC the following relationship holds:

1 hyh, re—71 |h,
P 2 | e
T a W, [Ta

cyc cyc cyc

2

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

rs rs
r,—r ha (b+c)(s—a_?)
Z—w T - x A
a a Zbccosf
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(b+0¢) (rS(SS(; Esa; a)) \[s(s —a) (Zabc)

bc sa2

=
Zbccos%

2ra(s+s — a)cos% 2Rrs —, r
=2 A s = V2Rr (4Rrs) 2
2(s— a)abccosf

a(s+s—a)_
s—a

V2Rr; _a—s+s V2Rr (4Rr + r?)s?
~ 4Rs (S s—a * Za) ~ 4Rs <S(_3) * sr2 * 25)
2
V2Rr 4R +1\ +2Rr /4R 2R r,—r |h, 2R
~ 4R (_1+ r >= 4R (T)z T o\ W n) T

2
- (£ ) -2 () - - 2o (30~ Lo oo

1304. In AABC the following relationship holds:

h - my |2 YeyeSinA - []¢yc(sind + sinB — sinC)
¢ sinA 3 + cos2A4 — 2cos2B — 2cos2C

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
Solution by Daniel Sitaru-Romania

2 z sinA - —[(sinA + sinB — sinC) =

cyc cyc

1S 2Rsina - =< Ja+b 25 [ [o-w =27
=R sin 3R® (a c)— s: (s—a)=

cyc cyc cyc

3 + cos24 — 2cos2B — 2cos2C = 3 + 1 — 2sin?A — 2 + 4sin?B — 2 + 4sin?C =

1
= —2sin%4 + 4sin?B + 4sin%C = W(sz +2¢% —a?) = —~

3 + cos2A — 2cos2B — 2cos2C

mg |2 Y¢ycSindA - [];.(sin4 + sinB — sinC)
sinA -
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252
_m, |[p¥ M, s 25 _a-ha_h
"~ sind [2m2  sinA m, R 2RsinA a @ °
R?2

1305. In AABC the following relationship holds:
, A , B 2C_ (R 2
sec? > + sec? 2 + sec? 5 S (Zr)
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Marian Ursarescu-Romania

1 1 R?
+ <= (1
2B coszg r? (1)

cos 2

1
We must show: —; +
cos2Z

s(s—a)
bc

Becausecos§= ,S=a+b+c=1

1 1 1 4R+
coszg 0s22 + cos 2(2: 1+ ( ) (2)
2
From (1)+(2) we must show: 1 + (4R+r) R—z (3)

But 2s? > 27Rr (Cosnitd and Turtoiu inequality) 4)

2(4R+1r)%? _ R?

From (3)+(4) we must show: 1 + e =2
27Rr + 2(4R +1)? ) ) 27R3
e <—<:>27Rr +2(4R+1r)* < &

27Rr r?

27Rr% + 2r(4R +1)? < 27R3 (5)

3
From Euler: 27Rr* < 22X (6)
4

2 3
2r(4R+1)*<R-Z-=%% (7)

81R3 _ 108R3

From (6)+(7)= 27Rr? + 2r(4R +1)? < 25 + 55 = 200 = 27R3 > (5) itis true,

Solution 2 by Soumava Chakraborty-Kolkata-India

A bc(s — b)(s—c)
Z secZE - Zs(s —a)(s—b)(s—c)
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X bc(s? —s(2s — a) + bc) 3 —s?Y ab + (3 ab)? — 2abc(2s) + 3sabc

r2s? r2s?
(s? +4Rr +1r*)(4Rr + %) — 4Rrs* s*r* +r?’(4R +1)?
- r2s? - r2s? -
4R +1)? R\> R?>-1r%2 (4R+71)? D
= +¥S4 — e 2( ) & s2(R?—r%) = r>(4R +1)*
s2 2r T2 s

Euler
“RE—1r2=(R+2r)(R-2r)+3r2 > 31r2>0

Gerretsen

~LHSof (1) > (16Rr —57r?)(R?> —1r?) z r2(4R +1)?

? R
o 1613 —21t2 - 24t+4>0 (t=7)

Euler

o (t—2){16t2 +11(t—2)+22} >0 > true~ t > 2
= (1) = proposed inequality is true (Proved)
Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

Doseet(3) 5 4(g) = 3 (v (3)) s (5) = (Nean(3)) +12()

4R +1r\? R\*
=>< 5 >+1S(;> =>1?(4R +1)? < (R? — 1?)s?

2

Gerretsen

(R?—1r*)s* > (R>-1%*)(16Rr —51?)
Now, we will prove that: (16Rr — 51*)(R* —1?) > r*(4R +1r)? &
© r(16R3 — 21R?>r — 24Rr* + 413) > 0>

R>2r
=7 (16R2(R —2r) + 11Rr(R — 2r) — 2r%(R — 2r)) >0 =

2
=>841r3(R-2r)>0 e (Euler R > 2r1) . Y. sec? (g) <4 (2%)

1306. In AABC the following relationship holds:

t A+ t B+ t C<\/§
anz an2 anz_ r

Proposed by Mustafa Tarek-Cairo-Egypt

Solution 1 by George Apostolopoulos-Messolonghi-Greece
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A A
We have o _ (Rsind)® _ 2R%sinA _ 2R%sin4A _ sinA 2 sin cos -
4F  4(3bcsinA) be (2RsinB)(2RsinC) _ 2sinBsinC _ cos(B—C)—cos(B+C) —
2 sin2 cosa 2 sinf cosA sin A A 2 B b?
Phiad 22 2 a? . .
2°%% _ 2~ =—2 =tan-. So, tan- < —, Similarly, tan- < —and
1+cosA 1+(2 coszi—l) cosA 2 2 =g > <

c _c? A B C _ atb+c s s
_<_. —- —_ -< e — 2
tan_ < -— So,\[tan2+\[tan2+\[tan2 2F T Ay

Equality holds if and only if the triangle ABC is an equilateral triangle.
Solution 2 by Avishek Mitra-West Bengal-Iindia

°3 mis e S fEe oD (L
- () = () e

= (2 mn) 2 (e () ey} e

@\/tan%+\/tan§+\/tan§£\/§ (proved)

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

_.,tan(é>:(a+b—c)(a+c—b):az_(b_c)z a2 (5) b2

< i
2 4S 4S TR UY T

c c2 A a+b+c s s
tan (3) < £+ % Jtan () <2 _ﬁ_\ﬁ
Solution 4 by Bogdan Fustei-Romania

We know that: %“ = tang (and the analogs)

ror = (s — b)(s — ¢) (and the analogs)

The above inequality becomes: \/r;“ + \/r;” + J% < \/%

= \/rar+\/rbr+\/‘rcr£\/s-s=\/§=s

J(s=b)(s—¢) < s_b;rs_c = Zs_zb_c = g (and the analogs)

(The inequality between the geometric means and the arithmetic means)
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Summing /1, r < g (and the analogs) = we obtain the above inequality.

1307. In AABC, n, — Nagel’s cevian the following relationship holds:

2r nanbnc
[]{*-
rp+ 7T 2\/—s3

cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

sine  sin> scosé(sinﬂcos£+sin£cosz) s cos?= (1) 2 A
Firstly, rp+r.=s|—%+—%|=—+—"2"2—"2—2=—-2 = 4Rcos*-
cos;  cos; [1cos7 (E)

2r < by (1) 2r

Now,

r A
- <1 -<2cos?=
rp+re 4R cosZE R 2

S YcosA—-1<1+cosAe cosB+cosC<2->truecosB,cosC<1

2r (@
. =>1- >0
Ty + TC Ty + T,
@)
Similarly, 1 — f > Oand, 1 — f >0
Tc+1" ra+rb

Now, Stewart’s theorem = b?*(s — c¢) + ¢?(s — b) = an? + a(s — b)(s — ¢)

= s(b? + ¢?) — bc(2s — a) = an? + a(s* — s(2s — a) + bc)

= s(b? + ¢%) — 2sbc = an? + a(as — s*) = s(b? + ¢* — a? — 2bc) = an? — as
A
= an? = as? + s(2bc cos A — 2bc) = as? — 4sbc sin? —
, 4sbc(s—b)(s—c)(s—a) 472

2A A
= as? — =as? — =asz—2a<—)< )
bc(s — a) s—a a/\s—a

(2)
= as* — 2ah,r, > n% = s> — 2h,r,

2r 2r 2r n2
Now, 1 — > 2 o1+ -2 >
rp+re \/—s rp+re rp+re 2s

by (1),(2) 2r 2r s? —2h,r,
< 1+ 1~ 2 Y > 252
4R cos? 5 4R cos? 5 S
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rs? 2r 2rs\ , 1S

© 25% + ——— — 4s? —AZSZ—Z(—)( )
R cos?5 4R cos? = a/s—a
2 2
2, 4Rrs - rs? N 41r2s? 02 8r A -0
@ — — J—
s Rsa(s—a) a(s—a) 5 |ar®%2 =
2( 14 8r? 5 2r A >0 2( 14 8sbcr? 5 2r A -0
= _— =2 |— — o — 2 |—sec—
s a(s—a) R sec 2~ s abcs(s — a) R sec 2~

2( 14 8s1? ( bc ) 5 2r A o
@ — — —
s 4Rrs ) \s(s — a) R sec 2 |
2

o &2 1_I_Zr 2A 5 2r A 0o s?|1 2r A >0
S Rsecz Rsecz > S Rsec2 >

2r ® ng 2r (id) np 2r (i) ne
L1 - > 2, Simi — > 2 — / > =<
- true . 1 o 2 V2s Similarly, 1 e 2 V2s and, 1 o 2 V2s

(), (b), (c) = (i).(iD).(iii)= T] (1 — = ) > 1 (%) = 2225 (Done)

rp+re

1308. In AABC the following relationship holds:

JMaTg N JMpTp N Jmer. 14 R
w, w, w, r

Tag+Tpt+r, B sin4 +sinB + sin C
m, +my+m, [sin24 +sin2B + sin 2C

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

. < R h = R 2rs _ Rs
Me =5 = T T
Rs rs Rs rs sbc Rrs? bc s2

< — =—" ’ = ' -
m,r, = a s—a a S(S — a) bc 4Rrs S(S - a) 4_(:052é
2

10
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R < s m,r, < s b+c
MaTa = A~ a a
— W — —
2 cos > a 2 cos > 2bc cos >
— _sb+o) _ btc | “m"r“( Slmllarl VMalh (? and =< ( )
4bc.s(sT—a) 4(s—a)  wg 4( Y = 4(s b) we T 4-(s c)
\VMaTa
()+2)+(3)= Zw—a

AN

1vs+s—a 1, s

e CONCRDICEDRE)
1 /(4Rr + 1? R Jmgr R
_< >=1+_,,Z#Sl+_
4 r W, r

Toscu b+c A Bogdan Fustei

Now,Y m, > ZTCOSE > ZVBchoszg=v2Rr2(1+cosA) =
SR (3+1+r) SR (4R+r) Zr(z ) 1T, (2 R
_— = = D — : —_—
T R/ VTR R\L") " Sm, = |2r
, ’ b)’ O]
YsinA Zra Zra
Now, \‘ Ysin24 abc R 16Rrs \/; Zma \F (Proved)

1309. In acute AABC the following relationship holds:

8(1 —sin A)(1 — sin B)(1 — sin €) + 15V3 < 26
Proposed by Florentin Visescu — Romania

Solution by Marian Ursdrescu — Romania
We must show: 8(1 — sin4)(1 —sin B)(1 —sinC) < 26 — 15V/3

2 -3\’
2)‘:’

S (1-sinA)(1 —sinB)(1 —sin(C) < (

In(1—-sinA) +In(1 —sinB) +In(1 —sinC) < 3In (2 ﬁ) (1)
ABCE (O,E) = sinA,sin B, sin C € (0,1)

Let f(x) =In(1 — sinx); f: (Og) - R

CcoSs X —sinx(sinx—1) —cosx-cosx
fx)=0T—7Ff"(x) = =

sinx —1 (sinx — 1)2

11
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_ — sin? x+sin x—cos? x _ sinx-1

(cos x—1)2 " (cos x—1)2
A B C A+B+C
=>f( )+ f(B) + f( )sf( + B+ )@
3 3
In(1 —-sinA) +In(1 —sinB) + In(1 — sin C)
3

< 0 = from Jensen

<In (1 — sing) S

2—3

In(1—-sind) +In(1 —sinB) +In(1 —sinC) < 31n (T) = (1) it is true.

1310. In AABC the following relationship holds:

243R*
16

Proposed by Marian Ursdrescu — Romania

wuws + wows + wowd <

Solution by Soumava Chakraborty-Kolkata-India

\ (1) 243R*
wyw3 + ww; + wowd < T

2 2 2 2b A 2 2 2
umﬁﬂﬁnmmw{%+ﬂ+ﬂ)=n<“%Nﬁ+u+ﬂ]

Wqg Wy b+c We Wq Wy

- 8 - 16R?*r%s? (&) s(s—a) s(s—b) s(s—c)
=T T +o < . T h, T h )

(~ w? < s(s — a) and analogs and 1< hi and analogs)

We c

B 32Rr?s3 s(s—a)c+s(s—b)a+s(s—c)b
~ 2abc + Y ab(2s — ¢) 2rs

B 16Rrs3

~ 2s(s2 + 4Rr +12) — 4Rrs

- [s(2s) — (s? + 4Rr + 1?)]

_ 8Rrs?(s?-4Rr-r%) _ 4Rrs%*(Ya?) L‘—’”Z‘itz 4Rrs?(9R?) | LHS of (1) (2 36R31s?

- sZ+2Rr+12 T s242Rr+r? = s242Rr+r? — s2+2Rr+r2

36R3rs? 243R*
rs <

2 2 2
s242Rr+12 — 16 And 27R(S +2Rr +r ) > 64rs

(i)= it suffices to prove:

)
< (27R — 54r)s? + 27R(2Rr + r?) > 10rs?

G t
Now, LHS of (2) (2) ™ (27R — 54r)(16Rr — 5r2) + 27R(2R + 1) and RHS of (2)
a

12
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Gerreten

(% 10r(4R? + 4Rr + 31?)

(a), (b) = in order to prove (2), it suffices to prove:
(27R — 54r)(16R — 51) + 27R(2R + 1) — 10(4R?> + 4Rr + 31r?>) > 0

Euler

& 223R?> —506Rr +120r* >0 < (R—2r)(223R—60r) > 0> true~ R > 2r
= (2) = (1) is true (Proved)
1311. In AABC, N - Nagel’s point, ND 1 BC,NE 1 AC,NF 1L AB,D € (BC),

E € (CA),F € (AB). Prove that:

2
e Tp T¢ (SR)
> >9
ND * NE * NF — \2r) —

Proposed by Marian Ursarescu-Romania

Solution by Soumava Chakraborty-Kolkata-India

ry 1T 1. ® (BR)Z
2+ 24+ > =
ND + NE + NF — =9

2r

, s—c s—b a
Van Aubel’s theorem = =—t—=—
ng—AN s—a s—a s—a
ng—AN s-a n, s—-a+a s ANma
= = >  — 5 — = —
AN a AN a a n, s
b _ n bc

Sine - rule on AAPC = - “C = sin(180° - 0) =

sin@  sin
ND

bc .
== T (using ANDP)

13
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ND bc n,—AN 2R-ND-a AN 2R-ND:-a
= = = = >21-—=——
n,—AN 2Rn, n, abc n, 4Rrs
by (1) a a-ND s—a a-ND (@) s—a
=2 1——= = = = ND = 2r( )

s 2rs s 2rs a

Similarly, NE Do (?) and NF 2 2r (sc;c)

(@), (b), (c) = LHS of (i) = ¥ 52"~ = - 3 a0 = Ly (g 4T =)

2r(s—a) T or s—a 2r

r s—a
1 1 (4R+1)?>—-2s* 4R+r
e (e bet) OB TS -2
_(4R+1)?—2s>—r(4R+1) 8R*+2Rr —s” - 9R?
N 2712 N r2 = 4r2

(id)
< 32R%? + 8Rr — 4s%? > 9R? & 4s* < 23R? + 8Rr

Gerretsen

Now, LHS of (i) < 16R? + 16Rr + 12r2 < 23R? + 8Rr

& 7R —-8Rr—12r2>0o (R—2r)(7R+61) >0

.. .. Euler 3R\ 2 ,
— true = (ii) = (i) istrueand - R > 2r .. (;) > 9 and thus the proposed chain

of inequalities is true (Proved)

1312. If in AABC, I — incenter then:
[AIB] - [AIC] + [BIC] - [BIA] + [CIA] - [CIB] < 1*(R +1)?
Proposed by Marian Ursdrescu — Romania

Solution by Avishek Mitra-West Bengal-India

INAABC=IP=1Q=IR=r
AB = a,BC = b, AC = c[AIB] = [BIA] = 31, [BIC] = [CIB] = 7,

14
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[AIC] = [CIA] = %rc
~ Q = [AIB] - [AIC] + [BIC] - [BIA] + [CIA] - [CIB]
= %rz(ab + bc + ca) = %T‘Z(S2 + 1%+ 4Rr)

Need to show = irz(s2 +71r2+4Rr) <1*(R+71)?
:f+r—Z+Rr<R2+2Rr+r2:f<R2+Rr+LZ
4 4 - 4 — 4

= 52 < 4R? + 4Rr + 3r? (* True Gerretsen’s Inequality)
1313. In AABC the following relationship holds:

> ! (b +c) A+b in2
ma_zx/E ccos2 | clsm2

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

@

S (b+c) 4 +|b |si 4

ma_Z\/f c)cos clsin
Upon squaring both sides, (1)

2 2

A A A A
& 8m2 > (b + ¢)? (cosi> + (b —c)? (sini) +2(b+c)|b- cIcosEsinE

2 2

& 8m2 > (b — ¢)? <<cosg> + (sing>2> + 4bc (cosg) + (%) (b+c)b-c|le

4bcs(s — a)

2S (h— )2
o 8m;z = (b—co) + be

+(%)(b+c)|b—c|
<:>8m‘2,2(b—c)z+(b+c+a)(b+c—a)+(%)(b+c)|b—c|<:>8m(21
> (b- c)2+(b+c)2—a2+(%)(b+c)|b—cI

a
& 8m2 > 4m? + (ﬁ) (b+0)|b-clo8Rm2=ab+c)lb-cl e

(Zabc
4A

(a+b+c)(b+c — a)(c+a — b)(a+b — c)a®(b* — c?)?

>4m§ >a(b+c)|b — c| © 4a’b*c*(2b? + 2¢? — a?)? >

15
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© 4b%c?(2b% + 2¢* — a?)? = (2)a’b?* — Ya*)(b? — c?)?

e a*(b? + c?)? — 2a%(b°® + ¢°) — 14a?b?c?(b? + c?) + (b? + ¢®)* + 8b%c?(b? +
c?)? + 16b*c* > 0 (expanding and re-arranging)
o {a*(b? + c2)? + 16b*c* — 8a?b%*c?*(b? + ¢?)} —
— 6a?b?c?(b? + c?) + (b? + c¢*)* + 8b%c?(b? + ¢?)? —
—2a?(b?> + cA)(b* +c* — b%c?) =0
& {a?(b? + c?) — 4b%*c?}? — 6a’b*c*(b? + c?) + (b? + ¢*)* + 8b*c?(b? + c?)? —
— 2a%(b? + c2){(b* + ¢?)? — 3b%c%} =0
& {a?(b? + ¢?) — 4b%*c?}? + (b? + ¢*)* + 8b%c?(b? + ¢?)? — 2a?(b* + c?)3 =0
& {a?(b* + c?) — 4b*c*}* + (b? + c)* — 2(b? + ¢*)*{a?(b? + ¢*) — 4b%*c?*} >
0 & [{a?(b?* + c?) — 4b*c*} — (b* + ¢*)?]? = 0 > true
= (1) is true (Proved)
1314. In AABC the following relationship holds:
r: r:2 r2 8r
r_% + E +— 2 >+ R = =17
Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=y,s—c=1z
33—23=S=Zx:>a=y+z,b=z+x,c=x+y

via above transformation
4A

SRR

s
Now,proposed inequality < Z (s

y? 32s(s—a)(s—b)(s—c) y 32xyz
=+ >7 =
X s[l(x+y) H(x + }’)
(€))
y? 32xyz z y:+x*  32xyz &
= =10 + >10
z H( +y) x? [I(x +y)
z y? + x? 32xyz
Mx+y)

16
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3 Z y? + x? 16xyz 16xyz A;GSS 28(xyz)2[1(x2 + y2)

B Z Mty e+ [x* Jlx+y)? ~

N (CIEEE20)

> Gy =5Y25=10

= (1) is true = proposed inequality is true (Proved)

1315. In AABC, n, — Nagel’s cevian the following relationship holds:

T
R > 5R—r+Zn Z(r +n,) | =2r
chcha “ ZC}’C “

cyc cyc
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

RE S (sR-r+ Y ) 2 S (D tra+na) 2 ar

(m) o Thy (5 - +3e) o X () 2r(6-(1+7)+ )
@Z(%’H—c>26_z Z:a
®Z(1+$>26—Z(1—Zsinzg)+%
@3+Zw23+225in2ﬂ+2na

Z[(Z(S—b)(S—C)) n_l
R

b? + c¢? Z(S—b)(s—c)
(:)Zl bc I

n,
R

2(b%2+c®) —4(s—b)(s—0)
ZI 2bc l Z

n,
R

2(b2+c®)—(a+b—-c)(c+a—-Db) n,

=Y |= 2%

2bc

17
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@Z (2(b* + ¢®) — a?) + (b — ¢)? ZZE@Z 4mZ + (b — c)? g n,
2bc R 2bc R

¢))
Now, Stewart’s theorem = b?*(s — ¢) + c?(s — b) = an? + a(s — b)(s — ¢) and,

b%(s — b) + c*(s — ¢) @ ag?+a(s—b)(s—c)
(1)+(2)= (b* + ¢*)(2s— b —c) = an% + ag? + 2a(s — b)(s — ¢)
= 2a(b?*+ c?) =2an(+g?)+ala+b—c)(c+a-D>b)

= 2(b%>+c?) =22+ g%) +a*> — (b —c)?
3
=>2(b2+c*)—a*+(b—-c)* =2n2+ g% = 4m2 + (b — ¢)? ® 2(n2 + g%)
. AR
(3)= () o X (") >y
2 (@) ng

bc — R

b
Now, c:“ =2h,n, <2g,n,<n%:+g%i=

2, 2 (b) 2, 2 (€)
nb+gb 2 ﬂand m 2 &

“ca TR ’ " ab R
(a)+(b)+(c)=(ii)=(i)= (m) is true

r -_r _
Zhu(SR—r+Zna) _Zha(4R+r+(R 2r)+ Y n,)

Similarly,

Now,

EuZler r
Yhq

Again; ZLha (Z(Ta + na)) = ZLha (2 re+ Z na) =

r

Yha

(AR+Tr+XYn,) = th Qro+Xxn,) = Q(ry+n,)) = (n) is true

si- Cha +Xhy) =27
= (p) is true.

1316. In AABC the following relationship holds:

64 a’+ b? + c? 1 1 R®
< + £y <
8112 352 (mg, + my + m,)? (mg,+my +m)?~ 81r8
cyc
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

64 %)Zaz N S 1 (é) RS
81r2 ~ 352  (¥m,)? 2 (my, + m, — m,)?> ~— 81r8

18
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Firstly, for simplicity, let A= S(= rs)

Secondly, let APQR have sides 21:“ , 2%, 2':‘. Then, its medians =

2,2,5 respectively and its area = =
2’2’2 3
64 (% 23 4ym,* 4 4
m ! m
Now,— (—“) < “
81\ A 3A2 t+ < a)? t+ Z (b+c—a)?

A 2
& 64(Ym,)? <108(Ym32) + 81r% + 81) (m) o
64(Ym,)? < 81%a? + 81r% + 81312
© 64(Ym,)? < 162(s> —4Rr —r?) + 81r%> + 81(4R + 1)? — 162s?

(if)
& 64(Ym,)? < 81(4R +1)? + 81r%> — 162(4Rr + 1?)
Now,64(Ym,)? < 64(4R + 1)2<81(4R + 1)? + 8172 — 162(4Rr + 1?)

& 17(4R+1)% + 8112 —162(4Rr +1r2) S0

? Euler
& (R-2r)(17R+2r)S 0> true~ R S 2r = (ii) = (i) is true
ra\®
, , 64 5
Now, applying (i) on APQR,we get : a1\ A~
3
4y a?
A S 4
© ) Ay 2 40my + me —my)?
9 9 9
64 [ 95> < 32a2+ 9 4 9 64
S =
81\r2s2)~ A2 Em,)? 2(mb+mc—ma)2 81r?
e A e
=
=357 Tm? T2y v m, —my? LD IITUE
(iii) 4RA\3
3 4 4222 3.4
mompm, - 1 (abc) (Z a) S ( 8 ) R’s
Now,—— < —|— —) o |m, < =
oW T 26\ 8 2 [1m, A5 8ris?
(iv)
~ R3s?
[Im, <

8r2
19
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3 s3 2
v mg, S% s Hma = R4: 21; > © RS 2r - true(Euler) =

?

(iv) = (iii) is true. Now, applying (iii) on APQR,we get :

4
(aIS)C) 36<8mazf{17bmc>3 (%) (4RI‘S) ([m,)*(Tm,)*

<
(é) — A6 8 2 = (I‘S) - 37A6
3 3
_2qIm P Em)t o, 64(Imy) (Em,)*?
38A6 9812
64([Imy)%(Ym,)?®
=2(s2—4Rr—r2) +r2+ (4R+1r)2 —2s2 < (a1 9311(22 )
64([[my)%(Ym,)?3
= Zaz +r2 4+ Zraz < (H 9311(22 a) N
- Z_az 4 1 4 AZ 4 64‘(Hma)6(zma)8
A2 " g2 b+c-aZ- 98,14
4 ) 6 8
s mea 4 iy 4 2 s 64([Im,)%(Xm,)
A? (Za)2 (b+c-a)? 9814
Now, applying (v) on APQR,we get :
4 abcy (Ya 8
ﬁZaZJr t 5 4 <64(8)<2)
A2 4(¥m,)? 4(m, + mc —my)% ~ e (M
9 9 9 9 (§)
JZat, 1 1 _ 64s° (4RA)6 _ RS
EYY (zma)2 T2 (m, + m, —m,)2 ~ =812\ 8 ) ~81r®
za 1 1 RS

7 352 (Zma)2 T2 (my + m, —m,)2 ~ 81r8

= [@) is true| (Proved)

1317. In AABC the following relationship holds:

s2 rc
ma 2 >3V2(ry+ 1y + 1)
cyc cyc

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

2
b;CZ\/Zr(rb+rc)=>(b:c) ZZTZS(S i b+s i c)
_2(s— a)(s-b)(s-¢c)(2s-b-c)

- (s- b)(s- ¢
(b+c— a+a)?=4a(b+c — a)

=alb+c — a) &

) b+c
- true v (x + a)° > 4xa,wherex =b+c — a:TZ V2r(ry+r.)

A
= 4R 2_
cos >

inZ  sinl\ scosSsin (—B hs C) 24
sin N sinz _ 2 z ) _ scos® >
B C A ( S )
cos> Cosx Hcosi AR
2 (3)

.1y + 7. = 4Rcos? g, (1), (2) = 2« ; VBchos and analogs

Now,r, + 1, = s(

by (3)and its analogs
foscw pie 4™ g

Now,Ym, = Y cos> S V2Rr Z(ZCOS —) V2RrY.(1+ cosA) =
5hr (3 + 1 r - V2Rr (g) 2r
r(3+1+7) =3 m, > = Crd)
n 2 _ s(s E a)(s)z b)(s)— c) ) ARr?

. ST = Tpre _ s —b)(s —c¢ _ sabc rs’

Again,2, hyh, 2 4r2s2 T~ 4rtsz T~ | 4r2s?
_3 5% — TpTc (ﬂsu.) R
= :> —
Z hb r

(4) and (5) > m,) (Z T) > 3vV2(¥r,) (Proved)

b'tc

1318. In acute AABC, H - orthocenter, the following relationship holds:
a®> b® c5 > 32m?s®
2 —

A% + B? + C?
(4% + B + )<AH BH CH 243R

Proposed by Radu Diaconu-Romania
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Solution by Serban George Florin-Romania

C.BS. H?
H2=(A+B+C)? < 3(A2+BZ+CZ):ZA22?

a® Holder (a + b + ¢)® _ 2555
AH ~— 352 ZAH 27 AH

ZAZ Z 32s° 32s°H?
AH)= 3 27 S AH  81) AH
r 1
ZAH=ZZRCOSA=2RZcosA=2R(1+E)SZR(1+E)=3R

2 3215H% _ 32s°H? _ 3255H?
=XAH <3R= (24 )(Z ) = 81YAH — = 81.3R  243R (true)

1319. In AABC the following relationship holds:

A B C 27nr
+ + )>
b+c c+a a+b 4s

Proposed by Radu Diaconu — Romania

(W +wj + Wc)(

Solution 1 by Serban George Florin — Romania

WLOG: A<B<C=>a<s<b<c=>b+c=a+c=a+b

>t <1< ;lb. Applying Cebyshev’s inequality

b+c a+c

1 1
= _CEO(Chre) " Epie
b+c™ 3 B 3
1 12 Bergstrom (141 +1)2 _3m
> > = 2
Zb+c_ b+c - " Yb+c) Zb+c ~ s

Applying the following inequality: w, + wy, + w, > 91

A 3m 27
> Xw,) (Z E) > 9r -4—: 4’8" true.

Solution 2 by Soumava Chakraborty-Kolkata-India

Bergstrom (€Y

A _ e T a4 D
brc Z2Ab+o = SAb+o Ybic=FAb+o

Now,WLOG,we may assume

a>b>c~-A=2B>=Cand (b+c)<(c+a)<(a+Db)

2
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2 2

yi4 3 31t

bre o m@orey BT 4

~ via Chebyshev and using (1),we get : Y,

?
o Iw, S 9r
@
? ? ? ?
Now, Sw, = Th,29r ©2°29r & 52 + 4Rr + 122 18Rr © s? Z 14Rr — 17
3

311) 2 27mr

A
— > )<
ZW“( b+c)_zwa(4s = 4s

Gerretsen Euler

Now,s* S 16Rr — 5r*=14Rr — r*+2r(R-2r) > 14Rr — 12
= (3) = (2) = proposed inequality is true (Proved)

1320. In AABC the following relationship holds:

gy Tp T, A4r

—+—+—+—2=5

™, T, Tq R

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=y,s—c=1z

-'-SS—Zaz33—25=s=2x:>a=y+z,b=z+x,c=x+y

Tq  4r _ s-b A\ (44 _ vy , 16s(s—a)(s—b)(s—c)
NOW’Z +R_Zs—a+4()(abc)_2x+

s sabc

Zx y  16xyz _ (x+ y) X x%y) + 16x%y*z?
Mx+y) xyz-[[(x+y)

& (z x? y) : n(x + y) + 16x2y%z? > 5xyz - H(x +y)
)
o Z xty? + Z x3y3 + xyz Z x3) + 9x%y%z? > 3xyz (Z x%y + Z xyz)

ch
Now, xyz(} x3) + 3x*y?z* (2_)ur xyz(X x%y + ¥ xy?)
L

ch
Also, ¥ x3y3 + 3x%y?z? (;;" xyz(X x%y + ¥ xy?)
121
Again,as,4+2 =3 +3and4 > 3, (4,2) > (3,3)

Muirhead
:Zx = Zx3y3:>2x4y + 3x%y%z?
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Schur
> Z x3y3 +3x%y?z? > «xyz (Z x*y + z xyz)
(iii)
Z x*y? + 3x%y%z? > xyz Z x*y + z xyz)
(i)+(ii)+(iii) = (1) is true -. Zr“ + " > 5 (Proved)
1321. In AABC the following relationship holds:

mam+mbm+mc¢h—c>sﬁ
Wy w, LR

Wq

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

(b+c)

b
s(s— a) 2\/_2< s(s— A +C)>

bc

Z(b +¢) (+~ m, = ./s(s — a)and analogs)

4s 2
=R = s\/% (Proved)

1322. In AABC, n, — Nagel’s cevian then the following relationship holds:

maJ_ Z ma |7k

a’+b%*+c* 4R ngn,
2 + >+
412 T h,h,

cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b*(s — ¢) + c*(s — b) = an% + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s* — s(2s — a) + bc)
= s(b? + ¢%) — 2sbc = an? + a(as — s?) = s(b? + ¢* — a? — 2bc) = an? — as?
= an? = as* + s(2bc cos A — 2bc) = as? — 4sbc sinzg

, 4sbc(s—b)(s—c) , 4s(s—b)(s—c)(s—a) 41r?s?
= as? — = as? — = as? —
bc s—a s—a
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= a’n? @ azsz—4r2s2( “ )
s—a

.. (b) b @) c
2.2 3122 4222 2,2 2.2 422
Similarly, b°n;, = b*s 4rcs (s_b) and, c*n; = c*s 4rcs (S_C)

ngn ang-bn ang-bn a®n?
NOW, Z allh — Z a b __ Z a b Z a

.. )
hahp 4r2s2 49252 T 4242 ( Xy + yz +zx < Z X )
by (a)+(b)+(c) 1 a 2y g2 4 st
= (—> Z a’s? — 4ris? ( ) - L _ z (_)
4r2g2 Py = —
_Zaz 3+SZ(S—b)(S—C) _Za2+3 Y(s? — s(b + ¢) + bc)
-4 r?s - 4r? 72
—Za2+3 3s? —4s* +s? +4Rr +1° _ Y a? , AR+T
B 4r2 TZ N 4‘1"2 r

_Za? 5 4R La? 4R | ximamp
=Sz +t2-T =22+ 72+ 150 (Proved)

1323. In AABC, I — incenter,n, —Nagel’s cevian the following relationship
holds:

Ng+r, np+ry, n.+r, r ( 4R)
<{Vv3— [=]|1+—
Al * BI * cr (\/— R) * r

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b*(s — ¢) + ¢*(s — b) = an% + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s* — s(2s — a) + bc)
= s(b? + ¢%) — 2sbc = an? + a(as — s?) = s(b? + ¢* — a? — 2bc) = an? — as?

A
= an? = as? + s(2bc cos A — 2bc) = as? — 4sbcsin? -

g 4sbc(s—b)(s—c)(s—a) _ 472

= as ~20(7) (;75)
bc(s — a) ¥ 5—a Na/\s—a

= as? — 2ah,n, = n% =s* —2h,n,

4rs? tan% A A A
:>n‘21:sz— Y A( na=stan5 anda=4Rtan—cosz—)
4R tanfcos2 5
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(1)

rs? Ng+rg r(1q
a s* _Rcosz'; No 'T-l-\[;(T)
1 A A r r
=; nasmE+nasmE+ En“ Al = Y

sin 7

= n?

CBS V3 A A r
< —— |n2gin2 2 ¢in2 2
== \/nasm 2+r sin 2+Rr

by (1) V3 A rs?|[sin?5 _ T
= — |[s?sin? - —— +nZsin? - +—n2
R cos2 2 2 R
2
V3 | A r A r
= stE(sZ+rﬁ)—E(stanE) +Er§
V3

A A r r
_ in2 —|( ¢2 2tan2—| — —12 — 2
r \/Sln 2 (S + s<tan 2) Rra—i—Rra

B (stant) - 33

_ — Tra

‘ na+ra \/7_<_na na/;l-lra(;)<\/§_\/*>ra<;)
simitarty 570 2 (8= [F)ra (2)ana®27s 2 (V3= ) (2
(a)+(b)+(c) = ZMA—T“ < <\/§ — \/%) (Z:a) - <\/§ _ 5) (4Rr+r)

R
~(va- J3) (1+%) erovea)

1324. In AABC the following relationship holds:

a b c R\?
+ + <23 ( )
m, m, m, 2r

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution 1 by Marian Ursarescu-Romania

We must show: (L + 24 mLC)Z < ;(g)g (1)

mq mp

2 a b? c?
From Cauchy’s inequality: ( + —b +— ) <3 (—2 +—+ F) (2)
mq (4 a b (4

a? b c 1/(R
From (1)+(2): We must show: mZ t 2+ mZ =3 (;) (3)

a+b+c

But in any AABC we have: m, > \/s(s — a); s = 5

>mi>s(s—a)(4)

2
From (3)+(4) we must show: - ( e

@ b 4R
But —+ —+_—= (6)

s—C r

R 1(R\3 R
From (5)+(6) we must show: 4 (;— 1) < E(?) .Let; =x,x > 2 (Euler)
We mustshow:%x3 >4(x—-1)<x3*-8x+8>0c
(x —2)(x? +2x — 4) > 0, true because x > 2.

Solution 2 by Serban George Florin-Romania

a<b<c>m,;=>m,=>m.Applying Chebyshev’s inequality
1

I XD S
m, ma 3 m,
cyc cyc cyc
e prove tha m_a =’ cycm_a o (b+c) cosg -

2

- s

1 \%cBs3 1 3 4R+7r
) < :E: = . <

[Fig) O T

< 12 = 3(4R + r)r < s? = s? > 12Rr + 37r?, applying Gerretsen’s inequality

s2 > 16Rr — 5r%2 > 12Rr + 3r2 = 4Rr > 8r?

= R > 2r, true (Euler’s inequality) = }, mi < %
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1 2s 1 2s R\3
T Ta st h o)
ma 3 m, 3 r 3r 2r

S < 3(R>3 s <3 R 8 < 27R3
— — ﬁ —_—
3r— 2r 9rz — 8r3’ s°r

st <& Applymg Mitrinovic’s inequality s < —— 3\/—R

27R? _ 27R3
= st <= : < — e 2R < R, true, Euler’s inequality.

Solution 3 by Avishek Mitra-West Bengal-India
=X TR

Leibnitz 1 \ MazV/s(s—a) 1
<0 o (3 ) o (Y )
m2 s(s—a)

Zra> 3 9R%(4R + 1)

A sr

& Given Q = ZmiaS 2 /3(2%)3 = (Zmia)z < 182:233

9RZ(4R+ 12R3 4R+ R
(4R+71) < N T~

= Q% <9R?. <
s

< Need to show

s2r - 8r3 s2 = 6r?
R
4R + 1 Euler 4R +5  9R
1= < =
s s 2s2
Mitrinovic
9R R
© < 525222755 2 3V3r (*true)

m_a+m_b+_<2 fS( ) (Proved)

1325. If in AABC,R,, Ry, R, —are circumradii of
BIC,ACIA, AAIB, I —incenter then the following relationship holds:

Z(h —2r)\/E<(R+r)\/27—r
o a Al — R

Proposed by Bogdan Fustei — Romania
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Solution by Soumava Chakraborty-Kolkata-India

JBIC = <B+C)_ (n—A)_n+A
T 2 )" 2 )" 272

N LA A A D
Using sine rule on A BIC, 2R ;sin (E + E) = 4RsmEcosE => R, = 2Rsm§

() B ©
Similarly,Ry, = ZRsinE andR = ZRsinE

Also,b + — 4Rcos 2 cosE—C _ 4Rsin cos =
so, ¢ — a = 4Rcos > cos > sin > cos 5 =
iR A( B - C B+C)—8R A_ B _ C
cos > cos cos = 8Rcos > sin > sin > =
@) A B C
=>s —aZ 4Rcos§sinisin5
(ib) B C A (i) C A B
Similarly,s — b = 4Rcosismism§ ands — ¢ = 4Rcoszsm§smi

R 2rs 2Rsin2é
Using (a), (b), (0), S(h, — 2r) |7 = Z(T _ 2r) — 2
2R_ /s —a _ A\Y®OMOE g 4Rcosé—\singsin% A
=2r _2< Sinf) = 2r |[—X% A sinE
r a r 4Rsin7cosi

2R,/ r A [2R(1? bc(s — a) B
= 2r |7 (gg) Zeosec = T(ﬁ)z s-as-bi -0

\/7(211)2\/"“(5—_32; Zr—(—)JZab«/Z(s —a) =

’ZR

— 2 2

= (ZR)\/S +4Rr +r

Gerretsen
S |~ \ART 1 8Rr + 412 = 2(R + 1) = (r+R) 2 Proved)
- 2R 2R R
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1326. In AABC the following relationship holds:
2 2 r: 2nr

—+—S+—=+—=n+3,n<4
r: r2 rZ R

r

Proposed by Marin Chirciu — Romania
Solution by Soumava Chakraborty-Kolkata-India

2 8r (f»?

rs
We shall first prove : } — + 2 =17
Iy

Proof:Lets—a=Xx,s—b=y,s—c=z

~3s—2s=s=>x=>a=y+zb=z4+xc=x+y

(5) G 27

Now(a)c)Z( b) +8

a

via above transformation 2 2
an 32s(s—a)(s—Db)(s—c 32xyz
= > y_2 N ( )( )( ) 57 o Zy Loy
X s[Ix+y) [Ix+y)
2 (€))
y 2Xyz y? + x2 32xyz S
SY=+4+3+=—""7-=>210 + >10
223 vy 2 I +y)
y?+x* 32xyz _ _y?’+x? 16xyz 16xyz “.C

2 sy 2 2 THx+y Tx+y

I G+y)? > Hecryy — V2 =10

¢ 5\/28(xyZ)2 Ne2+ys) .’ 28“(%(’”3’)2)

= (1) = (a) is true

r: 2nr r2 (2n — 8+ 8)r
Nowza2 —=Z—a+( ) =

rr R r? R
by(a)

ra (Zn — 8)r (2n — 8)r .

_ 7 >
Z R R > R n+3<

2n — 81',,.\ 2r -
2 Euler 2r
—>true'(n—4)(——1> O<.-FS 1>:>(n—4)<F—1)20
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r? 2nr
“YX—S+t—==n+3Vn<4(Proved)
ry R

1327. In AABC the following relationship holds:

8 <

adb3c3 =8

Proposed by Marin Chirciu — Romania

S B2+ +a®>@®+b3 1 (5)6
r

Solution 1 by Soumava Chakraborty-Kolkata-India
[1(b*> + %) TI(b + ) - TI(b? + c* — bc)

a3b3cd3 a3b3c3
G 2s(s? + 2Rr +1?%) . 2Y a3 —-2Y ab)?
= 4Rrs-16R?%*r?%s2 27
Gerretsen (4R? + 6Rr + 41%) . (4(s> —4Rr —1r?) — s> —4Rr — r?)3
= 2Rr 27 - 16R%r2s?
(2R? + 3Rr + 2r?) (3s? —20Rr —51?%)3
- Rr T 27 - 16R%r2s?
Gerretsen (2R*+3Rr +2r®)  (12R* - 8Rr + 4r)?
- Rr 27 - 16R%r%2(16Rr — 512)
_ 4(2R? + 3Rr + 2r*)(3R? — 2Rr +7%)° ? 1(5)6
27R3r*(16R — 51) = 8\r

?
& 27R°(16R — 51) > 32(2R? + 3Rr + 2r?)(3R? — 2Rr + 1%)3r?
& 43210 — 135¢% — 17288 + 86417 — 576t° + 22415 —

? R
—1152t* + 1184t3 — 832t + 288t — 64 > 0 (t = ;)

(t — 2)(432t® + 15937 + 2916t° + 615615 | ,

& (t—2)|+12384t* + 2513613 + 4985612 + 100064t +| = 0
+200000) + 4000032
Euler 3,.3 6
[1(b3+c3) 1(5)

- > =
true~t = 2 apa =gl

H(b3+c3) Cesaro
a3b3c3 =

Also, 8 (Hence proved)

Solution 2 by Boris Colakovic-Belgrade-Serbie
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a3 + b3 > ab(a + b) > 2abVvab

b3 + ¢ = be(b + ¢) = 2bcVbe
c +a®>calc+a) > 2caca

(a® + b)) (b3 + c3)(c® + a3®) = 8a?b?c? - abc = 8a3b3¢3
(a3 + b3)(b3 + c3)(c3 + a?) -

a3b3c3 8
(a® + b3 (b3 +c3)(c® + a3 - 8 /a®+ b3 +c3\° 64 1 s3 — 3r2s — 6Rrs\’ 3
a3b3¢c3 27 abc 27 64 Rrs B

1 <s2 —3r2 — 6Rr>3 Gerretsen 1 <4R2 + 4Rr + 312 — 3r2 — 6Rr>3 _ 8 (ZR - r>3 3

_2_7 Rr E Rr _E r

. 8 (2Rr\3 R\®
Now,lsE(Tr) < (;) ©3R2—8Rr+4r2>0o (R—2r)(3R—21) = 0

Q| =

= R > 2r (Euler)
1328. In AABC the following relationship holds:

5 5 5
m;, my; m;
2< i

+
3 3 3
m; m; m

>>s + 3r% + 12Rr

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Marian Ursdrescu-Romania

5 5 5
. X z
First, we want to show: 5+ L+ Z > x? +y? + 22 &
y z x

823 + y8x3 + 28y3 > x3y3 23 (x% + y2 + 2%) (1)

From inequality of weighted means we have:

%x*‘f + %y X3 _|_ z 8y3 > 533/(x823)275 - (y8x3)165 . (28y3)%9 = x5y323 (2)

By permutation we have:

275 99
" 22 y8y3 + z y3 x"z3 > x3y5z% (3)

;;z 28y3 _|_ x823 _|_ y 8x3 > x3y375 (4)
From (2)+(3)+(4) by summing =
x823 + y823 + 28x3 > x3y3 23 (x% + y? + 22)
Now, in our case x = m,,y = my,,z =m, = from (1) =
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m,sl m} m?
2($+m—§+m—g> > 2(mZ + mi + m2) (5)

b
But m? + mj + m? = %(a2 + b% +¢*) (6)
From (5)+(6)=>

2( §+mb+"“)> (a2 +b% +c%) (7)

my

But a? + b* + ¢®> = 2(s> —r?> — 4Rr) (8)

5
From (7)+(8)= 2 (Z—% +—= m” + ) > 3(s?2 — r? — 4Rr) > we must show:

3s? —3r>—12Rr > s>+ 3r*+ 12Rr
2s% > 24Rr + 61 © s? > 12Rr + 3r?, inequality which it is true, because it is

Carlitz inequality.

Solution 2 by Soumava Chakraborty-Kolkata-India
mS m; ™
2\ —=+— +—3 > s2+3r%2 +12Rr
my mc m,

Gerretsen

s2 > 16Rr —5r% > 12Rr + 312

& 4Rr > 8r% © R > 2r - true (Euler)

0]
~12Rr + 312 < 5% = 5% 4+ 31?2 + 12Rr < 2s?

ms @
(i)= in order to prove (1), it suffices to prove: ), — “ > s?
b

s (i)
We shall now prove: Z @ > Z m2

a5 (lu) 4 3

(i)=Y = ;- Xa’ =3a?
a5 ab Bergstrom (Z 3)2 ?
Now,Zb—3= —3 > > ab? > Y a?

@Za +z a3b? > Zab5+abc(2a2b)
(iv)

“6+0=1+5and6>1,-(6,0) > (1,5)
Muirhead
Y Y
(@)
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Also, = x3 + y3 + 73 > Y xy?

(b)
Z a3h3 > Z ab(b*c?) = Z ab3c? = abc (Z bzc) = z a3b?® > abc (z azb)

(a)+(b)=(iv)=(iii) =(ii) is true.
Zma Zmb ch
3

Applying (ii) on a triangle with sides whose medians will of course be

2
abc Gma) _ ax ()2 L agmi_ 1g o
vap et T )3232(2) SO EEO
3Mb
:Zm“> 3Ya%>" (Za)2 ——s = (2) = (1) is true (Proved)

1329. In AABC, H - orthocenter the following relationship holds:
16
AH - CH® + BH - AH® + CH - BH?® < ?(4122 — 131r%)2

Proposed by Marian Ursarescu-Romania
Solution by Soumava Chakraborty-Kolkata-India

AH = 2R|cos A| and analogs. Now, AH - CH?® = 16R*|cos A||cos C|3

) 16R*

= 16R*|cos A||cos C| cos? C < (cos? A + cos?C) cos? C

= 8R*(cos? A cos? C + cos* C)
(1)}
Similarly, BH - AH® < 8R*(cos? B cos? A + cos* A) and
(iid)
CH - BH® < 8R*(cos?Ccos?B + cos*B)

6]
(i)+(ii)+(iii)= LHS < 8R*(}, cos? B cos? C + ), cos* A)
Now, Y. cos? Ccos?B = Y (1 — sin? B)(1 —sin?C) =

1
_ _ — 2 .2
Z(l sin? B — sin? € + sin? Bsin?C) = 3 — ZZ4R2 16R4Zb c
(@ _ Ya®* Yb*c?
=3-2_+
2R? 16R*
Again, Y cos* A = Y(1 — sin? A)? = }(1 + sin* A — 2 sin? A)

(b) Yat Y a?
16R* 2R2
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(m) 4 - 5
(a), (b), (1)= LHS < 8R* (6 4 Zal+ya’h®  ya® )

16R* R2
Y a* + Y a?b?
2

& 288R* — 48R? Z a® +3 (Z at + z azbz) (% 32(4R? — 1312)2

= 48R* +

? 16
— 8R? z a’? < ?(4R2 —131?%)?

Now, Y a* + Y a?b? = (3 a?)? — ). a’b?
= 4(s> —4Rr — 1r*)?> — {(s®> + 4Rr + 1%)? — 2abc(2s)}
= 4(s> — 4Rr — %)% — (s* + 4Rr + r*)? — 16Rrs*
= 3s* — s%(24Rr + 107?) + 3r*(4R + 1)?

Gerretsen

<  3s%(4R? + 4Rr + 31?%) — s%(24Rr + 101?) + 31%(4R + 1)?

(iv)
= s2(12R? — 12Rr — r?) + 3r*(4R + 1)?
(iv)= LHS of (2)< 288R* — 96R?*(s* — 4Rr — 1r?) +

+52(36R% — 36Rr — 312) + 9r2(4R + 1)? < 32(4R? — 1372)2
& 288R* + 96R%?(4RT + 1%) + 9r?(4R + 1)?

(% 32(4R% — 1312)2 + s%(60R? + 36Rr + 3r?%)
Now, RHS of (3) = 32(4R? — 13r%)? + (16Rr — 512)(60R? + 36Rr + 312)
?
> 288R* + 96R*(4Rr + 1%) + 9r*(4R + 1)?

? R
o 56t* + 144¢3 — 823t2 — 51t + 1346 >0 (t = ?)

?
e (t—2){(t-2)(56t* + 368t +425) + 117} >0

Euler

—Strue=t > 2> (3)=(2)istrueand .. (m)=LHS < 13—6 (4R? — 131r%)? (Proved)

1330. In AABC the following relationship holds:

(> rars) O tra+ 1020 +702) 2 ([ ra +702) (O cos? (5))

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution by Soumava Chakraborty-Kolkata-India
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(z rarb) (Z(ra +1)2%(r, + rc)2 1_[(1" + 1p)? (Z cos ( ))

sin sinC ssin (B + C) cosA A A

5 > 2 7 s

T,+r.=S 12;*+ %. = B ZC 2 _ 5 cos25=4RcosZE
cos3 CoOSy COS 7 COS 5 COS 5 iR

(@) 24
Ty + 1. = 4R cos”- and analogs

2
Now, LHS of (1) = s* - X (12 + Y 1 1p)? = s2 ), (s2 tan? g + sz) = g6 > sec“g

Using (a) and its analogs, RHS of (1)

A A
=| [(16R? 4—) z 22
1_[< cos* 2 cos” 5
s\* A\ (iD) A
= 163R® (4R) (Z cos? E) = 16R%s* (Z cos? E)

(D), (11):>(1)<:)( ) Y sect ZZcoszg

A A A B c
24 a 24 a4 28 2t
o (ncos 2>Zsec 5 _Zcos > @Zsec 5 ZZsec 5 sec’ o
- true  x* + y* + z?> > xy + yz + zx, where x = seczg,y = seczg,z = seczg
1331. A TERESHIN TYPE INEQUALITY BY BOGDAN FUSTEI

In AABC the following relaionship holds:

a = %, n, — Nagel’s cevian, g, — Gergonne’s cevian
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b*(s — ¢) + c*(s — b) = an% + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s* — s(2s — a) + bc)

= s(b? + ¢%) — 2sbc = an? + a(as — s?) = s(b? + ¢* — a? — 2bc) = an? — as?

A
= an? = as* + s(2bc cos A — 2bc) = as? — 4sbc sin? >

4sbc(s —b)(s — c)(s — a) 472 2A A
= as? — =as? — =as2—2a<—)< )
bc(s — a) s—a a/\s—a
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¢))
= as? — 2ah,r, > n% = s> — 2h,r,

Again, Stewart’s theorem = b?*(s — b) + c?*(s —c¢) = ag%2 + a(s — b)(s — ¢)
= s(b? + ¢*) — (b3 + 3) = ag? + a(s?> — s(2s — a) + bc) = ag? + a(—s? + as + bc)
2, B2+ c®)Sa) —2(b3 +c3) —a*C a) —2abc

= ag? =as >
B 2+ab2+ac2+b3+bc2+b2c+c3—2(b3+c3)—a3—a2b—a2c—2abc
= as >
, a(b—c)*—(a®+b*+c®) +b*c+bc® —a’b—a’c
= as” +
2
, ab—c)?—-a*Xa)—(b+c)(b?—bc+c?)+bc(b+c)
= as“ +
2
, a(b—c)*—2sa’>— (2s—a)(b—c)?
=as” +
2
2a(b — ¢)? — 2sa? — 2s(b? + ¢* — 2bc
= as? + ( ) > ( )=asz+a(b—c)2—sZa2+25bc
2 sy a* 2sbc
:gﬁ(z)(b—c)2+sz— Za +t—
(1)+(2)= n% + g% + 2ryr,
sYa®* 2sbc 2A A A?
=25+ (b—c)? - 2 + —2(—)( )+2
a a a/\s—a (s—=b)(s—0)
— 257 4 (b— o) _sZa2 +Zsbc_4s(s—a)(s—b)(s—c)+Zs(s—a)(s—b)(s—c)
a a a(s —a) (s—b)(s—c)
a’+4(s—b)(s—c) —2bc
:(b—c)2+23(s—a)+232—s{2 ( a)( ) }
a? — (b —c)? + a?+ (b? + c? — 2bc
:(b—c)2+23(s—a)+232—s{ ( ) " ( )}

2
a>=(b—c)2+4s(s—a)

=(b—c)2+23(s—a)+232—s< "

=b-c)*+b+c+a)b+c—a)
=b-0c)?%+(b+c)?—a*=2b*+2c* - a* =4m?

2nE+ g2+ 2rpr, = 4mE > nk + gk + 2rr, = 4m2 — 2r,r. + 217,
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_Zs(s—a)(s—b)(s—c) 2s(s—a)(s—b)(s—0¢)

(s—=b)(s—o0) + s(s—a)
=b?2+c?2+b*+c?>—-a?)-2s(s—a)+2(s—b)(s—c)

= 2b?% + 2¢% — a?

= (b —c)? + 2bc + 2bccos A +2(s2 —s(2s—a) +bc—s(s—a))

2s(s—a)
bc
=(b—-c)?>+4s(s—a) —4s(s —a) + 2bc = b? + ¢

= (b—c)? + 2bc - + 2(—2s% + 2as + bc)

2, 2 2, .2 Tereshin
ng+gg+2rr, b“+c
“ni+gi+2rr,=b*+c? >~ g:R t= < m, (proved)

1332. In AABC, n, — Nagel’s cevian, the following relationship holds:

6R
ng+np+n.+r,+ry,+r. < T—\/E z,/hara

cyc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
\/h_— 2rs bers? 21‘25( ) zA)_ T A
a’a = [obe s(s—a) . 4Rrs S sect5) TJ2r>%¢ 2
and analogs = ). \/h,r, = s\/;z secg
6R 6R [T A Q) A
= /TZ’/h“ra =|s /T /ﬁ Zseci = V3s Zseci

Now, Stewarts theorem = b*(s — ¢) + ¢*(s — b) = an% + a(s — b)(s — ¢)

= s(b? + ¢?) — bc(2s — a) = an? + a(s* — s(2s — a) + bc)

= s(b? + ¢*) — 2sbc = an, + a(as — s?) = s(b* + ¢ — a®> — 2bc) = an? — as?
= an? = as? + s(2bc cos A — 2bc) = as? — 4sbc sin? >

4sbc(s —b)(s — c)(s — a) 472 2A A
B bc(s — a) :asz_s—a:asz_2a<_)<s—a)

2

= as
a
2 2 @
= as“ —2ah,r, > n; = s —2h,r,
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CBS by (1)
Now,n, +/2h,ro + 14 < V3 N2+ 2h,ro+12 = V352 —2h,1r, + 2h,1, + 12

A A (@ A
= \/5\]32 +sztanZE= \/§ssec5:na+ra 2 \/§ssec5— 2h,r,

(b)
Similarly, nj, + 1, < V3s sec—— V2hprpand, n, + 1, S \/_ssec—— J2h.r,

(a)+(b)+(c)= Xn, + X1, é V3sY secg —V23Y./h,r,
by (1) %Z [horq — V2 Y \[hory = <\/?TR - ﬁ)Z,/hara (Proved)

1333. In AABC the following relationship holds:
V3 1 r, r. <3

a
R BB e
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Marian Ursdrescu-Romania

Ta \ Th | Tc s 3 Tal'bTc
a3+b3+c3 (abc)3 ()

a+b+c
2

But r,r,r. = s*r and abc = 4sRr (2),s =

V3 1 3V3
From (1)+(2) we must show: 3° m 2 2 S 27 532 e

=4

& 3v/3R3 > 8sr?, true because R? > 4r? and 3V3R > 2s

f s _ s(s—a)(s—b)(s-c) _ a_
Now,r -r, = P (s—=b)(s—c¢c) < "

r 1
-2 < — = we must show:

a?
:>1‘aS—=> 3 =
4r a 4ar

4—1r (i + % + 1) < g -+ - + < £ , true, because it is Steining inequality.

Solution 2 by Soumava Chakraborty-Kolkata-India

Firstly, 3 ab)? > 24Rrs? < (s* + 4Rr + %)% > 24Rrs?
& s* + (4Rr +1%)? + 2(4Rr + 1?)s? > 24Rrs?

0)
© s* + (4Rr + 1r?*)? > s?2(16Rr — 21?)
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Gerretsen

Now, LHSof (i) >  s%(16Rr — 5r2) + (4Rr + r%)? > s2(16Rr — 212)

? (0
& (4Rr + 12)? > 312s? © 4R + 1 = sV3 - true (Trucht) = (i) is true.

(Z ab)2 2 2aRrs?

Secondly, (¥, ab)? < 12R?*s? & s* + (4Rr + 1%)? + 2(4Rr + r?)s? < 12R?s?

(id)
& s* + (4Rr +1?)? < s?(12R? — 8Rr — 21?)

Gerretsen

Now, LHS of (ii) <  s*(4R? + 4Rr + 3r%) + (4Rr + 1?)?

iii

2 ?
< s2(12R? — 8Rr — 2r?) © s%(8R? — 12Rr — 51?%) (2) (4R +1?)?

Gerretsen

Again, LHS of (iii) >  (16Rr — 5r%2)(8R% — 12Rr — 51%) > (4Rr + 1r?)?

? R ?
@32t3—62t2—7t+620(t=;>@(t—2)(32t2+2(t—2)+1)20

Euler (2)
>true~-t > 2 > (iii)> (ii) is true .. (¥ ab)?* < 12R?*s?

o)
I
Wik 96\BRIS V3 V3 _ S,

> = - —
- 192R3r3s3 2R%? 2R%2 ™ a3

Now, Y5 =3

1\3
Holder (57) _r (z ab)3 PV 24rr2s?(s ab)
= 3(21) "~ 3 \4Rrs = 192R373s3
Ta

Now, a® = ((s —b) + (s — c))3 =(6-b3+(-0)2+3(66-b)(s—0)a
>(s—-b)(s—ca+3(s—b)(s—c)a=4a(s—b)(s—c)
B 4a((s —a)(s—b)(s — c)) B 4ar?s

= = 4ar(
s—a s—a

s 3 (@)
p a) =4arr, > a’ = 4arr,

(b) (0
Similarly, b3 > 4brry,c3 > 4crr,

(a):(b),(C)zZZ—‘;SZL:i(Zab): Y ab ;ﬁ

4ar 4r \4Rrs 16Rr2s — W

? ?
& 2v3Rs > Y ab © 12R%*s? > (3 ab)? - true by (2) -. Z:—‘; < g (Done)

1334. In AABC the following relationship holds:
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2

T T
o(32) (3 )2
a rb-l—rc

cyc cyc
Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Serban George Florin-Romania
Do (Y22
B (315) 2 (P Tt rd_ (Sre) Fatrot
R R N e E DX R DN D NEr

52 s+ (4R+71)?> 4R+7r S?[s’+ (4R+71)?]- (4R+1)

2 4Rrs? rs 8R12s3
B [s2 + (4R +1)?]- (4R + 1) - 12 B [s2+ (4R +1)?] - (4R +T1) - 9s
B 8Rrs B 8Rs ~ 4

2

72Rs
= [s?+@R+71)*]-(4R+71) = = 18Rs?

s?2(4R+ 1)+ (4R +1)3 > 18Rs? s2(18R—4R—-1) < (4R +1)3
s?(14R —r) < (4R +1)3;R > 2r (Euler) = 14R > 28r

, (4R +71)?
>14R—1r>228r—-r=27r>0>s*<—
14R — r

Applying Gerretsen’s inequality s> < 4R* + 4Rr + 3r?

(4R +1)3
2 < 4R?> + 4R Irt<——
st < +4Rr + 3% < — o —

= (14R — 1)(4R? + 4Rr + 31%) < (4R + 1)°|:7%,% = t > 2 (Euler)
= (14t —1)(4t* +4t+3) < (4t +1)3
56t3 + 56t% + 42t —4t> —4t—3 <64t3+3-16t>-1+3-4t-12+1
56t3 + 52t% + 38t — 3 < 6413 + 48t*> + 12t + 1
8t3 —4t? —26t+4>0:24t3-2t>? - 13t+2 >0
413 —8t> + 6t> — 12t —t+2 >0
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4t2(t-2)+6t(t—2)—(t—2)=>0,(t—2)4t>?+6t—1)=>0

t—2 > 0 becauset > 2 (Euler)
4t +6t—1>4-224+6-2-1=16+12—-1=27 > 0 = true.
Solution 2 by Marian Ursdarescu-Romania

(another approach). From Cauchy inequality we have:
Tq a
Tertz9 (1

_ 2(4R+1)

But Z (2)

9s

Ta 2(4R+r)
2(4-R+r) (3)

From (1)+(2)= Z >9= 2

9s rZ
From (3) we must show: 4 - 2R (Z rb+rc) >9s &

2
Z rg >4R+r (4)

rp+re - 2

From Bergstrém we have:

2 2

T Tq+Trp+T, Tq+Trp+T

a 2 ( aTlp c) —la bTTc (5)
rpt+re 2(rg+rp+re) 2

Butr,+r,+rc=4R+ 71 (6)

4R+r

2
From (5)+(6):>Zrbr# — = (4) itis true.

Solution 3 by Soumava Chakraborty-Kolkata-India

. B . B . (B+C A

siny  siny ssin (T) cos > S A(1) A
rp,+r.=s B+ Bl= Y = -—g—cos E_4RCOSE

cos3 Cosy [Tcosz 4R

Using (1) and analogs, 4 (2 r—a) (2 i)

a rpt+re

stan% s2 tanzg
-4 - 2
>—2— > —4

a 24 24
4Rtan2cos 2 4R cos 2

- (Eset) (S
L (Setd) §(D ) (S

(- ifweassume a > b > c then
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A B C A B C
tan? - > tan? - > tan? - and sec? = > sec? - > sec?-)
2 2 2 2 2 2

Jensen 16s3 ZA

> —

= 12R? (Z tan 2)
Jensen

(~ f(x) = sec? g is convexVx € (0,m) = Y seczg > 3 seczg =4)

4s 4s ?
= ﬁz rﬁ = m((‘l-R + T)Z — ZSZ) > 9s

?
< 4(4R +1)? — 27R? (% 8s?

Gerretsen

Now,RHSof (2) < 8(4R%*+4Rr +3r2) <

?
4(4R + 1)? — 27R?* © R? > 41? - true (Euler)

= (2) is true = 4(Zr—“) (Z ra ) >9s

a rp+re

(proved)
1335. FUSTEI’S REFINEMENT FOR EULER’S INEQUALITY

In AABC,n, — Nagel’s cevian the following relationship holds:

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

® 3| ngnpn, | @
R>2r({1+ > 2r
hahbhc

Stewart’s theorem = b*(s — ¢) + ¢*(s — b) = an% + a(s — b)(s — ¢)

= s(b? + ¢?) — bc(2s —a) = an? + a(s* — s(2s — a) + bc)
= s(b? + ¢?) — 2sbc = an? + a(as — s?)

= s(b? + ¢? — a? — 2bc) = an? — as?

A
= an? = as? + s(2bc cos A — 2bc) = as? — 4sbc sin? >
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4s bc(s—b)(s—c)(s—a 41282 a
= as? — ( )(_ ) ) = as? — — = an? w a’s? — 4r*s? (—_ )
bc(s a) s—a s—a

Similarly, b*>n’ 2 @ 22 g2 ( ) and c*n (—) c%s? — 4r2s? (L)

R—r 3 [ngnpn, 3 nanbnc R r
Now, (1) o= w/hahbhc \/ h2h2h2 =
3|(a2n2)(b?n?)(c?nZ) (R—1\° 1 5 (@
2
@ \] (41282)3 = ( r ) < 452 \jﬂ(aznﬁ) =®R-1)

) 1 (Ya?nZ\  X|a®s?-ar?’s?( L )
GM < AM = LHS of (i) < — (25%) = [ — )l (using (a), (b), (c))
B 2 ) s+s
_Z(S 4Rr — 1%) — 4r Z(—a )
12
s2 —4Rr —r? — 2r? ( 3+ Z(s—b)(s—c))
B 6
4Rr +r
2 2 2
S —A4Rr -1 —2r (‘3 r—Z)_sz—4Rr—r2—2r(4R—2r)
B 6 B 6
s2—12Rr+3r2 (D) s2_12Rr+3s2
= STIZRIEST  IHS of (i) < SRR

6
(ii)= in order to prove (i), it suffices to prove:

s> —12Rr + 3r*> < 6(R* — 2Rr + r?) © s* < 6R? + 3r?
© (s*—4R*—4Rr —3r*) —2R(R—2r) <0

Gerretsen Euler

—true s> —4R?2—4Rr—-3r2 < OandR-2r > 0

= (i)=> (1) istrue= R > 1-(1 n i/m)
hqhph,

Also, - perpedincular distance from a vertex to opposite side is least among all line

segments from that vertex to opposite side, .- n, > h, etc

3 [ngnpn, 3 [ngnpn,
= /—> = f >
hohyhe = 1=>7r (1 + hahbhc> 2r (Proved)

1336. In AABC the following relationship holds:
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ab + bc + ca)2

a? + b? + ¢?
Proposed by Rahim Shahbazov-Baku-Azerbaijan

8cosAcosBcosC < (

Solution 1 by Marian Ursdrescu-Romania

2
First, we prove: cos Acos B cos C < % (%) (1)

2 2
s“—(2R+r a+b+c
Because cos Acos B cos C = %,s =—
2 2 2
s“—(2R+r r
We must show: STZ@RINT - T S

4R? 2R?
s2 —4R? — 4Rr — r? < 21r? © s? < 4R? + 4Rr + 312, which it is true, because it is

Gerretsen inequality. From (1) we must show:

2 2
r ab+bc+ac ab+bc+ac 2r
4 (—) < (—) >= (2
R a2+b2+c? a2+b2+c? R ( )

Butab + ab + ac = s* + r* + 4Rr (3)
and a? + b? + ¢ = 2(s* — 12 — 4Rr) (4)
From (2)+(3)+(4) we must show:
s?2+r2+4Rr 2r

—_—
2(s2-r2-4Rr) — R

© R(s?> + 1% + 4Rr) = 41(s> —r? — 4R1) (5)
Now, using Gerretsen’s inequality:
16Rr — 57% < s> < 4R? + 4Rr + 3r% (6)
From (5)+(6), we must show:
R(20Rr — 41%) > 4r(4R? + 2r?) & R(5Rr — %) > r(4R? + 21?)
© 5R>r —Rr? > 4R*r+2r3 o R*r>Rr* + 2r3 &
© R?>Rr +2r? © (R—2r)(R+71) = 0, true (Euler).

Solution 2 by Soumava Chakraborty-Kolkata-India

Y ab\* > 2r & R(s? + 4Rr +1%)? > 8r(s? — 4Rr — r?)?
a2/ T R -
< R (54 + (4Rr +1%)% + 25%(4R1 + rz)) > 8r (54 + (4Rr + 1%*)? — 25*(4Rr + rz))

(1)
& (R-2r)s*4+2(R+8r)(4Rr + 1r*)s* + (R — 8r)(4Rr + 1%)? > 6rs*
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Gerretsen

Now, LHS of (1) (2) (R — 2r)(16Rr — 51%)s? + 2(R + 81r)(4Rr + s*)s? +
i
+(R — 8r)(4R1 +1?)?
Gerretsen

and, RHS of (1) (g) 61 (4R? + 4Rr + 31?%)s?
1)

(i), (ii) = in order to prove (1), it suffices to prove:
s? ((R —2r)(16Rr — 5r%) + 2(R + 8r)(4Rr + %) — 61(4R? + 4R1 + 3r2)) +
(2)
+(R—8r)(4Rr +12)2 >0 s’(5R+8r) + (R—8r)(4R+1r)? = 0
Gerretsen

Now,LHSof (2) > (16Rr—5r2)(5R+8r)+ (R—8r)(4R+1)2>0

? R ?
<:>2t3—5t2+5t—620<t=—)<:)(t—2)((t—2)(2t+3)+9)20

r
Euler 2 (a) ?
Strue~t > 2= (2)=(1)istrue= @%) > %T >8[[cosA
2r 2(s?—-(2R+1)?) » Rr—s>+ (2R +1)? ?

S —— >0 >0

R R? R?

?
& 4R? + 5Rr +1? (% s2

Gerretsen

? ?
Now, <  4R?+4Rr +3r? < 4R? + 5Rr +r* © Rr > 2r? > true (Euler)

? 2
= (3) is true = % > 8[]cosA - (a)=> @—Zf) > 8] cos A (Proved)

1337. In AABC the following relationship holds:

1 1 1 1
(gt tos) <
I\a+b b+c c+a (a+b)(b+c)(c+a)

‘E‘yc
Proposed by Daniel Sitaru — Romania

Solution 1 by Boris Colakovic-Belgrade-Serbie

1 1 1
Substitutions: — =x,—=y,— =12
a+b " b+c y' cta

WLOGx >y >z
Given inequality becomes (x + y —z)(y+z—x)(x +z—y) < xyz

46



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
x-yP20e22+x-yi?22e222-(x-y)?=x+z-Ny+z—x).

Similarly y*> > (x+y—z)(y+z—x);x*>(x+y—z)(x+z—y)
xX*y’2Z2>(x+y—-2)?*@y+z—x)x+z-y)Y o

sSxyzz|(x+y—-2z2)(y+z—-x)(x+z—-1y)
>0 >0 >0

Triangle’s rule
Sign “=" holds for x =y = z.
1 4 1 1 - 4 1 S 4 1 _ 1 >0
a+b b+c c+a a+2b+c c+a 3(a+c) c+a 3(a+c)

x+y—z=

From triangle’srulea+c>b = 2(a+c) >2b>3(a+c)>a+2b+c=>

1 S 1
=
a+2b+c” 3(a+c)
1 1 1 4 1 4 1 1

—_ Y = — > — — =
ytz-—=x b+c+c+a a+b a+b+2c a+b>3m+b) a+b 3(a+b)>O

From triangle’srule:a+ b >c=> 2(a+b) >2c< 3(a+b)>a+b+2c=>
1 1
=>a+b+2c>3(a+b)

1 1 1 4 1 4 1 1
a+b+c+a_b+c22a+b+c_b+c>3®+cf_b+c:3®+c)>0
From triangle’sruleb + c & 2(b+c) >2a=>3(b+c) >2a+b+c>

1 1
:>2ab+b+c>3(b+c)

Solution 2 by Ravi Prakash-New Delhi-India

1 1 1
b+c’ c+a’ a+b

xXtz—-y=

As a, b, c are the sides of a triangle, are also sides of a triangle.

1
c+a

LHS=1_[(x+y—z)

cyc

1 1
Letx—m,y— A E.Thenx+y—z>0,etc.

:J@+y—sz+Z—@J@+y—ZXZ+x_w

Joy+z—-x)(z+x-y)
1 1
S[E(x+y—z+y+z—x)][E(x+y—z+z+x—y)
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1 1 1 1
xi(y+z—x+z+x—y)]=xyz=( )( )( )

b+c/\c+a/\a+b
Equality when triangle is equilateral. Let’s assumea > b > c,2s =a+b + ¢
1 1 1
=>25s—a<2s—-b<2s—-c=> > =
b+c c+a a+b
, . . 1 1 1
It is sufficient to show that: e <oato

o(c+a)la+b)<(a+b)(b+c)+ (b+c)(c+a)
o bct+ala+b+c)<ac+bla+b+c)+ab+c(a+b+c)
Sbc<ab+c)+(a+b+c)b+c—a)
Sbc<ab+o)+(b+c)?—-a*<=0<alb+c—a)+b*>+c*+bc
Which is true.
Solution 3 by Soumava Chakraborty-Kolkata-India

Letb+c=x,c+a=y,a+b=1z

Then, the proposed inequality gets transformed into:
1 11 1,1 1 1,1 11
S e R R B
xXyz z x y/\x'y z/]\y z «x

< x*y?z? — (xy+yz — zx)(yz+ zx — xy)(zx + xy — yz) -

(xyz)3
& Yx3y3 + 332222 > xyz(Taty + Yxy?) - true
Schur
wym? +3mnp > Yym?n+ ymn®, where m = xy,n = yz,p = zx

0

1 1 1

=11 (m b+c c+a) = (a+b)(b+c)(c+a)

1338. Ifin AABC,a + b + ¢ = 1 then the following relationship holds:

(proved)

+—|>7
cyc 9 3tan% ¢

Proposed by Radu Diaconu-Romania

2
z pe(A) N 2u(4) ab

Solution by Soumava Chakraborty-Kolkata-India
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X
x2 2xcot 3

Letf(x)=?+ 3 vx € (0,1)
6c0t§ - 2x (csc2 % - 2) xD X
~f(x) = 9 >0e 3c'ot§ > x(cotzg— 1)
N 2X 1<oocott <1 o3
ow, cot® 3 < cotz < 327 9X2
3n X X X, T X T
X - -'-cotzg—lso:x(cotzg—l)SO<3(:ot§('-'ZS§<§)
> (Distrue=>||f'(x) >0
3 X T X X
| B 2 22
x<4 3<z>cotz>1=>cot’2-1>0
3cot§ 3cotx @
-’-(1)@—X>x@—x—x>0
cot?5—1 cot?5—1
3 3
3cot§ 31t
Let g(x) = < —XVXE (0—)
cot2§—1 4
csc2 X 2cot? X csc2 X csc2 2cot2 X
oY 3 3 3 4 _ 3 3 |_
g x = X 1= x| 1 x |1
1-cot?z (1—cot2§) 1-cot’z 1-cot’z
2
coszg
X X x\ 2 1+ X
1+cot?5\[1+ cot?5 1+ cot?s sin2 35
_ 3 3| _4_ 3 _l_i 31 _4
Tl ez X otz X N 2 X N 2 X
1 cot3 1 cot3 1 cot3 \1_cos )3(./
. 2 X
sin? 3
X . ,X\%
(cos2 3+ sin? §) 1
_ > 1= =10
2X_ 02X 2 (2X
(cos 3 — sin 3) cos (3)

XsinzX
3cot3sm 3

. 3 . .
~g' x)>0=gis T on (OT) = gx) > ,}l%!r g(x) = le}gl sin2 X cot2 X — sinz X
3 3 3
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3 X . X . 2X
(7) Zcos§51n§ 3\ . sin 5~
= (—) lim 2%

2/ x-0%
COS >
3

= lim
1 X X
x-0" cos2 3~ sm2

3 sin2—

— (2| 15 3
a (2) lzg‘l_rj; < 2x
3 3

3c0t§ 31t
=——=——-xXx>0VxE (OT> = (2) > (Distrue>||f'(x) >0

mﬂ%—l

)‘ [ llm ] [ llm sec— (;) (D(0)(1) =0=gx) =

Combining both the cases,

fx)>0vVxe(0,m) = f(x)isTon(0,) =

X
2xc0t§
(x)> llmf(x)— 11m< >+llr(§1+< 3 >

—0+3 <E> lim Jim cos— =2(1)(1) =
3 oot sm oot

<2 2xcot> ®

~f(x) = 5t S2vxe(0,n)

A
vla(l)z< 2(A)+— at 2\+ >>

C
tan 5
3
abc)a Zf_fl

6 +1 =7 (Proved)

>
>Z(2+ > 6+ abe _6+ abe

1339. In acute AABC the following relationship holds:

. p\*\ _ 8n?
Z sin® 4 2 (cos A> > 3

cyc Tye

Proposed by Radu Diaconu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
For the sake of simplicity let us denote n(A) by A, w(B) by B and n(C) by C.
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. u( ) reverse CBS AsinA 8 2 \/_T[
(Tsin%A) (Z (cosA) ) > (Z “osA ) = (YAtanA)2 S =3 ®© YAtanA (T) N

Let f(x) = xtanx V x € (O, g) Then f'(x) = 2sec®?x(xtanx + 1) > 0~ x € (0, g) = f(x)

is convex.

Jensen ?

~ YAtanA S 3 (%) tan (A+3B+C) 31'[\/_ =/3n> S an < 3> 2\/_ 2958 - true

= (1) is true . (3 sin?A) (2 (w) ) > 8% (Proved)

CcosA

Solution 2 by Serban George Florin-Romania

cos A

2\ CBS
(Y sin? 4) - <2( 4 ) > S (3A - tan 4)?
u(A) <u(B) < u(€)=>tanA <tanB <tanC

Applying Chebyshev'’s inequality = Y Atan A > %Z A) tanA = g -mtan A

2 2 2
(Y sin% A) <Z (%) ) > (YAtan A)? > %(n tan4)% > 8%

(rtan A)? > 24, tan Atan Btan C > 2V/6

2rs TA
tanAtanBtanC = 7 _ZRT )222\/_5 —-(2R+1)?*< NG
s
s2<(2R+1)+—
U
Applying Mitrinovic’s inequality:
RV3 3R? 0y
<—=s2<—<4R? 24—
s > =>s 2 4R“ +4Rr + 71 +\/E
R2 + 4Rr + 1? +\/—_2 0, true.
1340. If m = 0 then in AABC the following relationship holds:
a?sin*™ A b? sin’™ B c? sin®™ C )
> 36r

- + >
(sinBsinC)™ (sinCsinA)™ (sinAsin B)™
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Adrian Popa-Romania
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a? sin?™m 4 b2 sin’™ B 2 sin2™ ¢ )
GinBsin O™ | (sinCsina™ | GinAsinB)" = 361 (1)
a a’m
=2R=>sind=—>sin"4=—-——
(sin B - sin €)™ (b C)"‘ b™c™
sSin b - Sin =—  — - -
2R 2R 22m . g2m
aZ.aZm bZ .me CZ ‘sz )
(1)@ pm.cm + am.cm + am.pm > 36r

2 2m 2 2m 2 2m 2h2,2 2m 2m 2m
a‘-a b“-b c°-c 3|la*b4c? - a*™ - b*™ . c
- + >3 = 33 a2b?c? =
bm.cm am.cm am,bm— aZm,me,CZm

= 3Y/16R25% = 3}/16R%s2r2 > 33/16 - 412 - 52 - 12 = 33/64s2r* =
= 3. 43/s%r* > 3612|: 12
Vs2rt > 312 o s2rt > 2775 rt
s2>27r2 & s > 3V3r (A)
(Mitrinovic)

Solution 2 by Avishek Mitra-West Bengal-India

1
a? -sin’™ A Am-GMm (sinA - sin B - sin €)?™ )3
S 0 = z - - = 3 a2b2c2 : . .
(sinB - sinC)™ (sin? A - sin2 B - sin2 C)™

2 2
= Q > 3(abc)3 = 3(4Rrs)3

2
= Q >3(4-2r-3V3r)" [~ R > 2r,s > 3V37]
2
2 3\3 2
>0>3-8- (35) (r3)3 © Q > 36r? (proved)
Solution 3 by Soumava Chakraborty-Kolkata-India
(sinz A)m+1
(sinBsinC)™

‘2 1 2 ‘2 1
Ragon AR? < -sm A-)"l+ S 4R* (Y ?m A)m™t
(Y sinBsinC)™ XY sinz A)™m

. Ionescu—Weitzenbock
= 4R? Z sin? 4 = z a? > 4\/3rs

LHS = 4R?
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Mitrinovic

> (4V3r)(3V3r) = 361 (proved)

1341. If in AABC, u(B) = 2u(A), u(C) = 2u(B) then the following
relationship holds:

721
——R
10

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

h2% + hi + h? >

T 2T 4m
1t=A+2A+4A:>A:7,B:—and(;:_

7 7

. T T . T 3 . T 51t
Tt 31 51 2s1n7cos7 + Zsm7c057+ Zsm7c057
Now, cos; 4+ cos— + cos— =

7 7 T -
ZSln.7

L2 4w L 2w 6m 4T
sin 7 sin 7 sin 7 sin 7 sin 7

Zsing

. L . T
s (“ - 7) sin= 1 1 3n 5nt (,,1_‘) 1
= = =3 cos7+cos—+cos—=i

LT, T 7 7
Zsm.7 2s1n.7

5 COS— +COS— + COS— = — | COS— + COS— + COS =
7 7 7 7

2Tt 41t 8n ( 5T 3n ’II) by(1) 4
2

2 o 4m 8w @ 1
- ||COS— T COS— T COS— = — —
7 7 7 2

N ( 21'[+ 4-1'[+ 8n)2+<_ 21‘[+ ] 4-1'[+ . 81'[)2
ow, | cos = cos = cos = sin = sin = sin =

1'[ 4T 4T 8nt 8nt 2T
=3+ 2cos7cos—+ 2c0S—coS— + 2c0S— Cc0S —

7 7 7 7 7

2T 4m . 4 8nm .8t | 2m
+2sin—sin— + 2sin—sin— + 2sin—sin— =
7 7 7 7 7 7
21 41 o 2m | 4m 41t 8t _ 4m _ 8:
=3+2 (cos—cos— - sm—sm—) + 2 (cos—cos— — sm—sm—)
7 7 7 7 7 7 7 7
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+2( 8t 21 . 8 | 21‘[)_3+2< 61‘[+ 121‘[+ 1011)_
cos7cos,7 s1n7s1n7 = cos7 cos = cos =) =
T 5T 3m YW
=3—2( = — —)23—1=2

cos7+c0s = + cos =
( 21‘[+ 4-1'[+ 81‘[)2+<_ 21‘[+ . 4-1'[+ . 811)2_
=~ | cos = cos = cos = sin = sin = sin =) =
by,£2)1+<_ 21'[+ _ 4-1'[+ _ 81t>2
= — — — —) =
2 s1n7 sm7 sm7
(_ 21‘[+ ] 4-1't+ . 811)2 7 . 21‘[+ . 4-1'[+ . 8m 7
= — — —) ==>sin— — — ==
sin = sin = sin = 2 sin = sin = sin = >
_ ZT[+ a4 n®7
= [|sin— + sin— —sin—- = —
7 7 7 2

2 _<_1‘t_21‘t_31‘[)< T 21t 31I)
gain, sm7sm = sin = cos7cos = cos =

. T | . 2Tt 2T . 3T 3 . 2T . 4 . 6T
(2s1n7cos 7) (ZsmTcos 7) (ZsmTcos 7) B sm751n731n7

8 8

(sin in sin 3m sin g)

i 2m 3n (:) 1

7 7
= = —_ —_— — T —
3 cos = cos = cos = 3
T[ 2T 3
Also, (Zsin2 —) <Zsin2 —) <Zsin2 —) =
7 7 7
2T 4T 6T
= (1 — cos—) (1 — cos —) (1 — cos—)
7 7 7
1 2T 4Tt 4Tt 6Tt 6T 2T
=1+ —(Zcos—cos— + 2cos—cos— + 2cos—cos—) —
7 7 7 7 7 7
21 4T 6Tt 2T 4T 6T
—CO0S— — COS— — COS— — COS— COS— COS —
7 7 7 7 7 7
_1+1( 61t+ 21t+ 101t+ 21‘[+ 8T[+ 41'[)
= 2 cos cos = cos = cos = cos = cos =
21 4T 6Tt 2T 3 s
—CO0S— — COS— — COS— — COS— COS — COS —
7 7 7 7 7 7
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by (4) T 27 3T 2T T 3T
= 1+E(—COS7+COS7—COS7+COST—COS7—COST)—
21 4mt 6m 1
—COS7—COS7—COST—§
7 21 T 3n 21 3n mt 7
=§+COS7—COS;—COS7—COST+COS7+COS;Z§
m _ 2m _ 3m 7 .m . 2n | 4n®7
:>sm7sm7sm7= 6_4 51n7sm7sm7=?
. 31 . 5™ . 4m T
1 1 sin—- + sin—~ 2sin 7 C0S% 1

Moreover, + = = =
in2® sin3  sinZ%sin3"  2sinTcosEsinit  sin
S 7 S 7 S 7 S 7 S 7 COsS 7 S 7 7

1 1 1 _ o
|\~ 2n " 3n sin & B
s1n7 sm7 7
1 1 1
= 21T+ 31T+ +
sin? =~ sin® =~ sin?
2 1 1 1 0
" o Z®ein®®  sin2Tsin®  sinFein2®/
sin=-sin—- sin—=-sin= sinzsin=
:>1+1+1 2 (_21‘[+_3T[_T[0
—— sin— sm——sm—)z
sinZZTT[ sinZ?’T1T sm27 singsinZTﬂsinLLT1T 7 7 7
by @and () 4 L1 1 16\ (V7 0
- ., 2T . , 3 . zE_<_7> 2/
sin? =~ sin*=- sIn"z V7
1 1 1 &‘338
= =
. L T
sin? 27“ sin? 37“ sin?
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N B2 (bC)2 4R%sinBsinC\ ARZS'sin?Bsin2C
ow,Yh; =) °R) = >R = Y'sin“Bsin
4RZ(_n_Zn_ mvz 1 1 .\ 1
= SN —SIin—Si1n—
777 7 22T L 3T e T
sSin 7 sSin 7 7
by (5) and (6) 56\ 7R 7R*|| _ 7V21R?
= 4R2Q—)=——naLHs= > Proved
64) ~ 2 2 10 (Proved)

1342. In AABC the following relationship holds:

4 9 1 9 1 4 ' 1
<(b T2 T eraZ T@x b)Z) ((b T2 T eraZ @+ b)Z) > A T b)2(b + o)

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India

4 16 81
S = o ot P rolcra? T a+02m+02 T b+ olcta)
N 9 N 36 4 9
(c+a)* (c+a)2@a+b)? (a+b)%(b+c)?
1
terar@+vz T arpe RAS=
- 49 N 49 N 49
“(@a+b)2(b+c)2 (b+c)2(c+a)2 (c+a)’(a+b)?
36 4 24 36 9 12
et ((b + c)* " (a+b)* (a+b)?(b+ c)2> * (b + ¢)?(c+ a)? * (c+a)* > (c+a)?(a+b)?
( 6 2 >2+( 3 )( 12 N 3 4 )(é)o
et (b+c)? (a+b)? (c+a)?/\(b+c)? (c+a)? (a+Db)?
12 3 4 @

0

(1) = it suffices to prove: b+ 02 + (c+a)? (a+b)? >

Lets —a=Xx,s —b=yands —c=zZ.s=X+y+z
>a=y+2zb=z+Xxc=x+yandusing this substitution,

12 3 4

= — >0
(2x+y+z)2+(2y+z+x)2 (2z+x+y)?

(2)
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© 122y +z2+x)?2Qz+x+y)?+3QRz+x+y)?(2x+y+1z)? —

—42x+y+2)?*QRy+z+x)?2>0
& 8x* + 28x3y + 84x3z + 63x%y? + 294x%yz + 203x%z% + 82xy3 + 420xy?z
+ 518xyz? + 180xz3 + 35y* + 210y3z + 383y?z?
+252yz3 + 56z* > 0 - true = (2) = (1)
= proposed inequality is true (Proved)

1343. In AABC, I —incenter, R,, R, R, — circumradii of ABIC,ACIA,AAIB

the following relationship holds:

Z(h —2r)\/§<(r+R)\/£
o a Al R

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

JBIC = <B+C>_ (n—A)_n+A
-n 2 )" 2 )7 272

(@
Using sine rule on A BIC, 2R ;sin (g + %) = 4Rsin§cos§ >R, = 2Rsin%

(b) (©
Similarly, R, = ZRsing and R, = 2Rsin g Also,

A B-C A A
b+ c¢c — a =4Rcos—cos — 4Rsin—cos— =
2 2 2
_ 4R A( B-C B+C)—8R A B  C
= cos2 cos > cos = coszsmzsm2
% A B C

=>s —a =4Rcosismismz

(i) (iii)
. B . C. A C . A . B
Similarly,s - b = 4RcosEs1n§sm5 ands-c = 4Rcosgsmgsmg

Using (a), (b), (¢):

R, 2rs ZRsinZ%
X, - 20 (3 =X (7 - 2r) 2=
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2R_/s —a _ A\YOWLD —Hp 4Rcos%singsin% A
=2r TZ( a smE) = 2r TZ A A sing

4Rsin > cos 7

3 2R,/ r A 2R r? bc(s — a) B
= 2r | (gg) Zeosecs = T(ﬁ)z EDEDIEDR

CBS
=\[iz:(%)z\/bc(57—a 2 \[%(%)\/Zab\/x(s ~a) = Z—R(ﬁ)\/sz+4Rr+r2

r

Gerretsen
2 \/;\/4RZ +8Rr + 4r2 = 2(R+ r)\/; =(r+ R)JZ;r (Proved)

Solution 2 by Serban George Florin-Romania

r a-r
Al = »O'BIC—T
sinz
_r_ ._r .
. B . C¢
_BI.CI.BC_S]II? Slni
a~ 4O-BIC N 2ar
A . A
r R, r sin sin
Ra:—'—: . =
2singsing Al Zsingsin% r Zsingsin%
J(s—b)(s—c)
Ra bc

- e e
AI_ZJ(S—Q)(S—C)_ (S—a)(s—b)_Z(s—a)’ AI—\/EH
ac ab

28 2S5 2S(s—a R 2S(s—a va
ha_Zr:___:¥'(ha_2r) _a: ( ). —
a s as Al as V2 s —a
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F:Z(h mf ﬁezrqrm)f
SR ol s

(r+R)?-r Z:s—a<R2+2Rr+r2
r2-R '’
s2+12—8Rr R?+ 2Rr +1?

=3 < ,3s% 4+ 312 — 24Rr < 4R? + 8Rr + 41
4Rr Rr

a Rr

) ) ) 5 4R? + 32Rr + 1r?
3s“ <4R“+ 32Rr+r“ = s <

3
2
Applying Mitrinovic’s inequality: s < — \/_ >s2<== ‘[_ = 52 <3
3R> 4R? 4 32Rr +1?
= s < < = 9R? < 16R* + 128Rr + 4r*

-4 T 3
= 7R? + 128Rr + 4r? > 0, true.
1344. Let AA'B'C’ be the orthic triangle of acute AABC, H — orthocenter.

Prove that:

n m

> (e) Yl =5 () =

cyc cyc

Proposed by Radu Diaconu-Romania

Solution by Serban George Florin-Romania

AH ZR COSA 2R 1
B'C  acosA 2RsindA _sind
AH 1
Z(AH) noiter (X 7). _ (Esma) _(@B3)" (23 (2 )n 3
B'C' = 3n-1 - 3n-1 = 3n 3- 1 3 \/§
cyc
m a*\" (@a+b+0?" (45"
rore) = 3ml = gm-1 3m 3

cyc
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n m

- 2Ge) 2le) =G ) e
=0 (3 ()" >3 () () e

1345. Ifin AABC,AD, BE, CF - internal bisectors, I — incenter then the

following relationship holds:
2n

5 (S0 ) e
Ta ar) | zmogn ™=

cyc cyc

Proposed by Radu Diaconu-Romania

Solution by Marian Ursarescu-Romania

A

From Holder’s inequality =

(r§,+rlz,+r§)n

(rd)" + (rlzj)n +@H" = a1 - (D)
Butr? + 1% + 12 > s? (Bokov’'s inequality) 2)

From (1)+(2)=> Y r’" > — = (3

gD o 21 _BD _BD
Al _AB ¢
But AABC:B2 =802 _ ¢ . pp=2%
DC b a b+c b+c

DI a . " ;= .
I = 5o Again Holder’s inequality =

y (ﬂ)m > (=5)" _ (rectamtars) 4)

Al 3m-1 3m-1

From Nesbitt inequality Sttt =20 (5)

c+a a+b
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From@W+(5)=> 3 (2)" = -5 (0)" =2 (9

SZn

’ 3n2m

From (3)+(6)=> 1) - Y. (%)m >9
1346. In AABC, O - circumcentre, I —incentre the following relationship

holds:

Wg—wp)2+wp—w)?+ (w,—wy)?<n-0I*n> >

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursdrescu-Romania
We must show:
w2 +wi + w2 — (Wewp, + wow, + wew,) < 2012 (1)

But OI> = R? — 2Rr (2)
a+b+c
w, S,/s(s—a),szT:wﬁ+wﬁ+w§ <
s(s—a)+s(s—b)+s(s—c)=s% (3)

2s%r

wWowp +wpyw, +waw, = hhy + hyh, + h h, = = 4)
From (1)+(2)+(3)+(4) we must show:
2s%r s’(R—-2r) nR
sz — R Sn(RZ—ZRr)®¥S7(R—2r) =
s < 2R? (5)

(From Euler R = 21)
From Mitrinovic’s inequality s* < ?RZ < ERZ & 27 < 2n, true because
2n = 35 = (5) itis true.
Solution 2 by Soumava Chakraborty-Kolkata-India

4bces(s —a)  _be(b+c —a)(b+c+a) _be((b+c)? — a?)

2 — — — _
LWa b + 02 b + 0?2 b + 02
Sab — ¥ a’bc <yab _ ¥ a’bc
ab — <VYab —
(4Rcos 5 cos 25 © ’ 16R2 35 — )
COS 2 COS 2 ) bC
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.0 < B—C<1 B-C —T T\
(. < cos > = as e( ))—

2 22
16R?r2s?
=SZ+4RI'+I'2 - mz:(s — b)(s — C) =

1
=s2+4Rr+r? — (4Rr+r2) =s? = Yw,2 < 52
Berstrom

A 2.2:.2 (S
=( 18 ) Zbccosi =( 18 )128Rrs (4R)

4R+r b+c 4R +r/ 2s(s? + 2Rr + r?)
~ 288Rr2s? - (é) 288Rr2s2
=~ @RI (Z 1 2Rr 110~ 22%aWb = IR (2 1 2Rr £ 12)

288Rr?s? 3
(4R +r1r)(s? + 2Rr +r2)
B 252(4R +r)(s%? + 2Rr + r?) — 288Rr?s?
N (4R + r)(s? + 2Rr + r?)

_ 2(4R +1)s* + s?{(4Rr + 2r?)(4R + r) — 288Rr?} Ge”gse"
- (4R +1r)(s? + 2Rr +r?) =

- s2{2(4R + r)(4R? + 4Rr + 3r?) + (4Rr + 2r?)(4R + r) — 288Rr?}
- (4R +r)(s%? + 2Rr + r?)
B (32R3 + 56R?r — 244Rr? + 8r3)s? _ 4R - 2r)(8R? 4+ 30Rr — rz)szé oI —
B (4R +1r)(s2 4+ 2Rr + r2) B (4R +1r)(s2 + 2Rr + r?) =1 -

(1); (2) = Z(Wa - Wb)z = ZZWaZ - ZZWaWb < 2s? —

?
= nR(R — 2r) © nR(4R + r)(s? + 2Rr + r2) S 4(8R? + 30Rr — r2)s2
?

& s?(n.4R? + n.Rr — 32R? — 120Rr + 4r?) + nR(4R + r)(2Rr + r?) % 0
(a)

35
v n = 7 ~ LHS Of (a) =
35 35 ?
> 52 (7OR2 + ?Rr — 32R%? — 120Rr + 4r2> + (7) RM4R+r1r)(2Rr+r?) >0

?
& s?(R — 2r)(76R — 53r) + 35R(4R + r)(2Rr +r?) > 98r?2s?
(b)
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0)
Gerretsen = LHS of (b) = (16Rr — 5r2)(R — 2r)(76R — 53r) + 35R(4R + r)(2Rr + r2)
(i)
~
and RHS of (b) < 98r?(4R? + 4Rr + 3r?)

(i), (ii) = in order to prove (b), it suffices to prove:
(16Rr — 5r?)(R — 2r)(76R — 53r) + 35R(4R + r)(2Rr + r?) >
> 98r?(4R? + 4Rr + 3r?)

R
o 748t3 — 1921t%2 + 1182t — 412 >0 (where t= ;) =

Euler

& (t — 2)(748t(t — 2) + 1071t +332) +252 >0 > true ~ t > 2
= (b) = (a) = proposed inequality is true (Proved)
1347. In acute AABC the following relationship holds:

e a q 9_2m+q.sm+n
za sin™ A z(s—a) > gmin . gn ,mmn,q =2

cyc cyc

Proposed by Radu Diaconu-Romania

Solution by Serban George Florin-Romania

a<b<c=>sind<sinB <sinC

a™ < phm < c™ >=>sin"A4 <sin"B <sin™"C

Chebyshev Holder .
-~ 1 - 1 a)™ (XsinA)"
m ginn _ m inn _ .
Ea sin" A4 = B(Ea)(gsm A) > 3 gm-1 3n-1
cyc
a+b+c\"
_ (ZS)m . (—ZR ) B m. . gm n, on B m . gm+n
- 3m+n-1 ~ 2n.Rn.3m+n-1" pn.3m+n-1

a \1 [22R-1)?
Z< a—)q Hoger(zs_“) —[ u > 3.9
s—a = 39-1 3q-1 = 3¢-1

cyc

Because (Euler) @ >6=>4R—2r > 6r = 4R > 8r,R = 2r

Zm,sm+n _ 2m+q,sm+n_9

= a q
= (Zoyeamsin"4) - (2(;2)) 2 gogmenmr 327 = S true.

s—a
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1348. If in AABC, u(B) = 2u(A), u(C) = 2u(B) then the following

relationship holds:
(a? + b% + ¢®)(a* + b* + ¢*) > 15a?b?*c?
Proposed by Daniel Sitaru — Romania
Solution by Adrian Popa — Romania
AABC:B = 24; C = 2B
A+B+C=n=>4+24A+4A=n
2_n_§_2n_,€_4n
A A
(a? + b? + c¢*)(a* + b* + ¢*) > 15a%b%c?

a + b + ¢ 2R 2R si i
= = = —_
sin4d sinB sinC a sin 7

b = 2R sin 2"
= Sln7

= 2R si T
¢ =2Rsin—

Bergstrom

(@ +b?>+c®H)(a*+b*+c*) = (a®?+b*>+c?) (

(a®? + b?* + c2)2> 3
3 =

3
<4R2 (sinZTE + sin? 2711' + sin? 4711))

B (a? + b? + ¢*)3 B
B 3 B 3
3

64R® - (%) 343RS
- 3 -3

yi4 21 A
15a%b?c?* = 15 - 4R? sin27 - 4R? sin? - 4R? sin? - =

7
=15-43-— = 105RS

21 4-11')2
64

/(4
— 6, . 3 e i o
R°-15-4 (sm7sm = sin =

343 ?
TR6 > 105R®|: R® = 343 > 3 - 105

343 > 315 (True)

We must prove two relationships that we’ve used here:
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9

. T . 2n . 4in
1) sin?= 4 sin? =+ sin?2 = =2
) ;T ;T 7 " 4

2) sin- sm—sm4—" = g
. . 4 1-cos?Z  1-cos®E  1-cos>E
1)sm27—7t+sm +sm27"= — — L=
3 Ccos 27 + cos 47 + cos S;T
—2 2
T 3T 51 Zsin1.7tcos.7+Zsm1.7tc053.7 +Zsm17rcos .;T
COS— + Ccos— + cos— = =
7 7 7 2 sin~
7
sinz—n + sin —- an — sin—- 2 + sin —- 6m sin4—n sin6—n sin (n - E) 1
_ 7 7 7 7 7 _ 7 _ 7 x
Zsing Zsing Zsing
21 4n 8 5 3n T 1
= cos7 + cos7 + cos7 = — (cos7+ cos7+ cos;) = —3 =
, 21t 411' 3 1 7
= sin? 7+sm 7+sm 7=§+Z=Z
... T . 2m . 3m 2n
2) (sm; sin—-sin —) (cos oS —- COs —) =
B (2 singcos g) (2 stTn cos Z;T) (2 sm37n cos S;T)
8
sin 2nsm4—nsm 6m sinz—nsinB—nsinE
_ 7 7 7 _ 7 7 7
8 8
T 21 3 1
= cos7cos7cos7 =3
Now:
(2 sin? E) (2 sin 2—n> (2 sin? 3_11) = (1 — cos 2_11') (1 — cos 4_11) (1 — cos 6_11) =
7 7 7 7 7 7
1 21 41 41 6m 6m 21
=1+ E(Z cos7c057+ 2 COSTCOST +2 cos7cos7) -
21 41 6 21 41 6m
—COSTCOSTCOST - cosT— cos7— cos7 =
1 6w 21 10 21 8 4
=1 +E<cos— + cos—+ cos7+ cos7+ cos7+ cos7) —
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2 4 6m 2m 3 yi4

—COS—— — COS—— — COS—— — COS—-COS——COS
7 7 7 7 7 7

Q| =

T ( , 22_”)( 3_”)_
(Zsm 7) 2 sin = 2 sin? =)=

1 T 21 3n 21 i 3
1+ ( ) -

—COS; + COS7— COS7+ COS7— COS;— COS7

21 At 6mr 1

—COS— —COS—/— —COS— — = =
7 7 8

_7+ 21 b3 3n 211'+ 311'+ T
=3 cos,7 cos,7 cos,7 cos,7 cos,7 cos7—

==J I\

3m 7
23m _ 7
8

So, 2 sin? = - 2 sin? == - 2 sin
7 7 7

iSll’l 7511’1 78111 7 6—4:>sm?sm ~ sm7=

1349. In AABC the following relationship holds:

,T . ,2m L, 3m 7 n 2w _ 3m 7
8

A 1 A\ 5m?
max{u?(A), u*>(B), u*(C)} + Z (sin2 2+ E”(A) tan E) > 1—1;

cyc

Proposed by Radu Diaconu-Romania
Solution 1 by Serban George Florin-Romania
max (u?(4), 1*(B), 4 (C)) = p*(4), max (u?(4), u*(B), *(C)) = p*(B)

max (u*(4), p*(B), u(C)) = p*(C) = max (u*(4), u*(B), *(C)) =

CBS

2 2 2
p(4) + p*(B) + (C)'(x+y+z)2 S 3(a% +y% +22)

- 3

xX+y+2z)?
:>x2+y2+222u

1 s 1
max (12(4), k2(B), () 2 3 ) p2(4) 2 5 Z”(A) -5

Z . ZA_Zl_COSA_S A= 1(1+r)
SIS = 1 2 2.2, _2 2 R

r r 3 r 3
7 < (Euler) 147 <3 —2(1+7) 2 -3
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Z ,A_3 3_3
sin’ 5 25— =3

A B (%
u(A) < u(B) < u(C) = tanE <tan— < tan—

2
Applying Chebyshev’s inequality:

T 4R+ 71
Z u(A) tan Z u(A) (z tan ) .
6 s
>Z. % = "63, we’ve applied Doucet’s inequality s\'3 < 4R +r

6
A\ 3 mw/3
:Z(sm —+ = u(A)tan2)>—+—

=

4 6
A 1 A
= max (”z (4), u*(B), p? (C)) + Z (sin2 > + —u(A) tan E) >
T +3+1l'\/_ 572 3 n\/_ 5n w? m?
-9 4 6 18 4- 6 — 18 9 6
3 w3 m?

_>— > 2712

1T e _6=>9+2m/§_2n

9+2nV3=29+2-3.14-1.73 =9+ 10.86 = 19.86
2m2 =2-3.142=2-9.85 ~ 19.71

19.86 > 19.71 true = 9 + 2m\/3 > 2n? true.
Solution 2 by Soumava Chakraborty-Kolkata-India

Letf(x) = x — sinxVx € [0, 1)

ffxX) =1 —cosx=>0=f(x)isT on[0,m) = f(x) >f(0)=0>

(¢Y)
=>x>sinxvVx €[0,t) =2Vx € (0,m),x < sinx

Letg(x) = sinzg + %xtang vx € (0,m)
., 1 , X X
g0 =

t 2sin? ~ + 2sec? ~ + 2 X)
XseC 2 anz Sln 2 secC 2 CcOoS 2
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by,..(\l)l . , X X . , X , X
> —(smxsec —tan— — 2sin E+ 2sec E+2COS E)

1 ZcosxsinX sinX
5 sinz 5 X X X
=— 2" 2 2 _ Zsinzz+ 2sec? — + 2cos? —

4 2X X 2 2
cos’3  cos3
1 X X X X
= —(2sin?—=(sec?= — 1)+ 2sec?—+ 2cos?—=) >
7 (2sin? 3 (sec?Z — 1) > >)

> i(ZsecZE + 2cos? E) ( sec? g > 1) > 0 = g(x) is convex
('2A+1 (At A)]egen3(' 2T T n) LI
=~ Y (sin?=+= an—| > sin?—+—tan—) =—+ —
2 2 " 2M 2 6 6 "6 4 23
('2A+1 (At )? 4=
2 — — — — —
Zsm2 Zu an2 2327573
Now, WLOG, we may assume:

max{p*(A), p*(B), p*(0))} = w?(A) = 3 p*(A) = T (A) =

ensen
J ~ 3 /T

1 2
= maX{MZ (A), l»lz (B), I»lz (C))} = 52”2 (A) = 5 (E)

(~ h(x) = x? is convex for all real values of x)
(3_‘) 2
- max{p*(A), u*(B), u*(0))} = 5

n? 3 m 5m?
~ (2)+(3) = LHS > o + 2 + 2 2.7535 > E(~ 2.74) (Proved)

Solution 3 by Ravi Prakash-New Delhi-India
Let’s assume that: u(A) = u(B) = u(C). Then u(A) > g Let, for 0 < x < g
f(x) =sin®?x + xtan x — Exz
f'(x) =sin2x+tanx —x + xsec?2x > 0for0 < x <§
= f(x) is increasing on [O, g) = f(x) > f(0) for 0 < x < g
= f(é) + f<5> + f(£> >0= z [sin2 (é> +étan (é)] > 1z:(AZ + B2 + C?)
2 2 2 2 2 2 2
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1 1
:E(AZ+BZ+CZ+2A2+ZBZ+ZCZ)ZE(A2+BZ+CZ+ZBC+ZCA+2AB)=

T2 A\ A A n? mw? 5n?
_r 2 2 2 L2 (), 4 pio N WL L
6 = max(u(d), u(B)%, p(O) HZ(S"' (2)+2ta“(2)) =9 7% " 18

1350. In AABC the following relationship holds:

RS
Sa+sb+sc<r_2

Proposed by lonut Florin Voinea-Romania

Solution 1 by Adrian Popa-Romania

RS
Sa+sb+sc<ﬁ
2bc
S — <
Sa b2 + c2 my, =mg >SatSsptsc<m,+my+m,

Similarly s, < my; s, <m,

A

b+c
2

>2m,<b+c>m,<

Similarly: m;, < aTJrC

a+c

m,+my+m.<a+b+c=2s

S

~

. s

We will have to prove that: 2s < —I:; S 25 < g- - L
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2L g (true) (Euler’s inequality)

Solution 2 by Soumava Chakraborty-Kolkata-India

2AM - GM
5. -8 o2y 2 o -5 Ly -

3 Leibnitz 9R ? Rrs ? 9r Mitrinovic
=E Zaz g 727@s;7—>true v S 2 3\/§1"

1351. In AABC, I - incenter, the following relationship holds:

Z ) Z Al >486r3

m >

“ p(A) T
cyc

cyc

Proposed by Radu Diaconu — Romania

Solution 1 by Avishek Mitra-West Bengal-India

AM—-GM % mg2./s(s—a)
@Zmﬁ > 3 nm,zl > 3(53(s—a)(s—b)(s—c))

1 Mitrinovic

1
= 3(S2A2)3 =3(s*r?)s > 3(r®3%)3 =27r% (i)

W =

o Su@ 2" 3 u@)s = 27T p) < Cp@) =7 > e <2 (i)

1
1 =
A g (ALY = 3 (2 e’ )
=Xy <A)_ (Hu(A)) _3<n’3 Hcosg> [From (ii)]
1

B 2((5 —a)(s—b)(s—c)- abc)§ B 2<abc(s —a)(s—b)(s— c))é B 2<abc . A2>;
T\ /Bs-—a)s-b)(s-0)/) T sA “w\ sA

1

) :—(4Rr2)3 > —(4 2r - 1‘2)3—1ﬂﬂ (iii)

_9 (4Rrs 1252\3
T n s2rs

e Emd) (Z (A)) 27r% - == [From (i) and (iii)]< Q > 8o (proved)

Solution 2 by Serban George Florin-Romania

DXy R Voo S Yooy

u(4) sm u(A) -sin 5
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1 1 1
A) < u(B) <ulC)=> = =
p(A) < u(B) < u(0) WA = (B = ui0
(A)< <B>< (C) A< B< C 1 - 1 1
ulz|sul=)su = sin—<sin—<sin—= =
2 2 2 2 2 2 sm';l smg smg

Applying Chebyshev’s inequality

Z%”Z SZM(A) Z

u(4) sm

(Zmi)(z u(A)) 42 1o, 2o

54r 48613
— ) at> Z a’? > 36r?
4 yi4

Applying Ionescu - Weitzenbéck
a? + b? + ¢* > 45V3 = 361% = rsV3 > 9r?
9r 9V3r

>sV3>9r=>s>-——==

V3 3
= s > 3+/3r, true (Mitrinovic’s inequality)

1352. In AABC the following relationship holds:

(Va+ Vb +e) = 6J12Rr + 312

Proposed by Daniel Sitaru — Romania

= 3+/3r

Solution 1 by Rahim Shahbazov-Baku-Azerbaijan
(Va+vVb++c) > 6Vi2Rr + 312 (1)
(Va + Vb + )" = 3(vab + Vb + Vac) then:
Vab +Vbc + Vac > 2\/12Rr + 312
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after we make the substitutiona =x+y,b=y+z,c=x+1z

and Rr = (x+y)(y+z)(x+2) ’ 2 _ _Xyz
4(x+y+z) x+y+z

the inequality becomes:

\/(x+y)(x+z)+\/(y+x)(y+z)+\/(z+x)(z+y) 22\/3(xy+yz+xy)

or

Y2 +xy+yz+xz>2/3(xy+yz+xz) (2)
xy+yz+xz=k*=> (x+y+2z)? > 3k?
we must show that

YVaZ + k% =2kV3 (3)

MITRINOVIC
LHS >  \/(x+y+2)?+9k?>V12k? = 2kV3

Solution 2 by Marian Ursdrescu-Romania

Because (\a ++b + \/E)Z > 3(vVab +Vbc + +ac) = we must show:
Vab + vbc + Vac = 2V12Rr + 3r2 (1)
Because in any AABC we have b + ¢ — a + 2\/bc > 0 =
Vb + /¢ > Va = exists a triangle A’ B' C' with lengths a' = \/a,b’ =+/b,c' =+c =
we prove inequality with the help of AA'B'C’
We have Gordon’s inequality: ab + ac + bc > 4\/3S = for AA'B'C' we can write:
ab +a'c +b'c >4/38 (2)
In our case a’ =+/a,b’ =+/b,c’ = +/c and by calculation:
s’ =-VaRr+12 (3)
From (2)+(3)= aVab +ac +Vbc 2 43 - -VaRr + 12 &
Vab + Vac + Vbc = 2V12Rr + 312 = (1) it is true.
Solution 3 by proposer
(\/E+\/E)2 —a+b+2Vab>a+b>c= (\/E)Z =
Va ++b > +c — and analogs.
By Mitrinovic's inequality in the triangle with sides /a, Vb, /¢ :
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1 0y
3123\/§r1<:>2(\/a+\/3+\/z)23\/§-—1(=

\/4-Rr+r2
2(\/_+\/_+\/_)

1
@E(\/E+\/E+\/E)Z >3J12Rr +3r2 &
(Va+ Vb ++c) = 6J12Rr + 312

1353. In acute AABC the following relationship holds:

”(A)eu(AHsecA + ”(B)eu(BHsecB + H(C)eu((])+sec€ > e

Proposed by Jalil Hajimir-Toronto-Canada

(\/_+\/_+\/_)>3\/_

Solution 1 by Daniel Sitaru-Romania

cosx > ()

f: (O,E) SR, f(x) = ex+%,f’(x) _ (1 N Sinx)eer 1

2 cos’x

flx) > lim f(x) —e— z f(4) = z et(A)+secd > 30 (1)
cyc cyc
e”(A) < el‘(B) < el‘(c)

(

I cosA = cosB = cosC
WLOG: u(4) < u(B) < u(C) - 4 secA < secB < secC

| esec(A) < esec(B) < esec(C)

eu(A)+secA < eu(B)+secB < eu(C)+secC

CEBYSHEV ( )

z ”(A)eu(A)+secA ’:‘ 3 Z [J.(A) Z eu(A)+secA Sz Z ﬂ(A) 3e =
cyc cyc cyc cyc
! 3
=—-'TT*>5€e =em
3

Solution 2 by Florentin Visescu-Romania

I (O,E) - R, f(x) = xe“ﬁ

2
. el 2sinx sinx \2 1 + sin%x
f'(x) =€ "cosx |2 +— +x(1+ 2) ———1]>0
cos2x cosZx cos3x
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f-convexe. By Jensen’s inequality:
1 A+B+C
s (F@+ B+ £(O) = f(—5—)

1
1 3t—=
Z Aeteosa > 3 -ge?’ 03 — 76?3 > e
cyc
1354. In AABC the following relationship holds:

C 2s

B
(u(B) + u(C€))*cscA + ZCSCE + ZCSCE >—

Proposed by Emil Popa-Romania

Solution by Soumava Chakraborty-Kolkata-India

For simplicity, let us denote u(B) by B,u(C) by C and u(A) by A
B-C
2
B—-C B+ C) A B C

— COS = 8RcosEsmEsmz =

A )
b+c—a= 4Rcos§cos — 4Rcosfsmf—

A
= 4Rcos E (cos

1) A B C

=>s —a= 4Rcosismismz

~
N
~—

Neain Al = r _4Rsin%singsing_4R B | beﬂu)s — a A®@g — 3
gain, Al = — = —A = 4Rsinzsino = A > Cosy Al
sinz sinz cosz

13

. A s —a
AD1 —cosz P11 - —m= Al - (s — a) ® A
Now,tanzz = T = - =>Al=s — a+rtanz

. A
sin I

(b) B Q) C
Similarly,BI=s — b+ rtanz andCI=s — c+ rtanZ ~@+m+©=>

3 A

= YAI = s+thanZ

(m — A)? A A
Now,LHS = ——— — 2cosec— + 2).cosec— =
A. A 2 2
2 cos5 siny
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(m — A)? A 2_ O (g A2 A 2s A
=——a A ZcosecE+;ZAI = — A A~ 2cosecE+T+ ZZtanZ
2 cos 5 sin» 2 cos 5 siny
(m — A)Z by (i)

2 A+ZS+2t A+2t B+2t =
= — cosecC— i an — an — an— =
2cosfsin% 2 r 4 4 4

A
(m — A)? A 2s A 2cos’ 5 B C
=—aA A 2cosecE+T+2 coseC— — ———— +2tanZ+2tanZ
2 Cos 5 siny 2cosfsm7
A A
(m — A)? 4cos’z 25 B C_2s (m—A)? - 4cos’z

=2 A_ é_z A é+T+2tanz+2tanZ>T+ N A A
cos 5 sin cos 5 siny cos siny

®os (n—A)2—4c052%
.'.LHS>T+

. A
2 cosismi

(5)
> It su ices to prove : (It — >4c08°—&& 1 — g COS —
4) =i 1 14 ( A)? > 4cos? > AS2 >

X X

Let f(x) = 2cosi+x — nVX€ (0,] Then,f'(x) =1 — sinz >0
i1

~ f(x)is increasing on (0, ] = f(x) < f(n) = ZCOSE +m—-—m=0

X X A
S>VXE (O,1t],2c0s5+x <nt=>VxeOmn),m— x> ZCOSE >mt — A> ZCOSE
= (5) = proposed inequality is true (Proved)
1355. In AABC the following relationships holds:

1

m,+my

1

W, t+wy

RZ(Z )_12213 RZ(Z )_IZZr

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

1 Berg::rom 9 9 El'll‘el' 9 1
y———— = > > =~
m, + my 2Ym,  8R+2r 8R+R
— 1 ¥ m, = w, and analogs 1 -1
R>(Y—— > — 1
_(Zma+mb> - (Zwa+wb) - @
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v W, = h, and analogs,

JR  AM-GM 2R
< 2 Z =
W, + w, h + hb c(a +b) 2c¢vab

-y 2sR 1
\/c_a\/ ca bc ab 4Rrs  2r

) > 2rand ~ m, > w, and analogs,

(Zwa+wb
-1 -1

() :bass) 2o

-1 -1

1
—) >2randR > (Z ) > 2r (Proved)
m, + my,

(1) and (2)=>R2<Z e

1356. In AABC the following relationships holds:
R\ > ?
108Y sin?AcotBcotC < (2 (;) + 1>

Proposed by Marian Ursarescu-Romania
Solution by Soumava Chakraborty-Kolkata-India

108Y sin?*AcotBcotC = 108(JJcotA)YtanA(1 — cos?A) =
= 108(J]cotA)YtanA — 108([]cotA)Y tanAcos?A
= 108) cotAcotB — 54(JJcotA)}.(2sinAcosA) =

=108 54 (H os ) 2A =108 — 54 st — @R+ 1) (4]]sinA)

= [[sina) 25M 2R2([[sina) ) A1Isin
_ s? — (2R+1)?\ 108R? + 54(2R +1)? — 54s R\ \*  (2R?+r?)?
_108—54( - >_ = S(z(_) +1) -

108R%? + 54(2R+1r)? (2R%®+7r?)? 54s? R?(2R?+r?)? + 54s%r*
< < + =
R2 r4 R2 R2Zr4
(€))
& R%(2R? +r?)? + 54s2%r* > r*(108R?% + 54(2R +1)?)
Gerretsen ?

Now,LHSof (1) = RZ(2R%+r2)? + 54(16Rr — 5r)r*>
r*(108R? + 54(2R +r)?)
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2z R
© 4t° + 4t* — 323t2 + 648t — 324>0 (where t= ;)

? Euler

o (t — 2){(t — 2)(4t* + 163 + 52t2 + 144t + 45) + 252} >0 - true,~ t > 2
R 2
~ 108Ysin?AcotBcotC < (2 (;) + 1> (Proved)

1357. If in acute AABC, N —nine-point center then:

15R + 6r

VNA +VNB +VNC < >

Proposed by Daniel Sitaru-Romania

Solution by proposer

O —circumcenter, H —orthocenter, NA —median in AAOH

NA < % (equality for N = 0 = H)

R + 2RcosA
A<— =>2NA <R+ 2RcosA

= 2
T
ZZNAS3R+2RZcosA=3R+2R(1+E)=5R+2r
cyc cyc
5R + 2r
ZNAS 2

cyc

5R+2r_\/15R+6r

CBS
Z\/NA < \/(12+12+12)(NA+NB+NC)S\/3 5 5

cyc

Equality holds fora = b = c.
1358. In AABC the following relationship holds:

mg\" 2a \"
YR (S
Sa b+ c

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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A

proof : LHS éG44\j[H (r:_:)n] _]'[ (bz_:c)nl _ 44\“1_[ <b2 + c2> 8abcc)ln _

2bc JTI(b +

! b2 + c2\]"

- _abc(n b+c>l
@D L1 b2 + c2\]"

~ LHS = 4 abc(]‘[ b+c>l

1 b? + c? - 1 (b+c)?\) 1 b+c

Now'abc(“ b+c>_abc l_[<2(b+c)> _ﬁn( 2 )

_(@+b)(b+c)(c+a)“E

2. 1 b2 + c2 -
8abc = 77 abc l_[b+c =

1 b2 + c? S 0(:n>0) o] 1 b2 + c? Z>0
abch+c =0T n= nabch+c =

1 b? + c? %>1 +f[ 1 b2 + c? n>1
i[abc<nb+c>l =1= [abc(n >l -

b+c

4 1 b2 + c2\|" %
:>4\/[abc<n b+c )l =4
(1),(2) = LHS = 4 (Proved)
1359. In AABC the following relationship holds:

2,

re—71 |h, - 2R
Sa Ta AT
cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

rs rs .
r,—r [h, s—a s |2rs(s—a)|Temsifas
Sa | Ta c ars
(b2 + c2) Ma
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rs(s — (s —a))
- s(s—a) s(s—a) [2abc
=p> 2bc b2 + c2 bc sa?
(575 e2) (Pzbe ) wa

Zra(b +¢) A |2Rrs
= cos
2abccos 5 (s —a)

=<\/2ﬁ> a(s+s—a)=<\/m>( s(a—s+s)+za)

— ra(b +c)
) = VZRr (Z 4Rrs(s — a))

4Rs s—a 4Rs s—a
B s2Y(s—b)(s —¢) _ (V2Rr (4Rr + r?)s?
( 4Rs )IZ( S)+ [I(s —a) * Zsl B < 4Rs > [—s * sr2 l
V2Rr 4R+r V2Rr) /4Rs
=<4Rs)s( r _1)=<4Rs>(T)

’ZR
= |7 (Proved)

1360. ADIL ABDULLAYEV’S REFINEMENT FOR IONESCU — WEITZENBOCK'’S
INEQUALITY
In AABC the following relationship holds:

az+b2+c2>3 a? + b? + c2\?
4/3s ~ J\ab+bc+cal T

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Ravi Prakash-New Delhi-India
We have

1 1 1
a? + b% + ¢ :E(az+b2)+5(b2+c2)+5(c2+a2)2ab+bc+ca

= 25 LI 1)
N sindA sinB sinC

1 .
As f(x) = oo 0 <x <m, is convex, we get:
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F@+ 18+ 5@ =37 (Fg ) = 37 (5) = B2 =23

Thus, a® + b% + ¢% > ab + bc + ca > 4/3S. Now, we have:

(a? + b? + ¢*)3(ab + bc + ca)? = (a? + b? + ¢*)(a? + b? + c?)?(ab + bc + ca)?
(a? + b? + ¢*)3 a? +b%+¢c2\°
(4\/5)353 ~\ab + bc + ca

1
a%+b%+c? a%+b%+c? 23
= > ( )
e _[ @)

> (4v35)(4V35) (a2 + b? + c2)? =

ab+bc+ca

2,02, 2
a“+b“+c
Also
’ ab+bc+ca —

1

N [(a2+b2+c2)2r -1 (2)

ab+bc+ca
The inequality follows, from (1) and (2).
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

2, p2, .2
a“+b“+c ) >1
ab+bc+ca

In a triangle ABC, we have: (

3
a’? + b* + 2 - a’? + b* + c? az+b2+c2>3 a? + b? + c? 2>

= = = =
ab + bc + ca (ab+ bc+ca) ab+ bc+ ca ab + bc + ca

)2210k

a%+b%+c? a%+b%+c? > 3 (a2+b2+c2
43S T ab+bct+ca — ab+bc+ca

Therefore it is true.
Letx=a+b—-cy=b+c—az=c+a—->b
x+y y+z

X+z
Hencea=—7,b=—7,c =—
2 2 2

We have (x + y)(y + z)(z + x) = 8xyz
>52x+y)y+2)(z+x)(x+y+2z)=>16xyz(x+y+ 2)
> @x+y)y+2z)(z+ x)((x +y)+(y+2)+(z+ x)) >16xyz(x+y+z)
S>x+y)y+2)z+x)x+y)+x+y)y+2)(z+x)(y+2)+
+x+y)y+2)(z+x)(z+x) >16xyz(x+y+ z)
53(x+P+20E+0E+Y+E+ Y@+ 2D+ +2) + (x+ Y)Y+ 2)(z+x)(z+x)) =
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>16 x3xyz(x+y+z)

=>((x+y)(y+2)+(y+Z)(Z+x)+(Z+x)(x+y)
2 2 2 2 2 2

- (%) (7)) () + () ()
-5 (20 ()5

a+b+c>(a+b—c>(b+c—a)(c+a—b)
2 2 2 2

2
> >3xyz(x+y+2z)

:bc+ca+ab24\/§\[(

3 (TR (RIS (1)

Solution 3 by Soumava Chakraborty-Kolkata-India

Sa?+x

Hadwiger - Finsler = 2Y.ab — Ya? > 4/3S = Yab > =

(where x = 4+/35)
O

- (Sab)? S x% + 2xYa? + (Ya?)?

4

(2)
2y 3 22 ™
Now, (1)= (Z%) > @%) e Ya?)Tab)? = x3
by (D)

-~ 2 2 22 ,.7.,
Now,LHSof (2) S (Ya?) (" *2"2“4+@“)>2

?
>x3 oy +2xy2 + yx? — 4x3350
?
(Wherey =Ya?) & t3 +2t2 +t- 450
?

(wheret =) & (t- 1)(t* + 3t +4) =0 - true

2 Ionescu — Weitzenbock
Ta "
= > 1>

43S -

X t:

®|<
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, . 2 . (za* 2 3 Sa? 2
(2)= (1) istrueand " Ya* = Yab - (zab) >1= (zab) > 1 (Proved)

1361. In AABC the following relationship holds:

Vab + Vbc +Vea > 2/3r(h, + hy + h,)
Proposed by Marin Chirciu — Romania

Solution 1 by Serban George Florin-Romania

RCREDY

1 -1 ’ 1 3 " 3 5
f:(O,oo)—>]R,f(x)=ﬁ=xZ,f(x)z—ix er (x)=1x2>0

= f convexe > f (‘”:”) < f@+f (3b)+f(c)

3 1 1 3V3
Eszﬁ:’zﬁzﬁ

Z‘/EZW'Z\/_%ZZ /BT-Zhaz:(abc)-(zv%)224-3r-2522

2

(abc) - (ZT%) > 4RS - g > 24512 Z%

1 1 54R 9R
54Rr224sr2-2—:>z_g _9R
a a  24sr A4sr

Z% < %. Applying Petrovnic inequality

1 s 9R )
Za ~ 3Rr — 4sr = 45 S 27R* = (25)° < (3\/§R) = 25 < 3+/3R

3v3R iy .y .
=>s< % true, Mitrinovic’s inequality
Solution 2 by Marian Ursdrescu-Romania

Vab + ac + Vbc > 33¥abc = we must show:
3Vabc > 2,/3r(h, + h, + h,) < 3%(abc)? = 2°-3%r3(h, + hy + h)? (1)

s%+r2+4Rr

But abc = 4sRr and h, + hy, + h, = R 2)
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From (1)+(2) we must show:

; (82 + 712+ 4Rr)?
o
8R3
© 33.25?R> >r(s* +r* + 4Rr)? (3)
But 2s? > 27Rr (Cosnita and Turtoiu) (4)
From (3)+(4) we must show:
93R® > (s2 +r? + 4Rr)3 © 9R?> > s2 +r2 + 4Rr (5)

36.2452R2y2 > 26.33 .

From Gerretsen’s inequality: s* < 4R? + 4Rr + 312 =
s < 4R?> + 8Rr + 41> = s < 4(R +1)? (6)
From (5)+(6) we must show: 9R*> > 4(R +r)* &
< 3R = 2(R+ 1) © R = 2r, true, Euler’s inequality.

Solution 3 by Boris Colakovic-Belgrade-Serbie

1 1 1)/Jensen 3  3V3VaRrs _
Vabe (= + b o) 2 Vabe e = T = 3V2 VB VR T
3

3vV2-V3-VR-Vr=2V3-vr-Jh, + h, + h, &
©3v2-VvR>2,/h,+h, +h, =18 -R>4(h, + h, + h,) =

9
=g Zhathy +he

From well-known inequality h, + h, + h, < 2R + 51 =
9 9
:>ha+hb+hcs2R+5rSER:>2R+5rSER<:>

< 4R +10r <9R = R = 2r Euler
1362. In AABC the following relationship holds:

1 4
Zma'im—SHW' "‘a'zma
a A g

cyc cyc cyé cyc

Proposed by Adil Abdullyev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India
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1 abc(Ya) s(s?+4Rr +r?) 8Rrs?
—| < < 2 2
(Za) (2 a) <S5+ © S Rrs S5+, 37 @S t4Rr+r
< 4R? + 10Rr

Gerretsen Eul

Now,s> +4Rr+r2 < 4R2+8Rr+4r2 < 4R? + 8Rr + 2Rr = 4R? + 10Rr

€3]

1, D ab
) (z7) 25+ :ga)

Applying (1)on a triangle with sides

2m, 2my 2m,

S
3 3 ' 3 whose area of course —§,we get:

er

1

m,

%mmm@@mﬁ
+(5)

= (gm,) (3] < 5 + T edA)

1363. In AABC the following relationship holds:

Wl N
N| W

(Em,) (2 ) <5+ =

(Proved)

8(a? + b®»)(b? + c*)(c? + a?) _ (R )2
(a+b)2(b+c)2(c+a)2 ~ \2r
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

[1(a + b) = 2abc + Yab(2s — c¢) = 2s(s? + 4Rr + r?) — 4Rrs =
@
= 2s(s?+ 2Rr + r?) = [[(a+ b) = 2s(s? + 2Rr + r?)
A-G
Now, (a + b)* = (a? + b? + 2ab)? > 8ab(a? + b?)
a2+b2 @@+b)? b2 +¢c2 ¥ (b + ¢)?
(a+b)?2 = 8ab similarly,

= und ¢ +a? 9 (c+a)?
(b+c)2 ™ 8bc (c+a)®?~ 8ca

8(aZ + b2 (b% +c2)(c? +a?) [J@+b)2L /R\2
@.(0)-(€) = = b T 0fc ta)f = 64(abo)Z = (Z) e
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Il(a+ b)é R "D 25(s? + 2Rr + r?) é R
— — @ —
8abc ~ 2r 32Rrs —2r

? ?
(:)SZ+2Rr+rzg8R2<:>s2§8R2—2Rr—r2
@

Gerretsen ? ?

Now,s2 < 4R%+4Rr+3r2<8R2—2Rr-r2 o 2R%2—3Rr—2r230

? Euler

< (R-=2r)(2R+r) S0->true~R > 2r
8(a% + b?)(b% + c?)(c? + a?)
(a+b)2(b + c)?%(c+ a)?
1364. In AABC the following relationship holds:
4RZ mow?2 > z:(b2 + c?)h?

cyc cyc

R\ 2
= (1) is true - < <—> (Proved)

2r

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

W, 2 h,

S (b2 + c?)hZ (Proved)

Terthin bz +C2
4RYm,w? > 4R} iR w2

1365. In AABC the following relationship holds:

m

a\" A% n
z <(M(A) + 2™) - sin ﬁ) Z (tan E) > W,m, nq=2

cyc cyc
Proposed by Radu Diaconu-Romania
Solution by Remus Florin Stanca-Romania

Ca\™ _ (Seyeta+zm sind)”
chc((A+2")sm2—n> 2( — ) (1)

Let f: (O, E) — R be a function such that

fx)=(x+1)sinx= f'(x) =sinx+ (x+1)cosx =

= f"(x) =cosx+cosx— (x+1)sinx =2cosx— (x+1)sinx =
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= f""(x) = -2sinx—sinx—(x+1)sinx< 0>

Jensen
= f"(x) is decreasing, let " (—) = g TS0 f'(x) > 0= fisconvex =

]er;en 1 chc ( + 1) sin (ZA) (3? + 1) smﬁ 2)

Let’s prove that (x + 1)sinx —x > 0,let g(x) = (x+ 1) sinx — x =
> g'(x)=sinx+(x+1)cosx—1=g"(x) =2cosx — (x+ 1)sinx =
= g"'(x) = -2sinx —sinx — (x + 1) cosx < 0 = g"(x) is decreasing
g G) >0=9"(x)>0= g'(x)isincreasing, g'(0) =0= g'(x) > 0=

= gisincreasing, g(0) =0=>g(x)>0=> (x+1)sinx> x>

(L+1)sin i > i =
3-2n 3.-2n 3.2n

A A
n :>
3 E <2n+1>sm(2n)_3 2n:> E(A+2)sm2 ™=

cyc cyc

®

=~ ny i A m "
= Yeye ((A +2 )sz_n) 2o (3)

A\ 24 (chctang)zq 34
Deye (tan—) > > -1 (5)

32q9-1 32q9- 1

", . m 4 2q m
(3) (5) (chc ((A +2 ) sin ) ) (chc (tan E) ) = gmtq-2 (QED)
1366. In AABC the following relationship holds:

a’ + b? (a+ b)m, m,
R 8
2ab 2ar, w,

cyc cyc cyc
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India

I (a+ b)m, _ <H(b +0) > . Tsin::ifas

<
2ar, 8abc[]r,
2bccos%
H - &
b+c

H(b +¢) <b2 + c? . ) _ T+ o) [TT(b? + cz)l

8abcrs2 2bc " 8abcrs? | 8a2b?c?
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_TI(b + o) [TIb? + c?)] [ 8a®b*c? ( s )
~ 8abcrs? | 8a?b2c2 [\[](b +¢)

[1b* +c*)  [Ib*+c?) [Ib*+c?)  _a®+b?

~ 8abc(4Rrs) 8abc(abc)  [[(2bc) 2ab
(1) 2 2
:H(a+b)mag a‘+b
2ar, 2ab
Again, by Tsintsifas,
m, _ b? + ¢? m, (i) a? + b?
1 w, 1 2bc H =1 2ab

2 2
21, 2)=> |15 = H(‘””)"‘“,Hﬂ

2arg Wq

a? + b?

(a+b)m,
> IR
2ab > max (l [

2ar,

T &) (Proved)
Wa

Solution 2 by Bogdan Fustei-Romania

2bc

72,02 Ma (and the analogs)

Sq =

Sqa < W, (and the analogs)

2bc

We =~ cos = (and the analogs)

A rpT
cos- = [2=¢

5 o (and the analogs)

8a’b*c?
(a? + b%)(b% + c2)(a? + c2)

mgmpm, (a2 +b?)(b? +c2)(a2+c2)

SaSpSc = moymym., =

N Mallole o 220 b My @

SaSbSc 8a2b?c2 T wewpwe

8a?b?c? A C\

WaWbWe = i+ )a+ o) 0 C°Sz°°si> _
A B C 71,17,
€OS - COS - COS o = — )
8a’b?c? TalpT e
= WaWpWe ( +b)(b+c)(a+c) abc

W WpW, 8abc

r,ryr. (a+b)(b+c)(a+c)
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mymym, mgmym, r.rpr. memym, (a+b)(b+c)la+c)

W WpW, T rpr, W WpW, T rptr, 8abc
mempme _ (a+b) < Ha2+b2 (2)
WaWpWe 2ar, — 2ab

From (1) and (2) the inequality from enunciation is proved.
1367. Ifin AABC,R < 2(r + 1) then:
w,wpyw, < (2+hy)(2+ hy)(2 + h,)
Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
2vVbc AM—-GM

wa=b+c-‘/s(s—a) < 1-\/s(s—a)=\/s(s—a)
Similarly: w, < \/s(s — b);w. < \/s(s — ¢)

> W WpW, Ss\/s(s—a)(s—b)(s—c) =s-S=s5-51=58r
RHS =2 +h)2+h))(2+h) (¥
>1+h,)A+hy)(A+h)=(hyg+ hy+h,)+ (hghy + hyh, + h h,) + hyhyh,
> h,hyh, + hyhy, + hohy, + hyh,
_ 2s%r N 2s2r? _ 2s%r + 2s5%r?
R R R

2s2r+2s%r

& Rs?*r < 2s%r + 2s2r?

We must show that: s*r <

R<2(r+1)
Which is true because: - Rs>r <  2s*r(1 +71) = 2s*r + 2s*r2. Proved.

Solution 2 by Avishek Mitra-West Bengal-India

o wamw = | | gy Ve 56— @ =

8abc \/ 3 ) ) )AM;GM 8abc A
= s3(s—a)(s—b)(s—¢c) < s -
(a+b)(b+c)(c+a) 2-2-2Vab-bc-ca
=s-rs=s’ro 2+h,)2+h,)2+h,)

=8+4Zha+22hahb+ﬂha

1 1 (2A)3
=8+4-2AZ—+2-4AZZ—+
a ab J]a
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abc\?
Yab _, Ya 8(%%)

=8+84: 4RA+8A "2RA T abc
2Yab 2rs-2s a?b?*c?

+ +

R R 8R3

2(s> + 1%+ 4Rr) N 4s’r N 16R%s%*r?

R R 8R3

2s2+2r2+8Rr 4s%r 25272
=8+ - +—+— < Need to show

5 ﬂwa < 1_[(2+ha)

) 252 4+ 212 + 8Rr + 4s%*r + 2s%r?
:nwaSsr<8+ R

= S’rR < s’r - 2(r + 1) = 2s*r? + 2s’>r < 8R + 2s% + 2r% + 8Rr + 4s*r + 2s*r?

=8+

& 8R + 25% + 21?2 + 8Rr + 2s%r > 0 (*true) (proved)
1368. In AABC the following relationship holds:

2(Va+Vb++c) <3

Proposed by Daniel Sitaru — Romania

Solution 1 by Serban George Florin-Romania

Z\/E >3 Z\/E —BZa—B 25 = 65

cyc cyc

3abc
ZZ\/— 3,/4Rr+r2

(22\/5)2=4(Z\/5)2£4-6s£9-

245 < 27 - 4Rrs _ 108Rrs
S=>4Rr+12 4Rr +12

24s(4Rr +12) < 108Rrs|:12s
2(4Rr +1%) < 9Rr,8Rr + 21> < 9RY

3abc
4Rr + 12
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Rr = 2r%|:2r = R = 2r (Euler), True

Solution 2 by Adrian Popa-Romania

3abc
<3 |[—
2(Wa+vVb++c) <3 /4Rr+r2

2 E Bergstrom (\/_ + \/_ b+ \/_)
1 1 o

(\/c_l+\/l_)+\/5)2£6s=>

a
1
2s

= Va+Vb +Vc <V6s|-2 = 2(Va + Vb + Vc) < 2V6s

2
3-4Rrs

4Rr+12

We must show that 2+/6s < 3

108Rrs
=245 < ARr 112 & 9sRr + 24sr? < 108Rrs &

& 24sr? < 12Rrs|:12sr © 2r < R (True) = Euler

Solution 3 by proposer

(\/E+\/3)2=a+b+2\/ab>a+b>c=(\/E)2=>
Vva ++/b > +/c - and analogs.

By Mitrinovic’s inequality in the triangle with sides \/a,\'b,/c :

5= 28R, o L (a Vb +ve) < 33 E b

2 45,
1 3v3abc
@E(\/E+\/E+\/E)S 1 =S
8-2\/4Rr+r2

| 3abec
= 2(0a+ VB4V <3 [

1369. In AABC, g, —Gergonne’s cevian the following relationship holds:

|b—c| 2h, —

VZm, 2 go+ —; -

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Stewart's theorem = b?(s — ¢) + c?(s — b) =an,?> + a(s — b)(s —¢)
andb?(s — b) + ¢%(s — ¢) = ag,?+a(s — b)(s — ¢)
Adding the above two,we get:
(b2 +c¢%)(2s — b — ¢) = an,? + ag,2 + 2a(s — b)(s — ¢)

= 2a(b? + ¢?) = 2a(n,2 +g,2) +a(a+b — c)(ct+a — b) = 2(b% +¢?) =

=2(n,> +g,>) +a*> — (b — ¢)?
= 2(b%2+c?) —a’+ (b — ¢)? =2(n,% +g,2)
=>4m,2 +(b — )2 =202 +g.%) > 4m,%2 + (b — ¢)? + 4n,r, =
=2(n,” + g,%) + 4,1,
=4m22 + (b — c)> +4s(s — a) =2(n,% +g,%) +4s(s — a)

)
= 4m,?% + 4m,% = 2(n,2 + g,%2) + 4s(s — a) = [n,%2 + g,%2 = 4m,?% - 2s(s - a)

Now,b?%(s — ¢) + c%(s — b) =an,2 + a(s — b)(s —¢) = s(b? + ¢?) —bc(2s—a) =
=an,? + a(s? —s(2s—a) + bc)
= s(b? + ¢?) — 2sbc = an,? + a(as — s?) = s(b? + ¢? — a® — 2bc) = an,? — as?
= an,? = as? + s(2bccosA — 2bc)

A 4sbc(s — b)(s—c)(s—a 42
= as? — 4sbcsin? — = as? — ( )( ) ) =as? —
2 bc(s — a) s—a

2A\ /[ A 2
=as?—2a (;) (s — a) = as? — 2ah,r, - |n,2 =s? - 2h,r,

b — c| [2h, — 3rS b-c¢)2/2h, — 3r
o g 127 [P 20 g g (0207 22

by (1)and (2)
2 2 [4m,2 - 2s(s- a) —s? + 2h,r, +

oG

4s(s—a)(s—b)(s—c) (b —c)? <4s )

— 2 _ _a) — 2 2 _
\/E\/élma 2s(s-a) —s?+ als —a) + 2 a 3
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=ﬁj4maz—Zs(s_a)_Sz+S(C+a_b)(a+b_c)+(b—C)2<§_3>

a 4 a

s(a2 — (b —¢)?) N s(b — ¢)? B 3(b — ¢)?
a 4

=x/i\/4m£— 2s(s-a)—s?+

3(b —c)?

=\/Z\/4maz—25(s—a)—sz+sa— m

=\/Z\/4s(s—a)+(b—c)2—Zs(s—a)—s(s—a)—w
—\/_\/S(s—a)+( — o \/2\[45(5-8):@—02

4m
-2

b -c ’Zh — 3r
=ma\/§:>ma\/§2ga+| > | ar (Proved)

1370. In AABC the following relationship holds:

\/—Zna Z <y

cyc
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Firstly, Stewart's theorem = b?(s — ¢) + ¢?(s — b) =
=an,?+a(s — b)(s —¢)
= s(b? + ¢?) —bc(2s —a) = an,? + a(s? —s(2s —a) + bc)
= s(b? + ¢?) — 2sbc = an,? + a(as — s?)
= s(b%? + ¢ — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

A 4sbc(s — b)(s —c)(s—a)

2 .2 2
= as“ — 4sbcsin®“ — = as“® —
2 bc(s — a)

92



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(€]
n,2 = s? — 2h,r,

2A A
)( ) = as? — 2ah,r, -

4/N?
= as? — =asZ—2a(—
s—a a/\s—a
n h, <55 n,2 h
Now,——+ |2 <V2 |[-5+=2=
\/Era Iy 21'a Iy
_ 3 n,% + Zhal'abyﬂ:f\l)\/E s2 — 2h,r, + 2h,r, _S_ M N E(gi
Zl'aZ Zra2 L P \/El'a a B I
L. n, hy, D s n. h, s
Similarly, + [—<—and + |—<—
\/El'b Iy Iy \/El'c I¢ I¢
n, N h, < 3s—2s s
— |<sY)—=—Y(s—a) = =-
Zra rsZ( ) r r

@+®) +(© =3+ [

lzna_l_z ha<S(P a)
>—=Y— — < - (Prove
V2o T, r, r
1371. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian the following

relationship holds:
rh+Te _ (1+V3)R

h, r
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
. _(B+C\ A )
sin E S.sin (T) COoS 7 SCOS 7
+ = = = 4Rcos? >
CcoSs 7

sin 2
(a%)

A
[Icos 2

r, +r.= s<
cos >

€Y}
=1, + . = 4Rcos? >

Now, Stewart's theorem = b%(s — ¢) + c%(s — b)
=an,? +a(s — b)(s —c)and b?*(s — b) + ¢?(s — ¢) = ag,%> +a(s — b)(s —¢)

93



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Adding the above two,we get : (b?+c2)(2s — b — ¢) =

= an,? + ag,%? + 2a(s — b)(s — ¢)
= 2a(b? +c?) = 2a(n,2 + g,2) +a(a+b — ¢)(c+a — b) > 2(b% + c?)
=22 +g,H)+a? — (b - c)?=>20b*+c?) —a’+(b - )2 =2(n,2%2+g,2
>4m2+ (b — )2 =22 +g,2) =>4m2 + (b — ¢)2 + 4n,r, =
2(n2 + 8.3 +4anr.>4m2%2 + (b — ¢)? +4s(s — a) = 2(n,% + g,%) + 4s(s — a)

(2)
= 4m,% + 4m,? = 2(n2 + g,%) + 4s(s — a) = |n,2 + g, = 4m,% - 2s(s- a)

2m, +n, + g, I, + I

N
ow, h, + h,
m, <Rha
_2m, n,+g, I, + 1. r<-er+ na+ga+ I, + I CES
ha ha ha B r a by h, B
R n,? r, + T,
S—+\/§ a2 ga2 b [4
h,® h, h
4m,? - 2s(s- a) + 21s 4Rc052%
using (Dand (2) p 4Rsin 5 COS >
= —+443 2 =
r ha
4m,? - 2s(s-a) + 2rs” 2,1,
stany R 4m,? - 2s(s - a) +=22=¢
=—+ \/§ 2 ==+ \/§ 2 .
r ha r ha
m, < Xla
R 4m,% - 2s(s-a)+2s(s-a) R 2m,\
:_ng i - 25(s- @) + 2s( >:_+ﬁ< ) 2
r ha r ha
R R\ (1++V3)R
< = ++/3 (;> = % (Proved)

1372. In AABC the following relationship holds:
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Z a(cosB + cosC) 3

b+c 2

cyc

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution 1 by Daniel Sitaru-Romania

Z a(cosB + cosC) Z 2RsinA(cosB + cosC)
b+c B 2R(sinB + sinC)

cyc cyc

, B+C B—-C
sinA - 2cos 5 C0S— A B+C
) - sin(z-f)eot 2

B . B+C B—-C 2
cyc 2sin 57— C0S— cyc
ZZ A A tn’—A ZZ A At A
= smzcoszco > = smzcos2 an2 =
cyc cyc
Y| Y| sm
Zsmzcos— —ZZsm — =
cyc cyc

R

ry\ 2R rE"LERZR—f 3R 3
=2(1-2)= > = E=5
2R R R 2R 2

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Z a(cosB + cosC) Z (acosB + bcosA) + (acosC + ccosA) — (b + c)cosA B

b+c b+c
cyc cyc
_zc+b—(b+c)cosA Z(l A) =3 Z A3 1 EUiER3
= b+c cos = COSA = R = 2
cyc cyc cyc

1373. Ifin AABC, abc = 1 then:

(o) [T

cyc cyc

Proposed by Radu Diaconu-Romania
Solution by Marian Ursdarescu-Romania

z\/a+%:\/a+\/a+%233fa.$:3:>2(2\/5+i)29:>wemustshow:
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ZC(;SSA >§@ZCOSA >; (1)

- a3

b%+c%-a?
But cos A = EETTe— 2)

From (1)+(2) we must show:

Zb2+c — a? 3@2b2+cz—a2>3@
2 a3bc 2 a? -

a’ a* c? c?
<=>—+ﬁ+—+—+—+ﬁ—3>3=>
bZ 2 2 2

o — +—+:l—2+c—2+ +b—226truebecausex+ >2,Vx>0

1374. In AABC the following relationship holds:
ra\* mrp\* ro\t* 2nr
() () 4 () + 2 s s s
Tp T Ta R
Proposed by Marin Chirciu-Romania
Solution 1 by Rahim Shahbazov-Baku-Azerbaijan
n=28

T, =X, T, =Y,T. = zZ inequality becomes:
x 4 y 4 z 4 64xyz
(}) + (Z) + (}) t e = =11 (1)

(1):} x4+y4 + y4+z4 + 24 xt 64xyz
y* z4 x* (x+y)(y+2z)(x+2) —

=>14 (2)
Lemma.

+ytzo(x+ )t (3)

16xyz

(2)=> WLOG M = e

x+y

LHS = 2 +M+M+M+M>

T(xt+yt yt+zt zt +xt 16%x*ytz*
27 1 4 4 1 1 1=
y z X x+y*(y+2)*(z+x)
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We propose the general form:

x\" o\ zZ\" l6nxyz
(y) +(z) +( ) (x+y)(y+z)(x+z)_2n+3
Solution 2 by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=y,s—c=1z
~3s—2s=s=Yx=>a=y+zb=z+x,c=x+Yy
r: 8r — b\* A\ 7 4A
NowZ +F>7=>2( )+8(;)(—)

b abc

via above tr:l:sformation yz 3ZS(S _ a) (S _ b) (S _ C)
@ —_—
x? s[Ix+y)

via above trﬁ:lsf"rmation Z yz 4 32xy > 7
S "> (—1
[I(x+y)

zy2+3+ S2XYZ_ . 10 o
x? [Ix+y) ~

y:+x* 32xyz (ﬁ)

2 G+ y) ~ =10
y? + x? 32xyz
TN
y:+x* 16xyz 16xyz
2 e+ e+

5 1
57(28(@@2) (L ). WEE YY) o

2

Now, )

2

[1x? [1(x + y)? [1(x + y)?
r2 8r 23 g
=10 = (i) is true - Z—+—2 725|152 7——
R T R
v r4+16r 1o (s TE 2 16r 11”22”
ow,) TR Z3 Z = R >

1 (7R — 8r>2 N 16r —11R _ (7R —8r)? + 48Rr —33R* 16(R — 2r)* -
3 R R N 3R? N 3R? -
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ry 16r 2nr 2nr

=>Zr—4+T—11+T—T—(n+3)+(n+3)20:)
b
r$+2nr (+3)>2nr 16r+11 (n+3)
Latg A3z g "

2r 2r
=S -8 - -8 =m-8) (7 -1)20

2r Etﬂ\er
<'-'n—830and?—1 < 0>=>

rY 2nr
Y—2t+t—F=n+3Vn<8(Proved)
Ty R
1375. In AABC the following relationship holds:
z ( B N Cc A)3 - 3s
COS—+COS——COS—| =—
2 2 2 4R
cyc

Proposed by Daniel Sitaru — Romania

Solution by Tran Hong-Dong Thap-Vietnam

A B c s
We have: cos=cos—cos—- = —
2 2 2 4R

A B C
Letx = cOS—;y = COS—;Z = COS -
2 2 2
(x,y,z>0)
We just check:

Z(x +y—2)3>3xyz

cyc

Z(x+y—z)3 =x+y-23+(x+z-y3+(@y+z—-x)3
cyc
=x3+ y3 + 23 + 3xy? + 3yx? + 3xz% + 3zx% + 3yz? + 3zy? — 18xyz
So, we prove:

x3 +y3 + 23 + 3xy? + 3yx? + 3xz% + 3zx* + 3yz? + 3zy* — 18xyz > 3xyz

@Zx3 + S(nyz +Zyx2) > 21xyz

AM—GM
Itis true because: Y, x3> > 3xyz
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3(xy? + yx? + x2% + zx% + yz* + zy*) 2 3 - 61/x%y®2° = 18xyz. Proved.

1376. In AABC,n, — Nagel’s cevian, the following relationship holds:

~ 3t S%
a b 2r

Proposed by Bogdan Fustei-Romania

n, n, n S(R 1)

Solution 1 by Marian Ursdrescu-Romania

From Cauchy’s inequality we have:

2
(%+%+%) < (na+nb+nc)( )=>wemustshow:
2
(na+nb+nc)( ) :?(__1) (1)
But from Steining mequallty + + 25,2 (2)
2 2 2 .S (R -1)?
From (1)+(2) we must show: n; + ny + n; < (3)
From Stewart relation we have:
5 5 4s(s—b)(s—c¢) (s—b)(s—c)
n; = s — = Z = Z
a
2
— 342 — 45 . (s +ij§+r) 2] _ 342 _ r[s? +(4Rr+r) 4)

_ r[s2+(4R+r) ] < s%(R-1)2

From (3)+(4) we must show: 3s> - <

(5)

r2
From Doucet inequality we have (4R + 1)* > 3s? (6)

s%(R-1)?
r2

From (5)+(6) we must show: s* (3 — %) <

2(3R —4r) < R(R—1r)% Butr < g = we must show: r(3R — 4r) < 2(R —r)?
© 3Rr — 41> <2R?> —4Rr + 2r* © 2R* - 7Rr + 61 &
(2R —37r)(R — 21r) = 0, true because R > 2r.
Solution 2 by Soumava Chakraborty-Kolkata-India
Stewart’s theorem
=>b%(s — ¢)+c%(s — b)=an,2+a(s — b)(s —¢)
= s(b% + ¢?) —bc(2s —a) =
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=an,% + a(s? —s(2s—a) + bc) =

= s(b? + ¢%) — 2sbc = an,? + a(as — s?)
= s(b? + ¢ —a%? — 2bc) = an,? —as? >

A
= an,? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? — =

5 4sbc(s —b)(s—c)(s—a)
B bc(s — a)

= das

) 42 ) 2A A
= as“ — = as —Za(—)( )=
s—a a/\s—a

¢V
= as? — 2ah,r, -~ n,2 = s? — 2h,r,

n, R RZ 2R nz " ®
Now,—<—-1es-—+1=2-5 &
h,  r r r hz

R? 2R 1> s? —2h,r, s?a®’ 2r,

r2 r ~  h2 ~ 4r2sz  h,

_a _(2rs>(a) a2 (@a—s)+s

s—a/ \2rs/  4r? s—a

s a%(s —a) — 4(sr?)
——2+1— =1+ 5 =
4r s—a 4(s—a)r

_ 1+a2(s—a)—4(s—a)(s—b)(s—c) B
B 4(s —a)r? B
a’—(a?-(b—-o¢)? b — c)?
14 ( ( )%) 14 ( )
4r? 4r?
RZ 2R (b-c¢)?
_—— >~
r2 r — 4r?
R(R—-2r) b?+c?-2bc
>
r2 4r?
b%2+c? bc
4R 2R
2r\ 4RZ?(sin?B + sin?C) 4RZsinBsinC
S R(l - —) > - S
R 4R 2R

=14

R—-2r>

. A . B . C
8Rsin 5 sin 2 sin 2

e1- R > sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
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B+C B—C)Z@

A C
 Acin LT N
< 1 — 4sin <Zsm2 sin 2) > (2cos 2 sin >

2
A B—-C B+C ., A ,B—C
@1—4smi<cos > — COS 2 )24sm E(l—cos > )
A B-C . LA . ,A ., A ,B—C
= 1—4smEcos > + 4sin“ — > 4sin E—4sm Ecos 2 =
A B-—-C A —
& 4sin? Ecos2 - 4sinEcos +1>0

2
A B-C 2
S <Zsmicos - 1) >0 - true >

n, _R R-r n, R—r) /2rs
sy 17 2|5 = —-] and analogs
h, " r r a r a2
n, R—r 2rs Gold’itone
S LTS 2h2 2
2 a ( r )(16R2r252) (Xa*b?) <
R—r 2rs s /R
22 —
( r ><16R2r252> (4R*s*) = z(; - 1) (Proved)

1377. In AABC the following relationship holds:

2 YcycSinA - [[¢yc(sind + sinB — sinC) _

1
3+ cos2A — 2cos2B — 2cos2C o

sinA

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Daniel Sitaru-Romania

2
Z 2RsinA- H(ZRsinA + 2RsinB — 2RsinC) =

2 ZsinA : H(sinA + sinB — sinC) = 16R*
cyc cyc cyc cyc
2:25-2(s-a)'2(s—b)-2(s—c) 25°
B 16R* ~ R*
3 + cos2A — 2c0s2B — 2c0s2C = 3 + 1 — 2sin*A — 2 + 4sin’B —
2 4 Asin?C — 2 2b* +2c2 —a®\ 2m}
sin“C = AR? =xz
LHS — 1 282 R? B S - S _ah, 4
~ sinA | R* 2mZ% sinA-Rm, ~ sinA-Rh, o5 Rhg B
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1378. If in AABC,AA,, BB, CC{; —medians, AA,, BB,, CC, —circumcevians

of centroid, F = [ABC] then the following relationship holds:

L. V3
ZAlAZ .BlBZ Sin C S TF
cyc
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Daniel Sitaru-Romania

2
a
p(A;) = AAy - A1A; = A1B- A€ > m, - A4y = 4

a? 2 2
AA; = —, BB, = — =
1412 4‘ma, 1092 4mblclcz 4mc
ZA A B.B.-si 26_za2bzsin26_ (2F)?
1Az T B1 By SIL = 16m,m, ZLilém,m,
cyc cyc cyc
_F2 1 <Fzz 1 _F2 Vs—c¢
4 ammy, 4 L [s(s—a) s(s—b) 4\/§cyc F

cyc cyc

F < F V3
:4—\/}2(1-#3—@ < S4—\/§\/3(s—a+s—b+s—c)=TF

cyc

1379. Prove that: (%) (%) (i—ﬁ) < 22 (g)z (%)2 (%)2

Proposed by Thanasis Gakopoulos-Larisa-Greece

Solution by Soumava Chakraborty-Kolkata-India
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 £PBC and £PAC are £s on same arc and on the same side of it,

A
£PBC = £PAC = 2

A
~ LABP =B +§

2B+A B+ (180°—-C) (1 B-C
= = = 90°+——
2 2 2
Using sine rule on AABP

2

_ by B
AP = 2Rsin(cABP) = 2Rsin (90O + > ) = 2R cos

_ B+C__B-C
R(2sin=5—=cos=5—~) R(sinB +sinC)

COS 5
2

COS &
2

R(b+c b+c b+c
_RMB+o) _ ~ap @

A A A
2R cosf 2 cosi 2 cosf

(o) (c)
Similarly, BQ = <*% and CR = >
ZCOSE 2cos5

O (i) pe_w2
bic A> =2 spPp=AP-AD =2 _w, = X
2bccosE Wq Wq Wq

(a)=> AP = bc(

bc
.y s AP (_) bc
(), (ii)) = DP = b:i:,% = pe_besGs—a)
( Wa ) (b+c)?

(b + ¢)? (b Z C)Z

B (b + ¢)? B B
b+ —(b+c+a)b+c—a) (b+c)2—-(b+c)2+a%
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AP (d) (b + C)Z
“DP a

(f) 2
Similarly, (b)=> Q © (HTa) and (c) = —R (a;’—b)

(@.(e)(0 =22 22 & = (11(%29)) <22 (2) (%) (Z)

DP EQ FR
[1629)=26)3) Grr)
(=
3 /\3Rr
26 A 2R AT <2 (2) (2)(22) o 3262 2 27052 + 2Rr +12)
4Rrs =“\3/\3)\3rr s S rer

2)
& 552 > 54Rr + 2712
Gerretsen ? ? ?
80Rr — 2512 > 54Rr + 27r%2 © 26Rr > 52r2 © R > 2r

Now, 5s* >
— true (Euler) = (2) is true (Proved)

1380. In AABC the following relationship holds:

LR G B
Vbe

cyc
Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India
5 (VA= VB +Ve)(Va+VB—ve) 2
+vb +
Vb <+a Ve
(Va+vb) =a+b+2vab >c+2vab > ¢
= va + Vb > Vc and similarly,vb + vc > va and Vc + va > Vb

= va,Vb,Vc are sides o f atriangle with semiperimeter, circumradius and inradius

= p,X,y respectively (say)
4_ — —
andleta =va,p=vbandy=+vcand -~ (1) © ¥ (p \;ﬁ;_(p 12 <2p&
Y

NS

1
opP-ap- P —Y)Zm <
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@)
1 |
<P

1
Ipy—< <
2 -2 P ihp-w 2

w

1 CB

1 B 1 1
VBY(p — a)_ZJp— a/By(p — @ = \[Zp— a\[ZBv(p— @
=j2(p— B)(p—v)\[ Za(p— PP-v)

Now, )’

y*p apy(p— a)(p—- BP-v)

_ |y +y? |Xa(p?-pB+y)+BY) _
y*p 4xyp.y*p

_ |4x+y [2p.p?—2p(p?+4xy+y?)+12xyp  |4x+y [2py(2x—y)
yp 4xyp.y*p yp 4xyp.y*p

1 [4x+y |2x— y_ 4x+y 2x — y (l) 4x+y 2x—y
y, yp 2xp ,/ (p - a) py
1 [4x+ 2x —
(i) > in order to prove (2),it suffices to prove : — ’ y / y

2

=4

p <4x + y) <2x - y) 2
> > —
2 >\ y 7 ) SXP°2 2y(4x +y)(2x—y)

Now, by Rouche, xp? >

?

> x (Zx2 + 10xy — y? — 2(x — 2y)/x2 — ny) S2y(4x + y)(2x —y)

?
& 2x3 — 6x%y + 3xy? + 2y3 3 2x(x — 2y)/x2 — 2xy

?
e (x — 2y)(2x? — 2xy — y?) % 2x(x — 2y)+/x% — 2xy
@
Euler

v X — 2y S 0, inorder to prove (4),it suffices to prove :

2x% — 2xy — y? > 2x/x% — 2xy
o (2x2 —2xy —y?)? > 4x?(x? - 2xy) @ 4xy3 +y* > 0 >
- true = (4) = (3) > (2) > (1) is true (Proved)
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1381. In any scalene AABC, n, —Nagel’s cevian the following relationship

holds:

z 1 z 1 S 2
n, — h, m, —n, (R — 2r)?

cyc cyc
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Stewart's theorem = b?(s — ¢) + ¢?(s — b) =an,2+a(s — b)(s —¢)
= s(b? + ¢?) —bc(2s —a) = an,? + a(s? —s(2s —a) + bc)
= s(b? + ¢?) — 2sbc = an,? + a(as — s?)
= s(b%? + ¢ — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

A 4sbc(s —b)(s — ¢)(s —a
= as? — 4sbcsin? — = as? — ( )( )( )
2 bc(s — a)

4A? 2A\ [ A @
=as2—s_a=as2—2a (?) (s—a) = as? — 2ah,r, - n,?2 = s?> - 2h,r,
n, R RZ 2R n2” MRz 2R s? — 2h,r,
Now, 2<——lo—-—41>23 — 41> " 2a_
h,  r r2 r h2 r2 r h2
_sza2 Zra_a2 <2rS)(a)_a2 (a—s)+s
~ 4r2s2 h, 4r2 \s—a/\2rs/ 4r2 s—a
a? s a%(s —a) —4(sr?)
= 41- =1
4y2 s—a 4(s — a)r?
a’(s—a)—4(s—a)(s—b)(s—c a’—(a%?—-(b-—c)?
14 ( ) —4( )( )( )= 1+ ( ( ) )=
4(s — a)r? 4r?
b — ¢)?
P Ul Ol
4r?
R2 2R (b-¢c)> R(R-2r) b?+c%?-2bc b%2+c¢? bc
— -2 o > S R-2r = -
r: r 4r? r2 4r? 4R 2R
_ _ o _A. B.C
2r\ 4RZ?(sin?B + sin?C) 4RZsinBsinC 8Rsin 5 sin5 sin;
<:>R(1——>2 — sS1-— =
R 4R 2R R

106



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
sin®B + sin?C — 2sinBsinC = (sinB — sinC)?

14_AZ_ B C = (4 B+C B-C\?
s 1-— — —sin—
Sin 2 ( Sin 2 s1n2) = ( COS 2 Sin 2 )

A B—-C B+C . ,A ,B—C
@1—451n5(cos > — CcoSs )24sm E(l—cos > )
A B-C ., A . ,A . ,A ,B—C
= 1—4smEcos > + 4sin 524sm E—4sm Ecos >
A B-C A B-C
& 4sin? = cos? — 4sin—cos +1>0
2 2 2
A B-C 2 n, R n,—h, R-2r
@(Zsm—cos —1) =>0->true> —<——1> <
2 h, r h, r
o —h <<R—2r><2rs>
a a — r a
= ! > 2 and analogs =
n, —h,  2s(R—2r)
Ly L o 1 21
n, —h,  2s(R —2r) n,—h, R-2r
. mapana,j:OPOIR m,—h, R-2r R — 2r\ /2rs
Agaln,h—a T h, = "or :>ma—haS< 2r )(a)
= ! > 2 and analogs
m, —h,  s(R-2r)
1 25 1 Q2
= %

= = >
m, —h,  s(R—2r) m, —h,  R-2r

(). (ii) = (Z . i ha) (Z m, 1_ ha) > R _221.)2 (Proved)

1382. In AABC,n, —Nagel’s cevian, the following relationship holds:

-1

1
are(Y 1) <x
n,+ h,

cyc
Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Perpendicular distance is least among all line segments from A to BC,
1 Y
<
n, +h, ~ 2h,
@D
vy 2 Zh. () + (i) + (iii) =
( a ) 2s 1

~h;<n,=>n,+h, >2h,>

1 Wy
d

< an
ny, + hb Zhb n

Similarly,

2rs =4_rs=2r

—1 (m)
= > 2r
(Z n, +h,

Now, Stewart's theorem = b?(s — ¢) + ¢?(s — b) =an,?> +a(s — b)(s —¢)

= s(b? + ¢%?) —bc(2s —a) = an,2 + a(s? —s(2s—a) + bc) >
= s(b? + ¢%) — 2sbc = an,? + a(as — s?)
= s(b? + ¢ — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

2 4sbc(s —b)(s —c)(s —a)

= as? — 4sbcsin? 5 = as

bc(s — a)

42 2A\ [ A @
=asZ—S_a=as2—2a(?>(s_a>=asz—2ahara:.naz=sz—2hara
Nowta R _F 2R+1>n§"L“)R2 2R _s*—2hgr,

21— -—— = 8 ——— —— =
0W’ha_r r2 r ~ h2 r2 r - h2

_s?a® 2r, a® (2rs>(a)_a2 (@a—s)+s

~ 4r2s2  h, 4r? \s—a/\2rs/ 4r? s—a

a® s a%(s —a) — 4(sr?
= +1- _q 2 4l
4r? s—a 4(s —a)r?
_1+a2(s—a)—4(s—a)(s—b)(s—c)_
B 4(s —a)r? B
a?—(a®?—-(b—1c¢)? b —¢)?
1+ ( ( ))zl_l_u
4r? 4r?
R? 2R>(b—c)2 R(R—Zr)>b2+c2—2bc R_2 >b2+c2 bc
12 r - 4r2 12 - 4r? "“T4R 2R
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2r\ 4R?%(sin?B + sin?C) 4RZ?sinBsinC
= R( - —) = -
4R 2R

=

.A. B.C
8Rsin 2 sin5 singy
R

o1- > sin?B + sin?C — 2sinBsinC = (sinB — sinC)?

B+C  B-C\°
< 1—4sin— <Zsm—sm) (Zcos 2 sin 2 )
B —

C B+C B—C)
> cos—, 2

B—C ,inA oA LA ,B—C
2 sin 2= sin 2 sin 2COS 2

A _B-C __ A B-C
<:>451n25cosZ > —4smEcos > +1>0

A B-C 2 n, R n,+h, R
(Zsm—cos —1) =0-otrue> —<——1=>——<—
2 2 h,  r h, r

2rs> 2Rs 1 (i) a

= =
a n, +h, — 2Rs

. A A
o1-— 4sm§ (cos ) > 4sin? E(l — cos?

S 11— 4sinEcos

R
=>Ha+ha5;( a

Similarl 1 (,;) b d 1 (2 C
Lt ary’nb+hb_2Rsan nc+hc Rs

-1 (n)

2s 1 1 ~
(a)+(b)+(c):>2 +h ZR :§:>(Zn +h) =R

-1
) < R (Proved)

(m), (n) = 2r < (Zn h

1383. In AABC,n, —Nagel’s cevian the following relationship holds:

1 1 1 1
—+—+—2=
ngG n, n. R-—r

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
Stewart's theorem = b?(s — ¢) + c?(s — b) =an,2 + a(s — b)(s —¢)
= s(b? + ¢%) — bc(2s —a) = an,? + a(s? — s(2s —a) + bc) = s(b? + ¢?) — 2sbc

= an,? + a(as — s?)

109



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
= s(b? + ¢? —a% — 2bc) = an,? — as? > an,? = as? + s(2bccosA — 2bc) =

A 4sbc(s—b)(s—c)(s—a
= as? — 4sbcsin? 5= as? — ( bc()s(— a))( )
472 2A\/ A @
=asz—S_a=asz—2a<?)(s_a)=asz—2ahara o2 2 s2 — 2h,r,
Now s _R_ R 2R+1>n§bL“)R2 2R+1>sz—2hara s2a®?  2r,
2<——10——— — S ——— = S —
0W’ha_r r2 r ~ hZ r2 r - h2 4r?s? h,
a2 <2r5)(a)_a2 (a—s)+s
4r2 \s—a/\2rs/  4r? s—a
a2 s a%(s —a) — 4(sr?
_A 14 ( ) —4( )=
4r? s—a 4(s—a)r?
a’(s—a)—4(s—a)(s—b)(s—c az—(a%?—-(b-—c)? b — c)?
1+ ( ) —4( )( )( )=1+ ( ( ))=1+( )
4(s — a)r? 4r2 4r2
RZ 2R (b—-¢)? R(R-2r) b?+c?-2bc b%2+c%? bc
S — > S R-2r> Bl
r2 r 4r2 r? 4r2 4R 2R
_ _ o . A.B.C
2r\ 4R?%(sin?B + sin?C) 4R?sinBsinC 8Rsin 5 sin 5 sin;
<:>R(1——>2 — 1 - =
R 4R 2R R
> sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
X 4_A(2_B_C>>(2 B+C_B—C)2
@ J— J— J— —
sin | 2sinz sin> | > ( 2cos ——sin—
A/ B-C B+C A B-C
& 1—4sin— (cos — cos ) > 4sin? —(1 — cos? )
2 2 2
1+ asin® cos B 1 aeinzA = acinzA — asinz 2 eog2 B C
@ J— J— — —_—— J—
sin - cos — sin’ > > 4sin® - — 4sin” - cos® —
A _B-C _ A B-C
& 4sin? — cos? — 4sin—cos +1=>0
2 2 2
A B-C 2
o <Zsmicos — 1) >0 - true =
n R R—-r h r 1 r a 1 a
e () - )
h,  r r n, R-r n, R—r/ \2rs R—r/\2s
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(

L
N

() ) e 2 ) ) one 2 () )
R—r/\2s an “n, ~ \R—r/\2s an n. \R-—r/\2s

C

V3

1
= —
na

C@+®+© = 4o e (rm) (F )

n, ng -r 2s
1_|_1_|_1> 1 p d
:_ —_— —_— —_—
n, n, nC_R—r( roved)

1384. In AABC the following relationship holds:

rs ry rd  54r
3t3t 3 =
ry, Te¢ Ta 4R+T

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=y,s—c=1z

“3s—2s=s=)xX=>a=y+zb=Z+XCcC=X+Yy
3 2 b
Now,s% 4+ &5 5
ow,)) —+—=27/<=
7 R
s—b 2 A 4A via above transformation
= o) P
Z(s - a) * s/ \abc
o 2y_2 N 32s(s—a)(s —b)(s — ¢)
x2 s[Ix+y)
via above trgfsformation yz .\ 32XYZ -y yz L3y 32XYZ - 10
(=14 —t+t=— =) — —_— =14
et ety = T T ey
y? +x2+ 32xyz (>:3
x? [I&x+y) ~

N y2+x2+ 32xyz y2+x2+ 16xyz N 16xyz Aéc
WL Txey 2 2 ey x+y -

1
s[(28eynr\ Mmee vy _ | MEE+y?)
ZSJ( TS ><n<x+y>2>25 2 ey =V

)

10
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rZ 8r r2 D ar
=10=> D istrue .y S +—-527=>y 527+
b R ry R
again 32+ 25 <0 (00) +4(0) (G5 25
gain, Z R ) s —a abc
via above trg:sformatwn y 16S(S _ a) (S _ b) (S _ C)
e ot >
X s[[x+y)
via above transformation y 16xyz y 16xy

= S+———>5Y-+3+ >8 &

S ey = > T2 MG+ y)

y+x 16xyz (:)
x [Ix+y) ~
y+ X, 16xyz =& 4 <H(x + y)) ( 16xyz ) .
Now, =>4 =8 = (il) is true
2N ey xyz )\ +y) (0
+ ar >5= (2) ar
Z R ™ Z R
1'3 54 Chebyshev
Now, Z

~

1 r, raz 54r by (1)and (2)
= D
4R +r 3 Iy 4R +r

>1(7 8r>(5 4r>+ 54r ég
-3 R R 4R+r

?

& (7R —8r)(5R—4r)(4R + r) + 162R?r > 27(4R + r)R?

? ?
o R o
& 16t3 — 51t2 + 30t +16>0 (where t= F) o (t-2)[(t-2)(16t+13)+18]>0
E‘ﬂ. r r;  54r
>
- true > Z 3 ARTT > 9 (Proved)

]

1385. In AABC the following relationship holds:

2
3 + cos2A — 2cos2B — 2cos2C -

mg,

Proposed by Seyran Ibrahimov-Maasilli-Azerbajan
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Solution by Daniel Sitaru-Romania

2
ma\/S + cos24 — 2cos2B — 2cos2C

2
= m“j3 ¥ 1— 2sin?A — 2 + 4sin?B — 2 + 4sin?C

2
- m“\/—ZsinZA + 4sin2B + 4sin2C

4R?
=~ ™a | "4 R%sin%A + 8R%sinB + 8R2sin’C

~ 4R? ~ R? R
~Ma Zaz12pz +2c2 0 M [—a? + 202 +22 e m2
4

1386. In AABC the following relationship holds:

1/hy,+h
maz_(%

+1b— clsin? )
— C|sin” -
2 2

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

O]
~1/h,+h A\ n,+h
( bz C+|b—c|sin22> a4

m = —
172 r,

Stewart's theorem = b?(s — ¢) + c?(s — b) =an,2 + a(s — b)(s —¢)
= s(b? + ¢?) —bc(2s —a) = an,2 + a(s? —s(2s —a) + bc) >
= s(b? + ¢?) — 2sbc = an,? + a(as — s?)
= s(b? + ¢? — a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s—a)
B bc(s —a)

2

= as? — 4sbcsin? 5 = as
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€3]

2A A .
= as? —2a (7) (s — a) = as? — 2ah,r, - |n,2 =s? — 2h,r,

402

= as? —

(2

— A A
N : >——/| (b —+|b - c|sin—
ow we prove : m, > 2\/2(( + c)cos > + |b - c|sin 2)

Upon squaring both sides, (1)

A\? A\? A A
& 8m? > (b + ¢)? (cosE> + (b — ¢)? (sini) +2(b+0)|b — cIcosisinE

2 2

+ (sin§)2> + 4bc (cos %) + (%) (b+c)b — c|

4bcs(s — a)
bc

& 8m? > (b — ¢)? ((cos %)

o8m2> (b—o)?+ +(%)(b+c)|b _ ¢
<:>8m§2(b—c)z+(b+c+a)(b+c—a)+(%)(b+c)|b —de
a
2 _ 2 2 _ a2 - —
8mi;=>(b - c)*+(b+c) a +(2R) (b+c)b — ¢l

a
© 8mj = 4mj + (ﬁ) (b+c)b — cle8Rm2>a(b+c)lb —cl e

2ab
( aAc>4m§ >a(b+c)|b — c|

& 4a’b?c?(2b?% + 2¢% — a?)? >
>(a+b+c)b+c — a)ic+a — b)(a+b — c)a?(b? — c?)?

& 4b%c?(2b? + 2¢? — a?)? > (2Ya’b? — Ya*)(b? — c?)?

(expanding and re—arranging)
~

s a*(b? + c2)? — 2a%(b® +c°) — 14a’b?c?(b? + ¢?) +
+(b? + c?)* + 8b%c?(b? + c?)? + 16b*c* > 0
s {a*(b? + ¢2)? + 16b*c* — 8a’?b%c?(b? + c?)} —
—6a%b?c?(b? + ¢?) + (b? + c2)* + 8b%c?(b? + ¢?)?
—2a%2(b%? +c®)(*+c* — b%c®) >0
& {a%(b? + c2) — 4b%c?}? — 6a%b?c?(b? + ¢?) + (b? + c2)* +
+8b2c?(b? + c?)? — 2a%(b? + c?){(b? + c¢?)? — 3b%*c?} >0
& {a%(b? + c2) — 4b%c?}? + (b? + c?)* + 8b%c?(b? + ¢2)? — 2a%(b? +c?)3 >0
& {a%(b? + ¢2) — 4b?c?}? + (b? + c?)* — 2(b? + c?)?{a%(b% + ¢%) — 4b%*c?} >0
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& [{a%2(b? + c2) — 4b?%c?} — (b? +c?)?]?2 > 0 - true = (2)is true

1 a(b +c) A\ [n,+h
Now, (i) & 2m, 2 (T-l_ b — c|sin? E) ara 2 =
4Rcosésiné(b +¢) A\ o +n

2t +|b — ¢lsin?= | [2—2

4R 2 r,

2 (ri>i)' (b + ¢) A+|b Isi A\ [n,+h,
< o oy —_— —_
m; = sin 2 C)Cos 2 C Slnz -
b
y (2) n, +h,

i~ A
Now, RHS of (ii) < 2\/imasinE -
a

. . . . - A na + ha
- in order to prove (ii), it suffices to prove : 2/2m,sin 7 - <
a

== >
2sin? =

>

r, (:)Za(s—a)(s—b)(s—c) _r_a a rs

N

®4Rrs(s—a)>E+2(s—a)®2(s—a)(R ) n,

= ——1)=>—
2asr? r, a a r

@2(5_—51)(5_1>( re )Znata?(g—l)Zna@ha(g—l)Zna

2m,

1 n, + h, abc(s — a) n, /2rs\,s—a
()=

=3
a r s—a r r
R 1> R? 2R+1>n§
o —— e —-— —
r “h, r? r ~ h2
by gz 2R 1>sZ—Zhara s?a? 2r, a? <2r5)(a)
S — — — = _——_—= —_ =
r2 r - h2 4r?s2 h, 4r? \s—a/\2rs
a? (a—s)+s a2
4r? s—a 4r? s—a
a%(s—a) — 4(sr? a’(s—a)—4(s—a)(s—b)(s—c
14 ( ) —4( ):1+ ( ) —4( )( )( ):
4(s — a)r? 4(s — a)r?
a’—(a?-(b—-c)? b — c)?
14 ( 2( )):1+( 2)
4r 4r
R? 2R>(b—c)2 R(R—Zr)>b2+c2—2bc R_2 >b2+c2 bc
r2 r ~— 4rz r2 - 4r? "="4R 2R

115



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. A . B.C

2r\ 4R?%*(sin?B + sin?C) 4R?ZsinBsinC 8Rsin sin5 siny

oR (1 - —) > - o1 >
R 4R 2R R

> sin?B + sin?*C — 2sinBsinC = (sinB — sinC)?

B+C . B—cf
2 2

1 — 4si A(Z' B si C)>(2
=4 sin | 2sino sinz ) = | 2cos sin

A B-C B+ C
@1—4smi<cos 2 — COoS

B—C ., ipA_, hA LA ,B—C
2 sin 2= sin 2 sin 2COS 2

A _B-C _ A B-C
<:>451n25cosZ > —4smEcos > +1>0

A B-C
) > 4sin? E(l — cos? )

S 11— 4sinEcos

A B-C \?
= (Zsinicos >~ 1) > 0 - true = (ii) = (i) is true (Proved)
1387. In AABC the following relationship holds:

ra\3 (rp\3 (re\3 2nr
() 4 (@) () 42 2 mssm <o
Tp T Tq R

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

. . r3 s r3 12r
First, we will prove: 5+ 2+ =<+=—>9 (1)
LA re ry R

=267 2 () (o=

cyc

(Letx=s—-a;y=s—b;z=s—-c>x+y+z=s;a=y+zb=x+2zc=x+Yy)

3
y Xyz
= —+48- ——=9
Z x3 [leyc(x +y)

cyc

y3+x3 Xyz
& Yeye(F-) +48- 12 @)

Zy3 0 + 16 Xz + 16 xyz + 16 Xz >
x3 Hcyc(x + y) Hcyc(x + }’) Hcyc(x + y) -
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3 3). 3 3 3
266\/163'1'[cyc(x +3°%) - (xyz) =66\[163_Hcyc(x +¥°%)

[Tx3 Hcyc(x +y)3 Hcyc(x +y)3

x3+y32%(x+y)3 (etc)
6 1 1 1 6
= 6/163111=6 26=12=>(2)true.

3 3
Z r 2nr 2 r (2n+12-12)r
743 R 3 R

3

rd N 12r N 2(n—6)r (;) 94 2(n—6)r
" R R - R

We must show that:9 + Zn-6)r

2n+3@@2n—6
n<6=>n—-6<0

It is true because:{ 2 =, 2r(n-6)

2r<R=>%<1 zn—6

Solution 2 by Marian Ursdrescu-Romania
. . Tq 3 Trp 3 Te 3 12r
First we prove this: (;) + (Z) + (;) +t—29 (1)

(ra+1p)(rp+7)(re+74) _ 4R
TalpTc r

(R pe— e
Trp r. Tq (ra + rb)(rb + rc) (rc + ra)
ra 3 rp 3 T 3 48
(rb) + (Tc) + (ra) + (:—Z+1)(T7b+1)(:—2+1) =9 ()
T

Let—“=x,r—”=y,:—”=z;xyz= 1 (3)

Tp Tc

Because

= we must show:

. 23 3 3 48
From (2)+(3) we must show: x> + y° + z°> + T DOIDEID >9<

XBH1+y3+1+28+1+ 18 >12 (4)

(D) (y+1D)(z+1) =
(x+1)3
4
From (4)+(5) we must show:

x+1)3 | (y+1)3  (z+1)3 48
4 4 T 4 (x+1D)(y+1)(z+1) = 12 (6)

x+1)3 (y+1)3 (z+1)3 16
2 T2 T3 tGroornerD

Butx®+1> and similarly (5)
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16

16 -
+ x+D)y+D(z+1)

+ x+Dy+1D(z+1)

> 6@ =6-2 =12 = 6itistrue = (1) it is true.

From (1) = we must show:
2nr 12r

9-12 i3 2 6 ns
—_—— —_ s —_ _—
=n R TR "R

2r r
<=)6—n—F(6—n)20@(6—11)(1—F)20

(R-21) - 0, true because n < 6 and R > 2r (Euler)

< (6-—n)
Solution 3 by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=y,s—c=2z
~3s—2s=s=Yx=>a=y+zb=z+x,c=x+Yy

: =) ()G =

N 1 2>y (
R LY
ow, Z R % p
via above transformation yz 325(5 _ a) (S — b) (S — c)
=7

i
< ZF-I_ s[I(x+y)

via above trgsformation 2 y2 32xyZ > 7
H(x +y) ~

y? + x? 32xyz (ﬁ-?

& yz +3+ 32xyz >10©
23 M a0 e
y? +x 32xyz
Now,
2 e+ -

Ly ta? 16xyz 16xyz Aﬂ;G g° (28(?6}’2)2) <H(x2 + y2)> -
IR CEO M CE o )\ +»7) =

1
I (7 (x + }’)2) 5 .
>5 (28 Ty =525 =10 = (i) is true

U 7
- _4 _ = ihed -
212, R Zrz_ R
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A\ 7 4A
+(5) (@pe) 25
s/ \abc

4r - b
Again, + —2>5s ( ) +
g Z R 2 p
via above transformation

— y 16s(s—a)(s—b)(s—c)
S = >5s
2 x + s[[x+y) -
via above trgsformation 2 y , 16xyz 16xyz e
x [lx+y) ~

(1))
y 16xyz y+x 16xyz -
—+3+=——"—<=>28& + =8
T e+ 2 T2 TG +y

y+x 1léxyz * 644 <H(x+ y)>( 16xyz ) _8o
[1x +y) xyz J\[1(x+y))
4r (2)

T, 4r
(ii) is true .. Z +?25:> 2—

Now,}

V3

r3 12r Chebyshev 4 r2 re\ 12r
=4 _ > _ i i -
Now, 2. T3 TR 22 3 <2 r,2,> (2 rb) * )
by “),;"" @5 <7R — 8r> (SR — 4r) | 12r—9R
= 3\ R R R
_ (7R—8r)(5R — 47) + 36Rr — 27R* _ 8(R — 21)? .
N 3R? N 3R? =
r3+12r 9_I_an 2nr 3+ (nt3)>0
>y -+ —-— — = =3
23+ R R "

3

T, N 2nr (n+3)> 2nr 12r 9 (n+3)
:> — — — — — — —_— =
A A I n

2r 2r
_F(n—e)—(n—e)=(n—6)(F—1)2o

2r Euler r3
(-.-n—6§0and?—1 < > =

:>2—+T>n+3Vn<6(Proved)
TS

119



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1388. In AABC the following relationship holds:

1 /[ a2 b2 c?
25\T,171,1"1 1
b ¢c ¢c a a b > 3R
m, +my + mg _28—6\/§l‘+9l‘

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India

aZ bZ CZ aZbC Nefl)itt
1+1+1+1+1+1=Zb+c=4Rr52b+c > G6Rrs =
b"'c c'a a'b
1 a2 b2 c2
2\l 1t1T 1t1T 1 ?
btc c*a atp/_ B3R 3R
= c c'a a > =
Ma + My + M, YXm, 2s—6V3r+9r

A - 2
& ¥Ym,<2s5s—6V3r+9r e (¥m,)?<4s?+ (6vV3 —9) r? —4sr(6v3 - 9)

?
& (¥m,)? + 4sr(6V3 —9) % 4s? + (6V3 — 9)21'2
€3]

Chu and Yang,
Blundon

Now, (¥m,)? + 4sr(6v3 —9) <

< 4s? — 16Rr + 5r% + 8Rr(6v3 — 9) + 4(3V3 — 4)(6V3 — 9)r? 2452 + (6v3 - 9)"r?

& 16R — 8R(6V3 - 9)2 (6v3-9){4(3v3-4)—(6V3-9)}r+5r

& 8R(11 - 6v3) S {(6v3-9)(6vV3—17)+5}r

& 8R(11 - 6x/§)§ (176 — 96V3)r = R(11 — 6V3) S 2(11 - 6V3)r
& (11 - 6V3)(R—2r) S0
Euler

~true “R = 2rand (11-6v3)>0>
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1 a? b? c?
2s|T 171 171 1
btc cta a'h 3R
= (1) is true - > (Proved)
m, + m, + m, 2s — 6v/3r + 9r

1389. In acute AABC, H —orthocenter, I —incenter, G —centroid, the

following relationship holds:

3s
am,cosA + bm,cosB + cmcosC < E(HIZ + GI? + 4Rr)

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
e 2 = acos*A + bcos*B + ccos*C
= a(1 — sin?A) + b(1 — sin’B) + c¢(1 — sin?C)
=(a+ b +c) —2R(sin3A + sin®B + sin3C)

s(s* — 6Rr + 3r% — s?)| s(4R? + 6Rr + 31r% — 5?)

=2s— 2R 2R? = 2RZ
_, s(s? — 6Rr — 31?%) B s(4R? + 6Rr + 31% — s?)
- a8 2R? = 2R?

s
oW =am? + bm’ + cm? = E(SZ + 2Rr + 57%) (¥)

Now,

3 1 2
LHS = Z(amacosA) =71'2R (a -2RcosA - §ma)
cyc cyc
_ 2,4 9 2,4 2 2,4 2
AM -GM 5 ( [2RcosA] +gm [2RcosB] +gm; [2RcosC] +§m]

< e .
= ar\ ¢ 2 2 te 2

AABC — acute
4 s

>= [23(4R2+6Rr+3r2—sz)+§-§(s2+2Rr+5r2)]

35 4R? + 6Rr + 3 +SZ+2R+5

4R T3t -st gt g tgrt

3 (4RZQ + 4‘1’
~8R 9

3s 56 8s*Z 32r _
" 4R 9

247" -
4-R4R+ Rr 9+9

2) 3s 36R? + 56Rr + 32r% — 8s?
9
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Now,

HI? = 2r? + 4R? + 4Rr — p?;
_ p?—16Rr + 517

GI?
9
) ) 36R% + 32R? + 56Rr — 8s2
= HI? + GI?> + 4Rr = 5
— RHS — 3s 36R?% + 32R? + 56Rr — 8s?
" 2R 9

= 2LHS < RHS (Proved)

1390. In AABC,n, —Nagel’s cevian the following relationship holds:

n, + m, + w, + w, + Zraha<(1 1) R
- r

R + — —
h, + hy, + h, VZ 3
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
Firstly, Stewart's theorem = b%*(s — ¢) + ¢*(s — b) =an,?2 +a(s — b)(s —¢)
= s(b? + ¢?) —bc(2s —a) = an,? + a(s? —s(2s—a) + bc) >
= s(b? + ¢?) — 2sbc = an,? + a(as — s?)
= s(b? + ¢% —a%? — 2bc) = an,? — as? = an,? = as? + s(2bccosA — 2bc) =

2 4sbc(s —b)(s—c)(s—a)

2 . zA
= as“ — 4sbcsin“ — = as

2 bc(s — a)
42 20\ / A W
= as? — oA as? —2a (;) (s — a) = as? — 2ah,r, - n,2 = s? —2h,r,

CBS by (1)
Now,n, + ,/2r,h, < v2{n,2 + 2h,r, =
®
=V2,/s? — 2h,r, + 2h,r, = n, + /2r,h, <V2s
Lessel—Pelling
Also,m, + wy, + w, < V3s « (i) + (iD) =
(i)
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R
r

n, + m, +w, + w, +,/2r,h, (\/E+\/§)2Rs;(1 1)
= < <=
V2++3) |R 2R 7
= ( \/6 ) ; o 24R%s2 < (F) (Zab)z PEN (SZ + 4Rr + I‘Z)Z S 24Rrs?

S=+—=
h, +h, +h, Yab VZ V3

?
& s+ r2(4R +1)? + 2s2(4Rr + r?) S 24Rrs?
?
& st +r2(4R +r)? % s2(16Rr — 2r?)
€)]
Gerretsen ?
Now,LHSof (a) > s%(16Rr — 5r%) +r2(4R +r)? >s?(16Rr — 2r?2)
? ?

& r2(4R 4+ 1)? 3 3r2s? © 4R + r > V3s - true (Trucht)

(@)ist n, + m, +w, +w, + Zraha<(1+1) R(P d)
= (a) is true - <|(—=+—=) |[— (Prove
h, + hy, + h, V2 \3/4r

1391. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian the following

relationship holds:

2s% + Ya% > 4S 4—£+Z(n2+ 2)
> R a” 1 8a

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
Stewart's theorem = b2%(s — ¢) + c2(s — b) =an,2 +a(s — b)(s — ¢)
and b%(s — b) + c?(s — ¢) =ag,2+a(s — b)(s —¢)
Adding the above two, we get :
(b%2 +¢?)(2s — b — ¢) = an,? + ag,% + 2a(s — b)(s —¢)
= 2a(b% + ¢?) =2a(n,2 +g,2)+a(a+b — ¢)(c+a — b) = 2(b% +¢?) =
=2(n,% +g,%) +a% — (b — ¢)?
= 2(b%2+c?) —a?+ (b — ¢)? =2(n,% +g,%

=4m,2 + (b — ¢)? =2(n,2 +g,%) = 4m,%2 + (b — ¢)? + 4rpr. =
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2(ny% + 8,2 + 4rn,r,

=>4m,% + (b — ¢)?2 +4s(s — a) = 2(n,% + g,%) + 4s(s — a)
= 4m,? + 4m,? = 2(n,? + g,%) + 4s(s — a)

= |n,?% + g,%2 = 4m,? - 2s(s - a)and analogs

2 Y (2% +8,%) =4Ym%2- 2s? = 3Ya%? — 25?2 = 25?2+ Ya? — Y (n,2 +g,%)
= 2s? +Ya? —3Ya? + 252 = (Ya)? — 2)a?
=2Yab — Ya? = 2[(s? + 4Rr + r?) — (s> —4Rr —r?)] = 4r(4R +r)
1
~ 282+ Ya? — Y(n,% 4+ g,%) E4r(4R+r)

4R —2r
R

~ (1) > it suffices to prove : 4r(4R +r) > 4rs

®
& R(4R + )2 = (4R — 2r)s?
Rouche
Now,RHSof (i) < (4R
—2r) (ZRZ + 10Rr — r? + 2(R — 2r){/R?% — 2Rr) 2 R(4R +r)?
?
< R(4R + r)? — (2R? + 10Rr — r?)(4R — 2r) > 2(4R — 2r)(R — 2r)y/R? — 2Rr
?
& (R —2r)(8R? — 12Rr + r?) % 2(4R — 2r)(R — 2r)//R%2 — 2Rr
(i)
Euler
+R—2r = - inorder to prove (ii), it suffices to prove : 8R?> — 12Rr + r?

> 2(4R — 2r)y/R% — 2Rr
& (8R? —12Rr+r?)?2 —4(R> - 2Rr)(4R-2r)? >0 r?(4R+r)? >0

- true = (ii) = (i) is true

2r
~2s?2 +Ya? > 4S /4 -= Y (n,?% + g,%) (Proved)

1392. In AABC the following relationship holds:
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>4R+s+(10—3\/§)r

hq
2w V2R

cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

2 A
A 2bccos > A A
ssec22wa+ra=)sz bt e +stanEcosE(:>

2bcs(s — a) . A (b+c—-a)(s—a) A
5= + ssin

es>2— "+
S bc(b + ¢) ssiny b+c 2
a(s—a)+ A (1 s—a)> A
—_— —o - —s
bFc ssin- < a b o) = ssing

st+ts—a—s+a A a . A
)zss1n—(:> > sin—
b+c

=s—a+

2 b+c 2

. A A - B-C A B-C
@ [— [— [ —_ (:
4Rsin 5 €0S5 = 4Rcos 5 C0s——sino & cos—

o

<1 - true

A €))
"~
~|ssec= = w, + r,|and analogs

5 =

Now,b + — 4Rcos 2 cosB ¢ _ 4Rcos > sin >
ow, C a = COSZCOS 2 COSZSll'l2

A B-C B+C) A B C

= 4Rc0s§ (cos — cosS = 8Rcos —sin—sin—

2 2 2

2) A B C
=>s —a= 4RcosEsmEsmE
Aaain Al r 4Rsin%singsini ARsi _ beﬂf‘z)s —a A®s — a
— = = — - = = -_— =
gain, A A sin > sm2 A cos > Al
sin sin cos5

— Ay q_S—a
We have tané—ﬂ y’—“ 1 Al _ Al - (s —a)
’ B A - 3 = -

sin i I

€)]
>AIEs — a+rtan1

®) B ©

Similarly,BI=s — b+rtan— and CI=s — c+ rtan

C
- 7@+ ®)+(©
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4

A
= YAI = s+thanZ

X X
Let f(x) = tan (z) vxe(0m .~ f"(x) = fan (Z);ecz (Z) > 0 = f(x) is convex

i1 T 1 2m
Let tan— = m .. tan—

6~ 73 1-m”

—-2V3++V12+4 T
>m2+2V3m—-1=0>m = 5 =2—\/§=>tanﬁ

low)
N
N

1}

2-+3

Jensen

Now,by (4),YAl =s + rz tanz S

Y X
s + 3rtan T (as f(x) = tan (Z) is convex which has been proved earlier )

(5)
=s+3r(2-v3) =s—3V3r+6r = |YAI = s — 3v/3r + 6r

V2Rh,
wow 20 (2 ) e
a

r
B R(er> (sa) bc Rsa? (ZI‘S) A
~Jr\a bc/s(s—a) . aber\ a €3

A Rs A s—a+a
= <2rssec—> =sseC—=—+—

2/ |4Rr2s 2 cosA
2
s—a .a APy (@ 4Rcosé(sinésingsin E) a A
= + (—) ssec— = 2 2 2 2, (—) ssec—
s 2 . A A s 2
cosz sin cos5
4R (ﬁ) a A a A | V2Rh, @ a A
=——a + (—) ssec— = Al + (—) ssec— .. |———— = Al + (—) ssec—
sinf S 2 S 2 /h, — 2r s 2
V2Rh, © b B VZ2Rh, © c C
Similarly, 2 b opgry (—) ssec—| and |——— 2 CI + (—) ssec—
h, — 2r 2 Jh, —2r s 2
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using (1)and its analogs
VZRh, "8 ®

@+ @+ =5 =
a using w, 2 haind its analogs as /2rs rs
SAL+ T (5) (W, + 1) = 229 (5 +525)
=ZA1+rz<a(§+sia>) =ZAI+rZ($) =ZAI+"Z(S:i;a)

= YAl + :TSSZ(S —b)(s—c) + 3r

by (5)

- rs(4Rr + r?
= s—3\/§r+9r+¥

5 =s—3V3r+9r+4R+r=
r<s
=4R +s+ (10 — 3V/3)r
h, >4R+s+(10—3\/§)r

Jhy—2r V2R

1393. In AABC the following relationship holds:

=X (Proved)

m,m,m, - R
r,hp,r.  2r
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India
1)

1
m2mim? = a(sz +2c¢% —2a?)(2c? + 2a? — 2b%)(2a? + 2b% — 2¢?) =
1
a{—42a6 + 6(Xa*b* + Ya’b*) + 3a*b?*c?*}
Now,Ya® = (Ya?)3 — 3(a?+b?)(b? + ¢*)(c¢* + a?) =
=(Xa?*)3? -3 (Zazbzc2 + Ya?b*(Ya? — cz))

(2
= (3a?)? + 3a?b?*c? — 3(3a?b?)Ya? - Ya® = (3a?)3 + 3a’b*c? — 3(3a’b?)Y.a?

3
Again, Y a*b? + Ya?b* = Ya?b*(Ya? — ¢*) £ (Ya?b?)Ya? — 3a’b*c?

+(1),(2),(3) > mimim? =
1
a{—4(2a2)3 —12a?b%c? + 12(3a?b?)Ya? + 6(Ya?b?)Ya? — 18a?b*c? + 3a?b?c?}
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= 6—14{—4-(2612)3 + 18(Ca?b?)Ya? — 27a*b*c?*}

= 6_14_{_4'(202)3 + 18((Xab)? — 2abc(2s))(Fa?) — 27a%b?c?}

1
= a{—:*.z(s2 —4Rr —12)° + 36(s? — 4Rr —12)(s? + 4Rr +12)’ — 576Rrs?(s? — 4Rr —r?) — 432R2r2s2}

24

1
1—6{s6 — s*(12Rr — 331%) — s2(60R?*r? + 120Rr3 + 331r*) —r3(4R +1r)3} <

®
& s — s*(4R? + 12Rr — 331r%) — s2(60R%*r? + 120Rr3 + 33r*) —r3(4R +1r)3 20
Gerretsen ?
Now, LHS of (i) 2 — s*(8Rr —3612) — s2(60R*r? + 120Rr3 + 33rY) — r3(4R + )30
?
& s*(8R — 161) + s*(60R?*r + 120Rr? + 33r3) + r2(4R + )3 % 20rs*
@i
Gerw::tsen
Now,LHS of (ii) > s?(16Rr —51?)(8R — 161) + s*(60R?*r + 120Rr? + 337r3) + r2(4R + )3
(a)
Geretsen
and RHS of (ii) < 20rs?(4R? + 4Rr + 3r?%)
(b)

(a),(b) = in order to prove (ii), it suffices to prove :
s?(16Rr — 57%)(8R — 1671) + s?(60R?*r + 120Rr? + 331r3) + r?(4R + 1)3
> 207rs?(4R? + 4Rr + 3r%) © s?(108R? — 256Rr + 53r2) + r(4R+1)3 >0

(i)
& s2(108R% — 256Rr + 8012) + r(4R +1)3 S 27r2s?
Gerretsen
Now,LHS of (iii) S (108R? — 256Rr + 80r2)(16Rr — 512)
(0
Geretsen
+r(4R + )3 and RHS of (iii) < 27r*(4R? + 4Rr + 31?)
(d)

(c),(d) = inorder to prove (iii), it suffices to prove :

(108R? — 256Rr + 80712)(16RT — 51%) + r(4R + 1)3 > 271%(4R? + 4R7r + 31?)

R
& 2243 — 587t2 + 308t — 60 >0 (where t = ;)
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Euler

o (t—2){(t—2)(224t+309) + 648} >0 > true ~ t > 2 = (iii) = (ii)

R*s* _, Mamym, Rs?

.\ 2.2
= (i) is true = m2m2m? < <
® a b 4 Trarpre ~ 2rs?

momym, R
=5 ———— < — (Proved)
TaTpTc 2r

1394. In AABC, O —circumcenter, I —incenter the following relationship
holds:

33
(h, — hy)? + (hy — h)? + (h, — h,)? < n-0I?, Vo=~

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

5 b2c? bc.ca 2{>a’b? + 2abc(2s)} — 6abc(2s)
LHS = 25h% - 25h,hy, = 25 o7 — 25— = e =
_ 2(Yab)? — 48Rrs? - gmz
4R? 4

< 33R(R —2r) > 2(s? + 4Rr +r?)? — 48Rrs?

©
© 2s* —s2(32Rr — 4r2) + 2r2(4R +r)2 — 33R(R — 2r) < 0

Now, Rouche 2 s> —(m—-n) >0ands?— (m+n) <0,
where m = 2R? + 10Rr — r? and n = 2(R — 2r)y/R? — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*-s?2(2m)+m?—-n%<0

0
= 2s* — s2(8R* + 40Rr — 4r%) + 2r(4R +r)* <0
(i) > inorder to prove (1), it suf fices to prove :
2s* — s2(32Rr — 4r%) + 2r?2(4R + r)? — 33R(R — 2r)
< 2s* —s%(8R% + 40Rr — 4r?) + 2r(4R +r)3

@
& s2(8RZ + 8Rr) + 2r2(4R + r)2 — 2r(4R + r)3 < 33R(R — 2r)

Gerretsen

Now,LHS of (2) < (4RZ? +4Rr + 3r2)(8R? + 8Rr) +
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+2r2(4R + )2 — 2r(4R + r)3 < 33R(R — 2r)
& R* — 2R3r + 8R%r2 — 16Rr350 =
? Euler

S R(R-2r)(R2+8r2)>0 > true~ R = 2r= (2) = (1) is true

8

<n

33 -
~(hy, —hy)?+ (hy —hJ)? + (h, —h,)? < TOIZ < n.0I? (Proved)
1395. In AABC the following relationship holds:

27R2+ 3ns? a1 y <11
4s2 " @R+r2-"T W =76

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
(€Y

27R2 N 3ns?_ 2 1 ypeH
4s2 T(@R+r2 - "7 0 =76
) 27R? .- 3ns? 27R? — 452 (é) (4R +1r)? — 3s2
[—4 — — [—1
D = 5z =N T G4R 1 )2 4s2 . = "7 4R +1r)?

27R? — 4s? - 11[(4R + r)? — 3s?
4s? — 16 (4R +1r)?
& 4(27R? —4s2)(4R +1)? >

Mitr'il‘lovic Truﬁcht
> 11s%{(4R + r)? — 3s?%} ( 27R?>—-4s®> > Oand 4R+r)?—-3s%? > O)

(i)
& 11s* + 36R2(4R + )2 S 952(4R + r)?
Gerretsen ?
Now,LHSof (i) > 11(16Rr —5r%)s?+ 36R*(4R+1r)?>9s2(4R+r1)* &
?
< 36RZ(4R + )2 > s2{9(4R + r)? — 11(16Rr — 5r%)}
?
& 9RZ(4R + 1)% S s2(36R% — 26Rr + 1612)
)
Gerretsen ?

Now,RHSof (i) < (36RZ% — 26Rr + 16r%)(4R? + 4Rr + 3r2) S9R2(4R + r)?
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& 32t3 —59t2 + 14t — 4830

o (t—2)(32t2 +5t+24) 50 - true - t

Euler

~ 27R? — 4s?
> 2 = (ii) = (Q)is true . ————

4s2
11

=—==n
1 (4R +1)? — 3szl 16; (4R +1)% — 3le

~16| (AR+r)? (4R +1)2
= (2) = (1) is true (Proved)
1396. In AABC the following relationship holds:

Z cos?A + cos’B
cosA + cosB

3
2_
2

cyc
Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India
Ya3 = 3abc + 2s(Ya? — Yab) =

®
12Rrs + 25(2(s? — 4Rr — r?) — (s? + 4Rr + r?)) = 2s(s? — 6Rr — 3r?)

. A . B+C B-C . A A B-C
b+c A 4Rs1nism 7 €0S— 4Rsm7cos 7 C0s— B-C
Also, sin— = = = CcOoS
2 4Rsin 5 cos 2 4Rsin 2 cos 2
sinz cos sin cos 5
B-C®b+c A
= = —
cos— 5 sing
cos’A + cos?B _ _ (cosA + cosB)? — 2cosAcosB
cosA + cosB cosA + cosB B
2cosBcosC @ 2cosBcosC
= Y'(cosA + cosB) — )

cosB + cosC = LHS | = [2),cosA =), cosB + cosC

B—-C
N 2cosBcosC  cos(B +C) + cos(B—C) —COSA + 2cos? ( 2 ) -1
ow = =

’cosB + cosC B+C B-C . A B-C
2cos 2 cos 2 Zsmfcos 5
2sin? % -1 cos — 1
T einBog B=C ' A Lo A B-C
sin3 cos —; sin sin5 cos—,;
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sin% cos > > ¢ 1 @ a3 b+c a
+ + — =
B-C . A . A B-C ., A
Cos —5— sin> sin3 cos —; b+c a (b + c¢)sin? 5
a b+c abc(s —a)
" b+c a (b+c)(s—b)(s—c)(s—a)
I +b+c <4Rrs>(s—a)_ a +b+c 2R<b+c—a)_
" b+c a sr2 J\b+¢/ b+c a r\ b+c /
a /2R+r b+c 2R
G
b+c r a r
2cosBcosC a 2R+r b+c 2R
= ( ) + ——1| and analogs =
cosB+cosC b+c r a r
2cosBcosC (é) (2R+r) a 4 b+c 6R
cosB + cosC— r z:b+c ) a r
a a(c+a)a+b
Now, Ya( )( )

b+c 2abc+ Yab(2s — c)
Ya(Xab + a?)

B YW 2s(s? + 4Rr + r?) + 2s(s? — 6Rr — 3r?)
~ 2s(s?2+4Rr +r2) —4Rrs

2s(s? + 2Rr +r?)
a (2) 2(s? - 2Rr —r?)
:>Zb+c — 52+ 2Rr +r2

b+c Ybc(2s—a) 2s(s®+4Rr +r?) — 12Rrs
a  4Rrs

Also, ),

=
4Rrs
b + ¢ s — 2Rr + r?
= =
) a 2Rr

(1), (2), (i), (iv) = | LHS — >

2

rn 3 (2R+n\[2(s?—-2Rr—-r?)| s?—-2Rr+r? 6R

=2(1+—)———( ) - +—
R/ 2 r s2 + 2Rr + r2

2Rr r
_1+2r+6R s? — 2Rr +r? (2R+r> 2(s> —2Rr—r?)| _
"2 R r 2Rr r s2+2Rr+r2 |
_ 12R? + 3Rr + 3r? — s? (ZR + r) 2(s? — 2Rr —r?)
B 2Rr r s2 + 2Rr + r?
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_ (12R* + 3Rr + 3r? — s?)(s* + 2Rr + r?) — 4R(2R + r)(s* — 2Rr — r?)
B 2Rr(s? + 2Rr +r?)

s2(4R? — 3Rr + 2r?) + r(32R3 + 30R?r + 13Rr? + 3r3) — s*
B 2Rr(s2 + 2Rr + r?2)

(@
& s* 2 s2(4R? — 3Rr + 2r2) + r(32R3 + 30R?r + 13Rr? + 3r3)

Gerretsen ?

Now,s* < s2(4R?+4Rr+3r2)<
< s?(4R? — 3Rr + 2r?) + r(32R3 + 30R?r + 13Rr? + 3r3)

& s2(7R+71) g 32R3 + 30R?r + 13Rr? + 3r3
(b)
Gerretsen ?
Again,LHS of (b)) < (4R*+4Rr+ 3r?)(7R+r)<
< 32R3 + 30R?r + 13Rr?2 + 3r3 © 2R2 —Rr— 6r23 0
< (2R+3r)(R—2r) 0 > true = (b) = (a)is true
cos?A + cosZB 3

cosA + cosB E (Proved)

1397. If in AABC,m(A) < 152° then the following relationship holds:

7
hy <25 (b+0)

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

7 bc 4R%sinBsinC 7
h, (b+c)<:>—<—(b+c)(:>— (

2R <50 >R 50) 2R(sinB + sinC) &

2sinBsinCc & 7
o — 2 —
sinB + sinC 25

u . ? ?
2sinBsinC ' 2

-7 7
< — < +/si i —
HM < GM sinB % sinC = sinBsinC < 25 & 2sinBsinC < 2 (25)

? 2
' 7

< cos(B — C) — cos(B+C)<2< )
& 25
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A
wcos(B—C)<1.:.cos(B—-C)—cos(B+C)<1+cosA= ZCOSZE

A
< 2c0s%76° ( 76° < 5 < 90°) < 2c0s%75°

3)
~ LHS of (2) < 2cos275°

N tan30 1 2X 1(h tan15°) = 1 z2 =243
ow,+ tan30° = —=. —— = — (wherex =tan15°) > 1 — x* = X
v3 1 -x% 3
>x2+2V3x-1=0
—2V3+V12+4 1 \? 2
=X= =2—\/§=>cot215°=(—) =(2+V3) =7+4V3
2 2 -3
= cosec?15° = 8 + 4V3
2+v3)(2 -V3)¥®2 -3
=>sin215°=( )( )9

4(2 +3) 4
bY(4)2 _\/5 7 2
2(

(3) = LHS of (2) < 2sin15° = == E) = (2)=> (1)

= proposed inequality is true (Proved)

1398. In AABC the following relationship holds:

wi w? w§+3(a2+b2+c2)<
bc ca ab 4(ab+ bc+ca)

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

w2 3Ya? @

a
2 2
Inany A ABC, ), be + 4yab = 3
o, 4b%c? (s(s—a)] be(b+c+a)(b+c—a) be{(b+c)?—a®}
Wa T 1ozl be | (b + )2 ECEDE
Cpe— AP My g anal
T T +o? bc - (b+cz Sanatoss
a2 3y a? 3yaz & a?
=>LHS=3-) + 2 2 <

b+ of  ayab > S ayab =2+ o2

134



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2 a 4 Bergstrom

N a _ < (Ya?)?

ow, . (b+c)? ) (ab+ac)? —  Y(a?b? + a2%c? + 2a%bc)
_ (Fa®)? - 33’
~ 2Ya%b2 + 2abc(Ya) ~ 4Yab

? ?

& 4(Yab)(Ya?) 2 6Ya’b? + 6abc(Ya) © 2Yab + 2)ab3 % 3Ya%b? + abc(}a)

(2)
A-G O]

1 . o 3 G
Now,i (Ta3b + Yab3) > Ya%b? > abc(Za)and,E (3a3b + Yab3)

(V3T

3Ya%b?

11

~
~—

~ (i) + (ii) =2 (2) = (1) = (a) is true (Proved)
1399. In AABC the following relationship holds:

2

r r r sl/ r, +1r,+1,. \°
jl+jl+ji 24+5\[( a_ b “)
Wq Wp W¢

m, +my,+m,

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

w, < ./s(s — a) = ,/n,r. and analogs

D
~
= WaWpWe < \/rbrcx/rcra\/rarb =Rl = Hwa = Hra

A
A\ [ 2bccos 2
Now,Yr,w, =) (stan E) Sbrc

- x o) (229 s o) ] - s

= Z(\/s(s — b)y/s(s — c))

(2)
S (2“313)2 . 1 >

2
T. T. T,
<z —“) =y 242y [
W, Wy WLW
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by (1) 2
| P 3 Hra ) Iy Iy
=y2+6 S y2i6= +6
Z Wa Hwa Z Wa Z rawa
Bergst b (2) 3
TE(ER)? P 3(T)? K 2 3(Zry)?
> +6 > s+6=>| Y [— >+6
Zrawa (Z a) Wa (Zma)
0) 6
Zra 2 ) Zra 5
(3)=>itsufficestoprove:3( ) +624+5< )
ym, ym,

1

I 5
Let(za> =t-.(i)e3tl? —-5t+2>0
xm,

(t — D?(t+1)?>@tb+6t*+4t2+2)>0->true~t>1as)r,>Ym,

= (i) is true
2

Ta >4+55( fat Tp + Fe )6 Proved
2 w, | m, + m, + m (Proved)

1400. In AABC the following relationship holds:
h, h, h, 1 ( 4R>

_ _ —_ 1 —_
hb+hc+h =27\t T

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania

2S
h, = '’y = we must show :

b_l_c_l_a< 1(1_|_4R>2 a2b+b2c+c2a< 1(1_|_4R)2 o
—+-—+-<—= —) o — — ..
a b - 27 r abc - 27 r
From rearanjament inequality we have:
a’b+b?*c+cla<ad+b3+c3..(2)
From (1)+(2) we must show:
a+b3+¢d 1(1+4R> 3
abc = 27 r -~ 3)
a3 +bd+¢3 2R 5 5 5
But b +1< - (4)because z a’ = 2s(s* — 3r“ — 6Rr)

and abc = 4Rrs then (4) © s? < 4R? + 4Rr + 3r? (true from Gerretsen)

From (3)+(4) we must show:
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2R 1<1(1+4R)2 .
r 27 r - (5)
2R
Let:T=x,x24

1
(5)®X—ISE(1+ZX)Z@27X—27S1+4-x+4-x2<:>
4x? —23x+28>0 < (4x—7)(x—4) > 0, true because x > 4

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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