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801. Prove that:

( 1395117 )_3(1260(;—1051:—754)
473\ V00272 - 224

G: Catalan’s constant

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution by Abdul Hafeez Ayinde-Nigeria
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C - Catalan’s constant.

Q= 405(

802. Let’s define the function

(00

g(x) = fexx_ dx

1
log(x)
Prove that:
1
[(5(2) +10ew) g ax = -
og(x) |gx)dx = 30
0

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Mokhtar Khassani-Mostaganem-Algerie

log x
© log x

g(x) = j?ey{ f — - fey dy=€(2)—f ye‘yZe‘"ydy=
0

log x
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oo

log x o) log x
= £(2) j -y gy = £(2) + e e
=¢ ye y=3% (n + 1)2 n+1 -
. 0 n=0 0
n=
1 log x 1
= &(2 E -
§2)+ ((n + 1)2xn+1 + (n+ D1 (n+ 1)2)
n=0

= Li, (%) + log (%) log (1 - %) = §(2) - Li, (1 - %)
g (%) = £(2) - Li;(1—x)

g(x) == &) - Li, (1 — %) =&2)+Li,(1—x)+ %log2 x

Now:
1

M= .f(g (;) + logx)g(x) dx = J- (g (;) + logx)g(x) dx
0

0
1

— 2 §2). ; 1. 3 2 1. 2 ;
= & (x)+f(2)cosx+Tlog x+log(x)L12(1—x)+zlog x—le(l—x)—zlog (x)Li,(1 —x) |dx

0
1
=§(2)-3+N-P-50

1

[oe)

1
N = flog(x)Liz(l —x)dx = | log(x) z 1-» dx =
0

nz
n=1
0

1 (o]
1 Hn+1
= E — | (1 -x)"logxdx = — E
nzf( x)"log x dx nZ2(n+1)
0 n=1
n=1
— (Hn+1 _ Hn+1 _ Hn+1> — (ﬂ_l_ 1 _ ﬂ_ 1 N Hn+1)
n n n+1 n nn+1) n? n2(n+1) n+1
n=1 n=1
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_ 1+§:(3—i—i—ﬂ) = 3-§2) - 2¢(3)

1 1 1
P = fLi%(l —x)dx = fLi%(x) dx = {xLi%(x)}; +2 f log(1 — x) Li,(x)dx = £2(2) + 2N
0 0 0

=§%(2) + 6 —2§(2) — 4§(3)

IBP

=0

1
0= j logZ(x)L;,(1 — x)dx = {xL,-Z(l —x)(log?x —2logx + 2)}(1) +
0

1
log x
+j<1fxx(210gx—log2x—2)>dx
0

o)

1
= f x"1(2log? x —log3 x — 2logx) dx =
0
n=0

~ 4 6 2
= ((n+2)3 Tyt T (n+2)2)

n=0

=6§(4)+4&(3)+282)—12 - M =-3¢4) = —% (Answer)

803. sin 3° =§<\/8—\/10—2\/§—\/§—\/ﬁ>=§<\/8—\/\/ﬁ(\/ﬁ—\/§)—\/§—\/ﬁ>

Proposed by Naren Bhandari-Bajura-Nepal

Solution 1 by Ahmed Salama Hegazy-Cairo-Egypt
L = sin3 = sin(18 — 15) = sin(18) cos(15) — cos(18) sin(15)
Now we find sin(18), let x = 18 > 5x =90 > 2x + 3x = 90
. 2x =90 — 3x, -~ sin(2x) = sin(90 — 3x) = cos(3x)

~2sinxcosx =4 cos3(x) —3cosx
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~4cos3(x) —2sinxcosx—3cosx=0,..cosx(4cos’?x—2sinx—3)=0

~4(1 —sin?(x) —2sinx—3 =0) » 4sin?(x) + 2sinx—1=10

~sinx = @,a sin18 = ‘/_4 , and cos 18 =

oo
© |G

+

1 1
1 i = — —_ = — =
since sin x 7 1—cos2x,cosx \/Z‘/l + cos 2x, put x = 15
Lo V31 _1+/3 .
~sin15 = e ,cos 15 = 2z by substitution we have

1
sin3=1\[—\/§—\/ﬁ+8— /10—2\/5

Solution 2 by Sergio Esteban-Argentina

Calculo del sin 3° geometricamente. Por triangulos notables sabemos

V10 4+ 25

i) Por Angulo inscrito sabemos que

8
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m<«COD = 2m<CBD y mxACB = m<ADB = 90°

ii) Sabemos que:
AC=+6—-+v2,BC=vV6++v2,AD =+/5—1,BD =10+ 2V5yAB = 4
Usando el teorema de Ptolomeo BC - AD = AC - BD + DC - AB

(V6 +V2)(VE—1) = (\/6—\/2)< /10+2\/§>+D_c-4
(V6 +v2)(V5 - 1) - (V6 - v2) (V10 + 2v5)

= DC =

4

Entonces:

DC 1
sin3°=7=1J—ﬁ—V15+8— /10—2\/§

Preliminares

i) Sabemos que el triangulo equilatero
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Aplicando Pitagoras: x* + k* = (2k)?; x = kV/3 -

kV3

ii) Trabajando i)

-
-
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~ -

-
~ -
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-
-
-
-

-
~ -
-
~ -
-
-~
-
-
-
-
-
-~
-
-
-
-
-~ -
-
-~

. &

kvV3 c 2k

Prolongamos AC hasta M tai que BC = CM. Si damos k = (/6 —2)M

Entonces BM? = AB* + AM?; BM = 4m

75° 4M

(V6 +V2)M

iii) en el decagon regular

10
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medida de 6° = %‘:o =36° AB = 1;,,A0 = 0B =R

Se traza la bisectriz interior AM = AM = AB = l,,

Por el teorema de la bisectriz interior li = Rlll" . Operando l;, = R (@) Entonces:
10 —t10

5—-1
x% + R(\/_4 > = R?

x = 2\/ 10 + 2+/5 -~ sidamos R = 4k

11
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A

(VB - 1)k

o

E\/10 4+ 2v5

1 1 1 1

sin22°  sin26°  sinZ 10° sinZ 86°

804. Find: =

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution 1 by Gabriel Ruddy Cruz Mendez-Lima-Peru

Sabemos: cot?(x) + cot?(60° — x) + cot?(60° + x) = 9 cot?(3x) + 6

cot?(2°) + cot?(58°) + cot?(62°) = 9 cot?(6°) + 6 )
cot?(6°) + cot?(54°) + cot?(66°) = 9 cot?(18°) + 6
cot?(10°) + cot?(50°) + cot?(70°) = 9 cot?(30°) + 6
cot?(14°) + cot?(46°) + cot?(74°) = 9 cot?(42°) + 6
cot?(18°) + cot?(42°) + cot?(78°) = 9 cot?(54°) + 6
cot?(22°) + cot?(38°) + cot?(82°) = 9 cot?(66°) + 6
cot?(26°) + cot?(34°) + cot?(86°) = 9 cot?(78°) + 6/

Sumando verticalmente: Y2, cot?(2(2i — 1))° =45+ 9Y7_, cot?(6(2i — 1))°

v~

cot?(6°) + cot?(54°) + cot?(66°) = 9 cot?(18°) + 6

cot?(18°) + cot?(42°) + cot?(78°) = 9 cot?(54°) + 6
7
Z cot’[6(2i—1)]°=9 <cot2 18° + cot? 54°> +15

i=1 10
7 22
Z cot?[6(2i — 1)]° = 105 > Z cot?(2(2i — 1))° = 990
i=1 i=1

22

L) esc(22i- 1) = 1012

i=1

12
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Solution 2 by Gerald Bernabel-Lima-Peru

22 22
R = Z sec?(4k°) = 22 + Z tan?(4k°) =?7?
k=1 k=1

ran(451) - (415) tan(x) — (4354)5tan3 x) + (4554)Stan5(x) — (:g) :a5n43(x) + (ig) tan®>(x) o
1-— ( 2 )tanz(x) + ( 4 )tan“(x) — -t (44) tan*4(x)
— Si: tan(45x) = 0 > 45x = 180°k - x = 4k°
tan(x) ((ig) tan**(x) — (ig) tan*?(x) + (zi) tan*(x) + - + (415)> =0
(415) — (435) tan?(x) + (435) tan*(x) — - (ig) tan*?(x) + (12) tan**(x) =0
Si: y = tan?(x) entonces la ecuacion: (ig) y?2 — (ig) y* + (1?) y20 .+ (415) =0

Presenta 22 raices de la forma y, = tan?(4k°) donde k = {1,2,3, ...,22} -

22 (45)

> Z tan?(4k°) = % =990 . R = 1012
= (52)

805. Prove that:

(0]

exp(—mn) B
Z nn+1D2n+ 120!

n=1

T
— exp(—% _
Ei (#)—Zexp (g)\/Znerfi % —y—log<M> +

+2 expCm) _, () + 3
exp|—— | — 2 exp(m
p 2+m p
Y: Euler-Mascheroni constant; Ei: exponential integral
erfi: imaginary error function

Proposed by Mokhtar Khassani-Mostaganem-Algerie

13
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Solution by Dawid Bialek-Poland

i exp(—mn) (z=niz" i (e;_")" ) i (ezi)n +
Lin(n+1)(2n+ D20 Lin(n+1)2n+Dn! Ly nn!
S1

- n

ppo ) ge

=1 pi1)n! n=1 2n+1)n!
~— ~—
S2 S3

S1—2pea (?) (1) > E, ( _n) —y- log( n) E; (exp;——n)) —y—log (exp( 11')) )

nn!

Where (1) E ,(x) y +log(x) + X X —, E; - exponential integral

—mn

oo (ﬂ)n oo (g) oo ( _") an ( ) exp(-m)
$2= "=1(nj1)n1= n=1 (n2+1)1= n= 1(n+1)v_2 er-1= T —2e" — 1—2exp( 2 +n')—2exp(n')—1 )

n

n=-1(n41)!

ex e . a1 0
Where (II); = Zn=o;';= Zn:O il =2

2n+1

e ™\" - < _
4z:(2<n+2)n' Z 2n+1)n' \/: Z (2n+1)nl =
[oo < £>2n+1 < _ n>2"+1
= 4 ZeHiLZ —fi_ 4+4\/ﬁ —\/7

(2n+ 1)n! (Zn + 1)n!
|

('_i:) 4+ 4/2e" - —erfl (\/;) =—4+ 28@ -V2m - erfi ({;?) =—4+2 exp( )\/_erfl <exp( D) @

x(2n+1)

Where (III) erfl(x) o

Rewriting ( 1) with (2), (3) and (4) we get:

exp(—mn) S 4S8, = E, exp(—m) —y—log exp(—m) N
=1n(n +1)2n+1)(2n)! 2 2

w
exp(—m T exp(—+
+Zexp<#+7r>—2em(n)—1+4—zexp(i)\/ﬁerﬁ —\SE 2) -

14
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T
=E; (exp;—ﬂ)) — 2exp (g) V2 erfi (M) _y—log <exp;—n)> .

V2

exp(—m
+2exp< p; )+1t>—2exp(n')+e

806.

1

f /1+J§>< /1+ /1+\/E><...>< 1+ 1+\[1+---+ /1+\/§dx=¢n+1

0

for "'n" times number "1"
Pni1 = Fpyq; Fpyq — fibonacci number; ¢ = 1.618033 ...

. . F
Put1 s faster to give golden number ¢ then ;—“

n n

Prove that

Proposed by Mohammed Bouras-Morocco

Solution by Kamel Benaicha-Algiers-Algerie

<pn+1=f1 /1+\/E /1+ /1+\/§... 1+j1+--- /1+\/de
0

Put: u,,.,(x) = \/1 +\/1+---\/1+\/E (1)

and v, ,(x) =1 ++x /1+\/1+\/E...\/1+\/1+---\/1+\/E
So, Un+1(.X') = vn(x)un+1(x) (2)
We have: u, .1 (x) = J1+u,(x) > v, ,-u,—1=0 (a)

Ly () () (<p—un(x))($+un(x)>
un+1(x) - un(x) = 1+ un(x) - un(x) = m+un(x) = m_l_un(x) (3)

Putf(t) =vV1++t f(R,) c R,

f increasing and we have: Vx € [0,1]: x> —x =x(x—1) < 0=>x* < x

15
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sx<Vx=x<1+Vx= f(x) = /1+\/§s ’1+ /1+\/§=f(1+\/§)

s uUy(x) = uq(x) and f 7 then (un (x))neN* is increasing, u,.,(x) = u,(x) (4)
u,,(x) > 0, by using (3) and (4), then u,, < ¢
So, (un(x))neN* 7andu, < ¢ = lim,_,,,u,(x) =l € R,
L is solution of equation 1> — | — 1 = 0 (result (a)) with condion 1 > 0
So, lim,, . u,(x) =@ (b)

1
Pn+1 __ 1. fo vn(x)un+1(x)dx
= 1My 400 1
Pn fo v (x)dx

lim,,_,, (using result (2))

vx € [0; 1], (x) > 0 then by using second Middle value theory:

Ja € ]0; 1[ such that f01 v, (x) U, (0)dx = u, 1 () fol v, (x) dx

1
. U1 (@) [y vp(D)dx
Pn+1 _ llmn—>+oo n on

¢ Tonode Moo Unig (&) = ¢ (using result (b))
n o Vn

o im0

s limy, o (p;:l = ¢. We have (p;:l =u,(@)/a €0;1]

F 1 , , .
Putw, = ;’,“ = Wny1 = 1 +—where (F,)nen- is the Fibonacci sequence.
n

n

Putg(x) =1+ i g is decreasing . (W,,),cy- IS fluctuate sequence.

By comparison of fluctuate sequence (w,,) ,cn+ and increasing sequence (u,1 (a))

neN*
then % is faster than % to . @ denote the golden ration: ¢ = 1+2‘/§
n n
807.
i3 f‘” 2x8 +x7 +3x0 + xS —at+ a3 - +x+1 4
== .
4 Jo x12+x11 +2x10 4 3x% +3x8 +4x7 +4x6 + 4x5 +3x4 +3x3 + 222+ x + 1

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Pedro Nagasava-Brazil

[ee)

0 f 228 + a7 +3x0 + x5 —xt + a3 —x2 +x+1
_0 212 4+ 11+ 210 + 3x9 + 3x8 + 4x7 + 4x0 + 4x5 + 3x* +3x3 + 2x%2 +x + 1

dx(a)

Notice that (x + 1)is a common factor of both polynolials,therefore:

16
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2x7 —x0 +4x5 —3x*+2x3 —x2+1
Q= 11 9 7 5 ) 2 dx(b)
x11 4+ 2x9 + x8 +2x7 + 2x6 +2x° + 2x* + x3 +2x2 + 1

0

[oe]

With (a) + (b): 20 f X2+ xT a5t a2+ 1
ith (a : =
x11 4+ 2x9 + 28 + 2x7 +2x6 + 2x5 + 2x* +x3 +2x2 + 1

dx
0

1 Er+1DE3+ D% +1)
T 2) (B3 +1D)(x8+2x6 +2x +2x2+ 1)
0

dx

[ R

[ee]

X
Let 0 1f x* +2 1J dx 1 arctan(f)
——ﬁ —_ — —
etx x 2 Frez18¥ T2 ) 122 2

NP

Hence:

[00]
T J‘ 228+ x7 +3x0 + xS —xt+ a3 -2+ x+1 i
— = X
4 x12 4 11 4+ 2x10 + 3x% 4+ 348 + 447 + 4x6 + 4x5 +3x+ +3x3 + 2x2 +x +1

0

808. Defineforalln>1,f(0) = (2+ (2 + \/2 + -+ \/2 + 2 cos(2"0)

n times radicals

then prove that

f(6)

(tan @ + 2tan 260 + 4 tan 40 + 8 cot 80) 0

do

g

_1 lm \/8 26 — 22 + /2 —
=27 96 4_v6_v2

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Sergio Esteban-Argentina

17
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i) Probamos que si A € [0, t], se cumpie que

A
2+\/2+\[2+---+\/2+2cosA=2cos(2—n)

Demonstration:

A A A
V2 +2cosA=,/2(1+cosA) = /2 - Zcoszi= 2 |cos (E)| =2cos

A T A
LadoqueOSESEzcos(E)—O
A A
2++vV2+4+2cosd = 2+2cos(i)=2cosﬁ

Reemplarando lo intenso:

A A
\/2 +\/2+v2+2cosA=\/2+2cos(§)=2cos(—)

Analogamente

A
2+\/2 +\/2+---+\/2+2cosA=2cos(2—n),‘v’n€N,nz1

"n" radecales

= en el problema A = 2"0 - f(0) = 2cos 0 (1)
ii) Probamos que tan 0 + 2 tan 20 + 4tan40 + 8 cos 80 = cotf (2)
Es facel probar que tan 8 — cot @ = —2 cot 260

Entonces: tan 6 — cot0 + 2tan 20 + 4tan 40 + 8 cot 80 + cot 0
=—2cot 20

= —4cot40
= —8cot80 + +8 cot 80 + cot O
= cot@
Nota:
cotd —tan 6 =L—tan0 = 1_tan20-5= 2 = 2cot20
tan 0 tan 0 2 tan20

18
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Usando (1) y (2) en la integral
5

3

5m

240 240 5T
1 1 1 (2320
I=j cot0-—-cot0d0=—f cot20d0=—f (csc?0—-1)do
2 2 2 )r
n n 4
4 4
5 5
) 240 240 \ . 51 51
_ = 2 _ —_ | _ 240 _ 51240
I—2|fcsc 0do Jd0|—2 cotO b 6 b
T T - -
2 'y 4 4
1_1( tn t(Sn) 511'+1T)
— 2\ T °"\220) "220 " 2
I_1+111't 1 t(Sn)
27796 2%°"\220

Resolvemos cot (2%)‘ Consideramos el triangulo notable de 75" y 15’

i) AB = BD
ii)EA=AD =0

0= {[4- (E+E) + (6~ VZ)

19
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0= |16+ (V6 + VE) — (V6 +2) + (V6 — V2)" = [32 - 8V6 - 82

y SABEMOS que V6 — 2 = 21/2 — /3 esto se deduce de (\/6 — \/E)Z. Entonces

cot(5n> Cot<15°>_(Z)+(\/6—\/E)_\/32—8\/5—8\/f+2\/2—
240 4) 4-V6-v2 4 —6—+2

Por Io tanto 5 cot () = \/B_ijfgz_ﬁ

L1 1w V8 —2vV6—2vZ +/2 -3
T2 96 4-6—-+2

809. Prove that Catalan’s constant:

¢= mzl ; (zgn?:)z Z nZ (;ml Tn; Z Z (11(1_+1 3:)2

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Sergio Esteban-Argentina

had had _1m_ _1m_1n ® ® _111

m=1n=0 m=1n=0

We calculate ()4

0 = f i i(—l)"’(—l - (—1)”)x2”x"(_lngx)dx

_f—log(x) 1 ]d
N x 1+2)1—x 1+
0
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1

~ . 2x? d
- of ~log(®) 1+ x2)(x—1)(x+1) x

1

=Of—log(x)[ 2311 2(x1+ 1) 2(x-— 1)] dx

1 1 1
_ f—log(x) dx_l_%jlog(x) dx—%jlog(x) dx

xZ2+1 x+1 x—1
0 0 0

Now, we calculate (),

- i i m-:Z)Z Z Z(‘l)"j—log(x) mAn=1 gy

m=1n=0 m=1n=0

- [ S = [ (L

f log(x) d 1 f log(x) dx

fl"g(x)[z( 1) 2(x+1)]

x—1 = E x+1
0
1
—log(x) ,
Q=0,+Q, = fz—dx =G,Gis Catalan’s constant;
x“+1
0
810. Prove that:
1
5
0= [ 15 1og(0 = = 2 za)
0

Proposed by Abdul Mukhtar-Nigeria
Solution by Dawid Bialek-Poland

1
Q= lez (1 )log(x)— =- f Li(x) log(x) dx — —f log(x)logz(l x)dx=1,+1,..(1)
0 0 0

where: (I) Li, ( —_xx) = —Li,(x) — %logZ(l - X)

1
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[ee]

1
Hp=Hny1—537 ®

)

(1) i
n=1

114—1

1 1
Li,(x) 1 ~ LB.P.
Il=—j S log(x)dx=—zﬁfx" llog(x)dx =
0 n=1 0
had 1 n 1 had 1 n d 1 11
X ™11
— —_— e —_— n-1 = —_—— = —_ =2
Z 2([11 log(x)] 0 fx dx) n? n] |0 Zn“ (@)..(2)
n=1 n=1 n=1
1 1log(x) t=1-x 1 1log(l— ) am
I, = _Ef - Z1-x)dx = _Ef T log?(t)dt = Ef t"H,log?(t)dt =
0 0 0
1w ! LB.P
_ - N2 -
= ZZant log=(t)dt
n=1 0
o) 1
1 n+1 5
— _ n
=5 Z H, (lﬂ n 1log (t)l |0 1 t"log(t) dt>
n=1 0
> H ! IBP. N H [ n+l !
D.r. t 1
— __n_ n o _ n _ n
Zn+1ft log(¢) dt Zn+1 1l°g(t)lo n+1ftdt>
n=1 0 n=1 0
s H tn+1 T © H
_ Z n log(t) 1) _ n+1
n+1)2\|n+1 0 (n+1)3
n=1 - n—-1

(n +1)3

(")
- 5
= {(4) —

x"H, = —

5 1

log(1 —x)

Z (n+ 1)4

{((4) = —( (4) ... (3) Where:

=¢(4)

1—x

Rewriting (1) with (2) and (3), we get

1

Q= szz(l

0

22
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811. Solve for x > 0:

X
e’ + f (tl"gt(l +2log t)) dt = x*
e

Proposed by Daniel Sitaru — Romania

Solution 1 by Kamel Benaicha-Algiers-Algerie

e’ + fex t"® (1 + 21n(¢)) dt = x* (E); forx > 0
x x

F(x) = f 9O (1 + 2In(e)) dt = j e (O (1 + 2In(D)) dt

e e

In(x)

X
dt
_ f e OHD (1 4 2 In(8) 5 = j e+ (22 + 1)dz
e 1
In(x)

— ezz+z|
1

— elnz(x)+ln(x) _ eZ

~(E) & > (+In(X) = x4 o (D +In(xX) — g4In(x)
vt > 0:t — et bijection function
So: (E) © In?(x) —3In(x) =0 ~In(x) =0vIn(x) =3 ox=1vx=¢3
Solution 2 by Ravi Prakash-New Delhi-India

Letl= [ 698t (1+2logt)de= [ e8¢ (2255 ) e de + [ et dt

e e

Lett'°8t = y = logy = (logt)(logt)

lﬂ __ 2(logt) logt(ZIOgt) _ _ _ 4logt
=280 . [t — dt = [dy = y = t'°8¢, Thus,

y dt t
x x
x
I=t- tlogt]e _ f tlogt dt + f tlogt dt = x - xlogx —e-e = xlogx+1 _ eZ
e e

2 _ ,4

Thus, the given equation becomes e* + x11°8* — ¢% = x

Sx-x%8*=x*=>xl8*=x3 5 x=10rlogx=3>x=10rx=¢?

Solution 3 by Timson Azeez Folorunsho-Nigeria

e+ [7(t"(®2(nt) ) dt = x* puty = Int; t = e
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Inx Inx

e’ + j (t‘“ey(l + Zy)) evdy = x*; e* + f (A +y)e’dy = x*
1 1
Inx In x

e’ + f (e (1 +2y)e¥dy) = x*; e* + J (e¥**7(1 + 2y)dy) = x*
1 1

1 2 .
e+ [ (e (1+2y)dy) = x*; Putu=y* +y;dy = =

Inx In x

e +f(e”(1+2y)) 2y +1—x4;e2+f e*dy = x*
1

e’ + e*|P* = x*; e + ey2+y|1n =x% e2 + eY(Y+1)|lnx x*
e2 4 x(Inx+1) _ o2 — x4. o2 | yInx | x_ o2 — x4
x4 _xlnx _eZ —x+ eZ — 0; x4- — xlnx + x; x4- — xlnx+1
x* — a1 = 0; x(x® — x'™¥) = 0; x% = x™* > x is also 1 a solution

Inx=3; x=¢3

812. Solve for real numbers:

X

j logt— )dt—ll (e—l)
“log2t) " T2 %\t 1
1

Proposed by Daniel Sitaru — Romania

Solution 1 by Kamel Benaicha-Algiers-Algerie

X X
In(t) -1 In(t) — 1
- f—tz el f—zdt
1 11

()

Inc) i
Pllt:z — ln(t)’ SO dZ 1- ln(t) dt I f ;iZ — 1 In(x)—x
t zc-1 In(x)+x
X ln(t) 1 e—1
Then, if [[ 5= 5 ot = (;) (E)

(E) o In(x)-x _ e-1 Vv x—In(x) e—1

In(x)+x e+1 x+1In(x) m And ln(x) =exV ln(x)
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Put: f(x) = ln(x) x €]0,+[; f'(x) = 1_:;("). So:f' >0=>1>In(x)>x<e

f<0=>1-Inx)<0>x=>e

x |0 1 0 +
1\
/e

ln(x)

o~ f 2 forx <eandf \ for: x > e. So: SOVxE]0;+00[

y= iis the maximum of x — nix); f'(x) = 0 © x = e unique value for real numbers
~S(E) ={x =€}
Solution 2 by Surjeet Singhania-India

f log(t) — 1 dt

e—1y ; log(t) — 1
J t?2 —log?(t) ) _[

1
_Lig(62Y),
dt 208 e+1 t2 —log2(t)
1

1-log(t) . _f p
ez o 1-y2 T Yo (1+y)(a-y)

B 1l (1_|_logx>_|_1l (1 logx)_ll (x—logx)
—T2% X 2 %8 x /T2 x +logx

x—log x e—1 log x 1.
e

Comparing with other side we get =—===-;x=e
x+log x e+1 X

log(x) log x
— 4y _ dy

Put —logt(t) =y dy =

Solution 3 by Remus Florin Stanca-Romania

In(¢) — 1 In(t) — 1 In(t) — 1 1
J &= S N T ORI
In “(( ) 1) () 1

_ In(t)-1 _ y+1-Go-1 4
dt=dy = [ 5 5 dt = fy f(y Dy+1)

t __q

11 1 1 -1 1 [ |m®
_Zf(y—l y+1>dy_zl“(|y+1>+c_zl“ t .4
In(t)

LetL _ In(t)-1

mo Y " o dy =

As we know thatt > In(t) =
:>j‘ In(t) — 1 dt—ll t—In(t) +C<:>11 x — In(x) _1l (e—l)(:)
t2 —1In2(t) 2 n t+1n(t) 2 x+In(x)) 2 Mer1
x—In(x) e—1
L =
x+In(x) e+1

sxet+x—elnlx) —In(x) =ex+eln(x) —x—In(x)
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In(x 1
selnlx)=xo i)=—

e

Let f(x) = @ = f'(x) = %’;(x)and we have that for x < e = f(x) > 0 and for

x=>e> f(x)<0and f(e) =§=>
= on (0; e) the function is increasing = f(x) < %and for x € [e; +) the function is

, , 1
decreasing with max = Sox=e

813.m,n > 0,Q(0,7) = —log2
Find:

Q(m,n) = f <(m —n)e™ sin(nx) — (m + n)e™* cos(nx) + n> )

(em* — sin(nx))(e™* — cos(nx))

Proposed by Daniel Sitaru — Romania
Solution by Igor Soposki-Skopje-Macedonia

(m—n)e™ sinnx — (m+n)e™ -cosnx +n
Q(m,n) = - dx
(emx — sin nx)(e™* — cos nx)
e™ — sinnx . 1 e™ —cosnx
- -t —-=—
em* — cos nx t e™ —sinnx

Qi (me™ — ncos nx)(e™ — cosnx) — (e™ — sin nx)(me™* + nsinnx)

dx
(em* — cos nx)?
dt = me?™ — me™* . cos nx — ne™ - cos nx + n cos? nx + me?™* — ne™* - sinnx + me™* sin x + nsin? nx i
- (em* — cos nx)? x
Qs (m — n)e™ - sinnx — (m + n)e™* - cos nx + n(cos? nx + sin? nx) 4
= x
(em* — cos nx)?
e™ —cosnx (m—n)e™ -sinnx— (m+n)e™ -cosnx+n
Q(m,n) = - . > dx
emx — sinnx (em* — cos nx)
i

dt
t

dt e™ —sinnx
Qmn)=| —=Int=In|————
t emx — cosnx

1 —sinnx
0(0,m) = n [0

1
=—In2; In |—
— COS TTX 1—cosnx

— sinnx| 1
2
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1—cosmx # 0; mx # 2km; x + 2k; 2(1 —sinmwx) = 1 — cos x

2sinmx — cosmx = 1; (2sinmx — cosmx)? + (—sinmx —2cosmx)?> =5
(—sinmx —2cosmx)? = 4

4 sin Tx

(1.
L

COSTTXT

—sinmtx —2cosmtx = 2
{Zsinnx—cosnx=1 sintx =0
—sinmtx —2cosmtx =2 cosmx=-1

sin x
tanmtx =

=0=>nx=QRk+1)nr>x=2k+1,k€EZ
COS TTX

Q(m,n) =In

ek+im _ gin(2k + 1)n
ekt)m _ cos(2k + 1)n
814. Find:

[

> |dx, x>0
\(2x+5)\/(x+2)(x+3) <4tan‘1< /%) —n> /

Proposed by Daniel Sitaru — Romania

Solution by Igor Soposki-Skopje-Macedonia

x+3 1
arctan > =t =f dx =?
(2x + 5)\/(x+ 2)(x+3) <4arctan /;i—;—n>

1 x+2—-—(x+3)
2’ ' 2

x+3 (x+2)
1+< x+3> 2

-

dx = dt

x+ 2
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! ! L dx=ar ! ! L ax=at
1_I_x+3 x+3 (x+2)2 r=ab (2x+5) x+3 (x+2)? =
X+2 2)x+2 x+2 2% ¥2
1 - d dt 1 1 d dt
— . X = ' —_— . X =
2x+5 " (2x+5
( ) 2\[("+2)2(§i;) ( ) 2\/(x+2)(x+3)
dx ey [Z24t ZJ de
(2x+5)/(x+2)(x + 3) (4t — m)? (4t — m)?
u=4t—m _ 1 du_ 1(du 1J o
i{du=4dt}_ 2J4 W 7)) WA
1wt oyt 1 1 B 1 N
~T2' 2241 2 " 2u 20at-m <13 ¢
2| 4 arctan x_|_—2—1'l'

815. Given that:

B (2 —x)Ve*
¢(x) = f ((1 —OvIo x> dx

Prove or disprove that:

V2

Proposed by Ekpo Samuel-Nigeria

w(x) = j(p(x) dx = 2iV2me (erfi( * 1))

Solution by Mokhtar Khassani-Mostaganem-Algerie

1,ex ,‘lex
-5 V1—-x+
_ 1+1—x - 2 2Vl—x , . Ve*
ox) = 1-9 _1_x\/e dx—Zf ( 1_x)2 dx =2 1_x+c
VI—x=+2y
w(x) = f«p(x) dx = zf\/l_'efxdx = —4\/Efe%‘y2 dy = —4\/Egerf(y)+c=
:—2\/27teerf< 1_x>+c=2iv2neerfi< J|C_1>—|—c
2 2

Note: erf(x) = %f: e~t’ dt and erf(x) = —ierfi(ix)
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816. Prove thatfor:n > 1

1log" (1 t X

dx
T )1+x=2"I‘(n+1)

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Kartick Chandra Betal-India

1+x 1

1 ln"(l_x)
f 1 x dx =(_1)n 1+x dx
0\/1 x2-(1+x) 0\/1—x2-(1+x)

N ln"x (1+ x)? 2
=(—1)1m. 2 '(_(1+x)2)dx

1 1
(=" (In"x (=D [ (Inx®)"
-T2 f Vx dx = f x

-2xdx
0

1 0
=(=2)"[In"xdx=(-2)"- | (—x)" - (—e ¥)dx
| J

= Z"f xMD-1e=X gy = 2T (1 + n)
0

Solution 2 by Yen Tung Chung-Taichung-Taiwan

1 1+x
f 1 x _
1-— x2 1+x

0

let x=cos 20

1+ cos 260
In™ (m) —2sin20d6

1 — cos226 1+ cos 260

BRI — o

3

% 2 cos? 0) Y
2 Slnz 0 2sin 20 f
do =2" | In" to) - 20de
f sin 260 "2cos20 n"(cot®) - sec
0

let y=In(cot )=tan f=e~Y

= 2" [y (e dy=2" [ yre dy = 2T + 1)
oo 0
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817. Find:

(00)

ﬂ(a)=f( - )dx,a>0
0

(x*+x2+1)(ax+ 1)

Proposed by Vasile Mircea Popa-Romania

Solution by Mokhtar Khassani-Mostaganem-Algerie

X
1+ x4+ xY)(ax + 1)dx=
3 a(l-x)+1 a(l1+x)—-1 a3 d
_f<2(a2+a+1)(x2—x+1) 2(a2—a+1)(x2+x+1)_(1+a2+a4)(1+ax)) x

a’log(1 + ax) N M N N
1+ a?+ a* 2@a2+a+1) 2(@—-a+1)

a
M= j‘a(l x)+1 _f 7+1 a 2x-1 dx =
1—x+ x2 B 1-x+x2 2 1-x+22|Y7
a
a 7 +1 1
=—Elog(1—x+x2)+f—23d(x——)=

@—%)+z

= alo (1 x+x2)+(a+2>arctan(2x_1)+c
2 %8 NE]

a a
_.l'a(1+x)—1d _j‘ 7(2x+1)+ 71 dx =
T 1trxyaz T 1+x+22 14+x+22 )97
a
a 5—1 1
=§log(1+x+x2)+fﬁd<x+z):
t7) +3

a— 2) ¢ <2x + 1) 4
arctan c
V3 V3

a
=Elog(1—x+x2) +(

o]

Q= j(azllig‘g::f) ~ 4(a? +aa +1) (log(1 —x+x%) - (a\/-%z) arctan (Zx 1)) +\|¥
(e ) (D araan (D)
a’—a+1) 73 N ] 0
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a(a+2)m ala—2)m a’loga

“8/3(a?+a+1) 8V3(@-a+1) 1+a’+at
1 )( a(a+2)m ala—2)m )
V3/\8V3(@2+a+1) 8/3(a?—a+1)

+ arctan (

818. Show that:
T
f e cosGin(@) cog(sin(sin(x)) e™) dx = em
0

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Mokhtar Khassani-Mostaganem-Algerie

s

4
M = f eecosx cos(sinx) cos(sin(sin x)ecosx) dx = Rej ee°°sxcos(sinx)+isin(sinx)ecosx dx =
0

0
Y3 T
COS X ,Sinx cos x+isinx
=Refee € dx=Refee dx
0

T ix i idz
=Re [ e¢ dxnowlet:z = e™ = dx=——

e2 &2 M o€
So: M = —i [|5=1 erz =—i (m’Res (%z = 0)) =mlim,_, <(Z Z)e ) =em

B erf(x)
Q-f( x >dx

Proposed by Ekpo Samuel-Nigeria

819. Find:

Solution 1 by Abdul Hafeez Ayinde-Nigeria

Q= f er;(;) dx; Q = ferf(x) d(2vx); @ = 2Vxerf(x) —%f\/}e_xz dx

(— )"

= 2Vxerf(x) - — f\/_ x2kdx
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Q = 2Vxerf(x) — \/_Ek_o (_I;) 2"J’z dx
axVr~— (—1)kx2k
Q = 2/xerf(x) — N kZOk! (2k+§) +C
Q = 2/xerf(x) — Zx\/_ (D™ +C
ok (k+ )
2x/x o (—1kxZkT (k + —)
Q=2\/§erf(x)— 7 kzo k!r(k-l_%)‘l +C
2xv% T(3) & DR (3)
ﬂ=2x/3_rerf(x)— +C
)

_ Bryz O (D (3)
Q = 2Vxerf(x) — 37 kzzo " (%)k +C
= 2vVxerf(x) — Bsi/\/ﬁ_l 1 (Z 7 _xz) +C

Where F4(a, b; c; z) is the classic hypergeometric function.

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

IBP x2=y
Q= f er\;;x) dx = {2Vxerf(x)} - %f Vxe—** dx =
= 2'/xerf(x) ——f dy = 2\/x erf(x) — \%F(%y) = 2/x erf(x) —%I‘(%,xz)

820. Find a closed form:

1
x(1 - xz)\/_
Q= ( > X
|

Proposed by Ekpo Samuel-Nigeria
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Solution 1 by Kamel Benaicha-Algiers-Algerie

I—flx(lézi)\/_dx Lett = x?, then: I——fl(1 t)t4 —flt(l t)4dt

(2- t) (1+t)%

1
t 2z 2dz Zz(l—Z)
Z=—>St=——>5d :

t=——— 1= | ——--d
2—t 1+z 1+ 2)? (1+2)3 z
0

Integration by parts gives:
1 -3 1 +o 3 1

1fZT—SZZd 1J t 4-— 5t_1d ( 1)
= — —— _ — _— - —
8) (1+2)2 z 8 (1+1¢t)2 Z\z t
0 1
+ 00 1 5 1 3 1

1+1f 3644508 1+1j3x_1+5x1d ( 1)

= —— — _— = —— - — - —

478 1+t FT 7478 X\*~ 1
0 0

1 13 1 1 5
3x4+5x4 (1-x) 1 1 (3x7%—3x%+5x4—5x4
,f —x2 B Z+§f 1 — x2
0
17 3 1
1f3x 8+ 2x 8 —5x8
1-—x
0

X

-6 6) s () -i-5(*6) -6

By using Gauss theorem:

v(l)-w()-van(22) 5 22

2
wgyw@yﬂﬁmﬁ-g__ﬁ+ﬁ ﬁ*g
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V2 2-V2 2+42) 3 3 m In(¥2-1)
=12 -1)- <\/2+\/_\[ \/E)+8 8 16vZ 82

. 1x(1—x2)\/§ _3 = In(v2-1)
So: |, o dx = -zt =53

Solution 2 by Kartick Chandra Betal-India

jm_—md 1 1(1—x)x%d _1jx(1—_x)%dx=1fx<1_x)%dx

" x = ————dx = T
0 11
1f 1 —de }_ x4(1—x)d
2 1+x (1+x)2 1+x3

1
1

_SIOID e [ () an

2
n=1 0
nn+1 1
=Z¥( i
n=1 n+z n+1+1

1

(e D

- %;(—1)'1—1 n(n+1)-

i 1
_ BZ(_D 1n? +n) - (4n+ 1%+ 4(4n+1)

n=1
= 82(—1)"‘1(n2 +)- 1
16n2 +24n+5
n=1
_15:( 1 [16n° +24n+5-8n—5) 1 1 15 (i1, BntS
2 . 16n2 +24n+5 —2'2 2 16n% +24n+5
n= n=1
1 15: Lyt 8n + 5 1 15:( - 8n + 5
4 2 . 16n2+20n+4n+5 4 2 ] (4n+50M4n+1)
n= n=
1 12( e 7y N ) _1_|_52:(—1)"‘1 32:(—1)"‘1
4 2 4n+5 4n+1| 4 8 4n+1 8 4n+1
n=1 n=2 n=1
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_ +1°°(—1)n-1 3 1 3+1°°(—1)"-1 1
4 4 4-n+1 8x5 4 40 4 14n+1 20
n:

1 o)

1 1 1w 1 1

—_— (_ )n lf 4ndx_§+zfx42(_x4)n—1dx
0

18 4

1
_1+1 X 1j dx
- 4

0

14 x*
1 1
3 1( 3111+x_2 (1 p)
“575) 7, 1% 57s) R
0x2+ﬁ 0 x2 +
1 a 1 1
o 7 (*~ %) A d(x+3)
8 8 8
0 (x—1) +(V2)" o (x+y) - (V2
1AMt [1 x —ﬁx“r
8 8 2 2v2|  |x%2 +V2x + 1],
3 = 1 |2—\/_ 3 /s 1 n(Z-1)

=—=- + In
8 16v2Z 16vZ |2+v2| 8 16\/_ 8\/_

821. Find without softs:

1 x
szfyyﬂx yyey Y
00

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

X

0
xé t (x_ t)x_t B
€= f yy+(x y)* y B f((x—t)x‘tﬂt)dt_

0
(G0t N Gy
(&) ()
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X X
Y+ x—y) f X
f((x—y)"‘y +yY dy dy= 2
0
X

1 1
of fyy+(x y)”dy “ J dx__

822.Forn > 1, we have:

dx =
21+ sin(x) + /sin2(x) + 1 2n+1

T
f xZn n.2n+1

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Florentin Visescu-Romania

1

xZn
I= f dx; y=—
A 1 + sinx + Vsin? xmr

™

. f y2n Cdy) - f y2n

dy
1-siny+./sin2y+1 1—siny+.sin?2y+1

x2n
= f dx
1—sinx +Vsin2x+1

4 x2n xZn
21 = f - - + - - dx
1+sinx+Vsin2x+1 1-sinx++VsinZ2x+1
-1

T T
f 2"(2+2\/sm2x+ 1) dx = f x#-2(1 +VsinZx + 1)
(1+w/sm2x+ ) —sin2 x _n1+sin2x+1+2\/sin2x+1—sin2x

T

T
) x2n+1
= | x“"dx =
2nm |

dx

-1

2n+1 2n+1 2n+1

_11.' +11.' _I_Tl'
“2n+1 2n+1’7  2n+1

Solution 2 by Tobi Joshua-Nigeria

T

x2n
I= f dx;n>1
_n1+sinx+\/sin2x+1
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j x*(1 + sinx — VsinZ x + 1)
(1 + sinx + VsinZx + 1)(1 + sinx — VsinZ x + )

I_f 2"(1+smx—\/sm2x+ )

2sinx
-1
T T T
xn xn oy V1 +sin?x
I= - dx+ | —dx— | x*"—dx
2sinx 2 2sinx
kb [ bl [ -1

I=0(oddfim) + " 2 dx~0 (oddfxn)

2n T 2n+1
I= f;xzn dx (even function); I = = ]0 =z

2n+1lg ~ 2n+1

823. Prove that:

11
. 2
[ (1 +2) log(x) - ;1 108D (1 4 1og(xy))ay dx = 3 - - 65(3)
00

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

11
_ .]‘ .]‘ (1+x) ln(x) - (1 + y)In(y) (1 + InCry))dy dx
00

(1+2In(x) + In(t))dt dx

1

f f (142 In(x) — (14 x6)(n(x) + In(®))
1-t¢

00

1
f xIn(x) (1 4+ 2In(x) + In(t))dt dx —
0

(1+ xt)In(t)
1-0v

1 11
= fxln(x) <1 *2 ln(x) —In(x) - 1) dx — f f 1+ x0)In(® (1 + 2In(x) In(t))dx dt +
0 00

(14 2In(x) +In(t))dt dx

|
Q\H
S —xIr °\H

(1-10)
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(1+ 2In(x) + In(t))dxdt

1
f (1+ xt)In(t)
. 1-1)

°‘*s'

I = fxln(x) <1 +2In(x) —In(x) — 1>dx—

X
0

(1+ 2In(x) + In(t))dxdt +

1 1
_ff(1+xt)ln(t)
1-10
00

(14 xt)In(t)

a-o (1+ 2In(x) + In(t))dxdt

QRHIH

+
bf
I=1,+1, (1)

< D={(x,t)/0<x<1,0<t<;}= >

1
={(t,x)/0<t<1,0<x<1}U{(t,x)/1<t<+00,0<x<?}

1

I, = f In?(x) dx — 1—(1 [x + 2xIn(x) — 2x + xIn(t)]3dt —

0

_ftln(t) 1x ln(t)] dt

1
2 __
[2 + x%In(x) x +2

0
i 1l() 112() 1112()
n(t n2(t t In2(t
_ 2 _ -
—fln (t)dt+f1_tdt fl_tdt zf T dt
0 0 0

2
=2 m¥ (e de+ [0 -2 0“‘; Bat=3-=-3((3) (2)

1
o T (1 + xt) In(D)

a-0 (1+21In(x) +In(t)) dx dt

(=}

(1 + 21In(x) + In(t))dxdt —

Tl
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o 7
tIn(t
_ j e f (2xInCo) + x(1 + In(©))dx dt
0

1
0 0
1
t

_ f ““(t) x ln(x)—%x +;x2(1+ln(t)) dt
J 0

T m® m2 17 (o)
- _f <_t(1—t) _t(1—t)dt+§j t(1—t)dt>

0 0

+00 +00 1 1
In(t) 3 In%(t) 1 In(t) 3 (In%(t)
=f t(1—t)dt+if ™ (t_)?) =f1_—tdt_§f 1

0 0 0 0

1
t

(x + 2(xIn(x) —x) + xIn(t))| dt —

=-T-33) (3)

(1), (2) and (3) > 1 =3 = — 6{(3)

11
— 2
f f (1+x) ln(x) (1 +y)In(y) (1 +In(xy))dydx =3 — % ~64(3)
00

824. Evaluate the integral X

yée“*y(e_ (x+§) _e—(xz+§

)
fx=[" [ >dx dy

X
Proposed by Abdul Hafeez Ayinde-Nigeria
Solution by Pedro Nagasava-Brazil

1. Separating variables:

[ee]
1 e X — e Xz
= 4 +
X
0

2. For the x variable, let’s apply Frullani mtegral:
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N, =jﬂdx= (eo—lime )log(l) log(z)
0

X n—oo

3. For the y variable, let y = t:
_ > j tze 4t2+
0
Now, let’s apply Differentiation Under the Integral Sign:

N,(a,b) = fo (a ‘ +t2)dt - aN,(a,b) = e Z“bf ae ~(at- ) dt (1)

Lett > %:
ab o _(b_ z o 2
N,(a,b) = - fo tlze (z-at) dt —» aN,(a,b) = e~2ab o :;e (at- ) dt (2)
With (1)+(2):

b2 e~2ab /xr

b
2aN,(a,b) = e~2ab (a + t_2> e_(at_?) dt = e 2%/t > N,(a,b) = a

< ~2ab  ,—2ab
N, (a,b) _ Zaftze_at2+_ it ‘\f[ 2be?® e Zal

da B a?

0
oo} bZ
5 _<a2t2+t_2> \/_ 2be—2ab e—Zab
2| t°e P
0

Hence: NZ =2 fooo t2 (4t += )dt \/_[69_12 e—lZ] _ 13V

4 8 | 16el2
Finally:
9 9
o y%e_4‘y e_(x+y) —_ e_(xz-l-y)
13Vm
N = ff o dxdy = Tee —;1og(2)
00

825.If a,b > 0, then 3c € [0, ﬂ such that:

40



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

T
)

dx 1 _, btanc 4 b
j = (ntan + 4tan —)
0

(x + 1)(a®cos?x + b?sin?x) ab(m+ 4) a a

Proposed by Florica Anastase-Romania
Solution 1 by George Florin Serban-Romania

From Osiann-Bonet formula we have:

f continuous and decreasing on [a, b], g monotone on [a, b],then 3c € [a, b] with:
b c b
[ rg@ax=f@ [ gax+ ) [ gwax
a a c

dt -

Lettanx =t — x =tan"'t,dx =
t-+1

1

T
1
f dx dt
(x + 1)(a?cos?x + bzsmzx) (1 + tan—1t)(a? + b?t?)
0

1 , .
Let f:[0,1] -> R, g(t) = 1T tan-it derivable with

-1

f@= (1+tan- 12 1+ ¢2

< 0 - f decreasing on [0,1],and

g:10,1] > R,g(t) = continue — 3c, € [0,1] then:

1
a? + b2t?

1
1=£© [ g®ac+ 5 [ gwar
0 c

f(t)dt—f dt _1f dt_ 1, -1<tb)+c
! ) a? + b?2t2 b2 aZ ab ™ (4

e+ ()
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c1 1

1
I=1-fg(t)dt+n—-fg(t)dt=
5 z+1

1 _, btanc 1 1 b _, btanc
= —tan + — (tan ——tan )
ab a T,.q ab a a
4
B 1 ( tan-1 btanc+ Atan-1 b)
~ab(m+4)\"A" an g
Solution 2 by proposer

Theorem (Bonnet-Weierstrass):
If f:[a, b] > R decreasing function of C'class and g: [a, b] - R continuous function,

then 3c € [a, b] such that:

b c b
[ rg@ax=f@ [ gax+ ) [ gwax

Demonstration:
Let h:[a,b] — R, h(x) = f(x) — f(b)decreasing and h(x) > 0,Vx € [a,b].

From theorem 2 of means 3c € [a, b] such that:

b c
[ se0on@ax = h@ [ gwax
b ) ’ .
f 9@ (f(x) - f(b))dx = (f(a) — f (b)) f g(x)dx

b b c c b
[ r@aax =5 [ gwax+ ¢ ®) - f@) [ gax =@ [ goax+1®) [ gwax

1 1

qged.Letf,g: [O, E] - R,g(x) = f(x) =—

a2cos?x+b2sin?x’

x+1’
'(x) = ————= < 0 thenf is decreasin
G()_f dx _f 1 dx _1f dt _1t _1btanx+C
Y= ) @cos?x + b?sin?x ) a? + b’tan’x cos?x b2 (2)2+t2 “ab " T a
b

T
Then3ic € [O, Z] for which:
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z
j (x + 1)(a2coszx + b2sin*x) = F@)(6(0) - 6(0)) +f( )(G(b) G(0)
0

1 1 btanc 1 1 " b " btanc
= —tan~ + (tan ——tan™ )
ab a ab a a
B 1 ( tan-1 anc + 4tan-1 b)
“ab(m+ 4\ an .

826. Find:

x*log(sin(2x)) dx

%m:

0

Proposed by Mokhtar Khassani-Mostaganem-Algerie
Solution by Avishek Mitra-West Bengal-India

T
4

L]
Il
—— a3

x*log(sin2x) dx = f xt
0 0

- cos(4nx)
—log2 — Z ——|dx
n
n

T

I 1 4

xtdx — Z ;f x* cos(4nx) dx
0

n=1

= —log

S ——ai3

sm(4nx) f sm(4nx)
0

T
4

I, = fx" cos(4nx) dx = I 4.
0

Y

=|P-‘

4
f x3 sin(4nx) dx
0

T

[ T
3 1|{—x3 cos(4nx)} +3fx2 cos(4nx)dx
0

S —
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i ]
1] 3 cos(nx) 3 |
162 an 4—f 2 cos(4nx) dxl
0 |
[ : i ]
o (-1D" 3 | sm(4nx sm(4nx) |
= — x2. ij ——dx
256n2 n2| |
0 |
[ i ]
ECUEN Y S
T 256-n2 4n?| 2n) *SMVMIAX|
0 |
[ nq 1
_1t3(—1)"+ 3 | cos(4nx) 4+jcos(4nx)d |
~256-n2 83|l * T an an
o |
m (- 3 T (1" 1 _ x
=256 nZ 83 [_Z' an +26n2'{5'"(4"x)}(>l
m (-1 3¢ (—1)1
256 n? 128 nt
x5 4 ( ™1 3x¢ o (—1)n-1
I=-log2-
256 n3 128 ns
-1 n=1
[ 3
=-log2 o5 +5--n0 )—mﬂ@)
5 3
__ 1-3 _ o 1-5
=—log2 59022 T 256 1 2 ¥~ 135 g (1-2175)4(5)
[ 3 3T 15
=—logZ 150 256 Z(( )_128 16°®
[ 37
=182 +356 1024((3)_2048((5)

827. Evaluate the following integral:
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1
I— In?2(1 — x®) In?(x) dx
B f (1—x2) x

Proposed by Ahmed Hegazi-Cairo-Egypt
Solution by Avishek Mitra-West Bengal-India

1
Q- jan(l —x)In’x dx

B (1-x2) X

[ 2dx dz

x“=z=>2xdx=dz=>—=—
X Z

1
In?(1 — z) - In? z dz In?(1—-2)1In%z In?(1—-2)1In?z
=§f (1-2) lj (1-2) dz+J z dz]

1 (In’(1—-2) In%z
=—f dz =P

4 z
0

4[2¢(5) — {(2)¢(3)] = 28(5) — ¢(2)¢(3) (Answer)

-M»-x

828. Prove that:

1

1 .
jln ((1 — M) S@)x 1) dx =0
0

Proposed by Mohammed Bouras-Morocco

Solution by Kamel Benaicha-Algiers-Algerie

_ j In ((1 - xn)%-m)"'l) dx = j de —¢(2) Of x*1n(1 — x7) dx

Put:t =1 —x" = dt = —nx" ldx = x™ 1dx——%

1
%J‘x"”‘ldx—ﬂl n(t) dt ———Z——Q(“ (t)

+00

pr=1
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1
__@ + @ _ 0. f In ((1 - x")%‘((z)xn_l) dx =0
n n

0
n

829. Let: ¢ (x) = Xty oy

Prove that:

ftan—1 <g\/(¢(1 + ax) — ¢p(1 — ax))) dx=a,a>0

0

Proposed by Mohammed Bouras-Morocco
Solution by Mokhtar Khassani-Mostaganem-Algerie
0 o 1
d(m d 1, 2x-1
¢=Z—n ——xZZ—(xn)= x? ( X 1——)= ad x> 1

zx"‘l_ 4 dx T dx\x—1 x)  (x—1)2
n= n=

Now: M = foa arctan (;—l\/d)(l +ax) — (1 - ax)) dx =

IBP

arctan <I> dx = {x arctan <\/g>}o + \/Z_Eof %

. oom a ad ; dx m { < x>} B
=a-—+—| | —=—| ——— | =—a+{Jax —aarctan| [— =a
4 2 <bf x J.\/x(a+x)> 4 \a

0

o—_ o
=2 Q

=

830. Find:

1
log?(1 — x) - log?(x)
= f o dx

0
Proposed by Abdul Mukhtar-Nigeria

Solution 1 by Avishek Mitra-West Bengal-India

1
logZ(1 — x) -log? x
“:f g°( x) g x

0
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log(l x) [ ( log? x
(1-x) U l

log? x

1
= llog2 1-x)- f dx
0

1
1 12 log(1—x)log3x
= [=log?(1— %) -1 3] —j
[3 0g“(1—x) -log x0+ a—»n

3
0
2 [ Li;(x)log? 2 2
i1(x)log>x z J 3
—=|—————dx=—- ) H n]
3[ ) dx 3 a | x"log® xdx
0

n=1 0
zi (-13@3) 2 6§: H,
3 H, (n + 1)3+1 1)3+1 3 4 (n+1)*
n=1 n=

Hiq) — m+1) + 1)
=4 Z (n+ 1)* N

H(n+1)
(n +1)4 Z (n+ 1)

=4 [Zfﬂ% n=1 5] 4[3¢(5) — ¢(2)¢(3) — (5)] = 8Y(5) — 44(2)(3) (Answer)
Solution 2 by Ovwie Edafe-Nigeria

dx

1
B j‘ log?(1 —x) -log? x
B X

0

log3 x
3

1 1
2 (log(1—x
+§J.M-log3xdx

Bl 2
Q—llog 1-x)- 1 —x

0 0

) 1

1(1

32 f "log3xdx-f ”log“x—% !

n=1 0
n—1 C 1

Q= 42( D ; = 42 ; Q= 42 4;$

= 4[3¢(5) — §(2)¢(3)] — 44(5); @ = 124(5) — 44(2)¢(3) — 4¢(5)

Q=8(5) - 4((2)((3)

| N

Zn—"= (1+ )z(p+1)——2<(k+1) S —k)
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831. Prove that:
1
xlog?(1+ x?)log(1 — x?) /1 (2) log*2
f T2 dx = Li, (E) +¢(3)log(2) — ¢(4) — Tlog2 2+ c

0
Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution by Dawid Bialek-Poland

jzlogz(t) log(2 —t) 4
- =

2

1
xlog?(1+x*)log(1 —x?)  t=1+22 1
I= j dx = =
1+ x2
1

0

=log(@) [ 5 ar fzwdt (1)

I

Iy

2 2 1.B.P
I =3log(2) [[*£C0dt = Zlog*(2) (2)

2

1 _ IB.P

Wflogz(t) t" ldt =
1

N[ R
NG

I, ==
272 t

[y

=

2 t

1 rlog?(t)log(1—+
f ( 2) dt =
1

2

log(t) t"1 dt‘

3
H\N

. 15: 1 llogz(z)zn
2 n2an n
n=1
1 (o] [oe]
-3l ) Z
n=1 n=1

1
= —33(2)1og?(@) + Z

2

LB.P
J. log(t) t" 1dt =
1

n

2
[log(z) 2" lf t"‘ldt] _
1

— ——((z)logZ(Z) +log(2) Z 3 Z n32n|n %] N

[oe)

1 1 !
- —56(2)log2(2) +10g(2) {(3) — ZFJ’;W:

n=1

= —22(2)10g?(2) +10g(2)¢(3) — {(4) + Xz 1(,3, = —22(2)10g?(2) +10g(2){(3) — {(MLik(3)  (3)

Rewriting (1) with (2) and (3), we get:
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0g(2) j log?(®) . . f [ log*(0) l‘lg (1-3)

dt=11+12=
1

1 . (1
= £log*(2) — 5 {(2)10g(2) + 10g(2) {(3) — {(4) + Lis 5
Note: {(s) = Yoy =, Lig(x) = T, =

832. A(x) = limn—>oo 2_111 n: (2\/— + 2k )

Prove that:
1

RN
240\ " 3x) " T 12
0

Proposed by Mohammed Bouras-Morocco

Solution by Samir HajAli-Damascus-Syria

n n In(x) _In(x)
1 1 e 2k +e 2k
A(x) = lim — 1_[ 2\/_+— = lim 1_[
n—oo 2M \/_ n-oo 2

k=1 X k=1

= <h In(x) _sinh(ln(x))_ x? -1
L cos (2" >_ In(x) = 2x.In(x)
1
!

SLAPR | LT AN

0

= lim

n—->oo

d—l-i-ll
x—13.2

f xIn (x) f ln(_x)1

0

I _j‘ ln(x)

0

1 o 1 oo %)
xln(x) 1 1 1 2
I = f Z fxznﬂ'ln(x) dx = Z 2n+2)?2 ZZ n+1)2 24
0 n=0 n=0

n=0

o5 femmooas- 3t %

N
N
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833. For any complex numbers a, b with Re(a), Re(b) > 0

If

sin(mx
sin(mx)
X

fm(ab) = f (7 —e7™)
0
then show that

a’(1+ b2)>

1
1
Ojfm(a,b)dm +— jfm(a b) dm =—log<m

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Nassim Nicholas Taleb-USA

_bu sm[mx]
f= e m—e m dx
x
0
au bu
o (e_ﬁ—e_7> sin[u]
We substitute u = mx, so f = || - du
ﬂ__i oo sign [m] 1 a .
We have o mfo e sm[u] du = L uIsin(u)] (m), where L, is the

LapIace transform.

_ af m
From tables, L, [sin(u)](t) = 1+t2, SO- =~ — and reversing the order of
. , , 1
integration - deriv: — fo ﬁ da =

1 1 1 1 1
—Elog[a2 + m?| oy + Elog[a2 + m?] | o = —Elog[az] + Elog[l +a?] = —log[ ta ]

Repeating for b and summing gets the required result.

834. Find:

Q- Ja tan 1x dras 4
J\(a-Dx2+alx+1) xa=3
0

Proposed by Radu Diaconu-Romania
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Solution by Zaharia Burghelea-Romania

— — 2
LetXE=t=>x=2Ls x=—1+—“2
1+at 1+at (1+at)
a
0 arctan x d
= = X =
(a—1Dx2+alx+1)
0
i tan (5 2¢) :
_ arctan (1= 1+a i
a—t\2 a (1 + at)?
0 (a_l)(1+at) +a(1+at+1)

a a—t a
1+ az) arctan (1 ¥ at) d t=x [ arctana — arctan x

,[1+a2 [(a—1)t? + a(t + 1)] . (a—1Dx2+alx+1)

0
a

20 j arctan x + arctan a — arctan x d ﬂ arctana dx
= = =
(a—1Dx2+alx+1) * (a DxZ+alx+1)
arctana <Z(a —x)+ a) . arctan a Ja(Ba—4) 4
=———arctan|——|| =———arctan|—— |, a> =
Ja(3a—4) a(3a—4) Ja(Ba—4) a+2 3

835. Prove that:

o

e X e?*+1 wr (4+m)
j e?* +1 log e?* — 1 dx = 2 4 log(2)
0

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Zaharia Burghelea-Romania

< e x e2* 11 e =t tzlog _tz
I—f 2x_*_llg( x_1>dx = bf ) dt—flg(
flog(

) f“’g(%)

1+ t2 dt

dtIBPZf LA Zf—dt zf Vo= ™ log2
gttty At g Mt 0g(2)
0 0 0

2
T3 dx Ef log(sint) dt = —log(2)
0
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(4 T
>I=I1,—-1, = 7~ log(2) — Zlog(Z)

836. Find:
Q = [secx - (secx + tanx)™ - nex+@anx)"qy ne N*
Proposed by Jalil Hajimir-Toronto-Canada

Solution by Avishek Mitra-West Bengal-India

dz
secx + tanx = z = secx(secx + tanx)dx = dz = secxdx = -

. dz n
szz"-nz -—=Jz"‘1-nz -dz

z
1 1 du
Z"=u=>nz"-'dz=du=z" dz=7
n* u1 nz" n(secx+tanx)"
Q=f—du=fn“‘1du= +C= +C(=———+C
n logn nlogn nlogn

837.

1
j e*+e 3% e 7% dx
Proposed by Igor Soposki-Skopje-Macedonia

Solution by Tobi Joshua-Nigeria

dx xdx N
ex+e_3x+e_7xl 1+e4x+esx Setx@e

j‘ e’*dx . y f xbdx
——— setx—e*; | ——————
1+et* + e 1+x*+x8

j‘ “2dx _ f d(x™) -
1+x*+x8’ 1+@)t+@ns Y7

_f d(y)

1+ ()*+ (y)8
f d(y) 1f dy 11 (*-1Ddy
y2—y+1 4 y2+y+1 2) (*—y%2+1)
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o-pe(E) oy (9
Zy—1y, 1 2y+1y 1 d(y+;1z)
=

2
2y —1 1 2y +1 1 y2—+v3+1

— —tan‘1< >+ tan‘l( )— lo < +C
[ 2 V3 /) a3 B\ e iV

[ogen () s o) e i)+
23 3/ 2 B a3 B\ 3 41

l 1 _1<2—e"> 1 _1(2+e")+ 1 < V3e +1>+Cl
——=uan - an o
2v3 3/ 23 ev3) a3 o\ 1 3er 11

1)y |
11 d(y) +1f dy 11(( ) i

"yy)J

|
I
I
|

838. Find:

oo

fifa) = J (armaras) &aer

Proposed by Vasile Mircea Popa-Romania

Solution by Kamel Benaicha-Algeirs-Algerie

[ee)

Hes of ((1 n x4)(3; + a2x2) f (1 + xz)(l + “2x2))

1 oo oo
_ 2
2(1+a4)<f1+x2+a f(1+a2x 1+x2>dx>
0

B 1 n+ 2y 1+ a’x |oo B 210g|a|+ T 20
S 2(1+ah)\2 @08 Vit+x2/10)  1+at 4(1+a4),a

2logIaI T

[ee)

xdx 1 dx /1 2 ~a*x0
— — = — . _J1+a 4(1+a)
U0 f1+x4 Zf1+x2 3 @)= { -
0 0 Z
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839. Let f be positive and continuous when a < x < b. Prove:

2

b b
3 ff(x)dx < 1+2j(f(x))3 dx

Proposed by Jalil Hajimir-Canada
Solution by Soumitra Mandal-Chandar Nagore-india
f is a positive continuous function on [a, b]

. f(x) = 0 for all x € [a, b] hence f: f(x)dx =0

Cauchy
chwarz

b 3 s b 3 b
Now [ f’(x)dx = (fa f(x) dx) Lett = [ f(x)dx
We have to prove, 2t3 —3t* + 1 >0 < 2t*(t—-1) - (t*—-1) >0
st-1D2t*-t-1)=>0s (t—1)22t+1)=0

Hence 2 (f:f(x) dx)3 +1>3 (f:f(x) dx)2

b b 3 b
<:>2.l-f3(x)dx+122<ff(x)dx> +123<ff(x)dx>

b b z
-'-2ff3(x)dx+123<ff(x)dx>

a

2

840.f0 <a<h <§then:

813
) dxdy > T(b —a)?

b b

f f (tanx + tany — tan(x +y)
xy(m—x—y)

a a

Proposed by Jalil Hajimir-Canada

Solution by Daniel Sitaru-Romania
Denotez=m—x—-y—-ox+y=m—12z
tanx + tany — tan(x + y) _ tanx + tany — tan(mw — z) -
xy(m—x—7y) B xyz
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AMZEM tanx + tany + tanz’*V>EN 3tan (x—+ :); + Z) _ 3tan (g) ~ 813
(x+y+z> = (E)3 T omd T m
3 3 27

b b b
tanx + tany — tan(x + y) 81V3
dxdy > dxdy =
xy(m—x—y) 3
a a a
2

b
=81\/§ de 81\/_

1t3

ﬂ\v

a

Equality holds for a = b.
841.1f 0 < a < b < then:

b b
sinx - siny - sin(x + y) 81V/3(b — a)?
ff dxdy <
xy(m—x—1y) 8m3
a a

Proposed by Daniel Sitaru — Romania

Solution 1 by Jalil Hajimir-Canada

3V3
sinA sinB sinC _sinAsinBsinC —g—
. . < <
A B C (A+B+C)P° — m
27 27
.. sinx siny sinz 81\/—
Ty sifx+y+z=m
b b b b
sinx siny sin(x+ 81V3
ff y sin( y)ddd< ffdxdyz
T—Xx—Yy
1 b a a

sin(x +y) =sin(m—x —y)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Forx,y>0and0<a<b< g, we have as following:

1.sincex+y+nm—(x+y)=m

. . . 3V3 , sinx siny sin(n:— (x+y))
< — —_ =
Hencesin x + siny + sm(n(x + y)) =5 and since . " ety

Hence sinx n siny sin(n—(x+y)) < 3(3\/5)
x y T—(x+y)

s x=y=m—(x+y) =

2w
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Hence 33\[sinx _siny sin(r-(x+y)) _ 3(3V3)
X y n—(x+y) 2n
Hence sin x sin y sin(x+y) < 81\/3§
xy(m—x-y) 8
bsinx siny sin(x+y) b81\/_
Hence f I, ey WX DY S f I, dx dy

813 |b 81\/_

8m3

a)(b — a). Therefore, it is true.

Solution 3 by Ali Jaffal-Lebanon

sinx
Let f(x) = { x if x € ]0 ]wehavef(x) > 0,Vx € [0 ]
1 ifx=
. —x?sinx —2xcosx + 2sinx
f(x) = P
Let (x) = —x?>sinx — 2xcosx + 2sinx; Vx € [0125] ; @' (x) = —x%cosx
a2
thenlim,_,  f"(x) = lim,_, xsgsx = —% < 0 and
x T
0 —
2
pPx) | ——m— = —— =

@ (x) ?
0 \— 5 2

So,p(x) < 0;Vx € [0, g] then f"(x) < 0,Vx € [O, ;—t] so, f is concave on [0, g]

Letx,y,z € [Og] where x +y + z = m we have f (x+:+z) > f(x)”;y)”(z)

. . . 3sin(Z
so, S':x + S';y + S':Z < 5(3) < % by GM-AM inequality we have:
3

3
(sinx siny sin z> 1 (sinx siny sin z>3 1 9V3 81v3
: : <= + + < =X <

x y z 27\ x y z 27 2m 83

b sinx _siny sin(m—x-y) b81\/_ (b—a)?81V3
So, [} [7 o Sy SO gy gy < [ ! y < rarens
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842.1f 0 < a < b then:

f f f(i/(ﬂ +¥3) (3 + 23) (23 + x3)

(x% + y») (y? + z%)(z* + x?)

3

1, b
dx |dy |dz <= (log)

a a a
Proposed by Daniel Sitaru — Romania

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece

VTI(x3 + y3) Holder xyz + xyz **+Y°22xy  2xyz 1
MxZ+y) = TGaZ+yD =  8(yz? dxyz
x4y x“+y Xy Xy

w0, 2 2 10 ey < 22 5

H( 24 2) 4xyz

‘ (dxd 1 1 (ln(g))3
=ff x Y.(an)l&:Z(lnx)g-(lny)g-(lnz)gzz(]nb_]na)szTa

Solution 2 by Sanong Hauyrerai-Nakon Pathom-Thailand
For a,b > 0, we have 4*(a® + b3)?(ab)? = 16(a’b3 + a®b° + 2a®b®)
and (a? + b?)® = a'®> + b'? + 6a'°b? + 6a?*b'° + 10a®b* + 15a*b® + 20a®b®
and since b(a®b? + a'°b?) > 12a°b3
6(a*b® + a?b'?) > 12a3b®; a®b* + a®b* + a®b* + a'? > 4a°b3
a*b® + a*b® + a*b® + 10'? > 4a3b?; 6(a®b* + a*b®) > 12a°b°

(a3+b3)? <1 (@+b%) _ 1

H 4_2 3 b3 2 b 3 < 2 b2 6 =
ence (@ BINAb)T < (@ + B8 (s = b~ () = )

3 (a3+b3)
7 @) = 3r
'i'/(yc3 + y3)(y3 + z3) (23 + x3) - 1 1 1
(x2+y)(y2+22) (22 +b?) ~ Yax4ax4 ((xyz)z)% " 4xyz

Hence for0 <a <b
b /b bi/(3+ 3)(3_|_ 3)(3+ 3)
x> +y)y’+2z2°)z°+Xx
f<f< (% + ¥)2(¥% + 22) (22 + x2) dx>d3'>dzs
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b /b /b . L b
< ==
_j<f <f4_xyzdx>dy>dz 4lnxlnylnza

a a a
1 1/, b\3 .\
=2 (Inb—Ina)(Inb —Ina)(Inb —Ina) = " (ln ;) . Therefore, it is true.

Solution 3 by Jalil Hajimir-Canada

LetA =

J(x3+y3)(y3+z3)(z3+x3) . 343483 < A21 B2
D) oR ) ) 2 Nz
1

V2 _ 1
(2 +y) (52 + 2) (@2 + )2 V7

A<

b b b

b b b
n—fffAddd<jjjdxdydz-ﬂ<1(l b)3
B rayaz = 4xyz T T 4 08a

a a a

a a a

843.1f f € C1([0,1]),m < |f'(x)| < M, Vx € [0,1] then:

2
2

, 1 1
rln—zsjfz(x)dx— .[f(x)dx Sl:l—z
0 0

Proposed by Jalil Hajimir-Canada, Dinu Serbdanescu-Romania

Solution by Daniel Sitaru-Romania

LAGRANGE
fO-f» 2 fOx-y,0<x<c<y<1

m? < (f'())? < M?* > m*(x — ¥)? < (f'(€))*(x — y)? < M*(x — y)*
m?(x —y)? < (f(x) — f(¥)? < M?*(x — y)?

11

1 1 1
[ [e-praxdy =g -m? 2 < f f (FG) — F))dxdy < M2
00

11

flfz(x)dxdy Zflflf(x)f(y)dxdy+fffz(y)dxdys M2 -%
00

0

n12

6

°'\H

1

flfz(x)dx fo(x)dxff(y)dy+ff2(y)d SM?Z
0 0

0

m>2
6
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2 1 ? 2
% ffz(x)dx 2<ff(x)dx> SM?
0
m? ‘ : M?
s ffZ(x)dx— Jf(x)dx <%
0

844.1f 0 < a < b then:

b
ax+by
fftan gy )dxdy+(b—a)flogxdx£

a

b b s b

ax
fflog y) dxdy + (b—a).ftan_lxdx
a a

Proposed by Daniel Sitaru — Romania

IA

Solution 1 by Ali Jaffal-Lebanon

Let ¢(x) = arctan x — log x, where x € ]0, + o]
2x +1_x4—2x3+2x2+1

(1+x2)2  x2 x%2(1+x2)2

Letp(x) = x*—2x3+2x*+1,x€R

" (x) =—

P’ (x) = 2x(2x% — 3x + 2) has the same sign as x since 2x* — 3x + 2 > 0 for all

2 _ _ 2 _ 3x _ 3,7
X € R. We have 2x 3x+2—2[x 2+1]—2[(x 4) +16 > 0. So,

X —co 0 + oo

P [ ————————— 0O+++++++++

) | 1

then y(x) > 0 for all x € R then ¢" (x) > 0 and ¢ is convex.

ap(x)+be(y)
a+b

b b
ax+b a
ff(p y dys(—f(arctanx—logx)dx+

By Jensen’s inequality: ¢ (ax+by) < ;>0,y>0

f p(y)dy
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< <a£lb+—ba) + a;b+—ba)> f(arctanx —logx)dx

< (b—a)farctanxdx—(b—a)jlogxdx

Therefore: f f arctan (ax+by ) +(b-a) f log xdx <

b b
ax+by
< (b—a)farctanxdx+jjl dxdy
a a

Solution 2 by Soumitra Mandal-Chandar Nagore-india

Let f(x) =tan"'x —Inx forall x > 0

) = 1 1 ”()_1+x4+2x2—2x3
fx_1+x2 x'f = (x + x3)2

Let g(x) =1+ x* + 2x% — 2x3 forall x > 0.

2
Then g'(x) = 4x {(x - Z) + %} > 0 for all x > 0. Hence g is an increasing function

g(x) = g(0) =1 > 0then f"'(x) > 0 forall x > 0.

. . TP L ax+by
Hence f is a convex function, so by definition: — f x) + —f »=f (—a+ P )

a b ax + by ax + by
- — _ -1 — > -1 i
> (tan"lx —Ilnx) + Py (tan"'y —Iny) > tan ( 2 ) ln( )

+b a+b
_ _ b b
=>tan"'x—Inx > tan™! (afrTby) —1In (ax+ ¥ ) [generalizing y by x]
+b ax+b
:>tan‘1x+ln( y) ( y)+lnx
+b a+b
b b b
ax+
(b — a)flnxdx ff y)dxdys
a a

<(b-a) fa tan'xdx + [ f: In (ax+by) dx dy. Proved.

845.1f 0 < a < b < c¢ < d then:
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b c d

! j e* dx + ! f e* dx + ! j e’ dx > 3°\/ e(a+2b+2c+d)?
b—a c—b d—c
a

Proposed by Daniel Sitaru — Romania
Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece

fx) = exz,x >0,f"(x) = er’ . (4x% + 2) > 0,Vx > 0 = f convex, so:

b
1 d Her;nite a+b (a+b)*
- = 4
b—a f fx)dx an ( 2 ) ¢
a

Hadamard

(a+h)®> AM-GM 3/ (@+h)2  b+02  (c+d)?
Thus LHS > Y e * > 3-4e &+ e &+ -e &

(a+b)? (b+C)2 (c+d)? Andreescu 3| (at+b+b+c+c+d)? 36
=3..\e 4 4 4 > 3.e 4+4+4 =3. e(a+2b+2c+d) — RHS

Solution 2 by Ali Jaffal-Lebanon
Let f(x) = e*’, x € [0, +oo[; f'(x) = 2xe*
f(x) = 2€° + 4x2e* = (2 + 4x%)e*’ then f is convex on [0, +] so,

[f)dx= (n— m)f( )fora110<n<mthen
d
ff(x)+—ff(x)dx+$ff(x)dx2

r(5) 1 (55) 1 (55) 2

J fl— a+b b+c) - f (d+c) by GM-AM inequality

j (a+b)2+(b+c)%+(d+c)?
e 3 >

> 3 3'%/ e(a+h)2+(b+c)?+(d+c)?

but (a+b)* +(b+)?+ (d+c?21((@+b) +(b+c) +(d+0)’

since g(x) = x? is convex on [0, + o[ then

312\/6(a+b)2+(b+c)2+(d+c)2 > 336{/e(a+b+b+c+d+c)2
1 b 2 1 ¢ ,2 1 d ,2 36 2
Therefore: — [ e + — [ e* + — [ e* > 3 +/ e(a+2b+2c+d)
f b—a fa + c—b fb + d—c fc =
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846.If a,b,c > 0,n € N,n = 2 then:

2a 2b 2c

jjj AL A ezt ) dydz > 15ab
y+1 z+1 x +1 | rayar = 1eance

a b c

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

n’x+1 n+2,y+ n+4,z+1
njlx+1 nt2j]y4+1 n+4fz4+1 +1 1
i b4 =n- XY +n+2)- +(n+4) Nx*L
y+1 n n+4

z+1 x+1
o™ (B /"“Fyi\ /"*“Fi\
-~ VA X
>
= Gn+ 6) \ / n+2 n+4

Int6 x+1 y+1 z+1

y+1 z+1 x+1 3n+6 1
=(3 6 =(3 6 >
( n+ ) nn- (Tl + 2)n+2 . (n + 4_)n+4 ( n+ ) nn- (n + 2)n+2 . (n + 4)n+4 -

AM_GM 3n+6 9(n? + 4n + 4) 5

> =
nn+(n+2)-n+2)+(m+4)-(n+4) “3n2+12n+20 2
n+n+2+n+4

o 18n? + 72n+ 72 > 15n% + 60n + 100 & 3n? + 12n > 28 (n > 2)

2a b4
nlx+1 "+2y-|- "+4Z+1 5 ‘ nfx+1 n+2y+ n+4z+
> f dxdydz >
y+1 z+1 x+1 2 y+1 z+1
a c

2a 3b 4c5 5
>f f f dedydz=E(2a—a)(3b—b)(4c—c)= 15abc

a b ¢

847.1f a, b, c = 0 then:

2a 2b 2c

fff e* + e¥ + e? + 3VeXtr+z
a b c

VexXty 4+ \Jeytz 4 /eztx dxdydz = V2abc

Proposed by Jalil Hajimir-Toronto-Canada
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Solution by Daniel Sitaru-Romania

f(x) =¢€*f'(x)=e"f"(x) =e* >0, f— convexe. By Popoviciu’s inequality:

320+ 1(55) 2300 (55)

cyc cyc
1 Z x+y+z 2 x+y
=) e‘+e 3 = —z e?2
3 3
cyc cyc

e* +e¥ +e” + 3Verrtz > 2(Verty + er+z + Vertx)

e* + e + e” + 3Vextriz e* + e + e? + 3Vextr+z
=>2- =
\/ex+y + \/ey+z + \/ez+x \/ex+y + \/ey+z + \/ez+x

2a 2b 2c

dxdydz > j j J V2 dxdydz = \2abc
a b ¢

2a

/

848.f0 <a<h <§then:

VexXty 4 \ertz 4 \[eztx

2b 2
j ] \/e" +eY + e* + 3Vexty+z

b ¢

Equality holds fora = b = c = 0.

b b
by + b —a | [ X ) artalbioe e < o [ XL fxdx
sin x sin x

a a

Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon

We have @(t) = e' is continuous and convex function on R. Since ¢''(t) = e* > 0 for

all x € R then
b b
1 fl (sinx < 1 f smx)d
¢ b—a 08 “"b—a (p .

a

a
e (108 (1)) =2 50, (2 1o (1)) < 1 12

X

b sin x
We have (b — a)?> + (b — a) (f:ﬁdx) emfa log(T)dx <
b

<o -0 | ] (1) [

a

63



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

b b
co-an( [ )2

But (b a)? = ( f:wx)z _ < (Smx)% (smx) )

2

By Cauchy-Schwarz < ( frws )( bsmx )
e 0+ (125 (1) <200 )
)

Therefore (b — a)? + (b — a)(f —dx)eba og(*%* dx<2fbsmxd f

a smx

Solution 2 by Soumava Chakraborty-Kolkata-India

b b b
(b—a)z +(b-a) (j x.dx> o af log smx (J smxdx) <J x.dx>
sin x sin x

The continuous analogue of AM-GM inequality:

(1)
:>j'51nxdx 2 b-a)-er af o (smx)dx

X . n\ . rbxdx @
and.sinx>1(-0<x<5)--fasinx fdx—b a=0
b sin xdx b xdx\ & b x dx ! fblog(Siﬂ)dx
(1) (2) (f )(fa sinx) = (b B a) (fa sinx) Pebmat *

Again, continuous analogue of reverse CBS inequality =

b
sin x x dx sin x ,
<f X dx) ( sin x) (f sinx dx) =(b—a)

(3)+(4)= RHS of (a) = LHS of (a) = (a) is true (Proved)
849. If f: [a. b] — (0, ), continuous, a < b then:

b b .
2 2
ff \/f x) + f2(y) +fOf(y) |dxdy < 2(b — a) f F(x) dx

Proposed by Daniel Sitaru — Romania
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Solution 1 by Yuval Peres-USA

It suffices to verify that Vx,y € [a, b]

(COL0) | TFGFG) < £+ £ )

and then integrate both sides. Squaring, (*) is equivalent to:

£200 + 2 ) \/fz( %) + f2(y)

fFOfy) < 2+ f2(0) + 2f () f ()

T+ fOf () + 2

? 2 2
that is: \[[F20 + 201 ZFF () < L 02/ /0)
This is just the AM-GM inequality \/zw < ”Tw

Solution 2 by Chris Kyriazis-Athens-Greece

fP+2() _ fO)+f) F@+f )
Itholdsthatf xz Y < xz Y vx,y € Rand \Jf(x)f(y S%,Vx,ye]R

So, adding those inequalities, we have:

jfz ™) + f2(3)
2

+VfFOf@) <f(x)+ fy),vx,y eR

Integrating from a to b, we have:

b b
2 2
f f l jf DO+D , Fore

=2(b—a) [, f(x) dx ()
() [ { U@ + ol dxfdy = [ |7 F0 dx + F3) (b - @)| dy =

b b
dxdy < f f[f(x) +f()]dxdy =

- f Fdx (b —a) + f F) dy(b—a) = 2(b— a) f () dx

Solution 3 by Jalil Hajimir-Canada

We know for any two positive real numbers m and n

Gmn)+Q(mmn)<m+n
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b b b b
+ [ [le(re. s ) + 6(rw, 0))ax aylaxay < | [ (560 + 5 ) axay

a a

b b .
2 2

850.If p,gr >0neNn=>20<a<b<mthen:

bbb b
n X+ +rz n
fffjsin(p ay )dxdydzz(b—a)zf\/sinxdx
p+q+r
a

a a a

Proposed by Daniel Sitaru — Romania

Solution by Ali Jaffal-Lebanon
Let f,,(x) = (sin x)%;" =2, frnlx) = icos x (sin x)%‘1

1 1 1/1 1
fi(x) = —— (sin x)n +— (E - 1) cos? x (sin x)n ™2
we have f,(x) < 0 for all x € [0, ] then f, is concave on [0, ]

Let x,y,z € [0, 7], so, by Jensen’s inequality we have:

f (px+qy+r2>>pf(x)+qf(y)+rf(Z)
"\ ptq+r /]~ p+q+r

f_f.ff"(% dx dy dz fffbpf(x);:I_f;?:rf&)dxdydz

dxdydz =

[ [ [ PFa(®) + afa() +7fu(@
fffpfnx ptf,;irrfnz

+r

b b b
fdzfdxffn(y)dy+
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(b —a)’r
ptq+r

p

b
p+q+r( —a)szn(n)dx+

( —a)szn(x) dx +

prq+r ffn()dx—

MI fon(x)dx=(b— a)zf fn(x) dx. So,

pt+q+r

bbb
px+qy+rz Zf
> _
ffff P ratrT )dxdydz_ (b—a)* | fo(x)dx
a a a a

Therefore: f: f: f: "[sin (px+qy +”) >(b—a)? f Vsinx dx

ptq+r
851.If f: R — R, f — continuous, f(x) + f(y) = 3f(x+ y),Vx,y € R then:

111 1
3!!!f(x+y+z)dxdydz£Sbff(x)dx

Proposed by Daniel Sitaru — Romania

Solution by Adrian Popa — Romania

f(x)"'f(y)23f(x+3’)=>f(X+y)Sw:>
f) +f&y)
oty V@ T B [0 ]0) 4 3@

fx)+f (Z) +3f(») .

Similarly: f(x +y + z) <

FO)+f(2)+3f(x)
 fx+y+2) < —

S0, 3f(x+y+2) < 5(f(x)+f(y)+f(Z))

B.f.f'ff(x+y+z)dxdydz fflf(f(x)+f(y)+f(z))dxdydz—
000 00

5 5
:5.3ff(x)dx=§ff(x>dxsSfﬂx)dx
0 0 0

1+xsin

1 xsi n2 xcoszt
852. Q4(t) = |, (T) dt, Q,(t) = [, (—Zt) dt
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Prove that:

Q,(6) +Q (t)>4_Sin2t te[o n]
1 23 = 8 + sin2t’ ’

Proposed by Daniel Sitaru — Romania
Solution by Serban George Florin — Romania

2 2 in2
A Sin t N x €08 t \[ xSin t + COSZt

1+ xcos’t 1 + xsin?t = 2 (1 + xcos? t)(l + xsin? t) =

x x 2/x
- 2j(1+stzt)(1+xsi“2t) 22\[(1+1)(1+1) = W

because: x°5*t <1 = x°,(V)x € [0,1],0 < cos? t < 1 and

sin?t <1= x°, (Mx € [O, 1],0 <sin?t<1
1

xsinzt xcoszt 1
= Q,(t) + Q,(t) = f Lo peortt + T dt > f Vtdt =
0

0

1 PO

—ft%dt—tz 2 _2>4—sin2t

B _1+1 3| 37 8+sin2t

0 2, 21,
sin2t=y>0,te (0% =2te[0,n]=8+y>0and

4 —y > 0becausey € [0,1] >2(8+y) >3 -(4—y),16 + 2y > 12 — 3y

= 4+ 5y > 0, true, becausey > 0
853. Prove without softs:

111 1
Jjj( +1)( _I_l)dxdydz<g
000

Proposed by Jalil Hajimir-Toronto-Canada
Solution by Soumava Chakraborty-Kolkata-India

Proof : LetVx =0 - x=60?= dx=260d0 andlet [y =g -y = ¢> > dy = 2¢d¢
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111

11
J J (* +1)( D drayac f f f (6* +Zf)2(qo2 yp 1odeds

<) 20d0 = sec?wdw > do = 2 24
4" 2+/tanw

——

2do

9t T 1 Let92=tanw(0Sw

Let 2 =

O%H o
S

T 1'[ T
Zt 2 d H (2) 1 Z
anwsec”wdw
Q= f Vtanwdw = Q 2 EJ tanw dw
0 0

2secZw+/tanw

Let] = j vtanw dw and let ] = j veotw dw

(sinw + cosw)

I+]=f(\/tanoo+\/cotoo)doo =2 NI o=

— (sinw + cosw)dw

dt
__ﬁle — (cosw — sinw)? __ﬁJ-\M — t2

(t = cosw — sinw)

~
o
—

1

— V2sin"!(cosw — sinw) + C
(sinm — cosw)

- ) = [(V@Re - Veota)do = V2 V2sinwcose

dw =

(cosw — sinw)dw

dm
__\/Ef\/(sinoo+cosoo)2 -1 __\/EJ.\/m2 -1

(b)
2 — V2 In|sinw + cosw + V2sinwcosw| + K

@+ =>21=2 f Vtano dw =

(t = sinw + cosw)

—V2sin"!(cosw — sinw) — V2 In|sinw + cosw + V2sinwcosw| + C + K

L T[)_

T
4
Zf\/mdw = —+/2sin? (cosz - sinZ
0
ys ys [ 1 1
sinZ+c0sZ+ Zsinzcosz
T

4 (3)
=— Zln(\/_+1)+\/_ =>%f tanw d \i—_<——ln(\/_+1)>
0

+V2sin"(cos0 — sin0) + V2 In|sin0 + cos0 + V2sin0cos0|

—+v2In
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24 ®
S0,(2),(3) = f 994+91 %(— _ m(VZ+ 1)>

1 .
2 (p do ((p +Dde de 1t _11_4—1'[:> ¢2d¢(;)4—n
gam o +1 ) @r+1 et 1 - ATy o +1 4
0 0 0

111 11
) V2\ (7 z Zd(pdz

1
) )JZZ

0

= ﬁ(g — In(v2 + 1)> (4

8
854. Let f be continuouson [0,1]. If af(b) + bf(a) < 2;Vb € [0, 1], prove:

— ﬁ(g — ln(\/f+ 1)) (4 — m)|~.1046 < %(Proved)

1
j f(x) dx < =
0

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Khaled Abd Imouti-Damascus-Syria

2 2,2
VaZ? + b? P2 ) etk _
Suppose: r = Va* + b*. So: ( a2+b2> ( a2+b2) = =1

a . b . 2
: : = = T ST
So: 36 € R: cos 0 a2+b2,sm0 —— €0s 0f(b) + sin0f (a) < ——

For: b = sin8,a = cos 0 € [0, 1]. Then: cos 8f (sin0) + sin 6f(cos 9) < 2

17.'

sin 6 x=0=>0=0
Il—ff(x)dx—ff(sme) cosBdB{dx cosede{x=1=>9=z
o 2

y = cos 0

I, :ff(x)dx: f—f(cose)sinade{dy:sinede
0 n

N[ ]

F:o:e:
y=120=0
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m n n

1 2 2 2
2]f(x)dx=jf(sinO)cosBdB+ff(cose)sin0d0SZde=2[0]g=n
0 0 0 0

1
Jf(x)dxsg
0

855.1f f: R - (0,o),a,b € R,a < b then:

b b b
j f ((f(x) + f(y)) tan™? <w>) dxdy <2(b—a) J(f(x) tan"1(f(x))) dx

Proposed by Daniel Sitaru — Romania

Solution by Florentin Visescu-Romania

t) = arctant; f'(t) = arctan ¢t +
£® £(® —

1 +1+t2—2t2_ 1 N 1—¢t? _1+t2—t2
1+ t2 (1+t2)2  1+4+t2 (1+t2)?2  (1+t2)?2

fII (t) —

x+_y) < [+ W)

=2 >0=>fconvexe=;~f(2 < 5

- (1+t2)2

x+y x+y 1
> arctan > < 2 (xarctan x + yarctan y)

4 < xarctanx + yarctany;Vx,y € R
x- f(x);y-fy)
fx)+fy)
2

x +
(x + y) arctan

b b
dxdy < f j f(x) arctan(x) + f(y) arctan(y) dx dy

a a

b b
f f [f(x) + f(y)] arctan

b b b
f f(f(x) + f(y)) arctanwdx dy <2(b-a) f f(x) arctan(x) dx

856. Prove without softs:

1

3
Jxx(l —x)*dx < 2
0
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Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

x€[0,1]1>x>01-x=>0; x(1—x) <

am < () foeamran< [ an= (-3
0 0 log 3

AM;GM<x+ 1 —x)z 1

1
fx"(l—x)xdx< 1 (1—1) —L<§
—log4 \4 "~ 4log4 4

0

87.fabeRa<b,f:R- (O, g),f — continuous then:
b b
T
4[ csc(2f(x)) dx + .[ cos (Z — f(x)) dx > 5(b — a)
a a
Proposed by Daniel Sitaru — Romania
Solution by Khaled Abd Imouti-Damascus-Syria
b
f(4 csc(2f(x)) + cos <g — f(x)) dx > 5(b — a)

Let be the function: g(x) = 4 csc(2x) + cos G — x) ,X E ]Og[

4 T Ty .
gx) = SN 7 + cos (Z — x),x € ]O'E[; ler)lg[g(x)] = +m,igng1[g(x)] =+
,()_—8c052x+ . (n' ) ') =0 L (n)_s
G = "ginzzxy TG TX) I EEE =0 =
x T T
0 4 2

O+++++++++

g'(x)
gx) | +oo — 5 >+t

So: f:(4 csc(2f(x))) + cos (g — f(x)) dx > f: 5dx =5(b—a)
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858. Prove without softs:

1
ﬂ_f x*sin(mx) do < 1
) et a0 S
0

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

1 0
x*sin(mrx) 1=x=y /(1 — y)1 ¥sin(mw — y)

“=f< ) ) J( Y+ -y )Hy):

0 1

x*+ (1 —x)t->

(1 — x)*sin(mx)

(1—y)'sin(my))
_f< )dy_oj<xx+(1—x)1‘x >dx

y»+@-yt
[ [ + (1 — 2)'%)sin(x) i 2
X — X SIN\1TX . _“. _ 1
29=f< 1 (- 0= )dxzf(sm(nx))dx—n, Q=
0 0
.f x*sin(mrx) d CSS Q. f Ao — 1
x*+ (1 —x)1-=x . x_\/ﬁ
0 0
859. Prove without softs:
3m
3

8
j ((sinx + cosx)ec*1 ¢ (sinx + cosx)csczx_l)dx >3

T
8
Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

3r . 2
—,—] = sin2x > >

o

8 AM—GM
f (sinx + cosx)®ec’*~1 4 (sinx + cosx)c“zx‘l)dx S

n

8
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AM-GM
N

((2\/ sinxcosx) iy (2Vsinxcosx)™ x) >

°°|=|% m|($3

3
AM-GM

8
2 ~”~
>2 j <\/ (2Vsinxcosx) x> dx = 2
T
8

< \[ (2 sinxcosx)mnxwtx> dx =

3m

8
< (\/Zsian)2>dx=2J (Vsin2x)dx > 2 ’Zg(?’?ﬂ_g) _
8

T 3
=2‘{/E-Z>E<=n‘§/2>3@2n4>81

=2

A — oy

860.If 0 < a < b then:

b b b b
_ 2 Qa2 _ 2 _ 2
femxdx jegxdxzfeloxdx .fe“xdx

a a a a

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

<f e~ 137 dx) <f g8’ dx) = (f(e_sz)S -e‘3x2dx> <f(e‘2"2)4 dx> >

a a

CEBYSHEV <j. (e27) dx) (f(e_u ‘3"2dx> _ (f o102 dx) (f e~11%° dx)

Equality holds for a = b.

Solution 2 by Sergio Esteban-Argentina

Let f(x) = e 18 x y € [a, b] since f is positive and nonincreasing, it follows that

b
dy=>0

b
ff(x) f(y)(e—sxz . e—(2x2+3y2) _ e_(2y2+3x2) + e‘5y2)dx

a

we would just have to prove that: e™5" + e=5*" > e~ (2x*+3y%) 4 o=(2y*+3x%)
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The function 9(t) = e* is a convex on R, so according to Karamata'’s inequality it

suffices to prove that without loss of generality x > y > 0 such that (—5y?, —5x?)
majorizes (—2x* — 3y?, —2y? — 3x?)
i) —5y% > —5x% and —(2x? + 3y?) > —(2y% + 3x?%)
ii) —5y% — 5x% > —(2x2 + 3y?) — (2y? + 3x2) true! Expanding ¢, we obtain

b b b b
9= jf(x) e—Sdex,ff(y) dy_jf(X) . e—ZXdeJf(y) .e_gyzdy_

b b b b
[ro)-eay- [ 50 eax+ [ 1) e ay [ s ax

b b b b
= ij(x) e‘5x2dx-jf(x) dx—ZJf(x)-e‘szdef(x)-e‘3"2dx2 0

the proof is now complete.

861. Let f: [a, b] — R, be continuos and increasing. Prove that:

b

bbb

xef(x) _|_ yef(y) _|_ Zef(z) 2 f(x)

dxdydz > (b — a)* | e/'Pdx
xX+y+z

aaa

a

Proposed by Jalil Hajimir-Toronto-Canada
Solution by Daniel Sitaru-Romania
Letx,y,z € [a,b]. WLOG: x <y < z.
f —increasing= f(x) < f(y) < f(2) > e/® < /O) < /@
By Cebyshev’s inequality: xef® + ye/ ) + zef(®) > ;(x +y+2)(ef® + ef) + /@)

xef(x) + yef(y) + Zef(z)
X + y + z

bbb bbb
xef(x) + yef(y) + Zef(z) 1

fff( >dxdydzszj<§(ef(x)+efm+ef(z))> dxdydz =

a aa a a a

1
> —(ef® + f ) + of @
= )

X+y+z
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b

3ffff(x)dxdydz= (b — a)zfef(x)dx

a

w |

862.If f: R — (0, ), f — continuous, a,b € R,a < b then:

ff/lo /(1 +f(x))(1+f()’))\\d dy < (b—a)ffZ(x)dx—<be(x) dx>2

T\ (e 2510

Proposed by Daniel Sitaru — Romania

Solution 1 by Adrian Popa-Romania

1+f(x0)+1+ f(y)>2 ~ <1 fx) + f(y)>2
> =11+ s =

A+f@)1+f) < (

LA+/@)a+i») o A+f@)a+0)
( f(x) + f(y)> ( f(x) + f(y))

(1+f @) (1+fB)
a<b> fa fa In (1+f(x)+f(y))2 dxdy <0 (1)
2
b

b
x -ffz(x)dxz

a

— - [ P@dx=b-a [ F@d- ([P f@dx) 20 @)

b

b 2 b
( | (f(x)-l)dx> <P [ 1ax-

a

From(1)and(2):>f f In % dxdy < (b — a)f f2(x)dx — (fbf(x)dx)2

Solution 2 by Soumitra Mandal-Chandar Nagore-india

Let F(x) = x> — In(1 + x) for all x > 0 then F'(x) = Zx—i,F”(x) =2+

1
(1+x)2

20 -In(1+£(x))+f2 () - ln(1+f(y))
2

><f(x)+f(y)> 1( f()+f(y)>
= 2 2

hence f is convex function -.

2
L@ erfz » _ <f(x) erf(y)> JIn(1+ f(x)z)(l ) (1 @ erf(y)>
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PO 20 1+ @)1+ D)
2 (14 ﬂ@+ﬂw)

:%fffz(x)dx+%fffz(y)dy—(Jf(x)dx><Jf(J’)dJ’>

f f n (1 @) A+fD)
) f(x) + f(y))

’ ’ Tt 1+f))(1+fy)
J — — x
~ (b a)z[fz(x) dx (Jf(x) dx) leln f(x) f( )) dxdy

863. Prove:

T
16

x(1—x) 4
< - dx < —
sinmtx + cosmtx + 2 8

Proposed by Jalil Hajimir-Toronto-Canada

O%H

Solution by Soumitra Mandal-Chandar Nagore-india

:E-I_E:_ Agam, >x(1—x) forallx >0
Let f(x) =sinmtx+ cosmx + 2 forall x > 0
f'(x) = m(cos mx — sinmx), f'(x) = —m?(sinx + cosm x)

forfr(x)=0:>tan1rx:1:>x:%(()§x§1)
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X i G) = —/2m? < 0 hence f has local maximum at x = i

So,sinl—t+cos;—t+2 > f(x) >sin0+cos0+2=3

1 1 1 1 \/ x(1—x) - Jx(1—2x)
S

=>— > >—> |- >
V3 " Vsinmx+cosmx+2 242 2V3 inmx + cos wx + 2 2+2

v

inmtx + cosmx + 2 2 +2

4 1 1 x(1-x 4 T
>->—| — 00 gy > > —. Hence proved
8 = 24370 |sinmx+cos mx+2 8/2+v2 ~ 16

864. f:[0,1] — (0, ), f — continuous. Find: Q@ = min;y K such that:

1 1 1
1 x(1—x) 1
:mofdxzof\/s dx > 0J\/x(l—x)dx

111 1
[ [ (t@+70)) 200 +r@) (1) + r@Y ) dx ay dz < k | ) ax
000 0

Proposed by Daniel Sitaru — Romania

Solution by Tran Hong-Dong Thap-Vietnam
Letf(x) =uw;f(y) =v;f(z) =t=>uv,t>0
We choose u,v,t > 0 such that u + v + t = 1. Using Jensen’s Inequality:
uln(t+v) +vin(u+t) +t-In(u+ v) < In(2[uv + vt + tu))
> U+v)t-(u+ )t (t+ vt < eClwvtttu]) — 2 (yy 4+ pt + tu) <

u+v+t)?
, utv+t)”

2
< 3 —§(u+v+t)

111
= f f f F©+ ) PG + @)@ + @) dxdydz <
000

1 1
2
<2 Of Of [F)+ ) + )] dxdy d

1
!
1 11 1 11 1 o1
:;[{ff(x)dxfdyfdz}+{ff(y)dyfdzfdx}+{ff(z)dzfdxfdl)’}
0 o 0 0 0 0 0 0

0
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=§Uf(x)dx+ff(y)dy+ff(z)dz

g ff(x)dx-ij(x)dx:»K 2=5Q0=2

865.1f 0 < a < b,n € N — {0} then:

b, n

(b — a)"‘lj (1_[ erf(k)) dx > ﬁ f erf(kx) dx
k=15

a k=1
Proposed by Daniel Sitaru — Romania
Solution by Avishek Mitra-West Bengal-India
_ 2 ckx _42 ' _ 2k __p2y2
@erf(kx)—ﬁfo e " dt=erf (kx)—ﬁe * >0 [forall x € R]

s erf'(kx) > 0inx € [a, b] — {0}
& Also, we know for x; < x, = erf(kx,) < erf(kx,) = for any a,, b, in the interval
[a, b] — {0} ifa, < by,erf(ka,) < erf(kb,);[k = 1,n]

& f(x) = erf(kx) is monotonically increasing in [a, b] — {0}

salsol = f erf(kx) dx = —f erf(z)dz = [z erf(z) + —]

1 _bz _az
=% berf(b) —aerf(a) + —— N
& f(x) = erf(kx) is the integrable between [a, b] — {0}
b
Chebyshev
S b= [ 1) @ fudx 2 j f1(0dx- f f2(0)dx.. f Ful) dx

[Let us denote f,(x) = erf(x), f,(x) = erf(2x) ... f,(x) = erf,(x)]
b b b
e (b—a)! f erf(x) erf(2x) ...erf(nx) dx > j erf(x) dxf erf(2x) dx f erf(nx) dx

a

b

a
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o b-ar? f nerf(kx) dx > l_lf erf(kx) dx

k=1g

866. If f:[0,1] — (0, ), f — continuous then:

1 2 4 1
2 f(x)dx | < | f(x)dx + ; f(x)dx
[ i7mer) < [rorees [ 7570

Proposed by Daniel Sitaru — Romania

3

Solution by Tran Hong-Dong Thap-Vietnam
Using Cauchy - Schwarz inequality:

1 2 1 2 1 1 1
<f,/f(x)dx> = (f 1w/f(x)dx> Sflldx-ff(x)dx=ff(x)dx
0 0 0 0 0
2

(f@dx) =<f i/f(x)-i/f(x)-i/f(x)dx>

sofvf—] dx.- f[m f[m dx_<j G dx>3

1 2 9 1 3
=2 fdx | < | f(x)dx+ *f(x) dx
[ 7orer)  [rovas[irra

0

867.1f 0 < a < b then:

b b b
tan~1(e™*") 1 ) 1
f > dxzj—zdx-tan f—zdx
e* e* e*

a a a

Proposed by Daniel Sitaru — Romania
Solution by Sergio Esteban-Argentina
We can notice that: f(x) = tan1(x) - x and g(x) = e’
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as f"(x) = 2

1) > 0 — f is strictly convex. By integral form of Jensen’s inequality
X<+

b b b b
jfogdx2f<fg(x)dx>=fel7dx-tan‘1<f$dx>

868.f0 <a<h <§then:

b

4 sin x
_b3_ 3 3]
3( a’)+m p

dx > 3n*(b — a)

a

Proposed by Daniel Sitaru — Romania
Solution by Florentin Visescu-Romania

f(On) R, f() = si 3x_|_4x3
0,=) >R, f(x) =sinx ——+ —
2 T 1

12x2 24x

() = cosx— >+ f7(x) = —sinx +
f'(x) =cosx i f'(x) = —sinx 3

24 T
" — . flV — Qi .
f"(x)= cosx+—n3,f (x)—smx>0,xe(0,2)

x 0 r3 T ry g
fP) | ++++++++++++++++++
') |[————————= 0 4+ bt+——+FF F ¥
ff) | =—=——=== f”(ﬁ)M
f) |+t == - — ~ /(1) ="
fG) | — florg ——
limgg f"(x)= 121—: -1<0; limx_% f"(x) = 7% > 0. So, f""' has arootr in (0;;)
x<3

limy-o f"(x) = 0; limy-o f'(x) = ;—i —1>0.50f"(r;) <0and f" has arootr, in
x>0

x<0
T
1'1,;
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11mf(x)-1—3>0 llmf(x)

x>0 xﬁi
x<i

So, f'(ry) < 0 and f' has a root r; in (0; ;). It doesn’t matter where is towards r,

llm f(x) =0; llmf(x) =

x>0 xag
x<i

2
So, f(x) >0,vVx € (O 2) Then: sin x > _x_ 4i sinx 3 4x

3’ x n n

b b
]S"’xdx> (b - a)——(b3—a3) —(bs—a3)+nj

a a

869. If f:[0,1] — R has a continuous second derivative and f(0) = f(1)

sin x
. dx > 3m*(b—a)

then:

1
3(F/(1))? < j (F"(x))?dx
0

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Daniel Sitaru-Romania

1 1 ces [ 1 2
(f(f”(x))%ix) (f xzdx> > <f xzf"(x)dx>
0 0 0

1 1 2
<f (f"(x))de>§ ( Fw-o0-r-| 2xf’(x)dx> -
0

0

2
1

:<f’(1)—2<1'f(1)—0'f(0)—ff(x)dx>> =
0

1 2
= (f’(l) —-2f(1) +2fx’f(x)dx> =
0

= (F/(1) - 2f(1) + 2£ (1) — 2(F(1) — F(O)))" = (f' (1))?
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1
(f (f”(x))zdx> > 3(f'(1))?
0

870.1f 0 < a < b then:

b b b b
1 X+ X
Eff _ydxdy+2fjx+y

a a xy a a

b%—a?

b
<l —
5 dxdy < log (a)

Proposed by Daniel Sitaru-Romania

Solution by Avishek Mitra-West Bengal-India

x+y 2/xy  (x+y)?+4xy AM — M (x +¥)? + 4xy
2,/ (x +y) 2/ /xy(x+1y) < 4xy

= Need to show

(x+y)?+4xy x%+y?
PR <

2 2 < A2 2
4xy < "xy > x“+y“+6xy<4x“+4y

x+y 2\/_

X
2fxy Xty Y

:%ff(f/:_;’)dxdy+ ff( +y)d dy < ff(;+¥)dxdy

b b b b

2 2
X Yy X"'b b |Y°|b b
< — = = |— 7z
<:>.Q_ffydxdy+ffxdxdy [Zla[logy]a+[zla[logx]a
a a a a

(b?-a?)

= 3(x —y)2 > 0(x true) & %

1
=2X 7 X (b? — a*)(log b — log a) = log (E)

py (P*-2%)
< N <log (E) (proved)

871.f0<a<h <§then:
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b b
8 3]] sinxsinysin(x + y)
/4
a a

P e—— )dxdy < 81V3(b — a)*

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

Let ¢(t) = 2msint — 3t/3,Vt € (0, )
3V3 3V3
@' (t) = 2mcost — 3V3 = ¢@'(t) = 0 © cost = T t=a=cos™ ! <ﬁ> € (0,m)

> ¢@'(t) <0,vt € (0,a); ¢'(t) >0,Vt € (a, )

= @) < 9(0) =0; ¢(t) < o(m) = -3nV3 <0

Henceforx,yE(O ):ﬂ< 33 nd I < 33

x 2 y 2m

sin(x +y) _ sin[m — (x + )] - 3V3
n—(x+y) wm—(x+y) ~ 2m’

(:.x,ye(O,g):x+y<1t=>1t>1t—(x+y)>0).Hence

bb bh o
sinxsinysin(x +
8n3ff( ysin( y) dxdy <8n3ff<g> dxdy = 81V3 - (b — a)?
a a a a

xy(m—x—y)
Proved. Equality for a=b.
872. Prove without softs:

|
7 < f(cot‘l(sinx))dx <2

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Tran Hong-Dong Thap-Vietnam

Let f(x) = cot™1(sinx), (0 < x < 2)
0<x<2

CoS X Py
S>f(x) =0 —cosx=0 & x:E

f(x)=—-

1 + sinZx

We compute: .. f (g) = cot™! (sing) =cot™1(1) = E;
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T
=~ f(0) = cot™1(sin 0) = cot~1(0) = >

mm i1 i i1
— —):»—<cot (sinx) < =

. — -1/ci ~ .
- f(2) = cot (sm2)~0,83286(4,2 1 5

2 2 2
T ] T
= fzdx<jcot‘1(smx)dx< Jidx
0 0 0
2
n -
=>—< J cot I(sinx)dx <m

2
0

873.If a > 1 then:

a

4log2 j 2xtan"lx — log(1 + x?) a?
(1 + x?)(tan~1x)?2 tan—la

T

Proposed by Daniel Sitaru-Romania

Solution 1 by Sujit Bhowmick-North Bengal-India

Put tan 1x = u; dx = du = x = tan(u)

1+ x2
a tan~la
4log2 '[‘than‘lx —log(1 + x?) 4log2 f 2 tan(u) — log(sec?u)
/4 (1 + x?)(tan~1x)? /4 u?
/4
log(sec?u
t:# =t
u
u - ——5—- 2 sec(u) sec(u) tan(u) — log(sec?(u))
= sec i 5 du = dt
u
2utan(u) — log(sec?(u
R (w) zg( ())duzdt
u
log(1+a2) .
slogz T " 4log2 log(1 + @) 4log2 log(1+a?) 4log2
0 0 B p— 0 og(l+a 0
g+f ar=HogZ  [Ttanla _ g+g(_ ) _4log
T T 4log2 T tan—la T
4log2
T T
_log(1+a?) a?
~ tanla tan-la
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Solution 2 by Ravi Prakash-New Delhi-India

Forx>1

2x 1
2xtan~1x — log(1 + x?%) _ 1+ tan™' — (log(1 + x?)) 1+ x2
(1 + x?)(tan~1x)? (tan—1x)?2

(% (log(1 + x%))(tan~'x) — (log(1 + x?)) % (tan_lx)> log(1 + x?)
= (tan~1x)2 dx <W)

.fotan‘lx —log(1 + xz) f d (log(1+ x?)
(1 + x?)(tan—1x)? dx\ tan-lx

1

_log(1+x?) |a _log(1+a?) log2

tan~1x tan-la T/y
a
4log2 j‘ 2xtan~'x —log(1+x%)  log(1+a?) - a?
13 (1 + x2)(tan"1x)2 *T Ttanla tan—la

aslog(1+x) <x,vx>0
874.1f f:[0,1] — R, f —continuous then:

1

111
[ | [ VErorore - Fe-Fo) - F@rtaxaydz <3 [
00O

0

Proposed by Daniel Sitaru-Romania

Solution by Florentin Visescu-Romania
3abc—a®—b3—c3=(a+b+c)(ab+ bc+ ca— a? — b? — ¢?)
(3abc — a3 — b3 —c3)? = (a+ b + c)?(ab + bc + ca — a? — b? — ¢?)?

We must show: (a + b + ¢)?(ab + bc + ca — a? — b?> — ¢?)? < (a®? + b? + ¢?)3
(a+b+c)*(B(ab+bc+ca)—(a+b+c)?)?<((a+b+c)?—2(ab + bc + ca))?
Leta+b+c=p;ab+bc+ca=q
P*(3q — p*)? < (p* - 2q)%; 8q° < 3p*q* & 8q < 3p?
8(ab + bc +ca) < 3(a+b + c)?
8(ab + bc + ca) < 3(a? + b? + ¢?) + 6(ab + bc + ca)
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2(ab + bc + ca) < 3(a? + b? + ¢?) true from:

2 2
Am—cm (@° + b = 2ab
= {b?* + ¢* > 2bc >
c2+a?>2ca

3(a? + b* + ¢?) = 2(a® + b? + ¢*) = 2(ab + bc + ca). So,

(3abc — a® — b3 — c3)? < (a? + b? + ¢?)3

111
j f f 3\[(3f(x)f(Y)f(Z) ~ 30— f2 () - f*(2)) dxdydz <
000

1

111
<[ | |rr@+ po)+ pepaxayaz <3 [ pea
0 00O

0

875. Evaluate the following sum:

- 1 1 1
Z ((4k T1Z2 T ak+2)?2 @k+3)2 (dk+ 4)2)

Proposed by Prem Kumar-india
Solution 1 by Avishek Mitra-West Bengal-India

i 1 11 (1>—1(2+86) 7 G
(4k+ 1) 16 2 16%12) " 16" 16 ' 2
k=0 k=0 ("+4)
3 ¢ m?
—22)=-(1-272)¢(2 =41 ¢ "33
©Z(4k+2)2 42(2k+1)2 (2) ( )4(2) 26 32
Z 1 1o 1 1 (3) Lo _ge) ™
L _— = = — —_ = — — = —— —
(4k +3)2 16 2 1671\2) " 16 ™ 16 2
k=0 =3 (ke + z)
Z 15:1 1 @ 1 n? 2
o - - = =
(@k+4)? 16 L4 k2 16° 16 6 96
2 G 2 2 G 2 2
SO= Tt T =6t
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Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador

o C 1 1 1 1
‘;[(4“ 02 T ak+27 (4k+3)2_(4k+4)2] -

1 1 1 ]
+1)2 (4k+4-1)2 16(k+ 1)2

- Z [(4k +411— 3)2 T a2k

- 1 1 1
kZO{ 4(k + 1) s AR+ D12 [kt D12 16(k+1)2}=

1 1 1
—1)2 (4k-1)2 16k2]

Z(Zk 1)2 4Zk2
- . - . i
_;%H _Z%_Z(zi)z_%zl

- Z [(4k i 32 22k

Z[(ll-k 3)Z (4k — 1)2] 4

876. Find:

e Gli+ DG+ Dk +1)A+ 1)

Proposed by Daniel Sitaru — Romania
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

o0 o) 1
Let M = 21 2j2q Xic= iz Lijki(i+1) G+1) (k+1) (1+1)

N = ZZ D, GG+ DG +11)(k D
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[oe]

P= ZZlZ(l+1)2(k+ 1)2k2'S ZZl(l+ 1)(11c+ 1)3k3'T=;ﬁ

i=1 k=1

M+6N+3P+85+12P
24

We will prove that: Q =

1 1

(1+l) ](1+]) k(1+k) l(1+l) let’s

In first note that there are 4! of permutations of -

discuss the 04 cases:

Case 01: ifl < k < j < i all 4! combinations are then contained with in M
Case 02: ifl = k and i, j are distinct we need 6 of N because some possibilities are
contained in M
Case 03:ifi = j # | = k we need 3 of P because some possibilities are contained in M
and N
Case 03: if ii + j = k = l we need 8 of S because some possibilities are contained in
M,N and P
Case 03:i = j = k = l this appears exactly once in every sum, which thus us 12
copiesof T
Since: A = 22 1— 1=>M=1

i(1+iQ)

N 1 _wl o 1 oA _ N=2¢(2)-3
";i2(1+i)2_Ziz+Z(i+1)2 24 =2¢(2) 3:>P=(2((2)—3)2

[ee)

Zﬁ Z(llz (1+1)3> 32( (1+)2)+6A:1°‘”3:’

l_

>85=10-n2-T=3)2,

14(1+1)4
: (1+¢)4 L iZ2 (1+1i)3 L 2 (1+1i)2 B
i= 1= i=

97(4) + 28¢(2) — 55
4

=2¢(A) +20¢(2)-35-Q =
Solution 2 by Kartick Chandra Betal-India

o i j k
1
Z - ;; Gkll+iD)A+j)A+k@A+D

i=1 j=
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Jj k
ZZi'k(1+i)(11+ ')(1+k){%‘111}
] J

]
D, k(1 + l)(11+,)(1 ) (1 - ﬁ)

i=1 j=1k=1
H®
-1
Z]Z ij(1 + z)(l +J) (1% -1)
o) i 2 2
DPFIALIE PR
o & l(1+l) j+1 i(1+1) j+1
ST ) s (-
i1+ i) s j  j+1) ja+pr Li(1+i) 1+i
i=1 j=1 i=1
o) 2) i
_ Z 1 1— H]+1 n {1_ 1 } H(Z) Z
Li(1+10) i+1 4 j (G+1 j+1 (14 0)?
o 2)
j+1

1
2)
1-———H; 1
i+1Jr i+1 it

_Z 1 |
CLi(1+10)
i=1
+Zl(1+l)
© (2) © (2)
1__+3 Z Z H;\5 _Z H;\5
l(1+l)2 1i(1+i)2 -1i(1+i)
1=

2 1 1 1 > (H® H?®
=4———[1—{c(2)—1}]—2{—.— N }Hﬁi)l—z i s i i
6 i 1+i (1+0D)32) _ i i+1

i+1 i+1 j+1

i=1 i=1
(2) (2) ® (2)
4___2+__ZZ H1+1 H;\5 n H;\5
6 i+1) L (1+1i)?
1=

(2) H(Z)

j+1 1
=2Z- ZZ[{ l+1}+l(1+1)2
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-1- z{1+z< TR Y

1=

had (2) e H® 2 R .
- =) h 4 =S-S5
} 1n2 +3 360+3
n=1 n=

877. Find:

Proposed by Daniel Sitaru — Romania

Solution 1 by Naren Bhandari-Bajura-Nepal

Here
‘ x_ e 1 /x2\" d - 1
I(n)_f " _f ZE n x_Z(2k+1)k!n"
0 0 ‘k=0 k=0
A n . © 1
and hence we have the limit: llmn_)oo(l (n)) = exp (llmn_,00 nlog (Zk=0 W))

. N
- oxP (i‘iﬁ‘o nlog (1 * kzl 2k + Dk! n">>
k
— : k+1
- oxP (ii‘%‘o "( b Z 2k + 1)n") >

=exp(llmn(i+ ! +~))—0(n2)=%

noo  \3n 2!5n2
Solution 2 by Abdul Hafeez Ayinde-Nigeria

x2

Let Q = f01 en dx and A = lim,,_,.,(Q)"

1 o 1

x? 1
S).:fen dx; ﬂzzk!nkfxz"dx

0 k=0 0
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(o) n
_ 1
A = lim (kz_o KInk(2k + 1))

. C 1
A = lim exp nlog (kzo ki nk(Zk + 1))

. N 1
A = lim expnlog (1 + Z Kink(2k + 1))

0 z+1
A= li Z (-1” Z
T e SXp 1 k! nk(2k 1)

z=0
A =lim expnioo ﬂ(i+;+...)z+l}
n-co Z=02+1 3n 5-n?-2!
_hmexpn{i+; .._1(L+;+...)2+...}
n—0o 3 5-n?%.2! 2\3n 5-n?-2!
A =lim exp{1 +0(n2)}; —llm exp{1 1 +0(n2)}=e%
n—oo 3 5:n-2! 3 5:-n-2!

878. Find:

n n i )
—rlll_)rg n2 Zl kZ Z %

1<i<jsn

Proposed by Daniel Sitaru — Romania

Solution by Remus Florin Stanca — Romania

n\/— V1N
;kzﬁ kZ( ) (\/—+ +/n) + 2(\/§+ +Vn) + -+

+ nl_l-ﬁ+x/i(%+ +—)+\/_(—+ +\/i_)+ +Vn-1-

1<i<sn 1<1<]<n

92
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j i i+j—2,ij
. \/;—,+\/:—2+2 cnr Y (A )
1<i<j<n L J 1<i<j<n \/E

_ (Vi-V) ., nn-1 _ (Vi-D) _
—n+1S;S11 \/E +2- > =n+n? n+1<lz<]:<n \/_

Vi C C Vi
_"+Z(\/—\D ZWZ—R—“Z(fﬂ

1<i<jsn k=1 k=1 1<i<jsn
n n
1
. Z @'2_‘ (Vi-p)
k=1 k=1 k 1<i<jsn \/ﬁ
2 . 2
IR N (/) Wi-vi)' _

nz ] nz
k=1 k=1 1<i<jsn \} Yy
879. Find:
Lezk 1(2k1—1) T
Vn z
] sin? x + sin x cos?x + cosx
Q = lim | - dx + _ dx |
n-oo sinx+cosx+1 cosx+sinx+1
\ 0 1 Zni—l( 1 )
e2k=1\2k—1
n+1

Proposed by Daniel Sitaru — Romania

Solution 1 by Remus Florin Stanca-Romania

2
Cos“ x+cos x
dxand ] = [S5X4SX gy o

cos x+sinx+1

.2 .
sin“ x+sinx
Let’s compute I = [ —————
sinx+cos x+1

sinx+cosx+1 f
- x=|dx=x
cosx+sinx+1

:>I+]=f

dx =

I j‘(cosx—sinx)(cosx+sinx)+cosx—sinx
B cosx +sinx +1

B j‘ (cosx —sinx)(cosx +sinx+ 1)

- dx=f(cosx—sinx)dxzsinx—l—cosx
cosx+sinx+1

So,I1+]=x
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J—I1=sinx+cosx

__________ ll+ll
. sinx +cosx +x
2] =sinx+cosx+x=]= >
sinx+cosx+x x-—sinx—cosx
>I=x- 2 = > =

. 1 Zn ; . 1 Z 1 1 Z
:29=11m—-e"=12k—1—sm( k=12 — 1)—cos< k=12k— 1)+1+ +
no N N 2

L osittenict sin( 1 Silimo 1) cos( ! ezz:%2k1—1) (1)
vn+1 Vn+1 Vn+1
n 1
’ : k=121 ePh=12kT _ . Sherzg-In(V)
Let’s compute lim,,_,, Fe 2k 1 = lim,,_, O lim,, ., e“k=1zk-1 =
e
— lim efm-1—5 ~In(Vn) _
n—>oo

2n-1
_ lim ef2n-1-In@n-1+In(2n-1) ""—1_12“("_1) l“(g_l) In(va) _ o5 . Lim eln< /nz_n) _

n—->oo n—oco

o700

=e%-lime n\/:%/=e%-2(=1>)ﬂ=1+g—sin(2e%)—cos(23%)

n—-oo

Solution 2 by Ali Jaffal-Lebanon

=n 1 —n 1 —on1
We have: YiZ} —— + ¥iZ1 5 = YiZi" 5 So,
=1 1 1
Y
Z k1= H,, _EH” =log(2n) — Elog(n) tot o(n)
k=1
Where lim,,_,,, (n) = 0
k=n 1 Y Y
So, \/iﬁ eZl=12k-1 = \/i_ X \2/—; X ez X e?™ = 2e2e2™
Then, Fezk 12k 1 tends to 2e2 whenn — +oo
- 1 Sk = o) —
and lim,,_, , — \/_ 2zk-1 = lim,,_, \/_eze 2e2

Leta = Zef then
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a
cos?x + cosx

T
2
sin? x + sinx
I=j - dx+f - dx
sinx +cosx +1 cosx +sinx + 1
0 a

T
2
sin? x + sinx cos’x+cosx+1
dx + dx
a

T
2 a
sin? x + sin x
Q:j - dx+f - -
sinx+cosx+1 J sinx+cosx+1 sinx+cosx+1
0 n
2

sinx+cosx+1

T
2
(cosx —sinx)(cosx +sinx + 1)
- dx + dx
sinx+cosx+1
a

T

2 - 2 -

j sin“ x + sinx
0

T T
2 2
sin? x + sin x _
= - dx + | (cosx —sinx) dx
sinx+cosx+1
0 a

T 2 . ™
- SIn“ x+sinx > .
Letl = [} ————dxand k = [2(cos x — sinx) dx
sinx+cos x+1 a

L3
2
J j‘coszx+cosx
" ) sinx+cosx+1
0

T

We have k = sinx + cosxJ? =1 —sina — cosa

Y3

2
I+ —fd =2
J=[ax=7

0

z z
(sinx —cosx)(sinx+ cosx+ 1) ]
I-]= - dx=|(sinx—cosx)dx =0
sinx+cosx+1
0 0

So, 21 =§then1=%Thereforeﬂ=§+ 1—-sina—cosa

880. Find:
m m
1
@i [ (™). m (13 —(,,E';),,)
k=0 \\ k + 3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

(m) _ my\ (k+3)!(m+n—k-3)! _
Letw = Z (1;(1:;1) - leo (n) (m+n)! -
m
m\I'k+4)Ir((m+n—-—k—-2)
_(n+m+1)kZO(k) Tt n+2)

m 1
=m+m+1) Z (7:) J xk+3 (1 — x)ymtn-k=3qx =
= 0

m

1
=(m+n+1) j x3(1—-x)"3 Z (7:) xk(1 —x)mkdx =
0

k=0

=(n+m+ 1)Jx3(1—x)"‘3 dx

(n+m+ Dr(4)rn— 2) 6(m+n+1)
rn+2) (n Dn(n+1)(n— 2)
w 6(m+n+1) 6
= lim — = lim

mooom moomn—1)nn+ 1)(n— 2) nmn—-1nn+1)(n-2)

n! . 6 _
6(m-3)! (m-Dnn+1)(n-2)

Now: Q = lim,,_,, ((131) lim,,_ %) = lim,,_

Solution 2 by Ali Jaffal-Lebanon

1 wg=m Ck (k+3)'(m+n k-3)!
Let (n,m) = —>;~¢" s = Z oy

><I‘(k+1)-l‘(m+n—k—2)

1
— X 1
m m rm+n+2) (m+n+1)

1S
m+n
— - Cicn f xk+3 . (1 _ n)m+n—k—3dx
=0 0
1 1k=m
_m +n+
f k(1 —x)mkckx3 . (1 —x)"3dx
0o k=0
1
X f 31 —-x)"3dx

0

m+n+1 mi+n+1

f(x+1 0)™-x3-(1—x)"3dx =

96



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1

liELn Q(n.m) = fx?’(l —x)"3dx
n—-+oo
0
LetI, = C3 x f01 31 —-x)"3dx
3><I'(4-)-I'(n—2)_ n! ><3!)((11—3)!_ n! _ 1
n rm+2)  (n-3)!'x3! n+1)! (m+1)! n+1
So,lim,, ,,, I, = 0. Then Q =0

881l.x, >0neNn=>1

Proposed by Daniel Sitaru — Romania

Solution by Ali Jaffal-Lebanon

_15vi=n. . —__n — "|qi=n
LetS, = —di=1Xi; h, = T and P,, = / i1 Xi
i=1y;

By GM-AM inequality: h,, < P, < S, then: (h,)" < (P,)" < (§,)"
We have lim,,_,..($* 1h,) = lim,,_,.. S,, - (h,,)" ! = w. So,
(n—1)logS, +logh, =logw + @(n) (¥
(n—1)logh, +1logs, =logw + @,(n) (*¥)
where lim,,_,, ¢(n) = lim,_,, ¢,(n) =0
by (*) and (**) we have: nlog S, + nlog h,, = log w? + ¢,(n) + @,(n)
So: lim,,_,,, nlog(s,, - h,) = log w? thenlim,,_,,(S,h,)" = w?

And also, by (*) and (**) we have:
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logs, — (n—1)%logS, = (logw)(2 —n) + @,(n) — (n— De,(n)
thenn(2 —n)logs, = (2—n)logw + @,(n) — (n—1)¢p,(n)

p:(n) 1-n
nlog$, =logw + >—-+5— ¢:(n)

So, lim,,_,, . nlog$, = log w then lim,,_,,(S,)" = w butlim,,_, . (S,,h,)" = w? then
lim,_,(h,)" = w. we have (h,)" < (P,)" < (§,)"

then by Sandwich theorem: lim,,_, ,(h,)" < lim,_,.,(P,)" < lim,,_,..(S,)" then

lim,_, (P}) = w and lim,_,,, [[Z% x; = w
882.If x,y,z > 0, different in pairs, then:

X
3+Q(x,y)+Q(y,z) +Q(z,x) >log ; + \/y

cyc
= 1 x? —2xy+y

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-india

a( )_i 1 [(x? —2xy +y? k_1§:1 x% — 2xy + y? «
a4 _k_12k x% +2xy + y? _Zk—lk x2 +2xy + y?

1 x? — 2xy + y? 1 4xy
=—=In({1- ——ln( )—
2 x% + 2xy + y? x% +2xy + y?

=1In x+y =1In (\F+\F>—ln2
.-.31ne+Zﬂ(x.y)=Zln<\/§+\g>+3l“(g):
cye

cyc

_ Zln (\/§+ \g) +31n(1.3591)
cyc
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3+Zﬂ(x,y) >;ln<\/§+\[§>

cyc

Solution 2 by Adrian Popa-Romania

x—1

2 n—1 xt -1
Lt x+xt e+ x"T = N
IfxE(O,l)andn—>oo:,~x"—>0

>1+x+x24+ - +x" 1+ = |f
L Y (-2 = —In(1-x)
:x+?+?+ +———n X =>zk_—n x
k=1
1 (x —y)? 1 4xy
Q = =—-'hn|l-—F|=—-cslh— =
(x,y) = ZZ <(x+y>> 2 n< (x +y)? Zn(x+y)2
—lln(x-l_y)z—lln(x-l_y)z—ln *ry —ln<£+ﬂ>
2 4xy 2./xy 2/x-y 2.y  2Vx

We must prove that: 3+Zln \/_ */_)>Zln \F*'\/Z)

N e

<:>ln§+ln<\/§+\/%>>ln<\/§+\/§>:>ln§21(True)becausee>2 (1)
SimiIarIy:1+ln<%<\/§+\/%>>>ln(\/§+\/§) (2) and
1+ln<%<\/§+\/§>)>ln<\/§+\/§> (3)

(1)+(2)+(3)= 3+ Q(x,y) + 0, 2) + Q(x,2) = In (H (\/% n \/%))
Solution 3 by Remus Florin Stanca-Romania

2 —
Qx,y) =X 1( (x y) ),Iet%za,wealsoknowthatx,y,z>0:>
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=>—y<y=>x—y<x+y:»%<1becausex+y>0,soa<1 (1)

Qx,y) = i (‘;—Zlf) = i <f <Z—Z‘>’da> =

k=1 k=1

S ([ ) [ (3 - (oL =~ [ g

k=1

1 2 1 1 1 2_2 2
=——f—ada=—zln(|a2—1|) uél—zln(l—a2)=—51n<1 X oyt y ):

2) a?2-1  x% 4 2xy + y?
_ 1 axy \ _ . (2/xy
=—3In ((x+y)2) =—1In ( y ) because x,y > 0
2,\/x
= Q(x,y) =—1In (ﬁ) >3+Q0xy)+Qy,2)+Q(zx) =

—3—1n(8) +1In (Hcyc (\E+ \E)) )

weknowthat2 <e=8<e®*=>1In(8)<3=3-In(8) >0=>

x y x y\\@
oo e +(0 )
X y
=>3+Qx,y)+Q>y,2)+ Q(z,x) >ln<1_[<\/;+\/;>>
cyc

883. Find:

log" ((1 + Hl)z + (1 + Hz)n 4+ .+ (1 + Hn)z)

n n
Q=i
noo | log, (1 + Hy) -log, (1 + Hy) - .- log, (1 + H,)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ali Jaffal-Lebanon

We have by GM-AM inequality:
(1+H)*+ (A +Hy)?*+ -+ +H,)?
log" >
=

n

log" (Y (1 + HD2(1 + Hp)? - .- (1 + Hy)?)

n

(%) [log(1+ Hy)(1 + Hz) ...(1 + H)I" =

G)n [log(1 + Hy) +log(1 + Hy) + -+ log(1 + H,)]" (¥)

n
Andlog(1+ Hy) + -+ log(1+ H,) < (%) [log(1+ Hy) + -+ log(1 + H)I™ (*¥)

_ logh((1+H)?+(1+H2)%++(1+Hy)?)
- log,(1+H1)log,(1+H3)-...log,(1+Hy)

LetU,

n

2
1 (14+Hq)  +-+(1+Hp)?
(Inn)n log"< n =

L _llog(1+Hq)log(1+H2)-..-log(1+Hp)]

(Inn)n

by (+) and (+*) (
=

AL
N

:|

> 2", So, U, > 2"

o
R

)

butlim,,_, ., 2" = +oo then lim,,_,,, U, = +0 so, lim,,_,,, U, = +00

Solution 2 by Remus Florin Stanca-Romania

(A+HD*+ -+ @+ HD*\\"
. / (ln( n . )) (In(n))"
= Q = lim . _
n—e \ (In(n))" In(1+Hy)-..-In(1+ Hn)/
<ln<(1+H1)2+-1~l-+(1+Hn)2>>n <1n<(1+H1)2+;+(1+Hn)2>>n
= limy e, In(1+Hq)-...(1+Hy) ’ let x, = In(1+Hqp)-...In(1+Hy)
ln<(1+H1)2+“.+(1+Hn+1)2> " 1n<(1+H1)2+“.+(1+Hn+1)2>
Xn+1 n+1 n+1
M z - €]
Xn ln<(1+H1) +---+(1+Hn)2> In(1+Hp11)
IICET A EEEYCET WAL
lim n+1i —
neee ln(l + Hn+1)
1 (1+H)*+ -+ (1+H,)?
= lim n n Stolz—Cesaro
- n-o ln(l + Hn) -
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1n((1+H1)2+---+(1+Hn+1)2_ n )
(1+H)*+-+(1A+H,)? n+1)

Stolz—_Cesaro

lim

n—-oo 1+H1l+1
In (1+H )
In ((1+H1)2 +o+(A+Hyy)? n 14 1)
_ (1+H)*+-+A+H,)? n+1 B
_n—>oo 1+Hn+1_ -
In (1+H 1+1)
In ((1+H1)2 + -+ (1+Hn+1)2 ) n 1+ 1)
1+H)?*?+--+A+H,)? n+1 .

= lim
n—oo (1+H1)Z ++(1+Hn+1)2 n

1+H)?+-+@+H)? n+1

n((1+H)? + -+ A+ Hpy)?) -+ D@+ Hy)? + - (A + Hp)?)
' m+1D(@Q+H)*+ -+ (1+H,)?) '

-1

1
(n+1)(1+H,)

1+H
(m+1)A+H, =lim(n+1) &
n—-oo

NG ‘In(n) -

In (G0 TH) Y 1)

n((1+H)? + -+ A+ Hpy)?) -+ D@+ H)? + - (1 + Hp)?)
' m+1D(@A+H)*+ -+ (1+H,)?) B

= lim In(n) - n(1+4Hpy1)? - A+ H)? == (1 +H)?
T oo (1+H)?+ -+ 1+ H,)? -
In? 1
i nln?(n) (N1 + Hpy)? — A+ H)?2 = — (1 + Hyp)?) =

n-oo (1 4+ Hq{)%+ -+ (1 + H,)? ‘nin(n)

2 n+1 ln(n + 1)2
Stolz Cesaro li nin (n) ( n ln(n)
noe

(1 + Hn+1)
. <n(1 +Hpy)? = (1 +Hy)? = — (1 + Hn)2>
- lim
n—0o nln(n)
_ L In(n) y | n+1 (In(n+ 1)\
= lim (1 T H) lim (nn ( In() )
. <n(1 + Hpyq)? — (1+ Hy)? — = (1 + Hp)? )
lim
n—oo nln(n)
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. n(1+ Hn+1)2 -1+ Hl)z - =1+ Hn)z Stolz Cesaro
=1-In(e) - lim =
n—o nln(n)
Stolz Cesaro lim (n + 1)(1 + Hn+2)2 - n(l + I'In+1)2 - (1 + Hn+1)2 _
- n—oo (n + 1) ln(n + 1) — nln(n) B
e . (2+2H"+1+n+2) nil s 2+2Hn+1+ 5 Stolz Cesaro
= lim,_,(n + 1) ) In(E lnl:z:)l)) = lim,,_,, —ln(n) 2 (2)

In (A+H)?*++(14+Hp1)? n
(14+H1)%+-- +(1+Hn)2 n+1

n

lime n =
n—oo
In (1+H)?++(1+Hp11)? n In(1+H,,) 1
(1+H1)?++(1+Hy)? n+l ln((1+H1)2+~~'+(1+Hn)2) In(1+Hp)
=lime n _
n—oo
o A+HD?+ 4+ (1+Hp1)?
1 1 (1+H1)?+-+(1+Hy)? ntl (1+Hn+1)
2™ m(1+H,) In (1+Hn+1) 1+H,
=lime 1+H, —
n—-o0o
1
n ln((n+1)(1+mn)+1)
n 1+Hpiq In(1+H,) 1
= lim eln(1+Hy) ( 1+H, ) = lime meDAFH) DA+ _
n-oo n-oo
LR Wi@53) - _
=ex=¢e =1 (3) = llmn_)oox =2>1=>lim,,,x, =0 => Q=0
n

((1+H1) +-- +(1+Hn+1) )

14H,) 2+t (1+Hp? T
1

ln<(1+H1) +-~~+(1+Hn)2>

<(1+n1) 4t (L+Hp ) > "

n+1 n

Because limn_)oo ln<(1+H1) +---+(1+Hn)2> = lim”_’oo e
884. Find:
n n
. _ + k n
Q=1lim|lo E 2k (T — E —
n-oo g ( ( k ) n+k
k=0 k=1

Proposed by Florica Anastase — Romania

Solution 1 by Marian Ursdrescu — Romania

ck ¢ c
Letx, = Xi—o—5 We have: x; ==t + 2 = 2
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n+1

n
_ Chikin _ Chik + Cn+k
xn+1 - 2k - 2k
k=0 k=0

ck ck c
= SRt S Sk = xS S )

Ck 1 Cn+1
n+k __ — n+1 + n+2 + .+ Z2n+2 _
2k n+2

But Y} _,

Cn+1

0 1
= 2 (C"+1 + C"+2 + + 221;1:22) = %xn+1 (2)
1 1
From (1)+(2)= Xp41 = X5 + 2 Xn+1 = 2%Xn+1 = Xn =
Xpi1 = 2xp and x4 = 2 = x,, = 2" (geometric progress). We must find:
n n
: n : 1
Q= lim an"—Z— =limn an—Z— =
n—co n+k n—co n+k
k=1 k=1

1
. In2-3p_
= lim,,_, — % (3)

n

Now, using Cesaro-Stolz for g:

- n+k’’" n
k=1

a) b,, strictly decreasing

. . . 1 1 11
b)lim,_. b, = 0,lim,_, a, =lim,_,In2 — ;Zﬁzlm =In2- [ odx=In2-

In2=0
a a _r 1 1
i n+17% _ 13 2n+2 2n+1 n+l __
C) llmn_)oo bn+1_bn - llmn_)oo +L_+_ ==
n+l n
1 1 —-2n—-2+2n+1
i 20t 1 2nt2 _ @n+D2n+2) _
= 1m = =
n—oo n—n—1 _ 1
n(n+1) n(n+1)
= lim n(n+1)
- n—oo

(2n+1)(2n+2) Z 4
From (3)+(4)= Q = Z
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

Let:
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n n n-1

Zn+k Zn+k 12k+z n+k 1)2k1 2‘”(2n_1)+
n

k=0 k=0

=, =20, 4 + (Z"n_ 1) 21-n _ (21;') 2n =

R G P (G PTG  ERE

=2a, , + (Z"n_ 1) y - (2" - 1) 27" = 2a,_,

n-1
a, =2a,_, = 2%a,_, = - 2"a, = 2" Also:
n 2n n
n 1 1
Bu=) iw=n Z ZE‘ZE = n(Hzn = Hy)
k=1 k= n+1 k= k=1

Now: Q = lim,,_,,(log(a,,) — B,) = lim,,_,, n (H, — Hy, +1l0og2) =

0
H, — H,, +1log2 5-<(g) i Hoes = Hanya +10g2 — Hy + Hyy, — log?2
1m

= m 1 T s 11
n n+1 n

= lim n( +1)( ! + ! ! )—l' - -1

= amnin 2n+2 2n+1 n+i1) now22n+1) 4

Q= i (answer)

885. Dedicated to teacher Mehmet Sahin
FIR->R2F(x) +2f%(x) +2 < 3f3(x) + 3f(x),vx €R
Find:

o=tz 3 (1(e+3)r(e+3)

1<i<jsn

Proposed by Daniel Sitaru — Romania
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Solution by Florentin Visescu — Romania

FFRo>R2(x)+2f2(x) +2 <3f3(x) +3f(x),VvxER
2(f*(0) + () + 1) < 3[2(0) + fF(x)]
2f*(x) = 3f3(x) + 2f*(x) - 3f(x) + 2 <0;VxER
f(x) = 0 not verify; f(x) # 0,Vx € R

1
2
2f*(x) —3f(x)+2 — 3f() fz()_OVxE]R

(fz(x)+f2( )) (f(x)+f( ))+2 <0

f(x) +]% =g(x); 2(9%(x) —2) —3g(x) +2<0; 2g%(x) —3g(x) —2<0
3+5 |2 1
A=9+16 =259g(x),. =;=<_1;g(x)e —-—;2
1.2 4 5 [2 ]
FO) + 205 [ > ] - _f(x)+f()32=>f(x)=1;\7’xe]R

I 11 2( +ni>
an—E?onn f € n

m
=—llm[ Zf e+
2 n->o
i=1

1 2
<ff(e+1rx)dx> —%ffz(e+1tx)dx llm—= (ff(e+nx)dx>

0

886.
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2 - X
n- sin H
lim

n-ow | n3x + x(1 + x3)
0

dx =

Proposed by Jalil Hajimir-Canada
Solution 1 by Ali Jaffal-Lebanon

2 (X
Letl, = [ “— sin(,)

0 n3x+x(1+x3)

.f n? sin (%) T) n? sin (%)
= X+

= dx
n3x + x(1+ x3) n3x + x(1+ x3)
0
n? sin(%) nx n
We have n3x+4x(1+x3)| — ndx+x(1+x3) T nd+a3+1

Since |sint| < |t|,Vt € R

n? sin ' 1 1

d < | =dx<—

,fn3x+x(1+x3) . fn3+x3+1 * fnz x_nz
0

nz sm( )

then lim,,_, f dx = 0 we have:

0 n3x+x(1+x3)
+0o0 . X +0o0 +oo +0o0
f nzsln(ﬁ) d <f n d <f n A < 1 dx
n3x + x(1+ x3) = nd+x3+1 *s n3 + x2 XSz x \?
1 1 1 1 1+ (—)
n/n
- 1 [ ¢ ( 1 )} T
— |- — arctan =—
Vnl2 n/n/l  2n
. nz sm( )
thenlim,,_, , ., f1 de = 0 thereforelim,,_, I, =0

Solution 2 by Naren Bhandari-Bajura-Nepal

*sin()
o msin(>

0 n3x+x(1+x3) dx

Herelim,,_,

. n? sm(x)
Consider f,(x) = () We note that at x = 0

X
Tl.3 sin—
n

lim,_,, fo(x) = 0 and Vx > 0 we have lim,_,, f,,(1) = lim,,_,, (B 1) =
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. X 3(X x\?
g Sy T (H_O(H))_l. n’x

= =0
noon3x + x(1+x3) noondx+n(1+x3) noondx+ x(1+x3)

[lim,,_,., f,(n)| < g(n) = 0. Then, by dominating convergence, we have:

ii_)lgoffn(x)dx=(!g(n)=(!0dx=0

887. Find:

2= i ((zr T3] 1H,)>

=2
Proposed by Daniel Sitaru — Romania

Solution 1 by Adrian Popa — Romania

QO =

.'LM8

<(2?=‘11 Hf)lfz;‘ﬂ H,-)> B

c 1
Z<H1+H2+ “+H,_, H1+H2+---+Hn_1+Hn)_

1 1 1 1
- — + . 4 —
H1 H1+H2 H1 +H2 H1 +H2+H3 Hl +H2 +"‘+Hn_1
1 o 1im L 1
H1+H2++Hn _nl—>n°10H1 H1+H2++Hn

WeknowthatHn:%+%+---+;—>oo:;»1!-11.|_1r-12.4_..._4_1.1“_)00:>

1 0> 0= 1 1 1
= >0 = — =
H1+H2+"'+H H1 1

Solution 2 by Naren Bhandari-Bajura-Nepal

We write the sum without notation
H, H3
H(H{ + H3) " (Hy + Hy)(Hy + H, + H3)
+ il
(Hy+H; +-+H, 1) (Hi+Hy +--+H,)

Now, by partial fraction decomposition we have:

+ ot

Q=
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1 1 1 1 1
Q=(H_l_H1+H2>+(H1+HZ_H1+H2+H3)+"'+H1+H2+---+Hn_1_
1
" Hy+H,++H,

Since Q is a telescoping series with nt partial sum as
1 1

=W TH H, - 1H,
1
E%“=”fﬂmﬂggﬁﬂ=l—°=l
Solution 3 by Naren Bhandari-Bajura-Nepal
o0 Hy R o 15 Pp(n+1)+
Here 2 (z'g;} H 3 Hi) ~ 4m=2 (2?;11(¢(i+1)+y) Z}‘;I;(w(i+1)+v))
_ Pp3)+y N
W@+ +y+y3) +v)
N Y4 +y by
W) +y+y9PBR)+)@2)+y+yvB)+y+y@) +v)
N Yyn) +y
W) +y+yvB)+y+-+ypmM)+y) @B +y+yYP@)+y+--+3Ppm+1)+y)
1 1 1 1
Y@y 9D 9B 12y YD+ 9@ 2y B2+ 9B + Y@ + 3y

We have telescoping sum give us

o) -1
sy (> G) -

k=1

_ 1 < (K2 +k
Q = lim —2 ktan!
n-o\n(n + 1) ] nf+n

Proposed by Daniel Sitaru — Romania

888. Find:

Solution 1 by Ali Jaffal-Lebanon
Let f(x) =1— ﬁ,x € [0, +oof
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f(x)= 1)2 > 0 then f is increasing on [0, +o]
Letne N and1 < k <n,so, f(k) < f(n), then 1 —ﬁs 1 —ﬁ
then [ < 1% < K8 pen KD < S0y g 2o < o S < B
So, :—Z < :ZI: (**). Then by (*); (**) we have < :8:3 < E::;z

2 2
but x — arctan x is increasing, so: arctan (:—2) < arctan (k( 1)) < arctan ((H—l) )

(n+1) n+1
k 1 k+1)2
So, e +1) Tk arctan ( ) <SS, < 2D Z1(1 + k) arctan (( +1) )
k(k+1)
Where S,, = n +1)Z Tkarctan (n (n+1))

_ 2 1
We have lim,,_,, % ﬁ;'{sarctan ((%) ) = fo x arctan(x?) dx

Letu = arctan(x?);u' = = v =x;v =%
1+x% 2
then [ xarctan(x?) dx =% — [ dx ="~ [In(1 + x9)]} = * - 1In2
0 ) 0 1+x% T8 4 8 4

2
We have lim,,_,,, ——— o +1) Yk=n karctan ((S) ) = g - i]n 2

z
. k=
and lim,,,,, —— e +1) Yio1(1 + k) arctan ( )
t=n+1 2
li 1Ztt(t)—n112
oo n(n + 1) £, arcati\n+1) )8 1
. 1
Thenlim,_ S, = g — Zln 2

Solution 2 by Remus Florin Stanca-Romania

We know that lim,, _, ,, D3 _1 (X1 — x3) f({3) = fb f(x) dx, f = continuous and

{x € [x1; x41] and lim,,_,||A,|| = O where ||A, || (xk+1 xp), and x; = a and
k(k+1) o UeA1)(k+2)  k(k+1) _ k*4+2k+k+2-K2-k _
= b, let x;. = nman) Xkt T Xk S T T T ) (n+1) -
k+1 ksn n+1 2 . _
=2 oD max (X1 — Xp) = D = —and lim,, ., max(x,,; —x;) = 0>
= llmn_,oo||A || =0and{, = kEk:i; and f(x) = tan~1(x) = continuous
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n 1
2(k+1 k*+k
= lim E ¥tan‘1 — | = J-tan‘l(x)dxﬁ
n-e £ 1n(n+1) nZz+n
= 0

_1 (K*+k 1,1 _ .
1 (n2+n) = EfO tan~1(x) dx — lim,,_,,, X }_;
(1)

_ . . _ K +k _ n%+n 14
tan~!(x) = increasing = tan™! ( > ) < tan 1( 2 ) =I5
n“+n n<+n 4

2

-1 (k°+k
ta ta (

my e Zk 1 n(n+1) n(n+1) nZ+n

Tl'

1 n _1 (K*+k 1 n ™_ 3
= n(n+1) <k=1 tan (n2+n) = nm+1) “k=14 T i and
/5
lim —4 > i z t 05
im im— anl{———|]=0=
noon+1 n—00 n(n +1) n? +
(=1>) lim (; (k tan~! (k2+k))) = lfl tan~1(x)dx (2)
n=>% \n(n+1) nZ+n 270
x
ftan‘l(x) dx = ftan‘l(x) -x'dx = xtan"1(x) — J. 5 dx =
x“+1

1 2x 1 (2)
= -1 —_ = = -1 —_ = 2
xtan~1(x) foz 1 xtan"1(x) 2ln(x +1)=>

@ . 1 i pran-t (2K _1(m_In@)\ _
me\nm+r DL\ \wrn)))T2\aT T2 )7

E_ln(z) 3 T —1In(4) Lo~ T —1In(4)

8 4 8 -8
Solution 3 by Marian Ursarescu-Romania

(another approach) Let f:[0,1] - R, f(x) = arctan x; f — Riemann integrability

_ (0 1-2 k(k+1) nn+1) )
T\’ am+D)’ U nm+D)’ U nm+l)

Let A,

2n

max(k(k+ 1) —(k—1)(k)) = m-zzc RETETE i

14,1 = nn+1)is

[1A,]] - 0. Let & € [x7_,, x}], so that:

k(n+ 1) O L (kD) 2k
":n(n+1)ﬁaA"(f'fk)_Zf<n(n+ 1)>‘n(n+ 1)

K2+ k
z k - arctan —— ) =

n(n+1) +n
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1
1 k? + k
Q=—lim———— Z k arctan f arctan x dx

2n—>00n(n+1) 2in
0
1
_1[ , ¢ d _1 ¢ | 1[ X d
=5 | ¥ arctanxdx = Sxarctanx | — | T —5dx
0 0
m
Z_Z 2 Z_Z
=3 41n(1+x)|0 ln2

889. Find:

Proposed by Vasile Mircea Popa-Romania

Solution 1 by Ali Jaffal-Lebanon

Letl, = iflzlog(l +e¥) dx; I, —ledx = lleog(1+eg) dx—lleog(eg) dx

ex

I, —log2 =if1210g<1+e )dxthenll —log 2| ——f log(1+e x)dx

We have log(1 + u) < u,Vu > 0 and e* > u,Vu > 0 thene™ < %,Vu >0

_n x 1 (2 3
so, log(l +e x) < ;then I, —log2| < n—zfl xdx < s
solim,,_,|I,, —log2| = 0 then lim,,_,, I, = log 2

Solution 2 by Naren Bhandari-Bajura-Nepal

n
log(1+eX)

| =

We consider f,(x) = . We observe that at x = 1, the limit of f,,(1) = 1

'2
respectively when n — oo, Limit of f,(x) = % when n — oo, Hence by Dominated

Convergence Theorem, we have:
2 2
1
lim ffn(x) dx = f—dx =In2
n—-oo X
1 1

890. Find the closed form:
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< (m + 1)(m€ + 2) (m®+n—-1)
€= Z(e”+1)(e”+2)(e”+3)-...-(e”+n)

Proposed by Florica Anastase-Romania

Solution 1 by Kamel Benaicha-Algiers-Algerie

G ine(ne +1)m*+2) ..-(Me+n-1)
h (e"+1)(e™ +2) .. - (e™ +n)
(a+1)(a+2)...(a+n)

Consider the series s(U,, Y51 Uy) /U, = Db by 5O

(a+ Da+2)..(a+n)

S(a,b) = LG+ D(b+2) . (b+n

/0< +1<b

B rb+1) ikl Im+a+1Drb-a
" I'(a+1)rb-a) - rnm+b+1)

+o0 1
F(b + 1) n+a —-a—
“Tlat 1)r(b—a);0ft -t tde

1+oo

F(b + 1) n+a —-a—
“T(a+ DI(b— a)of;t 1 - dt

1
r'(b+1) t**1(1 — )bt

:I‘(a+1)I‘(b—a)0 1-t¢

dt

T+ Fa+2)f(b—a-1)
"Ta+Dr(b-a) r(b+1)

S(ab)—(bal) (1

ln(t)

Consider the function f(t) = 22; f € €1(]0; +oo[) and f'(¢) = = ln(t)

So, fort > e; f(t) < f(e) - ln(") ]n(e)::»e > = e” >t

Leta=nm*—-1,b=e".e>0=>n¢>1-1w¢*—1>0

So, 0 < ® < e™, using the result (1):
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nt(mt+1)(m¢+2) - ...-(m¢*+n—-1) . n
Z (e”+1)(e"+2)- ...-(e"+n) et —me

Solution 2 by Samir HajAli-Damascus-Syria

Let put: Q(p, q) = Yo [15- "+Z
CTTk p+tm _ I'(p+k+1) T(q) _ T(p+k+1)xI'(q—p) I'(q)
We have: [1r,—o g+tm  T(q+k+1) " T(p)  T(q+k+1) I(p)xT(q-p)

=——xB(p+k+1,9-p)qg>p>0
B(piq —p) (p q-p)i;q>p

Where B(*;+) is Beta function. Now: Q(p, q) = YroBp@+k+1,q9—-p)

B(pq p)
But:B(p+k+1;q—p) = fol xPHk . (1 — x)1 P14y,

Since: ¥.i7_o x* uniformly converge

1
xp(l — x)q_p_l

1 »
B(p;q —p)Qp.q) = foP“‘ -(1—x)q-P-1dx=f dx
0 k=0

1—x
0

1
= fx(p“)‘l (1-x)4 PV 1gx=B(p+1,q—p—1)
0

S0, 0(p. ) = B(I;(::Z ") - r(p:(g)%rr((:—z; . % = 1> P >0
Now, for:p=mn,q=e"+1,k=n—-1
Where: e™ > m®
né(mf+1)..(m¢+n-1) biad f[ad

We find: Q = )7 = =

n=1 (o7 1 1)(e™+2)..(e"+n) e+1-me—1 eT—me

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

me(m®+ 1) +2) ..-(m*+n—-1)
€= Z i DE 12 i

_ re™ +1) iB( et o et 1) =
T - + DI (9) £ Trne —n -
n=

o

1

I‘(en + 1) n_e en_n.e n—-1

" T'(e™ —me + 1)I(m®) f * (1 -2) Z ¥ dx
0

n=1
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3 re™ +1)
“I(e™ —me + DI (w

1
e)fx” (1—-x)¢ "™ ldx =
0

3 re™ +1) I'(m + 1)I'(e™ — m®) . n
" T'(e™ — me + 1)I(1°) re™+1) T em™ —me

Solution 4 by Mokhtar Khassani-Mostaganem-Algerie

= n(mf+1)(me+2) ..-(m®*+n—-1)
ﬂ=; (em+1)(e™+2)..-(e™+n) -

e” i (e + 1)+ 2)..(me+n—-1)(e"+n) —n*(m*+ 1)+ 2)..(m¢ +n—1)(n® + n)
e” — ¢ o] e"(e"+1)(e™+2)..(e"+n)

_er - m(m+1)(m®+2). (¢ +n—-1) n®(@+ 1@ +2)..(m°+n)
~em —me ; e"(e" +1)(e™"+2)..(e"+n—-1) e"(e™ +1)(e™ +2)..(e" +n)
e nt | nt(mt+ 1)(me+2)..(m°+n) oz
~e™ —me <e_" T e"(e™ +1)(e™+2)..(e™ + n)> e —me

891. w, = (2n + 1) (T tan (x + %))_1

Find:

Wn
cotx

i1 T
"z \ SOt g

Q = lim lim

n-o \ ,

Proposed by Florica Anastase — Romania

Solution by Mokhtar Khassani-Mostaganem-Algerie

s+ ) « 23] 3 g o) - o 26057

n 2n-1 2n-1

Now, by differentiable both side with respect to x we get:

a4 ke d sin (n (x + %))
kzo alog (cos (x + T)) = —Ilog

- a 2n-1
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R ¢ ( +k1l') ¢ ( +1r) 2n+1
—_— ] = — — —1 = =
anxn nco nx2 w, 2n(+kﬂ)
2n+1
2n+1

B —(2n+1)cot ((Zn +1) (x + %)) ) COt((Zn * Dx)

Wn
Let:,, = lim _ = o =exp|lim__ = cot((2n+ 1)x)log cotx =
) il ot(zv1)

2"+1 cot(2n+1

/ lOg cotx \

T
I Hm cot (m) I Hosgital
| =

tan((2n + x) |

_)

n+1

2n
= exp (lim ™ — sec() ese(x) ) = exp <— M) Now:

*o7 17 (2n+1) sec?((2n+1)x) 2n+1

2w
ese (Zn ¥ 1) 1 . 2« 2m 1
Q= lim @, = llm exp| ————= | =exp (—— lim csc( )) =

n-oo 2n+1 2wn>o2n+ 1 2n+1 /e

892. Find:

Q = lim <4\/(2n +3)3-"Ym+1) - 4\/(211 +1)3. W)

n—oo

Proposed by Daniel Sitaru — Romania

Solution by Naren Bhandari-Bajura-Nepal

1111_)1110 <i/(2n +3)3-"Y(n+ 1) - i/(Zn +1)3. W)

B o
~lim <(2n s (Ve (M) )" - en i (v () )4)

R
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‘8, i (1 1 %W §+111%1°ﬂ
= |-l 1"g S n+l) —na'z _ 8
enI—To (n+1) ( +2(n+1)> € n ( +2n) e
—481' +1(1+ 3 +0( 1 ) 1+3+0(1)
= Jenom\ ™ 8(n+1) (n+1)2 n 8n n?
= ( F14o 3)—48
- enl_)rgn 8 n 8/ e
_ @, @ —0n(®)
893.If.wn—1—3+5— +—5
Find: Q = lim,_., (1 4 —V“’")
n!

Proposed by Florica Anastase — Romania

Solution 1 by proposer
(1-x?)" = (2) - (71') X2+ (72') xt— ot (=)™ (:) x2n

1
1
ot an(l —x)" 1. x2dx =
0

1
Inzf(l—xz)"-x’dxz(1—x2)"-x
0

1 1 1
—2nf(1 —x2—1)(1 — x®)"1ldx = —an(l — x%)"dx + 2nf(1 —x2)"ldx =
0 0 0

22n. (nN)?
= _ann + ann—l = In = m

] oon 22n . (n!)z C—DIALEmbert ] 22(n+1)((n+ 1)!)2 (2n+ 1)!
Nm Yo, =m0 = MM aaTay 2z 17

n!

nw/(l) e . n\/("n_n!
Q=llm<1+—'"> =ergl—>rgo n e =0 =1
n

n—-oo

Solution 2 by Naren Bhandari-Bajura-Nepal
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We write: w,, = Y}_o(—1)* (2)ﬁ = YR o(—1)k (Z) fol x2k dx

= j(i (—1)k (;:) ka) dx = f(l —x?)"dx
0

k=0 0

1[I'(n+1) I‘(l)
2

1
xz_—>x n _1 _ =
= f(l x)dex—Z—r(n+§)
0 2

1 n'vVr 2"n! 4" (n!)?

“2lenrnva| @n+ DT 2n+ 1)
2n+1

Now, we solve for

n

", )" Y w, 4 n|(n!)?
Q=1 1+—— ) = li = li
ne ( ’ n! ) P <”l*l?° er > P\ no " (2n + 1)en | (ZN)!

~exp | lim 4 Vnm = exp | lim m =e’=1
P e znsien 4 ) “Plammer ) ° 7
1 1

Note for all k > 1 inductively we can show that: 1 < nkn < nn

1 1
~lim1l1<limnkn <limnn=1

n—->oo n—->oo n—->oo

1
Set k = 2 and hence by Squeeze theorem lim,,_,,, n2n = 1

Q=1 n+1 i . (Zk)
= lim — sin | ——
n—o W n%

894. Find:

Proposed by Vasile Mircea Popa-Romania

Solution 1 by Florentin Visescu-Romania

x3 . B3 x5
Weknowthat:x—;s smxgx—;-{-;

2k 1,2k\> 2k 2k 1/2k\> 1/2k\°
) = - S 5 ()
niyn 3'\nin nin n¥n 3'\nin 5'\ni/n
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3
SRR
nin 3! n4k 4 nin

3
N Y %S

nmn+1) 1 23 i2(n+1)?2 <~ 2k
k" — < ZSm

n3n 3! nt 4 o] n\/__
nn+1) 1 23 n’(n+ 1)2+ 1 25 P(n)
nin 3 nt 4 51 n6¥mz © n
12 2n+1)?% 1 25 n+1 < 2k 1 23 n?(n+1)?
= — P (M <= ) sin—4—=<—-—-
3 n 4 5! né+yn2 \/’)’_l ] ’n\/’ﬁ 3! n 4
1 0 - 1
3 3

P, (n) grade 6 polynomial in n.
Solution 2 by Naren Bhandari-Bajura-Nepal

m| ——— sin = 11m ——=—SIn|—=
oo\ Vn L V‘ noe £y \nifn nVn

o~/ 2k 2k 8k3 32Kk°
= lim = |\ =m=—7=t 3 -
oo lu\nin \n¥n  6n*  120n5Yns

4 n*(n+ 1)>2 1
= lim ——11m A(k)— (—4)—S(A) =—-5(4)
We note that:

n

had 22r+1(_1)T+1}2r+1
S(4) = lim (Z =1) >Ci"'

1 n2r+13 /27 +1
noe £ \ & (21 + 1)In**1Vn

D, g2r+1 (n + 1)2r+1
Z 2r+1)! (n—»oo (n + 1)2r+13[(n 4 1)2r+1 — p2r+13/p2r+d

22r+1(_1)r+1
- L @r+) (0)=0

895. Find:
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tana

n()—|oo| nta 0<a<1
v = L n+ (tana)®/’ @
n=

Proposed by Florica Anastase — Romania

Solution by Kamel Benaicha-Algiers-Algerie

tan(a)

ﬂ(a) — T+ ( n+a

n=1\ ;14 (tan(a))?

). Leta = a®*@, B = (tan(a))?
(@) = ﬁn+a_ r+1) In+a+1)

m=1n+ﬁ_I‘(a+ 1) Tm+B+1)

Ifa < B then: lim,,_,,,, P,,(a) = 0. Ifa > B then lim,,_,,,, P,,(a) = o

1-In(t)

Ifa = B thenlim,,_,, , P,,(a) = Mf; Let f(t) = @ then f'(t) = ;

I'(a+
So,for:t>e,f' <Oandf \for:t<e,f'>0andf 7
so: In(a) = tan(a) In(a) and In(B) = aln(tan(a))

we know: tan(a) > a. For0<a <1

(g(t) =tan(t) —t= g'(t) = —1>0andg(t) = g(0) = 0)

1
cos?(t)

for:a < 1;tan(a) < tan(1) < e so: a < tan(a) < e, then ln‘(la) < InQtan(@) 1

tan(a)

~ tan(a) In(a) < aln(tan(a)) - a?*@ < (tan(a))% So: Q(a) =0

+ o0

n+ atan(a) B
1_[ <n + (tan(a))a> =0

n=1

896. Evaluate the limit:

n

lim f(sin(x") + cos(x™)) dx
n—oo
0

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Kamel Benaicha-Algiers-Algerie

Q= limn_,+oo(f0+°°(sin(x") + cos(x™)) dx)n. LetI(n) = f0+°°(sin(x") + cos(x™)) dx
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+00
1 11, 17 1
t=x"s>x=tn>dx=—tn dt.I= —f — (sin(t) + cot(t))dt
n n 1-=
o t
o 1 1 o 1/1 ~1
1 [ttt 1 og(gry) e
- 1[ 1re M= 1J 1+t dt
nr(1-3)3 2nr (1-3);

1<1+1) 1 €10,1[,vn>1
2 2n n

N
- (1—%)|\sin<12t(1+ >+sm /|an 1-2 <C°S(%)+5i“(%)>
(

A s = (s (2) rsn ()1 (1)

o= m[r(1+2) (cos () +sm ()]

_ s U)o GmG) _ y Hintrcan)sn(eos(e)sin(Ee))

n—+oo x—~0*

1 1
= lir(gl+ ex (ln(I‘(l + x)) + Eln(l + sin(nx)))
x—
ln(I‘(1+x)) In(1+sin(mx)) _
X

Then, we have: lim,_, ,+ =¥Y(1) = —y and, lim,_,y+

So:Q=¢ez 7 . limn_)wo(f0 “(sin(x™) + cos(x™)) dx)n =ez ’
(v denote Euler - Mascheroni constant)

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

1\ . T 1 R
Since: fooo sin(ax™) dx = M and f cos(ax™) dx = M where: a > 0 and

nVa na
n > 1 we obtain:
w [T "
Q = lim <f (sin(x™) + cos(x™)) dx) = lim Tn (Sin (%) +cos (%)) -
0

= exp (Ll_r}(}% (log (sin (gn) + cos (gn)) +1log(r'(1 + n))))
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Hosgital 11'1_ Cos (% n) — sin (% n)
- TP 2 sin (% n) + cos (7 n)

+¥(1+n) =exp(g—y)

897. Find:

n - 4
Q=1 log 2 E )
= lim | n{log2 —
n-co g - 3+(n+i)S+cot i(n+1i)
1=
Proposed by Daniel Sitaru — Romania

Solution by Remus Florin Stanca — Romania

n n
i Z (i +n)* Z 1\
ot 3+ (i+n)5+cot 1(i+n) Lil+m B
i=

i=1

— i S (i+n)5—3—(i+n)5—cotl —1(i+n) B
T e Z B+ (+ns+teot-1(i+n)it+n) |

1 - 3+ cot 1(i+n)
T T Z B+ (i+n)s +cot-1(i+n)(i+n

3+cot~1(i+n) 3+m 3+m

We know that (3+(i+n)5+cot~1(i+n))(i+n) — (3+(iH)3)(i+n) ~ (3+(n+1)%)(n+1) =

C 3+ cot™1(i +n) - n(3 +m)
” Z B+ @{+n)S+cot1(i+n)(i+n)~ (n+ 1B+ (n+1)5)

n(3+m)
(n+1)(3+(n+1)3)

. 1 . 1 1
llmn_,oo Z?=1m = llmn_,oo ;2?21 11-1+1 (1)

. (i+n)* n 1
=0 = lim ( n —r . —
n—oo =13, (j+n)5+cot~1(i+n) o

)=009

lim,,_,

1 , k 1 ..
fx) = —{ = continuous, let Xy =~ = X1 — X == llmn_>oo||AnI| =0=

= limy, o Xt q (g1 — 25) f(§1) = f: f(x) dx where . € [x;; x,.,1] and

. . k . 1op 1 11
a =lim,_, x; and b = lim,_,,, x,, and let {;, = - = lim,,_, ;21':15 =Jo mdx =
n

¢)
In(2) =

122



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

n
) (i+n)*
=1n@@) > lim )’ = In(2
n(z) = lim L3+ (i+n)° +cot™l(i+n) n(z) =

= lim -
n—oo [ n—-oo
a =lim,,_,, x;and b = lim,_,,, x,, and let {;, = E = lim,, = Zl 1 [ fo x+1
¢9)
In(2) =
n
(i +n)*
S lim ) —— = In(2 :1 2: =1In(2) =
7 Ji+ n(2) = lim 34+ (i+n)>+cot"1(i+n) n(2)
l:
0 (i+n)* g
=0 ="l lz—z =
n‘l&"( n(2) L3+ (i+n)S +cot1(i + n))
i=
(i +n)*
. In(2) — 2y 3 + (i + n)5 + cot~1(i + n) stolz—Cesaro
= lim
n—co 1 0
n 0
/ (2n +2)* (2n+ 1)*
Stolz—Cesaro 1. | 3+ @2n+2)5 +cot1(2n + 2) "3 +£2n +15+cot'2n+1) In(n+ 1) =
g n-oo _ (n+ 1)
\ 3+(n+1)5+coti(n+1)

/ n(2n + 2)* 1 n(2n + 1)* 1 +\
lim | 3+2n+2)5+cot"12n+2) 2 3+R2n+1)+cot"12n+1) 2 In—
n—-oo +1 n(n + 1)4 -

\ 3+(n+1)°+cot"1(n+1) /

. n(2n + 2)* 1 N
"o \3+ (2n+2)5 +cot-1(2n+2) 2"
i n(2n + 1)* N

noe\3+ 2n+ 15 +cot-12n+ 1)) "
ttim (1 nn+1)*
neh 3+(n+1)5+cot1(n+1) n=
1 1 1 1

1
=3 gtl=3737%7

I

898. Find (¢ — golden ratio):
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1 3 1
Q=Ilim|({1+—+ 1+—+ 1+—+ -+ 1+ -
noe| " ng j ng? J A T

Proposed by Daniel Sitaru — Romania

n

Solution by Ali Jaffal-Lebanon
We have by Bernoulli’s inequality:

1
k

1S(1+n)“§1+anforalln>OandOSaS1then1$(1+n+¢k) <1+

nkok
1

k 1okg=n 1
) —n.50,0 <@, < T

1

LetQ, = llgzrll (1 + rd’k

k 1-(L n
but% <1then0<Q, < Zk 1% we know that YX= (;) - i (¢1)
)

n
and lim,, _, ., (i) = 0 since 0 < % < 1 then 0 < lim,,_,, Q¢ < 0 therefore

lim,_ ., Q,=0

899. Find:

Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon

n—-1
kZo(nz —nk)?- (2,:1) = n? (2(;1) + (% -n)?- (Zln) + (n? —2n)?- (Zzn) +

+(n%-3n)?. (3;1) 4ot (nz —n(n— 1))2 . ( 2n )

n-—1

:nz(z(;l)+n2(n 1)2( )+n2(n 2)2( )+n2(n 3)2(3)+

+..,+n2.(n—(n—1)) '(nz_nl)
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[+ 02 () -2 () 92 () o 02,2

< n?

(nZ")[(n D2+ (n—2)*+n—3)% +- +1]l

n-1
% kZO(nZ ~nk)? () < nn? j (2"): n(n+ 1)6(2n +1

is equal to =

Degree Of( 1) n(n+1)(2n+1) .

6

2 n 2_ 3 5_
So: degree ofnﬁ_Z . \[(nz—nl) -MB nn % . nn = nn?

5
. n _ 2 . n
lim,,_, (n—lz Yr_s(n? — nk)? ( ;)) < lim,_ ;o <:—2> (*)

5 5
. nn . en'"™ . 5_#
But llmn_).;,.oo n_z = llmn—>+oo n2 = llmn—>+00 n2 =0

. - 2n
So: lim,,_, , o, X1_a(n? — nk)? ( . ) =0

Solution 2 by Khaled Abd Imouti-Damascus-Syria

We know that YX=2n ¢k . 22" = 4™ then 0 < CX, < 4™ for 0 < k < 2n

LetQ, = 1 "|Yk=n-1(n2 — nk)2 (Zk)wehaveO <Q, <5 \/Z" =n-1(n2 — nk)? - 4n

0<Q, <= \/Zk =n-1(n2 — nk)2. We know that:

SN ESR n(n+1)(2n +1)
(n? — nk)? = n? Z(n k)? = n? Zkz 5
k=0
3 1
4 (n°(n+1)(2n+1)\n
Then0 < Q, < n_z(f)
1 n3(n+1)(2n+1)

n3(n+1)(2n+1)\n

Butlim,, ., (DY < im,, ., () g

thenlim,_, . Q, =0

Solution 3 by Artan Ajredini-Presheva-Serbie
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_yn-10,2 2n (2 2n
Let a, = };-;(n* —nk) ( s ) and b, (n) = (n* — nk) ( K )
Since lim,,_,, b;(n) = c we have that: lim,,_, ., a,, = «. Now,

% = %O(n) iy 1. Hence, lim,,_,, \/a,, = 1. Definitely, Q = lim,,_,,
n n

Solution 4 by Ali Jaffal-Lebanon

Yo _ g

LetQ, = — |Yk=n-1(n2 — nk)2ck,

we know that Y ¥= (2," C%, = 22" = 4™ then C%, < Yk=3" C%, 4™

So, CZn <4"forall 0 < k < 2n then
1

[ =

1 k=n-1 k=n-1
Q, <— (n? — nk)? - 4 S z (n? — nk)?
n
k=0 k=0
k=n-1 n 2 [k=n n 2 k=n n
4 2 2 4-nn 2 4-nn 2
< —nn (n—k) <— k <—5X n
n n
k=0 k=1 k=1
2 - 5
nn 2 4-nn . = .
0<Q, < —T; X nn < n—';but lim, ,,nn=1; lim,_,,Q, =0

Solution 5 by Naren Bhandari-Bajura-Nepal
Let L be the limit and we write S = Y_3(n* — nk)? (2’? ) Now V0 < r < 1 from

Bernoulli inequality we have: V/S < 1 + % = % <VS<1+ %and hence we have

lim, . 5 <L<lim,, 1 1+ s and by Stolz Cesaro theorem we have
n n3 n n? n

n
1 2n
2 _ 2 -S|<L<
fin e ns(;_okn o? () -5) st <0+

lim (n+ 1;3 n? (Z (n* —nk)? (Zl? ) - S)
k=0

2 2
(n? —n?)? ( n) (n? —n?)? ( n)
im N~ <L<0+lim n
noo (n+1)3 —n3 noo (m+1)3 —n3

0 < L < 0 and hence by Squeeze theorem we have L = 0.
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nn+1)(n+2)-...(n+a-1)

(~byr-1

Find:

900. 2(a) = limy._., (T3 ),aeN-{0,1}

Proposed by Daniel Sitaru — Romania

Solution by Samir HajAli-Damascus-Syria

We have: ),;_, x" = é = f(x)

1

>y n-xt1l= FEmD because the series converge uniformly when |x| < 1
© 1 , .
= Yo+ 1) - x™" = ooz (Similarly)
21-x) _ 12 2!

We find: ¥ n(n+ 1) x" 1 =

(1-0*  (1-03  (1-x3
12
(1-x3"’
123 3!
(1-0*  (1-x*

Then: Y;7_,(n+ 1)(n+2)x" = x| <1

Therefore: Y. n(n+ 1)(n+ 2)x"1 =

Similarly step by step we find:
I

a.
e <1

Y am+ D@+2) ..+ a—Dan =
n=1

a!

Hence: f(x) = S5, TT§2h(n — k)xm =

(l_x)a+1
. ) 1 . a!
ll)lm Q(a) = ll)lmf<5> = ll)lm PN =a!
(1+3)
and:ﬂ=2a=2ﬁ: azzz: a=0;_2

—e—2>0=e—2
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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