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If ࢈,ࢇ, ࢉ > ૛ࢇ,0 + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚ then: 

ૡ(૚ − ૚)(ࢇ − ૚)(࢈ − (ࢉ ≤ ૚ 

Proposed by Marin Chirciu-Romania 

Solution 1 by Marian Ursărescu-Romania, Solution 2 by Michael Sterghiou-

Greece, Solution 3 by Rajeev Rastogi-India 

Solution 1 by Marian Ursărescu-Romania 

Because we have the next relation: 

૛ܛܗ܋ ࢻ + ૛ܛܗ܋ ࢼ + ૛ܛܗ܋ ࢽ + ૛ܛܗ܋ ࢻ ܛܗ܋ࢼܛܗ܋ ࢽ = ૚,∀ࢽ,ࢼ,ࢻ ∈ (૙,࣊) 

with ࢻ + ࢼ + ࢽ = ࣊ ⇒ ∃ઢ࡯࡮࡭ with 

࡯,࡮,࡭ ∈ (૙,࣊) and ࡭ + ࡮ + ࡯ = ࢇ and ࣊ = ࡭ܛܗ܋ ࢈, = ࡮ܛܗ܋ , ࢉ =  ࡯ܛܗ܋

⇒ we must show: ૡ(૚ − ܛܗ܋ ૚)(࡭ − ૚)(࡮ܛܗ܋ − ܛܗ܋ (࡯ ≤ ૚ ⇔ 

૟૝ ⋅ ૛ܖܑܛ ࡭
૛
⋅ ૛ܖܑܛ ࡮

૛
⋅ ૛ܖܑܛ ࡯

૛
≤ ૚ ⇔ ܖܑܛ ࡭

૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
≤ ૚

ૡ
     (1) 

But ܖܑܛ ࡭
૛

= ට(࢈ି࢙)(ࢉି࢙)
ࢉ࢈

≤ ࢇ
૛√ࢉ࢈

 and similarly ⇒ 

ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
≤ ࢇ

૛√ࢉ࢈
⋅ ࢈
૛√ࢉࢇ

⋅ ࢉ
૛√࢈ࢇ

= ૚
ૡ
⇒ (1) it is true. 

Solution 2 by Michael Sterghiou-Greece 

૛ࢇ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚  (c) then ૡ(૚ − ૚)(ࢇ − ૚)(࢈ − (ࢉ ≤ ૚ (1) 
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From (c) ૚ = ∑ ࢉ࢟ࢉ૛ࢇ + ૛ࢉ࢈ࢇ ≥
ࡹࡳିࡹ࡭

૜࢘
૛
૜ + ૛࢘) (2)   ࢘ (ࢉ࢈ࢇ:= → ࢘ ≤ ૚

ૡ
 

[if ࢘ = →૜ (2)࢚ ૜࢚૛ + ૛࢚૜ − ૚ ≤ ૙ → ࢚) + ૚)૛(૛࢚ − ૚) ≤ ૙ → 

࢚ ≤ ૚
૛
→ ࢘ ≤ ૚

ૡ
]. Now, let ࢖ = ∑ ࢉ࢟ࢉ,ࢇ ࢇ − ∑ ࢉ࢟ࢉ࢈ࢇ . If ࢈,ࢇ}ܠ܉ܕ, {ࢉ < ૚

૛
 then form (c) 

૛ࢇ∑ + ૛࢘ < 1 hence ࢈,ࢇ}ܠ܉ܕ, {ࢉ ≥ ૚
૛
 and ࢖ ≥ ૚

૛
. 

Assume ࢖ ≥ ૜
૛
→ ࢖− ≤ − ૜

૛
→ ૜ − ࢖ ≤ ૜

૛
→ ૛

૜
⋅ ∑ (૚ − ࢉ࢟ࢉ(ࢇ ≤ ૚ 

→
૛૜

૜૜
቎෍(૚ − (ࢇ
ࢉ࢟ࢉ

቏

૜

≤ ૚ → ૜૜ ⋅ෑ(૚ − (ࢇ
ࢉ࢟ࢉ

⋅
૛૜

૜૜ ≤ ૚ → ૡෑ(૚ − (ࢇ
ࢉ࢟ࢉ

≤ ૚ 

Done. 

Assume now ࢖ ≤ ૜
૛
. LHS of (1) → ૡ(ࢗ − ࢖ − ࢘ + ૚) so (1) 

reduces to: ૡ(࢖ − ࢗ + (࢘ − ૠ ≥ ૙. With ࢘ = ૚ା૛࢖ିࢗ૛

૛
  from (c) 

the last inequality reduces to −૝࢖૛ + ૡ࢖ − ૜ ≥ ૙ or 

(૛࢖ − ૚)(૜ − ૛࢖) ≥ ૙ which holds as ࢖ ≥ ૚
૛
 and ࢖ ≤ ૜

૛
. 

We are done! 

Solution 3 by Rajeev Rastogi-India 

Let us try with change of variables (∵ ૙ < ܽ, ܾ, ܿ < 1) 

ࢇ = ܛܗ܋ ࡭ ࢈, = ࡮ܛܗ܋ , ࢉ = ࡯,࡮,࡭ where ࡯ܛܗ܋ ∈ ቀ૙, ࣊
૛
ቁ 

∴ Given condition becomes ܛܗ܋૛ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ ࡯ + ૛ ࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮ ࡯ = ૚ 

⇒ ૛ܛܗ܋ ࡭ + ૛ܛܗ܋) −࡮ ૛ܖܑܛ (࡯ + ࡭ܛܗ܋ (૛ ܛܗ܋࡮ܛܗ܋ (࡯ = ૙ 

⇒ ૛ܛܗ܋ ࡭ + ࡮)ܛܗ܋ + (࡯ ⋅ −࡮)ܛܗ܋ (࡯ + ࡭ܛܗ܋ ࡮)ܛܗ܋) + (࡯ + −࡮)ܛܗ܋ ((࡯ = ૙ 

⇒ ૛ܛܗ܋) ࡭ + ܛܗ܋ ࡮)ܛܗ܋࡭ + ((࡯ + ࡮)ܛܗ܋) + (࡯ ⋅ −࡮)ܛܗ܋ (࡯ + ࡭ܛܗ܋ −࡮)ܛܗ܋ ((࡯ = ૙ 

⇒ ܛܗ܋)ܛܗ܋ ࡭ + ࡮)ܛܗ܋ + ((࡯ + −࡮)ܛܗ܋ (࡯ ࡭ܛܗ܋) + ࡮)ܛܗ܋ + ((࡯ = ૙ 

⇒ ࡭ܛܗ܋) + ࡮)ܛܗ܋ + ((࡯ ⋅ ࡭ܛܗ܋) + −࡮)ܛܗ܋ ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ((࡯
ஷ(࢙ࢇ	࡯,࡮,࡭	ࢋ࢘ࢇ	ࢋ࢚࢛ࢉࢇ	࢙ࢋ࢒ࢍ࢔ࢇ)

= ૙ 

⇒ ࡮)ܛܗ܋ + (࡯ = ࡭ܛܗ܋− = ࣊)ܛܗ܋ −  (࡭

⇒ ࡭ + ࡮ + ࡯ =  ࣊

Let ࡱ = (૚− −૚)(ࢇ ૚)(࢈ − (ࢉ = ૡ ૛ܖܑܛ ࡭
૛
⋅ ૛ܖܑܛ ࡮

૛
⋅ ૛ܖܑܛ ࡯

૛
    (1) 



 
www.ssmrmh.ro 

As the function ܖܔ ܖܑܛ ࢞
૛

 is concave down so by Jensen’s inequality 

ࢌ ቀ࡭ା࡮ା࡯
૜

ቁ ≥ (࡯)ࢌା(࡮)ࢌା(࡭)ࢌ
૜

 where (࢞)ࢌ = ܖܔ ܖܑܛ ࢞
૛

 

⇒ ܖܑܛ
࡭
૛ ⋅ ܖܑܛ

࡮
૛ ⋅ ܖܑܛ

࡯
૛ ≤

૚
ૡ 

∴ (1) ⇒ ࡱ ≤ ૡ ⋅ ቀ૚
ૡ
ቁ
૛
⇒ ࡱ ≤ ૚

ૡ
 

 


