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Ifa,b,c> 0 a®+ b* + ¢ + 2abc = 1 then:
8(1-a)(1-b)(1-c)<1
Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania, Solution 2 by Michael Sterghiou-
Greece, Solution 3 by Rajeev Rastogi-India

Solution 1 by Marian Ursdrescu-Romania

Because we have the next relation:
cos?a+ cos? B +cos’y+2cosacosfcosy=1,Va,p,y € (0,m)
witha + B +y = m = FAABC with
ABCe(0m)andA+B+C=manda=cosA,b=cosB,c=cosC
= we must show: 8(1 —cos 4)(1 —cosB)(1 —cosC) <1
1
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(s-b)(s-c) a .
e = 275c and similarly =

.. A . B . C a b c _1 -
sin_ sin - sin; < ——=- 2y 2iab 8> (1) itis true.
Solution 2 by Michael Sterghiou-Greece

. A
But sin- =

a’?+b?>+c*+2abc=1 (c0)then8(1—a)(1—-b)(1—c)<1(1)
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M 2
From(c)1=X,.a®+2abc > 3r3+2r (2)(r=:abc)-r< %
[ifr=t3()-3t?+2t3-1<0->(t+1)’Qt—-1)<0-
1 1 1
t<;-or< E]' Now, letp = ¥)ca,a — Yy ab. Ifmax{a, b, c} < Ethen form (c)

Y a? + 2r < 1 hence max{a, b, c} > %and p= %

3 3 3 2
Assumep 2. > -p<—--3-p< -y (1-a)<1

3
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Done.

Assume now p < % LHSof (1) > 8(q—p —1r+1)so(1)

reducesto: 8(p —q+1r)—7 = 0. Withr = ”Zzﬂ from (c)
the last inequality reduces to —4p? + 8p — 3 > 0 or
(2p —1)(3 — 2p) = 0 which holdsas p > %and p< %
We are done!
Solution 3 by Rajeev Rastogi-India
Let us try with change of variables (* 0 < a,b,c < 1)
a=cosA,b=cosB,c=cosCwhereA,B,C € (Og)
- Given condition becomes cos? A + cos? B + cos? C + 2 cosAcosBcosC =1
= cos? A + (cos? B —sin?C) + cosA(2cosBcosC) =0
= cos? A+ cos(B+C)-cos(B—C)+cosA(cos(B+C)+cos(B—C))=0
= (cos? A+ cosAcos(B + C)) + (cos(B+C) - cos(B—C) +cosAcos(B—C)) =0
= cos(cos A + cos(B + C)) + cos(B—C) (cosA+cos(B+C))=0
= (cosA+cos(B+C))- (cosA+cos(B—-C)) =0

#(as A,B,C are acute angles)

= cos(B + C) = —cos A = cos(m — A)

2>A+B+C=m

LetE = (1—a)(1—b)(1—c) = 8sin?% - sin?3 - sin?> (1)
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As the function In sing is concave down so by Jensen’s inequality

f(A+§+C) > [OTEO yhere f(x) = InsinZ
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