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701. Prove the following relation: 

න ൬૚ −
૚
√࢞

−
૚
࢞൰

ஶ

૙

൬࣊ (࢞࣊)ܜܗ܋ −
૚
࢞൰ ܖܑܛ

࢞ࢊ࢞࣊ିࢋ(࢞࣊) =
૚
૝ቆ࣊ቆ૛

ට૞√૛ − ૠ	 − ࣊ + ૜ቇ + ૛ቇ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Tobi Joshua-Nigeria 

ࡵ = න ൬૚ −
૚
√࢞

−
૚
࢞൰

ஶ

૙

൬࣊ ࢞࣊ܜܗ܋ −
૚
࢞൰ ࢞࣊ܖܑܛ ࢋ

 ࢞ࢊ࢞࣊ି

ࡵ = න ൬૚ −
૚
√࢞

−
૚
࢞൰

ஶ

૙

൬࣊ ࢞࣊ିࢋ࢞࣊ܛܗ܋ −
ܖܑܛ ࢞࣊ିࢋ	࢞࣊

࢞ ൰࢞ࢊ 

ࡵ = න ൬૚ −
૚
√࢞

−
૚
࢞
൰

ஶ

૙

࢞࣊ܛܗ܋࣊) −(࢞࣊ିࢋ ൬
ܖܑܛ ࣊࢞ ࢞࣊ିࢋ

࢞
൰ ࢞ࢊ + න ൬

૚
√࢞

+
૚
࢞
൰

ஶ

૙

൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞
൰࢞ࢊ 

ࡵ = න ൬૚ −
૚
√࢞

−
૚
࢞൰

ஶ

૙

ܛܗ܋࣊) (࢞࣊ିࢋ࢞࣊ − න ൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞ ൰
ஶ

૙

࢞ࢊ + න ൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞√࢞
൰

ஶ

૙

࢞ࢊ + 

+ ∫ ቀࢋ࢞࣊ܖܑܛ
ష࣊࢞

࢞૛
ቁஶ

૙ ࢞ࢊ ⇒ applying by part 

ࡵ = න ൬૚ −
૚
√࢞

൰
ஶ

૙

ܛܗ܋࣊) ࢞ࢊ(࢞࣊ିࢋ࢞࣊ −න ቆ
ܛܗ܋࣊) (࢞࣊ିࢋ࢞࣊

࢞ ቇ
ஶ

૙

࢞ࢊ − න ൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞ ൰
ஶ

૙

࢞ࢊ + 

+න ൬
࢞࣊ܖܑܛ ࢞࣊ିࢋ

࢞√࢞
൰

ஶ

૙

࢞ࢊ +
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞ ૙

ஶ

− ࣊න ൬
࢞࣊ିࢋ࢞࣊ܖܑܛ

࢞
൰

ஶ

૙

࢞ࢊ + න ቆ
(࢞࣊ିࢋ࢞࣊ܛܗ܋࣊)

࢞
ቇ

ஶ

૙

 ࢞ࢊ

ࡵ = න ൬૚ −
૚
√࢞
൰

ஶ

૙

࢞ࢊ(࢞࣊ିࢋ࢞࣊ܛܗ܋࣊) − (૚ + ࣊)න ൬
࢞࣊ܖܑܛ ࢞࣊ିࢋ

࢞
൰

ஶ

૙

࢞ࢊ + න ൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞√࢞
൰

ஶ

૙

࢞ࢊ +࣊ 

࡭ = න ൭(࣊ܛܗ܋ ࣊࢞ (࢞࣊ିࢋ −
(࣊ (࢞࣊ିࢋ࢞࣊ܛܗ܋

√࢞
൱

ஶ

૙

࢞ࢊ −න (૚ + ࣊)
ஶ

૙

൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞ ൰࢞ࢊ + 

+න ൬
ܖܑܛ ࢞࣊ିࢋ࢞࣊

࢞√࢞
൰

ஶ

૙

࢞ࢊ + ࣊ 
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࡭ =
૚
૛ − න࣊	ࢋࡾ

൫࢞࣊ିࢋ(࢏ା૚)൯
√࢞

ஶ

૙

࢞ࢊ − (૚+ ࡸ	(࣊ ൜
࢞࣊ܖܑܛ
࢞ ൠ

࢙ୀ࣊
+ න	࢓ࡵ

൫࢞࣊ିࢋ(ି࢏ା૚)൯
࢞√࢞

ஶ

૙

࢞ࢊ + ࣊ 

࡭ =
૚
૛ − ࢋࡾ

√࣊
࢏√ + ૚

න ࢞
ି૚
૛

ஶ

૙

−࢞ࢊ(࢞ିࢋ) (૚ + ࣊) ቀ
࣊
૝
ቁ + 

࢓ࡵ+ ൬࣊
૜
૛൰ඥ(૚ − න(࢏ ࢞ି

૜
૛(࢞ିࢋ)

ஶ

૙

࢞ࢊ + ࣊ 

࡭ =
૚
૛ − 	ࢋࡾ

√࣊
࢏√ + ૚

ડ൬
૚
૛൰ −

(૚ + ࣊) ቀ
࣊
૝
ቁ+ ࢓ࡵ ൬࣊

૚
૛൰ඥ(૚ − ડ(࢏ ൬−

૚
૛൰+ ࣊ 

࡭ =
૚
૛ − ࢋࡾ

࣊
+࢏√ ૚

− (૚ + ࣊) ቀ
࣊
૝
ቁ − ૛࢓ࡵ(࣊)ඥ(૚ − (࢏ + ࣊ 

࡭ =
૚
૛ − ࢋࡾ࣊

૚

ቀඥ√૛ቁ
ቂܛܗ܋ ቀ

࣊
ૡ
ቁ − ࢏ ܖܑܛ ቀ

࣊
ૡ
ቁቃ − (૚+ ࣊) ቀ

࣊
૝
ቁ − 

−૛࢓ࡵ(࣊) ቆට√૛ቇ ቂܛܗ܋ ቀ
࣊
ૡ
ቁ − ܖܑܛ࢏ ቀ

࣊
ૡ
ቁቃ+ ࣊ 

࡭ =
૚
૛ − ࣊

૚

ቀඥ√૛ቁ
൥
ඥ૛ + √૛

૛
൩ − (૚ + ࣊) ቀ

࣊
૝
ቁ + ૛(࣊)ቆට√૛ቇ ൥

ඥ૛ − √૛
૛

൩ + ࣊ 

࡭ =
૚
૛ −

࣊ඥ૚ + √૛
૛ + ࣊ට૛√૛ − ૛ − ቆ

࣊૛ + ࣊
૝ ቇ + ࣊ 

࡭ =
૚
૛ +

࣊
૛ ቈ૛

ට૛√૛ − ૛ −ට૚ + √૛቉ − ቆ
࣊૛ + ࣊
૝ ቇ + ࣊ 

ࡵ =
૚
૛ +

࣊
૛ ቈ
ට૞√૛ − ૠ቉ − ቆ

࣊૛ + ૜࣊
૝ ቇ 

ࡵ =
૚
૝
ቌ૛ + ૛࣊ ቈට૞√૛ − ૠ቉ − (࣊૛ + ૜࣊)ቍ 
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702. If: 

ષ(ࣂ) = ൭෍൫૛࢑ ൯൯ࣂ൫૛࢑ܖ܉ܜ
࢔

࢑ୀ૙

൱ + ૛࢔ା૚  (ࣂା૚࢔૛)ܜܗ܋

then: 

න ൭൫ષ(ࣂ)൯
૛

+ ቆષ൬
ࣂ
૛
൰ቇ

ି૛

൱

૞࣊
૚૛૙

࣊
૝

 ࣂࢊ

=
૞࣊ + ૚૛
૚૛ +

૝ ቀඥૡ − ૛√૟ − ૛√૛ − ඥ૛ − √૜ቁ

૝ − √૟ − √૛
+
૜൫૚ − √૟ + √૚૛൯

√૜ − √૟
 

Proposed by Naren Bhandari-Bajura-Nepal 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

ષ(ࣂ) = ෍૛࢑
࢔

࢑ୀ૙

૛࢑൯ࣂ൫ܖ܉ܜ + ૛࢑ା૚  ૛࢑ା૚൯ࣂ൫ܜܗ܋

∴ෑܛܗ܋൫ࣂ૛࢑൯
࢔

࢑ୀ૙

= ෑ
૛࢑ା૚൯ࣂ൫ܖܑܛ
૛ܖܑܛ(ࣂ૛࢑)

࢔

࢑ୀ૙

=
૛࢑ା૚൯ࣂ൫ܖܑܛ
૛࢔ା૚ ࣂܖܑܛ

⇒ ෍ ૛࢑൯൯ࣂ൫ܛܗ܋൫܏ܗܔ
࢔

࢑ୀ૙

= ܏ܗܔ
૛࢑ା૚൯ࣂ൫ܖܑܛ
૛࢔ା૚ ܖܑܛ ࣂ

 

⇒෍
ࢊ ૛࢑൯൯ࣂ൫ܛܗ܋൫܏ܗܔ

ࣂࢊ

࢔

࢑ୀ૙

=
ቆ܏ܗܔࢊ

૛࢑ା૚൯ࣂ൫ܖܑܛ
૛࢔ା૚ ܖܑܛ ࣂ ቇ

ࣂࢊ ⇒෍૛࢑
࢔

࢑ୀ૙

૛࢑൯ࣂ൫ܖ܉ܜ = 

= ࣂܜܗ܋ − ૛࢔ା૚  (ା૚࢔૛ࣂ)ܜܗ܋

⇒ ષ(ࣂ) = ܜܗ܋ ࣂ ⇒ ࡹ = න ቌષ૛(ࣂ) +
૚

ષ૛ ቀࣂ૛ቁ
ቍ

૞࣊
૚૛૙

࣊
૝

ࣂࢊ = න ቌܜܗ܋૛ ࣂ +
૚

૛ܜܗ܋ ૛ࣂ
ቍ

૞࣊
૚૛૙

࣊
૝

 ࣂࢊ

= −ࣂ−} ࣊{ࣂܜܗ܋
૝

૞࣊
૚૛૙ + ൜−ࣂ+ ૛ ܖ܉ܜ

ࣂ
૛
ൠ࣊
૝

૞࣊
૚૛૙

= −
૞࣊
૟૙

− ܜܗ܋
૞࣊
૚૛૙

+ ૛ ܖ܉ܜ
૞࣊
૛૝૙

+
࣊
૛

+ ૚ − ૛ܖ܉ܜ
࣊
ૡ

 

=
૞࣊
૚૛ + ૜ − ૛√૛ − ܜܗ܋

࣊
૛૝ + ૛ ܖ܉ܜ

࣊
૝ૡ			

ቐܖ܉ܜ
࣊
ૡ =

૝࣊ܖܑܛ
૚ + ܛܗ܋ ࣊૝

= √૛ − ૚ቑ 
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ܜܗ܋
࣊
૛૝ =

૚ + ܛܗ܋ ࣊૚૛
ܖܑܛ ࣊

૚૛
=
૚ + √૜ + ૚

૛√૛
√૜− ૚
૛√૛

= 

= ૛ + √૛ + √૜ + √૟൞ܛܗ܋
࣊
૚૛ = ඨ૚ + ૟࣊ܛܗ܋

૛ =
√૜ + ૚
૛√૛

ൢ 

ܖ܉ܜ
࣊
૝ૡ =

ܖܑܛ ࣊
૛૝

૚ + ܛܗ܋ ࣊૛૝
=

ඨ૚ − ܛܗ܋ ࣊૚૛
૛

૚ + ඨ૚ + ܛܗ܋ ࣊
૚૛

૛

=
ට૛ − ඥ૛ + √૜

૛ + ට૛ + ඥ૛ + √૜
 

ࡹ =
૞࣊
૚૛ + ૚ − ૜√૛ − √૜ − √૟ + ૛

ට૛ − ඥ૛ + √૜

૛ + ට૛ + ඥ૛ + √૜
 

=
૞࣊
૚૛ + ૚ + ૛

√૛
૛ ඥ૝ − √૟ − √૛

૛ + √૛
૛ ඥ૝ + √૟ + √૛

− ૜√૛ − √૜ − √૟ 

=
૞࣊
૚૛ + ૚ +

√૛ඥ૝ − √૟ − √૛ቆ૛ − √૛
૛ ඥ૝ + √૟ + √૛ቇ

૝ − √૟ − √૛
૛

− ૜√૛ − √૜ − √૟ 

=
૞࣊
૚૛ + ૚ +

૛ඥૡ − ૛√૟ − ૛√૛ − ૛ඥ૛ − √૜
૝ − √૟ − √૛

૛

− ૜√૛ +
૜

√૜ − √૟
 

=
૞࣊
૚૛ + ૚ + ૝

ඥૡ − ૛√૟ − ૛√૛ − ඥ૛ − √૜
૝ − √૟ − √૛

+ ૜
૚ − √૟ + √૚૛
√૜ − √૟
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703. Prove that: 

−
૚
૝න

(࢞)ܖܔ
࢞૛ + ૚

ஶ

૙

࢞ࢊ −
૚
૛න

(࢞)ܖܔ
࢞

૛

૚

࢞ࢊ −
૚
૝න

૛(૚ܖܔ + ࢞૛)
࢞૛ ࢞ࢊ

૚

૙

+ න
࢞ ૚ିܖ܉ܜ ࢞
(૚ + ࢞૛)

૚

૙

࢞ࢊ + 

+
૚
૛න

૚)ܖܔ + ࢞૛)
૚ + ࢞૛

૚

૙

࢞ࢊ +
૚
ૡන

૛࢞)ܖܔ + ૚)
࢞૛ + ૚

ஶ

૙

࢞ࢊ = ࡳ −
࣊
૝ ܖܔ

(૛) 

where ࡳ is Catalan’s constant 

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution by Avishek Mitra-West Bengal-India 

⇔ ૚ࡵ = න
࢞܏ܗܔ

(૚ + ࢞૛)

ஶ

૙

࢞ࢊ ⇒ ࢞ = ܖ܉ܜ ࢠ ⇒ ࢞ࢊ = ૛܋܍ܛ  ࢠࢊࢠ

= න
ܖ܉ܜ)܏ܗܔ (ࢠ

(૚ + ૛ܖ܉ܜ (ࢠ

࣊
૛

૙

⋅ ૛܋܍ܛ ࢠࢊࢠ = න ܏ܗܔ ቀܖ܉ܜቀ
࣊
૛ − ቁቁࢠ

࣊
૛

૙

ࢠࢊ = න ܜܗ܋)܏ܗܔ (ࢠ

࣊
૛

૙

 ࢠࢊ

= −න (ࢠܖ܉ܜ)܏ܗܔ

࣊
૛

૙

ࢠࢊ = ૚ࡵ− ⇒ ૛ࡵ૚ = ૙ ⇒ ૚ࡵ = ૙ 

⇔ ૛ࡵ = න
࢞ࢊ࢞܏ܗܔ

࢞

૛

૚

= න ܏ܗܔ ࢞ ܏ܗܔ)ࢊ. ࢞)
૛

૚

= ቈ
૛܏ܗܔ ࢞
૛ ቉

૚

૛

=
૛܏ܗܔ ૛
૛  

⇔ ૜ࡵ = න
࢞ ૚ିܖ܉ܜ ࢞
(૚ + ࢞૛) ࢞ࢊ

૚

૙

⇒ ࢞ = ࢠܖ܉ܜ ⇒ ࢞ࢊ = ૛܋܍ܛ  ࢠࢊࢠ

= නࢠ

࣊
૝

૙

ࢠܖ܉ܜ ࢠࢊ = ࢠ] ܋܍ܛ)܏ܗܔ ૙[(ࢠ
࣊
૝ + න ܛܗ܋)܏ܗܔ (ࢠ

࣊
૝

૙

 ࢠࢊ

=
࣊
૝ ܏ܗܔ

ቀ܋܍ܛ
࣊
૝
ቁ + න ൥− ܏ܗܔ ૛ −෍

(−૚)࢔ ⋅ (ࢠ࢔૛)ܛܗ܋
࢔

ஶ

ୀ૚࢔

൩

࣊
૝

૙

 ࢠࢊ
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=
࣊
ૡ ܏ܗܔ ૛ −

࣊
૝ ܏ܗܔ ૛ −෍

(−૚)࢔

࢔

ஶ

ୀ૚࢔

න (ࢠ࢔૛)ܛܗ܋

࣊
૝

૙

 ࢠࢊ

= −
࣊
ૡ ܏ܗܔ ૛ −

૚
૛෍

(−૚)࢔ ⋅ ܖܑܛ ቀ࣊࢔૛ ቁ
૛࢔

ஶ

ୀ૚࢔

= −
࣊
ૡ ૛܏ܗܔ +

૚
૛෍

(−૚)ି࢔૚

(૛࢔ − ૚)૛

ஶ

ୀ૚࢔

= −
࣊
ૡ ܏ܗܔ ૛ +

ࡳ
૛ 

⇔ ૝ࡵ = න
૚)܏ܗܔ + ࢞૛)

(૚ + ࢞૛)

૚

૙

࢞ࢊ = න ૚)܏ܗܔ + ૛ܖ܉ܜ (ࢠ

࣊
૝

૙

ࢠࢊ = න ܏ܗܔ ቆ
૛ܖܑܛ ࢠ + ૛ܛܗ܋ ࢠ

૛ܛܗ܋ ࢠ ቇ

࣊
૝

૙

 ࢠࢊ

= −૛න ܛܗ܋)܏ܗܔ (ࢠ

࣊
૝

૙

ࢠࢊ = −૛ ൤−
࣊
૝ ܏ܗܔ ૛ +

ࡳ
૛൨ =

࣊
૛ ૛܏ܗܔ −  ࡳ

⇔ ૞ࡵ = න
૛࢞)܏ܗܔ + ૚)

(࢞૛ + ૚)

ஶ

૙

࢞ࢊ = න ૚)܏ܗܔ + ૛ܖ܉ܜ (ࢠ

࣊
૝

૙

ࢠࢊ = −૛න ܛܗ܋)܏ܗܔ (ࢠ

࣊
૝

૙

 ࢠࢊ

= −૛ ቀ−
࣊
૛ ܏ܗܔ ૛ቁ = ૛܏ܗܔ࣊ ⇔ ૟ࡵ = න

૛(૚܏ܗܔ + ࢞૛)
࢞

૚

૙

 ࢞ࢊ

= ቈ
૚)܏ܗܔ + ࢞૛)

(−࢞) ቉
૙

૚

+ න
૛ ૚)܏ܗܔ + ࢞૛) ૛࢞

(૚ + ࢞૛)࢞

૚

૙

 ࢞ࢊ

= ૛܏ܗܔ− ૛ + ૝න
૚)܏ܗܔ + ࢞૛)

(૚ + ࢞૛)

૚

૙

࢞ࢊ = ૛܏ܗܔ− ૛ + ૝ ቀ
࣊
૛ ૛܏ܗܔ −  ቁࡳ

= − ૛܏ܗܔ ૛ + ૛࣊ ܏ܗܔ ૛ − ૝ࡳ ⇔ −
૚ࡵ
૝ −

૛ࡵ
૛ −

૟ࡵ
૝ + ૜ࡵ +

૝ࡵ
૛ +

૞ࡵ
ૡ  

= −૙ −
૛܏ܗܔ ૛
૝ −

૚
૝

૛܏ܗܔ) ૛ + ૛࣊ ܏ܗܔ ૛ − ૝ࡳ)−
࣊
ૡ ܏ܗܔ ૛ +

ࡳ
૛ +

૚
૛
ቀ
࣊
૛ ૛܏ܗܔ − ቁࡳ +

࣊
ૡ ܏ܗܔ ૛ 

= −
࣊
૛ ܏ܗܔ ૛ + ࡳ −

࣊
ૡ ܏ܗܔ ૛ +

ࡳ
૛ +

࣊
૝ ܏ܗܔ ૛ −

ࡳ
૛ +

࣊
ૡ ܏ܗܔ ૛ = ࡳ −

࣊
૝ ܏ܗܔ ૛ 
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704. Prove that: 

ܛܗ܋ ൬
૛࣊
૚૜

൰ ⋅ ܛܗ܋ ൬
૞࣊
૚૜

൰ ⋅ ܛܗ܋ ൬
૟࣊
૚૜

൰ =
√૚૜ − ૜
૚૟

 

Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Marian Ursărescu-Romania 

Let ࢿ be the root of the equation ࢞૚૜ = ૚ ⇒ 

ࢿ = ܛܗ܋ ૛࣊
૚૜

+ ࢏ ܖܑܛ ૛࣊
૚૜
⇒ ૜ࢿ = ܛܗ܋ ૟࣊

૚૜
+ ࢏ ܖܑܛ ૟࣊

૚૜
 and  

ૢࢿ = ܛܗ܋
૚ૡ࣊
૚૜ + ࢏ ܖܑܛ

૚ૡ࣊
૚૜ = ܛܗ܋ ൬࣊ +

૞࣊
૚૜൰+ ࢏ ܖܑܛ ൬࣊ +

૞࣊
૚૜൰ = ܛܗ܋−

૞࣊
૚૜ − ࢏ ܖܑܛ

૞࣊
૚૜ ⇒ 

ૢࢿ− = ܛܗ܋
૞࣊
૚૜ + ࢏ ܖܑܛ

૞࣊
૚૜ ⇒ 

ܛܗ܋
૛࣊
૜ ⋅ ܛܗ܋

૞࣊
૚૜ ⋅ ܛܗ܋

૟࣊
૚૜ = −

૚
ૡ൬ࢿ +

૚
൰ࢿ ൬ࢿ

૜ +
૚
൰ࢿ ൬ࢿ

ૢ +
૚
൰ૢࢿ = 

= − ૚
ૡ

ࢿ) + ૜ࢿ)(૚૛ࢿ + ૢࢿ)(૚૙ࢿ + (૝ࢿ ⇒ we must show: 

−
૚
ૡ

+ࢿ) ૜ࢿ)(૚૛ࢿ + ૢࢿ)(૚૙ࢿ + (૝ࢿ =
√૚૜ − ૜
૚૟ ⇔ 

ࢿ) + ૜ࢿ)(૚૛ࢿ + ૢࢿ)(૚૙ࢿ + (૝ࢿ = ૜ି√૚૜
૛

   (1) 

Let ࢠ = +ࢿ) ૜ࢿ)(૚૛ࢿ + ૢࢿ)(૚૙ࢿ + (૝ࢿ = ૝ࢿ) + ૚૚ࢿ + ૜ࢿ + ૢࢿ)(ૢࢿ +  (૝ࢿ

= ૚ + ૡࢿ + ૠࢿ + ૛ࢿ + ૚૚ࢿ + ૟ࢿ + ૞ࢿ + ૚ ⇒ 

ࢠ = ૚૚ࢿ + ૡࢿ + ૠࢿ + ૟ࢿ + ૞ࢿ + ૛ࢿ + ૛    (2) 

૛ࢠ = ൫ࢿ૚૚ + ૡࢿ + ૠࢿ + ૟ࢿ + ૞ࢿ + ૛ࢿ + ૛൯
૛

= 

ૢࢿ + ૜ࢿ + +ࢿ ૚૛ࢿ + ૚૙ࢿ + ૝ࢿ + ૝ + ૛ࢿ૟ + ૛ࢿ૞ + ૛ࢿ૝ + 

+૛ࢿ૜ + ૚ + ૝ࢿ૚૚ + ૛ࢿ૛ + ૛ࢿ + ૛ + ૛ࢿ૚૙ + ૝ࢿૡ + 

+૛ + ૛ࢿ૚૛ + ૛ૢࢿ + ૛ࢿૠ + ૛ࢿ૚૚ + ૛ࢿૡ + ૝ࢿ૟ + ૛ࢿૠ + ૝ࢿ૞ + ૝ࢿ૛ = 

= ૜ࢿ૚૛ + ૟ࢿ૚૚ + ૜ࢿ૚૙ + ૜ૢࢿ + ૟ࢿૡ + ૝ࢿૠ + ૝ࢿ૟ + ૟ࢿ૞ + ૜ࢿ૝ + ૟ࢿ૛ + ૜ࢿ + ૠ  (2) 

From (1)+(2)⇒ ૛ࢠ = ૜ࢠ − ૚ = ૙ ⇒ ઢ = ૢ + ૝ = ૚૜ ⇒ ૚,૛ࢠ = ૜±√૚૜
૛

⇒ ࢠ = ૜ି√૚૜
૛

, 

because ૜ା√૚૜
૛

> 1 
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Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

Let: ࢓ = ܛܗ܋ ቀ૛࣊
૚૜
ቁ ܛܗ܋ ቀ૞࣊

૚૜
ቁ ܛܗ܋ ቀ૟࣊

૚૜
ቁ and: ࢔ = ܛܗ܋ ቀ ࣊

૚૜
ቁ ܛܗ܋ ቀ૜࣊

૚૜
ቁ ܛܗ܋ ቀૢ࣊

૚૜
ቁ 

࢓ + ࢔ = ܛܗ܋ ൬
૛࣊
૚૜
൰ ܛܗ܋ ൬

૞࣊
૚૜

൰ ܛܗ܋ ൬
૟࣊
૚૜
൰ + ܛܗ܋ ቀ

࣊
૚૜
ቁ ܛܗ܋ ൬

૜࣊
૚૜

൰ ܛܗ܋ ቀ
࣊
૚૜
ቁ = 

=
ܛܗ܋ ቀૠ࣊૚૜ቁ + ܛܗ܋ ቀ૜࣊૚૜ቁ

૛ ܛܗ܋ ൬
૟࣊
૚૜൰+

ܛܗ܋ ቀ૝࣊૚૜ቁ + ܛܗ܋ ቀ૛࣊૚૜ቁ
૛ ܛܗ܋ ൬

ૢ࣊
૚૜൰ 

⇒ ૝(࢓+ (࢔ = −૚ + ܛܗ܋ ቀ
࣊
૚૜
ቁ + ܛܗ܋ ൬

૜࣊
૚૜൰ + ܛܗ܋ ൬

૛࣊
૚૜൰ + ܛܗ܋ ൬

૞࣊
૚૜൰ + 

+ ܛܗ܋ ൬
ૠ࣊
૚૜൰ + ܛܗ܋ ൬

ૢ࣊
૚૜൰+ ܛܗ܋ ൬

૚૚࣊
૚૜ ൰ = −૚ −

૚
૛ ⇒ ૡ(࢓ + (࢔ = −૜ 

∴ Note: ܛܗ܋ ቀૢ࣊
૚૜
ቁ = ܛܗ܋− ቀ૝࣊

૚૜
ቁ , ܛܗ܋ ቀ૞࣊

૚૜
ቁ = ܛܗ܋− ቀૡ࣊

૚૜
ቁ and ܛܗ܋ ቀ૜࣊

૚૜
ቁ = ܛܗ܋− ቀ૚૟࣊

૚૜
ቁ also: 

෍ܛܗ܋൫(૛࢔+ ૚)ࢠ൯
࢑

ୀ૙࢔

=
૚
૛܋ܛ܋ ࢠ ܖܑܛ

(૛(࢑ + ૚)ࢠ) 

⇒ ૛ܖܑܛ࢔࢓ ቀ
࣊
૚૜
ቁ = −૛ܖܑܛ ቀ

࣊
૚૜
ቁ ܛܗ܋ ቀ

࣊
૚૜
ቁ ܛܗ܋ ൬

૛࣊
૚૜

൰ ܛܗ܋ ൬
૝࣊
૚૜

൰ ܛܗ܋ ൬
૟࣊
૚૜
൰ ܛܗ܋ ൬

ૡ࣊
૚૜

൰ ܛܗ܋ ൬
૚૟࣊
૚૜

൰ = 

= −
૚
૚૟ ܖܑܛ ൬

૜૛࣊
૚૜ ൰ ܛܗ܋ ൬

૟࣊
૚૜൰ =

૚
૚૟ ܖܑܛ ൬

ૠ࣊
૚૜൰ ܛܗ܋ ൬

ૠ࣊
૚૜൰ = −

૚
૜૛ܖܑܛ

ቀ
࣊
૚૜
ቁ 

ቄૡ(࢓ + (࢔ = −૜
૟૝࢔࢓ = −૚

are the roots of the equation: ૟૝࢞૛ ࢔ and ࢓ + ૛૝࢞− ૚ = ૙, 

࢓ > 0 ⇒ ݉ =
√૚૜ − ૜
૚૟  

Something more generic: ∏ ܛܗ܋ ቀ૛࢜ା૚
૛࢛ା૚

࣊ቁ࢛ି૚
࢜ = (ି૚)࢖

૛࢛
 where: ࢖ = ቂ࢛

૛
ቃ , ൣ . ൧ GIF 

in my solution we can take: ࢛ = ૟ we find: ૟૝࢔࢓ = −૚ 

 

705. Prove that: 

૞શ૚ ൬
૚
૜
൰ +શ૚ ൬

૞
૟
൰ =

૚૟
૜
࣊૛ 

where શ૚(࢞) is the trigamma function. 

Proposed by Vasile Mircea Popa – Romania  
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Solution 1 by Abdul Hafeez Ayinde-Nigeria 

From ERF, we obtain ࣒૚(૚ − (ࢠ + ࣒૚(ࢠ) = ࣊૛

(ࢠ࣊)૛ܖܑܛ
⇛ ࣒૚ ቀ

૚
૟
ቁ + ࣒૚ ቀ

૞
૟
ቁ = ࣊૛

૛ቀ࣊૟ቁܖܑܛ
= ૝࣊૛  

࣒૚ ൬
૞
૟൰ = ૝࣊૛ −࣒૚ ൬

૚
૟൰ 

ડ(૜ࢠ) = ૜૜ࢠష
૚
૛

૛࣊
ડ(ࢠ)ડ ቀࢠ + ૚

૜
ቁ ડ ቀࢠ + ૛

૜
ቁ is a duplication formula. 

ૢ࣒૚(૜ࢠ) = ࣒૚(ࢠ) + ࣒૚ ൬ࢠ+
૚
૜൰+ ࣒૚ ൬ࢠ +

૛
૜൰ 

ૢ࣒૚(૚) = ࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૛
૜൰ + ࣒૚(૚) 

ૡ࣒૚(૚) = ࣒૚ ൬
૚
૜൰ + ࣒૚ ൬

૛
૜൰ 

૝࣊૛

૜ = ࣒૚ ൬
૚
૜൰ + ࣒૚ ൬

૛
૜൰ 

ડ ቀࢠ+ ૚
૛
ቁ = ડ(૛ࢠ)√࣊

ડ(ࢠ)૛૛ࢠష૚
 is also a duplication formula. 

࣒૚ ൬ࢠ +
૚
૛൰ = ૝࣒૚(૛ࢠ) −࣒૚(ࢠ) 

࣒૚ ൬
૛
૜൰ = ૝࣒૚ ൬

૚
૛൰ − ࣒૚ ൬

૚
૟൰ 

࣒૚ ൬
૚
૟൰ = ૝࣒૚ ൬

૚
૜൰ − ࣒૚ ൬

૛
૜൰ 

૚
૝࣒૚ ൬

૚
૟൰+

૚
૝࣒૚ ൬

૛
૜൰ = ࣒૚ ൬

૚
૜൰ 

૞
૝࣒૚ ൬

૚
૟൰+

૞
૝࣒૚ ൬

૛
૜൰ = ૞࣒૚ ൬

૚
૜൰ 

We have proven  ࣒૚ ቀ
૞
૟
ቁ = ૝࣊૛ −࣒૚ ቀ

૚
૟
ቁ 

૞࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૞
૟൰ = ૝࣊૛ +

૚
૝࣒૚ ൬

૚
૟൰+

૞
૝࣒૚ ൬

૛
૜൰ 

૞࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૞
૟൰ = ૝࣊૛ +

૚
૝ቆ૝࣒૚ ൬

૚
૜൰ −࣒૚ ൬

૛
૜൰ቇ +

૞
૝࣒૚ ൬

૛
૜൰ 

૞࣒૚ ൬
૚
૜൰ + ࣒૚ ൬

૞
૟൰ = ૝࣊૛ + ࣒૚ ൬

૚
૜൰−

૚
૝࣒૚ ൬

૛
૜൰ +

૞
૝࣒૚ ൬

૛
૜൰ 
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૞࣒૚ ൬
૚
૜൰ + ࣒૚ ൬

૞
૟൰ = ૝࣊૛ + ࣒૚ ൬

૚
૜൰+ ࣒૚ ൬

૛
૜൰ 

૞࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૞
૟൰ = ૝࣊૛ +

૝࣊૛

૜ =
૚૟࣊૛

૜  

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

૞શ૚ ൬
૚
૜൰ + શ૚ ൬

૞
૟൰ = ૝શ૚ ൬

૚
૜൰+ શ૚ ൬

૚
૜൰ + શ૚ ൬

૚
૜ +

૚
૛൰ = ૝ቆશ૚ ൬

૚
૜൰ + શ૚ ൬૚ −

૚
૜൰ቇ = 

= ૝
࣊૛

૛ܖܑܛ ቀ࣊૜ቁ
=
૚૟
૜ ࣊૛ 

Note: શ૚(ࢠ) + શ૚ ቀࢠ+ ૚
૛
ቁ = ૝શ૚(૛ࢠ) and શ૚(ࢠ) + શ૚(૚ − (ࢠ = ࣊૛

(ࢠ࣊)૛ܖܑܛ
 

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador 

૞࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૞
૟൰ = ૞࣒૚ ൬

૚
૜൰+ ࣒૚ ൬

૚
૜ +

૚
૛൰ = ૞࣒૚ ൬

૚
૜൰ + ൜ܖܔ ൤ડ ൬࢞ +

૚
૛൰൨ൠ

ᇱᇱ

ቤ
࢞ୀ૚૜

= 

= ૞࣒૚ ൬
૚
૜൰ + ቊܖܔ ቈ

૛૚ି૛࢞√࣊ડ(૛࢞)
ડ(࢞) ቉ቋ

ᇱᇱ

อ
࢞ୀ૚૜

 

= ૞࣒ ൬
૚
૜൰ + ቊ(૚− ૛࢞) (૛)ܖܔ +

(࣊)ܖܔ
૛ + −[(ࢠ૛)ડ]ܖܔ ቋ[(࢞)ડ]ܖܔ

ᇱᇱ

ቤ
࢞ୀ૚૜

= 

= ૞࣒૚ ൬
૚
૜൰ + [−૛ (૛)ܖܔ +૛࣒૙(૛࢞)− ࣒૙(࢞)]ᇱ|

࢞ୀ૚૜
 

= ૞࣒૚ ൬
૚
૜൰+ [૝࣒૚(૛࢞) −࣒(࢞)]ᇱ|

࢞ୀ૚૜
= ૞࣒൬

૚
૜൰ + ૝࣒૚ ൬

૛
૜൰ −࣒૚ ൬

૚
૜൰ = 

= ૝ ൤࣒૚ ൬
૚
૜൰+ ࣒૚ ൬

૛
૜൰൨ = ૝{ܖܔ[ડ(࢞)ડ(૚ − ࢞)]}ᇱᇱ	|

࢞ୀ૚૜
 

= ૝ ൜ܖܔ ൤
࣊

൨ൠ(࢞࣊)ܖܑܛ
ᇱᇱ
ฬ
࢞ୀ૚૜

= ૝{ܖܔ(࣊) − |ᇱᇱ{[(࢞࣊)ܖܑܛ]ܖܔ
࢞ୀ૚૜

= 

= ૝࣊ ቈ−
(࢞࣊)ܛܗ܋
቉(࢞࣊)ܖܑܛ

ᇱ

ቤ
࢞ୀ૚૜

= −૝࣊ ቈ
(࢞࣊)૛ܖܑܛ࣊− − (࢞࣊)૛ܛܗ܋࣊

(࢞࣊)૛ܖܑܛ ቉ቤ
࢞ୀ૚૜

 

= ૝࣊૛ ൤
૚

૛(࣊࢞)൨ฬ࢞ୀ૚૜ܖܑܛ
=

૝࣊૛

૛ܖܑܛ ቀ࣊૜ቁ
=
૝࣊૛
૜
૝

=
૚૟
૜ ࣊૛ 



 
www.ssmrmh.ro 

706. Prove that: 

૚૛ࡲ 
	 ࢼ,ࢼ,ࢻ) − ࢻ + ૚,−૚) =

ડ(ࢻିࢼା૚)ડቀࢼ૛ା૚ቁ

ડ(ࢼା૚)ડቀࢼ૛ିࢻା૚ቁ
 

Proposed by Nawar Alasadi-Babylon-Iraq 

Solution by proposer 

∵ ૚૛ࡲ
	 (࢞,ࢽ,ࢼ,ࢻ) = ෍

࢔(ࢼ)࢔(ࢻ)
!࢔ ࢔(ࢽ)

ஶ

ୀ૙࢔

 ࢔࢞

Where (ࢻ)࢔ = +ࢻ)ࢻ ૚) … +ࢻ) −࢔ ૚) = ૚⋅૛⋅…⋅(ିࢻ૚)ࢻ(ࢻା૚)(ࢻାି࢔૚)
૚⋅૛⋅…⋅(ିࢻ૚)

= ડ(ࢻା࢔)
ડ(ࢻ)

 

∴
࢔(ࢼ)
࢔(ࢽ)

=
ડ(ࢼ + (࢔
ડ(ࢼ) ⋅

ડ(ࢽ)
ડ(ࢽ+ (࢔ =

ડ(ࢽ)ડ(ࢼ+ ࢽ)ડ(࢔ − (ࢼ
ડ(ࢼ)ડ(ࢽ+ ࢽ)ડ(࢔ − (ࢼ = 

=
ડ(ࢽ)
ડ(ࢼ)

ડ(ࢼ + ࢽ)ડ(࢔ − (ࢼ
ડ(ࢼ+ ࢔ + ࢽ − (ࢼ ⋅

૚
ડ(ࢽ −  (ࢼ

࢔(ࢼ)
࢔(ࢽ)

=
ડ(ࢽ)

ડ(ࢼ)ડ(ࢽ− න(૚(ࢼ − ૚ି࢔ାࢼ૚࢚ିࢼିࢽ(࢚
૚

૙

࢚ࢊ = 

=
૚

ડ(ࢼ)ડ(ࢽ − (ࢼ
ડ(ࢼ + ࢽ − (ࢼ

න࢚ࢼାି࢔૚
૚

૙

(૚ − ࢚ࢊ૚ିࢼିࢽ(࢚ =
૚

ࢽ,ࢼ)࡮ − ૚ି࢔ାࢼන࢚(ࢼ
૚

૙

(૚ −  ࢚ࢊ૚ିࢼିࢽ(࢚

∴ ૚૛ࡲ
	 (࢞,ࢽ,ࢼ,ࢻ) = ෍

૚
ࢽ,ࢼ)࡮ − (ࢼ

ஶ

ୀ૙࢔

න࢚ࢼାି࢔૚
૚

૙

න࢚ࢼାି࢔૚(૚ − ૚ିࢼିࢽ(࢚ ቆ
࢔࢞࢔(ࢻ)

!࢔ ቇ
૚

૙

࢚ࢊ = 

= ෍
૚

ࢽ,ࢼ)࡮ − (ࢼ

ஶ

ୀ૚࢔

න࢚ିࢼ૚
૚

૙

(૚ − ૚ିࢼିࢽ(࢚ ⋅
࢔(࢚࢞)࢔(ࢻ)

!࢔  ࢚ࢊ

૚૛ࡲ
	 =

૚
ࢽ,ࢼ)࡮ − ૚ିࢼන࢚(ࢼ

૚

૙

(૚ − ૚෍ିࢼିࢽ(࢚
࢔(࢚࢞)࢔(ࢻ)

!࢔

ஶ

ୀ૙࢔

࢚ࢊ = 

=
૚

ࢽ,ࢼ)࡮ − ૚ିࢼන࢚(ࢼ
૚

૙

(૚ − ૚ିࢼିࢽ(࢚ ቊ૚ + ࢚࢞ࢇ +
+ࢻ)ࢻ ૚)

૛!
(࢚࢞)૛ + ⋯ቋ࢚ࢊ 
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૚૛ࡲ
	 (࢞,ࢽ,ࢼ,ࢻ) =

ડ(ࢽ)
ડ(ࢼ)ડ(ࢽ − ૚ିࢼන࢚(ࢼ

૚

૙

(૚ − ૚(૚ିࢼିࢽ(࢚ − ,࢚ࢊࢻି(࢚࢞ |࢞| < 1, ߛ > ߚ > 0 

Putting ࢞ = −૚ and ࢽ = ࢼ − ࢻ + ૚ 

૚૛ࡲ
	 ࢼ,ࢼ,ࢻ) − ࢻ + ૚,−૚) =

૚
૚,ࢼ)ࢼ − ૚ିࢼන࢚(ࢻ

૚

૙

(૚− ૚)ࢻି(࢚ + ࢚ࢊࢻି(࢚ = 

=
૚

ડ(ࢼ)ડ(૚ − (ࢻ
ડ(ࢼ− ࢻ + ૚)

න࢚ିࢼ૚
૚

૙

(૚ − ࢚૛)ି࢚ࢊࢻ 

Let ࢠ = ࢚૛ ⇒ ࢠࢊ = ૛࢚	࢚ࢊ 

૚૛ࡲ
	 ࢼ,ࢼ,ࢻ) − +ࢻ ૚,−૚) =

૚
૛
ડ(ࢼ− ࢻ + ૚)
ડ(ࢼ)ડ(૚ − ࢠන(ࢻ

ࢼ
૛ି૚

૚

૙

(૚ − ࢠࢊ૚ି(ࢻ૚ି)(ࢠ = 

=
૚
૛
ડ(ࢼ− ࢻ + ૚)
ડ(ࢼ)ડ(૚ − (ࢻ ⋅ ࡮ ൬

ࢼ
૛ ,૚ −  ൰ࢻ

૚૛ࡲ
	 ࢼ,ࢼ,ࢻ) − +ࢻ ૚,−૚) =

૚
૛
ડ(ࢼ− ࢻ + ૚)
ડ(ࢼ)ડ(૚− (ࢻ ⋅

ડ ൬ࢼ૛൰ ડ(૚ − (ࢻ

ડ ൬ࢼ૛ − +ࢻ ૚൰
=
ડ(ࢼ− ࢻ + ૚) ⋅ ૛ࢼ ⋅ ડ ൬

ࢼ
૛൰

૛ࢼડ൬(ࢼ)ડࢻ − ࢻ + ૚൰
 

∴ ૚૛ࡲ
	 ࢼ,ࢼ,ࢻ) − ࢻ + ૚,−૚) =

ડ(ࢼ− ࢻ + ૚)ડ ൬ࢼ૛ + ૚൰

ડ(ࢼ+ ૚)ડ ൬ࢼ૛ − +ࢻ ૚൰
 

 

707. Prove that: 

ඨ૚+ ܛܗ܋
૝࣊
૚ૢ

+ ܛܗ܋
૟࣊
૚ૢ

− ܛܗ܋
ૢ࣊
૚ૢ

૜

+ ඨ૚ + ܛܗ܋
૛࣊
૚ૢ

− ܛܗ܋
૜࣊
૚ૢ

− ܛܗ܋
૞࣊
૚ૢ

૜

+ 

+ඨ૚− ܛܗ܋
࣊
૚ૢ

− ܛܗ܋
ૠ࣊
૚ૢ

+ ܛܗ܋
ૡ࣊
૚ૢ

૜
=
૚
૛
ට૚૛√૚ૢ૜ − ૝
૜

 

Proposed by Vasile Mircea Popa-Romania 
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Solution by Ruangkhaw Chaoka-Chiangrai-Thailand 

Or ට૛ − ૛ቀܛܗ܋ ૢ࣊
૚ૢ

+ ܛܗ܋ ૚૜࣊
૚ૢ

+ ܛܗ܋ ૚૞࣊
૚ૢ
ቁ૜

+ ට૛ − ૛ቀܛܗ܋ ૜࣊
૚ૢ

+ ܛܗ܋ ૞࣊
૚ૢ

+ ܛܗ܋ ૚ૠ࣊
૚ૢ
ቁ૜

 

+ට૛ − ૛ቀܛܗ܋ ࣊
૚ૢ

+ ܛܗ܋ ૠ࣊
૚ૢ

+ ܛܗ܋ ૚૚࣊
૚ૢ
ቁ૜

=?? ඥ૜√૚ૢ૜ − ૚૜   (a) 

∵

⎩
⎪
⎨

⎪
⎧࢞૚ = ૛ ቀܛܗ܋ ૢ࣊

૚ૢ
+ ܛܗ܋ ૚૜࣊

૚ૢ
+ ܛܗ܋ ૚૞࣊

૚ૢ
ቁ

࢞૛ = ૛ ቀܛܗ܋ ૜࣊
૚ૢ

+ ܛܗ܋ ૞࣊
૚ૢ

+ ܛܗ܋ ૚ૠ࣊
૚ૢ
ቁ

࢞૜ = ૛ ቀܛܗ܋ ࣊
૚ૢ

+ ܛܗ܋ ૠ࣊
૚ૢ

+ ܛܗ܋ ૚૚࣊
૚ૢ
ቁ

 be the roots of ࢞૜ − ࢞૛ − ૟࢞ + ૠ = ૙  (b) 

Let ࢟૚ = ૛ − ࢞૚,࢟૛ = ૛ − ࢞૛ and ࢟૜ = ૛− ࢞૜ ⇒ (a) ඥ࢟૚૜ + ඥ࢟૛૜ + ඥ࢟૜૜ =
?? ඥ૜ ⋅ √૚ૢ૜ − ૚

૜
 

࢟ → ૛ − ࢞ ⇒ (b); ࢟૜ − ૞࢟૛ + ૛࢟ + ૚ = ૙ (c) and let ࢇ = ඥ࢟૚૜ ࢈, = ඥ࢟૛૜  and ࢉ = ඥ࢟૜૜  

Let ࢗ,࢖,࢘ ∈ ℝ	 ൝
࢖ = ࢇ + +࢈ ࢉ

ࢗ = +࢈ࢇ +ࢉ࢈ ࢇࢉ
࢘ = ࢉ࢈ࢇ

⇔ (c); ൝
૜ࢇ + ૜࢈ + ૜ࢉ = ૞

૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ = ૛
૜ࢉ૜࢈૜ࢇ = −૚ ⇒ ࢘ = −૚

 

∵ ቊ ૜ࢇ + ૜࢈ + ૜ࢉ = ૜࢖ − ૜ࢗ࢖+ ૜࢘ = ૞ ⇒ ૜࢖ − ૜ࢗ࢖ = ૡ → (૚)
૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ = ૜ࢗ − ૜࢘ࢗ࢖ + ૜࢘૛ = ૛ ⇒ ૜ࢗ + ૜ࢗ࢖ = −૚ → (૛) 

૜࢖ :(2)+(1) + ૜ࢗ = ૠ ⇔ ૟࢖ + ૜ࢗ૜࢖ = ૠ࢖૜ ⇔ ૛ૠ࢖૟ + ૛ૠ࢖૜ࢗ૜ = ૚ૡૢ࢖૜ ⇔ 

⇔ ૛ૠ࢖૟ + ૜࢖) − ૡ)૜ = ૚ૡૢ࢖૜ 

ૢ࢖ + ૜࢖૟ + ૜࢖૜ − ૞૚૛ = ૙ ⇔ ૢ࢖ + ૜࢖૟ + ૜࢖૜ + ૚ = ૞૚૜ ⇔ ૜࢖) + ૚)૜ = ૞૚૜ ⇔ 

⇔ ૜࢖ + ૚ = ૜ ⋅ √૚ૢ૜  ∴ ࢖ = ඥ૜ ⋅ √૚ૢ૜ − ૚૜  

 

708. Prove that: 

ܖܑܛ
૛࣊
૚૜ − ܖܑܛ

૞࣊
૚૜ + ܖܑܛ

૟࣊
૚૜ =

૚
૛
ඨ૚૜ − ૜√૚૜

૛  

Proposed by Vasile Mircea Popa – Romania  

Solution by Marian Ursărescu – Romania  

Let ࢿ be the root of equation ࢞૚૜ = ૚ ⇒ 

ࢿ = ܛܗ܋
૛࣊
૚૜ + ࢏ ܖܑܛ

૛࣊
૚૜ ⇒ ૚ିࢿ =

૚
ࢿ = ܛܗ܋

૛࣊
૚૜ − ࢏ ܖܑܛ

૛࣊
૚૜ ⇒ 
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ࢿ − ૚
ࢿ

= ૛ܖܑܛ࢏ ૛࣊
૚૜
⇒ ܖܑܛ ૛࣊

૚૜
= ૚

૛࢏
ቀࢿ − ૚

ࢿ
ቁ  (1) 

Now: ૢࢿ = ܛܗ܋ ૚ૡ࣊
૚૜

+ ࢏ ܖܑܛ ૚ૡ࣊
૚૜

= ܛܗ܋ ቀ࣊ + ૞࣊
૚૜
ቁ + ࢏ ܖܑܛ ቀ࣊ + ૞࣊

૚૜
ቁ 

= ܛܗ܋−
૞࣊
૚૜ − ࢏ ܖܑܛ

૞࣊
૚૜ ⇒ ૢࢿ− = ܛܗ܋

૞࣊
૚૜ + ࢏ ܖܑܛ

૞࣊
૚૜ ⇒ 

ૢࢿ− + ૚
ૢࢿ

= ૛࢏ ܖܑܛ ૞࣊
૚૜
⇒ ܖܑܛ ૞࣊

૚૜
= − ૚

૛࢏
ቀૢࢿ − ૚

ૢࢿ
ቁ   (2) 

૜ࢿ = ܛܗ܋
૟࣊
૚૜ + ࢏ ܖܑܛ

૟࣊
૚૜ ⇒ ૜ିࢿ =

૚
૜ࢿ = ܛܗ܋

૟࣊
૚૜ − ܖܑܛ࢏

૟࣊
૚૜ ⇒ 

૜ࢿ − ૚
૜ࢿ

= ૛࢏ ܖܑܛ ૟࣊
૚૜
⇒ ܖܑܛ ૟࣊

૚૜
= ૚

૛࢏
ቀࢿ૜ − ૚

૜ࢿ
ቁ  (3) 

From (1)+(2)+(3) ⇒ ܖܑܛ ૛࣊
૚૜
− ܖܑܛ ૞࣊

૚૜
+ ܖܑܛ ૟࣊

૚૜
= 

= ૚
૛࢏
ቀࢿ − ૚

ࢿ
+ ૢࢿ − ૚

ૢࢿ
+ ૜ࢿ − ૚

૜ࢿ
ቁ = ૚

૛࢏
ࢿ) − ૚૛ࢿ + ૢࢿ − ૝ࢿ + ૜ࢿ −  ૚૙)   (4)ࢿ

Let ࢠ = ࢿ − ૚૛ࢿ + ૢࢿ − ૝ࢿ + ૜ࢿ − ૚૙ࢿ ⇒ ૛ࢠ = ࢿ) − ૚૛ࢿ + ૢࢿ − ૝ࢿ + ૜ࢿ − ૚૙)૛ࢿ = 

૛ࢿ૚૛ − ૚૚ࢿ + ૛ࢿ૚૙ + ૛ૢࢿ − ૡࢿ − ૠࢿ − ૟ࢿ − ૞ࢿ + ૛ࢿ૝ + ૛ࢿ૜ − ૛ࢿ + ૛ࢿ − ૟  (5) 

⇒ ૝ࢠ = ૛(૛ࢠ) = −૛૞ࢿ૚૛ + ૚૝ࢿ૚૚ − ૛૞ࢿ૚૙ − ૛૞ૢࢿ + ૚૝ࢿૡ + ૚૝ࢿૠ + 

+૚૝ࢿ૟ + ૚૝ࢿ૞ − ૛૝ࢿ૝ − ૛૞ࢿ૜ + ૚૝ࢿ૛ − ૛૞ࢿ + ૟૟   (6) 

From (5)+(6)⇒ ૝ࢠ + ૚૜ࢠ૛ + ૚૜ = ૙; ૛ࢠ = ࢚ ⇒ 

ࢠ = ට૚૜ି૜√૚૜࢏
૛

   (7) 

From (4)+(7)⇒ ܖܑܛ ૛࣊
૚૜
− ܖܑܛ ૞࣊

૚૜
+ ܖܑܛ ૟࣊

૚૜
= ૚

૛
ට૚૜ି૜√૚૜

૛
 

 

709. Inspired by Srinivasa Raghava 

Let (࢔)ࢀ be the nth triangular number and ࡹ = ૛∑ (࢔)ࢀ
൯(࢔)ࢀ)ࢀ൫ࢀ

ஶ
ୀ૚࢔ ቀ࢔ + ૚

૛
ቁ 

 Prove that: 

ෑ൬૚−
૚
ࡹ࢑

൰
ஶ

࢑ୀ૛

=
૚
૝࣊

෍
࣊૛࢘ା૚

(૛࢘ + ૚)!

ஶ

࢘ୀ૙

=
(࣊)ܐܖܑܛ
૝࣊

 

Proposed by Naren Bhandari-Bajura-Nepal 
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Solution by proposer  

As (࢔)ࢀ is nth triangular number, so, we have: ૛(࢔)ࢀ = ૛࢔ +   and we shall show ࢔

that: (࢔)ࢀ

൯ቁ(࢔)ࢀ൫ࢀቀࢀ
= ૟૝

൫࢔૛ା࢔ା૛൯൫࢔૝ା૛࢔૜ା૜࢔૛ା૛࢔ାૡ൯
. Since ૛(࢔)ࢀ = ૛࢔ +  :so ,࢔

൯(࢔)ࢀ൫ࢀ = (࢔)ࢀ
૛

(࢔)ࢀ) + ૚) = ૚
ૡ
ቀ(࢔૛ + ૛࢔)(࢔ + ࢔ + ૛)ቁ and hence 

ࢀ ቀࢀ൫(࢔)ࢀ൯ቁ =
൯(࢔)ࢀ൫ࢀ

૛ ൫ࢀ൫(࢔)ࢀ൯ + ૛൯ 

=
૚
૚૛ૡ

ቀ(࢔૛ + ૛࢔)(࢔ + ࢔ + ૛){(࢔૛ + ૛࢔)(࢔ + ࢔ + ૛) + ૡ}ቁ 

therefore, we have: (࢔)ࢀ

൯ቁ(࢔)ࢀ൫ࢀቀࢀ
= ૟૝

൫࢔૛ା࢔ା૛൯ቀ൫࢔૛ା࢔൯൫࢔૛ା࢔ା૛൯ାૡቁ
= ૟૝

൫࢔૛ା࢔ା૛൯൫࢔૝ା૛࢔૜ା૜࢔૛ା૛࢔ାૡ൯
 

Further 

૛෍
(࢔)ࢀ

൯ቁ(࢔)ࢀ൫ࢀቀࢀ

ஶ

ୀ૚࢔

൬࢔ +
૚
૛൰ = ෍

૟૝(૛࢔ + ૚)
૛࢔) + ࢔ + ૛)(࢔૝ + ૛࢔૜ + ૜࢔૛ + ૛࢔+ ૡ)

ஶ

ୀ૚࢔

 

Since ࢔૝ + ૛࢔૜ + ૜࢔૛ + ૛࢔ + ૡ = ૛࢔) − ࢔ + ૛)(࢔૛ + ૜࢔+ ૝). Therefore, 

ࡹ = ෍
૟૝(૛࢔ + ૚)

૛࢔) + ࢔ + ૛)(࢔૛ − ࢔ + ૛)(࢔૛ + ૜࢔+ ૝)

ஶ

ୀ૚࢔

 

After partial fraction decomposition of the summand we have: 

ࡹ = ૡ෍൬
૛࢔ + ૚

૛࢔ + ࢔ + ૛ −
࢔ − ૚

૛࢔ − +࢔ ૛ +
࢔ + ૚

૛࢔ + ૜࢔ + ૝൰
ஶ

ୀ૚࢔

 

= ૡ ቀ૜
૝
− ૙

૛
− ૛

ૡ
+ ∑ ቀ ૛࢔ା૚

ା૛࢔૛ା࢔
− ࢔

ା૛࢔૛ା࢔
− ା૚࢔

ା૛࢔૛ା࢔
ቁஶ

ୀ૛࢔ ቁ = ૝. So, we will evaluate: 

ෑ൬૚ −
૚
૝൰࢔

ஶ

࢑ୀ૛

= ෑ൬૚ +
૚
࢑૛൰

ஶ

࢑ୀ૛

ෑ൬૚ −
૚
࢑૛൰

ஶ

࢑ୀ૛

 

The latter product is easy to evaluate as: 

ܕܑܔ
ஶ→࢓

ෑ൬૚ −
૚
࢑૛൰

ஶ

࢑ୀ૛

= ܕܑܔ
ஶ→࢓

൬
૚
૛ +

૚
૛࢓൰ =

૚
૛ 

And to evaluate the former product we shall be using Euler Product formula which 

is as ࢞ܖܑܛ
࢞

= ∏ ቀ૚ − ࢞૛

࢑૛࣊૛
ቁஶ

࢑ୀ૚ . Setting ࢞ = ࢏ where ࣊࢏ = √−૚ we have: 
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ণ(࢞࢏ࢋ)
࣊࢏ =

−࣊ିࢋ ࣊ࢋ

−૛࣊ = ૛ෑ൬૚ +
૚
࢑૛൰

ஶ

࢑ୀ૛

 

which is 

ෑ൬૚ +
૚
࢑૛൰

ஶ

࢑ୀ૛

=
࣊ࢋ − ࣊ିࢋ

૛࣊ =
૚
૛࣊෍

࣊૛࢘ା૚

(૛࢘+ ૚)!

ஶ

࢘ୀ૙

=
(࣊)ܐܖܑܛ
૛࣊  

Finally, we get: 

ෑ൬૚ −
૚
૝൰࢔

ஶ

࢑ୀ૛

=
૚
૝࣊෍

࣊૛࢘ା૚

(૛࢘ + ૚)!

ஶ

࢘ୀ૙

=
(࣊)ܐܖܑܛ
૝࣊  

 

710. Solve for ࢞ ∈ ቀ૙, ࣊
૛
ቁ: 

ܖܑܛ ࢞ + ࢞ܛܗ܋ + ܖ܉ܜ ࢞ + ࢞ܜܗ܋ +
૚
૛

܋܍ܛ) ࢞ + ܋ܛ܋ ࢞) = ૛൫૚+ √૛൯ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Khaled Abd Imouti-Damascus-Syria 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
ܖܑܛ ࢞
ܛܗ܋ ࢞ +

ܛܗ܋ ࢞
ܖܑܛ ࢞ +

૚
૛ ൬

૚
ܛܗ܋ ࢞ +

૚
ܖܑܛ ࢞൰ = ૛൫૚ + √૛൯ 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ +

૚
૛ ⋅

ܖܑܛ ࢞ + ܛܗ܋ ࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ૛൫૚ + √૛൯ 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૚

ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ +
૚
૛ ⋅

ܖܑܛ ࢞ + ܛܗ܋ ࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ૛൫૚ + √૛൯ 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૛ + ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞
૛ ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ૛൫૚ + √૛൯ 

Suppose: ࢟ = ܖܑܛ ࢞ + ܛܗ܋ ࢞ 

࢟૛ = ૚ + ૛ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ ⇒
࢟૛ − ૚
૛ = ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ 

࢟
૚ +

૛ + ࢟
࢟૛ − ૚ = ૛൫૚ + √૛൯ 

࢟૜ − ࢟ + ૛ + ࢟
࢟૛ − ૚ = ૛൫૚ + √૛൯ ⇒

࢟૜ + ૛
࢟૛ − ૚ = ૛ + ૛√૛ 

࢟૜ + ૛ = ൫૛ + ૛√૛൯࢟૛ − ൫૛ + ૛√૛൯ 
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࢟૜ + ૛ = ൫૛ + ૛√૛൯࢟૛ − ૛− ૛√૛ 

࢟૜ − ൫૛ + ૛√૛൯࢟૛ + ૝ + ૛√૛ = ૙   (*) 

Note: ࢟ = √૛ satisfying the equation (*): 

૛√૛ − ૛൫૛ + ૛√૛൯ + ૝ + ૛√૛ = ૛√૛ − ૝ − ૝√૛ + ૝ + ૛√૛ = ૙ 

																					࢟૛ + ൫−૛ − ૛√૛൯࢟ 

                      − −− −− −−− − 

                        		࢟ − √૛					|	࢟૜ − ൫૛ + ૛√૛൯࢟૛ + ૝ + ૛√૛	     

                                                          −− −−    

               ∓࢟૜ ± √૛ ⋅ ࢟૛ 

               − −− −−− − 

                                          ൫−૛ − √૛൯࢟૛ + ૝ + ૛√૛ 

                                             ∓൫−૛ − √૛൯࢟૛ ∓ ૝∓ ૛√૛ 

                                          − −− −− −− −− − − 

                                               ૙ 

൫࢟ − √૛൯൫࢟૛ − ൫૛ + √૛൯࢟൯ = ૙ 

࢟ ⋅ ቀ࢟ − ൫૛ + √૛൯ቁ ⋅ ൫࢟ − √૛൯ = ૙ → ࢟ = ૙ ⇒ ܖܑܛ ࢞ + ܛܗ܋ ࢞ = ૙ 

√૛ ܛܗ܋ ቀ࢞ −
࣊
૝
ቁ = ૙ 

࢞ − ࣊
૝

= ࣊
૛

+ ࣊࢑ ⇒ ࢞ = ૜࣊
૝

+ ࣊࢑ impossible→ ࢟ = ૛ + √૛ 

√૛ ܛܗ܋ ቀ࢞ −
࣊
૝
ቁ = √૛൫૚ + √૛൯ 

ܛܗ܋ ቀ࢞ − ࣊
૝
ቁ = ૚ + √૛ > 0 impossible→ ࢟ = √૛ 

√૛ܛܗ܋ ቀ࢞ −
࣊
૝
ቁ = √૛ 

ܛܗ܋ ቀ࢞ −
࣊
૝
ቁ = ૚ ⇒ ࢞ −

࣊
૝ = ૛࣊࢑ 

࢞ =
࣊
૝ + ૛࣊࢑ 

For ࢑ = ૙ ⇒ ࢞ = ࣊
૝
∈ ቃ૙, ࣊

૛
ቂ 
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So: the equation has a unique solution in the ቃ૙, ࣊
૛
ቂ 

ࡿ = ቄ
࣊
૝
ቅ 

Solution 2 by Sohini Mondal-India 

࢞ܖ܉ܜ + ࢞ܜܗ܋ = ൫√࢞ܖ܉ܜ + ൯࢞ܜܗ܋√
૛
− ૛ 

∵ ൫√ܖ܉ܜ ࢞ + ܜܗ܋√ ࢞൯ ≥ ૙ 

∴ ܖ܉ܜ ࢞ + ܜܗ܋ ࢞ ≥ ૛ 

Again, ࢞ܖܑܛାܛܗ܋ ࢞
૛

≥ ܖܑܛ√ ࢞ ⋅ ܛܗ܋ ࢞  [as ࡹ࡭ ≥  [ࡹࡳ

⇒ ܖܑܛ) ࢞ + ܛܗ܋ ࢞)൬૚ +
૚

૛ ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞൰ ≥ ૛√ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞൬૚ +
૚

૛ ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞൰ 

⇒ (࢞)ࢌ = ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) ≥ ൬૛√ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ +
૚

ܖܑܛ√ ࢞ ⋅ ܛܗ܋ ࢞
൰ 

Let, √ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ࢚  

∴ (࢚)ࢌ = ૛࢚ + ૚
࢚

; (࢚)ᇱࢌ	 = ૛ − ૚
࢚૛

; (࢚)ᇱᇱࢌ	 = ૛
࢚૜

. If ࢌᇱ(࢚) = ૙, then ࢚ = ૚
√૛

 

Now, ࢌᇱᇱ(࢚) = ૛√૛ ∴ (࢚)ᇱᇱࢌ > 0 

⇔ ܖܑܛ√ ࢞ ⋅ ܛܗ܋ ࢞ =
૚
√૛

⇒ ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ =
૚
૛ 

⇒ ૛ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ૚ ⇒ ૛࢞ܖܑܛ = ૚ ⇒ ࢞ =
࣊
૝
ቂ࢞ ∈ ቀ૙,

࣊
૛
ቁቃ 

(࢞)ࢌ = ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૚
૛

܋܍ܛ) ࢞ + ܋ܛ܋ ࢞) ≥

⎝

⎛૛ටܖܑܛ
࣊
૝ ⋅ ܛܗ܋

࣊
૝ +

૚

ටܖܑܛ ࣊૝ ⋅ ܛܗ܋
࣊
૝⎠

⎞ = ૛√૛ 

∴ (࢞)ࢌ ≥ ૛√૛ 

࢞ܖ܉ܜ + ܜܗ܋ ࢞ ≥ ૛ equality holds for ࢞ = ࣊
૝

 as ࢞ ∈ ቀ૙, ࣊
૛
ቁ 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) ≥ ૛√૛ minima found at ࢞ = ࣊
૝

 where minimum value 

of the expression is ૛√૛, so equality holds for ࢞ = ࣊
૝

 as ࢞ ∈ ቀ૙, ࣊
૛
ቁ 

So, in, ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ࢞ܖ܉ܜ + ܜܗ܋ ࢞ + ૚
૛

܋܍ܛ) ࢞ + ܋ܛ܋ ࢞) ≥ ૛൫૚ + √૛൯ equality holds for  

࢞ = ࣊
૝

. So, only solution ࢞ = ࣊
૝
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Solution 3 by Tran Hong-Dong Thap-Vietnam 

࢞ ∈ ቀ૙;
࣊
૛
ቁ ⇒ ܖܑܛ ࢞ ; ܛܗ܋ ࢞ > 0 

࢞ܖ܉ܜ + ࢞ܜܗ܋ =
ܖܑܛ ࢞
ܛܗ܋ ࢞ +

ܛܗ܋ ࢞
ܖܑܛ ࢞ ≥

(ࡹࡳିࡹ࡭)
૛ඨ

ܖܑܛ ࢞
ܛܗ܋ ࢞ ⋅

ܛܗ܋ ࢞
ܖܑܛ ࢞ = ૛ 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) = ܖܑܛ ࢞ + ܛܗ܋ ࢞ +
૚
૛൬

૚
ܛܗ܋ ࢞ +

૚
ܖܑܛ ࢞൰ 

= ܖܑܛ) ࢞ + ܛܗ܋ ࢞) ൬૚ +
૚

૛ ⋅ ܛܗ܋ ࢞ ⋅ ܖܑܛ ࢞൰ 

≥
(ࡹࡳିࡹ࡭)

૛√ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ ൬૚ +
૚

૛ ⋅ ܛܗ܋ ࢞ ⋅ ܖܑܛ ࢞൰ =
൫࢚ୀ√ܛܗ܋⋅࢞ܖܑܛ ࢞൯

૛࢚ +
૚
࢚ ≥

(ࡹࡳିࡹ࡭)
૛√૛ 

⇒ ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ܖ܉ܜ ࢞+ ܜܗ܋ ࢞ +
૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) ≥ ૛√૛ 

Equality ⇔ ቊ
࢞ܖ܉ܜ = ࢞ܜܗ܋

૛√ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ = ૚
ܛܗ܋⋅࢞ܖܑܛ√ ࢞

⇔
૙ழ௫ழ࣊૛

࢞ = ࣊
૝

 

Solution 4 by Sudhir Jha-Kolkata-India 

ܖ܉ܜ ࢞ + ܜܗ܋ ࢞ ≥ ૛√࢞ܖ܉ܜ ܜܗ܋ ࢞ = ૛   (I) 

Equality holds for ࢞ = ࣊
૝

 

ܖܑܛ ࢞ + ܛܗ܋ ࢞ ≥ ૛√ܖܑܛ ࢞ ܛܗ܋ ࢞ = √૛ ܖܑܛ ࢞   (II) 

܋܍ܛ ࢞ା࢞܋ܛ܋
૛

≥ ࢞܋܍ܛ√ ܋ܛ܋ ࢞ = ට ૛
૛ ܖܑܛ ࢞ ܛܗ܋ ࢞

⇒ ૚
૛

܋܍ܛ) ࢞+ ܋ܛ܋ ࢞) ≥ ට ૛
૛࢞ܖܑܛ

   (III) 

(II)+(III)	⇒ ܖܑܛ ࢞+ ܛܗ܋ ࢞ + ૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) ≥ √૛ቀ√ܖܑܛ ૛࢞ + ૚
ܖܑܛ√ ૛࢞

ቁ 

⇒ ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ૚
૛

+܋܍ܛ) ܋ܛ܋ ࢞) ≥ √૛(૛)      (IV) 

ቌ∵ ܖܑܛ√ ૛࢞ +
૚

ܖܑܛ√ ૛࢞
≥ ૛ඨ√ܖܑܛ ૛࢞ ⋅

૚
ܖܑܛ√ ૛࢞

⇒ ܖܑܛ√ ૛࢞ +
૚

ܖܑܛ√ ૛࢞
≥ ૛ቍ 

Now, (I)+(IV)	⇒ ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ܖ܉ܜ ࢞ + ܛܗ܋ ࢞ + ૚
૛

࢞܋܍ܛ) + ܋ܛ܋ ࢞) ≥ ૛൫૚ + √૛൯ 

Equality holds for ࢞ = ࣊
૝

 ∴ ࢞ = ࣊
૝
∈ ቀ૙, ࣊

૛
ቁ is the solution of the given equation. 
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711. Solve for real numbers: 

ඥ࢞૝ + ૚૟࢞૜ + ૝ૢ࢞૛ + ૡ૚૝ + ඥ࢞૜ + ૛૞࢞૛ + ૛ૠ૜ = ඥ૝࢞૜ + ૛૞࢞૛ + ૚૙૙࢞ + ૜૟ 

Proposed by Naren Bhandari-Bajura- Nepal 

Solution by Michael Sterghiou-Greece 

ඥ࢞૝ + ૚૟࢞૜ + ૝ૢ࢞૛ + ૡ૚૝ + ඥ࢞૜ + ૛૞࢞૛ + ૛ૠ૜ = ඥ૝࢞૜ + ૛૞࢞૛ + ૚૙૙࢞ + ૜૟ 

(1) can be written as √࡭૝ + ૜࡮√ ≠  .the respective polynomial roots ࡯,࡮,࡭ where ࡯√

1) Assume ࢞ > 0 then all roots have meaning. We have (࡯,࡮,࡭ > 0) 

૜࡮√ > ૝࡭√ ↔ ૝࡮ ૜࡭− > 0 ↔ ࢞૛ ⋅ (࢞)ࢌ > 0 where ࢌ(࢞) = ૞૛࢞ૢ + ૛ૡ૜૞࢞ૡ + ૞૜ૡ૙ૡ࢞ૠ + 

+૜૞૜૟૝ૠ࢞૟ + ૠૢ૝ૠ૟࢞૞ + ૚૝ૡૡ࢞૝ − ૚૟૛૜૛૝࢞૜ + ૛૚૜૙૟૛૝࢞૛ − ૛૜૟૚ૢ૟࢞+ ૚૙૜૜ૡ૜૜ 

(࢞)ࢌ > 0 for ࢞ > 0 as can be easily shown [if ࢞ ≥ ૚ obvious, if ࢞ < 1 the constant 

overweight the negative terms] 

࡯√ > ૜࡮√2 ↔ ૜࡯ > ૛࡮64 ↔ ૜࡯ − ૟૝࡮૛ > 0, because ࡯૜ − ૟૝࡮૛ = ࢞ ⋅   where (࢞)ࢍ

(࢞)ࢍ = ૟૝࢞ૡ + ૚૛૙૙࢞ૠ + ૚૛૜૙૙࢞૟ + ૠૠ૛ૡૢ࢞૞ + ૜૛૞ૢ૙૙࢞૝ + ૡ૟૜ૢ૙૙࢞૜ + 

+૚૞૞૛૙ૢ૟࢞૛ + ૚૙ૢ૙ૡ૙૙࢞+ ૜ૡૡૡ૙૙ > 0 

Therefore √࡯ > ૜࡮√2 > ૜࡮√ + ૜࡭√  so, (1) has no solutions. 

2) Assume ࢞ < 0. The inequalities ࡭ ≥ ૙,࡯ ≥ ૙ are true when ࢞ ≥ ࣖ where ࣖ ≃ −૙.૝ 

so −|ࣖ| ≤ ࢞ < 0 in which ࡮ > 0 too. The above polynomial ࢌ(࢞) as positive (easy as 

the negative terms – powers of  ૢ,ૠ,૞ are smaller than the constant term). 

We can also show that √࡯ < ૝࡭√2 ↔ ૛࡯ − ૚૟࡭ < 0 ↔ ݔ ⋅ ℎ(࢞) < 0 

(࢞)ࢎ = ૚૟࢞૞ + ૛૙૙࢞૝ + ૚૝૙ૢ࢞૜ + ૞૙૜૛࢞૛ + ૚૚૙૚૟࢞+ ૠ૛૙૙ as all negative terms 

are less than constant for ࢞ = −૙.૝ in which they become maximal. Now, 

࡯√ < ૝࡭√2 < ૝࡭√ + ૜࡮√  hence no solution. Therefore, the only solution is ࢞ = ૙. Done. 

 

712. Compute the integral in a closed – form 

න ܏ܗܔ ቆ
√૞ − ૚
૛ − ቇ࢞࣊ିࢋ

ஶ

૙

 ࢞ࢊ࢞࣊ିࢋ

Proposed by Srinivasa Raghava-AIRMC-India 
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Solution 1 by Dawid Bialek-Poland 

න ܏ܗܔ ቆ
√૞ − ૚
૛ − ቇ࢞࣊ିࢋ

ஶ

૙

࢞ࢊ࢞࣊ିࢋ = ተተ
࢚ =

√૞− ૚
૛ − ࢞࣊ିࢋ ⇒

√૞− ૜
૛ ≤ ࢚ ≤

√૞ − ૚
૛

࢞ࢊ =
࢚ࢊ

࢞࣊ିࢋ࣊

ተተ = 

=
૚
࣊ න (࢚)ܖܔ

√૞ି૚
૛

√૞ି૜
૛

࢚ࢊ ࡼ.࡮.ࡵ= ૚
࣊

[࢚ (࢚)ܖܔ − ࢚]
√૞ି૜
૛

√૞ି૚
૛ = 

=
૚
࣊ ቈቆ

√૞− ૚
૛ ቇ ܖܔ ቆ

√૞ − ૚
૛ ቇ − ቆ

√૞ − ૚
૛ ቇ − ቆ

√૞ − ૜
૛ ቇ ܖܔ ቆ

√૞− ૜
૛ ቇ + ቆ

√૞ − ૜
૛ ቇ቉ = 

= ૚
࣊
ቂቀ√૞ି૚

૛
ቁ ܖܔ ቀ√૞ି૚

૛
ቁ − ቀ√૞ି૜

૛
ቁ ܖܔ ቀ√૞ି૜

૛
ቁ − ૚ቃ     (1) 

We can also express the result (1) using the golden ratio: 

Let: √૞ି૚
૛

= ઴− ૚		 √૞ି૜
૛

= ઴− ૛, where ઴ = √૞ା૚
૛

 – the golden ratio. Then, we get: 

න ܏ܗܔ ቆ
√૞− ૚
૛ − ቇ࢞࣊ିࢋ ࢞࣊ିࢋ

ஶ

૙

࢞ࢊ =
૚
࣊

[(઴− ૚) −઴)ܖܔ ૚) − (઴− ૛) −઴)ܖܔ ૛) − ૚] = 

=
૚
࣊ ൣ

(઴− ૚) −઴)ܖܔ ૚) − (઴− ૛) ൫(−૚)ܖܔ ⋅ (૛ −઴)൯ − ૚൧ = 

=
૚
࣊

[(઴− ૚) −઴)ܖܔ ૚) − (઴− ૛) ૛)ܖܔ −઴) − ૚− (઴− ૛) [(૚−)ܖܔ =
࣊࢏ୀ(૚ି)ܖܔ

 

=
૚
࣊

[(઴− ૚) −઴)ܖܔ ૚)− (઴− ૛) ૛)ܖܔ −઴)− ૚] − −઴)࢏ ૛) = 

=
૚
࣊
ቈ઴ ܖܔ ൬

઴ − ૚
૛ − ઴

൰+ ܖܔ ቆ
(૛− ઴)૛

઴− ૚
ቇ − ૚቉

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢚࢘ࢇ࢖	࢒ࢇࢋࡾ

− −઴)࢏ ૛)ᇣᇧᇧᇤᇧᇧᇥ
࢟࢘ࢇ࢔࢏ࢍࢇ࢓ࡵ

࢚࢘ࢇ࢖

 

Solution 2 by Tobi Joshua-Nigeria 

න ቆ܏ܗܔ
√૞ − ૚
૛ − ቇ࢞࣊ିࢋ

ஶ

૙

 ࢞ࢊ࢞࣊ିࢋ

૚
࣊න ܏ܗܔ ቆ

√૞ − ૚
૛ − ࢞ቇ

૚

૙

 ࢞ࢊ
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Let ࣘ = √૞ି૚
૛

 and ૚ − ૚
ࣘ

= √૞ି૜
√૞ି૚

 

૚
࣊න −ࣘ)܏ܗܔ ࢞)

૚

૙

 ࢞ࢊ

૚
࣊න܏ܗܔ ൬૚ −

࢞
ࣘ൰

૚

૙

࢞ࢊ +
ࣘ܏ܗܔ
࣊  

−
૚
࣊න࢞࢑ା૚

૚

૙

෍࢞ࢊ
ቀ૚ࣘቁ

࢑ା૚

(࢑ + ૚)

ஶ

࢑ୀ૙

+
ࣘ܏ܗܔ
࣊  

−
૚
࣊න࢞࢑ା૚

૚

૙

෍࢞ࢊ
ቀ૚ࣘቁ

࢑ା૚

(࢑ + ૚)

ஶ

࢑ୀ૙

+
ࣘ܏ܗܔ
࣊  

−
૚
࣊෍

ቀ૚ࣘቁ
࢑

(࢑)(࢑+ ૚)

ஶ

࢑ୀ૚

+
ࣘ܏ܗܔ
࣊  

−
૚
࣊෍

ቀ૚ࣘቁ
࢑

(࢑)

ஶ

࢑ୀ૚

+
૚
࣊෍

ቀ૚ࣘቁ
࢑

(࢑ + ૚)

ஶ

࢑ୀ૚

+
ࣘ܏ܗܔ
࣊  

−
૚
࣊ ૚࢏ࡸ ൬

૚
ࣘ൰ +

૚
࣊ ൤−૚ + ૚࢏ࡸࣘ ൬

૚
ࣘ൰൨ +

ࣘ܏ܗܔ
࣊  

૚
࣊ ܏ܗܔ

൭૚− ൬
૚
ࣘ൰

൱ +
૚
࣊
൥−૚ − ࣘ ܏ܗܔ ൭૚ − ൬

૚
ࣘ൰
൱൩ +

ࣘ܏ܗܔ
࣊  

܏ܗܔ ቆ૚− ቀ૚
ࣘ
ቁቇ ቂ૚

࣊
− ࣘ

࣊
ቃ − ૚

࣊
+ ܏ܗܔ ࣘ

࣊
; 	 ܏ܗܔ ቀ√૞ି૜

√૞ି૚
ቁ ൥

൬૜ష√૞૛ ൰

࣊
൩ − ૚

࣊
+

൬√૞ష૚૛܏ܗܔ ൰

࣊
. But  

܏ܗܔ ቆ
√૞ − ૜
√૞ − ૚

ቇ = ܏ܗܔ ቆ
√૞− ૚
૛ ቇ + 				࣊࢏ ⊕ 

ቈ܏ܗܔ ቆ√૞ − ૚
૛ ቇ + ቉࣊࢏

࣊ ቈቆ
૜ − √૞
૛ ቇ቉ −

૚
࣊+

܏ܗܔ ቆ√૞ − ૚
૛ ቇ

࣊  
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ቈ܏ܗܔ ቆ√૞ − ૚
૛ ቇ቉

࣊ ቈቆ
૜ − √૞
૛ ቇ቉ +

܏ܗܔ ቆ√૞ − ૚
૛ ቇ

࣊ −
૚
࣊ + ࢏ ቈቆ

૜ − √૞
૛ ቇ቉ 

ቈ܏ܗܔ ቆ√૞ − ૚
૛ ቇ቉

࣊൫√૞ + ૚൯
൫√૞ + ૚൯ ቈቆ

૜ − √૞
૛ ቇ቉ +

൫√૞ + ૚൯ ቆ√૞܏ܗܔ − ૚
૛ ቇ

࣊൫√૞ + ૚൯
−
૚
࣊+ ࢏ ቈቆ

√૞− ૚
√૞+ ૚

ቇ቉ 

ቈ܏ܗܔ ቆ√૞− ૚
૛ ቇ቉

࣊൫√૞ + ૚൯
ൣ൫√૞ − ૚൯൧ +

൫√૞ + ૚൯ ቆ√૞܏ܗܔ − ૚
૛ ቇ

࣊൫√૞ + ૚൯
−
૚
࣊ + ࢏ ቈቆ

√૞ − ૚
√૞ + ૚

ቇ቉ 

ቈ√૞ ܏ܗܔ ቆ−૛√૞ + ૟
૝ ቇ + ܏ܗܔ ቆ√૞ − ૚

√૞ + ૚
ቇ቉

࣊൫√૞ + ૚൯
−
૚
࣊ + ࢏ ቈቆ

√૞ − ૚
√૞ + ૚

ቇ቉ 

ቈ√૞ ܏ܗܔ ቆ
൫૜ − √૞൯

૛ ቇ቉

࣊൫√૞ + ૚൯
−
૚
࣊ + ࢏ ቈቆ

√૞ − ૚
√૞ + ૚

ቇ቉ 

൤√૞ ܏ܗܔ ൬ ૛
૜ + √૞

൰൨

࣊൫√૞ + ૚൯
−
૚
࣊ + ࢏ ቈቆ

√૞ − ૚
√૞ + ૚

ቇ቉ 

࢏ = imaginary number  

 

713. Find: 

න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞
࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

ି࣊૝

ି࣊૝

,࢞ࢊ ࢇ) > 0) 

Proposed by Artan Ajredini-Presheva-Serbie 

Solution 1 by Avishek Mitra-West Bengal-India 

ࡵ = න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞

࢞ࢇ) + ૚) ⋅ ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

࢞ࢊ = න
−(࢞−)૟܋܍ܛ (࢞−)૟ܖ܉ܜ
࢞ିࢇ) + ૚) ⋅ (࢞−)૛ܛܗ܋

࣊
૝

ି࣊૝

 ࢞ࢊ
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= න
૟܋܍ܛ)࢞ࢇ ࢞ − ૟ܖ܉ܜ ࢞)

࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

࢞ࢊ ⇒ ࡵ + ࡵ = න
࢞ࢇ) + ૚)(܋܍ܛ૟ ࢞ − ૟ܖ܉ܜ ࢞)

࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

 ࢞ࢊ

⇒ ૛ࡵ = ૛න
૟܋܍ܛ) ࢞ − ૟ܖ܉ܜ ࢞)

૛ܛܗ܋ ࢞

࣊
૝

૙

 ࢞ࢊ

⇒ ࡵ = න
૛܋܍ܛ) ࢞ − ૛ܖ܉ܜ ૝܋܍ܛ)(࢞ ࢞ + ૛܋܍ܛ ࢞ ⋅ ૛ܖ܉ܜ ࢞ + ૝ܖ܉ܜ ࢞)

૛ܛܗ܋ ࢞

࣊
૝

૙

 ࢞ࢊ

⇒ ࡵ = න
૛܋܍ܛ) ࢞ − ૛ܖ܉ܜ ࢞)૛ + ૛ ૛܋܍ܛ ࢞ ⋅ ૛ܖ܉ܜ ࢞ + ૛܋܍ܛ ࢞ ⋅ ૛ܖ܉ܜ ࢞

૛ܛܗ܋ ࢞

࣊
૝

૙

 ࢞ࢊ

⇒ ࡵ = න
(૚ − ૜ ૛܋܍ܛ ࢞ ⋅ ૛ܖ܉ܜ ࢞)

૛ܛܗ܋ ࢞

࣊
૝

૙

࢞ࢊ ⇒ ࡵ = න ૛܋܍ܛ ࢞ࢊ࢞ + ૜න ૛ܖ܉ܜ ࢞

࣊
૝

૙

࣊
૝

૙

⋅ ૝܋܍ܛ  ࢞ࢊ࢞

= ૙[࢞ܖ܉ܜ]
࣊
૝ + ૜න ૛ܖ܉ܜ ࢞

࣊
૝

૙

૛ܖ܉ܜ) ࢞ + ૚) ⋅ ૛܋܍ܛ  ࢞ࢊ࢞

= ૚ + ૜න ૝ܖ܉ܜ (࢞ܖ܉ܜ)ࢊ࢞

࣊
૝

૙

+ ૜න ૛ܖ܉ܜ ࢞

࣊
૝

૙

 (࢞ܖ܉ܜ)ࢊ

= ૚ + ૜ ⋅ ቈ
૞ܖ܉ܜ ࢞
૞ ቉

૙

࣊
૝

+ ૜ ቈ
૜ܖ܉ܜ ࢞
૜ ቉

૙

࣊
૜

= ૚ + ૜ ⋅
૚
૞ + ૜ ⋅

૚
૜ =

૚૜
૞  

Solution 2 by Kartick Chandra Betal-India 

න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞
࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

࢞ࢊ = න
൫܋܍ܛ૟ ࢞ − ૟ܖ܉ܜ ࢞൯

૛ܛܗ܋ ࢞

࣊
૝

૙

൤
૚

࢞ࢇ + ૚
+

࢞ࢇ

૚ + ࢞ࢇ
൨ ࢞ࢊ = න

൫܋܍ܛ૟ ࢞ − ૟ܖ܉ܜ ࢞൯
૛ܛܗ܋ ࢞

࣊
૝

૙

࢞ࢊ = 

= න
૛܋܍ܛ) ࢞ − ૛ܖ܉ܜ ࢞)૜ + ૜ ૛܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞ ૛܋܍ܛ) ࢞ − ૛ܖ܉ܜ ࢞)

૛ܛܗ܋ ࢞

࣊
૝

૙

 ࢞ࢊ
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= න
૚ + ૛܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞

૛ܛܗ܋ ࢞

࣊
૝

૙

࢞ࢊ = න
૛܋܍ܛ ࢞ + ૜ ૛܋܍ܛ ࢞ (૚ + ૛ܖ܉ܜ ࢞) ૛ܖ܉ܜ ࢞

૚

࣊
૝

૙

 ࢞ࢊ

= න(܋܍ܛ૛ ࢞+ ૜ ૛ܖ܉ܜ ࢞ ૛܋܍ܛ ࢞ + ૜ ૝ܖ܉ܜ ૛܋܍ܛ࢞ ࢞)

࣊
૝

૙

 ࢞ࢊ

= ቈ࢞ܖ܉ܜ + ૜
૜ܖ܉ܜ ࢞
૜ + ૜

૞ܖ܉ܜ ࢞
૞ ቉

૙

࣊
૝

= ૚ + ૚ +
૜
૞ =

૚૜
૞  

Solution 3 by Sohini Mondal-India 

ࡵ = න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞
࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

࢞ࢊ = න
(࢞−)૟܋܍ܛ − (࢞−)૟ܖ܉ܜ

࢞ିࢇ) + ૚) (࢞−)૛ܛܗ܋

࣊
૝

ି࣊૝

 ࢞ࢊ

= න
૟܋܍ܛ)࢞ࢇ ࢞ − ૟ܖ܉ܜ ࢞)

࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

࢞ࢊ ⇒ ૛ࡵ = ૛න
࢞ࢇ) + ૚)(܋܍ܛ૟ ࢞ − ૟ܖ܉ܜ ࢞ࢊ(࢞

࢞ࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

૙

 

⇒ ࡵ = න[(܋܍ܛ૛ ࢞)૜ − ૟ܖ܉ܜ ࢞]

࣊
૝

૙

૛܋܍ܛ ࢞ࢊ࢞ = න[(ܖ܉ܜ૛ ࢞ + ૚)૜ − ૟ܖ܉ܜ ࢞]

࣊
૝

૙

૛܋܍ܛ  ࢞ࢊ࢞

= න(ܖ܉ܜ૟ ࢞ + ૜ ૝ܖ܉ܜ ࢞ + ૜ ૛ܖ܉ܜ ࢞ + ૚ − ૟ܖ܉ܜ ࢞)

࣊
૝

૙

૛܋܍ܛ  ࢞ࢊ࢞

= න(૜ ૝ܖ܉ܜ ࢞ + ૜ ૛ܖ܉ܜ ࢞)

࣊
૝

૙

૛܋܍ܛ ࢞ࢊ࢞ + න ૛܋܍ܛ ࢞

࣊
૝

࣊
૝

࢞ࢊ = න(૜ࢠ૝ + ૜ࢠ૛)ࢠࢊ
૚

૙

+ ܖ܉ܜ] ࢞]૙
࣊
૝  

[Let ࢠ = ܖ܉ܜ ࢞ ࢠࢊ, = ૛܋܍ܛ  [࢞ࢊ࢞

= ૜ ቈ
૞ࢠ

૞ +
૜ࢠ

૜ ቉
૙

૚

+ ૚ =
૜
૞ +

૜
૜ + ૚ =

૜
૞ + ૛ 

ࡵ = ૚૜
૞

  [Answer] 
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Solution 4 by Suhash Maurya-India 

ࡵ = ∫ ૛܋܍ܛ ૟ܖ܉ܜି࢞ ࢞
(ା૚࢞ࢇ) ૛ܛܗ܋ ࢞

࣊
૝
ି࣊૝

,࢞ࢊ ࢇ) > 0)   (1) 

= න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞

࢞ିࢇ) + ૚) ૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

(࢞)ࢌන,࢞ࢊ
࢈

ࢇ

࢞ࢊ = නࢇ)ࢌ + −࢈ ࢞)
࢈

ࢇି

 ࢞ࢊ

ࡵ = ∫ ൫܋܍ܛ૟ ૟ܖ܉ܜି࢞ ࢞൯࢞ࢇ

(૚ା࢞ࢇ) ૛ܛܗ܋ ࢞

࣊
૝
ି࣊૝

 (2)   ࢞ࢊ

Add (1) and (2) we get: ૛ࡵ = ∫ ૟܋܍ܛ ૟ܖ܉ܜି࢞ ࢞
૛ܛܗ܋ ࢞

࣊
૝
ି࣊૝

 ࢞ࢊ

૛ࡵ = ૛න ૡ܋܍ܛ ࢞

࣊
૝

૙

࢞ࢊ − ૛න ૟ܖ܉ܜ ࢞

࣊
૝

૙

૛܋܍ܛ ࢞  ࢞ࢊ

ࡵ = න(૚ + ૛ܖ܉ܜ ࢞)૜

࣊
૝

૙

૛܋܍ܛ ࢞ࢊ࢞ −න࢚૟࢚ࢊ
૚

૙

 

= න(૚ + ࢚૛)૜
૚

૙

࢚ࢊ − ቈ
࢚ૠ

ૠ ቉
૙

૚

= න(૚ + ࢚૟ + ૜࢚૛ + ૜࢚૝)࢚ࢊ
૚

૙

−
૚
ૠ 

= ቈ࢚ +
࢚ૠ

ૠ + ࢚૜ +
૜
૞ + ૞቉

૙

૚

−
૚
ૠ = ૚ +

૚
ૠ + ૚ +

૜
૞ −

૚
ૠ = ૛ +

૜
૞ =

૚૜
૞  

ࡵ =
૚૜
૞  

Solution 5 by Tobi Joshua-Nigeria 

ࡵ = ∫ ૟܋܍ܛ ૟ܖ܉ܜି࢞ ࢞
(ା૚࢞ࢇ) ૛ܛܗ܋ ࢞

࣊
૝
ି࣊૝

 (1)   ࢞ࢊ

ࡵ = ∫ ૟܋܍ܛ ૟ܖ܉ܜି࢞ ࢞
(ష࢞ା૚ࢇ) ૛ܛܗ܋ ࢞

࣊
૝
ି࣊૝

 (2)   ࢞ࢊ

૛ࡵ = න
૟܋܍ܛ ࢞ − ૟ܖ܉ܜ ࢞

૛ܛܗ܋ ࢞

࣊
૝

ି࣊૝

 ࢞ࢊ
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૛ࡵ = න൬(૚ + ૛ܖ܉ܜ ࢞)
૟
૛ − ૟ܖ܉ܜ ࢞൰

࣊
૝

ି࣊૝

 (࢞ܖ܉ܜ)ࢊ

૛ࡵ = ૛∫ ቀ(૚ + ૛ܖ܉ܜ ࢞)
૟
૛ − ૟ܖ܉ܜ ࢞ቁ

࣊
૝
૙  (Even function)  (࢞ܖ܉ܜ)ࢊ

ࡵ = න((૚ + ࢚૛)૜ − ࢚૟)
૚

૙

 ࢚ࢊ

ࡵ = න(૚ + ૜࢚૛ + ૜࢚૝ + ࢚૟ − ࢚૟)
૚

૙

 ࢚ࢊ

ࡵ = න(૚ + ૜࢚૛ + ૜࢚૝)
૚

૙

 ࢚ࢊ

ࡵ = ቈ࢚ + ࢚૜ +
૜࢚૞

૞ ቉
૙

૚

 

ࡵ = ൤
૚૜
૞ ൨ 

 

714. If we define for any complex number ࢓ 

(࢔,࢓)ࢌ = න (࢓)	ࢋࡾ,࢞ࢊ૛࢞࢓ିࢋ > 0
ஶ

࢔ష࣊ࢋ
 

then evaluate the integral 

න (࢔,࢓)ࢌ
ஶ

ିஶ

 ࢔ࢊ࢔࢓࣊ିࢋ

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Abdul Hafeez-Ayinde-Nigeria 

ષ = න ૛࢞࢓ିࢋ
ஶ

࢔ష࣊ࢋ
 ࢞ࢊ
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ષ = න ૛࢞࢓ିࢋ
ஶ

૙

࢞ࢊ − න ૛࢞࢓ିࢋ
࢔ష࣊ࢋ

૙

 ࢞ࢊ

ષ = න ૛࢞࢓ିࢋ
ஶ

૙

࢞ࢊ −
૚
࢓√

න ૛࢞ିࢋ
ࢋ࢓√

ష࣊࢔

૙

 ࢞ࢊ

ષ =
૚
࢓√

න ૛࢞ିࢋ
ஶ

૙

࢞ࢊ −
૚
࢓√

⋅
√࣊
૛  ൯࢔࣊ିࢋ࢓√൫܎ܚ܍

ષ =
૚
࢓√

⋅
√࣊
૛ −

૚
࢓√

⋅
√࣊
૛  ൯࢔࣊ିࢋ࢓√൫܎ܚ܍

ષ =
૚
࢓√

⋅
√࣊
૛  ൯࢔࣊ିࢋ࢓√൫܋܎ܚ܍

න ષ
ஶ

ିஶ

࢔ࢊ࢔࢓࣊ିࢋ = ઩ =
૚
࢓√

⋅
√࣊
૛ න ൯࢔࣊ିࢋ࢓√൫܋܎ܚ܍

ஶ

ିஶ

 ࢔ࢊ࢔࢓࣊ିࢋ

࢛ = ࢛ࢊ,࢔࣊ିࢋ࢓√ =  ࢔ࢊ	࢛࣊−

઩ =
૚
࢓√

⋅
√࣊
૛ ⋅

૚

࣊ ⋅ ࢓
࢓
૛
න
࢓࢛

࢛ (࢛)܋܎ܚ܍
ஶ

૙

 ࢛ࢊ

઩ =
૚
࢓√

⋅ √
࣊
૛ ⋅

૚

࢓࣊
࢓
૛
න ૚ି࢓࢛

ஶ

૙

 ࢛ࢊ(࢛)܋܎ܚ܍

઩ =
૚
࢓√

⋅
√࣊
૛ ⋅

૚

࣊ ⋅ ࢓
࢓
૛
ቌ|࢛࢓ ૙ஶ|(࢛)܋܎ܚ܍ − −࢓) ૚)න (࢛)܋܎ܚ܍

ஶ

૙

૚ି࢓࢛ +
૛
√࣊

න ૛࣊ିࢋ࢓࢛
ஶ

૙

 ቍ࢛ࢊ

઩ =
૚
࢓√

⋅
√࣊
૛ ⋅

૚

࣊ ⋅ ࢓
࢓
૛
ቌ

૛
࣊√࢓

න ࢛ࢊ૛࢛ିࢋ࢓࢛
ஶ

૙

ቍ 

઩ =
૚
࢓√

⋅
√࣊
૛ ⋅

૚

࣊ ⋅ ࢓
࢓
૛
ቌ

૚
࣊√࢓

න ࢛
૚ି࢓
૛

ஶ

૙

 ቍ࢛ࢊ࢛ିࢋ

઩ =
૚
࢓√

⋅
√࣊
૛ ⋅

૚

࣊ ⋅ ࢓
࢓
૛
൭

૚
࣊√࢓

ડ ൬
+࢓ ૚
૛ ൰൱ ; 	઩ =

૚

૛࣊࢓
ା૜࢓
૛
ડ ൬
࢓ + ૚
૛ ൰ 



 
www.ssmrmh.ro 

715. Find: 

ષ(ࢇ) = නቆ
࢞ࢇ + ૜ + (૜ − ࢞(ࢇ

(૜+ ࢞ࢇ − ࢇ)(ࢇ + (૜ − ቇ(࢞(ࢇ
૚

૙

,࢞ࢊ ૚ < ܽ < 2 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Samir Haj Ali-Damascus-Syria 

ષ(ࢇ) = න
࢞ࢇ + ૜ + (૜ − ࢞(ࢇ

(૜ + ࢞ࢇ − ࢇ)(ࢇ + (૜− (࢞(ࢇ

૚

૙

;࢞ࢊ ૚ < ܽ < 2 

= න
࢞ࢇ + ૜ − ࢇ + (૜ − ࢞(ࢇ + ࢇ

(૜ + ࢞ࢇ − ࢇ)(ࢇ + (૜ − (࢞(ࢇ

૚

૙

࢞ࢊ = න
࢞ࢊ

ࢇ + (૜− ࢞(ࢇ

૚

૙

+ න
࢞ࢊ

૜ + ࢞ࢇ − ࢇ

૚

૙

= ૚ࡵ + ૛ࡵ  

Now: ࡵ૚ = ∫ ࢞ࢊ
࢞(ࢇ૜ି)ାࢇ

૚
૙   let (૜ − ࢞(ࢇ = ࢚ 

૚ࡵ = න
࢚ࢊ

+ࢇ) ࢚)(࢚ ⋅ ૜)ܖܔ − ((ࢇ

૜ିࢇ

૚

 

=
૚

૜)ܖܔ − (ࢇ න
࢚ࢊ

࢚(࢚ + (ࢇ

૜ିࢇ

૙

=
૚

ࢇ ⋅ ૜)ܖܔ − (ࢇ ⋅ ܖܔ ቆ
૚
૜

(૜ − ૚)(ࢇ +  ቇ(ࢇ

૛ࡵ = න
࢞ࢊ

૜ + ࢞ࢇ − ࢇ

૚

૙

; ࢚ =  ࢞ࢇ

= න
࢚ࢊ

(૜ − ࢇ + ࢚)࢚ ⋅ ܖܔ ࢇ

ࢇ

૚

=
૚

−ࢇ) ૜) ⋅ ܖܔ ࢇ ⋅ ܖܔ ൬
૜

૝)ࢇ −  ൰(ࢇ

⇒ ષ(ࢇ) =
ܖܔ ቆ૚૜ (૜ − ૚)(ࢇ + ቇ(ࢇ

ࢇ ⋅ −૜)ܖܔ (ࢇ +
ܖܔ ൬ ૜

−૝)ࢇ ൰(ࢇ

ࢇ) − ૜) ⋅ ࢇܖܔ  

Solution 2 by Surjeet Singhania-India 

ષ(ࢇ) = න
࢞ࢇ + ૜ + (૜ − ࢞(ࢇ

(૜ + ࢞ࢇ − ࢇ)(ࢇ + (૜ − (࢞(ࢇ

૚

૙

૚,࢞ࢊ < ܽ < 2 
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ષ(ࢇ) = න
࢞ࢇ) + ૜ − (ࢇ + ࢇ] + (૜− [࢞(ࢇ
(૜ + ࢞ࢇ − ࢇ)(ࢇ − ૚(૜ − (࢞(ࢇ

૚

૙

 ࢞ࢊ

ષ(ࢇ) = න
૚

+ࢇ) (૜ − (࢞(ࢇ

૚

૙

࢞ࢊ + න
૚

࢞ࢇ − +ࢇ ૜

૚

૙

 ࢞ࢊ

ષ(ࢇ) = ૚ࡵ + ૛ࡵ   (1) 

૚ࡵ = න
૚

ࢇ] + (૜ − [࢞(ࢇ

૚

૙

࢞ࢊ = න
(૜− ࢞(ࢇ

(૜ − +ࢇ)࢞(ࢇ (૜ − ࢞ࢊ(࢞(ࢇ
૚

૙

 

Putting (૜ − ࢞(ࢇ = ࢟ 

࢞ =
૚

૜)ܖܔ − (ࢇ ܖܔ ࢟ 

࢞ࢊ =
૚

࢟ ૜)ܖܔ −  ࢟ࢊ(ࢇ

As ࢞ = ૙;࢟ = 

As ࢞ = ૚;࢟ = ૜ −  ࢇ

= න
૚

ࢇ) + ࢟)

૜ିࢇ

૚

×
૚

࢟ ૜)ܖܔ − ࢟ࢊ(ࢇ =
૚

૜)ܖܔ − (ࢇ න
૚

࢟(࢟ + (ࢇ

૜ିࢇ

૙

 ࢟ࢊ

=
૚

૜)ܖܔ − (ࢇ න ൬
−૚

࢟)ࢇ + (ࢇ +
૚
ࢇ ⋅

૚
࢟൰

૜ିࢇ

૙

࢟ࢊ =
૚

૜)ܖܔ − (ࢇ ൬
૚
൰ࢇ ܖܔ ൬

࢟
࢟ + ൰൨૚ࢇ

૜ିࢇ

 

=
૚

ࢇ −૜)ܖܔ (ࢇ ൤ܖܔ ൬
૜ − ࢇ
૜ ൰− ൬ܖܔ

૚
૚ + ൰൨ࢇ =

૚
ࢇ −૜)ܖܔ (ࢇ ቆܖܔ

(૜ − ૚)(ࢇ + (ࢇ
૜ ቇ 

૚ࡵ =
૚

ࢇ ૜)ܖܔ − (ࢇ ܖܔ ቆ
૜ + ૛ࢇ − ૛ࢇ

૜ ቇ 

૛ࡵ = න
૚

࢞ࢇ) − ࢇ + ૜)

૚

૙

 ࢞ࢊ

Putting ࢞ࢇ = ࢟; 	࢞ = ૚
ࢇܖܔ

(࢟)ܖܔ ; ࢟ࢊ	 = ૚
࢟ (ࢇ)ܖܔ

 ࢟ࢊ

ࡵ = න
૚

(࢟ − ࢇ + ૜)࢟(ܖܔ (ࢇ

ࢇ

૚

 ࢟ࢊ
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=
૚

න(ࢇ)ܖܔ
૚

࢟(࢟ − ࢇ + ૜)

ࢇ

૚

࢟ࢊ =
૚

(ࢇ)ܖܔ ࢇ) − ૜)න
૚

࢟ − +ࢇ ૜

ࢇ

૚

࢟ࢊ + 

+
૚

(ࢇ)ܖܔ (૜− න(ࢇ
૚
࢟

ࢇ

૚

࢟ࢊ =
૚

(ࢇ)ܖܔ (૜ − (ࢇ ܖܔ] ࢟]૚ࢇ − ࢟)ܖܔ − ૛ + ૜)]૚ࢇ] 

 

=
૚

(ࢇ)ܖܔ (૜ − (ࢇ ܖܔ] ࢇ − (૜)ܖܔ + ૝)ܖܔ − [(ࢇ =
૚

(ࢇ)ܖܔ (૜ − (ࢇ ቆܖܔ
(૝ − ࢇ(ࢇ

૜ ቇ 

Hence ષ(ࢇ) = ૚
ࢇ (ࢇ૜ି)ܖܔ

ܖܔ ቂ૜ା૛ࢇିࢇ
૛

૜
ቃ + ૚

(૜ିࢇ) (ࢇ)ܖܔ
ܖܔ ቂ(૝ିࢇ)ࢇ

૜
ቃ 

 

716. Integrate: 

න
+൫૚ܖܔ √૚ − ૝࢞൯

࢞
 ࢞ࢊ

Proposed by Prem Kumar-India 

Solution 1 by Avishek Mitra-West Bengal-India 

⇒ Let √૚ − ૝࢞ = ࢠ ⇒ ૚ − ૝࢞ = ૛ࢠ ⇒ −૝࢞ࢊ = ૛ࢠ	ࢠࢊ ⇒ ࢞ࢊ = − ࢠࢊࢠ
૛

 

⇒
࢞ࢊ
࢞ = −

૚
૛ ⋅

ࢠࢊ	ࢠ
(૚ − (૛ࢠ

૝

= −
૛ࢠ	ࢠࢊ

(૚ − (૛ࢠ ⇔ષ = −૛න
ࢠ ૚)܏ܗܔ + (ࢠ

(૚ − (૛ࢠ  ࢠࢊ

⇒ ࢠ = ܖܑܛ ࢟ ⇒ ࢠࢊ = ܛܗ܋  ࢟ࢊ࢟

ષ = −૛න
ܖܑܛ ࢟ ⋅ ૚)܏ܗܔ + ܖܑܛ ࢟)

(૚ − ૛ܖܑܛ ࢟) ܛܗ܋ ࢟ࢊ࢟ = −૛න ࢟ܖ܉ܜ ⋅ ૚)܏ܗܔ + ܖܑܛ  ࢟ࢊ(࢟

= −૛ ቈ܏ܗܔ(૚ + ܖܑܛ ࢟) ⋅ ૛࢟܋܍ܛ − න
ܛܗ܋ ࢟ ⋅ ૛܋܍ܛ ࢟

(૚ + ܖܑܛ ࢟) ቉࢟ࢊ 

= −૛ ૚)܏ܗܔ + ܖܑܛ ࢟) ⋅ ૛࢟܋܍ܛ + ૛න
࢟ࢊ

࢟ܛܗ܋ (૚ + ܖܑܛ ࢟) 

⇔ ૚ࡵ = න
࢟ࢊ

ܛܗ܋ ࢟ ⋅ (૚ + ܖܑܛ ࢟) ⇒ ܖܑܛ ࢟ = ࢛ ⇒ ࢟ܛܗ܋ ࢟ࢊ = ࢛ࢊ ⇒
࢟ࢊ
ܛܗ܋ ࢟ =

࢛ࢊ
૚ − ࢛૛  

= න
࢛ࢊ

(૚ + ࢛)(૚ − ࢛૛) = න
࢛ࢊ

(૚ + ࢛)૛(૚ − ࢛) 
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=
૚
૛ ቈන

(૚ + ࢛) + (૚ − ࢛)
(૚ + ࢛)૛(૚ − ࢛) ቉ ࢛ࢊ =

૚
૛ ൤න

࢛ࢊ
(૚ − ࢛૛) + න

࢛ࢊ
(૚ + ࢛)૛൨ 

=
૚
૛ ൤න

ܛܗ܋ ࢟ࢊ࢟
(૚ − ૛ܖܑܛ ࢟) −

૚
(૚ + ࢛)൨ 

=
૚
૛ ൤න܋܍ܛ ࢟ࢊ࢟ −

૚
(૚ + ܖܑܛ ࢟)൨ =

૚
૛ ൤܏ܗܔ

࢟܋܍ܛ)| + |(࢟ܖ܉ܜ −
૚

(૚ + ܖܑܛ ࢟)൨ 

ષ = −૛܏ܗܔ(૚+ ܖܑܛ ࢟) ⋅ ૛܋܍ܛ ࢟ + ࢟܋܍ܛ)|܏ܗܔ + ܖ܉ܜ ࢟)|−
૚

(૚ + ܖܑܛ ࢟) +  ࢉ

= −૛
+૚)܏ܗܔ (ࢠ

(૚ − (૛ࢠ + ܏ܗܔ ቤ
(૚ + (ࢠ
√૚ − ૛ࢠ

ቤ −
૚

(૚ + (ࢠ +  ࢉ

= −૛ ⋅
൫૚܏ܗܔ + √૚ − ૝࢞൯

૚ − ૚ + ૝࢞ + ܏ܗܔ ቆ
૚ + √૚− ૝࢞
√૚ − ૚ + ૝࢞

ቇ−
૚

૚ + √૚ − ૝࢞
+  ࢉ

= ܏ܗܔ ቤቆ
૚ + √૚ − ૝࢞

૛√࢞
ቇቤ −

૚
૚ + √૚ − ૝࢞

−
൫૚܏ܗܔ + √૚ − ૝࢞൯

૛࢞ +  ࢉ

Solution 2 by Surjeet Singhania-India 

ࡵ = න
൫૚ܖܔ + √૚ − ૝࢞൯

࢞  ࢞ࢊ

૚ − ૝࢞ > 0; 	૚ > 4࢞; 	૝࢞ < 1; 	࢞ < ૚
૝

;	Let ࢟ = ૚ + √૚ − ૝࢞ 

࢟ − ૚ = √૚ − ૝࢞ ⇒ (࢟ − ૚)૛ = ૚ − ૝࢞ 

૝࢞ = ૚ − (࢟ − ૚)૛; 	࢞ =
૚ − (࢟ − ૚)૛

૝  

࢞ࢊ =
૚
૝

[−૛(࢟ − ૚)]࢟ࢊ; ࢞ࢊ	 = ൬
૚ − ࢟
૛

൰࢟ࢊ 

ࡵ = න
ܖܔ ࢟

૚ − (࢟ − ૚)૛
૝

×
(૚ − ࢟)

૛ ;࢟ࢊ ࡵ	 = ૛න
(૚ − ࢟) ܖܔ ࢟

(૚ − ࢟ + ૚)(૚ + ࢟ − ૚)࢟ࢊ 

ࡵ = ૛∫ (૚ି࢟) ࢟ܖܔ
(૛ି࢟)࢟

ࡵ ,So .࢟ࢊ = ૛∫ ܖܔ ࢟
૛࢟
࢟ࢊ + ૛

૛∫
࢟ܖܔ
࢟ି૛

 ࢟ࢊ

ࡵ = න
࢟ܖܔ
࢟ ࢟ࢊ + න

࢟ܖܔ
࢟ − ૛࢟ࢊ; ࡵ	 =

૛ܖܔ ࢟
૛ +  ૚ࡵ

૚ࡵ = න
࢟ܖܔ
࢟ − ૛࢟ࢊ =

૚
૛න

࢟ܖܔ
࢟
૛ − ૚

 ࢟ࢊ
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Put ࢟
૛
− ૚ = ࢽ ⇒ ࢽࢊ = ࢟ࢊ

૛
 

࢟
૛ = ࢽ + ૚ ⇒ ࢟ = ૛(ࢽ + ૚) 

 is poly logarithm (࢞)࢔࢏ࡸ

૚)ܖܔ − ࢞) =  (࢞)૚࢏ࡸ−

૚ࡵ = න
+ࢽ)൫(૛)ܖܔ ૚)൯

ࢽ  ࢽࢊ

૚ࡵ = න
ܖܔ ૛
ࢽ +ࢽࢊ න

ࢽ)ܖܔ + ૚)
ࢽ  ࢽࢊ

૚ࡵ = ܖܔ ૛ ܖܔ ࢽ + ቆ−න
(ࢽ−)૚࢏ࡸ

ࢽ  ቇࢽࢊ

૚ࡵ = ૛ܖܔ ܖܔ ࢽ − (࢞−)૛࢏ࡸ +  ࢉ

So ࡵ = ૛ܖܔ ࢟
૛

+ ܖܔ ૛ ܖܔ ቀ࢟
૛
− ૚ቁ − ૛࢏ࡸ ቀ૚ −

࢟
૛
ቁ +  ࢉ

ࡵ =
૛൫૚ܖܔ + √૚ − ૝࢞൯

૛ + (૛)ܖܔ ܖܔ ቆ
√૚ − ૝࢞ − ૚

૛ ቇ− ૛࢏ࡸ ቆ
૚ − √૚ − ૝࢞

૛ ቇ+  ࢉ

 

717. If we can express the integral 

࣊
૚૛

+ න ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ
ஶ

૙

 ࢞ࢊ࢞࣊ିࢋ

in the form 

૛(૚࢏ࡸ − ࢚) + (࢚−)૛࢏ࡸ + ࢚)܏ܗܔ + ૚) (࢚)܏ܗܔ
૛࣊  

then find the value of ࢚. 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Feti Sinani-Kosovo 

Let be ࡵ(࢞) = ∫  ࢞ࢊ࢞࣊ିࢋ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ

sub. (࢞࣊ିࢋ)ܐܖ܉ܜ = ࢚ ⇒ −࣊൫૚ − ࢚૛൯࢞ࢊ࢞࣊ିࢋ = ࢚ࢊ ⇒ ࢞ࢊ࢞࣊ିࢋ = − ࢚ࢊ
࣊(૚ି࢚૛) ⇒ (࢞)ࡵ = − ૚

࣊
 (࢚)ࡵ
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(࢚)ࡵ = න
܏ܗܔ ࢚
૚ − ࢚૛

࢚ࢊ =
૚
૛
න ൬

܏ܗܔ ࢚
૚ − ࢚

+
܏ܗܔ ࢚
૚ + ࢚

൰ ࢚ࢊ =
૚
૛

૛(૚࢏ࡸ) − ࢚) + (࢚−)૛࢏ࡸ + (࢚)܏ܗܔ ૚)܏ܗܔ + ࢚)) 

න
܏ܗܔ ࢚
૚ + ࢚ࢊ࢚ = න܏ܗܔ ࢚ ࢊ ૚)܏ܗܔ + ࢚) = (࢚)܏ܗܔ +૚)܏ܗܔ ࢚) −න

૚)܏ܗܔ + ࢚)
࢚ ࢚ࢊ = 

= (࢚)܏ܗܔ ૚)܏ܗܔ + ࢚) +  (࢚−)૛࢏ࡸ

(࢞)ࡵ = −
૛(૚࢏ࡸ − ((࢞࣊ିࢋ)ܐܖ܉ܜ + ((࢞࣊ିࢋ)ܐܖ܉ܜ−)૛࢏ࡸ + ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ + ((࢞࣊ିࢋ)ܐܖ܉ܜ

૛࣊
 

න ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ
ାஶ

૙

࢞ࢊ࢞࣊ିࢋ = 

=
−૛(૚࢏ࡸ ((૚)ܐܖ܉ܜ + −)૛࢏ࡸ ((૚)ܐܖ܉ܜ + ((૚)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ + ((૚)ܐܖ܉ܜ

૛࣊ − 

−
૛(૚)࢏ࡸ
૛࣊ −

૚
૛࣊ ܕܑܔ

࢞→ାஶ
((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ +  ((࢞࣊ିࢋ)ܐܖ܉ܜ

ܕܑܔ
࢞→ାஶ

((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ + ((࢞࣊ିࢋ)ܐܖ܉ܜ = ܕܑܔ
࢚→ା૙

(࢚)܏ܗܔ ૚)܏ܗܔ + ࢚) = 

= ܕܑܔ
࢚→ା૙

࢚ (࢚)܏ܗܔ ⋅
૚)܏ܗܔ + ࢚)

࢚ = ૙ 

න ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ
ାஶ

૙

࢞ࢊ࢞࣊ିࢋ = 

=
૛(૚࢏ࡸ − ((૚)ܐܖ܉ܜ + −)૛࢏ࡸ ((૚)ܐܖ܉ܜ + ((૚)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ + ((૚)ܐܖ܉ܜ

૛࣊ −
૛(૚)࢏ࡸ
૛࣊  

࣊
૚૛ + න ((࢞࣊ିࢋ)ܐܖ܉ܜ)܏ܗܔ

ାஶ

૙

࢞ࢊ࢞࣊ିࢋ = 

=
૛(૚࢏ࡸ − ((૚)ܐܖ܉ܜ + ((૚)ܐܖ܉ܜ−)૛࢏ࡸ + ((૚)ܐܖ܉ܜ)܏ܗܔ ૚)܏ܗܔ + ((૚)ܐܖ܉ܜ

૛࣊  

 

718. Find: 

ષ = න ቌ෍ቌ
૚
࢔
൭෍

࢞࢑

࢑

ஶ

࢑ୀ૚

− ܏ܗܔ ൬
૚

૚ − ࢞
൰൱ቍ

ஶ

ୀ૚࢔

ቍ
ି૚

૙

 ࢞ࢊ

Proposed by Mohamed Arahman Jama-Somalia 
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Solution by Mokhtar Khassani-Mostaganem-Algerie 

ષ = න ቌ෍ቌ
૚
࢔
൭෍

࢞࢑

࢑

࢔

࢑ୀ૚

− ܏ܗܔ ൬
૚

૚ − ࢞൰
൱ቍ

ାஶ

ୀ૚࢔

ቍ
ି૚

૙

࢞ࢊ = 

= න ൮෍൮
૚
࢔
ቌ෍නࢠࢊ࢑ࢠ

࢞

૙

࢔

ୀ૚࢔

− ܏ܗܔ ൬
૚

૚ − ࢞൰
ቍ൲

ାஶ

ୀ૚࢔

൲
ି૚

૙

 ࢞ࢊ

= න ൮෍൮
૚
࢔
ቌන

૚ − ࢔ࢠ

૚ − ࢠ

࢞

૙

ࢠࢊ + ૚)܏ܗܔ − ࢞)ቍ൲
ାஶ

ୀ૚࢔

൲
ି૚

૙

࢞ࢊ = න ൮෍൮
૚
࢔
ቌන

࢔ࢠ

ࢠ − ૚

࢞

૙

ቍ൲ࢠࢊ
ାஶ

ୀ૚࢔

൲
ି૚

૙

 ࢞ࢊ

= න ቌන
૚

ࢠ − ૚෍
࢔ࢠ

࢔

ାஶ

ୀ૚࢔

࢞

૙

ቍࢠࢊ
ି૚

૙

࢞ࢊ = න ቌ−න
૚)܏ܗܔ − (ࢠ
ࢠ − ૚

࢞

૙

ቍࢠࢊ
ି૚

૙

࢞ࢊ = 

=
૚
૛ න ૛(૚܏ܗܔ − ࢞)

૙

ି૚

࢞ࢊ =
૚
૛න ૛܏ܗܔ ࢞

૛

૚

 ࢞ࢊ

=
૚
૛

{࢞ ૛܏ܗܔ ࢞ − ૛(࢞ ܏ܗܔ ࢞ − ࢞)}૚૛ = ܏ܗܔ) ૛ − ૚)૛ ⇒ ષ = (૚ − ܏ܗܔ ૛)૛ 

 

719. Find: 

ષ = ܕܑܔ
૙→ࢿ
வ଴ࢿ

ቌන ቆ
(૚ − ࢞૛)૛ ܏ܗܔ ࢞

૚ − ࢞૟
ቇ

૚ିࢿ

ࢿ

 ቍ࢞ࢊ

Proposed by Jesu Mhe-Nigeria 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = ܕܑܔ
૙→ࢿ
வ଴ࢿ

න
(૚ − ࢞૛)૛ ܏ܗܔ ࢞

૚ − ࢞૟

૚ିࢿ

૙

࢞ࢊ = න
(࢞૛ − ૚)૛

૚ − ࢞૟

૚

૙

܏ܗܔ ࢞ࢊ࢞ = න(࢞૛ − ૚)૛ ܏ܗܔ ࢞
૚

૙

෍࢞૟࢔
ஹ૙࢔

 ࢞ࢊ

= ෍න࢞૟࢔ା૝
૚

૙࢔ஹ૙

܏ܗܔ ࢞ + ࢞૟࢔ ܏ܗܔ ࢞ − ૛࢞૟࢔ା૛ ܏ܗܔ  ࢞ࢊ࢞
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= ෍
૛

(૟࢔+ ૜)૛
ஹ૙࢔

−
૚

(૟࢔ + ૞)૛ −
૚

(૟࢔+ ૚)૛ 

න࢞࢑
૚

૙

܏ܗܔ ࢞ࢊ࢞ = −
૚

(࢑ + ૚)૛ 

=
૚
૜૟෍

૛

ቀ࢔ + ૚
૛ቁ

૛
ஹ૙࢔

−
૚

ቀ࢔ + ૞
૟ቁ

૛ −
૚

ቀ࢔ + ૚
૟ቁ

૛ =
૚
૜૟ ൜૛࣐૚ ൬

૚
૛൰ − ࣐൬

૞
૟൰ − ࣐૚ ൬

૚
૟൰ൠ 

=
૚
૜૟ቊ૛ ⋅

࣊૛

૛ − ቆ࣐૚ ൬૚ −
૚
૟൰ + ࣐૚ ൬

૚
૟൰ቇቋ =

૚
૜૟

ቐ࣊૛ −
࣊૛

૛ܖܑܛ ቀ࣊૟ቁ
ቑ = −

࣊૛

૚૛ 

࣐૚(૚ − ࢞) + ࣐૚(࢞) =
࣊૛

 (࢞࣊)૛ܖܑܛ

Solution 2 by Abdul Mukhtar-Nigeria 

ࡵ = න
(૚ − ࢞૛)૛ ࢞ܖܔ

૚ − ࢞૟

૚

૙

;࢞ࢊ ࡵ	 = ෍න(૚ − ࢞૛)૛
૚

૙

ஶ

ୀ૙࢔

࢞૟࢔ ܖܔ  ࢞ࢊ࢞

ࡵ = −൥෍
૚

(૟࢔ + ૚)૛

ஶ

ୀ૙࢔

+ ෍
૚

(૟࢔ + ૞)૛

ஶ

ୀ૙࢔

൩ + ૛෍
૚

(૟࢔ + ૜)૛

ஶ

ୀ૙࢔

 

ࡵ = − ෍
૚

(૟࢔+ ૚)૛

ஶ

ୀିஶ࢔

+
૚
ૢ ෍

૚
(૛࢔+ ૚)૛

ஶ

ୀିஶ࢔

 

ࡵ =
࣊
૜૟࢙ࢋࡾ൮

(࢙࣊)ܜܗ܋

ቀ࢙ + ૚
૟ቁ

૛൲−
࣊
૜૟࢙ࢋࡾ൮

(࢙࣊)ܜܗ܋

ቀ࢙ + ૚
૛ቁ

૛൲ 

ࡵ = ࣊
૜૟

ࢊ
࢙ࢊ

−((࢙࣊)ܜܗ܋) ࣊
૜૟

ࢊ
࢙ࢊ

࢙ where ((࢙࣊)ܜܗ܋) = − ૚
૟
 and ࢙ = − ૚

૛
 

ࡵ =
࣊
૜૟

(−૝࣊) −
࣊
૜૟

(−࣊); ࡵ	 = −
૝࣊૛

૜૟ +
࣊૛

૜૟ ; ࡵ	 =
−૝࣊૛ + ࣊૛

૜૟  

ࡵ =
−૜૟࣊૛

૜૟  

ࡵ = −
࣊૛

૚૛ 
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720. Find in terms of ࢈,ࢇ,૙ < ܽ ≤ ܾ < 2࣊: 

ષ(࢈,ࢇ) = නනන൬ܖܑܛ(࢞ + ࢟ + (ࢠ − ૝ ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ ܖܑܛ ൬

ࢠ + ࢞
૛ ൰൰࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

නනන൬ܖܑܛ(࢞ + ࢟ + (ࢠ − ૝ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ܖܑܛ ൬

࢞ + ࢠ
૛ ൰ ܖܑܛ ൬

+ࢠ ࢟
૛ ൰൰࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ =
࢈

ࢇ

 

= නනන(૛ ࢞)ܖܑܛ + ࢟ + (ࢠ − ܖܑܛ ࢞ − ܖܑܛ ࢟ − ܖܑܛ (ࢠ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ࢠࢊ

= නන(ࢇ)ܛܗ܋ + ࢟ + (ࢠ − ࢈)ܛܗ܋ + ࢟ + ࢟ࢊ((ࢠ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

− 

−නන(ࢇܛܗ܋ − ࢈ܛܗ܋ + −࢈) (ࢇ ܖܑܛ ࢟ + ࢈) − (ࢇ ܖܑܛ (ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ࢠࢊ

= ૛න(ࢇ)ܖܑܛ+ ࢈ + (ࢠ − +ࢇ૛)ܖܑܛ (ࢠ + ࢇ)ܖܑܛ + ࢈ + (ࢠ − ࢈૛)ܖܑܛ + ((ࢠ
࢈

ࢇ

ࢠࢊ − 

−නቀ(࢈ − (ࢇ ܛܗ܋ ࢇ − ࢈) − (ࢇ ܛܗ܋ ࢈ + −࢈) ࢇܛܗ܋)(ࢇ − (࢈ܛܗ܋ + ࢈) − ૛(ࢇ ܖܑܛ ቁࢠ
࢈

ࢇ

 ࢠࢊ

= ૛൬ܛܗ܋
(૛ࢇ + (࢈ + ࢇ)ܛܗ܋ + ૛࢈) + +ࢇ૛)ܛܗ܋ (࢈ − (ࢇ૜)ܛܗ܋ + +ࢇ૛)ܛܗ܋ (࢈ −

ࢇ)ܛܗ܋− + ૛࢈) + −(࢈૜)ܛܗ܋ ࢇ)ܛܗ܋ + ૛࢈) ൰ − 

−ቀ(࢈ − ࢈ܛܗ܋)૛(ࢇ − (ࢇܛܗ܋ + −࢈) ܛܗ܋)૛(ࢇ ࢈ − (ࢇܛܗ܋ + ࢈) − ࢈ܛܗ܋)૛(ࢇ −  ቁ(ࢇܛܗ܋

=
૚
૚૟ ܖܑܛ

૜ ൬
࢈ − ࢇ
૛ ൰ ܖܑܛ ൬૜

ࢇ + ࢈
૛ ൰ + ૜(࢈− ܛܗ܋)૛(ࢇ ࢈ −  (ࢇܛܗ܋

Solution 2 by Avishek Mitra-West Bengal-India 

⇔ ܖܑܛ ࢞ + ܖܑܛ ࢟ + ܖܑܛ ࢠ − ࢞)ܖܑܛ + ࢟ +  (ࢠ

= ૛ ܖܑܛ ൬
࢞ + ࢟
૛

൰ ⋅ ܛܗ܋ ቀ
࢞ − ࢟
૛

ቁ + ૛ ܛܗ܋ ൬
ࢠ + ࢞ + ࢟ + ࢠ

૛
൰ܖܑܛ ቀ

ࢠ − ࢞ − ࢟ − ࢠ
૛

ቁ 
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= ૛ ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ⋅ ܛܗ܋ ቀ

࢞ − ࢟
૛

ቁ − ૛ ܛܗ܋ ൬
࢞ + ࢟ + ૛ࢠ

૛ ൰ ܖܑܛ ൬
࢞ + ࢟
૛ ൰ 

= ૛ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ൤ܛܗ܋ ቀ

࢞ − ࢟
૛

ቁ − ܛܗ܋ ൬
࢞ + ࢟ + ૛ࢠ

૛ ൰൨ 

= ૛ ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ⋅ ૛ ቌܖܑܛ

࢞ − ࢟
૛ + ࢞ + ࢟ + ૛ࢠ

૛
૛ ቍܖܑܛቌ

࢞ + ࢟ + ૛ࢠ
૛ − ࢞ − ࢟

૛
૛ ቍ 

= ૝ ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ⋅ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ ⋅ ܖܑܛ ൬

ࢠ + ࢞
૛ ൰ 

⇔ ࢞)ܖܑܛ + ࢟ + (ࢠ − ૝ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ⋅ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ ⋅ ܖܑܛ ൬

+ࢠ ࢞
૛ ൰ 

= ࢞)ܖܑܛ + ࢟ + −(ࢠ ܖܑܛ) ࢞ + ܖܑܛ ࢟ + ܖܑܛ (ࢠ + ࢞)ܖܑܛ + ࢟ + (ࢠ = 

= ૛ ࢞)ܖܑܛ + ࢟ + (ࢠ − ܖܑܛ) ࢞ + ܖܑܛ ࢟ + ܖܑܛ  (ࢠ

⇔ ૛ࡵ = නනනܖܑܛ(࢞+ ࢟ + ࢞ࢊ(ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= −නන{ܛܗ܋(࢞ + ࢟ + {(ࢠ
࢈

ࢇ

࢈

ࢇ ࢇ

࢈

 ࢠࢊ࢟ࢊ

= −නන{࢈)ܛܗ܋+ ࢟ + (ࢠ − +ࢇ)ܛܗ܋ ࢟ + {(ࢠ
࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ = 

= −቎නන࢈)ܛܗ܋ + ࢟ + (ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ −නනࢇ)ܛܗ܋ + ࢟ + (ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ቏ࢠࢊ

= −቎න{࢈)ܖܑܛ+ ࢟ + ࢈ࢇ{(ࢠ
࢈

ࢇ

࢞ࢊ − න{ࢇ)ܖܑܛ+ ࢟ + ࢠࢊ࢈ࢇ{(ࢠ
࢈

ࢇ

቏ 

= −቎න{ܖܑܛ(૛࢈ + (ࢠ − ࢈)ܖܑܛ + +ࢇ ࢠࢊ{(ࢠ
࢈

ࢇ

−න{ࢇ)ܖܑܛ + ࢈ + (ࢠ − +ࢇ૛)ܖܑܛ {(ࢠ
࢈

ࢇ

 ቏ࢠࢊ

= −቎න{ܖܑܛ(૛࢈ + (ࢠ + +ࢇ૛)ܖܑܛ {(ࢠ
࢈

ࢇ

቏ࢠࢊ = +࢈૛)ܛܗ܋}ൣ ࢈ࢇ{(ࢠ + ࢇ૛)ܛܗ܋} +  ൧࢈ࢇ{(ࢠ

= ܛܗ܋ ૜࢈ − ࢈૛)ܛܗ܋ + (ࢇ + ࢇ૛)ܛܗ܋ + −(࢈ ࢇ૜ܛܗ܋ = 

= ܛܗ܋) ૜࢈ − (ࢇ૜ܛܗ܋ + +ࢇ૛)ܛܗ܋) (࢈ − ࢈૛)ܛܗ܋ +  ((ࢇ

= ૛ ܖܑܛ
૜(࢈+ (ࢇ

૛ ⋅ ܖܑܛ
૜(ࢇ − (࢈

૛ + ૛ ⋅ ܖܑܛ
૜(ࢇ+ (࢈

૛ ⋅ ܖܑܛ
࢈) − (ࢇ

૛  
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= ૛ܖܑܛ
૜(࢈ + (ࢇ

૛
቎૛ ܖܑܛ

૜(ࢇ − (࢈
૛ + −࢈) (ࢇ

૛
૛ ⋅ ܛܗ܋

૜(ࢇ − (࢈
૛ − −࢈) (ࢇ

૛
૛

቏ = 

= ૝ܖܑܛ
૜(࢈ + (ࢇ

૛ ⋅ ܖܑܛ ൬
ࢇ − ࢈
૛ ൰ࢇ)ܛܗ܋ −  (࢈

⇔ ૛ࡵ = නනන(ܖܑܛ ࢞ + ܖܑܛ ࢟ + ܖܑܛ ࢞ࢊ(ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= ૜නනනܖܑܛ ࢞ࢊ࢞
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= ૜නන{ܛܗ܋ ࢈ࢇ{࢞
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ = ૜(ࢇܛܗ܋ − ࢟ࢊනන(࢈ܛܗ܋
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= ૜(࢈− ࢇܛܗ܋)૛(ࢇ − ܛܗ܋  (࢈

⇔ષ = නනන൜ܖܑܛ(࢞+ ࢟ + (ࢠ − ૝ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ⋅ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ ⋅ ܖܑܛ ൬

ࢠ + ࢞
૛ ൰ൠ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= ૛නනන ࢞)ܖܑܛ + ࢟ + ࢞ࢊ(ࢠ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

−නනන(ܖܑܛ ࢞ + ܖܑܛ ࢟ + ܖܑܛ (ࢠ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ = ૛ࡵ૚ −  ૛ࡵ

= ૡ ܖܑܛ
૜(࢈ + (ࢇ

૛ ܖܑܛ ൬
ࢇ − ࢈
૛ ൰ࢇ)ܛܗ܋ − −(࢈ ૜(ࢇܛܗ܋ − ࢈)(࢈ܛܗ܋ − ૛(ࢇ  

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador 

ષ(࢈,ࢇ) = නනන൤ܖܑܛ(࢞ + ࢟ + −(ࢠ ૝ܖܑܛ ൬
࢞ + ࢟
૛ ൰ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ ܖܑܛ ൬

ࢠ + ࢞
૛ ൰൨࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= 

= නනන൤ܖܑܛ(࢞ + ࢟ + (ࢠ − ૝ ܖܑܛ ൬
࢟ + ࢠ
૛ ൰ ܖܑܛ ൬

࢞ + ࢟
૛ ൰ܖܑܛ ൬

࢞ + ࢠ
૛ ൰൨ ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= නනන቎ܖܑܛ(࢞ + ࢟ + (ࢠ − ૝ܖܑܛ ൬
࢟+ ࢠ
૛

൰
ࢋ
࢐(࢞ା࢟)

૛ − ିࢋ
(ା࢟࢞)ࢌ

૛

࢐૛
⋅
ࢋ
(ࢠା࢞)ࢌ

૛ − ିࢋ
(ࢠା࢞)ࢌ

૛

࢐૛
቏࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= නනන቎ܖܑܛ(࢞+ ࢟+ (ࢠ + ૛ܖܑܛ ൬
࢟ + ࢠ
૛

൰
ࢋ
(ࢠ૛࢞ା࢟ା)ࢌ

૛ − ࢋ
(ࢠା࢟)ࢌ

૛ − ିࢋ
(ࢠା࢟)ࢌ

૛ + ିࢋ
(ࢠ૛࢞ା࢟ା)ࢌ

૛

૛ ቏
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ࢠࢊ

= නනන൜ܖܑܛ(࢞ + ࢟ + (ࢠ + ૛ ܖܑܛ ൬
࢟ + ࢠ
૛ ൰ ൤ܛܗ܋ ൬࢞ +

࢟ + ࢠ
૛ ൰ − ܛܗ܋ ቀ

࢟ − ࢠ
૛

ቁ൨ൠ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ࢠࢊ
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= නන൜− ࢞)ܛܗ܋ + ࢟ + (ࢠ + ૛ܖܑܛ ൬
࢟ + ࢠ
૛ ൰ ൤ܖܑܛ ൬࢞ +

࢟ + ࢠ
૛ ൰− ܛܗ܋࢞ ቀ

࢟ − ࢠ
૛

ቁ൨ൠ
࢈

ࢇ

࢈

ࢇ ࢇ

࢈

 ࢠࢊ	࢟ࢊ

= නන൜ࢇ)ܛܗ܋ + ࢟+ (ࢠ − ࢈)ܛܗ܋ + ࢟ + (ࢠ + ૛ܖܑܛ ൬
࢟ + ࢠ
૛

൰ ൤ܖܑܛ൬࢈ +
࢟+ ࢠ
૛

൰ − ܖܑܛ ൬ࢇ +
࢟ + ࢠ
૛

൰ − ࢈) − (ࢇ ܛܗ܋ ቀ
࢟ − ࢠ
૛

ቁ൨ൠ ࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

ષ(࢈,ࢇ) = නනቐ
+ࢇ)ܛܗ܋ ࢟ + −(ࢠ +࢈)ܛܗ܋ ࢟ + (ࢠ + ࢟)ܖܑܛ(࢈)ܖܑܛ + (ࢠ +

+ (࢈)ܛܗ܋ [૚ − +࢟)ܛܗ܋ −[(ࢠ ࢟)ܖܑܛ(ࢇ)ܖܑܛ + (ࢠ −
(ࢇ)ܛܗ܋− [૚ − ࢟)ܛܗ܋ + [(ࢠ

ቑ࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

− 

−૛(࢈− ܖܑܛනන(ࢇ ൬
࢟ + ࢠ
૛ ൰

࢈

ࢇ

࢈

ࢇ

ܛܗ܋ ቀ
࢟ − ࢠ
૛

ቁ࢟ࢊ	ࢠࢊ 

= නන൜ܛܗ܋
+ࢇ) ࢟ + (ࢠ − +࢈)ܛܗ܋ ࢟ + (ࢠ + (࢈)ܖܑܛ] − [(ࢇ)ܖܑܛ ࢟)ܖܑܛ + (ࢠ +

−(࢈)ܛܗ܋]+ [(ࢇ)ܛܗ܋ + (ࢇ)ܛܗ܋] − ࢟)ܛܗ܋[(࢈)ܛܗ܋ + (ࢠ ൠ࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

− 

−૛(࢈− (ࢇ ∫ ∫ ࢋ
࢐(࢟శࢠ)

૛ షࢋି
࢐(࢟శࢠ)

૛

࢐૛
࢈
ࢇ

࢈
ࢇ ⋅ ࢋ

࢐(࢟శࢠ)
૛ ାࢋ

ష࢐(࢟శࢠ)
૛

૛
  ࢠࢊ	࢟ࢊ

= න൜ܖܑܛ
ࢇ) + ࢟ + (ࢠ − ࢈)ܖܑܛ + ࢟ + −(ࢠ −(࢈)ܖܑܛ] ࢟)ܛܗ܋[(ࢇ)ܖܑܛ + (ࢠ +

−(࢈)ܛܗ܋]+ ࢞[(ࢇ)ܛܗ܋ + (ࢇ)ܛܗ܋] − ࢟)ܖܑܛ[(࢈)ܛܗ܋ + (ࢠ ൠ
࢈

ࢇ ࢇ

࢈

ࢠࢊ − 

࢈)− − නන(ࢇ
࢐࢟ࢋ + ࢠ࢐ࢋ − ࢠ࢐ିࢋ − ࢐࢟ିࢋ

࢐૛

࢈

ࢇ

࢈

ࢇ

 ࢠࢊ	࢞ࢊ

= නቐ
ࢇ)ܖܑܛ + +࢈ −(ࢉ +ࢇ૛)ܖܑܛ (ࢠ − +࢈૛)ܖܑܛ (ࢠ + ࢇ)ܖܑܛ + +࢈ −(ࢠ

−(࢈)ܖܑܛ]− ࢈)ܛܗ܋][(ࢇ)ܖܑܛ + (ࢠ − +ࢇ)ܛܗ܋ [(ࢠ +
−(࢈)ܛܗ܋]+ −࢈)[(ࢇ)ܛܗ܋ (ࢇ

ቑ
࢈

ࢇ

 +ࢠࢊ

−(ࢇ)ܛܗ܋]+ ࢈)ܖܑܛ]න[(࢈)ܛܗ܋ + (ࢠ − ࢇ)ܖܑܛ + [(ࢠ
࢈

ࢇ

ࢠࢊ − ࢈) − (࢟)ܖܑܛ]නන(ࢇ + [(ࢠ)ܖܑܛ
࢈

ࢇ

࢈

ࢇ

 ࢠࢊ࢟ࢊ

= න൜ ࢇ)ܖܑܛ + ࢈ + (ࢠ − +ࢇ૛)ܖܑܛ −(ࢠ +࢈૛)ܖܑܛ (ࢠ + ࢇ)ܖܑܛ + ࢈ + (ࢠ −
(࢈)ܖܑܛ]− − ࢈)ܛܗ܋][(ࢇ)ܖܑܛ + (ࢠ − ࢇ)ܛܗ܋ + [(ࢠ + −(࢈)ܛܗ܋] −࢈)[(ࢇ)ܛܗ܋ ൠ(ࢇ

࢈

ࢇ

ࢠࢊ + 

(ࢇ)ܛܗ܋]+ − ࢈)ܖܑܛ]න[(࢈)ܛܗ܋ + (ࢠ − +ࢇ)ܖܑܛ [(ࢠ
࢈

ࢇ

ࢠࢊ − −࢈) (࢟)ܖܑܛ]නන(ࢇ + [(ࢠ)ܖܑܛ
࢈

ࢇ

࢈

ࢇ

 ࢠࢊ
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ષ(࢈,ࢇ) = න ൜ ૛ ࢇ)ܖܑܛ + ࢈ + (ࢠ − ࢇ૛)ܖܑܛ + (ࢠ − ࢈૛)ܖܑܛ + (ࢠ −
−(࢈)ܖܑܛ]− ࢈)ܛܗ܋][(ࢇ)ܖܑܛ + (ࢠ − ࢇ)ܛܗ܋ + [(ࢠ + (࢈)]ܛܗ܋ − [(ࢇ)ܛܗ܋ ࢈) − ൠ(ࢇ

࢈

ࢇ

 +ࢠࢊ

−(ࢇ)ܛܗ܋]+ +ࢇ)ܛܗ܋][(࢈)ܛܗ܋ (ࢠ − ࢈)ܛܗ܋ + ࢈ࢇ[(ࢠ − −࢈) ࢟]න(ࢇ −(ࢠ)ܖܑܛ ࢈ࢇ[(࢟)ܛܗ܋
࢈

ࢇ

 ࢠࢊ

= ൜−૛ܛܗ܋
ࢇ) + ࢈ + (ࢠ + +ࢇ૛)ܛܗ܋ (ࢠ + ࢈૛)ܛܗ܋ + −(ࢠ −(࢈)ܖܑܛ] [(ࢇ)ܖܑܛ ⋅
⋅ ࢈)ܖܑܛ] + (ࢠ − +ࢇ)ܖܑܛ [(ࢠ + −(࢈)ܛܗ܋] ࢈)[(ࢇ)ܛܗ܋ − ࢠ(ࢇ ൠ

ࢇ

࢈

+ 

(ࢇ)ܛܗ܋]+ − +ࢇ)ܛܗ܋][(࢈)ܛܗ܋ −(࢈ (ࢇ૛)ܛܗ܋ − (࢈૛)ܛܗ܋ + ࢇ)ܛܗ܋ +  −[(࢈

࢈)− − −࢈)]න(ࢇ (ࢇ (ࢠ)ܖܑܛ + (ࢇ)ܛܗ܋ − [(࢈)ܛܗ܋
࢈

ࢇ

 ࢠࢊ

= −૛ࢇ)ܛܗ܋ + ૛࢈) + ૛ܛܗ܋(૛ࢇ + (࢈ + ࢇ૛)ܛܗ܋ + 	(࢈ − (ࢇ૜)ܛܗ܋ + −(࢈૜)ܛܗ܋ ࢇ)ܛܗ܋ + ૛࢈)− 

−(࢈)ܖܑܛ]− −(࢈૛)ܖܑܛ][(ࢇ)ܖܑܛ ࢇ)ܖܑܛ + −(࢈ +ࢇ)ܖܑܛ (࢈ + [(ࢇ૛)ܖܑܛ = 

= ૜ ࢇ૛)ܛܗ܋ + −(࢈ ૜ࢇ)ܛܗ܋ + ૛࢈) − (ࢇ૜)ܛܗ܋ + (࢈૜)ܛܗ܋ − 

−(࢈)ܖܑܛ]− (ࢇ૛)ܖܑܛ][(ࢇ)ܖܑܛ + −(࢈૛)ܖܑܛ ૛ +ࢇ)ܖܑܛ  [(࢈

(ࢇ)ܛܗ܋]+ − ૛][(࢈)ܛܗ܋ ࢇ)ܛܗ܋ + −(࢈ (ࢇ૛)ܛܗ܋ − −(࢈૛)ܛܗ܋ ࢈) − [૛(ࢇ − 

−࢈)− (ࢇ)ܛܗ܋]}(ࢇ − −࢈)[(࢈)ܛܗ܋ (ࢇ − −࢈) −(࢈)ܛܗ܋](ࢇ  {[(ࢇ)ܛܗ܋

= ૜[ܛܗ܋(૛ࢇ + −(࢈ ࢇ)ܛܗ܋ + ૛࢈)]− (ࢇ૜)ܛܗ܋ +  −(࢈૜)ܛܗ܋

−(࢈)ܖܑܛ]− −(ࢇ૛)ܖܑܛ][(ࢇ)ܖܑܛ ૛ࢇ)ܖܑܛ + (࢈ + [(࢈૛)ܖܑܛ + 

(ࢇ)ܛܗ܋]+ − ૛][(࢈)ܛܗ܋ +ࢇ)ܛܗ܋ −(࢈ −(ࢇ૛)ܛܗ܋ −(࢈૛)ܛܗ܋ ૜(࢈− ;[૛(ࢇ ૙ < ܽ ≤ ܾ < 2࣊ 

721. Find the shortest way to prove that: 

නିܖ܉ܜ૚൫√࢞൯
૛

૚

૙

࢞ࢊ(࢞)܏ܗܔ = ࡳ࣊− +
ૠࣀ(૜)
૝ +

૜࣊
૛ −

૞࣊૛

૛૝ − ૜  (૛)܏ܗܔ

where ࡳ is the Catalan Constant 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Tobi Joshua-Nigeria 

ࡵ = නିܖ܉ܜ૚൫√࢞൯
૛

૚

૙

܏ܗܔ  ࢞ࢊ࢞
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ࡵ = ૝න ૚(࢞)૛ିܖ܉ܜ
૚

૙

܏ܗܔ  ࢞ࢊ࢞

ࡵ = ૝ ቎ቆ
࢞૛ ܏ܗܔ ࢞

૛ −
࢞૛

૝ ቇ ܖ܉ܜ
ି૚ ࢞૙૚ − ૛න

૚ିܖ܉ܜ ࢞
૚ + ࢞૛

૚

૙

ቆ
࢞૛ ܏ܗܔ ࢞

૛ −
࢞૛

૝ ቇ࢞ࢊ
቏ 

ࡵ = ૝ ቎
−࣊૛

૟૝ −න
࢞૛ ܏ܗܔ ࢞ ૚ିܖ܉ܜ ࢞

૚ + ࢞૛

૚

૙

࢞ࢊ +
૚
૛න

࢞૛ ૚ିܖ܉ܜ ࢞
૚ + ࢞૛

૚

૙

 ቏࢞ࢊ

ࡵ = ૝ ቎
−࣊૛

૟૝
− න ܏ܗܔ ࢞

૚

૙

૚ିܖ܉ܜ ࢞ࢊ࢞ +න
܏ܗܔ ࢞ ૚ିܖ܉ܜ ࢞

૚ + ࢞૛

૚

૙

࢞ࢊ +
૚
૛
න ૚ିܖ܉ܜ ࢞
૚

૙

࢞ࢊ −
૚
૛
න
૚ିܖ܉ܜ ࢞
૚ + ࢞૛

૚

૙

 ቏࢞ࢊ

ࡵ = ૝

⎣
⎢
⎢
⎡−࣊૛

૟૝ − ቌ−
࣊
૝ +

૛܏ܗܔ
૛ − න

࢞ ࢞܏ܗܔ
૚ + ࢞૛

૚

૙

ቍ +

⎝

⎛න࢞ (࢞ܖ܉ܜ)܏ܗܔ

࣊
૝

૙

࢞ࢊ

⎠

⎞ +
૚
૛ ൬

࣊
૝ −

૛܏ܗܔ
૛ ൰ −

࣊૛

૟૝
⎦
⎥
⎥
⎤
 

ࡵ = ૝

⎣
⎢
⎢
⎡−࣊૛

૜૛ +
૜࣊
ૡ −

૜ ૛܏ܗܔ
૝ + ቌන࢞૛࢑ା૚

૚

૙

܏ܗܔ ෍(−૚)࢑࢞ࢊ࢞
ஶ

࢑ୀ૙

ቍ− ૛

⎝

⎛න ࢞෍
૛(૛࢑)ܛܗ܋ + ૚)࢞)

(૛࢑ + ૚)

ஶ

࢑ୀ૙

࣊
૝

૙

࢞ࢊ

⎠

⎞

⎦
⎥
⎥
⎤
 

ࡵ = ૝ ൥
−࣊૛

૜૛ +
૜࣊
ૡ −

૜ ܏ܗܔ ૛
૝ −

૚
૝
൭෍

(−૚)࢑

(࢑ + ૚)૛

ஶ

࢑ୀ૙

൱ −
૚
૛
൭
࣊
૛෍

(−૚)࢑

(૛࢑ + ૚)૛

ஶ

࢑ୀ૙

−෍
૚

(૛࢑+ ૚)૜

ஶ

࢑ୀ૙

൱൩ 

ࡵ = ૝ ൥
−࣊૛

૜૛
+
૜࣊
ૡ
−
૜ ܏ܗܔ ૛
૝

−
૚
૝
൭෍

(−૚)࢑

(࢑ + ૚)૛

ஶ

࢑ୀ૙

൱ −
૚
૛
൭
࣊
૛
෍

(−૚)࢑

(૛࢑ + ૚)૛

ஶ

࢑ୀ૙

൱ −෍
૚

(૛࢑ + ૚)૜

ஶ

࢑ୀ૙

൩ 

ࡵ = ૝ ቈ
−૞࣊૛

ૢ૟ +
૜࣊
ૡ −

૜ ૛܏ܗܔ
૝ −

૚
૛ቆ

࣊
૛ ࡳ −

ૠࣀ(૜)
ૡ ቇ቉ 

ࡵ = ቈ
−૞࣊૛

૛૝ +
૜࣊
૛ − ૜ ૛܏ܗܔ − ࡳ࣊ +

ૠࣀ(૜)
૝ ቉ 

722. ષ(࢈,ࢇ) = ∫ ቀ ܖܑܛ⋅࢞ ࢞
࢞ܛܗ܋࢈ାࢇ

ቁ࣊
૙ ࢇ,࢞ࢊ > ܾ, ܾ ∈ (−૚,૚). Find: 

શ = නቆ
࢈ ⋅ ષ(૚,࢈)

√૚ − ૛࢈
ቇ

૚

૙

 ࢈ࢊ

Proposed by Abdul Hafeez Ayinde-Nigeria 
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

ષ(࢈,ࢇ) = න
ܖܑܛ࢞ ࢞

ࢇ + ࢈ ܛܗ܋ ࢞

࣊

૙

࢞ࢊ = −
૚
න࢈

࢞ ⋅ ࣔࣔ࢞ +ࢇ) ܛܗ܋࢈ ࢞)

+ࢇ ࢈ ܛܗ܋ ࢞

࣊

૙

 ࢞ࢊ

= −
૚
࢈

[࢞ ࢇ)ܖܔ + ܛܗ܋࢈ ࢞]૙࢞ +
૚
න࢈ ࢇ)ܖܔ + ܛܗ܋࢈ ࢞ࢊ(࢞

࣊

૙

 

= −
࣊ ࢇ)ܖܔ − (࢈

࢈ +
૛
න࢈ +ࢇ)ܖܔ ܛܗ܋࢈ ૛࢞)

࣊
૛

૙

 ࢞ࢊ

= − ࣊ (࢈ିࢇ)ܖܔ
࢈

+ ૛
∫࢈ ܖܔ ቄ൫√ࢇ + ൯࢈

૛
૛ܛܗ܋ ࢞ + ൫√ࢇ − ൯࢈

૛
૛ܖܑܛ ࢞ቅ

࣊
૛
૙ ࢇ as ࢞ࢊ > ܾ 

= −
࣊ ࢇ)ܖܔ − (࢈

࢈ +
૛
࢈ ⋅ ࣊ ܖܔ ቊ

+ࢇ√ ࢈ + ࢇ√ − ࢈
૛ ቋ =

࣊
࢈ ܖܔ ቊ

૛ࢇ+ ૛√ࢇ૛ − ૛࢈

૝(ࢇ − (࢈ ቋ 

= ࣊
࢈
ܖܔ ൬ࢇା

ඥࢇ૛ି࢈૛

૛ିࢇ૛࢈
൰, where ࢇ > ܾ 

−− −− −− −− −− −− −− − −− 

න
(࢈,૚)ષ࢈
√૚ − ૛࢈

૚

૙

࢈ࢊ = න
࢈

√૚ − ૛࢈

૚

૙

⋅
࣊
࢈ ܖܔ ቆ

√૚ − ૛࢈ + ૚
૛(૚ − (࢈ ቇ࢈ࢊ 

= ࣊න ܖܔ ൜
ܛܗ܋ ࣂ + ૚

૛(૚ − ൠ(ࣂܖܑܛ

࣊
૛

૙

ࣂࢊ = ࣊න ቐܖܔ
૛ܛܗ܋૛ ૛ࣂ

૛ ቀܛܗ܋ ૛ࣂ − ૛ቁࣂܖܑܛ
ቑ

࣊
૛

૙

 ࣂࢊ

= ૛࣊න ቌܖܔ
૛ܛܗ܋ ࣂ

૛ܖܑܛ૛ ቀ࣊૝ − ቁࣂ
ቍ

࣊
૝

૙

ࣂࢊ = ૝࣊න ܖܔ ࣂࢊࣂܛܗ܋

࣊
૝

૙

− ૝࣊න ቄ√૛ܖܔ ܖܑܛ ቀ
࣊
૝ − ቁቅࣂ

࣊
૝

૙

 ࣂࢊ

= ૝࣊න ࣂܛܗ܋ܖܔ ࣂࢊ

࣊
૝

૙

− ૝࣊න ൫√૛ܖܔ ܖܑܛ ൯ࣂ

࣊
૝

૙

 ࣂࢊ

= ૝࣊න ܖܔ ܜܗ܋ ࣂ

࣊
૝

૙

ࣂࢊ − ૝࣊ ૛√ܖܔ ⋅
࣊
૝ = ૝࣊ࡳ −

࣊૛ ૛ܖܔ
૛  
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Solution 2 by Kartick Chandra Betal-India 

ષ = (࢈,ࢇ) = න
࢞ ܖܑܛ ࢞

ࢇ + ܛܗ܋࢈ ࢞

࣊

૙

࢞ࢊ = ቊ−
࢞ +ࢇ)܏ܗܔ ࢈ ܛܗ܋ ࢞)

࢈ ቋ
૙

࣊

+
૚
න࢈ ࢇ)܏ܗܔ + ܛܗ܋࢈ ࢞ࢊ(࢞

࣊

૙

= 

=
࣊ ܏ܗܔ ቀ ૚

ࢇ − ቁ࢈
࢈

+
૚
࢈

⎝

⎜
⎛
࣊ ܏ܗܔ +ࢇ නන

࢞ܛܗ܋
૚ + ࢟ ܛܗ܋ ࢞

࣊

૙

࢞ࢊ

࢈
ࢇ

૙

࢟ࢊ

⎠

⎟
⎞

 

=
࣊ ܏ܗܔ ቀ ࢇ

ࢇ − ቁ࢈
࢈ +

૚
න࢈

૚
࢟

࢈
ࢇ

૙

න൬૚ −
૚

૚ + ࢟ ܛܗ܋ ࢞൰࢞ࢊ
࣊

૙

࢟ࢊ = 

=
࣊ ܏ܗܔ ቀ ࢇ

ࢇ − ቁ࢈
࢈ +

૚
නࢇ

⎝

⎛࣊
࢟ −

૛
࢟න

૚
૚ − ࢟૛ ૛ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞

࢈
ࢇ

૙

 ࢟ࢊ

=
࣊ ܏ܗܔ ቀ ࢇ

ࢇ − ቁ࢈
࢈ +

૚
න࢈

ቌ
࣊
࢟ −

૛
࢟න

૚
૚ − ࢟૛ + ࢞૛

ାஶ

૙

ቍ࢞ࢊ

࢈
ࢇ

૙

 ࢟ࢊ

=
࣊ ܏ܗܔ ቀ ࢇ

ࢇ − ቁ࢈
࢈ +

࣊
࢈ නቆ

૚
࢟ −

૚
࢟ඥ૚ − ࢟૛

ቇ

࢈
ࢇ

૙

࢟ࢊ =
࣊ ܏ܗܔ ቆࢇ+ ૛ࢇ√ − ૛࢈

૛ࢇ − ૛࢈ ቇ

࢈  

∴ න
(࢈,૚)ષ࢈
√૚ − ૛࢈

૚

૙

࢈ࢊ = ࣊න
൫√૚܏ܗܔ − ૛࢈ + ૚൯ − ૛܏ܗܔ − ૚)܏ܗܔ − (࢈

√૚ − ૛࢈

૚

૙

࢈ࢊ = 

= ࣊න(܏ܗܔ(૚ + ܛܗ܋ ࢞) − ܏ܗܔ ૛ − ૚)܏ܗܔ − ܖܑܛ ࢞))

࣊
૛

૙

 ࢞ࢊ

න ቀ૛ ܏ܗܔ ቀܛܗ܋ ቀ
࢞
૛
ቁቁ − ܏ܗܔ ቀܖ܉ܜቀ

࣊
૝
−
࢞
૛
ቁቁ − ܛܗ܋)܏ܗܔ ࢞)ቁ

࣊
૛

૙

 ࢞ࢊ
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= ࣊

⎩
⎨

⎧࣊
૛ ૛܏ܗܔ + ૟න ܛܗ܋)܏ܗܔ ࢞)

࣊
૝

૙

࢞ࢊ − ૛න ܖܑܛ)܏ܗܔ ࢞)

࣊
૝

૙

࢞ࢊ

⎭
⎬

⎫
= ૝࣊ࡳ −

࣊૛

૛ ܏ܗܔ ૛ 

 

723. Find: 

ષ = න(࢞૛ ⋅ ࢞܏ܗܔ ⋅ ૚ିܖ܉ܜ ࢞)
૚

૙

 ࢞ࢊ

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution 1 by Avishek Mitra-India 

ષ = න࢞૛
૚

૙

܏ܗܔ ࢞ ⋅ ૚ିܖ܉ܜ ࢞ࢊ࢞ = ෍
(−૚)ି࢔૚

(૛࢔ − ૚)

ஶ

ୀ૚࢔

න࢞૛࢔ା૚
૚

૙

܏ܗܔ ࢞  ࢞ࢊ

= −
૚
૝෍

(−૚)ି࢔૚

(૛࢔ − ૚)(࢔ + ૚)૛

ஶ

ୀ૚࢔

		቎∵ ࡵ = න࢞૛࢔ା૚
૚

૙

܏ܗܔ ࢞ࢊ࢞ =
(−૚)૚(૚!)

(૛࢔+ ૚ + ૚)૚ା૚቏ 

= −
૚
૚૛

൥
૝
૜෍

(−૚)ି࢔૚

(૛࢔ − ૚)

ஶ

ୀ૚࢔

−
૛
૜෍

(−૚)ି࢔૚

+࢔) ૚)

ஶ

ୀ૚࢔

−෍
(−૚)ି࢔૚

+࢔) ૚)૛

ஶ

ୀ૚࢔

൩ 

= −
૚
૚૛

൤
૝
૜
⋅ −૚(૚)ିܖ܉ܜ

૛
૜

(૚ − ܏ܗܔ ૛) − ൫૚ − ൯൨(૛)ࣁ = −
૚
૚૛

ቈ
૝
૜
⋅
࣊
૝
−
૛
૜

(૚ − ܏ܗܔ ૛)− ቆ૚ −
࣊૛

૚૛
ቇ቉ 

= − ૚
૚૛
ቂ࣊
૜
− ૛

૜
(૚ − (૛܏ܗܔ − ቀ૚ − ࣊૛

૚૛
ቁቃ  (answer) 

Solution 2 by Kartick-Chandra Betal-India 

න࢞૛
૚

૙

ܖܔ ࢞ ૚ିܖ܉ܜ ࢞ࢊ࢞ = ෍
(−૚)ି࢔૚

૛࢔ − ૚

ஶ

ୀ૚࢔

න࢞૛ି࢔૚ା૛
૚

૙

࢞ܖܔ  ࢞ࢊ

= ෍
(−૚)ି࢔૚

૛࢔ − ૚

ஶ

ୀ૚࢔

න࢞૛࢔ା૚
૚

૙

ܖܔ ࢞ࢊ࢞ = −෍
(−૚)ି࢔૚

(૛࢔ − ૚)(૛࢔ + ૛)૛

ஶ

ୀ૚࢔

 

= −෍൤
૚

૜૛(૛࢔ − ૚) −
૚

૜૛(૛࢔ + ૛) −
૚

૜(૛࢔ + ૛)૛൨
ஶ

ୀ૚࢔

(−૚)ି࢔૚ 
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= −
૚
ૢ෍

(−૚)ି࢔૚

(૛࢔ − ૚)

ஶ

ୀ૚࢔

+
૚
૚ૡ෍

(−૚)ି࢔૚

+࢔) ૚)

ஶ

ୀ૚࢔

+
૚
૚૛෍

(−૚)ି࢔૚

࢔) + ૚)૛

ஶ

ୀ૚࢔

 

= −
૚
ૢ ⋅

࣊
૝ −

૚
૚ૡ෍

(−૚)ି࢔૚

࢔

ஶ

ୀ૛࢔

−
૚
૚૛෍

(−૚)ି࢔૚

૛࢔

ஶ

ୀ૛࢔

 

= −
࣊
૜૟ −

૚
૚ૡ

൥෍
(−૚)ି࢔૚

࢔

ஶ

ୀ૚࢔

− ૚൩ −
૚
૚૛

൥෍
(−૚)ି࢔૚

૛࢔

ஶ

ୀ૚࢔

− ૚൩ 

= −
࣊
૜૟ −

૚
૚ૡ

ܖܔ) ૛ − ૚) −
૚
૚૛ ቊ

(૛)ࣀ
૛ − ૚ቋ 

=
૚
૚૛ +

૚
૚ૡ −

࣊
૜૟ −

૛ܖܔ
૚ૡ −

࣊૛

૚૝૝ =
૞
૜૟ −

࣊
૜૟ −

૛ܖܔ
૚ૡ −

࣊૛

૚૝૝ 

=
(૛૙ − ૛૙࣊− ૝૙ ܖܔ ૛ − ࣊૛)

૚૝૝  

Solution 3 by Abdul Mukhtar-Nigeria 

ષ = න(࢞૛ ⋅ ࢞ܖܔ ⋅ ૚ିܖ܉ܜ ࢞)
૚

૙

;࢞ࢊ 	ષ =
૚
૜න ࢞ܖܔ

૚

૙

⋅ ܖ܉ܜ܋ܚ܉  (૜࢞)ࢊ࢞

ષ = −
૚
૜න࢞૛ ܖ܉ܜ܋ܚ܉ ࢞

૚

૙

࢞ࢊ −
૚
૜න

࢞૜

૚ + ࢞૛

૚

૙

ܖܔ ;࢞ࢊ࢞ 	ષ = −
૚
૜

૚ࡵ) +  (૛ࡵ

૚ࡵ = න࢞૛ ܖ܉ܜ܋ܚ܉ ࢞
૚

૙

 ࢞ࢊ

set ࢛ = ࢞ܖ܉ܜ܋ܚ܉ ; ࢜ࢊ	 = ࢞૛; ࢛ࢊ	 = ૚
૚ା࢞૛

; 	࢜ = ૚
૜
࢞૜ using ࢛࢈ −  ࢛ࢊ࢜∫

૚ࡵ = ൤
૚
૜࢞

૜ ܖ܉ܜ܋ܚ܉ ࢞൨
૙

૚

−
૚
૜න

࢞૜

૚ + ࢞૛

૚

૙

 ࢞ࢊ

૚ࡵ = ൤
૚
૜
ቀ
࣊
૝
ቁ − ૙൨ −

૚
૜
ቌන࢞

૚

૙

࢞ࢊ + න
࢞

૚ + ࢞૛

૚

૙

 ቍ࢞ࢊ

૚ࡵ =
࣊
૚૛ −

૚
૜ቆ൤

૚
૛࢞

૛൨
૙

૚

+ ൤
૚
૛ ܖܔ

(૚ + ࢞૛)൨
૙

૚

ቇ 
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૚ࡵ =
࣊
૚૛ −

૚
૟ +

૚
૟ ܖܔ

(૛) ∴ ૚ࡵ =
࣊
૚૛ −

૚
૟ +

૚
૟ ܖܔ

(૛) 

For ࡵ૛ = ∫ ࢞૜

૚ା࢞૛
૚
૙ ܖܔ  ࢞ࢊ࢞

૛ࡵ = න࢞
૚

૙

࢞ࢊ࢞ܖܔ −න
࢞

૚ + ࢞૛

૚

૙

ܖܔ ;࢞ࢊ࢞ 	 ૛ࡵ = ൤
૚
૛ ࢞

૛ ܖܔ ࢞ −
૚
૝࢞

૛൨
૙

૚

−න
࢞ ܖܔ ࢞
૚ + ࢞૛

૚

૙

 ࢞ࢊ

૛ࡵ = −
૚
૝ −න

࢞ ܖܔ ࢞
૚ + ࢞૛

૚

૙

;࢞ࢊ ૛ࡵ	 = −
૚
૝ − ;ࡴ ࡴ	 = න

࢞ ܖܔ ࢞
૚ + ࢞૛

૚

૙

 ࢞ࢊ

set ࢞૛ = ࢚ ∴ ࡴ = ૚
૝∫

ܖܔ ࢚
૚ା࢚

૚
૙ ;࢚ࢊ ࡴ	 = ૚

૝
∑ (−૚)࢔ஶ
ୀ૙࢔ ∫ ૚࢔࢚

૙ ܖܔ ;࢚ࢊ࢚ ࡴ	 = ૚
૝
∑ (−૚)࢔ஶ
ୀ૙࢔

૚
૛࢔

 

ࡴ =
૚
૝ቆ−

૚
૛ࣀ

(૛)ቇ ; ࡴ	 =
−૚
ૡ (૛)ࣀ ∴ ૛ࡵ = −

૚
૝ −

૚
ૡࣀ

(૛) ∴ ષ =
−૚
૜

૚ࡵ) +  (૛ࡵ

ષ = −
૚
૜
൭
࣊
૚૛ −

૚
૟ +

૚
૟ ܖܔ

(૛) + ቆ−
૚
૝ −

૚
ૡࣀ

(૛)ቇ൱ 

ષ = −
૚
૜
൭
૚
૟ ܖܔ

(૛) −
૞
૚૛ +

࣊
૚૛ +

૚
ૡࣀ

(૛)൱ 

Where ࣀ is zeta function 

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador 

ષ = න࢞૛ (࢞)ܖܔ
૚

૙

࢞ࢊ(࢞)૚ିܖ܉ܜ = ቊቈ
࢞૜

૜ (࢞)ܖܔ −
࢞૜

ૢ ቉ ܖ܉ܜ
ି૚(࢞)−

૚
ૢන

૜࢞૜ −(࢞)ܖܔ ࢞૜

૚ + ࢞૛ ቋ࢞ࢊ
૙

૚

= 

=
૚
ૢቊ

[૜࢞૜ −(࢞)ܖܔ ࢞૜] −(࢞)૚ିܖ܉ܜ න
࢞૜[૜ (࢞)ܖܔ − ૚]

૚ + ࢞૛ ቋ࢞ࢊ
૙

૚

 

=
૚
ૢ
ቐ−

࣊
૝ − න

࢞(࢞૛ + ૚ − ૚)[૜ (࢞)ܖܔ − ૚]
૚ + ࢞૛

૚

૙

ቑ࢞ࢊ = 

= −
૚
ૢ
ቐ
࣊
૝ + න࢞[૜ −(࢞)ܖܔ ૚]൬૚ −

૚
૚ + ࢞૛൰

૚

૙

ቑ࢞ࢊ = 

= −
૚
ૢ
ቐ
࣊
૝ + න[૜࢞ (࢞)ܖܔ − ࢞ࢊ[࢞

૚

૙

− න
૜࢞ −(࢞)ܖܔ ࢞

૚ + ࢞૛

૚

૙

 ቑ࢞ࢊ
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= −
૚
ૢ
቎
࣊
૝ −

૚
૛ + ૜න࢞ (࢞)ܖܔ − ૜න

࢞ (࢞)ܖܔ
૚ + ࢞૛

૚

૙

૚

૙

࢞ࢊ + න
࢞

૚ + ࢞૛

૚

૙

቏࢞ࢊ = 

= −
૚
ૢ
ቐ
࣊
૝ −

૚
૛ + ૜ ቈ

࢞૛

૛ (࢞)ܖܔ −
࢞૛

૝ ቉
૙

૚

+ ૜න
[(࢞)ܖܔ−]࢞
૚ + ࢞૛

૚

૙

࢞ࢊ +
૚
૛

૛࢞)ܖܔ] + ૚)]૙૚ቑ 

= −
૚
ૢ
ቐ
࣊
૝ −

૚
૛ +

૜
૛ ቈ࢞

૛ (࢞)ܖܔ −
࢞૛

૛ ቉
૙

૚

− ૜ න
࢟ିࢋ࢟

૚ + ૛࢟ିࢋ

૙

ஶ

࢟ࢊ࢟ିࢋ +
(૛)ܖܔ
૛

ቑ = 

= −
૚
૚ૡ

൥
࣊
૛ − ૚ + −(૛)ܖܔ

૜
૛ + ૟න ࢟

૛࢟ିࢋ

૚ + ૛࢟ିࢋ

ஶ

૙

 ൩࢟ࢊ

= −
૚
૚ૡ൥

࣊
૛ + (૛)ܖܔ −

૞
૛ + ૟න ࢟

ஶ

૙

෍(−૚)࢑ି૚ିࢋ૛࢑࢟
ஶ

࢑ୀ૚

൩࢟ࢊ = 

= −
૚
૚ૡ

൥
࣊
૛ + −(૛)ܖܔ

૞
૛ + ૟෍(−૚)࢑ି૚න ૛࢑࢟ିࢋ࢟

ஶ

૙

ஶ

࢑ୀ૚

 ൩࢟ࢊ

= −
૚
૚ૡ

൥
࣊
૛ + −(૛)ܖܔ

૞
૛ + ૟෍

(−૚)࢑ି૚

૝࢑૛

ஶ

࢑ୀ૚

න ૛ିࢋ࢑࢟૛࢑࢟૛࢑
ஶ

૙

൩࢟ࢊ = 

= −
૚
૚ૡ

൥
࣊
૛ + −(૛)ܖܔ

૞
૛ +

૜
૛෍

(−૚)࢑ି૚

࢑૛

ஶ

࢑ୀ૚

න ࢠࢊࢠିࢋࢠ
ஶ

૙

൩ 

= −
૚
૜૟

൥࣊+ ૛ −(૛)ܖܔ ૞ + ૜ડ(૚ + ૚)෍
(−૚)࢑ି૚

࢑૛

ஶ

࢑ୀ૚

൩ = 

= −
૚
૜૟

൥࣊+ ૛ (૛)ܖܔ − ૞ + ૜൭෍
૚
࢑૛

ஶ

࢑ୀ૚

−
૚
૛෍

૚
࢑૛

ஶ

࢑ୀ૚

൱൩ = −
૚
૜૟

൥࣊ + ૛ (૛)ܖܔ − ૞ +
૜
૛෍

૚
࢑૛

ஶ

࢑ୀ૚

൩ 

= −
૚
૜૟ ൤࣊ + ૛ −(૛)ܖܔ ૞ +

૜
૛ࣀ

(૛)൨ = −
૚
૜૟ ቈ࣊ + ૛ −(૛)ܖܔ ૞ +

૜
૛ ⋅

࣊૛

૟ ቉ = 

= −
૚
૜૟ ቈ

࣊૛

૝ + ࣊+ ૛ (૛)ܖܔ − ૞቉ ; (࢞)ࣀ = ෍
૚
࢑࢞

ஶ

࢑ୀ૚
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724. A Trigonometric integral with a beautiful closed – form: 

Compute the integral: 

න
૚ + (࢞)ܖܑܛ
૚ + (࢞)ܛܗ܋

࣊
૜

૙

⋅
૚ − (࢞)܋܍ܛ
૚ − (࢞)܋ܛ܋ ܖ܉ܜ

૛(࢞)࢞ࢊ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

ષ = න
૚ + ܖܑܛ ࢞
૚ + ܛܗ܋ ࢞

࣊
૜

૙

⋅
૚ − ܋܍ܛ ࢞
૚ − ܋ܛ܋ ࢞

૛ܖ܉ܜ ࢞ࢊ࢞ = න
(૚ + ܖܑܛ ࢞)(૚ − ܛܗ܋ ࢞)

૛ܖܑܛ ࢞

࣊
૜

૙

⋅
૚ − ܛܗ܋ ࢞
૚ − ܖܑܛ ࢞

૜ܖ܉ܜ ࢞ࢊ࢞ = 

= න൬
૚ − ܛܗ܋ ࢞
૚ − ܖܑܛ ࢞൰

૛

࣊
૜

૙

ܖ܉ܜ ࢞ࢊ࢞ = ࡹ + ࡺ − ૛ࡼ 

ࡹ = න࢞ܖ܉ܜ

࣊
૜

૙

࢞ࢊ
(૚ − ܖܑܛ ࢞)૛ = න൬

૚
ܛܗ܋ ࢞ (૚ − ܖܑܛ ࢞)૛ −

૚
࢞ܛܗ܋ (૚ − ܖܑܛ ࢞)൰

࣊
૜

૙

࢞ࢊ = 

= න൬
૚

(૚ − ૛ܖܑܛ ࢞)(૚ − ܖܑܛ ࢞)૛ −
૚

(૚ − ૛ܖܑܛ ࢞)(૚ − ܖܑܛ ࢞)൰

࣊
૜

૙

ܖܑܛ)ࢊ ࢞) 

=
૚
ૡන ൬

૝
(૚ − ܖܑܛ ࢞)૜ −

૛
(૚ − ܖܑܛ ࢞)૛ −

૛
૚ − ૛ܖܑܛ ࢞൰

࣊
૜

૙

ܖܑܛ)ࢊ ࢞) = 

=
૚
૝ ൜

ܖܑܛ ࢞
(૚ − ܖܑܛ ࢞)૛ − ܖܑܛ)ܐܖ܉ܜ܏ܚ܉ ࢞)ൠ

૙

࣊
૜

= ૟ +
ૠ√૜
૛ −

ܐܖ܉ܜ܏ܚ܉ ቆ√૜૛ ቇ

૝  

ࡺ = න ࢞ܖ܉ܜ

࣊
૜

૙

૛ܛܗ܋ ࢞
(૚ − ܖܑܛ ࢞)૛ ࢞ࢊ = න

࢞ܖܑܛ
(૚ − ܖܑܛ ࢞)૛

࣊
૜

૙

ܖܑܛ)ࢊ ࢞) = ൜
૚

૚ − ܖܑܛ ࢞
+ ૚)܏ܗܔ − ܖܑܛ ࢞)ൠ

૙

࣊
૜

= 

= ૜ + ૛√૜ + ܏ܗܔ ቆ૚ −
√૜
૛ ቇ 
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ࡼ = න ࢞ܖ܉ܜ
ܛܗ܋ ࢞

(૚ − ܖܑܛ ࢞)૛

࣊
૜

૙

࢞ࢊ = න൬
ܛܗ܋ ࢞

(૚ − ܖܑܛ ࢞)૛ −
૚

૚ − ܖܑܛ ࢞൰

࣊
૜

૙

 ࢞ࢊ

= න(૚ + ܖܑܛ ࢞)૛

࣊
૜

૙

૛܋܍ܛ ࢞ࢊ࢞ − ࢞ܖ܉ܜ} + ܋܍ܛ ࢞}૙
࣊
૜ = −૚ − √૜ + ൜࢞ܖ܉ܜ +

૛
૜
૜ܖ܉ܜ ࢞ +

૛
૜
૜܋܍ܛ ࢞ൠ

૙

࣊
૜

= 

=
૚૚
૜ + ૛√૜ 	∴ ષ =

૞
૜ +

૜√૜
૛ + ܏ܗܔ ቆ૚ −

√૜
૛ ቇ −

ܐܖ܉ܜ܏ܚ܉ ቆ√૜૛ ቇ

૝  

 

725.  

නන ࢚૛ିࢋ൫࢚૛࢞૛ା࢚ࢇ൯
ஶ

૙

૚

૙

࢞ࢊ࢚ࢊ =
ࢋ࣊√

૛ࢇ
૝

૝
܋܎ܚ܍ ቀ

ࢇ
૛
ቁ ⋅ ቆ

૛ − ૛ࢇ

૛ࢇ
ቇ +

૚
૛ࢇ

 

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution by Dawid Bialek-Poland 

∫ ∫ ࢚૛ିࢋ൫࢚૛࢞૛ା࢚ࢇ൯ஶ
૙ ૚࢚ࢊ

૙ ࢞ࢊ = ∫ ∫ ࢚૛࢚ࢇିࢋஶ
૙

૚
૙  (1)     ࢞ࢊ	࢚ࢊ૛࢞૛࢚ିࢋ

Integrating w.rot ࢞, we get: 

∫ ࢚૛࢚ିࢋ࢚ࢇିࢋ૛࢞૛૚
૙ ࢞ࢊ =࢛ୀ࢚࢞ ࢚ࢇିࢋ࢚ ∫ ࢚࢛ࢊ૛࢛ିࢋ

૙ =
.ࢌࢋࢊ √࣊

૛
࢚ࢇିࢋ࢚  (2)   (࢚)܎ܚ܍

Rewriting (1) with (2) and integrating w.r.t. ࢚, we get: 

√࣊
૛ න ࢚ࢇିࢋ࢚

ஶ

૙

࢚ࢊ(࢚)܎ܚ܍ .ࡼ.࡮.ࡵ= ቮ
ࢌ = (࢚)܎ܚ܍ ᇱࢍ = ࢚ࢇିࢋ࢚

ᇱࢌ =
૛
√࣊

૛࢚ିࢋ ࢍ = −
࢚
ࢋࢇ

࢚ࢇି −
૚
૛ࢇ ࢋ

ቮ࢚ࢇି = 

= √࣊
૛
ቂ࢚ࢇିࢋ (࢚)܎ܚ܍ ቀ− ࢚

ࢇ
− ૚

૛ࢇ
ቁቃ

૙

ஶ
+ ૚

ࢇ ∫ ஶ࢚ࢇ૛ି࢚ିࢋ࢚
૙ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢚ࢊ

૚ࡵ

+ ૚
૛ࢇ ∫ ஶ࢚ࢇ૛ି࢚ିࢋ

૙ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢚ࢊ
૛ࡵ

    (3) 

૚ࡵ = න ࢚ࢇ૛ି࢚ିࢋ࢚
ஶ

૙

࢚ࢊ =
࢚ୀ࢛ିࢇ૛ න ቀ࢛ −

ࢇ
૛
ቁ

ஶ

ࢇ
૛

࢛ିࢋ
૛ାࢇ

૛

૝ ࢛ࢊ = ࢋ
૛ࢇ
૝ 	න ቀ࢛ −

ࢇ
૛
ቁ ࢛ࢊ૛࢛ିࢋ

ஶ

ࢇ
૛

= 
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.ࡼ.࡮.ࡵ= ተ
ࢌ = ࢛ −

ࢇ
૛

ᇱࢍ = ૛࢛ିࢋ

ᇱࢌ = ૚ ࢍ = −
√࣊
૛
(࢛)܋܎ܚ܍

ተ = ࢋ
૛ࢇ
૝ ቈ−

√࣊
૛
ቀ࢛ −

ࢇ
૛
ቁ܋܎ܚ܍(࢛)቉

ࢇ
૛

ஶ

+
√࣊
૛
ࢋ
૛ࢇ
૝ න (࢛)܋܎ܚ܍

ஶ

ࢇ
૛

࢛ࢊ = 

.ࡼ.࡮.ࡵ= √࣊
૛ ࢋ

૛ࢇ
૝ ൥ࢋ ⋅ −(࢛)܋܎ܚ܍

૛࢛ିࢋ

√࣊
൩
ࢇ
૛

ஶ

=
√࣊
૛ ࢋ

૛ࢇ
૝ ቈ૙ −

ࢇ
૛ ܋܎ܚ܍

ቀ
ࢇ
૛
ቁ +

૚
√࣊

ିࢋ
૛ࢇ
૝ ቉ = 

=
૚
૛ −

ࢇ࣊√
૝ ࢋ

૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛
ቁ 

૛ࡵ = න ࢚ࢇ૛ି࢚ିࢋ
ஶ

૙

	࢚ࢊ =
࢚ୀ࢛ିࢇ૛ න ࢛ିࢋ

૛ାࢇ
૛

૝ ࢛ࢊ
ஶ

ࢇ
૛

= ࢋ
૛ࢇ
૝ න ૛࢛ିࢋ

ஶ

ࢇ
૛

࢛ࢊ =
ࢌࢋࢊ √࣊

૛ ࢋ
૛ࢇ
૝ ܋܎ܚ܍	 ቀ

ࢇ
૛
ቁ 

Rewriting (3) with calculated integrals ࡵ૚ and ࡵ૛ , we get the final result: 

නන ࢚૛ିࢋ൫࢚૛࢞૛ା࢚ࢇ൯
ஶ

૙

૚

૙

࢞ࢊ	࢚ࢊ =
૚
ࢇ ૚ࡵ +

૚
૛ࢇ ૛ࡵ =

૚
ࢇ ቈ
૚
૛ −

ࢇ࣊√
૝ ࢋ

૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛
ቁ቉ + 

+
૚
૛ࢇ ⋅

√࣊
૛ ࢋ

૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛ቁ =

૚
ࢇ −

√࣊
૝ ࢋ

૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛ቁ + √࣊

૛ࢇ૛ ࢋ
૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛ቁ = 

=
√࣊
૝ ࢋ

૛ࢇ
૝ ܋܎ܚ܍ ቀ

ࢇ
૛
ቁ ൤

૛
૛ࢇ − ૚൨ +

૚
૛ࢇ 

 

726. Find: 

ષ = න൭෍ቆ
(−૚)࢞࢔૛࢔ା૚ࡴ૛࢔

૛࢔ + ૚
ቇ

ஶ

ୀ૚࢔

൱
૚

૙

 ࢞ࢊ

Proposed by Mohamed Arahman Jama-Somalia 

Solution 1 by Kartick Chandra Betal-India 

න෍
(−૚)ࡴ࢔૛࢔

૛࢔ + ૚

ஶ

ୀ૚࢔

૚

૙

࢞૛࢔ା૚࢞ࢊ = ෍(−૚)࢔
ஶ

ୀ૚࢔

࢔૛ࡴ
(૛࢔ + ૚)(૛࢔ + ૛) 

= ෍(−૚)࢔ ൜
૚

૛࢔ + ૚ −
૚

૛࢔ + ૛ൠ
ஶ

ୀ૚࢔

࢔૛ࡴ = ෍
(−૚)࢔

૛࢔+ ૚

ஶ

ୀ૚࢔

࢔૛ࡴ −෍
(−૚)࢔

૛࢔ + ૛

ஶ

ୀ૚࢔

࢔૛ࡴ  
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= ෍
(−૚)࢔

૛࢔ + ૚

ஶ

ୀ૚࢔

൬ࡴ૛࢔ା૚ −
૚

૛࢔ + ૚൰ −෍
(−૚)࢔

૛࢔+ ૛

ஶ

ୀ૚࢔

൜ࡴ૛࢔ା૛ −
૚

૛࢔ + ૛ −
૚

૛࢔+ ૚ൠ 

= ෍
(−૚)࢔

૛࢔ + ૚

ஶ

ୀ૚࢔

ା૚࢔૛ࡴ −෍
(−૚)࢔

(૛࢔ + ૚)૛

ஶ

ୀ૚࢔

−෍
(−૚)࢔

૛࢔ + ૛

ஶ

ୀ૚࢔

ା૛࢔૛ࡴ + ෍
(−૚)࢔

(૛࢔ + ૛)૛

ஶ

ୀ૚࢔

+ 

+ ෍
(−૚)࢔

(૛࢔+ ૚)(૛࢔+ ૛)

ஶ

ୀ૚࢔

 

= න࢞૛(૚ − ࢞)
૚

૙

૚)ܖܔ − ࢞) ෍(−૚)ି࢔૚࢞૛ି࢔૛
ஶ

ୀ૚࢔

−෍
(−૚)ି࢔૚

(૛࢔ − ૚)૛

ஶ

ୀ૛࢔

+
૚
૝෍

(−૚)ି࢔૚

૛࢔

ஶ

ୀ૛࢔

+ 

+ ෍
(−૚)࢔

(૛࢔+ ૚)

ஶ

ୀ૚࢔

−෍
(−૚)࢔

(૛࢔+ ૛)

ஶ

ୀ૚࢔

 

= න
࢞૛(૚ − ࢞) ૚)ܖܔ − ࢞)

૚ + ࢞૛

૚

૙

࢞ࢊ − ࡳ) − ૚) +
૚
૝ቆ

(૛)ࣀ
૛ − ૚ቇ + ቀ

࣊
૝ − ૚ቁ −

૚
૛

ܖܔ) ૛ − ૚) 

= න(૚ − ࢞)
૚

૙

૚)ܖܔ − ࢞ࢊ(࢞ −න
(૚ − ࢞) ૚)ܖܔ − ࢞)

૚ + ࢞૛

૚

૙

࢞ࢊ − +ࡳ ૚ +
࣊૛

૝ૡ
−
૚
૝

+
࣊
૝
− ૚ −

૛ܖܔ
૛

+
૚
૛

 

= න࢞
૚

૙

࢞ࢊ࢞ܖܔ − න
−૚)ܖܔ ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ + න
࢞ ૚)ܖܔ − ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ +
࣊૛

૝ૡ − ࡳ +
࣊
૝ −

ܖܔ ૛
૛ +

૚
૝ 

= ቈ
࢞૛

૛ ܖܔ ࢞ −
࢞૛

૝ ቉
૙

૚

− ቄ
࣊
ૡ ૛ܖܔ − ቅࡳ + ቊ

૛ܖܔ ૛
ૡ −

૞࣊૛

ૢ૟ ቋ +
࣊૛

૝ૡ − +ࡳ
࣊
૝ −

૛ܖܔ
૛ +

૚
૝ 

= −
૚
૝ −

࣊
ૡ ૛ܖܔ + ࡳ +

૛ܖܔ ૛
ૡ −

૞࣊૛

ૢ૟ +
࣊૛

૝ૡ − ࡳ +
࣊
૝ −

ܖܔ ૛
૛ +

૚
૝ 

= −
ܖܔ ૛
૛ −

࣊
ૡ ૛ܖܔ +

૛ܖܔ ૛
ૡ −

࣊૛

૜૛ +
࣊
૝ =

૛ܖܔ ૛
ૡ −

࣊
ૡ ܖܔ ૛ −

૛ܖܔ
૛ +

࣊
૝ −

࣊૛

૜૛ 

Solution 2 by Abdul Mukhtar-Nigeria 

Find ષ = ∫ ቀ∑ (ି૚)࢞࢔૛࢔శ૚ࡴ૛࢔
૛࢔ା૚

ஶ
ୀ૚࢔ ቁ૚

૙ Let ષ .࢞ࢊ = ∫ ૚(ષ)ࡿ
૙  ࢞ࢊ

(ષ)ࡿ = ∑ (ି૚)࢞࢔૛࢔శ૚ࡴ૛࢔
૛࢔ା૚

ஶ
ୀ૚࢔ . We know ࢔ࡴ = ∫ ૚ି࢚࢔

૚ି࢚
૚
૙ ࢔૛ࡴ ,So .࢞ࢊ = ∫ ૚ି࢚૛࢔

૚ି࢚
૚
૙  ࢞ࢊ



 
www.ssmrmh.ro 

(ષ)ࡿ = (−૚)ି࢔૚࢞૛࢔න
૚ − ࢚૛࢔

૚ − ࢚

૚

૙

;࢞ࢊ (ષ)ࡿ	 = නቈ
(࢚࢞)૛

૚ + (࢚࢞)૛ −
࢞૛

૚ + ࢞૛቉
૚

૙

࢚ࢊ
૚ − ࢚ 

(ષ)ࡿ =
࢞૛

૚ + ࢞૛
ቌන

࢚ࢊ
૚ + ࢚૛࢞૛ + න

࢚ࢊ	࢚
૚ + ࢚૛࢞૛

૚

૙

૚

૙

ቍ 

(ષ)ࡿ =
૚
૛ ቈ

૛࢞
૚ + ࢞૛ ቆܖ܉ܜ܋ܚ܉

(࢞) +
૚)ܖܔ + ࢞૛)
૚ + ࢞૛ ቇ቉ 

∴ (ષ)ࡿ =
૚
૛

(࢞)ܖ܉ܜ܋ܚ܉) ૚)ܖܔ + ࢞૛)) ∴ ષ = නࡿ(ષ)
૚

૙

 ࢞ࢊ

but ࡿ(ષ) = ૚
૛

(࢞)ܖ܉ܜ܋ܚ܉) ૚)ܖܔ + ࢞૛)) 

ષ = න
૚
૛

(࢞)ܖ܉ܜ܋ܚ܉) ૚)ܖܔ + ࢞૛))
૚

૙

 ࢞ࢊ

ષ =
૚
૛නܖ܉ܜ܋ܚ܉(࢞)

૚

૙

૚)ܖܔ + ࢞૛)࢞ࢊ; 	ષ =
૚
૛  ࡵ

Now, ࡵ = ∫ ૚(࢞)ܖ܉ܜ܋ܚ܉
૙ ૚)ܖܔ + ࢞૛)࢞ࢊ; ષ = − ૚

૛
 ࡵ

ࡵ = නܖ܉ܜ܋ܚ܉(࢞)
૚

૙

૚)ܖܔ + ࢞૛)࢞ࢊ 

Set ࢛ = ૚)ܖܔ + ࢞૛) ⇔ ࢛ࢊ = ૛࢞
૚ା࢞૛

 

࢜ࢊ = (࢞)ܖ܉ܜ܋ܚ܉ ⇔ ࢜ = −(࢞)ܖ܉ܜ܋ܚ܉࢞
૚
૛ ܖܔ

(૚ + ࢞૛) 

Using ࢛࢜ −  ࢛ࢊ࢜∫

ࡵ = ൤ܖܔ൫૚ + ࢞૛൯࢞ −(࢞)ܖ܉ܜ܋ܚ܉
૚
૛
൫૚ܖܔ + ࢞૛൯൨

૙

૚

−න࢞
૚

૙

−(࢞)ܖ܉ܜ܋ܚ܉
૚
૛
൫૚ܖܔ + ࢞૛൯ ⋅

૛࢞
૚ + ࢞૛

 ࢞ࢊ

ࡵ = ൤ܖܔ(૛)൬
࣊
૝ −

૚
૛ ܖܔ

(૛)൰൨ − න
૛࢞૛

૚ + ࢞૛

૚

૙

(࢞)ܖ܉ܜ܋ܚ܉ + න
࢞

૚ + ࢞૛

૚

૙

૚)ܖܔ + ࢞૛) 

ࡵ = ൤ܖܔ(૛) ൬
࣊
૝ −

૚
૛ ܖܔ

(૛)൰൨ − ࡴ +  ࡶ
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ࡴ = න
૛࢞૛

૚ + ࢞૛

૚

૙

࢞ࢊ࢞ܖ܉ܜ܋ܚ܉ = ૛න
࢞૛ + ૚ − ૚
૚ + ࢞૛

૚

૙

 ࢞ࢊ࢞ܖ܉ܜ܋ܚ܉

ࡴ = ૛නܖ܉ܜ܋ܚ܉ ࢞
૚

૙

࢞ࢊ − ૛න
ܖ܉ܜ܋ܚ܉ ࢞
૚ + ࢞૛

૚

૙

 ࢞ࢊ

ࡴ = ૛ ቈ൤࢞ −(࢞)ܖ܉ܜ܋ܚ܉
૚
૛ ܖܔ

(૚ + ࢞૛) −
૚
૛ܖ܉ܜ܋ܚ܉

૛(࢞)൨቉
૙

૚

 

ࡴ = ૛ ቎൥
࣊
૝ −

૚
૛ ܖܔ

(૛) − ቈ
૚
૛
ቀ
࣊
૝
ቁ
૛
቉൩቏ 

ࡴ =
࣊
૛ − −(૛)ܖܔ

࣊૛

૚૟ 

ࡶ = න
࢞

૚ + ࢞૛

૚

૙

૚)ܖܔ + ࢞૛)࢞ࢊ =
૚
૛
න

૛࢞
૚ + ࢞૛

૚

૙

૚)ܖܔ + ࢞૛)࢞ࢊ 

Set ࢚ = ૚)ܖܔ + ࢞૛) ⇔ ࢚ࢊ = ૛࢞
૚ା࢞૛

 ࢞ࢊ

ࡶ =
૚
૛න ࢚

૚

૙

࢚ࢊ =
૚
૛ ൤
૚
૛ ࢚

૛൨
૙

૚

=
૚
૛ ൤
૚
૛ ܖܔ

૛(૚ + ࢞૛)൨
૙

૚

 

ࡶ =
૚
૝ ܖܔ

૛(૛) 

ࡵ = ൤ܖܔ(૛) ൬
࣊
૝ −

૚
૛ ܖܔ

(૛)൰൨ − ࡴ +  ࡶ

ࡵ = ൤ܖܔ(૛) ൬
࣊
૝ −

૚
૛ ܖܔ

(૛)൰൨ − ቆ
࣊
૛ − (૛)ܖܔ −

࣊૛

૚૟ቇ +
૚
૝ ܖܔ

૛(૛) 

ࡵ =
࣊
૝ ܖܔ

(૛)−
૚
૛ ܖܔ

૛(૛) +
૚
૝ ܖܔ

૛(૛)−
࣊
૛ + (૛)ܖܔ +

࣊૛

૚૟ 

ࡵ =
࣊
૝ ܖܔ

(૛) −
૚
૝ ܖܔ

૛(૛) −
࣊
૛ + (૛)ܖܔ +

࣊૛

૚૟ 

Now, ષ = − ૚
૛
 ࡵ

ષ = −
૚
૛ ቈ
࣊
૝ ܖܔ

(૛) −
૚
૝ ܖܔ

૛(૛)−
࣊
૛ + (૛)ܖܔ +

࣊૛

૚૟቉ 



 
www.ssmrmh.ro 

727. Find the value of ࢻ > 2 for which the area bounded by ࢟ = ૚
࢞

,࢟ = ૚
૛࢞ି૚

 

࢞ = ૛,࢞ = ܏ܗܔ is ࢻ ቀ ૝
√૞
ቁ 

Proposed by Sridhar Rao – India  

Solution 1 by Daniel Sitaru – Romania  

ડ૚:࢟ =
૚
࢞	 ,ડ૛:࢟ =

૚
૛࢞ − ૚ ,ડ૚⋂ડ૛ = {(૚,૚)} 

࢞ ≥ ૚ → ૛࢞− ૚ ≥ ࢞ →
૚
࢞ ≥

૚
૛࢞ − ૚ 

ࢇࢋ࢘࡭ = න൬
૚
࢞ −

૚
૛࢞ − ૚൰࢞ࢊ

ࢻ

૛

= ܏ܗܔ ቀ
ࢻ
૛
ቁ − ඨ܏ܗܔ

૛ࢻ − ૚
૛  

܏ܗܔ ቀ
ࢻ
૛
ቁ − ඨ܏ܗܔ

૛ࢻ − ૚
૛ = ܏ܗܔ ൬

૝
√૞

൰ 

ࢻ

૛ට૛ࢻ − ૚
૛

=
૝
√૞

, ૞ࢻ૛ =
૟૝(૛ࢻ − ૚)

૜  

૚૞ࢻ૛ − ૚૛ૡࢻ + ૟૝ = ૙, ࢻ = ૚૛ૡା૚૚૛
૜૙

= ૡ 

Solution 2 by Adrian Popa – Romania  

࢟ =
૚
࢞ ; ࢟ =

૚
૛࢞− ૚ ; 	࢞ = ૛;࢞ = ;ࢻ ࡭	 = න൬

૚
࢞ −

૚
૛࢞ − ૚൰

ࢻ

૛

࢞ࢊ = ܏ܗܔ
૝
√૞

 

 



 
www.ssmrmh.ro 

−	→ ࢟ =
૚
࢞ ; ࢞ > 0 

−→ ࢟ =
૚

૛࢞ − ૚ ;࢞ > 0 

࡭ = ܖܔ ࢞ ቚࢻ૛ −
૚
૛ ܖܔ ൬࢞ −

૚
૛൰

ቚ૛૛ = ܖܔ
࢞

ටቀ࢞ − ૚
૛ቁ

ቚࢻ૛ = ܖܔ
ࢻ

ටቀࢻ − ૚
૛ቁ

− ܖܔ
૛

ට૜૛

= 

= ܖܔ
ࢻ

ටࢻ − ૚
૛

⋅
√૜
૛√૛

= ܖܔ
૝
√૞

 

√૜ࢻ

૛√૛ටࢻ − ૚
૛

=
૝
√૞

⇒ ૚૞√ࢻ = ૡ√૛ඨࢻ −
૚
૛ 

૚૞√ࢻ = ૡ√૛ࢻ − ૚| ↑૛⇒ ૚૞ࢻ૛ = ૟૝(૛ࢻ − ૚) 

૚૞ࢻ૛ − ૚૛ૡࢻ + ૟૝ = ૙ 

ઢ = ૚૛ૡ૛ − ૝ ⋅ ૚૞ ⋅ ૟૝ = ૚૟ ⋅ ૜ૡ૝ − ૜ૡ૝૙ = ૚૛ ⋅ ૞૝૝ 

૚.૛ࢻ =
૚૛ૡ ± ૚૚૛

૜૙ ⇒
૚ࢻ = ૡ > 2

૛ࢻ =
૚૟
૜૙ < 2

ൡ ⇒ ࢻ = ૡ 

 

728.  

න
૛(૚ܖܔ + ࢞૛) − ૛ ܖܔ ࢞ ૚)ܖܔ + ࢞૛)

૚ + ࢞૛

૚

૙

 ࢞ࢊ

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution 1 by Kartick Chandra Betal-India 

න
૛(૚ܖܔ + ࢞૛) − ૛ ܖܔ ࢞ ૚)ܖܔ + ࢞૛)

૚ + ࢞૛

૚

૙

 ࢞ࢊ

= න
૛(૚ܖܔ + ࢞૛) + ૝ ૛ܖܔ ࢞ − ૝ ܖܔ ࢞ ૚)ܖܔ + ࢞૛) + ૛ ܖܔ ࢞ ૚)ܖܔ} + ࢞૛) − ૛ܖܔ ࢞}

૚ + ࢞૛

ஶ

૚

 ࢞ࢊ
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= න
૛(૚ܖܔ + ࢞૛) − ૛ ܖܔ ࢞ ૚)ܖܔ + ࢞૛)

૚ + ࢞૛

ஶ

૚

 ࢞ࢊ

૛ࡵ = න
૛(૚ܖܔ + ࢞૛) − ૛ ܖܔ ࢞ ૚)ܖܔ + ࢞૛)

૚ + ࢞૛

ஶ

૙

࢞ࢊ = න
૚)ܖܔ + ࢞૛) ܖܔ ቀ૚ + ૚

࢞૛ቁ

૚ + ࢞૛

ஶ

૙

 ࢞ࢊ

= න ܖܔ ૛܋܍ܛ ࢞

࣊
૛

૙

⋅ ૛܋ܛ܋)ܖܔ ࢞ࢊ(࢞ = ૝න ܖܑܛ)ܖܔ ࢞)

࣊
૛

૙

ܛܗ܋)ܖܔ  ࢞ࢊ(࢞

ࡵ = ૛ ܕܑܔ
૙→࢔,࢓

⎣
⎢
⎢
⎡ ࣔ૛

න࢔ࣔ࢓ࣔ
ܖܑܛ) ࢓(࢞

࣊
૛

૙

ܛܗ܋) ࢞ࢊ࢔(࢞

⎦
⎥
⎥
⎤

= ܕܑܔ
૙→࢔,࢓

቎
ࣔ૛ડ ቀ࢓+ ૚

૛ ቁડ ቀ࢔ + ૚
૛ ቁ

ડ	࢔ࣔ࢓ࣔ ቀ࢓ + +࢔ ૛
૛ ቁ

቏ 

=
૚
૛ ૙→࢓ܕܑܔ

቎
ࣔડ ቀ࢓ + ૚

૛ ቁ ડ ቀ૚૛ቁ

ડ	࢓ࣔ ቀ࢓+ ૛
૛ ቁ

൜࣒ ൬
૚
૛൰ −࣒൬

+࢓ ૛
૛ ൰ൠ቏ 

=
૚
૝
ܕܑܔ
૙→࢓

ડቀ࢓ + ૚
૛ ቁડ ቀ૚૛ቁ

ડቀ࢓+ ૛
૛ ቁ

൤൜࣒൬
૚
૛
൰ − ࣒൬

+࢓ ૛
૛

൰ൠ ൜࣒ ൬
࢓ + ૚
૛

൰ − ࣒൬
+࢓ ૛
૛

൰ൠ −࣒ᇱ ൬
࢓ + ૛
૛

൰൨ 

=
૚ડ૛ ቀ૚૛ቁ
૝ડ(૚) ቈ൜࣒ ൬

૚
૛൰ − ࣒(૚)ൠ

૛

−࣒ᇱ(૚)቉ =
࣊
૝ ቈ૝ ܖܔ

૛ ૛ −
࣊૛

૟ ቉ = ࣊ ૛ܖܔ ૛ −
࣊૜

૛૝ 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = න
૛(૚܏ܗܔ + ࢞૛) − ૛ ܏ܗܔ ࢞ ૚)܏ܗܔ + ࢞૛)

૚ + ࢞૛

૚

૙

࢞ࢊ = 

= නቆ
૚)܏ܗܔ) + ࢞૛) − ܏ܗܔ ࢞)૛

૚ + ࢞૛ −
૛܏ܗܔ ࢞
૚ + ࢞૛ቇ

૚

૙

࢞ࢊ =  ࡺ−ࡹ

ࡺ = න
૛܏ܗܔ ࢞
૚ + ࢞૛

૚

૙

࢞ࢊ = ෍(−૚)࢔න࢞૛࢔ ૛܏ܗܔ ࢞
૚

૙

ାஶ

ୀ૙࢔

࢞ࢊ = ૛෍
(−૚)࢔

(૛࢔ + ૚)૜

ାஶ

ୀ૙࢔

= ૛ࢼ(૜) =
࣊૜

૚૟ 

Note: ∴ (ࢠ)ࢼ = ∑ (ି૚)࢔

(૛࢔ା૚)ࢠ
ାஶ
ୀ૚࢔ , ࢠ > 0ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢚ࢋ࢈	ᇲ࢙࢚ࢋ࢒ࢎࢉ࢏࢘࢏ࡰ
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ࡹ = න
૚)܏ܗܔ) + ࢞૛) − ܏ܗܔ ࢞)૛

૚ + ࢞૛

૚

૙

࢞ࢊ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

࢟ܖ܉ܜ→࢞

= න(−૛ ܛܗ܋)܏ܗܔ ࢞)− ܖ܉ܜ)܏ܗܔ ࢞))૛

࣊
૝

૙

= 

= න ૛܏ܗܔ ቆ
(૛࢞)ܖܑܛ

૛ ቇ

࣊
૛

૙

࢞ࢊ =
૚
૛න ૛܏ܗܔ ൬

ܖܑܛ ࢞
૛ ൰

࣊
૛

૙

 ࢞ࢊ

=
࣊ ૛܏ܗܔ ૛

૝ − ܏ܗܔ ૛න ܖܑܛ)܏ܗܔ ࢞)

࣊
૛

૙

࢞ࢊ
ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

ୀି࣊૛ ૛܏ܗܔ

+
૚
૛න ܖܑܛ)૛܏ܗܔ ࢞)

࣊
૛

૙

࢞ࢊ = 

=
૜࣊
૝ ૛܏ܗܔ ૛ +

૚
૚૟ ૚૛→ࢇܕܑܔ

ࣔ૛

,ࢇ૛ઠ൬ࢇࣔ
૚
૛൰ 

=
૜࣊
૝ ૛܏ܗܔ ૛ +

૚
૚૟ ૚૛→ࢇܕܑܔ

,ࢇ൬࡮
૚
૛൰

ቌቆશ(ࢇ)−શ൬ࢇ +
૚
૛൰ቇ

૛

+ શ૚(ࢇ)−શ૚ ൬ࢇ +
૚
૛൰
ቍ = 

= ࣊ ૛܏ܗܔ ૛ + ࣊૜

૝ૡ
 ∴ ષ = ૛܏ܗܔ࣊ ૛ − ࣊૜

૛૝
 

 

729. Find without softs: 

ષ = න න ࢟ࢊ࢞ࢊ૝࢞૛ିૢ࢟૛ିࢋ
ஶ

ିஶ

ஶ

ିஶ

 

Proposed by Jalil Hajimir-Canada 

Solution 1 and generalization by Daniel Sitaru-Romania 

න න ૝࢞૛ିૢ࢟૛ିࢋ
ஶ

ିஶ

࢟ࢊ࢞ࢊ = ൭ න ࢞ࢊ૝࢞૛ିࢋ
ஶ

ିஶ

൱൭ න ࢟ࢊ૛࢟ૢିࢋ
ஶ

ିஶ

൱ =
ஶ

ିஶ

 

= ૛ቌන ࢞ࢊ૝࢞૛ିࢋ
ஶ

૙

ቍ ∙ ૛ ቌන ࢟ࢊ૛࢟ૢିࢋ
ஶ

૙

ቍ = ૛ ∙
૚
૛
ට
࣊
૝ ∙ ૛ ∙

૚
૛
ට
࣊
ૢ =

࣊
૟ 

GENERALIZATION: 
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න න … න ૛࢔૛࢞࢔ି⋯૚૛ି૝࢞૛૛ିૢ࢞૜૛ି࢞ିࢋ
ஶ

ିஶ

૛࢞ࢊ૚࢞ࢊ ࢔࢞ࢊ…

ஶ

ିஶ

ஶ

ିஶ

= 

= ෑ൭ න ࢑૛࢞࢑ିࢋ
૛
࢑࢞ࢊ

ஶ

ିஶ

൱
࢔

࢑ୀ૚

= ૛࢔ෑቌන ࢑૛࢞࢑ିࢋ
૛
࢑࢞ࢊ

ஶ

૙

ቍ
࢔

࢑ୀ૚

= ૛࢔ෑቆ
૚
૛
ට
࣊
࢑૛
ቇ =

࢔

࢑ୀ૚

ෑቆට
࣊
࢑૛
ቇ =

࢔

࢑ୀ૚

൫√࣊൯
࢔

!࢔
 

Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador 

න න ૝࢞૛ିૢ࢟૛ିࢋ
ஶ

ିஶ

࢟ࢊ࢞ࢊ =
ஶ

ିஶ

න න ૛ି(૜࢟)૛(૛࢞)ିࢋ
ஶ

ିஶ

࢟ࢊ࢞ࢊ =
ஶ

ିஶ

 

=
૚
૛ ∙

૚
૜ න න ૛ି(࢟)૛(࢞)ିࢋ

ஶ

ିஶ

࢟ࢊ࢞ࢊ =
ஶ

ିஶ

૚
૟න න ࣐ࢊ࣋ࢊ૛࣋ିࢋ =

−࣊
૟ ܕܑܔ

࣋→ஶ
൫࣋ିࢋ૛ − ૚൯ =

࣊
૟

ஶ

૙

૛࣊

૙

 

 

730. Find: 

ષ = නቆ
૚ିܖ܉ܜ ࢞ ⋅ ૛(૚܏ܗܔ + ࢞૛)

࢞૛
−
૛(૚܏ܗܔ + ࢞૛)
࢞(૚ + ࢞૛) ቇ

૚

૙

 ࢞ࢊ

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution by Kartick Chandra Betal-India 

නቈ
૚ିܖ܉ܜ ࢞ ૛(૚ܖܔ + ࢞૛)

࢞૛ −
૛(૚ܖܔ + ࢞૛)
࢞(૚ + ࢞૛) ቉

૚

૙

 ࢞ࢊ

= −ቈ
૛(૚ܖܔ + ࢞૛) ૚ିܖ܉ܜ ࢞

࢞ ቉
૙

૚

+ න
૚
࢞ ቈ
૛(૚ܖܔ + ࢞૛)
૚ + ࢞૛ +

૝࢞ ૚)ܖܔ + ࢞૛) ૚ିܖ܉ܜ ࢞
૚ + ࢞૛ ቉

૚

૙

࢞ࢊ − 

−න
૛(૚ܖܔ + ࢞૛)
࢞(૚ + ࢞૛)

૚

૙

࢞ࢊ = −
૛ܖܔ ૛࣊
૝ + ૝න

૚)ܖܔ + ࢞૛) ૚ିܖ܉ܜ ࢞
૚ + ࢞૛

૚

૙

 ࢞ࢊ

= −
࣊ ૛ܖܔ ૛
૝ + ૝න

࢞ ૚)ܖܔ + ૛ܖ܉ܜ ࢞)
૚

࣊
૝

૙

࢞ࢊ = −
࣊ ૛ܖܔ ૛
૝ − ૡන ࢞ ܖܔ ܛܗ܋ ࢞

࣊
૝

૙

 ࢞ࢊ
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= −
࣊ ૛ܖܔ ૛
૝ − ૡන࢞ ൝− ܖܔ ૛ + ෍

(−૚)ି࢔૚

࢔

ஶ

ୀ૚࢔

ൡ(࢞࢔૛)ܛܗ܋

࣊
૝

૙

 ࢞ࢊ

= −
࣊ ૛ܖܔ ૛
૝ + ૡ ܖܔ ૛ ቈ

࢞૛

૛ ቉
૙

࣊
૝
− ૡ෍

(−૚)ି࢔૚

࢔

ஶ

ୀ૚࢔

ቈ
࢞ (࢞࢔૛)ܖܑܛ

૛࢔ +
(࢞࢔૛)ܛܗ܋

(૛࢔)૛ ቉
૙

࣊
૝

 

= −
࣊ ૛ܖܔ ૛
૝ +

࣊૛ ܖܔ ૛
૝ − ૡ෍

(−૚)ି࢔૚

࢔

ஶ

ୀ૚࢔

቎
࣊ ܖܑܛ ቀ࣊࢔૛ ቁ

ૡ࢔ +
ܛܗ܋ ቀ࣊࢔૛ ቁ − ૚

૝࢔૛
቏ 

= −
࣊ ૛ܖܔ ૛
૝

+
࣊૛ ܖܔ ૛
૝

− ࣊෍
(−૚)ି࢔૚ ܖܑܛ ቀ࣊࢔૛ ቁ

૛࢔

ஶ

ୀ૚࢔

− ૛෍
(−૚)ି࢔૚ ܛܗ܋ ቀ࣊࢔૛ ቁ

૜࢔

ஶ

ୀ૚࢔

+ ૛෍
(−૚)ି࢔૚

૜࢔

ஶ

ୀ૚࢔

 

= −
࣊ ૛ܖܔ ૛
૝ +

࣊૛ ܖܔ ૛
૝ − ࣊෍

࢔૛)ܖܑܛ − ૚)࣊૛
(૛࢔ − ૚)૛

ஶ

ୀ૚࢔

+ ૛෍
(−૚)࢔

ૡ࢔૜

ஶ

ୀ૚࢔

+ ૛ ⋅
૜
૝ ࣀ

(૜) 

= −
૛ܖܔ࣊ ૛
૝ +

࣊૛ ܖܔ ૛
૝ − ࡳ࣊ −

૚
૝ ⋅

૜
૝ ࣀ

(૜) +
૜
૛ ࣀ

(૜) = ࡳ࣊− −
૜
૚૟ ࣀ

(૜) +
૜
૛ ࣀ

(૜) 

= −
࣊ ૛ܖܔ ૛
૝ +

࣊૛ ܖܔ ૛
૝ − ࡳ࣊ +

૛૚
૚૟ ࣀ

(૜) =
࣊ ૛ܖܔ
૝

(࣊ − (૛ܖܔ ࡳ࣊− +
૛૚
૚૟ ࣀ

(૜) 

731. Find: 

ષ = න
ඥ૚ + √࢞૜

࢞
,࢞ࢊ ࢞ > 0 

Proposed by Jalil Hajimir-Canada 

Solution by Daniel Sitaru-Romania 

࢞ > 0,න
ඥ૚ + √࢞૜

࢞ ࢞ࢊ =⏞
࢞ୀ࢚૜

න
√૚ + ࢚ ∙ ૜࢚૛

࢚૜ ࢚ࢊ = ૜න
√૚+ ࢚
࢚ ࢚ࢊ = 

= ૜න
૚ + ࢚
࢚√૚+ ࢚

࢚ࢊ = ૜න
૚

࢚√૚ + ࢚
+࢚ࢊ ૜න

૚
√૚ + ࢚

࢚ࢊ =⏞
૚ା࢚ୀ࢟૛

૜න
૚

(࢟૛ − ૚)࢟
∙ ૛࢟࢟ࢊ+ ૟√૚ + ࢚ = 

= ૟න
૚

࢟૛ − ૚࢟ࢊ + ૟ට૚ + √࢞૜ = ૜ࢍ࢕࢒ ฬ
࢟ − ૚
࢟ + ૚ฬ ࢟ࢊ + ૟ට૚ + √࢞૜ + ∁= 

= ૜ࢍ࢕࢒ ቤ
√૚ + ࢚ − ૚
√૚ + ࢚ + ૚

ቤ + ૟ට૚ + √࢞૜ + ∁= ૜ࢍ࢕࢒ อ
ඥ૚ + √࢞૜ − ૚
ඥ૚ + √࢞૜ + ૚

อ+ ૟ට૚ + √࢞૜ + ∁ 
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732. Find: 

ષ = න({ࢍ࢕࢒(૚ + ࢞)} ∙ ૚}ࢍ࢕࢒ + ࢞ࢊ({࢞
૚

૙

,	 

{࢞} = ࢞ − [࢞], [∗] −  ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢘ࢋࢍࢋ࢚࢔࢏	࢚ࢇࢋ࢘ࢍ

Proposed by Mokhtar Khassani-Mostaganem-Algerie 

Solution 1 by Samir Haj Ali-Damascus-Syria 

૚ + ࢞ = ࢞ࢊ,࢚ = ષ,࢚ࢊ = න{࢚ࢍ࢕࢒}ࢍ࢕࢒{࢚} =
૛

૚

න(࢚ࢍ࢕࢒ − ࢚)ࢍ࢕࢒([࢚ࢍ࢕࢒] − ࢚ࢊ([࢚] =
૛

૚

 

න(࢚ࢍ࢕࢒)ࢍ࢕࢒(࢚ − ࢚ࢊ([࢚] − න([࢚ࢍ࢕࢒])ࢍ࢕࢒(࢚ − ࢚ࢊ([࢚] =
૛

૚

૛

૚

 

= න࢚ࢍ࢕࢒ ∙ ࢚)ࢍ࢕࢒ − ࢚ࢊ([࢚] −න૙ ∙ ࢚)ࢍ࢕࢒ − ࢚ࢊ([࢚] =
૛

૚

૛

૚

 

= න࢚ࢍ࢕࢒ ∙ ࢚)ࢍ࢕࢒ − ૚)࢚ࢊ, ࢚ = ૚ − ࢚ࢊ,࢞ = ࢞ࢊ−
૛

૚

 

ષ = න −૚)ࢍ࢕࢒ ࢞) ∙ ࢞ࢊ(࢞−)ࢍ࢕࢒ = −෍
૚
࢞࢔

࢞ࢊ(࢞−)ࢍ࢕࢒࢔
ஶ

ୀ૚࢔

૙

ି૚

 

ષ = ෍
(−૚)࢔

࢔)࢔ + ૚)૛ = ෍൬
(−૚)࢔

࢔ −
(−૚)࢔

࢔ + ૚ −
(−૚)࢔

+࢔) ૚)૛൰
ஶ

ୀ૚࢔

ஶ

ୀ૚࢔

= 

= ૛ࢍ࢕࢒− + ૛ࢍ࢕࢒−) + ૚)− ቆ
࣊૛

૚૛ − ૚ቇ = ૛(૚ − (૛ࢍ࢕࢒ −
࣊૛

૚૛ 

Solution 2 by Kartick Chandra Betal-India 

ષ = න({ࢍ࢕࢒(૚ + ࢞)} ∙ ૚}ࢍ࢕࢒ + ࢞ࢊ({࢞
૚

૙

= නࢍ࢕࢒(࢞ + ૚)࢞ࢊ࢞ࢍ࢕࢒ =
૚

૙

 

= (૚ ∙ ૚ࢍ࢕࢒ − ૚)ࢍ࢕࢒(૚ + ૚)−න
࢞ࢍ࢕࢒࢞ − ࢞
૚ + ࢞

࢞ࢊ =
૚

૙

− −૛ࢍ࢕࢒ න൬૚ −
૚

૚ + ࢞
൰ ࢞ࢍ࢕࢒) − ૚)࢞ࢊ =

૚

૙
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= ૛ࢍ࢕࢒− −න(࢞ࢍ࢕࢒ − ૚)࢞ࢊ+ න
࢞ࢍ࢕࢒
૚ + ࢞ࢊ࢞ − න

࢞ࢊ
૚ + ࢞ =

૚

૙

૚

૙

૚

૙

 

= ૛ࢍ࢕࢒− − ૚ ∙ ૚ࢍ࢕࢒ + ૚ + ૚ − න
૚)ࢍ࢕࢒ + ࢞)

࢞

૚

૙

࢞ࢊ − ૛ࢍ࢕࢒ = 

= −૛ࢍ࢕࢒૛ + ૛ − (૛)ࣁ = ૛ − ૛ࢍ࢕࢒૛ −
࣊૛

૚૛ 

 

733. If  

(࢟)ࢌ = න
(࢟࢞)૚ିܖܑܛ

√૚ − ࢞૛

૚

૙

 ࢞ࢊ

then show that 

නࢌ(࢟)
૚

૙

࢟ࢊ =
࣊૛

ૡ
− (૛)܏ܗܔ :න

(࢟)ࢌ
࢟

૚

૙

࢟ࢊ =
ૠࣀ(૜)
ૡ

 

න
(࢟)ࢌ

ඥ࢟

૚

૙

࢟ࢊ =
࣊૛

૝ − ࣊ + ૛  (૛)܏ܗܔ

නࢌ(࢟)
૚

૙

࢟ࢊ(࢟)܏ܗܔ = ૛ (૛)܏ܗܔ −
࣊૛

૟  

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

(࢟)ࢌ = න
(࢟࢞)ܖܑܛ܋ܚ܉
√૚ − ࢞૛

૚

૙

࢞ࢊ = නܖܑܛ࢟)ܖܑܛ܋ܚ܉ ࢞)

࣊
૛

૙

࢞ࢊ = ෍
࢟૛࢔ା૚ ቀ૛࢔࢔ ቁ

(૛࢔+ ૚)૝࢔

ஶ

ୀ૙࢔

න ା૚࢔૛ܖܑܛ ࢞ࢊ࢞

࣊
૛

૙

= 

= ෍
࢟૛࢔ା૚ ቀ૛࢔࢔ ቁ

(૛࢔ + ૚)૝࢔

ஶ

ୀ૙࢔

⋅
√࣊ડ(࢔+ ૚)

૛ડቀ࢔ + ૚ + ૚
૛ቁ

= ෍
࢟૛࢔ା૚ ቀ૛࢔࢔ ቁ

(૛࢔+ ૚)૝࢔

ஶ

ୀ૙࢔

⋅
!࢔࣊√

૛ (૛࢔+ ૛)!√࣊
૝࢔ା૚(࢔ + ૚)!

= 
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= ෍
࢟૛࢔ା૚

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

=
(࢟)૛࢏ࡸ − (࢟−)૛࢏ࡸ

૛ = 

ࡹ = නࢌ(࢟)
૚

૙

࢟ࢊ = න
(࢟)૛࢏ࡸ − (࢟−)૛࢏ࡸ

૛

૚

૙

࢟ࢊ = ෍
૚

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

න࢟૛࢔ା૚
૚

૙

࢟ࢊ = 

=
૚
૛෍

૚
(૛࢔+ ૚)૛(࢔+ ૚)

ஶ

ୀ૙࢔

= ෍൬
૚

(૛࢔ + ૚)૛ +
૚

૛(࢔+ ૚) −
૚

૛࢔+ ૚൰
ஶ

ୀ૙࢔

=
࣊ૡ

ૡ −  ૛܏ܗܔ

ࡺ = න
(࢟)ࢌ
࢟

૚

૙

࢟ࢊ = න
−(࢟)૛࢏ࡸ (࢟−)૛࢏ࡸ

૛࢟

૚

૙

࢟ࢊ =
૚
૛

(࢞)૜࢏ࡸ} − ૜(−࢞)}૙૚࢏ࡸ = 

=
૚
૛ቆࣀ

(૜) +
૜
૝ ࣀ

(૜)ቇ =
ૠ
ૡࣀ

(૜) 

ࡼ = න
(࢟)ࢌ

ඥ࢟

૚

૙

࢟ࢊ = න
−(࢟)૛࢏ࡸ (࢟−)૛࢏ࡸ

૛ඥ࢟

૚

૙

࢟ࢊ = ෍
૚

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

න࢟૛࢔ା
૚
૛

૚

૙

࢟ࢊ = 

= ૛෍
૚

(૛࢔+ ૚)૛(૝࢔+ ૜)

ஶ

ୀ૙࢔

= ෍ቌ
૛

(૛࢔+ ૚)૛ −
૚

૛ ቀ࢔ + ૚
૛ቁቀ࢔ + ૜

૝ቁ
ቍ

ஶ

ୀ૙࢔

= 

=
࣊૛

૝ −
૚
૛ ⋅

શ ቀ૚૛ቁ −શቀ૜૝ቁ
૚
૛ −

૜
૝

=
࣊૛

૝ − ࣊+ ૛  ૛܏ܗܔ

ષ = නࢌ(࢟)
૚

૙

܏ܗܔ ࢟ࢊ࢟ = ෍
૚

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

න࢟૛࢔ା૚ ܏ܗܔ ࢟ࢊ࢟
૚

૙

= 

= −෍
૚

૝(૛࢔ + ૚)૛(࢔ + ૚)૛

ஶ

ୀ૙࢔

= ෍ቌ
૚

૛ቀ࢔ + ૚
૛ቁ ࢔) + ૚)

−
૚

(૛࢔ + ૚)૛ −
૚

૝(࢔ + ૚)૛ቍ
ஶ

ୀ૙࢔

= 

=
૚
૛ ⋅

શ ቀ૚૛ቁ −શ(૚)
૚
૛ − ૚

−
࣊૛

ૡ −
࣊૛

૛૝ = ૛ ܏ܗܔ ૛ −
࣊૛

૟  

Solution 2 by Tobi Joshua-Nigeria 

(࢟)ࢌ = ∫ (࢟࢞)ష૚ܖܑܛ
ඥ૚ି࢞૛

૚
૙ ࢞  ,࢞ࢊ = ܖܑܛ (࢟)ࢌ  ,ࣂ = ∫ ࢟)૚ିܖܑܛ (ࣂܖܑܛ

࣊
૛
૙  ࣂࢊ
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(࢟)ࢌ = ∫ ∫ ࢠࢊ	ࣂࢊ

ටቀ ૚
ቁࣂܖܑܛ

૛
	૛ࢠି

࢟
૙

࣊
૛
૙ (࢟)ࢌ  , = ∫ ࢠࢊ

ࢠ
࢟
૙ ∫ ࣂࢊࣂܖܑܛ

ට૚షࢠ
૛

૛ࢠ
ା(ࣂܛܗ܋)૛

࣊
૛
૙  

(࢟)ࢌ = −∫ ࢠࢊ
ࢠ

࢟
૙ ∫ (ࣂܛܗ܋)ࢊ

ඨቆ
ඥ૚షࢠ૛

ࢠ ቇ
૛

ା(ࣂܛܗ܋)૛

࣊
૛
૙ (࢟)ࢌ  , = ∫ ࢠࢊ

ࢠ
࢟
૙ ૚ିܐܖܑܛ ൬ ࢠ

ඥ૚ିࢠ૛
൰ 

(࢟)ࢌ = ∫ ࢠࢊ
ࢠ

࢟
૙ ܏ܗܔ ቆ ࢠ

ඥ૚ିࢠ૛
+ ට ૛ࢠ

૚ିࢠ૛
+ ૚ቇ,  ࢌ(࢟) = ∫ ࢠࢊ

ࢠ
࢟
૙ ܏ܗܔ ൬ ା૚ࢠ

ඥ૚ିࢠ૛
൰ 

(࢟)ࢌ = ૚
૛∫

ࢠࢊ
ࢠ

࢟
૙ ܏ܗܔ ቀࢠା૚

૚ିࢠ
ቁ,  ࢌ(࢟) = ૚

૛∫
(ࢠ૚ି)܏ܗܔି(ࢠ૚ା)܏ܗܔ

ࢠ
࢟
૙  ࢠࢊ

(࢟)ࢌ = ૚
૛

−(࢟)૛࢏ࡸ] (࢟)ࢌ  ,[(࢟−)૛࢏ࡸ = ૚
૛

(࢟)૛࢏ࡸ] −  (*)   [(࢟−)૛࢏ࡸ

࡭ (1) = ∫ ૚(࢟)ࢌ
૙  ࢟ࢊ

࡭ =
૚
૛

−(࢟)૛࢏ࡸ]  ࢟ࢊ[(࢟−)૛࢏ࡸ

࡭ =
૚
૛
቎࢟൫࢏ࡸ૛(࢟)− ૛(−࢟)൯࢏ࡸ

૙

૚
+ නܖܔ(૚− ࢟)

૚

૙

−න ૚)ܖܔ + ࢟)
૚

૙

 ቏࢟ࢊ

࡭ = ૚
૛
൤࣊

૛

૝
+ ቀ− −૚)ܖܔ ࢟૛) + ࢟ ܖܔ ቀ૚ି࢟

૚ା࢟
ቁቁ

૙

૚
൨,  ࡭ = ૚

૛
ቂ࣊

૛

૝
− ૛  ቃ(૛)ܖܔ

࡭ = ቂ࣊
૛

ૡ
−   ቃ,  (2)(૛)ܖܔ

࡮ = ∫ (࢟)ࢌ
࢟

૚
૙ ࡮  ,࢟ࢊ = ૚

૛
∫ ൫࢏ࡸ૛(࢟)ି࢏ࡸ૛(ି࢟)൯

࢟
૚
૙  ࢟ࢊ

࡮ =
૚
૛
቎܏ܗܔ(࢟) ൫࢏ࡸ૛(࢟)− ૛(−࢟)൯࢏ࡸ

૙
૚

+ න
(࢟)ܖܔ
࢟

૚

૙

૚)ܖܔ − ࢟) − න
(࢟)ܖܔ
࢟

૚

૙

૚)ܖܔ +  ቏࢟ࢊ(࢟

࡮ =
૚
૛
⋅
ࣔ
ࢇࣔ
൨
ୀ૙ࢇ

቎න࢟ିࢇ૚
૚

૙

૚)ܖܔ − ࢟ࢊ(࢟ − න࢟ିࢇ૚
૚

૙

૚)ܖܔ +  ቏࢟ࢊ(࢟

࡮ =
૚
૛ ⋅

ࣔ
ୀ૙ࢇ൨ࢇࣔ

෍
૚

(࢑ + ૚)

ஶ

࢑ୀ૙

቎−න࢟࢟ࢊ࢑࢟ࢇ
૚

૙

− (−૚)࢑න࢟࢑࢟ࢇ
૚

૙

 ቏࢟ࢊ

࡮ =
૚
૛ ⋅

ࣔ
ୀ૙ࢇ൨ࢇࣔ

෍
૚

(࢑+ ૚)

ஶ

࢑ୀ૙

ቈ−
૚

+ࢇ) ࢑ + ૚) −
(−૚)࢑

ࢇ) + ࢑ + ૚)቉ 
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࡮ = ૚
૛
∑ ૚

(࢑ା૚)
ஶ
࢑ୀ૙ ቂ ૚

(࢑ା૚)૛
+ (ି૚)࢑

(࢑ା૚)૛
ቃ, ࡮ = ૚

૛
∑ ૚

(࢑)
ஶ
࢑ୀ૚ ቂ ૚

(࢑)૛
+ (ି૚)࢑ష૚

(࢑)૛
ቃ 

࡮ = ૚
૛

(૜)ࣀ] + ࡮ ,[(૜)ࣁ = ૚
૛
ቂࣀ(૜) + ૜

૝
 ቃ(૜)ࣀ

࡮ = ൤
ૠ
ૡ ࣀ

(૜)൨	⊗ 

࡯ (3) = ∫ (࢟)ࢌ

ඥ࢟
૚
૙  ࢟ࢊ

࡯ =
૚
૛න

൫࢏ࡸ૛(࢟) − ૛(−࢟)൯࢏ࡸ
ඥ࢟

૚

૙

 ࢟ࢊ

࡯ =
૚
૛
቎૛ඥ࢟ቌ൫࢏ࡸ૛(࢟)− ૛(−࢟)൯࢏ࡸ

૙
૚

+ ૛න
૚
ඥ࢟

૚)ܖܔ − ࢟)
૚

૙

− ૛න
૚
ඥ࢟

૚

૙

૚)ܖܔ +  ቍ቏࢟ࢊ(࢟

࡯ =
૚
૛
቎
࣊૛

૛ + ૛න
૚
ඥ࢟

૚

૙

૚)ܖܔ − ࢟) − ૛න
૚
ඥ࢟

૚

૙

૚)ܖܔ +  ቏࢟ࢊ(࢟

࡯ = ࣊૛

૝
+ ૚

૛
ቂ૛ ∫ ࢟ି

૚
૛

૚
૙ ܖܔ ቀ૚ି࢟

૚ା࢟
ቁ࢟ࢊቃ,  ࡯ = ࣊૛

૝
+ ૚

૛
ቂ૝ ∫ ܖܔ ቀ૚ି࢟

૛

૚ା࢟૛
ቁ૚

૙  ቃ࢟ࢊ

࡯ =
࣊૛

૝ + ૛ ቎࢟ ܖܔ ቆ
૚ − ࢟૛

૚ + ࢟૛ቇ + ૛න
࢟૛࢟ࢊ
૚ − ࢟૛

૚

૙

+ ૛න
࢟૛࢟ࢊ
૚ + ࢟૛

૚

૙

቏ 

࡯ =
࣊૛

૝ + ૛ ቈ࢟ ܖܔ ቆ
૚ − ࢟૛

૚ + ࢟૛ቇ + ૛ ൬−࢟ +
૚
૛ ܖܔ ൬

૚ + ࢟
૚ − ࢟൰൰ + ૛(࢟ − ૚ିܖ܉ܜ ࢟)቉

૙

૚

 

࡯ =
࣊૛

૝ + ૛[(࢟ − ૚) ૚)ܖܔ − ࢟) + (࢟ + ૚) ૚)ܖܔ + ࢟) − ࢟ ૚)ܖܔ + ࢟૛) −૛ ૚ିܖ܉ܜ ࢟]૙૚ 

࡯ = ࣊૛

૝
+ ૛ ቂ(૛) −(૛)ܖܔ −(૛)ܖܔ ࣊

૛
ቃ,  ࡯ = ࣊૛

૝
+ (૛) (૛)ܖܔ −࣊			 ⊗ 

ࡰ (4) = ∫ ૚(࢟)ࢌ
૙ ܖܔ  ࢟ࢊ࢟

ࡰ = ૚
૛
∫ ૚࢟ܖܔ
૙ ൫࢏ࡸ૛(࢟) − ࡰ  ,࢟ࢊ૛(−࢟)൯࢏ࡸ = ૚

૛
⋅ ࣔ
࢙ࣔ
ቃ
࢙ୀ૙

ቂ∫ ࢟૛૚
૙ ൫࢏ࡸ૛(࢟)−  ቃ࢟ࢊ૛(−࢟)൯࢏ࡸ

ࡰ =
૚
૛ ⋅

ࣔ
࢙ࣔ൨࢙ୀ૙

቎
࢙࢟ା૚

࢙ + ૚ ൫࢏ࡸ૛
(࢟)− ૛(−࢟)൯࢏ࡸ

૙
૚

+ න
࢙࢟

࢙ + ૚

૚

૙

ܖܔ ൬
૚ − ࢟
૚ + ࢟൰࢟ࢊ

቏ 
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ࡰ =
૚
૛ ⋅

ࣔ
࢙ࣔ൨࢙ୀ૙

቎
૚

࢙ + ૚ ⋅
࣊૛

૝ + න
࢙࢟

࢙ + ૚

૚

૙

૚)ܖܔ − ࢟ࢊ(࢟ −
૚

࢙ + ૚න࢙࢟ ૚)ܖܔ + ࢟ࢊ(࢟
૚

૙

቏ 

ࡰ =
૚
૛ ⋅

ࣔ
࢙ࣔ൨࢙ୀ૙

൥
࣊૛

૝(࢙ + ૚) + ෍
૚

(࢑+ ૚)

ஶ

࢑ୀ૙

቎−
૚

࢙ + ૚න࢙࢟ା࢑ା૚
૚

૙

࢟ࢊ − (−૚)࢑න࢙࢟ା࢑ା૚
૚

૙

 ቏࢟ࢊ

ࡰ =
૚
૛ ⋅

ࣔ
࢙ࣔ൨࢙ୀ૙

൥
࣊૛

૝(࢙ + ૚) + ෍
૚

(࢑ + ૚)

ஶ

࢑ୀ૙

ቈ−
૚

(࢙+ ૚)(࢑+ ࢙ + ૛) −
(−૚)࢑

(࢙+ ૚)(࢙+ ࢑ + ૛)቉ 

ࡰ = ൥−
࣊૛

ૡ + ෍
૚

(࢑ + ૚)

ஶ

࢑ୀ૙

ቈ
૚

(࢑+ ૛) +
૚

(࢑ + ૛)૛ +
(−૚)࢑

(࢑ + ૛) +
(−૚)࢑

(࢑ + ૛)૛቉ 

ࡰ = ቈ−
࣊
ૡ +

૚
૛ ቈ

(࣒(૛) + (ࢽ + ቆ૛ −
࣊૛

૟ ቇ + ܖܔ) ૛) − (૚ − (૛ܖܔ + ቆ−૛ +
࣊૛

૚૛ + ૛ ܖܔ ૛ቇ቉ 

ࡰ = ቈ−
࣊૛

ૡ +
૚
૛ + ቆ૚ −

࣊૛

૚૛ቇ −
૚
૛ + ૛ܖܔ + ቆ−૚ +

࣊૛

૛૞ + ܖܔ ૛ቇ቉ 

ࡰ = ቂ− ࣊૛

૟
+ ૛  (*)  ૛ቃܖܔ

 

734. Find: 

න൬࢞૛ + ࢞ + ૚ −
ૡ
࢞૝

−
૝
࢞૜

−
૛
࢞૛
൰ ૟ቀ࢞ା

૛
࢞ቁ࢞ࢊ, ࢞ > 0 

Proposed by Jalil Hajimir-Canada 

Solution by Remus Florin Stanca-Romania 

Let ࢞ + ૛
࢞

= ࢚ ⇒ ቀ૚ − ૛
࢞૛
ቁ ࢞ࢊ =  ࢚ࢊ

ࡵ = න൬࢞૛ ൬૚ −
ૡ
࢞૟൰ + ࢞൬૚ −

૝
࢞૝൰+ ૚ −

૛
࢞૛൰ ⋅ ૟

࢞ା૛࢞࢞ࢊ = 

= න൬࢞૛ ൬૚ −
૛
࢞૛൰ ൬૚ +

૝
࢞૝ +

૛
࢞૛൰ + ࢞ ൬૚ −

૛
࢞૛൰ ൬૚ +

૛
࢞૛൰ + ૚ −

૛
࢞૛൰ ⋅ ૟

࢞ା૛࢞࢞ࢊ = 

= න൬࢞૛ +
૝
࢞૛ + ૛ + ࢞ +

૛
࢞ + ૚൰૟࢞ା

૛
࢞ ൬૚ −

૛
࢞૛൰࢞ࢊ ⇒ ࡵ = න൬࢞૛ +

૝
࢞૛ + ࢞ +

૛
࢞ + ૜൰૟࢚  ;࢚ࢊ

࢞ +
૛
࢞ = ࢚ ⇒ ࢞૛ +

૝
࢞૛ + ૝ = ࢚૛ ⇒ 
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⇒ ࢞૛ + ૝
࢞૛

+ ૜ = ࢚૛ − ૚ ⇒ ࡵ = ∫(࢚૛ − ૚ + ࢚) ૟࢚࢚ࢊ = ∫ ࢚૛૟࢚ ࢚ࢊ − ∫૟࢚ ࢚ࢊ + ∫ ࢚૟࢚  (1)  ࢚ࢊ

න࢚૛૟࢚ ࢚ࢊ =
૟࢚

ܖܔ ૟ ࢚
૛ − න

૟࢚

૟ܖܔ ૛࢚	࢚ࢊ =
૟࢚

ܖܔ ૟ ࢚
૛ −

૛
ܖܔ ૟න૟࢚ ࢚ࢊ	࢚ = 

= ૟࢚

૟ܖܔ
࢚૛ − ૛

ܖܔ ૟
ቀ ૟࢚

૟ܖܔ
࢚ − ∫ ૟࢚

૟ܖܔ
ቁ࢚ࢊ = ૟࢚

૟ܖܔ
࢚૛ − ૛࢚૟࢚

૛ܖܔ ૟
+ ૛

૛ܖܔ ૟
⋅ ૟࢚

ܖܔ ૟
+  (2)   ࡯

∫ ࢚૟࢚ ࢚ࢊ = ૟࢚

૟ܖܔ
࢚ − ∫ ૟࢚

૟ܖܔ
࢚ࢊ = ૟࢚

૟ܖܔ
− ૟࢚

૛ܖܔ ૟
+  (3)   ࡯

⇒
(૚);(૛);(૜)

ࡵ = ૟࢚ ⋅
࢚૛ ૛ܖܔ ૟ − ૛࢚ ૟ܖܔ + ૛ − ૛ܖܔ ૟ + ࢚ ૛ܖܔ ૟ − ૟ܖܔ

૜ܖܔ ૟ + ࡯ = 

= ૟࢚
(࢚ ܖܔ ૟ − ૚)૛ + ૚ − ૛ܖܔ ૟ + ࢚ ૛ܖܔ ૟ − ૟ܖܔ

૜ܖܔ ૟ + ࡯ = 

= ૟࢞ା
૛
࢞ ⋅
ቆቀ࢞ + ૛

࢞ቁ ૟ܖܔ − ૚ቇ
૛

+ ૚ − ૛ܖܔ ૟ − ૟ܖܔ + ቀ࢞ + ૛
࢞ቁ ܖܔ

૛ ૟

૜ܖܔ ૟ + ࡯ =  ࡵ

 

735. If for any complex number (࢔)ࢋࡾ,࢔ > 0, 

(࢔)ࣂ = න ૛࢞࢔ିࢋ
ஶ

ష࢞ࢋ
 ࢞ࢊ

then show that 

න (࢔)ࣂ
ஶ

ିஶ

࢞ࢊ࢞࢔ିࢋ =
૚
૛࢔

૛ି࢔ି
૜
૛ડ ൬

࢔ + ૚
૛ ൰ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Ekpo Samuel-Nigeria 

Provided (࢔)ࢋࡾ > 0 

(࢔)ࣂ = න ૛࢞࢔ିࢋ
ஶ

ష࢞ࢋ

࢞ࢊ = න ൯࢞࢔√൫ିࢋ
૛

ஶ

ష࢞ࢋ

 ࢞ࢊ

Let ࢛ =  ࢞࢔√
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∴ (࢔)ࣂ = න ૛࢛ିࢋ
ஶ

ష࢞ࢋ࢔√

࢛ࢊ =
√࣊
૛√࢔

 ൯࢞ିࢋ࢔√൫܋܎ܚ܍

Consider: ∫ ஶ࢞࢔ିࢋ
ିஶ

√࣊
૛√࢔

൯࢞ିࢋ࢔√൫܋܎ܚ܍ ࢞ࢊ = √࣊
૛√࢔

∫ ஶ࢞࢔ିࢋ
ିஶ ൯࢞ିࢋ࢔√൫܋܎ܚ܍  (IBP)  ࢞ࢊ

Let ࢛ = ൯࢞ିࢋ࢔√൫܋܎ܚ܍ ࢛ࢊ; = ૛√ࢋ࢔ష࢔൫ࢋ
ష࢞࢔൯ࢋష࢞

࢔√
࢜ࢊ; = ࢜;࢞ࢊ	࢞࢔ିࢋ = − ࢞࢔షࢋ

࢔
 

√࣊
૛√࢔

න ࢞࢔ିࢋ
ஶ

ିஶ

൯࢞ିࢋ࢔√൫܋܎ܚ܍ ࢞ࢊ =
√࣊
૛√࢔

න
࢞࢔ିࢋ

࢔

ஶ

ିஶ

൭
૛√࢔ିࢋ࢔൫ࢋ

ష૛࢞൯࢞ିࢋ

࢔√
൱࢞ࢊ = 

=
૚
࢔ න ష૛࢞൯࢔൫࢔ିࢋ

ஶ

ିஶ

 ࢞ࢊ࢞࢔ିࢋ࢞ିࢋ

૚
࢔
∫ ஶ࢔(࢞ିࢋ)
ିஶ ࢛ let ;࢞ࢊ࢞ିࢋ૛(ష࢞ࢋ)࢔ିࢋ = ࢛ࢊ࢞ିࢋ = ;࢞ࢊ࢞ିࢋ− ૚

࢔
∫ ૛࢛૛ஶ࢛࢔ିࢋ
૙ ࢇ let ;࢛ࢊ =  ࢛࢔√

૚
࢔
∫ ૛ஶࢇିࢋ
૙ ቀ ࢇ

࢔√
ቁ
࢔ ࢇࢊ
࢔√

; let ࢟ = ૛ࢇ = ૚

૛࢔൫√࢔൯
శ૚࢔ ∫ ஶ࢟ିࢋ

૙ ൫ඥ࢟൯
࢔ ࢟ࢊ
ඥ࢟

= ૚
૛
ቀି࢔ ቀ࢔ା૚

૛
ቁ − ૚ቁ ડ ቀ࢔ା૚

૛
ቁ 

Simplifying: = ૚
૛
ି࢔

࢔
૛ି

૜
૛ડ ቀ࢔ା૚

૛
ቁ 

Solution 2 by Ahmed Salama Hegazy-Cairo-Egypt 

(࢔)ࣂ = න ૛࢞࢔ିࢋ
ஶ

ష࢞ࢋ

࢞ࢊ = න ૛࢞࢔ିࢋ
ஶ

૙

࢞ࢊ − න ࢞ࢊ૛࢞࢔ିࢋ
ష࢞ࢋ

૙

 

∴ (࢔)ࣂ =
૚
࢔√

න ૛࢞ିࢋ
ஶ

૙

࢞ࢊ −
૚
࢔√

න 	૛࢞ିࢋ
ష࢞ࢋ࢔√

૙

 ࢞ࢊ

∴ (࢔)ࣂ =
√࣊
૛√࢔

−
√࣊
૛√࢔

൯࢞ିࢋ࢔√൫܎ܚ܍ =
√࣊
૛√࢔

 ൯࢞ିࢋ࢔√൫܋܎ܚ܍

ࡵ = න (࢔)ࣂ
ஶ

ିஶ

⋅ ࢞ࢊ࢞࢔ିࢋ =
√࣊
૛√࢔

න ൯࢞ିࢋ࢔√൫܋܎ܚ܍
ஶ

ିஶ

⋅  ࢞ࢊ࢞࢔ିࢋ

Let ࢟ = ࢟ࢊ,࢞ିࢋ࢔√ = ࢞ࢊ࢞ିࢋ࢔√− ∴ ࢞ࢊ = − ࢟ࢊ
࢟

,࢟:૙ to ∞ 

∴ ࡵ =
√࣊
૛√࢔

න (࢟)܋܎ܚ܍
ஶ

૙

⋅ ൬
࢟
࢔√

൰
࢔
−
࢟ࢊ
࢟ =

√࣊

૛√(࢔)࢔
࣊
૛
න (࢟)܋܎ܚ܍
ஶ

૙

 ࢟ࢊ૚ି࢔࢟
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∴ ࡵ =
√࣊

૛√࢔ ⋅ ࢔
࢔
૛
න (࢟)܋܎ܚ܍
ஶ

૙

⋅  ࢟ࢊ૚ି࢔࢟

=
√࣊

૛√࢔࢔
࢔
૛
ቌ࢟࢔ −(࢟)܋܎ܚ܍ −࢔) ૚)න ૚ି࢔࢟(࢟)܋܎ܚ܍

ஶ

૙

࢟ࢊ +
૛
√࣊

න ࢔࢟ ⋅ ૛࢟ିࢋ
ஶ

૙

 ቍ࢟ࢊ

∴ ࡵ = √࣊

૛√࢔࢔
࢔
૛
⋅ ૛
࣊√࢔

∫ ૛ஶ࢟ିࢋ࢔࢟
૙ let ࢟૛ ,࢟ࢊ = ࢟ࢊ,࢛ = ࢛ࢊ

૛√࢛
 

∴ ࡵ =
૚

࢔√ ⋅ ࢔
࢔
૛
⋅
૚
૛න ࢛

࢔
૛

ஶ

૙

⋅ ࢛ିࢋ ⋅
࢛ࢊ
√࢛

=
૚
૛

ቀି(࢔)
࢔
૛ା

૚
૛ቁડ ൬

࢔ + ૚
૛ ൰ 

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie 

(࢔)ࣂ = න ૛࢟࢔ିࢋ
ஶ

ష࢞ࢋ
࢟ࢊ =

૚
࢔√

න ૛࢟࢔ିࢋ
ஶ

ష࢞ࢋ࢔√

࢟ࢊ =
√࣊
૛√࢔

 ൯࢞ିࢋ࢔√൫܋܎ܚ܍

ࡹ = න (࢔)ࣂ
ାஶ

ିஶ

࢞ࢊ࢞࢔ିࢋ =
√࣊
૛√࢔

න ൯࢞ିࢋ࢔√൫܋܎ܚ܍ ࢞࢔ିࢋ
ାஶ

ିஶ

࢞ࢊ
ᇩᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇫ

࢟ୀ√ࢋ࢔ష࢞

=
√࣊

૛࢔
ା૚࢔
૛
න ૚ି࢔࢞
ஶ

૙

 ࢞ࢊ(࢞)܋܎ܚ܍

ࡼ࡮ࡵ=
√࣊

૛࢔
ା૚࢔
૛
൜
૚
܋܎ܚ܍࢔

૛ൠି࢔࢞(࢞)
૙

ஶ

+
૚

࢔
ା૜࢔
૛
න ૛࢞ିࢋ࢔࢞
ஶ

૙

࢞ࢊ
ᇩᇭᇭᇭᇪᇭᇭᇭᇫ

࢞૛ୀ࢟

=
૚

૛࢔
ା૜࢔
૛
න ࢞

૚ି࢔
૛

ஶ

૙

࢞ࢊ࢞ିࢋ =
ડ ቀ࢔+ ૚

૛ ቁ

૛࢔
ା૜࢔
૛

 

 

736. Find: 

ષ = න൭෍ቆ
࢔࢞)࢔ࢊ (࢞܏ܗܔ

࢔࢞ࢊ ⋅
࢔࢞

!࢔ ⋅ ૛ቇ࢔
ஶ

ୀ૚࢔

൱
૚

૙

 ࢞ࢊ

Proposed by Abdul Hafeez Ayinde-Nigeria 

Solution by Avishek Mitra-West Bengal-India 

ષ = න෍൬
࢔ࢊ

࢔࢞ࢊ
࢔࢞) ܏ܗܔ ࢞) ⋅

࢔࢞

!࢔ ⋅ ૛൰࢔
ஶ

ୀ૚࢔

૚

૙

࢞ࢊ = න෍
૚
૛࢔ ൬࢔! ܏ܗܔ) ࢞ + (࢔ࡴ ⋅

࢔࢞

൰!࢔
ஶ

ୀ૚࢔

૚

૙

 ࢞ࢊ
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= ෍
૚
૛࢔

ஶ

ୀ૚࢔

න࢞࢔
૚

૙

܏ܗܔ ࢞ ࢞ࢊ + ෍
࢔ࡴ

૛࢔

ஶ

ୀ૚࢔

න࢞࢔
૚

૙

࢞ࢊ = ෍
૚

+࢔)૛࢔ ૚)૛

ஶ

ୀ૚࢔

+ ෍
࢔ࡴ

࢔)૛࢔ + ૚)

ஶ

ୀ૚࢔

 

= −෍
૚
૛࢔

ஶ

ୀ૚࢔

+ ૛෍൬
૚
࢔ −

૚
࢔ + ૚൰

ஶ

ୀ૚࢔

−෍
૚

࢔) + ૚)૛

ஶ

ୀ૚࢔

+ ෍
࢔ࡴ

૛࢔

ஶ

ୀ૚࢔

−෍൬
࢔ࡴ

࢔ −
࢔ࡴ

+࢔ ૚൰
ஶ

ୀ૚࢔

 

= (૛)ࣀ− + ૛ + ૚ −෍
૚
૛࢔

ஶ

ୀ૚࢔

+ ૛ࣀ(૜)− ൭෍
࢔ࡴ

࢔

ஶ

ୀ૚࢔

−෍
ା૚࢔ࡴ

+࢔ ૚

ஶ

ୀ૚࢔

+ ෍
૚

࢔) + ૚)૛

ஶ

ୀ૚࢔

൱ 

= ૜ − ૛ࣀ(૛) + ૛ࣀ(૜)− ൭૚+ ෍
૚
૛࢔ − ૚

ஶ

ୀ૚࢔

൱ = ૜ − ૜ ⋅
࣊૛

૟ + ૛ࣀ(૜) = ૜ −
࣊૛

૛ + ૛ࣀ(૜) 

 

737. Find without softs: 

ષ(࢔) = න ቆ
࢔࢞

ࢋ √࢞૝ ⋅ ൫√࢞૝ܖܑܛ ൯ቇ
ஶ

૙

࢔,࢞ࢊ ∈ ℕ	 

Proposed by Abdul Mukhtar-Nigeria 

Solution 1 by Kartick Chandra Betal-India 

ષ(࢔) = න
࢔࢞

ࢋ √࢞૝

ஶ

૙

൫√࢞૝ܖܑܛ ൯ ࢞ࢊ = ૝න ࢞૜ ⋅ ࢞૝࢔ ⋅ ࢞ିࢋ
ஶ

૙

ܖܑܛ  ࢞ࢊ࢞

= ૝	ࢍࢇ࢓ࡵ	න ࢞૝࢔ା૜
ஶ

૙

࢞ࢊ(࢏૚ି)࢞ିࢋ = ૝ ⋅ ቊ.ࢍࢇ࢓ࡵ
ડ(૝࢔+ ૝)
(૚ −  ା૝ቋ࢔૝(࢏

= ૝	ࢍࢇ࢓ࡵ. ቊ
ડ(૝࢔+ ૝)
(−૛࢏)૛࢔ା૛ቋ = ૝ ⋅

ડ(૝࢔+ ૝)
૛૛࢔ା૛ . ࢍࢇ࢓ࡵ ൜

૚
(−૚)࢔ା૚ൠ 

=
ડ(૝࢔+ ૝)

૛૛࢔
(−૚)࢔ା૚. .ࢍࢇ࢓ࡵ {૚} = ૙ 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

ષ(࢔) = න
࢔࢞

ࢋ √࢞૝

ାஶ

૙

൫√࢞૝ܖܑܛ ൯࢞ࢊ = න	࢓ࡵ (࢏૚ି)ିࢋ࢔࢞ √࢞૝
࢞ࢊ

ାஶ

૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢞ୀ࢟૝

= 
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= ૜࢓ࡵ	න ࢞૝࢔ା૜ିࢋ(૚ି࢏)࢞

ାஶ

૙

࢞ࢊ = ૜	࢓ࡵ
ડ(૝࢔ + ૝)
(૚ − ା૝࢔૝(࢏ = ૙ 

Solution 3 by Precious Itsuokor-Nigeria 

∫ ࢔࢞

ࢋ √࢞૝
ஶ
૙ ൫√࢞૝ܖܑܛ ൯ put √࢞૝ ࢞ࢊ = ࢛; 	࢞ = ࢛૝; ࢞ࢊ	 = ૝࢛૜࢛ࢊ 

⇒ ૝න
࢛૝࢔

࢛ࢋ

ஶ

૙

࢛ࢊ૜࢛(࢛)ܖܑܛ = ૝න ࢛૝࢔ା૜
ஶ

૙

࢛ିࢋ ࢛ࢊ(࢛)ܖܑܛ = ૝. ࢓ࡵ ൥න ࢛૝࢔ା૜࢛࢏ࢋ࢛ିࢋ
ஶ

૙

 ൩࢛ࢊ

= ૝ቌ࢓ࡵ ൥න ࢛૝࢔ା૜ିࢋ૚(૚ି࢏)࢛࢛ࢊ
ஶ

૙

൩ቍ 

Put (૚ − ࢛(࢏ = ࢚; 	࢛ = ࢚
૚ି࢏

; ࢛ࢊ	 = ࢚ࢊ
૚ି࢏

 

⇒ ૝	࢓ࡵ	 ൥
૚

(૚− ା૝න࢔૝(࢏ ࢚૝࢔ା૜
ஶ

૙

൩࢚ࢊ࢚ିࢋ = ૝	࢓ࡵ ቈ
ડ(૝࢔+ ૝)

(૚ − ࢔૝(࢏ + ૝቉ 

Since (૚ − ૝(࢏ = −૝ 

= ૝࢓ࡵቈ
ડ(૝࢔ + ૝)
(−૝)࢔ା૚ ቉ =

૝
૝࢔ା૚ ડ

(૝࢔+ ૝)࢓ࡵ ൤
૚

(−૚)࢔ା૚൨ = ૝ି࢔ડ(૝࢔+ ૝) ⋅ ૙ = ૙ 

Solution 4 by Ovwie Edafe-Nigeria 

ષ(࢔) = ∫ ࢔࢞ ܖܑܛ √࢞૝

ࢋ √࢞૝
ஶ
૙ ࢔,࢞ࢊ ∈ ℕ;	set ࢛ = √࢞૝ ; 	࢞ = ࢛૝; ࢞ࢊ	 = ૝࢛૜࢛ࢊ 

૝∫ ࢛૝࢔ା૜ஶ
૙ ܖܑܛ ࢛ܖܑܛ We know .࢛ࢊ࢛ିࢋ࢛ = ࢛࢏షࢋି࢛࢏ࢋ

૛࢏
 

૛
࢏
൥න ࢛૝࢔ା૜ିࢋ(૚ି࢏)࢛࢞ࢊ
ஶ

૙

−න ࢛૝࢔ା૜ିࢋ(૚ା࢏)࢛

ஶ

૙

 ൩࢛ࢊ

By Laplace transformation (ࢇ࢛)ࡸ = !ࢇ
శ૚ࢇ࢙

 and ૚
࢏

=  ࢏−

−૛࢏ ቈ
(૝࢔ + ૜)!

(૚ − ା૝࢔૝(࢏ −
(૝࢔+ ૜)!

(૚ +  ା૝቉࢔૝(࢏

We know (૚ − ૚)(࢏ + (࢏ = ૛ 

…….. 
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−૛࢏ ቈ
(૚ + ࢔ା૝(૝࢔૝(࢏ + ૜)!− {(૚ − +࢔ା૝(૝࢔૝(࢏ ૜)!}

(૚૟)࢔ା૚ ቉ 

−૛࢏ ቈ
(−૝)࢔ା૚(૝࢔ + ૜)!− {(−૝)࢔ା૚(૝࢔ + ૜)!}

(૚૟)࢔ା૚ ቉ 

−૛࢏ ൤
૙

(૚૟)࢔ା૚൨ 

૙ 

ષ(࢔) = න
࢔࢞ ܖܑܛ √࢞૝

૝࢞√ࢋ

ஶ

૙

࢔,࢞ࢊ ∈ ℕ = ૙ 

738. Find: 

ષ = න ൬
ܖܑܛ ࢞
࢞

൰࢞ࢊ
ஶ

૙

−නቆ
૚ିܖ܉ܜ)܋܍ܛ ࢞)

૚ + ࢞
ቇ

૚

૙

 ࢞ࢊ

Proposed by Precious Itsuokor-Nigeria 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = න
ܖܑܛ ࢞
࢞

ஶ

૙

࢞ࢊ −න
ܖ܉ܜ܋ܚ܉)܋܍ܛ ࢞)

૚ + ࢞

૚

૙

࢞ࢊ = න න (࢞)ܖܑܛ ࢟ࢊ࢟࢞ିࢋ
ஶ

૙

࢞ࢊ
ஶ

૙

− න
√૚ + ࢞૛

૚ + ࢞

૚

૙

࢞ࢊ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

࢞ୀ࢟ܖܑܛ

= 

= න
૚

૚ + ࢞૛

ஶ

૙

࢞ࢊ − න
૛ܐܛܗ܋ ࢞
૚ + ܐܖܑܛ ࢞

(૚)ܐܖܑܛ܏ܚ܉

૙

࢞ࢊ =
࣊
૛  ࡹ−

ࡹ = න
(࢞)૛ܐܛܗ܋
૚ + ࢞ܐܖܑܛ

(૚)ܐܖܑܛ܏ܚ܉

૙

࢞ࢊ
ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

࢞ୀ܏ܗܔ ࢟

=
૚
૛
න

(૚+ ࢞)૛

࢞૛(࢞૛ + ࢞− ૚)

૚ା√૛

૚

࢞ࢊ =
૚
૛
න ൬૚ −

૚
࢞૛

−
૛
࢞

+
ૡ

࢞૛ + ૛࢞− ૚
൰

૚ା√૛

૚

࢞ࢊ = 

=
૚
૛ ൬√૛ +

૚
૚ + √૛

− ૛ ൫૚ܖܔ + √૛൯൰ − ൜૛√૛ ൬ܐܖ܉ܜ܏ܚ܉
૚ + ࢞
√૛

൰ൠ
૚

૚ା√૛

 

= −൫૚ − √૛ + ൫૚ܖܔ + √૛൯ + ૛√૛ܐܖ܉ܜ܏ܚ܉൫૚ − √૛൯൯ 

∴ ષ =
࣊
૛ + ૚ − √૛ + ൫૚ܖܔ + √૛൯ + ૛√૛ܐܖ܉ܜ܏ܚ܉൫૚ − √૛൯ 
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Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador 

ષ = න
(࢞)ܖܑܛ
࢞

ஶ

૙

࢞ࢊ −න
[(࢞)૚ିܖ܉ܜ]܋܍ܛ

૚ + ࢞

૚

૙

࢞ࢊ = ࡸ ቊ
(࢞)ܖܑܛ
࢞ ቋቤ

ୀ૙࢏
− න

ඥ܋܍ܛ૛[ିܖ܉ܜ૚(࢞)]
૚ + ࢞

૚

૙

࢞ࢊ = 

= න {(࢞)ܖܑܛ}ࡸ
ஶ

૙

࢘ࢊ −න
ඥ૚ + [(࢞)૚ିܖ܉ܜ]૛ܖ܉ܜ

૚ + ࢞

૚

૙

 ࢞ࢊ

= න
࢘ࢊ

૚ + ࢘૛

ஶ

૙

−න
√૚ + ࢞૛

૚ + ࢞

૚

૙

࢞ࢊ = ૙ஶ[(࢘)૚ିܖ܉ܜ] − න
૚ + ࢞૛

(૚ + ࢞)√૚+ ࢞૛

૚

૙

࢞ࢊ = 

=
࣊
૛ −න

૚ + ૛࢞ + ࢞૛ − ૛࢞
(૚ + ࢞)√૚ + ࢞૛

૚

૙

࢞ࢊ =
࣊
૛ −න

(૚ + ࢞)૛ − ૛࢞
(૚ + ࢞)√૚ + ࢞૛

૚

૙

 ࢞ࢊ

=
࣊
૛ − න ቈ

૚ + ࢞
√૚ + ࢞૛

− ૛
࢞ + ૚ − ૚

(૚ + ࢞)√૚ + ࢞૛
቉

૚

૙

࢞ࢊ = 

=
࣊
૛ − නቈ

૚ + ࢞
√૚ + ࢞૛

−
૛

√૚ + ࢞૛
+

૛
(૚ + ࢞)√૚ + ࢞૛

቉
૚

૙

 ࢞ࢊ

=
࣊
૛ − නቈ

࢞
√૚ + ࢞૛

−
૚

√૚ + ࢞૛
+

૛
(૚ + ࢞)√૚ + ࢞૛

቉
૚

૙

 ࢞ࢊ

=
࣊
૛ −

ቂඥ૚ + ࢞૛ቃ
૙

૚
+ නቊ

૚
ඥ૚ + (ࣂ)૛ܖ܉ܜ

−
૛

[૚ + ඥ૚[(ࣂ)ܖ܉ܜ + (ࣂ)૛ܖ܉ܜ
ቋ

࣊
૝

૙

ࣂࢊ(ࣂ)૛܋܍ܛ = 

= ૚ +
࣊
૛ − √૛ + න ቈ(ࣂ)܋܍ܛ−

૛(ࣂ)܋܍ܛ
૚ + ቉(ࣂ)ܖ܉ܜ

࣊
૝

૙

 ࣂࢊ

= ૚ +
࣊
૛ − √૛ + ൤(ࣂ)܋܍ܛ|ܖܔ + |(ࣂ)ܖ܉ܜ − ૛න

ࣂࢊ
(ࣂ)ܛܗ܋ + ൨૙(ࣂ)ܖܑܛ

࣊
૝

= 

= ૚ +
࣊
૛ − √૛ + ൫√૛ܖܔ + ૚൯ − √૛න

ࣂࢊ

ܛܗ܋ (ࣂ)
√૛

+ ܖܑܛ (ࣂ)
√૛

࣊
૝

૙
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= ૚ +
࣊
૛ − √૛ + ൫√૛ܖܔ + ૚൯ − √૛න

ࣂࢊ

ܛܗ܋ ቀࣂ − ࣊
૝ቁ

࣊
૝

૙

= 

= ૚ +
࣊
૛ − √૛ + ൫√૛ܖܔ + ૚൯ − √૛ ቂܖܔ ቚ܋܍ܛ ቀࣂ −

࣊
૝
ቁ + ܖ܉ܜ ቀࣂ −

࣊
૝
ቁቚቃ

૙

࣊
૝

 

= ૚ +
࣊
૛ − √૛ + ൫√૛ܖܔ + ૚൯ + √૛ ൫√૛ܖܔ − ૚൯ = 

= ૚ +
࣊
૛ − √૛ + ൫√૛ܖܔ + ૚൯ − √૛ ൫√૛ܖܔ + ૚൯ = ૚ +

࣊
૛ − √૛ − ൫√૛ − ૚൯ ൫√૛ܖܔ + ૚൯ 

 

739. Find without softs: 

ષ = න ቆ
࢞ + ܖܑܛ)ܖ܉ܜ ࢞)
૛ + ࢞ܛܗ܋

ቇ
૛࣊

૙

 ࢞ࢊ

Proposed by Florică Anastase-Romania 

Solution 1 by Hemn Hsain-Iraq 

ࡵ = න
࢞ + ܖܑܛ)ܖ܉ܜ ࢞)
૛ + ܛܗ܋ ࢞

૛࣊

૙

,࢞ࢊ ࡵ = න
(૛࣊ − ࢞) + ૛࣊)ܖܑܛ)ܖ܉ܜ − ࢞))

૛ + ૛࣊)ܛܗ܋ − ࢞)

૛࣊

૙

 ࢞ࢊ

ࡵ = න
(૛࣊ − ࢞) − ܖܑܛ)ܖ܉ܜ ࢞)

૛ + ܛܗ܋ ࢞

૛࣊

૙

,࢞ࢊ ૛ࡵ = න
૛࣊

૛ + ܛܗ܋ ࢞

૛࣊

૙

 ࢞ࢊ

ࡵ = න
࣊

૛ + ܛܗ܋ ࢞

૛࣊

૙

࢞ࢊ ⇒ ࣂࢊ =
ࢠࢊ
ࢠ࢏ , ܛܗ܋ ࢞ =

ࢠ + ૚ିࢠ

૛  

ࡵ = ර
ࢠࢊ࣊
ࢠ࢏

૛ + ૛ࢠ + ૚
૛ࢠ

=
૛࣊
࢏ ර

ࢠࢊ
૛ࢠ + ࢠ࢛ + ૚ , ࡵ = ૛࣊࢏	࢙ࢋࡾ	 ൬

૚
૛ࢠ + ࢠ࢛ + ૚ ,−૛ + √૜൰ 

ࡵ =
૛࣊
࢏
൭૛࣊࢏൬

૚
૛√૜

൰൱ =
૛࣊૛

√૜
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Solution 2 by Samir HajAli-Damascus-Syria 

ષ = න
࢞ + ܖܑܛ)ܖ܉ܜ ࢞)
૛+ ܛܗ܋ ࢞

૛࣊

૙

࢞ࢊ = න
૛࣊− ࢞ + ૛࣊)ܖܑܛ)ܖ܉ܜ − ࢞))

૛ + ૛࣊)ܛܗ܋ − ࢞)

૛࣊

૙

 ࢞ࢊ

= න
૛࣊ − ࢞ − ܖܑܛ)ܖ܉ܜ ࢞)

૛ + ܛܗ܋ ࢞

૛࣊

૙

࢞ࢊ ⇒ ૛ષ = න
૛࣊

૛ + ܛܗ܋ ࢞

૛࣊

૙

࢞ࢊ ⇒ ષ = න
࣊

૛ + ܛܗ܋ ࢞

૛࣊

૙

 ࢞ࢊ

= ࣊න
૚

૚ + (૚ + ܛܗ܋ ࢞)

૛࣊

૙

࢞ࢊ = ࣊න
૚

૚ + ૛ܖܑܛ૛ ࢞૛

૛࣊

૙

࢞ࢊ = ࣊න
࢞ࢊ

૜ ૛ܖܑܛ ࢞૛ + ૛ܛܗ܋ ࢞૛

૛࣊

૙

 

= ࣊න

૛࢞ࢊ
૛ ૛ܛܗ܋ ࢞૛

૜ ૛ܖ܉ܜ ࢞૛ + ૚

૛࣊

૙

= ࣊ ×
૛
√૜

቎ିܖ܉ܜ૚ቌ
૛࢞ܖ܉ܜ
√૜

ቍ቏

૙

૛࣊

=
૛
√૜

࣊૛ 

 

740. Evaluate: 

න
૛(૚ + ࢞૛) + (૚ − ࢞)(૚ + ૜࢞ − ࢞૛ + ࢞૜) ૚)ܖܔ + ࢞૛)

(૚ + ࢞૛)૛

૚

૙

 ࢞ࢊ࢞ࢋ

Proposed by Kunihiko Chikaya-Tokyo-Japan 

Solution by Ruangkhaw Chaoka-Chiangrai-Thailand 

ࡷ = න
૛(૚ + ࢞૛) + (૚ − ࢞)(૚ + ૜࢞ − ࢞૛ + ࢞૜) ૚)ܖܔ + ࢞૛)

(૚+ ࢞૛)૛

૚

૙

 ࢞ࢊ࢞ࢋ

ࡵ = න
૛(૚+ ࢞૛) + (૚ − ࢞)(૚ + ૜࢞ − ࢞૛ + ࢞૜) ૚)ܖܔ + ࢞૛)

(૚ + ࢞૛)૛ ࢞ࢊ࢞ࢋ =? ? 

ቊ
ᇱ(࢞ࢋ(࢞)ࢌ) = ൫ࢌ(࢞) + (૚)						࢞ࢋᇱ(࢞)൯ࢌ

ᇱ(࢞ࢋ(࢞)ࢎ(࢞)ࢍ) = ൣ൫ࢍ(࢞) + (࢞)ࢎᇱ(࢞)൯ࢍ + (૛)					࢞ࢋᇱ(࢞)൧ࢎ(࢞)ࢍ
(࢞)ࢎ; = ૚)ܖܔ + ࢞૛) ⇒ 

⇒ (࢞)ᇱࢎ =
૛࢞

૚ + ࢞૛ 

(࢞)ࢍ + (࢞)ᇱࢍ =
(૚ − ࢞)(૚ + ૜࢞ − ࢞૛ + ࢞૜)

(૚ + ࢞૛)૛ =
(૚ − ࢞)[(૚ + ࢞૛)(࢞ − ૚) + ૛(࢞ + ૚)]

(૚ + ࢞૛)૛ = 
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=
−(࢞ − ૚)૛

૚ + ࢞૛ −
૛(࢞૛ − ૚)
(૚ + ࢞૛)૛ =

−(࢞ − ૚)૛

૚ + ࢞૛ − ቆ
(࢞− ૚)૛

૚ + ࢞૛ ቇ
ᇱ

⇒ (࢞)ࢍ =
−(࢞ − ૚)૛

૚ + ࢞૛  

ᇱ(࢞ࢋ(࢞)ࢎ(࢞)ࢍ) ;(2) = (૚ି࢞)൫૚ା૜࢞ି࢞૛ା࢞૜൯ ൫૚ା࢞૛൯ି૛࢞(࢞ି૚)૛ܖܔ

൫૚ା࢞૛൯૛
 ࢞ࢋ

ࡵ = න
(૚ − ࢞)(૚ + ૜࢞ − ࢞૛ + ࢞૜) ૚)ܖܔ + ࢞૛) − ૛࢞(࢞ − ૚)૛

(૚ + ࢞૛)૛ ࢞ࢊ࢞ࢋ + 

+න
૛ + ૛࢞ − ૛࢞૛ + ૛࢞૜

(૚ + ࢞૛)૛  ࢞ࢊ࢞ࢋ

൫ࢌ(࢞) + ᇱ(࢞)൯ࢌ =
૛ + ૛࢞ − ૛࢞૛ + ૛࢞૜

(૚ + ࢞૛)૛ =
૛࢞(૚ + ࢞૛)− ૛(࢞૛ − ૚)

(૚ + ࢞૛)૛ =
૛࢞

૚ + ࢞૛ −
૛(࢞૛ − ૚)
(૚ + ࢞૛)૛  

=
૛࢞

૚ + ࢞૛ + ൬
૛࢞

૚ + ࢞૛൰
ᇱ

⇒ (࢞)ࢌ =
૛࢞

૚ + ࢞૛ 

ᇱ(࢞ࢋ(࢞)ࢌ) ;(1) = ૛ା૛࢞ି૛࢞૛ା૛࢞૜

൫૚ା࢞૛൯
૛  ࢞ࢋ

∴ ࡵ =
૛࢞

૚ + ࢞૛ ࢋ
࢞ −

(࢞ − ૚)૛

૚ + ࢞૛ ૚)ܖܔ + ࢞૛)࢞ࢋ + ࡯ ⇔∴ ࡷ =  ࢋ

 

741. Prove without softs: 

නቌିࢋ
࢞૛
࣊૛ ⋅ ඨ૚+

࢞૜

࣊૜ቍ
࣊

૙

࢞ࢊ <  ߨ

Proposed by Kunihiko Chikaya-Tokyo-Japan 

Solution 1 by Adrian Popa-Romania 

࢟ = නିࢋ
࢞૛

࣊૛

࣊

૙

ඨ૚ +
࢞૜

࣊૜ ࢞ࢊ < ;ߨ 	
࢞
࣊ = ࢚ ⇒ ቄ࢞ = ૙ ⇒ ࢚ = ૙

࢞ = ࣊ ⇒ ࢚ = ૚ ; ࢞ࢊ	 =  ࢚ࢊ࣊

࢟ = ࣊න࢚ିࢋ૛
૚

૙

ඥ૚ + ࢚૜࢚ࢊ < ߨ ⇔ න࢚ିࢋ૛ඥ૚ + ࢚૜
૚

૙

࢚ࢊ < 1 ⇔ 

⇔ න
√૚+ ࢚૜

૛࢚ࢋ

૚

૙

࢚ࢊ < 1

૛࢚ࢋ > ࢚૛ + ૚ ⎭
⎬

⎫
⇒ න

√૚ + ࢚૜

૛࢚ࢋ

૚

૙

࢚ࢊ < න
√૚ + ࢚૜

૚ + ࢚૛

૚

૙

࢚ࢊ <
?
૚ 
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⇔
√૚ + ࢚૜

૚ + ࢚૛ ≤ ૚		(∀)࢚ ∈ (૙,૚) 

ඥ૚ + ࢚૜ < 1 + ࢚૛ ⇔ ૚ + ࢚૜ < 1 + 2࢚૛ + ࢚૝|: ࢚૛ 

࢚ < 2 + 2࢚૛ ⇔ ࢚૛ − ࢚ + ૛ > 0
ઢ = ૚ − ૡ < 0

ൠ ⇒ ࢚૛ − ࢚ + ૛ > 0 (true) ⇒ ࢟ <  ߨ

Solution 2 by Avishek Mitra-West Bengal-India 

ષ = නିࢋ
࢞૛

࣊૛

࣊

૙

ඨ૚ +
࢞૜

࣊૜  ࢞ࢊ

⇔ නିࢋ
࢞૛
࣊૛

࣊

૙

ඨ૚ +
࢞૜

࣊૜ ࢞ࢊ ≤
࢘ࢋࢊ࢒࢕ࡴ

ඩනିࢋ
૛࢞૛
࣊૛ ࢞ࢊ

࣊

૙

⋅ න ቆ૚ +
࢞૜

࣊૜ቇ
࣊

૙

 ࢞ࢊ

⇒ ષ ≤ ඩቆ࣊+
૚
࣊૜ ⋅

࣊૝

૝ ቇන ିࢋ
૛࢞૛
࣊૛

࣊

૙

࢞ࢊ ⇒ ષ ≤ ඩ
૞࣊
૝ ⋅

࣊
√૛

න ૛࢛ିࢋ
࣊

૙

 	࢛ࢊ

ቈ∵
૛࢞૛

࣊૛ = ࢛૛ ⇒
૛
࣊૛ ⋅ ૛࢞	࢞ࢊ = ૛࢛	࢛ࢊ ⇒

૛
࣊૛ ⋅

࣊
√૛

࢞ࢊ	࢛ = ࢛ࢊ	࢛ ⇒ ࢞ࢊ =
࣊
√૛

 ቉࢛ࢊ

⇒ ષ ≤ ඨ૞࣊
૝ ⋅

࣊
√૛

⋅
√࣊
૛ ⋅ (࣊)܎ܚ܍ 		൥∵ (ࢠ)܎ܚ܍ =

૛
√࣊

⋅ න࢚ିࢋ૛
ࢠ

૙

 ൩࢚ࢊ

⇒ ષ ≤ ࣊ඨ
૞√࣊
ૡ√૛

⋅ (࣊)܎ܚ܍ ⇔ (࣊)܎ܚ܍ < 1	[∵ ૙ ≤ (࢞)܎ܚ܍ ≤ ૚ ⇔ ૙ ≤ ࢞ ≤ ∞]	 

⇒
૞√࣊
ૡ√૛

(࣊)܎ܚ܍ <
૞√࣊
ૡ√૛

⇒ ඨ ૡ√૛
૞√࣊ ⋅ (࣊)܎ܚ܍

> ඨૡ√૛
૞√࣊

> 1 

⇔ ቎࢚ࢋ࢒	ඨ
ૡ√૛

૞√࣊ ⋅ (࣊)܎ܚ܍
= ࢖ ⇔ ࢖ > 1቏ ⇔ ࢖ ⋅ ષ ≤ ࣊, ∵ ࢖ > 1 ⇔ ષ <  ߨ

Solution 3 by Ravi Prakash-New Delhi-India 

ࡵ = නିࢋ
࢞૛
࣊૛

࣊

૙

ඨ૚ + ቀ
࢞
࣊
ቁ
૜
࢞ࢊ <  ߨ
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Put ࢞
࣊

= ࢚ 

ࡵ = න࢚ିࢋ૛
૚

૙

ඥ૚ + ࢚૜࢚࣊ࢊ 

For ૙ < ݐ < ૛࢚ࢋ,1 > 1 + ࢚૛ > 1 + ࢚૜ > √૚ + ࢚૜ ⇒ ૛√૚࢚ିࢋ + ࢚૜ < 1 for ૙ < 1 < 1 

⇒ ࡵ = ࣊න ૛ඥ૚࢚ିࢋ + ࢚૜
૚

૙

࢚ࢊ < ࢚ࢊනߨ
૚

૙

= ࣊ 

 

742. Prove without softs: 

ቮන൫√࢞ ⋅ ࢞ࢊ൯(࢞࣊)ܖܑܛ
૛

૙

ቮ < න൫ห√࢞ + ૚ − √࢞ห ⋅ ࢞ࢊ൯(࢞࣊)ܖܑܛ
૚

૙

 

Proposed by Daniel Sitaru – Romania  

Solution by Adrian Popa – Romania  

ቮන√࢞ (࢞࣊)ܖܑܛ
૛

૙

ቮ࢞ࢊ < න൫ห√࢞ + ૚ − √࢞ห ൯(࢞࣊)ܖܑܛ
૚

૙

 ࢞ࢊ

ቚ∫ √࢞ ૛࢞ࢊ(࢞࣊)ܖܑܛ
૙ ቚ = ቮ∫ ࢞ࢊ(࢞࣊)ܖܑܛ࢞√ + ∫ ૛࢞ࢊ(࢞࣊)ܖܑܛ࢞√

૚ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢟

૚
૙ ቮ   (1) 

࢞ − ૚ = ࢚ ⇒ ࢞ = ࢚ + ૚
࢞ࢊ = ࢚ࢊ

࢞ = ૚ ⇒ ࢚ = ૙
࢞ = ૛ ⇒ ࢚ = ૚

ቑ ⇒
࢟ = න√࢚ + ૚

૚

૙

࢚)൫࣊ܖܑܛ + ૚)൯࢚ࢊ

࢚࣊)ܖܑܛ + ࣊) = ࢚࣊ܖܑܛ ܛܗ܋ ࣊ᇣᇤᇥ
ି૚

+ ᇣᇤᇥ࣊ܖܑܛ
૙

(࢚࣊)ܛܗ܋ = ܖܑܛ− ࢚࣊
⎭
⎪
⎬

⎪
⎫

⇒ 

⇒ ࢟ = න−√࢚ + ૚
૚

૙

࢟	࢘࢕	࢚ࢊ(࢚࣊)ܖܑܛ = −න√࢞ + ૚
૚

૙

ܖܑܛ  ࢞ࢊ࢞࣊

(1)⇒ ቚ∫ √࢞ ૛(࢞࣊)ܖܑܛ
૙ ቚ࢞ࢊ = ቚ∫ √࢞ ૚࢞ࢊ(࢞࣊)ܖܑܛ

૙ − ∫ √࢞ + ૚૚
૙ ቚ࢞ࢊ(࢞࣊)ܖܑܛ = 

= ቮන൫√࢞ − √࢞ + ૚ ܖܑܛ ࣊࢞ ൯࢞ࢊ
૚

૙

ቮ ≤ නห൫√࢞ − √࢞ + ૚൯ܖܑܛ(࣊࢞)ห
૚

૙

࢞ࢊ = 
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= නห√࢞ + ૚ − √࢞ห
૚

૙

⋅ ࢞ࢊ|(࢞࣊)ܖܑܛ|

࢞ ∈ [૙; ૚] ⇒ ࣊࢞ ∈ [૙,࣊] ⇒ (࢞࣊)ܖܑܛ > 0 ⇒ |(࢞࣊)ܖܑܛ| = ܖܑܛ ࣊࢞⎭
⎬

⎫
⇒ 

⇒ ቮන√࢞ ࢞ࢊ(࢞࣊)ܖܑܛ
૛

૙

ቮ < නห√࢞ + ૚ − √࢞ห
૚

૙

࢞࣊ܖܑܛ  ࢞ࢊ

 

743. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

න൬
ܖ܉ܜ ࢞
࢞ܛܗ܋࢞

൰
࢈

ࢇ

࢞ࢊ ≥ ܏ܗܔ ൬
૚ + ܖ܉ܜ ࢈
૚ + ࢇܖ܉ܜ

൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ܖ܉ܜ ࢞ > ݔ ∴ න
࢞ࢊ࢞ܖ܉ܜ
࢞ ܛܗ܋ ࢞

࢈

ࢇ

> න܋܍ܛ ࢞
࢈

ࢇ

 ࢞ࢊ

(∴ ࢞, ܛܗ܋ ࢞ > 0) = ܏ܗܔ ൬
܋܍ܛ +࢈ ࢈ܖ܉ܜ
܋܍ܛ +ࢇ ൰ࢇܖ܉ܜ ≥

?
܏ܗܔ ൬

૚ + ࢈ܖ܉ܜ
૚ +  ൰ࢇܖ܉ܜ

⇔
܋܍ܛ +࢈ ࢈ܖ܉ܜ
܋܍ܛ +ࢇ ࢇܖ܉ܜ ≥

? ૚ + ࢈ܖ܉ܜ
૚ + 	ࢇܖ܉ܜ

(∵ (ࣂ)ࢌ = ܏ܗܔ ࣂ ࢙࢏ ↑ ࣂ∀ ∈ ℝ) 

⇔ ࢈܋܍ܛ + +࢈ܖ܉ܜ ࢇܖ܉ܜ ܋܍ܛ ࢈ ≥
?
܋܍ܛ +ࢇ ࢇܖ܉ܜ + ࢈ܖ܉ܜ  ࢇ܋܍ܛ

⇔ ࢈ܖ܉ܜ ࢈܋܍ܛ) − ܋܍ܛ (ࢇ + ࢇܖ܉ܜ ࢈܋܍ܛ) − ܋܍ܛ (ࢇ ≥
?
૙ 

⇔ ࢈܋܍ܛ − ܋܍ܛ ࢇ ≥
?
૙		(∵ +ࢇܖ܉ܜ ࢈ܖ܉ܜ > 0) 

⇔ ૚
ܛܗ܋ ࢈

≥
? ૚
ࢇܛܗ܋

⇔ ࢇܛܗ܋ ≥
?
࢈ܛܗ܋ → true ∵ ૙ < ܽ ≤ ܾ < ࣊

૛
 

∴ න
࢞ࢊ࢞ܖ܉ܜ
࢞ ܛܗ܋ ࢞

࢈

ࢇ

≥ ܏ܗܔ ൬
૚ + ࢈ܖ܉ܜ
૚ +  ൰ࢇܖ܉ܜ

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

∴ (࢞)ࢌ = ܖܑܛ ࢞ + ܖܑܛ ࢞ ࢞ܖ܉ܜ − (࢞)ᇱࢌ;࢞ = ܛܗ܋ ࢞ + ܖܑܛ ࢞ +
ܖܑܛ ࢞
૛ܛܗ܋ ࢞ − ૚ = 
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= √૛ ܛܗ܋ ቀ
࣊
૝ − ࢞ቁ +

ܖܑܛ ࢞
૛ܛܗ܋ ࢞ − ૚ > 0,݂(૙) = ૙,ࢌ(࢞) ↗ ∀࢞ ∈ ቃ૙,

࣊
૛
ቂ ⇒

ܖܑܛ ࢞
࢞ ≥

૚
૚ +  ࢞ܖ܉ܜ

∴ න
࢞ܖ܉ܜ
࢞ ܛܗ܋ ࢞

࢈

ࢇ

࢞ࢊ = න
ܖܑܛ ࢞

࢞ ૛ܛܗ܋ ࢞

࢈

ࢇ

࢞ࢊ ≥ න
ܖ܉ܜ)ࢊ ࢞)
૚ + ܖ܉ܜ ࢞

࢈

ࢇ

= ܏ܗܔ ൬
૚ + ࢈ܖ܉ܜ
૚ +  ൰ࢇܖ܉ܜ

 

744. Prove without softs: 

න൬
૚

ܖܑܛ) ܖܑܛ(࢞ ࢞ +
૚

ܛܗ܋) ൰࢞ܛܗ܋(࢞

࣊
૝

࣊
૟

࢞ࢊ <
࣊
૜
−
√૜ − ૚
૛

 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan 

Solution by Tran Hong-Dong Thap-Vietnam 

⇔
૚

ܖܑܛ) ࢞ܖܑܛ(࢞ = ܋ܛ܋) ࢞ܖܑܛ(࢞ = ൫૚ + ܋ܛ܋) ࢞ − ૚)൯
ܖܑܛ ࢞

≤
࢏࢒࢒࢛࢕࢔࢘ࢋ࡮

૚ + ܖܑܛ ࢞ ܋ܛ܋) ࢞ − ૚) 

= ૚ + ૚ − ܖܑܛ ࢞ = ૛ − ܖܑܛ ࢞ 

⇔
૚

܋ܛ܋) ܛܗ܋(࢞ ࢞ = ܛܗ܋(࢞܋܍ܛ) ࢞ = ൫૚ + ࢞܋܍ܛ) − ૚)൯
ܛܗ܋ ࢞

≤
࢏࢒࢒࢛࢕࢔࢘ࢋ࡮

૚ + ࢞܋܍ܛ)ܛܗ܋ − ૚) 

= ૚ + ૚ − ࢞ܛܗ܋ = ૛ −  ࢞ܛܗ܋

⇔
૚

ܖܑܛ) ܖܑܛ(࢞ ࢞ +
૚

ܛܗ܋) ܛܗ܋(࢞ ࢞ ≤ ૝ − ܖܑܛ) ࢞ + ܛܗ܋ ࢞) 

⇒ න൬
૚

ܖܑܛ) ࢞ܖܑܛ(࢞ +
૚

ܛܗ܋) ܛܗ܋(࢞ ࢞൰

࣊
૝

࣊
૟

࢞ࢊ ≤ න൫૝ − ܖܑܛ) ࢞ + ܛܗ܋ ࢞)൯

࣊
૝

࣊
૟

 ࢞ࢊ

= ૝ቀ
࣊
૝ −

࣊
૟
ቁ + ቀܛܗ܋

࣊
૝ − ܛܗ܋

࣊
૟
ቁ − ቀܖܑܛ

࣊
૝ − ܖܑܛ

࣊
૟
ቁ 

= ૝ ⋅
૜࣊ − ૛࣊

૚૛ + ቆ
૚
√૛

−
√૜
૛ ቇ− ൬

૚
√૛

−
૚
૛൰ =

࣊
૜ +

૚
૛ −

√૜
૛ =

࣊
૜ −

√૜ − ૚
૛  
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745. If ૙ < ܽ ≤ ܾ < 2࣊ then: 

૚
૟(࢈− ૛නනනቌ(ࢇ

ܖܑܛ ቀ࢞ + ࢟
૛ ቁ ܖܑܛ ቀ࢟+ ࢠ

૛ ቁܖܑܛ ቀࢠ+ ࢞
૛ ቁ

૛࢞ܖܑܛ ܖܑܛ
࢟
૛ ܖܑܛ

ࢠ
૛ ܖܑܛ ቀ

࢞ + ࢟ + ࢠ
૛ ቁ

+ ൬ܜܗ܋
࢞ + ࢟ + ࢠ

૛
൰ቍ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≤ ܏ܗܔ ቮ
࢈

૛ ૛ࢇܖܑܛ
ቮ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mokhtar Kassani-Mostaganem-Algerie 

නනනቌ
ܖܑܛ ቀ࢞ + ࢟

૛ ቁ ܖܑܛ ቀ࢞ + ࢟
૛ ቁ ܖܑܛ ቀ࢞ + ࢟

૛ ቁ

ܖܑܛ ቀ࢞૛ቁ ܖܑܛ ቀ
࢟
૛ቁܖܑܛ ቀ

ࢠ
૛ቁ ܖܑܛ ቀ

࢞ + ࢟ + ࢠ
૛ ቁ

+ ܜܗ܋ ൬
࢞ + ࢟ + ࢠ

૛ ൰ቍ ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= 

= නනනቀܜܗ܋ ቀ
࢞
૛
ቁ + ܜܗ܋ ቀ

࢟
૛
ቁ + ܜܗ܋ ቀ

ࢠ
૛
ቁቁ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= නනቌ૛ ܏ܗܔ ቮ
ܖܑܛ ቀ࢈૛ቁ

ܖܑܛ ቀࢇ૛ቁ
ቮ + −࢈) (ࢇ ܜܗ܋ ቀ

࢟
૛
ቁ + ࢈) − (ࢇ ܜܗ܋ ቀ

ࢠ
૛
ቁቍ࢟ࢊ

࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= නቌ૛(࢈ − (ࢇ ܏ܗܔ ቮ
ܖܑܛ ቀ࢈૛ቁ

ܖܑܛ ቀࢇ૛ቁ
ቮ + ૛(࢈ − (ࢇ ܏ܗܔ ቮ

ܖܑܛ ቀ࢈૛ቁ

ܖܑܛ ቀࢇ૛ቁ
ቮ + ࢈) − ૛(ࢇ ܜܗ܋ ቀ

ࢠ
૛
ቁቍ

࢈

ࢇ

 ࢟ࢊ

= ૟(࢈ − ૛(ࢇ ܏ܗܔ ቮ
ܖܑܛ ቀ࢈૛ቁ

ܖܑܛ ቀࢇ૛ቁ
ቮ ≤ ૟(࢈ − ૛(ࢇ ܏ܗܔ ቮ

࢈

૛ ܖܑܛ ቀࢇ૛ቁ
ቮ 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

With ૙ < ,ݔ ,ݕ ݖ < 2࣊ 

Let ષ(࢞,࢟, (ࢠ =
ቀ࢞శ࢟૛ܖܑܛ ቁ ૛ࢠቀ࢟శܖܑܛ ቁ ૛ࢠቀ࢞శܖܑܛ ቁ

૛࢞ܖܑܛ ܖܑܛ
࢟
૛ ܖܑܛ

ࢠ
૛ ܖܑܛ

࢞శ࢟శࢠ
૛

+ ܜܗ܋ ࢞ା࢟ାࢠ
૛

=
ቀ࢞శ࢟૛ܖܑܛ ቁାܖܑܛቀ࢟శࢠ૛ ቁାܖܑܛቀ࢞శࢠ૛ ቁ

૛࢞ܖܑܛ ܖܑܛ
࢟
૛ ܖܑܛ

ࢠ
૛ ܖܑܛ

࢞శ࢟శࢠ
૛

+ 

 

+
࢞ܛܗ܋ + ࢟ + ࢠ

૛
ܖܑܛ ࢞ + ࢟ + ࢠ

૛
=
ܖܑܛ ቀ࢞ + ࢟

૛ ቁ ܖܑܛ ቀ࢟ + ࢠ
૛ ቁ ܖܑܛ ቀ࢞+ ࢠ

૛ ቁ+ ܛܗ܋ ቀ࢞ + ࢟ + ࢠ
૛ ቁ ⋅ ܖܑܛ ࢞૛ ܖܑܛ

࢟
૛ ܖܑܛ

ࢠ
૛

ܖܑܛ ࢞૛ ܖܑܛ
࢟
૛ ܖܑܛ

ࢠ
૛ ܖܑܛ

࢞ + ࢟ + ࢠ
૛

= 

 

=
ቀܖܑܛ ࢞ + ࢟ + ࢠ

૛ ቁቀܖܑܛ ࢟૛ ܖܑܛ
ࢠ
૛ ܛܗ܋

࢞
૛ + ܖܑܛ ࢞૛ ܖܑܛ

ࢠ
૛ܛܗ܋

࢟
૛ + ܖܑܛ ࢞૛ ܖܑܛ

࢟
૛ ܛܗ܋

ࢠ
૛ቁ

ܖܑܛ ࢞૛ ܖܑܛ
࢟
૛ܖܑܛ

ࢠ
૛ ܖܑܛ

࢞ + ࢟ + ࢠ
૛
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=
ܛܗ܋ ࢞૛
ܖܑܛ ࢞૛

+
ܛܗ܋ ࢟૛
ܖܑܛ ࢟૛

+
ܛܗ܋ ૛ࢠ
ܖܑܛ ૛ࢠ

→
૚

૟(࢈ − ,࢟,࢞)૛නනනષ(ࢇ (ࢠ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

 ࢠࢊ

=
૚

૟(࢈− ૛නනනቌ(ࢇ
૛࢞ܛܗ܋
ܖܑܛ ࢞૛

+
ܛܗ܋ ࢟૛
ܖܑܛ ࢟૛

+
ܛܗ܋ ૛ࢠ
ܖܑܛ ૛ࢠ

ቍ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= ࣓ 

නනනቌ
ܛܗ܋ ࢞૛
ܖܑܛ ࢞૛

ቍ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ = ቌනන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ቍቌන
ܛܗ܋ ૛ࢠ
ܖܑܛ ૛ࢠ

࢈

ࢇ

ቍࢠࢊ = 

= ૛(࢈− ૛(ࢇ ൬ܖܔ ܖܑܛ
࢈
૛ − ܖܑܛܖܔ

ࢇ
૛൰ = ૛(࢈ − ૛(ࢇ ቌܖܔ

ܖܑܛ ૛࢈
ܖܑܛ ૛ࢇ

ቍ 

නනනቌ
૛࢟ܛܗ܋
ܖܑܛ ࢟૛

ቍ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ = ቌනන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ቍቌන
ܛܗ܋ ࢟૛
ܖܑܛ ࢟૛

࢈

ࢇ

ቍ࢟ࢊ = 

= ૛(࢈− ૛(ࢇ ൬ܖܔ ܖܑܛ
࢈
૛ − ܖܑܛܖܔ

ࢇ
૛൰ = ૛(࢈ − ૛(ࢇ ቌܖܔ

ܖܑܛ ૛࢈
ܖܑܛ ૛ࢇ

ቍ 

නනනቌ
ܛܗ܋ ࢞૛
ܖܑܛ ࢞૛

ቍ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

= ቌනන࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

ቍቌන
ܛܗ܋ ࢞૛
ܖܑܛ ࢞૛

࢈

ࢇ

ቍ࢞ࢊ = 

= ૛(࢈− ૛(ࢇ ൬ܖܔ ܖܑܛ
࢈
૛ − ܖܑܛܖܔ

ࢇ
૛൰ = ૛(࢈ − ૛(ࢇ ቌܖܔ

ܖܑܛ ૛࢈
ܖܑܛ ૛ࢇ

ቍ 

→ ࣓ = ܖܔ
ܖܑܛ ૛࢈
ܖܑܛ ૛ࢇ

≤
૛ஸ࢈ܖܑܛ

࢈
૛;࢈வ଴

ܖܔ
࢈
૛

૛ࢇܖܑܛ
= ܖܔ

࢈

૛ ܖܑܛ ૛ࢇ
 

746. Prove without softs: 

නනනቆ
(࢞࣊)࢔࢏࢙ + (࢟࣊)࢔࢏࢙ + (ࢠ࣊)࢔࢏࢙

࢞ + ࢟ + ࢠ ቇ

૚
૝

૙

૚
૝

૙

૚
૝

૙

ࢠࢊ࢟ࢊ࢞ࢊ >
√૛
૜૛ 

Proposed by Jalil Hajimir-Canada 
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Solution by Daniel Sitaru-Romania 

࢞,࢟, ࢠ ∈ ൤૙,
૚
૝൨ → ࢠ࣊,࢟࣊,࢞࣊ ∈ ቂ૙,

࣊
૝
ቃ → (࢞࣊)࢔࢏࢙ ≥

૛√૛
࣊ ∙ ࣊࢞ = ૛√૛࢞ 

(J.SANDOR’S INEQUALITY-2005-VICTORIA UNIVERSITY) 

Analogous: ܖܑܛ(࣊࢟) ≥ ૛√૛࢟,ܖܑܛ	(ࢠ࣊) ≥ ૛√૛ࢠ 

(࢞࣊)ܖܑܛ + (࢟࣊)ܖܑܛ + (ࢠ࣊)	ܖܑܛ ≥ ૛√૛(࢞ + ࢟ +  (ࢠ

Equality holds for ࢞ = ࢟ = ࢠ = ૙. If ࢞ + ࢟ + ࢠ ≠ ૙ → 

(࢞࣊)ܖܑܛ + (࢟࣊)ܖܑܛ + (ࢠ࣊)	ܖܑܛ
࢞ + ࢟ + ࢠ > ૛√૛ 

නනනቆ
(࢞࣊)࢔࢏࢙ + (࢟࣊)࢔࢏࢙ + (ࢠ࣊)࢔࢏࢙

࢞ + ࢟ + ࢠ
ቇ

૚
૝

૙

૚
૝

૙

૚
૝

૙

ࢠࢊ࢟ࢊ࢞ࢊ > ૛√૛නනනࢠࢊ࢟ࢊ࢞ࢊ

૚
૝

૙

૚
૝

૙

૚
૝

૙

= ૛√૛ ∙
૚
૝
∙
૚
૝
∙
૚
૝

=
√૛
૜૛

 

 

747. Prove that: 

නනනቀ
ࢠ࢟࢞
૞ + ିࢋ

ࢠ࢟࢞
૝ ቁ ࢠࢊ࢟ࢊ࢞ࢊ < 1

૚

૙

૚

૙

૚

૙

 

Proposed by Jalil Hajimir-Canada 

Solution by Daniel Sitaru-Romania 

:ࢌ [૙,૚]ࢄ[૙,૚]ࢄ[૙,૚] → ℝ, ,࢟,࢞)ࢌ (ࢠ =
ࢠ࢟࢞
૞ + ିࢋ

ࢠ࢟࢞
૝  

ᇱ࢞ࢌ =
ࢠ࢟
૞ −

૚
૝ࢋ

૝ࢠ࢟࢞ି ᇱᇱ࢞࢞ࢌ, =
૚
૚૟ࢋ

૝ࢠ࢟࢞ି ᇱᇱ࢟࢟ࢌ, =
૚
૚૟ࢋ

૝ࢠ࢟࢞ି ᇱᇱࢠࢠࢌ, =
૚
૚૟ࢋ

૝ࢠ࢟࢞ି  

 convexe in each variable on a compact set (a convexe cube with sides parallel with ࢌ

axis). By Weierstrass-Gireaux theorem f has an attained maximum in a vertex of 

cube ࢌ࢞ࢇ࢓(࢞,࢟, (ࢠ = ࢌ൜࢞ࢇ࢓
(૙,૙,૙),ࢌ(૚,૙,૙),ࢌ(૙,૚,૙),ࢌ(૙,૙,૚),
(૚,૚,૚)ࢌ,(૙,૚,૚)ࢌ,(૚,૙,૚)ࢌ,(૚,૚,૙)ࢌ ൠ = ,ቄ૚࢞ࢇ࢓ ૚

૞
+ ૚

૝ࢋ√ ቅ = ૚ 

,࢟,࢞)ࢌ (ࢠ =
ࢠ࢟࢞
૞ + ିࢋ

ࢠ࢟࢞
૝ ≤ ૚ → නනනࢌ(࢞,࢟, ࢠࢊ࢟ࢊ࢞ࢊ(ࢠ < නනනࢠࢊ࢟ࢊ࢞ࢊ = ૚

૚

૙

૚

૙

૚

૙

૚

૙

→
૚

૙

૚

૙
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නනනቀ
ࢠ࢟࢞
૞ + ିࢋ

ࢠ࢟࢞
૝ ቁ

૚

૙

૚

૙

૚

૙

ࢠࢊ࢟ࢊ࢞ࢊ < 1 

 

748. If ࢈,ࢇ, ࢉ > 0 then: 

૚
ࢉ࢈ࢇ

න න න ቆ
࢞૜ + ࢟૜ + ૜ࢠ

(૛࢞ + ࢟ + ࢞)(ࢠ + ૛࢟ + ࢞)(ࢠ + ࢟ + ૛ࢠ)ቇࢠࢊ࢟ࢊ࢞ࢊ
૛ࢉ

ࢉ

૛࢈

࢈

૛ࢇ

ࢇ

>
૜
૟૝

 

Proposed by Dilshodbek Akramov-Azerbaijan 

Solution by Daniel Sitaru-Romania 

࢞૜ + ࢟૜ + ૜ࢠ =
࢞૜

૚૛ +
࢟૜

૚૛ +
૜ࢠ

૚૛ ≥⏞
ࡺࡻࡰ࡭ࡾ (࢞ + ࢟ + ૜(ࢠ

(૚ + ૚ + ૚)૛ =
(࢞ + ࢟ + ૜(ࢠ

ૢ  

૚
∏ (૛࢞ + ࢟ + ࢉ࢟ࢉ(ࢠ

≥⏞
ࡹࡳିࡹ࡭ ૚

ቀ૝࢞ + ૝࢟ + ૝ࢠ
૜ ቁ

૜ =
૛ૠ

૟૝(࢞ + ࢟ +  ૜(ࢠ

࢞૜ + ࢟૜ + ૜ࢠ

∏ (૛࢞+ ࢟ + ࢉ࢟ࢉ(ࢠ
≥

(࢞ + ࢟ + ૜(ࢠ

ૢ ∙
૛ૠ

૟૝(࢞ + ࢟ + ૜(ࢠ =
૜
૟૝ 

න න න
࢞૜ + ࢟૜ + ૜ࢠ

∏ (૛࢞+ ࢟ + ࢉ࢟ࢉ(ࢠ
ࢠࢊ࢟ࢊ࢞ࢊ

૛ࢉ

ࢉ

૛࢈

࢈

૛ࢇ

ࢇ

> න න න
૜
૟૝ࢠࢊ࢟ࢊ࢞ࢊ =

૜
૟૝ ࢉ࢈ࢇ

૛ࢉ

ࢉ

૛࢈

࢈

૛ࢇ

ࢇ

 

૚
නࢉ࢈ࢇ න න

࢞૜ + ࢟૜ + ૜ࢠ

∏ (૛࢞ + ࢟ + ࢉ࢟ࢉ(ࢠ
ࢠࢊ࢟ࢊ࢞ࢊ

૛ࢉ

ࢉ

૛࢈

࢈

૛ࢇ

ࢇ

>
૜
૟૝ 

 

749. If ࢌ: [࢈,ࢇ] → (૙,૚),࢈,ࢇ ∈ ℝ,ࢇ ≤  :continuous then – ࢌ,࢈

නනනቌෑ(ܖܑܛ (࢞)ࢌ ⋅ ૚ିܖܑܛ ((࢞)ࢌ
ࢉ࢟ࢉ

ቍ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≥ ቌනࢌ૛(࢞)
࢈

ࢇ

ቍ࢞ࢊ

૜

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Jalil Hajimir-Canada 

By using the fact that ܖܑܛ ࢚ ≤ ࢚ ≤ ૚ିܖܑܛ ࢚ for ૙ ≤ ࢚ ≤ ૚ and ࢌ(࢞) = ࢞ܖܑܛ
࢞

 is increasing 

on [૙,૚]. We can conclude: ܖܑܛ ࢚
࢚
≥ ష૚ܖܑܛ൫ܖܑܛ ࢚൯

ష૚ܖܑܛ ࢚
; 	૙ ≤ ࢚ ≤ ૚ 

૙ ≤ ࢚ ≤ ૚   (*) 

Which means: ܖܑܛ ࢚ ⋅ ૚ିܖܑܛ ࢚ ≥ ࢚૛. If we call the triple integral ࡵ: 

ࡵ = ቌනܖܑܛ (࢞)ࢌ ⋅ ૚ିܖܑܛ ࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥
(∗)
ቌනࢌ૛(࢞)

࢈

ࢇ

ቍ࢞ࢊ

૜

 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Because: ࢌ(࢞): continuous on [࢈;ࢇ], ࢚ = (࢞)ࢌ ∈ (૙,૚), we let: 

(࢚)ࢍ = ܖܑܛ) ࢚ ⋅ ૚ିܖܑܛ ࢚)− ࢚૛,૙ < ݐ < 1 → (࢚)ᇱࢍ =
ܖܑܛ ࢚

√૚ − ࢚૛
− ૛࢚ + ܖܑܛ ࢚ ⋅ ૚ିܖܑܛ ࢚ = 

=
ܖܑܛ ࢚ − ૛࢚√૚ − ࢚૛ + ܖܑܛ ࢚ ⋅ ૚ିܖܑܛ ࢚ ⋅ √૚ − ࢚૛

√૚ − ࢚૛
= ૙ ↔ ࢚ = ૙ ∉ (૙,૚) 

 
 

Hence: ࢍ(࢚) > 0 ↔ ܖܑܛ ࢚ ⋅ ૚ିܖܑܛ ࢚ > ࢚૛,૙ < ݐ < 1 

→ නනනቌෑࢌܖܑܛ(࢞) ⋅ ૚ିܖܑܛ (࢞)ࢌ
ࢉ࢟ࢉ

ቍ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≥ නනනቀࢌ૛(࢞) ⋅ (࢟)૛ࢌ ⋅ ࢞ࢊቁ(ࢠ)૛ࢌ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

 

= ቌනࢌ૛(࢞)
࢈

ࢇ

(࢟)૛ࢌቍቌන࢞ࢊ
࢈

ࢇ

(ࢠ)૛ࢌቍቌන࢟ࢊ
࢈

ࢇ

ቍ = ቌනࢌ૛(࢞)
࢈

ࢇ

ቍ࢞ࢊ

૜

 

Proved. Equality if and only if ࢇ =  .࢈
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750. Prove that: 

න(૚ + ࢞࢔࢏࢙(࢞࢔࢏࢙

࣊
૛

૙

࢞ࢊ <
૜࣊
૝

 

Proposed by Jalil Hajimir-Canada 

Solution 1 by Daniel Sitaru-Romania 

:ࢌ [૙,∞) → ℝ, (࢚)ࢌ = ૚ + ࢚࢞ − (૚ + ࢚)࢞, (૙)ࢌ = ૙, ࢞ ∈ (૙,૚) −  ࢊࢋ࢞࢏ࢌ

(࢚)ᇱࢌ = ࢞൬૚ −
૚

(૚ + ࢚)૚ି࢞൰ 

࢞ < 1 → 1 − ݔ > 0, (૚ + ࢚)૚ି࢞ > (૚+ ࢚)૙ = ૚ → ૚ >
૚

(૚ + ࢚)૚ି࢞ → 

૚ −
૚

(૚ + ࢚)૚ି࢞ > 0 → (࢚)ᇱࢌ > 0 → ݂ − (࢚)݂,݃݊݅ݏܽ݁ݎܿ݊݅ > ݂(૙) = ૙ 

(૚ + ࢚)࢞ < 1 + ,ݔݐ ݐ > 0, ݔ ∈ (૙,૚)	; 	(૚ + ࢞࢔࢏࢙(࢞࢔࢏࢙ < 1 + ݔ݊݅ݏ ∙  ݔ݊݅ݏ

න(૚ + ࢞ࢊ࢞࢔࢏࢙(࢞࢔࢏࢙ < න(૚ + ࢞࢔࢏࢙ ∙ ࢞ࢊ(࢞࢔࢏࢙

࣊
૛

૙

=
࣊
૛ + න൬

૚ − ૛࢙࢞࢕ࢉ
૛ ൰࢞ࢊ =

࣊
૛

૙

࣊
૛

૙

 

=
࣊
૛ +

࣊
૝ −

૚
૝

࣊࢔࢏࢙) − (૙࢔࢏࢙ =
૜࣊
૝  

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

න(૚ + ࢞ࢊ࢞࢔࢏࢙(࢞࢔࢏࢙ <⏞
ࡵࡸࡸࢁࡻࡺࡾࡱ࡮

න(૚ + ࢞࢔࢏࢙ ∙ ࢞ࢊ(࢞࢔࢏࢙

࣊
૛

૙

=
࣊
૛ + න൬

૚ − ૛࢙࢞࢕ࢉ
૛ ൰࢞ࢊ =

࣊
૛

૙

࣊
૛

૙

 

=
࣊
૛ +

࣊
૝ −

૚
૝

࣊࢔࢏࢙) − (૙࢔࢏࢙ =
૜࣊
૝  

751. ࣋(࢞) = ቚቂ࢞ + ૚
૛
ቃ − ࢞ቚ , [∗] - great integer function. Prove that: 

ቌන ቀඥ࣋(࢞)૜ ቁ࢞ࢊ
૚

૙

ቍቌනቀඥ࣋(࢞)૞ ቁ࢞ࢊ
૚

૙

ቍቌනቀඥ࣋(࢞)ૠ ቁ࢞ࢊ
૚

૙

ቍ < 1 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Adrian Popa-Romania 

࣋(࢞) = ฬ൤࢞ +
૚
૛൨ − ࢞ฬ ⇒

.ࡵ ࢞	ࢌࡵ ∈ ൤૙;
૚
૛൰ ⇒ ࣋(࢞) = |૙ − ࢞| = ࢞

.ࡵࡵ ࢞	ࢌࡵ ∈ ൤
૚
૛ ;૚൨ ⇒ ࣋(࢞) = |૚ − ࢞| = ૚ − ࢞

 

න ඥ࣋(࢞)૜

૚

૙

࢞ࢊ = න √࢞૜

૚
૛

૙

࢞ࢊ + න √૚ − ࢞૜

૚

૚
૛

࢞ࢊ

ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
૚ି࢞ୀ࢚⇒ି࢞ࢊୀ࢚ࢊ

࢞ᇲୀ૚૛⇒࢚ୀ
૚
૛

࢞ୀ૚⇒࢚ୀ૙
ቑ⇒

 

⇒ න ඥ࣋(࢞)૜

૚

૙

࢞ࢊ = න √࢞૜ ࢞ࢊ

૚
૛

૙

+ න √࢚૜

૚
૛

૙

࢚ࢊ = ૛න √࢞૜

૚
૛

૙

࢞ࢊ = ૛ ⋅
࢞
૝
૜

૝
૜
ቮ

૙

૚
૛

= 

= ૛ ⋅
૜
૝ ⋅

ඨ൬
૚
૛൰

૝૜

= ૛ ⋅
૚
૛ ⋅

૜
૝
ඨ૚
૛

૜
=
૜
૝
ඨ૚
૛

૜
 

න ඥ࣋(࢞)૞

૚

૙

࢞ࢊ = න √࢞૞

૚
૛

૙

࢞ࢊ + න √૚ − ࢞૞

૚

૚
૛

࢞ࢊ = ૛න √࢞૞

૚
૛

૙

࢞ࢊ = ૛ ⋅
࢞
૟
૞

૟
૞
ቮ

૙

૚
૛

= 

= ૛ ⋅
૞
૟
ඨ൬

૚
૛
൰
૟૞

= ૛ ⋅
૚
૛
⋅
૞
૟
⋅ ඨ

૚
૛

૞
=
૞
૟
ඨ૚
૛

૞
 

න ඥ࣋(࢞)ૠ

૚

૙

࢞ࢊ = න √࢞ૠ

૚
૛

૙

࢞ࢊ + න √૚ − ࢞ૠ

૚

૚
૛

࢞ࢊ = ૛න √࢞ૠ

૚
૛

૙

࢞ࢊ = ૛ ⋅
࢞
ૡ
ૠ

ૡ
ૠ
ቮ

૙

૚
૛

= 

= ૛ ⋅
ૠ
ૡ ⋅

ඨ൬
૚
૛൰

ૡૠ

= ૛ ⋅
ૠ
ૡ ⋅

૚
૛
ඨ૚
૛

ૠ
=
ૠ
ૡ
ඨ૚
૛

ૠ
 

ቌනඥ࣋(࢞)૜

૚

૙

ቍቌන࢞ࢊ ඥ࣋(࢞)૞

૚

૙

ቍቌන࢞ࢊ ඥ࣋(࢞)ૠ

૚

૙

ቍ࢞ࢊ =
૜
૝
ඨ૚
૛

૜
⋅
૞
૟
ඨ૚
૛

૞
⋅
ૠ
ૡ
ඨ૚
૛

ૠ
= 
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=
૜૞
૟૝

ඨ૚
૛

૜
ඨ૚
૛

૞
ඨ૚
૛

ૠ
=
૜૞
૛૟

ඨ૚
૛

૜
ඨ૚
૛

૞
ඨ૚
૛

ૠ
=

૜૞

૛૟ ⋅ ૛
૚
૜ ⋅ ૛

૚
૞ ⋅ ૛

૚
ૠ

<
૜૞
૛૟ =

૜૞
૟૝ < 1 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

 

࢞ −∞																			
૚
૛ 																		૚																		 + ∞ 

૚ − ࢞ + + + + + + + + + + +૙ −− −− −− 

 

࣋(࢞) = ฬ൤࢞ +
૚
૛൨ − ࢞ฬ 

૙ ≤ ࢞ ≤ ૚; 	
૚
૛ ≤ ࢞ +

૚
૛ ≤

૜
૛ ; 	൤࢞ +

૚
૛൨ − ࢞ =

⎩
⎪
⎨

⎪
⎧ |−࢞|:૙ ≤ ࢞ <

૚
૛

|૚ − ࢞|:
૚
૛ ≤ ࢞ < 1

૙: ࢞ = ૚

 

࣋(࢞) =

⎩
⎪
⎨

⎪
⎧ ࢞:૙ ≤ ࢞ <

૚
૛

૚ − ࢞:
૚
૛ ≤ ࢞ < 1

૙:࢞ = ૚

; 	න ඥ࣋(࢞)૜

૚

૙

࢞ࢊ = න√࢞૜

૚
૛

૙

࢞ࢊ + න √૚ − ࢞૜

૚

૚
૛

 ࢞ࢊ

න ඥ࣋(࢞)૜

૚

૙

࢞ࢊ =
૜
૛න

ඨ ૚
૚૟

૜
૚

૙

=
૜
૛න

ඨ૚
ૡ ⋅

૚
૛

૜
૚

૙

; 	න ඥ࣋(࢞)૜

૚

૙

࢞ࢊ =
૜
૛ ⋅

૚
ૡ
ඨ૚
૛

૜
=
૜
૝ ⋅

ඨ૚
૛

૜
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න ඥ࣋(࢞)૞

૚

૙

࢞ࢊ = න √࢞૞

૚
૛

૙

࢞ࢊ + න √૚ − ࢞૞

૚

૚
૛

 ࢞ࢊ

න ඥ࣋(࢞)૞

૚

૙

࢞ࢊ =
૞
૟
ඨ ૚
૟૝

૞
+
૞
૟
ඨ ૚
૟૝

૞
=
૚૙
૟
ඨ ૚
૜૛ ⋅ ૛

૞
=
૞
૜ ⋅

૚
૛
ඨ૚
૛

૞
 

න ඥ࣋(࢞)૞

૚

૙

࢞ࢊ =
૞
૟
ඨ૚
૛

૞
; 	න ඥ࣋(࢞)ૠ

૚

૙

࢞ࢊ =
ૠ
ૡ
ඨ૚
૛

ૠ
 

So: ቀ∫ ඥ࣋(࢞)૜૚
૙ ቁ࢞ࢊ ቀ∫ ඥ࣋(࢞)૞૚

૙ ቁ࢞ࢊ ቀ∫ ඥ࣋(࢞)ૠ૚
૙ ቁ࢞ࢊ = ૚

૝
⋅ ૞
૟
⋅ ૠ
ૡ
ට૚
૛

૜ ⋅ ට૚
૛

૞ ⋅ ට૚
૛

ૠ  

=
૜૞
૟૝ ൬

૚
૛൰

૚
૜ା

૚
૞ା

૚
ૠ

=
૜૞
૟૝൬

૚
૛൰

ૠ૚
૚૙૞

<
૜૞
૟૝ < 1 

න࢞
૚
૜

૚
૛

૙

࢞ࢊ = ቎
࢞
૝
૜

૝
૜
቏

૙

૚
૛

=
૜
૝
ቂඥ࢞૝૜ ቃ

૙

૚
૛ =

૜
૝
቎ඨ

૚
૚૟

૜
቏ 

−න−(૚ − ࢞)
૚
૜

૚

૚
૛

࢞ࢊ = −቎
(૚ − ࢞)

૝
૜

૝
૜

቏
૚
૛

૚

= −
૜
૝
ቂඥ(૚ − ࢞)૝૜ ቃ૚

૛

૚
= −

૜
૝
቎(૙)− ඨ ૚

૚૟
૜

቏ = +
૜
૝
ඨ ૚
૚૟

૜
 

න࢞
૚
૞

૚
૛

૙

࢞ࢊ = ቎
࢞
૟
૞

૟
૞
቏

૙

૚
૛

=
૞
૟
ቂඥ࢞૟૞ ቃ

૙

૚
૛ =

૞
૟
቎ඨ

૚
૟૝

૞
቏ 

−න−(૚ − ࢞)
૚
૞

૚

૚
૛

࢞ࢊ = −቎
(૚ − ࢞)

૟
૞

૟
૞

቏
૚
૛

૚

= −
૞
૟
ቂඥ(૚ − ࢞)૟૞ ቃ૚

૛

૚
= −

૞
૟
቎૙ − ඨ ૚

૟૝
૞

቏ =
૞
૟
ඨ ૚
૟૝

૞
 

Note: ∫ ඥ࣋(࢞)૞૚
૙ ࢞ࢊ = ቀ ࢔

ା૚࢔
ቁ ට૚

૛
࢔  

Solution 3 by Jalil Hajimir-Canada 

Using the following facts: 

1. ૙ ≤ ࢞ ≤ ૚ then ∫ ૚࢔࢞√
૙ < 1 
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2. ૙ ≤ ࣋(࢞) ≤ ૚ 

We have: ∫ ඥ࣋(࢞)࢔૚
૙ ࢞ࢊ < 1 ∴ ቀ∫ ඥ࣋(࢞)૜૚

૙ ቁ࢞ࢊ ቀ∫ ඥ࣋(࢞)૞૚
૙ ቁ࢞ࢊ ቀ∫ ඥ࣋(࢞)ૠ૚

૙ ቁ࢞ࢊ < 1 

 

752. Prove without softs: 

නඨܖܑܛቀ
࣊
૛ቁ࢞

࢞ + ૚

૚

૙

࢞ࢊ < ܖܔ ૛ 

Proposed by Jalil Hajimir-Canada 

Solution 1 by Avishek Mitra-West Bengal-India 

⇔ නඨܖܑܛ ቀ
࣊࢞
૛ ቁ

(࢞ + ૚)

૚

૙

࢞ࢊ ≤
࢘ࢋࢊ࢒࢕ࡴ

ඩනܖܑܛ ቀ
࣊࢞
૛
ቁ

૚

૙

࢞ࢊ ⋅ න
࢞ࢊ

(࢞ + ૚)

૚

૙

 

⇒ ષ ≤ ඨ૛
࣊
ቀ૚ − ܛܗ܋

࣊
૛
ቁ ⋅ ࢞)ܖܔ] + ૚)]૙૚ = ඨ૛

࣊  ૛ܖܔ

⇔ (*) ට૛
࣊
૛ܖܔ < ܖܔ ૛ ⇒ ૛

࣊
ܖܔ ૛ < ૛ܖܔ ૛ ⇒ ૛

࣊
< ܖܔ ૛  ( (*) true as ࣊ ≈ ૜.૚૝, ܖܔ ૛ ≈ ૙.૟ૢ૜) 

⇔ නඨܖܑܛ ቀ
࣊࢞
૛ ቁ

(࢞ + ૚)

૚

૙

࢞ࢊ < ܖܔ ૛ 

Solution 2 by Adrian Popa-Romania 

ቌනࢌ(࢞)
࢈

ࢇ

⋅ ቍ࢞ࢊ(࢞)ࢍ

૛

≤ ቌනࢌ૛(࢞)
࢈

ࢇ

(࢞)૛ࢍቍቌන࢞ࢊ
࢈

ࢇ

ቍ࢞ࢊ ⇒
.ࡿ.࡮.࡯

 

⇒ නࢌ(࢞)
࢈

ࢇ

⋅ ࢞ࢊ(࢞)ࢍ ≤ ඩනࢌ૛(࢞)
࢈

ࢇ

࢞ࢊ ⋅ නࢍ૛(࢞)
࢈

ࢇ

 ࢞ࢊ

We take ࢌ(࢞) = ටܖܑܛ ࣊࢞
૛

(࢞)ࢍ; = ට ૚
࢞ା૚

; ࢇ	 = ૙;࢈ = ૚ 



 
www.ssmrmh.ro 

නඨܖܑܛ
࣊࢞
૛

࢞ + ૚

૚

૙

࢞ࢊ ≤ ඩනܖܑܛ
࣊࢞
૛

૚

૙

࢞ࢊ ⋅ න
૚

࢞ + ૚

૚

૙

࢞ࢊ = 

= ඨ−
૛
࣊ ܛܗ܋

࣊࢞
૛ ฬ

૙

૚

⋅ ࢞)ܖܔ + ૛)|૚૛ = ඨ− ൬૙ −
૛
࣊൰ ⋅ ܖܔ ૛ = ඨ૛

࣊  ૛ܖܔ

We must prove that: ට૛
࣊
ܖܔ ૛ < ܖܔ ૛ ⇔ ૛

࣊
ܖܔ ૛ < ૛ܖܔ ૛ |:  ૛ܖܔ

⇔
૛
࣊ < ܖܔ ૛ ⇔ ૛ < ܖܔ ૛࣊ ⇔ ܖܔ ૛ࢋ < ܖܔ ૛࣊ ⇔ ૛ࢋ < ૛࣊ 

૛ࢋ < ૛.ૡ૛ = ૠ.ૡ૝ < 8 < ૛૜ < ૛࣊ ⇒ ૛ࢋ < ૛࣊ . Q.E.D. 

 

753. Prove without softs: 

න ܖ܉ܜ)܏ܗܔ ࢞)

࣊
૜

࣊
૝

࢞ࢊ >
࣊ ૜√܏ܗܔ

૜
+ ඨ܏ܗܔ

ૠ − ૝√૜
૜ − ૛√૛

 

Proposed by Seyran Ibrahimov-Sumgait-Azerbaijan 

Solution by Avishek Mitra-West Bengal-India 

⇒ ષ = න (࢞ܖ܉ܜ)܏ܗܔ

࣊
૜

࣊
૝

࢞ࢊ = [࢞ ⋅ ܖ܉ܜ)܏ܗܔ ࢞)]࣊
૝

࣊
૜ − න

࢞ ⋅ ૛܋܍ܛ ࢞
࢞ܖ܉ܜ

࣊
૜

࣊
૝

 ࢞ࢊ

=
࣊
૜ ܏ܗܔ √૜ − න

࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞

࣊
૜

࣊
૝

࢞ࢊ =
࣊
૜ ܏ܗܔ √૜ + න

࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞

࣊
૝

࣊
૜

 ࢞ࢊ

⇔
࢞

࢞ܛܗ܋ ≥ ૚	 ቂ∵ ࢞ ∈ ቀ
࣊
૝ ,
࣊
૜
ቁቃ ⇒

࢞
ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ ≥ ܋ܛ܋ ࢞ 

⇒ න
࢞

ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞

࣊
૝

࣊
૜

࢞ࢊ ≥ න ܋ܛ܋ ࢞ࢊ࢞

࣊
૜

࣊
૝

= ቂ܏ܗܔ ቀܖ܉ܜ
࢞
૛
ቁቃ࣊
૝

࣊
૜ = ܏ܗܔ ቀܖ܉ܜ

࣊
ૡ
ቁ − ܏ܗܔ ቀܖ܉ܜ

࣊
૟
ቁ 



 
www.ssmrmh.ro 

⇒
࣊
૜ ܏ܗܔ √૜ + ࡵ ≥

࣊
૜ ૜√܏ܗܔ + ܏ܗܔ ቀܖ܉ܜ

࣊
૚૛
ቁ − ܏ܗܔ ቀܖ܉ܜ

࣊
ૡ
ቁ − 

− ቂ܏ܗܔ ቀܖ܉ܜ
࣊
૚૛
ቁ + ܏ܗܔ ቀܖ܉ܜ

࣊
૟
ቁ − ૛ ܏ܗܔ ቀܖ܉ܜ

࣊
ૡ
ቁቃ ⇔ ષ ≥

࣊
૜ ૜√܏ܗܔ + ቌ܏ܗܔ

ܖ܉ܜ ࣊
૚૛

ૡ࣊ܖ܉ܜ
ቍ +  ࢖

⇔

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ∵ ܖ܉ܜ

࣊
૚૛ = ܖ܉ܜ ૚૞ = ૝૞)ܖ܉ܜ − ૜૙) =

૚ − ૜૙ܖ܉ܜ
૚ + ܖ܉ܜ ૜૙ =

√૜ − ૚
√૜ + ૚

= ૛ − √૜,

ܖ܉ܜ
࣊
૝ =

૛ ૡ࣊ܖ܉ܜ
૚ − ૛࣊ૡܖ܉ܜ

⇒
૛࢞

૚ − ࢞૛ = ૚ ⇒ ࢞૛ + ૛࢞ − ૚ = ૙ ⇒

⇒
−૛ ± ඥ૝− ૝ ⋅ ૚ ⋅ (−૚)

૛ = −૚ ± √૛ ⇒ ܖ܉ܜ
࣊
ૡ = √૛ − ૚ ⇒

⇒ ቌ܏ܗܔ
ܖ܉ܜ ࣊

૚૛ ⋅ ܖ܉ܜ
࣊
૟

૛ܖ܉ܜ ࣊ૡ
ቍ = ൮܏ܗܔ

൫૛ − √૜൯ ૚
√૜

൫√૛ − ૚൯
૛ ൲ = ܏ܗܔ ቆ

૛ − √૜
൫૜ − ૛√૛൯√૜

ቇ < 0

∵ ૙ <
૛ − √૜

൫૜ − ૛√૛൯√૜
< 1 ⇒

⇒ ܏ܗܔ ቀܖ܉ܜ
࣊
૚૛
ቁ + ܏ܗܔ ቀܖ܉ܜ

࣊
૟
ቁ − ૛ ܏ܗܔ ቀܖ܉ܜ

࣊
ૡ
ቁ = ࢖− ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

⇔ ષ ≥
࣊
૜ ૜√܏ܗܔ + ܏ܗܔ ቆ

૛ − √૜
√૛ − ૚

ቇ + ࢖ =
࣊
૜ ૜√܏ܗܔ + ඩ܏ܗܔ

൫૛ − √૜൯
૛

൫√૛− ૚൯
૛ + ࢖ = 

=
࣊
૜ ܏ܗܔ √૜ + ඨ܏ܗܔ

ૠ − ૝√૜
૜ − ૛√૛

+ ࢖ ⇔ න ܖ܉ܜ)܏ܗܔ ࢞)

࣊
૜

࣊
૝

࢞ࢊ >
࣊
૜ ૜√܏ܗܔ + ඨ܏ܗܔ

ૠ − ૝√૜
૜ − ૛√૛

 

 

754. If ૙ < ܽ, ܾ, ܿ < 2࣊ then: 

૚
ࢇ) + ࢈ + ૜නනනቌ(ࢉ

ܖܑܛ ࢞૛ ܖܑܛ
࢟
૛ + ܖܑܛ ૛ࢠ ܖܑܛ ቀ

࢞ + ࢟ + ࢠ
૛ ቁ

ܖܑܛ ቀ࢞ + ࢠ
૛ ቁ ܖܑܛ ቀ࢟ + ࢠ

૛ ቁ
ቍ

ࢉ

ࢉ
૛

࢈

࢈
૛

ࢇ

ࢇ
૛

ࢠࢊ࢟ࢊ࢞ࢊ ≤
૚
૛૚૟

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumava Chakraborty-Kolkata-India 

ܖܑܛ
࢞
૛ܖܑܛ

࢟
૛ + ܖܑܛ

ࢠ
૛ ܖܑܛ ൬

࢞ + ࢟ + ࢠ
૛ ൰ = 

=
૚
૛ ൬ܛܗ܋

࢞ − ࢟
૛ − ܛܗ܋

࢞ + ࢟
૛ + ܛܗ܋

࢞ + ࢟
૛ − ܛܗ܋

࢞ + ࢟ + ૛ࢠ
૛ ൰ 

=
૚
૛ ⋅ ૛ ܖܑܛ

ቌ
࢞ − ࢟
૛ + ࢞ + ࢟ + ૛ࢠ

૛
૛

ቍ ܖܑܛ ቌ
࢞ + ࢟ + ૛ࢠ

૛ − ࢞ − ࢟
૛

૛
ቍ = ܖܑܛ ൬

࢞ + ࢠ
૛ ൰ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ 

∴ ࡿࡴࡸ = ૚
∫૜(ࢉା࢈ାࢇ) ∫ ∫

૛ࢠቀ࢞శܖܑܛ ቁ ૛ࢠቀ࢟శܖܑܛ ቁ

૛ࢠቀ࢞శܖܑܛ ቁ ૛ࢠቀ࢟శܖܑܛ ቁ

ࢉ
ࢉ
૛

࢈
࢈
૛

ࢇ
ࢇ
૛

ࢠࢊ࢟ࢊ࢞ࢊ = ࢉ࢈ࢇ
ૡ(ࢇା࢈ାࢉ)૜

≤
ࡳି࡭ ࢉ࢈ࢇ

ૡ⋅૛ૠࢉ࢈ࢇ
= ૚

૛૚૟
  (Proved) 

Solution 2 by Remus Florin Stanca-Romania 

ܖܑܛ
࢞
૛ܖܑܛ

࢟
૛ = ൬ܛܗ܋ ቀ

࢞ − ࢟
૛

ቁ − ܛܗ܋ ൬
࢞ + ࢟
૛ ൰൰

૚
૛, 

ܖܑܛ ࢠ
૛
ܖܑܛ ቀ࢞ା࢟ାࢠ

૛
ቁ = ૚

૛
ቀܛܗ܋ ࢞ା࢟

૛
− ܛܗ܋ ቀ࢞ା࢟ା૛ࢠ

૛
ቁቁ and 

ܖܑܛ ൬
࢞ + ࢠ
૛ ൰ ܖܑܛ ൬

࢟ + ࢠ
૛ ൰ =

૚
૛ ൬ܛܗ܋

࢞ − ࢟
૛ − ܛܗ܋

࢞ + ࢟ + ૛ࢠ
૛ ൰ ⇒ 

⇒
ܖܑܛ ࢞૛ ܖܑܛ

࢟
૛ + ܖܑܛ ܖܑܛ૛ࢠ ቀ

࢞ + ࢟ + ࢠ
૛ ቁ

ܖܑܛ ቀ࢞ + ࢠ
૛ ቁ ܖܑܛ ቀ࢟ + ࢠ

૛ ቁ
= 

=
ܛܗ܋ ቀ࢞ − ࢟

૛ ቁ − ܛܗ܋ ቀ࢞ + ࢟
૛ ቁ + ܛܗ܋ ቀ࢞ + ࢟

૛ ቁ − ܛܗ܋ ቀ࢞ + ࢟ + ૛ࢠ
૛ ቁ

ܛܗ܋ ቀ࢞ − ࢟
૛ ቁ − ܛܗ܋ ቀ࢞ + ࢟ + ૛ࢠ

૛ ቁ
= ૚ ⇒ 

⇒ නනනቌ
ܖܑܛ ࢞૛ ܖܑܛ

࢟
૛ + ܖܑܛ ૛ࢠ ܖܑܛ ቀ

࢞ + ࢟ + ࢠ
૛ ቁ

ܖܑܛ ቀ࢞ + ࢠ
૛ ቁ ܖܑܛ ቀ࢟ + ࢠ

૛ ቁ
ቍ

ࢉ

ࢉ
૛

࢈

࢈
૛

ࢇ

ࢇ
૛

ࢠࢊ࢟ࢊ࢞ࢊ =
ࢉ࢈ࢇ
ૡ  

We need to prove that ࢉ࢈ࢇ
ૡ(ࢇା࢈ାࢉ)૜

≤ ૚
૛૚૟

 

ࢇ + +࢈ ࢉ ≥ ૜√ࢉ࢈ࢇ૜ ⇒ +ࢇ) +࢈ ૜(ࢉ ≥ ૛ૠࢉ࢈ࢇ ⇒ ࢉ࢈ࢇ
ૡ(ࢇା࢈ାࢉ)૜

≤ ૚
૛ૠ⋅ૡ

= ૚
૛૚૟

  (Proved) 

⇒ ૚
૜(ࢉା࢈ାࢇ) ∫ ∫ ∫ ቆ

૛࢞ܖܑܛ ܖܑܛ
࢟
૛ାܖܑܛ

ࢠ
૛ ቀܖܑܛ

࢞శ࢟శࢠ
૛ ቁ

૛ࢠቀ࢞శܖܑܛ ቁ ૛ࢠቀ࢟శܖܑܛ ቁ
ቇࢉ

ࢉ
૛

࢈
࢈
૛

ࢇ
ࢇ
૛

ࢠࢊ࢟ࢊ࢞ࢊ ≤ ૚
૛૚૟

   (Q.E.D.) 
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755. Prove: 

නනනඨ
ૡܛܗ܋ ࢠ࢞
૛ܛܗ܋ ࢠ࢟

+
ૡܖܑܛ ࢠ࢞
૛ܖܑܛ ࢠ࢟

+
ૡܛܗ܋ ࢠ࢟
૛ܖܑܛ ࢠ࢞

+
ૡܖܑܛ ࢠ࢟
૛ܛܗ܋ ࢠ࢞

࣊
૛

૙

࣊
૛

૙

࣊
૛

૙

࢞ࢊ࢟ࢊࢠࢊ ≥
√૛
૚૟

࣊૜ 

Proposed by Jalil Hajimir-Canada 

Solution 1 by Daniel Sitaru-Romania 

ࢇ = ࢠ࢞ ∈ ቈ૙,
࣊૛

૝ ቉ ⊂ ൤૙,
૜࣊
૛ ൨ , ࢇ૛૛ܖܑܛ ≤ ૚ → ૚− ૝ܖܑܛ૛ܛܗ܋ࢇ૛ࢇ ≥ ૙ → ૚ − ૛ܖܑܛ૛ܛܗ܋ࢇ૛ࢇ ≥

૚
૛ →	 ࢇ૝ܖܑܛ + ࢇ૝ܛܗ܋ ≥

૚
૛ 

࢈ = ࢠ࢟ ∈ ቈ૙,
࣊૛

૝
቉ ⊂ ൤૙,

૜࣊
૛
൨ , ࢈૛૛ܖܑܛ ≤ ૚ → ૚ − ૝ܖܑܛ૛ܛܗ܋࢈૛࢈ ≥ ૙ → ૚ − ૛ܖܑܛ૛ܛܗ܋࢈૛࢈ ≥

૚
૛
→ 

࢈૝ܖܑܛ	→ + ࢈૝ܛܗ܋ ≥
૚
૛ → ࢇ૝ܖܑܛ + +ࢇ૝ܛܗ܋ +࢈૝ܖܑܛ ࢈૝ܛܗ܋ ≥ ૚ 

නනනඨܛܗ܋
ૡࢇ

࢈૛ܛܗ܋ +
ࢇૡܖܑܛ
࢈૛ܖܑܛ +

࢈ૡܛܗ܋
ࢇ૛ܖܑܛ +

࢈ૡܖܑܛ
ࢇ૛ܛܗ܋

࣊
૛

૙

ࢠࢊ࢟ࢊ࢞ࢊ

࣊
૛

૙

࣊
૛

૙

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

 

නනනඨ(ܖܑܛ૝ࢇ + +ࢇ૝ܛܗ܋ +࢈૝ܖܑܛ ૛(࢈૝ܛܗ܋

૛

࣊
૛

૙

ࢠࢊ࢟ࢊ࢞ࢊ ≥

࣊
૛

૙

࣊
૛

૙

නනනඨ૚
૛

࣊
૛

૙

ࢠࢊ࢟ࢊ࢞ࢊ =

࣊
૛

૙

࣊
૛

૙

 

=
√૛
૛ ∙ ቀ

࣊
૛
ቁ
૜

=
√૛
૚૟ ࣊

૜ 

Solution 2 by Ali Jaffal-Lebanon 

ࡵ = නනනඨ
ૡܛܗ܋ ࢠ࢞
૛ܛܗ܋ +ࢠ࢟

ૡܖܑܛ ࢠ࢞
૛ܖܑܛ +ࢠ࢟

ૡܛܗ܋ ࢠ࢟
૛ܖܑܛ ࢠ࢞ +

ૡܖܑܛ ࢠ࢟
૛ܛܗ܋ ࢠ࢞

࣊
૛

૙

࣊
૛

૙

࣊
૛

૙

࢞ࢊ࢟ࢊࢠࢊ ≥
√૛
૚૟ ࣊

૜ 

Let ࢇ = ܛܗ܋ ࢠ࢞ ࢈; = ܛܗ܋ ࢠ࢟ ࢉ; = ܖܑܛ ࢊ and ࢠ࢟ = ܖܑܛ  ࢠ࢞

ૡܛܗ܋ ࢠ࢞
૛ܛܗ܋ ࢠ࢟ +

ૡܖܑܛ ࢠ࢞
૛ܖܑܛ ࢠ࢟ +

ૡܛܗ܋ ࢠ࢟
૛ܖܑܛ ࢠ࢞ +

ૡܖܑܛ ࢠ࢟
૛ܛܗ܋ ࢠ࢞ =

ૡࢇ

૛࢈ +
ૡࢊ

૛ࢉ +
ૡ࢈

૛ࢊ +
ૡࢉ

 ૛ࢇ

and ࢇ૛ + ૛ࢊ = ૚,࢈૛ + ૛ࢉ = ૚ 

We have ࢇ
ૡ

૛࢈
+ ૡࢊ

૛ࢉ
+ ૡ࢈

૛ࢊ
+ ૡࢉ

૛ࢇ
≥ ൫ࢇ૝ାࢊ૝ା࢈૝ାࢉ૝൯

૛

૛ࢇ૛ାࢊ૛ାࢉ૛ା࢈
≥ ൫ࢇ૝ା࢈૝ାࢉ૝ାࢊ૝൯

૛

૛
 

but ࢇ૝ + ૝࢈ + ૝ࢉ + ૝ࢊ = ૚
૝

૛ࢇ) + ૛࢈ + ૛ࢉ + ૛)૛ࢊ = ૚
૝

(૝) = ૚ 
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So, ࢇ
ૡ

૛࢈
+ ૡࢊ

૛ࢉ
+ ૡ࢈

૛ࢊ
+ ૡࢉ

૛ࢇ
≥ ૚

૛
; ࡵ	 ≥ ∫ ∫ ∫ ට૚

૛

࣊
૛
૙

࣊
૛
૙

࣊
૛
૙ ࢠࢊ࢟ࢊ࢞ࢊ ≥ ࣊૜

ૡ
× √૛

૛
 

Therefore ࡵ ≥ ࣊૜√૛
૚૟

 

 

756. If ૙ < ܽ, ܾ < 1 then: 

ષ = න න൭
૛ା࢟૛ି૛࢞ࢋ

࢞ࢇ) + ૚)(࢞࢈ + ૚)൱
࢈

࢈ି

࢟ࢊ࢞ࢊ < 1
ࢇ

ࢇି

 

Proposed by Jalil Hajimir-Canada 

GENERALIZATION 

If ૙ < ,૛ࢇ,૚ࢇ … ࢔ࢇ, < 1, ݊ ∈ ℕ,࢔ ≥ ૚ then: 

ષ = න න … න ൭
૚࢞ࢋ

૛ା࢞૛
૛ା⋯ା࢞࢔૛ି࢔

૚࢞ࢇ) + ૚) ∙ ૛࢞ࢇ) + ૚) ∙ … ∙ ࢞࢔ࢇ) + ૚)൱࢞ࢊ૚࢞ࢊ૛ ࢔࢞ࢊ…

࢔ࢇ

࢔ࢇି

૛ࢇ

૛ࢇି

૚ࢇ

૚ࢇି

< 1 

Daniel Sitaru 

Solution by Daniel Sitaru-Romania 

૚ࡵ = න
૛࢞ࢋ

࢞ࢇ + ૚࢞ࢊ = න
૛(࢞ି)ࢋ

࢞ିࢇ + ૚
(࢞ࢊ−) = න

૛࢞ࢋ ∙ ࢞ࢇ

࢞ࢇ + ૚ ࢞ࢊ
ࢇ

ࢇି

ࢇି

ࢇ

ࢇ

ࢇି

 

૛ࡵ૚ = න
૛࢞ࢋ ∙ ࢞ࢇ) + ૚)

࢞ࢇ + ૚ ࢞ࢊ
ࢇ

ࢇି

= න࢞ࢋ૛࢞ࢊ < ݁൫ࢇ − ൯(ࢇ−) = ૛ࢋࢇ
ࢇ

ࢇି

 

૚ࡵ < ܽ݁; ૛ࡵ	 = න
૛࢞ࢋ

࢞࢈ + ૚࢞ࢊ
࢈

࢈ି

< ܾ݁ 

ષ = න න൭
૛ା࢟૛ି૛࢞ࢋ

࢞ࢇ) + ૚)(࢞࢈ + ૚)൱࢟ࢊ࢞ࢊ
࢈

࢈ି

=
૚
૛ࢋ
ቌ න

૛࢞ࢋ

࢞ࢇ + ૚࢞ࢊ
ࢇ

ࢇି

ቍቌ න
૛࢟ࢋ

࢟࢈ + ૚࢟ࢊ
࢈

࢈ି

ቍ
ࢇ

ࢇି

= 

=
૚
૛ࢋ ∙ ૚ࡵ ∙ ૛ࡵ <

૚
૛ࢋ ∙ ࢋࢇ ∙ ࢋ࢈ = ࢈ࢇ < 1 
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757. If ࢈,ࢇ, ࢉ > 0,ܽ + ܾ + ܿ = 3 then: 

න൬
࢞ࢋ

૛ ൰
ࢇ࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
࢈࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
ࢉ࢞ࢋ

૙

࢞ࢊ > 3݁ − 6 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adrian Popa-Romania 

න൬
࢞ࢋ

૛ ൰
ࢇ࢞ࢋ

૙

࢞ࢊ = න൬૚ +
࢞ࢋ

૛ − ૚൰
ࢇ࢞ࢋ

૙

࢞ࢊ ≥
࢏࢒࢒࢛࢕࢔࢘ࢋ࡮

න૚
ࢇ

૙

+ ࢞ࢋ ൬
࢞ࢋ

૛ − ૚൰࢞ࢊ = 

= නቆ૚ − ࢞ࢋ +
૛࢞ࢋ

૛ ቇ
ࢇ

૙

࢞ࢊ = ࢞ ቚࢇ૙ − ࢞ࢋ ቚࢇ૙ +
૛࢞ࢋ

૝
ቚࢇ૙ = 

=
ࢇ − ࢇࢋ + ૚ +

ࢇ૛ࢋ

૝ −
૚
૝ = ࢇ −

૚
૝ + ൬

ࢇࢋ

૛ − ૚൰
૛

ࢇ > 0 ⇒ ࢇࢋ > 1 ⇒ ൬
ࢇࢋ

૛ − ૚൰
૛

> ൬
૚
૛ − ૚൰

૛

=
૚
૝⎭
⎪
⎬

⎪
⎫

⇒ න൬
࢞ࢋ

૛ ൰
࢞ࢋ

࢞ࢊ
ࢇ

૙

> ܽ −
૚
૝ +

૚
૝ =  ࢇ

Similar: ∫ ቀࢋ
࢞

૛
ቁ
࢈࢞ࢋ

૙ ࢞ࢊ > ܾ and ∫ ቀࢋ
࢞

૛
ቁ
ࢉ࢞ࢋ

૙ ࢞ࢊ > ܿ 

∫ ቀࢋ
࢞

૛
ቁ
ࢇ࢞ࢋ

૙ ࢞ࢊ + ∫ ቀࢋ
࢞

૛
ቁ
࢈࢞ࢋ

૙ ࢞ࢊ + ∫ ቀࢋ
࢞

૛
ቁ
ࢉ࢞ࢋ

૙ ࢞ࢊ > ܽ + ܾ + ܿ = 3 >
?
૜ࢋ − ૟ ⇔ ૢ >  (true) ࢋ3

Note: ቊ
࢞ࢋ

૛
− ૚ > ݔ	݁ݏݑܾܽܿ݁	1− ∈ (૙;ࢇ)	ࢊ࢔ࢇ	ࢇ > 0

࢞ࢋ > ݔ	݁ݏݑܾܽܿ݁	1 > 0
 

Solution 2 by Abdul Mukhtar-Nigeria 

ષ = න൬
࢞ࢋ

૛ ൰
ࢇ࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
࢈࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
ࢉ࢞ࢋ

૙

࢞ࢊ > ࢋ3 − ૟ 

ષ = ૚ࡵ + ૛ࡵ + ૚ࡵ ૜. Forࡵ = ∫ ቀࢋ
࢞

૛
ቁ
ࢇ࢞ࢋ

૙ ;࢞ࢊ ૚ࡵ	 = ∫ ቀ૚ + ࢞ࢋ

૛
− ૚ቁ

ࢇ࢞ࢋ
૙  ࢞ࢊ

Using Bernoulli (૚ + ࢔(࢞ > 1 +  ݔ݊

૚ࡵ = න૚ + ࢞ࢋ
ࢇ

૙

൬
࢞ࢋ

૛ − ૚൰ ;࢞ࢊ	 	 ૚ࡵ = න૚
ࢇ

૙

+
૛࢞ࢋ

૛ −  ࢞ࢊ࢞ࢋ
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૚ࡵ = න࢞ࢊ
ࢇ

૙

+
૚
૛නࢋ૛࢞

ࢇ

૙

࢞ࢊ − න࢞ࢋ
ࢇ

૙

;࢞ࢊ ૚ࡵ	 = ൤࢞ +
૚
૝ࢋ

૛࢞ − ൨࢞ࢋ
૙

ࢇ

 

૛ࡵ = ൤ࢇ +
૚
૝ࢋ

૛ࢇ −
૚
૝ࢋ

૙ − ࢇࢋ + ૙൨ࢋ ; ૚ࡵ	 = ൤ࢇ +
૚
૝ ࢋ

૛ࢇ −
૚
૝ − ࢇࢋ + ૚൨ 

But ࢇ > 0; ૚ࡵ	 = ࢇ) + ૙ + ૙) = 	ࢇ ∴ ૚ࡵ = ∫ ቀࢋ
࢞

૛
ቁ
ࢇ࢞ࢋ

૙ ࢞ࢊ =  ࢇ

For ࡵ૛  we use the same method from ࡵ૚  we get: 

૛ࡵ = ൤࢞ +
૚
૝ࢋ

࢞ − ൨࢞ࢋ
૙

࢈

; ૛ࡵ	 = ൤࢈+
૚
૝ࢋ

૛࢈ −
૚
૝ࢋ

૙ − ࢈ࢋ +  ૙൨ࢋ

૛ࡵ = ቂ࢈ + ૚
૝
࢈૛ࢋ − ૚

૝
− ࢈ࢋ + ૚ቃ. But ࢈ > 0; ૛ࡵ	 = +࢈) ૙ + ૙) = 	࢈ ∴ ૛ࡵ = ∫ ቀࢋ

࢞

૛
ቁ
࢈࢞ࢋ

૙ ࢞ࢊ =  ࢈

Now, to ࡵ૜  we use the same idea from ࡵ૚  and ࡵ૛ to get: 

૜ࡵ = න൬
࢞ࢋ

૛ ൰
ࢉ࢞ࢋ

૙

࢞ࢊ = ࢉ ∴ ષ = ࢇ + ࢈ +  ࢉ

But, ࢇ + ࢈ + ࢉ = ૜; 	ષ = ࢇ + ࢈ + ࢉ = ૜ > ࢋ3 − ૟; 	ષ = ૜ > ࢋ3 − ૟; 	ષ = ૜ > 2.15485 

∴ ષ = න൬
࢞ࢋ

૛ ൰
ࢇ࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
࢈࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
ࢉ࢞ࢋ

૙

࢞ࢊ = ࢇ + +࢈ ࢉ = ૜ > ࢋ3 − ૟ 

Solution 3 by Ali Jaffal-Lebanon 

ࡵ = න൬
࢞ࢋ

૛ ൰
ࢇ࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
࢈࢞ࢋ

૙

࢞ࢊ + න൬
࢞ࢋ

૛ ൰
ࢉ࢞ࢋ

૙

 ࢞ࢊ

Let ࢇࡵ = ∫ ቀࢋ
࢞

૛
ቁ
ࢇ࢞ࢋ

૙ ;࢞ࢊ ࢈ࡵ = ∫ ቀࢋ
࢞

૛
ቁ
࢈࢞ࢋ

૙ ࢉࡵ and ࢞ࢊ = ∫ ቀࢋ
࢞

૛
ቁ
ࢉ࢞ࢋ

૙  ࢞ࢊ

We have ቀࢋ
࢞

૛
ቁ
࢞ࢋ

= ࢞ࢋ(૛ܖܔି࢞)ࢋ ≥ (࢞ − ܖܔ ૛)࢞ࢋ + ૚ 

Since ࢚ࢋ ≥ ࢚ + ૚ for all ࢚ ∈ ℝ 

Then ࢇࡵ ≥ ࢇ) − ૛ܖܔ − ૚)ࢇࢋ + ܖܔ ૛ + ૚ +  ࢇ

So, ࡵ ≥ ࢇ) − ૛ܖܔ − ૚)ࢇࢋ + ࢇ) − ૛ܖܔ − ૚)࢈ࢋ + ࢉ) − ܖܔ ૛ − ૚)ࢉࢋ + ૜ ૛ܖܔ + ૜ + +ࢇ ࢈ +  ࢉ

We have ࣐(࢞) = (࢞ − ܖܔ ૛ − ૚)࢞ࢋ is convex or [૙, +∞] 

So, ࣐ቀࢇା࢈ାࢉ
૜

ቁ ≤ (ࢉ)ା࣐(࢈)ା࣐(ࢇ)࣐
૜
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Then ࡵ ≥ ૜ ቀࢇା࢈ାࢉ
૜

− ૛ܖܔ − ૚ቁ ࢋ
ࢉశ࢈శࢇ

૜ + ૜ ૛ܖܔ + ૜ + ૜ 

ࡵ ≥ ૜[−(ܖܔ ૛)ࢋ + ܖܔ ૛ + ૛] ≥ ૜ࢋ − ૟ 

 

758. Prove without softs: 

⎝

⎜
⎛
න૛ି࢞૛࢞ࢊ

૚
૛

૙
⎠

⎟
⎞

ି૚

+

⎝

⎛න૛ି࢞૛࢞ࢊ
૚

૚
૛ ⎠

⎞

ି૚

> 4 

Proposed by Jalil Hajimir-Canada 

Solution 1 by Daniel Sitaru-Romania 

࢞૛ > 0,−࢞૛ < 0,૛ି࢞૛ < 1,න૛ି࢞૛࢞ࢊ
૚

૙

< 1 

૚

∫ ૛ି࢞૛࢞ࢊ૚
૙

> 1						(1) 

⎝

⎜
⎛
න૛ି࢞૛࢞ࢊ

૚
૛

૙
⎠

⎟
⎞

ି૚

+

⎝

⎛න૛ି࢞૛࢞ࢊ
૚

૚
૛ ⎠

⎞

ି૚

= 

=
૚

∫ ૛ି࢞૛࢞ࢊ
૚
૛
૙

+
૚

∫ ૛ି࢞૛࢞ࢊ૚
૚
૛

>⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ (૚ + ૚)૛

∫ ૛ି࢞૛࢞ࢊ
૚
૛
૙ + ∫ ૛ି࢞૛࢞ࢊ૚

૚
૛

=
૝

∫ ૛ି࢞૛࢞ࢊ૚
૙

>⏞
(૚)૝
૚ = ૝ 

Solution 2 by Adrian Popa – Romania  

⎝

⎜
⎛
න૛ି࢞૛

૚
૛

૙

࢞ࢊ

⎠

⎟
⎞

ି૚

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ࢇ

+

⎝

⎛න૛ି࢞૛
૚

૚
૛

࢞ࢊ

⎠

⎞

ି૚

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢈

≥ ૝ ⇒ ૚ିࢇ + ૚ି࢈ ≥ ૝ 
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૛
૚
+ࢇ ૚

࢈
≤

ழெ஺ࡴࡹ ࢇ + ࢈
૛ ⇒ ൬

૚
ࢇ +

૚
൰࢈

+ࢇ) (࢈ ≥ ૝ ⇒
૚
ࢇ +

૚
࢈ ≥

૝
ࢇ +  ࢈

ࢇ + ࢈ = න૛ି࢞૛

૚
૛

૙

࢞ࢊ + න૛ି࢞૛
૚

૚
૛

࢞ࢊ = න૛ି࢞૛
૚

૙

࢞ࢊ ≤
?
૚ ⇔ ૛ି࢞૛ ≤ ૚		(∀)࢞ ∈ [૙,૚] 

(࢞)ࢌ = ૛ି࢞૛ ⇒ (࢞)ᇱࢌ = −૛࢞ ⋅ ૛ି࢞૛ ૛ܖܔ = ૙ ⇒ ࢞ = ૙ 

࢞ ૙																																																																								૚ 

ᇱ(࢞) ૙ࢌ − − − −− −− −−− −− − − −− − 

																																																																						૚ (࢞)ࢌ
૚
૛ 

⇒ (࢞)ࢌ ≤ ૚	(∀)࢞ ∈ (૙,૚) ⇒ ૛ି࢞૛ ≤ ૚ 

⎝

⎜
⎛
න૛ି࢞૛

૚
૛

૙

࢞ࢊ

⎠

⎟
⎞

ି૚

+

⎝

⎛න૛ି࢞૛
૚

૚
૛

࢞ࢊ

⎠

⎞

ି૚

≥
૝

∫ ૛ି࢞૛࢞ࢊ૚
૙

≥ ૝ 

 

759. Prove that: 

࣊ + ૝
࣊ − ૝ +න

૚ିܖ܉ܜ) ࢞)૛

(࢞ − ૚ିܖ܉ܜ ࢞)૛

ࢇ

૚

࢞ࢊ >
૚+ ܖܑܛ ࢇ ⋅ ૚ିܖ܉ܜ ࢇ

૚ିܖ܉ܜ ࢇ − ࢇ ࢇ, > 1 

Proposed by Daniel Sitaru – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

First, we compute: (ࢇ)ࡵ = ∫ ൫ܖ܉ܜష૚ ࢞൯
૛

൫࢞ିܖ܉ܜష૚ ࢞൯
૛

ࢇ
૚  ࢞ࢊ

We have: ࢌ(࢞) = ൫ܖ܉ܜష૚ ࢞൯
૛

൫࢞ିܖ܉ܜష૚ ࢞൯
૛ = ൫ܖ܉ܜష૚ ࢞൯

૛

࢞૛ି૛࢞ ష૚ܖ܉ܜ ࢞ା൫ܖ܉ܜష૚ ࢞൯
૛ = ૚ − ࢞൫࢞ି૛ ష૚ܖ܉ܜ ࢞൯

൫࢞ିܖ܉ܜష૚ ࢞൯
૛  

More, ࢍ(࢞) = ࢞૛ା૚
ష૚ܖ܉ܜ ࢞ି࢞

→ (࢞)ᇱࢍ =
૛࢞൫ܖ܉ܜష૚ ࢞ି࢞൯ା൫࢞૛ା૚൯⋅ ࢞૛

࢞૛శ૚

൫࢞ିܖ܉ܜష૚ ࢞൯
૛ = − ࢞൫࢞ି૛ܖ܉ܜష૚ ࢞൯

൫࢞ିܖ܉ܜష૚ ࢞൯
૛  

→ ∫൬− ࢞൫࢞ି૛ ష૚ܖ܉ܜ ࢞൯

൫࢞ିܖ܉ܜష૚ ࢞൯૛
൰࢞ࢊ = (࢞)ࢍ + ࡯ = ࢞૛ା૚

ష૚ܖ܉ܜ ࢞ି࢞
+ :࡯)		࡯  :Hence .(࢚࢙࢔࢕ࢉ
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(ࢇ)ࡵ = න
૚ିܖ܉ܜ) ࢞)૛

(࢞ − ૚ିܖ܉ܜ ࢞)૛

ࢇ

૚

࢞ࢊ = නࢌ(࢞)
ࢇ

૚

࢞ࢊ = නቆ૚ −
࢞(࢞ − ૛ ૚ିܖ܉ܜ ࢞)

(࢞ − ૚ିܖ܉ܜ ࢞)૛ ቇ
ࢇ

૚

 ࢞ࢊ

= ቆ࢞ +
࢞૛ + ૚

૚ିܖ܉ܜ ࢞ − ࢞ቇቤ
૚

ࢇ

= ቆࢇ +
૛ࢇ + ૚

૚ିܖ܉ܜ ࢇ − ቇࢇ − ൬૚ +
૛

૚ିܖ܉ܜ ૚ − ૚൰ 

=
ࢇ ࢇ૚ିܖ܉ܜ + ૚
૚ିܖ܉ܜ ࢇ − ࢇ

−
૚ିܖ܉ܜ ૚ + ૚
૚ିܖ܉ܜ ૚ − ૚

=
ࢇ ૚ିܖ܉ܜ +ࢇ ૚
૚ିܖ܉ܜ ࢇ − ࢇ

−
࣊+ ૝
࣊ − ૝

 

→ ࡿࡴࡸ =
࣊+ ૝
࣊ − ૝ + (ࢇ)ࡵ =

࣊+ ૝
࣊ − ૝ +

૚ିܖ܉ܜࢇ ࢇ + ૚
૚ିܖ܉ܜ ࢇ − ࢇ −

࣊ + ૝
࣊ − ૝ =

ࢇ ૚ିܖ܉ܜ +ࢇ ૚
૚ିܖ܉ܜ ࢇ − ࢇ  

= ૚ାࢇ ష૚ܖ܉ܜ ࢇ
ష૚ܖ܉ܜ ࢇିࢇ

>
ܖܑܛவࢇ வଵࢇ,ࢇ ૚ାܖܑܛ ࢇ ష૚ܖ܉ܜ ࢇ

ష૚ܖ܉ܜ ࢇିࢇ
. Proved. 

 

are two real numbers such that ૚ ࢈ and ࢇ .760 < ܽ < ܾ <  .૛ࢋ

Prove that:  

නනන
࢞ + ࢟ + ࢠ

ܖܔ ቀ࢞ + ࢟ + ࢠ
૜ ቁ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≥
૜(࢈ − ࢇ)૜(ࢇ + (࢈

૛ ܖܔ ቀࢇ + ࢈
૛ ቁ

 

Proposed by Ali Jaffal – Lebanon  

Solution 1 by Daniel Sitaru – Romania  

:ࢌ (૚,∞) → ℝ, (࢞)ࢌ =
࢞
࢞ܖܔ (࢞)ᇱࢌ, =

࢞ܖܔ − ૚
૛(࢞ܖܔ) , 

(࢞)ᇱᇱࢌ =
૛ − ࢞ܖܔ
૜(࢞ܖܔ) > ૙,∀࢞ ∈ (૚,ࢋ૛) 

ࢌ −convexe. By Hermite-Hadamard’s inequality for triple integrals: 

૚
࢈) − ൬ࢌ૜නනන(ࢇ

࢞ + ࢟ + ࢠ
૜ ൰ࢠࢊ࢟ࢊ࢞ࢊ ≥ ࢌ ൬

ࢇ + ࢈
૛ ൰

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

 

නනනቌ
࢞ + ࢟ + ࢠ

૜
ܖܔ ቀ࢞ + ࢟ + ࢠ

૜ ቁ
ቍ࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≥
࢈) − +ࢇ)૜(ࢇ (࢈

૛ܖܔ ቀࢇ+ ࢈
૛ ቁ
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නනනቌ
࢞ + ࢟ + ࢠ

ܖܔ ቀ࢞ + ࢟ + ࢠ
૜ ቁ

ቍ ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≥
૜(࢈− ࢇ)૜(ࢇ + (࢈

૛ܖܔ ቀࢇ + ࢈
૛ ቁ

 

Solution 2 by proposer 

Let ࢌ be a convex and continuous function on [ࢇ;  :then [࢈

නࢌ(࢞)
࢈

ࢇ

࢞ࢊ ≥ ࢈) − ࢌ(ࢇ ൬
ࢇ + ࢈
૛ ൰ 

Let ࢇ ≤ ࢞ ≤ ࢇ;࢈ ≤ ࢟ ≤ ࢇ and ࢈ ≤ ࢠ ≤ ∫ so ,࢈ ࢌ ቀ࢞ା࢟ାࢠ
૜

ቁ࢈
ࢇ ࢞ࢊ ≥ ࢈) − ࢈ାࢇቀࢌ(ࢇ

૟
+ ࢟

૜
+ ࢠ

૜
ቁ. And  

නනࢌ൬
࢞ + ࢟ + ࢠ

૜
൰ ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

≥ න(࢈ − (ࢇ
࢈

ࢇ

ࢌ ൬
ࢇ + ࢈
૟

+
࢟
૜

+
ࢠ
૜
൰࢟ࢊ ≥ ࢈) − ൬ࢌ૛(ࢇ

ࢇ + ࢈
૟

+
ࢇ + ࢈
૟

+
ࢠ
૜
൰ 

Then: ∫ ∫ ∫ ࢌ ቀ࢞ା࢟ାࢠ
૜

ቁ ࢈࢞ࢊ
ࢇ ࢈࢟ࢊ

ࢇ ࢈ࢠࢊ
ࢇ ≥ ࢈) − ࢌ૜(ࢇ ቀࢇା࢈

૟
+ ࢈ାࢇ

૟
+ ࢈ାࢇ

૟
ቁ ≥ ࢈) − ࢈ାࢇቀࢌ૜(ࢇ

૛
ቁ 

If ࢌ(࢞) = ࢞
(࢞)ܖܔ

 where ࢞ ∈ ]૚; (࢞)ᇱᇱࢌ ૛[thenࢋ = ି ା૛(࢞)ܖܔ
૜((࢞)ܖܔ)࢞

> 0 on ]૚;ࢋ૛[ 

We have ࢌ is convex and continuous on ]૚;  ]૛ࢋ

නනන
࢞ + ࢟ + ࢠ

ቀ࢞ܖܔ + ࢟ + ࢠ
૜ ቁ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≥ ૜(࢈− ࢌ૜(ࢇ ൬
ࢇ + ࢈
૛ ൰ =

૜(࢈− +ࢇ)૜(ࢇ (࢈

૛ ܖܔ ቀࢇ + ࢈
૛ ቁ

 

Therefore ∫ ∫ ∫ ࢞ା࢟ାࢠ

૜ࢠቀ࢞శ࢟శܖܔ ቁ
࢈࢞ࢊ

ࢇ ࢈࢟ࢊ
ࢇ ࢈ࢠࢊ

ࢇ ≥ ૜(ࢇି࢈)૜(ࢇା࢈)

૛ ૛࢈శࢇቀܖܔ ቁ
 

 

761. If ࢈,ࢇ ∈ ℝ,ࢇ ≤  :then ࢈

නන ඥࢋ(૜࢞ା࢟)૛૚૟
࢈

ࢇ

࢈

ࢇ

࢟ࢊ࢞ࢊ ≥ ࢈) − ૛(ࢇ ∙ ඥࢋ(ࢇା࢈)૛૝
 

Proposed by Daniel Sitaru-Romania 

Solution by Ali Jaffal-Lebanon 

࣐࢟(࢞) = ࢋ
(૜࢞ା࢟)૛

૚૟ ,࣐࢟
ᇱᇱ(࢞) =

ૢ
ૡࢋ

(૜࢞ା࢟)૛
૚૟ +

ૢ
૟૝ (૜࢞ + ࢟)૛ࢋ

(૜࢞ା࢟)૛
૚૟ ≥ ૙ 



 
www.ssmrmh.ro 

࣐࢟ − ࢋ࢞ࢋ࢜࢔࢕ࢉ → න࣐࢟(࢞)࢞ࢊ ≥ ࢈) − ࣐࢟(ࢇ ൬
ࢇ + ࢈
૛ ൰ = ࢈) − ࢋ(ࢇ

(૜ቀࢇା࢈૛ ቁା࢟)૛

૚૟

࢈

ࢇ

 

Let ࢸ(࢟) = (࢈ାࢇ)ቀ૜࢖࢞ࢋ
ૡ

+ ࢟
૝
ቁ
૛

 

(࢟)ᇱᇱࢸ =
૚
ૡ࢖࢞ࢋ൬

૜(ࢇ + (࢈
ૡ +

࢟
૝൰

૛

+
૚
૝൬

૜(ࢇ+ (࢈
ૡ +

࢟
૝൰

૛

൬࢖࢞ࢋ
૜(ࢇ + (࢈

ૡ +
࢟
૝൰

૛

 

(࢟)ᇱᇱࢸ > ߖ,0 − ݁ݔ݁ݒ݊݋ܿ → න࢟ࢊ(࢟)ࢸ ≥ ࢈) − ൬ࢸ(ࢇ
ࢇ + ࢈
૛ ൰

࢈

ࢇ

 

නන ඥࢋ(૜࢞ା࢟)૛૚૟
࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

≥ −࢈) ቆ࢖࢞ࢋ૛(ࢇ
૜(ࢇ+ (࢈

ૡ +
ࢇ + ࢈
ૡ ቇ

૛

= 

= ࢈) − ቆ࢖࢞ࢋ૛(ࢇ
+ࢇ) ૛(࢈

૝ ቇ = −࢈) ૛(ࢇ ∙ ඥࢋ(ࢇା࢈)૛૝
 

 

762. If √૜
૜

< ܽ ≤ ܾ < 1 then: 

නනቌ
࢞ + ࢟

૚ିܖ܉ܜ ቀ࢞ + ࢟
૛ ቁ

ቍ࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

≥
૛࢈) − ࢈)(૛ࢇ − (ࢇ

૛ ૚ିܖ܉ܜ ቀࢇ + ࢈
૛ ቁ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ali Jaffal-Lebanon 

Let ࣐(࢚) = ࢚
(࢚)ܖ܉ܜ܋ܚ܉

 where ࢚ > 0; 	࣐ᇱᇱ(࢚) = ૛(࢚ିܖ܉ܜ܋ܚ܉ ࢚)

ܖ܉ܜ܋ܚ܉) ࢚)૜൫૚ା࢚૛൯૛
> 0 

Since ࢚ ≥ ܖ܉ܜ܋ܚ܉ ࢚ for all ࢚ ∈ [૙, +∞[ we have ࣐ is convexe on ]૙, +∞[ 

then ∫ ࢈࢚ࢊ(࢚)࣐
ࢇ ≥ (࢜ − ࢛)࣐ቀ࢜ା࢛

૛
ቁ for all ૙ < ݑ <  ݒ

Let ࡵ = ∫ ∫ ࢞ା࢟

ቀ࢞శ࢟૛ܖ܉ܜ܋ܚ܉ ቁ

࢈
ࢇ ࢈࢞ࢊ

ࢇ ࢟ࢊ = ૛∫ ∫ ࣐ቀ࢞ା࢟
૛
ቁ࢈

ࢇ ࢈࢞ࢊ
ࢇ  ࢟ࢊ

න࣐൬
࢞ + ࢟
૛ ൰

࢈

ࢇ

࢞ࢊ ≥ −࢈) ൬࣐(ࢇ
+࢈ ࢇ
૝ +

࢟
૛൰ 

then 
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ࡵ ≥ ૛න(࢈ − ൬࣐(ࢇ
࢈ + ࢇ
૝ +

࢟
૛൰

࢈

ࢇ

࢟ࢊ ≥ ૛(࢈ − ࢈)(ࢇ − ൬࣐(ࢇ
+࢈ ࢇ
૝ +

+࢈ ࢇ
૝ ൰ 

≥ ૛(࢈ − ࢈)(ࢇ − (ࢇ ⋅ ࣐ ൬
+࢈ ࢇ
૛ ൰ ≥ ૛(࢈− ࢈)(ࢇ − (ࢇ ×

࢈ + ࢇ
૛

૚ିܖ܉ܜ ቀ࢈ + ࢇ
૛ ቁ

 

≥
࢈) − ૛࢈)(ࢇ − (૛ࢇ

૚ିܖ܉ܜ ቀࢇ+ ࢈
૛ ቁ

≥
࢈) − ૛࢈)(ࢇ − (૛ࢇ

૛ ૚ିܖ܉ܜ ቀࢇ + ࢈
૛ ቁ

 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

With √૜
૜

< ܽ ≤ ܾ < 1 and ࢞,࢟ ∈ [࢈;ࢇ] → ࢇ ≤ ࢞ା࢟
૛
≤  :We have .࢈

(࢚)ࢌ =
࢚

૚ିܖ܉ܜ ࢚ , ࢚ > 0 → (࢚)ᇱࢌ =
૚

૚ିܖ܉ܜ ࢚ −
࢚

(࢚૛ + ૚)(ିܖ܉ܜ૚ ࢚)૛ =
૚ିܖ܉ܜ ࢚ − ࢚

(࢚૛ + ૚)
૚ିܖ܉ܜ) ࢚)૛  

Let: ࢍ(࢚) = ૚ିܖ܉ܜ ࢚ − ࢚
൫࢚૛ା૚൯

, ࢚ > 0 → (࢚)ᇱࢍ = ૛࢚૛

൫࢚૛ା૚൯
૛ > 0 → ݃(࢚) ↑ on (૙; +∞) → 

(࢚)ࢍ > ݃(૙) = ૙ → (࢚)ᇱࢌ > 0 → ݂(࢚) ↑ on (૙; +∞) 

Choosing: ࢚ = ࢞ା࢟
࢞
≥ ࢇ > 0 →

࢞శ࢟
࢞

ష૚ቀ࢞శ࢟૛ܖ܉ܜ ቁ
≥ ࢇ

(ࢇ)ష૚ܖ܉ܜ
 

We must show that: ࢇ
(ࢇ)ష૚ܖ܉ܜ

≥ ࢇା࢈

૝ ૛࢈శࢇష૚ቀܖ܉ܜ ቁ
↔ ૝ࢇ ૚ିܖ܉ܜ ቀࢇା࢈

૛
ቁ ≥ ࢈) + (ࢇ  (ࢇ)૚ିܖ܉ܜ

It is true because: ିܖ܉ܜ૚ ࢞ ↑ on (૙, +∞) →
࢈శࢇ
૛ வ଴

૚ିܖ܉ܜ ቀࢇା࢈
૛
ቁ ≥  (ࢇ)૚ିܖ܉ܜ

And: ૝ࢇ ≥ ࢈ + ࢇ ↔ ૜ࢇ ≥
(∗)
 ࢈

ࢇ > √૜
૜
→ ૜ࢇ > √૜ > 1 > ܾ. So,  

නනቌ
࢞ + ࢟
૛

૚ିܖ܉ܜ ቀ࢞ + ࢟
૛ ቁ

ቍ
࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≥ ቌ
࢈ + ࢇ

૝ ૚ିܖ܉ܜ ቀࢇ + ࢈
૛ ቁ

ቍනන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

=
࢈) − ࢈)૛(ࢇ + (ࢇ

૝ ૚ିܖ܉ܜ ቀࢇ + ࢈
૛ ቁ

 

Or 

නනቌ
࢞ + ࢟

૚ିܖ܉ܜ ቀ࢞ + ࢟
૛ ቁ

ቍ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ ≥
૛࢈) − ࢈)(૛ࢇ − (ࢇ

૛ ૚ିܖ܉ܜ ቀࢇ + ࢈
૛ ቁ
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763. If ࢈,ࢇ > 1 then: 

૛
ࢇ) − ૚)(࢈ − ૚)නනቆ

૚ିܖ܉ܜ ࢞ − ૚ିܖ܉ܜ ࢟
࢞܏ܗܔ − ࢟܏ܗܔ

ቇ࢞ࢊ
ࢇ

૚

࢟ࢊ
ࢇ

૚

< 1 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Jalil Hajimir-Canada 

Let ࢌ(࢞) = ૚ିܖ܉ܜ ࢞ and ࢍ(࢞) = ܖ܉ܜ ࢞ 

Functions ࢌ(࢞) and ࢍ(࢞) are satisfying generalized mean value theorem: 

(࢞)ࢌ − (࢟)ࢌ
(࢟)ࢍ−(࢞)ࢍ =

(ࢉ)ᇱࢌ
(ࢉ)ᇱࢍ =

ࢉ
૚ + ૛ࢉ <

૚
૛ 

∴ නන
(࢞)ࢌ − (࢟)ࢌ
(࢟)ࢍ−(࢞)ࢍ

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ <
૚
૛

−࢈) ૚)(ࢇ − ૚) 

Solution 2 by Ravi Prakash-New Delhi-India 

For ࢞ ≠ ࢟,૚ < ݔ < ܽ, 1 < ݕ < ܾ.  By Cauchy’s mean value theorem:  

ష૚ܖ܉ܜ ష૚ܖ܉ܜି࢞ ࢟
܏ܗܔ ܏ܗܔି࢞ ࢟

=
૚

൫૚శࢉ૛൯
૚
ࢉ

. For the same ࢉ lying between ࢞ and ࢟. 

⇒
૚ିܖ܉ܜ ࢞ − ૚ିܖ܉ܜ ࢟
܏ܗܔ ࢞ − ܏ܗܔ ࢟ ≤

ࢉ
૚ + ૛ࢉ <

૚
૛		

[∵ ࢉ > 1] ⇒ නන
૚ିܖ܉ܜ ࢞ − ૚࢟ିܖ܉ܜ
࢞܏ܗܔ − ࢟܏ܗܔ

࢈

૚

࢞ࢊ
ࢇ

૚

 ࢟ࢊ

<
૚
૛නන࢞ࢊ

࢈

૚

࢟ࢊ
ࢇ

૚

=
૚
૛

ࢇ) − ૚)(࢈ − ૚) ⇒
૛

ࢇ) − ૚)(࢈− ૚)නන
૚ିܖ܉ܜ ࢞ − ૚ିܖ܉ܜ ࢟
܏ܗܔ ࢞ − ܏ܗܔ ࢟

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ < 1 

Solution 3 by Florentin Vișescu-Romania 

Considering the functions ࢍ,ࢌ: [࢞; ࢟] → ℝ 

(࢚)ࢌ = ܖ܉ܜ܋ܚ܉ ࢚ and ࢍ(࢚) = ܖܔ ࢚ ⇒
ࢉ࢚
ࢻ∃ ∈  ࢻࢇ(࢟;࢞)

(ࢻ)ᇲࢍ
(࢞)ᇲࢍ

= ܖ܉ܜ܋ܚ܉ ܖ܉ܜ܋ܚ܉ି࢞ ࢟
ܖܔ ܖܔି࢞ ࢟

 or 
૚

૚శࢻ૛
૚
ࢻ

= ܖ܉ܜ܋ܚ܉ ܖ܉ܜ܋ܚ܉ି࢞ ࢟
ܖܔ ࢟ܖܔି࢞

 

ܖ܉ܜ܋ܚ܉ ࢞− ࢟ܖ܉ܜ܋ܚ܉
ܖܔ ࢞− ࢟ܖܔ =

ࢻ
૚ +  ૛ࢻ

Consider ࢎ: [૚,∞) → ℝ;(ࢻ)ࢎ = ࢻ
૚ାࢻ૛
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(ࢻ)ᇱࢎ =
૚ + ૛ࢻ − ૛ࢻ૛

(૚ + ૛)૛ࢻ =
૚ − ૛ࢻ

(૚ +  ૛)૛ࢻ

 ∞																																																																				૚ ࢻ

−−− (࢞)ᇱࢎ −− −− −− −− −− −− − −− 

૚ (࢞)ࢎ
૛ 

(૚)ࢎ = ૚
૛
 so, (ࢻ)ࢎ ≤ ૚

૛
	 then  

නන
࢞ܖ܉ܜ܋ܚ܉ − ࢟ܖ܉ܜ܋ܚ܉

ܖܔ ࢞ − ࢟ܖܔ

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ = නන
ࢻ

૚ + ૛ࢻ

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ < නන
૚
૛

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ =
૚
૛

࢈) − ૚)(ࢇ − ૚) ⇒ 

૛
−࢈) ૚)(ࢇ− ૚)නන

࢞ܖ܉ܜ܋ܚ܉ − ࢟ܖ܉ܜ܋ܚ܉
࢞ܖܔ − ࢟ܖܔ

࢈

૚

࢞ࢊ
ࢇ

૚

࢟ࢊ < 1 

 

764. Let ࢔࢖ be the ࢔th prime number. Find: 

ષ = ܕܑܔ
ஶ→࢔

൭
ඥ࢔࢖૜
࢔ + ඥ࢔࢖૞

࢔ − ૛

૜ ඥ࢔࢔࢖
+ ૞ ඥ࢔࢔࢖

− ૡ
൱ 

Proposed by Daniel Sitaru – Romania  

Solution by Mokhtar Khassani-Mostaganem-Algerie 

ષ = ஶ→࢔ܕܑܔ ቌ
ට࢔ࡼ૜
࢔

ା ට࢔ࡼ૞
࢔

ି૛

૜ ඥ࢔࢔ࡼ
ା૞ ඥ࢔࢔ࡼ

ିૡ
ቍ. Note that by prime number theorem: ࢔ࡼ ∼ ܏ܗܔ࢔  ࢔

so: ષ = ஶ→࢔ܕܑܔ ൬
ඥ(࢔ ࢔૜(࢔܏ܗܔ ା ඥ(࢔܏ܗܔ࢔)૞࢔ ି૛

૜ ඥ࢔ ࢔࢔܏ܗܔ శ૞ ඥ࢔ ࢔࢔܏ܗܔ
ିૡ

൰									൜࢔ܕܑܔ→ାஶ ඥ࢔ ࢔࢔܏ܗܔ = శಮ→࢔ܕܑܔࢋ
࢔)܏ܗܔ (࢔܏ܗܔ

࢔ =

૚ 

by L’Hopital rule we get:  

ષ = ܕܑܔ
ାஶ→࢔

ቀ૞ඥ(܏ܗܔ࢔ ࢔૜(࢔ + ૞ඥ(܏ܗܔ࢔ ࢔૞(࢔ ቁ ൬૚ + ܏ܗܔ ࢔
૛࢔ ܏ܗܔ ࢔ − ࢔)܏ܗܔ ܏ܗܔ (࢔

૛࢔ ൰

ቀ૜ ඥ࢔ ܏ܗܔ ࢔࢔
܏ܗܔ ૜ + ૞ ඥ࢔ ࢔࢔܏ܗܔ

܏ܗܔ ૞ቁ ൬૚ + ܏ܗܔ ࢔
૛࢔ ܏ܗܔ ࢔ − ࢔)܏ܗܔ ܏ܗܔ (࢔

૛࢔ ൰
=

ૡ
૜ ܏ܗܔ ૜ + ૞ ܏ܗܔ ૞

= ષ 
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765. Prove that: 

ܕܑܔ
ஶ→࢔

࢔ ෑ(࢔)ܖܔ
࢖

ඥ࢖࢖ష૚ ࢖) + ૚)
࢔ஸ࢖

=
࣊૛

૟
 

The product on the left-hand side extends over all prime numbers ࢖ ≤  ࢔

Proposed by Prem Kumar-India 

Solution by proposer 

We are going to use Merten’s 3rd theorem: ࢔ܕܑܔ→ஶ
૚
࢔ܖܔ

∏ ࢖
࢔ஸ࢖૚ି࢖ =  ࢽࢋ

A well-known result: ࢽ = ஶ→࢔ܕܑܔ ቀܖܔ −∑
࢖ܖܔ
ழ௡࢖૚ି࢖ ቁ ⇒ ࢽࢋ = ஶ→࢔ܕܑܔ

࢔

ඥ࢖
ష૚࢖  

And Euler’s product formula for ࢙ = ૛ 

ܕܑܔ
ஶ→࢔

ෑ
૛࢖

૛࢖ − ૚
࢔ஸ࢖

=  (૛)ࣀ

ࡿࡴࡸ = ܕܑܔ
ஶ→࢔

࢔ ෑ࢔ܖܔ
࢖

ඥ࢖࢖ష૚ +࢖) ૚)
࢔ஸ࢖

×
࢖
×࢖

࢖ − ૚
࢖ − ૚ 

= ܕܑܔ
ஶ→࢔

ෑ
࢔
ඥ࢖࢖ష૚

࢔ஸ࢖

×
૚

૚
࢔ܖܔ × ࢖

࢖ − ૚
×

૛࢖

૛࢖ − ૚ = ࢽࢋ × ࢽିࢋ × (૛)ࣀ =
࣊૛

૟ =  ࡿࡴࡾ

Hence proved. 

 

766. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ࢔൭෍൬܏ܗܔ ൬
૛࢔ + ૛࢑ + ૚

࢔ + ࢑ ൰൰
࢔

࢑ୀ૚

࢔− ܏ܗܔ ૛ −
܏ܗܔ ૛
૛ ൱ቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Remus Florin Stanca-Romania  

ષ = ஶ→࢔ܕܑܔ
∑ ቀܖܔቀ૛࢔శ૛࢑శ૚࢔శ࢑ ቁቁ࢔
࢑స૚ ࢔ି ܖܔ ૛ିܖܔ૛૛

૚
࢔

  (b) 
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∑ஶ→࢔ܕܑܔ ቀܖܔ ቀ૛࢔ା૛࢑ା૚
ା࢑࢔

ቁቁ࢔
࢑ୀ૚ ࢔− ૛ܖܔ − ૛ܖܔ

૛
= ஶ→࢔ܕܑܔ ∏ቆටܖܔቆ࢔ ቀ૛࢔ା૛࢑ା૚

ା࢑࢔
ቁ࢔

࢑ୀ૚
࢔ ቇ − ૛ቇܖܔ − ܖܔ ૛

૛
  

(1) 

ܕܑܔ
ஶ→࢔

൮ඩෑ൬ܖܔ
૛࢔+ ૛࢑+ ૚

࢔ + ࢑
൰

࢔

࢑ୀ૚

࢔

൲ = ܕܑܔ
ஶ→࢔

ܖܔ ቌ
∏ ૛࢔+ ૛࢑+ ૜

࢔ + ࢑ + ૚
ା૚࢔
࢑ୀ૚

∏ ૛࢔ + ૛࢑+ ૚
࢔ + ࢑

࢔
࢑ୀ૚

ቍ = ܕܑܔ
ஶ→࢔

ܖܔ ൮

(૝࢔+ ૞)‼
(૛࢔+ ૜)‼ ⋅

࢔) + ૚)!
(૛࢔+ ૛)!

(૝࢔+ ૚)‼
(૛࢔+ ૚)‼ ⋅

!࢔
(૛࢔)!

൲ = 

= ܕܑܔ
ஶ→࢔

ܖܔ ቆ
(૝࢔+ ૜)
(૛࢔+ ૜) ⋅

૝࢔+ ૞
૛࢔+ ૚ ⋅

+࢔ ૚
૛࢔+ ૛ቇ = ܖܔ ૛ ⇒ ൮ඩෑ൬ܖܔ൮࢔

૛࢔ + ૛࢑ + ૚
࢔ + ࢑ ൰

࢔

࢑ୀ૚

࢔

൲ −  ૛൲ܖܔ

= ܕܑܔ
ஶ→࢔

∏ቆටܖܔ ቀ૛࢔+ ૛࢑+ ૚
+࢔ ࢑ ቁ࢔

࢑ୀ૚
࢔

ቇ − ૛ܖܔ

૚
࢔

=
૙
૙

=࢕࢘ࢇ࢙ࢋ࡯ିࢠ࢒࢕࢚ࡿ ܕܑܔ
ஶ→࢔

ܖܔ

⎝

⎛
ට∏ ቀ૛࢔ + ૛࢑ + ૜

࢔ + ࢑ + ૚ ቁ࢔ା૚
࢑ୀ૚

శ૚࢔

ට∏ ቀ૛࢔+ ૛࢑+ ૚
+࢔ ࢑ ቁ࢔

࢑ୀ૚
࢔

⎠

⎞

૚
࢔ + ૚ −

૚
࢔

= 

= ܕܑܔ
ஶ→࢔

൮ቌܖܔ
∏ ቀ૛࢔ + ૛࢑ + ૚

࢔ + ࢑ ቁ࢔
࢑ୀ૚

∏ ቀ૛࢔ + ૛࢑ + ૜
࢔ + ࢑ + ૚ ቁ࢔ା૚

࢑ୀ૚

ቍ

࢔

⋅ෑ൬
૛࢔ + ૛࢑ + ૚

࢔ + ࢑ ൰
࢔

࢑ୀ૚

൲ = 

= ஶ→࢔ܕܑܔ ܖܔ ቀ∏ ቀ૛࢔ା૛࢑ା૚
૛࢔ା૛࢑

ቁ࢔
࢑ୀ૚ ቁ   (a) 

૛࢔ା૛࢑ା૛
૛࢔ା૛࢑ା૚

< ૛࢔ା૛࢑ା૚
૛࢔ା૛࢑

< ૛࢔ା૛࢑
૛࢔ା૛࢑ି૚

 is true because (૛࢔ + ૛࢑)૛ − ૚ < (૛࢔ + ૛࢑)૛ and 

(૛࢔+ ૛࢑)૛ + ૛(૛࢔+ ૛࢑) < (૛࢔ + ૛࢑)૛ + ૚ + ૛(૛࢔+ ૛࢑) 
૛࢔+ ૛࢑+ ૛
૛࢔+ ૛࢑+ ૚ <

૛࢔+ ૛࢑ + ૚
૛࢔ + ૛࢑ <

૛࢔+ ૛࢑
૛࢔+ ૛࢑ − ૚ | ⋅

૛࢔+ ૛࢑ + ૚
૛࢔+ ૛࢑ ⇒ 

⇒ ට૛࢔ା૛࢑ା૛
૛࢔ା૛࢑

< ૛࢔ା૛࢑ା૚
૛࢔ା૛࢑

< ට૛࢔ା૛࢑ା૚
૛࢔ା૛࢑ି૚

		  (2) ⇒ 

⇒ෑඨ૛࢔ + ૛࢑ + ૛
૛࢔ + ૛࢑

࢔

࢑ୀ૚

< ෑ
૛࢔+ ૛࢑+ ૚
૛࢔ + ૛࢑

࢔

࢑ୀ૚

< ෑඨ૛࢔ + ૛࢑ + ૚
૛࢔ + ૛࢑ − ૚

࢔

࢑ୀ૚

 

ෑඨ૛࢔+ ૛࢑ + ૛
૛࢔ + ૛࢑

࢔

࢑ୀ૚

= ඨ૛࢔ + ૝
૛࢔ + ૛ ⋅

૛࢔ + ૟
૛࢔ + ૝ ⋅ … ⋅

૝࢔+ ૛
૝࢔ = ඨ૝࢔ + ૛

૛࢔ + ૛ ⇒ 

⇒ ∏ஶ→࢔ܕܑܔ ට૛࢔ା૛࢑ା૛
૛࢔ା૛࢑

࢔
࢑ୀ૚ = √૛  (3) 
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and in the same way ࢔ܕܑܔ→ஶ∏ ට૛࢔ା૛࢑ା૚
૛࢔ା૛࢑ି૚

࢔
࢑ୀ૚ = √૛   (4) 

⇒
(૛);(૜);(૝)

ܕܑܔ
ஶ→࢔

ෑ
૛࢔+ ૛࢑ + ૚
૛࢔+ ૛࢑

࢔

࢑ୀ૚

= √૛ ⇒
(ࢇ)

ܕܑܔ
ஶ→࢔

ቌඨෑ൬ܖܔቌ࢔
૛࢔ + ૛࢑ + ૚

࢔ + ࢑ ൰
࢑ୀ૚

࢔ ቍ − ૛ቍܖܔ = 

= ൫√૛൯ܖܔ =
ܖܔ ૛
૛  

⇒ ܕܑܔ
ஶ→࢔

∑ ቀܖܔቀ૛࢔ + ૛࢑ + ૚
࢔ + ࢑ ቁቁ࢔

࢑ୀ૚ − ૛ܖܔ࢔ − ૛ܖܔ
૛

૚
࢔

=
૙
૙ ܕܑܔ
ஶ→࢔

∏ቀܖܔ ቀ૛࢔ + ૛࢑ + ૚
࢔ + ࢑ ቁ࢔

࢑ୀ૚ ⋅ ૚૛࢔ቁ −
૛ܖܔ
૛

૚
࢔

=
૙
૙

 ࢕࢘ࢇ࢙ࢋ࡯ିࢠ࢒࢕࢚ࡿ

= − ܕܑܔ
ஶ→࢔

൭൬૚ܖܔ +
૜

૚૟࢔૛ + ૜૛࢔+ ૚૛൰
࢔૛ା࢔

൱ = 

= − ܕܑܔ
ஶ→࢔

ܖܔ ቌ൬૚ +
૜

૚૟࢔૛ + ૜૛࢔+ ૚૛൰
૚૟࢔૛ା૜૛࢔ା૚૛

૜ ⋅ ૜࢔૛ା૜࢔
૚૟࢔૛ା૜૛࢔ା૚૛

ቍ = − ࢋ൬ܖܔ
૜
૚૟൰ = −

૜
૚૟ ⇒

(࢈)
 

⇒ ષ = −
૜
૚૟ 

Solution 2 by Samir HajAli-Damascus-Syria 

First: ∑ ܖܔ ቀ૛࢔ା૛࢑ା૚
ା࢑࢔

ቁ࢔
࢑ୀ૚ = ܖܔ ቆ∏

૛ቀ࢔ା࢑ା૚૛ቁ

ା࢑࢔
࢔
࢑ୀ૚ ቇ = ࢔ ⋅ ܖܔ ૛ + ∏ቆܖܔ

ା࢑ା૚૛࢔
ା࢑࢔

࢔
࢑ୀ૚ ቇ 

But: ∏ ቀ࢔ + ࢑ + ૚
૛
ቁ࢔

࢑ୀ૚ =
ડቀ૛࢔ା૜૛ቁ

ડቀ࢔ା૜૛ቁ
 

ෑ(࢔+ ࢑)
࢔

࢑ୀ૚

=
ડ(૛࢔+ ૚)
ડ(࢔+ ૚)  

Then: ∑ ܖܔ ቀ૛࢔ା૛࢑ା૚
ା࢑࢔

ቁ࢔
࢑ୀ૚ = ࢔ ⋅ ܖܔ ૛ + ܖܔ ቆ

ડቀ૛࢔ା૜૛ቁ×ડ(࢔ା૚)

ડቀ࢔ା૜૛ቁ×ડ(૛࢔ା૚)
ቇ

ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ୀ࢔ࣂ

 

Therefore: ષ = ܕܑܔ ൬࢔ ቀ(࢔ࣂ)ܖܔ + ࢔ ૛ܖܔ − ࢔ ૛ܖܔ − ܖܔ ૛
૛
ቁ൰ 

ષ = (࢔ࣂ)ܖܔ൬࢔൭ܕܑܔ −
ܖܔ ૛
૛ ൰൱ 

But, by Laurent series: (࢔ࣂ)ܖܔ = ܖܔ ૛
૛
− ૜

૚૟࢔
+ ࣂ ቆቀ૚

࢔
ቁ
૜
૛ቇ 
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⇔ ષ = ܕܑܔ ൤࢔ ൬
ܖܔ ૛
૛ −

૜
૚૟࢔ −

૛ܖܔ
૛ ൰൨ = ܕܑܔ

ஶ→࢔
൤−

૜
૚૟൨ = −

૜
૚૟ 

767. For any real number ࢓ > 0, let 

(࢓)࣒ = න
࢞

࢞࢓࣊ࢋ) − ૚)

ஶ

૙

⋅
࢞ࢊ

(૚ + ࢞૛) 

then evaluate the limit 

ܕܑܔ
ஶ→࢔

න࣒൬࢓ −
૚
૛൰

࢔

૚

 ࢓ࢊ

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

It is easy to prove that: શ(ࢠ) = ܏ܗܔ ࢠ − ૚
૛
ࢠ − ૛∫ ࢞

൫࢞૛ାࢠ૛൯൫ࢋ૛࣊࢞ି૚൯
ାஶ
૙ ܏ܚ܉|							࢞ࢊ |ࢠ < ࣊

૛
 

so: ࣒(࢓) = ∫ ࢞
൫࢞૛ା૚൯(ି࢞࣊࢓ࢋ૚)

ାஶ
૙ 		࢞ࢊ ቄ࢞ → ૛࢞

࢓
ቅ = ∫ ࢞

൬࢞૛ାቀ࢓૛ቁ
૛
൰൫ࢋ૛࣊࢞ି૚൯

ାஶ
૙ ࢞ࢊ = 

=
૚
૛ቆ܏ܗܔ ቀ

࢓
૛ ቁ−

૚
શቀ−࢓

࢓
૛ ቁቇ 

Now: (࢔)࡭ = ∫ શቀ࢓ − ૚
૛
ቁ࢔

૙ ࢓ࢊ = ૚
૛
∫ ൬܏ܗܔ ቀ૛ି࢓૚

૝
ቁ − ૚

૛ି࢓૚
−શቀ૛ି࢓૚

૝
ቁ൰࢔

૙  ࢓ࢊ

=
૚
૝
൭(૛࢓− ૚) ܏ܗܔ ൬

૛࢓− ૚
૝ ൰ − ૚ − ૛ −࢓૛)܏ܗܔ ૚) + ૛࢓− ૝ ቆડ܏ܗܔ ൬

૛࢓ − ૚
૝ ൰ቇ൱

૚

࢔

 

=

⎝

⎜
⎜
⎜
⎛
૚
૛

(૛࢔ − ૚) ൬܏ܗܔ
૛࢔− ૚
૝

൰− ૚−
૚
૛ ܏ܗܔ

(૛࢔− ૚) +
૚
૛࢔ − ቆડ൬܏ܗܔ

૛࢔− ૚
૝

൰ቇ −

૚+ ቌ܏ܗܔ ૚

૝ડ૝ ቀ૚૝ቁ
ቍ

૚૟

⎠

⎟
⎟
⎟
⎞

 

ࡹ = (࢔)࡭ܕܑܔ =
૚
૝ + ܏ܗܔ ൬

૚
૝࣊൰ + ૛ ቆડ܏ܗܔ ൬

૚
૝൰ቇ 

Note: ܏ܗܔ൫ડ(ࢇ)൯ = ૛(ିࢇ૚) ܏ܗܔ ࢇ
૛

− ࢇ + ૚
૛
(૛࣊)܏ܗܔ + ૛∫

ቁࢇࢠቀܖ܉ܜ܋ܚ܉

૚ିࢠ૛࣊ࢋ
ାஶ
૙  ࢠࢊ
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768. Find: 

ષ = ܕܑܔ
ஶ→࢔

൭
࢔ − ૚
࢔࢔ ෍࢑࢑

૚ି࢔

࢑ୀ૚

൱ 

Proposed by Prem Kumar-India 

Solution by Samir HajAli-Damascus-Syria 

ષ = ܕܑܔ
ஶ→࢔

−࢔ ૚
࢔࢔ ෍࢑࢑

૚ି࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

࢔
࢔࢔ ෍࢑࢑

૚ି࢔

࢑ୀ૚

− ܕܑܔ
ஶ→࢔

૚
෍࢑࢑࢔࢔

૚ି࢔

࢑ୀ૚

 

= ܕܑܔ
ஶ→࢔

૚
૚෍࢑࢑ି࢔࢔

૚ି࢔

࢑ୀ૚

− ܕܑܔ
ஶ→࢔

૚
࢔࢔ ෍࢑࢑

૚ି࢔

࢑ୀ૚

= ષ૚ −ષ૛ 

Now: ષ૚ = ஶ→࢔ܕܑܔ
૚

ష૚࢔࢔
∑ ૚ି࢔࢑࢑
࢑ୀ૚ . Let put ࢞࢔ = ∑ ૚ି࢔࢑࢑

࢑ୀ૚  then ࢞ି࢔૚ = ∑ ૛ି࢔࢑࢑
࢑ୀ૚  

࢔࢟ = ૚ି࢔࢟ ૚ thenି࢔࢔ = ࢔) − ૚)ି࢔૛ 

so, ࢔ܕܑܔ→ஶ
ష૚࢔࢞ି࢔࢞
ష૚࢔࢟ି࢔࢟

= ஶ→࢔ܕܑܔ
ష૚࢔(૚ି࢔)

ష૛࢔(૚ି࢔)ష૚ି࢔࢔
= ஶ→࢔ܕܑܔ

૚
ష૚࢔࢔

ష૚࢔(ష૚࢔)
ି ૚
ష૚࢔

=  ૚ିࢋ

then by Stolz-Cesaro ષ૚ =  ૚ିࢋ

and ࢔ܕܑܔ→ஶ
૚
࢔࢔
∑ ૚ି࢔࢑࢑
࢑ୀ૚ = ஶ→࢔ܕܑܔ

ష૚࢔(૚ି࢔)

ష૚࢔(૚ି࢔)ି࢔࢔
= ஶ→࢔ܕܑܔ

૚

࢔ ష૚࢔࢔

ష૚࢔(ష૚࢔)
ି૚

= ૙ 

then ષ૛ = ૙. Hence ષ =  ૚ିࢋ

 

769. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ෍൭෍࢏(૜࢏ + ૚)
࢔

ୀ૚࢏

൱
ି૚࢔

࢑ୀ૚

ቍ 

Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Sumit Kumar-India 
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ܕܑܔ
ஶ→࢔

ቌ෍൭෍૜࢏)࢏+ ૚)
࢔

ୀ૚࢏

൱
ି૚࢔

࢑ୀ૚

ቍ 

ܕܑܔ
ஶ→࢔

෍ቆ
૜࢑)࢑+ ૚)(૛࢑+ ૚)

૟ +
࢑)࢑+ ૚)

૛ ቇ
ି૚࢔

࢑ୀ૚

 

= ෍ቆ
࢑)࢑+ ૚)(૛࢑ + ૚)

૛ +
࢑)࢑ + ૚)

૛ ቇ
ି૚࢔

࢑ୀ૚

= ෍൬
૚

࢑)࢑+ ૚)૛൰
࢔

࢑ୀ૚

 

= ෍
૚

࢑)࢑ + ૚) −
૚

(࢑ + ૚)૛

࢔

࢑ୀ૚

= ෍
૚

࢑)࢑+ ૚)

࢔

࢑ୀ૚

−෍
૚

(࢑ + ૚)૛

࢔

૚

 

= ૚ − (࣐(૛)− ૚) = ૛ − ࣐(૛) 

Solution 2 by Tobi Joshua-Nigeria 

ષ = ܕܑܔ
ஶ→࢔

ቌ෍൭෍࢏(૜࢏ + ૚)
࢔

ୀ૚࢏

൱
ି૚࢔

࢑ୀ૚

ቍ ; 	ષ = ܕܑܔ
ஶ→࢔

൭෍
૚

൫∑ ࢏૜)࢏ + ૚)࢑
ୀ૚࢏ ൯

࢔

࢑ୀ૚

൱ 

ષ = ܕܑܔ
ஶ→࢔

൭෍
૚

൫∑ (૜࢏૛࢑
ୀ૚࢏ ൯ + ൫∑ ࢑࢏

ୀ૚࢏ ൯

࢔

࢑ୀ૚

൱ ; 	ષ = ܕܑܔ
ஶ→࢔

ቌ෍
૚

૜࢑)࢑+ ૚)(૛࢑ + ૚)
૟ + ࢑)࢑ + ૚)

૛

࢔

࢑ୀ૚

ቍ 

ષ = ܕܑܔ
ஶ→࢔

൭෍
૛

࢑)࢑+ ૚)(૛࢑ + ૚ + ૚)

࢔

࢑ୀ૚

൱ ; 	ષ =
૚
૛ ஶ→࢔ܕܑܔ

൭෍
૛

࢑)࢑ + ૚)૛

࢔

࢑ୀ૚

൱ 

ષ = ܕܑܔ
ஶ→࢔

൭෍
૚
࢑

࢔

࢑ୀ૚

−
૚

࢑+ ૚
൱− ܕܑܔ

ஶ→࢔
൭෍

૚
(࢑+ ૚)૛

࢔

࢑ୀ૚

൱ 

ષ = ܕܑܔ
ஶ→࢔

൬૚ −
૚

࢔ + ૚൰ −
൭෍

૚
(࢑ + ૚)૛

࢔

࢑ୀ૙

− ૚൱ ; 	ષ = ܕܑܔ
ஶ→࢔

ቌ૚ −
૚
࢔

૚
࢔ + ૚

ቍ − ൭෍
૚

(࢑)૛

ஶ

࢑ୀ૚

− ૚൱ 

ષ = ૚ − −(૛)ࣀ) ૚); 	ષ = ૛ − ቆ
࣊૛

૟ ቇ 

Solution 3 by Yen Tung Chung-Taichung-Taiwan 

ષ = ܕܑܔ
ஶ→࢔

෍൭෍࢏(૜࢏ + ૚)
࢔

ୀ૚࢏

൱
ି૚࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍൭૜෍࢏૛
࢔

ୀ૚࢏

+ ෍࢏
࢔

ୀ૚࢏

൱
࢔

࢑ୀ૚

ି૚
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= ܕܑܔ
ஶ→࢔

෍ቆ૜
࢑)࢑ + ૚)(૛࢑+ ૚)

૟ +
࢑)࢑+ ૚)

૛ ቇ
ି૚࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍(࢑)࢑+ ૚)૛)ି૚
࢔

࢑ୀ૚

 

= ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)૛

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍
(࢑ + ૚) − ࢑
࢑)࢑ + ૚)૛

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

൭෍
૚

࢑)࢑ + ૚)

࢔

࢑ୀ૚

−෍
૚

(࢑ + ૚)૛

࢔

࢑ୀ૚

൱ 

= ܕܑܔ
ஶ→࢔

෍൬
૚
࢑ −

૚
࢑ + ૚൰

࢔

࢑ୀ૚

−෍
૚
࢑૛

ஶ

࢑ୀ૛

= ܕܑܔ
ஶ→࢔

൝൬૚ −
૚

࢔ + ૚൰ −
൭෍

૚
࢑૛ − ૚

ஶ

࢑ୀ૚

൱ൡ = ૛ −
࣊૛

૟  

 

770.  

(࢖)ࢹ = ࢓࢏࢒
∞→࢔

൭෍
૚ି࢖࢑

࢖࢔√૚ି࢖࢔ + ࢖࢖࢑

࢔

࢑ୀ૚

൱ ࢖, ∈ ℕ,࢖ ≥ ૚ 

Find: 

ࢹ = ࢓࢏࢒
∞→࢖

 (࢖)ࢹ

Proposed by Mohamed Rakkane-Casablanca-Morocco 

Solution by Daniel Sitaru-Romania 

ઢ࢔ = ൬૙ <
૚
࢔ <

૛
࢔ < ⋯ <

࢑− ૚
࢔ <

࢑
࢔ < ⋯ <

࢔ − ૚
࢔ < 1൰ , ห|ઢ࢔|ห =

૚
࢔ → ૙ 

࢑ି૚࢔࢞ ≤ ࢑ି૚࢔ࣈ =
࢑ − ૚
࢔ < ࢑࢔࢞ ,࢑ ∈ ૚,࢔ − ૚തതതതതതതതതത,ࢌ: [૙,૚] → ℝ, (࢞)ࢌ =

૚ି࢖࢞

√૚ + ࢖࢖࢞  

ષ(ܘ) = ܕܑܔ
ஶ→࢔

൭෍
૚ି࢖࢑

࢖࢔√૚ି࢖࢔ + ࢖࢖࢑

࢔

࢑ୀ૚

൱ = ܕܑܔ
ஶ→࢔

⎝

⎛૚
෍൬࢔

࢑
൰࢔

૚ି࢖ ૚

ට૚ + ቀ࢔࢑ቁ
࢖࢖

࢔

࢑ୀ૚
⎠

⎞ = 

= ܕܑܔ
ஶ→࢔

൭෍ࢌ൬
࢑
࢔
൰ ൬
࢑
࢔
−
࢑ − ૚
࢔

൰
࢔

࢑ୀ૚

൱ = ܕܑܔ
ஶ→࢔

൭෍ࢌ൫࢑࢔ࣈ൯൫࢞࢑࢔ − ࢑ି૚൯࢔࢞
࢔

࢑ୀ૚

൱ = ܕܑܔ
ஶ→࢔

࣌ઢ࢔ ,ࢌ) (࢔ࣈ = 

= න࢞ࢊ(࢞)ࢌ = න
૚ି࢖࢞

√૚ + ࢖࢖࢞ ࢞ࢊ =
૚
න࢖

(૚+ +ᇱ(૚(࢖࢞ ି(࢖࢞
૚
࢞ࢊ࢖

૚

૙

=
૚

૙

૚

૙

૚
ቆ૛࢖

૚ି૚࢖ − ૚ቇ 

ષ = ܕܑܔ
ஶ→࢖

ષ(ܘ) = ܕܑܔ
ஶ→࢖

૚
ቆ૛࢖

૚ି૚࢖ − ૚ቇ = ૙ 
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771. Evaluate the following sum: 

෍
૚

(૜࢑)૜ − ૜࢑

ஶ

࢑ୀ૚

 

Proposed by Prem Kumar-India 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

෍
૚

(૜࢑)૜ − ૜࢑

ାஶ

࢑ୀ૚

= ෍
૚

૜࢑(૜࢑ + ૚)(૜࢑− ૚)

ାஶ

࢑ୀ૚

= ෍൬
૚
૛ ⋅

૚
૜࢑ − ૚ +

૚
૛ ⋅

૚
૜࢑+ ૚ −

૚
૜࢑൰

ାஶ

࢑ୀ૚

= 

=
૚
૟෍

ቌ
૚

࢑ + ૚
૜
−
૚
࢑
ቍ

ାஶ

࢑ୀ૚

+
૚
૟෍

ቌ
૚

࢑− ૚
૜
−
૚
࢑
ቍ

ାஶ

࢑ୀ૚

=
૚
૟ቆ−ࢽ −શ൬

૝
૜൰ቇ +

૚
૟ቆ−ࢽ −શ൬

૛
૜൰ቇ = 

=
૜܏ܗܔ − ૚

૛  

Solution 2 by Avishek Mitra-West Bengal-India 

(࢔,ࢇ)ࣘ⇔ = ૚ + ૛෍
૚

૜(࢑ࢇ) − ࢑ࢇ

࢔

࢑ୀ૚ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢏ࢎࡼ	ᇲ࢙࢔ࢇ࢐࢛࢔ࢇ࢓ࢇࡾ

⇒ (ࢇ)ࣘ ≡ ܕܑܔ
ஶ→࢔

൫ࣘ(࢔,ࢇ)൯ = ૚ + ૛෍
૚

૜(࢑ࢇ) − ࢑ࢇ

ஶ

࢑ୀ૚ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢏ࢎ࢖	ᇲ࢙࢔ࢇ࢐࢛࢔ࢇ࢓ࢇࡾ	ࢌ࢕	࢙ࢋ࢏࢚࢘ࢋ࢖࢕࢘࢖	ࢋ࢘࢕࢓	ࢍ࢔࢏࢟࢒࢖࢖ࢇ

 

⇒ ૚ + ૛෍
૚

(૜࢑)૜ − ૜࢑

ஶ

࢑ୀ૚

= ࣐(૜) = −
૚
૜ ൬࣒૙ ൬

૚
૜൰ + ࣒૙ ൬

૛
૜൰ + ૛ࢽ൰

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢏ࢎ࢖	ᇲ࢙࢔ࢇ࢐࢛࢔ࢇ࢓ࢇࡾ	ࢌ࢕	࢙ࢋ࢏࢚࢘ࢋ࢖࢕࢘࢖	ࢋ࢘࢕࢓	ࢍ࢔࢏࢟࢒࢖࢖ࢇ

 

= −
૚
૜ ൬࣒૙ ൬

૚
૜൰+ ࣒૙ ൬

૚
૜൰ + ܜܗ܋࣊ ቀ

࣊
૜
ቁ + ૛ࢽ൰ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

࢔࢕࢏࢚ࢇ࢛ࢗࢋ	࢔࢕࢏࢚ࢉࢋ࢒ࢌࢋ࢘	ࢇ࢓࢓ࢇࢍ࢏ࢊ	ࢍ࢔࢏࢟࢒࢖࢖ࢇ

 

= −
૚
૜ ൬૛࣒૙ ൬

૚
૜൰+

࣊
√૜

+ ૛ࢽ൰ = −
૚
૜ ൬૛ ൬−

࣊
૛√૜

−
૜ ૜ܖܔ
૛ − ൰ࢽ +

࣊
√૜

+ ૛ࢽ൰ 

= −
૚
૜൬−

࣊
√૜

− ૜ ૜ܖܔ − ૛ࢽ +
࣊
√૜

+ ૛ࢽ൰ = ܖܔ ૜ 

⇔ ૚ + ૛෍
૚

(૜࢑)૜ − ૜࢑

ஶ

࢑ୀ૚

= ܖܔ ૜ ⇔෍
૚

(૜࢑)૜ − ૜࢑

ஶ

࢑ୀ૚

=
ܖܔ ૜ − ૚

૛  
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Solution 3 by Sumit Kumar-India 

෍
૚

(૜࢑)૛ − ૜࢑

ஶ

࢑ୀ૚

= ෍
૚

(૜࢑)(૜࢑+ ૚)(૜࢑− ૚)

ஶ

૚

 

= ෍൬
૚

૜࢑ − ૚ +
૚

૜࢑+ ૚ −
૛
૜࢑൰

ஶ

૚

×
૚
૛ =

૚
૛෍൬

૚
૜࢑ − ૚ +

૚
૜࢑ + ૚ −

૛
૜࢑൰

ஶ

૚

 

=
૚
૛෍න࢞૜࢑ି૛

૚

૙

ஶ

૚

+ ࢞૜࢑ − ૛࢞૜࢑ି૚࢞ࢊ =
૚
૛න෍࢞૜࢑ି૛

ஶ

࢑ୀ૚

૚

૙

+ ࢞૜࢑ − ૛࢞૜࢑ି૚࢞ࢊ 

=
૚
૛න

࢞
૚ − ࢞૜

૚

૙

+
࢞૜

૚ − ࢞૜ −
૛࢞૛

૚ − ࢞૜ ࢞ࢊ =
૚
૛න

࢞ + ࢞૜ − ૛࢞૛

૚ − ࢞૜

૚

૙

 ࢞ࢊ

=
૚
૛න

࢞(࢞૛ − ૛࢞ + ૚)
(૚ − ࢞)(૚ + ࢞ + ࢞૛)

૚

૙

=
૚
૛න

࢞(૚ − ࢞)૛

(૚ − ࢞)(૚ + ࢞ + ࢞૛)

૚

૙

 ࢞ࢊ

=
૚
૛න

࢞ − ࢞૛

૚ + ࢞ + ࢞૛

૚

૙

࢞ࢊ =
૚
૛න

૛࢞ + ૚
૚ + ࢞ + ࢞૛

૚

૙

− ૚࢞ࢊ =
૚
૛

૚)ܖܔ] + ࢞ + ࢞૛) − ࢞]૙૚ =
૚
૛

ܖܔ) ૜ − ૚) 

Solution 4 by Samir HajAli-Damascus-Syria 

ࡿ = ෍
૚

(૜࢔)૜ − ૜࢔

ஶ

ୀ૚࢔

 

૚
(૜࢔)૜ − ૜࢔ =

૚
૛ૠ࢔૜ − ૜࢔ =

૚
૜࢔ ×

૚
૛࢔ૢ − ૚ 

=
૚
૜࢔×

૚
(૜࢔ − ૚)(૜࢔+ ૚) =

૚
૟࢔൬

૚
૜࢔ − ૚ −

૚
૜࢔ + ૚൰ 

⇒ ࡿ = ෍
૚

૟࢔(૜࢔ − ૚)

ஶ

ୀ૚࢔

−෍
૚

૟࢔(૜࢔+ ૚)

ஶ

ୀ૚࢔

 

=
૚
૚ૡ

቎෍
૚

+࢔) ૚) ቀ࢔ + ૛
૜ቁ

ஶ

ୀ૙࢔

−෍
૚

࢔) + ૚) ቀ࢔ + ૝
૜ቁ

ஶ

ୀ૙࢔

቏ =
૚
૚ૡ

቎
࣒(૚)− ࣒ቀ૛૜ቁ

૚ − ૛
૜

−
࣒ቀ૝૜ቁ −࣒(૚)

૝
૜ − ૚

቏ 

=
૚
૟ ൤૛࣒

(૚)− ࣒൬
૛
૜൰ − ࣒൬

૝
૜൰൨ =

૚
૛

૜ܖܔ) − ૚) 
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772. Evaluate the following sum: 

෍
૛࢑ + ૚

(૛࢑ + ૚)૝ + ૟૝

ஶ

࢑ୀ૙

 

Proposed by Prem Kumar-India 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

∴ (૛࢑+ ૚)૝ + ૟૝ = (૛࢑+ ૚)૝ + ૡ૛ + ૚૟(૛࢑ + ૚)૛ − ૚૟(૛࢑ + ૚)૛ = 

= ((૛࢑+ ૚)૛ + ૡ)૛ − ૚૟(૛࢑ + ૚)૛ = 

= ቀ(૛࢑ + ૚)૛ + ૡ − ૝(૛࢑ + ૚)ቁ ቀ(૛࢑ + ૚)૛ + ૡ + ૝(૛࢑ + ૚)ቁ = 

= (૝࢑૛ − ૝࢑ + ૞)(૝࢑૛ + ૚૛࢑ + ૚૜) 

ષ = ෍
૛࢑ + ૚

(૛࢑+ ૚)૝ + ૟૝

ାஶ

࢑ୀ૙

=
૚
ૡ
൥෍

૚
૝࢑૛ − ૝࢑ + ૞ −

૚
૝࢑૛ + ૚૛࢑ + ૚૜

ାஶ

࢑ୀ૙

൩ = 

=
૚
ૡ
൥෍

૚
(૛࢑ − ૚)૛ + ૞ −

૚
(૛࢑ + ૜)૛ + ૝

ାஶ

࢑ୀ૙

൩ = 

=
૚
ૡ
൥
૚
૞ + ෍൬

૚
(૛࢑ − ૚)૛ + ૝ −

૚
(૛࢑+ ૚)૛ + ૝൰

ାஶ

࢑ୀ૙

+
૚
૞
൩ =

૚
૛૙ = ષ 

Solution 2 by Ahmed Bach-Bouira-Algerie 

We have: (૛࢑ + ૚)૝ + ૟૝ = ૙ ⇔ ࢑ ∈ ቄ૚
૛

+ ;࢏ ૚
૛
− ;࢏ 	− ૜

૛
− −,࢏ ૜

૛
+  ቅ࢏

Then: (૛࢑ + ૚)૝ + ૟૝ = ૚૟൬ቀ࢑ − ૚
૛
ቁ
૛

+ ૚൰ ൬ቀ࢑ + ૜
૛
ቁ
૛

+ ૚൰ 

⇒
૛࢑ + ૚

(૛࢑+ ૚)૝ + ૟૝ =
૚
૜૛

൮
૚

ቀ࢑ − ૚
૛ቁ

૛
+ ૚

−
૚

ቀ࢑ + ૜
૛ቁ

૛
+ ૚

൲ 

=
૚
ૡ ൬

૚
(૛࢑ − ૚)૛ + ૝ −

૚
(૛࢑ + ૜)૛ + ૝൰ 

So, we find: 

෍
૛࢑ + ૚

(૛࢑+ ૚)૝ + ૟૝

ାஶ

࢑ୀ૙

=
૚
ૡ

×
૛
૞

=
૚
૛૙
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Solution 3 by Remus Florin Stanca-Romania 

෍
૛࢑+ ૚

(૛࢑+ ૚)૝ + ૟૝

ஶ

࢑ୀ૙

= ܕܑܔ
ஶ→࢔

෍
૛࢑ + ૚

(૛࢑ + ૚)૝ + ૟૝

ஶ

࢑ୀ૙

= ܕܑܔ
ஶ→࢔

෍
૛࢑+ ૚

((૛࢑ + ૚)૛ + ૡ)૛ − ૚૟(૛࢑+ ૚)૛

ஶ

࢑ୀ૙

 

= ܕܑܔ
ஶ→࢔

෍
૛࢑ + ૚

൫(૛࢑ + ૚)૛ + ૡ − ૝(૛࢑ + ૚)൯൫(૛࢑ + ૚)૛ + ૡ + ૝(૛࢑+ ૚)൯

ஶ

࢑ୀ૙

= 

= ܕܑܔ
ஶ→࢔

෍
૛࢑ + ૚

(૝࢑૛ − ૝࢑ + ૞)(૝࢑૛ + ૚૛࢑ + ૚૜)

ஶ

࢑ୀ૙

= 

=
૚
ૡ ⋅ ஶ→࢔ܕܑܔ

૝࢑૛ + ૚૛࢑ + ૚૜ − (૝࢑૛ − ૝࢑ + ૞)
(૝࢑૛ − ૝࢑ + ૞)(૝࢑૛ + ૚૛࢑ + ૚૜) = 

= ૚
ૡ
∑ஶ→࢔ܕܑܔ ቀ ૚

૝࢑૛ି૝࢑ା૞
− ૚

૝࢑૛ା૚૛࢑ା૚૜
ቁஶ

࢑ୀ૙    (1) 

Let ࢔ࢇ = ૚
૝࢔૛ି૝࢔ା૞

⇒ ା૛࢔ࢇ = ૚
૝࢔૛ା૚૛࢔ା૚૜

⇒
(૚)

ஶ→࢔ܕܑܔ ∑ ૛࢑ା૚
(૛࢑ା૚)૝ା૟૝

ஶ
࢑ୀ૙ = ૚

ૡ
∑ஶ→࢔ܕܑܔ ࢑ࢇ) −ஶ

࢑ୀ૙

 =૛+࢑ࢇ

=
૚
ૡ ஶ→࢔ܕܑܔ

൫ࢇ૙ + ⋯+ ࢔ࢇ − ૛ࢇ) + ⋯+ ା૛)൯࢔ࢇ =
૚
ૡ ஶ→࢔ܕܑܔ

૙ࢇ) + ૚ࢇ − ା૚࢔ࢇ − (ା૛࢔ࢇ = 

=
૚
ૡ

૙ࢇ) − (૚ࢇ =
૚
ૡ ൬

૚
૞ +

૚
૞൰ =

૚
૛૙ ⇒෍

૛࢑ + ૚
(૛࢑ + ૚)૝ + ૟૝

ஶ

࢑ୀ૙

=
૚
૛૙ 

 

773. Find: 

ષ = ܕܑܔ
૙→ࢿ
வ଴ࢿ

ቌන ቆ
૚)܏ܗܔ − ࢞) ⋅ ૜܏ܗܔ ࢞ + ૜܏ܗܔ ࢞

૚ − ࢞ ቇ࢞ࢊ
૚ିࢿ

ࢿ

ቍ 

Proposed by Mohamed Arahman Jama-Somalia 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = න
૚)܏ܗܔ − ࢞) ૜܏ܗܔ ࢞ + ૜܏ܗܔ ࢞

૚ − ࢞

૚

૙

࢞ࢊ = ࡹ +  ࡺ

ࡺ = න
૜܏ܗܔ ࢞
૚ − ࢞

૚

૙

࢞ࢊ = න෍࢞࢔
ାஶ

ୀ૙࢔

૚

૙

૜܏ܗܔ ࢞ ࢞ࢊ = −૜!෍
૚

+࢔) ૚)૝

ାஶ

ୀ૙࢔

= −૟ࣀ(૝) 
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ࡹ = න
૚)܏ܗܔ − ࢞) ૜܏ܗܔ ࢞

૚ − ࢞

૚

૙

࢞ࢊ = −න෍࢔࢞࢔ࡴ ૜܏ܗܔ ࢞ࢊ࢞
ାஶ

ୀ૚࢔

૚

૙

= ૜!෍
࢔ࡴ

࢔) + ૚)૝

ାஶ

ୀ૚࢔

= 

= ૟൫૛ࣀ(૞) −  ൯(૜)ࣀ(૛)ࣀ

ષ = ૟൫૛ࣀ(૞) − −(૜)ࣀ(૛)ࣀ  ൯(૝)ࣀ

Solution 2 by Abdul Mukhtar-Nigeria 

ષ = න
૚)ܖܔ − ࢞) ૜ܖܔ ࢞ + ૜ܖܔ ࢞

૚ − ࢞

૚

૙

;࢞ࢊ 	ષ = න
૚)ܖܔ − ࢞) ૜ܖܔ ࢞

૚ − ࢞

૚

૙

࢞ࢊ + න
૜ܖܔ ࢞
૚ − ࢞

૚

૙

 ࢞ࢊ

ષ = ૚ࡵ + ૛ࡵ  

૚ࡵ = න
૚)ܖܔ − ࢞) ૜ܖܔ ࢞

૚ − ࢞

૚

૙

;࢞ࢊ ૚ࡵ	 = −෍࢔ࡴ

ஶ

ୀ૚࢔

නܖܔ૜ ࢔࢞࢞
૚

૙

 ࢞ࢊ

Using ∫ ૚࢔࢞(࢞)ࢇܖܔ
૙ ࢞ࢊ = (ି૚)ࢇࢇ!

శ૚ࢇ(ା૚࢔)
 where ࢇ = ૜ 

૚ࡵ = ෍࢔ࡴ

ஶ

ୀ૚࢔

૜!
࢔) + ૚)૝ ; ૚ࡵ	 = ૟෍

࢔ࡴ
+࢔) ૚)૝

ஶ

ୀ૚࢔

= ૟෍
૚

+࢔) ૚)૝

ஶ

ୀ૚࢔

൤࢔ࡴା૚ −
૚

࢔ + ૚൨ 

૚ࡵ = ૟෍
ା૚࢔ࡴ

࢔) + ૚)૝

ஶ

ୀ૚࢔

− ૟෍
૚

࢔) + ૚)૞

ஶ

ୀ૚࢔

; 	 ૚ࡵ = ૟ ൥෍
࢔ࡴ

૝࢔

ஶ

ୀ૚࢔

−෍
૚
૞࢔

ஶ

ୀ૚࢔

൩ 

૚ࡵ = ૟൫૜ࣀ(૞)− ൯(૜)ࣀ(૛)ࣀ − ૟ࣀ(૞); ૚ࡵ	 = ૚ૡࣀ(૞) − ૟ࣀ(૛)ࣀ(૜) − ૟ࣀ(૞) 

૚ࡵ = ૚ૡࣀ(૞) − ૟ࣀ(૞) − ૟ࣀ(૛)ࣀ(૜); ૚ࡵ	 = ૚ૡ − ૟൫ࣀ(૞)൯ − ૟ࣀ(૛)ࣀ(૜) 

૚ࡵ = ૚૛ࣀ(૞)− ૟ࣀ(૛)ࣀ(૜). Now, for ࡵ૛ = ∫ ૜ܖܔ ࢞
૚ି࢞

૚
૙  ࢞ࢊ

૛ࡵ = ෍න࢞ି࢔૚
૚

૙

ஶ

ୀ૙࢔

૜ܖܔ ;࢞ࢊ࢞ 	 ૛ࡵ = −૟෍
૚
૝࢔

ஶ

ୀ૚࢔

= −૟ࣀ(૝) 

∴ ષ = ૚ࡵ + ૛ࡵ  

ષ = ૚૛ࣀ(૞)− ૟ࣀ(૛)ࣀ(૜) + ൫−૟ࣀ(૝)൯;	 

ષ = ૚૛ࣀ(૞) − ૟ࣀ(૛)ࣀ(૜)− ૟ࣀ(૝) 

ષ = ૟[૛ࣀ(૞) − −(૜)ࣀ(૛)ࣀ  [(૝)ࣀ
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774. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚
࢔
න൫܏ܗܔ൫૚+ ܖܑܛ࢔ࢋ ࢞൯൯࢞ࢊ
૚

૙

ቍ 

Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Artan Ajredini-Presheva-Serbie 

Integrating by parts we get: 

න܏ܗܔ(૚ + ࢔ࢋ (࢞ܖܑܛ
૚

૙

࢞ࢊ = ૚)܏ܗܔ + (૚ܖܑܛ࢔ࢋ − න࢔
ܛܗ܋࢞ ࢞ ࢔ࢋ ࢞ܖܑܛ

૚ + ࢔ࢋ ࢞ܖܑܛ

૚

૙

 ࢞ࢊ

Hence: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚
࢔ ܏ܗܔ

(૚ + ܖܑܛ࢔ࢋ ૚) −න
ܛܗ܋࢞ ࢞ ܖܑܛ࢔ࢋ ࢞

૚ + ࢔ࢋ ܖܑܛ ࢞

૚

૙

ቍ࢞ࢊ = ܖܑܛ ૚ − න࢞ܛܗ܋ ࢞
૚

૙

࢞ࢊ = 

= ܖܑܛ ૚ − ܖܑܛ ૚ − ૚ܛܗ܋ + ૚ = ૚ −  ૚ܛܗ܋

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

ܕܑܔ
ାஶ→࢔

૚
න࢔ ૚)܏ܗܔ + (࢞ܖܑܛ࢔ࢋ

૚

૙

{࢏࢜ࢋ࢒	࢕࢖࢖ࢋ࡮}	࢞ࢊ = න ܕܑܔ
ାஶ→࢔

૚)܏ܗܔ + ࢔ࢋ ܖܑܛ ࢞)
࢔

૚

૙

࢞ࢊ = 

= න ܕܑܔ
ାஶ→࢔

࢔ ܖܑܛ ࢞ + ܏ܗܔ ቀ૚ + ૚
ቁ࢞ܖܑܛ࢔ࢋ

࢔

૚

૙

࢞ࢊ = නܖܑܛ ࢞
૚

૙

࢞ࢊ = ૚ − ܛܗ܋ ૚ 

 

775. Find: 

෍
࢔ + ૛

૛࢔)࢔ + ૚)૛

ஶ

ୀ૙࢔

 (ା૚࢔ࡴ)

Proposed by Abdul Mukhtar-Nigeria 
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Solution by Mokhtar Khassani-Mostaganem-Algerie 

ࡹ = ෍
࢔ + ૛

૛࢔)࢔+ ૚)૛

ାஶ

ୀ૙࢔

ା૚࢔ࡴ = ૛෍
࢔ࡴ

૛࢔࢔

ାஶ

ୀ૚࢔

+ ෍
࢔ࡴ

૛࢔࢔૛

ାஶ

ୀ૚࢔

= ૚)(૛)ࣀ − ܏ܗܔ ૛) + ૛ࣀ(૜) 

Note: ܏ܗܔ(૚ି࢞)
࢞ି૚

= ∑ ାஶ࢔࢞࢔ࡴ
ୀ૙࢔ ⇒ ∑ ࢔ࡴ

࢔
ାஶ
ୀ૙࢔ ࢔࢞ = ∫ (૚ି࢞)܏ܗܔ

࢞(࢞ି૚) ࢞ࢊ = ࡯ + ૛(૚ି࢟)܏ܗܔ
૛

+ ࡯		(࢞)૛࢏ࡸ = ૙ here 

෍
࢔ࡴ

૛࢔

ାஶ

ୀ૙࢔

࢔࢞ = න
૛(૚܏ܗܔ − ࢞)

૛࢞ + න
(࢞)૛࢏ࡸ
࢞ ࢞ࢊ = 

= (࢞)૜࢏ࡸ +
૛(૚܏ܗܔ − ࢞) ܏ܗܔ ࢞

૛ + න
૚)܏ܗܔ − ࢞) ܏ܗܔ ࢞

૚ − ࢞  ࢞ࢊ

= (࢞)૜࢏ࡸ +
૛(૚܏ܗܔ − ࢞) ࢞܏ܗܔ

૛ + ૚)܏ܗܔ − ࢞) ૛(૚࢏ࡸ − ࢞)− න
૛(૚࢏ࡸ − ࢞)
૚ − ࢞ ࢞ࢊ = 

= ࡯ + (࢞)૜࢏ࡸ +
૛(૚܏ܗܔ − ࢞) ܏ܗܔ ࢞

૛ + ૚)܏ܗܔ − ૛(૚࢏ࡸ(࢞ − ࢞)− ૜(૚࢏ࡸ − ࢞) 

࡯ = ࢞ here ∴ so just applied   (૜)ࣀ = ૚
૛
 

 

776. Find: 

ષ = ܕܑܔ
ஶ→࢔

න ቀିܖ܉ܜ૚ ቀ
࢞
ቁቁ࢔

૞
శ૚࢔ࡴࢋ

࢔ࡴࢋ

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution by Remus Florin Stanca – Romania  

Let ࢌ(࢞) = ቀିܖ܉ܜ૚ ቀ࢞
࢔
ቁቁ

૞
ࡵ is continuous on ࢌ, = ;࢔ࡴࢋ] [శ૚࢔ࡴࢋ ⇒ ࣀ∃ ∈  such that ࡵ

න ቀିܖ܉ܜ૚ ቀ
࢞
࢔
ቁቁ

૞
శ૚࢔ࡴࢋ

࢔ࡴࢋ

= శ૚࢔ࡴࢋ) − (࢔ࡴࢋ ⋅ ൬ିܖ܉ܜ૚ ൬
ࣀ
൰൰࢔

૞

⇒ ܕܑܔ
ஶ→࢔

න ቀିܖ܉ܜ૚ ቀ
࢞
࢔
ቁቁ

૞
࢞ࢊ

శ૚࢔ࡴࢋ

࢔ࡴࢋ

= 

= ܕܑܔ
ஶ→࢔

శ૚࢔ࡴࢋ) − (࢔ࡴࢋ ൬ିܖ܉ܜ૚ ൬
ࣀ
൰൰࢔

૞

= 

= ܕܑܔ
ஶ→࢔

࢔ࡴశ૚ି࢔ࡴࢋ)࢔ࡴࢋ − ૚) ൬ିܖ܉ܜ૚ ൬
ࣀ
൰൰࢔

૞

= ܕܑܔ
ஶ→࢔

࢔ܖܔି࢔ࡴࢋ ⋅
ࢋ

૚
ା૚࢔ − ૚
૚

+࢔ ૚
⋅ ൬ିܖ܉ܜ૚ ൬

ࣀ
൰൰࢔

૞

= 
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= ࢽࢋ ⋅ ஶ→࢔ܕܑܔ ൬ିܖ܉ܜ૚ ቀ
ࣀ
࢔
ቁ
૞
൰   (1) 

࢔ࡴࢋ ≤ ࣀ ≤ శ૚࢔ࡴࢋ ⇒ ࢔ࡴࢋ

࢔
≤ ࣀ

࢔
≤ శ૚࢔ࡴࢋ

࢔
   (2) 

ஶ→࢔ܕܑܔ
࢔ࡴࢋ

࢔
= ஶ→࢔ܕܑܔ ࢔ܖܔି࢔ࡴࢋ =  (3)  ࢽࢋ

ஶ→࢔ܕܑܔ
శ૚࢔ࡴࢋ

࢔
= ஶ→࢔ܕܑܔ (ା૚࢔)ܖܔశ૚ି࢔ࡴࢋ =  (4)   ࢽࢋ

⇒ is continuous ࢌ
(૛);(૜);(૝)

ஶ→࢔ܕܑܔ
ࣀ
࢔

= ࢽࢋ ⇒
(૚)

ࢽࢋ ⋅  ૞((ࢽࢋ)૚ିܖ܉ܜ)

 

777. Find: 

ષ = ෍൬
૚

૚૝ + ૛૝ + ⋯+ ࢑૝
൰

ஶ

࢑ୀ૚

 

Proposed by Vasile Mircea Popa – Romania  

Solution by Mokhtar Khassani-Mostaganem-Algerie 

ષ = ෍
૚

૚૝ + ૛૝ + ⋯+ ࢑૝

ାஶ

࢑ୀ૚

= ෍
૜૙

࢔)࢔ + ૚)(૛࢔+ ૚)(૜࢔૛ + ૜࢔ − ૚)

ାஶ

࢑ୀ૚

 

= ෍
૞

+࢔)࢔ ૚) ቀ࢔ + ૚
૛ቁ ቆ࢔ + ૜ + √૛૚

૟ ቇቆ࢔+ ૜ − √૛૚
૟ ቇ

ାஶ

࢑ୀ૚

= 

= ෍

⎝

⎜
⎛ ૢ૙

ૠ ቆ࢔+ ૜ + √૛૚
૟ ቇ

+
ૢ૙

ૠቆ࢔ + ૜ − √૛૚
૟ ቇ

+
૛૝૙

ૠ ቀ࢔ + ૚
૛ቁ

−
૜૙

࢔ + ૚ −
૜૙
࢔

⎠

⎟
⎞

ାஶ

࢑ୀ૚

 

= ෍

⎝

⎜
⎛ૢ૙
ૠ
൮

૚

࢔ + ૜− √૛૚
૟

− ૚൲+
ૢ૙
ૠ
൮

૚

࢔ + ૜+ √૛૚
૟

−
૚
࢔
൲ +

૛૝૙
ૠ

ቌ
૚

࢔ + ૚
૛
−
૚
࢔
ቍ− ૜૙൬

૚
࢔ + ૚

−
૚
࢔
൰

⎠

⎟
⎞

ାஶ

࢑ୀ૚

 

= −
ૢ૙
ૠ ቆશቆ

ૢ − √૛૚
૟ ቇ + ቇࢽ −

ૢ૙
ૠ ቆશቆ

ૢ + √૛૚
૟ ቇ + ቇࢽ −

૛૝૙
ૠ ൬શ ൬

૜
૛൰ + +൰ࢽ ૜૙ 
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∴ ષ =
૜૙
ૠ
ቌૠ − ૚૝ࢽ − ૡશ൬

૜
૛൰ − ૜શቆ

ૢ − √૛૚
૟ ቇ − ૜શቆ

ૢ + √૛૚
૟ ቇቍ 

Note: ∑ ቀ૚
࢔
− ૚

ࢠା࢔
ቁାஶ

࢑ୀ૚ = ࢽ + શ(૚ + (ࢠ ∴ શ: the Digamma function. 

 

778. ࣊(࢞) – number of prime numbers less than ࢞,࢞ ≥ ૛. Find: 

ષ = ܕܑܔ
࢞→ஶ

൬
࣊(૚ + ૚)܏ܗܔ + ૜࢞))
࣊(૚ + ૚)܏ܗܔ + ૛࢞))൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adrian Popa-Romania 

ܕܑܔ
࢞→ஶ

࣊(࢞)
࢞
ܖܔ ࢞

= ૚ 

ષ = ܕܑܔ
࢞→ஶ

൬
࣊(૚ + ૚)ܖܔ + ૜࢞))
࣊(૚ + ૚)ܖܔ + ૛࢞))൰ = ܕܑܔ

࢞→ஶ

૚ + +૚)ܖܔ ૜࢞)
૚)ܖܔ + ૚)ܖܔ + ૜࢞))
૚ + +૚)ܖܔ ૛࢞)

૚)ܖܔ + ૚)ܖܔ + ૛࢞))

= 

= ܕܑܔ
࢞→ஶ

૚ + ૚)ܖܔ + ૜࢞)
૜࢞ ⋅ ૜࢞

+૚)ܖܔ ૚)ܖܔ + ૜࢞))
૚)ܖܔ + ૜࢞) ⋅ +૚)ܖܔ ૜࢞)

૚ + ૚)ܖܔ + ૛࢞)
૛࢞ ⋅ ૛࢞

+૚)ܖܔ ૚)ܖܔ + ૛࢞))
૚)ܖܔ + ૛࢞) ⋅ +૚)ܖܔ ૛࢞)

= ܕܑܔ
࢞→ஶ

૚ + ૜࢞
૚)ܖܔ + ૜࢞)
૚ + ૛࢞

૚)ܖܔ + ૛࢞)
= 

= ܕܑܔ
࢞→ஶ

૚ + ૜࢞
૚)ܖܔ + ૜࢞)

૜࢞ ⋅ ૜࢞
⋅
૚)ܖܔ + ૛࢞)

૛࢞ ⋅ ૛࢞
૚ + ૛࢞ = ܕܑܔ

࢞→ஶ

૚ + ૜࢞
૜࢞ ⋅

૛࢞
૚ + ૛࢞ = ܕܑܔ

࢞→ஶ

૟࢞+ ૛
૟࢞+ ૜ = ૚ 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

As you know: ࢞ܕܑܔ→ஶ ቆ
࣊(࢞)

ቀ ࢞
ቁ(࢞)ܖܔ

ቇ = ૚, (by using the Theorem of A. Sellerg and P. Erodes) 
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ષ = ܕܑܔ
࢞→ஶ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ૚ + ૚)܏ܗܔ + ૜࢞)
૚)܏ܗܔ + ૚)܏ܗܔ + ૜࢞)) ⋅ ൮

࣊(૚ + ૚)܏ܗܔ + ૜࢞))
૚ + ૚)܏ܗܔ + ૜࢞)

૚)܏ܗܔ + ૚)܏ܗܔ + ૜࢞))
൲

૚ + ૚)܏ܗܔ + ૛࢞)
૚)܏ܗܔ + ૚)܏ܗܔ + ૛࢞)) ⋅ ൦

࣊(૚ + ૚)܏ܗܔ + ૛࢞))
૚ + ૚)܏ܗܔ + ૛࢞)

૚)܏ܗܔ + ૚)܏ܗܔ + ૛࢞))

൪

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

Suppose: ࢍ(࢞) = ૚ା܏ܗܔ(૚ା૜࢞)
((૚ା૜࢞)܏ܗܔ૚ା)܏ܗܔ

⋅ ((૚ା૛࢞)܏ܗܔ૚ା)܏ܗܔ
૚ା܏ܗܔ(૚ା૛࢞)

 

(࢞)ࢍ = ቆ
૚ + ૚)܏ܗܔ + ૜࢞)
૚ + ૚)܏ܗܔ + ૛࢞)ቇቆ

૚)܏ܗܔ + ૚)܏ܗܔ + ૛࢞))
૚)܏ܗܔ + ૚)܏ܗܔ + ૜࢞))ቇ 

(࢞)ࢎ =
૚ + +૚)܏ܗܔ ૜࢞)
૚ + +૚)܏ܗܔ ૛࢞) , ܕܑܔ

࢞→ஶ
൫ࢎ(࢞)൯ = ܕܑܔ

࢞→ஶ

ቀ ૜
૚ + ૜࢞ቁ

ቀ ૛
૚ + ૛࢞ቁ

= ܕܑܔ
࢞→ஶ

૜
૚ + ૜࢞ ⋅

૚ + ૛࢞
૛ = 

= ܕܑܔ
࢞→ஶ

૚ + ૛࢞
૚ + ૜࢞ ⋅

૜
૛ =

૛
૜ ⋅

૜
૛ = ૚ 

࢑(࢞) =
૚)܏ܗܔ + ૚)܏ܗܔ + ૛࢞))
૚)܏ܗܔ + ૚)܏ܗܔ + ૜࢞)) , ܕܑܔ

࢞→ஶ
൫࢑(࢞)൯ = ܕܑܔ

࢞→૙

⎣
⎢
⎢
⎢
⎢
⎡ ૛

૚ + ૛࢞
૜

૚ + ૜࢞
૚ + ૚)܏ܗܔ + ૜࢞) ⎦

⎥
⎥
⎥
⎥
⎤

 

ܕܑܔ
࢞→ஶ

[࢑(࢞)] = ܕܑܔ
࢞→ஶ

ቈ
૛

૚ + ૛࢞ ⋅
૚

૚ + ૚)܏ܗܔ + ૛࢞) ⋅
(૚ + ૜࢞)

૜ ⋅
૚ + ૚)܏ܗܔ + ૜࢞)

૚ ቉ 

= ஶ→࢞ܕܑܔ ቂ
૛
૜
⋅ ૚ା૜࢞
૚ା૛࢞

⋅ ૚ା܏ܗܔ(૚ା૜࢞)
૚ା܏ܗܔ(૚ା૛࢞)

ቃ = ૛
૜
⋅ ૜
૛
⋅ ૚ = ૚. So: ષ = ାஶ→࢞ܕܑܔ ቀ

࣊(૚ା܏ܗܔ(૚ା૜࢞))
࣊(૚ା܏ܗܔ(૚ା૛࢞))

ቁ = ૚ ⋅

૚ = ૚ 

Solution 3 by Jalil Hajimir-Canada 

ષ = ܕܑܔ
࢞→ஶ

૚ + ૚)܏ܗܔ + ૜࢞)
૚)܏ܗܔ + ૚)܏ܗܔ + ૜࢞)) ⋅

૚)܏ܗܔ + ૚)܏ܗܔ + ૛࢞))
૚ + ૚)܏ܗܔ + ૛࢞) = ૚ 

Solution 4 by Remus Florin Stanca-Romania 

We know that ࢞ܕܑܔ→ஶ
(࢞)ܖܔ⋅(࢞)࣊

࢞
= ૚ 

ષ = ܕܑܔ
࢞→ஶ

࣊(૚ + ૚)ܖܔ + ૜࢞)) ⋅ ૚)ܖܔ + ૚)ܖܔ + ૜࢞))
૚ + ૚)ܖܔ + ૜࢞) ⋅ 
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⋅
૚ + ૚)ܖܔ + ૛࢞)

࣊(૚ + ૚)ܖܔ + ૛࢞)) ⋅ ૚)ܖܔ + ૚)ܖܔ + ૛࢞)) ⋅
૚)ܖܔ + ૚)ܖܔ + ૛࢞))
૚ + ૚)ܖܔ + ૛࢞) ⋅

૚ + ૚)ܖܔ + ૜࢞)
૚)ܖܔ + ૚)ܖܔ + ૜࢞)) = 

= ܕܑܔ
࢞→ஶ

૚)ܖܔ + ૚)ܖܔ + ૛࢞))
૚)ܖܔ + ૚)ܖܔ + ૜࢞)) ⋅

૚ + ૚)ܖܔ + ૜࢞)
૚ + ૚)ܖܔ + ૛࢞) =ಮ

ಮ

ࡴᇲࡸ ܕܑܔ
࢞→ஶ

૚
૚ + ૚)ܖܔ + ૛࢞) ⋅

૛
૚ + ૛࢞

૚
૚ + ૚)ܖܔ + ૜࢞) ⋅

૜
૚ + ૜࢞

⋅ ܕܑܔ
࢞→ஶ

૜
૚ + ૜࢞
૛

૚ + ૛࢞
= 

= ܕܑܔ
࢞→ஶ

૚
૚ + ૚)ܖܔ + ૛࢞)

૚
૚ + ૚)ܖܔ + ૜࢞)

⋅ ܕܑܔ
࢞→ஶ

૚ =ಮ
ಮ

ࡴᇲࡸ ܕܑܔ
࢞→ஶ

૜
૚ + ૜࢞
૛

૚ + ૛࢞
= ૚ ⇒ ષ = ૚ 

 

779. Find: 

ષ = ܕܑܔ
ஶ→࢔

൮෍ቌ෍(૝࢏ − ૚)
࢑

ୀ૚࢏

ቍ

ି૚࢔

࢑ୀ૚

൲ 

Proposed by Vasile Mircea Popa-Romania 

Solution by Samir HajAli-Damascus-Syria 

෍(૝࢏ − ૚)
࢑

ୀ૚࢏

= ෍(૝࢏ − ૝ + ૜)
࢑

ୀ૚࢏

= ૝ ⋅෍(࢏ − ૚)
࢑

ୀ૚࢏

+ ૜෍૚
࢑

ୀ૚࢏

 

= ૝ ×
࢑)࢑− ૚)

૛ + ૜࢑ = ૛࢑૛ − ૛࢑ + ૜࢑ = ૛࢑૛ + ࢑ 

= ૛ ൬࢑૛ +
૚
૛࢑ +

૚
૚૟ −

૚
૚૟൰ = ૛ ൬࢑ +

૚
૝൰

૛

−
૚
ૡ ⇒ ቌ෍(૝࢏ − ૚)

࢑

ୀ૚࢏

ቍ

ି૚

= ቆ૛൬࢑ +
૚
૝൰

૛

−
૚
ૡቇ

ି૚

 

= ൬
૚
ૡ

(૝࢑ + ૚)૛ −
૚
ૡ൰

ି૚

= ૡ((૝࢑+ ૚)૛ − ૚)ି૚ =
ૡ

(૝࢑ + ૚)૛ − ૚ 

=
ૡ

(૝࢑ + ૚ − ૚)(૝࢑+ ૚ + ૚) =
ૡ

(૝࢑)(૝࢑+ ૛) =
૚
૛ ×

૚

࢑ ቀ࢑ + ૚
૛ቁ

 

Now: ࢔ܕܑܔ→ஶ ∑ ∑ (૝࢏ − ૚)ି૚࢑
ୀ૚࢏

࢔
࢑ୀ૚ = ૚

૛
∑ ૚

࢑ቀ࢑ା૚૛ቁ
ஶ
࢑ୀ૚  
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=
૚
૛෍

૚

(࢑+ ૚) ቀ࢑ + ૜
૛ቁ

ஶ

࢑ୀ૙

=
૚
૛
ቌ
࣒ቀ૜૛ቁ− ࣒(૚)

૜
૛ − ૚

ቍ = ૛ −  (૝)ܖܔ

 

780. Find: 

ષ(࢖) = ܕܑܔ
ஶ→࢖

൭ܕܑܔ
ஶ→࢔

൭ෑቆ૚ +
(૚ + ࢖(࢑

ା૚࢖࢔ ቇ
࢔

࢑ୀ૚

൱൱
࢖

࢖, > 0 

Proposed by Florică Anastase-Romania 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

Let: ࡹ = ାஶ→࢔ܕܑܔ ቀ∏ ቀ૚ + (࢑ା૚)࢖

శ૚࢖࢔
ቁ࢔

࢑ୀ૚ ቁ = ାஶ→࢔ܕܑܔ ቆ
૚ା

࢖(శ૚࢔)

శ૚࢖࢔

૚ା ૚
శ૚࢖࢔

∏ ቀ૚ + ࢖࢑

శ૚࢖࢔
ቁ࢔

࢑ୀ૚ ቇ = 

= ܕܑܔ
ାஶ→࢔

൭ෑ൬૚ +
࢖࢑

ା૚൰࢖࢔
࢔

࢑ୀ૚

൱ = ൭ܘܠ܍ ܕܑܔ
ାஶ→࢔

෍܏ܗܔ൬૚ +
࢖࢑

ା૚൰࢖࢔
࢔

࢑ୀ૚

൱ 

∴ ෍ܖܔቆ૚ +
(࢑ + ૚)࢖

ା૚࢖࢔ ቇ
࢔

࢑ୀ૚

= ෍
൬૚܏ܗܔ + ࢖࢑

ା૚൰࢖࢔

࢖࢑
ା૚࢖࢔

࢔

࢑ୀ૚

⋅
࢖࢑

 ା૚࢖࢔

⇒ ܕܑܔ
ାஶ→࢔

൞ ܎ܖܑ
࢑ୀ૚,࢔തതതതത

൦
܏ܗܔ ൬૚ + ࢖࢑

ା૚൰࢖࢔

࢖࢑
ା૚࢖࢔

൪෍
࢖࢑

ା૚࢖࢔

࢔

࢑ୀ૚

ൢ < ܕܑܔ
ାஶ→࢔

෍ܖܔ൬૚ +
࢖࢑

ା૚൰࢖࢔
࢔

࢑ୀ૚

< 

< ܕܑܔ
ାஶ→࢔

൞ܘܝܛ
࢑ୀ૚,࢔തതതതത

൦
܏ܗܔ ൬૚ + ࢖࢑

ା૚൰࢖࢔

࢖࢑
ା૚࢖࢔

൪෍
࢖࢑

ା૚࢖࢔

࢔

࢑ୀ૚

ൢ 

⇒
૚

࢖ + ૚ = න࢞࢖
૚

૙

࢞ࢊ = ܕܑܔ
ାஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔࢖

࢑ୀ૚

< ܕܑܔ
ାஶ→࢔

෍ܖܔ൬૚ +
࢖࢑

ା૚൰࢖࢔
࢔

࢑ୀ૚

< 

< ܕܑܔ
ାஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔࢖

࢑ୀ૚

= න࢞࢖
૚

૙

࢞ࢊ =
૚

+࢖ ૚ 

So: ࡹ = శಮ→࢔ܕܑܔ൬ࢋ ∑ ൬૚ାܖܔ ࢖࢑

శ૚࢖࢔
൰࢔

࢑స૚ ൰ = ࢋ
૚

 శ૚࢖
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Now: ષ(࢖) = ࡼࡹାஶ→࢖ܕܑܔ = ାஶ→࢖ܕܑܔ ࢋ
࢖

శ૚࢖ ∴ ષ(࢖) =  ࢋ

 

781.  

ષ࢔ + ࢔ࡴ = ෍ቌ൭
ඥ(࢑ + ૚)!࢑శ૚

√࢑!࢑ ൱
࢑ା૚

⋅ ൭
ඥ(࢑ − ૚)!࢑ష૚

√࢑!࢑ ൱
࢑ି૚

ቍ
࢔

࢑ୀ૜

࢔, ∈ ℕ,࢔ ≥ ૜ 

Find: 

ષ = ܕܑܔ
ஶ→࢔

ඥષ࢔
࢔  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ali Jaffal-Lebanon 

ષ࢔ + ࢔ࡴ = ෍ቌ൭
ඥ(࢑ + ૚)!	࢑శ૚

√࢑!࢑ ൱
࢑ା૚

൭
ඥ(࢑ − ૚)!࢑ష૚

√࢑!࢑ ൱
࢑ି૚

ቍ
࢑ୀ࢔

࢑ୀ૜

 

= ෍
(࢑+ ૚)!

(࢑!)૚ା
૚
࢑

࢑ୀ࢔

࢑ୀ૜

⋅
(࢑ − ૚)!

(࢑!)૚ି
૚
࢑

= ෍
(࢑ + ૚)! ⋅ (࢑− ૚)!

࢑! ⋅ ࢑!

࢑ୀ࢔

࢑ୀ૜

= ෍
(࢑ + ૚)!

࢑!

࢑ୀ࢔

࢑ୀ૜

⋅
(࢑ − ૚)!

࢑!
= ෍(࢑ + ૚)

࢑ୀ࢔

࢑ୀ૜

×
૚
࢑

 

ષ࢔ + ࢔ࡴ = ෍૚
࢑ୀ࢔

࢑ୀ૜

+ ෍
૚
࢑

࢑ୀ࢔

࢑ୀ૜

= −࢔) ૛) + ࢔ࡴ − ૚ −
૚
૛ 

ષ࢔ = ࢔ − ૛ − ૜
૛

= ࢔ − ૠ
૛
, so, ࢔ܕܑܔ→ஶ ඥષ࢔

࢔ = ૚ 

Solution 2 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

ඥષ࢔
࢔ = ܕܑܔ

ஶ→࢔

ષ࢔ା૚

ષ࢔
= 

= ܕܑܔ
ஶ→࢔

∑ ൭ቆ ඥ(࢑ + ૚)!࢑శ૚

√࢑!࢑ ቇ
࢑ା૚

⋅ ቆ ඥ(࢑ − ૚)!࢑ష૚

√࢑!࢑ ቇ
࢑ି૚

൱࢔ା૚
࢑ୀ૜ − 	ା૚࢔ࡴ

∑ ൭ቆ
ඥ(࢑ + ૚)!࢑శ૚

√࢑!࢑ ቇ
࢑ା૚

⋅ ቆ
ඥ(࢑− ૚)!࢑ష૚

√࢑!࢑ ቇ
࢑ି૚

൱࢔
࢑ୀ૜ ࢔ࡴ−
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࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ஶ→࢔ܕܑܔ

ቆ ඥ(࢔శ૜)!࢔శ૜

ඥ(࢔శ૛)!࢔ ቇ
శ૜࢔

⋅ቆ ඥ(࢔శ૚)!࢔శ૚

ඥ(࢔శ૛)!࢔శ૛ ቇ
శ૚࢔

ି ૚
శ૛࢔

ቆ ඥ(࢔శ૛)!࢔శ૛

ඥ(࢔శ૚)!࢔శ૚ ቇ
శ૛࢔

⋅ቆ ࢔!࢔√

ඥ(࢔శ૚)!࢔శ૚ ቇ
࢔
ି ૚
శ૚࢔

    (1) 

ܕܑܔ
ஶ→࢔

൭
ඥ(࢔+ ૜)!࢔శ૜

ඥ(࢔+ ૛)!࢔శ૛ ൱
ା૜࢔

= ܕܑܔ
ஶ→࢔

+࢔) ૜)!
+࢔) ૛)! ඥ(࢔+ ૛)!࢔శ૛ = ܕܑܔ

ஶ→࢔

࢔ + ૜
ඥ(࢔ + ૛)!࢔శ૛ = 

= ܕܑܔ
ஶ→࢔

ඨ
࢔) + ૜)࢔ା૛

࢔) + ૛)!
శ૛࢔

= ܕܑܔ
ஶ→࢔

+࢔) ૝)࢔ା૝

+࢔) ૜)! ⋅
+࢔) ૛)!

࢔) + ૜)࢔ା૛ = 

= ܕܑܔ
ஶ→࢔

૚
+࢔ ૜ ⋅

+࢔) ૝)࢔ା૜

+࢔) ૜)࢔ା૛ = ܕܑܔ
ஶ→࢔

൬૚ +
૚

࢔ + ૜൰
ା૜࢔

= (૛)ࢋ ⇒ 

⇒ ܕܑܔ
ஶ→࢔

൭
ඥ(࢔+ ૛)!࢔శ૛

ඥ(࢔+ ૚)!࢔శ૚ ൱
ା૛࢔

= ܕܑܔ
ஶ→࢔

ඥ(࢔ + ૛)!࢔శ૛

ඥ(࢔ + ૚)!࢔శ૚ ⋅ ܕܑܔ
ஶ→࢔

൭
ඥ(࢔ + ૛)!࢔శ૛

ඥ(࢔ + ૚)!࢔శ૚ ൱
ା૚࢔

= ࢋ ⇒ 

⇒ ஶ→࢔ܕܑܔ

ඥ(࢔శ૛)!࢔శ૛

శ૛࢔
ඥ(࢔శ૚)!࢔శ૚

శ૚࢔

⋅ ஶ→࢔ܕܑܔ ൬
ඥ(࢔ା૛)!࢔శ૛

ඥ(࢔ା૚)!࢔శ૚ ൰
ା૚࢔

= ࢋ ⇒ ஶ→࢔ܕܑܔ ൬
ඥ(࢔ା૚)!࢔శ૚

ඥ(࢔ା૛)!࢔శ૛ ൰
ା૚࢔

= ૚
ࢋ
  (3) 

⇒
(૛);(૜)

ܕܑܔ
ஶ→࢔

൭
ඥ(࢔ + ૜)!࢔శ૜

ඥ(࢔ + ૛)!࢔శ૛ ൱
ା૜࢔

⋅ ൭
ඥ(࢔+ ૚)!࢔శ૚

ඥ(࢔+ ૛)!࢔శ૛ ൱
ା૚࢔

= ૚ ⇒ 

⇒ ܕܑܔ
ஶ→࢔

൭
ඥ(࢔ + ૜)!࢔శ૜

ඥ(࢔ + ૛)!࢔శ૛ ൱
ା૜࢔

⋅ ൭
ඥ(࢔ + ૚)!࢔శ૚

ඥ(࢔ + ૛)!࢔శ૛ ൱
ା૚࢔

−
૚

࢔ + ૛ = ૚ ⇔ 

⇔ ܕܑܔ
ஶ→࢔

൭
ඥ(࢔ + ૛)!࢔శ૛

ඥ(࢔ + ૚)!࢔శ૚ ൱
ା૛࢔

⋅ ቆ
࢔!࢔√

ඥ(࢔ + ૚)!࢔శ૚ ቇ
࢔

−
૚

࢔ + ૚ = ૚ ⇒ 

⇒ ܕܑܔ
ஶ→࢔

ቆ ඥ(࢔ + ૜)!࢔శ૜

ඥ(࢔ + ૛)!࢔శ૛ ቇ
ା૜࢔

⋅ ቆ ඥ(࢔+ ૚)!࢔శ૚

ඥ(࢔+ ૛)!࢔శ૛ ቇ
ା૚࢔

− ૚
࢔ + ૛

ቆ ඥ(࢔+ ૛)!࢔శ૛

ඥ(࢔+ ૚)!࢔శ૚ ቇ
ା૛࢔

⋅ ቆ ࢔!࢔√

ඥ(࢔ + ૚)!࢔శ૚ ቇ
࢔

− ૚
࢔ + ૚

= ૚ ⇒
(૚)

ܕܑܔ
ஶ→࢔

ඥષ࢔
࢔ = ૚ ⇒ ષ = ૚ 

Solution 3 by Tobi Joshua-Nigeria 

ષ࢔ + ࢔ࡴ = ෍ቌ൭
ඥ(࢑ + ૚)!࢑శ૚

√࢑!࢑ ൱
࢑ା૚

⋅ ൭
ඥ(࢑− ૚)!࢑ష૚

√࢑!࢑ ൱
࢑ି૚

ቍ
࢔

࢑ୀ૜

࢔, ∈ ℕ,࢔ ≥ ૜ 
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ષ࢔ + ࢔ࡴ = ∑ ቌቆ (࢑ା૚)!

(࢑!)
࢑శ૚
࢑
ቇ ⋅ ቆ (࢑ି૚)!

(࢑!)
࢑ష૚
࢑
ቇቍ࢔

࢑ୀ૜  since ࢔ࡴ = ∑ ቀ૚
࢑
ቁ࢔

࢑ୀ૚ 				⊝ 

ષ࢔ = ෍൭ቆ
(࢑+ ૚)! (࢑ − ૚)!

(࢑!)૛ ቇ൱
࢔

࢑ୀ૜

−෍൬
૚
࢑൰

࢔

࢑ୀ૚

; 	ષ࢔ = ෍ቆ
(࢑ + ૝)! (࢑ + ૛)!

(࢑ + ૜)!૛ ቇ
࢔

࢑ୀ૙

−෍൬
૚

࢑ + ૚൰
࢔

࢑ୀ૙

 

ષ࢔ = ෍ቆ
(࢑+ ૝)
(࢑+ ૜)ቇ

࢔

࢑ୀ૙

−෍൬
૚

࢑ + ૚൰
࢔

࢑ୀ૙

; 	ષ࢔ = ෍ቆ
(࢑+ ૝)(࢑ + ૚) − (࢑+ ૜)

(࢑ + ૜)(࢑ + ૚) ቇ
࢔

࢑ୀ૙

 

Applying telescoping series 

ષ࢔ = ෍ቆ
࢑૛ + ૝࢑+ ૚

(࢑ + ૜)(࢑ + ૚)ቇ
࢔

࢑ୀ૙

=
૚

࢔) + ૛) +
૚

+࢔) ૜) −
૚
૛ +  ࢔

Then ⇔ ඥષ࢔
࢔ = ቀ ૚

(ା૛࢔)
+ ૚

(ା૜࢔)
− ૚

૛
+ ቁ࢔

૚
 ࢔

then ࢔ܕܑܔ→ஶ ඥષ࢔
࢔ = ஶ→࢔ܕܑܔ ࢋ

૚
࢔ ቀ܏ܗܔ

૚
ା(శ૛࢔)

૚
ି(శ૜࢔)

૚
૛ା࢔ቁ = ૙ࢋ = ૚ 

ܕܑܔ
ஶ→࢔

ඥષ࢔
࢔ = ૚ 

 

782.  

ષ = ܕܑܔ
ஶ→࢔

൬ࢇ
૚

ା૚࢔ + ࢇ
૚

ା૛࢔ + ⋯+ ࢇ
૚
૛࢔  ൰࢔−

Prove that: 

૚
૛܏ܗܔ

൫ࢇષ(࢈) + ൯(ࢇ)ષ࢈ > ܏ܗܔ ൬
࢈ࢇ

ࢇ) + ૛൰(࢈ ࢈,ࢇ, ∈ (૙,૚) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Khaled Abd Imouti-Damascus-Syria 

࢔࢛ = ࢇ
૚

ା૚࢔ + ࢇ
૚

ା૛࢔ + ⋯+ ࢇ
૚
૛࢔ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

࢔࢚

− ;࢔ ࢔	 ⋅ ࢇ
૚
૛࢔ ≤ ࢔࢚ ≤ ࢔ ⋅ ࢇ

૚
 ା૚࢔

࢔ ⋅ ࢇ
૚
૛࢔ − ࢔ ≤ ࢔࢚ − ࢔ ≤ ࢔ ⋅ ࢇ

૚
ା૚࢔ − ;࢔ ࢔	 ൬ࢇ

૚
૛࢔ − ૚൰ ≤ ࢔࢛ ≤ ࢇ൬࢔

૚
ା૚࢔ − ૚൰ 
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ࢇ
૚
૛࢔ − ૚
૚
࢔

≤ ࢔࢛ ≤
ࢇ

૚
ା૚࢔ − ૚
૚
࢔

; 	
ࢋ
૚
૛࢔ (ࢇ)ܖܔ − ૚

૚
࢔

≤ ࢔࢛ ≤
ࢋ

૚
(ࢇ)ܖܔା૚࢔ − ૚

૚
࢔

 

Suppose:   

(࢞)ࢌ =
ࢋ
૚
૛࢔ (ࢇ)ܖܔ − ૚

૚
࢔

, ܕܑܔ
ାஶ→࢔

(࢞)ࢌ = ܕܑܔ
ାஶ→࢔

൦
− (ࢇ)ܖܔ
૛࢞૛ ࢋ

૚
૛࢞ (ࢇ)ܖܔ

− ૚
࢞૛

൪ =
૚
૛ ܖܔ

 (ࢇ)

Suppose: ࢍ(࢞) = ࢋ
૚

శ૚࢔ ૚ି(ࢇ)ܖܔ
૚
࢔

, (࢞)ࢍାஶ→࢔ܕܑܔ = ାஶ→࢔ܕܑܔ ቎
ష (ࢇ)ܖܔ
(࢞శ૚)૛

ࢋ⋅
૚

శ૚࢔ (ࢇ)ܖܔ

ି ૚
૛࢔

቏ =  (ࢇ)ܖܔ

So: ૚
૛
(ࢇ)ܖܔ ≤ ାஶ→࢔ܕܑܔ ࢔࢛ ≤ (ࢇ)ܖܔ ; 	૚

૛
(ࢇ)ܖܔ ≤ ષ(ࢇ) ≤  (ࢇ)ܖܔ

૚
૛܏ܗܔ ൫ࢇ ⋅ ષ

(࢈) + ൯(ࢇ)ષ࢈ >
?
܏ܗܔ ൬

ࢇ ⋅ ࢈
+ࢇ) ૛൰(࢈ ; 	ષ(࢈) ≥

૚
૛ ܖܔ

(࢈) ,ષ(ࢇ) ≥
૚
૛ ܖܔ

 (ࢇ)

ࢇ ⋅ ષ(࢈) + (ࢇ)ષ࢈ ≥
૚
૛ ࢇ ܖܔ

(࢈) +
૚
૛࢈ ܖܔ

 (ࢇ)

Let us prove: ૚
(૛)܏ܗܔ

൫ࢇ ⋅ ષ(࢈) + ࢈ ∙ ષ(ࢇ)൯ >
?
܏ܗܔ ቀ ࢈⋅ࢇ

૛(࢈ାࢇ)
ቁ 

૚
(૛)܏ܗܔ ൫ࢇ ⋅ ષ(࢈) + ൯(ࢇ)ષ࢈
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

૚ࡸ

≥
૚

૛܏ܗܔ ൬
૚
૛ ࢇ ⋅ ܖܔ ࢈ +

૚
૛࢈ ∙ ܖܔ  ൰ࢇ

૚ࡸ ≥
૚
૛ ⋅

૚
૛܏ܗܔ

ࢇ] ⋅ ܖܔ +࢈ ࢈ ∙ [ࢇܖܔ >
?
܏ܗܔ ൬

ࢇ ⋅ ࢈
+ࢇ)  ૛൰(࢈

૙ < ܾ < 1
૙ < ܽ < 1 ⇒ ࢈ ⋅ ܏ܗܔ ࢇ > ࢇ܏ܗܔ ⇒

૚
૛࢈ ⋅ ࢇ܏ܗܔ >

૚
૛ ܏ܗܔ  ࢇ

Similarly: ૚
૛
ࢇ ⋅ ܏ܗܔ ࢈ > ૚

૛
 ࢈܏ܗܔ

૚
૛

ࢇ) ⋅ ࢈܏ܗܔ + ࢈ ⋅ ܏ܗܔ (ࢇ > ૚
૛
ࢇ)܏ܗܔ ⋅ So: ૚ .(࢈

૛ ૛܏ܗܔ
ࢇ] ⋅ ܏ܗܔ +࢈ ࢈ ⋅ ܏ܗܔ [ࢇ > ૚

૛ ܏ܗܔ ૛
⋅ ࢇ)܏ܗܔ ⋅  (࢈

Let us prove: ૚
૛⋅܏ܗܔ ૛

⋅ ࢇ)܏ܗܔ ⋅ (࢈ >
?
܏ܗܔ ቀ ࢈⋅ࢇ

૛(࢈ାࢇ)
ቁ 

૚
૛ ૛܏ܗܔ ⋅ ܏ܗܔ

ࢇ) ⋅ (࢈ >
?
ࢇ)܏ܗܔ ⋅ −(࢈ +ࢇ)܏ܗܔ  ૛(࢈

+ࢇ)܏ܗܔ ૛(࢈ >
?
ࢇ)܏ܗܔ ⋅ −(࢈

૚
૛ ܏ܗܔ ૛ ⋅ ܏ܗܔ

ࢇ) ⋅  (࢈
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+ࢇ)܏ܗܔ ૛(࢈ >
?
ࢇ)܏ܗܔ ⋅ (࢈ ൤૚ −

૚
૛  ૛൨܏ܗܔ

૛(࢈ାࢇ)܏ܗܔ

(࢈⋅ࢇ)܏ܗܔ
<
?
૚ − ૚

૛ ૛܏ܗܔ
   (*) 

Because: ࢇ ⋅ ࢈ < ࢇ) + ૛(࢈ ⇒ ࢇ)܏ܗܔ ⋅ (࢈ < +ࢇ)܏ܗܔ  ૛(࢈

࢈,ࢇ ∈ ]૙,૚[ 

૚ >
ࢇ)܏ܗܔ + ૛(࢈

ࢇ)܏ܗܔ ⋅ (࢈ ⇒
ࢇ)܏ܗܔ + ૛(࢈

ࢇ)܏ܗܔ ⋅ (࢈ − ૚ < 0 < −
૚

૛ ܏ܗܔ ૛ 

Relation (*) is true. So: 

 ૚
܏ܗܔ ૛

൫ࢇ ⋅ ષ(࢈) + ൯(ࢇ)ષ࢈ > ܏ܗܔ ቀ ࢈⋅ࢇ
૛(࢈ାࢇ)

ቁ 

Solution 2 by Ali Jaffal-Lebanon 

Let ࢍ(࢞) = ࢞ିࢋ + ࢞ − ૚;ࢍࡰ = [૙, +∞[ 

(࢞)ᇱࢍ = ࢞ିࢋ− + ૚ 

࢞ ૙																																																																					 + ∞ 

+ (࢞)ᇱࢍ + + + + + + + + + + + + + + + + + 

																																																																			૙ (࢞)ࢍ + ∞ 

Then, ࢍ(࢞) ≥ ૙ for all ࢞ ∈ [૙, +∞[. Therefore ࢞ିࢋ ≥ −࢞ + ૚ for all ࢞ ∈ [૙, +∞[ 

Let ࢌ(࢞) = ࢞ିࢋ + ࢞ − ࢞૛

૛
− ૚;ࢌࡰ = [૙, +∞[ 

We have ࢌᇱ(࢞) = ࢞ିࢋ− − ࢞ + ૚ = ࢞ିࢋ)− + ࢞ − ૚) =  :Then .(࢞)ࢍ−

࢞ ૙																																																																					 + ∞ 

−−− (࢞)ᇱࢌ −− − − −− −− −− −− −− − 

																																																																		૙ (࢞)ࢌ − ∞ 

Then, ࢌ(࢞) ≤ ૙ for all ࢞ ≥ ૙ 

Then we have: −࢞ + ૚ ≤ ࢞ିࢋ ≤ −࢞ + ૚ + ࢞૛

૛
 for all ࢞ ∈ [૙, +∞[   (*) 

Let ࢇ ∈ ]૙,૚[ and ࢔ࡿ = ∑ ࢇ
૚

࢑శ࢑࢔ୀ࢔
࢑ୀ૚ − (ࢇ)࢔ࡿ .࢔ = ∑ ࢋ

૚
࢑శ࢔ ࢔࢑ୀࢇܖܔ

࢑ୀ૚ − ࢔ = ∑ ିࢋ
ቁࢇቀ૚ܖܔ

࢑శ࢑࢔ୀ࢔
࢑ୀ૚ −  ࢔

We have: 
ା ቁࢇቀ૚ܖܔ

࢑ା࢔
> 0, for ૚ ≤ ࢑ ≤ since ૚ , ࢔

ࢇ
> 1 
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Then by (*) we have: ૚ −
ቁࢇቀ૚ܖܔ

࢑ା࢔
≤ ିࢋ

ቁࢇቀ૚ܖܔ

࢑శ࢔ ≤ ૚−
ቁࢇቀ૚ܖܔ

࢑ା࢔
+ ૚

૛
ቆ
ቁࢇቀ૚ܖܔ

࢑ା࢔
ቇ
૛

 

So, ૚ + ܖܔ ࢇ
࢑ା࢔

≤ ࢇ
૚

࢑శ࢔ ≤ ૚ + ܖܔ ࢇ
࢑ା࢔

+ ૚
૛
ቀ ܖܔ ࢇ
࢑ା࢔

ቁ
૛
 

Then ܖܔ∑ ૚
࢑ା૚

࢑ୀ࢔
࢑ୀ૚ ≤ (ࢇ)࢔ࡿ ≤ ∑ܖܔ ૚

࢑ା࢔
࢑ୀ࢔
࢑ୀ૚ + ૚

૛
ܖܔ) ∑૛(ࢇ ቀ ૚

࢑ା࢔
ቁ
૛

࢑ୀ࢔
࢑ୀ૚ . We have 

ܕܑܔ
ାஶ→࢔

෍
૚

࢑ + ࢔

࢑ୀ࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
෍࢔

૚

૚ + ࢑
࢔

࢑ୀ࢔

࢑ୀ૚

= න
࢞ࢊ
૚ + ࢞

૚

૙

 

ܕܑܔ
ାஶ→࢔

૚
૛෍࢔

૚

ቀ࢔࢑ + ૚ቁ
૛

࢑ୀ࢔

࢑ୀ૚

= ܕܑܔ
ାஶ→࢔

૚
࢔ × ܕܑܔ

ାஶ→࢔

૚
෍࢔

૚

ቀ࢔࢑ + ૚ቁ
૛

࢑ୀ࢔

࢑ୀ૚

= ૙ ×න
࢞ࢊ

(࢞ + ૚)૛

૚

૙

= ૙ 

Then ࢔ܕܑܔ→ାஶ (ࢇ)ࢇࡿ = ࢇܖܔ × ܖܔ ૛. So, ષ(ࢇ) = ܖܔ ࢇ × ܖܔ ૛ and ષ(࢈) = ܖܔ ×ࢇ ܖܔ ૛ 

Let ࣐(࢞) = ࢞ ܖܔ ࢞+ ࢞ ૛ whenܖܔ ∈ ࢙]૙, +∞[; ࣐ᇱ(࢞) = ࢞ܖܔ + ૚ 

࢞ ૙																																		ିࢋ૚ 																											+ ∞ 

࣐ᇱ(࢞) −− −− −− − − 	૙ + + + + + + + + + 

ܖܔ (࢞)࣐ ૛																										−
૚
ࢋ + +																	૛ܖܔ ∞ 

We have − ૚
ࢋ

+ ܖܔ ૛ > 0 then ࣐(࢞) > 0, for all ࢞ > 0. Then ࢞࢞࢔࢒ + ܖܔ ૛ > 0 

࢞࢔࢒࢞ > ܖܔ− ૛ ; 	࢞࢞ > ૚
૛

; 	࢞ି࢞ < 2; 	࢞૚ି࢞	 < 2࢞ then ࢇ
૚షࢇା࢈૚ష࢈

૛
< ܽ + ܾ 

By (GM-AM) we have √ࢇ૚ିࢇ ⋅ ࢈૚ି࢈ < ࢈૚ష࢈ାࢇ૚షࢇ

૛
 

So, √ࢇ૚ି࢈ࢇ૚ି࢈ < ܽ + ܾ; ࢈૚ି࢈ࢇ૚ିࢇ	 < +ࢇ) ;૛(࢈ ૚ି࢈࢈૚ିࢇࢇ	 > ૚
૛(࢈ାࢇ)

 

࢈࢈ࢇࢇ >
࢈ࢇ

ࢇ) + ૛(࢈ ; ࢇ	 ܖܔ ࢇ + ࢈ ࢈ܖܔ > ܖܔ ൬
࢈ࢇ

ࢇ) +  ૛൰(࢈

(ࢇ)ષࢇ
ܖܔ ૛ +

(࢈)ષ࢈
ܖܔ ૛ > ܖܔ ൬

࢈ࢇ
+ࢇ) ૛൰(࢈ ; 	

૚
૛ܖܔ ൫ࢇષ

(ࢇ) + ൯(࢈)ષ࢈ > ܖܔ ൬
࢈ࢇ

ࢇ) +  ૛൰(࢈

783. If we define the function ࢌ for any positive integer ࢔ 

(࢔)ࢌ = න (࢞ିࢋ)૚ିܐܖ܉ܜ
ஶ

૙

 ࢞ࢊ࢞࢔૛ିࢋ
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then evaluate the sum  

෍
(࢔)ࢌ
࢔

ஶ

ୀ૚࢔

 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Abdul Hafeez Ayinde-Nigeria 

Let ષ = ∫ ஶ(࢞ିࢋ)૚ିܐܖ܉ܜ
૙ ⋅  ࢞ࢊ࢞࢔૛ିࢋ

ષ =࢛ୀࢋష࢞ නିܐܖ܉ܜ૚(࢛) ⋅ ࢛૛ି࢔૚
૚

૙

 ࢛ࢊ

Let ઩ = ∑ (࢔)ࢌ
࢔

ஶ
ୀ૚࢔  

઩ = ෍
(࢔)ࢌ
࢔

ஶ

ୀ૚࢔

= න
૚
࢛

૚

૙

(࢛)૚ିܐܖ܉ܜ ⋅ ෍
࢛૛࢔

࢔

ஶ

ୀ૚࢔

 ࢛ࢊ

઩ = −න
૚
࢛

૚

૙

(࢛)૚ିܐܖ܉ܜ ૚)ܖܔ − ࢛૛)࢛ࢊ 

઩ = −න
(࢛)૚ିܐܖ܉ܜ ૚)ܖܔ − ࢛૛)

࢛

૚

૙

 ࢛ࢊ

઩ = −
૚
૛න

+૚)ܖܔ ࢛) ૚)ܖܔ − ࢛૛)
࢛

૚

૙

࢛ࢊ +
૚
૛න

૚)ܖܔ − ࢛) ૚)ܖܔ − ࢛૛)
࢛

૚

૙

 ࢛ࢊ

઩ = −
૚
૛න

૛(૚ܖܔ + ࢛)
࢛

૚

૙

࢛ࢊ −
૚
૛න

૚)ܖܔ − ࢛) ૚)ܖܔ + ࢛)
࢛

૚

૙

࢛ࢊ + 

+
૚
૛න

૚)ܖܔ − ࢛) ૚)ܖܔ + ࢛)
࢛

૚

૙

࢛ࢊ +
૚
૛න

૛(૚ܖܔ − ࢛)
࢛

૚

૙

 ࢛ࢊ

઩ = −
૚
૛න

૛(૚ܖܔ + ࢛)
࢛

૚

૙

࢛ࢊ +
૚
૛න

૛(૚ܖܔ − ࢛)
࢛

૚

૙

 ࢛ࢊ
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઩ = −
૚
૛න

(࢛)૛ܖܔ
࢛− ૚

૛

૚

࢛ࢊ +
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૚

૙

 ࢛ࢊ

઩ =
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૛

૚

࢛ࢊ +
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૚

૙

 ࢛ࢊ

઩૚ =
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૛

૚

 ࢛ࢊ

઩૚ =
૚
૛න

(࢛)૛ܖܔ
࢛(૚ − ࢛)

૚
૛

૚

 ࢛ࢊ

઩૚ =
૚
૛න

(࢛)૛ܖܔ
࢛

૚
૛

૚

࢛ࢊ +
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૚
૛

૚

 ࢛ࢊ

઩૚ =
૚
૛නܖܔ૛(࢛)

૚
૛

૚

(࢛ܖܔ)ࢊ +
૚
૛ ⋅෍න࢛࢑ ૛ܖܔ ࢛

૚
૛

૚

ஶ

࢑ୀ૙

 ࢛ࢊ

઩૚ =
૚
૟ ܖܔ

૜(࢛)ฬ
૚

૚
૛

+
૚
૛ ⋅

ࣔ૛

૛ቤ࢈ࣔ
ୀ࢑࢈

෍න࢛࢈

૚
૛

૚

ஶ

࢑ୀ૙

 ࢛ࢊ

઩૚ =
− ૜(૛)ܖܔ

૟ +
૚
૛ ⋅

ࣔ૛

૛ቤ࢈ࣔ
ୀ࢑࢈

෍න࢛࢈

૚
૛

૚

ஶ

࢑ୀ૙

 ࢛ࢊ

઩૚ =
૜(૛)ܖܔ−

૟ +
૚
૛ ⋅

ࣔ૛

૛ቤ࢈ࣔ
ୀ࢑࢈

෍
ା૚࢈࢛

+࢈ ૚

ஶ

࢑ୀ૙

อ
૚

૚
૛

 

઩૚ =
૜(૛)ܖܔ−

૟ +
૚
૛ ⋅

ࣔ૛

૛ቤ࢈ࣔ
ୀ࢑࢈

෍൮
ቀ૚૛ቁ

࢈

࢈ −
૚
࢈
൲

ஶ

࢑ୀ૚

 

઩૚ =
૜(૛)ܖܔ−

૟ +
૚
૛ ⋅

ࣔ
ୀ࢑࢈ฬ࢈ࣔ

෍൮
−ቀ૚૛ቁ

࢈
(૛)ܖܔ

࢈ −
ቀ૚૛ቁ

࢈

૛࢈ +
૚
૛࢈
൲

ஶ

࢑ୀ૚
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઩૚ =
− ૜(૛)ܖܔ

૟ +
૚
૛ฬ࢈ୀ࢑

෍൮
ቀ૚૛ቁ

࢈
૛(૛)ܖܔ

࢈ +
ቀ૚૛ቁ

࢈
(૛)ܖܔ

૛࢈ +
૛ ቀ૚૛ቁ

࢈

૜࢈ +
ቀ૚૛ቁ

࢈
(૛)ܖܔ

૛࢈ −
૛
૜࢈
൲

ஶ

࢑ୀ૚

 

઩૚ =
− ૜(૛)ܖܔ

૟
+
૚
૛
෍൮

ቀ૚૛ቁ
࢑
૛(૛)ܖܔ

࢑
+
૛ ቀ૚૛ቁ

࢑
(૛)ܖܔ

࢑૛
+
૛ ቀ૚૛ቁ

࢑

࢑૜
−
૛
࢑૜
൲

ஶ

࢑ୀ૚

 

઩૚ =
− ૜(૛)ܖܔ

૟ +
૚࢏ࡸ૛(૛)ܖܔ ቀ

૚
૛ቁ

૛ + ૛࢏ࡸ(૛)ܖܔ ൬
૚
૛൰ + ૜࢏ࡸ ൬

૚
૛൰ −  (૜)ࣀ

઩૚ =
૜(૛)ܖܔ−

૟ +
૜(૛)ܖܔ
૛ + (૛)ܖܔ ቆ

࣊૛

૚૛ −
૛(૛)ܖܔ
૛ ቇ + ૜࢏ࡸ ൬

૚
૛൰ −  (૜)ࣀ

઩૚ =
− ૜(૛)ܖܔ

૟ +
࣊૛ ܖܔ ૛
૚૛ + ૜࢏ࡸ ൬

૚
૛൰ −  (૜)ࣀ

઩૚ =
− ૜(૛)ܖܔ

૟ +
࣊૛ ܖܔ ૛
૚૛ +

ૠࣀ(૜)
ૡ −

࣊૛ ܖܔ ૛
૚૛ +

૜(૛)ܖܔ
૟ − (૜)ࣀ =

(૜)ࣀ−
ૡ  

઩૛ =
૚
૛න

(࢛)૛ܖܔ
૚ − ࢛

૚

૙

 ࢛ࢊ

઩૛ =
૚
૛෍න࢛࢑ (࢛)૛ܖܔ

૚

૙

ஶ

࢑ୀ૙

 ࢛ࢊ

઩૛ = ෍
૚
࢑૜

ஶ

࢑ୀ૚

=  (૜)ࣀ

઩ = ઩૚ + ઩૛ = (૜)ࣀ −
(૜)ࣀ
ૡ =

ૠࣀ(૜)
ૡ  

Solution 2 by Kartick Chandra Betal-India 

(࢔)ࢌ = ∫ ஶ(࢞ିࢋ)૚ିܐܖ܉ܜ
૙ ࢞ିࢋ let ,࢞ࢊ࢞࢔૛ିࢋ = ࢞ࢊ,ࢠ = − ࢠࢊ

ࢠ
 

= නିܐܖ܉ܜ૚(ࢠ)
૙

૚

⋅ ࢔૛ࢠ ൬−
ࢠࢊ
ࢠ ൰ =

૚
૛නࢠ૛ି࢔૚

૚

૙

ܖܔ ฬ
૚ + ࢠ
૚ − ฬࢠ  ࢠࢊ

෍
(࢔)ࢌ
࢔

ஶ

ୀ૚࢔

=
૚
૛නܖܔ ൬

૚ + ࢠ
૚ − ൰ࢠ

૚

૙

⋅ ෍
࢔(૛ࢠ)

࢔

ஶ

ୀ૚࢔

⋅
ࢠࢊ
ࢠ = −

૚
૛න ܖܔ ൬

૚ + ࢠ
૚ − ൰ࢠ

૚

૙

૚)ܖܔ − (૛ࢠ
ࢠࢊ
ࢠ  
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= −
૚
૛න

૚)ܖܔ} + (ࢠ − −૚)ܖܔ {(ࢠ
૚

૙

+૚)ܖܔ} (ࢠ + ૚)ܖܔ − {(ࢠ ⋅
ࢠࢊ
ࢠ  

= −
૚
૛න

૛(૚ܖܔ + (ࢠ
ࢠ

૚

૙

ࢠࢊ +
૚
૛න

૛(૚ܖܔ − (ࢠ
ࢠ

૚

૙

ࢠࢊ = −
૚
૛න

૛ܖܔ ࢠ
ࢠ − ૚

૛

૚

ࢠࢊ +
૚
૛න

૛ܖܔ ࢠ
૚ − ࢠ

૚

૙

 ࢠࢊ

= −
૚
૛න

૛ܖܔ ࢠ
૚)ࢠ − (ࢠ

૚

૚
૛

ࢠࢊ +
૚
૛෍නି࢔ࢠ૚

૚

૙

ஶ

ୀ૚࢔

૛ܖܔ ࢠ  ࢠࢊ

= −
૚
૛න

૛ܖܔ ࢠ
ࢠ

૚

૚
૛

ࢠࢊ −
૚
૛න

૛ܖܔ ࢠ
૚ − ࢠ

૚

૚
૛

ࢠࢊ +
૚
૛෍ ൤

࢔ࢠ

࢔ ૛ܖܔ ࢠ −
૛࢔ࢠ ܖܔ ࢠ
૛࢔ +

૛࢔ࢠ

૜࢔ ൨૙

૚ஶ

ୀ૚࢔

 

= −
૚
૛ ቈ
૜ܖܔ ࢠ
૜ ቉

૚
૛

૚

−
૚
૛ ൤
࢔ࢠ

࢔ ૛ܖܔ ࢠ −
૛࢔ࢠ ܖܔ ࢠ
૛࢔ +

૛࢔ࢠ

૜࢔ ൨૚
૛

૚

+
૚
૛෍ ൤

࢔ࢠ

࢔ ૛ܖܔ ࢠ −
૛࢔ࢠ ܖܔ ࢠ
૛࢔ +

૛࢔ࢠ

૜࢔ ൨૙

૚ஶ

ୀ૚࢔

 

= −
૚
૟ ܖܔ

૜ ૛ −
૚
૛෍ቈ

૛
૜࢔ − ቊ

૛ܖܔ ૛
࢔ ⋅ ૛࢔ +

૛ ૛ܖܔ
૛࢔ ⋅ ૛࢔ +

૛
૜࢔ ⋅ ૛࢔ቋ቉

ஶ

ୀ૚࢔

+  (૜)ࣀ

= −
૜ܖܔ ૛
૟ −

૚
૛ ൤૛ࣀ

(૜)− ૜ܖܔ ૛ − ૛ ૛ܖܔ ⋅ ૛࢏ࡸ ൬
૚
૛൰ − ૛࢏ࡸ૜ ൬

૚
૛൰൨ +  (૜)ࣀ

= −
૜ܖܔ ૛
૟ − (૜)ࣀ +

૜ܖܔ ૛
૛ + ܖܔ ૛ ቊ

࣊૛

૚૛ −
૛ܖܔ ૛
૛ ቋ +

૜ܖܔ ૛
૟ −

࣊૛

૚૛ ܖܔ ૛ +
ૠ
ૡࣀ

(૜) +  (૜)ࣀ

= +
૜ܖܔ ૛
૛ +

࣊૛

૚૛ ૛ܖܔ −
૜ܖܔ ૛
૛ −

࣊૛

૚૛ ૛ܖܔ +
ૠ
ૡ ࣀ

(૜) =
ૠ
ૡ ࣀ

(૜) 

 

784. Inspired by Prof. Daniel Sitaru 

Find: 

ܕܑܔ
࢞→ஶ

ቊ
√૝࢞૛ + ૜ + √࢞૛ + ࢞ + ૚ + √࢞૛ − ࢞ + ૚

૜ඥ(૝࢞૛ + ૜)(࢞૝ + ࢞૛ + ૚)
ቋ 

where {⋅} denotes fractional part. 

Proposed by Naren Bhandari-Bajura-Nepal 
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Solution by Adrian Popa-Romania 

ࡸ = ܕܑܔ
࢞→ஶ

ቊ
√૝࢞૛ + ૜ + √࢞૛ + ࢞ + ૚ + √࢞૛ − ࢞ + ૚

૜ඥ(૝࢞૛ + ૜)(࢞૝ + ࢞૛ + ૚)
ቋ ; {࢞} = ࢞ − [࢞] 

ඥ૝࢞૜ + ૜ + ඥ࢞૛ + ࢞ + ૚ + ඥ࢞૛ − ࢞ + ૚ <
࢛࢘ࢇ࢚࢏ࡿ	࢔ࢇࡰ

૜ඥ(૝࢞૛ + ૜)(࢞૝ + ࢞ + ૚) ⇒ 

⇒
√૝࢞૛ + ૜ + √࢞૛ + ࢞ + ૚ + √࢞૛ − ࢞ + ૚

૜ඥ(૝࢞૛ + ૜)(࢞૝ + ࢞૛ + ૚)
< 1 ⇒ 

⇒ ቈ
√૝࢞૛ + ૜ + √࢞૛ + ࢞ + ૚ + √࢞૛ − ࢞ + ૚

૜ඥ(૝࢞૜ + ૜)(࢞૝ + ࢞૛ + ૚)
቉ = ૙ ⇒ 

⇒ ࡸ = ܕܑܔ
࢞→ஶ

√૝࢞૛ + ૜ + √࢞૛ + ࢞ + ૚ + √࢞૛ − ࢞ + ૚

૜ඥ(૝࢞૛ + ૜)(࢞૝ + ࢞૛ + ૚)
= 

= ܕܑܔ
࢞→ஶ

࢞ቆට૝ + ૜
࢞૛ + ට૚ + ૚

࢞ + ૚
࢞૛ + ට૚ − ૚

࢞ + ૚
࢞૛ቇ

૜࢞૜ටቀ૝ + ૜
࢞૛ቁ ቀ૚ + ૚

࢞૛ + ૚
࢞૝ቁ

= ૙ 

 

785. If ࢞,࢟, ࢠ > 0, 

ષ(࢞,࢟) = ܕܑܔ
ஶ→࢔

⎝

⎛

࢔

૚
࢞

࢞ା࢟
+ ࢔

૛
࢞

࢞ା࢟
+ ⋯+ ࢔

࢔
࢞

࢞ା࢟

૚
࢟

࢞ା࢟ + ૛
࢟

࢞ା࢟ + ⋯+ ࢔
࢟

࢞ା࢟
⎠

⎞ 

then: 

ષ(࢞,࢟) ⋅ ષ(࢟, (ࢠ ⋅ ષ(ࢠ, ࢞) ≥ ૛ૠ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Remus Florin Stanca – Romania  

ષ(࢞,࢟) ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ܕܑܔ
ஶ→࢔

࢔ + ૚

૚
࢞

࢞ା࢟
+ +࢔ ૚

૛
࢞

૜ା࢟
+ ⋯+ ࢔ + ૚

࢔
࢞

࢞ା࢟
+ ࢔ + ૚

࢔) + ૚)
࢞

࢞ା࢟
− ࢔

૚
࢞

࢞ା࢟
− ࢔

૛
࢞

࢞ା࢟
−⋯− ࢔

࢔
࢞

࢞ା࢟

૚
࢟

࢞ା࢟ + ૛
࢟

࢞ା࢟ + ⋯+ +࢔) ૚)
࢟

࢞ା࢟ − ૚
࢟

࢞ା࢟ ࢔−⋯−
࢟

࢞ା࢟
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= ܕܑܔ
ஶ→࢔

૚

૚
࢞

࢞ା࢟
+ ૚

૛
࢞

࢞ା࢟
+ ⋯+ ૚

࢔
࢞

࢞ା࢟
+ ࢔ + ૚

+࢔) ૚)
࢞

࢞ା࢟

+࢔) ૚)
࢟

࢞ା࢟
࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ=

 

= ܕܑܔ
ஶ→࢔

૚

࢔) + ૚)
࢞

࢞ା࢟
+ ࢔ + ૛

+࢔) ૛)
࢞

࢞ା࢟
− ࢔ + ૚

࢔) + ૚)
࢞

࢞ା࢟

࢔) + ૛)
࢟

࢞ା࢟ − +࢔) ૚)
࢟

࢞ା࢟
= 

= ܕܑܔ
ஶ→࢔

૚

+࢔) ૚)
࢞

࢞ା࢟
+ ࢔) + ૛)

࢟
࢞ା࢟ − +࢔) ૚)

࢟
࢞ା࢟

+࢔) ૛)
࢟

࢞ା࢟ − ࢔) + ૚)
࢟

࢞ା࢟
 

= ૚ + ܕܑܔ
ஶ→࢔

૚

࢔) + ૚)
࢞

࢞ା࢟

࢔) + ૚)
࢟

࢞ା࢟ ൭ቀ࢔+ ૛
+࢔ ૚ቁ

࢟
࢞ା࢟

− ૚൱
= ૚ + ܕܑܔ

ஶ→࢔

૚

࢔) + ૚)൭ቀ࢔ + ૛
࢔ + ૚ቁ

࢟
࢞ା࢟

− ૚൱
= 

= ૚ + ܕܑܔ
ஶ→࢔

ܖܔ ൭ቀ࢔ + ૛
࢔ + ૚ቁ

࢟
࢞ା࢟൱

࢟
࢞ + ࢟ ܖܔ ቀ

࢔ + ૛
࢔ + ૚ቁ ࢔) + ૚)ቌࢋ

ା૚ቁ࢔ା૛࢔൭ቀܖܔ
࢟

࢞శ࢟൱
− ૚ቍ

= 

= ૚ +
࢞ + ࢟
࢟ ܕܑܔ

ஶ→࢔
ቆ൬૚ܖܔ +

૚
࢔ + ૚൰

ା૚࢔

ቇ = ૚ +
࢞ + ࢟
࢟ = ૛ +

࢞
࢟ ⇒ 

⇒ ષ(࢞,࢟) = ૛ +
࢞
࢟ ;ષ(࢟, (ࢠ = ૛ +

࢟
ࢠ ;ષ(ࢠ,࢞) = ૛ +

ࢠ
࢞ 

⇒ ષ(࢞,࢟) ⋅ ષ(࢟, (ࢠ ⋅ ષ(ࢠ,࢞) = ቀ૛ + ࢞
࢟
ቁ ቀ૛ + ࢟

ࢠ
ቁ ቀ૛ + ࢠ

࢞
ቁ    

=
(૛࢟ + ࢞)(૛ࢠ + ࢟)(૛࢞ + (ࢠ

ࢠ࢟࢞ ≥ 

≥⏞
ࡹࡳିࡹ࡭

૜ ඥ࢞࢟૛૜

࢞
∙ ૜ ඥ࢟ࢠ

૛૜

࢟
∙ ૜

ඥ࢞ࢠ૛૜

ࢠ
= ૛ૠ࢞࢟ࢠ

ࢠ࢟࢞
= ૛ૠ    

Solution 2 by Nassim Nicholas Taleb-USA 

ࢌ =
∑࢔ ૚

࢏
࢞

࢞శ࢟

࢔
స૚࢏

∑ ࢐
࢟

࢞శ࢟࢔
࢐స૚

. Let ࢇ = ࢞
࢞ା࢟

, ࢌ = (ࢇ࢛)࢔ࢇࢋࡹ	ࢉ࢏࢔࢕࢓࢘ࢇࡴ
(ࢇ࢛)࢔ࢇࢋࡹ	࢔

,૙ < ܽ < 1 
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Using the integral approach for ࢔ large (since we are taking the limit), 

which is simple by the result that ∫ ૚
ࢇ࢛
࢛ࢊ = ࢛૚షࢇ

૚ିࢇ
 convergent for ࢇ < 1 

ષ(࢞,࢟) = ܕܑܔ
ஶ→࢔

∫࢔ ૚
ࢇ࢛ ࢛ࢊ

࢔
૚

∫ ૚
૚ିࢇ࢛ ࢛ࢊ

࢔
૚

= ܕܑܔ
ஶ→࢔

࢔−)ࢇ૚ି࢔ + (ࢇ࢔
−૚ + ࢇ

૛࢔−)ࢇି࢔ + (ࢇ࢔
−૛ + ࢇ

=
ࢇ − ૛
ࢇ − ૚ =

࢞
࢟ + ૛ 

ࢍ = ષ(࢞,࢟) ⋅ ષ(࢟,ࢠ) ⋅ ષ(ࢠ,࢞) = ൬૛ +
࢞
࢟
൰ ቀ૛ +

࢟
ࢠ
ቁቀ૛ +

ࢠ
࢞
ቁ =

(૛࢟+ ࢞)(૛ࢠ+ ࢟)(૛࢞+ (ࢠ
ࢠ࢟࢞

≥ 

≥⏞
ࡹࡳିࡹ࡭

૜ ඥ࢞࢟૛૜

࢞
∙ ૜ ඥ࢟ࢠ

૛૜

࢟
∙ ૜

ඥ࢞ࢠ૛
૜

ࢠ
= ૛ૠ࢞࢟ࢠ

ࢠ࢟࢞
= ૛ૠ    

 

786. ࢞૚ = ૜,࢔(࢞૚ + ࢞૛ + ⋯+ (࢔࢞ = ࢔,࢔࢞ ∈ ℕ,࢔ ≥ ૚ 

Find: 

ષ = ෍(−૚)࢔ା૚
ஶ

ୀ૚࢔

 ࢔࢞

Proposed by Daniel Sitaru – Romania  

Solution by Ali Jaffal-Lebanon 

We have: ࢔(࢞૚ + ࢞૛ + ⋯+ (࢔࢞ = ࢔,࢔࢞ ≥ ૚  then ࢞૚ + ࢞૛ + ⋯+ ࢔࢞ = ࢔࢞
࢔

 

࢞૚ + ࢞૛ + ⋯+ ૚ି࢔࢞ = ૚ି࢔࢞
૚ି࢔

   for ࢔ ≥ ૛ then ࢞ି࢔૚
૚ି࢔

+ ࢔࢞ = ࢔࢞
࢔

. So, ࢞࢔ = − ࢔
૛(૚ି࢔)

 ૚ forି࢔࢞

࢔ ≥ ૛. So, ࢞࢔ା૚ = − ା૚࢔
૛࢔

࢔ for ࢔࢞ ≥ ૚. We will prove that ࢞࢔ = + ૜࢔(ି૚)࢔ష૚⋅࢔
!(૚ି࢔)

 For ࢔ ≥ ૚ 

By using mathematical induction: For ࢔ = ૚,૛ we have ࢞૚ = +૜ and ࢞૛ = −૟ 

So, it’s true. Suppose that’s true for ࢔ = ࢑ ≥ ૚. So, ࢞࢑ = ૜(ି૚)࢑ష૚⋅࢑
(࢑ି૚)!

 

We will prove that is true for ࢔ = ࢑+ ૚ 

࢞࢑ା૚ = − ࢑ା૚
࢑૛

, ࢞࢑ = − ࢑ା૚
࢑૛

⋅ ૜(ି૚)࢑ష૚

(࢑ି૚)!
࢑. So, ࢞࢑ା૚ = ૜(ି૚)࢑(࢑ା૚)

࢑!
 (true) 

Then, ࢞࢔ = ૜࢔(ି૚)࢔ష૚

!(૚ି࢔)
 for ࢔ ≥ ૚. Let ࢔ࡿ = ∑ (−૚)࢑ା૚࢑ୀ࢔

࢑ୀ૚ ࢞࢑ = ∑ ૜࢑(ି૚)࢑శ૚⋅(ି૚)࢑ష૚

(࢑ି૚)!
࢑ୀ࢔
࢑ୀ૚  

= ෍
૜࢑

(࢑− ૚)!

࢑ୀ࢔

࢑ୀ૚

= ૜ ෍
࢑+ ૚
࢑!

࢑ୀି࢔૚

࢑ୀ૙

= ૜ ෍
࢑
࢑!

࢑ୀି࢔૚

࢑ୀ૙

+ ૜ ෍
૚
࢑!

࢑ୀି࢔૚

࢑ୀ૙
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ܕܑܔ
ାஶ→࢔

࢔ࡿ = ૜෍
࢑
࢑!

ஶ

૙

+ ૜෍
૚
࢑!

ஶ

࢑ୀ૙

= ૜ + ૜෍
࢑
࢑!

ஶ

࢑ୀ૚

+ ૜ࢋ 

Since ∑ ࢞࢑

࢑!
ஶ
࢑ୀ૙ =  .࢔ for all  ࢞ࢋ

= ૜ + ૜෍
૚

(࢑ − ૚)!

ஶ

࢑ୀ૚

+ ૜ࢋ = ૜ + ૜෍
૚
࢑!

ஶ

࢑ୀ૚

+ ૜ࢋ = ૜ + ૟ࢋ 

Solution 2 by Naren Bhandari-Bajura-Nepal 

Here ࢞૚ = ૜ and denote: 

ࣘ =
࢔࢞
࢔ = ෍࢞࢑

࢔

࢑ୀ૚

⇒ ࣘ− ࢔࢞ = ෍࢞࢑
૚ି࢔

࢑ୀ૚

 

and for ࢞࢔శ૚
ା૚࢔

− ା૚࢔࢞ = ∑ ࢔࢑࢞
࢑ୀ૚ = ࣘ. Since ࣘ = ࢔࢞

࢔
 thus we have: 

ା૚࢔࢞
+࢔ ૚ − ା૚࢔࢞ =

࢔࢞
࢔ ⇒

ା૚࢔࢞
࢔࢞

= −
࢔ + ૚
૛࢔  

Now we try to determine the ࢞࢔ in general. To do so we will be using the notation of 

telescoping product ie 

ෑ
ା૚࢓࢞

࢓࢞

૚ି࢔

ୀ૚࢓

= ෑቆ−൬
+࢓ ૚
૛࢓ ൰ቇ

૚ି࢔

ୀ૚࢓

࢔∀; ≥ ૛ 

࢔࢞
࢞૚

= ∏ (ି૚)࢓శ૚(࢓ା૚)
૛࢓

૚ି࢔
ୀ૚࢓ ⇒ ࢔࢞ = (ି૚)࢔శ૚૜࢔!

൫(ି࢔૚)!൯૛
. Thus 

෍(−૚)࢔ା૚
ஶ

ୀ૚࢔

࢔࢞ = ૜෍
!࢔

൫(࢔ − ૚)!൯૛

ஶ

ୀ૚࢔

= ૜෍
࢔

࢔) − ૚)!

ஶ

ୀ૚࢔

= ૜෍൬
૚

࢔) − ૛)! +
૚

࢔) − ૚)!൰
ஶ

ୀ૚࢔

= ૟ࢋ 

Note: Final sum can be shown convergent by ratio test. 

 

787. Find: 

ષ(࢈,ࢇ) = ܕܑܔ
ஶ→࢔

ቌ࢔൭෍൬ࢇ
૚

ା࢑࢔ ∙ ࢈
૛

ା࢑൰࢔ − ࢔ − ૛ࢍ࢕࢒ ∙ (૛࢈ࢇ)ࢍ࢕࢒
࢔

࢑ୀ૚

൱ቍ ࢈,ࢇ, > 1 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by Ali Jaffal-Lebanon 

ࢋ
૚
࢞ = ૚ +

૚
࢞ +

૚
૛࢞૛ +

૚
૟࢞૜ +

૚
࢞૜ ࢿ ൬

૚
࢞൰,			(∗) 				 ܕܑܔ

࢞→∞
ࢿ ൬
૚
࢞൰ = ૙ 

ࡹ,࡭∃ > 0 such that for all ࢞ > ,	࡭ ቚࢿ ቀ૚
࢞
ቁቚ < ,ࡹ (∗∗) 

Let ࢞ = ቀ࢚ࢍ࢕࢒
ା࢑࢔

ቁ
ି૚

, ࢚ =  :(*) By .࢈૛ࢇ

࢚
૚

ା࢑࢔ = ૚ +
࢚ࢍ࢕࢒
+࢔ ࢑ +

૚
૛൬

࢚ࢍ࢕࢒
+࢔ ࢑൰

૛

+
૚
૟ ൬

࢚ࢍ࢕࢒
࢔ + ࢑൰

૜

+ ൬
࢚ࢍ࢕࢒
࢔ + ࢑൰

૜

ࢿ ൬
࢚ࢍ࢕࢒
+࢔ ࢑൰ 

(࢚)࢔ࡿ = ෍࢚࢔
૚

ା࢑࢔

࢔

࢑ୀ૚

− ૛࢔ ∙ ૛ࢍ࢕࢒ ∙ ࢚ࢍ࢕࢒ = 

= ෍࢚ࢍ࢕࢒࢔
૚

࢔ + ࢑ − ࢔ ∙ ૛ࢍ࢕࢒ ∙ ࢚ࢍ࢕࢒ +
૛࢚ࢍ࢕࢒
૛ ෍

࢔
࢔) + ࢑)૛

࢔

࢑ୀ૚

+
࢔

࢑ୀ૚

 

+
૜࢚ࢍ࢕࢒
૟ ෍

࢔
+࢔) ࢑)૛

࢔

࢑ୀ૚

+ ૜࢚෍ࢍ࢕࢒
ࢿ࢔ ൬ ࢔࢚ࢍ࢕࢒ + ࢑൰

+࢔) ࢑)૜

࢔

࢑ୀ૚

 

ܕܑܔ
∞→࢔

෍
࢔

+࢔) ࢑)૛

࢔

࢑ୀ૚

= ܕܑܔ
∞→࢔

૚
෍࢔

૚

ቀ૚ + ࢑
ቁ࢔

૛

࢔

࢑ୀ૚

= න
࢞ࢊ

(࢞ + ૚)૛

૚

૙

=
૚
૛ 

ܕܑܔ
∞→࢔

෍
࢔

࢔) + ࢑)૜

࢔

࢑ୀ૚

= ܕܑܔ
∞→࢔

൮
૚
࢔ ∙

૚
෍࢔

૚

ቀ૚ + ࢑
ቁ࢔

૛

࢔

࢑ୀ૚

൲ = ૙ ∙
૚
૛ = ૙ 

By (∗∗) ∃ࡺ ∈ ℕ∗ such that: ቚࢿ ቀ࢚ࢍ࢕࢒
ା࢑࢔

ቁቚ ≤ ࢔∀,ࡹ ∈ ℕ,࢔ ≥  :then ࡺ

ተ෍
ࢿ࢔ ൬ ࢔࢚ࢍ࢕࢒ + ࢑൰

+࢔) ࢑)૜

࢔

࢑ୀ૚

ተ ≤ ෍
࢔ ฬࢿ ൬ +࢔࢚ࢍ࢕࢒ ࢑൰ฬ

+࢔) ࢑)૜

ࡺ

࢑ୀ૚

+ ෍
൬ࢿฬ࢔ +࢔࢚ࢍ࢕࢒ ࢑൰ฬ

+࢔) ࢑)૜

࢔

࢑ୀࡺା૚

≤ 

≤෍
ࢿฬ࢔ ൬ ࢔࢚ࢍ࢕࢒ + ࢑൰ฬ

+࢔) ࢑)૜

ࡺ

࢑ୀ૚

+ ෍ࡹ
࢔

࢔) + ࢑)૜

࢔

࢑ୀ૚

⇒ ܕܑܔ
∞→࢔

ተ෍
൬ࢿ࢔ +࢔࢚ࢍ࢕࢒ ࢑൰

࢔) + ࢑)૜

࢔

࢑ୀ૚

ተ = ૙ 

࢔ࡵ = ෍
૚

࢔ + ࢑ − ૛ࢍ࢕࢒
࢔

࢑ୀ૚

, ܕܑܔ
∞→࢔

࢔ࡵ = ૛ࢍ࢕࢒ − ૛ࢍ࢕࢒ = ૙ 
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ܕܑܔ
∞→࢔

࢔ࡵ࢔ = ܕܑܔ
∞→࢔

ା૚࢔ࡵ − ࢔ࡵ
૚

࢔ + ૚ −
૚
࢔

= ܕܑܔ
∞→࢔

− ૚
࢔ + ૚ + ૚

૛࢔+ ૚ + ૚
૛࢔+ ૛

− ૚
+࢔)࢔ ૚)

= −
૚
૝ 

ܕܑܔ
∞→࢔

(࢚)࢔ࡿ = −
૚
૝ ࢚ࢍ࢕࢒ +

૚
૝ ࢍ࢕࢒

૛࢚ 

ષ(࢈,ࢇ) = −
૚
૝ (૛࢈ࢇ)ࢍ࢕࢒ +

૚
૝ ࢍ࢕࢒

૛(࢈ࢇ૛) 

Solution 2 by Florentin Vișescu-Romania 

ષ(࢈,ࢇ) = ܕܑܔ
ஶ→࢔

ቌ࢔൭෍൬ࢇ
૚

ା࢑࢔ ∙ ࢈
૛

ା࢑൰࢔ − ࢔ − ૛ࢍ࢕࢒ ∙ (૛࢈ࢇ)ࢍ࢕࢒
࢔

࢑ୀ૚

൱ቍ = 

= ܕܑܔ
ஶ→࢔

ቌ࢔൭෍(࢈ࢇ૛)
૚

ା࢑࢔ − ࢔ − ૛ࢍ࢕࢒ ∙ (૛࢈ࢇ)ࢍ࢕࢒
࢔

࢑ୀ૚

൱ቍ	(࢚࢕ࡺ	ࢉ = (૛࢈ࢇ = 

= ܕܑܔ
ஶ→࢔

ቌ࢔൭෍(ࢉ)
૚

ା࢑࢔ − −࢔ ૛ࢍ࢕࢒ ∙ (ࢉ)ࢍ࢕࢒
࢔

࢑ୀ૚

൱ቍ = ܕܑܔ
ஶ→࢔

∑ (ࢉ)
૚

ା࢑࢔ − ࢔ − ૛ࢍ࢕࢒ ∙ ࢔(ࢉ)ࢍ࢕࢒
࢑ୀ૚

૚
࢔

= 

=⏞
ࡿ࡯ࢀ

ܕܑܔ
ஶ→࢔

ࢉ
૚

૛࢔ା૚ + ࢉ
૚

૛࢔ା૛ − ૚ − ࢉ
૚

ା૚࢔

−૚
૛࢔ + ࢔

= ܕܑܔ
ஶ→࢔

ࢉ
૚

૛࢔ା૚ + ࢉ
૚

૛࢔ା૛ − ૚ − ࢉ
૚

ା૚࢔

−૚
૛࢔ + ࢔ ∙

૛࢔
૛࢔

= 

= ܕܑܔ
ஶ→࢔

ࢉ−
૚

૛࢔ା૚ − ࢉ
૚

૛࢔ା૛ + ૚ + ࢉ
૚

ା૚࢔

૚
૛࢔

= ܕܑܔ
࢞→૙
࢞வ଴

ࢉ
࢞

࢞ା૚ + ૚ − ࢉ
࢞

࢞ା૛ − ࢉ
࢞

૛࢞ା૛

࢞૛ = 

=⏞
ࡴᇱࡸ

ܕܑܔ
࢞→૙
࢞வ଴

૚
(࢞ + ૚)૛ ࢋ

࢞
࢞ା૚ࢉ

࢞
࢞ା૚ࢉࢍ࢕࢒ + ૚ − ૛

(࢞+ ૛)૛ ࢋ
࢞

࢞ା૛ࢉ
࢞

࢞ା૛ࢉࢍ࢕࢒ − ૛
(૛࢞ + ૛)૛ ࢋ

࢞
૛࢞ା૛ࢉ

࢞
૛࢞ା૛ࢉࢍ࢕࢒

૛࢞  

=⏞
ࡴᇱࡸ ࢉࢍ࢕࢒ ቀࢉࢍ࢕࢒ − ૛ − ࢉࢍ࢕࢒ − ૝

૚૟ +ࢉࢍ࢕࢒ ૝
ૡ − ࢉࢍ࢕࢒ ∙ ૝૛૝ + ૡ

ૡቁ
૛ = 

= ࢉࢍ࢕࢒ ൬
૚
૛ ࢉࢍ࢕࢒ −

૚
૛൰

૛

=
ࢉࢍ࢕࢒)ࢉࢍ࢕࢒ − ૚)

૝ =
(૛࢈ࢇ)ࢍ࢕࢒)(૛࢈ࢇ)ࢍ࢕࢒ − ૚)

૝  

࢔ࢽ .788 = ࢔ࡴ − ࢔܏ܗܔ ࢔, ≥ ૚,࢞ ∈ ℝ. Find: 
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ષ(࢞) = ܕܑܔ
ஶ→࢔

൭
૚
࢔
෍ቀܖܑܛ࢏ࢽ

૛ ࢞ ⋅ ૛ܛܗ܋࢏ା૚ି࢔ࢽ ࢞ ቁ
࢔

ୀ૚࢏

൱ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ali Jaffal-Lebanon 

Let (࢔ࢇ)࢔: ஶ→࢔ܕܑܔ be two sequence so that ࢔(࢔࢈) ࢔ࢇ = ାஶ→࢔ܕܑܔ and ࢇ ࢔࢈ =  ࢈

We will prove that ࢔ܕܑܔ→ஶ
૚
࢔
∑ ࢔࢑࢑ୀࢇ
࢑ୀ૚ ା૚ି࢑࢔࢈ =  We have .࢈ࢇ

૚
෍࢔

ା૚ି࢑࢔࢈࢑ࢇ) − (࢈ࢇ
࢑ୀ࢔

࢑ୀ૚

=
૚
෍࢔

࢑ࢇ) − (ࢇ
࢑ୀ࢔

࢑ୀ૚

ା૚ି࢑࢔࢈ +
ࢇ
෍࢔

࢔࢈) − (࢈
࢑ୀ࢔

࢑ୀ૚

+
ା૚࢔࢈ ⋅ ࢇ

࢔  

ࡹ∃ > 0 so that |࢔࢈| ≤ ࢔∀,ࡹ ∈ ℕ∗. By Cesaro theorem: 

૙ ≤
૚
࢔
ቮ෍(࢑ࢇ − ା૚ି࢑࢔࢈(ࢇ

࢑ୀ࢔

࢑ୀ૚

ቮ ≤
ࡹ
࢔ ෍|࢑ࢇ − |ࢇ

࢑ୀ૚

࢑ୀ૚

 

We have ࢔ܕܑܔ→ஶ
ࡹ
࢔
∑ ࢑ࢇ| − ࢔࢑ୀ|ࢇ
࢑ୀ૚ = ૙. So, ࢔ܕܑܔ→ஶ

૚
࢔
∑ ࢑ࢇ) − ࢔࢑ୀ(ࢇ
࢑ୀ૚ ା૚ି࢑࢔࢈ = ૙ 

We have also that: ࢔ܕܑܔ→ஶ
ࢇ
࢔
∑ ࢔࢈) − ࢔࢑ୀ(࢈
࢑ୀ૚ = ૙ then: 

ାஶ→࢔ܕܑܔ
૚
࢔
∑ ࢔࢑࢑ୀࢇ
࢑ୀ૚ ା૚ି࢑࢔࢈ =  (**)    ࢈ࢇ

Let ࢔ࢇ = ܖܑܛ࢔ࢽ
૛ ࢞ and ࢔࢈ = ܛܗ܋࢔ࢽ

૛ ࢞ 

We have ࢔ܕܑܔ→ାஶ࢔ࢇ = ૛ܖܑܛࢽ ࢞ and ࢔ܕܑܔାஶ ࢔࢈ = ૛ܛܗ܋࢟ ࢞ 

So, by (**): ષ(࢞) = ାஶ→࢔ܕܑܔ
૚
࢔
∑ ࢔ୀ࢏࢏ࢇ
ୀ૚࢏ ࢏ା૚ି࢔࢈ = ૛ܖܑܛࢽ ࢞ା࢙࢕ࢉ૛࢞ =  ࢽ

Solution 2 by Naren Bhandari-Bajura-Nepal 

For convenience, we write ܖܑܛ૛ ࢞ = ૛ܛܗ܋ and (࢞)ࡿ ࢞ =  :then we observe that (࢞)࡯

(࢔)࣒ = ෍࢏ࢽ
(࢞)ࡿ

࢔

ୀ૚࢏

⋅ ࢏ା૚ି࢔ࢽ
(࢞)࡯ = ෍ ෍ ࢏ࢽ

(࢞)ࡿ
࢔

࢑ୀ࢔ା૚ି࢏

࢔

ୀ૚࢏

࢑ࢽ
(࢞)࡯ = ෍࢏ࢽ

(࢞)ࡿ
࢔

ୀ૚࢏

෍࢑ࢽ
(࢞)࡯

࢔

࢑ୀ૚

 

= ∑ ࢓ࢽ
࢔(࢞)࡯ା(࢞)ࡿ

ୀ૚࢓ = ∑ ࢔࢓ࢽ
ୀ૚࢓  (for ࢏ = ࢑ = (࢞)ࡿ Since .(࢓ + (࢞)࡯ = ૚. Now, 

ܕܑܔ
ஶ→࢔

(࢔)࣒
࢔ = ܕܑܔ

ஶ→࢔

૚
࢔ ෍ ࢓ࢽ

࢔

ୀ૚࢓

= ܕܑܔ
ஶ→࢔

૚
࢔ ෍(࢓ࡴ − (࢓܏ܗܔ

࢔

ୀ૚࢓
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= ܕܑܔ
ஶ→࢔

૚
࢔
ቌ෍෍

૚
࢐

࢔

࢐ୀ૚

࢔

ୀ૚࢓

− ܏ܗܔ ൭ෑ࢓
࢔

ୀ૚࢓

൱ቍ = ܕܑܔ
ஶ→࢔

૚
࢔
൭෍

࢔ ࢓− + ૚
࢓

࢔

ୀ૚࢓

−  ൱(!࢔)܏ܗܔ

= ܕܑܔ
ஶ→࢔

൭෍
૚
−࢓

࢔ ܏ܗܔ ࢔ − ࢔ + ࡻ (࢔)܏ܗܔ
࢔

࢔

ୀ૚࢓

− ૚ +
૚
࢔ ෍

૚
࢓

࢔

ୀ૚࢓

൱ 

= ܕܑܔ
ஶ→࢔

൭෍
૚
࢓

࢔

ୀ૚࢓

− ܏ܗܔ ൱࢔ + ૙ =  ࢽ

 

789.  

ઢ࢔ = ተ
ተ

૚ ૛ ૜ ⋯ ࢔
૚ ૛૜ ૜૜ ⋯ ૜࢔
૚ ૛૞ ૜૞ ⋯ ૞࢔
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૚ ૜૛ି࢔૚ ⋯ ૚ି࢔૛࢔

ተ
ተ ࢔, ≥ ૛ 

Find: 

ષ = ܕܑܔ
ஶ→࢔

൬
ઢ࢔ା૚

ା૚࢔૛࢔ ⋅ ઢ࢔
൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu – Romania 

First, we will prove ઢ࢔ = ૚! ⋅ ૜! ⋅ … ⋅ (૛࢔ − ૚)! (૚) by mathematical induction. 

For ࡼ(૛):ઢ૛ = ቚ૚ ૛
૚ ૛૜ቚ = ૟ true. Let (࢔)ࡼ true and we will prove ࢔)ࡼ + ૚) 

Let ࢌ(࢞) = ተ

૚ ૛ ⋯ ࢔ ࢞
૚૜ ૛૜ ⋯ ૜࢔ ࢞૜
⋮ ⋮ ⋯ ⋮ ⋮

૚૛࢔ା૚ ૛૛࢔ା૚ ⋯ ା૚࢔૛࢔ ࢞૛࢔ା૚
ተ 

ࢌ ∈ ℝ[࢞] and grad ࢌ = ૛࢔ + ૚ and have ૙, ±૚, ±૛, … ,  ⇒ roots ࢔±

(࢞)ࢌ = −࢞)ା૚࢔૛ࢇ ࢞૚)(࢞− ࢞૛) … (࢞ − ࢞૛࢔ା૚) ⇒ 

(࢞)ࢌ = ૚!૜!⋯ (૛࢔ − ૚)!࢞(࢞૛ − ૚)(࢞૛ − ૛૛)⋯ (࢞૛ − (૛࢔ ⇒ 

ઢ࢔ା૚ = ૚! ૜!⋯ (૛࢔ − ૚)! (૛࢔ + ૚)! ⇒ ࢔)ࡼ + ૚) true. 

From (1)⇒ ષ = ஶ→࢔ܕܑܔ
ઢ࢔శ૚

࢔శ૚ઢ࢔૛࢔
= ஶ→࢔ܕܑܔ

(૛࢔ା૚)!
శ૚࢔૛࢔

  (2) 
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Let ࢞࢔ = (૛࢔ା૚)!
శ૚࢔૛࢔

 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૜)!
+࢔) ૚)૛࢔ା૜ ⋅

ା૚࢔૛࢔

(૛࢔ + ૚)! = ܕܑܔ
ஶ→࢔

(૛࢔ + ૜)(૛࢔+ ૛)
࢔) + ૚)૛ ⋅

ା૚࢔૛࢔

+࢔) ૚)૛࢔ା૚ = 

= ஶ→࢔ܕܑܔ ૝ ⋅ ቀ
࢔

ା૚࢔
ቁ
૛࢔ା૚

= ૝ ஶ→࢔ܕܑܔ ቂቀ
࢔

ା૚࢔
ቁ
࢔
ቃ
૛࢔శ૚
૝ = ૝

૛ࢋ
< 1   (3) 

From (2)+(3)⇒ ષ = ૙. 

Solution 2 by Remus Florin Stanca – Romania  

ઢ࢔ = !࢔ ተ

૚ ૚ ૚ ⋯ ૚
૚ ૛૛ ૜૛ ⋯ ૛࢔
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૛ ૜૛ି࢔૛ ⋯ ૛ି࢔૛࢔

ተ 

= !࢔ ⋅ ተ

૚ ૙ ૙ ⋯ ૙
૚ ૛૛ − ૚ ૜૛ − ૚ ⋯ ૛࢔ − ૚
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૛ − ૚ ૜૛ି࢔૛ − ૚ ⋯ ૛ି࢔૛࢔ − ૚

ተ 

= !࢔ ተ
૛૛ − ૚ ૜૛ − ૚ ⋯ ૛࢔ − ૚
૛૝ − ૚ ૜૝ − ૚ ⋯ ૝࢔ − ૚
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૛ − ૚ ૜૛ି࢔૛ ⋯ ૛ି࢔૛࢔ − ૚

ተ = 

= !࢔ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ተ

૚ ૚ ⋯ ૚
૛૛ + ૚ ૜૛ + ૚ ⋯ ૛࢔ + ૚
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૝+. . +૚ ૜૛ି࢔૝ + ⋯+ ૚ ⋯ ૝ି࢔૛࢔ + ⋯+ ૚

ተ = 

= !࢔ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅… ⋅ ૛࢔) − ૚) ⋅ ተ

૚ ૚ ⋯ ૚
૛૛ ૜૛ ⋯ ૛࢔
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૝ ૜૛ି࢔૝ ⋯ ૝ି࢔૛࢔
ተ 

= !࢔ ⋅ ૛૛ ⋅… ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅… ⋅ ૛࢔) − ૚) ⋅
ተ

ተ

૚ ૚ ⋯ ૚

૚ ൬
૜
૛൰

૛

⋯ ቀ
࢔
૛
ቁ
૛

⋯ ⋯ ⋯ ⋯

૚ ൬
૜
૛൰

૛ି࢔૝

⋯ ቀ
࢔
૛ቁ

૛ି࢔૝ተ

ተ
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= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝൫૛૛ − ૚൯൫૜૛ − ૚൯ ⋅ … ⋅ ൫࢔૛ − ૚൯ ⋅
ተ

ተ

૚ ૙ ⋯ ૙

૚ ൬
૜
૛
൰
૛

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛
− ૚

⋯ ⋯ ⋯ ⋯

૚ ൬
૜
૛
൰
૛ି࢔૝

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛ି࢔૝

− ૚
ተ

ተ
 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝(૛૛ − ૚)(૜૛ − ૚) ⋅… ⋅ ૛࢔) − ૚) ⋅ ተ
ተ
൬
૜
૛൰

૛

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛
− ૚

⋯ ⋯ ⋯

൬
૜
૛
൰
૛ି࢔૝

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛ି࢔૝

− ૚
ተ
ተ 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ ቆ൬
૜
૛൰

૛

− ૚ቇ ⋅… ⋅ ቆቀ
࢔
૛
ቁ
૛
− ૚ቇ ⋅ 

⋅ ተ

૚ ⋯ ૚
⋯ ⋯ ⋯

൬
૜
૛൰

૛ି࢔૟

⋯ ቀ
࢔
૛
ቁ
૛ି࢔૟ተ = !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ቆ൬
૜
૛൰

૛

− ૚ቇ ⋅… ⋅ ቆቀ
࢔
૛
ቁ
૛
− ૚ቇ ⋅ ൬

૜
૛൰

૛

⋅… ⋅ ൬
૜
૛൰

૛ି࢔૟

⋅
ተ

ተ

૚ ૚ ⋯ ૚

૚ ቀ
࢔
૜
ቁ
૛

⋯ ቀ
࢔
૜
ቁ
૛

⋯ ⋯ ⋯ ⋯

૚ ൬
૝
૜൰

૛ି࢔૟

⋯ ቀ
࢔
૛ቁ

૛ି࢔૟ተ

ተ
 

= ⋯ = ቌቆ൬!࢔
૛
૚
൰
૛

− ૚ቇቆ൬
૜
૚
൰
૛

− ૚ቇ ⋅… ⋅ ቆቀ
࢔
૚
ቁ
૛
− ૚ቇ ⋅… ⋅ ቆ൬

࢔ − ૚
࢔ − ૛

൰
૛

− ૚ቇ ⋅ ቆቀ
࢔

࢔ − ૛
ቁ
૛
− ૚ቇቍ ⋅ 

⋅ ቆ൬
૛
૚൰

૛

⋅ ൬
૛
૚൰

૝

⋅ … ⋅ ൬
૛
૚൰

૛ି࢔૝

൬
૜
૛൰

૛

⋅… ⋅ ൬
૜
૛൰

૛ି࢔૟

⋅… ⋅ ൬
࢔ − ૛
࢔ − ૜൰

૛

⋅ ൬
࢔ − ૛
࢔ − ૜൰

૝

ቇ ⋅ 

⋅ อ
૚ ૚

൬
࢔ − ૚
−࢔ ૛൰

૛

ቀ
࢔

࢔ − ૛
ቁ
૛อ = !࢔ ⋅

૛ࡿ૛࢔ష૝ ⋅ ૜ࡿ૛࢔ష૟ ⋅… ⋅ −࢔) ૛)ࡿ૝
૛ࡿ૛࢔ష૟ ⋅ ૜ି࢔ࡿૡ ⋅ … ⋅ −࢔) ૜)ࡿ૝ ⋅

૛࢔ − ૚
࢔) − ૛)૛ ⋅ 

⋅ !(૛ି࢔૛)⋅…⋅!(ା૛࢔)!(ା૚࢔)!૛⋅…⋅!(૛ି࢔)⋅!(૚ି࢔)
૛!⋅૝!⋅…⋅(૛ି࢔૝)!

⋅ ૚
૚૛࢔ష૛⋅૛૛࢔ష૝⋅…⋅(ି࢔૛)૝

  and ࡿ૛࢔ = ૛ + ૝ + ⋯+ ૛࢔ 

= !࢔ ⋅ ૛૛ି࢔૝ ⋅ ૜૛ି࢔૟ ⋅… ⋅ ࢔) − ૜)૟(࢔ − ૛)૟ ⋅
(૛࢔ − ૚)
−࢔) ૛)૛ ⋅ 

⋅
−࢔) ૚)! −࢔) ૛)! ⋅… ⋅ ૛! +࢔) ૚)! ࢔) + ૛)! ⋅ … ⋅ (૛࢔ − ૛)!

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔ − ૝)! ⋅
૚

૛૛ି࢔૝ ⋅… ⋅ −࢔) ૛)૝ = 

= !࢔ ⋅ −࢔) ૛)૛ ⋅
(૛࢔−૚)
࢔) − ૛)૛ ⋅

−࢔) ૚)! ⋅ −࢔) ૛)! ⋅ … ⋅ ૛! ⋅ !(૚+࢔) ࢔) + ૛)! ⋅ … ⋅ (૛࢔− ૛)! ⋅
૚

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔− ૝)!
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=
૛! ⋅ ૜! ⋅ … ⋅ (૛࢔ − ૛)! ⋅ (૛࢔ − ૚)

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔ − ૝) = ૚! ⋅ ૜! ⋅ ૞! ⋅… ⋅ (૛࢔ − ૚)! = ઢ࢔ 

⇒ ષ = ܕܑܔ
ஶ→࢔

૚! ⋅ ૜! ⋅ … ⋅ (૛࢔+ ૚)!
ା૚࢔૛࢔ ⋅ ૚ ⋅ ૜! ⋅… ⋅ (૛࢔ − ૚)! = ܕܑܔ

ஶ→࢔

(૛࢔ + ૚)!
ା૚࢔૛࢔ =? 

Let ࢞࢔ = (૛࢔ା૚)!
శ૚࢔૛࢔

⇒ శ૚࢔࢞
࢔࢞

= (૛࢔ା૜)!
శ૜࢔૛(ା૚࢔)

⋅ శ૚࢔૛࢔

(૛࢔ା૚)!
⇒ 

⇒ ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞

= ܕܑܔ
ஶ→࢔

(૛࢔+ ૛)(૛࢔ + ૜) ⋅
૚
૛ࢋ ⋅

૚
࢔) + ૚)૛ = 

= ܕܑܔ
ஶ→࢔

࢔
૛ࢋ < 1 ⇒ ܕܑܔ

ஶ→࢔
࢔࢞ = ૙ ⇒ ષ = ૙ 

 

790. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚
૜࢔

෍ ൫(−૚)࢏ା࢐ ⋅ ࢏ ⋅ ࢐൯
૚ஸ࢏ழ௝ஸ௡

ቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adrian Popa-Romania 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚
૜࢔

෍ ((−૚)࢏ା࢐ ⋅ ࢏ ⋅ ࢐)
૚ஸ࢏ழ௝ஸ௡

ቍ =
૚
૛ ஶ→࢔ܕܑܔ

൥
૚
૜࢔

(−૚ + ૛ − ૜ + ૝ − ૞ + ૟ −⋯+ (−૚)࢔࢔)૛ −෍࢑૛
࢔

࢑ୀ૚

൩ 

∴We’ve used the following relationship: (ࢇ+ ૛(࢈ = ૛ࢇ + ૛࢈ࢇ + ૛࢈ ⇒ 

⇒ ૛࢈ࢇ = ࢇ) + ૛(࢈ − ૛ࢇ − ૛࢈ ⇒ ࢈ࢇ =
ࢇ) + ૛(࢈ − ૛ࢇ − ૛࢈

૛ ∴ 

૛ષ = ܕܑܔ
ஶ→࢔

൭−૚ + ૛ᇩᇭᇪᇭᇫ
૚

− ૜ + ૝ᇩᇪᇫ
૚

−⋯+ (−૚)࢔࢔൱
૛

૜ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢔
૚ࡸ

− ܕܑܔ
ஶ→࢔

૚
෍࢔

࢑૛

૛࢔

࢔

࢑ୀ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
૛ࡸ

 

We evaluate ࡸ૚ using sandwich theorem: 
૚ା૚ା⋯ା૚ᇩᇭᇭᇪᇭᇭᇫ
ቂ࢔૛ቃ	࢚ ࢙ࢋ࢓࢏

࢔ି
૜࢔

↓
૙

< ૚ࡸ <

࢔
૛	࢚࢙ࢋ࢓࢏

૜࢔

↓
૙

⇒ ૚ࡸ → ૙ 

We calculate ࡸ૛: ࡸ૛ = ∫ ࢞૛૚
૙ ࢞ࢊ = ࢞૜

૜
ቚ
૙

૚
= ૚

૜
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૛ષ = ૙ −
૚
૜ = −

૚
૜ ⇒ ષ = −

૚
૟ 

 

Solution 2 by Naren Bhandari-Bajura-Nepal 

Denote: 

ࡸ = ܕܑܔ
ஶ→࢔

૚
૜࢔ ෍ (−૚)࢏ା࢐

૚ஸ࢏ழ௝ஸ௡

࢐࢏ = ܕܑܔ
ஶ→࢔

෍෍(−૚)࢏ା࢐࢏࢐
࢔

ஷ૚࢏

࢔

࢐ୀ૚

 

= ܕܑܔ
ஶ→࢔

૚
૜෍࢔ ෍ (−૚)࢏ା࢐

࢔

ୀ࢐ା૚࢏

࢔

࢐ୀ૚

= ܕܑܔ
ஶ→࢔

૚
૜࢔

ቌ෍(−૚)࢐࢐
࢔

࢐ୀ૚

ቍ൭෍(−૚)࢐࢏
࢔

ୀ૚࢏

൱ 

− ܕܑܔ
ஶ→࢔

૚
૜࢔

ቌ෍෍(−૚)࢐࢐((−૚)࢏࢏)
࢔

ୀ૚࢏

࢔

࢐ୀ૚

ቍ 

= ܕܑܔ
ஶ→࢔

૚
૜࢔

൭෍(૛࢑ + ૚) − (૛࢑)
࢔

࢑ୀ૚

൱
૛

− ܕܑܔ
ஶ→࢔

૚
૜෍࢔ ෍ (−૚)࢐ା૚࢐࢏

࢔

ୀ࢐ା૚࢏

࢔

࢐ୀ૚

 

− ܕܑܔ
ஶ→࢔

૚
૜෍࢑૛࢔

࢔

࢑ୀ૚

࢏) = ࢐ = ࢑) 

= ܕܑܔ
ஶ→࢔

૛࢔

૜࢔ − ܕܑܔ
ஶ→࢔

૚
૜࢔ ෍ (−૚)࢏ା࢐

૚ஸ࢏ழ௝ஸ௡

࢐࢏ − ܕܑܔ
ஶ→࢔

૚
૜࢔ ቆ

+࢔)࢔ ૚)(૛࢔+ ૚)
૟ ቇ 

૛ ܕܑܔ
ஶ→࢔

૚
૜࢔ ෍ (−૚)࢏ା࢐

૚ஸ࢏ழ௜ஸ௡

࢐࢏ = −
૛
૟ ⇒ ࡸ = −

૚
૟ 

Solution 3 by Remus Florin Stanca-Romania 

Let ࢔ = ૛࢑ + ૚ ⇒ ષ ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ஶ→࢔ܕܑܔ

૚൫ି૛ା૜ି⋯ାି࢔(࢔ା૚)൯ା૛൫ି૜ା૝ି⋯ି࢔ା(࢔ା૚)൯ା⋯ା
ା(ି࢔૛)(ି(ି࢔૚)ା࢔ା૚ା૚)ା(ି࢔૚)(ି࢔ା࢔ା૚)ା࢔൫ି(࢔ା૚)൯ି

ି૚(ି૛ା⋯ା࢔)ି૛(ି૜ା⋯ି࢔)ି⋯ି(ି࢔૚)൫ି(࢔)൯
૜࢔૛ା૜࢔ା૚

= 

= ܕܑܔ
ஶ→࢔

࢔) + ૚)(−૚ + ૛ − ⋯− (࢔
૜࢔૛ + ૜࢔ + ૚ = 

= ܕܑܔ
ஶ→࢔

+࢔) ૚)ቆ૛ ቀ૚ + ⋯+ −࢔ ૚
૛ ቁ − (૚ + ૜ + ⋯+ ቇ(࢔

૜࢔૛ + ૜࢔ + ૚ = 
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= ܕܑܔ
ஶ→࢔

+࢔) ૚)ቆ࢔ − ૚
૛ ቀ࢔ − ૚

૛ + ૚ቁ − ቀ࢔+ ૚
૛ ቁ

૛
ቇ

૜࢔૛ + ૜࢔ + ૚ = 

= ܕܑܔ
ஶ→࢔

࢔) + ૚)ቆቀ࢔ − ૚
૛ ቁ

૛
+ ࢔ − ૚

૛ − ቀ࢔ + ૚
૛ ቁ

૛
ቇ

૜࢔૛ + ૜࢔ + ૚ = ܕܑܔ
ஶ→࢔

࢔) + ૚) ቀ࢔ − ૚
૛ − ቁ࢔

૜࢔૛ + ૜࢔ + ૚ = 

= ஶ→࢔ܕܑܔ −
૛(ା૚࢔)

૟࢔૛ା૟࢔ା૛
= − ૚

૟
 and if ࢔ = ૛࢑ we have the same result ⇒ ષ = − ૚

૟
 

Solution 4 by Florentin Vișescu-Romania 

ܕܑܔ
ஶ→࢔

૚
૜࢔ ෍ (−૚)࢏࢏(−૚)࢐࢐

૚ஸ࢏ழ௝ஸ௡

= ܕܑܔ
ஶ→࢔

∑ (−૚)࢏࢏(−૚)࢐࢐૚ஸ࢏ழ௝ஸ௡

૜࢔  ࡿ࡯=

ܕܑܔ
ஶ→࢔

∑ (−૚)࢏࢏૚ஸ࢏ழ௝ஸ௡ (−૚)࢐࢐ − ∑ (−૚)࢏࢏(−૚)࢐࢐૚ஸ࢏ழ௝ஸ௡

࢔) + ૚)૜ − ૜࢔ = 

= ܕܑܔ
ஶ→࢔

∑ (−૚)࢔࢏࢏
ୀ૚࢏ (−૚)࢔ା૚(࢔+ ૚)

૜࢔૛ + ૜࢔ + ૚ = ܕܑܔ
ஶ→࢔

(−૚)࢔ା૚(࢔ + ૚)∑ (−૚)࢔࢐࢏
ୀ૚࢏

૜࢔૛ + ૜࢔ + ૚ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢔࢞

 

ܕܑܔ
ஶ→࢔

࢞૛࢔ = ܕܑܔ
ஶ→࢔

(−૚)૛࢔ା૚(૛࢔+ ૚)∑ (−૚)࢏࢏૛࢔
ୀ૚࢏

૚૛࢔૛ + ૟࢔+ ૚ = 

= ܕܑܔ
ஶ→࢔

−(૛࢔+ ૚)൭−૚ + ૛ᇩᇪᇫ
૚

− ૜ + ૝ᇩᇪᇫ
૚

+ ⋯+ ૛࢔ฏ
૚

൱

૚૛࢔૛ + ૟࢔ + ૚ = ܕܑܔ
ஶ→࢔

−(૛࢔ + ૚)࢔
૚૛࢔૛ + ૟࢔ + ૚ = −

૚
૟ 

ܕܑܔ
ஶ→࢔

࢞૛࢔ା૚ = ܕܑܔ
ஶ→࢔

(−૚)૛࢔ା૛(૛࢔+ ૛)∑ (−૚)࢏࢏૛࢔ା૚
ୀ૚࢏

૜(૛࢔ + ૚)૛ + ૜(૛࢔+ ૚) + ૚  

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૛)൫−૚ + ૛− ૜ + ૝ + ⋯+ ૛࢔− (૛࢔+ ૚)൯
૜(૛࢔+ ૚)૛ + ૜(૛࢔+ ૚) + ૚ = ܕܑܔ

ஶ→࢔

(૛࢔+ ૛)(−࢔− ૚)
૜(૛࢔+ ૚)૛ + ૜(૛࢔+ ૚) + ૚ = −

૚
૟ 

ષ = −
૚
૟ 

791. Find: 

ષ = ܕܑܔ
ஶ→࢔

൮෍ቌ෍࢏)࢏ + ૚)૛(࢏ + ૛)
࢑

ୀ૚࢏

ቍ

ି૚࢔

࢑ୀ૚

൲ 

Proposed by Vasile Mircea Popa – Romania  
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = ܕܑܔ
ஶ→࢔

෍ቌ෍࢏)࢏+ ૚)૛(࢏+ ૛)
࢑

ୀ૚࢏

ቍ
࢔

࢑ୀ૚

ି૚

= ෍ቌ෍(࢏૝ + ૝࢏૜ + ૞࢏૛ + ૛࢏)
࢑

ୀ૚࢏

ቍ
ஶ

࢑ୀ૚

= 

= ෍

⎝

⎛
࢑)࢑ + ૚)(૛࢑+ ૚)(૜࢑૛ + ૜࢑ − ૚)

૜૙ + ૝
࢑૛(࢑ + ૚)૛

૝ +

+૞
࢑)࢑ + ૚)(૛࢑+ ૚)

૟ + ૛
࢑)࢑ + ૚)

૛ ⎠

⎞

ି૚
ஶ

࢑ୀ૚

 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑+ ૚)(࢑ + ૛)(࢑ + ૜)(૛࢑+ ૜)

࢔

࢑ୀ૚

= 

= ૞෍ቌ
૚
૚ૡ࢑ +

ૡ

ૢ ቀ࢑ + ૜
૛ቁ

+
૚

૚ૡ(࢑ + ૜) −
૚

૛(࢑ + ૚) −
૚

૛(࢑ + ૛)ቍ
ஶ

࢑ୀ૚

 

= ૚૙෍൮
ૡ
ૢ
ቌ

૚

࢑+ ૜
૛
−
૚
࢑
ቍ +

૚
૚ૡ൬

૚
࢑+ ૜ −

૚
࢑൰ +

૚
૛ ൬

૚
࢑ −

૚
࢑ + ૚൰ +

૚
૛൬
૚
࢑ −

૚
࢑+ ૛൰

൲
ஶ

࢑ୀ૚

= 

= ૚૙ቆ
ૡ
ૢ
൭−ࢽ− શ൬

૞
૛൰
൱ +

૚
૚ૡ ൬−

૚૚
૟ ൰ +

૚
૛ +

૜
૝ቇ =

૚૙
ૢ

(૚૟ ܏ܗܔ ૛ − ૚૚) 

Note: શ(૚ + (ࢠ = +ࢽ− ∑ ࢠ
(ࢠା࢔)࢔

ஶ
ୀ૚࢔ , ࢠ ≠ −૚,−૛,−૜, … ,શቀ૞

૛
ቁ = ૛ ቀ૝

૜
− ૛ቁ܏ܗܔ −  ,ࢽ

શ: the digamma function 

Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador 

ષ = ܕܑܔ
ஶ→࢔

෍቎෍࢏)࢏ + ૚)૛(࢏ + ૛)
࢑

ୀ૚࢏

቏
࢔

࢑ୀ૚

ି૚

= ܕܑܔ
ஶ→࢔

෍቎෍࢏)࢏૛ + ૛࢏ + ૚)(࢏ + ૛)
࢑

ୀ૚࢏

቏
࢔

࢑ୀ૚

ି૚

= 

= ܕܑܔ
ஶ→࢔

෍቎෍࢏൫࢏૜ + ૝࢏૛ + ૞࢏ + ૛൯
࢑

ୀ૚࢏

቏

ି૚࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍ቌ෍࢏૝
࢑

ୀ૚࢏

+ ૝෍࢏૜
࢑

ୀ૚࢏

+ ૞෍࢏૛
࢑

ୀ૚࢏

+ ૛෍࢏
࢑

ୀ૚࢏

ቍ

ି૚࢔

࢑ୀ૚

 

= ܕܑܔ
ஶ→࢔

෍

⎣
⎢
⎢
⎡࢑)࢑+ ૚)(૛࢑ + ૚)(૜࢑૛ + ૜࢑ − ૚)

૜૙ + ૝
࢑૛(࢑ + ૚)૛

૝ +

+૞
࢑)࢑ + ૚)(૛࢑ + ૚)

૟ + ૛
࢑)࢑+ ૚)

૛ ⎦
⎥
⎥
࢔⎤

࢑ୀ૚

ି૚
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= ܕܑܔ
ஶ→࢔

෍ቈ
࢑)࢑ + ૚)(૛࢑ + ૚)(૜࢑૛ + ૜࢑ − ૚) + ૜૙࢑૛(࢑ + ૚)૛ + ૛૞࢑)࢑ + ૚)(૛࢑ + ૚) + ૜૙࢑)࢑ + ૚)

૜૙
቉

࢔

࢑ୀ૚

ି૚

 

= ૜૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)[(૛࢑+ ૚)(૜࢑૛ + ૜࢑ − ૚) + ૜૙࢑)࢑ + ૚) + ૛૞(૛࢑ + ૚) + ૜૙]

࢔

࢑ୀ૚

= 

= ૜૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)[(૛࢑ + ૚)(૜࢑૛ + ૜࢑+ ૛૝) + ૜૙(࢑૛ + ࢑ + ૚)]

࢔

࢑ୀ૚

 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)[(૛࢑ + ૚)(࢑૛ + ࢑ + ૡ) + ૚૙(࢑૛ + ࢑ + ૚)]

࢔

࢑ୀ૚

= 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)(૛࢑૜ + ૜࢑૛ + ૚ૠ࢑+ ૡ + ૚૙࢑૛ + ૚૙࢑ + ૚૙)

࢔

࢑ୀ૚

 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)(૛࢑૜ + ૚૜࢑૛ + ૛ૠ࢑ + ૚ૡ)

࢔

࢑ୀ૚

= 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑+ ૚)(࢑૜ + ૟࢑૛ + ૚૛࢑ + ૡ + ࢑૜ + ૠ࢑૛ + ૚૞࢑ + ૚૙)

࢔

࢑ୀ૚

 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)[(࢑+ ૛)૜ + ࢑૜ + ૟࢑૛ + ૚૛࢑ + ૡ + ࢑૛ + ૜࢑ + ૛]

࢔

࢑ୀ૚

= 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)[(࢑ + ૛)૜ + (࢑+ ૛)૜ + (࢑ + ૛)(࢑ + ૚)]

࢔

࢑ୀ૚

 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)(࢑ + ૛)[૛(࢑ + ૛)૛ + ࢑ + ૚]

࢔

࢑ୀ૚

= 

= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑+ ૚)(࢑ + ૛)[૛(࢑+ ૛)૛ + (࢑ + ૛) − ૚]

࢔

࢑ୀ૚

= 

= ૛૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)(࢑ + ૛)[૛૛(࢑ + ૛)૛ + ૛(࢑+ ૛) − ૛]

࢔

࢑ୀ૚

 

= ૛૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑ + ૚)(࢑ + ૛)[૛(࢑ + ૛) + ૛][૛(࢑+ ૛) − ૚]

࢔

࢑ୀ૚

= 
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= ૚૙ ܕܑܔ
ஶ→࢔

෍
૚

࢑)࢑+ ૚)(࢑ + ૛)(࢑ + ૜)(૛࢑+ ૜)

࢔

࢑ୀ૚

= 

=
૞
ૢ ஶ→࢔ܕܑܔ

෍൬
૚
࢑ −

ૢ
࢑ + ૚ −

ૢ
࢑ + ૛ +

૚
࢑ + ૜ +

૜૛
૛࢑ + ૜൰

࢔

࢑ୀ૚

 

=
૞
ૢ෍൬

૚
࢑ −

ૢ
࢑ + ૚ −

ૢ
࢑ + ૛ +

૚
࢑ + ૜ +

૜૛
૛࢑ + ૜൰

ஶ

࢑ୀ૚

= 

=
૞
ૢ

[૚૟ (૝)ܖܔ − ૛૛] =
૚૙
ૢ

[૚૟ (૛)ܖܔ − ૚૚] 

૚
࢑)࢑+ ૚)(࢑ + ૛)(࢑ + ૜)(૛࢑+ ૜) =

࡭
࢑ +

࡮
࢑ + ૚ +

࡯
࢑ + ૛ +

ࡰ
࢑ + ૜ +

ࡱ
૛࢑+ ૜ = 

=
૚
૚ૡ
࢑ −

૚
૛

࢑ + ૚ −
૚
૛

࢑ + ૛ +
૚
૚ૡ
࢑ + ૜ +

૚૟
ૢ

૛࢑ + ૜ =
૚
૚ૡ ൬

૚
࢑ −

ૢ
࢑ + ૚ −

ૢ
࢑ + ૛ +

૚
࢑+ ૜ +

૜૛
૛࢑ + ૜൰ 

૚ = +࢑)࡭ ૚)(࢑+ ૛)(࢑ + ૜)(૛࢑+ ૜) + ࢑)࢑࡮ + ૛)(࢑+ ૜)(૛࢑ + ૜) + 

࢑)࢑࡯+ + ૚)(࢑ + ૜)(૛࢑ + ૜) + ࢑)࢑ࡰ + ૚)(࢑ + ૛)(૛࢑ + ૜) + 

࢑)࢑ࡱ+ + ૚)(࢑ + ૛)(࢑+ ૜) 

࢑ = −૜: ࢑ = −૛: ࢑ = −
૜
૛ : ࢑ = −૚: ࢑ = ૙:

૚ = ૚ૡࡰ ૚ = −૛࡯ ૚ =
ࡱૢ
૚૟ ૚ = −૛࡮ ૚ = ૚ૡ࡭

ࡰ =
૚
૚ૡ ࡯ = −

૚
૛ ࡱ =

૚૟
ૢ ࡮ = −

૚
૛ ࡭ =

૚
૚ૡ

 

 

792. ૙ < ࢞૚ < ା૚࢔࢞,1 = ඥ૚+  :Find .࢔࢞࢔

ષ = ܕܑܔ
ஶ→࢔

൭෍
૛࢔࢑

૝࢔ + ࢑૛࢞࢔૛

࢔

࢑ୀ૚

൱ 

Proposed by Florică Anastase-Romania 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

ା૚࢔࢞ = ඥ૚ + ࢔࢞࢔ ⇒
ା૚૛࢔࢞

૛࢔ =
૚
૛࢔ +

࢔࢞
࢔ ⇒ ܕܑܔ

ஶ→࢔

࢔࢞
࢔ = ૚ ⇒ 
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⇒ ષ = ܕܑܔ
ஶ→࢔

૚
෍࢔

࢑
࢔

૚ + ࢑૛࢞࢔૛
૝࢔

࢔

࢑ୀ૚

= න
࢞

૚ + ࢞૛

૚

૙

࢞ࢊ =
૛܏ܗܔ
૛  

 

793. Find the closed form: 

ષ = ෍
ቄ ૚
૝࢔ + ૛࢔ + ૚ + ૚

ૡቅ

૛࢔ + ૚

ஶ

ୀ૚࢔

, {࢞} = ࢞ − [࢞], 

[∗] - great integer function 

Proposed by Mokhtar Khassani-Mostaganem-Algerie 

Solution 1 by Rohan Shinde-India 

ષ = ∑
ቄ ૚
૛శ૚࢔૝శ࢔

ା૚ૡቅ

૛ା૚࢔
ஶ
ୀ૚࢔ ; {࢞} = ࢞ − [࢞] → ࢔∀ ≥ ૚ we have that 

૝࢔ + ૛࢔ + ૚ ≥ ૜ ⇒ ૙ ≤
૚

૝࢔ + ૛࢔ + ૚ ≤
૚
૜ ⇒ ૙ ≤

૚
૝࢔ + ૛࢔ + ૚ +

૚
ૡ ≤

૚૚
૛૝ 

⇒ ቂ ૚
૛ା૚࢔૝ା࢔

+ ૚
ૡ
ቃ = ૙ → [࢞] denotes Greatest integer function/Floor function; ∀࢔ ≥ ૚ 

and ࢔ ≥ ℕ ⇒ ቄ ૚
૛ା૚࢔૝ା࢔

+ ૚
ૡ
ቅ = ૚

૛ା૚࢔૝ା࢔
+ ૚

ૡ
 

⇒ ષ = ෍
ቀ ૚
૝࢔ + ૛࢔ + ૚ + ૚

ૡቁ

૛࢔ + ૚

ஶ

ୀ૚࢔

= ෍
૚

૛࢔) + ૚)(࢔૝ + ૛࢔ + ૚)

ஶ

ୀ૚ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢔
࡭

+
૚
ૡ෍

૚
૛࢔ + ૚

ஶ

ୀ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢔
࡮

 

Let’s consider ࡮ first, using the Fourier series of ܐܜܗ܋(࢞) we have that 

(࢞)ܐܜܗ܋ = ૚
࢞

+ ૛∑ ࢞
૛࣊૛ା࢞૛࢔

ஶ
ୀ૚࢔ . Substitute ࢞ = ࣊ to get 

(࣊)ܐܜܗ܋ =
૚
࣊ +

૛
࣊෍

૚
૛࢔ + ૚

ஶ

ୀ૚࢔

⇒෍
૚

૛࢔ + ૚

ஶ

ୀ૚࢔

=
(࣊)ܐܜܗ܋࣊ − ૚

૛ =  ࡮

Now, let’s consider ࡭. Note that 

૛࡭ = ૛෍
૚

૛࢔) + ૚)(࢔૝ + ૛࢔ + ૚)

ஶ

ୀ૚࢔

= ൭ ෍
૚

૛࢔) + ૚)(࢔૝ + ૛࢔ + ૚)

ஶ

ୀିஶ࢔

൱ − ૚ 
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Let (ࢠ)ࡲ = ૚
൫ࢠ૛ା૚൯൫ࢠ૝ାࢠ૛ା૚൯

. By Cauchy Residue theorem, 

෍ (࢔)ࡲ
ஶ

ୀିஶ࢔

= −෍(࢙࢘ࢋ࢛ࢊ࢏࢙ࢋ	(ࢠ)ࡲ(ࢠ࣊)ܜܗ܋࣊ࢌ࢕	࢚ࢇ	ࡲᇱ࢙	࢙ࢋ࢒࢕࢖) 

ࢋ,࢏−,࢏ has 6 simple poles namely at (ࢠ)ࡲ
࣊࢏
૜ ࢋ−,

࣊࢏
૜ ࢋ,

૛࣊࢏
૜ ࢋ−,

૛࣊࢏
૜ 	. 

൯(ࢠ)ࡲ൫࢏ୀࢠ࢙ࢋࡾ = −
࣊
૛ ܐܜܗ܋

(࣊) 

൯(ࢠ)ࡲ൫࢏ୀିࢠ࢙ࢋࡾ = −
࣊
૛ ܐܜܗ܋

(࣊) 

࢙ࢋࡾ
ࢋୀࢠ

࣊࢏
૜
൫(ࢠ)ࡲ൯ =

࣊ ቆ√૜࣊૛ܐܖ܉ܜ ቇ

√૜ − ૜࢏
 

࢙ࢋࡾ
ࢋୀିࢠ

࣊࢏
૜
൫(ࢠ)ࡲ൯ =

࣊ ቆ√૜࣊૛ܐܖ܉ܜ ቇ

√૜ − ૜࢏
 

࢙ࢋࡾ
ࢋୀࢠ

૛࣊࢏
૜
൫(ࢠ)ࡲ൯ =

ቆ√૜࣊૛ܐܖ܉ܜ࣊ ቇ

√૜ + ૜࢏
 

࢙ࢋࡾ
ࢋୀିࢠ

૛࣊࢏
૜
൫(ࢠ)ࡲ൯ =

࣊ ܐܖ܉ܜ ቆ√૜࣊૛ ቇ

√૜ + ૜࢏
 

Combining all of the above we get: 

෍ (࢔)ࡲ
ஶ

ୀିஶ࢔

= (࣊)ܐܜܗ܋࣊ − ૛࣊ ቆܐܖ܉ܜ
√૜࣊
૛ ቇ ൬

૚
√૜ − ૜࢏

+
૚

√૜ + ૜࢏
൰ 

= ࣊ −(࣊)ܐܜܗ܋
࣊
√૜

ቆܐܖ܉ܜ
√૜࣊
૛ ቇ ⇒ ࡭ =

࣊
૛ ܐܜܗ܋

(࣊) −
࣊
૛√૜

ቆܐܖ܉ܜ
√૜࣊
૛ ቇ −

૚
૛ 

⇒ ષ = ࡭ =
૚
ૡ࡮ ⇒ ષ =

࣊
૛ ܐܜܗ܋

(࣊) −
࣊
૛√૜

ܐܖ܉ܜ ቆ
√૜࣊
૛ ቇ −

૚
૛ +

(࣊)ܐܜܗ܋࣊
૚૟ −

૚
૚૟ 

= ૢ࣊ (࣊)ܐܜܗ܋
૚૟

−
࣊ ൬√૜࣊૛ܐܖ܉ܜ ൰

૛√૜
− ૢ

૚૟
. Answer: ષ = ૢ࣊ (࣊)ܐܜܗ܋

૚૟
−

࣊ ൬√૜࣊૛ܐܖ܉ܜ ൰

૛√૜
− ૢ

૚૟
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Solution 2 by Ali Jaffal-Lebanon 

Let ࢔ࡿ = ∑
ቄ ૚
࢑૝శ࢑శ૚

ା૚ૡቅ

࢑૛ା૚
࢑ୀ࢔
࢑ୀ૚  

If ૚ ≤ ࢑ ≤ then ૜ ࢔ ≤ ࢑૝ + ࢑ + ૚ and ૙ < ૚
࢑૝ା࢑ା૚

+ ૚
ૡ
≤ ૚

૜
+ ૚

ૡ
< 1 

So, ቂ ૚
࢑૝ା࢑ା૚

+ ૚
ૡ
ቃ = ૙ and ቄ ૚

࢑૝ା࢑ା૚
+ ૚

ૡ
ቅ = ૚

࢑૝ା࢑ା૚
+ ૚

ૡ
− ቂ ૚

࢑૝ା࢑ା૚
+ ૚

ૡ
ቃ = ૚

࢑૛ା࢑ା૚
+ ૚

ૡ
 

We have: 
૚

࢑૝శ࢑శ૚
ା૚ૡ

࢑૛ା૚
= ૚

൫࢑૛ା૚൯൫࢑૝ା࢑ା૚൯
+ ૚

ૡ൫࢑૛ା૚൯
 

And by simple calculation we can say that: ૚
൫࢑૛ା૚൯൫࢑૝ା࢑ା૚൯

= 

=
૚

࢑૛ + ૚ −
૚
૛ ൬

૚
࢑૛ − ࢑ + ૚ +

࢑ − ૚
(࢑− ૚)૛ + (࢑ − ૚) + ૚ −

࢑
࢑૛ + ࢑ + ૚൰ 

Then, ࢔ࡿ = ૢ
ૡ
∑ ૚

࢑૛ା૚
− ૚

૛
࢑ୀ࢔
࢑ୀ૚ ∑ ૚

࢑૛ି࢑ା૚
࢑ୀ࢔
࢑ୀ૚ + ૚

૛
ቀ ࢔
ା૚࢔૛ା࢔

ቁ 

And ࢔ࡿ = ૢ
ૡ
∑ ૚

࢑૛ା૚
࢑ୀ࢔
࢑ୀ૙ − ૚

૛
∑ ૚

࢑૛ି࢑ା૚
࢑ୀ࢔
࢑ୀ૙ + ૚

૛
ቀ ࢔
ା૚࢔૛ା࢔

ቁ − ૞
ૡ
   (*) 

We have: ∑ ૚
૚ା࢔૛

ାஶ
ୀ૙࢔ = ∑ ૚

(࢏ା࢔)(࢏ି࢔)
ାஶ
ୀ૙࢔ = શ(࢏)ିશ(ି࢏)

(࢏ି)ି࢏
= શ(࢏)ିશ(ି࢏)

૛࢏
… 

But શ(࢏)ିશ(ି࢏)
૛࢏

= ૚
૛࢏
൬શ(࢏) − ቀશ(࢏) + (࢏࣊)ܜܗ܋࣊ + ૚

࢏
ቁ൰ 

Since શ(−ࢠ) = ቀશ(ࢠ) + ࣊ (ࢠ࣊)ܜܗ܋ + ૚
ࢠ
ቁ for all ࢠ ∈ ℂ∗  (**) 

Then, ∑ ૚
૚ା࢔૛

ାஶ
ୀ૙࢔ = ૚

૛࢏
൬ቀ−࣊(࢏࣊)ܜܗ܋ + ૚

࢏
ቁ൰ = ૚

૛࢏
ቀ−࣊ ࣊ࢋష࣊ାࢋ

࣊ࢋష࣊ିࢋ
࢏ − ૚

࢏
ቁ = ࣊

૛
(࣊)ܐܜܗ܋ + ૚

૛
 

We have ∑ ૚
૚ା࢔ା࢔૛

ାஶ
ୀ૙࢔ = ∑ ૚

൬ି࢔૚ష࢏√૜૛ ൰൬ି࢔૚శ࢏√૜૛ ൰
ାஶ
ୀ૙࢔ =

શ൬ష૚శ࢏√૜૛ ൰ିશ൬ି૚శ࢏√૜૛ ൰

ష૚శ࢏√૜
૛ ା૚శ࢏√૜૛

 

∑ ૚
૚ା࢔ା࢔૛

ାஶ
ୀ૙࢔ = ૚

૜√࢏
ቆશቀି૚ା࢏√૜

૛
ቁ −શቀ− ૚ା࢏√૜

૛
ቁቇ by using (**) we have: 

=
૚
૜√࢏

ቆશቆ
−૚
૛ +

૜√࢏
૛ ቇ− શቆ−

૚
૛ −

૜√࢏
૛ ቇ − ࣊ ܜܗ܋ ቆ

࣊
૛ +

૜√࢏
૛ ቇ−

૛
૚ + ૜√࢏

ቇ 

= ૚
૜√࢏

ቆ− ૚

ି૚૛ା
૜√࢏
૛

− ܜܗ܋࣊ ቀ࣊
૛

+ ૜√࢏
૛
ቁ − ૛

૚ା࢏√૜
ቇ. Since શ(ࢠ) = ቀશ(ࢠ+ ૚)− ૚

ࢠ
ቁ 

Then, ܜܗ܋ ቀ࣊
૛

+ ૜√࢏
૛
ቁ = షࢋ࢏

࣊
૛√૜ିࢋ࢏

࣊
૛√૜

షࢋ࢏
࣊
૛√૜ାࢋ࢏

࣊
૛√૜

= ࢏ ቀ࣊ܐܖ܉ܜ
૛
√૜ቁ. So, ∑ ૚

૚ା࢔ା࢔૛
ାஶ
ୀ૙࢔ = ૚ + ࣊

√૜
ቀ࣊ܐܖ܉ܜ

૛
√૜ቁ 

Then by using (*) we have: 
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ܕܑܔ
ାஶ→࢔

࢔࢙ =
ૢ
ૡ ൬

࣊
૛ ܐܜܗ܋

(࣊) +
૚
૛൰ −

૚
૛ ൬૚ +

࣊
√૜

ቀܐܖ܉ܜ
࣊
૛ √૜

ቁ൰ −
૞
ૡ 

=
ૢ࣊
૚૟ ܐܜܗ܋

(࣊) −
࣊
૛√૜

ቀܐܖ܉ܜ
࣊
૛ √૜

ቁ −
ૢ
૚૟ 

 

࢖,࢔,࢓ .794 ∈ ℕ,࢖,࢔,࢓ ≥ ૛,࢏ࢇ > ࢏ࢇ,0 ≠ ૚, ࢏ ∈ ૚,࢖തതതതത all fixed. 

Find: 

ષ = ܕܑܔ
࢞→૙

൮൭
૚ࢇ
࢔࢞√

+ ૛ࢇ
࢔࢞√

+ ⋯+ √࢖ࢇ
࢔࢞

૚ࢇ
࢓࢞√

+ ૛ࢇ
࢓࢞√

+⋯+ ࢖ࢇ
࢓࢞√ ൱

૚
࢔࢞√ ା ࢓࢞√

൲ 

Proposed by Florică Anastase-Romania 

Solution by Igor Soposki-Skopje-Macedonia 

ષ = ܕܑܔ
࢞→૙

൭
૚ࢇ
࢔࢞√

+ ૛ࢇ
࢔࢞√

+ ⋯+ ࢞√࢖ࢇ
࢔

૚ࢇ
࢓࢞√

+ ૛ࢇ
࢓࢞√

+ ⋯+ √࢖ࢇ
࢓࢞ ൱

૚
࢔࢞√ ା ࢓࢞√

= 

= ܘܠ܍ ൥ܕܑܔ
࢞→૙

൭
૚ࢇ
࢔࢞√

+ ૛ࢇ
࢔࢞√

+ ⋯+ ࢞√࢖ࢇ
࢔

૚ࢇ
࢓࢞√

+ ૛ࢇ
࢓࢞√

+ ⋯+ √࢖ࢇ
࢓࢞ − ૚൱ ⋅

૚
࢔࢞√ + ࢓࢞√ ൩ = 

= ܘܠ܍ ቎ܕܑܔ
࢞→૙

ቌ
ቀࢇ૚

࢔࢞√
− ૚ࢇ

࢓࢞√
ቁ + ቀࢇ૛

࢔࢞√
− ૛ࢇ

࢓࢞√
ቁ + ⋯+ ቀ࢖ࢇ√࢞

࢔
− ࢞√࢖ࢇ

࢓
ቁ

૚ࢇ
࢓࢞√

+ ૛ࢇ
࢓࢞√

+ ⋯+ √࢖ࢇ
࢓࢞ ቍ ⋅

૚
࢔࢞√ + ࢓࢞√ ቏ = 

= ܘܠ܍

⎣
⎢
⎢
⎡૚
࢖ ⋅

⎝

ܕܑܔ⎛
࢞→૙

૚ࢇ
࢔࢞√
− ૚ࢇ

࢓࢞√

࢔࢞√ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢓࢞√
૚ࡸ

+ ܕܑܔ
࢞→૙

૛ࢇ
࢔࢞√
− ૛ࢇ

࢓࢞√

࢔࢞√ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢓࢞√
૛ࡸ

+ ⋯+ ܕܑܔ
࢞→૙

࢞√࢖ࢇ
࢔

− ࢞√࢖ࢇ
࢔

࢔࢞√ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢓࢞√
࢖ࡸ ⎠

⎞

⎦
⎥
⎥
⎤

= 

⇒ ૚ࡸ = ܕܑܔ
࢞→૙

૚ࢇ
࢔࢞√
− ૚ࢇ

࢓࢞√

࢔࢞√ + ࢓࢞√ = ܕܑܔ
࢞→૙

૚ࢇ
࢔࢞√
− ૚ࢇ

࢓࢞√

࢔࢞√ + ࢓࢞√ ⋅
૚ࢇ

࢓࢞√

૚ࢇ
࢓࢞√ = 

= ܕܑܔ
࢞→૙

૚ࢇ
࢔࢞√ ା ࢓࢞√

− ૚ − ቀࢇ૚
࢓࢞√
− ૚ቁቀࢇ૚

࢓࢞√
+ ૚ቁ

૚ࢇ
࢓࢞√
⋅ ൫√࢞࢔ + ࢓࢞√ ൯

= 
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= ܕܑܔ
࢞→૙

൭
૚

૚ࢇ
࢓࢞√ ⋅

૚ࢇ
࢔࢞√ ା ࢓࢞√

− ૚
࢔࢞√ + ࢓࢞√ −

૚ࢇ
࢓࢞√

+ ૚

૚ࢇ
࢓࢞√ ⋅

૚ࢇ
࢓࢞√
− ૚

࢓࢞√ ⋅
࢓࢞√

࢔࢞√ + ࢓࢞√ ൱ = 

= ܕܑܔ
࢞→૙

૚

૚ࢇ
࢔࢞√ ⋅ ܕܑܔ

࢞→૙

૚ࢇ
࢔࢞√ ା ࢓࢞√

− ૚
࢔࢞√ + ࢓࢞√ − ܕܑܔ

࢞→૙

૚ࢇ
࢓࢞√

+ ૚

૚ࢇ
࢓࢞√ ⋅ ܕܑܔ

࢞→૙

૚ࢇ
࢓࢞√
− ૚

࢓࢞√ ⋅ ܕܑܔ
࢞→૙

૚

૚ + ඥ࢞(࢞ି࢔)࢓ష࢔ = 

= ૚ ⋅ ܖܔ ૚ࢇ − ૛ ⋅ ܖܔ ૚ࢇ ⋅ ૚ = − ૚ࢇܖܔ ૛ࡸ; = − ૛ࢇܖܔ ࢖ࡸ; =  ࢖ࢇܖܔ−

ષ = ࢋ
૚
൯࢖ࡸ૛ା⋯ାࡸ૚ାࡸ൫࢖ = ିࢋ

૚
ܖܔ൫࢖ ൯࢖ࢇܖܔ૛ା⋯ାࢇܖܔ૚ାࢇ = ൯࢖ࢇ…૛ࢇ૚ࢇ൫ܖܔିࢋ

૚
࢖ =

૚
ඥࢇ૚ ⋅ ૛ࢇ ⋅… ⋅ ࢖ࢇ
࢖  

 

795. Let ࣊(࢞) denotes the prime counting function and ࢔࢖ denotes the nth 

prime number. Find: 

ષ = ܕܑܔ
ஶ→࢔

࢔࢖
(࢔)࣊
࢔  

Proposed by Prem Kumar-India 

Solution by Mokhtar Khassani-Mostaganem-Algerie 

We know that: ࣊(࢔) ∼ ࢔
࢔܏ܗܔ

࢔ࡼ									 ∼ ࢔ ܏ܗܔ  ࢔

ષ = ܕܑܔ
ஶ→࢔

(࢔ࡼ)
(࢔)࣊
࢔ = ܕܑܔ

ஶ→࢔
(࢔܏ܗܔ࢔)

૚
܏ܗܔ ࢔ = ܕܑܔ

ஶ→࢔
ࢋ

૚
࢔܏ܗܔ ࢔)܏ܗܔ ܏ܗܔ (࢔ = ܕܑܔ

ஶ→࢔
ࢋ
܏ܗܔ ܏ܗܔ)܏ܗܔା࢔ (࢔

࢔܏ܗܔ =  ࢋ

 

796. Find: 

ષ = ܕܑܔ
ஶ→࢔

൮ቀ࢔૜ቁ ⋅ ஶ→࢓ܕܑܔ
ቌ
૚
࢓
෍ቌ

ቀ࢑࢓ቁ

ቀ࢓ + ࢔
࢑ + ૜ ቁ

ቍ
࢓

࢑ୀ૙

ቍ൲ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

Let ࣓ = ∑
ቀ࢑࢓ ቁ

ቀ࢓ା࢔
࢑ା૜ቁ

࢓
࢑ୀ૙ = ∑ ቀ࢔࢓ቁ

࢓
࢑ୀ૙

(࢑ା૜)!(࢓ା࢑ିି࢔૜)!
!(࢔ା࢓)

= 
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= +࢔) +࢓ ૚)෍ቀ࢑࢓ቁ
࢓

࢑ୀ૙

ડ(࢑+ ૝)ડ(࢓ + ࢔ − ࢑ − ૛)
ડ(࢓ + ࢔ + ૛)  

= +࢔) ࢓ + ૚)෍ቀ࢑࢓ቁ
࢓

࢑ୀ૙

න࢞࢑ା૜
૚

૙

(૚ − ࢞ࢊ࢑ି૜ି࢔ା࢓(࢞ = 

= ࢓) + +࢔ ૚)න࢞૜(૚ − ૜ି࢔(࢞
૚

૙

෍ቀ࢑࢓ቁ
࢓

࢑ୀ૙

࢞࢑(૚ − ࢞ࢊ࢑ି࢓(࢞ = ࢔) ࢓+ + ૚)න࢞૜(૚ − ૜ି࢔(࢞
૚

૙

 ࢞ࢊ

=
࢔) + ࢓ + ૚)ડ(૝)ડ(࢔ − ૛)

ડ(࢔ + ૛) =
૟(࢓ + ࢔ + ૚)

−࢔) ૚)࢔)࢔+ ૚)(࢔ − ૛) ⇒ 

⇒ ܕܑܔ
ஶ→࢓

࣓
࢓ = ܕܑܔ

ஶ→࢓

૟(࢓ + +࢔ ૚)
࢔)࢓ − ૚)࢔)࢔ + ૚)(࢔− ૛) =

૟
−࢔) ૚)࢔)࢔ + ૚)(࢔ − ૛) 

Now: ષ = ஶ→࢔ܕܑܔ ൬ቀ
࢔
૜ቁ ஶ→࢓ܕܑܔ

࣓
࢓
൰ = ஶ→࢔ܕܑܔ

!࢔
૟(ି࢔૜)!

⋅ ૟
(૛ି࢔)(ା૚࢔)࢔(૚ି࢔)

= ૙ 

Solution 2 by Ali Jaffal-Lebanon 

Let ષ(࢓,࢔) = ૚
࢓
∑ ࢑࢓࡯

࢔శ࢓࡯
࢑శ૜

࢑ୀ࢓
࢑ୀ૙ = ૚

࢓
∑ ࢔࢑࢑ୀ࢓࡯
࢑ୀ૙ × (࢑ା૜)!(࢓ା࢑ିି࢔૜)!

!(࢔ା࢓)
 

=
૚
෍࢓ ࢑࢓࡯

࢑ୀ࢓

࢑ୀ૙

×
ડ(࢑ + ૚) ⋅ ડ(࢓+ ࢔ − ࢑ − ૛)

ડ(࢓ + ࢔ + ૛) × ࢓) + +࢔ ૚) 

=
࢓ ࢔+ + ૚

࢓
෍ ࢑࢓࡯
࢑ୀ࢓

࢑ୀ૙

න࢞࢑ା૜
૚

૙

⋅ (૚ ࢞ࢊ࢑ି૜ି࢔ା࢓(࢔− =
࢓ + ࢔ + ૚

࢓
න෍ ࢞࢑(૚ − ࢑ି࢓(࢞

࢑ୀ࢓

࢑ୀ૙

૚

૙

࢑࢓࡯ ࢞૜ ⋅ (૚ −  ࢞ࢊ૜ି࢔(࢞

=
࢓ + +࢔ ૚

࢓ න(࢞ + ૚ − ࢓(࢞
૚

૙

⋅ ࢞૜ ⋅ (૚ − ࢞ࢊ૜ି࢔(࢞ =
࢓ + ࢔ + ૚

࢓ × න࢞૜(૚ − ૜ି࢔(࢞
૚

૙

 ࢞ࢊ

(࢓.࢔)ାஶષ→࢔ܕܑܔ = ∫ ࢞૜(૚ − ૜૚ି࢔(࢞
૙ ࢔ࡵ Let .࢞ࢊ = ૜࢔࡯ × ∫ ࢞૜(૚ − ૜૚ି࢔(࢞

૙  ࢞ࢊ

= ૜࢔࡯ ×
ડ(૝) ⋅ ડ(࢔− ૛)

ડ(࢔+ ૛) =
!࢔

࢔) − ૜)! × ૜! ×
૜! × −࢔) ૜)!

+࢔) ૚)! =
!࢔

࢔) + ૚)! =
૚

࢔ + ૚ 

So, ࢔ܕܑܔ→ஶ ࢔ࡵ = ૙. Then ષ = ૙ 

Solution 3 by Tobi Joshua-Nigeria 

ષ = ܕܑܔ
ஶ→࢔

ቌ࡯૜࢔ ൭ ஶ→࢓ܕܑܔ

૚
෍ቆ࢓

࢓࢑࡯

ቇ࢔ା࢓࢑ା૜࡯
࢓

࢑ୀ૙

൱ቍ 
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ષ = ܕܑܔ
ஶ→࢔

ቌ࡯૜࢔ ൭ ஶ→࢓ܕܑܔ

૚
෍ቆ࢓

࢓)࢓࢑࡯ + ࢔ − ࢑ − ૜)! (࢑ + ૜)!
+࢓) !(࢔ ቇ

࢓

࢑ୀ૙

൱ቍ 

ષ = ܕܑܔ
ஶ→࢔

ቌ࡯૜࢔ ൭ ஶ→࢓ܕܑܔ

૚
෍ቆ࢓

࢓)ડ࢓࢑࡯ + ࢔ − ࢑ − ૛)ડ(࢑ + ૝)
ડ(࢓+ ࢔ + ૚) ቇ

࢓

࢑ୀ૙

൱ቍ 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯ ൮࢓ܕܑܔ→ஶ

૚
෍൮࢓

࢓)ડ࢓࢑࡯ + ࢔ − ࢑ − ૛)ડ(࢑ + ૝)
ડ(࢓+ ࢔ + ૛)
࢓) + ࢔ + ૚)

൲
࢓

࢑ୀ૙

൲

⎠

⎟
⎞

 

ષ = ܕܑܔ
ஶ→࢔

⎝

࢔૜࡯⎛ ቌ ஶ→࢓ܕܑܔ
෍ቌ

ડ࢓࢑࡯ ቀ
૛࢑ + ૡ
૛ ቁડ ቀ૛࢓+ ૛࢔ − ૛࢑ − ૝

૛ ቁ

ડ ቀ૛࢓+ ૛࢔+ ૝
૛ ቁ	

⋅
࢓) + +࢔ ૚)

࢓
ቍ

࢓

࢑ୀ૙

ቍ

⎠

⎞ 

ષ = ܕܑܔ
ஶ→࢔

ቌ࡯૜࢔ ൭ ஶ→࢓ܕܑܔ

࢓) + ࢔ + ૚)
࢓ ෍൫࡮࢓࢑࡯(૛࢑+ ૠ,૛࢓+ ૛࢔ − ૛࢑ − ૞)൯

࢓

࢑ୀ૙

൱ቍ 

Recall that ∫ ࢇܖܑܛ ࢞ ࢈ܛܗ܋ ࢞
࣊
૛
૙ ࢞ࢊ =

ડቀࢇశ૚૛ ቁડቀ࢈శ૚૛ ቁ

૛ડቀࢇశ࢈శ૛૛ ቁ
 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯

⎝

⎛ ܕܑܔ
ஶ→࢓

࢓) + ࢔ + ૚)
࢓ ෍

⎝

⎛૛࢓࢑࡯න (૛࢑ାૠ)ܖܑܛ ࢞ (૛࢑ି࢔ା૛࢓૛)ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞
࢓

࢑ୀ૙
⎠

⎞

⎠

⎟
⎞

 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯

⎝

ܕܑܔ⎛
ஶ→࢓

࢓) + +࢔ ૚)
࢓ ෍

⎝

⎛૛࢓࢑࡯
ૠܖܑܛ ࢔૛ܛܗ܋࢞ ࢞

૞ܛܗ܋ ࢞ න (૛࢑)ܖܑܛ ࢞

࣊
૛

૙

(࢓૛)ܛܗ܋ ࢞ ࢞ࢊ

⎠

⎞
࢓

࢑ୀ૙
⎠

⎞

⎠

⎟
⎞

 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯

⎝

⎛ ܕܑܔ
ஶ→࢓

૛
࢓) + ࢔ + ૚)

࢓ ෍࢓࢑࡯
࢓

࢑ୀ૙

(૛࢑)ܖܑܛ ࢞ (࢓૛)ܛܗ܋ ࢞ × න
ૠܖܑܛ ࢞ ࢔૛ܛܗ܋ ࢞

૞ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞

⎠

⎟
⎞
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ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯

⎝

ܕܑܔ⎛
ஶ→࢓

૛(࢓+ ࢔ + ૚)
࢓

૛ܖܑܛ) ࢞ + ૛ܛܗ܋ ࢓(࢞ × න
ૠܖܑܛ ࢞ ࢔૛ܛܗ܋ ࢞

૞ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞

⎠

⎟
⎞

 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢔૜࡯

⎝

ܕܑܔ⎛
ஶ→࢓

࢓) + ࢔ + ૚)
࢓ ૛නܖܑܛૠ ࢞ (૞ି࢔૛)ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞

⎠

⎟
⎞

 

ષ = ܕܑܔ
ஶ→࢔

൭࡯૜࢔ ቆ ஶ→࢓ܕܑܔ

࢓) + +࢔ ૚)
࢓

ડ(૝)ડ(࢔− ૛)
ડ(࢔+ ૛) ቇ൱,	 

ષ = ܕܑܔ
ஶ→࢔

൭࡯૜࢔ ቆ ஶ→࢓ܕܑܔ

࢓) + ࢔ + ૚)
࢓

૜! × ࢔) − ૜)!
+࢔) ૚)! ቇ൱ 

ષ = ܕܑܔ
ஶ→࢔

൭࡯૜࢔ ቆ ஶ→࢓ܕܑܔ
൬૚ +

࢔
࢓

+
૚
࢓
൰
૜! × −࢔) ૜)!

+࢔) ૚)!
ቇ൱	= ܕܑܔ

ஶ→࢔
ቆ

!࢔
࢔) − ૜)!૜!

× (૚) ×
૜! × ࢔) − ૜)!

࢔) + ૚)!
ቇ 

ષ = ܕܑܔ
ஶ→࢔

!(࢔)
+࢔) ૚)! ,ષ = ܕܑܔ

ஶ→࢔

૚
࢔) + ૚) ,ષ = ܕܑܔ

ஶ→࢔

૚
࢔

ቀ૚ + ૚
ቁ࢔

= ૙ 

797. Find the point on the surface ࢞࢟૛ࢠ૜ = ૚૙ૡ that are closest to the origin. 

 

Proposed by Jalil Hajimir-Canada 
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Graphics by Carlos Suarez-Quito-Ecuador 

Solution by Daniel Sitaru-Romania 

,࢟,࢞)ࡲ ,ࢠ (ࣅ = ࢞૛ + ࢟૛ + ૛ࢠ + ૜ࢠ૛࢟࢞)ࣅ − ૚૙ૡ),࢞ ≠ ૙,࢟ ≠ ૙, ࢠ ≠ ૙ 

ᇱ࢞ࡲ = ૛࢞ + ᇱ࢟ࡲ,૜ࢠ૛࢟ࣅ = ૛࢟(૚ + (૜ࢠ࢞ࣅ = ૙ → ࣅ =
−૚
૜ࢠ࢞ ᇱࢠࡲ, = ૛)ࢠ + ૜࢞࢟૛ࣅࢠ) 

૛࢞ +
−૚
૜ࢠ࢞ ∙ ࢟

૛ࢠ૜ = ૙ → ૛࢞૛ = ࢟૛ → ࢟ = ࢞√૛ 

૛ + ૜࢞࢟૛ࢠ ∙
−૚
૜ࢠ࢞ = ૙ → ૛ࢠ૛ = ૜ ∙ ૛࢞૛ → ࢠ = ࢞√૜ 

࢞ ∙ ૛࢞૛ ∙ ૜√૜࢞૜ = ૚૙ૡ → √૜࢞૟ = ૚ૡ → ࢞૟ = ૟√૜ = √૚૙ૡ 

࢞ = √૚૙ૡ૚૛ ,࢟ = ඥ૚૙ૡ ∙ ૛૟૚૛ , ࢠ = ඥ૚૙ૡ ∙ ૜૟૚૛  

The closest point is ષ൫ √૚૙ૡ૚૛ 	, √૚૙ૡ ∙ ૛૟૚૛ , √૚૙ૡ ∙ ૜૟૚૛ 	൯ 

 

798. Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧

࢞ܖܑܛ = ࢟ܛܗ܋

ተ
࢞)ܖܑܛ + ࢟) +൫࢟ܖܑܛ ඥ࢞࢟൯ +൫ඥ࢞࢟ܖܑܛ ࢞൯
࢞)ܛܗ܋ + ࢟) +൫࢟ܛܗ܋ ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ + ࢞൯
࢞)ܛܗ܋ − ࢟) ൫࢟ܛܗ܋ − ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ − ࢞൯

ተ = ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Adrian Popa – Romania  

ઢ → ተ
࢞)ܖܑܛ + ࢟) ൫࢟ܖܑܛ + ඥ࢞࢟൯ ൫ඥ࢞࢟ܖܑܛ + ࢞൯
࢞)ܛܗ܋ + ࢟) ൫࢟ܛܗ܋ + ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ + ࢞൯
࢞)ܛܗ܋ − ࢟) ൫࢟ܛܗ܋ − ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ − ࢞൯

ተ = ૙ 

ܖܑܛ ࢞ = ܛܗ܋ ࢟ ⇒ ܖܑܛ ࢞ = ܖܑܛ ቀ
࣊
૛ − ࢟ቁ 

࢞)ܖܑܛ + ࢟) = ܖܑܛ ࢞ ࢟ܛܗ܋ + ܖܑܛ ࢟ ܛܗ܋ ࢞ = ૛ܛܗ܋ ࢟ + ૛ܖܑܛ ࢟ = ૚   (1) 

∴ ૛ܖܑܛ ࢞ = ૛ܛܗ܋ ࢟ 

૚ − ૛ܛܗ܋ ࢞ = ૛ܛܗ܋ ࢟ ⇒ ૛ܛܗ܋ ࢞ = ૚ − ૛ܛܗ܋ ࢟ ⇒ ࢞ܛܗ܋ = ܖܑܛ ࢟ 

࢞)ܛܗ܋ + ࢟) = ܛܗ܋ ࢞ ܛܗ܋ ࢟ − ܖܑܛ ࢞ ܖܑܛ ࢟ = ܖܑܛ ࢟ ࢟ܛܗ܋ − ࢟ܛܗ܋ ܖܑܛ ࢟ = ૙   (2) 
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࢞)ܛܗ܋ − ࢟) = ࢞ܛܗ܋ ࢟ܛܗ܋ + ܖܑܛ ࢞ ܖܑܛ ࢟ = ܖܑܛ ࢟ ࢟ܛܗ܋ + ܛܗ܋ ࢟ ܖܑܛ ࢟ = ૛ ܖܑܛ ܛܗ܋࢟ ࢟ = ܖܑܛ ૛࢟   (3) 

ઢ = ተ
૚ ൫࢟ܖܑܛ + ඥ࢞࢟൯ ൫ඥ࢞࢟ܖܑܛ + ࢞൯
૙ ൫࢟ܛܗ܋ + ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ + ࢞൯

ܖܑܛ ૛࢟ ൫࢟ܛܗ܋ − ඥ࢞࢟൯ ൫ඥ࢞࢟ܛܗ܋ − ࢞൯
ተ = ૙ 

We develop after the first column: 

൫࢟ܛܗ܋ + ඥ࢞࢟൯ ⋅ ൫ඥ࢞࢟ܛܗ܋ − ࢞൯ − ൫ඥ࢞࢟ܛܗ܋ + ࢞൯ ⋅ ൫࢟ܛܗ܋ − ඥ࢞࢟൯ + 

+ ܖܑܛ ૛࢟൫ܖܑܛ൫࢟ + ඥ࢞࢟൯ ⋅ ൫ඥ࢞࢟ܛܗ܋ + ࢞൯ − ൫ඥ࢞࢟ܖܑܛ + ࢞൯ ⋅ ൫࢟ܛܗ܋ + ඥ࢞࢟൯൯ = ૙ ⇒ 

⇒ ൫࢟ܛܗ܋ + ඥ࢞࢟൯ ⋅ ܛܗ܋ ቀඥ࢞࢟ −
࣊
૛ + ࢟ቁ − ܛܗ܋ ቀඥ࢞࢟ +

࣊
૛ − ࢟ቁ ⋅ ൫࢟ܛܗ܋ − ඥ࢞࢟൯ + 

+ ܖܑܛ ૛࢟ቀܖܑܛ൫࢟ +ඥ࢞࢟൯ ⋅ ܛܗ܋ ቀඥ࢞࢟ +
࣊
૛
− ࢟ቁ − ܖܑܛ ቀඥ࢞࢟ +

࣊
૛
− ࢟ቁ ⋅ ൫࢟ܛܗ܋ + ඥ࢞࢟൯ቁ = ૙ 

൫࢟ܛܗ܋ + ඥ࢞࢟൯ ⋅ ൫࢟ܖܑܛ + ඥ࢞࢟൯ − ൫࢟ܖܑܛ − ඥ࢞࢟൯ ⋅ ൫࢟ܛܗ܋ − ඥ࢞࢟൯ + 

+ ܖܑܛ ૛࢟൫ܖܑܛ൫࢟ + ඥ࢞࢟൯ ⋅ ൫࢟ܖܑܛ − ඥ࢞࢟൯ − ൫࢟ܛܗ܋ − ඥ࢞࢟൯ ⋅ ൫࢟ܛܗ܋ + ඥ࢞࢟൯൯ = ૙ ⇒ 

⇒
ܖܑܛ ૛ ൫࢟ + ඥ࢞࢟൯

૛ −
ܖܑܛ ૛൫࢟ − ඥ࢞࢟൯

૛ − ܖܑܛ ૛࢟ ܛܗ܋) ૛࢟) = ૙ ⇒ 

⇒
૛ܖܑܛ ૛ඥ࢞࢟ ૛࢟ܛܗ܋

૛ − ܖܑܛ ૛࢟ ૛࢟ܛܗ܋ = ૙ 

ܛܗ܋ ૛࢟ ൫ܖܑܛ ૛ඥ࢞࢟ − ܖܑܛ ૛࢟൯ = ૙ 

Case I: ܛܗ܋ ૛࢟ = ૙ ⇒ ૛࢟ = ± ࣊
૛

+ ૛࢑࣊ ⇒ ൝
࢟ = ± ࣊

૝
+ ࢑࣊ ⇒

࢞ = ࣊
૛
− ࢟ = ࣊

૛
∓ ࣊

૝
− ࢑࣊

;࢑ ∈ ℤ 

Case II: ܖܑܛ ૛ඥ࢞࢟ − ܖܑܛ ૛࢟ = ૙ ⇒ ૛ඥ࢞࢟ܖܑܛ = ܖܑܛ ૛࢟ ⇒ ܖܑܛ ૛ඥ࢞࢟ = ܖܑܛ ૛ඥ࢟ ⋅ ࢟ ⇒ 

⇒ ቊ
࢟ = ૙

࢞ = ࣊
૛

+ ૛࢑࣊ ; ࢑ ∈ ℕ, because ࢞ ≠ ࢟; ܖܑܛ ࢞ > 0
࢟ > 0  

 

799. Solve in real numbers the system of equations: 

ቐ
࢞ + ࢟+ ࢠ + ࢚ = ૙,

࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ = ૝,
࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝ = ૝.

 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 
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Solution 1 by Daniel Văcaru-Romania 

One has ૚૟ = ૝૛ = (࢞૛ + ࢟૛ + ૛ࢠ + ૛)૛ࢠ = ࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝ + ૛∑ ࢞૛࢟૛ ⇒ 

⇒ ∑࢞૛࢟૛ = ૟. On the other hand, one has ࢞૝ + ࢟૝ ≥ ૛࢞૛࢟૛, ࢞૝ + ૝ࢠ ≥ ૛࢞૛ࢠ૛,	 

࢞૝ + ࢚૝ ≥ ૛࢞૛࢚૛,࢟૝ + ૝ࢠ ≥ ૛࢟૛ࢠ૛,࢟૝ + ࢚૝ ≥ ૛࢟૛࢚૛, ૝ࢠ + ࢚૝ ≥ ૛ࢠ૛࢚૛. Summing this 

inequality, one obtains ૜(࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝) ≥ ૛∑࢞૛࢟૛. 

But we obtain ૚૛ = ૜ ⋅ ૝ = ૜(࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝) = ૛∑࢞૛࢟૛ = ૛ ⋅ ૟ = ૚૛, and this is 

followed by ࢞૛ = ࢟૛ = ૛ࢠ = ࢚૛ = ૚. We obtain: 

(࢞,࢟, ,ࢠ ࢚) ∈ {(૚,૚,−૚,−૚), (૚,−૚,૚,−૚), (૚,−૚,−૚,૚), (−૚,−૚,૚,૚)}

∪ {(−૚,૚,−૚,૚), (−૚,૚,૚,−૚)} 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍࢞ =
(ࢇ)

૙,෍࢞૛ =
(࢈)

૝,෍࢞૝ =
(ࢉ)
૝ 

Let ࢞ + ࢟ + ࢠ = ࣌(࢞),࢞૛ + ࢟૛ + ૛ࢠ = ࣌(࢞૛) and ࢞૝ + ࢟૝ + ૝ࢠ = ࣌(࢞૝) 

Now, ࣌(࢞૝) =
(૚)

૝ − ࢚૝ and ࣌(࢞૛) =
(૛)

૝ − ࢚૛ ∵ ࣌(࢞૝) ≥ ૚
૜

{࣌(࢞૛)}૛  

∴ ૝ − ࢚૛ ≥ ૚
૜

(૝ − ࢚૛)૛  (using (1), (2)) ⇒ ૚૛ − ૜࢚૝ ≥ ૚૟ − ૡ࢚૛ + ࢚૝ 

⇒ ૝࢚૝ − ૡ࢚૛ + ૝ ≤ ૙ ⇒ ૝(࢚૛ − ૚)૛ ≤ ૙  

⇒ ࢚૛ − ૚ = ૙(∵ (࢚૛ − ૚)૛ ≥ ૙	ࢊ࢔ࢇ	(࢚૛ − ૚)૛ ≤ ૙) ⇒ ࢚૛ = ࢚૝ = ૚ 

∴ ࣌(࢞૛) =
	(࢈)	࢟࢈

(૜)
૜ and ࣌(࢞૝) =

(ࢉ)	࢟࢈
૜ (using (1), (2)) 

Again, ࣌(࢞૝) ≥ ૚
૜
ቀ࣌(࢞૛)ቁ

૛
=

(૜)	࢟࢈
	 (∵ ࣌(࢞૛) = ૜) 

⇒ ࣌(࢞૝) ≥ ૜ with equality at ࢞ = ࢟ = ∵ and ࢠ ࣌(࢞૝) = ૜ ∴ equality occurs 

 ⇒ ࢞ = ࢟ = ࢞ Putting .ࢠ = ࢟ = in (3), we get ૜࢞૛ ࢠ = ૜ 

⇒ ࢞૛ = ࢟૛ = ૛ࢠ = ࢚૛ = ૚ and ∵ ∑ ࢞ = ૙ all possible solutions are: 

൮

࢞ = ૚
࢟ = ૚
ࢠ = −૚
࢚ = −૚

൲ ,൮

࢞ = ૚
࢟ = −૚
ࢠ = −૚
࢚ = −૚

൲ ,൮

࢞ = ૚
࢟ = −૚
ࢠ = −૚
࢚ = −૚

൲ ,൮

࢞ = −૚
࢟ = ૚
ࢠ = ૚
࢚ = −૚

൲ ,൮

࢞ = −૚
࢟ = ૚
ࢠ = −૚
࢚ = ૚

൲ ,൮

࢞ = −૚
࢟ = −૚
ࢠ = ૚
࢚ = ૚

൲ (Answer) 

Solution 3 by Khaled Abd Imouti-Damascus-Syria 

࢞ + ࢟ + +ࢠ ࢚ = ૙   (1) 
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࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ = ૝   (2) 

Plane: ࡼ:࢞ + ࢟ = ࢠ = −࢚. Sphere: ࡿ:࢞૛ + ࢟૛ + ૛ࢠ = ૝ − ࢚૛ 

ࡾ,૙(૙,૙,૙)ࡹ = √૝ − ࢚૛.	Dis (ࡹ૙,ࡼ) = |࢚|
√૜

 

|࢚|
√૜

≤ ඥ૝ − ࢚૛; 	࢚૛ ≤ ૜(૝ − ࢚૛); 	૝࢚૛ ≤ ૚૛; 	࢚૛ ≤ ૚૜; 	−√૜ ≤ ࢚ ≤ +√૜ 

There are six solutions: ࡼ ∩ ࡿ =

⎩
⎪⎪
⎨

⎪⎪
⎧

(૚,૚,−૚,−૚)
(−૚,૚,૚,−૚)
(−૚,−૚,૚,૚)
(૚,−૚,૚,−૚)

(−૚, +૚,−૚, +૚)
(−૚,૚,૚,−૚)
(૚,−૚,−૚,૚) ⎭

⎪⎪
⎬

⎪⎪
⎫

 

These six solutions are satisfying the equation: ࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝ = ૝. 

࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ − ૜ = ૚; 	࢚૛ − ૜ ≤ ૙; 	࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ − ૜ ≤ ࢞૛ + ࢟૛ +  ૛ࢠ

૚ ≤ ࢞૛ + ࢟૛ +  ᇱࡿ have ࢖࢙ ૛. So, plan must be tangentࢠ

 

ࡿ = {૚,−૚}; ૝૛࡯	 =
૝!

૛! ⋅ ૛! = ૟ 

   ࢚ ࢠ ࢟ ࢞

+૚ +૚ +૚ ૚ → ૝ 

+૚ +૚ +૚ −૚ → ૛ 

+૚ +૚ −૚ ૚ → ૛ 

+૚ +૚ −૚ −૚ → ૙ 

+૚ −૚ ૚ ૚ → ૛ 
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+૚ −૚ ૚ −૚ → ૙ 

+૚ −૚ −૚ ૚ → ૙ 

+૚ −૚ −૚ −૚ → −૛ 

−૚ +૚ ૚ ૚ → ૛ 

−૚ +૚ ૚ −૚ → ૙ 

−૚ +૚ −૚ ૚ → ૙ 

−૚ +૚ −૚ −૚ → −૛ 

−૚ −૚ ૚ ૚ → ૙ 

−૚ −૚ ૚ −૚ → −૛ 

−૚ −૚ −૚ ૚ → −૛ 

−૚ −૚ −૚ −૚ → −૝ 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

࢞ + ࢟ + ࢠ + ࢚ = ૙  (1) 

࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ = ૝   (2) 

࢞૝ + ࢟૝ + ૝ࢠ + ࢚૝ = ૝  (3) 

From (1), ࢞ + ࢟ = ࢠ)− + ࢚) ⇒ ࢞૛ + ࢟૛ + ૛࢞࢟ = ૛ࢠ + ࢚૛ + ૛࢚ࢠ 

⇒ ૛࢞࢟ = ૛(ࢠ૛ + ࢚૛) + ૛࢚ࢠ − ૝ 

⇒ ࢞࢟ = ૛ࢠ + ࢚૛ + ࢚ࢠ − ૛   (3) 

From (3), ࢞૛ + ࢟૛ = ૝ − ૛ࢠ) + ࢚૛) ⇒ ࢞૝ + ࢟૝ + ૛(࢞࢟)૛ = 

= ૚૟ + ૝ࢠ + ࢚૝ + ૛(࢚ࢠ)૛ = ૡ(ࢠ૛ + ࢚૛) 

⇒ ૛(࢞࢟)૛ = ૛(ࢠ૝ + ࢚૝) + ૛(࢚ࢠ)૛ − ૡ(ࢠ૛ + ࢚૛) + ૚૛ 

⇒ (࢞࢟)૛ = ૝ࢠ + ࢚૝ + ૛(࢚ࢠ) − ૝(ࢠ૛ + ࢚૛) + ૟   (4) 

From (3) and (4), we have ࢠ)࢚ࢠ૛ + ࢚૛ + ࢚ࢠ − ૛) = ૚ 

and since ࢞,࢟,ࢠ, ࢚ ∈ ℝ, hence ࢞,࢟, ,ࢠ ࢚ ∈ ℤ 

1. If ࢚ࢠ = ૚, then (ࢠ૛ + ࢚૛ + ࢚ࢠ − ૛) = ૚ ⇒ ૛ࢠ + ࢚૛ ≤ ૛ 

2. If ࢚ࢠ = −૚, then ࢠ૛ + ࢚૛ + ࢚ࢠ − ૛ = −૚ ⇒ ૛ࢠ + ࢚૛ = ૛ 

⇒ ࢠ = ૚, ࢚ = ૚ or ࢠ = −૚, ࢚ = ૚ 

and since ࢞ + ࢟ + +ࢠ ࢚ = ૙, hence its solution is 

{(૚,૚,−૚,−૚), (૚,−૚,૚,−૚), (૚,−૚,−૚,૚), (−૚,૚,૚,૚), (−૚,૚ − ૚,૚), (−૚,૚,૚,−૚)} 
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800. Solve for real numbers: 

⎩
⎨

⎧
૚ ≤ ࢞, ࢟, ࢠ ≤ ૜

(࢞ + ࢟ + (ࢠ ൬
૚
࢞ +

૚
࢟ +

૚
൰ࢠ =

૜૞
૜

૜࢟ + ૛܏ܗܔ ࢠ = ૜

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Khaled Abd Imouti-Damascus-Syria 

Solve for real numbers: ࡿᇱ ൞

૚ ≤ ࢞,࢟, ࢠ ≤ ૜
(࢞ + ࢟ + (ࢠ ቀ૚

࢞
+ ૚

࢟
+ ૚

ࢠ
ቁ = ૜૞

૜

૜࢟ + (ࢠ)૛܏ܗܔ = ૜
 

࢞ ∈ [૚,૜],࢟ ∈ [૚,૜], ࢠ ∈ [૚,૜] 

ࡿ

⎩
⎨

⎧(࢞ + ࢟ + (ࢠ ൬
૚
࢞ +

૚
࢟ +

૚
൰ࢠ =

૜ࡿ
૜

૜࢟ +
(ࢠ)ܖܔ
(૛)ܖܔ = ૜

 

૜࢟ = ૜ −
૚

(૛)ܖܔ ⋅ (ࢠ)ܖܔ ,૚ ≤ ࢠ ≤ ૜;(ࢠ)ࢌ = ૜࢟ 

(૜)ࢌ = ૜ −
૚

(૛)ܖܔ ⋅ (ࢠ)ܖܔ , [૚,૜]; (૚)ࢌ	 = ૜,ࢌ(૜) = ૜ −
(૜)ܖܔ
(૛)ܖܔ ; (ࢠ)ᇱࢌ	 = −

૚
(૛)ܖܔ ⋅

૚
ࢠ < 0 

 ૜																																																																										૚ ࢠ

−−− (ࢠ)ᇱࢌ −− −− −− −− −− −− − −− 

 (ࢠ)ࢌ
૜																																																											૜ −

(૜)ܖܔ
 (૛)ܖܔ

But: ૚ ≤ ࢟ ≤ ૜,ࢍ(࢟) = ૜࢟ = ࢟ࢋ  (૜)ܖܔ

(૚)ࢍ = ૜,ࢍ(૜) = ૛ૠ,ࢍᇱ(࢟) = (૜)ܖܔ ⋅ ࢟ࢋ (૜)ܖܔ > 0 

࢟ ૚																																																																									૜ 

+ (࢟)ᇱࢍ + + + + + + + + + + + + + + + + + 

 ૛ૠ																																																																						૜ (࢟)ࢍ

(ࢠ)ࢌ = ࢟ :when (࢟)ࢍ = ૚ and ࢠ = ૚ 

(࢞ + ૛) ൬
૚
࢞ + ૛൰ =

૜૞
૜ ⇒ (࢞ + ૛) ൬

૚ + ૛࢞
࢞ ൰ =

૜૞
૜  
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(࢞ + ૛)(૚ + ૛࢞) =
૜૞
૜ ࢞ ⇒ ૜(࢞ + ૛)(૚ + ૛࢞) = ૜૞࢞ 

૜(࢞ + ૛࢞૛ + ૛ + ૝࢞) = ૜૞࢞ ⇒ ૜(૛࢞૛ + ૞࢞ + ૛) = ૜૞࢞ 

૟࢞૛ + ૚૞࢞ − ૜૞࢞ + ૟ = ૙ ⇒ ૟࢞૛ − ૛૙࢞ + ૟ = ૙ ÷ (૛) ⇒ ૜࢞૛ − ૚૙࢞ + ૜ = ૙ 

ઢ = ૚૙૙ − ૝(૜)(૜) = ૚૙૙ − ૜૟ = ૟૝ ⇒ √ઢ = ૡ 

࢞ = ૚૙ିૡ
૟

= ૛
૟

= ૚
૜
∉ [૚,૜] or ࢞ = ૚૙ାૡ

૟
= ૚ૡ

૟
= ૜ ∈ [૚,૜) 

So: (࢞,࢟,ࢠ) = (૜,૚,૚) 

Solution 2 by Lazaros Zachariadis-Thesaloniki-Greece 

if ࢠ ∈ (૚,૜] then ܖܔ ࢠ
૛ܖܔ

> 0 ⇔ ૛܏ܗܔ ࢠ > 0 

if ࢟ ∈ (૚,૜] then ૜࢟ > 3       (+) 

−− −− −− −− −− −− −− − −− 

So: ૜࢟ + ૛܏ܗܔ ࢠ > 3 

Likewise, if ࢠ ∈ [૚,૜] ∨ ࢟ ∈ (૚,૜] and ࢠ ∈ (૚,૜] ∨ ࢟ ∈ [૚,૜] 

૜࢟ + ૛܏ܗܔ ࢠ = ૜ if-f ࢟ = ࢠ = ૚ 

Then (࢞ + ࢟ + (ࢠ ቀ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
ቁ = ૜૞

૜
 because (࢞ + ૛) ቀ૚

࢞
+ ૛ቁ = ૜૞

૜
 

૚ + ૛࢞ +
૛
࢞ + ૝ =

૜૞
૜ ⇔ ૛൬࢞ +

૚
࢞൰ =

∞
૜ ⇔ ࢞ +

૚
࢞ =

૚૙
૜ ⇔

૜࢞
 

⇔ ૜࢞૛ − ૚૙࢞ + ૜ = ૙ 

࢞ =
૚૙ ± √૚૙૙ − ૝ ⋅ ૢ

૛ ⋅ ૜ =
૚૙ ± ૡ
૟ ൾ

૚ૡ
૟ = ૜
૛
૟ =

૚
૜

 

(࢞,࢟, (ࢠ = (૜,૚,૚) 

Solution 3 by Ruangkhaw Chaoka-Chiangrai-Thailand 

(࢞ + ࢟ + (ࢠ ቀ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
ቁ = ૜૞

૜
   (1) 

૜࢟ + ૛܏ܗܔ ࢠ = ૜   (2) 

We’ll show that (࢞ + ࢟ + (ࢠ ቀ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
ቁ ≤ ૜૞

૜
; ૚ ≤ ࢞,࢟, ࢠ ≤ ૜ 

Or ࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞

+ ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
≤
?? ૛૟

૜
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WLOG ࢞ ≥ ࢟ ≥ ࢠ ⇒ ૙ ≤ (࢞ − ࢟)(࢟ − (ࢠ ⇔ ࢞ࢠ + ࢟૛ ≤ ࢞࢟ +  ࢠ࢟

൞

ࢠ
࢟ +

࢟
࢞ ≤ ૚ +

ࢠ
࢞

࢞
࢟ +

࢟
ࢠ ≤

࢞
ࢠ + ૚

⇒
ା ࢞
࢟ +

࢟
ࢠ +

ࢠ
࢟ +

࢟
࢞ ≤

࢞
ࢠ +

ࢠ
࢞ + ૛ 

࢞
࢟ +

࢟
ࢠ +

ࢠ
࢞ +

࢟
࢞ +

ࢠ
࢟ +

࢞
ࢠ ≤ ૛ ቀ

࢞
ࢠ +

ࢠ
࢞
ቁ+ ૛ 

It remains to show that ૛ ቀ࢞
ࢠ

+ ࢠ
࢞
ቁ + ૛ ≤ ૛૟

૜
  (3) 

Let ࢚ = ࢞
ࢠ

;૚ ≤ ࢚ ≤ ૜ ⇔ (3); ࢚ + ૚
࢚
≤ ૚૙

૜
⇔ (૜࢚ − ૚)(࢚ − ૜) ≤ ૙ 

Which is true ∴ (1) is the hold point of inequality at ࢚ = ࢞
ࢠ

= ૜ 

൜࢞ = ૜, ࢠ = ૚ ⇒ ࢟ = ૚
࢞ = ૜, ࢠ = ૚ ⇒ ࢟ = ૜  and permutations →  (2) 

∴ (࢞,࢟, (ࢠ = (૜,૚,૚) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 

 


