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701. Prove the following relation:

f ———— ncot(nx)—%)sm(nx)e ”"dx—1< <2 f5\/f 7 —n+3>+2>
0

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Tobi Joshua-Nigeria

[e/e)
1 N
_——— n'cotn'x—— sinTx e ™dx
x X
0

Vx

r 1 1 sinmtx e™ ™
I=f(1————)(ncosn’xe‘""—7)dx
Ve ox x

0

—TX

1 1 sinmx e sm nxe ™
I=f (1—— )(ncosrrxe ) — ( dx+f )dx
Vxoox J

(0]

0

f(l 1 1)( “ry f sm X e‘"")d +f (sin X e‘"")d .
= ————|(mcosmxe —)dx ——)dx

) Vx x x xvx

+ [ (S"‘":e M) dx = applying by part

r 1 r (1t cos Tx e~ ™) r sinmtxe ™
f 1 -— (n' cos Tx e ™)dx — f p dx — f (7) dx +
0 0

\/ X
(o0 (o0
sm nxe ”x sin tx e ™% sm nxe ”x (1'[ cos Tx e~ ™)
+ X+——— —m@ x+ dx
0 0 0
(o0 (o0 (o0
o sm mxe ™ sm mxe ™
1—— (mcosmxe™ )dx—(1+1'r) dx+ dx+1'r
0 0

r (1t cos Tx e~ ™) sintxe™ ™
A :f (1t cos mx e ™) — dx—f(1+n') (7)dx+
0 Va 0 x

(00

f sm mxe ™

+ dx+n'

0
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1 ( —Ttx(l+1)) sin 7rx < (e—n:x(—i+1))
A———Ren’fidx (1+1T)L{ } +Imf dx+m
2 X Jgop xVx

A 1 R Vm
==—Re
2 \/i+10

x_T (e™dx—(1+m) (g) +

N — i
+Im(n'2)m0fx 2(e X)dx+m

A=1_Re ‘/E F(l>—(1+n)(§)+lm(n;> (1—i)I‘(—%)+n'

2 i+1 \2
—(1+7) (%) —2Im(m) A =D + 7

A=5- nReﬁ[cos (g) —isin (g)] —(1+m) (g) -

~2im(m) (V2 [cos (F) - isin (§)] + =
[@] e

- (1+m) (3) +2(m) (ﬁ

1 11'\/1+ +1r’2\/f 5 <Z+n’>

A——+ [JZ\/E 2 — 1+\/_] <Z+”>+n
1=y 5 Nsz 7| ()
I=%<2+2n’[/5\/i—7]—(n'2+3n')>
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702. If:

Q) = (Z(zk tan(zke))> + 2™+1 cot(27119)
k=0

then:

((ﬂ(a))2 + <ﬂ (9)_2) do

_ 5Sm+12 4(\/8—2\/6 2V2 — \/2 ) 3(1 \/_+\/_)

-+

12 462 V36

Proposed by Naren Bhandari-Bajura-Nepal

R — B‘g‘
)

Solution by Mokhtar Khassani-Mostaganem-Algerie

n
Q) = z 2k tan(ezk) + 2k+1 cot(02k+1)

n n n
: 02k+1 : 02k+1 02k+1
| |cos(92k) _ | |Sm_( ) _ sin( ):> }:log(cos(ezk)) sin(62*"1)
k=0 k

=1
4 2sin(82k) 2ntlsin@ 08 5n+1ging

sin(02k+1)
n K dlog| St
z d log(cos(62%)) 2n+1sin @ z 2 tan(62*) =
= = = =
do do an
k=0
= cotf — 21 cot(92™*1)
51 51
120 X 120 X
:>Q(0)=cot0:>M=f <92(0)+ 5 >d0=f <c0t20+ 0)(10
Q2 (5 cot? 5
i (z)) 2
5m
={-0- t0}1521:)+{ 0+2t e}m_ Sl t5n+2t 51T+1T+1 2t d
- ot n M2 T 760 120" T 240 2 Mg

. T
5 T T sin—
=—+3- fo_—cot—+2tan— tan—=—3% _=y2-1
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V3+1
T 1+
or T olreos T 2v2
24 o T
sm12 \/§ 1
1+ cos V3+1
6
=2+/2+V3+ — =
=2++v2++3 \/_cos12 2 Wi
—cosg5
T sino 2—-+2++3
tanﬁ
1+C°s /1+cosn 2+ |2+/2+3
5 2-V2+3
M=E+1—3\/E—\/§—\/5+2
2+ [2++/2+4/3
V2 =
51T - 4'—\/3_\/E
=51+ 2\/7 -3vV2-V3-+6
2+ 4+V6+2

wm(z_m)

=51+ PR -3V2-v3-+6
2
_5m 28— 2v6 - 2v2 - 2y/2 - V3 3
R e e

51 \/8 2V6 —2V2 — 2 -3 31—\/8+\/ﬁ

=—4+1+

12 46—z T B
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703. Prove that:

[e9) 2 1 1
1 In(x) 1 (In(x) 1 [ In2(1 + x2) p xtan"1x p
— o ——dx—= o — T Cdx+ | ———dx +
4fx2+1 * zf x 4f x2 * a+x2) ™
0 0 0

1 co
1 [ In(1 + x?) 1 In(x?+1)
+5f—dx+§f S xZ+1

1+ x2 x2+1
0 0

/4
dx =G — Zln(Z)

where G is Catalan’s constant
Proposed by Abdul Hafeez Ayinde-Nigeria
Solution by Avishek Mitra-West Bengal-India

r log x

—— _dx=>x=tanz = dx =sec?zdz
(1+x2)

oI =

i i

z 2
f log(tan z)
0

T
2 — T _
(1+tanZ2) -sec“zdz flog(tan(2 z)) dz log(cotz) dz
0

T
2

—f log(tanz)dz=-1, 21, =0=>1, =0
0

log x dx log?x]° log?2
@Iz—f & flogx d(logx)—[ gz ] = gz
1

1
xtan 1x

I3 D) dx=>x=tanz = dx =sec“zdz
0

™

T
4
E
Zfztanzdz = [zlog(secz)]g +flog(cosz) dz
0

T
1 o
o T (—=1)" - cos(2nz)
—Zlog(secz)+f[—log2—zz1 o dz
0 n=
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™

oo 4
T T (-)"
= §log2 - Zlogz - z - f cos(2nz) dz
n=1 0
oo . nm
= Tlog2—> (o -sin () T log2 + CO log2 + 2
~ g% 2 L, n? _8g2(2n1)2 sg 2
n=
T T
log(1 2) 4 4 L2 2
og(l+x 2 _f sin“z + cos“ z
@14—f A+ fog(1+tan z)dz = log( cosZ 7 >dz
0 0

T
1

= —Zflog(cosz) dz = —2[ —log2 + 2] —log2 G
0

T T
2 oa(? 1) 7 I
og(x* + " _ f
eI = Er1) fog(1+tan z)dz = -2 | log(cosz)dz
0 0
logZ(1 + x2)
3 T B _ (log*(1+x
=-2 (—ElogZ) =mnlog2 I —ffdx
0
log(l + xZ) f 2log(1 + x?) 2x 4
(1+ x2)x x
log(1+x2) 14
— _los2?2 + O T = _los22 + 4 (= _
log=2 + 4 1+ 2 dx log=~ 2 4(210g2 G)
| | 1 | |
:—log22+2n’log2—4G@—ZI—EZ—£+I3+E4+§5
— _o_log’2 1(1 2+ 2mlog2 — 46G) 1 2+G+1(1 2—G)+—log2
= 1 og? mlog og > t5(5log glog

= Tlog2+6—"log2+ %+ T10g2 - E+ T log2 = G — “log2
— 208 g 0BeTy T l08a Ty T gloga = T 08
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704. Prove that:

(21t> (51t> (61t> B V13 —3
cos 13 cos 3 cos 3) T

Proposed by Vasile Mircea Popa-Romania

Solution 1 by Marian Ursdrescu-Romania
Let £ be the root of the equation x13 =1 =

2w . . 21 3 61 . . 6w
g=cos—+isin— > &°> = cos—+ isin— and
13 13 13 13

89:cosls—n+isin&r=cos(n’+5—n)+isin(n’+5—n)=—coss—n—isin5—n:>
13 13 13 13 13 13
—£9=coss—n+isin5—n:>
13 13
2T 5w 6mr 1 1 3 1 9 1\
°°S?°°S§'°°SE—‘§(“E)(£ +z)(f +5)—

=_ % (g + £12) (3 + £19) (&2 + £*) = we must show:

v13 -3
—_— Y &

1
——(e+2)( + 1) (e + &%) =
8(8 el®)(& + e19)(e? + &) T

(e +£12)(e* + ) (&2 + ) = 2 (1)

Let z= (e + €12)(&3 + £19) (& + &%) = (e* + €11 + &3 + £9) (&% + &%)
=1+ ++2+el+eb+85+1>
z=eM+B+e7+eb+e5+2+2 (2)
zZ=(£11+£8+£7+£6+£5+£Z+2)2:

O+ +e+e2+610+ e +4+260+ 265+ 264 +
+2€3 + 1+ 411 + 262 + 26 + 2+ 2610 + 468 +
+2 + 2612 + 2% + 267 + 2™ + 268 + 468 + 267 + 465 + 4€% =
=32 + 611 + 310+ 3% + 6% + 467 + 468 + 6% +3e* + 62+ 3+ 7 (2)

From ()+(2)=22=32-1=05A=9+4=13 5 z,, = 2 5 ;=328

>1

3+vV13
because f
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Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

Let m = cos( )cos (5 )cos( )and n= cos( )cos( )cos (3:)
2w 5m 6m T 3n T
m+n=cos(E)cos(13)cos(13) COS(E)COS(B)COS(B)_

_ cos (73) + cos (73) cos (61T) L o8 (13) *+ cos (33) cos (91T)

2 13 2 13
Sa(mtn) = 1+ ( n') (311') (211') (511')
m+n) = cos 13 + cos 13 + cos 13 + cos 13
. (711') (911') (1111') 1 1 8(m + n) 3
= — —_—_— _ —
cos 13 + cos 13 + cos 13 > m+n
~ Note: cos (3—:) = —cos (:Z) cos (j:) = —cos (13) and cos ( 3) — CoS (116—3”) also:
£ 1
z cos((Zn + 1)z) = esc zsin(2(k + 1)z)
n=0

= 2mnsin (1) = —2sin (1) cos (1) cos (2_11) cos (4_11) cos (6_11) cos (81‘[) cos (161‘[)
13/ 13 13 13 13 13 13 13/

1 (3211) (611)_ 1 (711) (711) 1 (n)
= sin cos {13 16sm 13)°s(13) = ~3250 (3

16 13
{B(m +n)=-3 m and n are the roots of the equation: 64x? + 24x—1 =0,
64mn = -1
-0 v13 -3
= =
m m e

2v+1

e n) = (_Zt)p where: p = E] [.]GIF

in my solution we can take: u = 6 we find: 64mn = —1

Something more generic: [[*~ cos (

705. Prove that:

- (1)_“[, (5)_16 )
1\3)" F1\g) "3 "

where W, (x) is the trigamma function.

Proposed by Vasile Mircea Popa — Romania
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Solution 1 by Abdul Hafeez Ayinde-Nigeria

s =0 ()i ()= ﬁ = 4n’?

ilg) = = ()

1
3z—5
r(3z) = %F(Z)I‘ (z + %) r (z + g) is a duplication formula.

From ERF, we obtain ¢, (1 — z) + ¢,(2) =

Oy (32) = 94(a) + v (24 3) + 9 (5+)
9y, (1) = Py ( ) + 1y ( ) + (1)
81 (1) = ¥, (5) + ¥ (5)

Ten)onl

r (z + E) = rr((iz)‘/— is also a duplication formula.

Y1 (Z+1) 41, (22) — P4(2)
i1 (5) =1 () - . (3

ni(g)=2:(5)-n(3)

L ()2 ()= )

21 (g) r 30 (5) =50 3)

We have proven ¥, () = 4n? — ¢, (3)
5w (3) 91 g) = 4m + (%) 0. (3)
591 ()01 () = o 5 (1 5) 1 () + S )
i) (D)= o )20 )+ 2]
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s (5) + 1 (¢) =47+ (5) + i (5)
50, (3 () - ame 57207
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

oo () )= om () () o -3 o)1)

4 2 16
= —_— = —T1
sin? (g) 3
1 2
Note: W; (z) + Wy (z+3) = 4%,(2z) and W, (z) + ¥, (1 — 2) = i

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador

o (3450 () 3 2) o0, )+l

_ 1 21-24/ar (2x)])
=S¥ (§)+{'“[ @) }

1
x==

-3

_1
=3

= 59 (%) + {(1 —2x)In(2) + '“;”)

+In[r'(22)] —ln[I‘(x)]} ‘ . =

X=§

= 5, (%) + [-21In(2) + 29, (2x) — 1I)o(x)]'|x:%
= 5y, (%) + [4y,(2x) — 1li(x)]'|x:% =59 (%) + 4y, (g) — Y (%) =

=4[y, (3) + ¥4 (5)] = #tmirGora - on 1 _s

3

n ! = 4 —
= 4{ln [m]} x:% = 4{In(x) — In[sin(mrx)]} |x:% =
cos(mx)] B —msin?(rx) — m cos?(mrx)
[_ sin(mx) e T [ sin? (mrx) ] 1
- x=1

4m? 4m* 16
3 3"

2

1
" [sinz(n'x)] 1 2 (T -
x=3 sin (§) 1
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706. Prove that:

F(ﬂ—a+1)l‘(§+1)
r(g+ 1)I‘(§—a+1)

2F1(anﬂnﬂ_a+1|_1) =

Proposed by Nawar Alasadi-Babylon-Iraq

Solution by proposer

(@B,
X

. 2F1(“ By X) = nl (y)

1-2-...(a—Da(a+1)(a+n-1) _ I'(a+n)
1-2-..(a—1) G

B _TB+n) T(@y) TMr@E+mrly-p) _
"W T Ty+n) TEry+nry-pg)
_I@Or@+nre-p 1
TR T(B+n+y—pB) T(y—p)

1
Bn _ r(y)  a\r—B-14B+n-1 Jp —
M TETT - f (o=

Where (a), =a(a+1)..(a+n—-1) =

thtn-1 (1 — )y F-1qdt = tPn-1(1 — ¢)vB-1d¢

F(B)F(y B)f
TB+y-p)°

1
+n— +n— (a)"x —
ZFI(“’”")_ZB(M ﬂ)fﬁ IJB a0 (S o

- 1 (@), (xt)™
=N = | ¢B1(q 81
;B(ﬂ,y—ﬂ)!t (1-v)yY . dt

1
_ 1 _ _ () (xt)"
ZFl_moftﬁl(l_t)“HZ n

n=0

1
= 1 - —p- ala+1)
_m!tﬁ Ta-or 1{1+axt+T(xt)z+...}dt
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r(y)

mo th-1(1—-t)r P 1(1 —xt)~%dt |x| <1,y > >0

ZF1(“1ﬂ1Y1x) =
Puttingx=-1landy=f—-a+1

JFi(a,B.B—a+1,-1)= tP1(1—-t) (1 +¢t) %t =

1o

mf -y ta
rB—a+1)°

Letz=t? = dz = 2t dt
1T(f—a+ 1)
21(p)ra - )

11‘([2 a+1) ([}1 a)

T 2r@ri-a)

1T(f—a+1) F(B)F(l @) r(ﬂ—a+1)g
2T(Rr(1-a)’ r(5- a+1)_ ar(r(§-a+

[(B—a+1)r (/’+ 1)

2F1(“,ﬂ,ﬂ—a+ 1,—1) __1 (1_2)(1 a)— 1dZ_

ZF1(“,B,B —-—a+ 1,—1)
+1

r(2)
)

“oFi(a,B,B—a+1,—-1) =
= F([}+1)F(g—a+1)

707. Prove that:

3 4 61 Or 3 21 3 5wt
1+cos—+cos——cos—+ |1+ coS— — cos— — coS— +

19 19 19 19 19 19

3 T 71T 8t 13 5
+ |1 —cos— — cos— + cos— = — _|12V19 — 4
J cos19 cos 19 cos19 2

Proposed by Vasile Mircea Popa-Romania
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Solution by Ruangkhaw Chaoka-Chiangrai-Thailand

3 9t 13m 15w 3 5 17
Or 2—2(cos—+cos—+cos—)+ 2—2(cos—+cos—+cos—)
19 19 19 19 19 19

+3\/2 _z(cos—9+cos—+cosll—”) \ﬁ 1 (a)

13m 15m
(xl 2 (cos—9+ cos— -+ cos )
J =2
2

19

(cosE+coss—+cos—) be the roots of x3 — x* —6x +7 = 0 (b)

11w
(COS — + COS — + COoSs —)

|
x5 =

Llety; =2 —x13,y2=2—xpandy; =2—x3=> (@) 3}y, + 3y, +3/y Z33-¥19-1

y-2-—x=(b);y} -5y +2y+1=0(c)andleta=3/y;,b=3/y,andc=3y;3

p=a+b+c a*+b*+c3=5
Letp,q.r ER {q = ab+ bc+ ca < (C);{a3b3 + b3¢3 + c3a3 = 2
r = abc abh3cd3=—-1=>r=-1

- ad+b3+c3=p>-3pq+3r=5=>p3-3pg=8-(1)
albd+b3c3+c3al=q3-3pqr+3r:=2=>q¢3+3pqg=-1-(2)

D+@):p>+q* =7 p®+p3q® =7p® © 27p° + 27p3q® = 189p3 &
o 27p° + (p3 — 8)3 = 189p3
p? +3p+3p3-512=0p’+3p°+3p3+1=513 o (p3+1)3=513

opd+1=3-Y19-.p=v3-¥Y19-1

708. Prove that:

21 51t+ 61t_1
sin 13 — sin 13 sin 13~ 2

13 -3v13
2

Proposed by Vasile Mircea Popa — Romania
Solution by Marian Ursdrescu — Romania

Let £ be the root of equation x13 =1 =

2 2 1 1 2T 2
E=cos—+isin—=¢& ' '=—=cos——isin—=>

13 13 £ 13 13
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£—§=2isini—::>sini—:=%(s—i) (1)

18w . . 18w 51 . . 51
Now: 89 =CcoS— +1SIn— = CcoS (Tl’ +—) + 1sin (1T+—)
13 13 13 13

50 5m 9 5n'+_ . 5m
= — [ — - = - — =
cos o —isin g € =cos_o+isin
2+ L =2isinZTosinT=_1(g2-_1
£ +—5=2isin— = sin— Zi(s 89) )
3 _ 61't+__6n':> 51 6m __61r:>
g =cosZ+isinz=e7 =F=coso—isin3

1 . . bm . 6 1 1
3 — = =2isin— = sin— = —_(83 ——) 3)
& 13 13 2i &

. 2T .. 5m . 6m
From (1)+(2)+(3) = sin— —sin =+ sin— =

Zl(£—1+£9—£l9+£3—£l) Z%(£—£12+£9—£4+£3—£1°) 4
letz=e—e2+&9—et+e3 -0 22 = (e — 12+ &% — gt + &3 — gl0)2 =
2612 — g11 4+ 2610 + 269 — 8 — g7 — 6 — 5 + 264 + 263 — 2 + 26— 6 (5)
=zt = (2%)? = —25&1% + 14&™ — 25610 — 2569 + 14£% + 147 +
+14% + 14&> — 24&* — 253 + 14£? — 256 + 66 (6)

From (5)+(6)=> z* + 1322 +13 =0,z =t >

7= 13—:\/ﬁ @)

6mr _ 1 [13-3v13

. 2T .
From (4)+(7)= sin 5~ sin 52 >

51 .
— + sin
13

709. Inspired by Srinivasa Raghava

Let T(n) be the n™" triangular number and M = 2 3% T (n + l)

n=17(1(T(n)) 2
Prove that:
ﬁ(l 1 ) 1 i n**1  sinh(mw)
kM) Aan /. Qr+1)!  Ax
k=2 r=0

Proposed by Naren Bhandari-Bajura-Nepal
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Solution by proposer

As T(n) is nth triangular number, so, we have: 2T (n) = n? + n and we shall show

T(n) _ 64

. _ .2 _
T(T(T(m))  (n?+n+2)(n*+2n3+3n2 +2n+8) Since 2T(n) = n® + n, so:

that:

T(T() = "2 (T(n) + 1) = 2 (®? + n)(n? + n +2)) and hence
T(T(T())) = @ (T(T(n)) + 2)

128((n +n)(n2 + n + 2){(n? + n)(n? +n+z)+8})

Tm) 64 _ 64
T(T(T(n))) N (n2+n+2)((n2+n)(n2+n+2)+8) "~ (n2+n+2)(n*+2n3+3n% +2n+8)

therefore, we have:

Further

5 z T(n) ( z 64(2n+1)
(T(T(n)) ) (n? + n+2)(n* + 2n3 + 3n% + 2n + 8)
Sincen* +2n3 +3n? +2n+8 = (n®> —n + 2)(n? + 3n + 4). Therefore,

M_z 64(2n+ 1)
B 1(nZ +n+2)n2-—n+2)n2+3n+4)
n=

After partial fraction decomposition of the summand we have:
M_8i< 2n+1 n-1 _ n+1 )
B —_\n?+n+2 n’-n+2 n’+3n+4

3 0 2n+1 n n+1 .
= —-—— - + — — = :
8 ( > Pl (n2+n+2 T n2+n+z)) 4. So, we will evaluate:

[10-2)=TT2 )

The latter product is easy to evaluate as:

(0]

I (1 1 I <1+1 1
s kz) o \2 Zm)_z

And to evaluate the former product we shall be using Euler Product formula which

. 2
isas >~ = ]'[;'f:l( 2 2) Setting x = im where i = V-1 we have:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh. ro

(o

which is

- 1 e —e” n**1  sinh(m)
[ [(+@) =" Z
k2 2r 27 2r+1) 2=m

Finally, we get:

ﬁ (1 1 ) 1« merl __ sinh(m)
n* 411' (Zr +1)! 4rm

710. Solve for x € (0721)

1
sinx + cosx + tan x + cotx+E(secx+ cscx) = 2(1 +\/E)

Proposed by Daniel Sitaru — Romania

Solution 1 by Khaled Abd Imouti-Damascus-Syria

sinx + cosx + + + =

sinx cosx 1 ( 1 1
+
cosx sinx 2

)=2(1+2)

cosx sinx

) sin? x + cos’x 1 sinx+ cosx
sinx + cos x + — + - — 22(1+\/§)
sinx-cosx 2 sinx-cosx

. 1 1 sinx +cosx
sin x + cosx + — + = — 22(1+\/E)
sinx-cosx 2 sinx-cosx

. 2+sinx-cosx
sinx +cosx + - 22(1+\/2)
2sinx-cosx

Suppose: y =sinx + cosx

21

y?=1+2sinx-cosx = =sinx-cosx

y, 2+y
IUZ—-EZ(“@

3
y’—y+t2+y +2
-1 =2(1+V2)= — =2+ +2v2

y3+2:(2+2\/f)y2—(2+2\/§)
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y:P+2=(2+2V2)y? —2-22
Y - (2+2V2)y? +4+2V2=0 (¥
Note: y = V2 satisfying the equation (*):
2V2-2(2+2V2)+4+2V2=2V2-4-4V2+4+2V2=0
y:+(-2-2vV2)y

y—v2 |y —(2+2V2)y* +4+2V2

(-2 -V2)y? +4+2V2
F(-2-V2)y’ F4F2v2

(y-v2)(»* - (2++2)y) =0
}"(y—(2+\/i))-(y—\/i)=0—>y=0:>sinx+cosx:0

\/Ecos(x—g)zo

x—Z=§+n'k:>x=3—"+n'kimpossib|e—>y=2+\/i
\/_cos(x——) V2(1+2)
cos (x _%) =1++/2 > 0impossible— y = 2

VZcos(x-7) = V2

cos(x—g)=1:>x—§=2n'k

=2 ok
x—4 Vi3

Forkzo:x:%e]o,g[
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So: the equation has a unique solution in the ]0%[

=)

Solution 2 by Sohini Mondal-India

2
tanx + cotx = (\/tanx ++cotx) —2

(\/tanx ++cotx) >0
~tanx+cotx > 2

Again,w > +sinx-cosx [asAM > GM]

1 1
= (sinx+cosx)<1+_—) > 2\/sinx-cosx<1+—)
2sinx - cosx

2sinx - cosx

. 1 . 1
= f(x) = smx+cosx+i(secx+cscx) > (2 smx-cosx+—)

Vvsinx - cosx
Let, vsinx:-cosx =1t

Sf®) =26+ f(O=2—5; f'(€) =5 1 f/ () = 0, thent =

2

Sl

Now, f"(t) =2V2 - f'(t) > 0

1 1
S Vsinx-cosx =—>=sinx-cosx = —
V2 2
:>Zsinx-cosx=1:>sin2x=1:>x=E[x€(0,E)]
4 2

1 T fid 1
f(x) =sinx+cosx+—=(secx+cscx) > | 2 /sin—-cos—+— =22
2 4 4 f s 3
sing - cosz

~f(x) = 2vV2
tanx + cotx > 2 equality holds for x = %as X € (Og)
sinx + cosx + % (secx + cscx) > 2v/2 minimafound atx = %Where minimum value
of the expression is 2v2, so equality holds for x = Tasx € (Og)
So, in, sin x + cosx + tanx + cotx + % (secx + cscx) > 2(1 + \/i) equality holds for

™

x= %. So, only solution x =
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Solution 3 by Tran Hong-Dong Thap-Vietnam

X E (0;;) = sinx;cosx>0

sinx cos x (AM-GM) sinx cosx
tanx + cotx = + — > 2 - — =2
cosx sinx cosx sinx

_ 1 _ 1/ 1 1
sinx + cosx + =(secx + cscx) =sinx +cosx + = + —
2 2\cosx sinx

1
=(sinx+cosx)(1+ - )
2-cosx-sinx

(AM~-GM)

= ZVSinx-cosx(1+

1 (t=+sinx-cos x) 1 (AM-GM)
: ) = 2t +— > 2V2
2-cosx-sinx t

1
:>sinx+cosx+tanx+cotx+E(secx+cscx) = 2\/5

tanx = cotx 0<x<} -

Equality & : 1 & x=-
2vVsinx-cosx = ——

Vsinx-cos x 4

Solution 4 by Sudhir Jha-Kolkata-India

tanx + cotx > 2ytanxcotx = 2 (I)
Equality holds for x = %

sin x + cos x > 2vVsinx cosx = V2 sinx (lIl)

secx+cscx 2 1 2
————~>+secxcscx = [————— = =(secx+cscx) > [— (nn
2 2sinxcosx 2 sin2x

. 1 - 1
(I)+(1) = sin x + cosx+E(secx+ cscx) > \/7( sin 2x+m)

= sinx + cos x +%(sec+ cscx) >+/2(2) (IV)

1 1
Vsin 2x Vsin2x

sin2x

1
v /sin 2x + > 2\/\/sin2x-

Now, ()+(IV) = sinx + cos x + tanx + cos x + % (secx +cscx) > 2(1 + \/7)

Equality holdsforx =7 -~ x =T € (Og) is the solution of the given equation.
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711. Solve for real numbers:

Vat +16x3 +49x2 + 81 + 3/x3 + 25x2 + 27 = \/4x3 + 25x2 + 100x + 36
Proposed by Naren Bhandari-Bajura- Nepal

Solution by Michael Sterghiou-Greece

Vxt + 16x3 +49x2 + 81 + 3/x3 + 25x2 + 27 = /4x3 + 25x2 + 100x + 36
(1) can be written as Y4 + /B # /C where A, B, C the respective polynomial roots.
1) Assume x > 0 then all roots have meaning. We have (4, B, C > 0)
VB> %A o B*— 43 >0 o a2 f(x) > 0where f(x) = 52x° + 2835x8 + 53808x7 +
+353647x% + 79476x5 + 1488x* — 162324x3 + 2130624x* — 236196x + 1033833
f(x) > 0for x > 0 as can be easily shown [if x > 1 obvious, if x < 1 the constant
overweight the negative terms]

V€ > 23/B & €3 > 64B% < €3 — 64B% > 0, because €3 — 64B% = x - g(x) where
g(x) = 64x8 +1200x7 + 12300x% + 77289x> + 325900x* + 863900x3 +
+1552096x% + 1090800x + 388800 > 0
Therefore +/C > 23/B > YB + Y4 so, (1) has no solutions.

2) Assume x < 0. The inequalities A > 0,C > 0 are true when x > 9 whereJ =~ —0.4
so —|9| < x < 0inwhich B > 0 too. The above polynomial f(x) as positive (easy as
the negative terms — powers of 9,7, 5 are smaller than the constant term).

We can also show that V€ < 2VA4 < €2 —16A <0 o x-h(x) <0
h(x) = 16x> + 200x* + 1409x3 + 5032x% + 11016x + 7200 as all negative terms
are less than constant for x = —0. 4 in which they become maximal. Now,

V€ < 23/4 < /A + /B hence no solution. Therefore, the only solution is x = 0. Done.
712. Compute the integral in a closed — form

[ (V-1

f log <T - e‘”x> e ™dx

0

Proposed by Srinivasa Raghava-AIRMC-India
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Solution 1 by Dawid Bialek-Poland

co \/g_l _ \/§—3 \/g_l
t= —e ™ <t<
f lOg( —nx> e ™dx = 2 d? 2 =
0 dx = ——
Tl-eﬂ.'x
5—
_1 f In(e) dt 2" —[tln(t)—t] 21:
T No73
V5-3 5
2
1 \/3—1l V5-1\ (V5-1 \/3—3l V5-3\  (V5-3)\] _
-5 (5)-(5) - (5 () ()

=D m () - (E)m(E2) -1 @

2 2
We can also express the result (1) using the golden ratio:

‘r;l —the golden ratio. Then, we get:

Le.fT—cD 1 ——cb 2, where ® =

f log <\/§2_ 1_ e‘"") e ™ dx = %[(cp D) In(@ — 1) — (@ — 2) In(® — 2) — 1] =
0

= 1[(cp— Din(®-1)—(®-2)In((-1)- 2-®))-1] =

_[(q’ Din(®-1)— (@ -2)In(2 - ®) —1—(® —2)In(-1)] In(-D=im

——[(CD—l)ln(CD—1)—(¢>—2)ln(2—¢>)—1]—i(¢>—2)=

- %[cp In (;p —(11)) +1In <(2¢__¢1)2> - 1] —i(®-2)

B Imaginary
part

Real part

Solution 2 by Tobi Joshua-Nigeria

f(

1
%flog(ﬁ_l—x>dx

—TL’X> e—ﬂ.’xdx

2
0
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v/5-3

Letd)——andl—a N

1f10g(¢ x) dx

1
lo
f 1——d + gd)

1 1 k+1
_lka+1dxz($) +log¢
s (k+1) T

0 k=0
k+1

_lkaﬂdxi(%) +logq)
T

k=0 (k * 1) m

0
k

1
1 (5) . log ¢
Tl'kzl(k)(k+1) T
K

2@ 18 (@) 1oge

] (k) n (k+1) po
ST
tog(1- (3)) 21~ oo 1- () 222

g (1- (3) 2] -2+ 22 s (529 -
log<\/§_3>=log<\/§2_1>+in- @

V5-1
log<\/§2— 1>

[

k

1
T

: +—log( 1) But
T

™

[l"g (ﬁz_ 1) " i”] [(3 - VE)]

1
——+
T
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s (57 (55 os(55)

- 2 7 ‘;“'K%g)]

+

og (Y51 o (5F D)oL )
U ) o) T
tog (Y51 (V5 + 1)log Y21 )
e o 0T sy
(259 (5], e
7(V5+1) n [<\/_+1>]

e Y

e (5

i = imaginary number

713. Find:

sec®x —tan® x

(a* +1) cos2x dx,(a>0)

Proposed by Artan Ajredini-Presheva-Serbie

Solution 1 by Avishek Mitra-West Bengal-India

ISE

sec®x —tan® x sec®(—x) — tan®(—x)
X =
(a*+ 1) -cos?x A (a*+ 1) - cos2(—x)

4

Py
1
I
N e N
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T T
s s
a*(sec® x — tan® x) (a* + 1)(sec® x — tan® x)
dx=1+1= dx
A (a* + 1) cos? x A (a* + 1) cos? x
3 3
T
4
(sec® x — tan® x)
= 2] = Zf 5 dx
cosZ x
0
T
4
(sec? x —tan? x)(sec* x + sec? x - tan? x + tan* x)
=1 = 5 dx
cosZ x
0
T
4
(sec?x —tan?x)? + 2sec?x - tan? x + sec? x - tan® x
=>1= f 5 dx
cosZ x
0

dx=>1=

o — ain

T
4 2
(1 -3sec?x-tan?x)
cos? x
0

T
= [tanx]; + 3

o — Ny

T
4

= 1+3ftan4xd(tanx)+
0

secixdx+3

L n
tan® x]* tan3 x|3
=1+3- +3
3
0 0
Solution 2 by Kartick Chandra Betal-India
3 3
fsecﬁx—tan X f(sec x — tan x) a* ]
| (a* + 1) cos? x ) cos? x a*+1 1+a*
1

o — N

tan? x - sec* x dx

tan?x (tan?x + 1) - sec?xdx

ISE

(sec® x — tan®x)

cos2 x

X

cos? x

T

4

f (sec? x —tan? x)3 + 3 sec?x tan? x (sec? x — tan? x) 4
0
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T

T
H 2 2 2 2
1 + sec? x tan? x sec?x + 3sec?x (1 + tan®x) tan? x
= dx
0

cos2x 1

0

n
)

= f(secZ x + 3tan? xsec?x + 3 tan* xsec?x) dx
0

T
tan3x+3tan5x1_1+1+3_13
3 5 0_ 5 5

= [tanx+ 3

Solution 3 by Sohini Mondal-India

sec®(—x) — tan®(—x)
(a*+ 1) cos?(—x)

sec® x —tan® x
(a* + 1) cos? x

dx =

L]
Il
|
BT ay
|
AR ay

(a* + 1)(sec® x — tan® x)dx
(a* + 1) cos? x

a*(sec®x — tan® x)
(a* + 1) cos? x

T

7

dx:>21=2f
0

[l
I
13— &3

T
4

[(sec? x)® — tan® x] sec? xdx = f[(tanZ x+1)3 —tan® x] sec? x dx

J
Py
1
S —— a3 =

T
s

= f(tan6x+3tan4x+3tan2x+ 1 —tan®x) sec? xdx
0

T T
4 1 -
= f(S tan* x + 3tan? x) sec? xdx + f sec?xdx = f(Bz4 + 3z%)dz + [tan x]g
0 n
)
[Let z = tanx,dz = sec? x dx]

=32 +1—3+3+1—3+2
N 5 3 5

I= ?3 [Answer]
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Solution 4 by Suhash Maurya-India

z SEC2 x—tan6x
I=[%—————dx (a>0) (1)

—% (a*+1) cos2 x

T

Y b b
_fsecﬁx—tanﬁxd f 0 d _f (@+b—x)d
= | @+ Dcostx x, | f(x)dx= | f(a x)dx

_% a -a

I = j-%n (sec6 x—tan® x)a" dx (2)

- 1+a*) cos? x
z C

6 6
x—tan® x
———d

Add (1) and (2) we get: 21 = f_z%sec e

tan® x sec? x dx

O\_M:l

T
4

21 = Zfsecsxdx—z
0

T

4 1
I= f(l +tan? x)3 sec?xdx — f tedt

0 0

1 AL 1
:f(1+t2)3dt—[7] =f(1+t6+3t2+3t4)dt—7
0 0 o

_t+t7+t3+3+51 1_ 1. .31 .3 13
B . 7 7 5 7 " 5 5
13
-5

Solution 5 by Tobi Joshua-Nigeria

i 6 6
I = 7 sec® x—tan®x (1)
—% (a*+1) cos? x
V3
i 6 6
sec® x—tan® x
I= [ ———dx (2)

—% (a=*+1) cosZ x

sec®x — tan® x
dx

cos? x

N
Py
1

I

N e NG
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6
21 = ((1 + tan? x)2 — tan® x) d(tanx)

I
SR &y

n 6
21 =2 f(;* ((1 + tan? x)z — tan® x) d(tanx) (Even function)

1
I=f((1+t2)3—t6)dt
0

1
I=f(1+3t2+3t4+t6—t6)dt
0

1
I=f(1+3t2+3t4)dt
0

365]"
I=|t+83+—
e

[

714. If we define for any complex number m

0

[0¢]

f(m,n) = f e~ mx’ dx,Re (m) >0

e—Tl.'Tl

then evaluate the integral

ff(m, n) e ™dn

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Abdul Hafeez-Ayinde-Nigeria

(0]

Q= e ™ dx

e—nn
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e—nn

Q= f e ™ dx — f e ™ dx
0

e} me
Q= f e ™ dx — L f e dx
0 Vm
1 [ 1 Vm
Q=—| e*dx——- —erf(Vme™
Vo) 7 2 erf(Vme™™)
Ve 1 VE
Q—\/—E-T—\/—E-Terf(\/ﬁe )
1 Vm
Q = — - —erfc(vVme™)
N
oo 1 \/'E oo
f Qe ™rdn=A=-— — | erfc(Vme™)e ™"dn
vm 2 f
u=+/me ™ du=—-nudn
1 v& 1 [um
A= g mf —erfc(u) du
vm mT-m2
1 1 [
A=—- \/—E u™ 1 erfc(u) du
m
vm 2 mm?2
T 1 r 2
£- | [u™ erfc(u)|y — (m — 1)f erfc(u) u™ 1 + —f ume ™ du
2 T - m7 0 \/EO

|



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
715. Find:

1

Q(a):f< @ +3+B-a)f >dx,1<a<2
0

3+ a*—a)(a+ (3 —a)¥)

Proposed by Daniel Sitaru — Romania

Solution 1 by Samir Haj Ali-Damascus-Syria

a*+3+(3—a)

)= | Gro—aE@r@_aninl<es?

0
1 1
_ a"+3—a+(3—a)"+a f f dx 4T
B (3+a"—a)(a+(3—a)x) a+(3 a)*x 3+a*—a ! Z
0 0

Now: I, = folm let(3—a)*=t

dt

(a+t)(t-In(3 —a))

1
:ln(3—a)0 t(t+a):a-ln(3—a).

In <% B-a)@+ a)>

1

= dx f= gt

Z_f3+a"—a’ -a
0

~ dt ~ 1 | 3
_1 B-a+tt-lna (a-3) Ina n(a(4—a))

1
(36 -0 o) (g

= Qa) = a-In(3—a) (a—3)-Ina

Solution 2 by Surjeet Singhania-India

_ a*+3+ (3 -a) 4 )
U= Gra—aErG-aon ™1 ="
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1
_ (@ +3—a)+[a+(3-a)]
e ) Bra-a)@-1G6-a)) “

1 1
1 1
Q(a):!de'l'ofmdx

Qa)=1,+1, (1)
1

_ 1 _ (3—-a)*
’1‘Of[a+(3—a)x]d"‘Of(s—a)x(m(s—a) )

Putting(3—a)* =1y
1

In(3 —a) In

1

yIn(3 — a) Y

X =

dx =

Asx=0;y =
Asx=1,y=3—a

-a 3—-a

3-
1f(a+y) yln(3—a) dy = ln(3—a)f y(y+a) dy

3—-a

ln(3—a)f a(y+a) 1 1)dy=m<%)ln<yia)]l

= ln(3 . [ln (3 a) i (1 i a)] -~ ln(; — In <(3 — a)3(1 + a)>

1 3+ 2a—a?

Il:aln(B—a)ln< 3 >
1

1
Iz—f—(ax_a+3)dx
0

. 1 _ _ 1
Puttinga* = y; x = Eln(y), dy = ST dy

I_lf(y—a+3)y(lna) Y
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1 jl 1 1 jl 1
" In(a) ] y(y —a+3) y_ln(a)(a—3) y—a+3 y
1 1

1 a1 1
(@ G- a) lj 7Y S @G =g Y - InG -2+ 3]

B 1 B 1 (4 —a)a
—m[lna—ln(3)+ln(4—a)] = (@) (3_a)ln< 3 >
_ 1 3+2a-a? 1 (4-a)a
Hence Q(a) - aln(3—a)l [ 3 ] * (3-a)In(a) [ 3 ]
716. Integrate:
fln(l +/1 - 4x) p
X
X

Proposed by Prem Kumar-India

Solution 1 by Avishek Mitra-West Bengal-India

zdz

:>Letv1—4x=z:>1—4x=zZ:>—4dx=22dz:>dx=—T

dx 1 zdz 2zdz zlog(1+ z)
2—=—7" = — S0 =— . —
x 2 (1-22%2) (1-22) (1-22)

4

=z =siny = dz =cosydy

siny - log(1 + siny) f .
= — - _ . +
8=z f (1—sinzy) %Y dy = -2 | tany - log(1 +siny) dy
2
. cosy-sec’y
= + . 2. _ | 22 Y SR
: [log(l siny) - secty f (1 + siny) dy
dy
=— + si . sec? v+
2log(1 +siny) - sec?y + 2 f TRy
! f 2 i dy=d dy du
= = = —u= _ R _
1 COS y . (1 + Sin y) Sin y u Cosy y u cos y 1 — uz

_ du _ du
_f(1+u)(1—u2) _f(1+u)2(1—u)
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1 (1+u)+(1—u) du
2 [ (1 +uw?2(1-w ~2 U G- |+ u)Z]

_1U cosydy 1
“20) (1 -sin2y) (1+w)

=3[ seerty — ] =3 ositseey + tanyi - ]
—2]) seeywy (1 +siny)| 2 oglisecy —tany (1 +siny)
1
Q= —2log(1+siny) - sec?y + log|(secy + tany)| — (1+—siny)+
log(1+z)+l (1+2) 1 N
a-22  Bli—z G+ ©
) log(1+\/1—4x)+l <1+\/1—4-x> 1 N
=-2- o - c
1-1+4x gm 1++V1—4x
: <1+\/1—4-x> 1 log(1+\/1—4x)+
=lo - - c
& 2Vx 1+V1-4x 2x
Solution 2 by Surjeet Singhania-India
fln(l +v1 —4x) p
= X
X

1-4x>0;1>4x 4x <1 x < ;lety =1+V1—4x

:m:(y—1)221—4-x

4x=1-(y—1)% x #
1 1—y
dx=—[—2(y—1)]dy; dx—( > )dy
_ Iny (1- y) (1-y)Iny
I_fl—(J;—l)Z>< f(l y+DA+y-1D

I= Zf(l(zy)l)nydy So, I = Zfl“yd —fl"yd

In
f ~ f Tkt zy

_ ([ Iny 1 ( Iny
Il—fy_zdy—if%_ldy
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y — _ dy

PUtE—l—yﬁdY—7

Yy _ _

§—y+1:>y—2(y+1)

Li,(x) is poly logarithm
In(1—-x) =—-Li;(x)

I = fln((Z)gly+ 1))dy

In2 In(y +1)
= [y [P0,
1 Y Y Y 14

Li,(—
11=ln21ny+<—f 1( Y)dy>

Y
I; =In2lny - Li,(—x) + ¢
_ I’y y . y
SOI—T+ln21n(i—1)—le(1—E)+c

| In%(1 +V1 - 4x) \/1—4-x—1> Li <1—\/1—4-x>+
= —— |- Lig{—————— c
2 2 2

+1In(2) ln<

717. If we can express the integral

n (o]

E+f log(tanh(e ™)) e ™dx
0

in the form
Li,(1 —t) + Li,(—t) +log(t + 1) log(t)
21

then find the value of t.

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Feti Sinani-Kosovo
Let be I(x) = [ log(tanh(e™™)) e ™ dx

sub. tanh(e ™) =t > —1'[(1 — tz)e_”xdx =dt= e ™dx = —LZ = I(x) = —lI(t)
n(1-t2) 14
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logt 1 logt logt 1
1) = f B dr= f (122 + T20) dt =5 (i1 — ) + Lin(~1) + log(6) log(1 + )

log(l +t) dt =

logt
flftdt—flogtdlog(1+t) =log(t)log(1+t) — f

= log(t) log(1 +t) + Li,(—t)

Li, (1 — tanh(e™™)) + Li,(— tanh(e ™)) + log(tanh(e™)) log(1 + tanh(e ™))
2w

I(x) = —

f log(tanh(e ™)) e ™dx =

_ Li;(1—tanh(1)) + Li>(— tanh(1)) + log(tanh(1)) log(1 + tanh(1))
B 2 B

Li,(1 1
—A—— lim log(tanh(e~™))log(1 + tanh(e™*))
2T 27T x>+

lil}l log(tanh(e~™"))log(1 + tanh(e ™)) = tliIPO log(t)log(1+1¢t) =
xX—+00 N

L log(1+1t)

= lim tlog(): = — =0

+ oo

f log(tanh(e~™)) e ™dx =

_ Li;(1 — tanh(1)) + Li,(— tanh(1)) + log(tanh(1)) log(1 + tanh(1)) Li,(1)
B 2 C2n

+ oo

—+ f log(tanh(e~™)) e ™dx =
0

_ Li;(1 — tanh(1)) + Li,(—tanh(1)) + log(tanh(1)) log(1 + tanh(1))
B 2

718. Find:

=[S (3G () o

Proposed by Mohamed Arahman Jama-Somalia
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Solution by Mokhtar Khassani-Mostaganem-Algerie

f(,,Z( (35 el -
(Zf z+dz — log ] )) dx

O\

n=1g
- + 00 X -1 +00 X
(A= v v0s(1—x) | | |dx = o Y d
fZ;fl z+1ogt-) | | |ax=[ | 3| 1| [ 7odz ] | Jax
n=1 0 0 n=1 0

-1 x +o00 -1 x
1 " log(1—2z)
= z —dz |dx = — | ————dz |dx =
z—1 n z—1
0 0 n=1 0 0
0 2
1 1
=3 log?(1 — x)dx = > log? xdx
1

1
= E{x log?x — 2(xlogx — x)}2 = (log2 — 1) > Q = (1 — log 2)?

719. Find:

1-¢
) (1—-x%)?%logx
Q =1lim f dx
1— x®

-0
0 \ ¢

Proposed by Jesu Mhe-Nigeria

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

1-¢ 1 1
L (1—-x%)%logx , [ (x*—1)? B 5 5 n
Q = lim 1= %6 dx = 1= %6 logxdx—f(x -1) longx dx
>0 ¢ 0 0 nz0

1
= z f x4 log x + x%" log x — 2x%"*? log x dx

n=0 g
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1 1

- ;(6n+ 32 (6n+5)2 (6n+1)2

1

f k1 dx = 1
x“logxdx = k1)

0

1

:36; ) (n+%)2_(n+%)2 36{2‘”1(2) ‘”(E)_‘pl (E)}

e T (- )]

2

01(1—x)+¢@(x) = F(n’x)

Solution 2 by Abdul Mukhtar-Nigeria

[o'e) 1
1-2)1
I_f( x) nx I:zf(l_xz)zxenlnxdx

n=0

0
1 1 - 1
_[;(6n+ 12 +;(6n+ 5)2] +2;(6n+3)2
- 1 1w 1
- _,Zm (6n + 1)2 +§nzw (2n + 1)2

m cot(ms) T cot(ms)
I= %Res 2 —ERes 2
(s+5) (s+3)

I= Ed—(cot(n’s)) — ——(cot(n’s)) wheres = —= and s = %
am* m? —4m? + m?
—( 411')——( T); I=—getggiI=—5—
—36m?
36
I:_T[_Z

12
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720. Findintermsofa,b,0 <a < b < 2m:

b b b
x+ +z Z+Xx
Q(a,b)fof<sin(x+y+z)—4sin< 2y>sin<y2 )sin( 5 ))dxdydz

Proposed by Daniel Sitaru — Romania

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie
b b b
+ + +
fff (sin(x+y +z) — 4sin (x > y) sin (x > Z) sin (z > y)) dxdydz =

bbb
:fff(ZSin(x+y+z)—sinx—siny—sinz)dxdydz
a a a

b b
fo(cos(a+y+z)—cos(b +vy+2z))dydz —
a a
b b
—ff(cosa—cosb+(b—a)siny+(b—a)sinz)dydz
a a
b
= Zf(sin(a+ b+ z) —sin(2a + z) +sin(a+ b + z) — sin(2b + z)) dz —
a

b
—f((b—a)cosa—(b—a)cosb+(b—a)(cosa—cosb)+ (b—a)zsinz)dz

— > (cos(Za + b) + cos(a + 2b) + cos(2a + b) — cos(3a) + cos(2a + b) —) B
- —cos(a + 2b) + cos(3b) — cos(a + 2b)
- ((b —a)?*(cosb —cosa) + (b—a)?*(cosb —cosa) + (b —a)?(cosb — cos a))
1 b—a
_ T i3
~ 16" ( 2
Solution 2 by Avishek Mitra-West Bengal-India

a+b
)sin (3 T) +3(b — a)*(cos b — cosa)

& sinx +siny +sinz — sin(x +y + z)

= 2152 con (52 w20 (52 (2
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— i <x+y (x—y) 2 <x+y+22 ) <x+y
= Sin 2 ) COS 2 COS 2 )sm 2 )

= 2sin (%) eos (45%) - os ()
= 4 SIn 2 Cos 2 cos 2

x—y+x+y+Zz xX+y+2z x—y
= 2sin <x+y)-25in A A sin A A
2 2 2

— 4 <x+y . (J’+Z . <z+x
= 4sin 2)sm 2)sm 2)

X+ +z Z+Xx
@sin(x+y+z)—4sin< zy)-sin<y2 )-sin( > )

=sin(x +y+z)— (sinx +siny +sinz) + sin(x +y+z) =

= 2sin(x +y +z) — (sinx + siny + sin z)

bbb b b b
@IZ=fffsin(x+y+z)dxdydz=—ff{COS(x"'}""Z)} dydz
aaa aa a

b b
= —ff{cos(b+y+z)—cos(a+y+z)}dydz=

b b b b
:—[ffcos(b+y+z)dydz—ffcos(a+y+z)dydz
a a a a

b b
=— [f{sin(b +y+2z)dx - f{sin(a +y+z)}Pdz

b b
= - [f{sin(Zb +2z)—sin(b+a+2z)}dz — f{sin(a + b +z)—sin(2a + z)} dz]

b
=— [f{sin(Zb + z) + sin(2a + z)} dz] = [{cos(2b + 2)}; + {cos(2a + 2)}5]

= cos 3b — cos(2b + a) + cos(2a + b) — cos 3a =
= (cos 3b — cos 3a) + (cos(2a + b) — cos(2b + a))

3(b+a) 3(a—b)+2 . 3(a+b) . (b-a)
2 Sin 2 sin 2 sin 2

= 2 sin
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speq)| @B, G-a) 3@-b)_ (Gb-a

_ . . 2 2 ) 2 2 —
= 2sin —2 2 sin 2 cos 2

= 4 sin

M- sin (a _ b) cos(a—b)

bbb bbb
@IZ:fff(sinx+siny+sinz)dxdydz:3fffsinxdxdydz
a aa a a a
b b

b b
= 3ff{cosx}2dydz= 3(cosa—cosb)ffdydz= 3(b — a)?(cosa — cos b)
a a

a a
bbb
. . (XTY . (ytz\  (Z+X
Qfof{sm(x+y+z)—4sm< > )-sm( > )-sm( > )}dxdydz
a

a a
bbb bbb
=fofsin(x+y+z)dxdydz—fff(sinx+siny+sinz)dxdydz=211—12
aaa aaa

)

3(b+a) . (a—b

= 8sin > sin (— )cos(a — b) — 3(cosa — cos b)(b — a)?

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador

b
+ + +
Q(a,b) = f [sin(x +y+2z)— 4sin (x > y) sin (y > Z) sin (z > x)] dxdydz =
a

. . (Ytz\  x+y\ (X+2Z
[sm(x+y+z)—4sm< > )sm( > )sm( > )]dxdydz

bbb jx+y) f(x+y) f(x+2) f(x+2)

_ . . (ytz\ye 2 —e 2 e 2z -—e
—fff[sm(x+y+z)—4sm( > ) 72 72 dxdydz

a a a

b b b fQRx+y+2) fO+2) fOy+2) fQRx+y+z)

y+z\e 2 —e 2 —e 2 +e 2
:fff[sin(x+y+z)+25in( > ) > dxdydz

a a a

:fff{sin(x+y+z)+Zsin<y_z|_z)[cos<x+y_zl_z)—cos(y;Z)]}dxdydz
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b b
+ + —
fo{—cos(x+y+z)+25in<y2 Z)[sin<x+y2 Z)—xcos(y2 Z)]} dy dz
a

a
=ff{cos(a+y+z)—cos(b+y+z)+Zsin(y-;z)[sin(b+y;Z)—sin(a+y;Z)—(b—a)cos(y;Z)]}dydz

b'b(cos(a+y+z)— cos(b+y+z)+sin(b)sin(y + z) +
Q(a,b) = f f +cos(b) [1 — cos(y + z)] — sin(a) sin(y + z) — dydz —
aa —cos(a) [1 — cos(y + z)]

b b
. (ytz y—z
—2(b—a)ffsm< > )cos( > )dydz

_ ‘o cos(a+y+z)—cos(b+ y+ z)+ [sin(b) — sin(a)] sin(y + z) + dv d
- ff { +[cos(b) — cos(a)] + [cos(a) — cos(b)] cos(y + z) } yaz-—
iG+z)  _jo+z)  j+z)  —j(y+z)

—2(b-a) [, [ T T ——dydz

b
_ f{sin(a + vy +z) —sin(b + y + z) — [sin(b) — sin(a)] cos(y + z) +} dz —

+[cos(b) — cos(a)]x + [cos(a) — cos(b)] sin(y + z)

- eiy + eiz — e_iz — e_iy
—(b—a) f f = dx dz
a a ]

—[sin(b) — sin(a)][cos(b + z) — cos(a + z)] +
+[cos(b) — cos(a)](b — a)

Q\w

{sin(a + b +c) —sin(2a + z) — sin(2b + z) + sin(a + b + z) —}
dz +

b b b
+[cos(a) — cos(b)] f[sin(b +z) —sin(a+2z)ldz— (b —a) f f[sin(y) + sin(z)] dydz

}dz+

_ f{ sin(a+ b +2z) —sin(2a + z) —sin(2b + z) + sin(a + b + z) —
~ J |-[sin(b) — sin(a)][cos(b + z) — cos(a + z)] + [cos(b) — cos(a)](b — a)

b b b
+[cos(a) — cos(b)] f[sin(b +2)—sin(a+2z)]dz—(b—a) f f[sin(y) + sin(z)] dz
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b

Q(a,b) = f { 2sin(a + b + z) — sin(2a + z) — sin(2b + z) —

—[sin(b) — sin(a)][cos(b + z) — cos(a + z)] + cos[(b) — cos(a)] (b — a)} dz +

b
+[cos(a) — cos(b)][cos(a + z) — cos(b + 2)]2. — (b — a) f[y sin(z) — cos(y)]b dz

_ {—2 cos(a+ b +z) + cos(2a + z) + cos(2b + z) — [sin(b) — sin(a)] -}b N
- - [sin(b + z) — sin(a + z)] + [cos(b) — cos(a)](b — a)z

+[cos(a) — cos(b)][cos(a + b) — cos(2a) — cos(2b) + cos(a + b)] —

a

b
—(b—a) f[(b — a)sin(z) + cos(a) — cos(b)] dz

= —2cos(a+ 2b) + 2cos(2a + b) + cos(2a + b) — cos(3a) + cos(3b) — cos(a + 2b) —
—[sin(b) — sin(a)][sin(2b) — sin(a + b) — sin(a + b) + sin(2a)] =
= 3 cos(2a + b) — 3 cos(a + 2b) — cos(3a) + cos(3b) —
—[sin(b) — sin(a)][sin(2a) + sin(2b) — 2 sin(a + b)]
+[cos(a) — cos(b)][2 cos(a + b) — cos(2a) — cos(2b) — (b — a)?] —
—(b — a){[cos(a) — cos(b)](b — a) — (b — a)[cos(b) — cos(a)]}
= 3[cos(2a + b) — cos(a + 2b)] — cos(3a) + cos(3b) —
—[sin(b) — sin(a)][sin(2a) — 2 sin(a + b) + sin(2b)] +
+[cos(a) — cos(b)][2 cos(a + b) — cos(2a) — cos(2b) —3(b—a)?];0<a < b <2m
721. Find the shortest way to prove that:
1

72(3) N 3w 5m?

-1 z - _ 22T
ftan (Vx) log(x) dx = —mG + 2 > " 92 31og(2)
0

where G is the Catalan Constant
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Tobi Joshua-Nigeria

1
I= ftan‘l(\/})z log x dx
0
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1

I= 4ftan‘1(x)zlogxdx
0

=24 x*logx x? ¢ 2ftan x [ x? logx x d
= 2 2 an~lx} — 1+ 22 x
0

1
1_4[—11'2 fleogxtan‘lx 1 * 2% tan~1 X,

1+ 2 x+2 1+ 2

1 1
i logxtan~lx 1 1 (tan~ x
logxtan™" xdx + —dx+2 tan” xdx—E
0

1+ x? +x2

—

Il

o

|
o
-|>|=lN
[
O\‘H

T
4

1
I_4|[—1r2 n'+log2 fxlogx N f log(t )d +1(Tl’ log2> 11-2]|
- [64 2 2 1+x2 rvloglfanx)ax 173\a ™ 2 64J

0 0

2
1:4{3’;+3: 3log2 <f 2k+llogxde( 1)")—20 Zcos((zz(:’:)l)x) x>

_ [-m* 3m 3log2 (—1)k T (—=1)k - 1 ]
1_4_¥+8_ 4 __< (k+1)2> _<EZ(2k+1)Z kZO(Zk+1)3_

=0

(0]

k
_ [-m* 3m 3log2 (—1)k o (—1)k -1
1_4_¥+ 8 4 __< 4 (k+1)2>__<5k2(2k+1)2> kZO(Zk+1)3_

=0

)
51 +3n' 3log2 1<ZG_7((3)>]

1=4|

96 8 4 2 8

—5n? 3m 72(3)
= +— 42
I [24 2 3log2 — G 2

722.0(a,b) = [; (Z==2")dx,a > b,b € (~1,1). Find:

a+bcosx

1
b-Q(1, b))
Y= < db
|

Proposed by Abdul Hafeez Ayinde-Nigeria
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

™

Q(a,b) = f

0

dx

a+bcosx

d
xsin x 1 r ax(a+bcosx)
a+bcosx __Ef
0

1 1
= —E[xln(a+bcosx]§+Efln(a+bcosx)dx

T

73
n'ln(a b)
3]

In(a + bcos2x) dx

:_nln(a b) len{(\/aT) cos x+(\/ ) sin x}dx asa>»>b

nwln(a—b) 2 va+b++va—-b) mw (2a+2Va?-— b2
—————+—-mln =—In
b b 2 b 4(a— b)

+/ 2_b2
:Eln(a z ),Wherea>b
b 2a-2b

‘ b % vi-bZ+1
Of 'B“( 2(1—b) >

o\n—k

T

2 0

fl cosf +1 }de fl 2coszi 10
=m|In =m|In

4 2(1-sin6) 4 2 (cosg— sin g)

T T T

4 4 4

cos? 6

=21rfln d0=4n'flncosed0—4n'fln \/_sm ——0)}d0
2 ZsmZ ——0) 2 2

=4mw | Incos0dO — 4Am ln(\/f sin 0) do

o — ain
S — a3

m2In2

=4nG —

-x=|=|

T
1
=4n'flncot0d0—4n'ln\/i
0
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Solution 2 by Kartick Chandra Betal-India

™

T
x sin x xlog(a+ bcosx))” 1
= = ——dx=1— + = + =
Q= (a,b) fa+bcosxdx { b }0 bflog(a b cos x) dx
0

g (g 1y) \

/ b
a m
+1 1 +ff cosXx dxd
b bkn oga 1+ycosx x y)
00

0

b a+Va? — b?

nlog(afb)+nf<1 1 >d 7T10g< 2a—2b >

= 7 — e — y =
b b0 Yy yJ1-—y? b
1 1
bQ(1,b log(Vli—b2+1)—1log2 —log(1—b
f ( )dbzn'f g( ) —log g( )db:
J 1 — b2 J 1— b2

T
2
= n'f(log(l + cosx) —log2 —log(1 —sinx)) dx
0

o — iy

(210g (cos (;)) ~ log(tan (g ~2)) - log(cosx)) dx

2
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n n
4 2
=r ElogZ + 6f log(cos x) dx — Zf log(sin x) dxl = 471G — 710g 2

723. Find:
1

= f(x2 -logx -tan"!x)dx

Proposed by Abdul Hafeez Ayinde-Nigeria
Solution 1 by Avishek Mitra-India

1 oo
Q= fxz logx-tan ! xdx = St Vi x?"t1logx dx
1(Zn— 1)
0 = 0

%) 1
_ 1 (-t I G VLCD)!
__Zn: (2n—1)(n+1)2 [ I—Ofxz 1logxdx—(2n+1+1)1+1]

_ GO O G Vi e G Vi
12 Z(Zn 1) 3L m+1) Ln+1)

1[4 7 2 2

14 )
T Tzl3 " 1(1)‘_(1‘1":‘32) (1- '1(2))] __[5 4 3(1-log2)~ <1—E)]

-_1 [E _=z (1 log2) — (1 — —)] (answer)

Solution 2 by Kartick-Chandra Betal-India

1 . 1
(=1
fxz Inxtan lxdx = fo"‘”Z Inx dx
2n—1
0 n=1 0
o 1
(-1t S (-1t
1 dx = —
Zn—lfx T T L Ga-Den+ 2y

n=1

1
z [BZ(Zn 1) 32(2n+2) 3(2n +2)?

]( 1)n 1
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RO 0 e G Vi U o G Vs
(2n 1) 18 (n+1) 12 - (n+1)Z

n-1 n-1
_6'1_182( 2 122( -
( )nl ( )nl
el el S

_ {(2)
=36~ 1gnz -1~ _{T_l}

1 1 mw In2 n? 5 mw In2 n?
“12718 36 18 144 36 36 18 144
(20-20mr—401In2 — 1?)
- 144
Solution 3 by Abdul Mukhtar-Nigeria

1
= f(xZ ‘Inx-tan"1x)dx; Q = §f Inx - arctan x d(x3)

1 1
17, 1 x3 1
Q=—§fx arctanxdx——f lenxdx;QZ—5(11+IZ)
0

3/)1+
0

1
I, = fxz arctan x dx
0

1 1 .
setu = arctanx; dv = x2; du = v =§x3 usingub — [vdu

1 1 3
1f X d
o 3)1+e2™
0
1 1

1/ 1 X
11—[5(1)—0]—5 fxdx+f—1+x2dx
0 0

I = E_§<[2 ] [‘“(“"Z)])

1
I, = [§x3 arctan x]
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=" i lw@n=2"1ilne
177276 6" 177276 60
s
ForI, = 0 112
1 1 1
I = Inxd xld_I_lZl 1Z xInx
Z—fx nx x—f1+x2 nxdx; Z_[Ex nx—Zx] f1+x2
0 0 0
1 1

I = 1 fxlnxd_l_ 1 H.H_fxlnxd
2574 T 12 T Ty T T e
0 0

setx? = ¢« H =4 [/ Ftde; H= 50 o(-D)" [] " Intde; H=T0,(-1)" 5

1 - 1
HZZ(‘E(@))J H:?((Z) = ___—((2) Q_—(11 +1)

4 8
Q:—1<£—1 1ln(2)+<—%— ((2)>>
1/1 5
Q=— 3< ln(Z)—E E 56(2)>

12 6 6
Where { is zeta function

Q| =

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador

1
Q= f x%In(x) tan 1(x) dx = {[x; In(x) — %3] tan 1(x) — %f

0

3x3In(x) — x3 }1
dx; =
1+ x2 0

1+ x2

1) = x(x?2+1-1)[3In(x) — 1]
"9 _Z_f 1+ x2 B

1
= %{[3x3 ln(x) — x3] tan_l(x) _ f x3[3 ln(x) _ 1] dx}
0

0

{Z+fx[3 In(x) — 1] (1 ~1 :xz)dx} =

1
[3xIn(x) — x]dx — f%dx}

0

—
N
+
S
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1 1 1
1= 1+3 InCo) — 3 xln(x)d N x dxl =
T 9(4 2 f“"‘fﬁ" fm"‘
0 0 0

_ _;{___+3 [—ln(x) ——] M x+ 2 (InGe? + 1)]3,}

1+ x?

0
1\mr 1 3] x2]! ey In(2
=_—{—_Z +—=|x?In(x) — — —3[ Y e Vdy + (2) =
2| 2|, 2

1+e 2y

= i 1+ In(2) 3+6jo e d
- T18l2 n 2 Yi+veo

1 [ <
= 18 ln(z)——+6fy2( 1)k 1e—zkydy
0 k=1

_ 118 ln(Z)——+6Z( 1)k- 1fye_2kydy

1 [ 5 ® -1 k-1 °
=18 E+'“(2)_E+6z( 4,12 kaye‘ZkVdey =
= 0
1|m 5 3 (1)1 [
=-13 E+ln(2)—E+E 2 fze‘zdz
k=1 0

:—3—[n'+21n(2) 5+3r(1+1)zﬂ] =

3w 1
:_3—[n+21n(2) 5+3<2k2 zzkz>]=—— w+2In(2) -5+ Ekzﬂﬁ

:—ﬁ[n’+21n(2)—5+if(2)]:—E[ﬂ+21n(2)—5+;'%2] =

L ————

1 [2 > 1
—_%[RT+T[+ 21n(2)—5];<'(x)=kz1p
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724. A Trigonometric integral with a beautiful closed — form:

Compute the integral:

tan?(x) dx

T
3
f 1+ sin(x) 1 —sec(x)
1+ cos(x) 1- csc(x)
0
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Mokhtar Khassani-Mostaganem-Algerie

(1 +sinx)(1 — cos x) 1—cosx

n
3
tan?xdx = f P tan3xdx =
sin 1 —sinx
0

n
3
o f1+smx 1—secx
1+cosx 1—cscx
0

T
3
—cosx
f tanxdx=M+N—2P

1-—sinx
0

Wiy

T
3
m= = )
anx(l—smx)z cosx (1 —sinx)? cosx(1—sinx) =
0

T
3
o] SR
(1—sm2x)(1—smx)Z " (1 -sinZx)(1 - sinx) st x
0
T
3
_1f 4 2 2 )d(_ -
~8) \(1-sinx)®> (1-sinx)? 1-sin?x st x) =
0
V3
1 sin x 3 73 argtanh <T
=g — i = + —
4{(1—sinx)2 argtanh(smx)}o 6 2 1
3 3 -
N—ft cos? x f sinx d( ) = { +log(1 . )}?_
_0 anx(l_smx)2 0( —ein sinx) = 1 —sinx o8 sin x , =
V3
:3+2\/§+10g<1—7>
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T
3

T
3
ft COS X d _f( CcoSs X 1 )d
anx(l—smx)z = (1-sinx)?2 1-sinx x
0

L
3

n
3
; 2 cnp2 3 2 3 2 3
= | (1 + sin x)? sec xdx—{tanx+secx}0=—1—\/§+{tanx+§tan x+§sec x} =
0
0

argtanh<—3>
11 5 3V3 V3 2
SR “‘§+T+'°g<1_7>_T

725.

a?

1 o

et a\ (2 - a? 1
f f tZe—(t2x2+at) dtdx = \/_ erfc (_) . < > 4+ —
00

4 2 a? 2a

Proposed by Abdul Hafeez Ayinde-Nigeria
Solution by Dawid Bialek-Poland
fol fom t2e-(x*+at) gi gy = fol fom tZe~ote U drdx (1)
Integrating w.rot x, we get:
f t2e-ate=t’x” qx "= te-at fot eldu S gte‘“terf(t) 2

Rewriting (1) with (2) and integrating w.r.t. t, we get:

o — I — —at
Vr _ IB.P. f = eri(®) g =te
— | te erf(t) dt = , 2 _2 t _ t 1 t|
2 fl=rzet g=-—e¥-——7e™
; Vi a” a
\/_ _ (o] o0 2 00 42
e (-2 + iy e )
I1 Iz
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a 2
f=u—3 g =e™ a2 ® A
2P 2 ZeT[—ﬁ(u—g)erfc(u)] +ﬁe7ferfc(u)du=
o = 2 2 a 2
ff=1 g=-——erfc(u) p) a
2 3
1epNT @ e”]” vm el a a1 @
= —e?|e-erf — =—e4 |0——erfc|l=)+—e 2| =
5 € [e erfc(u) \/EL 5 5 er C(Z) \/Ee
2
1 a @* a
=372 e4 erfc(i)
[ee) a [e/e)
t=u-2 a? a? FAT a?
I, Zfe‘tz‘“tdt =Zfe " +Tdu=e4fe‘“2 du = £eT erfc(—)
2 2
0 a a
2 2

1 oo
1 1 11 Vma &

2 —(t2x2+at) e - i Y —
ffte dt dx a11+a212 a[Z 2 e4 erfc(z)]+
1 Jm a® a 1 T a a T a’ a

?-\/7_34erfc( =——£e4 erfc(2)+2—\{:2e4erfc(i)=

a?

et rfc [__1] 2a

E)a4
T
2 ¢

726. Find:

Q- 1 ( 1)n 2n+1H2n p
Ofn1< 2n+1 > *

Proposed by Mohamed Arahman Jama-Somalia
Solution 1 by Kartick Chandra Betal-India

1 o0 [ee]

j Z ( 1) HZn 2n+1d Z(—l)n HZn
2n+1 4 2n+1)2n+2)

0 n=

n=1

S 1 1 o (—1)n o (—1)n
= —1)n — — _
Z( 1 {2n+1 2n+2}H2" 12n+1H2" 12n+2H2"
n: n:

n=1
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- 1 > (=1 1 1
z < 2n+1 — —) {H2n+2 - - }
2n+1 2n+2 2n+2 2n+1

n=1

C H - (—1)m - - (—1)m
Z Zn+l (2n +1)2 Z Zn+ 2 22t (2n + 2)?
n=1 n= n=1

- (-1)"

—~ 2n+1)(2n+2)

1 . (o)
( 1)n 1 ( 1)“ 1
= fxz(l —x)In(1 —x) ;(—1)n_1x2n_2 B n:zm 4 z

0
GO G Ol
:1(2n+1) n:1(2n+2)

{(2) > (E—l)—%(lnz—l)

1
x2(1-x)In(1 - x)
_f 1+ x2 de—(G-1+ _<T_1 4
0
1
(1-x)In(1-x) m 1 = In2 1
6[(1—27)111(1—27)(1 —f 1+ 2 dx —G+1+E—Z 1—1—74‘2
1
_f nxd fln(l—x)d +fxln(1—x)d +n'2 G+n’ In2 1
- xmxex 1+x2 & 1+x2 “* 718 4~ 2 4
0 0 0
_le 221 {nl 5 G}+ In22 5n2) mw? G+n ln2+1
NI 8 96| 48 4~ 2 4
1 12_|_G+ln22 51'[Z+TL'Z T ln2+1
4 8" 8 96 48 4~ 2 a
In2 w In?2 w2 w In?2 = In2 @ wn?
= —CIn2+————+—= ——In2——+———
2 8 8 32 4 8 8 2 4 32

Solution 2 by Abdul Mukhtar-Nigeria

n,2n+1
Find @ = [ (S5, SXE M) gy Let 0 = [ S(Q) dx
11-¢2"

n,2n
s(Q) =3 M We know H,, —f“—tdx S0, Han = Jy

2n+1
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1 1
_42n 2 2
S(@) = (_1)n_1x2nf 11 — dns@)= f [1 iw(?x)z 1 i xZ] 1dtt
0
‘ t dt
S(Q)_1+ Z<f1+t2xZ f1+t2x2>
0
s(Q) = %[1 _2|_xe <arctan(x) + %)]

1
=~ S(Q) = %(arctan(x) In(1+x2%)) ~ Q= fS(.Q) dx
0

buts(Q) = %(arctan(x) In(1 + x?))

= f %(arctan(x) In(1 + x2)) dx
0

1
1 1
Q= Ef arctan(x) In(1 + x2) dx; Q = EI
0

Now, I = fol arctan(x) In(1 + x2) dx; Q = _%1

1
I= f arctan(x) In(1 + x2) dx
0

2x

— 2 —
Setu=In(1+x?) ©du= "y

1
dv = arctan(x) © v = xarctan(x) — Eln(l + x?2)

Usinguv — [ vdu
1

1 1 1 2
1= [ln(l + x%) xarctan(x) — Eln(l + xz)] - f x arctan(x) — Eln(l +x%)- a
0
0

1_|_xzdx

1

1=[m@ (3 -3m@)| - Ofl 22 arctan(x) + Of

I= [m(z) (g - %m(z))] —H+J

x
2
1_l_len(1+x)
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1 1
2x2 x2+1-1
= arctanxdx =2 | ————arctanx dx
1+ x2 1+ x2
0 0
1 1
arctan x
H =2 | arctanxdx — ———dx
1+ x2
0

1
H=2 [[x arctan(x) — %ln(l + x?%) — %arctanz(x)]]

vt 0]

H:E—ln(Z)—E

1 1
1 2
]=f xlen(1+x2)dx=—f X >In(1 + x%) dx
0

2)1+x
0

2x
dx

1+x2

Sett =1n(1+x2) & dt =

1

1 111 .17 111 1
= — = _ |42 - _|—= 2 2
J zftdt Z[Zt]o z[zln(1+x)]0

0
1
]:ZIHZ(Z)

I= [m(z) (g - %m(z))] —H+J

2

/14 1
2 > Zlnz (2)

I= [m(z) (g - %m(z))] - (— ~In(2) - T

2

1
Jn? (@) -2 R () + %

2

1 (4 V4
= — — _In2 __
ln(2) ln (2) > +In(2) + 16

Now, Q = —%I

1
= %m(z) -2 In2(2) +

1[n 1 2
Q= -3 ln(2) ——an(Z) ——+ In(2) "‘%
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727. Find the value of & > 2 for which the area bounded by y = 1,y = le_l

X

X=2x= aislog(%)

Proposed by Sridhar Rao — India

Solution 1 by Daniel Sitaru — Romania

1
rly:; 1r2y:2x_11rlnr2 :{(111)}
>1-2 1> 1> 1
- — - —
x= . =X x 2x—1

NG
a :i a2:64(2a—1)
2a—1 5 3
2|32

_128+112 _

15a? —128a+64 =0, =

8

Solution 2 by Adrian Popa — Romania

_1- p— 1 . _2- p— -A_f
Y=x Y T ¥ e T8 A=
2
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—>y=—:x>0
y X

1
Sy =5 —1x>0

x—%)|§ ZIn% gZIn%—ln%z
-7 e 8
a V3 4

1
A=lnx|g—iln(

In -——=1n
1 2v2 V5
N

3a 4 1
SR
22 a—%

av15 = 8V2a — 1| %= 15a? = 64(2a — 1)
15a%? —128a+ 64 =0
A=128%2—-4-15-64 =16 -384 — 3840 = 12 - 544

_128x112_ M T8>2 s
a2 = 30 :>“225<2:>a_

728.

1
f In?(1 + x2) — 2InxIn(1 + x?)

1+ 22 dx

0
Proposed by Abdul Hafeez Ayinde-Nigeria

Solution 1 by Kartick Chandra Betal-India

1
In®(1 + x2) — 2InxIn(1 + x2)
f dx

1+ x2

0

(0]

f In2(1+x?)+4Inx—4InxIn(1 + x2) + 2Inx {In(1 + x2) — Zlnx}d
= X
1+ x2

1
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In?(1 +x%) —2InxIn(1 + x?)
:f 5 dx
1+x

1

dx

© 1
In?(1 +x%) —2InxIn(1 + xZ) In(1 +x%)1In (1 + F)
21 = dx =
f 1+ x? f 1+ x2
0 0

T
2

T

2

fln sec?x -In(csc? x)dx = 4 fln(sm x) In(cos x) dx
0

[

|

0
or (M) (")
amonT (%’Hz)

mn—0

2 ]
f sin x)™ (cos x)"deI = lim
0

r®IrE) 4 w2
) -v ()

2

:im%[{w@w(m;2)}{w<’"?>—w<’";2>}—w(’";Z)]

11'3

Vi 1
= [{1/;( ) ¢(1) ¢(1)] [4111 z——] min?2 -2
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

f log?(1 + x?) — 2log xlog(1 + xZ)
Q=
1+ x2
0
(log(1 + x?) —logx)?* log?«x
1+ x2 T 1+ x2

>dx=M—N

o

log?x . . . B (=" _
f1+ >dx = Z( 1) f mlog? x dx = 22(2 1) 2[3(3)—E

© -1
Note: - B(z) = X2 (Z(n+)1)z’z >0

Dirichlet's beta function




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

™

M= fl (log(1 + x2) — log x)?

T+ 22 dx = f(—Z log(cos x) — log(tan x))? =

0

x—tany

TL’

z
flog <sm(2x)> _ %f smx
0

Y i

_ mlog?2
4

1
—log2 f log(sin x) dx + Ef log?(sin x) dx =
0 0

T
——flogZ

3 1 92 1
=—1log?2 +—llma ZB(a E)

4 16
:BTlog 2+1—1611mB( ;) ((ll'(a)—ll'(a+%)>z_,_lpl(a)_lpl(a+%)>:

3
=n'log22+4— Q = mlog? Z_Z

729. Find without softs:

= f fe“‘xz‘gyzdxdy

Proposed by Jalil Hajimir-Canada

Solution 1 and generalization by Daniel Sitaru-Romania

(0]

[ Jeramr=([ee)([ )

—00 —00

v v 1w 1 =«

— —4x%dx |, —9y2 — i =2 e - = —

2<fe >2<fe dy>22/422/96
0 0

GENERALIZATION:
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[ee] [ee] [ee]
2 2 2 2,2
e ¥4 =93 = —n"Xa gdx dx, ... dx, =
e 1 Z e n
—00 —00 —o0
oo

n L n © e i n ) n . \/_n
LIt 1o)== (16.E)-{10R)-3

k=1

Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador

f f e~ ¥ =% dxdy = f f e~ @0*-GY* qdxdy =
11 o oo 1 2w oo
— E § f f e_(x)z_(J’)z dxdy :gf f e_pzdpd(p = —Il)l_{g(e r_ 1) ==

730. Find:

1
0= f(tan X - log (1 + x?) log2(1 +x2)>
0

x(1 + x2)

Proposed by Abdul Hafeez Ayinde-Nigeria
Solution by Kartick Chandra Betal-India

dx

1
f tan 1xIn?(1 +x%) In?(1 +x2)
x(1 + x2)

1
[lnz(l + x%) tan~1 x]l f 1 [lnz(l +x%) 4xIn(1+ x?)tan! x]
=— + | = + dx —
x
0

x 1+ x2 1+ x2
0
1 1
In?(1 + x?) In?2n In(1+x?)tan"1x
— | ———<dx = — +4 dx
x(1 + x2) 4 1 + x2
0 0
T T
4 4
min%2 xIn(1 + tan? x) min?2
= - 2 +4 1 dx = — 2 — 8| xIncosxdx

0 0
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T
14 oo
n'ln 2 —-1)n-1
= BIx{—ln 2+ z (-1) cos(an)} dx
0 n=1 n

NE

T

min?2 x4 (=)™ 1 [xsin(2nx) cos(an)
+8In 2[ ] _sz [ a o

nin’2 m’ln2 g — (=) 1 [n’sin (nz_n') cos (nz_n') -1

=— + +
4 4 8n 4n?
® 1 . (NT o _ nw
nin?2 m’ln2 (-1 sin () (-1 cos (F) (-1
- I -2) 2y
4 4 n? n3 n3
n=1 n=1 n=1

B 4 4 4

oo Vi3
wln?2 mw?In2 sin(Zn—l)i (-1)»
- N _”Z (2n — 1)? ”Z g3 T2 _((3)
n:

nwln?2 mw?In2 1 3 3 3 3
= —TTG——'Z((3)+E((3)=—TTG—E((3)+E((3)

— +
4 4

_ wIn?2 7?In2 G+21 (3)_1rln2( In2) G+21 3)

- w6+ 1683 =—3—(m—In2)=mG+J2¢

- +
4 4

731. Find:
Vv1+ Vx
= fT\/—dx,x >0

Proposed by Jalil Hajimir-Canada

Solution by Daniel Sitaru-Romania

Ji+3x =t r\1+t-3t Vi+t
x>0,f x‘/_dxéf—gdt:3f dt =

9 f(y 2ydy+6\/1T=

1+t 1 1
=3f dt=3f dt+3
tvi+t tvli+t \/1+t

1 3 Y- 3
6fy2_1dy 6 /1 Vx = 3log |y+1|dy 6 /1 Vx +C

Vi+t-1 1+Yx -1
7‘+6/1+§/}+C=310g vitvx-1 +6 1+ 3T+ C

= 3log
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732. Find:

= f({log(l +x)}- log{1 + x})dx,

{x} = x — [x],[*] — great integer function
Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Samir Haj Ali-Damascus-Syria

1+x=tdx=dt Q= f{logt}log{t} Zf(logt — [logtDlog(t — [t]dt =
1 1

2

2
f (logt)log (t — [t])dt — f ([logeDlog(t — [t])de =
1 1
2

- f logt - log(t — [t])dt — f 0-log(t — [t])dt =
1 1

= f logt - log(t — 1)dt, t=1-—x,dt = —dx
1

oo

0
= f log(1—x) -log(—x)dx = — z %x"log(—x)dx

n=1

0= cim= 2 (- S -)-

? w2
= —log2 + (-log2+1) — <E — 1> =2(1-log2) — 1z

Solution 2 by Kartick Chandra Betal-India

= f({log(l +x)}-log{1l + x})dx = f log(x +1)logxdx =
0 0

1 1
xlogx — x f
0

=(1-logl—1)log(1+1) dx =—log2 1 1 ( 1)dx =
= ogl—1)log —f 1+, x=-log2- ( —m> ogx —1)dx =
0
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1 1
logx dx
= —log2 — f(logx —1)dx+ f 9% ax - f =
0 0 0
1

=—log2—1-log1+1+1—f—dx—log2:
0

2

T
= —-2log2 +2 —n(2) =2 - 2log2 — 12

733. If
1sm 1(xy)
fiy) = \/__x
then show that
n 3
ff(y) ay="" log(): f@d 7@

f(y) _ m?
) Wdy—T—F'FZIOg(Z)

2
ff(y) log(y) dy = 21og(2) - %

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

T L

1 arcsin (xy) ‘ - Zn+1 ‘

— : : — 2n+1 —
f(y) f N f arcsin(ysin x) dx = (2n " 1)4."f sin xdx
0 0 0
o 2n o 2n
z y2n+l n VAT (n + 1) y2n+l ( ) Jrn!
(2n+1)47 ZF( +1+1 2 (2n +1)4" _ (2n +2)! \/_

4_n+1(n + 1)|
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i 2 Lip(y) = Lip(=y) _
2n+1)Z 2

n=

1

of

%) 1
ir(y) - le( y) :z 1 241 gy =
s (2n+1)? y y
n= 0

M=fﬂwd

(00

8

Z 2n+1)2(n+1) Z((Zn-li-l)2+2(n1-l-1)_2n1-l-1):%

1
L L 1
N = Off}_'ly y f lz(y) ylz( y) — E{Lig(x) _ Lig(—x)}(l) =

—log2

=2 (z(s) + —c(s)) =2203)

1
) ) - Li,(-y) n+d
P:!%dy_ofuzy Li(-y Z(2n+1)2fy2

1 = 2 1
o<2"+1>2<4"+3>:§<<2"+1>Z‘z<n+%)<n+%)>:
1 3
—%Z—%'—W(EE_I(Z)=—Z—n'+210g2
2 4

1 [} 1
1
fo(y)logydyz 2mfy2"+1logydy:
0 n=0 0

n=

_ 1 N 1 1 1 _
_n:04(2n+1)2(n+1)2_Z) 2(,hL%)(,hLl)_(Zn+1)2_4(n+1)Z -

Solution 2 by Tobi Joshua-Nigeria

fly) = flS'\r/l__(xy)dx x=siné, f(y) = fz sin~1(ysin ) do
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de dz sin6do

)= [20 2% )= [Py
fy ff\/gf fozfom

f(y)——foy"ffzj(é;"ﬁ o) = 7% sinh ()
f(y)=f0y%log<h+—z+‘/1z > ) = 7% g(ff_%)

f(y) __ yﬂl g(z+1) f( )_ fylog(1+z)zlog(1 z)d

fO) =5 [Li, () — Liz(—)], f@) =5 [Liz () — L, (9] (%)
(DA=[f»)dy

A= 3 [Lix ()~ Liy(-y)dy

¥(Lix(y) - Li(—y))s + f In(1-y) - f In(1+y) dy

A:%:’f (~n(1-y2) +yn (22 ]A_%[——zm(z)]

A= [’% - ln(z)], 2)

B = f01 % dy, B =1 f1 (Liz(y)—yLiz(—y)) dy

1
T2

log(y) (Lix () — Liz(—y))} + j )@ - ) - f )1+ ) dy
1 0 ;
B=5 o - fy“‘lln(l—y)dy—ofy“‘lln(“y)dy

co 1
1 0 1
= — . — | a.,k _ (—_1)\k aak
B zaa]a:(,Z(kﬂ) fyydy (1)fyydy

(—1)k
2 aa]a 0Z:(k+1)[ (a+k+1) (a+k+1)
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_ (-1 _ o (-1)k-1
B = Zk 0(k11) [(k+11)2 +(k+11)2] _Ezkﬂ@[é (lk)2 ]
B =1[¢(3)+n(3)] B =1[¢(3) +2¢(3)]

7
B=k«9]®

1 [ (Li,(y) - Liz(—y))
c== d
zof [y Y

2\/— <(le(y) Li,(— y)) +2f—ln(1 y) — Zf—ln(1+y) dy)

1
2 1
2+2!7§n0 y) — ?ﬁ—4M1+wdy

c=S+2f vy m(P)dy] =T+ 3[4)m(5Z) ay]

¢= nj+ 2[(y -1D)In(1-y) +(y+ 1) In(1+y) —yIn(1 +y*) —2tan"" y]g

C= "TZ+ 2 [(z)ln(z) —In(2) —g], C= "TZ+ 2)InR2) -1 ®
(4)D=f1f(y)lnydy

D=3y Iny (L) — Liz(-3))dy, D=3 7| |[75? (Li2¥) — Liz(~))dy|
1

(Liz(y) — Lir(—y))} + f

0

1 a] ysti

y® 1 1-y
2 9s OS+1 n(

s+1 1+y

o

2 0s
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1
ad 1 T2 ys
_ a]S:O _S+1.T+J ln(l y)dy——jy ln(1+y)dy

0

1
1 9 1
— s+k+1 _(—1)k s+k+1
b=3 130[4(s+1) Z(k+1)[ s+ 1Jy dy - (=1) Jy dy
0

_1 1 (—1)k
D‘E'as]so4(s+1) Z(k+1)[ GrDk+s+2) GrDG+k+2)
| = 1 1 Dk (=1)*
b= ‘?*Zﬂ(m1)[(k+z)+(k+z)2+(k+z)+(k+z)2]

2

2
D:[—g+%(¢(2)+Y)+<2—%>+(ln2)—(1—ln2)+<—2+%+21n2>]
e o m) 2e (c14 v 2
SENNE E
p=[-Z+2m2| (%

734. Find:

2
x*+x+1—————
xt x3  x?

Proposed by Jalil Hajimir-Canada

f( 8_2 2)6(x+%)dx,x>0

Solution by Remus Florin Stanca-Romania
Letx+§= t= (1——)dx =dt
8 4 2
1zf(x2(1——> (1——)+1 ) 6" 5dx =
x x x

2

L [ R R

x2 X

4 2 42 2 4 2
:f(x2+—+2+x+—+1>6 x(l——)dxz>1=f(x2+—+x+—+3>6tdt;

x2 X x2 x2 X

2 , . 4
x+—=t>x +—Z+4=t2:>
x x
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Sxt+5+3=2-1=1=[(2-1+1)6'dt = [t26'dt — [ 6'dt + [ t6' dt (1)

6! 6! 6! 2
ft26tdt=—t2— —2tdt=—t2——f6ttdt=

In6 In6 In6 In6
—6_tt2_i 6_tt_f6_tdt)—6_tt2_2t_6t+i.6_t+c 2
" Imé6 In6 \Iné6 Iné6 " Iné6 In26 In26 Iné6 ()

tgp— 6 4 (6 4. _ 6 6

ft6 dt_ln6t fln6dt_ln6 ln26+C (3)
(1);(2)(3) . t?In?6 —2tln6+2—-In?6+tln’6 —In6
= =6t +C=
In3 6
(tlIn6—-1)?+1—-1n’6+tIln’6 —In6
= 6! +C =
In3 6

<(x+%)ln6—1>z+1—ln26—ln6+(x+%)ln26

— 6X+E .

+C=1
In3 6

735. If for any complex number n, Re(n) > 0,

0(n) = f e ™ dx
e~ X
then show that

‘ 1 n3 m+1
f@(n) e‘"xdx:En 2 ZF(T)

— 00

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Ekpo Samuel-Nigeria
Provided Re(n) > 0

(0] oo

o(n) = fe‘""z dx = fe‘(‘/i")z dx

e * e~ %

Letu =+nx
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(00

. — —u? _ﬂ —x
~0(n) = ﬁ!_xe du = 2\/ﬁerfc(\/ﬁe )

Consider: f_mme‘"x%erfc(\/ﬁe"‘) dx = %f_m e "* erfc(vVne=*) dx (IBP)

(00

-n(e ™) ,—x —-nx
Letu = erfc(\/ﬁe"‘) cdu = WTe; dv=e™dx;v=— g

\/E - y 2\/_e—n(e 2x) e x
m_f erfc(vVne™) dx = \/_f < N >dx

(00

= 1 f e_n(n—Zx) e Xe ™dx
n
%f_";(e—x)n e e~*dx; letu = e *du = —e *dx; lfm e ™ u? du; leta = Vnu
1 0 __ 2 a"da_ _ 2 _ _ dy _ _ /n+1 il
Ly e (1) ety = at = L e (V)" 2 = 3 (0 (%) - 1) r (%)
Simplifying: = E 272 ("*1)

Solution 2 by Ahmed Salama Hegazy-Cairo-Egypt
0(n) = f e ™ dx = f e ™ dx — f g mxdx
e * 0 0
Vne™

-'-B(n):\/%f -+ dx——f e dx

L) = % — %erf(\/ﬁe‘x) = ﬁerfc(\/ﬁe"‘)

(00

I= fﬂ(n) e dx = —— N ferfc(\/_e *) . e "dx

— 00

Lety = Vne *,dy = —/ne *dx - dx = —7,3'1 0 to

(0]

_r (L) o -
_Zx/ﬁof erfc(y) (\/ﬁ) y _zﬁ(n)go erfc(y) y*ldy
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(00

ferfC(y) y"dy

s =
2+/n-n2

= L (y erfc(y) — (n— 1)f erfc(y) y" ldy + — fy"-e‘yz dy)
o

Zx/ﬁnz

ap=" -Lfomy"e‘y2 dy, lety? =u,dy = szuE

Z\/ﬁn% n/n
1 1 du n1y m+1
N = n-—fu e ———(n)( r (—)

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

N3

(00

1 [, N
o(n) = e‘"y2 dy = — f e W dy =——erfc(vne™*
(n) f y ‘/ﬁr . Y= otm (Vne™®)

e—x
y=vne™
+ 00 +oo o
I I
M = f o(n) e‘"”‘d;\czL f erfc(vVne*) e ™ dx = \/;1f x" lerfc(x)dx
—0 Zﬁ—oo ZnT()
xt=y
e n+1
n 1 (o) P
18P \/;1 {—erfc(x)x"‘z} xnte—x" dx— f 2 e"‘dx— ( n2+3)
n+l (n n+3 n+3 n+3
2n 2 0 n 7 5 = 5 2n 2
736. Find:

i d"(x"logx) x" 4
dxn ‘n!-n? *
n=1

1
a= (
0
Solution by Avishek Mitra-West Bengal-India

fz —(x"logx) jg% n!(logx+H,) - x_n) dx

0 n=1

Proposed by Abdul Hafeez Ayinde-Nigeria
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%) 1 1

—zlfnl d+z f”d—i ! i Hn
B n? ogxax x nZ2(n+ 1)2 nZ(n+1)

n=1 n=1 n=1

(00

IO J RN A I B L

=1

=-¢(2)+2+1- Z—+2((3) (Z——inﬂ (n+1)2>

:3—2((2)+2((3)—<1+Z%—1>:3—3-%Z+zz(3):3—”;+2((3)

n=1

8

737. Find without softs:

n()—f X sin(VF) | dxn e N
n) = " x) |dx,n

0

Proposed by Abdul Mukhtar-Nigeria
Solution 1 by Kartick Chandra Betal-India

oo (00

Q(n) =

4f x3 - xM . e *sinxdx
0

[ . I(4n+4
= 4 Imag f xint3 e=x(1-Ogy = 4 . Imag.{ ( )}

(1 _ i)4n+4-

r(an+4) r(dn+4) 1
=4 Imag.{m} =4 W.Imag {W}

r(4n+4
= %(—1)"+1.Imag.{1} =0
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

+o00 + 00

Qn) = Vx)dx = Im f xte~(1-DVEgy =

x
o e

x=y*
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+ oo

. rdn +4
=3Im f xt3e-(-Dx gy = 3 Im ( ) _
0

(1 — i)4n+4 -
Solution 3 by Precious Itsuokor-Nigeria
C)oxTnsin Yx)dx putVx = u; x = u*; dx = 4udu
0 %z P
e X

F utm )
= 4f Fsin(u) widu = 4f utrt3 e~vsin(u) du = 4.Im [f yintdeg-ugiu du]
0 0

oo

0

=4| Im [f u4n+3e—1(1—i)udu]
0

. .. _t _dt
Put(l—l)u—t,u—E,du—E

1 r(4n + 4)
4n+3 ,-t —
=>4Im [(1—i)4"+4ft e dt] 4'Im[(1_i)4n+4
0
Since (1 —i)*=—-4

ran+4
(_4_)n+1

= 4-Im[ )] = 4:+1 r(4n+4)im [(_171)“1] =4"T(4n+4)-0=0
Solution 4 by Ovwie Edafe-Nigeria

0 M ci 4
Q(n) = fo ad :f,\'/l;& dx,n € N;setu = Vx; x = u*; dx = 4u3du

iu_o—iu

o] = — =
4 [, u**sinue du. Weknowsinu = —

E [f u4n+3e—(1—i)udx _ f u4n+3e—(1+i)u du]
i
0 0

By Laplace transformation L(u®) = -2 and% =—i

satl

[ (4n + 3)! (4n + 3)!
—at (1 — i)sn+4 - 1+ i)4n+4]

Weknow (1 —i)(1+i) =2
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A+ )4 (4n+3) - {(1 - D" (4n + 3)1}
—2i (16)n+1 ]

( 4)"1(4n +3)! - {(-9)"'(4n + 3)!}
(16)n+1

2 [W]

0

Q(n)—fx stn\/_danN—O
0 eVx

738. Find:

o) 1
sm x sec(tan1x)
Q= dx — dx
1+x
0 0

Proposed by Precious Itsuokor-Nigeria
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

co oo ©o 1
sin x sec(arctan x) ) V1 + x2
f f f f sin(x) e dydx — f dx =
1+x 1+
0 0 0
x=siny

argsinh(1)

f f cosh? x 4 T e
_— X=——
1+ sinh x 2
0
argsinh(1)

1+/2
M= f coshz(x)d _1f (1+x)? 4 _1f (1 1.2, 8 )d B
- 1+sinhx 2 x2(x2+x—-1) = =
0 1

2 x2 x x2+2x-1
x=logy
1 1 1+ x V2
=—(V2+———-2In 1+\/§)—{2\/§ar tanh( )}
2( 1++2 ( ) 8 V2

1

= —(1-+v2 +1In(1 ++v2) + 22 argtanh(1 — v2))
L Q= §+ 1—+v2 +In(1++2) + 2v2 argtanh(1 — v2)
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Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador

co 1 1
sin(x) sec[tan™1(x)] sin(x) Jsec2[tan—1(x)]
an [0, fredtan i, (i) -
X 1+x X , 1+x
0 0 i=0 9
co 1
1+ tan?[tan—1(x
= f L{sin(x)}dr — v [ )] dx
1+x
0 0
co 1 1
_0 T2 J o 4x = [tan”'(N]5 0(1+x) — x =
1 1
14 1+2x+x%2—-2x 14 (1+x)?—-2x

=_ _ dx = dx
2 ) @+x)V1+x? 2 J@+xV1+a?

1
T f[1+x 5 x+1-1 4
= — — — X =
2 J V1 + x? (1 +x)V1+x?
1

/4 f 1+x 2 . 2 -d
=5~ - X
2 J V1+a2 Vi+x2 (1+x)V1+x2

1 ]
14 X 1 2
:——f - + dx
2 J V1+2x2 V1i+axZ2 (1+x)V1+ x2]

i
L Neprwre1 { t 2 } 2(6) do =
2 [1+x]0+0f J1+tan?(0) [1+tan(0)]{/1+ tan2(6) sec’(0)d6
i
=1+§—\/E+f[sec(0)—% de
0

de i
cos(0) + sin(B)]O B

=1+ g —V2+ [lnlsec(e) + tan(0)| — Zf

deo

r
T

=1+-—-V2+In(v2+1)-+2
2 (2 )2

cos
° V2 V2




ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
7
T do
1+ Z+Im(VZ+1)-vZ [ — 2=
+2 + n( N ) Ofcos(ﬂ—%)

L]

:1+§—\/E+ln(\/f+1)—\/f[ln|sec(0—g)+ta“(e_g)”0
:1+§—\/Z+ln(\/§+1)+ 2In(vV2-1) =
:1+§—\/§+ln(\/§+1)—\/iln(\/i+1):1+§_ﬁ_(ﬁ_1)ln(ﬁ+1)

739. Find without softs:
2T
x + tan(sin x)
Q= f dx
2+ cosx
0

Proposed by Floricd Anastase-Romania

Solution 1 by Hemn Hsain-Iraq

21 2
x + tan(sin x) (2m — x) + tan(sin(2m — x))
[rriting,
2+ cosx 2 + cos(2m — x)
0
21 2
(2m — x) — tan(sin x) 21
I= dx, ZI=f ——dx
2+ cosx 2+ cosx
0 0
2
14 dz z+2z1
I=f—dx:>d0=_—,cosx=
2+ cosx iz 2
0
nwdz 2 d
— T z
I:f+:f o1 I = 2mi Res (Z—,—2+\/§)
2+z +1 i z¢+uz+1 z-+uz+1

2z
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Solution 2 by Samir HajAli-Damascus-Syria

2 2

x + tan(sin x) 2w — x + tan(sin(2m — x))
a- [xrimting,
0

2+ cosx 2+ cos(2m — x)
0
21 21 2
21w — x — tan(sin x) 4
=f dx:>29=f dx:>ﬂ=f
2+ cosx 2+ cosx 2+ cosx
0 0 0
2 21 21
f 1 d f 1 d dx
=1 x=m| ————dx=m
J 1+ (1+cosx) 1+ 2sin?5 J 35inZ£+coszi
2dx
2 X x 2T
f Zcoszi 2 ,[tan3 2
=T | ——————=mX—|tan"~ =—Tm
5 3tan2%+1 V3 V3 V3
0

740. Evaluate:

f2(1 +%)+ (1= +3x x5 In(A+x)

1+ 2272 ax

0
Proposed by Kunihiko Chikaya-Tokyo-Japan

Solution by Ruangkhaw Chaoka-Chiangrai-Thailand

_ fzu +22)+ (1= x)(1+3x — 2% + x3) In(1 + x2)

K J A+ 20)2 e*dx
20+ x3)+ (1 —x)(1+3x—x% +x3) In(1 + x?) e
I=f A+ 22)2 e*dx =?7?
(F(x)e*) = (f(x) + f'(x)e* (1) _ _ )
{(g(x)h(x)ex)' = (900 + g @) + g @]er () "D TIMATF)=
, . 2x
SR =1
A-2)A+3x—x2+x%) A-0[@A+x)(x-1)+2(x+1)]

gx)+g'(x) = = —

(1 +x2)? (1 +x2)?
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—(x-1)?% 2(x*-1) —-(x-1)?2 [(x-1)?\ —(x —1)?
- - () e =

1+x2  (1+x2)2 1+x2 1 + x2 1+ x2

(1- x)(1+3x x2+x3)ln(1+x2) —-2x(x— 1)2

(2); (g(0)h(x)e*) = )
(@ =x0)@+3x—x*+x3)In(1 + x%) — 2x(x — 1)? N
= f 1+ 22)2 e*dx +
2+ 2x — 2x% + 2x3 N
+f A+ 22)2 e*dx
) 2+ 2x—2x2+2x3 2x(1+x*)-2(x*-1)  2x 2(x2 -1)
(@O +f®) =G - 1+ x2)?2 12 A+

!

_ 2x . 2x _ 2x
1+ x2 (1+ 2) =f(x) = 1+x2

@); (f(x)e®)’ ——Z”":;)ZZ" x

2x (x —1)?

= er —
1+ x2 1+ x2

In(1+x¥)e*+Ce-K=e

741. Prove without softs:

T

x3
e nz- 1+—3 dx<mn
T
0

Proposed by Kunihiko Chikaya-Tokyo-Japan

Solution 1 by Adrian Popa-Romania

n 2
_x_/ x3 X = =
y=fen2 1+—3dx<n;—=t:>{x 0=t=0, dx = wdt
yiA i x=m=>t=1"
0

1 1
yznfe"2\/1+t3dt<n<:>fe‘t2\/1+t3dt<1@
0

1
L[5

0

1+t3 1+¢3 ?
dt<1} f f dt > 1
1+ t2
0 0

e’ >t2+1
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v1i+i¢t3

@—
1+ ¢?
Ji+8<l+t2o1+t3<1+2t2+t4:t?

<1 MWte(0,1)

t2—t+2>0
A=1-8<0

Solution 2 by Avishek Mitra-West Bengal-India

t<2+2t’ o }:>t2—t+2>0(true):>y<n

T 2 T 2 T
_x* x3 Holder _2x% x3
o | e w? 1+—dx < e mdx- 1+—)dx
yiA yiA
0 0

0

T

Q< +1 n4f_¥d Q< 50 m i g
= _— bis = R — -
< |7+ =7 J e x < |z \/EO e u

2x? 5 2 2 T
v—=u :ﬁ-ZxdxzZudu:ﬁ-—udxzudu:dxz du

nZ NG N

5@ m T 2 ‘ 2
:QS\/—-—-—-erf(n’) [.erf(z)—\/—ﬁ-ofe dt]

5Vm
:>QS11"%-erf(n’)@erf(n’)<l[':OSerf(x)s1<:)OSxS00]

vm = 82 > 8v2 >
V2 5\ - erf(m) 5T

let 8v2 >1 Q< >1 Q<
e |let | ———=p e ep Q< - s T
5V - erf(m) P=p p p

Solution 3 by Ravi Prakash-New Delhi-India

1

5VT £ )<5
= ——eri(m
82 8

XZ x3

T
I=fe_ﬁ 1+(E) dx<m
0
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Puti=1t¢
T

1
I= fe‘tz V1 + t3wdt
0

Foro<t<le’'>1+2>1+t3>Vi+t3 et Vi+t3<lfor0<i<1
1 1
:>I=1'L'fe‘t2 1+t3dt<nfdt=n'
0 0

742. Prove without softs:
2 1
f(\/} sin(mx))dx| < f(|\/x +1— /x| - sin(mx))dx
0 0

Proposed by Daniel Sitaru — Romania

Solution by Adrian Popa — Romania

2

1
f\/;csin(n'x) dx| < f(|\/x +1 — Vx| sin(mx)) dx
0 0
|f02\/§sin(n'x)dx| = folx/}sin(n'x) dx + ff\/}sin(n’x) dx| (1)
y
! )
x—1:t:>)il;i_:l: y=f\/t+1sin(n'(t+1))dt !
x=1t=0 = 0 (=
x=2=t=1 sin(wt + m) = sin wt cos  + sin 7 cos(mt) = —sinn't}

-1 0
1

1
:>y=f—\/t+1sin(n't)dtory= —fvx+1sinn'xdx
0 0
D= |f02\/}sin(n'x) dx| = |f01\/}sin(n'x) dx — folx/x + 1 sin(mx) dx| =

1 1
f(\/}—\/x+1sinn'xdx) < f|(\/§—\/x+1)sin(n'x)|dx=
0 0
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1
_ f|\/x+ — Vx| - Isin(mx)|dx l:

x €[0;1] = nrx E [0, ] = sin(x) > 0 = |sin(;rx)| = sin n'x}
1

= f\/}sin(n’x)dx <f|\/x+1—\/§| sin wx dx
0 0

743.f0<a<b < Ethen:

b
tan x 1+tanb
(e (it
a

xcosx 1+tana

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

b b
tanx dx
vtanx>x . | — > | secxdx
X COS X
a a

sech + tan b) ? (1 + tan b)
g

> = -
(«. x,cosx > 0) log( 1+ tana

seca+tana/

secbhb+tanb ; 1+tanb

seca+tana 1+tana (- f(0) =logbis TV €R)

?
< sech +tanb +tanasech > seca +tana + tanbseca

2
o tanb (secbh —seca) +tana(sechb —seca) > 0

)
& secb —seca>0 (- tana+tanb > 0)
)
>
cos b cosa

2
@cosa2cosb—>true':0<aSb<§

b
ftanxdx (1 + tan b)

X COS X 1+tana

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

. . . sin x
s f(x) =sinx +sinxtanx — x; f'(x) = cosx +sinx + ———1=
cos? x
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v sin x 4 sinx 1
—\/Ecos(z—x)+cosz —1>O,f(0)—0,f(x)foe]0,E[:> 2
b b
tanx sinx d(tan x) 1+ tanb
| reos = | zeostx J Trtans = %8 (15 ana)
xcosx X COS 1+tanx 1+tana
a a

744. Prove without softs:

T

4

f 1 ) _T V3-1
J (smx)s“‘x (cos x)cosx x 3 2
6

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

1 : i Bernoulli
S Gin - (cscx)*™* = (1+ (cscx— 1))~ < 1+sinx(cscx—1)
=1+1-sinx=2-sinx
1 Bernoulli
< (csc x)cosx = (secx)s* = (1 + (secx — 1))cosx < 1+cos(secx—1)
=14+1—cosx=2-—cosx
1

— + <4 —(sinx + cosx
(Sil'l x)smx (COS x)cosx ( )

T
1

f 1

=

J (Sll'l x)smx (COS x)cosx

6

T
s
< f(4— (sinx+cosx)) dx
r
6

T T T T T . T
=4 (Z — g) (cos 1 cos g) — (sm 1 sin g)

_,3mo2m (1 V3 (1 1)_1r+1 V3 _m V3-1

B 12 N vz 2/ 3 2 2 3 2
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745.1f 0 < a < b < 2w then:

Pl sin sm(y+z)sin(2+x)
;fff 2 2 +c0t<x+y+z> dxdydz <log
6(b — a)? Z x+y+z> 2 -
aaa 2

sm sm sinz 2 sin (

. a
Zsmi

Proposed by Daniel Sitaru — Romania

Solution 1 by Mokhtar Kassani-Mostaganem-Algerie

x+y+z
2

fff sin(x;y)sm(x;y)sin(x;y)
a aa sl

in (3) sin ()sin (3) sin (=)

f (cot () + cot (2) + cot (2)) vy az

+cot( ) dxdydz =

n\@'
n\@'

+ (b — a) cot (%) + (b — a) cot (g) dydz

b sin (g) sin (g) ) z
:af 2(b—a)log o (%) +2(b — a) log o (%) +(b—-a) cot(i) dy
an (2
= 6(b — a)*log <6(b—a)’log

b
sin (%) 2 sin (%)

Solution 2 by Tran Hong-Dong Thap-Vietnam

With0 <x,y,z <2rm

sin| +y sin ytz sin z sin +y +sin rt +sin 1tz
_ sin(5Y)sin(57)sin(57) | xeyez _ sin(52)+sin(57)+sin(7)
Let Q(x y’ Z) Slnz sm% Slnz smx+;’+z * COt 2 - Slnz sm% smi smx+;’+z *

cosw_sin(x_'_y)s (y+ )sin(x_é_z)+cos(w)-sinzsinzsinE

2 _ 2 2 2 2528y _
. X+ty+z X .y . Z . X+ty+z
sin —2 sin 2 sin 2 sin 2 sin —2

(sin W) (sin % sin % cos % + sin % sin %cos % + sin % sin % cos %)

sinxsinysinzsinx+y+z
2 2 2 2
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)dx dydz

(o)

CcoS 5
2
z

bbb
a)szfﬂ(x,y,z)dxdydz
a a a
sini

1
-
6(b —
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VA

Ccos 5
2
Z

sins
2

+

Y

cos 5
2

in?
sinz

+

X

CcoS
2
X

siny
2
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N = = = = =
d -ﬂ -ﬂ d -ﬂ -ﬂ
N N[N [ AN e
%)
e | .= 3| E
o 2] 5] 7]
bfa bfa

2(b — a)? (ln
2(b — a)? (ln

)=
o

|
=

SN SN
£ £
7 7
Il = Il £
o | S |
> SR > SR
= = = =
al i al A7
S = S =
\) — \) —
RIN|R N ~ AN ~
3| & 0 S| .5 0
ol ® S| '®?
N— — I ~ - I
[e—= = [e—c =2
R — N | —= N
Ve— I Ve— I

V2

32

> dxdydz >

Proposed by Jalil Hajimir-Canada

2(b — a)? (ln :

)

a

2

Insin

2

b
xX+y+z

) dxdydz
sin(ntx) + sin(my) + sin(nz)

2(b — a)? (ln sin

746. Prove without softs:
111
1417
J!J<
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Solution by Daniel Sitaru-Romania

1 w ] 22
X,V,Z€E [OZ] - X, Ty, Z € [OZ] - sin(mx) > — T = 2V2x
(J.SANDOR’S INEQUALITY-2005-VICTORIA UNIVERSITY)
Analogous: sin(my) > 2v2y,sin (z) > 2+/2z

sin(mrx) + sin(mwy) + sin (nz) > 2V2(x + y + 2)

Equality holdsforx =y=z=0.Ifx+y+z# 0 -

> 242

sin(mrx) + sin(my) + sin (7z)

x+y+z

111 111

f( ( (sinGen) + sin(ry) + sin(mz) fil 111 42
sin(nx) + sin(my) + sin(mz

dd > = Z\Z"—""—" _= —

!!!( Xty +z ) xdydz Zﬁofofofdxdydz 2\/24 21 32

747. Prove that:

111
yz

fff —+e 4)dxdydz<1

000

Proposed by Jalil Hajimir-Canada

Solution by Daniel Sitaru-Romania

f:10,1]x[0,1]X[0,1] - R, f(x,y,z) = —+e 4
1 —m " —m 17 Bz " 1 1z
fx_——Ze f = 4,fyy:Ee 4, zz:Ee 4

f convexe in each variable on a compact set (a convexe cube with sides parallel with
axis). By Weierstrass-Gireaux theorem f has an attained maximum in a vertex of

f(0,0,0),f(l,0,0),f(O,1,0),f(0,0,1),}_ {1 + }_1
f(1,1,0),f(1,0,1), f(0,1,1),f(1,1,1)) 5 Ve

cubemaxf(x,y,z) = max{

111

xyz s 111
f(X,y,Z)=?+e 4 S1%ffff(x,y,z)dxdydz<fffdxdydzz1—>
000 000
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111
xyz

fff —+e 4 dxdydz<l

000

748.1f a, b, ¢ > 0 then:

2a 2b 2c

1fff Ay dxdydz > —
abc Cx+y+z)(x+2y+2z2)(x+y+2z) rayaz 64

a b c

Proposed by Dilshodbek Akramov-Azerbaijan

Solution by Daniel Sitaru-Romania

3 3 3RADON 3 3
X y z X + y-+-z X + y-+-z
x3ly3|z3_— ( ) ( )

+— S
2T S @ i+1)? 9

1 AM-GM 1 27
> =
[leyex+y+2z) (4x + 4y + 42)3 64(x +y +z)3
3
x3+y3+23 (x+y+2z)3 27 3
[leycx+y+2z) 9 64(x +y+2z)3 64

2c 2a 2b 2c

Y Az dvd dxdyd b
> - -
MeyeRx+y+2) 7% fff reyaz = 64“ ¢

c

2a

/

2a 2b 2c

1fffx+y+zgddd>3
abc [leyc(2x +y + 2) XOYaz = 64
a b c

749.If f:[a,b] — (0,1),a,b € R,a < b, f —continuous then:

fff n(smf(x) sin~! f(x)) |dxdy dz > ffz(x)dx

cyc

Proposed by Daniel Sitaru — Romania
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Solution 1 by Jalil Hajimir-Canada

sinx

By using the factthatsint <t <sin"'tfor0 <t <1and f(x) =

is increasing

X

int . in—1¢
on [0,1]. We can conclude: = > Sms(lsn'—:t) 0<t<1

0<t<1 (¥

Which means: sint - sin~1t > ¢2. If we call the triple integral I:

b 3(*) b 3
I= fsinf(x)-sin‘lf(x)dx > ffz(x)dx

Solution 2 by Tran Hong-Dong Thap-Vietnam

Because: f(x): continuous on [a; b], t = f(x) € (0,1), we let:

g(t):(sint-sin‘lt)—tZ,O<t<1—>g’(t)=%—2t+sint.sin—1t:
:sint—Ztm+sint-sin‘1t-m:0(_)t:0€(0 1)
ig |
t 0 !

g® 0 + ‘

g(t) / 400
0

Hence: g(t) >0 o sint-sin"'t>¢t* 0<t<1

afff(ﬂsinf(x).sin1f(x)>dxdydzz _fff(fz(x)'fz(y)-fz(Z))dxdydz

= ( fb £7(x) dx) ( fb *) dy) ( fb fZ(Z)> = ( fb f2(x) dx>3

Proved. Equality if and only if a = b.
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750. Prove that:

T

z 3
T

f(l + sinx)S™ dx < e

0

Proposed by Jalil Hajimir-Canada

Solution 1 by Daniel Sitaru-Romania
fil0,0) >R f(t)=1+tx— (1+1t)* f(0)=0x€(0,1) — fixed

1
ro=x(1-G7p)
x<1—>1—x>0,(1+t)1‘x>(1+t)°=1—>1>m_’

1_(1+—1t)1‘x> 0- f'(t) >0 - f —increasing, f(t) > f(0) =0

1+t)*<1l+tx,t >0x€(0,1); (1+sinx)s™ < 1+ sinx - sinx

T T T
2 2 7 )
) T —cos x
f(l + sinx)S™dx < f(l + sinx - sinx)dx = 5 + f =
0 0 0
n w 1 3
——— (smn' —sin0) = T

“27a
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

T
BERNOULLI T A 1—cos2x
(1 + sinx - sinx)dx = 7 + f (T) dx =
(]

T

2

f(l + sinx)s™dx <
0

1 14
— (sinm — sin0) = T

+

-PI ]

NS
.[;

751. p(x) = |[x + 1] — x| , [*] - great integer function. Prove that:
1 1 1
f p@ f p@ f(@pﬁﬂdx <1
0

0
Proposed by Daniel Sitaru — Romania
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Solution 1 by Adrian Popa-Romania

~ 1 LIf x € [0;%) >px)=10-—x|=x
p(x)_|[x+i]_x|:>II.Ifx€[%;1]:>p(x)=|1—x|=1—x

1 2 1
f3 p(x)dx=f§/§dx+ f%/l—xdx
0 0 1

2
~_—
1-x=t=>-dx=dt
=

2-t=7
x=1=>t=0
1 1 1 1
1 2 2 2 4|2
3 _ 3 3 _ 3 _ x3 —
= p(x)dx = | Vxdx+ | Vtdt =2 \/y_cdx—Z-T =
0 0 0 0 31,
3 3/1\* 1 331 331
4 2 2 4.2 4. (2
1 1 1
1 2 1 2 6|2
5 _ (s 5 _ 5 _, X5
p(x)dx = | Yxdx+ 1—xdx=2 \/de_z-? =
0 0 % 0 51
B 55(1)6_ 15 s/1_ 551
T 64\2 2 6 |2 6.2
1 1 1
1 2 1 2 8|2
X7
f7p(x)dx=f</y_cdx+f71—xdx=2f</§dx=2-? =
0 0 % 0 7 1o
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1556 z7a
26 23 25 27 2 64

Solution 2 by Khaled Abd Imouti-Damascus-Syria

i

X

@

I

=

+
| =t o
| =
(==Y
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N[ = s

fmdx—ffdx+fmdx

1
fs oF 551 551 _10s] 1 _5 151
PRIex = 164 6./64 6 .32-2 3 2.2
0
; 5s/1 [ 7701
s 551 [, _771
fp(x)dx—6\/;,f p(x)dx—s\/;
0 0

SO:(folgp(x)dx)(fo p(x) dx)(f p(x) dx) %253\/%5;/%7\/%
35 (1)%+%+% _ 35 (1)17015 35

= —| — = —\ — _<1
64 \2 64 \2 64

Note: f p(x)dx = ( 21) 1:/2

Solution 3 by Jalil Hajimir-Canada
Using the following facts:

1.0<x<1then [ Yx<1
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20<px)<1

We have: fo p(x)dx<1- (f p(x) dx) (f p(x) dx) (f p(x) dx) <1

1 [ T
f mdx<ln2
. x+1

Proposed by Jalil Hajimir-Canada

752. Prove without softs:

Solution 1 by Avishek Mitra-West Bengal-India

' sin Holder ' dx
‘:’f (x+1 fs‘“ ) G+ 1)
0

0

:QS\/;(l—cos ) [ln(x+1)]0—\/%ln2

o™ fn2<mn2=2%m2<In?2=2<m2 ((*)trueasm ~ 3.14,In 2 ~ 0.693)
T T T

f sin ()

<
G+ 1) dx<In2

Solution 2 by Adrian Popa-Romania

b 2 Y .
(f f(x)- g(x)dx> < (f £2(x) dx) (f 9%(x) dx) cBs.

=>ff(x) g(x)dx<\/ff2(x)dx fgz(x) dx

We take f(x) = /sm— gx) = 11 a=0b=1
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1 . TTX 1 1

Slan < . n’xd 1 dox =
f T+ 1 X < fSll'I? X'fx_l_l X =
0 0 0

2 mx) ) 2 2
‘In(x +2)[§ = —(0——)-ln2= —In2
0 T 14

——CcoSs—
i 2

We must prove that: Elnz <In2 e %lnz <1In?2|:In2

2
o —<In2eo2<In2"olne’!<In2" < e2 <27

T
e?<282=784<8<23<2"=e%<2" QE.D.

753. Prove without softs:

3
3
mlog+/3
f log(tan x) dx > Tg + log
LU
)

Proposed by Seyran Ibrahimov-Sumgait-Azerbaijan

Solution by Avishek Mitra-West Bengal-India
x-sec’x

T T
3 3
L
=0 Zflog(tanx) dx = [x-log(tanx)],:’;—f
J T ) tanx
4 4
T T
3 4
b4 X b4 X
=—log\/§—f_—dx=—log\/§+f_—
3 J sinx-cosx 3 J sinx-cosx
4 3
= X >1 "xe(zz)]:#>cscx
cosx L 4’3 sinx-cosx —

=log (tan g) —log (tan g)

Bl] WY

T T
1 3

= Imdx chscxdxz [log(tan;)]
T T
3 )



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
/4 /4 /4
= —logV3 +13> glog\/§ + log (tanﬁ) —log (tang) —

T
_ [log (tan 1) + log (tang) —2log (tang)] e 0> §IOg\/§ +log (?;;?) p

[ 4 1-tan30 +3-1 ]
.tan——tan15—tan(45—30)—1+tan30—\/§+1—2—\/§,

T
2tan§ 2x
=1=x2+2x-1=0=>

T
=
1 — x2

tan— =
4 1 —tanZ%

—2+./4-4-1-(-1) _

b4
-1+V2=>tan==V2-1>

2 B 8
A 1
= log —tanl—rg-tan% =1lo —(2_\/5)\/_5 =log<—2_\/§ ><O
tan? g V2 -1)* (3-2V2)V3
2-+3

-.-0<m<1:>

= log (tan 1—1.;) + log (tan g) —2log (tan g) =-p

(2-v3)' _
Wz-1y "

T 2 -3 T
& 0>—-logV3+lo +p==logV3 +1lo

T
3
T 7 — 43 T 7 — 43
=—logV3 +1lo + @flo tanx) dx > —log+/3 + lo
3 108 gg_zﬁpng( ) 3108 8 |3°2v2
4

754.1f 0 < a, b, c < 2w then:

abc/. X .Yy . Z . (xt+y+z
1 sin E sin E + sin E sin (—2 ) 1
T sty 55
(a' +b+ C) sin (x + Z) sin (},_-'-Z) 216
abc 2 2
2 2 2

Proposed by Daniel Sitaru — Romania



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Soumava Chakraborty-Kolkata-India

X Y + «i z . <x +y+z\
sin; sinZ + sin sin > ) =
1 ( x— y +y x+ y x+y+2z
=—|cos - cos + cos — COoS —)
2 2 2
X x+y+2z x+ty+2z x-—
=1 o ya— ’ 7\ <x+2). <y+2)
=5 2sin > = sin{——|sin|—;
csm( y+z _ abc A-G  gbc
- LHS = (a+b+ )3f f f (x;rz) sin(y;rz) dxdydz 8(a+b+c)3 = 8-27abc E (Proved)
Solution 2 by Remus Florin Stanca-Romania
X y_( (x—y) (x+y))1
singsin> = {cos (—; cos{— >
s Z . x+y+z\ _ 1 x+y x+y+2z
sin > sin (T) =3 (cosT — COoS (T)) and
. (x+z +z xX+y+2z
sin ( ) sin ( ) (cos — COoS 2 ) =
Yy xty+tz
:>s1nzsm2+smzsm( > )_
sin (*7%) sin ()
-y xX+y+2z
cos — COoS + cos —COoS |—F5——
o) cos () oo () o)
cos ( > ) — COoSs (—2 )
abe sm sm + smgsm (%) abc
(i o L) -
apt sm > )sm (T)
272
We need t that—2¢ <L
€ needa to prove tha 8(athi0)? — 216
a+b+c>3Yabc= (a+b+c)3>27abc=>—2 <1 =L (Proved)

8(a+b+c)3 — 278 216

x+y+z
sinz smy+sm sm( Y

(a+b+c)3f fb ch< Zsin( +z):in(y+z)2 )> dxdydz < i (Q.ED)
2

2
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755. Prove:

+ + dzdydx > —m

16

rnrw

2 2 2 : :

fff cosgxz sinxz cos®yz sin®yz V2
cos? yz * SinZ yz sin?xz cos?xz

000

Proposed by Jalil Hajimir-Canada

Solution 1 by Daniel Sitaru-Romania

[

b4 3m 2 . 2 2 .2 2 1 s 4 4
a=xzE O'T c[0,7],sm 2a<1-1-—4sin“acos“a > 0 - 1 — 2sin“acos a25—> sin“a + cos*a > =

N

w? 3m ., . 5 . 1
b=yze O’T C[O,?],sm 2b<1 - 1—4sin?bcos*b > 0 - 1 — 2sin’bcos?b > = -

N

.4 4 1 .4 4 .4 4
— sin*b + cos b22—>sm a+ cos*a+sin*b+cos*b > 1

BERGSTROM
)
dxdydz =

mT T T
2272
fff cos8a sin8a cos8b sindh
+ +
coszb sin?b sin?a cos?a
000

T T T
27272 [ :
(sin*a + cos*a + sin*b + cos*b)?
—dxdydz =
000

N

IS

=

QU

<

IS
S — iy
S — iy
S — iy
N =

Solution 2 by Ali Jaffal-Lebanon

V2
> Y2 3
dzdydx > 16”

L L L2
222 - -
f f f cos® Xz sinfxz cos®yz sin®yz
cos?yz sinZ yz sin?xz cos?xz
000

Leta =cosxz;b =cosyz;c =sinyzandd = sin xz

cos®xz sin®xz cos®yz sinfyz a® d® b® B

cos?yz sin?yz sin?xz cos’?xz b? 2 d? a?
anda?+d?*=1,b*2+c*=1

2

a® b8 B _ (at+d*+bt+ct)’ _ (at+bt+ct+d?)

We hav —+—+—+—>
ehave 2 d?2 a2 b2+c2+di+a? T 2

buta4+b4+c4+d4ZZ(aZ+bZ+cZ+d2)Z 22(4): 1



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a®  d® b8 8 1 Z o |1 w2
—_ 4 — 4+ —+ _>_ I>|2)2]|2 _d dyd > — X —
So, b2 ¢z d2 a2 T2 T fo fo fo 24X Z=73 2

Therefore I > %

756.1f0 < a,b < 1 then:

a b xt+y?-2
Q= f fb<(a"+1)(bx+ 1)>dxdy< 1

Proposed by Jalil Hajimir-Canada
GENERALIZATION

If0 <a,,a, ..,a,<1lneNmn2=>1then:

Xt +tak—n
Q= dxidx,..dx, <1
f f f ((a1+1) (a3 +1)-. (az+1)> F1E e Cn

—a; —a; —an

Daniel Sitaru

Solution by Daniel Sitaru-Romania

a —-a a

e*’ e(-0? e - a*

—-a a —-a

a 2 ¥ 41 a
21, = fu x = fexzdx<e(a—(—a))=2ae

a*+1

a b 2 a 2 b 2
x+y -2 1 ex ey
g_ffb((au1)(bx+1))dxdy_ez<fax+1dx>< beldy)_
a =

—?-11-12<?-ae-be—ab<l
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757.1fa,b,c > 0,a + b + ¢ = 3 then:

aex exd bex exd C e exd 3 6
— + — + — > 3e —
f (2 ) x f (2 ) x f ( 2 ) xooe
0 0 0
Proposed by Daniel Sitaru — Romania

Solution 1 by Adrian Popa-Romania

a x a

e e* € Bernoulli e*
f dx—f(1+7—1) dx = fl"‘e (7—1)dx—

0 0

a
er a a era
— _ pX _ — — pX R =
—f(l e+2>dx x|0e0+40
0

. e’ 1 1 /e u
_asetr1+ g og=a—g+(5-1) 11
B e \2 1 \? 1|:>f(7) dx>a-g+z=a

> a> _—— >(=— = — 0
a>0>e 1:>(2 1) (2 1) 4}

Similar: fob (%)ex dx>band [, (ez_x)ex dx > c

ex x ex X ex ?
fo“(é) dx+f0b(%) dx+foc(e7) dx>a+b+c=3>3e—6< 9> 3e(true)
Note: {ex 1> —1because x € (0;a) anda >0

e* > 1 because x >0
Solution 2 by Abdul Mukhtar-Nigeria

a

e* e* < e* e*
Q= f dx+f(7) dx+f(7) dx>3e—6
0 0

X

Q=1I,+1I,+I;. Forl, :foa(é)exdx; I :foa(1+§—1)e dx

Using Bernoulli (1 +x)" > 1 + nx

a a

ex er
11=f1+e"(7—1) dx; 11=f1+7—e"dx

0 0
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a a

a 1 1
I, Zfdx+ifez"dx—fe"dx; I, Z[x+1e2"—e"]
0 0 0

a

0

I Z[a+1e2“—1e°—e“+e°]'1 Z[a+1e2“—1—e“+1]
2 4 4 o 4 4

Buta>0;I,=(a+0+0)=a .'.Ilzfoa(ez—x)e dx=a

For I, we use the same method from I; we get:

b

1 1 1
I, Z[x+1e"—e"] o Z[b+1e2b—1e°—eb+e°]

0

L=|b+le?®—2—e’+1|Buth>0, L, =(b+0+0)=b - 1 :fo”(—x)e dx=h

Now, to I3 we use the same idea from I, and I, to get:
c ox eX
I3 Zf(—) dx=c-Q=a+b+c

2
0

Buta+b+c=3, Q=a+b+c=3>3e—6, Q=3>3e—6; Q=3 >215485
b c

“exex exex exex
QZ[(—) dx+f(—) dx+f(—) dx=a+b+c=3>3e—-6
2 2 2
0 0

0

Solution 3 by Ali Jaffal-Lebanon
a x b x c X
ex\° ex\° en\’
0 0 0
_aexex . _bexex _cexex
Letl, = fO (7) dx; I, = fO (7) dx and I. = fO (7) dx
e* e* x
We have (7) = e(x~In2)e* > (x —In2)e*+1
Sinceet >t+1forallte R
ThenI,>(a—1In2—-1)e*+In2+1+a
So,I>(a—In2—-1)e*+(a—-In2-1)e’+(c—In2—-1)e‘+3In2+3+a+b+c

We have @(x) = (x —In 2 — 1)e* is convex or [0, +x]

So, @ (a+:+c) < <p(a)+<p;b)+<p(c)
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a+b+c atb+tc

Then123( - —ln2—1)eT +3In2+3+3

I>3[-(In2)e+In2+2]>3e—-6

758. Prove without softs:

|/ ;Z‘xzdx\l_l + / 12"x2dx\_1 >4
e )

Proposed by Jalil Hajimir-Canada

Solution 1 by Daniel Sitaru-Romania
1
x2>0-x2<02*< 1,f 2-*dx <1
0
1

fol 2~ dx

(i) )
2 1
fZ‘dex + fZ‘dex

0 1

2

>1 (1)

1 1 BERGiTROM 1+ 1)2 4 (i)4
> >_=

= + =
fo%z‘xzdx fllz_xzdx fo%z‘xzdx + f112‘x2dx folz_xzdx 1
2 1
2

Solution 2 by Adrian Popa — Romania

-1
(1) "
2 1
Uz-xzdx) + fZ‘dex S4=>al+pl1>4
1

0

2

b
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2 MH;MAa+b (1+1)( +b)> 4 1+1> 4
=2 (—+=— =_+=

- 2 a b a - a b a+b

1,1
a

G‘IH

1
2 1 1
2
a+b:fZ-xzdx+f2"‘2dx=fz_x2dxs1@2-"2sl (V)x € [0,1]
0 1 0
2

I'(?C)ZZ"‘2 :>f’(x)=—2x-2"‘zln2 =0=>x=0

X 0 1

fx)  0-—————— - — — ——————

f() 1
1 2

= f(x) <1(V)xe 0,1)=>2"*<1

( .
U 27 dx) + fz-xz dx | >—
0

- =4
Jy 27 dx

759. Prove that:

T+ 4 f (tan~1 x)? 1+sina-tan"la
(x —tan~1x)2

-1 |a>l
tan""a—a

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam

182
First, we compute: I(a) = ff% dx
xX—tan X

We have: f(x) = &0 ) (tan”x)

(X tan_l X)

_ x(x—Z tan_lx)
x2-2x tan_l;\c+(tan_1;\c)2 (;\c—tan_l;\c)2

More, g(x) =

2
Zx(tan x— x)+(x +1) 2+1

+1 ,
tan™ " x—x - g (x) -

x(x—Z tan—1 x)

x—tan-1x)°
( )

(x —tan—1 x)

- f( (x tan-1x)? )dx =g(x) + €= ——+ C (C: const). Hence:
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[ (tan'x)? N o x(x —2tan~1x)
I(a)—lmdx—lff(x)dx—lf<1— >dx

(x —tan~1x)2
x2+1
= |\lx+—
tan-1x —x

. at+1 (1 2 )
=la+—m—m |- (1 + ————

. tanla—a tan-11-1

_atan'a+1 tan"'1+1 atanl'a+1 w+4

" tanla—-a tan'1-1 tanla—-a mw—4

T+ 4 nt+4 atanla+1 mw+4 atanla+1
> LHS=—+1(a) = — — = —
m—4 —4 tanla—-a mw-4 tan-la—a
_ 1+atan"la a>sina.a>1 1+sinatan™
tan-la-a tan-la-a

2 Proved.

760. a and b are two real numbers such that1 < a < b < eZ.

Prove that:
Frf 3(b - a@)*(a + b)
xX+y+z —a)’(a+
fff x"‘)""Z dxdydz = a+b
b () 2In(%5=)

Proposed by Ali Jaffal — Lebanon
Solution 1 by Daniel Sitaru — Romania

Inx —1

x
f:(1,00) - R, f(x) :—x'f (x) :W,

f'(x) = >0,vx € (1,e?)

—Inx
( x)3
f —convexe. By Hermite-Hadamard’s inequality for triple integrals:

bbb

|15 a2

fff( xtytz )dd (b—a)3(a+ b)
—=— |dxdy >

N AN CES 23 ) PN (53 )
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3(b—a)3(a+b)

b b b

XxX+y+z
fff x+yy+z dxdy = a+b
a a a l ) Zln( 2 )

Solution 2 by proposer
Let f be a convex and continuous function on [a; b] then:

ff(x)dx > - af (137

LetanSb;aSySbandaSsz,sof (x+"+z)dx>(b a)f(“”’ > g).And

b b
+ +b b b
[ [ arar= [o-or(g2e 2z o-anr (e 0
Then: f f f f(x+y+z)dxdydz>(b a)3f(a+b aT-i-b a+b)>(b_ )3f(a+b)
If f(x) = mwhere x €]1; e%[then "' (x) = ;(‘l“n(("z;: >0on]1; e[

We have f is convex and continuous on ]1; e?[

a+b) _ 3(b—a)®(a+b)

b b b
xX+y+z
fff x+y+z dxdydzZS(b—a)3f( > 75D
aaa In Zln(T)
3(b-a)3(a+b)

Thereforef /, fb x(:i';’fz) dxdydz >m
2

761.1fa,b € R,a < b then:
b b
f f 1%/ e(3x+y)? dxdy > (b — a)?- %/ ela+b)?
a a
Proposed by Daniel Sitaru-Romania
Solution by Ali Jaffal-Lebanon
(Bx+y)? Bx+y)?

(3x+ )2 9 9
(py(x) —e 16 .,’y’(X) :ge 16 +_(3x+y)2 16 >0
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+b G5

a
@, — convexe — f(py(x)dx > (b—-a)g, (T) =(b—-a)e 16

2
Let ¥(y) = exp (@ + i’)

., 1 3(@a+b) y* 1/3(a+b) > 3(a+b) y\°
v =gew(Tg+y) 5 (Tg o ry) ew(Tg+3)
b

a+b
Y’ (y) >0,¥ — convexe — f Y(y)dy = (b —a)¥ (T)

b b

16 2 3(a+b) a+bhb 2
ff VeBxN*dxdy > (b — a)’exp + =
a a

8 8

= (b —a)’exp <(a _;b)z> = (b —a)?- ) ela+b)?

762.If\/?§<a$b<1then:
b b 5 5
x+y (b* —a*)(b — a)
-1 x+y dxdy = _q(a+b
2 o \tan ) 2 tan ( > )

Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon

" 2(t—arctant)
where t > 0; t)——————
rcta (t) ¢ ( ) (arctan t)3(1+t2)2

Let @(t) =
Since t = arctan t for all t € [0, +o[ we have ¢ is convexe on ]0, +oo[

thenf o(t)dt > (v — u)(p( )forall0<u<v
LetI—f I ”—ydxdyZZfa f:(p(%)dxdy

@ arcta ( y)
b
4 2

fo:

a

then
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b
12zf(b_a)‘p(¥+g>dy2Z(b—a)(b—a)(p(b:a+b:a>
b+a b+a
9 Z
>2(b—-a)(b—a)- (p( > )>2(b a)(b — a) — b;a)

(b — a)(b* — a?) _ (b —a)(b* — a?)
_1(a+hb = _1(a+h
tan ( > ) 2 tan ( > )

Solution 2 by Tran Hong-Dong Thap-Vietnam

With?<asb<landx,ye[a;b]aas%sb.Wehave:

tan~lt— b
ot i t _ (t2+1)
f0= tan1t't” 0~f(®= tan-1t (&2 +1)(tan~1¢)2 (tan—1¢)2
Let: g(t) =tan1t — t>0-g'(t) ——2> 0- g(t) Ton (0;+x) >

m (£2+1)
g@®)=>g(0)=0- f'(t) >0- f(¢t) Ton (0; +0)

x+y
a

tan— f(xzﬂ) = tan~1(a)

Choosing:thJ'TyZ a>0-

b+a

e >
tan—1(a) — 4tan_1(%)

We must show that: < 4atan~! (“T”’) > (b + a)tan"1(a)

+b
250

. 2
It is true because: tan~1x Ton (0,+o) — tan! (a;b) > tan 1(a)

(*)
And:4a>=b+a<-3a=>hb

a>?—>3a>\/§>1>b.80,

b b X+ b b
ff 57 I b+a gy = (= @B+ )
e S . [fare
s tan‘l(x y) 4tan‘1 a+b P 4tan‘1(a;b)
Or

b b
x+y (b? — a®)(b — a)
!!(t - x+y)>dxdy2 Ztan‘l(a;b)
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763.1f a, b > 1 then:

ff tan"1x — tan™ ydd -1
(a—l)(b 1) logx —logy ray
11

Proposed by Daniel Sitaru — Romania

Solution 1 by Jalil Hajimir-Canada
Let f(x) =tan"'xand g(x) = tanx

Functions f(x) and g(x) are satisfying generalized mean value theorem:

fX)—f@y) fl) ¢ 1
gx)—gly) g'(c) 1+c% 2

fff(x) f(y)

1
9 —gy T <z ¢-D@-1)

Solution 2 by Ravi Prakash-New Delhi-India

Forx # y,1<x <a,1 <y <b. By Cauchy's mean value theorem:

1

= (”‘ L. For the same ¢ lying between x and y.

C

tan"1x—tan™ 1

logx—logy

a b
tan~lx — tan‘ly - c - 1 S 1] fftan-lx — tan—1y
= |+vc =

logx —logy ~— 1+¢? logx —logy dxdy

<

N =

ab a

1 2 tan lx—tan"ly
ffdxdy = E(a— 1)b-1) > RO 1)ff logx —logy dxdy <1
11 11
Solution 3 by Florentin Visescu-Romania

Considering the functions f, g: [x; y] - R

f(t) = arctantand g(t) = Int = Ja € (x;y)aa

1

g'(a) _ arctanx—arctany or 1+q2 __ arctanx—arctany
g' (x) Inx—Iny 1 Inx—Iny
a
arctan x — arctany a
Inx—Iny 1+ a?

Consider h:[1,) - R; h(a) = 1+“ _
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1+ a?—2a? 1-—a?
h’(a) = =
(1+ a?)? (1+ a?)2
a 1 o0
Ax) | ————— - ———————
h(x) |1
2

b b b
‘ arctan x — arctany a ‘ 1 1
ff dxdy = f dxdy<ff5dxdy=E(b—1)(a—1):>
11 1 11

Inx—Iny _[ 1+ a?
ab
2 ffarctanx—arctanyd dv <1
(b-—1)(a—-1) Inx —Iny ray
11

764. Let p,, be the n" prime number. Find:

01 ('VF%'VF%—Z)
= 111m

n—>oo

3VPn + 5VPn _ g
Proposed by Daniel Sitaru — Romania

Solution by Mokhtar Khassani-Mostaganem-Algerie

"3+ P52

Q =lim,,_, s | Note that by prime number theorem: P,, ~ nlogn

. n 1 3+" 1 5_9 . . log(nlogn)
50: 0 = lim,,., (Ll y{aios ) lim, ., "/ logn = elmms=" "5 =

3n\/nlogn+5n\/nlogn_8

1

by L’'Hopital rule we get:
n n 1+logn log(nlog n))
3 5
oo & (5\/(nlogn) + 5%/ (nlogn) )(nzlogn 2 8

= =0
n-+o (BW log3 + SWIOg 5) (1 -Zl- logn log(n 120g n)) 3log3 +5log>5
n<logn n
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765. Prove that:

The product on the left-hand side extends over all prime numbersp < n
Proposed by Prem Kumar-India
Solution by proposer

We are going to use Merten’s 3 theorem: lim,, ,q, — 1'[,,<ni1 =eY

Inp _ n
Awell-known result: y = lim,,_,, (ln Zp<np ) = e’ =lim,_,, %
And Euler’s product formula for s = 2

pZ

lim =2(2)
n—-oo 1
psn
-1
LHS =limnlnn ﬁ#xgxpj
n s VP(P+1) PP
= 1j n 1% 1 x pz —eV xe 7V x 2 _T’:Z_RHS
_nl_g})l_[p_lp L p pz—l_e e (()—?_
p=n Inn" " p-1
Hence proved.

766. Find:

01 C g (2R 2k 1 0wy l082
tim ( n( ), (108 (55 —)) - mleez ==,

k=1

Proposed by Daniel Sitaru — Romania
Solution 1 by Remus Florin Stanca-Romania

(W) ninz 22
1

n

Q =lim,_,

(b)
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2n+2k+1
k
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In2
nln2 —T = llﬂln_,o0

)-

1)

< < Hk 1(2n+il,i+1

(4n+ 5)!!

)

(n+1)!

In2

lim In
n—-oo
k=1

n
"I1(2n+2k+1

n+k

(4n+3) 4n+5 n+1

w120+ 2k+3

Zn+3)I 2n+2)!

e T W W

n—-oo

@n+1)!

n!

i

) =limIn

—00 2n+2k+1
" e —— 57—

Zn+ 1! 2n)!

= lim In

n—-oo

[

2n+3) 2n+1 2n+2

>=ln2:>n In H(

2n+2k+1
n+k

Jnnu 2

n+k+1

n+2k+3

ki)

(i

2n+2k+1

Jnk N

2n+2k+1
n+k

~ k)

2

n+k

1 ) —In2
Stalz—_(,'esaro

= lim
n—0oo

= lim In

2n+2k+2

2n+2k+1

0 n—»oo
0

H
n

)
)

2n+2k+1
n+k
2n+2k+3
n+k+1

n
k=1

(
(

=lim,_ . In (

n+1
k=1

n—oo

2n+2k+1
2n+2k

n
k=1

() @

2nt2k s true because (2n + 2k)?

2n+2k+1

2n+2k+2

2n+2k 2n+2k-1

2n+2k+1 2n+ 2k

n+1 n

ﬁ<2n+2k+1)
n—+k

2n+2k)?>+22n+2k) < 2n+2k)?+1 +2(2n + 2k)
2n+2k+1

<
2n+2k+1

-

< .
2n+2k-1
’Zn+2k+1
= (zn+zk-1 @)=

2n + 2k

2n+2k+2
= ’ <
2n+2k
2n+2k+2
- 2n+2k

2n+2k+1
2n+2k

2n+2k+1
2n+2k

n

=1

PC'

2n + 2k

2n+2k+1
2n+2k—1

2n+4 2n+6 4n+ 2

4n+2

2n+ 2k + 2
2n + 2k

4n

E

= limn—mo Hk:l

2n+2 2n+4

2n+2k+2 _

2n+2k V2 (3)

=4

2n+2

) —In2

—-1<(2n+2k)?and
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and in the same way lim,,_,,, [[?, 22251 — /2 (4)

2n+2k-1
@@  T2n+2k+1 @ . 2n+ 2k + 1
= lim —— —=+2=limn|In 1_[(—) —In2 | =
n—oo 2n+ 2k n—oo n+k
_ k=1
ln 2
ln(\/_) =
n 2n+2k+1 In2 n (2n+2k+1\ 1 In2
i Z () iz M52y i ) 20~ g
= 1

0
0
n

3 n2+n
= —1 =+ =
lim In <(1 1612 + 32n + 12) )

16n%+32n+12  3n%+3n

. 3 3 16n2+32n+12 3 3
= —limIn (1+ ) —ln(e )

n—oo 16n? + 32n+ 12

Q 3
>50=—-——
16

Solution 2 by Samir HajAli-Damascus-Syria

k+s el
First: Z}c‘:lln(Z":ill‘c“)_] < n_ 1M>=n-ln2+ln< s +2>

n+k k=1 .k

3
But: H;{‘:l (n + k + %) = F(Zn+2)

l‘(n+§)

1_[( _T2n+1)
T T(n+1)
Then: S_. In (Zn+2k+1) In2+1 r(2n+3)xr(n+1)
o1 Ziemt n+k n n r(n+3)xr(zn+1)
=0,

Therefore: Q = lim( (ln(e )+nln2—nln2 — '“_Z))

Q= lim< (ln(B ) — lnTZ)>

3
But, by Laurent series: In(6,,) = ";Z %+ 0((1)2)
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In 2 3 an)]_l_ 31 3
2 16n = e

767. For any real number m > 0, let

@QZlim[n(

. r x dx
]ib(m) - Of (enmx _ 1) ) (1 + xz)

then evaluate the limit

n

1
lim | Y (m — —) dm
n—>0oo 2

1

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Mokhtar Khassani-Mostaganem-Algerie

. 1 + 00
Itis easy to prove that: W(z) = logz— 5z — 2 [ W"em_l)dx larg z| <§
. _ 1t X 2x) _ too X _
so: p(m) = | e D dx {x - ;} = dx =

0 (x2+(%)2)(e2""—1)
=33 (3)

Now: A(n) = [ (m — 3) dm = 317 (tog (*57) - 1~ w (#57)) am

n

= %((Zm —1)log (2m4— 1) —1—-2log(2m—1) +2m — 4log <I‘ (2m4— 1)))

1

I (Zn—l
= 2 n og )

4 16

1+log<%>
)—1—%log(2n—1)+%n—log<[‘(2n_1))— il (Z)

M =1lim A(n) = %+ log (ﬁ) + 2 log <I‘ (%))

Note: log(T'(a)) = Z(a_lzﬂ —a+ %log(Zn') + 2 f+°°ama“(z) dz

0 e2nz_q
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768. Find:

n-1
n-—1
ﬂ:lim< . Zk">
n—oo n

Proposed by Prem Kumar-India

Solution by Samir HajAli-Damascus-Syria

n-1

n-—1
Q=lim" — kk—llm—Zkk—llm—Zkk
n—-oo n e n—>oon n—>oon

=1l 1 kk — lim — kk Q,—Q
o nl—g}) nn_l nl—>n;) nn 17 3252
=
Now: Q; = lim,,_,, ﬁZﬁ;} k¥ Letputx, = Zﬁ;i k¥ then x,_, = YR 3 k¥

y,=n"1theny, , = (n—-1)"?2

Xn—Xn-1 (n-1)n1 _ 1 _ 1
2ol — im,, o ) lim, .., —=——F=e

-1 n-1

so, lim,,_,
Yn—Yn-1

then by Stolz-Cesaro Q; = e~ !

(n_l)n—l
no (1)1

— 1 1 —
= lll'lln_,Oo T 0

. 1 on- .
and lim,,_, ., n—nZL} k¥ = lim -
ot

m-pn-1

then Q, = 0. Hence @ = e !

769. Find:

-1

Q = lim zn: (i i(3i + 1))

k=1 \i=1
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Sumit Kumar-India
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n n -1
im (Y 31+
" k=1 \i=1

Z": <3k(k +D@k+1)  k(k+ 1)>‘1

iﬂ’%lok . 6 2
= z <k(k +DRk+1)  k(k+ 1)> kZl (k(k . 1)2)

ZR(k+1) (k+1)Z Zk(k+1) Z:(k+1)Z

=1
=1-(e(2)-1)=2-¢(2)
Solution 2 by Tobi Joshua-Nigeria

n n -1 n
. . . . — 13 1
Q= rlanc}o (kzl <z i(3i+ 1)) ) Q= ,llg?o <kZI (T, @i+ 1))>

i=1

n 1 . n 1
Q= lim <z L, BE) + (2, l.)) ;@ = lim <k1 3k(k + 1)(2k +1) k(k2+ 1))

2
_rllL“}o< k(k+1)(2k+1+1)> 2}31.}0<Zk(k+1)2>
n n
01 1 1 . z 1
T s Lk k+1 vy (k+1)2
Q_rlll—{g)( n+1) <Z:(k+1)Z 1>;Q:}ll_>nolo

Q=1-@2)-1);,Q=2-

VR N
|
|
+ [RI=
—
N——
|
P
gk
&
g~
N
|
—
N—————

Solution 3 by Yen Tung Chung-Taichung-Taiwan

—m“@'@””) =L%Z<3Z'Z+Z'>

i=1
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n -1 -
Z <3 k(k + 1§2k +1) . k(k2+ 1)> _ LL“}OZ("(" +1)2)1

_ 1. & (k+1) — D)k _ Z": z

Ten Lkt D2 we L k(v D2 e Lik(e+1) (k+1)Z
n oo [ee]

. 1 1 11 1 A\, "

_nLTOZ(E_k+1)_Zﬁ_nLTo ( _n+1)_ Lk 6

770.

n
kP-1
=1i >
Q(p) = lim (;n”‘lw> PENp=1
Find:
2 =lim 2(p)

p—ooe
Proposed by Mohamed Rakkane-Casablanca-Morocco

Solution by Daniel Sitaru-Romania

1 2 k-1 k n—-1 1
A, _(0< <—-<. <—<—<---<—<1),||An||:——>0
n n n n n n
-1 g1 K1y T =1 P
gkt ="" "o xk ke Tn—1f[01] >R f(x) =
xn —_ fn n xn! 7n 7f [ ! ] - 7f(x) W

n kp_l n
Q(p) = lim 2m> lim nZ() B

p
k=1 k=1 1+ (_)
n

= i (2 () E ) = (S = e .50 =
k=1
T

1
e 1f (1+ 27) (1 + x7) 7d 1<21_% 1>
) N1 +xP P, P

. 1) 41
Q=1limQ(p)=lim—(2 P—-1|=0
p—>0 p—»oop
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771. Evaluate the following sum:

i 1
3 _
£t (3k)3 -3k

Proposed by Prem Kumar-India

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

+00

i 1 _i 1 _2(1 1 1 1 1)_
£ (3k)* -3k £Li3k(Bk+1)Bk—-1) £i\2 3k—-1 2 3k+1 3k/

() ) o))

Solution 2 by Avishek Mitra-West Bengal-India

@¢(an)—1+zz(k)3 :>¢(a)_llm(¢(an))—1+zz(k)3—_ak

Ramanujan's Phi function applying more properties of Ramanujan’s phi function

125 e = () 0 )2
=1

applying more properties of Ramanujan's phi function

=~ 3 (v0(3)+ o (5) + meot (3) +2v)

applying digamma reflection equation

o) o)) )

(”313 z+”+z)13
= — e —— — n3— R = ]ln
V3 LAV

1+ZZ —In3 z _In3-1
[—1 = [—3
(3k)3 3k (3k)3 3k 2
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Solution 3 by Sumit Kumar-India

1 3 1
Z (3k)2 -3k Z (Bk)(3k+1)(3k—-1)

C 2\ 1 151 1 2
Z(Bk 17 3k+1 ﬁ) 27 2L ( __)

3k—1 3k+1 3k

[o'e) 1
:%ZIx:;k 2 4 43k _ 9,3k, = — fz 3k-2 4 43k _ 9,3k-1 4y
10

0 k=1

1
_1f X, x3 2x2 4 _1fx+x3—2x2d
“2)1-2 1-8 1-87%72 11— X

x(x? -2x+1) x(1 —x)?
f(l—x)(1+x+x2) f(l

—x)(1+x+x2)

1

_1 X—X d _1 2x+1 1d _1[l (1+x+x2) 1 _1(l 3_1)
—Efm x—ifm‘ X =g In(+x+x7) —xlp=5Un3 -
0 0

Solution 4 by Samir HajAli-Damascus-Syria

B (3n)3 —3n
n=1

1 B 1 _1>< 1
(3n)3-3n 27n3-3n 3n 9In2-1

1 1 1 ( 1 1 )
= — X = —— —
3n 3n-1)Bn+1) 6n\3n-1 3n+1
=96 = - - @ - -
6n(3an—1) 6n(3n+1)
n=1 n=1

Lyt oyt _1[pw-w(3) w(z)-vm
18 n:o(n+1)(n+%) n:0(n+1)(n+%) 18 2

1-% %—1
w9 () -¥ (3] -3ens-»

3
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772. Evaluate the following sum:

2k +1
—~ Qk+1)*+ 64

Proposed by Prem Kumar-India
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie
2 (k+1)*+64=QQk+1)*+8%2+16(2k +1)?> — 16(2k + 1)? =
=((2k+1)2+8)2 —16(2k +1)*> =
= ((Zk +1)2 + 8 — 4(2k + 1)) ((Zk +1)% + 8+ 4(2k + 1)) =

= (4k? — 4k + 5)(4k?* + 12k + 13)

Q_z 2k +1 z 1
_k_0(2k+1)4+64 8|Liak? —ak+5 4k +12k+13

1
[z 2k - 1)Z +5 (k+3)2+ 4]

1 1+z( 1 1 )+1_1_Q
8|5 Li\(2k-1)*+4 (2k+1)>+4/ 5 20

Solution 2 by Ahmed Bach-Bouira-Algerie

We have: (2k + 1)* + 64 = O@ke{ +ii—i; _;_,_Eﬂ}

Then: (2k + 1)* + 64 = 16 ((k - %) + 1) ((k + —)Z + 1)

2k+1 1 1 1
T @k+1)*+64 32 k_12+1_ k+§2+1
(k-z) +1 (k+3)

1 1 1
_5((2k—1)2+4_(2k+3)2+4)

So, we find:

+00

2k +1 L2 1

1
L (2k + 1)* + 64 ~8°35 20
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Solution 3 by Remus Florin Stanca-Romania

i 2k+1 Z 2k+1 Z 2k+1
L Zk+ D + 64 L kT 1)+ 64 nos 2, (@k+ DZ +8) — 16(2k + 1)?

— )i 2k+1 _
B nLTokZO (2k+1)2+8—4(2k+1))((2k + 1)2 + 8 + 4(2k + 1))

. z 2k +1 _
" e £y (4 — 4k + 5)(4kZ + 12k + 13)

1 4K2+12k+13 — (4k? — 4k +5) _
T8 noo (4k?—4k +5)(4k? + 12k + 13)

1
4k2 —4k+5 4-k2+12k+13) ()

— . 0
- g llmn—mo Zk:O (

1 (1) 2k+1

—_— 1 —_—
Let @y = 1 = G2 = gy = i S0 G pyires = 1Mo Zio(@i -
ak+2=
1 1
= _rlll_{?o(ao ta, - (aZ + ot an+2)) = 5311—2;10(“0 ta; — Ay — an+2) =
_1 ) = 1(1 1) 1:>°° 2k+1 1
—g T M =3l575) T 20 L k+ 1"+ 64 20
773. Find:
17 3 3
] log(1 — x) -log® x +log° x
Q = lim dx

&-0 1—x
&>0 \ ¢

Proposed by Mohamed Arahman Jama-Somalia

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

dx=M+N

1
flog(l —x)log3 x +log3 x
Q=
1—x

0

1+

N:fogx :fz " log? x dx = 32(“)4 ~67(4)




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1+oo
_ (log(1—x)log? X _
_f - fZHxlog xdx—BZ( +1)4_
0 0 n=1

= 6(2¢(5) - ¢(2)¢(3))
Q = 6(24(5) - 4(2)3(3) - ¢(4))
Solution 2 by Abdul Mukhtar-Nigeria

dx

1—x

0

1 1 1
fln(l—x)ln3x+ln x f n(1 x)ln x fln3x
Q= : x+
0 0
+

Q=

1

In(1—x)In3x s

11=f 1 dx; IIZ—Zanln xx"dx
n=1 0

0
(-1)%a!

( +1)a+1

= ZH"(n T 6Z(n+1)4 Z(n+1)4[ ni1 = n11]
h=e (fll)‘* Z(n+1)5 1_6[2

I, = 6(3((5) —¢(2)8(3)) - 6¢(5); I = 18((5) — 6((2)((3) - 6¢(5)
I, = 18¢(5) — 64(5) — 6¢(2)¢(3); I = 18 — 6({(5)) — 6¢(2)¢(3)

I, = 122(5) — 64(2)¢(3). Now, for I, = fo“;ﬁdx

2f "~1n3 x dx; Iz——6z——_6((4')

n=0

wherea =3

Using fl In?(x) x" dx =

L Q= I1 + IZ
Q =12¢(5) - 63(2)I(3) + (—64(4));
Q =124(5) — 64(2)3(3) — 64(4)
Q =6[23(5) — ¢(2)¢(3) — {(4)]
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774. Find:

1
Q = lim f(log(l + ensiny) ) dyx
0

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Artan Ajredini-Presheva-Serbie

Integrating by parts we get:
1

1 nsinx dx =1 nsinl xcosxenSinx d
og(l+e )dx =log(1+e )—n & gnsinx 4%
0
Hence:
1
X cos x ensinx
Q = lim —log(1+e"5“‘1) f dx =sin1—fxcosxdx=
n— o0 1 + ensinx

=sinl—-sinl—-cos1+1=1—-cos1
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie
log(1 + ensinx
lim f log(1 + e™s'"*) dx {Beppo levi} = f lim 8( )dx =

n-+oon n—+oo n

' nsinx+log(1+ﬁ) '
:f liIP - € dx=fsinxdx=1—cosl
n-+oo

0 0

775. Find:

n+2
Z Fin s 1)z (Hnet)

Proposed by Abdul Mukhtar-Nigeria
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Solution by Mokhtar Khassani-Mostaganem-Algerie

n+2
M= Z Zn(n + 1)2 Hyiq =2 z 2nn z 212 ((2)(1 —log 2) + 2((3)

n=1

_ 201_
Note: M < Hypx™ = Yt H" x" = flog(l 2 dx = C+M+Li2(x) C = 0 here
-1 x(x—1) 2
+00
H, logz(l - x) le(x) B
e —
n=0

= Liz(x) +

log?(1 — x)logx f log(1— x)logx
+ dx
2 1—x

log2(1—x)1 Li,(1-—
= Liz(x) + 0g( Zx) 98% +log(1 — x) Li,(1 —x) — fudxz
log?(1—x)1
=+ Liy(x) + 2B 2") %8 t1og(1 - x) Li,(1 — x) — Lis(1 — x)
C = {(3) here -~ sojustapplied x = %
776. Find:
eHn+1 5
x
L -1(%
a=lm | (@n(0)) dx
efin

Proposed by Daniel Sitaru — Romania

Solution by Remus Florin Stanca — Romania

5
Let f(x) = (tan‘1 (g)) ,f is continuous on I = [eHn; efn+1] = 3¢ € I such that

eHn+1 eHn+1
5 5

[ (ant®) = (et —emy - (ant(5)) = pim [ (rant () ax =

eln eln
5

= lim (efln+1 — eHn) (tan—l (%)) =

n—-oo
5 1

en+l — 1
= lim efn(efn+17Hn — 1) (tan_1 (E)) = lim efltnn . = (tan_1 (E)) -
n 1 n

n—-oo n—oo

n+1
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=e¥-lim,_, (tan 1( ) ) 1)
H H eHTl { e Hp+1
efrn<(<e'ntl 5 —< =
n

s- (2)
lim,,_, ., eT = lim,,_,, effl»"1"" = ¢¥ (3)

Hp

H.
. e'n+1 . _
lim,_,, —— =lim, eflni1~In(m+1) — ov (4)

(2):(3):(4) 1
fiscontinuous = limn_,mﬁ =e¥ = e?- (tan"1(e?))>

777. Find:

©= z<14+24+ +k4>

k=1

Proposed by Vasile Mircea Popa — Romania
Solution by Mokhtar Khassani-Mostaganem-Algerie

+o00 + 00
1 30
Q= =
14+24+,,,+k4
k=1 k
+ oo

= nn+1)(2n+1)(3n? +3n—-1)

5
k=1n(n+1)(n+%)<n+3+6\/ﬁ><n+3_6\/ﬁ>

_ / 90 N 90 N 240 30 30\
B N _ 1\ n+1 n

k7<n+3+621> 7<n+3 621> 7(n+3) )
- 90 1 90 1 1 240 1 1 1 1
=) | —— -1 |+ ———— —Z |+ — = —30(———)
7 3—-+21 7 3++21 n 7 +1 n n+1 n
k=1 n+=—¢ n+=—g n

) ()
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30 3 9—+21 9 ++/21
...9:7<7_14y_w(§)_3w( Rz NWLES, ))

Note: Y52y (% _ ) =y +%¥(1+ z) . ¥: the Digamma function.

n+z

778. m(x) — number of prime numbers less than x, x > 2. Find:

(n(l + log(1 + 3x))>

Q= lim T Tog(1 + 22))

X— 00

Proposed by Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

i m(x)
AmTx =
Inx

1

1+ In(1+ 3x)

. /(1 +In(1 + 3x)) In(1 +1In(1 + 3x))
Q = lim ( ) = lim =
oo \m(1+1In(1+ 2x))/) xw 1+In(1+ 2x)
In(1 +In(1 + 2x))
1+ ln(13—; 3x) 3
In(1+In(1 + 3x)) 1+ 3x
o In(1 + 3x) - In(1+ 3x) .. In(1+3x) _
= lim =lim —————~=
x>0 1+ ln(1 + Zx) 2 x>0 1+ 2x
( ( Zx)) In(1 + 2x)
In(1+In(1+2x
In(1 + 2x)
i 1+ 3x T-Zx_l_ 1+3x 2x _ . 6x+2_
_xlﬂloln(1+3x)_3x 1+2x  xo% 3x 1+2x iow6x+3

3x
Solution 2 by Khaled Abd Imouti-Damascus-Syria

As you know: lim,,_, ., <%> = 1, (by using the Theorem of A. Sellerg and P. Erodes)

In(x)
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1+log(1+3x) ([ m(1+log(1+3x))
log(1 +log(1 + 3x)) 1 +log(1+3x)
log(1 + log(1 + 3x))

Q = lim
X—>00
1+log(1+2x) | m(1+log(1+2x))
log(1 + log(1 + 2x)) 1 +log(1+ 2x)
log(1 + log(1 + 2x))
. _ 1+log(1+3x) log(1+log(1+2x))
SUppOSG. g(x) " log(1+log(1+3x)) ' 1+log(1+2x)

_ (1 +1og(1+ 3x)) (log(1 + log(1 + 2x))
g(x) = <1 +log(1 + 2x)> <log(1 +log(1 + 3x))>

3
1+log(1+3x) (1+3x) 3 1+2x
im : =

h(x) = (h(x)) = lim

1+ l()g(l + 2 ) x—>oo xX—00 ( 2 ) x—-ol1l+3x 2
1+ 2x
po1t2r3 23
T8 1+3x 2 32
|2
log(1 + log(1 + 2x)) _ | 1+ 2x |
k(x) = log(1 + Tog(1+ 3%))’ llm(k(x)) = lm8| 3 |
[ 1+ 3x J
1 +log(1+ 3x)
1 (1+3x) 1+1log(1+3x)
lim[k(x)] = lim [1 +2x 1+log(1+2x) 3 1

. 2 143x 1+log(1+30)] _2 3 . _ 0 =1 m(1+log(1+32) _ 4 |
=lim, [3 1+2x 1+log(1+2x)]_3 2 1=1.50:Q =1lim,_,.., (n(1+log(1+ZX))) 1

1=1
Solution 3 by Jalil Hajimir-Canada

0=l 1 +1log(1+ 3x) log(1 +log(1 + 2x))
P log(1 +log(1 + 3x)) 1+ log(1+2x)

Solution 4 by Remus Florin Stanca-Romania

We know that lim,,_, ., w =1

Q=1 (1 +1In(1+ 3x)) - In(1 +In(1 + 3x))
s 1+ 1In(1 + 3x)
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1+ In(1 + 2x) In(1+In(1+2x)) 1+In(1+3x)
m(1+1n(1+2x)) - In(1+In(1+2x)) 1+In(1+2x) In(1+In(1+3x))
1 2 3
_ lmln(1 +In(1+2x)) 1+In(1+3x) /0 im 1+In(1+2x) 1+2x . T+3x _
- X—00 ln(l + ln(l + 3x)) 1+ ln(l + Zx) g X—00 1 . 3 X—00 2 -
1+1In(1+3x) 1+3x 1+ 2x
1 3
= pim LI 2Y) 1 Y im IE3X g L gy
xX—00 1 x—0 % x>0 2
1+ 1In(1+ 3x) 1+2x
779. Find:
n k -1
Q = lim Z 2(41' _1)
n—o>0oo
k=1 \i=1

Proposed by Vasile Mircea Popa-Romania

Solution by Samir HajAli-Damascus-Syria

Z(4i—1)=izkl:(4i—4-+3)=4-Z(i—1)+321

k(k—1)
XT3

-1
a(er ke Y e ) L (San) = (2(ed) 1)
B 2" 16 16/ 4/ 8 \4 B 4) 8

1 1! . 8
=(§(4k+1)2—§) =8((4k+1)2—-1) 1——(4k+1)2_1
8 8 1 1

:(4k+1_1)(4k+1+1):(4k)(4k+2):Exk(k+1)

=4 +3k=2k*-2k+3k=2k*+k

2

- y - 1 el —1
Now: limy,,o, Xy X, (41 — 1)1 = 2%, k(i)
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C 1 1/:(5)—1/:(1)
Ezk+1) 2):2< 2§—1 )ZZ_ln@)

2

780. Find:

n p
2 = im (1 ([ [ (12" )) 0 >0

k=1
Proposed by Floricd Anastase-Romania

Solution by Mokhtar Khassani-Mostaganem-Algerie

(n+1)P
CAr 1 (k+DP\Y _ 1. 1+ o+t kP )\ _
Lett M = llmn_,_'_oo( 221 (1 + ap+L )) - llmn—>+oo < 14 pl 2:1 (1 + np+1)> -

w1
(T kP o -
B nl—l>Too 1_[ (1 * W) = exp nl_lglm z log (1 + W)
k=1 =1
= " log(1+ L
. (k + 1)p _ g( np+1) kP
- Z In|1+ ) Z T T
k=1 k=1 np+1
kP n .
o on e log 1+—— p+1 z kP <1 | (1+ kP )<
note kl:nl'" kP np+1 oo oo n nr+1
np+1 k=1 k=1
kP n
notn | oot kp np+1
np+1 k=1
1 1 1 n k p n .
ﬁ—:fxpdx: lim — (—) < lim ln(1+ )<
p+1 n-+oo N n n—+co np+1
0 k=1 k=1

n-+oon n

n 1
.1 k\? 1
< lim — (—) fopde—
0

. n kP
So:M = e(llm"_’+°°z":1m(1+W)) = er+l
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P
Now: Q(p) = lim,_,, o, M? = lim,_,, ., er*1 . Q(p) = e

781.
n k+1 ke+1 k-1 k-1
B (k+1)! (k- 1)!
ﬂn+Hn—Z k—m . k—m ,nEN,n23
= I I
Find:
Q=1im%Q,
n—o>00

Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon

(e

Q,+H, =
k=n k=n
k+1)! (k-1) k+1)t (k- 1)! k+1)! (k-1
Z( ) ( )_ - ( lzl( ) O ( ) (kl) Z(k+1)><—
k=3 kl)lJr (DYE i3 ' k=3
- 1
Q,+H, _;1+Zk_(n 2)+H, —1—5
ann—Z—EZn—E,So,limn_m"Qn=1
Solution 2 by Remus Florin Stanca-Romania
—llm\/_—lm "+1
e (G DN "‘1/(k—1)! N,
k=3 W W n+1

- ,lll_,n}o ) 1, k-1
- <<+/(k+1)!> .<_1/(k—1)!> )—H
s\ vm Vi "
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n+3 @+3)! ' n+1 1) 1
Stolz Cesaro . Vn+2) ern) M2
n—-oo n+2 o) n+2' o n .
) ) il

ECEON (n+3)! —pm— "3 _
W\ D) e @l A Dl

i @3 ()t (et 2)t
T am m+2)  noe (n+3)  (m+3)Z

1 (n+qm3 1\
= lim = lim (1 + —) =e(2) >
n+3

= lim lim
noo 1 4 1)1 noe \ ™+ 1)1

n—oo n+1 /(n + 1)|
"2 r2)] iz n+1 i1 n+1
= lim 2 . lim V(n+2). =e = lim V(nt1) =1
n—oo Wil n-oo \ wFL T now \nt 22y e

n+1

(Z),(3) l n+3 /(n +_3)| n+
= m| - ———

n—-oo
+3
+

3 | n+m n+1 s
n+2/(n+2)! -
<n+1 /(n—+ 1)!>n+1 ) 1 .

n+2\/m n+2
n

n+2 (n+ 2)' n+2 W 1
olim| —— . < > — =1
n+m n+m n+1
<n+3/(n—+ 3)I>Tl+ . <n+1/(n—+ 1)!>n+1 B 1
. n+2 (n ¥ 2)' n+2 (n+ 2)' n+2
= lim

n-o <n+m>"+z | < "l >n B n—-oo
n+m n+m n+1

Solution 3 by Tobi Joshua-Nigeria

n k+1 +1 k-1 k-1
z(( (k+1)l> <—V(§7Fjl)'> >’n€N’n23

k=3

= lim <—"+ /(n+ 3)|> .

n—oo

lxm<@> RN (CEPI <"+2(n—m>"“:H

(3)

—1:>llm,/ 2a=1=>0=1
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Q,+H,=3"_, ((;;:%) . <((;;k1k)l1>> since H,, = Y%-4 (i) ©
= (((k+ 1) (k= 1)! = 1 S k+ ) (k+2)\ g/ 1
“":;« (k)2 >>_;(E);Q":;< (k + 3)12 >_kZ( )

k+1
=0

I YRR (R e

k=0 k=0

Applying telescoping series

o KErak+1 )1 11
Q"_;<(k+3)(k+1)>_(n+2)+(n+3)_i+n

Then & 2/Q, = ((niz) +— 1,4 n);

(n+3) 2

1 1 1 1
. . =1 + -+
then lim,_,, v/ Q,, = lim,,_,,, en og(("+2) (n+3) 2 n) = e?=1

lim }/Q, =1

n—oo

782.

n—>oo

1 1 1
Q = lim (am+am+---+aﬁ—n>

Prove that:

1

—— (aQ(b) + bQ(a)) > log(

g2 ),a,be(o,1)

ab
(a + b)?

Proposed by Daniel Sitaru — Romania
Solution 1 by Khaled Abd Imouti-Damascus-Syria

1 1 1 1 1
u, =anti+an+2 +--+azn—m; n-azn <t, <n-anti
tTl

1 1 1 1
n-azn—n<t,—n<n-antl —n; n(aﬁ—l)gungn<an+1—1)
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1 1

= In(a) Lln(ﬂ)

azn — 1 an+1 — 1 eZn -1 en+1 1

T SUS—g St S— —
n n n n

Suppose:
ez In(a) _ _;n(a) fln(a)
f(x) = — ] llm f(x) = nlllllw x? i = Eln(a)
n T x?
—1nla L na
Suppose: g(x) = llmn_,+Oo g(x) =1lim,_ T = In(a)

n nZ

So: %ln(a) <lim,_,,u, <In(a); lln(a) < Q(a) < In(a)

1 2 b
@(a -Q(b) + bﬂ(a)) > log <( a- b)Z) Q(b) > —ln(b) Q(a) > _ln(a)
a-Q(b) + bQ(a) = 1aln(b) + lb In(a)

(a Q) +b- Q(a)) > log(

.1 ab
Letus prove: - @ @ +b)2)

1 /1 1
(a- Q(b)+bﬂ(a))_l g2<2a-lnb+ib-lna)

(2)
Ly
L ——[a-Inb+b-1 121 (a'b
1_2 l a-in na Og (a+b)2)
0<bh<1

1 1
0<a<1:>b-loga>loga:ib-loga>iloga

Similarly: %a -logb > %logb

%(a-logb+b-loga) >%log(a-b).8 :

(@)

-log(a - b) 2 log(a - b) — log(a + b)?

Let us prove: o1

2log2

)
log(a + b)? > log(a- b) — -log(a - b)

1
2log2
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)
log(a + b)? > log(a - b) [1 -

2log2

log(a+b)2 -
=<1 *
log(a-b) T2 logZ

Because:a - b < (a + b)? = log(a - b) < log(a + b)?

a,belo 1]
1 +b)? 1 + b)?
ogla+b)* logla+hb)® _ . _
log(a - b) log(a - b) 2log2

Relation (*) is true. So:

—(a Q(b) + bQ(a)) > log (( +,,)z)

Solution 2 by Ali Jaffal-Lebanon
Letg(x) =e™*+x—1;D,5 = [0, +oo]
g =-e*+1

X 0 + oo

g | ++++++++++++++++++

gx) | 0 — +o

Then, g(x) = 0 for all x € [0, +[. Therefore e™* > —x + 1 for all x € [0, +[
2
Let f(x) =e™*+x _%_ 1,D; = [0,+0o[

Wehave f'(x) = —e*—x+1=—(e*+x—1) = —g(x). Then:

x 0 + o0
fx) | —- - ———— - — ———— —
f(x) | 0 — — @

Then, f(x) < 0forallx >0
2
Then we have: —x + 1< e™ < —x+ 1+ -forall x € [0, +o[ ()

n(3)
Leta €]0,1[and S,, = Y k= 1ak+n—n Sa(a) = Yk= 1ek+ e _ o =yk=ne"tn —n
+In(z)
K+

We have: " >0,for1<k<n, smce 151
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k+n k+n

1 l“() n(: n(2 g
Then by (*) we have: 1 — J(rn)<e Tetn <1—M+%<M>

Ina

2
So, 1+F<ak+n<1+—+l(ln—a)

k+n 2 \k+n
Then In Y X= Sa(a) < InYks 1k1 —(ln a)? (k+ ) We have
1
I dx
n—l>l-Poo +n n—>00n k Jl + X
n 0
= - 1
1S 1 1 1S 1 dx
lim — ——= lim — x lim — ——=0x

2 -+ -4 2 + Z:
n-+oo N n-o+ nk:1(5+1) 5 (x 1)

n—+oo0 M2 e (% + 1)

Thenlim,,_,. o S,(a) =Ina x1In2.50,Q(a) =Ina xIn2and Q(h) =Ina xIn 2

Let ¢(x) = xInx+1In2 when x € 5]0,+x[; ¢'(x) =Inx + 1

x 0 e1 + o0

ox) | ———————— 0O+++++++++

(p(x) \_1
In2 e+ln2/+oo

We have—%+ In2 > 0then @(x) >0, forallx > 0. Thenxlnx +In2 >0

1 _ _ 1—a+b1—b
xlnx > —-1In2: x">E; x X< 2 x17* <2xthenaT<a+b

al- a+b1 -b

By (GM-AM) we have Val~¢ - p1-b

So,Val-ap1-b < a +b; al~?b'"? < (a + b)?; a® 1b*1 > ( +1b)2
a

avb ab
a’b >—(a+b)z,alna+blnb>ln

b 1 b
n ((ai b)Z) ! In2 (aﬂ(a) + bﬂ(b)) = In ((ai b)Z)

783. If we define the function f for any positive integer n

ab
(a+ b)Z)
aQ(a) . bQ(b)
In 2 In 2

[0¢]

f(n) = f tanh~1(e ™) e ?2™*dx
0
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then evaluate the sum

- f(n)

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Abdul Hafeez Ayinde-Nigeria

LetQ = fom tanh~1(e7) - e 2™dx

u=e*

Q tanh~1(u) - u?"1du

°Rn-k

LetA =3 f(:)

[oe] 1 [oe]
1 2n
_ Z@: f_tanh—l(u) . zu—d"
n u n
n=1 0 n=1

1
1
A=— f ;tanh‘l(u) In(1 —u?)du
0

1
tanh™(u) In(1 — u?
A:_f (w)In(1-%)
u
0

1 1
1 (In(1+ u)In(1 —u?) 1 (In(1 —u)In(1 —u?)
A= ——f du +—f du
2 2
0

u u
0

1 1
_lfln2(1+u) _lfln(l—u)ln(1+u)
2

u
0

0
fln(l u)ln(1+u) flnz(l u)

u+s | ————du
0

1
+_ —
2 u 2 u

A=—

2fln2(1+u) lflnz(l u)

2
0
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2 1
1 [ In? 1 ( In?
A=——fn(u)du+if n(u)du

2) u-—-1 1—u
1

2 1
1fln2(u)d +1fln2(u) du

_E 1-—u u E —-u
1 0
_ 1 (In*(w)
172) 1—u

1 (1n%(u) 1 (In2(w)
Al_if u du+§f1—udu
1

1 1
2 w 2
1 1
Ay Ziflnz(u)d(lnu) E-ZIuklnzudu
1 k=01
1
w 2
1
Ay —gln ZIubdu
bkk:01
1
2
—ln3(2)+1 9? f by
1= = u? du
6 27|, L)
o 1
—ln3(2) 1 92 zub“ 2
1= 2
6 2 ob AT
o [(1\°
“In*@2) 1 92 5 (3) 1
1=——F/—+t5 75 —
6 zob?_ L\ b b
b b

_—In}(2) 1 @ - -—(%) In(2) (%) 1
AI_T_FE.%b:kaI — +—
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b b b b
w@ S (@ @ (3)'m@ 2(3) G me 3>

17 6 2lp-k & b b2 b3 b2 b3
o 1 1\*
—ln3(2) 1 >) In?(2) 2 In(2) 2 2
A= T2 ( * ()kz * Efa) T3
1
—_In3(2) In2(2)Liy (5 1 1
= n6( ), ; 1(2) +1n(2) Li, (E) + Lis (E) — @)
_ 3 3 2 2
= ln6 (2) . In 2(2) +In(2) <n’_ B In 2(2)) L, (%) 3
_—In3(2) 7*In2
M=+ 13 L'3( ) ¢G)
_—In*2) 7w*In2 7¢(3) n*In2 ln3(2) (3)
1= 7 TT12 TT8 " T12 —¢B3)=—%—
1
_ 1 (In*(u)
Az = Ef 1—-u du

(00

1

1

E f u*In? (u) du
00

=ik—13=c(3)

k=1
RO 0./ (C)

Solution 2 by Kartick Chandra Betal-India

f(n) —f tanh 1(e %) e 2™dx, lete™* = z, dx = —%

0 1
dz 1 1+z
= ftanh‘l(z) . z%n (——) = —f z#n-1 ln| |dz
z 2
1 0

S0 1) 3 (s -
n=1 0
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1
= _lf{ln@ +z)—In(1-2)}{In(1+ 2) + In(1 — 2)} - e
2 VA

2

1 1 2 1
B 1fln2(1+z)d +1fln2(1—z)d B 1flnzzd +1fln Zd
~ 72 z 273 z Z=72) 7172124
0 0

1 1 0

flnzzd 1fln Zd +1 [z"l 5 Zz"lnz+Zz"
Z72) 1272 no? n? n3 |,

1 1

p)

n3 0

1[In3z]" 12" 5 Zz"lnz Zz"lnz 2zm!
1 an n2 n31 ZZ[_HZ_ n

__ 1, 1N[2_ (2 22 2 23
=™ 2 22 @ o T T | TS

:_l" 2 1[2((3)—111 2-2In2- le(;) Zng( )]+((3)

B In32 (3)+n32+l 5 ¢ In?%2 +ln32 n'zl 2+72(3)+2(3)
=—¢ ¢ 2 M2 2 6 121 8( ¢

In32 n'l ,_ In32 2+ ¢(3) = 2(3)
~ T2 T12 2 12n ( (

784. Inspired by Prof. Daniel Sitaru

Find:
. {\/4x2+3+\/x2+x+1+\/x2—x+ 1}
m
X=eo 34/ (4x2 + 3)(x* + x2 + 1)

where {-} denotes fractional part.
Proposed by Naren Bhandari-Bajura-Nepal
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Solution by Adrian Popa-Romania

L = lim

{\/4x2+3+\/x2+x+1+\/x2—x+1

3/(4x2 +3)(x* + a2 + 1) };{x}:x_[x]

Dan Sitaru

Va3 +3+Jx2+x+1+yx2—x+1 < 3 /@x2+3)x*+x+1) =

VaxZ +3+Vx2+x+1+Va2—x+1

<l=
3/ (4x2 +3)(x* + x2 + 1)

=0>

[\/4x2+3+\/x2+x+1+\/x2—x+1]
3/(4x3 +3)(x* + x2 + 1)

o Vax2+3+Va2+x+1+VaxZ—x+1
= L =1lim =
x~00 3/ (4x2 + 3)(x* + x2 + 1)

x 4+1+ 1+1+l+ 1—1+l
x2 x  x?2 x  x2

= lim =
T e e )5 )

785.1fx,y,z > 0,

n n n
—+—+ -+ —
1xty  2x+ty nxty

Y Y Y
1X+Y + 2XtY + ... 4+ Xty

Q(x,y) = lim

then:
Q(x,y) - Q(y,z) - Q(z,x) = 27
Proposed by Daniel Sitaru — Romania

Solution 1 by Remus Florin Stanca — Romania

n+1 n+1 n+1 n+1 n n n
x x— +t ot x— + x_ x_ x_ ~ T x
Stolz Cesaro _, 1x+y 23+y nxty  (n+ 1)¥ty  1x+ty 2x+ty nx+y
Q(x, y) = lim y y y y y

n—-oo

1%+Y 4+ 2x+y + ... + (n + 1)x+y — 1xty — ... — pxty
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1 1 1 n+1
e+

x
1x+y  2x+y nxty  (n+ 1)xty Stolz Cesaro

= lim
n—-oo

(n+ 1)x+y

1 + n+2 n+1

X X X
m+1)xy (n+2)* (n+1)*y _

= lim
n—-oo

Y Y
(n + 2)x+y — (n + 1)x+y

1 y y
=+ (n+2)%Y — (n+1)*+y
+ 1)x+y
= lim (n+1) 5 5
noee (n + 2)x+y — (n + 1)x+y
1
x_
+ 1)x+y
=1+ lim (n+1) =1+ lim
n-oo n-o

(n + 1)7+ <(Z+i)% _ 1) (n+1) <(Z—:i)% - 1)

y
n + 2\x+y
n((2))
=1+1lim . =
e - {7
y n n+1
x+yln(n+1)(n+1) e -1
xX+y .. 1\ x+y x
=1+ lim In (1+—) =1+ =24+—-—=
y noo n+1 y y

x z
=>Qx,y) =2+—;Q(y,z) = 2+X;Q(z,x) =2+-
y z x

- 8 00800 = (249 (249 2+

_Qy+x)(2z+y)(2x+z) -

xXyz
AM—GM ;i — 3 —
S 3Vxy . 3Vyz . 3Vzx — 27xyz =27
x y z xyz
Solution 2 by Nassim Nicholas Taleb-USA
ny ; voar
f — ixy+y. Leta = L,f — Harmonic ean(u )’0 <a<1

e x+ n Mean(u?
SR y @)
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Using the integral approach for n large (since we are taking the limit),

1-a
which is simple by the result that f%du = I;_a convergentfora<1
n1 nl~%(—n +n%)
nf, czdu — a—-2 x
Q(X,y):lim—l u? = lim —a 1_Z|_a —~ = =_+2
n—>00fn 1 du n-on (—n +n ) a—1 y
1 ya-1 —-2+a

g9=20(x,y) Q(y.2) - Qz,x) = (2 +;) (2 + X) (z +f) _ Qy+x)Q2z+y)(2x+2) g

z x xXyz
AM—GM ;3 —

> 3 3 3 27

N xy* yz© zx” _ 27xyz _ 27

x y z xyz

786.xy =3, n(xy +x,+-+x,)=x,nENn=>1

Find:

Q= Z(—1)"+1 Xy
n=1

Proposed by Daniel Sitaru — Romania

Solution by Ali Jaffal-Lebanon

Wehave:n(x; +x, + - +x,) =x, n=>1thenx; +x, + -+ x, = ’;—"
_xp—1 xp—1 _ X _ n
Xq+ Xy + ot g =T forn > 2 then LT = So, x, = ~ oz ¥n-1 for
+1 . 3n(-1)* 1.
n>2.50 X1 = —"n—zxn forn > 1. We will prove that x,, = +%Forn >1

By using mathematical induction: Forn = 1,2 we have x; = +3 and x, = —6

e , _ _ 3(-1)k Lk
So, it's true. Suppose that's trueforn = k > 1. So, x;, = D

We will prove that istrueforn = k+ 1

_ k+1 _ k+1 3(-1)k1 _3(-1)k(k+1)
Xp+1 — —k—z,xk =TTz (1)1 k.So, x4 = — (true)
_ 3n(_1)n—1 -n 3k(_1)k+1,(_1)k—1

forn > 1. LetS, = Yk=(—1)k+1 x, = Y k=1

Then, x, =

(n-1)! (k-1)!

k=n k=n-1 k=n-1 k=n-1
_ z 3k _3 k+1 _3 k +3 1
T Li(k—-1) k' k! k!
k=1 k=0 k=0 k=0
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nliTooS" = 3ZF+3Zk| =3 +3Z—+3e
Since Y- 0 = e* foralln.

=3+ BZ(k 1)|+38—3+32:—+38—3+6e

Solution 2 by Naren Bhandari-Bajura-Nepal

Here x; = 3 and denote:

n n-1
xn
b= b m= )
k=1 k=1
and for x"“ Xps1 = 2R_1 X = ¢.Sincep == thus we have:
xn+1_x _x_n xn+1__n+1
n+1 ™17 p X, n2

Now we try to determine the x,, in general. To do so we will be using the notation of

telescoping product ie

n-1 n-1

X m+1
| | mtl _ | |< ( Z));Vnzz
Xm m
m=1 m=1
xn _ rn—1 (D™1(n+1) _ (-)™+13q
s =X = =d . Thus

Z(‘l)M _32((71 O Z(n D 32((7112)' (n—11)!):6"’

Note: Final sum can be shown convergent by ratio test.

787. Find:

- 1 2
Q(a,b) = lim n(Z (am - bm) —n—1log2- log(ab2)> a,b>1

n—-oo
k=1

Proposed by Daniel Sitaru-Romania
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Solution 1 by Ali Jaffal-Lebanon

* 1+1+ 1 + 1 +1 (1) (x) i (1) 0
x = -+ —+—+4+—¢(— * =
€ x 2xZ 6x3 x3£ x/’ A€ x
34, M > O such thatforallx>A,|sG) < M, (**)
_(lg\"Y 5 )
Letx = (n+k) ,t =a*b. By (*):
1 l 2 3 3
faE =14 ogt+1<logt> +1<logt> +<logt> £<logt)
n+k 2\n+k 6\n+k n+k n+k

n
1
s, (1) = nz tntk —n? - log2 - logt =

= nl tzn: 1 log2 -1 t+l°gztz +
= nlog Lin+k n-log2 - log RPACETL

n logt
+log3tz n o tz E\n+k
6 Lm+k? VL mrl?
n

I z n I 1 1 dx 1

1m z — m z = 2= 5

n k:1(n+k) n nk:1(1+%) ) (x+1)2 2

. Z": n__ (1 12 1 _o.lo,

now/ (n+k)3? now\n n 2
(o

By (++) 3N € N* such that: | (logt)| < M,vn € N,n > N then:

e ()| Sonle @) | ¢ oG]

z n+k z n+k z n+k
3 3 T+ k)3

(n+k) ] (n+k) S (n+k)

logt logt
<i"|£<n+k>| z > lim "M_O
S L (k)P m+k? 7w | L k) |

o 1
InZzn_l_k—logz,}ll_lllolnzlogZ—log2=0
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1 1 1

. oLy L Tnyitam+yi T2z 1
lim nl,, =lim —3——3 = lim 1 =-2
n+1 n n(n+1)

lim S,(t) = 11 t+1l 2t
m Sy ——109 109

1 1
Q(a,b) = —Zlog(abz) + Zlogz(abz)

Solution 2 by Florentin Visescu-Romania

n
1 2
Q(a,b) =lim | n <z (am . bm) -n-1log2- log(ab2)> =

n—oo
k=1

= lim

n—-oo

n
1
n <Z(abz)m -n-1log2- log(ab2)> (Not ¢ = ab?) =
k=1

1
_ iy(c)nk —n — log2 - log(c) _

n
1
=lim|n <Z(c)m —n—log2- log(c)) =1i i
n—-oo n-o
k=1 n
1 1 1 1 1 1
T’E\S c2n+1 + ¢c2n+2 — 1 — cn+1 c2n+1 + ¢c2n+2 — 1 — ¢cn+1
= lim = lim =
n—-oo —1 n—-oo —1 . n_Z
n:+n n2+n n?
1 1 1 X X X
—c2n+1 — ¢2n+2 + 1 + cn+1 cxt1+ 1 — cx+2 — c2x+2
= lim = lim =
n-oo 1 x—0 xZ
F x>0
X X X X 2 X X
= lim
x—-0 2x
x>0
L'H logc (logc —2—logc— % logc + % —logc- % + g)
= > =
1 1\2 logc(logc—1) log(ab?)(log(ab?) —1)

=logc (E logc _E> = 2 = 2

788.y, = H, —logn,n>1x € R.Find:
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n
. (1 2
Q(x) = lim (EZ (Yf“‘ B ! "l)>

i=1
Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon
Let (a,),: (b,)n be two sequence so that lim,,_,, a, = aandlim,_ b, = b

We will prove that lim,,_,,, - Zk 1ax b, 1 = ab.We have

_Z(akbn+1 k—ab) =— Z(ak a)b, 1y +— Z(b —b)+ b, -a

iM > 0 sothat |b,| < M,vn € N*. By Cesaro theorem:

k=n k=1
1 M
0< - Z(ak —a)byi | < ;Zlak —al
k=1 k=1

. M = . 1 k=
We have lim,,_,, ;Zﬁzrflak —al =0.S0,lim,,_,, ;Zﬁzrf(ak —a)b,,1-x=0

We have also that: lim,,_,o, %Z'lﬁ?{(bn — b) = 0 then:

llmn—>+oo Zk 1k bn+1—k =ab (**)

Let a, = ySi"** and b,, = y&os’*

. i - 2
We have lim,,_, o, @, = ¥*i"** and lim,,, o b, = Yy *

So, by (**) Q(X) = lll'l‘ln_>_'_oO Zl 1 al ntli = ySin2 x+cos®x — y
Solution 2 by Naren Bhandari-Bajura-Nepal

For convenience, we write sin? x = S(x) and cos? x = C(x) then we observe that:

n n
W(n) = z S = z z $() €0 — z 5 z ye®
i=1 k=n+1-i
=yn_ pS@HE —yn o (fori = k = m). Since S(x) + C(x) = 1. Now,

n

lim ll)(n) = lim — z Ym = llm (H,, —logm)

n—-oo n-on n-oon
m=1
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<t (55 ([ m) )t (5

m=1 j=1 =1 m=1
. =1 nlogn—n+010g(n) 1v 1
_nl—>00<Zla_ n ;ZE
- 1
cta($4 0o
m=1
789.
1 2 3 n
1 23 33 n?
A,=[1 2° 35 n® |\ n>2
1 g1 gm-1 . pond
Find:
An+1
ﬂ_rlll—glo (n2"+1 A )

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu — Romania

First, we will prove A,, = 1!- 3! ... (2n — 1)! (1) by mathematical induction.

For P(2):A, = |1 23| = 6 true. Let P(n) true and we will prove P(n + 1)

1 2 n X

3 3 3 3

letfy=| % *# =~ ™ x
121.'l+1 22;1+1 nz;l+1 er'l+1

f € R[x] and grad f = 2n + 1 and have 0,+1, %2, ..., =n roots =
f(x) = azpir(x — x1)(x — x3) ... (x — X2511) =
f(x)=1131--2n— 1) x(x* — 1)(x? — 22) .- (x> — n?) >
A =113 (2n—1)!(2n + 1)! = P(n + 1) true.

From (1)= Q = lim,,_,, nzA,ffllA = lim,,_, (22:1) - (2)
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_ (2n+1)!
Letx, = i1
I Xni1 (2n + 3)! n*t1 (2n+3)(2n+2) n?t1
noe x,  nosm+1)23 (2n+ 1) noe  (n+ 1)2 (n+ 1)L
2n+1 n il
— i (2 2 g AN I}
o llm"_mo 4 (n+1) 4llm"_>°° [(n+1) ] e? <1 (3)

From (2)+(3)=> Q = 0.

Solution 2 by Remus Florin Stanca — Romania

1 1 1 1
2 2 2
a,=mfl 23T
1 ZZn—Z 3Zn—2 nZn—Z
1 0 0 0
— 1 22 -1 32-1 n? -1
=n-
1 ZZn—Z -1 3Zn—2 -1 .. nZn—Z -1
22 -1 32—-1 .. n? -1
= nl 24 -1 34 -1 - nt-1 —
22 _q gm2 .. pn-z_q
=n!'(22-1)(3%2-1)-..-(n*-1) -
22+1 32+1 n?+1 _
22n—-44 419 32n-44 .41 ... pPntp.41
1 1 1
2 2 2
—nl-(22-1)(32-1)-..-(n? —1)-| 2 oo
22n—4- 3Zn—4- nZn—4-

@ - @

SORC

=n!-2%2....22%. (22-1)(3%2-1)-...-(n?-1) -
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32 n\ 2
=t 2t 22t 1)(3 ) ()| R

T

3\2 n,2
) -1 .. ) -1
=n!-22....22n4(22 _1)(32-1)-...-(n*?-1) - <2) (2)
3\ 24 N\ 2n—4
CRREC
=nl-2%....2204. (22 - 1)(3%2—1)-..- (n? — 1) - <<g)z - 1> o <(g)z - 1> :
1 1
N ogem-s gl =me22e 22t 22— 1)(32 1) (2 - 1) -
z - ®
1 11
n n
SR )

&) ()00

2n-6 N\ 2n-6

13 -G
S (G (& (e (= ()
@@-0" -0 63 62)

1 1 252n-4 . 352n-6 . . (n—- 2)54 2n—1

Im-1 2 n 2{ =nl. . .
" 9Son-6.252-8. .(n— 2)S —92)2
(n—Z) (n—Z) 2526 - 3 (=3 (n-2)
(n-1)!-(n-2)!-....2/(n+1)!(n+2)!-...-.(2n-2)! 1 _
' 2141 (2n—4)! T1Zn-232n-4.__(n_2)% and Sz, =2+ 4+ -+ 2n
_ _ (2n-1)
=nl! -22" 4_3Zn 6. (n—3)6(n—2)6-m-
m-1D)mn-=-2) .- 21n+1D!n+2)-..-2n-2)! 1 _
22n-4 . . (n _ 2)4 -

21-41. .- (2n—4)!
(2n-1) 1
7(11_2)2-(n—1)!-(n—2)!-...-2!-(n+1)!(n+2)!-...-(2n—2)!-2!.4!'”I'(Zn_4)!

=n!-(n-2)*



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2' (Zn 2)!-(2n-1)
=1!-3!- 2 1) =
2041 (2n— 4) NG
1-3-..-2n+1)! _ (2n+1)!
== m T 131 @n—1) A
__ (2n+1)! Xn+1 _ _(2n+3)! n2ntl
Letx, = n2n+1 xn  (n+1)2m3 (2n+1)!

. xn+1_ . 1 1 =
= hm e T im@n+ 22+ 3) - G e T

n
=lim—<1=limx,=0=>0=0

n-o € n—-oo

790. Find:

a=tim( 5 Y (DY)

1<i<jsn

Proposed by Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

1
Q = lim Z (=) -i-j) :—llm
e n 1<i<jsn

3(—1+z—3+4—5+6—.--+(—1)"n)2—Z:k2

k=1
~We've used the following relationship: (a + b)? = a? + 2ab + b?
a + b)? — a* — b?
:>2ab=(a+b)2—a2—b2:>ab=( )2
1 1 2
—-1+2-3+4—--+(-1)"n n
_ 1 k2
2Q = lim — lim — —
n—oo n3 n-oon nZ
k=1
L N i
Ly
M = times
) ) 1+1+-+1-n 3
We evaluate L, using sandwich theorem: n3 <L; < 'l =>L; -0
l
0 0

1 3
We calculate L,: L, = fo x2dx = "? =
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20=0 ! ! Q !
= —_—_ = —_— = —
3 3 6

Solution 2 by Naren Bhandari-Bajura-Nepal

Denote:
1 n n
= lim — z (=1)i* §j = lim z Z(—niﬂ'u
n-ooNn n—-oo
1<i<jsn j=1i=z1
n n
—llm—z Z( 1)‘+J—llm— Z(—l)fj (Z(—l)‘j)
e Jj=1i=j+1 j=1 i=1
~lim— ZZ( 1)j((—1)0)
n—»oon
j=1i=
—llm—3<2(2k+1) (2k)> ~ lim — z Z( 1)+14j
n-oo N
j=1i=j+1

—llm—ZkZ(l j=k)

n-—-oo n3

2

n 1 nn+1)2n+1
= lim — — lim — z (- 1)l+]l]—llmn—< ( )6( )>

n—-oo n3 n—-oo n3

1<i<jsn

1 . 2 1

T Ditjj=-= =__

2 rlll_glo 3 z (1) ij p =L ‘
1<i<isn

Solution 3 by Remus Florin Stanca-Romania

1(-2+43-+n—(n+1))+2(-3+4——n+(n+1))++
+(n-2)(-(n-1)+n+1+1)+(n-1)(-n+n+1)+n(—(n+1))-

l —1(=2+--- —2(=34—n)—--- —(n— -
letn=2k+1=>Q Sto zgesaro limn_,oo 1(=2+--+n) 2(3:2-:3n:l)1 (n-1)(-(w)

n+1)(-1+2—---—n)

n—oo 3n2+3n+1

(n+1)< (1+ +nTl) (1+3+---+n)>

= li =
nl->nc}o 3n2+3n+1
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e ("7 () - (Y )

= li
nooh 3nZ+3n+1
n-1\% n-1 n+1\2 _
_ ("+1)<( )+ - (% )) _ (n+1)(—"21—n)
= lim 3n2 +3n+ 1 =hm— 31
2
= lim,,_, —% = —%and if n = 2k we have the same result = Q = —%

Solution 4 by Florentin Visescu-Romania

l’m_ > (~Di(-1)) = lim Zasi<jen(“DH1)) s

n-on

n3
1<i<jsn

lim Zl<l<]<n( 1) l( 1)]] Zl<l<]<n( 1)11( 1)]]
n—oo (n + 1)3 —n3

- lim L (D) (n+1) lim )" (n+1) 37, (1Y
B n-oo 3n2 +3n+1 o n-oo

3n2+3n+1

(~1)2"12n + 1) T2 (1) _

12n2 +6n+1

lim x,, = lim
n—-oo n—-oo

1 1 1
—(2n+1)<—1+2—3+4+---+iﬁ>
= lim

= lim
n—oo 12n2+6n+1 no12n2+6n+1 6

l . ( )Zn+2(2n + 2) ZZn+1(_1)l-

e X = M S 2n+ 1)2+3@2n+ 1) + 1
. 2n+2)(-1+2-3+4+--+2n—(2n+1)) _
T e 32n+1)2+3@2n+1)+1

-2n+1)n 1

2n+2)(-n—-1) 1
n—>003(2n+1)2+3(2n+1)+1 6

Q_1
6

791. Find:

n -1

Q = lim z zi(i+1)2(i+2)
n—o>00

k=1 \ i=1

Proposed by Vasile Mircea Popa — Romania
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

n k -1 ) k
Q = lim (Z i+ 1)2(3i + 2)) - z (Z(i“ + 43 + 51 + 2i)>

n—-oo

k=1 \i=1 k=1 \i=1

k(k+1)2k+1)(3k2+3k—1)  k2(k+1)2 \

[e%e) _|_4_ +

_ z 30 4
k
] s (k+1)(2k+1)+2k(k+1)
6 2
1

n—-oo

1 8 1 1 1
18k+9(k+ ) 18(k+3) 2(k+1) 2(k+2)
2

(8l 1 1 1,1 1, 1,1 1 11 1
0 (322Dt -2
9( k) 18\k+3 k) 2\k k+1) 2\k k=+2

~10(3 lp(s) + 1( 11) 1,3 (16l 2 -11)
— 9\ 7Y 2)] 18\ "6/ 272 o8
Note: W(1+2) = —y + Xy ;o5p 2 % —1,-2,-3,. w(3)=2(3-10g2) -,

¥: the digamma function

Solution 2 by Nelson Javier Villaherrera Lopez-El Salvador

Q= lim ZI(I+1)Z(I+2)] —llmz 21(1 +21+1)(l+2)] =

n—-oo
k=1]i=1 k=1]i=1

n [ k -1 n k k k Kk \71
= lim i(i®+4i?+5i+2)[ =1lim i*+4 ) B+5) 2+2) i
m5 REED RO
k(k+1)2k +1)3k2+3k—1)  k2(k+1)? 7'

+4 +

- 1
1 I 30 4 I
= LL“.%Z [ k(k+1)(2k+1)  k(k+1) J
=1 +5 6 +2 2
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n -1
Z [k(k +1)2k+1)Bk% +3k —1) +30k%(k + 1)2 + 25k(k + 1)(2k + 1) + 30k(k + 1)
k=1

= lim

n-oo

30

n
1
=30lim ) _

n
_ 1
= 30]im kzlk(k + D[(2k + 1)(3kZ + 3k + 24) + 30(kZ + k + 1)]

n
- 1 —
- 10,‘#“.30;1((1( FD[QCk+ D2 +k+8)+10(k2 +k+1)]

n
_ 1
=10lim kz_lk(k +1)(2k3 + 3k% + 17k + 8 + 10k? + 10k + 10)

n
- 1 —
=10lim kzl k(k + 1)(2k3 + 13Kk% + 27k + 18)

n
_ 1
=10 rllLTokZIk(k+ 1)(k3 + 6k% + 12k + 8 + k3 + 7k? + 15k + 10)

n
. 1
_1011ll->nolokz_lk(k+1)[(k+2)3+k3+6k2+12k+8+k2+3k+2]_

= - 1
= 1033?0;1((1( + 1)[(k + 2)3 + (k+ 2)3 + (k + 2)(k + 1)]

n
_ 1
- 10%&‘2;1{(1( F0)k+2)[2(k+2)2+k+1]

N 1 _
- 10,‘#“.30kzlk(k F0)k+2)[2(k+2)2+(k+2)—1]

- c 1
=20 lim kZl Kk + Dk + 2)[22(k + 2)2 + 2(k + 2) — 2]

. C 1 —
=201im kZIk(k T D)k+2)2k+2) +2]2k+2) —1]
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_ 1
=10 lim £kl + 1) (k+2)(k +3)(2k +3)

5 /1 9 9 1 32
s (h- |
9 n-oo k k+1 k+2 k+3 2k+3

k=
5¢/1 9 9 1 32 \
_9kZ(k k+1 k+2 k+3 2k+3)

5
6[16111(4) 22]——[16ln(2) 11]
1 A B C D E
=—+ + + + =
k(k+1)(k+2)(k+3)2k+3) k k+1 k+2 k+3 2k+3
11 1 1 16
_18__2 __2 ., 18 ., 9 :i(l_ 9 B 9 N 1 N 32 )

k k+1 k+2 k+3 2k+3 18\k k+1 k+2 k+3 2k-+3

1=A(k+1)(k+2)(k+3)2k+3) + Bk(k+2)(k+3)(2k+3) +
+Ck(k+1)(k+3)2k+3) + Dk(k +1)(k+2)(2k + 3) +
+Ek(k+1)(k+ 2)(k+3)

k=-3. k=-2: k:_i: k=-1: k=0:
1=18D 1=-2C 122—12 1=-2B 1=184
p=Lt ¢=_1 g_1 ,_ 1 ,_1

18 2 9 2 18

792.0 < xq1 <1,xp41 =+1+nx,. Find:

0= = kn?
Tl z n* + k2x2

k=1

Proposed by Floricd Anastase-Romania
Solution by Mokhtar Khassani-Mostaganem-Algerie

2
X 1 x X
+1 n - n
xn+1=,/1+nxn:>—"Z =+—=lim—=1=>
n
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n k 1 l 9
= X og
= 0 =1lim-— n :f dx =
o 242 2
n nk:11+k1cn 01+x 2

793. Find the closed form:

o0 1
+
n4 + n2 +1 8} o
n=1
[+] - great integer function
Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Rohan Shinde-India

1 1
Q=X 4 w {x} = x - [x] » ¥vn = 1 we have that

n?+1
fZ 415300 < 1 1_ .- 1 L1_n
etz e s 1537 S a1 s T e
= [ﬁ + 1] = 0 — [x] denotes Greatest integer function/Floor function; vn > 1
n*+n<+1 8
1 1) 1 1
andn > N= {n4+n2+1 + E} T nt+nZ+1 + 8
1 o o
=> Q= z n4+n2+1+8) z 1 +1 —1
nz+1 n2+1)(n*+n2+1) 8L.n?2+1
n=1 n=1
A B

Let’s consider B first, using the Fourier series of coth(x) we have that

coth(x) == + 23 1T Substitute x = m to get

() 1+zz 1 i 1 mcoth(m) -1 s
= — 4+ — _—
cothin T T 1n2+1 n2+1 2

n=

n=1

Now, let’s consider A. Note that

_> 1 1 _1
z (n?2 +1)(n* +n2 + 1) (nZ +1)(n* +n?+1)
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Let F(z) =1 L By Cauchy Residue theorem,

zz+1)(z4+zz+1)'

z F(n) = — Z(residues ofcot(mrz) F(z) at F's poles)

n=-oo
i in 2w i2m

F(z) has 6 simple poles namely ati,—i,e3,—e3,e3,—e3 .

Resz:i(F(z)) =— g coth(m)

Resz:_i(F(z)) =— g coth(m)

7 tanh <@>
Res, w(F@)=—pg—3
7 tanh <@T>
Res,  w(F@)=—pg—"3—
mtanh <@>
Res ue(F(2)=—pg" 0
7 tanh <@>
Res, ax(F()=—pg 07—
Combining all of the above we get:
C V3m\, 1 1
z F(n) = w coth(m) — 2ntanh< > > (\/§ 3 + N Si)

n=-o

= 1t coth(m) — ltanh <@> >A= T coth(m) — Ltanh <@> — 1

3 2 2 2+/3 2 2

1 T T Vv3r\ 1 mcoth(m) 1

= = — = — —_— _— - —
>0=A 8B:>Q 2coth(rt) 2\/§tanh< 2 > 2 16 16

h V3w
97 coth(m) Ttan (T) 9
16 2V3 16

h V3m
__ 9mcoth(m) Ttan (T)
16 23

9 O —
~Te Answer: Q =
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Solution 2 by Ali Jaffal-Lebanon

L S k n{k4+1k+1+113}
et =1 k241

Ifi<k<nthen3<k*+k+1and0<

| =

1
3
1 1 1 1 1 1 1
S s+ =m0 k) =+ [ = e
"lk*+k+1 8 k*+k+1 8 k*+k+1 8 k*+k+1 8 kK’ +k+1 8

1 1

We have; Kkl 8 — ! .
K241 (K2+1)(k*+k+1)  8(k2+1)

: : : 1 —
And by simple calculation we can say that: D) kD)

_ 1 1( 1 . k—1 k )
T k2+1 2\k2—k+1 (k—1)2+(k—1)+1 kK2+k+1

9 wk=n 1 1 n
Then, S, = 2 yk= +—( )
en, 5 82k—1k2+1 Zk 1k2 k+1 2 \n2+n+1

— 9vk=n_1 1
And S, = _Zkzg K2+1 Zk 0 k2 1 2 (n2+n+1) —5 O
— V4o 1 _YO-Y(- l) Y(i)-w(-i)
We have: Z" 01+ 2 T An=0 (n_pdn+i) | i-(-i) 2i

02D 0 - (10 < menr )

Since ¥(-z) = (ll'(z) + 1 cot(mz) + %) forall z € C* (**)

=1((_ N+ l)) = (et 1\ 1
Then, Y+ 0T: 2_2i<( n'cot(n'l)+i)) Zl_( T l_) Zcoth(1't)+Z

v —1+iV3 _y _1+iV3
We have ) ;= oﬁ = Yo (n_1—i\/§)1(n_1+i\/§) = ( —21+i\2§+1gi\/§2 )
2 2 2 2

teo 1 _ L(lp ('1+i‘/§) - lp( 1“‘/—)) by using (**) we have:

n=014n+n2 V3 2 2

S NIRRT
i3 2 2 2”2 ) N2 2 ) T v i3

= %(—ﬁ— T cot (g +%) ™ \/_> Since W(z) = (lP(z+ 1) ——)

Then cot( +£) —M—ltanh( \/_) So, Y+ = 1+ltanh(2\/§)
’ 2) 7 g 5V3,073 n= °1+n+n V3 2

Then by using (*) we have:
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. 9/ 1 1 T '3 5
Jim, 5, = 5 ( coth(m +3) =5 (1+ Ftanh (5V3)) -5
ot 9
= ECOth(Tl’) — ﬁtanh (2 \/§) — E

794 mnpeNmnp=>2a;>0a; #1,i €1 pall fixed.
Find:

Q =lim

x—0

1
n n n n_, mr_
al‘/;+a2‘/;+---+ap\/; Vo ™x
m m m
O 4 kot

Proposed by Floricd Anastase-Romania
Solution by Igor Soposki-Skopje-Macedonia

1

n n n n_, m_

a* + @) + o @)\ VR
m m m
o

Q =lim

x-0

a’W+a’W+---+a’VE 1
= exp [lim | — 2 == 1) e | =
x-0 a1ﬁ+azﬁ+'”+apﬁ Vx + "x
o () () e )
= exp |lim - - _ - __| =
p x—-0 a1ﬁ+a2\/§+___+ap\/§ \/}+ \/}
[1 I a’W—aT‘/—_Fl a%—a:‘/}+ i a;‘/;—ap"|
=exp|—- | lim im im——
"[p X0 A+ Wx 20 Yx+ Vx x=0 \/’+\/_ J
L1 Lz
Wx M/x Wx Mx Wx
a’*—a a'*—a a
= L; = lim———X1 = lim - L.

-0 Rx +"x  x0 Yx+"/x a’l"ﬁ_

e (@ ) (@)

x-0 a;n\/i i (1\1/} + "\l/}) =
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i (A a, """ -1 a1 g -1 W
= 11m m ' n m - m m n m =
o Vx+Wx  qpr Vx Va+ e

x-0 al
NN aVx _q . a,* +1 . a,* -1 . 1
= lim—; 1m n — — lim—— - lim — -lim — =
x—-0 \/— x—-0 \/}+ \/} x—-0 alﬁ x—-0 \/} x-0 1+ /x(x_n)
=1-lna;-2-lna;-1=-Ina;L; =—Ina,;L,=—Ina,

1 1

1 1
Q= eE(L1+L2+...+Lp) _ e—E(lna1+lna2+---+lnap) — e-In(am1az..a))P — :
,[al * az St ap

795. Let w(x) denotes the prime counting function and p,, denotes the n

prime number. Find:
m(n)

Q=limp "

n—->oo

Proposed by Prem Kumar-India

Solution by Mokhtar Khassani-Mostaganem-Algerie
We know that: m(n) ~ % P, ~nlogn

(n) 1 log(nlogn) logn+log(logn)
Q= llm (p, ) n = llm (nlogn)log" = lim elog" =lime logn =e
— 00 n-oo

n—-oo

796. Find:
m
a=1lim| (3)- lim li —ng’i)n
k=0 (k+3)

Proposed by Daniel Sitaru — Romania

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

(k) _ (k+3) (m+n—k-3) _

Let w = Zk 0 (7::;1) Zk 0 ( ) (m+n)!
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Tk +)r(m+n—k—2)
:("”"“)z rm+n+2)

m 1
=(n+m+1) z (7:) f xk+3 (1 — x)mtnk-3gx =
k=0 0

1 m 1
=(m+n+1) f x3(1—x)"3 Z (7:) X1 -x)"*kdx=mn+m+1) f x3(1—x)"3dx
0

(n +m+ 1)r(4)r(n-2) 6(m+n+1)
'(n+2) T (n-Dnn+1DMn- 2)
. w 6(m+n+1) 6
P T A - Dati+ D(n—2)  (n— Da(+ D —2)

. 4 . 2 _qs n! X 6 —
Now: & = lim,,_, ((3) lim,; oo m) = lim,, ., 6(n-3)! (n-1)n(n+1)(n-2) 0

Solution 2 by Ali Jaffal-Lebanon

k (k+3)!(m+n—k—3)!
Let Q(n,m) = _Zk 0 Ck+3 = _ZIIE gck (m+n)!

x(m+n+1)

I‘(k+1)-I‘(m+n—k—2)
__z m I'm+n+2)

k=m 1k=m
_mrn7t 1 ck, x"Jr3 (1 —n)mtnk-3gx = mtn+il f (1 —x)mrckxd - (1—x)"3dx
m k=0 0 0 k=0
1 1 1 '
m-+n-+ m-+n+
ZTf(x+ 1—-x)m-x3 - (1—x)"3dx =——x fx3(1—x)"‘3dx
0 0
lim,_ .., Q(n.m) = fl x3(1 —x)"3dx. Letl,, = C3 x f1x3(1 —x)" 3dx
3 5 r4)-rtn-2) n! 3' x(n-3)!  nl 1
" rm+2) (n- 3)'><3' (n+1)! (n+1)I n+1

So,lim,_,, I, =0.ThenQ =10
Solution 3 by Tobi Joshua-Nigeria

m
Q=1li cy| li ! Cic
= im— —_
nl—>ngo}) 3 m—>oomk 4 Czl++3n
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Q = lim C;’;‘(liml <Cﬁ'(m+n—k—3)!(k+3)!>>
k=0 (m+n)!

n—-oo m-ooMm

< 1 <cz’r(m+n—k—2)r(k+4)>>
C3
k=0

Q:}ll—{E!) r}@l-l}c}oa 4 I'm+n+1)
m
1 Crim+n—k—-2)I(k+4
Q=lim| c?{ lim — i T¢ )0k + 4)
n-oo m-oo m I‘(m +n+ 2)
k=0 (m+n+1)

m C?r(2k2+8)r(2m+2n2—2k—4) (m+n+1)

. nl 1
Q_}ll_{?o C3 JHBOZ 2m+2n+4 m
k=0 r(=5")

n—oo m— oo

. e (m+n+1)m .
0= lim | ¢ lim === (CpB(2k +7,2m + 2n - 2k - 5))
=0

. w1\ b4l
Recall that [2 sin® x cos” xdx = %
2

n—-oo m—oo

T
2
/ m+n+1 . sin 7 x cos®™ x
im ( )z S S fs nh x cosm x dx
0

i
2
/ m+n+1 \
Q = lim kcg lim ( )z zcg'f sin(@k+7) x cos(Zm+2n-2k) x g x )
0

cos® x

\
:
)

T
2

/ __(m+n+1)< 2k
kc:’;‘ lim ZTZ C™ sin )xcos(zm)xXI
k=0 0
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T
2
] . 2(m+n+1) 5 sin’ x cos?" x
Q=1lim| C}| lim —— = (sin” x + cos x)m><f—5 x
n—co m—oo m COS° X
0
T
( 0y (
m-+n-+
Q=1lim | C?{ lim —Zfsin7xcos(2"‘5)xdx
n—oo m-oo m
0
m+n+1)TMA)I(n-2)
- al
ﬂ_£LTo<C3 <rlnl£lgo m r(n+2) '
(m+n+1)3!'x(n-3)!
- a1
0 = tim 3 (o R DE O
. ol n 1\3!x@m-3)\\ n! 3! x (n—3)!
9_15'90<C3<1L'5?o(1+5+ﬁ) (n+ 1) ))‘lLTo((n—s)!s!x(l)x (n+ 1)
1
a=tim—""  o—lim—0=lim—"_=o
T et D aem+ 1)’ _nL“QO(1+1)‘
n

797. Find the point on the surface xy?z3 = 108 that are closest to the origin.

Proposed by Jalil Hajimir-Canada
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Graphics by Carlos Suarez-Quito-Ecuador

Solution by Daniel Sitaru-Romania

F(x,y,z,2) = x* +y* +z?> + A(xy*22 —108),x # 0,y # 0,z = 0

F,=2x+1y*z’ F, =2y(1+Axz*) =0 > A = E,F’z = z(2 + 3xy®*zA)

-1
2x+g-yzz3=0—>2x22y2—>y=x\/i

2+3xyzz-@=0—>22223-2x2—>z=x\/§

x-2x%-3v3x3 =108 - V3x® = 18 - x® = 6V/3 =108

x ='3/108,y = /108 - 26,z = '3/108 - 36

The closest point is ('3/108, 'Y/108 - 26, '3/108 - 3¢)

798. Solve for real numbers:
( sinx = cosy
j sin(x +y) sin(y+.,/xy) sin(\/xy+x)
| |cos(x + ) cos(y +./xy) cos(/xy+x)| 0
\cos(x — y) cos(y —/xy) cos(\/xy —x)
Proposed by Daniel Sitaru — Romania
Solution by Adrian Popa — Romania
sin(x+y) sin(y+ \/x_y) sin(\/x_y +x)
A - |cos(x+y) cos(y+,/xy) cos(\/xy+x)/=0
cos(x —y) cos(y— . /xy) cos(/xy—x)
sinx = cosy = sinx = sin (E—y)
2
sin(x +y) =sinxcosy +sinycosx = cos?y+sin?y=1 (1)
= sin® x = cos?y
1—cos?x=cos’y=cos’?x=1-cos’y = cosx =siny

cos(x +y) =cosxcosy—sinxsiny =sinycosy —cosysiny=0 (2)
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cos(x —y) =cosxcosy +sinxsiny =sinycosy + cosysiny = 2sinycosy =sin2y (3)

1 sin(y + \/x—y) sin(\/x—y + x)
A= 0 cos(y + \/x—y) cos(\/x—y + x) =0
sin2y cos(y —,/xy) cos(\/xy—x)

We develop after the first column:
cos(y + /&) - cos(,/xy — x) — cos(/xy + x) - cos(y — 7) +
+sin 2y (sin(y + /xy) - cos(/xy + x) — sin(/xy + x) - cos(y + /xy)) =0 =
= cos(y +/xy) - cos (T — 5 +) - cos (Jxy + 3 — ¥) - cos(y - /xy) +
+sin2y(sin(y+\/x_y)-cos(\/x_y+g—y)—sin(\/x_y+5—y)-cos(y+\/x_y)) =
cos(y +/xy) -sin(y + /%) — sin(y - /%) - cos(y — /&) +
+sin 2y (sin(y + /%) - sin(y — /%) — cos(y — /x7) - cos(y + /7)) = 0 =
_ sin2 y2+ Jxy) sin z(yz— Jxy)

—sin2y(cos2y)=0=

2sin2./xycos2y
= > —sin2ycos2y =0

cos 2y (sin 2 \/x—y — sin Zy) =0

T[

y p—
Casel:cosZy=0:>2y=i§+2kn':> - a4 -
X=2-y= Z—kn’

Casell:sin2,/xy —sin2y = 0 = sin2,/xy = sin2y = sin2,/xy = sin2,/y -y =

+km
™ keZ
2

y=0 sinx >0
:>{x=§+2k  k € N, because x # y; y>0
799. Solve in real numbers the system of equations:

x+y+z+t=0,
x2+y2+ 72 +t2 =4,
xt+yt+zt+tt =4

Proposed by Hung Nguyen Viet-Hanoi-Vietnam
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Solution 1 by Daniel Vdcaru-Romania
Onehas16 =42 = (2 +y2 + 22+ z22)2 =x* + y* + 24 + t* + 23 x%?y% >
= Y x%y% = 6. On the other hand, one has x* + y* > 2x?y? x* + z* > 2x%2?
xt+tt > 2x%2, yt + 2t > 2y%22 Yyt + tt > 29282, 2t + t* > 22%t%. Summing this
inequality, one obtains 3(x* + y* + z* + t*) > 2 Y x2y?.
Butweobtain12=3-4=3(x*+y*+z* + t*) =2Y x?y* =2 -6 = 12, and this is
followed by x? = y? = z% = t?> = 1. We obtain:
(x,y,z,t)e{(1,1,-1,-1),(1,-1,1,-1),(1,-1,—-1,1),(-1,-1,1,1)}
u{(-1,1,-1,1),(-1,1,1,—-1)}

Solution 2 by Soumava Chakraborty-Kolkata-India

z @ z : ®, z s 9,
Letx +y+z=o(x),x* +y?> +z? = o(x?) and x* + y* + z* = o (x*)
Now, o(x%) 2 4 — ¢ and o(x?) 2 4 — 2 = o(xt) > L{o(x?)}?
~4—t2 23 (4—2)? (using (1), (2)) > 12 — 3t* > 16 — 8¢2 + t*
>4t* -8t +4<0=>4(t*-1)?<0
t2—1=0('.'(tz—l)z20and(t2—1)2<0):>t22t4=1
aaunbylsmma@ﬂ '3 (using (1), (2))

Again, o) = 1 (o)) "= (= o(a?) = 3)

= o(x*) > 3 with equality at x = y = zand - a(x*) = 3 - equality occurs
=>x =y =z Puttingx =y =12zin(3), weget3x? =3
> x2=y2=2z2=¢t*=1and Y x = 0all possible solutions are:

x=1 x=1 x=1 x=-1 x=-1 x=-1
y=1 y=-1)[y=-1 y=1 y= y=-1
s=-1llz=—11\l2=-1!'{ 221 'l ;=221 'l z=1 (Answer)
t=-1 t=-1 t=-1 t=-1 t=1 t=1

Solution 3 by Khaled Abd Imouti-Damascus-Syria
x+y+z+t=0 (1)
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X+y?+z22+t2=4 (2

Plane: P:x +y =z = —t. Sphere: $:x% + y> + z> = 4 — t?

M,(0,0,0), R = V4 — 2. Dis (M, P) = %

t

\l/—ils\/zt—tz; t2<3(4—t?); 4> <12, t>? <13; —V3 <t < +/3
(1,1,-1,-1)
(-1,1,1,-1)
(-1,-1,1,1)

There aresix solutions:Pns =< (1,-1,1,—-1) ;
(-1,+1,-1,+1)
(-1,1,1,-1)

\ (1,-1,-1,1)

These six solutions are satisfying the equation: x* + y* + z* + t* = 4.

x2+yr+z22+ 2 -3=1,t*-3<0; x2+y?+ 22+ t>* -3 <x* +y*+ 2°

1 < x%? + y* + 2. So, plan must be tangent s, have S’

b4
s ={1,-1}; C4=%= 6
X y z t
+1 +1 +1 1 - 4
+1 +1 +1 -1 - 2
+1 +1 -1 1 - 2
+1 +1 -1 -1 - 0
+1 -1 1 1 - 2
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+1 -1 1 -1 - 0
+1 -1 -1 1 - 0
+1 -1 -1 -1 - -2
-1 +1 1 1 - 2
-1 +1 1 -1 - 0
-1 +1 -1 1 - 0
-1 +1 -1 -1 - -2
-1 -1 1 1 - 0
-1 -1 1 -1 - -2
-1 -1 -1 1 - -2
-1 -1 -1 -1 - —4

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
x+y+z+t=0 (1)
X2+y2+22+t2=4 (2
xt+yt+zb+ v =4 (3)
From (1), x+y=—(z+t) > x* +y?> + 2xy = z> + t* + 2zt
=2xy =2(2> +t?) + 2zt — 4
Sxy=z2+t?+zt—2 (3)
From (3), x2 +y2 =4 — (22 + ) = x* + y* + 2(xy)? =
=16 + z* + t* + 2(zt)? = 8(z% + t?)
= 2(xy)? = 2(z* + t*) + 2(zt)? — 8(z* + t?) + 12
s> @y)t=zt+tr+ (zt)? -4+ t?)+6 (4)
From (3) and (4), we have zt(z* + t? + zt —2) = 1
andsincex,y,z, t € R hencex,y, z,t € Z
1.Ifzt=1,then (> +t*?+zt—-2)=1=z*+t* <2
2.1fzt=—-1,thenz?+t>? +zt—2=-1=>z>+t*=2
>z=1t=1orz=-1,t=1
andsincex + y +z + t = 0, hence its solution is
{1,1,-1,-1)(1,-11,-1)(1,-1,-11),(-1,1,1,1),(-1,1—-1,1),(-1,1,1,-1)}
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800. Solve for real numbers:

1<xyz<3
1 1 1 35
{(x+y+z)<—+—+—):
x y z
k 3Y +log,z=3

3

Proposed by Daniel Sitaru — Romania
Solution 1 by Khaled Abd Imouti-Damascus-Syria

1<xyz<3
Solve for real numbers: S’ (x +y + z) (1 +14 1) =35

X y z 3

3” +log,(z) = 3
x€[1,3]l,ye[1,3],ze[1,3]

1 1 1 3s
(x+y+z)(—+—+—):—
s X y z 3
3y+ln(z)_3

In(2)

SVZS—ﬁ-ln(z)JSzS 3;f(z) =37

_ 1 . _ . m@® . 1 1
f(3)—3—m.1n(z),[1,3],f(1)_3,f(3)_3—ln(2),f(z)__m.;<o

z 1 3
f(z) ————— - ————
f(2) In(3)

P T ho
But:1 < y < 3,g(y) =3Y = eyln(3)

g(1) =3,9(3)=27,9'(y) =In(3) - e?'"® >0
y 1 3

gy | ++++++++++++++++++

gly) | 3 — 27

f(z) =g(y)when:y=1andz=1

RS NS
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(x+2)(1+2x)= 33—5x = 3(x+2)(1+2x) =35x

3(x +2x%2+ 2+ 4x) =35x = 3(2x%2 + 5x + 2) = 35x
6x2+15x—35x+6=0=>6x2—-20x+6=0+(2)=>3x2-10x+3 =0
AZ100—4(3)(3)2100—36264-:>\/K=8

_10-8_2_1 _ 1048 _

_1 18 _
X—T g—3€[1,3]0rx— e e 3E[1,3)

So: (x,y,z) =(3,1,1)
Solution 2 by Lazaros Zachariadis-Thesaloniki-Greece

Inz

isz(1,3]thenE>O<:)logzz>O

ifye(1,3]then3Y >3 (+)
So:3Y +log,z>3
Likewise,ifze [1,3]vye (1,3]andze (1,3]vy €[1,3]
3V +log,z=3if-fy=2z=1

Then (X+J'+Z)(l+l+l)=3?5because(x+2)(i+2):33—5

X y z
2 35 1 00 1 10 3«
1+2x+—+4=—<:)2(x+—):—(:)x+—:—<:)
X 3 X 3 x 3

©3x2-10x+3=0

X =

18

10+V100-4-9 10+8[¢ ~

2-3 6 |2
6

(x,y,2) =(3,1,1)
Solution 3 by Ruangkhaw Chaoka-Chiangrai-Thailand

Ccry+(+3+))=F @

3Y+log,z=3 (2)
, 1.1, 1 35 .
WeIlshowthat(x+y+z)(;+;+;)s?,lsyc,y,sz

2
‘226
x y z 3

Orf+2+£+
y z x
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WLOGx>y>z=20<(x—y)(y—z) @ zx+y>* < xy+yz

z y z
y xS+ x z X z

+
% x X x:—+z+—+zs—+—+2
_+X<_+1 y z y x_z X
y z z
Xy z ')y

z x X z
—+—+—+—+—+—52(—+—)+2
y z x x Yy zZ z x

It remains to show that 2 (f + 5) +2<2 (3
z X 3
lett=%1<t<3e@)t+;< e @t-1)(t-3)<0
Which is true - (1) is the hold point of inequality att = f =3

{x =3,z=1>y=1 and permutations - (2)

x=3,z=1=>y=3
~(x,y,2)=3,1,1)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



