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NGUYEN HAM PHAN THUC DANG TONG QUAT
Benny Lé Van
Tom luwgc

Chuyén luan nay trinh bay loi giai cho nguy&n ham (tich phan bét dinh) cua ham phan

thirc ¢6 dang tong quat nhu sau:

| _.[ dx
N7 14 xN

Trong d6 N 1a mot sb tu nhién. Tap chuyén luan nay dugc soan thao khong chi véi
muc dich trinh bay dap 4n cho bai toan, ma quan trong hon chinh 13 giéi thiéu dién
trinh ma tac gia thuc hién nham tim ra két qua. Cu thé, tac gia lan luot tiép can bai
toan nguyén ham theo ting truong hop N 14 lily thira cia hai, N 1a s6 1é va N 1a sé
chan. Cudi cuing, nhitng két qua cua timg trudng hop cu thé dugc ap dung dé xay dung

két qua tong quat.

Tir khoa: Nguyén ham (Tich phan bat dinh), Ham phan thuc.
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Giéi thigu
Tich phan bat dinh c6 dang

I —j dx N eN
N 1+xN( )

la bai toan xuat hién xuyén sudt trong tap chuyén luan nay. Pau tién chinh la

tiép can nhitng truong hop don gian sau day:
Khi N =0, N =1,vaN = 2 talan luot c6;

Io=fdx=x+const
dx
Il=f—=ln|1+x|+const
1+x

I f dx tan 1 x + t
= —— = an X cons
2 1+ x2

Ngoai ra, hai nguyén ham sau dugc &p dung rat nhiéu trong sudt chuyén luan

d
]1=j—xaz (a >0)

x2_
d
Jz=fﬁ (a>0)

Pé tinh J;, ta phan tich:

1 B 1 _ 1( 1 1 )
x2—a? (x—a)(x+a) 2a\x—a x+a

Do d6
_1(]dx fdx)_1(1| |~ Inlx + af) + .
]1_2a T —a ~+a) " 2a njx —a nix +a cons
1 X—a
=—ln| |+Const
2a XxX+a

Con dbi vai J,, ta ap dung két qua cua I, da tinh & trén nhu sau:

]z=f dx 1 dx _1f d(g) 1 1 X

—_— =— = —tan - —+ const
x2+a%? a? ({)2 +1 @ ({)2 41 @ a
a a

V6i N = 3, ta xét téi nguyén ham sau:

I_f dx
37 ) 14«3

Apdung x3 4+ 1 = (x + 1)(x? — x + 1), tacan tim cac s6 4, B, va C sao cho
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1 Ax+ B
x3+1:x2—x+1+x+1
Trong hé thic trén, lan lugt cho x = 0, x = 1, va x = 2, ta duoc hé:
( B+C=1

vx € R\ {—1}

Nhu vay, bai toan I, duoc giai quyét nhu sau:

I_f dx
37 ) 14«3
_lj —x + 2 p +1] dx
“3) e —x+1773) x+1
—lj_x+%+%d i +c
T3) 1 T3
- 1J -1 +1f dx +11| +1l+¢C
T 6) x2—x+1 x 2) x2—x+1 3nx
1(dx?—x+1) 1 dx 1
=——J — +—j—2+—ln|x+1|+C
6 x2—x+41 2 1 3 3
(x-3) +3
1/ 1
1l| + 1| 11(2 +1) + t ‘1x_§+c
= —INn|x ——nx" — X an
3 6 \/§/ \/§/
2 2
2x —1

1 1 1
= §ln|x + 1] — gln(x2 —x+1)+—=tan?!

V3 V3
Sau nhitng bai to4n mé dau trong Phan gigi thiéu, chuyén luan s& trinh bay
tirng trudng hop cu thé cia N dé hudng dén két qua tong quat. Theo do, tir
Phan 2 dén Phan 6 thao luan vé truang hop khi N 13 liy thira cua hai, tac 1a
N = 2" (n € N;n > 2); Phan 7 thao luan vé truong hop N 1a s6 I¢, tuc la
N = 2s+ 1 (s € N*); Phan 8 thao luan vé trudng hop N 1a sé chén, tic 1a

N = 2r (r € N;r = 2); va Phan 9 dua ra két luan cho bai toan tong quét.
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N = 4: mgt bai toan c6 nhiéu cach giai

Phan nay s& ban vé nhiing cach giai khac nhau cho truong hop N = 4.

| _j dx
Y1+ xt

2.1. Phwong phdp cin bang hé sé

Pau tién, ching ta thuc hién phan tich thanh nhan tir di véi mau thire duéi dau
tich phan:

x*+1

=x*+2x% +1—2x?

= (x?+1)% — 2x?

= (x? —V2x + 1)(x? +V2x + 1)
Nhu vay, dé tich phan bat dinh I, duoc tinh mot cach dé dang, ching ta s& ¢
gang dua phan thie dudi dau tich phan vé dang

1 Ax + B Cx+D
x4+1=x2—\/7x+1+x2+\/§x+1

Trong d6 A, B, C, va D la cac sb thyc cho trudc.

Vx € R

Tir hé thie trén, 1an luot thay thé cac gidtrix =0, x =vV2vax =i (doRc
C), ta dugc h¢ phuong trinh:
B + D=1

V2A+B +-=(V2C+D) == 1 1 1
( ) (A,B,C,D)=(——;—;—,—)
A+Bi+C Dl_l 2 2 242 2
V2 V2 V2 V22
Nhu vay
dx
=
1+ x4
1 +1+1 1 +1+1
_f o2 fZ\/_
= + dx
2 —\2x +1 x2+2x +1
—2x+\/_ 1 dx 1 2x +/2
dx+—f + dx
4\/— —V2x+1 x2—2x+1 4V2) x2+2x+1

+1f dx
4) x2+V2x +1
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1 fd(xz—x/ix+1)+ 1 jd(x2+\/§x+1)
42 x2 —\2x+1 42 x2+2x +1

4

) d(x—%) ) d(x+%)
¥ ¥

1)2 1 4 1)2 1
x——) += x+—) +=
v2) 2 v2) 2

) + 2\1/2 [tan=}(V2x — 1) + tan~1(V2x + 1)]

_ 1 1n<x2 +V2x +1

42 \x2—\2x+1
+ const

2.2.  Phwong phap phdn tich |

Khi gap mot van dé phuc tap thi ta c6 thé chia n6 ra thanh nhiéu phan nho dé

giai quyét. Nguoc lai, khi gap mot bai toan thoat nhin c¢é vé don gian nhung lai

kho giai thi ta ¢ thé biéu dién n6 dudi dang két hop cia nhiéu bai toan 16n hon

ma ta c6 thé giai duoc. Tu tudng nay duoc sir dung triét dé trong phuong phap

phan tich.

Nguyén ham

| _j dx
)1+t

Méi nhin qua thi c6 vé khong tinh dwoc mot cach truc tiép, tuy nhién céc

nguyén ham sau thi lai c6 thé dugc tinh mot cach dé dang:
K, = f © 4
7 ) x4 +1 x

K—f X 4
2 x4+1x

That vay
x3 1rdx*+1) 1
K — = — —:—l 4 1
; ]x4+1dx 4] A1 4n(x+ ) + const
X 1 d(xz) —
Kz =fmdx =2) Gor e Tzt () Fconst
Ngoai ra
1 N 1 C2(x*+1)
x2—\V2x+1 x2+V2x+1  x*+1
Suy ra
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X _fx2+1d
37 ) xt+1 x

_1(_[ dx "‘_[ dx )
2\ x2—V2x +1 x2+V2x+1

_1[ d(x—%) ) d(x+%)]
A g

x+%)2+%J|

1 -1 _ -1
= ﬁ [tan (\/Ex 1) + tan (\/fx + 1)] + const

2

Tir cac két qua cua K;, K,, va K3, ta c6 hé qua: moi nguyén ham dang sau déu

c6 thé tinh duoc

dx

fx3+x+rc(x2+1)d fx3+}cx2+x+}c
X =

x*+1 x*+1

Vi k 1a mot sb thuc cho trudc.

Nhu vay, bang cach nao d6, néu ta tinh duoc nguyén ham

3+ rx?+x
X

x*+1
Thi nho vao mot phép lay hiéu hai nguyén ham, ta sé tinh dugc

/ _f dx
YT )1+ xt

Day chinh la hudng di cua phuong phap phan tich I.

Tir két qua phan tich da thie thanh nhan te
x*+1=(x2=V2x+1)(x? +V2x + 1)
Ta thay rang néu nhu chon x = ++/2 thi bai todn s& dugc hoan tat. O day voi

Kk = /2, ta co;

dx

jx3+ﬁx2+x
K, =

x*+1

_f x3 +2x% + x 4
T VIt D vzt 1)

X
= dx
x2 —2x+1
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_ V2 \/idx
x2 —2x+1
1j 2x — /2 1.[ dx
== dx + —
2) x2 —\2x+1 V2 x2 —\2x+1

1
~ 1Jd(x2—\/§x+1)+ 1 f d(x‘ﬁ)
2) x2-\2x+1 2 (x—i)2+1
72 2
1
= Eln(x2 —V2x +1) 4+ tan"}(V2x — 1) + const
LAy t6 hop tuyén tinh cac nguyén ham K;, K,, va K, ta co:

x3+V2x2 4+ x++2
K- = d
5 x*+1

X
=K1+K2+\/§K3

1 1
= Zln(x4 +1)+ Etan‘l(xz) +tan~1(vV2x — 1) + tan~*(V2x + 1) + const

Dé két qua cua hai phuong phap phan tich va can bang hé sb tré' ném nhat
quéan, ta thuc hién bién doi:

1 1

Zln(x4 +1) - Eln(x2 —V2x+1)
1 1

= Zln(x4 +1) - Zln(x2 —V2x + 1)2
1 ( x*+1 )

=—In 5
4 (x2 —V2x + 1)

1 <x2+\/§x+1>
=—In
4 \x2—V2x+1

Quay tro lai voi 1, ta co:

| _J dx
YT ) 1+ xt

1
= E(Ks - K4)
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171 1
=— [—ln(x4 +1) + —tan~(x?) + tan"*(vV2x — 1) + tan}(V2x + 1)]

214 2

L [lln(x2 —V2x +1) + tan"}(V2x — 1)] + const
7z 12

1 x? +2x + 1) 1 1
= In + —tan~ (V2x + 1) + —=tan"1(x2) + const
442 (xz—\/?x+1 V2 ( ) 242 ")

So sénh véi két qua co dugc tir phuong phap can bang hé sb, chung ta c¢6 duoc

1 1
—tan~}(V2x + 1) + —=tan"(x?)

V2 242

1 -1 _ -1
= ﬁ [tan (\/Ex 1) + tan (\/fx + 1)] + const

& tan~1(V2x + 1) — tan~1(vV2x — 1) + tan™*(x2) = const
That vay, néu nhu dat
E(x) = tan"}(vV2x + 1) — tan~1(v2x — 1) + tan™(x?)
Thi
V2 V2 2x
2 - 2 R,
V2x+1)"+1 (V2x—1)"+1 * 1

E(x) =

1 1 2x
- : )z
2x2 +2V2x+2 2x2—2\2x+2/ =x*+1
_\/EX(—Z\/fx)+ 2x
2 x¥+1  x*+1
2x 2x
— +
x¥+1 x*+1
=0

Ex)=0 VxeR
= E(x) = const Vx €R
Ngoadi ra, ta c6 Z(0) = g, do do:
T
Z(x) = E Vx € R

Cung mot bai todn tinh nguyén ham, nhung tinh véi hai cach khac nhau, s€ cho
hai cach biéu didn két qua khac nhau, ddy ciing chinh 13 ¥ nghia cua hing sb

tich phan ma ta thuong viét sau mdi két qua tinh duoc.

Vn.8



2.3.  Phwong phap phan tich 11
Trong phuong phap phén tich |, ching ta da sir dung két qua
1 1 _2(x2+1)
xz—\/fx+1+x2+\/§x+1_ x*+1
D6 chinh 1a phép 13y tong hai phan thtic, con néu nhu 1ay hiéu, ching ta duoc
1 1 _2V2x
X2 —V2x+1 x2+V2x+1 x*+1
Ddi véi phuong phap phan tich 11, ta s& van dung ca hai két qua trén dé tinh

nguyén ham I, nhu sau:

I_j dx _jx2+1d szd
YU ) xt 41 ) xt+1 x x*+1 x

Trong Phan 2.2, ta di c6:

x?+1 1
K; = fmdx = 7 [tan"*(V2x — 1) + tan~(V2x + 1)] + const

Dé tinh nguyén ham

K—j LA
6 x4+1x

Ta thuc hién 13y hiéu:

xZ
Kg = J dx

x*+1
_] xX.X d
) xt+1 x
1 7 1 1
=—fx( — )dx]
221 x2—V2x+1 x2+V2x+1
170 X 4 f X d-
= X — X
220 x2 —\2x + 1 x2+V2x+1 |
i 1 1 1 1 ]
X——=+-= X+-—=——=
_ 1 V2 N2 V2 A2
dx — dx
272 |) x2 —2x+ 1 x2 +2x+1
1 f 2x — 2 p f 2x + 2
= X — X
42|) x2—2x+1 x2 +2x +1

+1[ dx f dx ]
41) x2 —\2x+1 x2+2x+1
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1 Ud(xz—\/fx+1)_ d(x? +V2x + 1)
a2l x2—V2x+1 X2 +2x + 1

x+%)2+1j

)+ 2t 1) (7 )

+1[ d(x—%) ) d(x+%)]
mveuieyion

= |
42 \x2++2x+1

+ const

1 <x2—x/§x+1
= n

Va cubi cing
14=j4d—x=K3_K6
x*+1
_ 1 ln<x2+\/§x+1
42 \x2—\2x+1

+ const

> + 2\1/7 [tan‘l(\/fx -1)+ tan‘l(\/zx +1)]

Két qua nay nhat quan véi phuong phap can bang hé sd.

Bai toan tim nguyén ham I, da duoc giai theo ba cach khac nhau, mdi cach déu
¢6 vu diém va khuyét diém riéng. Phuong phap can bang hé sé chinh Ia con
duong logic nhat dé di, con hai phwong phap phan tich gitip ta van dung nhiing
dang thirc dé bién d6i phan thirc dudi dau tich phan. Tuy nhién, nhin chung ca
ba phuong phap da duoc tiép can déu kha dai va c6 khéi lugng tinh toan tuong
d6i nhiéu. Do d6, viéc tim ra mot cach giai ngan gon chinh 1a van dé cap thiét,
cach giai nay s& gilp ching ta rat nhiéu cho viéc phat trién 1én nguyén ham

tong quat:

I = f _E e
1+ x?
2.4. Phwong phdp Tong-Higu
Phuong phéap nay 1ay cam hung tir hai dang thac dai s6 hét sitc don gian, d6 1a
x2+— = (x+i)2—2vax2 +5= (x—i)2+2
Dé tinh nguyén ham I,, ching ta s& lan luot tinh hai nguyén ham “tong” va

“hiéu” sau:
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X _fx2+1d
37 ) xt+1 x

K —fxz_ld
T ) xt+1 x

Tat nhién K, va K., s& dugc tinh theo mét cach hoan toan méi, dua vao hai ding

Va

thire dai s6 néu trén.
Dé xay dyng cau ndi giita dé bai va chia khoa, trudc hét ta phai chia ca tir va

mau cua cac phan thire dudi dau tich phan cho x2. Theo d6 thi

X _jx2+1d
37 ) xt+1 x

Va

1 x+1—\/7
= In X + const

2\/7 x+1+\/§

x

K; va K, duoc tinh dé dang nhd mat thu thuat don gian nhung cuc ky hiéu qua,

va tir d6 chung ta c6 dugc:
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dx 1
14=f = (K — K)

x¥+1 2
1 x+%+\/§ 1 lx—%
= In + tan™ + const
1
1 | <x2+\/§x+1>+ 1 . _1x—§+ .
= n an cons
42 x2 —\2x+1 242 V2

So sanh két qua nay vai két qua co duoc tir phuong phap can bang hé s, mot
lan nita hang s tich phan gay ra hiéu ang
1

x
tan‘l(\/ix + 1) + tan‘l(\/fx - 1) —tan~?! \/Ex = % Vx € R

Ngoai viéc ngian gon mot cach dang kinh ngac, phuong phap Téng-Hiéu con

gilp ta giai quyét nhanh chong tat ca cac nguyén ham cé dang

dx
2= [
+ (W) x*+ux? +1
Hay
2
X
B = [
+() x*+vx?2+1 x

Trong d6, p va v 1a nhiing s6 thyc cho trudc.

Véi mot van dé trong Phan 2, chiing ta da tiép can dén bon cach giai khac nhau.
C6 I8, néu can phai giai bai toan tinh nguyén ham I,, ta chi can chon mét cach
1a du, va rd rang phuong phap Tong-Hiéu 1 tdi wu nhat, vé tinh hiéu qua ciing
nhu tinh nghé thuat. Tuy nhién, khi biét dugc nhiéu cach giai khac nhau, ching
ta s& ¢6 nhiéu phuong an lya chon hon cho cac van dé khé va phuc tap hon,

chang han nhu bai toan tinh nguyén ham Ig.

; _f dx
87 ) x8+1

Nhung truéc khi giai quyét van dé ndy, ching ta s& thao luan vé cac nguyén

ham I5 va I trong phan ké tiép.
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Trwonghop N=5vaN =6
3.1. Nguyén ham I

Phan nay thao luan vé nguyén ham

; _j dx
ST x5 +1

Dau tién chdng ta s& thuc hién phan tich miu thirc dudi dau tich phan thanh

nhan ti nhu sau:
X +1=Gx+D&*—x3+x2—x+1)
Nhan tir (x* — x3 + x2 — x + 1) ¢6 thé duoc phan tich thém dya vao tng dung

cua sé phuc nhu sau:

x°+1=0
©x>=—-1=cosm+isinm

m+k2r = w4+ k2n
@xk=cosT+LsmT (k=0;4)

o x, = (ein/s; e3in/5; —1; e7i1r/5; e9i1r/5) (k = 0; 4)

Trong do:
( =2 T 1+ V5
| Xo +x4 = 2cCOS A,
e 1YE
X1 +x, = 2cos c T
xOX4 == xle = 1
Nhu vay,

T 3
x°+1=(x+1) (x2 —2xcos§+ 1) (x2 —2xcos?+ 1)

Véi phuong phap can bang hé sd, ching ta can tim bo nim sé thuc
(4; B; C; D; E) sao cho

1 A +Bx3+Cx2+Dx+E
x5 +1 x4+1 x*—x3+x2—x+1
Lan luot thay vao hé thirc trén nam gia tri bat ky cua x thoa x € R \ {—1},

)

vx € R\ {—1}

chung ta tim dugc:

Uil o

) ) ) ) - 5; 5;5; 5;
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Phuong phap can bang hé s6 cho két qua nhu sau:
1 1/ 1 +—x3+2x2—3x+4
x5+1 5\x+1 xt—x3+x2—x+1

Pén day, chung ta tiép tuc tim bo bén s thuc (T; U; V; W) sao cho
—x3+2x2—3x+4_ Tx +U N Vx +W

Vx eR

x4_x3+x2_x+1_x2—2xcos%+1 —2x00535+1
Voicacgidtrix =0, x =1vax =i (do R c C), ta dugc hé phuong trinh:
( U+W =4
T+U N v+w
= =
) Z_ZCOS§ 2—20053%
T N Ui |4 4 Wi 5 _ 9
—_ — e — 21
T T
L 2C05§ 2C05§ ZCOS%T ZCOS%T

T 3
o (T;U;v;w) = (—2 cos—;2;—2 cos—;2>

5 5
Nhu vay:
—x34+2x2 —3x+4 —2xc055+2 2xc0535 + 2
2 3 5 1~ + 3 Vx € R
X2 =X+ Xt —xt —ZXC055+1 x? —2xcos +1

Dua vao nhitng phén tich va thuc hién, nguyén ham Is sé dugc tinh nhu sau:

dx
15=Ix5+1
1 1 —x3+2x2-3x+4
:§J<x+1+x4—x3+x2—x+1>dx

1J 1 —2xcos%+2 —2xcos3Tn+2

+ + 37 dx
x+1 —ZXC055+1 —2xc055+1

1 dx —2xc055+2 —2xc0535 + 2
== f +f T dx+f 37 dx
S5\Jx+1 x? —2xcosz +1 — 2x cos g + 1

5

dx

—2x cos%+ 2 —2x cosgfn+ 2
1n|x+1|+f dx+f

T
x?—2xcosg+1 x2—2xc053?ﬂ+1

+ const
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Truéc khi tiép tuc véi nguyén ham Is, ta xem xét nguyén ham sau:
L(5) = f 2—2xc056 + 2 .
x?—2xcosd +1
3 f —2xcos 8 + 2(cos §)? + 2(sin §)?
x?—2xcoséd +1

3 f 2x + 2(cos )2
cos x%2—2xcosd+1

fd(x2 —2xcosd + 1)
= —cos

dx
x2—2xcosé +1

dx + 2(sin 6)? j

d
x%2—2xcosd+1 x

dx
x2 — 2x cosé + (cos §)? + (sin §)?
d(x — cos 8)
cos 6)? + (sin §)?

+ 2(sin §)? f

= —cos§In(x? — 2x cos§ + 1) + 2(sin §)? j o

X —cosd
= —cosdIn(x? —2xcosd +1) + 2sinétan™? “ns + const

Tré lai vai nguyén ham Ic:

1 3
I = g[lnlx +1|+L (E) + L (—ﬂ)] + const

5 5
1 X — cos=
i T i — COs¢
=z ln|x+1|—COSEIn(xZ—2xcos§+1)+251n§tan_1 sinES
5
~ s IT
X — cos g

T 3 ~3r
— cos—1In (x2 — 2x cos— + 1) + 2sin—tan™?
5 5 5 . 3T
SIHT

+ const

Mot céch tinh co, két qua nguyén ham I, c6 thé dugc biéu dién duéi dang:

I_f dx
37 ) x3+1

= %[lnlx +1|+L (g)] + const

Diéu nay din dén viéc xay dung két qua tong quat d6i véi truong hop N 1 sd

16, tec A N = 2s 4+ 1 (s € N*) s& duoc thao luan trong Phan 7.
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3.2.  Nguyén ham I,
Vé&ix® +1 = (x? + 1)(x* — x? + 1), nguyén ham I, dugc tinh nhu sau:

16=f dx
x®+1
(x?2+1) — x?
- x®+1 dx
=Jx2+1dx—j x dx
x®+1 x® + 1
x?+1 1 dx®)
=J(x2+1)(x4—x2+1) T3] A1
- Jxll_(i—xz_l_l—%tan‘l(ﬁ) + const
— % (o :413 ;z(fl_ D dx — %tan‘l(x3) + const
— lsz—-l_ldx —ljidx —ltan‘l(x3) + const
2) x*—x?+1 2) x*—x?+1 3
1
— %J%dx _%fl—lxzdx —%tan‘l(x?’) + const
x*+—5—1 x2+-5-1

1 1
Y Gl B I S PRSP
(=)o P ) s

1
1 1 1 |x+=—-v3 1
=—tan! (x - —) - In 915 — —tan"1(x?) + const
2 X 4V3 x+=++/3
X

1 x?+3x+1\ 1
= —tan~! (x - —) + In ——tan"1(x3) + const
2 x/ 43 \x2-+3x+1) 3

Cach giai nay da van dung nguyén ham I9(u) véi p = —1, cu thé la

19(-1) =f dx

x*—x2+1
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4.

N = 8: két hop nhiéu cach giai vao mét bai toan

Phan nay tap trung tim 15i giai cho bai todn nguyén ham sau:

| _f dx
87 J x8+1

Viéc dau tién can phai 1am chinh I1a phan tich thanh nhan tir cho mau thirc dudi

d4u tich phan:
x8+1
=x8+2x*+1—2x*
=(x*+1)%—2x*
= (x* —V2x? + 1) (x* + V2x% + 1)
= (x4 — 2x? cos% + 1) (x4 + 2x? cos% + 1)
= (x4 + 2x% + 1 — 2x? cos% — 2x2) (x4 +2x% + 1 + 2x? cos%— 2x2)
= [(x2 + 1) — 2x? (1 + cos %)] [(x2 + 1) — 2x? (1 — cos %)]
= [(x2 +1)? — 4x? (cos g)z] [(x2 + 1)? — 4x? (sin g)z]
= (xz - 2xcosg+ 1) (x2 + 2x cosg+ 1) (xz - 2xsing+ 1) (x2
T
+ 2x sing + 1)

Con duong dau tién ma ching ta c6 thé chon chinh 14 phuong phap can bang hé
sb. Theo @6 thi can phai tim mot bo sé thuc (4, B, C, D, E, F, G, H) sao cho
1

x8+1
Ax + B Cx+D Ex+ F
= T + T + T
x2—2xcos§+1 x2+2xcos§+1 x2—2x51n§+1
Gx+ H
T Vx € R
x2+2xsin§+1

Lan luot thé tam gia tri x bat ky vao phuong trinh trén, ta s& tim dugc bo b
thuc (4,B,C, D, E, F, G, H) thdng qua mot hé phuong trinh tuyén tinh bao gom

tam an sd!
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C6 thé véi hudng di nay, két qua sau ciing cho bai toan roi ciing s& dugc kham
pha. Bai toan c6 hudng giai quyét, tuy nhién viéc ddi mat véi mot khéi luong
tinh toan twong ddi 16n 1a diéu khdng thé tranh khoi. P6 1a chua ké, sau khi tim
duoc b sé thuc (4,B,C,D,E,F,G,H), ching ta phai tiép tuc xa ly nhiéu

ux + v
px2+qx+rdx

Piéu nay xin duoc phép nhudng lai cho may tinh. Ching ta cd thé tam gac lai

nguyén ham co6 dang

phuong phap can bing hé sb, va st dung nhitng hudng di khac trong phan 2 dé
giai quyét bai toan.

Phuong phap Tong-Hiéu da té ra hiéu qua mot cach dang kinh ngac, diéu nay
phan nao cling dugc minh hoa cu thé trong phan 3. Vay néu ap dung truc tiép
phuong phap nay cho nguyén ham Ig thi sao?

Theo con duong Tong-Hiéu 4y, ta can phai tinh lan luot hai nguyén ham sau

N _jX4+1d
7 ) x8 41 x

N —fx4_1d
27 ) x84+1 x

Trong Phan 2, chung ta di chia ca tir thirc va mau thirc dudi dau tich phan cho

x2, phai chiang ¢ day ta s& chia ca tir thirc va mau thae duéi dau tich phan cho

x*? Theo d6:

Viéc biéu dién (x* + ;) theo (x % >) hay (x? + =) 1a hoan toan kha thi. Tuy

nhién, ta phai luu y rang

Va
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DU rat muén, nhung chung ta khong thé tim dugc mdi lién hé véi (1 + x%) dx
bén trong dau tich phan. Nhu vay, hudng di nay téi day 1a gap bé tac.

K§ thuat Tong-Hiéu trong Phan 2.4 khong thé tai hién mot man trinh dién
manh mé& & day duoc. Chlng ta phai tam géc lai phuong phap nay. Xin nhan
manh ring chi la tam gac lai thdi, bai du tinh theo cach khac, ching ta van s&
can dén phuong phap Tong-Hiéu cho cac cong doan sau do.

Vay la chi con phuong phap phan tich, tac gia xin dugc trinh bay theo ca hai
phuong phap I va II. Ca hai trudng phai déu duoc xay dung dia trén co s¢ dua

nguyén ham can tim thanh té hop tuyén tinh caa hai nguy@n ham phu:

N _]x4+1d
7 ) x8 41 x

N—f A
3 x8+1x

Ta c06 phan tich:

x4+1_1( 1 N 1 )
x8+1 2\x*—2x24+1 x*4++2x24+1
Cho nén

N jx4+1d 1( dx +j dx )
= —dx = —
RS 2\ x*—V2x2+1 ) x*+V2x2 +1

Ldc nay, ching ta s& thdy ngay hé qua cua phuong phap Tong-Hiéu la tuyét voi

nhu thé nao, khi ma:

1(=V2) = .f \/—x2+1
Va

19(v2 f
4( ) x* + \/_x2 +1
Truéc khi tinh I9(—v2) va I (v/2), ta s& thyc hién phan tich cho nguyén ham

N,.
Ap dung phuong phap phan tich I, chiing ta s& co:

x* x2. x?
3 fx8+1 x fx8+1 x
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1 1 1
=—fx2( — )dx
2V2 x*—V2x2+1 x*+V2x2+1

1 (j x? 4 _j x? d)

2v2\) xt —V2x2 +1 * x* +2x2 + 1 g
1 2(_ 7

=ﬁ[14( V2) - 13(V2)]

Theo phuong phap phan tich 11, ching ta ¢ thé lam nhu sau:

4 4

x
x8+1 (x* —V2x2 + 1) (x* +V2x2 + 1)

[ (x6 +2x* + xz) — (x° 4+ x?) ]

_(x4 —\2x2 + 1)(x4 +2x2 + 1)

[ 2 x?(x*+ 1)

1
V2
1 X
VZIlxt—Vaxz+1 (x* —V2x2 + 1)(x* + V2x2 + 1)]
T
V2
1

=

x? x2( 1 N 1 )]
x4 —V2x2+1 2 \x*—2x24+1 x*+V2x24+1

x? x?
B 2\/7<x4—\/§x2 +1_x4+\/7x2+1>
Sau khi tiép can bang phuong phap phén tich, ta nhan thdy phuong phap cin
bang hé s van c6 thé duoc dung & day. That vay, IGc nay ta s& can tim bo sd
thuc (4, B, C, D) théa man diéu kign
1 Ax*+ B Cx*+D

x8+1:x4—\/7x2+1+x4+\/§x2+1
Phuong trinh (4.1) khé giéng véi phuong trinh (2.1). Va that ra, thay x trong
(2.1) bang x? ta s& dugc (4.1). Do d6, két qua bo sé thuc (4, B, C,D) & hai

Vx €R (4.1)

1

22’

1

243’ va

phuong trinh nay 1 hoan toan giéng nhau, tac 1a A = B = %, C=

D=-

Do d6 c6 thé ndi rang tich phan bat dinh I 1a su két hop caa nhiéu cach giai
vao mot bai toan. Pidu niy cang ding hon khi ta dung phuong phap Tong-Hiéu
dé giai quyét triét dé cong doan thir hai ctia bai toan.

Véi hé qua cua phuong phap Tong-Hiéu da duoc trinh bay trong phan 2.3, ta

cd nhitng nguyén ham sau:
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(=V2) = .f \/—x2+1

862 = |

x4+\/_x2+1
12(—V2) = f ﬂZde
i(v2) = fx4+\/_x2+1dx

Vatrg lai vai Ig, ching ta co:

1 _x4+1 x*
x8+1 x8+1 x8+4+1

_1( 1 N 1 )
2\t —2x2 41 xt4+2x2 41

N 1 ( x? x? )
22 \x* +V2x2 +1  x*—+2x2+1

Hay dua vao dau tich phén thi ta duoc:

o= [ g =3 8(VD) + BOD] + = [-1(-V2) + (VD))

541
Bay gio, dé tinh cac nguyén ham co dang I9 (1) va IZ(v), ta can céc phan tich

da thtrc thanh nhan t&r nhu sau
s
x*t —V2x2+1 :x4—2x2cosz+1
T
=x*+2x%+1—-2x? COSZ_ 2x?
T
) 2 .2 il
=(x*+1)" - 2x (1+cos4)

2

T
— (42 2 _ pa2 -
=(x*+1)* —4x (cos 8)
Ciing nhu

T

x4+\/§x2+1=x4+2x2cosz+1
T

=x4+2x2+1+2x2cosZ—2x2

= (x% +1)% — 2x? (1 — COoS %)
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T\ 2
— (42 2 _ 222 (cin—
= (x*+1)* — 4x (sm 8)
Can luu y rang
T T T 2
2+V2=2 +2COSZ= 2(1+cosz) = 4(cos§)
Va
T A _mM\2
2—V2=2 _ZCOSZ= 2(1—cosz) = 4(sm§)
Tro lai vai viéc tinh cac nguyén ham 19 (w) va IZ(v), giéng nhu trong phan 2.3,
ta s& can tinh cic nguyén ham “tong” va “hiéu”. Va dé tién cho viéc tinh toén,

ta s& ky hiéu cac nguyén ham “tong” va “hiéu” nay nhu sau:
x?+1

IFQ =f—d
+ () x*+Ax2+ 1 x
x?—1
;)= | —————d
+ () fx4+/1x2+1 x
Trong d6 A 1a mot s thyce cho trudc.
Ta lan luot co:
x2+1

i(=V2) = ,[x“ —2x2 + 1dx

1
1 T X —=
= —csc—tan~! ’ft + const
8 Zsin§
Va

x?> -1

I; (=2 =f dx

4( ) x* —\2x2 +1
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s
1 T x+§—2cos§

=—sec—In + const

x+l+2cosz
X 8

1 x2—2xcos%+1
=—sec—In T + const
4 8 x2+2xcos§+1

Dai véi I} (V2) va I; (V2), ta ciing tinh todn hoan toan twong ty nhu sau:
x?+1

1F(VZ) = ] dx

x*+2x2 + 1

1+
X
=f 1 dx
x2+=++2

1
1 T X—=
= —sec—tan~! X+ const
2 8 2cos§
Va
1; (V2 f dx
4( ) x4+\/—x2+1
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1 . T
1 x+z—251n§

+ const

x+1+251nE
X 8

1 7 [x*—2x sin% +1
=—csc—In + const

4 8 x2+2xsin%+1

, 1, 1
Trong d6 csc§ = —vasec = :
sin @ cos @

Tré lai véi cac nguyén ham 19(—v2), 19(v/2), 12(—V2), va 12 (V/2), ta c6:

#(—v2) = | NH -5 [ (~v2) - 17(~V2)]

2(V2) = f » WH -5 (2) - 5(2)]
12(—Z) = f —dx = 211 (VD) + 17 (V)]
B02) = [ e =5 1 (V) + 17 (VD))

Va buéc cudi cung:
dx 0 )
I = [ 7 = 3 [8(V2) + BOD) + = [ (—VD) + 15 (2)]

_[14( \/‘)_14( V2) + 1;(V2) - 1; (V2)]
+ ﬁ [~15 (—V2) = 17 (—V2) + 1§ (V2) + I; (V2)]
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_Z—Sﬁli(_ﬁ)_zw/—

2- \/_

(2 + 22 (v2)

I;(V2)
1
Le-2 (1;;(_\5) ~ 7 (V2)) + (2 +32) (—17 (—V2) + 1 (V2) )]

Ciing can luu y rang:

(2-2) (1t (~v2) - 1;(¥2))

m~2l1 x—l 1 x2—2xsin%+1
=4 (sin —) —csc—tan~?! );T ——csc—In 7
8/ |2 8 25in§ 4 8 x2+2xsin§+1
+ const
. x—1 x2+2xsin%+1
=sin—=|2tan~? +1n 7 + const
8 2sink x%2—2xsing+1
8 8
Va tuong tu
(2 +V2) (-1; (—V2) + 1 (v2))
2l 1 x2—2xcos%+1 1 7 x—l
=4 (cos —) ——sec—In = + —sec—tan™! 3%
8 4 8 x2+2xcos§+1 2 8 2cos§
+ const
T x—1 x2+2xcos%+1
= cos—|2tan™? +ln = + const
8 2cos8 x2—2xcos§+1

Trong hai phép bién d6i trén, ta da sir dung tinh chat

{ (sin®)?csch = sin b
(cos8)? secO = cos O

Hai tinh chat nay c6 duoc tir dinh nghia cta cac ham lwong gidc csc 6 va sec 6,
Vi csc 6 va sec 8 lan luot 1a nghich dao cua sin 8 va cos 6.
Nhu vay, két hop hang loat nhitng phan tich va bién d6i ¢ trén lai thi két qua

sau cung caa nguy@n ham I, c6 thé duoc biéu dién nhu sau:

I_J‘ dx
87 J x8+1
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1 - x—x x% + 2xsine+ 1

=_—{sin=|2tan"'—=% +In 8
8 8 2sin & x2—2xsinz+1
8 8
1 2 s
iR x = x +2xcos§+1
+ cos—|2tan~? 7+ 1n 7 + const
8 2cos§ x2—2xcos§+1

Liéu két qua cua Ig va I, c6 lién hé gi véi nhau? Khi ma két qua cta nguyén

ham I, da tim dugctrong Phan 2 c6 thé duoc viét lai nhu sau:

| _f dx
YT xt+1

LX) (x2+\/§x+1>+ .
= ——tan n cons
22 V2 42 \x?2—-V2x+1
1 )
1 x—= 1 x2 4+2x+1
= ~|v/2tan"t x+—1n( ) + const
4 V2 V2 \x2—V2x+1
] 1 ]
LU PO (x2+\/§x+1> + const
= _x—|2tan n cons
4 2 V2 x2 —2x+1
I 1 2 . T 1
1 7 X —= X +2xst+1
= —sin—|2tan~? §T+ln - + const
4 4 25inZ x2—2xsinZ+1
1 2 T
1 T X —= X +2xcosZ+1
= —CoS— 2tan‘1—9§t+ln - + const
4 4 2COSZ x2—2xcosZ+1

R6 rang la két qua cac nguyén ham I va I, c6 lién hé mat thiét vsi nhau. Méi
quan hé nay la gi? Néu duoc tim thay thi n6 s& 1a mét chiéc chia khda quan
trong cho viéc giai quyét bai toan tong quat I,». Picu nay s& dugc thao luan

trong nhitng phan ké tiép cua tap chuyén luan, trudc mat 1a nguyén ham

| _f dx
167 | x16 41
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N = 16: tinh nguyén ham bing dao ham

Phan nay s& tap trung tim 1oi giai cho nguyén ham

! _j dx
o) xle+1

Nguyén ham trong phan truéc giai dugc 12 nho vao phan tich:
1
x8+1

_1( 1 N 1 )
2\x% —\V2x24+1 x*+V2x2+1

N 1 ( x? B x? )
22 \x* +V2x2 +1 x*—+2x2+1
Nhu da trinh bay thi phan tich nay c¢6 dwoc tur viéc tdch (du la phuong phap
phan tich | hay Il) hay ciing chinh 1a két qua tir viéc phan tich hé s6 cho phan

thirc dudi dau tich phan cua Iq:

1 Ax? + B N Cx*+D v € R
= X
x8+1  xt—2x24+1 x*+2x2+1
3 cht 5 1 -1 p_1,-_1 5_1
Va ching ta da tim dugc A = zﬁ’B_z’C_zﬁ’D_z'

Nhu vay, dé tinh guyén ham I, chung ta dwa né vé tong cac nguyén ham cé
dang

dx
x*+ux?+1

I3(w) = j

Hay
2
X

B0 = | ————d

+() jx4+vx2 +1 X
Trong d6, u va v 1a nhitng s6 thuc cho trude. Va diéu nay thi c6 thé duoc giai
quyét nhanh chdng nhd phuong phap Tong-Hiéu cua phan 2.3.
Con ddi véi nguyén ham I, ching ta ciing c6 thé thyc hién phan tich phan

thirc dudi dau tich phan nhu sau:

1 Ax* + B N Cx*+D vr € R
= X
x1+1 x8—\2xt+1 x8+V2x4+1
A 4l A Ko o 43 _ 1 _ _ 1 _1
Trong hé thurc trén, ta van sé tim duoc A = Nl B==C-= N D = .

1
2’
Sau d6, tiép tuc phan tich vé phai trong hé thtc trén vé dang tong
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Z al'xz + bi
x*+Kkx?2+1

Trong d6, a;, b;, va x déu 1a nhitng sb thuc cho trude. Nhung k s& duoc tim

thdy mét cach truc tiép thong qua viéc phan tich nhitng mau thic trong vé phai
thanh nhan tir, con a;, b; 1a két qua cua thuat todn can bang hé sé, tic 1a thay x
boi hang loat cac gia tri rdi giai hé phuong trinh tuyén tinh chira cac an a;, b;.
Va nho vao phuong phap Téng-Hiéu, nhitng nguyén ham dang nay c6 thé duoc
tinh mot cach d& dang. Nhu vay, mic du c6 thé phai thuc hién khéi lwong tinh
toan twong d6i nhiéu, nhung rd rang nguyén ham I;¢ 14 hoan toan c6 hudéng giai
quyét.

Tuy nhién, nhin lai thi phan truéc két thlic mg ra mot van dé méi, dé 1a moi
lien hé gitra két qua cac nguyén ham I va I,, va liéu né ciing c6 lién hé voi
nguyén ham I;, ma chung ta dang xét dén trong phan nay khéng? Néu c thi

ching ta c6 thé dyu doan két qua cho 1.

Ta da co
| _j dx
YT xt+1
1 X =5 x2+2xsin%+1
=—sin—|2tan"'—=2+1n - + const
4 4 2sin—+ x2 —2xsin—+1
4 4 |
1 X— x2+2xcos%+1
=—cos—|2tan! =+ 1In - + const
4 4 2 COS—+ x2 —2xcos—++1
4 4
Va
| _J dx
87 ) x8+1
1 T - x2+2xsin%+1
= —{sin—|2tan™* — +In T
8 8 25in§ x2—2xsin§+1
- x—= x2+2xcos%+1
+cos§ 2tan~?! 7+ 1n - 7 + const
2cos§ X —2xcos§+1

Trong hai két qua trén, néu nhu dat
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x—_

n(t) =t|2tan™?!

Can luu y rang n(t) 12 mot ham theo bién

Thi cé thé biéu dién lai
14 zf

~2(
(

4

1
4rl

CosS

Ciing nhu
dx
x84+ 1

T

-

= %[n (sin 3

=%[n (cosg) +77(
Do

sin—=c

Va
I

1
x+ln<

COS —

X2+ 2xt+1
x2 —2xt+1

)

t chir khong phai bién x.

dx
x*+1
T

sin—
4

)+c

T

4)+c

) +1 (cos g)] + const

3

3 )] + const

3T
oS 3

T

COS— = COS—

8

8

Truéc khi dy doan két qua cho nguyén ham I, ta thuc hién phan tich da thuc

thanh nhan tir di véi mau thire dudi dau tich phan cua I 4:

x1+1=x%"+2x%+1-—2x8
= (x8 +1)% — 2«8
= (x® —V2x* +1)(x® + V2x* + 1)

T
= (x8 — 2x* COSZ + 1) <x8 — 2x* cos

T
= (x8 +2x*+1—2x*— 2x4cosz)(

= [(x4 + 1)% — 2x* (1 + cos%)] [(x4 + 1) — 2x* (

Vn.29
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37
x8 +2x*+1—2x* — 2x* cos—

1[4

7

1+ cos—
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T\ 2 3m\2
— 4 2 _ 4 _ 4 2 _ 4 —_
= [(x +1)% —4x (C058) ”(x +1)% — 4x (cos 8)]
= (x* — 2x2 cos = 4 2 g ¥ (4_ 2 O )
—(x 2x cos8+1)(x + 2x cos8+1)x 2x cos8+1
3T
<x4 + 2x? cos? + 1)
4 2 n 4 2 3” 4 2 ST[
=(x — 2x cos§+ 1)(x — 2x cos?+ 1)(x — 2x cos?+ 1)

7
<x4 — 2x? cos? + 1)

Bai vi
T T
cos i cos 3
Va
3n 51
cos 3= cos ry

Viéc bién ddi nay 1a can thiét, cac da thirc bac 4 trong dau ngoic trg nén nhat
quén vé dau trir. Do do, ta cd thé dat

() =x*—2x%t+1
Chua y rang ¢(t) 1a mot ham theo t.

Tro lai véi viéc phan tich da thic thanh nhan ti, ta lan luot c6:

Péi véi ¢ (g)

T T
N _ 4 9.2 —
((8)—x 2x cos8+1
4 2 2 2 n
=x*4+2x“+1—2x°—2x cos§

= (x%2 +1)% — 2x? (1 + cos g)

= (x? +1)% — 4x? (cosll6)2

= (xz — 2xcosln—6+ 1) (xz + 2xcos%+ 1)
Ddi véi ¢ (3?“):
3 3T

5(?) =x4—2x2cos?+ 1
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3w
=x*+2x%+1-2x? —2xzcos?

3
= (x?+1)% — 2x? (1 + cos?)

3m\*
— 2 12_4 2( )
(x*+1) x*(cos =

—(2 2 37T+1)(2+2 3”+Q
=\Xx XC0516 X XC0816

Déi véi ¢ (—5;):
51 5
) = 4 _ 2 e
(( 8) X 2x“ cos 3 +1
5t

=x4+2x2+1—2x2—2x2cos?

5t
= (x? + 1) — 2x? (1 + cos?)

51\ 2
— 2 12_4 2( )
(x*+1) x*|cos =

—(2 2 5ﬂ+0(2+2 5”+Q
=1|x XC0516 X XC0516

Ddi véi ¢ (%”)
T

(h>—4 2x? +1
(8 =x xc058
7T

=x4+2x2+1—2x2—2x2cos?

T
= (x% 4+ 1)? — 2x? (1 + cos?)

71\ 2
— (x2 1+ 1) — 4 2( _)
(x*+1) X cos16

= <x2 2X COS m + 1) (xz + 2x cos m + 1)
B 16 16

Nhu vay
3
2k + 1)m 2k + 1w
x0+1= 1_[ sz — 2xcos(—) + 1) <x2 + 2xcos¥+ 1)]
16 16
k=0
Ngoai ra, do
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sin 8 = cos (g — 9)

Nén ta ciing c6 thé viét lai
3

2k + 1)m 2k + 1)m
x4+1= nsz —2xsin%+ 1) (xz +2xsin%+ 1>]

k=0

Nhin lai cach xay dung ham n(t), vai

1
X —= X2 4+ 2xt+1
n(t) =t 2tan‘17x+ In (—)

x?—2xt+1
Thi ta da co
| f dx
) x4+
1 1
= Zn (sin Z) + const
1 s
= Zn (cos Z) + const
Ciing nhu

I_j dx
87 ) x8 +

1
_ 1 [ T
=3 [n (sm §) +7n (cos 5)] + const

1 T 3
= 3 [17 (cos —) +7n (cos ?)] + const
Déi voi biéu dién két qua cua 1,, thi = Ia mot géc nho hO'n . Diéu nay ciing
chua duoc rd rang lam. Tuy nhién néu nhin vao két qua cua Ig, thi 5 Zva o T déu
la nhirng boi géc 1¢é cua g va cang thd vi hon khi chung déu khéng vuot qua g
cling chinh vi diéu ndy ma trong céc biéu dién két qua cua I, va Ig, ta co thé
thay thé hoan toan chir cos bai chir sin. Va mdi lién hé véi nguyén ham I,
cling phan nao dugc hé 1§, bai trong viéc phan tich mau thac dudi dau tich

3T 5w

phan thanh nhan tu, ta thay xuat hién cac cung % o 1¢ va = Ngoal ra,

nhitng cung nay déu la boi goc 1¢é cua E va cling khong vuot qué cung 5.
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Con mot diéu nira ciing dan dén két luan “co thé thay thé hoan toan chit cos boi
chit sin”. Néu nhu trong phan phan tich thanh nhan tir déi voi mau thirc dudi
diu tich phan cua I, ta khong xac dinh ham ¢(t) thi van duogc két qua hoan

toan tuong tu, bai

T
x4+2x2cos§+1

4 2 2 2 T
=x*"4+2x“+1—2x° 4+ 2x cos§

= (x?+ 1) — 2x? (1 — cos g)

2

=(x?+1)>%- (sm %)

T T
_ (2 _ Lt 2 L
—(x 2xsm16+1)(x +2xsm16+1)
—(2 2 77T+1)(2+2 7”+Q
=|x xcos16 X xcos16
Ciing nhu
3T
x4+2x2cos?+1

3T
=x*4+2x%+1—2x?% 4 2x? cos?

3

=((x*+1)%-2x (1—cos§)
3

- ]
(x*+1) sm16

—(2 2 '3n+1)(2+2 '3n+1)
=\ X x51n16 X x51n16

—(2 2 5”+Q(2+2 5”+Q
=X XC0516 X XC0516
M&i lién hé trong céc biéu dién két qua caa I,, Ig, I, néu nhu qua that c6 ton

tai thi ta hoan toan c6 quyén dwa ra dy doan:

dx
116=j 16+1

sl (s g) +0 (singg) +0 (singg) +n (sngg)  + cons
161751n16 nsm16 nsm16 nsm16 cons
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_1[( n)_l_( 3n>+( 5n>+( 7n)]+ .
—1617cos16 ncos16 ncos16 ncos16 cons

Va mét khi da dy doan duoc két qua cua mot nguy@n ham ma ta khdng mudn
tinh toan truc tiép, ching ta c6 thé chirng minh cho du doan bang cach lay dao
ham két qua, mot cong doan gidng nhu 13 phép thir lai cho viéc tinh nguyén
ham. Do d6, tya dé caa phan nay 1a “Tinh nguyén ham bang dao ham”!

Nhu viy, dé chitng minh cho nhan dinh trén, ciing nhu dé nhat quan voi
nguyén ham tong quéat s& dugc xét dén trong phan sau cua tap chuyén luan,

ching ta cé thé xay dung moét ham sé theo bién x nhu sau:

Fe(x) = % [77 (cos 1n—6) +7 (Cos 3-”) +n (cos S—H) +7 (cos 7_n)]

16 16 16
3 1
_12 @k+Dm| X%
~ 1647 16 an 2k + D
k=0 2C0S———
16
x% 4 2x COSM +1
+In (2k1+61)
x2% —2x cosTn +1
3 2 1
1 2k + D 1 L X3
= —z cos tan
4 16 ) 2k + Dm 5 QRk+ Dm
k=0 COS =g COS ~—F——
1 x% + 2x cosw +1
+ In
4COSW x2—2xcosw+1

Thuc hién 1y dao ham ddi véi Fy¢(x), cling chinh vi cong doan lay dao ham
nay nén trong biéu dién cua ham Fy4(x) & trén ta co thé khéng can phai dé cap

dén hang sé tich phan.

1
, 1w/ k+Dm\ 1+
F16(")=Zz T 16 1\2 2k + Dm\?
k=0 (x—;) +4(cosl—6n)
1
_ LT l

(x + %)2 —4 (cos W)ZJ
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|

1 2k + D\’ x2+1
=ZZ €0s 16 2k + Dm\>
x4+1+<4(cosTn) —2>x2

1
x? -1
- 2
x¥+1+ 2—4<COSM) x2
16
3 2
12( (2k+1)n> x?+1
=- cos
4k=o 16 x*+ 1+ 2x2 cosm
x? -1
x4+1—2x2cosw
1 T\2 x®+1 x? -1
=- (cos—) == =
4 16 x4+1+2x2cos§ x4+1—2x2cos§
3m\2 x?+1 x? -1
+(cosl—6) 37
_x4+1+2x2cos? x4+1—2x2cos?
+( 5n)2 x?+1 x? -1
Ccos — —
16 _x4+1+2x2c055?n x4+1—2x2c055§_
+( 7n)2 x?+1 x? -1
cos — —
16 _x4+1+2x2cos%T x4+1—2x2cos%r_

Véi nhitng tinh chét luong giac

{(cos 0)? = (sin (g = 9))2
cos(m—0) = —cos0

Ta tiép tuc thuc hién bién ddi cho dao ham cua F; ¢ (x) nhu sau
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1 T \2 x*+1 1— x?
Flo(x) = 2 (cos —) +

16 x4+1+2x2cos% x4+1—2xzcos%
+( 371)2 x?+1 N 1 — x?
cos —
16 x4+1+2x2cos%t x4+1—2x2cos%_
+( Sn) x> +1 N 1—x?
sin—
16 _x4+1—2x2cos%r x4+1+2xzcos%_
+(sm£)2 1 + L-x
16 x4+1—2x2cos% x4+1+2x2cos%
2
_1 (cosl6) (x? +1)+(sm16) (1—-x2)
4 x4+1+2x2cosg

(cos 17T—6)2 (1—x2)+ (sin%)2 (x2+1)

4+1—2x2cos%

+

(cosi6) (x? +1)+(sm ) (1-x?)

x* 4+ 1+ 2x2 cos%r

+

2

(cosi—g) (1- 2)+(51n ) x?2+1)

x*+1—2x2 cos%r

+

2 n a2 n 2 3n
1 1+x cos g 1—x cosg 1+ x“ cos 3

= +

_I_

4x4+1+2x2cos% x*+1—2x2%cos 8

3
— 42 il
1 — x*cos 3

+ 3w
x*+1— 2x? cos 5
Trong bién ddi trén, ta da tan dung cac tinh chit lwong giac

{ (cos8)? + (sinf)? =1
(cos 8)? — (sin 0)? = cos(26)

Tro lai véi Fjg(x), ta tiép tuc bién doi
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1 1 1
Fig(x) =+ +
4 x4+1+2x2cos% x4+1—2x2cos%

) T 1 1
+ x“ cos— T T
8 x4+1+2x2cos§ x4+1—2x2cos§

1 1
+ +

x*+ 1+ 2x2 cos%r x*+1—2x2 cos%r

,  3m 1 1
+ x“ CcoS— 37 3
x4+1+2x2cos? x4+1—2x2cos?
7-[2
1 2(*+1) 4x4(COS§) L 26+
4 x8+1—2x4cos% x8+1—2x4cos% x8+1—2x4cos%Tn
2
4 n
4x (cos8)
x8+1—2x4cos%Tﬂ
4 1A%
1 x*+1 2x (COSg) x*+1
=§ 8 4 T g 4 7t 8 4 n
x®+1-—2x cosy x®+1-—2x cosz xS+ 14+ 2x cosz
2
4 n
2x (cos8)
x8+1+2x4cos%
_4+1—24( 5)2 41— 204 3—”)2
:lx x*(cosg +x x*(cosg
2 x8+1—2x4cos% x8+1+2x4cos%
1 1 1
=+ ¥ )
2 x8 —V2x*+1 x8++2x*+1

2

(COS %)2 N (COS 3?”)

— 2x*
x8 —V2x4+1 x8+V2x*+1
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Fig(x)

1[2(x*+ DX+ 1)
xe +1

2x* ((cos %)2 (x® +V2x* +1) + (COS 3@”)2 (x® — v2x* + 1)>

x16 +1

(64 + D@+ 1) =+ 1) V2 (s ) o) |

F| =
16(x) 16 + 1
2 2
x8 +1—+/2x8 [(cos E) — (sin E) ]
Fl(x) = 8 8
1ot = 16+ 1
x8 +1—+/2x8 cos%
Flo(x) =
16 (x) x16 +1
1
Flo(x) = ——
16(x) 16 + 1
Chung ta da chirng minh duoc
1
Aol =21

Nhu vay, tr do suy ra

dx
Lig = fx16—+1 = F16(X) + const

Hay cd thé biéu dién mot cach day du:

| _j dx
167 | x16 41

1w (k+1) x -1
_ L T —1 X
= 162 cos— g |2tan 2k + D
k=0 2cosS————
16
x% + 2x COSW +1
+ In 2k + Dt + const

2 _ \ehv T K
X 2X CcOoS 16 +1
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Va mot quy luat dan dugc hé ma khi ma:

I, =

=—cos—|2tan~ + In + const

1 T
J dx _1 T N x2+2xcosZ+1
xt+1 44 2cos 7 x? —2xcos%+ 1

Thuc ra, trong cach biéu dién trén caa nguyén ham I,, ta van c6 thé thém vao
ky hiéu du lay tong. Tuy nhién, d6 1a tong chay tir k = 0 d&én k = 0, tong nay
chi c6 mét sé hang nén viéc thém vao dau ldy téng s& khong c6 ¥ nghia.

Dbi véi nguyén ham Ig, thi ta lai co thé thém vao dau lay tong, d6 1a mot tong

goém hai s6 hang chay tir k = 0 dén k = 1.

dx
Iszjx8+1
1w (Qk+1) x -2
- _1
—_ et A -1 X
_8ZCOS 8 2 tan 2k + Dr
k=0 2COST
x2+2xcosw+l
+ In + const
x2—2xcosw+l

Con ddi voi nguyén ham I, biéu dién két qua cua no 1a mot tong gdom bén sb
hang, chay tir k = 0 dén k = 3.

; _j dx
167 | x16 41

1w (k+1) x -2
_ L n —1 X
- 162 cos—— g~ [2tan 2k + Dr
k=0 2cos———
16
x% + 2x COSW +1
+ In + const
x2 — 2x COSM +1

16
Nhu vay ta ciing ¢6 thé du doan va ching minh cho két qua cac nguyén ham

I35, Igs, I12g. .., va Cho bai toan nguyén ham tong quat ¢ dang:

dx
fm (HEN,HZZ)
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N = 2": Ban Giao huéng s6 2"
Tur két qua caa cac nguyén ham I, Ig, va I, trong nhitng phan trudc, ching ta

di ngay dén viéc du doan két qua cua bai toan tong quat, do 1a:

/ _j dx
2T ) 42

2n—2_1 1
1 z Rk + m > tan-1 X—%
G €S Tn an 2k + Dr
k=0 2 COS~——5n——
x? + 2x cos(2kZ+1)n +1
+ In 2k + D + const

x? —2x COS~——n—— + 1

C6 18 mot vai phan tich s& 1am rd vi sao 2™2 — 1 lai xuat hién phia bén trén
dau lay téng.
Pau tién I1a phan tich thanh nhan tir d6i véi mau thirc dudi dau tich phan cua
nguyén ham I,» tong quat. M& rong sang trudng s6 phuc s& gilp cho viéc nay
duoc thuc hién mot cach dé dang, ta co:

x"+1=0

o x?t = -1

n . .
o x? =cosm+isinm

Trong d6 i 1a don vi 40 v&i i2 = —1. Goi w (Véi w € C) 1a sb thoa w?" = —1.
Ta s€ duoc:
n+k2r = w+k2n R
Wy = cosz—n+ Lsmz—n (k=0;2"—-1)
Hay
2k + 1)m 2k + 1)m —
Wy = cos%+ isin% (k=0;2"—-1)
Tu do, ta cling suy ra dugc:
2Q"-1-k)+1lr [2@"—-1-k)+1]n
Wyn_q_j = COS o + isin o
"l —-1-2k)r . (@"!'—-1-2k)n
Wyn_q_j = COS o + isin o
Qk+ | . Rk + Dm
Won_q_ = COS |2m — —on + isin |2 — —on
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QRk+1nr  QRk+Dnm
Wyng = COS——— — isin—— —
Nhu vay, biéu didn cia wy VA w,n_;_, 5& dwa dén hé qua:

( QRk+ Dm
Wi+ won_q_ =2 cosz—n

@k+qu [_Qk+D12 (k=0;2" —-1)
—| 4+ |SIh———

k(l)k(l)zn_l_k = [COS on o

Theo dinh ly Vieta, w;, va w,n_;_; la hai nghiém ctia phuong trinh bac hai:
2k +

2 _
X —2xcosz—n+1 =0
Nhu vay, ta phan tich dugc:
2"l
n QRk+ Dm
X2 +1= 1_[ x? —2xcos——+ 1
27’1.
k=0

Trong phan tich da thirc thanh nhan tir déi voi x2" + 1 chay tir k = 0 dén
k = 2™ — 1, c6 tat ca 2™ gia tri. Trong s6 2™ gia tri nay, ta chon k bat ky, roi
xéac dinh 2™ — 1 — k. Do d6, bat ké gia tri k ban dau trong doan tir k = 0 dén
k = 21 — 1, hay trong doan tir k = 2" ' dén k = 2™ — 1 (lay k trong nua
dau hoac nira sau cua 2™ gia tri), thi két qua cua viéc xac dinh k va 2™ — 1 —k
van khong d6i, diéu nay twa nhu tinh chat C} = €% vay. Pay chinh 1a Pinh
dé Poi xung véi 2™ phan tiz. Trong hé thirc trén thi ta da chon k roi vao nua
dau, nén viéc lap tich bao gom cac gié tri cua k chay tir phan tir k = 0 d&én
phanta k = 2" 1 — 1,

Ngoai ra, néu nhu dit

QRk+ Dm

41 (k=027 D)

P.(x) = x* — 2x cos
Thi ta cling c6:

202"t —1—k)+1]n 1

Pyn-1_;_,(x) = x* — 2x cos

271
2" —1-2k)m
Pon-1_y 4 (x) = x* — 2x cos( o ) +1
2k + )
Pyn-1_y_ (%) = x* — 2x cos [n — %‘ +1
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QRk+ Dm
Va mot 1an nira, 4p dung Pinh dé Poi ximg véi 2™ phan tir, trong 2™ 1 gia
tri chay tir k = 0 dén k = 2"~ — 1, viéc xé4c dinh k va 2" — 1 — k s& khong

Pyn-1_y_,(x) = x% + 2x cos

phu thudc vao vi tri gia tri ban dau cua k nam ¢ nia dau hay nira sau caa 2!
gia tri nay. Do d6, khi k nam & nira dau (tac latr k = 0 dén k = 2"2 — 1) thi
c6 thé biéu dién (6.1) lai nhu sau:

2n721

n 2k + 1) 2k + 1)
X2 +1= | | [xZ—Zxcos¥+1”x2+2xcos¥+1
2" AL
k=0

Céch biéu dién nay phan nao d6 da nhim vao hé s6 2"~2 — 1 phia trén dau lay
téng da xuat hién & dau phan 6.

Tiép theo ddy, mot nhan xét nita sé cang 1am ro hon tai sao trong két qua duoc
du doan cho nguyén ham dang tong quat I,» gia tri 2”2 — 1 lai xuat hién.

Két qua cac nguyén ham I, Ig, I, €O thé duoc biéu dién nhu sau:

Vi

n(t) =t|2tan™?!

1
- X2+ 2xt+1
n x2 —2xt+1

Trong d6 n(t) 1a mot ham theo bién t.

Thi
dx
= [
x*+1

= %n (sin %) + const

n (cos %) + const

1
4

I_f dx
87 ) x8+1
T T

= %[n (sin §) +7n (cos §)] + const

_1[( n)_l_( Sn)]_l_ ;
=3 n cos8 n |\ cos 3 cons

Va
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Cing nhu

| _f dx
o) xle+1

_1[(_n)+ (_3n>+ (_5n)+(_7n)]+ .
—1677 sm16 nsm16 nsm16 77sm16 cons

_1[( n)_l_( 3n>+( 5n)+( 77T)]+ .
—1677 cos16 ncos16 ncos16 77cos16 cons

Diéu nay dan dén dy doan cho két qua cua bai toan tinh nguyén ham tong quat:

k k
dx 1< _ 1<
In = fm = ﬁkz(;n(sm a,) +C = ?;n(cos ay) + const

Véi a, 12 boi goc 1é cua cung — va a;, khong vuot qua cung = Ma rd rang,
k n k g 2

Qk+1)m

thi

cung g lai 1& mot boi g6c chin cua cung zln nén néu nhu dit a;, =
ngoai mot diéu chac chan k > 0, ta con phai co:
QRk+1)r =

O =<3

& 2k+1<2m?
Do k € N nén néu nhu mudn tim gia tri k, t6t nhat sao cho k < k, (hay noi
cach khac, k, chinh 1a chan trén caa viéc lay tong, thi ta bat budc phai co:

2ko+1=2""1-1

& 2ky =201 -2

S ky=2"7%-1
Hay gia tri chan trén cua viéc lay tong Ia:

k=ly=2"%—1
Diéu ndy mot lan nira Iy giai vi sao két qua du doan & dau Phan 6 1a mot tong
gom hitu han cac gia tri chay tir k = 0 dén k = 2"72 — 1. Ngoai ra, vi gia tri
nam ¢ dudi dau lay tong bit budc khong duoc vuot qua gié tri nam & trén dau
lay tong, nén ta c6 thé suy ra duoc két qua dugc du doan cho nguyén ham tong
quat I,n s€ ding voi:

22 —-1>0

on>2
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BAN GIAO HUONG SO 2™
6.1. Molto Allegro

Chung ta da c6 dugc mot du doan logic, do 1a:

/ _f dx
2T ) 42

=2y 1
1 Z @k+Dml o X%
~om T an 2k + Dr
k=0 2cosz—n
x2+2xcos(2k2;n1)n+1 ( )
+ In +const mMeEN,n=>2
x2—2xcos(2k2+1)n+1

Viéc con lai, 6 1a phai chitng minh rang du doan nay 13 ding.

Diém lai mot s6 phuong phéap da sir dung trong nhiing phan trude, do 1a:
(i)  Can bang hé sé;

(i)  Phan tich I:

(iii)  Phéantich II;

(iv)  Tong-Hiéu; va

(v)  Tinh nguyén ham bang dao ham.

Nguyén ham I, trong phan 2 thi c6 téi ba, bon phuong phap dé tinh. Sang toi
phan 4 véi nguyén ham I, thi ta 4p dung tat ca cac phuong phap 4y vao. Riéng
chuong 5 thi ta phai st dung mét phuong phap méi. Khi gia tri cua n cang I6n
thi chung ta cang c6 it huéng dé giai quyét bai toan, tham chi phai cé gang tim
kiém con duong méi. Va theo quy luat d6, di nhién khi mudn chang minh mot
két qua cho moi gia tri nguyén n > 2, con duong dau tién ma ching ta phai di

vao chinh 1a con duong mai nhat-Tinh nguyén ham bang dao ham.

Nhin lai phan 5, ngay sau khi liy dao ham ddi véi ham sé F;¢(x), ching ta c6
mot budc thay ddi vi tri && duoc nhitng mau thic giéng nhau. O budc nay,
trong phan 5 chi c6 8 phan thirc nén viéc doi chd cd I8 van con dé thiy, nhung
néu nhu c6 dén 2n phan thirc nhu phan 6 (ma ching ta ciing khong thé biét

chinh xac 2n 1a bao nhiéu) thi nhat thiét 1a phai d6i chd truéc khi ldy dao ham.
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Viéc ddi chd duoc thuc hién nhu thé ndo 1a nho vao hai tich phan bat dinh sau,

diéu nay ciing da duoc dé cap trong phan 2, phan 3 va phan 4.
Ky hiéu:

x?+1
B0 = [ g

~ x? -1
14(/1)=]x4+/1x2+1dx

Vi A 1a mot sé thue cho truée.
Chon A = —2 cos 6, ta sé co:

x?+1
X
x*—2x2cosf + 1

1
1+F

17 (—2cos@) = j

dx

17 (—2cos0) = ]

x2+%—2c050

d(x-3)
2
x—%) +2—2cos@

(-

(+=3) +4(sn3)

17 (—2cos0) = ]

17 (—2cos@) = f

2

1
0 X =%
17 (—2cos) = chcztan‘1 + const
2511’17
Va
I; (=2 cos 6) —f -1
4 cose) = x* —2x%cos0+1 x
2
I;(—2cosB) = f X dx

x2+x—12—2cost9
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d(x+%)

2
—2—2cos@

d(x+%)
2

(x —% + 4 (cosg)2

I;(—2cosf) = j

K|

(x+

I;(—2cosB) = j

1 0
1 0 x+§—2c057
I;(—2cosB) = Zsec—ln + const

2 1
x+§+2c057

1 x? —2x cos% +1
I;(—2cosf) = Zseciln + const

x2 +2xcos%+ 1

Tro lai voi viéc chitng minh két qua duoc du doan cho nguyén ham tong quét

Lyn (n 1256 tu nhién thoa diéu kién n > 2), chling ta xay dung ham F,n (x) nhu

sau:
an(x)
27’1—2_1 1
1 2 @k+Dm| X%
~on €8T n an 2k + Dn
k=0 2 COS~——n——
x% + 2x cos(Zkz;nl)n +1
+ In + const
x? —2x cos(Zkz;nl)n +1
Vi
B Rk+ Dm

ay (k=0;2""2-1)

271
Nhitng gi4 tri a;, déu la bdi goc 1é cua cung Zln va khong vuot quéa cung g cong
véi tinh chat cos a, = sin (g — ak), ta cd nhan xét, cach biéu dién cua ham
F,n(x) trong cach xay dung & trén van khong thay ddi néu thay chit “cos” boi

chir “sin”. Ngoai ra, v6i cac két qua hai nguyén ham If(—2cos8) va

1; (=2 cos 8) vira dugc trinh bay & trén thi ta s& bién doi F,» (x) bang cach:
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Fon(x)

om—2_ 1
_1 Z (2k+1)7tt 1 X =%
~on AT 2k + Dn
k=0 2 cos n
(2k+1)nl x2+2xcos(2]{2;n1)n+1
+ cos n + const
n
2 x? — 2x cos (2k -I;ll)n +1
2
Fan (x)
on—2_ 1
1 Z Rk +Dm L X—==
= — sin an
AL 2" . 2k+ 1)m
k=0 2 sin >n
1 2k + 1)m
Rk + D X+E+2COS%
+ cos In + const
omn N 1 5 2k + Dm
X+ COS~——n——
Fan (x)
21’1—2_1 2 1
_ 1 z 1/ Qk+Dm (2k+1)7tt 1 X =
~ on-z 2\3 T gn ST B T ok D
=0 2 Sin~——7——
2 1 2k + Dm
+1 Rk + Dn (2k+1)nl X+ +2c08——r——
4 cos o sec o n 1 (2k n 1)n + const
x+ x 2 cos —om

Chuong 1-Molto Allegro ciia Ban Giao hwong so 2™ xin két thiic & day. Va ké
tiép, chung ta s& dén v4i Chuong 2-Andante, noi viéc lay dao ham cho Fyn(x)
duogc bat dau tién hanh trén con duong di tim dap 4n cho bai toan tich phan bat

dinh dang tong quat.
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6.2. Andante

Vi
Fon(x)
2n—21 2 1
1 Z 1/ Qk+Dm (2k+1)7tt 9 X—%
~ o2 AL ST PN T 0k + D
k=0 2 sin~——7——
1 2k + 1)
L1 2k + D)’ 2k +Dm X+ 5+ 2c0 % \ comst
2| cos o sec T n 1 (Zk D cons
X+ } —2co Z—n
Ta suy ra duogc:
n-2_ [ 1
, < | @k+Dr)’ (1+3)
Fyn(x) = — 2 sin——7 " 2k Dn
=0 | (x-%) +4( z—n)
1
2k + Dr\ (1 - x—) ]
+ | cos - >
2 ( +1) _4( (2k+1)7t) |
*Ty co 2n
27’1—2_ 2
1 - Qk+Dm (x?2+1)
() = 35 2 ST om QG+ Dr
k=0 X4 +1-— 2x2 T
2k + Dr\’ (1—x2)
Tl 2k + Dr
x*+1—2x? COS~—Zn=1 —
2n—2_q (Zk + 1)7'[

F, ( ) 1 1-— X2 COST
n\X) = n-2 Z
27 x0 41— 2x2 cos BRA DT

(2k+1)1t

Tir cac thanh phan , sau khi lay dao ham va bién dbi budc dau tién, ta

(2k+1)1t

thay xuat hién cac thanh phan

O day, néu nhu dat

Qk+ 1m

o= T (e=07T)

Thi ta sé co
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2272 —1—k) + 1]n

Ban-2o1i = -
_@vt-1-20)m
ﬁz"—2—1—k'— on-1
B Rk + 1m
Pon-2_q_ =T — T

Pan-2_1_p =T — Py

Tt d6, ching ta sé c6 duoc:

cos(Byn-2_1_x) = —cos B

Lai mot 1an nixa, ap dung Dinh dé Poi xing véi 2™2 phan tir, viéc chon gia

tri k roi xac dinh 272 — 1 — k trong tong sé 2™~2 gia tri ma k c6 thé nhan

duoc khéng phu thudc vao vi tri caa k nam & nira dau hay 1a nira sau cua chudi

gom 2™2 gi4 tri nay. Nira dau caa chudi gom céc gia tri chay tir k = 0 cho dén

k = 2"~3 — 1, va tat nhién nira sau gdm céc gié tri chay tir k = 2"~3 cho dén

k=2m2 -1,
Chuing ta tiép tuc thuc hién bién doi:
2k + Dm

2n=3_1
n—1

1
B =5y )
2 k=0 |[x*+1—2x?2 cos(ZkZ,l;_ll)n

1 — x? cos

1+ x2 cos(zgn;_ll)n

2k + Dm

2n—1

_I_
x*+ 1+ 2x2%cos

2n=3_4

1
2n-2 Z 4 , (2k+Dm
k=0 |x*+1-—2x COS~——Hn=1

len (X) =

1
+

2k + Dm

x*+ 1+ 2x2%cos ST

2k + D 1

2
+ x“ cos =1

x*+ 1+ 2x2%cos

1

2k + Dm

x* 41— 2x?cos =T
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2
1 2012 (x* 4+ 1) — 4x* (cos (21(271;_11)71)

= 2n k=0 x8 +1—2x* cos(Zan;_zl)n

’ " 2" 3-11 + x* [1 -2 (cos —(2162:—11)”)2]
= 2n k=0 x%+1-—2x* cos(Zan;_zl)n

’ 1 2271 1 — x*cos —(2k2:_21)n
= 2n k=0 x84+ 1—2x* cos(Zan;_zl)n (©)

Sau khi bién d6i dao ham lan tht hai, phép tinh xuat hién cé4c thanh phan sau:
B Rk+ Dm

Yk = on-2 (k = O'Zn_—S_U

Tat nhién la chling ta s& khdng bién doi téi n lan dé dugc két qua cudi cung, ma
néu ¢ mudn bién d6i ciing khong duoc, vi ta ddu co biét chinh xac n 1a bao
nhiéu, chi biét duoc n 1a mot sb ty nhién 16n hon 1, thé thdi! Néu vay phai lam
thé nao day? Khi nhin lai tinh todn & trén thi ta cing c6 chit dong luc dé bién
d6i lan thtr ba, 1an thir tu, 1an the ndm... Nhung dén khi ndo thi phép ching
minh cho bai toan tong quat mai két thuc? Diéu nay sé dugc dé cap ngay sau

day, trong Chuong 3-Menuetto cia Ban Giao hudng.
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6.3. Menuetto
Sau khi quan sat that ky nhirng phép tinh da thuc hién trong Phan 6.2, chiing ta
tim thdy mot hudng di mai. That vay, néu nhu xay dung mot ham W, (x) (day

1a ham theo bién x) nhu sau:

n-m_ m—1 (Zk + 1)77,'
W, (x) . Zzl L —x% cos e
x) =
m n-m
2 =0 x2™ +1—2x2"7" cos(zzlfl_#

Sau khi ham W,,,(x) duoc xéac dinh, ta c¢d thé biéu dién phép toan nhu thé nay:
Rk + 1m
i

k=0 x*+1—2x? cos(Zkzn;_ll)n

2"21
1 — x? cos

Fpn(x) = W, (x) = Sz

Ciing nhu
QRk+ Dm
g

k=0 x8+1—2x* cos(Zkzn;_zl)n

2n3-1
1 1—x*cos

Fin(x) = Y3(x) = =
Mot tinh chét quan trong dugc phét hién ¢ day, dé la:
len(x) =¥, (x) = ¥;(x)
Trudce khi khai thac tinh chat ndy, ta nén thuc hién thao tac chan gié tri m lai.
Theo do:
meN meN meN meN
{ m= 2 @{mzz <:>{ m= 2 <:>{m22
2nm —1>0 2m >1 n—-mz=0 m<n
Diéu kién nay ciing c6 thé dugc phat biéu: “m 12 mot sb tu nhién chen vao gita
2 van”, véi n € N van > 2 chinh la diéu kién ban dau cua bai toan tich phan
bat dinh dang téng quét hoa.
Bai vi
¥, (x) = W3(x)
Nén s& xuat hién ngay mot cau hoi vé méi lién h¢ gitta W, (x) va W, (x).
Néu méi lién hé nay qua thuc co ton tai thi n6 s& 1a manh ghép cudi cling cua
chiéc chia khoa cho bai toan nguyén ham dang tong quat dugc dé cap dén
xuyén sudt trong tap chuyén luan nay.

Véi cach xac dinh W,,, (x) nhu trén thi W,,,, (x) s& duoc biéu dién:
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m S (Zk + 1)7'[

2n—‘m—1_1
1—x CO Zn—_m

1
Y (x) = S—m—1 Z
2 k=0 x2™h4 1 —2x2" cos(zgn;_,%)n

Néu nhu mudn ching minh
me(x) = me+1(x)
Thi diéu kién cia m can duoc diéu chinh lai thanh:

{ meN
2<m<n
V& céc thanh phan cung luong giac trong biéu dién cua ¥, (x), ta s& ky hiéu:
2k + m -
k= gmomr k=027 —1)
Ma theo do6 thi:
22" ™ —1—k) +1]n
Pon-m_1j = on-m+1
(r-m+l 1 - 2k)m
Pon-m_g_p = n-m+1
Qk+ Dm
Ponmogog =T = o
Pon-m_q_j =T — Py
Do vay:

cos(pan-m_y_i) = — cos ¢y

Lai mot 1an nita, &p dung Bink dé Poi xung véi 2™~™ phan ti, trong 2™ gia

tri kha thi ma k c6 thé nhan duoc, viéc chon k va 2" ™ — 1 — k khong phu

thudc vao tri caa k nam ¢ nira dau hay nira sau cua 2™ ™ gia tri nay. Véi nira

dau tc 12 k chay tr k = 0 dén k = 2™~ — 1, ¢On nira sau cta chudi géom

cac giatricua k chay tir k = 2™t @én k = 2™ — 1.

Nhu vay, dé chitng minh cho méi lién hé gira ¥,,,(x) va ¥,,,,(x), ching ta c6

thé thuc hién bién d6i:

n-m_ m—1 2k + 1)nm
Y () 1 221 1—x? COS(zn——m-l-z
m\X) = ST
2 k=0 x2" 4+ 1—2x2""" cos —(Zzlf:nﬂn
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PSR SR <l i cos Gt
2 k=0 [x?" 41— 2x2" 5(22]’(1;’”2”
) 142" cos(zzlfl;mﬂn
X"+ 14 2% S(22]’{1;"12ﬂ
1 e !
Y (0) = o ]Z; x2™ 41 —2x2" ¢ S(Zzlfz;mgn
) 1
X"+ 14 2% S(Zzl’i;mgﬂ
+x2"" cos @kt Dr :
on-m+1 2™ 4+ 1 + 2x2™ 1 ¢ s(zzli;mﬂn
B 1
x2™ 1 4 2x2™ ¢ S(Zzlfl;mgn
. n-m-1_, 2(x2m+1 +1) - 452" (cos (Zzlfl_;mﬂn)z
¥, (x) = on-m T x2™ 41— 2x2co (Zgn;ﬂll)n

an-m-1_1 ] 4 x2" [1 —2 (cos (22",‘1_;,,12”) ]

Yolo) =g

e S R P (Zgn;n})”
1 L 1—x2" cos —(Zgn+1%)7t
tn) = g ; X2 4 1 = 227" cos DT
W () = Py (3)
Nhu vay, ta da chirng minh dugc
P (1) = Ppa (x) Vm {2 Zl:llin

Diéu nay 1a hét sic quan trong. Tuy W,,(x) 1a mot ham theo bién x nhung ta lai

tim ra dugc tinh chét truy hoi caa nd theo m. Va n6 dwa dén két luan:
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n €N
n=?2

Ké tiép chi can xac dinh ¥, (x) 1a phép ching minh coi nhu hoan thanh.

Fin() = W) = 9300 = o+ = ¥y () = ¥ () i

n-n_ n- 2k + 1)m
1 ‘et 1=xT cos(zn_—nﬂ)
‘{Jn(x) = on-n Z
2n

k=0 x2"+4+1—2x2""

cos QRk+ Dm

2n—n+1
Y, (x) =
tmox?" +1—2x2"1 cosm
1 —x2"" cos%
an(x) = n n-1 T
x2" +1—2x2 cos
)=y
Nhu vay:
I 1 n eN
an(X) = an(X) = m vn: {n > 2

LAy nguyén ham theo bién x vé thir nhat va vé thir ba cua dang thie kép trén, ta

duoc:

Fon(x) = ] dx vn: {n €N

x?" +1 n=2
Ta da hoan tat phan chirng minh cho bai toan nguyén ham dang tong quéat, phép
chang minh quyét dinh sir dung tha thuat khong may phic tap, nhung qua that
khong dé dé tim thdy n6. Va dén day thi Chuong 3-Menuetto cia Ban Giao
huong xin dugc khép lai, phan két luan cua bai toan tong quat sé duoc trinh bay
ngay sau day trong phan ké tiép-Chuong 4-Allegro assai, ciing 1a chuong cudi

cua Ban Giao hwong so 2™
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6.4. Allegro assai

Ta da chirng minh duoc

Fon(x) =.[L ‘v’n:{nEN

x?" +1 n=2
Nhu vay
dx

o= [ 1

2n2_1 1
=l Z COSM 2tan?! " x

2" k=0 2" 2 cos —(2k2-|;1)7r
x? + 2x COS(ZkZ;nl)TC +1
+In xz_szOS(Zkz‘:l)”+1 + const (n€ N,n > 2)

Pay 1a mot két qua khé dep, va ta cling c6 thé biéu dién thanh

| _f dx
A L

n2_y 1
; 1 Z QRk+ Dm > tan-1 X—%
2" = on T an 2k + D
k=0 2 COS=——5n——
x% + 2x cos(ZkZ;nl)n +1
+ In + const
x? —2x cos(ZkZ;nl)n +1
1 ' 2k + 1) x -1
_ T -1 _x
fn = om Z S 2k + Dr
k=0 2 COS~——n——
2k + rr [ x* + 2xcos (Zkztll)n +1
+ cos + const
2" x? — 2x cos (Zkztll)n +1
Jnz_ 1
L Z - QRk+Dm L X—%
= ST 2k + Dn
k=0 2 si >n
N (2k+1)7‘[1 x+%+2cos(2kZ;n1)n N .
cos —— n 1 2k + Dn cons

x+§—2cos
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Cach biéu dién nay tham chi con dep mét hon vi ¢6 nhirng thanh phan luong

giac sin @kti)n va cos @ktD)m

2n 2n

Va dé cho gon hon, chiing ta c6 thé dit cac ham:

( 1
= 2tan" ! —%
fio(x) = 2tan™ 53
X
x+%+20050
Jey(x) =In
L X+ —2cosb

Thi két qua cua nguyén ham tong quat I,» (n € N,n > 2) cd thé duoc biéu

dién dudi dang:

/ _j dx
28T ] 4 42"

2721
1 - QRk+Dm Rk + D
Ion = — Z sin ———f /2k+1)m\ () + cos ————
AL bt 2" (2—n>

o g((2k+1)n) (x)

o
+ const
Nhin lai thi két qua cho bai toan nguyén ham ciing nhu phép ching minh cho
n6 kha 12 “man nhin”. Tuéng nhu viéc bién d6i s& khong bao gior két thic thi
mot nhan t6 mai xuat hién, d6 1a ham W, (x). Chinh hé thic truy hdi lién hé
gitamvam+ 1W¥,,(x) = ¥,,,,(x) duoc chimg minh sau d6 giup ching ta di
dén muyc tiéu cudi cung.
Tha vi ¢ chd, W,,,(x) 1a mot ham theo bién x, thé nhung chia khoa lai nam ¢ m.
Duong nhu ching ta di “ddi bién” tir x sang m dé chitng minh hé thic truy
hoi. DU rang phuong phap d6i bién duoc sir dung rat nhiéu trong tap chuyén
luan nay, thé nhung chinh dong tac “d6i bién” tir x sang m méi 1a budc quyét
dinh cho phép chiing minh. Hé thirc truy hoi khién cho bai toan tong quat toi n
gidng nhu duoc quy nap. Nhu vay bai toan tich phan bat dinh dang tong quat
suy cho cung la dugc ching minh bang phuong phap “do6i bién” va “quy nap”.

Va dén day Ban Giao hwéng sé 2™ xin duoc két thic.
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Truwong hop tong quat: N = 2s + 1 (s € N¥)

Phan nay thao luan vé nguyén ham tong quét g,

dx
IZS+1 = jx25+1 + 1 (S € N+)

Trong Phan gigi thiéu, ta di c6 phép tinh nguyén ham I:
j dx _1<.[ dx +f —-x + 2 d)
x3+1 3\J x+1 xz—x+1x

1 dx —2xcos3+2
=z j +j dx
3\J x+1 x2—2xcos3+1

Ciing nhu phép tinh phép tinh nguyén ham I5 dugc trinh bay trong Phan 3.2:

dx
IS:Jx5+1
1 dx —x3+2x2-3x+4
=§(fx+1+jx4—x3+x2—x+1dx>

1 dx —2x cos5 +2 —2Xx cos 35 +2
== j +] 7 dx+j 3 dx
>\Jx+1 x? —2xcosg+1 x2—2xcosTn+1

Dua vao phép tinh cua I va Ig, ta xay dung du doan cho I,;,, nhu sau:
dx
Irs41 = x25+1 4 1

1 f IZZS o (=1)P(2s — p)xP p
“2s+1\J x+1 =0(—1)qxq *
1 —2x cos 5 +11)7T+ 2
= f Zf S dx
2s+1 x+1 (21+1)7r+1
25 +1

Nhu vay, ta can phai chitng minh dang thic 2s + 1 sau day:

2j+ Dm

T t2 2541
(21+1)n _x25+1+1
2s+1 1

Truéc khi chimg minh dang thac trén, viéc phan tich thanh nhan ti d6i voi

s—1
—2Xx Ccos

Vx € R\ {—1}
=0 x? — 2x cos

x%5%1 4 1 s& dugc thao luan mot sb diém quan trong. Goi s6 phirc w; a nghiém

cua phuong trinh x*t1 + 1 = 0. Nhu vay:
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2s+1 _

w; —1=cosm+isinm
2j+ D= 2j+ D=
© w; = cos s 11 + i sin s 1 (j =0;2s)

Véi tinh chat lién hop cua s cap nghiém phic trong 2s + 1 gi tri cua w;:

_ (45—2j+1)7T o (45—2j+1)n
Was=j = OS5 LT e 1
[4s+2—-Q2j+D]r = [4s+2-(2j+ D]n
= COS + 1 SIn
2s+1 2s+1
2j+ D= o 2j+ D=
—COS[ZTL’-W + 1 SIn ZH—W
Qi+ . Zj+Dm

2s+1 0T 2s+1
Do d6, 2s + 1 gia tri ciia w; c6 tinh chét sau day:

( 2j+Dm

Wj + Was_j = 2COSZS—+1
Wjwas_j =1
ws =—1

Nhu vay,

2j+Dr
W-I— 1= (x — a)j)(x - sz_j)

Va két qua phan tich nhan tir tong quat:
2s
x25* 41 = l_[(x — ;)
j=0

Vé6i ham L(8) da duoc dinh nghia trong Phan 3.1:

L(6)—f —2xcosd + 2
) x2—=2xcosS+1 x

x% — 2x cos

Phwong phap can bang hé sé duoc st dung dé tim hai sé thuc A va B sao cho:
2j+ rn

2Xx cos %;j++11);' 2 _ . jla)- + " _f) ) Vx € C\ {wj;wZS_j}
x? —2xcos5-———+1 J 2s=J
Dua vao bién ddi déng nhat thirc, ta co:
2j+

A(x - a)ZS_j) + B(x — a)j) = —2x cos s+ 1
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_ (2j + D
< (A+B)x — (AwZS_j + Ba)j) = —-2x COSW

Pong nhat thirc nay dan dén hé phuong trinh:

A+B=-2 (j + Dm
= —-2c0s————
2s+1 © (4B) = (—wj; —w,_))
Awgs—j + Bwj = —2

Tro lai véi viéc ching minh ddang thire 2s + 1, ta co:

2j+ rm
2s+1 T2
(2]+1)7T
2s+1

Q2j+Dm

—2X cos + 2
_I_z 25+1
Tx 1 rd (x—wj)(x Was-)

_O)S (l)] wZS ]
X — Wg X— W X— Wy

j=0

s—1

+

—2Xx cos

j=0x?—2xcos—5———+1

j=0
2s
1
=2s+1-— xz
= X — (,l)]
Jj=0
d
520(" - ‘Uj)
=2s+1—x s (x—w-)
j=0 J

d_y 25+1
X 75 (x +1)

=2s+1- 1
25+1
=ZS+1—(ZS+1)W
2s +1
st 1 q

Nhu vay, dang thirc 2s + 1 duoc chang minh. Diéu nay dan dén két qua cua

nguyén ham I, nhu sau:
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dx
IZS+1 = jx25+1+1
2j+ D=

s—1
_ 1 f dx +ZJ —ZXCOSZS—H-i'Z dx
2s+1() x+1 <« 2 _ 9 (2j+1)”+1
j=0 X xCOS—ZS-l-l

( s—1 i
1 dx 2j+ D=
- <] +y LT
2s+1 x+1 £ 2s+1
\ Jj=0
p
1 In|x + 1|
= )
2s+1| %
\
s—1
N 2j+ rm 2_ 2j+
_ 2s+1 \F T
j=0
2j+rm
_(2j+Dm XS OsF1
+ 2 sin > 1 t 2+ Dn + const
2s+1

Ngoai ra, két qua nguyén ham I,.., van c6 thé duoc biéu dién dudi dang

logarit caa sb phirc nhu sau:

dx
Lyssr = f ]
s—1 (2] + 1)77:

_ 1 .’- +z —2xXC0S~—5 /55— TEE +2 »
2s+1) |x+1 X2 — 2xcos(2]+1)”+1
=0 2s + 1

2s

T 2s+1 X — w; x

j=0

2S
Z[—wj ln(x - wj)] + const

T 25 + 14
j=0

Pang luu ¥, két qua duoc biéu dién dudi dang logarit cua sb phac caa nguyén
ham I,.,, bao gom ca trudng hop s = 0 va ciing giup xay dung du doan cho

nguyén ham I, nhu s& dugc trinh bay trong Phan 8 caa chuyén luan.
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Truwong hop tong quat: N = 2r (r € N;r > 2)

Phan nay thao luan vé nguyén ham tong quét I,

dx

Véi phép toan can bang hé sé déi voi nguy@n ham I, nhu da trinh bay trong
Phan 2.1:

11 —\2x + 2 V2x + 2
=2l

+
x*+1 2 _\2x+1 x24+V2x+1
1 —2xcos%+2 —2xcos:%n+2
4 x? —2xcosz+1 x2—2xcosTT[+1

Ngoai ra, véi nhitng két qua da thuc hién ddi véi cac nguyén ham Ig va I;¢ nhu
da trinh bay trong Phan 4 va Phan 5, ta c6 thé dua ra du doan cho dang thirc 2r

d6i voi nguyén ham tong quat I, nhu sau:

- —2x cosw + 2 27
Z QL+ Dr w1 CER

2 _ - 7
1=0 X* — 2x COS 57 +1
Goi s6 phuc w; 12 nghiém cua phuong trinh x2” + 1 = 0. Nhu vay:
w!" =—-1=cosm+isinm
QI+ QL+ Dm
S w =CcC0Ss——/—+isin——/—
2r
Véi tinh chat lién hop cua r cap nghiém phiic trong 27 gia tri cia w;:
4r-21-1n = (@Ar-2l-Dmn
Wypr—_1-1 = COS o + 1 sin >
[4r — I+ D]r ~  [4r— QI+ 1D]n
= COS + 1 sin
2r 2r
2L+ D Q2L+ Dn
2r 2r

QI+ = QRlL+Dm
—_— = isin——
2r 2r

Do d6, 2r gia tri cua w; cd tinh chat sau day:

{ 2L+ Dm

(1=0;2r-1)

= cos [271— ]+isin [271—

= CoS
W; + Wyy_1_; = 2COS
l T l 21’
W War—1-; = 1
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Nhu vay,

21+ 1)m
x? — 2x cos% +1=(—w)(x—wy_q1-1)
Va két qua phan tich nhan tir tong quét:

2r—1
x4+ 1= H(x—a)l)
j=0

Tuong tu nhu phép toan da thuc hién trong Phan 7, ta c6:

r—1 QL+ Dm
—2X CcoS o + 2
QL+ Dm
2 A —
1=0 X 2Xx coSs o7 +1
r—1 2L+ D

—2x COST + 2

= (x — w)(x — wzpr_q-p)

— W —W2r_1-1
X =W X~ W1y

oot — wy)
x%(xzr +1)

X% +1
2rx?"
S x¥ 41
2r

T+ 1

Pang thizc 2r dugc chiing minh. Nguyén ham I,, dugc biéu dién nhu sau:

= 2r —

= 2r
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dx
lor = J-xzr +1
QL+ Drn

1 —2xcos———"—+2
= —f Z 2r dx
2r QL+ Dm

2 = 7
=0 X 2Xx coS 5 +1

1 riL QL+ D
T 2r 2r
1=0
r—1
1 QL+ Dm 2L+ Dm
= —Z —cos—————1In|x? - 2xcos————+1
2r 2r 2r
1=0
21+ 1
+ 2si (ZHDﬂt 27 cos! Zr) + t
sin > an - 2+ D cons
2r

Két qua nay ap dung cho truong hop N 1a sé chian cha khéng chi 1a liy thira
cua hai, do d6 mang tinh khai quat hon so v&i nguyén ham I,» nhu dwoc trinh
bay trong Phan 6. Ngoai ra, két qua trén ciling c6 thé dugc biéu dién duéi dang

logarit caa s phirc nhu sau:

dx
lor = X2 +1

1 =t —2x cos (2l+ D ;— Lm + 2
=— r dx
2r 2L+ Dm

| 1=0 x% — 2xcosT +1

2r—1
1 ] >
2 (3 2)e
2r X — w
2r—1

1
= — Z [—w; In(x — w;)] + const
2r e

Két qua trén cua nguyén ham I, bao gom ca truong hop s = 1. Piéu nay dan
dén hé thirc kha tha vi:

i x+1i
—ln( )—tan X = const
X — i
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Két ludn
Tur két qua cua Phan 7 va Phan 8, ta c6 duoc hé qua sau:
dx
Iy=| —— (N €Nt
= e (e

N-1

1
= Z [—w, In(x — w,)] + const
z=0

Trong d6 w, la cac nghiém cia phuong trinh x¥ = —1, tic la:
2z+ 1)m 2z+ 1) (2z+1)in _
wz=cos%+isin%=e N (z=0;N—-1)

Ngoai ra, véi N nguyén dwong, c6 thé khai quat nguyén ham theo huéng sau:

I_f dx —jXNd—lfdx—ll
N7 14 x N ) 14N x= 14+ xN N

NOGi cach khéc, c6 thé mo rong bai toan nguyén ham ddi véi truong hop N 12 s6

nguyén (N € Z).

Két qua cudi cung cua bai toan nguyén ham tong quat 1a kha twdng minh véi
loi giai khéng qua phic tap. Tuy nhién, dé tim duoc két qua do, tac gia phai
trai qua mot dién trinh tinh toan nhu trinh bay chi tiét tir Phan 2 dén Phan 6.
Vi viéc soan thao tap chuyén luan ndy, tac gia mong mudn duoc chia sé toi
quy doc gia thong diép “vinh quang hién hiru khong chi & dich dén, ma con

Xuyén sudt ca mét chang dwong”.
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INTEGRATING A GENERALIZED RATIONAL FUNCTION
Benny Lé Van
Abstract

In this paper, the author would present the solution for the following generalized
integral:

| _.[ dx
N7 14 xN

Of which N is a natural number. The purpose of this paper is not only showing the
result, but also more importantly presenting the author’s process to find the solution.
In particular, the author assesses the integral for cases where N is a power of two, an
odd number, and an even number, respectively. Finally, those findings are applied to

form the generalized result.

Key words: (Indefinite) Integral, Rational Function.
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Introduction
This paper discusses on the generalized indefinite integral:

I —j dx N eN
N 1+xN( )

Firstly, the author approach simple cases such as:

ForN =0,N = 1,and N = 2, respectively:

Io=jdx=x+const
dx
11=j—=ln|1+x|+const
1+x

I f dx tan 1 x + t
= —— = an X cons
2 1+ x2

Additionally, two following integrals are applied throughout the paper:

=55 @>0

x2 — q?
dx
b= v @0

In order to calculate J;, the following fraction decomposition is performed:

1 _ 1 _ 1( 1 1 )
x2—a?2 (x—a)(x+a) 2a\x—a x+a

Thus,
_l(fdx fdx)_1(1| |~ Infx + a]) + .
]1_2a o ~+a) " 2a njx —a njx +a cons
1 X—a
:—ln| |+const
2a lIx+a

Regarding /,:

x
]z=fd—x_lf(d—x=lf(di=%tan‘lg+const

x2+4+a? a?

For N = 3:

I_f dx
U 1+ a3

Applying x3 + 1 = (x + 1)(x? — x + 1), it is supposed to find real numbers
A, B, and C such that
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1  Ax+B N
x3+1 x2—x+1 x+1
Replacing x = 0, x = 1, and x = 2 to the above, we get:
( B+C=1
A+B+1C—1
2 2
LZ 1 1 1

vx € R\ {—1}

121
e (4;B;C) = (_§;§;§)

“A+-B+-C==
34+38+30=5

And then:
dx
13=f
1+ x3
1 —-x+ 2 1 dx
=§jx2—x+1dx+§jx+1
=EIL%+%dx+llnlx+1l + const
3) x?—x+1 3
1 2x — 1 1 dx 1
=—gjmdx+§fx2_—x+1+§lnlx+ll+c0nst

1(dx?—x+1) 1 dx 1
=——J —f—+—ln|x+1|+const

+
6) x2—-x+1 2 52 3 3
(x-32) +3
1/, 1
1l |x + 1] 11 (x? +1) + t ‘1x_§+ t
= —In|x ——=Inx" —Xx an cons
3 6 V3,3
2 2
1l| +1] 11(2 +1)+1t 12X onst
= —In|x ——=Inx" —Xx —1{an cons
3 6 BB

Following up the introduction as presented in Section 1, the paper will discuss
on particular cases of N in order to direct the generalized result. Accordingly,
Section 2 to Section 6 discuss on the case that N are powers of two, i.e.
N =2"(n € N;n > 2); Section 7 discusses on the case that N are odd
numbers, i.e. N = 2s + 1 (s € N*); Section 8 discusses on the case that N are
even numbers, i.e. N=2r(r € N;r >2); and Section 9 presents the

conclusion for the generalized integral.
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N = 4: multiple solutions for a problem

This section discusses on multiple solutions for the case N = 4.

| _j dx
Y1+ xt

2.1. Partial fraction decomposition
Factoring:
x*+1
=x*+2x% + 1 — 2x?
= (x%?+1)% - 2x?

= (x® —V2x + 1)(x% + V2x + 1)

Hence, we shall perform the following partial fraction decomposition:

1 _ Ax + B Cx+D

= +
x*+1 x2—-2x+1 x2+2x+1

Of which A, B, C, and D are given real numbers.

Vx ER

Replacing x = 0, x = v2 and x = i (as R < C) to the above, we get:

B+D=1
1 1
<\/§A+B+§(\/§C+D)=g

< (4;B;C;D) = (—

1

1 1
2\/512;2\/7;2

2x+\/§

A+Bi+C Di_l
V2 V2 V2 V2 2
Thus,
dx
14:j
1+ x4
1 +1+1 1 _|_1+1
_f 2 2V
= x + dx
2—\2x+1 x2+2x+1
—2x+\/— 1] dx
dx + -
4\/— —V2x+1

+1f dx
4) x2+V2x +1

En.4
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1 fd(xz—x/ix+1)+ 1 jd(x2+\/§x+1)
42 x2 —\2x+1 42 x2+2x +1

4

2 Z 2
REEN A AR

V2 V2 2
) + 2\1/2 [tan=}(V2x — 1) + tan~1(V2x + 1)]

) d(x—%) ) d(x+%)
¥ ¥

_ 1 1n<x2 +V2x +1
42 \x2—\2x+1
+ const
2.2.  Analyzed method I
To confront complicated problems, we sometimes divide and conquer. In
contrast, to deal with simple but rough problems, it is supposed to drive those
large but soft. This philosophy is entirely applied in this sub-section.

In particular, before dealing with

| _j dx
YT )1+ xt

K—j X4
1= x4+1x

K—f X 4
2 x4+1x

We assess the follows:

Simply and softly,

x3 1[dix*+1) 1
K1:] dxz—fgz—ln(x4+1)+const

x*+1 4 x*¥+1 4
2
K, = Jﬁdx — % (xi§++)1 = Etan‘l(xz) + const
Besides,
1 1 2(x* + 1)
xz—\/fx+1+x2+\/§x+1= x*+1
Thus,

X _fx2+1d
37 ) x4 +1 x

_1<f dx +f dx )
2\ x2—V2x +1 x2 4++/2x+1
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2

1 1
) _
=_[ d(x ﬁ) . d(x+ﬁ) ]
Py ey
= % [tan_l(\/ix - 1)+ tan_l(\/ix +1)] + const

Due to the calculation of K;, K,, and K5, we consequently enable to deal with

the following form:

X

fx3+x+rc(x2+1)d _jx3+icx2+x+ic
x*+1 x*+1
Of which k is a given real number.

As a result, if we somehow calculate the following integral

x*+1 dx

Then by a subtraction, we enable to find

| _j dx
YT )1+ xt

This is the direction of Analyzed method I.
As x*+1=(x2—v2x+1)(x*+V2x + 1), if we choose k = +v2, the

]x3+1cx2+x

problem is solved. For k = v/2:

dx

jx3+x/§x2+x
K, =

x*+1

_j X3 +V2x% +x J
T Vs D vzt 1)

X
= dx
fxz—\/ix+1

(2,
= X
x2 —2x+1
1 2x —/2

1 dx
== dx+—f
2) x2 —\2x+1 V2J) x2—\2x+1
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=ljd(x2_ﬁx+1)+if d<x_%)
2) x2—\2x+1 2 (x—%) +

1
= Eln(x2 —V2x +1) +tan"}(V2x — 1) + const

By a linear combination of K,, K,, and Kj:

x3+\V2x2+x+2
K- = dx
5 x*+1

=K1+K2+\/§K3

1 1
= Zln(x4 +1)+ Etan‘l(xz) +tan~1(vV2x — 1) + tan~'(V2x + 1) + const

Besides:
1 1
Zln(x4 +1) - Eln(x2 —V2x + 1)

1 1
= Zln(x4 +1)— Zln(x2 —\2x + 1)2

1 ( x*+1 )
=—In >
4 (xz—\/fx+1)

1 (x2+«/§x+1>
=—In
4 \x2—-V2x+1
Returning to 1,, we get:
dx
14_ =f
1+x*
1
=—(K; —K,)
\/E( 5 4

= % [iln(x4 +1)+ %tan‘l(xZ) + tan_l(\/ix — 1) + tan‘l(\/fx n 1)]

171
——|[=In(x2 —-v2x + 1) + tan 1 (+v/2x — 1 ]+const
3 ) + tan” (V2 — 1)
1 x2+\/§x+1> 1 1
= In + —tan"}(V2x + 1) + —=tan"1(x2) + const
442 (xz—\/zx+1 V2 ( ) 242
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In comparison to the result as found by partial fraction decomposition, we get:

i -1 L =1(42
\/Etan (\/§x+1)+2\/§tan (x%)

1 -1 _ -1
= N [tan=*(V2x — 1) + tan~1(V2x + 1)] + const

o tan‘l(\/ix + 1) — tan‘l(\/ix - 1) + tan~(x?) = const
Indeed, forming the function
E(x) = tan"}(vV2x + 1) — tan~!(¥2x — 1) + tan™* (x?)
Then
V2 V2 2x
2 - 2 + x*+1
(V2x+1)" +1 (V2x-1)"+1

E'(x) =

1 1 2x
)
2x2 +2\2x+2 2x2—2V2x+2/ x*+1
V2 (—2\/796)_'_ 2x
=—X
2 x*+1 x*+1
2x 2x
=— +
x*+1 x*+1
=0

Ex)=0 Vx€eR
= E(x) = const Vx ER

Besides, Z(0) = % Thus:

/s
E(x)=§ vx € R

As above clarified, the two approaches of an integral result in two different
expressions. This fact is explained by the constant of integration.
2.3.  Analyzed method I1
In the previous approach, we apply the summation
1 1 2(x2 + 1)
xz—\/fx+1+x2+\/§x+1= x*+1
In this sub-section, we apply the subtraction

1 1 _ 22«
x2—V2x+1 x2++V2x+1 x*+1
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Regarding Analyzed method I, integral I, is calculated as follow:

I_f dx _sz_”d fxzd
t T iyt el 1

As obtained in sub-section 2.2:

x?+1 1
K; = fmdx = 7 [tan"*(V2x — 1) + tan~(V2x + 1)] + const

In order to calculate

xZ
K. =
6 _[x4+1dx

We perform the following subtraction:

K—J x4
6 x4+1x

_f X. X d
N x4+1x
17 1 1
=—jx( — )dx]
2421 x2—=V2x+1 x24V2x+1
1 X d j X d_
= X — X
220 x2 —\2x +1 x2+V2x+1 |
i 1 1 1 1 7
X ——=+— X+ —=——=
_ 1 V2 V2 V2 V2
= dx — dx
2V2 1) x2 =2x +1 x2+V2x + 1
1 ] 2x —2 J j 2x +/2
= X — X
4\2|) x2 —2x +1 x2+2x+1

1 dx dx

+Z[ xz—\/fx+1_fx2+\/§x+1]
1 Ud(xz—\/fx+1)_ d(x? +V2x + 1)
42

x2 —2x +1 x2 +2x +1
+4f (e y d(ﬁ%w
4[ (x—%) +1 (x+%) +1J

1 | <x2—\/2x+1
n
4+/2 x2+V2x+1

+ const

) [ (V2 1) + tan (V2 + 1)
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And finally,

dx
L= [ m=ke ks

1 <x2+\/§x+1

= In
42 x2 —\2x+1

+ const

> + 2\1/5 [tan=*(V2x — 1) + tan~1(V2x + 1)]

This results is consistent the expression as found by partial fraction
decomposition.

The integral 1, has been solved in three distinct ways, which of those have their
own pros and cons. The most logic-like approach may be partial fraction
decomposition, while analyzed methods technically apply algebraic
transformations. However, the three ways contain massive calculation.
Therefore, we shall necessarily find a shortcut. The to-be-found new way will

tremendously help deal with the generalized integral:

I,n = ] neN
2n 1 + x2" ( )
24. Sum & Sub

This method is inspired by the two algebraic equalities:
241 (4 l) = 201 — (1)
X +x—2—(x+x) 2 and x +x2—(x x) +2

In order to calculate integral I,, we shall respectively find the so-called Sum &

X _fx2+1d
37 ) x4+ 1 x

K —sz_ld
7 xt+1 x

Sub integrals:

Accordingly:
1 1
x*+1 I+ d(x-3)
K3:fx4+1dx=f 1dxzf ~
x2+ﬁ (X—z) + 2
1
=itan‘1 _§+const
MRy
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And

1 1
x? -1 -3z d(x+3)
K7=.[x dx=j—1dx=f—2
2

441 2, 1 1
X +x (x+§) -2
1
1 X+E—\/§
= In 1 + const
2‘/5 x+—+\/§

X
As a result;

4+1 2
1 | x+l+\/7 1 1x—%
= n + tan— + const

1
1 <x2+\/2x+1> 1 X7
4 _
2

= In tan X + const
42 x2 —\2x+1 V2 V2

In comparison to the result as found by partial fraction decomposition, the
constant of integration form the equality:
1

x
tan‘l(\/ix + 1) + tan‘l(\/fx - 1) —tan~?! \/Ex = g Vx € R

Moreover, the Sum & Sub method help solve integrals in following forms:

( 10 :j dx
+ (1) x*+ux?+1

2 x?
) :fx4+vx2+1dx

Of which, u and v are given real numbers.

In Section 2, we have solved a problem with four approaches. In summary, the
Sum & Sub method seems to be the most effective way. However, other

methods may be also useful in the case we have to deal with more complicated

; _f dx
87 ) x84+ 1

Before that, integrals Is and I, will be discussed in the next section.

problems, such as integral Ig:
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ForN=5and N=6
3.1. Integral I
Factoring: x> +1=(x + D(x*—x3+x2—x+ 1)

By complex numbers, we enable to further factor as follow:

x°+1=0
& x>=—-1=cosm+isinw

m+k2r = w4+ k2m
@xk=cosT+LsmT (k=0;4)

o x, = (ein/s; e3irr/5; —1; e7irc/5; e9irc/5) (k —0; 4)

Of which:
( oy = 2cos™ = 14++/5
| X0 + x4 = c055 i
{ PO Sl L
| x1 +x; = 2 cos =T
k xOX4 - xle = 1
So,
T 3
x°+1=(x+1) (x2 — 2x cos— + 1) (xz — 2x cos— + 1)
5 5
We shall find the five real numbers (4; B; C; D; E) such that
1 A Bx3+Cx*+Dx+E

= + Vx € R\ {—1
x5+1 x4+1 x*—x34x2-x+1 V=1

Solving the above, we get:

(4;B;C;D;E) = (1;—1&;—%;%)
5° 55 55
Rewriting:
1 1/ 1 —x3 +2x* —3x + 4
x5+1=§<x+1+x4—x3+x2—x+1>

Next, we shall find the four real numbers (T; U; V; W) such that

—x3+2x2-3x+4 Tx+ U Vx+ W
- txi—x+1 2 T * 3m v ER
x*—2xcosg +1 x? —2xcos g +1

Forx =0,x =1andx =i (as R c C), we get the system:
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r U+W =4
THU VW

T
2—2cosg 2—2c053Tn

T N Ui V N Wi — 9

_ — =2—-2i
T T

\ 2cos§ 2cos§ ZCOS% 2c0535n

T 3
s (T;U;V; W) = (—2 COSE;Z;—Z Cos?;Z)

As a result:
s 3n
—x34+2x2 —3x+ 4 —2xcos§+2 —2X COS & = + 2

+ 3 Vx € R
x?2 —2xcos?+ 1

x*—x3+xt—x+1 42 —2xC055+1

Conseuently, integral I is performed as follow:

I_j dx
> ) x5 +1
—x3 +2x* —3x + 4
j dx
~5 x+1 t—x3+x2—-x+1
1 1 —2xc055+2 2xc0335 + 2
=§J 1 ¥ T
Xt —2xc055+1 —2xc055+1

1 dx —2x cos%+ 2 —2x cos?%n+ 2
== J +] = dx+j 3 dx
>\Jx+1 x?—2xcosg+1 x2—2xcosTn+1

dx

—2XxCcosS—= 3 + 2 —2Xx cos 35 + 2
dx+f

1
== 1n|x+1|+f

T
> x?—2xcosg+1 x2—2xc053?n+1

+ const

As a lemma, we assess:

L(S)—f —2xcosd + 2
) x2—=2xcos6+1 x

f —2xcos 8 + 2(cos §)? + 2(sin §)? 4
= x

x2—2xcosd +1

B f 2x + 2(cos 6)?
cos x2—2xcosd +1

dx
2_2xcoso+1

dx + 2(sin §)? f "

En.13



dx

B —cos6jd(x2 —2xcosé +1)
x?—2xcosd+1
dx
x%2 — 2xcos6 + (cos 6)? + (sin 6)?
d(x — cos§)
cos 6)? + (sin §)?

X — COoS O

=—coséIn(x?—2xcoséd +1) + 2sindtan?! TV + const

+ 2(sin §)? j

= —cos§In(x? — 2x cos§ + 1) + 2(sin §)? j =

Returning to integral Iz:

1 T 3
I = g[lnlx +1|+L (—) + L (—)] + const

5 5
1 X — cos=
T T T - =
=z In|x + 1] — COSgln (x2 - 2x cos§+ 1) + Zsingtan_1 7 5
5
3
3 3 3m X — COST&-
— cos—In (xz — 2x cos— + 1) + 2sin—tan™?!
5 5 5 . 3m
sin
5
+ const
Coincidentally, the result of integral I5 could be written as:
dx
b=
x>+ 1
Ll 4+ 1] = S1n(e? — x 4 1) + —tan—1 2= 4 const
= —In|x —=In(x* —x —tan cons
3 6 BT
1 X — cos =
_ = e T 2 _ r T 4- 3
=3 In|x + 1] cosgln(x 2xcos3+1)+251n3tan sin%

+ const
= %[lnlx + 1|+ L (g)] + const

This is a key point to form a conjecture for the case that N are odd numbers, i.e.
N = 2s + 1 (s € NT), which will be discussed in Section 7.
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3.2. Integral I4
Factoring x® +1 = (x? + D(x* —x%2 + 1)
And applying 12 (u) foru = —1, i.e.
dx
0r_ — -
l(=1) jx4—x2+1
Integral I, could be calculated as follow:

16=f dx
x®+1
(x%2+1) — x?
- x®+1 dx
=jx2+1dx—f x dx
x®+1 x®+1
x2+1 f d(x?)
(x? +1)(x4—x2+1) (x3)2+1
= jﬁ—%tan‘l(aﬁ) + const
=5 (f :413 ;z(fl_ D) dx — %tan‘l(x3) + const
— lsz—-l_ldx —ljidx —ltan‘l(x3) + const
2) x*—x?+1 2) x*—x?+1 3
1
_ %f%dx _%fl—lxzdx —%tan‘l(x3) + const
x*+—5—1 x?2+-5-1

—tan~(x3) + const

x+%)2—3 3

iy 1 dlery)
ey

1
1 1( 1) 11x+——\/§ 1

_ _ X ~1(..3

=—tan ! |x —— n ——tan"Y(x3) + const
2 X 43 x+l+\/§ 3
1 _1< 1) 1 (x +\/_x+1> L an=1(3) 4 const

=—tan 1 (x —— — —tan"1(x cons
2 P AW V3x+1/) 3
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4.

N = 8: multiple methods combined

This section discuss on the following integral:

| _f dx
87 J x8+1

Factoring:
x8+1
=x8+2x*+1—2x*
= (x*+1)? — 2x*
= (x* —V2x?2 + 1) (x* + V2x% + 1)
= (x4 — 2x? cos% + 1) (x4 + 2x? cos% + 1)
= (x4 +2x%2 + 1 — 2x? cos% - 2x2) (x4 +2x% + 1 + 2x? cos%— 2x2)
= [(x2 +1)? — 2x? (1 + cos %)] [(x2 +1)? — 2x? (1 — cos %)]
= [(x2 +1)? — 4x? (cos g)z] [(x2 +1)? — 4x? (sing)z]
= (x2 — 2xcosg+ 1) (x2 + 2xcosg+ 1) (x2 — 2xsing+ 1) (x2
+ 2x sin% + 1)

The first thoughts may relate to partial fraction decomposition. Accordingly,

we shall find the eight real numbers (4, B, C, D, E,F, G, H) such that

1 _ Ax + B N Cx+D Ex+ F
x8 +1 x2—2xcos%+1 x2+2xcos%+1 x2—2xsin%+1
Gx+H
T Vx ER
x2+2xsin§+1

This approach still seems to be possible. However, massive calculation is
unavoidable. Furthermore, after finding the eight real numbers, we have to deal

with multiple integrals under the form

ux +v
fpx2+qx+rdx
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Hence, this method should be temporarily delayed and we can try other
approaches as detailed in Section 2. As the Sum & Sub is surprisingly effective,
it should be first considered. In accordance with the Sum & Sub philosophy, we

have to deal with two following integrals:

(lefx4+1d

x8+1 x

N —jx4_1d

k 2= [ 1™

As well as the pathway in Sub-Section 2.4:
1
x*+1 1+.7
N1=j8 1dx=f 1dx

x° + x4_|_F

It seems possible to perform (x4 + 14) under (x + l) or (x2 + iz) However,
X X X

it is noticeable that

And

1 _2
d(x2 i—2> = (2x+—3>dx
X X
Conseequently, it is difficult to find any relations between the above and the
integrated (1 + x—14) dx. So, the Sum & Sub may not work alone.

With Analyzed methods, we may consider the two integrals:
N - fx4 +1 4
17 ) x8+1 x

x4—
N. =
3 ,[x8+1dx

Applying the fraction decomposition

x4+1_1< 1 4 1 )
XB+1 2\t —V2x2 4+ 1 xt V22 + 1

Thus,

N jX4+1d 1<f dx +f dx )
= X = —
RS 2\) x*—V2x2+1 ) x*+V2x2 +1
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Now we can apply the Sum & Sub, where

(10 —2 f
{ (=v2) = \/_x2 +1
12(vV2 f
/(v2) = x* + \/_x2 +1
Applying to Analayzed method | for integral Ns:
x* x%. x?
N3=fx8+1dx=]x8+1dx

1 1
=—jx2 — )dx
242 x*—V2x2+1 x*+V2x2+1

1 ( x? 4 _j x? d)

C2vZ\) xt —VZx2 +1 * x4 +2x2 +1 g
I s _ g2

= [(-V2) - 1(2)

The result holds when Analyzed method Il is applied:

4 x4—

X+ 1 (xt—2x? + 1)(x* +v2x2 + 1)

[ (x® + V2x* + x2) — (x° + x?) ]

_(x4 —V2x2 + 1)(x4 +/2x2 + 1)

[ x? x?(x*+1)

1

V2

1

VZIlxt—vVZxr+1 (x* —V2x2 + 1)(x* + V2x2 + 1)]
T

V2

=

2 2

X x( 1 1 )]
—V2x2+1 —V2x2+1 x4+\/§x2+1

1 x? x?
N 2\/§<x4—\/§x2 +1_x4+\/§x2+1>
As Analyzed methods are applied, it is noticeable that the partial fraction
decomposition method still works if we find the four real numbers (4, B, C, D)
such that
1 Ax*+ B Cx?>+D

x8+1=x4—\/§x2+1+x4+\/§x2+1

As described in Sub-Section 2.1, the solution for the above equation is

1 1 1 1
(A)B) C)D) - (_ﬁlz,ﬁ,z)

Vx € R
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Therefore, it is said that we shall combine multiple approaches in order to deal
with integral I5. This fact is clarified when the Sum & Sub is applied at the
second stage of the solution. Applying consequences as presented in Sub-
Section 2.3, we get:

1(=V2) = j \/_x2+1
w(v2) = _[x4+\/—x2+1

14( \/—) j \/—x2+1dx

HeaN|

Returning to integral Ig:

dx
x4+\/_x2+1

1 _x4+1 x*
x+1 x8+41 x8+1

1( 1 1
2\x% —2x2+1 x*+V2x2+1

N 1 ( x? x? >
22 \x* +V2x2+1 x*—+V2x2+1

Integrating the above:

= | = (D) + (D] + % [-12(—VZ) + 2(VZ)]

x8+1
In order to calculate integrals I (1) and IZ (v), we shall factor:
T T
x* —\V2x2 4+ 1 =x4—2x2cosz+ 1=x*+2x%+ 1—2x2cosZ—2x2

2

T
— 2 2_ 2 -~
=(x“+1) (1+cos4) (x?+1)? - (cos8)

As well as

s T
X4+V2x2+1=x4+2x2cosz+1:x4+2x2+1+2x2cosz—2x2

2

= (x2+1)? - (1 — Cos 4) (x* +1)* - (Sing)
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Noticeably,

T T
2442 = 2+2COSZ= 2(1+cosz) = 4(cos—
T T .
2—-42= 2—2cosZ= 2(1—cosz) = 4(sm—
Denoting:
( x2+1

!II(A)=,[x4+Ax2+1dx

~ x?—1
LI4(/1)=jx4+Ax2+1dx

Of which A is a given real number.

We respectively obtain:

x%+1 1+
+(—/2) = _ X
1 2)_fx4—\/§x2+1dx_f a

And

—(_J7) x?> -1 B 1‘?
[

_ d(x+%) B d(x+1
j(x+ j( 2

Y _(2+v2)

1
1 T x+§—2cos%
= —sec—In + const

4 8 x+1+2cosE
X 8

1 7 [x*—2x cos% +1
= —sec—In + const

4 8 x2+2xcos%+1
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Similarly,

1
x?+1 1+
II(\/E)=.[ dx=.[ X dx
x4 +2x2 +1 xz+l2+\/§

=f d(’;—%) _
(x—%) +2+2
1 =« x—l

= —sec—tan~ ! X =+ const
2 8 2 cos 3

And

1->
L; (V2 f dx=f X dx
4( ) x4+\/_x2+1 x2+i2+\/§
X

+%)2—(2—\/§)='[(x+%) —4(sin%)2

1 x+%—251n%
=—csc—1
g cscgln

_ d(x+%) d(x+%)
j( 2

+ const

x+1+Zsin£
X 8

1 7 [x*—2x sin% +1
= —csc—In + const

4 8 x2+2xsin%+1

Returning to integrals I9(—v2), 12(v2), I12(—V2), and I2(2):

B-VD= [ = 2+1—1[1:(—ﬁ>—1;(—ﬁ>1

802 = [ o= NH 21 (72) - 1:(2)]
HEBRIE wsz dx =11 (VD) + 17(~V2)
B2) = [ o = 311 (V2) + (VD)
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At the final step:

b= [ g =5 8(VD) + BOD] + = [-1(-v2) + E(V2)]

B+l
_[14( —V2) - I;(—V2) + 1§ (V2) - I; (V2)]
+4_[ IF(—V2) - 1;(—V2) + 1§ (V2) + 1; (V2))

G EERA L) FEAALITY,)

2- \/‘

I; (V2)
1
- [@-v2) (zz:(—ﬁ) ~1;(V2)) + (2 +V2) (-1 (—V2) + 1 (V2) )]

It is also noticeable that:

(2-v2) (1 (—V2) - 1; (+2))

w2l1 & x—1 1 x2—2xsin%+1
=4 (sin —) —csc—tan~?! % ——csc=In 7
8/ 12 '8 2sing 48 x2+2xsin§+1

2

+ const

. x—1 x2+2xsin%+1
= sin— 2tan‘1—§t+1n =
8 ZSin§ x2 —2xsing+1

8

+ const

And similarly,
(2+V2) (~1: (—V2) + 11 (+2))

1 x2—2xcos%+1 1 x—%
——sec—In 7 + —sec—tan™! =
4 8 x2+2xcos§+1 2 8 2cos§

2

=4 (cos g)

+ const

p x—% x2+2xcos%+1
= cosg 2tan~! = +1n

T + const
2cos8 2—2xcos§+1
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Therefore, integral I could be expressed as follow:

| _f dx
S ) X8 +1
1 2 . T
1 T X —= X +2xsm§+1
= —<{sin— 2tan‘1—)7cr+ln =
8 8 2sins x2 —2xsing+1
8 8
1 2 1
T X —= X +2xcos§+1
+ cos—|2tan~? )gT+ln = + const
8 2cos§ x2—2xcos§+1

The above expression drives us wonder if there exist any relation between
integrals Ig and 1,, where:

| _j dx
YT xt+1
1
1 . _1x—§+ 1 | (x2+\/7x+1>+ .
= — tan n cons
242 V2 42 \x2—-V2x+1
1 ]
1 X—% 1 (x*+V2x+1
=_—|v2tan™? x+—1n( ) + const
4 V2 V2 \x2—V2x+1
1 )
LU PO (x2+«/§x+1> T const
=—x—|2tan!—=+1In cons
4 2 V2 x2 —\2x +1
[ 1 2 . T 1
1 T x— X +2x51nZ+1
=—sin—|2tan™! — +In - + const
4 4 2sin— x2 —2xsin—+1
4 4 |
[ 1 2 T
1 T X = X +2xcosZ+1
=—cos—|2tan?! = +1n - + const
4 4 2COSZ x2—2xcosZ+1

There should be an existed relation between integrals Ig and 1,. If this relation

Is found, it is the key to deal with the generalized integral I,». This fact will be

discussed in next sections of this paper.
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N = 16: integrating by deriving

This section discusses on the following integral:

! _j dx
o) xle+1

As presented in the previous section:

x8+1
_1( 1 N 1 )
2\x% —\V2x24+1 x*+V2x2+1

N 1 ( x? B x? )
22 \x* +V2x2 +1 x*—+2x2+1
Applying the three methods as presented in the previous section, we got:
1 Ax*+ B Cx*>+D
x8+1=x4—\/§x2+1+x4+\/§x2+1
The obtained result was (4; B; C; D) = (—%%%%)
Integral Ig was calculated based on the follows:

{( I‘?(“)zjx4+ii2+1

2 xz
00 = | ey

Vx € R

Of which, u and v are given real numbers. The above integrals could be solved
effectively thanks to Sum & Sub method.
Regarding integral I,,, we perform the partial fraction decomposition:
1 Ax*+ B Cx*+D

x16 +1 :xS—\/fx4+1+x8+\/§x4+1
The resultis also (4; B;C; D) = (—%;%;%;é).
Next, we further perform rewrite the above under

Z a;x* + b;
x*+Kkx?+1

Of which, a;, b;, and k are given real numbers. In particular, x will be found

Vx € R

directly through the factoring of (x'® + 1), a; and b; will be found based on

further processes of partial fraction decomposition.
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And thanks to the impressive Sum & Sub, those integrals could be simply
solved. Hence, despite the massive calculation, there is somehow a way to find
integral I,,. However, if we can find any relation between the found results of
integrals 1, and Ig, we can build a conjecture for integral I,,.

Indeed, we obtained

| _j dx
YT ) xt+1
1 2 . T 1
1 T x—; X +2xst+1
= —sin— 2tan‘1—n+ln = + const
4 4 2 sin— x2 —2xsin—+1
4 4 |
1 2 11
1 T X = X +2xcosZ+1
= —cos—|2tan?! = +1n T + const
4 4 2 COS —+ x%2—2xcos++1
) )
And
| _j dx
87 J x8+1
1 T x—l x2+2xsin%+1
=—{sin=[2tan"'—=% +1In -
8 8 25in§ x2—2xsin§+1
1 2 1
T X —= X +2xcos§+1
+ cos—|2tan~? J;I+ln = + const
8 ZCOS§ x2—2xcos§+1

With regard to above integrals, if we put

1
t)=t|2t ‘1x_E+l Xttt
me = an 2t n x2—2xt+1

Then we can re-perform

I—J dx _1 ( T[)+ t—l ( TE)+ ;
4 = x4+1—47] Sln4 cons —47] COS4 cons

As well as

Ig = fxgd-t 1 = %[n (sin g) +1n (cos g)] + const

_1[( n)_l_( Bn)]+ ;
=3 n cos8 n |\ cos 3 cons
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Before building the conjecture, we perform the factoring:
x1+1=x"+2x8+1—2x8
= (x®+1)% — 2x®
= (x® —V2x* +1)(x® + V2x* + 1)

T 3w
_ (.8 _ .4 n 8 _ 9.4 or
—(x 2x cos4+1)(x 2x* cos 7 +1>
T 3T
=(x8+2x4+1—2x4—2x4cosz) (x8+2x4+1—2x4—2x4 COST)
— 4 2 4 E [ 4 2 4-( 3_7-[)]
—[(x +1)% —2x (1+cos4)] (x*+ 1) —2x*|1 + cos 2
TN 2 3m\ 2
= [(x4+1)2—4x4 (cos§) ”(x4+1)2—4x4 (cos?)]
(4 _ .2 n 4 2 n ( 4 _ 5.2 3_” )
—(x 2x c058+1)(x + 2x cos8+1)x 2x cos8+1
3
<x4 + 2x? cos 2 + 1)
T 31 5
= (x4 — 2x? cosg + 1) (x4 — 2x? cos + 1) (x4 — 2x? cos?+ 1)

<x4 — 2x? cos7—ﬂ + 1)
8
It is necessary to perform the above transformation in order to put the
following function:
((t) =x*—2x%t+1

Returning to the factoring:

For{(z):
8
TN 4920 F
((8)—x 2x cos8+1
4 2 2 2 n
=x*4+2x“+1—2x°—2x cos§

s
— (42 2 _ 9.2 -
= (x*+1)*—2x (1+cos8)
2

= (x% 4+ 1) — 4x? (cos 116)

= (xz — 2xcosln—6+ 1) (xz + 2xc051£6+ 1)
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For ¢ (3?”)
R¥[4 3

— ) =x*—2x%cos—+1
((8) X xC058

3w
=x*4+2x%2+1—2x? —2x2cos?

3n
= (x% 4+ 1)? — 2x? (1 + cos?)

37\ 2
= (x2+1)% -4 2( _)
(x“+1) X COS16

—(2 2 37T+1)(2+2 3”+Q
=1\Xx XC0516 X XC0816

For((%ﬂ):
(57‘[)_ 4oy 57T+1
¢ 3 =X xc058
4 2 2 2 St
=x"+2x*+1—-2x°—2x cos;
5t
=(x2+1)2—2x2(1+cos?>
51\
— 2 12_4 2( _)
(x*+1) x*|cos T~
—(2 2 5”+Q(2+2 5”+Q
=\{x xcos16 X xcos16
For{(%”):

(7n)_ 4_ 92 77T+1
¢ 3 =X xc058

7T
=x*+2x%+1—-2x? —2x2cos?

7m
= (x?+1)% — 2x? (1 + cos?)

7m\>
= 2+12—42< —)
(x ) X cos16

—(2 2 ZE+1)(2+2 ZE+0
=\Xx JCCOS16 X XC0516
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Thus,

3
2k + )7 2k + 1)m
x16+1=1_[ x2—2xcos¥+1 x2+2xcos¥+1
L | 16 16

2k +1 2k +1
(xz —2x sin%+ 1) (xz + 2x sin%+ 1)]

3

1]

k=0

Considering fucntion n(t):

1

X —— x?+2xt+1
=t|2tan ! —X + In[ =V—"—
n(®) Mo +n<x2—2xt+1>

We obtained

I—J dx _1 ( T[)+ t—l ( TL’)+ ;
4 = x4+1—477 Sln4 cons —47’] COS4 cons

As well as

Ig = fxgdi 1 = %[n (sin g) +1n (cos g)] + const

-3l o )] cons
=3 n |\ cos 3 n | cos 3 cons
. T . - T . T 3n
For integral 1, S isanarc that is less than - For integral Ig, 5 and ~ are odd
multiples of% and also less than g Coincidentally, for integral I,¢, arcs of 1—”6

3w 51

7 .
=, = and f have appeared and are all odd multiples of % and also less than g

The result remains consistent through another way of factoring as follow:
T
x* + 2x? cos§+ 1
T
=x*+2x2+1—2x? + 2x? cos ¢
A
— 2 2 _ 2 — —
= (x*+1)*—2x (1 cos 8)
T \2
— 2 2 _ 2 in —
= (x*+1)* —4x (sm 16)

= (xz - 2xsin1n—6+ 1) (xz + 2xsin%+ 1)

—(2 2 7n+1)(2+2xcos7n+1)
=[x X cos = X T
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As well as
3
x* 4 2x? cos; +1
3w

=x4+2x2+1—2x2+2x2cos?

3
= (x?+1)% — 2x? (1—005?)
3m\?
— 2 1 2_4 2(' _)
(x=+1) X sm16
—(2 2 '3E+Q(2+2 '3n+Q
=|x x sin—— x x sin

—(2 2 5ﬂ+0(2+2 5”+Q
=1|x XC0516 X XC0516

Based on above presentation, we enable to build the conjecture:

| _f dx
167 | x16 +1

1 T - 3m 51 7
= 16 [n (sm —) +1 (sm —) +1n (sm —) +1n (sm —)] + const

16 16 16 16
_ 1[ ( n)_l_ ( 3n)+ ( 5n>+ ( 7n)]+ .
—16ncos16 ncos16 ncos16 ncos16 cons

Once the conjecture appears, what we have to do is proving that conjecture is
true, in other words, we have to derive the predicted result. That is the reason

why this section is named “integrating by deriving”. Indeed, forming:

= s ) s 0 ) s )
16(x) = 7o [n{cosTo) +ncos= ) +n{cosT~)+7|cos =

3 1
_12 Qk+ Dm 2 tan-1 X—5
“16L.°°7 16 an 2k + Dn

k=0 2 COoS————
16
x% 4 2x COSW +1
+ In
QRk+ Dm

2 _ \eh T K
X 2X CcOoS 16 +1
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1

2k + D\’ 1 . X%
COS tan™

16 Qk+ Dm Rk + Drm

2 cos 1—6 2 C051—6

1 x2+2xcosw+1

In
4COSW x2—2xcosw+l

+

Deriving the function F; 4 (x):

It 2k + Dn | :
Fle(x) = Z,Z(; (cos T > l(x 3 %)2 » (COS 2k + 1)77)2
)

(x + %)2 —4 (cos W)ZJ

—

1 2k + D\’ X% +1
=ZZ T 16 2k + D)2
x4+1+<4(cosTn) —2>x2

x%—1 ]

N
x4+1+<2—4<cosW) )sz

_123: 2k + Dr\? X241
— 2L\ 16 2k + Dr
3

x*+ 1+ 2x2% cos

x? -1

Qk+ D

x*+1—2x2cos 5
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1 T\2 x2+1 x? -1
= - (cos—) == =
4 16 x4+1+2x2cos§ x4+1—2x2cos§
+( 37‘[)2 x?+1 x? -1
CcoSs — —
16 _x4 + 1+ 2x2 cos% x*+1—2x2%cos ?%T
+( Sn)z x>+ 1 x% -1
cos— —
16 _x4 + 1+ 2x2 cos% x*+1—2x2%cos 5%
+( 7n)2 x> +1 x% -1
cos16

_x4 + 1+ 2x2 cos 7;

x*+1—2x2 cos%r_

2
Due to properties (cos8)? = [sin (g — 0)] and cos(mr — 0) = —cos 6, we

continue to perform the derivative as follow:

T \ 2

x>+ 1

1—x?

F{¢(x) =% (cos E)

i
u
+

371)2
coS 16

] 3n)2
sin—~

sin 116)2

x*+ 1+ 2x2 cosE

+
8

x* +

92 n
1-2x cos8

x?+1 1 — x?

4 2 37'c+ 4 ’ 3w
x*+14+ 2x cos? x*+1-—2x cos?
x?+1 1—x?

3t

_x4 + 1 — 2x2cos )

x> +1

x*+ 1+ 2x2 cos%

1 — x?

_I_

x*+1—2x2 cos%
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1 (cos 16) (x2+1)+ (sm 16)2 (1—x?)
4 x*+ 1+ 2x? cos

ool

(cos 1”—6)2 (1—x2)+ (sin%)2 (x2+1)

4+1—2xzcos%

+

(Cosi6) (x? +1)+(sm ) (1—x?)

+ 3T
x* 4+ 1+ 2x2 cos 5

2

(Cosi—g) (1- 2)+(sm ) (x?+1)

x*+1—2x2 cos%r

+

2 T ) A 2 3_7'[
=1 1+ x c058 N 1—x cos8 1+ x° cos 3

4 x4+1+2x2cos% x*+1—2x2%cos

+

4 3w
= 4 2 2
3 x*+14+ 2x cos8

1 — x? cos%r

+

x*+1—2x2 COS%T

In the above, we have applied properties (cos8)? + (sinf)? =1 and
(cos 0)? — (sin 8)? = cos(28).
Returning to F{,(x):
1 1 1
Fig(x) = —

+
4 x4+1+2x2cos%

x*+1—2x2 cos%

T 1 1
+ x% cos— -

8 x4+1+2x2cosg x4+1—2x2cos%

1 1
+ 37T+ 3T
x4+1+2x2cos? x4+1—2x2cos?
3 1 1
+ x? cosz -

x*+ 1+ 2x2 cos%r x*+1—2x2 cos%
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T 2
1 2(x* + 1) 4x* (COS §) s 2(x* + 1)

4x8+1—2x4cos% x8+1—2x4cos% x8+1—2x4cos%Tn

2
4 n
4x (cos8)
x8+1—2x4cos%Tn
4 m\?
1 x*t+1 2x (COSg) xt+1
=§ T 7T T
x8+1—2x4cosz x8+1—2x4cosz x8+1+2x4cosz
2
4 n
2x (cos8)

x84+ 1+ 2x* cos%

_ —x“ +1—2x* (COS g)z s x*+1—2x* (cos %T)z

x8+1—2x4cos% x8+1+2x4cos%

N =

N =

1 1
- (x4+1)< + )
x8 —V2x*+1 x8++2x*+1

(COS %)2 N (COS 3?”)

x8 —V2x*+1 x8++2x*+1

2

— 2x*

Flle(x)

1{2(x*+ DB+ 1)
x16 +1

2x* ((cos %)2 (x® +V2x* +1) + (COS %T)Z (x® —Vax* + 1)>

x16 +1

(* + 1B +1) —x*(x8+1) — \V2x8 [(COS %)2 _ (Cos 3@”)2]

Fig(x) = 16+ 1
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x8 +1—+/2x8 [(cos %)2 — (sin %)2]

Flo(x) =
16 (x) x16 +1
x8 +1—+/2x8 cos%
Flo(x) =
16(x) 16 + 1
1
Flo(x) = ————
16(x) 16 1 1
Thus,

— x —
116 = xl6—+1 = F16(X') + const

In a full expression:

| _f dx
167 | x16 +1

1w 2k+1) x -2
_ L T ~1 X
- 162 cos— g [2tan 2k + Dn
k=0 2 coS————
16
x% 4 2x COSW +1
+ In + const
x2% —2x COSM +1
16
It is noticeable that:
1 2 T
dx 1 T X —= X +2xcosZ+1
4=f4—=—cos— 2tan~?! < +1In - + const
x*+1 4 4 2cosg x2—2xcosZ+1
And
dx
o[
x8+1
v~ (2k+1) x -1
_ 1 n —1 X
- 82 €0S™g 2 tan 2k + Dn
k=0 2 cos—g——
x% 4+ 2x cos(2k+1)n +1
+ In 2k + D + const

x2 —ZxcosT+ 1

Those results bring back a key point for us to build a generalized conjecture,

which will be discussed in the nest section.
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6.

N = 2": The Symphony No. 2"
6.1. Overtune

Based on calculated integrals 1,, Ig, and I;, as presented in previous sections,

we enable to predict a conjecture for the generalized problem, i.e.

| _f dx
2T ) 1 a7

271—2_1 1
1 Z Rk + 1m 2 tan-1 X =
—on T an 2k + Dr
k=0 2 COSZ—n
x% + 2x COS(21<2+1)71 +1
+ In PP 2k + Dr + const

57 +1

As an overtune, we shall discuss: why 272 — 1?

Firstly, the process of factoring gives us:
x"+1=0ex=-1ox¥ =cost+isinm

Of which w (w € C) are roots of equation w?" = —1, we get:

m+k2r = w4+ k2m R
Wy = COST-I-lSlnT (k=0;2"-1)
QRk+1)r  QRk+Dm .
= cosz—n+ Esin——72— (k=0;2"-1)
By definition,
2Q"-1-k)+1lr = [22"—-1—-k)+1]n
Wyn_q_ = COS on + 1 sin o
@ml—1-2knr @' —-1-2Kk)n
Wyn_q_ = COS o + i sin o
Qk+ Dm] 2k + D
Wyn_q_ = COS |2m — —omn + isin |2m — —Qon
QRk+1)nr  QRk+Dm
Won_q_p = cosz—n — Lsmz—n
Consequently,
QRk+ Dm
Wi+ wWyn_q_p = 2 cosz—n
— 0N —
Qk+ D> [ @k+Da]? | *=02Z-D
WrWon_q1_ = cosz—n + sz—n =
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According to Vieta’s theorem, w; and w,n_,_ are two roots of the equation:

2k + D)~
x2—2xcos%+1=0
Thus,
271
- 5 QRk+ Dm
xc +1= 1_[ x¢—2xcos————+ 1
2n
k=0

In the above process of factoring, there is a total of 2™ elements, from element
k = 0 to element k = 2™ — 1. In those 2™ elements, it is optional to choose any
element k and then element 2™ — 1 — k. Therefore, no matter how element k is
chosen, either from element k = 0 to element k = 2"~1 — 1 (i.e. k belongs to
the front half of total 2™ elements), or from element k = 2"~ to element
k = 2™ —1 (i.e. k belongs to the back half of total 2™ elements), the result of
determining k and 2™ — 1 — k remains unchanged. This symmetric property is
just like Ck = ¢k,

This is so-called the Symmetric proposition for 2™ elements. As illustrated
above, k is chosen in the front half, i.e. from element k = 0 to element
k=2"1—-1,

Besides, putting

QRk+ Dm

o +1 (k=0;2"—-1)

P.(x) = x* — 2x cos

Then by definition,
221 —1—-k) +1]n
[2( ) ] l

Pyn-1_;_,(x) = x* — 2x cos

on
Pyn-1_y_ (%) = x* — 2x cos (2%~ ;n_ 2k)n +1
Pyn-1_;_,(x) = x* — 2x cos [n — (21€2+1)7T] +1
Pyn-1_q_,(x) = x% + 2x cosM +1

21’1
Applying Symmetric proposition for 2"~ elements, for k chosen from the front
half (i.e. from element k = 0 to element k = 2"~2 — 1), we can rewrite thee

factoring result as follow:
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2n721

n 2k+ 1)m 2k+ 1)m
x* +1= 1_[ [xz - 2xcos(—)+ 1] [xz + 2xcos¥+ 1]
2" 2n
k=0
Above discussions are the first answer for the question: why 2"~2 — 1?

Secondly, looking back to calculated integrals 1,, Ig, and I, and considering

the function

1
xX—= X2+ 2xt+1
n() =t|2tan'—=ZX +In (—)

2t x?—2xt+1
Then
I, = Jx‘}d% = %n (sin%) + const = %n (cos %) + const
Ig = fxgd—il = %[n (sin g) +1n (cos g)] + const
1 s 3
= g [n (cos §) +1 (cos ?>] + const
And

| _f dx
167 | x16 +1

_1[(_n)+ (_3n>+ (_5n)+(_7n>]+ ;
—1617 sm16 nsm16 nsm16 nsm16 cons

_1[( n)_l_ ( 3n>+ ( 5n)+ ( 7n)]+ .
—1617 cos16 ncos16 77cos16 ncosl6 cons

Hence, we could build a conjecture for the generalized integral as follow:

k k
1—f dx —120(' )+ t—lzo( ) + const
n = 1+x2n—2nk_on sin ;) + cons —znk_or] cos ay) + cons

Besides the fact that k > 0, the supermum of k should satisfy that

@+ DT T o1 < gn
= <-o
on 2

In other words, let k, be the strongest number such that k < k,, we get:

2kg+1=2"1—-12k,=2"1-2c k,=2"2-1

124%

This is why the summation is from elementk = 0to k = k, = 22 — 1,

Conseuently, the generalized conjecture is true for 22 -1 >0 & n > 2.
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6.2. The Symphony
l. Molto Allegro
We shall prove that:

| _f dx
A L

om—2_ 1
1 Z Rk + Dr 2 tan-1 XY=y
~om €8T n an 2k + Dr
k=0 2 cos om
x% + 2x Cos(Zkz;nl)n +1 ( )
+ In +const (mMeEN,n=>2

x? —2x cos(2k2+1)n +1

Denoting:

x?+1
{(H(A) - jx‘* +Ax?2+1 dx

_ x?—-1
k14(/1)=]x4+/1x2+1dx

Of which A is a given real number.

ForA = —2cos@:

1
x%+1 I+
IZ(—ZCOSH):] 2 > dx:f X dx
x*—2x“cosf+1 x2_|_x_12_2c059

x_%)2+2—2cost9_ (X_%)2+4(Sin%)2

4(x-3) A(x—3)
j(

9 X ==
=1}(—2cosf) = Ecsc—tan‘1 X

+ const

2 .
251n7

And
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1_(2 9)_j x2 -1 p _f 1_F d
A cosb) = x* —2x2%2cos6 + 1 *= x2+i—2c059 ’
X2

d(x+%) _ d(x+%)
f(

2

x+l)2—2—20050 (x+1) —4(cosg)

2

X X

1 0 x+%—2005%
—Zseciln

+ const

1
x+z+20057

1 8 x2—2xcos%+1

= —sec—1
seczn

+ const
4

x2 +2xcos%+ 1

Forming the function F,n(x) as follow:
an (x)

17 @kt 1) x -1
. 1
- - z cos————|2 -1 X

o tan L Qk+ D
k=0 2c 0S~——>n

Qk+ D
zn
Qk+ Drm
271

x% 4+ 2x cos +1

+ In + const

x2 — 2x cos +1

Of which

2k +1 __
ay = 2k + Dn )” (k=0;22-1)

Where arcs «ay, are all odd multiples of z_n and less than g Thanks to above

results of I (—2cos®) and I;(—2cos@), the function F,n(x) could be
transformed as:

Fon(x)

COsT o an @k + D
k=0 2 COS~——n——

2k + Dr x2+2xcos(2kz+1)n+1
teosTon I 2k + Dn
x? —2x cos~——z—— + 1

1
1 Z N T

+ const
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Fon(x)

k=0 2 sin

1 2k + 1m
N (2k+1)7-[l x+§+2005% N .
cos o n 1 2k + Dr cons
x+;—2cosz—n

271-2_

1 1(_ (2k+1)n>2 Qk+Dm_ . x—%
Z E Sin———| csc——tan

2n=2 2n 2n . 2k+Drm
k=0 sin ~——=7—"—

1
1/ @k+Dr\° Qk+1Dr  |x+5+2c08 "7
+ 7 cos —on sec on In 1 2k + D

X+ x 2 COS——7——
Il. Andante

This movement presents the derivative calculation of F,n(x):
Fan(x)

2n—2_1

1 Z 1/ (k+Dr)’ Qk+Dm . X%
~gnz 2\> T n ST BT 0k + D
k=0 SIN——7—

1
2 cos o sec o n 1 2k + Dr cons
x+2- 2 COS~——n——

- =Y (sin(z"“)”)z( (1+5)

2n 1)’ - (2k + Dm\?
x—;) +4(51n2—n)

+ (cos (2k + 1)n>2 (1 B x_lz)
(

2 2
x + 1) —4 <cos —(Zk + Dn)
X
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len (.X)

1 z_ ( 2k + 1)n>2 (x2+1)
= sin
2" k=0 2" x*+1—2x? cos(2kz,+11)n
.\ (COS (2k + 1)n>2 (1—x%)
2" x*+1—2x? COS(Zan;_il)n

2n—2_4q QRk+ Dm

e 1 1 —x* cos=—7—
n\X) = n-2 z
2 k=0 x*+1—2x2 COSM

2n—1
Let
2k + 1) -
k =(ZTl) (k=0;2n2-1)
By definition,
B [22" 2 —-1—k)+ 1]n
ﬁz”‘z—l—k - zn_l
B 1t —-1-2krn
Bon-z_1_y = on-1
B Rk+ Dm
Bon-2_q_j =T — ot
Bon-2_q_ =T — Py
Which implies:

cos(Bon-2_1_p) = — COS B
Applying Symmetic proposition for 2"72 elements, choosing k and then
determining 2"~2 — 1 — k does not depend on the position of k in a set of 272
elements. Accordingly, this set could be separated into two halves, the front
contains 2™3 elements from k = 0 to k = 2"3 — 1, and the back contains
2™~3 remaining elements from k = 2" 3 to k = 2"% — 1.

Following up the above transformation:
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len (X)

1 1—xzcos(2k2n;_11)ﬂ

n-2
2 k=0 |x*+1—2x2 cos(Zkzn;_ll)n

1+ x? Cos(Zan;_ll)n

x*+ 1+ 2x? COS(Zan;_ll)n

+

len (X)

1 1

n-—2
2 k=0 |[x*+1—2x? cos(Zkzn;_ll)n

1

x*+ 1+ 2x? cos(Zkzn;_ll)n

QRk+ Dm 1

2n—1

+ x? cos

x* + 1+ 2x? cos(Zkzn;_ll)n

1

x*+1—2x? cos(Zkzn;_ll)n

2
21 (xt + 1) — 4x? (cos —(2](2:__11)”>

=
-2
2" k=0 x84+ 1—2x* cos(zgn;_zl)n

2
2n3-11 4 x* [1 -2 (cos M) ]

len (X) =

2n—1

1

len (X) = on-3

k=0 x84+ 1—2x* cos(zgn;_zl)n

2k + Dm

2n—2

k=0 x8+1—2x* cos(Zan;_zl)n

2n3-1
1 1—x*cos

len(X) = on-3
Here come the arcs of
B QRk+ Dm

Yk n—2

(k = 0; 775 = 1)
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I1l.  Menuetto
This movement reveals whether there is any relations between a;,, B, and yy.

Putting

2nm—y

= 2
on-m co Rk + 1)m

Zm _ 2m—1 \&en T 2Jit
k=0 x“ +1—2x S Sn—m+1

2n—m+1

1—x

me(X) =

Forming ¥,,(x), we may rewrite:

, 1 i N QY COS(2k2+11)n
an(X) = lpz(x) = on-2 (Zk + 1)7'[

k=0 x*+4+1—2x2%cos =T

As well as
Fon () = W3(x) = 77 2k + Dn

k=0 x84+ 1—2x*cos =2
It is importantly noticeable that:
Fyn(x) = ¥, (x) = ¥5(x)
Before using this notification, it is necessary to ensure that m € N and:

{ mz=2 {mZZ @{anZ e2<m<n

2mm —1>0 2mm >1 -m=0
Due to W,(x) = W;(x), there should be a question on the relation between
¥, (x) and W, (x). If this relation actually exists, it is the key to clinch the

generalized integral.

Expressing:
B 1 et 1— x2" cos —(Zl;n-lii)ﬂ
Vi1 (X) = 55— Z
2 co x2™ 4 1 — 2x?" cos(zgn;_,%)n

Now, we shall prove that ¥,,(x) = ¥,,.,(x) form e Nand 2 < m < n.
Denoting:
3 2k + D

kE— on-m+1

(k= 0,777 =)
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By definition:
22" ™ —-1—k)+ 1]n

Pan-m_1k = n-m+1
@™ -1 -2k
Pon-m_g_p = on-m+1
Rk + m
Ponmogog =T = o

pon-m_1_ =T — Py
Which implies:
cos(pan-m_y_i) = — cos Py
Applying Symmetric proposition for 2™~ elements, we may transform:

1 1—x n—m+1
¥ () = 5 2 2k + Dn

m _ 2m1
k=0 x< +1-—2x 0S “Sn=m+1

2mMm_q

W ()
e =0 |x?™+1—2x2"" s—(zzlfl *,'n}z"
.\ 1+ x? COS(ZZI;;mHTC
x?™+ 1+ 2x27" c s—(zzlfl ;}F
W ()
1 e 1
K k=0 [x2" 41— 2x2" s(zzlfl;m}rzn
N 1
x2™ + 1+ 2x2" " c s—(zzlfl ;}F
2™ cos 2k + Dm 1
2\ 1 4 202 s—(zzlfl _tnﬂn
1
) x?™ =1+ 2x7" " co —(22151 ;2”
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1 2nmin Z(me+1 + 1) — 4x2" (cos

2k + 1)n)2

2n—m+1
0 = g G ™ 1 - 2xm cos BT
; LA x2" [1 -2 (cos —(22]7{1——;12”) ]
() = o5 IZ; L2 L] _ g2 (21;:1711)71
1 2n-m-1_4 1 — 52" (2]§n+n11)7t
W, (x) = on-m-1 kZo 2™ 4] — 242 o (21;7;1—1711)7T

m(x) = m+1(x)
So, we have proved that ¥,,,(x) =

This results in:

Y 1(x)formeNand2 <m < n.

1 n €N
Fin () = 9,00 = W5(0) = -+ = Wy (1) = W00 W) 2
Therefore, QED is obtained as per the expression of ¥,,(x). Indeed:
n-n_ n- (Zk + 1)7'[
() = — Ayl i
X) = n—-n z
2 =0 x2"+1-—2x2"""c —(2212-:31)”
Y, (x) = Z
=ox?™ +1—2x2""" cos @+ )m ; L
1—x2"" cos%
l'Pn(x) Bl 1 T
x?" +1—2x? cos
00 =
As
_ meN
Fijn(x) = ¥ () = 1
Which means:
dx neN
an(X') = f—xzn n 1 V?’l{n > 2
QED.
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IV.  Allegro assai
The proof is granted upon the completion of Movement Il — Menuetto. The

conclusion is presented in Movement IV — Allegro assai.

We have proved that

dx
Fyn(x) = jm v (1S
Which means
dx
fr = f T+
—— 1
=i Z COSM 2tan™?! " X
2" k=0 2" 2COS—(2k2-I;11)TC
x? + 2x cos(2kz+1)n +1
+ In 2k + Dn + const (n€ N,n>2)

x? = 2xcos——z——+1

This is such a beautiful expression, which could also be written as

| _j dx
A L

17 e+ x -2
. 1
Z cos——— |2 tan™! X

=5 2n Ck + Dn
k=0 2 COS=——5n——

x% + 2x cos(Zkz;nl)n +1
os (2k2-|;11)7r

1

1 2k + 1) xX—=

In = — z 2 cosgtan‘1 X
2n 2n

k=0 2 COS~——n——

+ In + const

x2 —2xc +1

2k + 1)711 x% + 2x cos~——7—— +1

+ cos n
2n x2—2xcos(2kZ;n1)n+1

+ const
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15« 2k + 1) x
- 1
I =0 Z 2 sin—————tan"! X

n
k=0 2 2 sin —(2k2-I;1)7T
1 2k + )m
N (2k+1)7-[1 X+E+2COS% N .
CoS on n 1 (Zk n 1)7_[ cons
X+=—2Cc0S——57—"—
2
Furthermore, we may denote:
( x _%
=2tan™ ——==
fiox) = 2tan™ o
3
x + % + 2cosf
dey(x) =1In
L X+ —2cosb
Then the result of I,» could be expressed as:
L j dx
N L
221
1 - k+Dm 2k + Dm
Ipn = > z sin ———— f@k+nm\ (x) + c0s ———— g2+ 1) (x)
L [ e 7o)

+ const
Of which, n is an integer and n > 2.
6.3. Encore
Looking back, what we can find may be the beauty of the generalized integral
as well as its solution. Of which, the key for us to reach the treasure should be
function W¥,,(x). Accordingly, the relation ¥,,(x) = ¥,,,,(x) is just like a
bridge to heaven.
Interestingly, although W,,(x) is an x-variable function, the gold is found
thanks to m. We seemed to perform the integration by substitution from
variable x to variable m in order to reach the goal. Indeed, the technique of
integration by substitution has been performed in this paper. However, the
substitution from x to m is truly the game-changing move.
Besides, with the relation between ¥,,(x) and ¥, (x), we may comment that
the generalized integral in this section is calculated based on integration by

substitution and mathematical induction.
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Generalization:N =2s+1 (s € N*)

This section discusses on the generalized integral I, ;:

dx
IZS+1 = jx25+1 + 1 (S € N+)

In the introducing section, integral I; was calculated as follow:
j dx _1<.[ dx +f —-x + 2 d)
x3+1 3\ x+1 xz—x+1x

1 dx —2xcos3+2
=z j +j dx
3\J x+1 x2—2xcos3+1

In Sub-Section 3.2, integral Is was calculated as follow:

dx
IS:Jx5+1
1 dx —x3+2x2-3x+4
=§(fx+1+jx4—x3+x2—x+1dx>

1 dx —2x cos5 +2 —2Xx cos 35 +2
== j +] 7 dx+j 3 dx
>\Jx+1 x? —2xcosg+1 x2—2xcosTn+1

Based on above results, we may build a conjecture for integral I, as follow:
dx
Irs41 = x25+1 41

1 Yo (=1)P(2s — p)xP
2541 .fx +1 f =0(—1)qxq dx)

1 —2x cos + Dr +2
_ f Z f 25 +1 dx
2s+1 x+1 (21+1)7r+1
2s+1
Therefore, it is supposed to prove the following so-called 2s + 1 equality:
<+ —2xCoS (22] ++11)n+2 2s +1
= Vx € R\ {—1}
(2] + 1)71- x2s+1 4+ 1

=0 x? — 2x cos +1

2s+1
Let complex numbers w; be roots of the equation x***! 4+ 1 = 0. Factoring:

w25+1

r —1=cosm+isinm
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e A P 2sv1 U=0:29)
By the the property of complex conjugates:
(4s—-2j+1)mr (“s—-2j+m
Wops—j = COS 25 + 1 + 1 sin 75+ 1
[4s+2—-Q2j+D]r = [4s+2-(2j+ D]n

- o8 25 + 1 Fisin 2s + 1
= Cos[2n—wl +isin[ n—wl

2s +1 2s+1

25 + 1 ST
Therefore, we get:

2j+Dm
{wj + wys_j = 2COSZS—+1

In other words,

2j+Dr

x? —2x COSW-I- 1= (x — a)]-)(x — wZS_j)

Generalizing:

2s
x5t 41 = l_[(x = wj)
j=0
Considering function L(&) as defined in Sub-Section 3.1:

L(6)—f —2xcosd + 2
) x2—2xcosS+1 x

The partial fraction decomposition method requires to find two real numbers A
and B such that:

—2xcos—(22]S |11) + 2 A B
(2j+ Dm X—w X—wo x€C\{ i 25—j}
2 _ = J 25—j
x“ — 2x cos s T 1 +1

The above results in:

2j+n

A(x - wZS_j) + B(x — a)j) = —2x cos s+ 1
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_ (2j + D
< (A+B)x — (Aa)ZS_j + Ba)j) = —-2x COSW

Which leads to the system of equations:

A+B=-2 (j + Dm
= —-2c0s————
2s+1 © (4B) = (—wj; —w,_))
Awgs—j + Bwj = —2

Returning to prove the 2s + 1 equality:

2j+ rm
2s+1 T2
(2]+1)7T
2s+1

Q2j+Dm

—2X cos + 2
_I_z 25+1
Tx 1 rd (x—wj)(x Was-)

_O)S (l)] (1)25 ]
X — Wg X— W X— Wy

j=0

s—1

+

—2Xx cos

j=0x?—2xcos—5———+1

j=0
2s
1
=2s+1-— xz
= X — (,l)]
Jj=0
d
520(" - ‘Uj)
=2s+1—x s (x—w-)
j=0 J

d_y 25+1
X 75 (x +1)

=2s+1- 1
25+1
=ZS+1—(ZS+1)W
2s +1
st 1 q

QED. This leads to the following result of the generalized integral I, ;:

En.50



dx
Iys41 = jm
2j+ D=

s—1
_ 1 f dx +ZJ —ZXCOSZS—H-i'Z dx
2s+1() x+1 <« 2 _ 9 (2j+1)”+1
j=0 X xCOS—ZS-l-l

( s—1 i
1 dx 2j+ D=
- <] +y LT
2s+1 x+1 £ 2s+1
\ J=0
p
! In|x + 1]
= )
2s+1) %
\
s—-1
N 2j+ rm 2_ 2j+
_ 2s+1 \F TS
Jj=0
2j+rm
_(2j+Dm XS F1
+ 2 sin > 1 t 2+ Dn + const
2s+1

On the other hand, the above generalized result could be rewritten under

complex logarithms as follow:

dx
IZS+1 = fx25+1 + 1
s—1 (2] + 1)77:

_ 1 .’- +z —2XCO0S~—5 /55— TEE +2 »
2s+1) |x+1 (2j+ Dm

2
-0 X% — 2x COS s+ 1 +1
28
- Z— dx
2s +1 i X — W;

j=0

28

Z[—wj ln(x — wj)] + const

T 25 + 14
]:

Noticeably, the above expression is also true for s =0 and help build a

conjecture for integral 1,,- which will be discussed in the next section.
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Generalization: N = 2r (r e N;r > 2)

This section discusses on the generalized integral I,,:

dx

Reminding the partial fraction decomposition for integral I, as presented in
Sub-Section 2.1:

11 —\2x + 2 V2x + 2
=2l

+
x*+1 2 _\2x+1 x24+V2x+1
1 —2xcos%+2 —2xcos:%n+2
4 x? —2xcosz+1 x2—2xcosTT[+1

Besides, based on results of integrals Ig and I, as presented in Section 4 and
Section 5, respectively, we enable to predict the so-called 2r equality as
follow:

QL+ Drm
—2x COST-I- 2 2r

= 2r
z=0x2—2xcosw+1 T +1

r—1

Vx € R

Let complex numbers w, be roots of the equation x*” + 1 = 0. We get:

w?" =—-1=cosm+isinm
21+ )m 21+ m _
S w; = cos¥+isinu (l=0;2r—1)
2r 2r
By the the property of complex conjugates:
B (4r—2l—1)n+_ . @r=21-Dm
Wyp_1-] = COS o [ sin >
[4r — 2L+ D]r ~  [4r— QI+ 1D]n
= CoSs + 1 sin
2r 2r
21+ )rm 21+ )m
= CoS 271—g + i sin 27r—u
2r 2r
QL+Dnr . Ql+Dnm
= c0s——— — [sin———
2r 2r
The above results in:
2l+Dr
{wl + Wopqy = 2 oS ————
W War—1 =1
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In other words,

21+ 1)
—2x cos% +1=0(—w)x—wy_1-1)

x2

Generalizing:

2r—1
x4+ 1= H(x—a)l)
j=0

Similar to the calculation as performed in Section 7:

r—1 QL+ Dm
—2X CcoS o + 2
QL+ Dm
2 A —
1=0 X 2Xx coSs o7 +1
r—1 2L+ D

—2x COST + 2

= (x — w)(x — wzpr_q-p)

— W —W2r_1-1
X =W X~ W1y

oot — wy)
x%(xzr +1)

X% +1
2rx?"
S x¥ 41
2r

T+ 1

QED. This leads to the following result of the generalized integral I,,:

= 2r —

= 2r
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dx
lor = J-xzr +1
QL+ Drn

1 —2xcos———"—+2
= —f Z 2r dx
2r QL+ Dm

2 = 7
=0 X 2Xx coS 5 +1

1 riL QL+ D
T 2r 2r
1=0
r—1
1 QL+ Dm 2L+ Dm
= —Z —cos—————1In|x? - 2xcos————+1
2r 2r 2r
1=0
21+ 1
+ 2si (ZHDﬂt 27 cos! Zr) + t
sin > an - 2+ D cons
2r

The above result is true for N are even numbers, including the case of integral
I,n as presented in Section 6. On the other hand, the above generalized result

could be rewritten under complex logarithms as follow:

dx
lor = jx2r+ 1

1 -1 —2x cos @i+ D ;_ m + 2
= r dx
2r =0 x% — 2xcos%+ 1

2r—1

1 —w;

= — z dx

2r X — wy

1=0
2r—1

1
= — Z [—w; In(x — w;)] + const
2r e

The above result is also true for r =1, which results in an interesting

consequence:

i x+1i
—ln< )—tan X = const

X —1

En.54



Conclusion
From the results as obtained in Section 7 and Section 8, we get the following

generalized integral:

dx
Iy zf—1+x"’ (N e Nt)
N-1

1
=3 Z [—w, In(x — w,)] + const
z=0

Of which w, are roots of the equation xV = —1, i.e.
z+1)nr = Qz+D=m (2z+1)in

wz=cosT+LsmT=e N (z=0O;N-1)

Besides, for positive integer N, we can also develop the integral as follow:

I_j dx —]de—ljdx—ll
N Tre v ) T8 T 14+ xN N

In other words, we enable to solve for the case that N are integers (N € Z).

The final result of the generalized integral is fairly obvious with a solution
which is not so complicated. However, in order to find that result, the author
has dealt with a process of calculation as detailed from Section 2 to Section 6.
Introducing this paper, the author wishes to share the message “glory presents

not only at the destination, but also throughout the journey”.

En.55



