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ઢ࢔ = ተ
ተ

૚ ૛ ૜ ⋯ ࢔
૚ ૛૜ ૜૜ ⋯ ૜࢔
૚ ૛૞ ૜૞ ⋯ ૞࢔
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૚ ૜૛ି࢔૚ ⋯ ૚ି࢔૛࢔

ተ
ተ ࢔, ≥ ૛ 

Find: 

ષ = ܕܑܔ
ஶ→࢔

൬
ઢ࢔ା૚

ା૚࢔૛࢔ ⋅ ઢ࢔
൰ 
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Solution 1 by Marian Ursărescu – Romania 

First, we will prove ઢ࢔ = ૚! ⋅ ૜! ⋅ … ⋅ (૛࢔ − ૚)! (૚) by mathematical induction. 

For ࡼ(૛):ઢ૛ = ቚ૚ ૛
૚ ૛૜ቚ = ૟ true. 

Let (࢔)ࡼ true and we will prove ࢔)ࡼ + ૚) 

Let (࢞)ࢌ = ተ

૚ ૛ ⋯ ࢔ ࢞
૚૜ ૛૜ ⋯ ૜࢔ ૜࢞
⋮ ⋮ ⋯ ⋮ ⋮

૚૛࢔ା૚ ૛૛࢔ା૚ ⋯ ା૚࢔૛࢔ ା૚࢔૛࢞
ተ 

ࢌ ∈ ℝ[࢞] and grad ࢌ = ૛࢔ + ૚ and have ૙, ±૚, ±૛, … ,  ⇒ roots ࢔±

(࢞)ࢌ = −࢞)ା૚࢔૛ࢇ −࢞)(૚࢞ (૛࢞ … ࢞) − (ା૚࢔૛࢞ ⇒ 

(࢞)ࢌ = ૚!૜!⋯ (૛࢔ − ૚)!࢞)࢞૛ − ૚)(࢞૛ − ૛૛)⋯ ૛࢞) − (૛࢔ ⇒ 

ઢ࢔ା૚ = ૚! ૜!⋯ (૛࢔ − ૚)! (૛࢔ + ૚)! ⇒ ࢔)ࡼ + ૚) true. 

From (1)⇒ ષ = ஶ→࢔ܕܑܔ
ઢ࢔శ૚

࢔శ૚ઢ࢔૛࢔
= 

= ஶ→࢔ܕܑܔ
(૛࢔ା૚)!
శ૚࢔૛࢔

  (2) 

Let ࢔࢞ = (૛࢔ା૚)!
శ૚࢔૛࢔

 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૜)!
࢔) + ૚)૛࢔ା૜ ⋅

ା૚࢔૛࢔

(૛࢔ + ૚)! = 
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= ܕܑܔ
ஶ→࢔

(૛࢔ + ૜)(૛࢔+ ૛)
࢔) + ૚)૛ ⋅

ା૚࢔૛࢔

࢔) + ૚)૛࢔ା૚ = 

= ஶ→࢔ܕܑܔ ૝ ⋅ ቀ
࢔

ା૚࢔
ቁ
૛࢔ା૚

= ૝ ஶ→࢔ܕܑܔ ቂቀ
࢔

ା૚࢔
ቁ
࢔
ቃ
૛࢔శ૚
૝ = ૝

૛ࢋ
< 1   (3) 

From (2)+(3)⇒ ષ = ૙. 

Solution 2 by Remus Florin Stanca – Romania  

ઢ࢔ = !࢔ ተ

૚ ૚ ૚ ⋯ ૚
૚ ૛૛ ૜૛ ⋯ ૛࢔
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૛ ૜૛ି࢔૛ ⋯ ૛ି࢔૛࢔

ተ 

= !࢔ ⋅ ተ

૚ ૙ ૙ ⋯ ૙
૚ ૛૛ − ૚ ૜૛ − ૚ ⋯ ૛࢔ − ૚
⋯ ⋯ ⋯ ⋯ ⋯
૚ ૛૛ି࢔૛ − ૚ ૜૛ି࢔૛ − ૚ ⋯ ૛ି࢔૛࢔ − ૚

ተ 

= !࢔ ተ
૛૛ − ૚ ૜૛ − ૚ ⋯ ૛࢔ − ૚
૛૝ − ૚ ૜૝ − ૚ ⋯ ૝࢔ − ૚
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૛ − ૚ ૜૛ି࢔૛ ⋯ ૛ି࢔૛࢔ − ૚

ተ = 

= !࢔ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ተ

૚ ૚ ⋯ ૚
૛૛ + ૚ ૜૛ + ૚ ⋯ ૛࢔ + ૚
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૝+. . +૚ ૜૛ି࢔૝ + ⋯+ ૚ ⋯ ૝ି࢔૛࢔ + ⋯+ ૚

ተ = 

= !࢔ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅… ⋅ ૛࢔) − ૚) ⋅ 

⋅ ተ

૚ ૚ ⋯ ૚
૛૛ ૜૛ ⋯ ૛࢔
⋯ ⋯ ⋯ ⋯

૛૛ି࢔૝ ૜૛ି࢔૝ ⋯ ૝ି࢔૛࢔
ተ 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅
ተ

ተ

૚ ૚ ⋯ ૚

૚ ൬
૜
૛൰

૛

⋯ ቀ
࢔
૛
ቁ
૛

⋯ ⋯ ⋯ ⋯

૚ ൬
૜
૛൰

૛ି࢔૝

⋯ ቀ
࢔
૛
ቁ
૛ି࢔૝ተ

ተ
 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝(૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 
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⋅
ተ

ተ

૚ ૙ ⋯ ૙

૚ ൬
૜
૛൰

૛

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛
− ૚

⋯ ⋯ ⋯ ⋯

૚ ൬
૜
૛൰

૛ି࢔૝

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛ି࢔૝

− ૚
ተ

ተ
 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝(૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ተ
ተ
൬
૜
૛൰

૛

− ૚ ⋯ ቀ
࢔
૛ቁ

૛
− ૚

⋯ ⋯ ⋯

൬
૜
૛൰

૛ି࢔૝

− ૚ ⋯ ቀ
࢔
૛
ቁ
૛ି࢔૝

− ૚
ተ
ተ 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ቆ൬
૜
૛൰

૛

− ૚ቇ ⋅ … ⋅ ቆቀ
࢔
૛ቁ

૛
− ૚ቇ ⋅ 

⋅ ተ

૚ ⋯ ૚
⋯ ⋯ ⋯

൬
૜
૛൰

૛ି࢔૟

⋯ ቀ
࢔
૛
ቁ
૛ି࢔૟ተ = 

= !࢔ ⋅ ૛૛ ⋅ … ⋅ ૛૛ି࢔૝ ⋅ (૛૛ − ૚)(૜૛ − ૚) ⋅ … ⋅ ૛࢔) − ૚) ⋅ 

⋅ ቆ൬
૜
૛൰

૛

− ૚ቇ ⋅ … ⋅ ቆቀ
࢔
૛
ቁ
૛
− ૚ቇ ⋅ ൬

૜
૛൰

૛

⋅ … ⋅ ൬
૜
૛൰

૛ି࢔૟

⋅ 

⋅
ተ

ተ

૚ ૚ ⋯ ૚

૚ ቀ
࢔
૜
ቁ
૛

⋯ ቀ
࢔
૜
ቁ
૛

⋯ ⋯ ⋯ ⋯

૚ ൬
૝
૜൰

૛ି࢔૟

⋯ ቀ
࢔
૛
ቁ
૛ି࢔૟ተ

ተ
 

= ⋯ = ቌቆ൬!࢔
૛
૚
൰
૛

− ૚ቇቆ൬
૜
૚
൰
૛

− ૚ቇ ⋅… ⋅ ቆቀ
࢔
૚
ቁ
૛
− ૚ቇ ⋅… ⋅ ቆ൬

࢔ − ૚
࢔ − ૛

൰
૛

− ૚ቇ ⋅ ቆቀ
࢔

࢔ − ૛
ቁ
૛
− ૚ቇቍ ⋅ 

⋅ ቆ൬
૛
૚൰

૛

⋅ ൬
૛
૚൰

૝

⋅ … ⋅ ൬
૛
૚൰

૛ି࢔૝

൬
૜
૛൰

૛

⋅… ⋅ ൬
૜
૛൰

૛ି࢔૟

⋅… ⋅ ൬
࢔ − ૛
࢔ − ૜൰

૛

⋅ ൬
࢔ − ૛
࢔ − ૜൰

૝

ቇ ⋅ 

⋅ อ
૚ ૚

൬
࢔ − ૚
࢔ − ૛൰

૛

ቀ
࢔

࢔ − ૛
ቁ
૛อ = 
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= !࢔ ⋅
૛ࡿ૛࢔ష૝ ⋅ ૜ࡿ૛࢔ష૟ ⋅ … ⋅ −࢔) ૛)ࡿ૝
૛ࡿ૛࢔ష૟ ⋅ ૜ି࢔ࡿૡ ⋅ … ⋅ ࢔) − ૜)ࡿ૝ ⋅

૛࢔ − ૚
−࢔) ૛)૛ ⋅ 

⋅ !(૛ି࢔૛)⋅…⋅!(ା૛࢔)!(ା૚࢔)!૛⋅…⋅!(૛ି࢔)⋅!(૚ି࢔)
૛!⋅૝!⋅…⋅(૛ି࢔૝)!

⋅ ૚
૚૛࢔ష૛⋅૛૛࢔ష૝⋅…⋅(ି࢔૛)૝

  and ࡿ૛࢔ = ૛ + ૝ + ⋯+ ૛࢔ 

= !࢔ ⋅ ૛૛ି࢔૝ ⋅ ૜૛ି࢔૟ ⋅… ⋅ ࢔) − ૜)૟(࢔ − ૛)૟ ⋅
(૛࢔ − ૚)
−࢔) ૛)૛ ⋅ 

⋅
−࢔) ૚)! −࢔) ૛)! ⋅… ⋅ ૛! +࢔) ૚)! ࢔) + ૛)! ⋅ … ⋅ (૛࢔ − ૛)!

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔ − ૝)! ⋅
૚

૛૛ି࢔૝ ⋅… ⋅ −࢔) ૛)૝ = 

= !࢔ ⋅ ࢔) − ૛)૛ ⋅
(૛࢔ − ૚)
−࢔) ૛)૛ ⋅ ࢔) − ૚)! ⋅ ࢔) − ૛)! ⋅ … ⋅ ૛! ⋅ 

⋅ ࢔) + ૚)! ࢔) + ૛)! ⋅ … ⋅ (૛࢔ − ૛)! ⋅
૚

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔ − ૝)! 

=
૛! ⋅ ૜! ⋅… ⋅ (૛࢔ − ૛)! ⋅ (૛࢔ − ૚)

૛! ⋅ ૝! ⋅ … ⋅ (૛࢔ − ૝) = 

= ૚! ⋅ ૜! ⋅ ૞! ⋅ … ⋅ (૛࢔ − ૚)! = ઢ࢔ 

⇒ ષ = ܕܑܔ
ஶ→࢔

૚! ⋅ ૜! ⋅ … ⋅ (૛࢔ + ૚)!
ା૚࢔૛࢔ ⋅ ૚ ⋅ ૜! ⋅ … ⋅ (૛࢔ − ૚)! 

= ܕܑܔ
ஶ→࢔

(૛࢔+ ૚)!
ା૚࢔૛࢔ =? 

Let ࢔࢞ = (૛࢔ା૚)!
శ૚࢔૛࢔

⇒ శ૚࢔࢞
࢔࢞

= (૛࢔ା૜)!
శ૜࢔૛(ା૚࢔)

⋅ శ૚࢔૛࢔

(૛࢔ା૚)!
⇒ 

⇒ ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞

= ܕܑܔ
ஶ→࢔

(૛࢔+ ૛)(૛࢔ + ૜) ⋅
૚
૛ࢋ ⋅

૚
࢔) + ૚)૛ = 

= ܕܑܔ
ஶ→࢔

࢔
૛ࢋ < 1 ⇒ ܕܑܔ

ஶ→࢔
࢔࢞ = ૙ ⇒ ષ = ૙ 

 

 


