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1) Let AA'B’C’ be the circumcevian triangle of orthocenter in acute AABC.

Prove that:
AA 1 1
22 (< )
BA - CA r R
Proposed by Marian Ursdrescu — Romania
Solution
We prove the following lemma:
Lemma.

2) Let AA'B’C’ be the circumcevian triangle of orthocenter in acute AABC.
Prove that:

AA" 2 s*—(3R*+4Rr+r?)
BA-CA R s2 — (2R +1)?

Proof.

Let D be the leg of the height from A on the side BC.

BD-DC

Using the power of the point D we obtain AD - DA" = BD - DC, wherefrom DA’ = m

Then, A’ = AD + DA’ = h, + 220  MBDDC

Expressing the area of AA’BC in two ways we obtain:

BD-DC

[4'BC] = 2445 ond [4'BC] = BC-ZDA _ a'z,,—a _ a.izl.luc’ wherefrom
, ._a-BD-DC
BA -CA = W
, h}+BD-DC
We calculate ¥, a4 _ Nty sinA hZ+BD-DC _ 1 ) h3+BD-DC _

Ba-caA’ a BD-DC  2R“ BD-DC

hq sinA
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1 h2 1 s2 —1r2 —4Rr 2 s2—(3R?+4Rr +1?)
R BD - DC 2R s2— (2R +71)? R s2— (2R+71)?

Which follows from

z zt Bt C— —r2—4Rr
BD.Dc- 2. BD DC anttan —“(2R+1)?

Let’s get back to the main problem.

Using the Lemma, the problem returns to proving the inequality:

2 s2—(3R?+4Rr+1?) (1 1) s2—(BR?*+4Rr+1%?) R+r
-, >2(=+—= >
R s2— (2R +1)? — (2R +1)? T

s? < 4R? + 5Rr + r2, right away from Gerretsen’s inequality s < 4R? + 4Rr + 372,

=
r

It remains to prove that: 4R? + 4Rr + 3r? < 4R? + 5Rr + r> & R > 2r (Euler’s

inequality). Equality holds if and only if the triangle is equilateral.
Remark: The inequality can be strengthened.

3) Let AA'B’C’ be the circumcevian triangle of orthocenter in acute AABC.

Prove that:
AA .3
BA - CA -
Proposed by Marin Chirciu — Romania
Solution
Using Lemma, the problem returns to proving the inequality:
% s* Gf;;:f:; rZ) r <:> (BR—21r)s?2 <3R(2R +1)? —2r(3R? + 4Rr + 1?)

© s%(2R — 3r) < 12R3 + 6R*r — 5Rr? — 213, which follows from Gerretsen’s
inequality s < 4R? + 4Rr + 372, It remains to prove that:
(4R? + 4Rr + 3r?)(2R— 3r) < 12R® + 6R*r — 5Rr? - 2r3 © R —3Rr + 2r2 > 0
& (R—-2r)(R—1) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
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