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1) In AABC:
4r h h h R
RZ= rb;C N rcwl:a N ra;b =272
Proposed by George Apostolopoulos — Messolonghi — Greece
Solution
We prove the following Lemma:
Lemma
2) In AABC:
h, N h, N h, :i[1+<4R+r>2]
e Tcla Taps 2R S
Proof.
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Using h, = ;and re=_—_-we obtain:
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Let’s get back to the main problem:

2
Using Lemma, the enunciation can be written: 4—2 < [1 + (4R+r) ] < iz
R 2R s 2r
The right-hand inequality:

1 4R+T1
2R s

2
) ] < % & s2(R? — %) > r?(4R + r)?, which follows from Gerretsen’s

inequality s > 16Rr — 572, It remains to prove that:
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(16Rr — 5r2)(R2 — 12) > r2(4R +1r)? © 16R®* — 21R*r —24Rr’ +4r3 >0 &

(R — 2r)(16R? + 11Rr — 2r?) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
The left-hand inequality:

% [1 + (4Rs+ r)Z] > % & R(4R +1)%? > s*(8r — R)
We distinguish the following cases:
Case 1). If (8r — R) < 0, the inequality is obvious.
Case 2). If (8r — R) = 0, the inequality follows from Gerretsen’s inequality:
s? < 4R? + 4Rr + 3r%. It remains to prove that:
R(4R +1)* > (4R?> + 4Rr + 3r%?)(8r —R) © 5R* - 5R*’r—7Rr’ —6r: >0 &
& (R - 2r)(5R? + 5Rr + 3r?) > 0, obviously from Euler’s inequality R > 2r-.

Equality holds if and only if the triangle is equilateral.

Remark.
The double inequality 1) can be strengthened:
3) In AABC:
2 h h h 1 1
RS tyret rare rars SR 2
Proposed by Marin Chirciu — Romania
Solution

Using Lemma, the enunciation can be written: % < % [1 + (4R+r) ] < % +L

s 2r

The right-hand inequality:

2 2
1 4R+ 1 1 4R+ - s .
—(1+ ( r) ] <-+—os?> u, which follows from Gerretsen’s inequality
2R s R 2r R+1

r(4R + 1)?

s >16Rr — 512 >
R+r

Equality holds if and only if the triangle is equilateral.
The left-hand inequality:
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1 4Rr+1\2] _ 2 2 " . .
&It ( . ) ] = (4R +r)* = 3s%, (Doucet’s inequality)

Equality holds if and only if the triangle is equilateral.

Remark.
A sequence of inequalities can be written:
4) In AABC:
4r 2 h, hy, h, 1 1 R
— == + + S+ —=<_—-——=
RZ™ R ryr, rnor, To,rp R 2r~ 2r2
Solution
See the double inequality 3) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark.
Interchanging r, with h, we can propose:
5) In AABC:
1 r r r 1 R
e 4 b, §—<1+—>
r hyh, hch, h,h, 2r 2r
Proposed by Marin Chirciu — Romania
Solution
We prove the following lemma:
Lemma
6) In AABC:
r r r 1 4R + 1\?
¢ L b i "¢ — |1+ ( )
hyh, h.h, h,h, 4r s
Proof.
Using h, = ? andr, = ﬁwe obtain:
S
T, T T, s—a 1 z bc 1 s?2+ (4R +1)?
+ + = =— = . =
hyh, h.h, hyh, 28 25 4SL.s—a A4rs s
a c



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
=Lll1+ (4R+r)z], which follows from Zsb_—ca =

s2+(4R+1)>2
4r

s

s

Let’s get back to the main problem:

2
Using Lemma, the enunciation can be written: % < ﬁ [1 + (4R+r) ] < l(1 + £)

s 2r 2r

The right-hand inequality:

2 2
1 [1 + (‘“”r) ] <L (1 + £) o s2 > TURIND” \hich follows from Gerretsen’s
2r 2r R+

4r s r
inequality

r(4R + 1)?

s2>16Rr — 5r% >
R+r

Equality holds if and only if the triangle is equilateral.
The left-hand inequality:

2
i 1+ (‘ms”) ] > % & (4R + 1r)? > 352, (Doucet’s inequality)

Equality holds if and only if the triangle is equilateral.

Remark.
Between the sums —& + 2 4 e gpq Ta 4 T 4 Te thefollowing relationship
Tprc rchq Talp hph hchg hqhp
holds:

7) In AABC:

ha hb hc Tq Trp re

+ + < + +
rpTre TcTq Talp hbhc hcha hahb
Proposed by Marin Chirciu — Romania

Solution

2 2
Using the above lemmas: Zrh—‘; = % 1+ (‘ms”) ] and ¥ - = i 1+ (4Rs+r) ]
bTe bNc

the inequality can be written:

1 4R+1\ 2 1 4R+1\% . .
- 1+( r) ]s; 1+( r) ]@REZr(Eulersmequallty)

Equality holds if and only if the triangle is equilateral.
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