
 
www.ssmrmh.ro 

1 
 

ABOUT NAGEL AND GERGONNE’S CEVIANS 

By Bogdan Fuștei-Romania 

ABSTRACT: 

In this Math Note we will establish a new geometric identity in triangle: 

૝ࢇ࢓
૛ = ૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ (and the analogs), 

where, ࢇ࢔ = Nagel’s cevian from ࢇࢍ,࡭ = Gergonne’s cevian from ࢉ࢘࢈࢘ࢇ࢓,࡭ being the 

usual notations. 

This identity was proposed as a problem for RMM Magazine (IDENTITY IN TRIANGLE 122). 

In this note we will propose the way we’ve obtained this identity and some of its 

applications. 

ࢇ࢓
૛ = ૛൫࢈૛ାࢉ૛൯ିࢇ૛

૝
 (and the analogs) 

ࢇ࢓
૛ =

૛(࢈૛ + −(૛ࢉ ૛ࢇ

૝ =
૛(࢈૛ + −(૛ࢉ ૛ࢇ + ૝ࢉ࢈ − ૝ࢉ࢈

૝ = 

=
૛࢈) + ૛ࢉ + ૛ࢉ࢈)

૝ +
૛࢈) + ૛ࢉ + ૛ࢉ࢈)− ૛ࢇ − ૝ࢉ࢈

૝  

૛(ࢉା࢈)=

૝
+ ૛(ࢉା࢈)

૝
− ࢉ࢈૛ା૝ࢇ

૝
= ൯ࢉ࢈૝ିࢉ࢈૛ା૛ࢉ૛ା࢈ା൫(ࢇିࢉା࢈)(ࢉା࢈ାࢇ)

૝
= ૛࢙∙	૛(ࢇି࢖)ା(ࢉି࢈)૛

૝
 

= ࢙(࢙ − (ࢇ + ૛(ࢉି࢈)

૝
= ࢉ࢘࢈࢘ + ૛(ࢉି࢈)

૝
 (and the analogs) ⇒ 

૝(ࢇ࢓
૛ − (ࢉ࢘࢈࢘ = ࢈) −  ૛ (and the analogs)(ࢉ

 

1. Let be ࡱ࡭ =  ;(࡭ Nagel’s cevian from) ࢇ࢔

ࡱ࡮  = ࢙ −  :we have ࡱ࡮࡭and using cosine theorem in ઢ ࢉ

૛ࢇ࢔ = ૛ࢉ + (࢙ − ૛(ࢉ − ૛ࢉ(࢙ − (ࢉ ࡮ܛܗ܋ ; ܛܗ܋ ࡮ = ૛࢈૛ିࢉ૛ାࢇ

૛ࢉࢇ
  (and the analogs) 

= ࢙૛ − ૛࢙ࢉ+ ૛ࢉ૛ − (࢙ − ቆ(ࢉ
૛ࢇ + ૛ࢉ − ૛࢈

ࢇ ቇ = ࢙૛ − ૛ࢉ(࢙ − −(ࢉ (࢙ − (ࢉ
૛ࢇ) + ૛ࢉ − (૛࢈

ࢇ  

= ࢙૛ − (࢙ − ࢉቆ૛(ࢉ +
૛ࢇ + ૛ࢉ − ૛࢈

ࢇ ቇ = ࢙૛ − (࢙ − ቆ(ࢉ
૛ࢇ + ૛ࢉ − ૛࢈ + ૛ࢉࢇ

ࢇ ቇ = 
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= ࢙૛ +
૝࢙(࢙ − ࢙)(࢈ − (ࢉ

ࢇ  

૛ࢇ࢔ = ࢙ቆ࢙ − +ࢇ ࢇ −
૝(࢙ − ࢙)(࢈ − (ࢉ

ࢇ ቇ		 

૛ࢇ࢔ = ࢙(࢙ − (ࢇ + ࢙ቆ
૛ࢇ − ૝(࢙ − ࢙)(࢈ − (ࢉ

ࢇ ቇ 

But ࢇ૛ − ૝(࢙ − ࢙)(࢈ − (ࢉ = ࢈) −  ૛  (and the analogs)(ࢉ

૛ࢇ࢔ = ࢙(࢙ − (ࢇ + ૛(ࢉି࢈)

ࢇ
࢙ (and the analogs) 

2. Using Stewart’s theorem, we obtain: 

૛ࢇࢍ = (ࢉି࢙)(࢈ି࢙)ࢇି(࢈ି࢙)૛࢈ା(ࢉି࢙)૛ࢉ
ࢇ

 (and the analogs) 

૛ࢇ࢔ = (࢈ି࢙)(ࢉି࢙)ࢇି(࢈ି࢙)૛ࢉା(ࢉି࢙)૛࢈
ࢇ

     (and the analogs) 

૛ࢇ࢔ − ૛ࢇࢍ =
࢈) − (ࢉ

ࢇ
૛࢈) −  (૛ࢉ

૛ࢇ࢔ ࢇ࢓−
૛ =

࢈) − ૛(ࢉ

૝
+

−࢈) ࢈)૛(ࢉ + (ࢉ
૛ࢇ

 

૛ࢇ࢔ ࢇ࢓−
૛ = ࢇ࢓

૛ − ࢉ࢘࢈࢘ + ૚
૛

૛ࢇ࢔) − (૛ࢇࢍ ⇒ ૛ࢇ࢔ = ૝ࢇ࢓
૛ − ૛࢘ࢉ࢘࢈   ૛ࢇࢍ−

3. Using the inequality between the squared mean and the arithmetic mean: 

ටࢇ࢔૛ାࢇࢍ૛ା૛࢘ࢉ࢘࢈
૜

≥ ࢉ࢘࢈ାඥ૛࢘ࢇࢍାࢇ࢔
૜

 (and the analogs) 

Which is equivalent with: ૛√૜ࢇ࢓ ≥ ࢇ࢔ + ࢇࢍ + ඥ૛࢘ࢉ࢘࢈ (and the analogs), but ࢘ࢉ࢘࢈ ≥  ࢇ࢝

(and the analogs) ૛√૜ࢇ࢓ ≥ ࢇ࢔ + ࢇࢍ +  .૛ (and the analogs)√ࢇ࢝

But we know that ࢈
૛ାࢉ૛

૛ࢉ࢈
≥ ࢇ࢓

ࢇ࢝
 (and the analogs) ⇒ ૛ࢇ࢓

ࢇ࢝
≤ ࢈

ࢉ
+ ࢉ

࢈
 

૛ࢇ࢓
ࢇ࢝

≥ ࢉ࢘࢈ାඥ࢘ࢇࢍାࢇ࢔
૜√ࢇ࢝

 (and the analogs) 

So, we’ll obtain the inequality: ࢈
ࢉ

+ ࢉ
࢈
≥ ࢉ࢘࢈ାඥ૛࢘ࢇࢍାࢇ࢔

૜√ࢇ࢝
 (and the analogs) 

Summing we will obtain a new inequality, namely: 

૚
√૜

෍
ࢇ࢔ + ࢇࢍ + ඥ૛࢘ࢉ࢘࢈

ࢇ࢝
	≤ ෍

࢈ + ࢉ
ࢇ  
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But ∑ ࢉା࢈
ࢇ

= ∑ ࢉࢎା࢈ࢎ
ࢇࢎ

⇒ ૚
√૜
∑ ࢉ࢘࢈ାඥ࢘ࢇࢍାࢇ࢔

ࢇ࢝
≤ ∑ ࢉࢎା࢈ࢎ

ࢇࢎ
 

But ࢘ࢇା࢘
࢘ିࢇ࢘

= ࢉା࢈
ࢇ

 and the analogs ⇒ ૚
√૜
∑ ࢉ࢘࢈ାඥ૛࢘ࢇࢍାࢇ࢔

ࢇ࢝
	≤ ∑ ା࢘ࢇ࢘

ష࢘ࢇ࢘
 

૚ + ࢇࢎ
࢘࢘

= ࢉା࢈
ࢇ

 (and the analogs) ⇒ 

⇒෍
ࢇࢎ
ࢇ࢘

≥
૚
√૜

෍
ࢇ࢔ + ࢇࢍ + ඥ૛࢘ࢉ࢘࢈

ࢇ࢝
− ૜ 

4. We know that ૜(ࢇ૛ + ૛࢈ + (૛ࢉ = ૝∑ࢇ࢓
૛ 

૝൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ = ෍ࢇ࢔૛ + ෍ࢇࢍ૛ + ૛෍࢘ࢉ࢘࢈ 

෍࢘ࢉ࢘࢈ = ࢙૛ ⇒ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ = ෍ࢇ࢔૛ + ෍ࢇࢍ૛ + ૛࢙૛ 

But ࢇ૛ = ૛ࡾ ࢉࢎ࢈ࢎ
ࢇࢎ

 (and the analogs), so we will obtain a new identity, namely: 

෍
ࢉࢎ࢈ࢎ
ࢇࢎ

=
૛ࢇ࢔∑ + ૛ࢇࢍ∑ + ૛࢙૛

૟ࡾ  

 

ࢇ࢓ .5 ≥
૛ࢉ૛ା࢈

૝ࡾ
 (Tereshin Inequality) ⇒ ૝ࢇ࢓ࡾ ≥ ૛࢈ +  ૛ࢉ

૚૟ࡾ૛ࢇ࢓
૛ ≥ ૛࢈) + ⇔ ૛)૛ (and the analogs)ࢉ ૚૟ࡾ૛ ૜

૝
૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ૛࢈)∑ +  ૛)૛ࢉ

૝ࡾ૛ ቀ෍ࢇ࢔૛ + ෍ࢇࢍ૛ + ૛࢙૛ቁ ≥෍(࢈૛ +  ૛)૛ࢉ

⇒ ૛ࡾ ≥ ඨ
૛࢈)∑ + ૛)૛ࢉ

૛ࢇ࢔∑ + ૛ࢇࢍ∑ + ૛࢙૛ 

ࢇࢎ = ૛࢘ࢉ࢘࢈
ࢉା࢘࢈࢘

 (and the analogs); ૛࢘ࢉ࢘࢈ = ૝ࢇ࢓
૛ − ૛ࢇ࢔ − ૛ࢇࢍ ⇒ ࢇࢎ = ૝ࢇ࢓

૛ିࢇ࢔૛ିࢇࢍ૛

ࢉା࢘࢈࢘
 

 

6. From the above expressions of ࢇ࢔૛ and ࢇ࢓
૛ we can easily observe that 

ࢇ࢔  ≥  (and the analogs) ࢇ࢓

So, we can write that: 

ࢇࢎ  ≤
૜ࢇ࢓

૛ିࢇࢍ૛

ࢉା࢘࢈࢘
⇒ ࢇࢎ + ࢈ࢎ + ࢉࢎ ≤ ∑ ૜ࢇ࢓

૛ିࢇࢍ૛

ࢉା࢘࢈࢘
	; 
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7. We know that ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૚
࢘
 

So, ૚
࢘

= ∑ ࢉା࢘࢈࢘
૝ࢇ࢓

૛ିࢇ࢔૛ିࢇࢍ૛
	≥ ∑ ࢉା࢘࢈࢘

૜ࢇ࢓
૛ିࢇࢍ૛

 

Taking into account the above we can write that: 

࢈࢘ + ࢉ࢘ =
૝ࢇ࢓

૛ − ૛ࢇ࢔ ૛ࢇࢍ−

ࢇࢎ
 

Summing we will obtain the identity: 

૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘ = ෍
૝ࢇ࢓

૛ − ૛ࢇ࢔ − ૛ࢇࢍ

ࢇࢎ
 

૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘ ≤෍
૜ࢇ࢓

૛ − ૛ࢇࢍ

ࢇࢎ
 

8. We know that ࢇ࢓ ≥
(ࢉା࢈)
૛

ܛܗ܋ ࡭
૛

ࢇ࢝; = ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛
		; ܛܗ܋ ࡭

૛
= ට࢘࢈ା࢘ࢉ

૝ࡾ
 

ࢉ࢈ = ૛ࢇࢎࡾ  (and the analogs) 

ࢇ࢝ࢇ࢓ 		≥
+࢈) (ࢉ

૛ ܛܗ܋
࡭
૛ 		

૛ࢉ࢈
࢈ + ࢉ ܛܗ܋

࡭
૛ = 	ࢉ࢈

࢈࢘ + ࢉ࢘
૝ࡾ 	= ࢇࢎ 	

࢈࢘) + (ࢉ࢘
૛ 		 

૛ࢇ࢝ࢇ࢓

ࢇࢎ
≥ ࢈࢘ + ࢉ࢘ =

૝ࢇ࢓
૛ − ૛ࢇ࢔ − ૛ࢇࢍ

ࢇࢎ
⇒ ૛ࢇ࢔ + ૛ࢇࢍ ≥ ૛ࢇ࢓(૛ࢇ࢓ − (ࢇ࢝ ⇒ 

⇒
૛ࢇ࢔ + ૛ࢇࢍ

૛ࢇ࢓
	≥ ૛ࢇ࢓ ࢇ࢝−  

૚
૛෍

૛ࢇ࢔ + ૛ࢇࢍ

ࢇ࢓
≥ ૛෍ࢇ࢓ −෍࢝ࢇ  

From the above we can write that: ∑(ࢇ࢔૛ + (૛ࢇࢍ = ૛∑࢘࢈࢘࢈ + ࢈)∑ −  ૛(ࢉ

9. We know that ܛܗ܋ ࡯ି࡮
૛
≥ ට૛࢘

ࡾ
 (and the analogs); ܛܗ܋ ࡯ି࡮

૛
= ࢇࢎ

ࢇ࢝
⇒ ටࢇ࢓

ࡾ
૛࢘
≥ ࢇ࢓

ࢇ࢝
ࢇࢎ

 

From the above we will have: ࢇ࢓ට
ࡾ
૛࢘
≥ ࢉା࢘࢈࢘

૛
 (and the analogs) ⇒ࢇ࢓ට

ࡾ
૛࢘
≥ ૝ࢇ࢓

૛ିࢇ࢔૛ିࢇࢍ૛

૛ࢇࢎ
 

From the above we will have: ࢇ࢓ට
ࡾ
૛࢘
≥ ࢉା࢘࢈࢘

૛
 (and the analogs) ⇒ࢇ࢓ට

ࡾ
૛࢘
≥ ૝ࢇ࢓

૛ିࢇ࢔૛ିࢇࢍ૛

૛ࢇࢎ
 

ඨࢇ࢓
૛ࡾ
࢘ ≥

૝ࢇ࢓
૛ − ૛ࢇ࢔ − ૛ࢇࢍ

ࢇࢎ
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Summing we will obtain: (ࢇ࢓ + ࢈࢓ + ࡾට૛	(ࢉ࢓
࢘
≥ ∑ ૝ࢇ࢓

૛ିࢇ࢔૛ିࢇࢍ૛

ࢇࢎ
 

ඨࢇࢎ
૛ࡾ
࢘ ≥

૝ࢇ࢓
૛ − ૛ࢇ࢔ − ૛ࢇࢍ

ࢇ࢓
= ૝ࢇ࢓ −

૛ࢇ࢔ + ૛ࢇࢍ

ࢇ࢓
 

Summing we will have the following inequality:  

ࢇࢎ) + ࢈ࢎ + ඨ(ࢉࢎ
૛ࡾ
࢘ ≥ ૝(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ −෍

૛ࢇ࢔ + ૛ࢇࢍ

ࢇ࢓
 

10. From inequality ࢇ࢔
૛ାࢇࢍ૛

૛ࢇ࢓
	≥ ૛ࢇ࢓ ࢇ࢝− ⇒ 

૛ࢇ࢔ + ૛ࢇࢍ

૛ࢇ࢓ − ࢇ࢝
≥ ૛ࢇ࢓ ⇒෍

૛ࢇ࢔ + ૛ࢇࢍ

૛ࢇ࢓ − ࢇ࢝
≥ ૛(ࢇ࢓ + ࢈࢓ +  (ࢉ࢓

ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
 (Tereshin’s inequality) ⇒ ࢇ࢓

ࢇࢎ
≥ ૛ࢉ૛ା࢈

૛ࢉ࢈
= ૚

૛
ቀ࢈
ࢉ

+ ࢉ
࢈
ቁ ⇒ ࢇ࢓∑

ࢇࢎ
≥ ૚

૛
∑ ࢉା࢈

ࢇ
 

			
૚
√૜

෍
ࢇ࢔ + ࢇࢍ + ඥ૛࢘ࢉ࢘࢈

ࢇ࢝
	≤ ෍

࢈ + ࢉ
ࢇ 	; 

			
૚
√૜

෍
ࢇ࢔ + ࢇࢍ + ඥ૛࢘ࢉ࢘࢈

ࢇ࢒
	≤ ෍

࢈ + ࢉ
ࢇ 	≤ ૛෍

ࢇ࢓

ࢇࢎ
 

ࡾ .11
૛࢘
≥ ࢇ࢓

ࢇࢎ
 (Laurențiu Panaitopol – Romanian Mathematical Gazzete) 

 ⇒ ૜ࡾ
૛࢘
≥ ࢇ࢓∑

ࢇࢎ
≥ ૚

૛√૜
∑ ࢉ࢘࢈ାඥ૛࢘ࢇࢍାࢇ࢔

ࢇ࢝
;	 

So, finally, we have as being true a new inequality, namely: 

ࡾ
࢘
≥ ࢇ࢓∑

ࢇࢎ
≥ ૚

૜√૜
∑ ࢉ࢘࢈ାඥ૛࢘ࢇࢍାࢇ࢔

ࢇ࢝
;	 

So, ࢇ࢓
૛ = ࢉ࢘࢈࢘ + ૛(ࢉି࢈)

૝
  (and analogs); ૝ࢇ࢓

૛ = ૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ (and analogs) 

ࢉ࢈ = ࢉ࢘࢈࢘ + ૛ࢇ࢔ ;(and the analogs) ࢇ࢘࢘ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ − ૝࢘ࢉ࢘࢈ = ࢈) −  	;૛(ࢉ

૛ࢇ࢔ + ૛ࢇࢍ − ૛࢘ࢉ࢘࢈ = ૛࢈ + ૛ࢉ − ૛ࢉ࢈ 

૛࢈ + ૛ࢉ − ૛ࢇ࢔ − ૛ࢇࢍ = ૛࢘࢘ࢇ = ૛(࢙ − ࢙)(࢈ −  (and the analogs)   (ࢉ

12. We know that: ܖܑܛ ࡭
૛

= ට࢘࢘ࢇ
ࢉ࢈

= ට࢘ࢇା࢘
૝ࡾ

ࢉ࢈; = ૛ࢇࢎࡾ ⇒ 

૛࢘࢘ࢇ = ࢇ࢘)ࢇࢎ − ࢘) (and the analogs) 
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૛࢈ + ૛ࢉ − ૛ࢇ࢔ ૛ࢇࢍ− = ࢇ࢘)ࢇࢎ − ࢘);෍
ࢇ࢘
ࢇࢎ

=
૛ࡾ
࢘ − ૚; 	

૛࢈ + ૛ࢉ − ૛ࢇ࢔ − ૛ࢇࢍ

૛ࢇࢎ
=
ࢇ࢘)ࢇࢎ − ࢘)

૛ࢇࢎ
⇒ 

⇒ ∑ ૛ࢇࢍ૛ିࢇ࢔૛ିࢉ૛ା࢈

૛ࢇࢎ
= ૛ࡾ

࢘
− ૚− ∑ ࢘

ࢇࢎ
;∑ ૚

ࢇࢎ
= ૚

࢘
, so, we have the following: 

	෍
૛࢈ + ૛ࢉ − ૛ࢇ࢔ − ૛ࢇࢍ

૛ࢇࢎ
= ૛ ൬

ࡾ
࢘ − ૚൰ ; 

From the above we have: ࢈
૛ାࢉ૛ିࢇ࢔૛ିࢇࢍ૛

ࢇࢎ
= ࢇ࢘ − ࢘ (and the analogs),  

but ࢘ࢇ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ 

So, we have the identity: ∑ ૛ࢇࢍ૛ିࢇ࢔૛ିࢉ૛ା࢈

ࢇࢎ
= ૛(૛ࡾ − ࢘); 

13. We proved that: ࢈૛ + ૛ࢉ − ૛ࢇ࢔ − ૛ࢇࢍ = ࢇ࢘)ࢇࢎ − ࢘) (and the analogs) 

But ࢇ࢔૛ + ૛ࢇࢍ ≥ ૛ࢇࢍࢇ࢔ (and the analogs) ⇒ 

૛࢈ + ૛ࢉ − ૛ࢇࢍࢇ࢔ ≥ ࢇ࢘)ࢇࢎ − ࢘) (and the analogs) 

૛࢘࢘ࢇ = ࢇ࢘)ࢇࢎ − ࢘) ⇒ ૛࢈ + ૛ࢉ − ૛ࢇࢍࢇ࢔ ≥ ૛࢘࢘ࢇ (and the analogs) 

૛ࢉ૛ା࢈

૛
≥ ࢇࢍࢇ࢔ +  (and the analogs) ࢇ࢘࢘

Taking into account the above inequality we have: ૚
ૡ
૛࢈)∏	 + (૛ࢉ ≥ ࢇࢍࢇ࢔)∏ +  (ࢇ࢘࢘

From the above we have: ૡ࢘࢘ࢉ࢘࢈࢘ࢇ૜ = ૛࢈)∏ + ૛ࢉ − ૛ࢇ࢔ −  (૛ࢇࢍ

But ࢘ࢉ࢘࢈࢘ࢇ = ࢙ࡿ = ࢙૛࢘ we will obtain the following: 

ૡࡿ૛࢘૛ = ෑ(࢈૛ + ૛ࢉ − ૛ࢇ࢔ (૛ࢇࢍ− ; 

ૡ࢙૛࢘૝ = ෑ(࢈૛ + ૛ࢉ − ૛ࢇ࢔ − (૛ࢇࢍ ; 

ࢉࢎ࢈ࢎࢇࢎ = ૛࢘
ࡾ
ࢉࢎ࢈ࢎࢇࢎ :we will obtain the following ࢉ࢘࢈࢘ࢇ࢘ = ૚

૝࢘ࡾ૛
૛࢈)∏ + ૛ࢉ − ૛ࢇ࢔ −  (૛ࢇࢍ

14. From ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
 and ࢇ૛ = ૛ࡾ ࢉࢎ࢈ࢎ

ࢇࢎ
 (and the analogs), we will obtain:	 

ࢇ࢓ ≥
ࢇࢎ
૛ ൬

࢈ࢎ
ࢉࢎ

+
ࢉࢎ
࢈ࢎ
൰ ; ૛࢘ࢉ࢘࢈ = ࢈࢘)ࢇࢎ +  (ࢉ࢘

૝ࢇ࢓
૛

૛ࢇࢎ
≥ ቀ࢈ࢎ

ࢉࢎ
ቁ
૛

+ ቀࢉࢎ
࢈ࢎ
ቁ
૛

+ ૛ (and the analogs) 

૛ࢇࢍ૛ାࢇ࢔

૛ࢇࢎ
+ ૛࢘ࢉ࢘࢈

૛ࢇࢎ
≥ ૛ + ቀ࢈ࢎ

ࢉࢎ
ቁ
૛

+ ቀࢉࢎ
࢈ࢎ
ቁ
૛
⇒ ૛ࢇࢍ૛ାࢇ࢔

૛ࢇࢎ
+ ࢉା࢘࢈࢘

ࢇࢎ
≥ ૛ + ቀ࢈ࢎ

ࢉࢎ
ቁ
૛

+ ቀࢉࢎ
࢈ࢎ
ቁ
૛
 (and the analogs) 
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ࢇ࢘) + ࢈࢘ + (ࢉ࢘ ൬
૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ
൰ = ෍

ࢇ࢘
ࢇࢎ

+ ෍
࢈࢘ + ࢉ࢘
ࢇࢎ

⇒
૝ࡾ + ࢘
࢘ =

૛ࡾ
࢘ − ૚ + ෍

࢈࢘ + ࢉ࢘
ࢇࢎ

 

So, finally we have the identity: ∑ ࢉା࢘࢈࢘
ࢇࢎ

= ૛ቀ૚ + ࡾ
࢘
ቁ 

Taking into account the above we have the following inequality:  

૛ ൬૚ +
ࡾ
࢘൰ + ෍

૛ࢇ࢔ + ૛ࢇࢍ

૛ࢇࢎ
≥ ૟ + ෍

૛࢈ࢎ + ૛ࢉࢎ

૛ࢇࢎ
 

૛ ൬૚ +
ࡾ
࢘
൰+ ෍

૛ࢇ࢔ + ૛ࢇࢍ − ૛࢈ࢎ − ૛ࢉࢎ

૛ࢇࢎ
≥ ૟ 

ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
 (and the analogs) 

ܛܗ܋ ࡭
૛

= ට࢘ࢉ࢘࢈
ࢉ࢈

 (and the analogs) 

Squaring and taking into account: 

 ૝ࢇ࢓
૛ = ૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ (and the analogs) 

૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ ≥ ࢈) + ૛(ࢉ
ࢉ࢘࢈࢘
ࢉ࢈ ; 

૛ + ૛ࢇࢍ૛ାࢇ࢔

ࢉ࢘࢈࢘
≥ ૛ + ૛ࢉ૛ା࢈

ࢉ࢈
⇒ ૛ࢇࢍ૛ାࢇ࢔

ࢉ࢘࢈࢘
≥ ૛ࢉ૛ା࢈

ࢉ࢈
 (and the analgos) 

So, finally we have: 

ࢇ࢔ 
૛ାࢇࢍ૛

ࢉ࢘࢈࢘
≥ ࢈

ࢉ
+ ࢈

ࢉ
 (and the analogs). Summing we will obtain: 

෍
૛ࢇ࢔ + ૛ࢇࢍ

ࢉ࢘࢈࢘
≥෍

+࢈ ࢉ
ࢇ  

15. But ∑ ࢉା࢈
ࢇ

= ∑ ࢉࢎା࢈ࢎ
ࢇࢎ

= ∑ ା࢘ࢇ࢘
࢘ିࢇ࢘

, so we will obtain the following: 

෍
૛ࢇ࢔ + ૛ࢇࢍ

ࢉ࢘࢈࢘
≥෍

࢈ࢎ + ࢉࢎ
ࢇࢎ

	; 

෍
૛ࢇ࢔ + ૛ࢇࢍ

ࢉ࢘࢈࢘
≥෍

ࢇ࢘ + ࢘
ࢇ࢘ − ࢘ ; 

૛ࢇࢍ૛ାࢇ࢔

૛ࢉ૛ା࢈
≥ ቀܛܗ܋ ࡭

૛
ቁ
૛

 (and the analogs); ܛܗ܋ ࡭
૛

= ට࢘࢈ା࢘ࢉ
૝ࡾ

  (and the analogs) 

⇒෍൬ܛܗ܋
࡭
૛൰

૛

=
ࢇ࢘ + ࢈࢘ + ࢉ࢘

૛ࡾ = ૛ +
࢘
૛ࡾ 
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෍
૛ࢇ࢔ + ૛ࢇࢍ

૛࢈ + ૛ࢉ ≥ ૛ +
࢘
૛ࡾ 

But ∏ܛܗ܋ ࡭
૛

= ࢙
૝ࡾ

 so, we will have the inequality: ∏ ૛ࢇࢍ૛ାࢇ࢔

૛ࢉ૛ା࢈
≥ ૛࢖

૚૟ࡾ૛
 

16. From Tereshin’s inequality presented above and the new identity we will obtain 

the following: 

૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘ࢉ࢘࢈ ≥ ቀ࢈
૛ାࢉ૛

૛ࡾ
ቁ
૛
  (and the analogs) 

But 	࢈
૛ାࢉ૛

૛ࢉ࢈
≥ ࢇ࢓

ࢇ࢒
 (and the analogs) and from the above we can write the following: 

૛ࢇࢍ૛ାࢇ࢔

ࢉ࢘࢈࢘
≥ ࢈

ࢉ
+ ࢈

ࢉ
≥ ૛ࢇ࢓

ࢇ࢝
 (and the following) 

૛ࢇࢍ૛ାࢇ࢔

ࢉ࢘࢈࢘
≥ ૛ࢇ࢓

ࢇ࢝
 we have the following: ࢇ࢔

૛ାࢇࢍ૛

ࢇ࢓
≥ ૛࢘ࢉ࢘࢈

ࢇ࢝
 (and the following) 

Summing we will obtain a new inequality, namely: ∑ ૛ࢇࢍ૛ାࢇ࢔

ࢇ࢓
≥ ૛∑ ࢉ࢘࢈࢘

ࢇ࢒
 

૛ࢇࢍ૛ାࢇ࢔

૛ࢉ૛ା࢈
≥ ቀܛܗ܋ ࡭

૛
ቁ
૛

 (and the analogs) ⇒ ૛ࢇࢍ૛ାࢇ࢔

૛ࢉ૛ା࢈
≥ ࢉା࢘࢈࢘

૝ࡾ
 (and the analogs) 

ܛܗ܋ ࡭
૛

= ට࢘࢈ା࢘ࢉ
૝ࡾ

  (and the analogs) 

From the above we have: ࢇ࢔
૛ାࢇࢍ૛

ࢉା࢘࢈࢘
≥ ૛ࢉ૛ା࢈

૝ࡾ
 (and the analogs) 

Summing we will obtain: ∑ ૛ࢇࢍ૛ାࢇ࢔

ࢉା࢘࢈࢘
≥ ૛ࢉ૛ା࢈૛ାࢇ

૛ࡾ
 

17. From ࢇ૛ = ૛ࡾ ࢉࢎ࢈ࢎ
ࢇࢎ

 (and the analogs) we have ∑ ૛ࢇࢍ૛ାࢇ࢔

ࢉା࢘࢈࢘
≥ ∑ ࢉࢎ࢈ࢎ

ࢇࢎ
	 

૜(ࢇ૛ + ૛࢈ + (૛ࢉ = ෍ࢇ࢔૛ + ෍ࢇࢍ૛ + ૛࢖૛ ⇒	෍
૛ࢇ࢔ + ૛ࢇࢍ

࢈࢘ + ࢉ࢘
≥
૛ࢇ࢔∑ + ૛ࢇࢍ∑ + ૛࢖૛

૟ࡾ  

These are just a little part of the relationships that can be obtained using the established 

relationship in this note. Any other new obtained relationships will be published in the 

form of problems for RMM. 
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