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ABOUT NAGEL AND GERGONNE’S CEVIANS

By Bogdan Fustei-Romania
ABSTRACT:
In this Math Note we will establish a new geometric identity in triangle:
4m? = n2 + g2 + 2r,r. (and the analogs),
where, n, = Nagel’s cevian from 4, g, = Gergonne’s cevian from A, m,r,r. being the
usual notations.
This identity was proposed as a problem for RMM Magazine (IDENTITY IN TRIANGLE 122).

In this note we will propose the way we’ve obtained this identity and some of its

applications.
2 2\_ 2
m2 = w (and the analogs)
, 2(b* +c?)—a* 2(b*+c?)—a*+4bc—4bc _
ma - 4 - 4 =
_ (b* +c* +2bc) . (b% + ¢? + 2bc) — a® — 4bc
B 4 4
_(b+c)? 4+ (b+c)? _ a’+4abc _ (a+b+c)(b+c—a)+(b2+c2+Zbc—4bc) __ 2s-2(p-a)+(b-c)?
T4 4 4 4 o 4
—0)2 —_m2
=s(s—a)+ @ ;) =rpr.+ % (and the analogs) =

4(m?2 — ryr.) = (b — ¢)? (and the analogs)

1. Letbe AE = n, (Nagel’s cevian from A);

BE = s — c and using cosine theorem in AABE we have:

a?+c%-

2
n2=c*+(s—c)*-2c(s—c)cosB;cosB = b (and the analogs)

2ac
aZ + CZ _ bZ

a

=s2—2sc+2c2—(s—c)< >=sz—2c(s—c)—(s—c)M

a? + ¢ — p2
=sZ—(s—c)<2c+—>

=s2—(s—c)<

a? +c2—b2+2ac>

a
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4s(s—b)(s —¢)
+
a

4(s — b)(s — c)>

a

_SZ

nﬁ=s<s—a+a—

nﬁzs(s—a)+s<

a’—4(s—b)(s— c)>

a
But a®? — 4(s — b)(s — ¢) = (b — ¢)? (and the analogs)
nZ=s(s—a)+ %s (and the analogs)

2. Using Stewart’s theorem, we obtain:

2 — c%(s—c)+b*(s—b)—a(s—b)(s—c)

gs - (and the analogs)
2(c_ 2(c_Ph)_ _ -
nz = L mares Z) as=9G=h)  (and the analogs)
b—c
wi— g =" c2)
(b—-¢c)*> (b—c)*(b+0)
nZ —m?= +

4 2a
2 2 — 2 1.2 2 2 — 2 2
na—ma—ma—rbrC+E(na—ga):>na =4m; — 2r,r. — 95

3. Using the inequality between the squared mean and the arithmetic mean:

\/m > Rat9a*V2TTe (anq the analogs)
3 - 3

Which is equivalent with: 2v/3m, > n, + g, + /27,1, (and the analogs), butr,r. > w,

(and the analogs) 2v3m, = n, + g, + w2 (and the analogs).

b2 +c?
2bc

2 b
> ¢ (and the analogs) = == < 2 + -
a

a c

But we know that

S

(and the analogs)

2mg > Ng+ga++Tprc
Wq w3

So, we’ll obtain the inequality: g +i> % “:r”rc (and the analogs)

c
b

Summing we will obtain a new inequality, namely:

1 zna+ga+./2rbrc <Z:b+c
V3 Wq -

a

2
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b+c hy+he 1 < NatgatTorc hp+h,
T — il <
But X a X h, = \/§Z Wq <X h,

rq+r _ b+c

1 Ng+ga+.2rpre ro+r
— = — <
But = a and the analogs ﬁZ v <y —
hqa b+c
1+—==— (and the analogs) =
r

ﬁz&zizna_kga_k\/zrbrc_s
ra \/§ wa
4. We know that 3(a? + b% + ¢?) =4y m?
4(m2+ms+m?) = Znﬁ +Zgﬁ+ ZZrbrc
Z:r,,rC =s?2=3(a?+b%+¢?) = Znﬁ+Zgﬁ+ 252
Buta? = ZR% (and the analogs), so we will obtain a new identity, namely:

hbhc _ an +Zgé + ZSZ
h, 6R

b%+c?
4R

5 mg = (Tereshin Inequality) = 4Rm, > b? + c?

16R*m? > (b? + ¢?)? (and the analogs) & 16R? % (a? + b% + c?) = Y.(b? + ¢?)?

4R? (z nZ + z gi+ ZSZ) > Z:(bZ + c2)?

:>2R2\[Z 2(b? + c2)’

"2+ 3 g%+ 257

2 4 2_n22_,2
= ZT"¢ (and the analogs); 2rpr. = 4m% — n% — g2 = h, = 4 "a"9d

a~— rp+re rp+re
6. From the above expressions of nZ and m?2 we can easily observe that
n, = m, (and the analogs)

So, we can write that:

3mg—gi 3mg-ga .
h,<—/=*=h,+h,+h, <)—/";

rp+re rp+re
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7. We knowthat—+—+——l
hy hp h. r

_ rb+rc rp+re
Sol - Z 4 2 = Z
r m n -9a 3ma—ga

Taking into account the above we can write that:

2 2 2
4'ma —Ng —Yga
h,

Summing we will obtain the identity:
4m?2 — n2 — g>
z(ra+rb+rc) :z 2 2 Ja
h,

3m2 — g2
2(r o +ry+1,) Sza—ga
h,

(b+c) __ 2bc A A _ [rp+re
COS— W, =—"C0S- ,C0S; =
b+c 2 2 4R

ryt+r.=

8. We know thatm, >

bc = 2Rh, (and the analogs)

(b+c) A 2bc A T, + T, (ry, +r.)
m,w, = > cosEb_l_ccosE:bc AR ZhaT
2m,w 4m? — n? — g2
~I>r,tr, = ———— ga:>n3+ga22m 2em,—w,) =
h, h,
nZ + g2
aZm = >2m,—w,

1ni+g
2 maa>22ma ZW“

From the above we can write that: YX(n2 + g2) = 2Y r,r, + X.(b — ¢)?

B-C 2 B-C hq
9. We know that cos—— > |= (and the analogs); cos — = —% = m, / >mgy -2
2 R 2 Wq 2r hg
. i R rb+rc R 4m§—n§—gﬁ
From the above we will have: m, g (and the analogs) = m, w2

. R + R 4mZ—nZ_g2
From the above we will have: m, /Z > %= (and the analogs) = m, /z > —ra_d-da

2h,
/ZR 4m?2 —n? — g2
m, |—=
r h,
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. . . 2R 4mi-n2-
Summing we will obtain: (m, + m, + m,) —= P

ha
2R _4mi—ni—g3 nz + g
hy |~ = = 4m, - e Ja
r m, m,

Summing we will have the following inequality:

2

2R z nz + g2
(ha + hb + hc) = 4’(ma + my + mc) -
Tr m,

: L na+gd _
10. From inequality P >2m,—w, =

a

ni+gi
2m _— >2m, :>22m >2(m +m, +m,)

b2 +c? . . . m, b2 +c2 1 b m b+c
> ’ = 2> = ( ) = a >
my =~ (Tereshin’s inequality) h, = 20 z\e §: §:

1 zna+ga+./2rbrc <zb+c_
V3 W, B a '

1 zna+ga+./2rbrc <Z:b+c <zzma
V3 l, - a -~ h,

11. % > % (Laurentiu Panaitopol — Romanian Mathematical Gazzete)

m Ng+ga+2rpre
- > a > a'da NThHC.
=2 2 2L MZ " ;

So, finally, we have as being true a new inequality, namely:

> Z mq > — Z Ng+ga+2rpre .

7 ha 3\/— Wa :
So,m2 =r,r,. + @ (and analogs); 4m?2 = n% + g2 + 2r,r, (and analogs)
bc = ryr, + rr, (and the analogs); n2 + g2 + 2ryr, — 4r,r, = (b — ¢)?;
n2 + g% — 2ryr. = b?> + ¢* — 2bc

b%? +c? —n% — g2 =2rr, = 2(s — b)(s — ¢) (and the analogs)

12. We know that: sin2 = fﬂ = /r“+r :bc = 2Rh, =
2 bc 4R

2rr, = h,(r, — r) (and the analogs)
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b2+c nZ—g2 hy(r,—r7)
2 2 a a __ a a
b*+c =hlra =1 ) 3t = e m

2 —n2_
:Zw:¥—1—2hi;2hi:%, so, we have the following:
e o g, (R_y),
h? T

b2+c2—n§—gﬁ
From the above we have: —— = Ta—T (and the analogs),

a

butr,+r,+r.=4R+r

2. 02 02 2
b +chna gaZZ(ZR—T);

So, we have the identity: ),
13. We proved that: b2 + ¢ — n%2 — g2 = h,(r, — r) (and the analogs)
But n? + g% > 2n,g, (and the analogs) =
b% + ¢? — 2n,9, = h,(r, — r) (and the analogs)

2rr, = h,(r, — r) = b? + ¢% — 2n,g, = 2rr, (and the analogs)

b2 +c?
2

>n,g, + rr, (and the analogs)

Taking into account the above inequality we have: % [1(b? + ¢?) = [I(ngg, + 7o)

From the above we have: 8r,r,r.r® = [[(b? + ¢? — n2 — g2)
But r,1p1. = Ss = s*r we will obtain the following:
85212 = | |2 +¢* —n2 - g3
8s%r* = 1_[(bZ +ct—ng—g3);
h,hpyh, = %rarbrc we will obtain the following: h,hy,h, =

—T1(b? + ¢ — nZ — g2)

4R2

2
14. From mg, > 2 < and a2 = 2R " h”h‘ (and the analogs), we will obtain:
h, (h, h,
>2(2+ = +
m, =~ <hc hb) 2ryr. = h,(ry, +1.)

amf (h,,)z + (:_b) + 2 (and the analogs)

2, 2 2 2 2 2
na+_9a + M 2 2 + (ﬂ) + (E) = na+_2‘qa 4+ -2 ¢ ThtTec > 2 + (hb) + (ﬁ) (and the analogs)
hg hq h. hy
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e+ 1y + )<1 ) z r,,+r 4R+1r 2R 1+zrb+rc
= =
Ta ™ T T Te) h, T T h,

So, finally we have the identity: ), ——= r””‘ =2 (1 + g)

Taking into account the above we have the foIIowing inequality:

2 4 p2
2<1+5)+ ma * g“>6 zh he
r h2

+ _h2 _pn2
2<1+B>+zna ga hb hc26
T h2

b+ A
m, > == cos = (and the analogs)
a 2 2

brc

cos%l = (and the analogs)

Squaring and taking into account:
4m?2 = n2 + g% + 2r,r. (and the analogs)

rpTrc
bc ’

nZ + g%+ 2ryr. > (b + ¢)?

2 4+ n§+g§ >24 b%+c? N na+ga > b%+c?
TpTc bc TpTe

(and the analgos)
So, finally we have:

matgs o b -+ (and the analogs). Summing we will obtain:

TpTc
2 2
na + ga b + c
E = E
rpr. a

15.But Y, E = Z% =Y :“” so we will obtain the following:

2 2
z n, + da > hb + hc
rpre - ha

2 2
ryr, Lar,-—r’

Tp +Tc

Z4g2 % A
mazda (cos E) (and the analogs); cos =

bZ+c2 —
A\? r,+r,+r, r
= —_ :—:2+_
Z(“’Sz) 2R 2R

(and the analogs)
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2 2
n: + T
E "av9a_,, T
b?% + c2 2R
ni+gi _ p

s . . . .
— 50, we will have the inequality: [] VZrc? 2 16R2

2

But [] cosg =
16. From Tereshin’s inequality presented above and the new identity we will obtain

the following:

2 2 b2 +c2\ 2
ng +gg+2rpre 2 ( ” ) (and the analogs)

2 2
Phet 5 Ma (and the analogs) and from the above we can write the following:

But e =

nitgh b b © > 2 Zma (and the following)

rpre €

2 2
matgh 5 2Ma o have the following: natgq 5, 2rore (and the following)
a

TpTc Wq
Summing we will obtain a new inequality, namely: ¥’ % =2y
a a
24 +
Matdd - T === (and the analogs)

n§+g§ > dth I
iz 2 cos (an the analogs) = 5 =

A
cosZ = |™¢ (and the analogs)

From the above we have: "a*94 > b*+¢* —— (and the analogs)

Tp+7Tc
na+ga a?+b%+c?
Summing we will obtain: Z —— =
17.From a2 = 2R (and the analogs) we have Z"“+f“ >y obe h”h
n;+gs Yni+3Xg;+2p
(a c?) ng ga+2p S R

These are just a little part of the relationships that can be obtained using the established
relationship in this note. Any other new obtained relationships will be published in the

form of problems for RMM.
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