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ABOUT BĂTINEȚU’S INEQUALITIES 

PROBLEMS X.64, X.65, X.74-RMM 24-SPRING EDITION 2020-PAPER VARIANT 

By Marin Chirciu – Romania  

1) X.64. BĂTINEȚU’S INEQUALITY – 1 

If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞

⋅ ૛ࢇ +
ࢠ + ࢞
࢟

⋅ ૛࢈ +
࢞ + ࢟
ࢠ

⋅ ૛ࢉ ≥ ૡ√૜ ⋅  ࡿ

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Proof. 

We prove: 

Lemma 

2) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ 

࢟+ ࢠ
࢞ ⋅ ૛ࢇ +

ࢠ + ࢞
࢟ ⋅ ૛࢈ +

࢞ + ࢟
ࢠ ⋅ ૛ࢉ ≥ ૛෍ࢉ࢈ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ૛ࢇ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ ૛ࢇ = ෍

࢞ + ࢟ + ࢠ
࢞ ૛ࢇ −෍ࢇ૛ = 

= (࢞+ ࢟ + ෍(ࢠ
૛ࢇ

࢞ −෍ࢇ૛ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(࢞ + ࢟ + (ࢠ
૛(ࢇ∑)

࢞ + ࢟ + ࢠ −෍ࢇ૛ = 

= ቀ෍ࢇቁ
૛
−෍ࢇ૛ = ෍ࢇ૛ + ૛෍ࢉ࢈−෍ࢇ૛ = ૛෍ࢉ࢈ 

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

૛෍ࢉ࢈ ≥ ૡ√૜ ⋅ ࡿ ⇔෍ࢉ࢈ ≥ ૝√૜ ⋅ ࡿ ⇔ ቀ෍ࢉ࢈ቁ
૛
≥ ૝ૡࡿ૛ ⇔ 

⇔ (࢙૛ + ࢘૛ + ૝࢘ࡾ)૛ ≥ ૝ૡ࢘૛࢙૛ ⇔ ࢙૛(࢙૛ + ૡ࢘ࡾ − ૝૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙ 

We’ve used the known identity in triangle ∑ࢉ࢈ = ࢙૛ + ࢘૛ + ૝࢘ࡾ 

We distinguish the cases: 

Case 1). If (࢙૛ + ૡ࢘ࡾ − ૝૟࢘૛) ≥ ૙, the inequality is obvious. 
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Case 2). If (࢙૛ + ૡ࢘ࡾ − ૝૟࢘૛) < ૙, the inequality can be rewritten: 

࢘૛(૝ࡾ + ࢘)૛ ≥ ࢙૛(૝૟࢘૛ − ૡ࢘ࡾ − ࢙૛), which follows from Blundon-Gerretsen’s inequality  

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
. It remains to prove that: 

࢘૛(૝ࡾ + ࢘)૛ ≥
ࡾ૝)ࡾ + ࢘)૛

૛(૛ࡾ − ࢘) (૝૟࢘૛ − ૡ࢘ࡾ − ૚૟࢘ࡾ+ ૞࢘૛) ⇔ ૛૝ࡾ૛ − ૝ૠ࢘ࡾ− ૛࢘૛ ≥ ૙ 

⇔ ࡾ) − ૛࢘)(૛૝ࡾ+ ࢘) ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

3) X.65. BĂTINEȚU INEQUALITY – 2 

If ࢞, ࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟+ ࢠ
࢞

⋅ ૝ࢇ +
ࢠ + ࢞
࢟

⋅ ૝࢈ +
࢞ + ࢟
ࢠ

⋅ ૝ࢉ ≥ ૜૛ࡿ૛ 

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Solution 

We prove: 

Lemma. 

4) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭: 

࢟ + ࢠ
࢞

⋅ ૝ࢇ +
ࢠ + ࢞
࢟

⋅ ૝࢈ +
࢞ + ࢟
ࢠ

⋅ ૝ࢉ ≥ ૛෍࢈૛ࢉ૛ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ૝ࢇ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ ૝ࢇ = ෍

࢞ + ࢟ + ࢠ
࢞ ૝ࢇ −෍ࢇ૝ = 

= (࢞+ ࢟ + ෍(ࢠ
૝ࢇ

࢞ −෍ࢇ૝ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(࢞ + ࢟ + (ࢠ
૛(૛ࢇ∑)

࢞ + ࢟ + ࢠ −෍ࢇ૝ = 

= ቀ෍ࢇ૛ቁ
૛
−෍ࢇ૝ = ෍ࢇ૝ + ૛෍࢈૛ࢉ૛ −෍ࢇ૝ = ૛෍࢈૛ࢉ૛ 

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

૛෍࢈૛ࢉ૛ ≥ ૜૛ࡿ૛ ⇔෍࢈૛ࢉ૛ ≥ ૚૟ࡿ૛ ⇔ ࢙૝ + ࢙૛(૛࢘૛ − ૡ࢘ࡾ) + ࢘૛(૝ࡾ + ࢘)૛ ≥ 
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≥ ૚૟࢘૛࢙૛ ⇔ ࢙૛(࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙ 

We’ve used the known identity in triangle ∑࢈૛ࢉ૛ = ࢙૝ + ࢙૛(૛࢘૛ − ૡ࢘ࡾ) + ࢘૛(૝ࡾ + ࢘)૛ 

We distinguish the cases: 

Case 1). If (࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) ≥ ૙, the inequality is obvious. 

Case 2). If (࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) < ૙, the inequality can be rewritten: 

࢘૛(૝ࡾ + ࢘)૛ ≥ ࢙૛(ૡ࢘ࡾ+ ૚૝࢘૛ − ࢙૛), which follows from Blundon-Gerretsen’s inequality 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
. It remains to prove that: 

࢘૛(૝ࡾ + ࢘)૛ ≥
ࡾ૝)ࡾ + ࢘)૛

૛(૛ࡾ − ࢘) (ૡ࢘ࡾ + ૚૝࢘૛ − ૚૟࢘ࡾ+ ૞࢘૛) ⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ− ૛࢘૛ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(ૡࡾ+ ࢘) ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

5) X.74. If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

ቆ
࢟૛ + ૛ࢠ

࢞૛
+
૛ࢠ + ࢞૛

࢟૛
+
࢞૛ + ࢟૛

૛ࢠ
ቇ ૝ࢇ) + ૝࢈ + (૝ࢉ ≥ ૢ૟ࡿ૛ 

Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania  

Solution 

We prove: 

Lemma. 

6) In ઢ࡯࡮࡭: 

૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૚૟ࡿ૛ 

F. Goldner, 1949 

Proof. 

Using ∑ࢇ૝ = ૛[࢙૝ − ࢙૛(ૡ࢘ࡾ+ ૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛], we have ࢇ૝ + ૝࢈ + ૝ࢉ ≥ ૚૟ࡿ૛ ⇔ 

⇔ ૛[࢙૝ − ࢙૛(ૡ࢘ࡾ+ ૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛] ≥ ૚૟࢘૛࢙૛ ⇔ 

⇔ ࢙૛(࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙. 

We distinguish the cases: 

Case 1). If (࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) ≥ ૙, the inequality is obvious. 
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Case 2). If (࢙૛ − ૡ࢘ࡾ − ૚૝࢘૛) < ૙, the inequality can be rewritten: 

࢘૛(૝ࡾ + ࢘)૛ ≥ ࢙૛(ૡ࢘ࡾ+ ૚૝࢘૛ − ࢙૛), which follows from Blundon-Gerretsen inequality 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
. It remains to prove that: 

࢘૛(૝ࡾ + ࢘)૛ ≥
ࡾ૝)ࡾ + ࢘)૛

૛(૛ࡾ − ࢘) (ૡ࢘ࡾ + ૚૝࢘૛ − ૚૟࢘ࡾ+ ૞࢘૛) ⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ− ૛࢘૛ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(ૡࡾ+ ࢘) ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

Let’s get back to the main problem: 

We have ࢟
૛ାࢠ૛

࢞૛
+ ૛ା࢞૛ࢠ

࢟૛
+ ࢞૛ା࢟૛

૛ࢠ
≥ ૟, which follows from ࢞

૛

࢟૛
+ ࢟૛

࢞૛
≥ ૛, with equality for ࢞ = ࢟ 

and the analogs. 

Using the Lemma and the above inequality we obtain the conclusion. 

Equality holds if and only if the triangle is equilateral and ࢞ = ࢟ =  .ࢠ

Remark. 

In the same way we can propose: 

7) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞

⋅ ࢈) + ૛(ࢉ +
ࢠ + ࢞
࢟

⋅ ࢉ) + ૛(ࢇ +
࢞ + ࢟
ࢠ

⋅ ࢇ) + ૛(࢈ ≥ ૜૛√૜ ⋅  ࡿ

Proposed by Marin Chirciu – Romania  

Solution. 

We prove: 

Lemma. 

8) If ࢞,࢟, ࢠ > ૙ the in ઢ࡯࡮࡭: 

࢟+ ࢠ
࢞ ⋅ ࢈) + ૛(ࢉ +

ࢠ + ࢞
࢟ ⋅ ࢉ) + ૛(ࢇ +

࢞ + ࢟
ࢠ ⋅ ࢇ) + ૛(࢈ ≥ ૡ࢙૛ + ૛෍ࢉ࢈ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ࢈) + ૛(ࢉ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ +࢈) ૛(ࢉ = 
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= ෍
࢞ + ࢟ + ࢠ

࢞
+࢈) ૛(ࢉ −෍(࢈+ ૛(ࢉ = (࢞ + ࢟ + ෍(ࢠ

࢈) + ૛(ࢉ

࢞ −෍(࢈+ ૛(ࢉ ≥ 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(࢞ + ࢟ + (ࢠ
(૛∑ࢇ)૛	
࢞ + ࢟ + ࢠ −෍(࢈ + ૛(ࢉ = ૝ ቀ෍ࢇቁ

૛
−෍(࢈૛ + ૛ࢉ + ૛ࢉ࢈) = 

= ૝෍ࢇ૛ + ૡ෍ࢉ࢈− ૛෍ࢇ૛ − ૛෍ࢉ࢈ = ૛෍ࢇ૛ + ૟෍ࢉ࢈ = ૡ࢙૛ + ૛෍ࢉ࢈ 

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

ૡ࢙૛ + ૛෍ࢉ࢈ ≥ ૜૛√૜ ⋅ ࡿ ⇔ ૞࢙૛ + ૝࢘ࡾ+ ࢘૛ ≥ ૚૟√૜ ⋅ ࡿ ⇔ 

⇔ (૞࢙૛ + ૝࢘ࡾ + ࢘૛)૛ ≥ ૠ૟ૡ࢘૛࢙૛ ⇔ 

⇔ ࢙૛(૛૞࢙૛ + ૝૙࢘ࡾ − ૠ૞ૡ࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙ 

We’ve used the known identity in triangle ∑ࢉ࢈ = ࢙૛ + ࢘૛ + ૝࢘ࡾ. 

We distinguish the cases: 

Case 1). If (૛૞࢙૛ + ૝૙࢘ࡾ − ૠ૞ૡ࢘૛) ≥ ૙, the inequality is obvious. 

Case 2). If (૛૞࢙૛ + ૝૙࢘ࡾ − ૠ૞ૡ࢘૛) < ૙, the inequality can be rewritten: 

࢘૛(૝ࡾ + ࢘)૛ ≥ ࢙૛(૝૟࢘૛ − ૡ࢘ࡾ − ࢙૛), which follows from Blundon-Gerretsen inequality 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
. It remains to prove that: 

࢘૛(૝ࡾ+ ࢘)૛ ≥
+ࡾ૝)ࡾ ࢘)૛

૛(૛ࡾ− ࢘) ቀૠ૞ૡ࢘૛ − ૝૙࢘ࡾ− ૛૞(૚૟࢘ࡾ − ૞࢘૛)ቁ ⇔ 

⇔ ૝૝૙ࡾ૛ − ૡૠૢ࢘ࡾ− ૛࢘૛ ≥ ૙ ⇔ −ࡾ) ૛࢘)(૝૝૙ࡾ+ ࢘) ≥ ૙, obvious from Euler’s 

inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

9) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞ ⋅ ࢈) + ૝(ࢉ +

ࢠ + ࢞
࢟ ⋅ ࢉ) + ૝(ࢇ +

࢞ + ࢟
ࢠ ⋅ ࢇ) + ૝(࢈ ≥ ૞૚૛ࡿ૛ 

Proposed by Marin Chirciu – Romania  

Solution 

We prove: 
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Lemma 

10) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭: 

࢟ + ࢠ
࢞ ⋅ ࢈) + ૝(ࢉ +

ࢠ + ࢞
࢟ ⋅ ࢉ) + ૝(ࢇ +

࢞ + ࢟
ࢠ ⋅ +ࢇ) ૝(࢈ ≥ ૛෍(ࢇ + ૛(࢈ ࢇ) +  ૛(ࢉ

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ࢈) + ૝(ࢉ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ +࢈) ૝(ࢉ = 

= ෍
࢞ + ࢟ + ࢠ

࢞
+࢈) ૝(ࢉ −෍(࢈+ ૝(ࢉ = (࢞ + ࢟ + ෍(ࢠ

࢈) + ૝(ࢉ

࢞ −෍(࢈+ ૝(ࢉ ≥ 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(࢞+ ࢟ + (ࢠ
࢈)∑) + ૛)૛(ࢉ

࢞ + ࢟ + ࢠ −෍(࢈ + ૝(ࢉ = ቀ෍(࢈ + ૛ቁ(ࢉ
૛
−෍(࢈+ ૝(ࢉ = 

= ෍(࢈+ ૝(ࢉ + ૛෍(ࢇ + +ࢇ)૛(࢈ ૛(ࢉ −෍(࢈+ ૝(ࢉ = ૛෍(ࢇ+ ૛(࢈ ࢇ) +  ૛(ࢉ

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

૛෍(ࢇ + +ࢇ)૛(࢈ ૛(ࢉ ≥ ૞૚૛ࡿ૛ ⇔෍(ࢇ+ ૛(࢈ +ࢇ) ૛(ࢉ ≥ ૛૞૟ࡿ૛ ⇔ 

⇔ ૢ࢙૝ + ࢙૛(ૡ࢘ࡾ− ૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૛૞૟࢘૛࢙૛ ⇔ 

⇔ ࢙૛(ૢ࢙૛ + ૡ࢘ࡾ − ૛૟૛࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙ 

We’ve used the known identity in triangle 

෍(ࢇ + ૛(࢈ +ࢇ) ૛(ࢉ = ૢ࢙૝ + ࢙૛(ૡ࢘ࡾ − ૟࢘૛) + ࢘૛(૝ࡾ+ ࢘)૛ 

We distinguish the cases: 

Case 1). If (ૢ࢙૛ + ૡ࢘ࡾ − ૛૟૛࢘૛) ≥ ૙, the inequality is obvious. 

Case 2). If (ૢ࢙૛ + ૡ࢘ࡾ − ૛૟૛࢘૛) < ૙, the inequality can be rewritten: 

࢘૛(૝ࡾ + ࢘)૛ ≥ ࢙૛(૛૟૛࢘૛ − ૡ࢘ࡾ − ૢ࢙૛), which follows from Blundon-Gerretsen 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
. It remains to prove that: 

࢘૛(૝ࡾ + ࢘)૛ ≥
ࡾ૝)ࡾ + ࢘)૛

૛(૛ࡾ− ࢘) ቀ૛૟૛࢘૛ − ૡ࢘ࡾ− ૢ(૚૟࢘ࡾ − ૞࢘૛)ቁ ⇔ 

⇔ ૚૞૛ࡾ૛ − ૜૙૜࢘ࡾ− ૛࢘૛ ≥ ૙ ⇔ −ࡾ) ૛࢘)(૚૞૛ࡾ+ ࢘) ≥ ૙, obvious from Euler’s 

inequality ࡾ ≥ ૛࢘.  
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Equality if and only if the triangle is equilateral. 

11) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞ ⋅ ૛ࢉ૛࢈ +

ࢠ + ࢞
࢟ ⋅ ૛ࢇ૛ࢉ +

࢞ + ࢟
ࢠ ⋅ ૛࢈૛ࢇ ≥ ૜૛ࡿ૛ 

Proposed by Marin Chirciu – Romania  

Solution 

We prove: 

Lemma. 

12) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭: 

࢟ + ࢠ
࢞

⋅ ૛ࢉ૛࢈ +
ࢠ + ࢞
࢟

⋅ ૛ࢇ૛ࢉ +
࢞ + ࢟
ࢠ

⋅ ૛࢈૛ࢇ ≥ ૛ࢉ࢈ࢇ෍ࢇ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ૛ࢉ૛࢈ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ ૛ࢉ૛࢈ = ෍

࢞ + ࢟ + ࢠ
࢞ ૛ࢉ૛࢈ −෍࢈૛ࢉ૛ = 

= (࢞ + ࢟ + ෍(ࢠ
૛ࢉ૛࢈

࢞ −෍࢈૛ࢉ૛ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

	 (࢞ + ࢟ + (ࢠ 	
૛(ࢉ࢈∑)

࢞ + ࢟ + ࢠ −෍࢈૛ࢉ૛ = 

= ቀ෍ࢉ࢈ቁ
૛
−෍࢈૛ࢉ૛ = ෍࢈૛ࢉ૛ + ૛ࢉ࢈ࢇ෍ࢇ −෍࢈૛ࢉ૛ = ૛ࢉ࢈ࢇ෍ࢇ 

Let’s get to the main problem: 

Using the Lemma, it suffices to prove that: 

૛ࢇ∑ࢉ࢈ࢇ ≥ ૜૛ࡿ૛ ⇔ ૡ࢙࢘ࡾ૛ ≥ ૚૟࢘૛࢙૛ ⇔ ࡾ ≥ ૛࢘ (Euler’s inequality) 

Equality holds if and only if the triangle is equilateral. 

13) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞ ⋅ ૛ࢉ૛࢘࢈࢘ +

ࢠ + ࢞
࢟ ⋅ ૛ࢇ૛࢘ࢉ࢘ +

࢞ + ࢟
ࢠ ⋅ ૛࢈૛࢘ࢇ࢘ ≥ ૚ૡࡿ૛ 

Proposed by Marin Chirciu – Romania  

Solution 

We prove: 

Lemma. 
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14) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭: 

࢟ + ࢠ
࢞

⋅ ૛ࢉ૛࢘࢈࢘ +
ࢠ + ࢞
࢟

⋅ ૛ࢇ૛࢘ࢉ࢘ +
࢞ + ࢟
ࢠ

⋅ ૛࢈૛࢘ࢇ࢘ ≥ ૛࢘ࢉ࢘࢈࢘ࢇ෍࢘ࢇ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ૛ࢉ૛࢘࢈࢘ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ ૛ࢉ૛࢘࢈࢘ = ෍

࢞ + ࢟ + ࢠ
࢞ ૛ࢉ૛࢘࢈࢘ = 

= (࢞ + ࢟ + ෍(ࢠ
૛ࢉ૛࢘࢈࢘

࢞ −෍࢘࢈૛࢘ࢉ૛ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(࢞ + ࢟ + (ࢠ
૛(ࢉ࢘࢈࢘∑)

࢞ + ࢟ + ࢠ −෍࢘࢈૛࢘ࢉ૛ = 

= ቀ෍࢘ࢉ࢘࢈ቁ
૛
−෍࢘࢈૛࢘ࢉ૛ = ෍࢘࢈૛࢘ࢉ૛ + ૛࢘ࢉ࢘࢈࢘ࢇ෍࢘ࢇ −෍࢘࢈૛࢘ࢉ૛ = ૛࢘ࢉ࢘࢈࢘ࢇ෍࢘ࢇ 

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

૛࢘ࢉ࢘࢈࢘ࢇ∑ ࢇ࢘ ≥ ૚ૡࡿ૛ ⇔ ࢉ࢘࢈࢘ࢇ࢘ ࢇ࢘∑ ≥ ૢ࢘૛࢙૛ ⇔ ૛࢙࢘૛(૝ࡾ + ࢘) ≥ ૢ࢘૛࢙૛ ⇔ ࡾ ≥ ૛࢘ 

(Euler) 

Equality holds if and only if the triangle is equilateral. 

15) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ
࢞ ⋅ ૛ࢇ࢘ +

ࢠ + ࢞
࢟ ⋅ ૛࢈࢘ +

࢞ + ࢟
ࢠ ⋅ ૛ࢉ࢘ ≥ ૟√૜ ⋅  ࡿ

Proposed by Marin Chirciu – Romania  

Solution 

We prove: 

Lemma: 

16) If ࢞,࢟, ࢠ > ૙ then in ઢ࡯࡮࡭: 

࢟ + ࢠ
࢞ ⋅ ૛ࢇ࢘ +

ࢠ + ࢞
࢟ ⋅ ૛࢈࢘ +

࢞ + ࢟
ࢠ ⋅ ૛ࢉ࢘ ≥ ૛෍࢘ࢉ࢘࢈ 

Proof. 

࢙ࡹ = ෍
࢟ + ࢠ
࢞ ⋅ ૛ࢇ࢘ = ෍൬

࢟ + ࢠ
࢞ + ૚ − ૚൰ ⋅ ૛ࢇ࢘ = ෍

࢞ + ࢟ + ࢠ
࢞ ૛ࢇ࢘ −෍࢘ࢇ૛ = 

= (࢞ + ࢟ + ෍(ࢠ
૛ࢇ࢘

࢞ −෍࢘ࢇ૛ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

	 (࢞ + ࢟ + (ࢠ
૛(ࢇ࢘∑)

࢞ + ࢟ + ࢠ −෍࢘ࢇ૛ = 
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= ቀ෍࢘ࢉ࢘࢈ቁ
૛
−෍࢘ࢇ૛ = ෍࢘ࢇ૛ + ૛෍࢘ࢉ࢘࢈ −෍࢘ࢇ૛ = ૛෍࢘ࢉ࢘࢈ 

Let’s get back to the main problem: 

Using the Lemma, it suffices to prove that: 

૛∑࢘ࢉ࢘࢈ ≥ ૟√૜ ⋅ ࡿ ⇔ ࢉ࢘࢈࢘∑ ≥ ૜√૜ ⋅ ࢙࢘ ⇔ ࢙૛ ≥ ૜√૜ ⋅ ࢙࢘ ⇔ ࢙ ≥ ૜࢘√૜ (Mitrinovic) 

Equality holds if and only if the triangle is equilateral. 

Refferences: 
Romanian Mathematical Magazine-Interactive Journal-www.ssmrmh.ro 
 


