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ABOUT BATINETU’S INEQUALITIES

PROBLEMS X.64, X.65, X.74-RMM 24-SPRING EDITION 2020-PAPER VARIANT
By Marin Chirciu — Romania
1) X.64. BATINETU’S INEQUALITY -1
If x,y,z > 0 thenin AABC the following relationship holds:

yTH-a2+Z;x-b2+x+Ty'c2 >8V3-S
Proposed by D.M. Bdtinetu — Giurgiu — Romania
Proof.
We prove:
Lemma

2)Ifx,y,z> 0thenin AABC

+ + x x +
Y72 q247 -b2+—y-c2222bc
X y z

Proof.

+z +z x+y+z
no T Y ) e T e T

) - Y R R IO

x+y+z

:(Za) —ZaZZZaZ+ZZbC—ZaZ ZZZbc

Let’s get back to the main problem:

Using the Lemma, it suffices to prove that:

2
22bc28x/§-5@2bc24\/§-5@(2bc) > 4852 o

& (s2+ 12 +4Rr)? > 48r%s?  s2(s2 + 8Rr —461%) +r2(4R+1)? > 0
We've used the known identity in triangle Y, bc = s* + r2 + 4Rr
We distinguish the cases:

Case 1). If (s + 8Rr — 4612%) > 0, the inequality is obvious.
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Case 2). If (s + 8Rr — 4612%) < 0, the inequality can be rewritten:
r2(4R +1r)? > s?(461* — 8Rr — s?), which follows from Blundon-Gerretsen’s inequality

R(4-R+r)

16Rr — 512 < s2 <
2(2R-

. It remains to prove that:

R(4R +1r)?
2(2R-71)

S (R —2r)(24R + 1) = 0, obviously from Euler’s inequality R = 2r.

(4R +1)% > (4612 — 8Rr — 16RT + 512) © 24R? —47Rr — 212> 0

Equality holds if and only if the triangle is equilateral.

3) X.65. BATINETU INEQUALITY -2

If x, y,z > 0 then in AABC the following relationship holds:

+z zZ+x x +
y .a4'+ .b4'+
X y z

y-c‘* > 3252

Proposed by D.M. Bdtinetu — Giurgiu — Romania
Solution
We prove:
Lemma.
4 Ifx,y,z> 0thenin AABC:

+ + +
Y Z-a4+z x'b4+x y.c‘*EZZchZ
X y z

Proof.

+ + +y+
M zy L at= (y Z+1—1)-a422—x Y Za“—Za‘*z
x x

—(x+y+z)2——z Berg;trom(x+y+z) (T a?)? za4:

xX+y+z

—Sa)-Ya=Yar2Yre-Ya=2 ne

Let’s get back to the main problem:

Using the Lemma, it suffices to prove that:

2 z b%c? > 325% & z b%c? > 165% & s* + s?(2r*2 — 8Rr) + r2(4R +1r)? >
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> 161252 © s2(s2 —8Rr — 14r2) +r2(4R+1r)%2 > 0

We’ve used the known identity in triangle Y, b%>c? = s* + s2(2r? — 8Rr) + r*(4R +1)?
We distinguish the cases:
Case 1). If (s2 — 8Rr — 1412%) > 0, the inequality is obvious.
Case 2). If (s2 — 8Rr — 141?) < 0, the inequality can be rewritten:

r2(4R +1)? > s?(8Rr + 14r? — s?%), which follows from Blundon-Gerretsen’s inequality

16Rr — 512 < s2 < R@R+m)?

< . It remains to prove that:
2(2R-1)

R(4R +1r)?
z +1r)i > —
r(4R +1)" 2 2(2R -71)

< (R —2r)(8R + 1) = 0, obviously from Euler’s inequality R > 2r.

(8Rr + 141> — 16Rr + 5r2) @ 8R? —17Rr—-21r* >0 &

Equality holds if and only if the triangle is equilateral.

5)X.74. 1f x,y,z > 0 then in AABC the following relationship holds:

V2+z2 22+ x4y
2 T2 T2
X y z

) (a* + b* + c*) > 9652

Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndnuti — Romania

Solution
We prove:
Lemma.
6) In AABC:
a* + b* + c* > 1652
F. Goldner, 1949
Proof.

Using Y a* = 2[s* — s2(8Rr + 612) + r2(4R + r)%], we have a* + b* + ¢* > 165%?
& 2[s* — s2(8Rr + 61%) + (4R + 1)?] > 161%*s? &
& s2(s? — 8Rr — 14r2) + (4R +1r)?2 > 0.
We distinguish the cases:

Case 1). If (s2 — 8Rr — 1412%) > 0, the inequality is obvious.
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Case 2). If (s2 — 8Rr — 141?%) < 0, the inequality can be rewritten:

r2(4R +1r)? > s?(8Rr + 14r% — s?), which follows from Blundon-Gerretsen inequality

R(4R+7)?

16Rr — 512 < s2 < .
2(2R-1)

It remains to prove that:

R(4R +1)?
z +1r)i>—
R ToT s

< (R — 2r)(8R + 1) = 0, obviously from Euler’s inequality R > 2r.

(8Rr + 1412 —16Rr + 512) @ 8R* —17Rr-2r* >0

Equality holds if and only if the triangle is equilateral.
Let’s get back to the main problem:

2422 | z%+x?
We have =2+ 222 + 2=
x y z

x2+y?

2 2
> 6, which follows from;—2 + i_z > 2, with equality forx = y

and the analogs.
Using the Lemma and the above inequality we obtain the conclusion.
Equality holds if and only if the triangle is equilateral and x = y = z.
Remark.

In the same way we can propose:

7) If x,y,z > 0 then in AABC the following relationship holds:

+ + +
¥'(b+c)2+%'(c+a)2+¥-(a+b)2232\/§'S

Proposed by Marin Chirciu — Romania
Solution.
We prove:
Lemma.

8)Ifx,y,z> 0thein AABC:

+z Z+Xx X +
yT'(b+c)2+T'(c+a)2+Ty'(a+b)2 2852+22bc

Proof.

M=y Lt o= (v 1-1) b+ 2=
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=Z#(b+c)2—2(b+cﬁ=(x+y+z)z("zc)z—2(b+c)22

Berg;trom ty+z) 2 (2X a)? z(b +¢)2 = z a)z — Z(bz + ¢+ 2bc) =

x+y+z

=4Za2+82bc—22a2—22bc=ZZaZ+6Zbc=8s2+22bc

Let’s get back to the main problem:

Using the Lemma, it suffices to prove that:
852+2 ) bc232V3-S & 55 +4RT +17 2 16V3 -5 &

& (552 +4Rr +1r?)? > 768r*s?
& s2(25s% + 40Rr — 758r%) + r2(4R + 1) = 0
We've used the known identity in triangle Y, bc = s* + r2 + 4Rr.
We distinguish the cases:
Case 1). If (2552 + 40Rr — 7581?) > 0, the inequality is obvious.
Case 2). If (2552 + 40Rr — 7587r?%) < 0, the inequality can be rewritten:

r2(4R +1r)? > s?(461r? — 8Rr — s?), which follows from Blundon-Gerretsen inequality

R(4R+1)2

16Rr — 512 < s2 <
22R-1)

. It remains to prove that:

R(4R + r)?
z +7r)> ——
T (4R +71)" 2 22R-71)

& 440R? —879Rr — 212 > 0 © (R — 2r)(440R + r) > 0, obvious from Euler’s

(758rZ — 40Rr — 25(16Rr — 5r2)) o

inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

9)Ifx,y,z > 0 then in AABC the following relationship holds:

+ 2z Z+ x X +
yT-(b+c)4+T-(c+a)4+Ty-(a+b)4251252

Proposed by Marin Chirciu — Romania
Solution

We prove:
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Lemma

10) If x,y,z > 0 thenin AABC:
ytz

+ +
+¥-(c+a)‘*+xz—y-(a+b)4222(a+b)2(a+c)2

Proof.

M=% b+ )4=Z(y7”+1—1).(b+c)4:
_zx+y Z(b+c)4 Z(b+c)4—(x+y+z)z(b Z(b+c)4>

Berg;trom (x+ y+ )(Z(b + C)Z)Z Z(b + C)4 _ Z(b + C)Z _ Z(b + C)4 —

x+y+z

=) b+t +2) (a+b)(a+c) =Y (b+c)* =2 ) (a+b)(a+c)
Let’s get back to the main problem:

Using the Lemma, it suffices to prove that:
2 (a+b)*(a+c)* 251257 & ) (a+b)? (a+c)? 2 2565 &
& 9s* + s2(8Rr — 61%) + r*(4R +1)? > 2561°%s* &

& s2(9s2 + 8Rr —2621r2) +r2(4R+1)2 >0

We’ve used the known identity in triangle
Z(a + b))% (a+ c)?> = 9s* + s2(8Rr — 61%) + r*>(4R + 1)?

We distinguish the cases:
Case 1). If (9s% + 8Rr — 26212) > 0, the inequality is obvious.
Case 2). If (9s2 + 8Rr — 2621?) < 0, the inequality can be rewritten:

r2(4R + 1r)? > 5%(2621r* — 8Rr — 9s2), which follows from Blundon-Gerretsen

16Rr — 512 < 5% < R(‘“‘”)Z
2(2R-r

R(4R +1)?
~ 2QR-71)
& 152R? —303Rr — 212 >0 © (R — 2r)(152R +r) > 0, obvious from Euler’s

. It remains to prove that:

r2(4R +1)? > (262r2 — 8Rr— 9(16Rr — 5r2)) o

inequality R > 2r.
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Equality if and only if the triangle is equilateral.

11) If x,y,z > 0 then in AABC the following relationship holds:

Y2 prez o 27X g2 (XTY 2 > 3252
x y z
Proposed by Marin Chirciu — Romania
Solution
We prove:
Lemma.
12) If x,y,z > 0 then in AABC:
y:Z-bzcz +Z+Tx-cza2 +¥- a’b? > 2acha
Proof

+z +z xt+y+z
M= 22 = (Tt - 1) et = Y ST e Y prer =

b2 c? Bergstrom bc)?
=(x+y+z)z . —szcz > (x+y+z)Q—ZbZCZ=

2
= (Z bc) —szcz = szcz + Zacha—ZchZ = Zacha

Let’s get to the main problem:

Using the Lemma, it suffices to prove that:
2abcy a > 325% © 8Rrs? > 161%s? © R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

13) If x,y,z > 0 then in AABC the following relationship holds:

+y
k2 —— 32+ —— . r2r? > 18572
y z

Proposed by Marin Chirciu — Romania
Solution
We prove:

Lemma.
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14)If x,y,z > 0 then in AABC:

y+z Z+X x+y
riri e —— 2 —— iyl > 2r . ) T4
x y z

Proof.

+z +z xt+y+z
Mszzy -r,z,r;fZZ(yx +1—1>-r,2,r§=z_i rir? =

Bergstrom r.r 2
—(x+y+z)z Zr,z,rE > (x+y+z)M—Zr,Z,r§=

x+y+z

= z rbr z rir? z Tir + 2r,ryr, z T, — z 212 = 21,17, z T,

Let’s get back to the main problem:

Using the Lemma, it suffices to prove that:
2T TpT e 2T = 1882 S 1 1. 214 = 9r%s? © 2rs?(4R + 1) > 9r?s? © R > 2r
(Euler)
Equality holds if and only if the triangle is equilateral.
15) If x,y,z > 0 then in AABC the following relationship holds:

y+z , z+x , x+

r2+ ri+ y'r§26\/§'5

X
Proposed by Marin Chirciu — Romania
Solution

We prove:

Lemma:

16) If x,y,z > 0 then in AABC:

y+z Z+X x+y
T2+ TP+ —=r2>2 ) rpr,
y z

X

Proof.

+z X+y+z
M=) =) (1) ks T Y-

Bergstrom 2
R ) S e R R L P

x+y+z
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= (Zrbrc)z —Zrﬁ = Zr§+ ZZrbrc—Zrﬁ = Zz:rbrc
Let’s get back to the main problem:
Using the Lemma, it suffices to prove that:
2¥1ryr. > 6V3-S e Yrr. > 3V3 -rs © s? > 3V3 - rs © s > 3ry/3 (Mitrinovic)
Equality holds if and only if the triangle is equilateral.
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