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SOLVING SOME PROBLEMS WITH DETERMINANTS 

By Marian Ursărescu-Romania 

Abstract: In this article, we will solve some problems with determinants. A lot of these 

problems had appeared in math magazines or were proposed to various mathematic 

contests. 

 

For the start we will remember the next lemma: 

Lemma: Let be ܤ,ܣ ∈ (ݔ)݂ ,௡(ℂ). Thenܯ = det(ܣ +  is a polynomial function having (ܤݔ

the grade ݊, which has the form: ݂(ݔ) = detܣ + ܽଵݔ + ⋯+ ܽ௡ିଵ + ௡ିଵݔ + detݔܤ௡, 

	ܽଵ, ܽଶ, … ,ܽ௡ ∈ ℂ 

Remarks: 

1. If ܤ,ܣ ∈ ݂ ௡(ℝ), thenܯ ∈ ℝ[ݔ]; if ܤ,ܣ ∈ ݂ ௡(ℚ) thenܯ ∈ ℚ[ݔ], and if ܤ,ܣ ∈  ௡(ℤ) thenܯ

݂ ∈ ℤ[ݔ] 

2. If ܤ,ܣ ∈  :ଶ(ℂ) thenܯ

(ݔ)݂ = detܣ + ܽଵݔ + detݔܤଶ, where ܽଵ = or ܽଵ (∗ܤܣ)ݎܶ = ܣ	ݎܶ ⋅ ܤ	ݎܶ −   or (ܤܣ)ݎܶ

ܽଵ = det(ܣ + (ܤ − detܣ − detܤ 

Applications: 

1.Let be ࡮,࡭ ∈ ࡮࡭ ૛(ℝ) such thatࡹ = ૛࡭)ܜ܍܌ and ࡭࡮ + (૛࡮ = ૙. 

Prove that ࡭ܜ܍܌ =  .࡮ܜ܍܌

Proof: 

det(ܣଶ + (ଶܤ = det(ܣଶ − (ଶܤ݅ = det(ܣ + (ܤ݅ ⋅ det(ܣ − (ܤ݅ = 0 

(we have used the fact that ܤܣ = ⇒ (ܣܤ det(ܣ + (ܤ݅ = 0 or det(ܣ − (ܤ݅ = 0   (1) 

Let be ݂(ݔ) = det(ܣ + (ܤݔ = detܣ + ܽଵݔ + detݔܤଶ , ܽଵ ∈ ℝ. From (1)⇒ ݂(݅) = 0 or 

݂(−݅) = 0 ⇒ ݂(±݅) = 0 ⇒ detܣ ± ܽ݅ − detܤ = 0 ⇒ detܣ = detܤ 

 

2. Let ࡮,࡭ ∈ ࡮࡭)ܜ܍܌ ૛(ℝ) such thatࡹ + (࡭࡮ ≤ ૙. Prove that ࡭)ܜ܍܌૛ + (૛࡮ ≥ ૙ 

(NMO-Romania) 
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Proof: 

Let be ݂(ݔ) = det൫ܣଶ + ଶܤ + ܤܣ)ݔ + ൯(ܣܤ , ݂ ∈  [ݔ]ܴ

(ݔ)݂ = det(ܤܣ + (ܤ ଶݔ + ܽଵݔ + det(ܣଶ +  (ଶܤ

We have ݂(1) = det(ܣଶ + ଶܤ + ܤܣ + (ܣܤ = (det(ܣ + ଶ((ܤ ≥ 0 

݂(−1) = det(ܣଶ + ଶܤ − ܤܣ − (ܣܤ = (det(ܣ − ଶ((ܤ ≥ 0 

But ݃݁݀ܽݎ	݂ = 2 and from hypothesis det(ܤܣ + (ܣܤ ≤ 0 and because  

0 ∈ (−1,1) ⇒ ݂(0) ≥ 0 ⇒ det(ܣଶ + (ଶܤ ≥ 0 

 

3. Let be ࡮,࡭ ∈ ࡭ܜ܍܌ ૜(ℤ) such thatࡹ = ࡮ܜ܍܌ = ૚. Prove that the matrix ࡭ + √૛࡮ is 

invertible.  

(Mathematical Gazette) 

Proof: 

We must prove that det൫ܣ + ൯ܤ2√ ≠ 0. By absurdum suppose that det൫ܣ + 	൯ܤ2√ = 0. Let  

(ݔ)݂ = det(ܣ + (ܤݔ = detܣ + ܽଵݔ + ܽଶݔଶ + detݔܤଷ = 1 + ܽଵݔ + ܽଶݔଶ +  ଷ, withݔ

ܽଵ, ܽଶ ∈ ℤ ⇒ ݂൫√2൯ = 0 ⇒ 1 + ܽଵ√2 + 2ܽଶ + 2√2 = 0 ⇒ √2(ܽଵ + 2) = −1 − 2ܽଶ ⇒ 

⇒ √2 = ିଵିଶ௔మ
௔భାଶ

∈ ℚ, false, √2 ∉ ℚ 

 

4. Let ࡮,࡭ ∈ ܜ܍܌ such that (ℤ)࢔ࡹ ࡭)ܜ܍܌ and ࡭ +  are odds. Prove that the matrix (࡮

࡭ + ࢑∀ is invertible ࡮࢑ ∈ ℤ. 

(Mathematical Gazette) 

Proof: 

We must prove that det(ܣ + (ܤ݇ ≠ 0,∀݇ ∈ ℤ. By absurdum suppose that ∃݇ ∈ ℤ such that 

det(ܣ + (ܤ݇ = 0. Let be ݂ = det(ܣ + (ܤݔ = detܣ + ܽଵݔ + ⋯+ ܽ௡ିଵݔ௡ିଵ + detݔܤ௡, 

	݂ ∈ ℤ[ݔ]. We have: ݂(0) = det ܣ = odd.  ݂(1) = det(ܣ + (ܤ = odd. 

But ݂(ݔ) = 0 (from Bézout) ⇒ (ݔ)݂ = ݔ) − ݍ,(ݔ)ݍ(݇ ∈  [ݔ]݇

݂(0) = (0)ݍ݇− = ݀݀݋
݂(1) = (1 − (1)ݍ(݇ = ൠ݀݀݋ ⇒ −݇, 1 − ݇ are odd numbers, false, because −݇, 1 − ݇ are 

consecutives. 
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5. Let ࡮,࡭ ∈ ࢿ and (ℂ)࢔ࡹ = ܛܗ܋ ૛࣊
࢔

+ ࢏ ܖܑܛ ૛࣊
࢔

࢔; ∈ ℕ∗,࢔ ≥ ૛. 

Prove that: 

࡭)ܜ܍܌ + (࡮ + ࡭)ܜ܍܌ + (࡮ࢿ + ⋯+ ࡭)ܜ܍܌ + (࡮૚ି࢔ࢿ = ࡭ܜ܍܌)࢔ +  (࡮ܜ܍܌

(RMO-Romania) 

Proof: 

Let be ݂(ݔ) = det(ܣ + (ܤݔ = detܣ + ܽଵݔ + ⋯+ ܽ௡ିଵݔ௡ିଵ + detܤ  ௡ݔ

det(ܣ + (ܤ = detܣ + ܽଵ + ⋯+ ܽ௡ିଵ + detܤ 

det(ܣ + (ܤߝ = detܣ + ܽଵߝ + ⋯+ ܽ௡ିଵߝ௡ିଵ + detܤ  ௡ߝ

⋮ 

det(ܣ + (ܤ௡ିଵߝ = detܣ + ܽଵߝ௡ିଵ + ⋯+ ܽ௡ିଵ(ߝ௡ିଵ)௡ିଵ + detܤ  ௡(௡ିଵߝ)

By summing ⇒ 

det(ܣ + (ܤ + det(ܣ + (ܤߝ + ⋯+ det(ܣ + (ܤ௡ିଵߝ = 

݊ det ܣ + ܽଵ(1 + ߝ + (௡ିଵߝ⋯ + ⋯+ ܽ௡ିଵ(ߝ௡ିଵ + ⋯+ (௡ିଵ(௡ିଵߝ) + 

+ detܤ ௡ߝ) + ௡ߝ + ⋯+  ௡ିଵ)   (1)(௡ߝ)

But ߝ is the root having the order ݊ of the unit ⇒ ௡ߝ = 1  (2) 

But (1)+(2)⇒ det(ܣ + (ܤ + det(ܣ + (ܤߝ + ⋯+ det(ܣ + (ܤ௡ିଵߝ = 

= ݊ det ܣ + ܽଵ
௡ߝ − 1
ߝ − 1 + ⋯+ ܽ௡ିଵ

௡ିଵ(௡ߝ))௡ିଵߝ − 1)
ߝ − 1 + ݊ detܤ = ݊(detܣ + detܤ) 

 

In the ending, some proposed problems on R.M.M.: 

1. Let ࡭ ∈ ࡭ܜ܍܌ ૛(ℝ) withࡹ = ࢊ ≠ ૙ such that ࡭)ܜ܍܌ + (∗࡭ࢊ = ૙. Prove that: 

࡭)ܜ܍܌ − (∗࡭ࢊ = ૝ 

(RMO-Romania) 

2. Let be ࡮,࡭ ∈ ࡭)ܜ܍܌ ૛(ℝ) such thatࡹ − (࡮ ⋅ ࡭)ܜ܍܌ + (࡮ ≥ ૙. Prove that: 

૛࡭)ܜ܍܌ (૛࡮− + −࡮࡭)ܜ܍܌ (࡭࡮ ≥ ૙ 

(R.M.M.) 

3. Let be ࡮,࡭ ∈ ࡭)ܜ܍܌ ૛(ℂ) such thatࡹ + (࡮ = ૚. Prove that: 

࡭࡮ܜ܍܌)ܜ܍܌ + (࡮࡭ܜ܍܌ =  (࡮࡭)ܜ܍܌

(R.M.M.) 
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4. Let be ࡭ ∈   :૛(ℤ). Prove thatࡹ

࡭൫ܜ܍܌ + ࢀ࡭ + ൯∗࡭ + ࡭−൫ܜ܍܌ + ࢀ࡭ + ൯∗࡭ + ࢀ࡭−൫ܜ܍܌ + ࡭ + +൯∗࡭ ∗࡭−൫ܜ܍܌ + +࡭ ൯ࢀ࡭ ⋮ ૚૛ 

(R.M.M.) 

5. Let be ࡮,࡭ ∈ (૛࡮૛࡭)࢘ࢀ ૛(ℝ) such thatࡹ = ૛࡭	࢘ࢀ +   :૛. Prove that࡮	࢘ࢀ

૛࡭)ܜ܍܌ + (૛࡮૛ࢻ + ૚࡭൬ܜ܍܌ +
૚
࡮૛ࢻ

૛൰ ≥ ࡭ܜ܍܌) + ࢻ∀,૛(࡮ܜ܍܌ ∈ ℝ∗ 

(R.M.M.) 

6. Let be ࡮,࡭ ∈ ࡭ܜ܍܌ ૛(ℝ) such thatࡹ =   :Prove that .࡮ܜ܍܌

࡮࡭࢞)ܜ܍܌ + (࡭࡮࢟ ≥ ࡮࡭)ܜ܍܌࢟࢞ +  (࡭࡮

(R.M.M.) 

7. Let ࡮,࡭ ∈  :૜(ℂ). Prove thatࡹ

࡭)ܜ܍܌ + (࡮ + ࡭)ܜ܍܌ (࡮− = ૛൫ܜ܍܌ ࡭ +  ൯(∗࡮࡭)	࢘ࢀ

8. Let be ࡭ ∈ ࡭ܜ܍܌ If .(ℤ)࢔ࡹ = odd, then the matrix ࡭ − ૛࢔ࡵ࢑ is invertible, ∀࢑ ∈ ℤ 

(R.M.M.) 
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