NEW APPLICATIONS OF FAMOUS GEOMETRICAL
INEQUALITIES (I)
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ABSTRACT. In this paper are presented a few applications of famous geomet-
rical inequalities.

Application 1.
In any ABC triangle having the semiperimeter s the following inequality holds:

1 n 1 " 1 > 27
alzb+yc)  blzc+ya)  c(za+ydb) — 4(z + y)s?

Proof. We have:

1 Bergstrom 9 9
- 73 =
U(x’ y) ; a(l‘b + yC) B chc(abm + acy) (Z’ + y) chc ab

But, (a + b+ ¢)? = a® + b? + ¢ + 2(ab + be + ca) > 3(ab + be + ca) =
2
= ab+bc+ ca < % and we obtain:

9 27 27 27

(x“‘y)'w B (x+y)(at+b+e)2  (z+y) 452 4(x+y)s?
(]

Ulx,y) >

Application 2.

If me Ry =[0,00),2z,y € (0,F),z+y = 7§ then in any ABC triangle having the
area F' the following inequality holds:

a2(m+1) b2(m+1) C2(m+1)

4 4 22m+2 . \/§ m+1 . Ferl

tan™ x tan™y = tan™ x-tan™y (V3)

Proof. Let be V(m,z,y) the left member of the relationship from enunciation.
According to J. Radon’s inequality we have:

(1)

v - ((12 + b2 + 02)m+1 Ionescu—\geitzenbék (y\/gF)m+l
m,x,y) > >
(m, ,9) (tanx + tany + tan z tan y)™ (tanx + tany + tan z tan y)™

But, 1 = tan § = tan(z +y) = ganzdtany oy | — tan g 4 tany + tanz tany and

l—tanxtany

then (1) leads us to the following inequality:
V(m,x,y) > 22(m+1) . (\/§)7n+1 . F7n+1
[l
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Application 3.
If m € Ry =[0,00), then in any ABC triangle the following inequality holds:

q2(m+1) p2(m+1) c2(m+1)
tan™ 22° + tan" 22° - tan™ 23° + tan™ 23°
Proof. We have:
(1)

> 22m+2(\/§)m+1 . Fm+1

q2(m+1) p2(m+1) 2(m+1)  Radon (a2+b2+02>m+1

~ tan™ 22° +tanm 220 - tan™ 23° +tanm 23° = (tan 22° 4 tan 22° tan 23° 4 tan 23°)™
According to Tonescu-Weitzenbdck’s inequalities we have:
(I-W) a+b+c>F
Also, we have:
(2)

tan 22° + tan 23°
1 =tan45° = tan(22°423°) = 1 intan ;2_0 ?;n 23°

So, from (1), (I-W), (2), we deduce that:

(4v3F)™ ! — 92m+2
1

& 1 = tan 22°+tan 22° tan 23°+tan 23°

U> (\/g)m+lFm+l

Application 4.
In any ABC triangle having the area I’ the following inequality holds:
(agrb + 2.+ czw“a)2 > 48V/3 - F3
Proof. We have M.S. Klamkin’s inequality:
(K) (a®z + by + ¢*2)? > 16(xy + yz + 22)F2 Va,y,2 € RY
If in (K) we take © = 1,y = 1, 2 = 1 and we take into account that
TaTy + TpTe + Terq = 52, where s is the semiperimeter, we obtain:
(a®ryp 4 b%re 4 2r0)* > 16(rary + 1yre + 1er0) F? = 165°F° =

Mitrinovié

=16s-s-F2 > 16s(3V3r)- F? = 48V/3(sr)F? = 48/3F3
0
Application 5.

Ifz,y,z € R =(0,00) and ABC is a triangle with the area F' and the semiperime-
ter s, then:

(=t =) i+ 2 S 2 0F
Y+ z Z+x Tty

Proof. We have, according to Nesbitt-Ionescu’s inequality:

T 3
N-1 =
( ) Z y+z 2

Radon (Ta + 7y + 7”0)4 (4R + ’/‘)4 Doucet (8\/§)4
and vy + 1y + 1) > 27 - 27 = 21
1.9 g4 52 . g2 Mitrinovi¢ 52(3\/3’[“)2
= = — = > L 9 2 = 9F2
27 3 3 - 3 o)
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Application 6.
If mne Ry =[0,00),m >n and ABC is a triangle having the area F', then:
m(ab 4+ be + ca) — nr(rq + 1y +10) > (4m — n)V3F
Proof. We know that:
(1) ab+be+ ca = s* +r? +4Rr

(2) and ry +7p + 7. =4R+ 7
So, m(ab + bc + ca) — nr(rq + 1y + 1) = m(s* + 12 +4Rr) —nr(4R+ 1) =

9 Mitrinovié
=m-s+(m—n)r(4R+7r) >  m-s(3V3r)+ (m —n)r(dR+7) =
Doucet
=3mV3sr+ (m—n)r(4R+7r) > 3mV3F+ (m—n) -r-sV3 =
=3mV3F + (m —n)V3-sr = 3mV3F + (m — n)V3F = (3m +m — n)V3F =
= (4m — n)V3F. So, s is the triangle’s semiperimeter.
O
Application 7.
If m € Ry = [0,00), then in any ABC' triangle having the area F' the following
inequality holds:
m—+4 m+4 m+4
a b c > 8F?
bm+cm cm 4+ g™ am+bm
Proof. According to Tsintsifas triangle, we have:
x
T a* > 8F?
<> > Tt

cyc

So, in (T) we take: x = a™,y = b™, 2z = ", we obtain:

m-+4
PRI
pm + cm
cyc
Application 8.
In any ABC triangle having the area F' the following inequality holds:

(a4 b)*-mg - wy + (b + ) *mpwe + (¢ + a)'me - w, > 25633
where m, is the mediator, and w, the length of the bisector from A and the analogs.

Proof. Because my > hg,,w, > h, and the analogs, it follows that:

V=S (a+b)'mewy > (a+ ) hahy =Y (a+b)*(aha - bhy)

ab
cyc cyc cyc
R (a+b)* AMGM 2 (a+b)*
=4F?- ) DI iy
cyc cyc
Bergstrom (Z (a + b))2
=16F?. b)? > 16F?. = L -
%;(a-&- ) > 3
16 4 9 Mitrinovic

:§F2~4~(a+b+c)2:%-F2-4-s
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256
Z . F?.5.(3V3r) = 256V3F?(s-r) = 256v/3- F3, where s is the semiperimeter.

- 3
O
Application 9.
If m,n,z,y,2 € R% =(0,00) and ABC is a triangle with the area F, then:
x-at y - b 224 16F2
+ + >

my—+mnz my-—+nz mz+nr m-+n

Proof. We have:

Bergstrom

Ulm, n) = Zm_;manm _ZWWW

T D eye(may + naz) C(mAn)(zy+yz+ze) T (mAn)(ny+yz+zz) mtn

Observation. If m = n = 1 we obtain one of Tsintsifas’s inequalities. (I

< (za® +yb* + zc*)?  (za® + yb® + 2c?) Klamkin 16(zy + yz + zx) F? 16F?

Application 10.
If ABC is a triangle having the area F, then:

(a+b)Va2+b2—ab+ (b4 c)Vb2 + 2 —be+ (c+a)V/ e+ a? — ca > 8V/3F
Proof. We have:

AM-GM
U:Z(a—i—b) a?+b>—ab > Z(a—l—b)x/?ab—ab:
cyc cyc
AM-GM Gordon
=> (a+bVab > > 2Vab-Vab=2-) ab > 2 4V3F =8V3F
cyc cyc cyc
O
Application 11.
In any ABC triangle with the area F' the following inequality holds:
2 2 2
Efa ct Tb A+ ATC BZ\/gF
cot 5 cot & cot cot 5  cot 5 cot 5
Proof. We have:
o Z r2 Bergstrém (ra+rmp+71e)>  (AR+7)?
e cot L cot ¢ - > eye €Ot 2cot 8 4R+r
Doucet
=@4R+r)-r V3-s-r=1/3-F, where s is the semiperimeter.
O

Application 12.
If z,y,z € R} = (0,00) and ABC is a triangle with the area F' then:

<(m+y)3a2 . (y + 2)3? . (z—s—x)?’cQ).( z3a? N z3b? N y*c? )Z 199 . F2

z T Y r+y y+z z+4+x
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Proof. We have:

(x +y)3a? 2302 C-B-S
U Y = ° 2
(@19 (}: o)y e

cyc

2 2
) (Z ton jiy)=<2xjya2>

cyc cyc

BUt7VZZ%—W&2©V+Za2:(m+y+z)~ZCL—QZ

cyc cyc cyc

Bergstrom a+b+c 2
> @+y+@-£————L
Z+T+y

=4s? — 2(s> —r? —4Rr) = 2(s* + v® + 4Rr) = 2(ab + bc + ca) >

=(a+b+c)? =452 &V > 45— (a®* + 0>+ %) =

Gordon
(B-G) > 2.4V3F = 8V3F, namely Bitinetu-Giurgiu inequality.
From (1) and (B-G) we deduce that:
Ulz,y,z) > (8V3F)? = 192F>

Application 13.
If ,y,2 € R} =(0,00) and ABC'is a triangle with the area F, then:

TN R L P = T B =) E P
Y

z x z xT

Proof. We have:

2
U(x,y,z):(zx—:y.a).zx""y BCBS<Z\/9€+C‘J a.ac ya?») —
cyc cyc cyc
=2 =

cyc

and we prove Batinetu-Giurgiu’s inequality:

Batinetu-Giurgiu
THY 2 > (8V3F)? = 1922

a? Bergbtrom

I.V:Zx;ry'cﬂ@v—i-ZaQ* T+y+2) Z*

cyc cyc cyc

(a+b+c)?
Z+x+uy

>(x+y+2z)- :452(:)‘/2482—2@2:

cyc

=4s5* —2(s* —r* —4Rr) = 2(s* + r* + 4Rr) =

Gordon
(B-G) —2(ab+betea) > 24V3F) =8V3F
x+y 2Al\/I GM x+y AM-GM
II. V = 2 >
S I
cyc cyc cyc

ler

Eu
=63/(abc)?2 = 63/(4R)? = 6V16R2F2 >
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Mitrinovié 29
>6.V32RrF2 > 68/64—— .p.F2 = 2 Y52 —
3v3 V3

= 8V/3F where s is the semiperimeter.
O

Application 14.
If meRy =1[0,00);n € N*;z,y,2 € R: = (0,00), then in a triangle ABC having
the area F' the following inequality holds:
za? \ (m+1)(n+1) yb? \ (m+1)(n+1) zc? \ (D4 (n+1)V/3
i) +(:52) “(57) > S
y+z z+x x+y 22m—1
Proof. We have:

m—+1
2 (n+1 Radon
m—+1 >
U(m,n) = (3n)" " +> ((y+z) ) >

F

(3n)m+1+<

cyc
a? \n m
> (3n+ chc(z—i-z) +1) 1 - L Z n+< ra >7L+1 >
= 4qm - qm o y e =
AM-GM ] ra2 \n+1
> — 1) nt2/1-1- ]_]_( ) —
= 4m %(n +1) \/_”n”t:—/me y+z

1 raq? Tsintsifas ] (n + 1)‘/§
= — (n+1)- > —(n+1)-2V3F=~ L _F
qm (n + ) Z Y + 2z - qm (n + ) \/§ 22m—1

cyc

Application 15.
If x € R then in ABC triangle with the area F, the following inequality holds:

am+2 bm+2 Cm+2

+ >
Zz)m (- cos?x + asin® x)m

> 4V/3F,Ym € Ry = [0, 00)

+
(acos? x + bsin®z)m  (bcos? z + csin

Proof. We have:

am+ m+1
W(m) = =
(m) ; (acos? x + bsin® z) Z a2coszx—|—bsm x)m
Ragon (a2 + b2 +c )m+1 _ (a + 0%+ ¢ )m+1

- (a2 + b2 + 02)m+1 B (a2 + b2 + c2)m+1 B
~ ((a2 42 + ¢2)(sin® x + cos? ))™ (a? + b2 4 )™
Tonescu-Weitzenbock

=a®+0*+c > 4V3F,¥m e Ry

Application 16.
If m,n € N and ABC is a triangle having the area F, then:

(m + a2m+2)(n + b2m+2) + (m+ b2m+2)(n + 62n+2) + (m + 02m+2)(n + a2n+2) 2

> 16(m + 1)(n+ 1)F?

(D eye(a? cos® z + ab - sin?z))™  ((a? + b2 + ¢2) - cos? & + (ab + be 4 ca) sin® )™

>
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Proof. We have:

AM-GM
V(m,n)=> (m+(a®)™")(n+®)") >
cyc
> Z((m—i—l) m+\1/1-1~... 1-1(a2)m+l. (n41) - n+\1/1 1. 1-1(b2)"+1>:
—_——— N———
cyc ”m” times ”n” times

_ (m + 1)(n + 1) . Za2b2 Bergitrém W (Z ab) >

cyc cyc

V.0. Gordon (m + 1)(n + 1) _48(m+1)(n+1)F?
=16(m + 1)(n + 1)F?

Observation. If m = n = 0 then we obtain:
> a’h? > 26F?

cyc
and if we take into account that: a* + b* + ¢* > a2b? + b2c% + 2a? it follows:
a* + b* + ¢* > 16F? namely we've obtained Goldner’s inequality.

Application 17.
If m € N* 2,y € R = (0,00) then in any ABC triangle with the area F the

following inequality holds:
3m + (az + by)?" 2 + (bx 4 cy)®™ 2 + (cx + ay)®™ 2 > 4(m + 1) (z + y)*V3F

Proof. We have:
V(m) = 3m+ 3 (ax + by 2 = 37 (m+ (ax + by 2 ) >

cyc cyc
AM-GM
> > (m+1) m+i/1 1L A((az+ b))t = (m+ 1) (az+by)® >
—_—
cyc ”m” times cyc

2
Bergstrém 1 1 2
gonmtl, @mby)) UESNCEY
Am+1)(z +y)? - s2 Mitri>novié 4(m+1)(z +y)%s-3V3r

3 = 3 a

=4m+1D)(z+y)>V3-s-r=4(m+1)(z +y)*V3F

Application 18.
In any ABC triangle with the semiperimeter s we have:

1 n 1 " 1 S 27
a(zb+yc)  blzc+ya)  clra+yb) ~ 4(z+y)s

5, Vo, y € Ry = (0,00)



8 D.M. BATINETU - GIURGIU, MIHALY BENCZE, DANIEL SITARU, CLAUDIA NANUTI

Proof. We have:

1 Bergstrom
>

1
V = - = -
%C: a(zb + ye) %; abzx + acy

(1+1+1)* 9 N 9 -
T Yeelabr tacy)  (z+y)(ab+be+ca) T (:E—I—y)w

27 27

(r+y) 452 4(x+y)s?

Application 19.
If m,n,z,y,z € Ry = (0,00) then in any ABC triangle with the area F' the
following inequality holds:

m2x2 m2y2 m222

(y+2)? (z+2)?  (z+y)?

+n%(a* + b* 4 ¢*) > 4mnV3F

Proof. According to means inequality we have:

Sy (5 ) e

cyc cyc cyc cyc

C-B-S 2
> 2 m2n20( E a: a2) =2mn - E :c a? >
y+z y+z
cyc cyc

Tsintsifas

> 2.m-n-2-V3F =4mn-V3-F

Application 20.
If z,y,z € R} = (0,00), then in any ABC triangle with the area F' the following
inequality holds:

5 £

a® b° c®

W22 Gror @ry?

22a® 4+ 2% + 223 + > 16F?

Proof. We have:

RS y:z B, \/(Z;ﬁas) (Z 5 fz) ) >

cyc cyc cyc cyc

zat \2 xa4 Tsintsifas
7. ( ) —2. > 9.8, F2 = 16172
SEN5S IR
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