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Abstract. In this paper are presented a few applications of famous geomet-
rical inequalities.

Application 1.
In any ABC triangle having the semiperimeter s the following inequality holds:

1

a(xb + yc)
+

1

b(xc + ya)
+

1

c(xa + yb)
≥ 27

4(x + y)s2

Proof. We have:

U(x, y) =
∑
cyc

1

a(xb + yc)

Bergström

≥ 9∑
cyc(abx + acy)

=
9

(x + y)
∑
cyc ab

But, (a + b + c)2 = a2 + b2 + c2 + 2(ab + bc + ca) ≥ 3(ab + bc + ca)⇒
⇒ ab + bc + ca ≤ (a+b+c)2

3 and we obtain:

U(x, y) ≥ 9

(x + y) · (a+b+c)2

3

=
27

(x + y)(a + b + c)2
=

27

(x + y) · 4s2
=

27

4(x + y)s2

�

Application 2.
If m ∈ R+ = [0,∞), x, y ∈ (0, π4 ), x + y = π

4 then in any ABC triangle having the
area F the following inequality holds:

a2(m+1)

tanm x
+

b2(m+1)

tanm y
+

c2(m+1)

tanm x · tanm y
> 22m+2 · (

√
3)m+1 · Fm+1

Proof. Let be V (m,x, y) the left member of the relationship from enunciation.
According to J. Radon’s inequality we have:
(1)

V (m,x, y) ≥ (a2 + b2 + c2)m+1

(tanx + tan y + tanx tan y)m
Ionescu-Weitzenbök

≥ (y
√

3F )m+1

(tanx + tan y + tanx tan y)m

But, 1 = tan π
4 = tan(x + y) = tan x+tan y

1−tan x tan y ⇔ 1 = tanx + tan y + tanx tan y and

then (1) leads us to the following inequality:

V (m,x, y) > 22(m+1) · (
√

3)m+1 · Fm+1

�
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Application 3.
If m ∈ R+ = [0,∞), then in any ABC triangle the following inequality holds:

a2(m+1)

tanm 22◦
+

b2(m+1)

tanm 22◦ · tanm 23◦
+

c2(m+1)

tanm 23◦
> 22m+2(

√
3)m+1 · Fm+1

Proof. We have:
(1)

U =
a2(m+1)

tanm 22◦
+

b2(m+1)

tanm 22◦ · tanm 23◦
+

c2(m+1)

tanm 23◦
Radon
≥ (a2 + b2 + c2)m+1

(tan 22◦ + tan 22◦ tan 23◦ + tan 23◦)m

According to Ionescu-Weitzenböck’s inequalities we have:

(I-W) a + b + c ≥ F

Also, we have:
(2)

1 = tan 45◦ = tan(22◦+23◦) =
tan 22◦ + tan 23◦

1− tan 22◦ tan 23◦
⇔ 1 = tan 22◦+tan 22◦ tan 23◦+tan 23◦

So, from (1), (I-W), (2), we deduce that:

U >
(4
√

3F )m+1

1
= 22m+2(

√
3)m+1Fm+1

�

Application 4.
In any ABC triangle having the area F the following inequality holds:

(a2rb + b2rc + c2ra)2 ≥ 48
√

3 · F 3

Proof. We have M.S. Klamkin’s inequality:

(K) (a2x + b2y + c2z)2 ≥ 16(xy + yz + zx)F 2,∀x, y, z ∈ R∗+
If in (K) we take x = rb, y = rc, z = ra and we take into account that
rarb + rbrc + rcra = s2, where s is the semiperimeter, we obtain:

(a2rb + b2rc + c2ra)2 ≥ 16(rarb + rbrc + rcra)F 2 = 16s2F 2 =

= 16s · s · F 2
Mitrinovic̈
≥ 16s(3

√
3r) · F 2 = 48

√
3(sr)F 2 = 48

√
3F 3

�

Application 5.
If x, y, z ∈ R∗+ = (0,∞) and ABC is a triangle with the area F and the semiperime-
ter s, then: ( x

y + z
+

y

z + x
+

z

x + y

)
(r4
a + r4

b + r4
c ) ≥

s4

3
≥ 9F 2

Proof. We have, according to Nesbitt-Ionescu’s inequality:

(N-I)
∑ x

y + z
≥ 3

2

and r4
a + r4

b + r4
c

Radon
≥ (ra + rb + rc)

4

27
=

(4R + r)4

27

Doucet
≥ (s

√
3)4

27
=

=
s4 · 9

27
=

s4

3
=

s2 · s2

3

Mitrinovic̈
≥ s2(3

√
3r)2

3
= 9(sr)2 = 9F 2

�
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Application 6.
If m,n ∈ R+ = [0,∞),m ≥ n and ABC is a triangle having the area F , then:

m(ab + bc + ca)− nr(ra + rb + rc) ≥ (4m− n)
√

3F

Proof. We know that:

(1) ab + bc + ca = s2 + r2 + 4Rr

(2) and ra + rb + rc = 4R + r

So, m(ab + bc + ca)− nr(ra + rb + rc) = m(s2 + r2 + 4Rr)− nr(4R + r) =

= m · s2 + (m− n)r(4R + r)
Mitrinovic̈
≥ m · s(3

√
3r) + (m− n)r(4R + r) =

= 3m
√

3sr + (m− n)r(4R + r)
Doucet
≥ 3m

√
3F + (m− n) · r · s

√
3 =

= 3m
√

3F + (m− n)
√

3 · sr = 3m
√

3F + (m− n)
√

3F = (3m + m− n)
√

3F =

= (4m− n)
√

3F . So, s is the triangle’s semiperimeter.

�

Application 7.
If m ∈ R+ = [0,∞), then in any ABC triangle having the area F the following
inequality holds:

am+4

bm + cm
+

bm+4

cm + am
+

cm+4

am + bm
≥ 8F 2

Proof. According to Tsintsifas triangle, we have:

(T)
∑
cyc

x

y + z
a4 ≥ 8F 2

�

So, in (T) we take: x = am, y = bm, z = cn, we obtain:∑
cyc

am+4

bm + cm
≥ 8F 2

Application 8.
In any ABC triangle having the area F the following inequality holds:

(a + b)4 ·ma · wb + (b + c)4mbwc + (c + a)4mc · wc ≥ 256F 3
√

3

where ma is the mediator, and wa the length of the bisector from A and the analogs.

Proof. Because ma ≥ hac , wa ≥ ha and the analogs, it follows that:

V =
∑
cyc

(a + b)4ma · wb ≥
∑
cyc

(a + b)4hahb =
∑
cyc

(a + b)4(aha · bhb)
ab

=

= 4F 2 ·
∑
cyc

(a + b)4

ab

AM-GM
≥ 4F 2 ·

∑
cyc

(a + b)4

(a+b)2

4

=

= 16F 2 ·
∑
cyc

(a + b)2
Bergström

≥ 16F 2 ·
(
∑
cyc(a + b))2

3
=

=
16

3
F 2 · 4 · (a + b + c)2 =

64

3
· F 2 · 4 · s2

Mitrinovic̈
≥
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≥ 256

3
·F 2 ·s ·(3

√
3r) = 256

√
3F 2(s ·r) = 256

√
3 ·F 3, where s is the semiperimeter.

�

Application 9.
If m,n, x, y, z ∈ R∗+ = (0,∞) and ABC is a triangle with the area F , then:

x · a4

my + nz
+

y · b4

my + nz
+

z · z4

mz + nx
≥ 16F 2

m + n

Proof. We have:

U(m,n) =
∑
cyc

xa4

my + nz
=
∑
cyc

x2a4

mxy + nxz
=
∑
cyc

(xa2)2

mxy + nxz

Bergström

≥

≥ (xa2 + yb2 + zc2)2∑
cyc(mxy + nxz)

=
(xa2 + yb2 + zc2)

(m + n)(xy + yz + zx)

Klamkin
≥ 16(xy + yz + zx)F 2

(m + n)(ny + yz + zx)
=

16F 2

m + n

Observation. If m = n = 1 we obtain one of Tsintsifas’s inequalities. �

Application 10.
If ABC is a triangle having the area F , then:

(a + b)
√
a2 + b2 − ab + (b + c)

√
b2 + c2 − bc + (c + a)

√
c2 + a2 − ca ≥ 8

√
3F

Proof. We have:

U =
∑
cyc

(a + b)
√
a2 + b2 − ab

AM-GM
≥

∑
cyc

(a + b)
√

2ab− ab =

=
∑
cyc

(a + b)
√
ab

AM-GM
≥

∑
cyc

2
√
ab ·
√
ab = 2 ·

∑
cyc

ab
Gordon
≥ 2 · 4

√
3F = 8

√
3F

�

Application 11.
In any ABC triangle with the area F the following inequality holds:

r2
a

cot B2 cot C2
+

r2
b

cot C2 cot A2
+

r2
c

cot A2 cot B2
≥
√

3F

Proof. We have:

U =
∑
cyc

r2
a

cot B2 cot C2

Bergström

≥ (ra + rb + rc)
2∑

cyc cot A2 cot B2
=

(4R + r)2

4R+r
r

=

= (4R + r) · r
Doucet
≥
√

3 · s · r =
√

3 · F , where s is the semiperimeter.

�

Application 12.
If x, y, z ∈ R∗+ = (0,∞) and ABC is a triangle with the area F then:(

(x + y)3a2

z
+

(y + z)3b2

x
+

(z + x)3c2

y

)
·

(
z3a2

x + y
+

x3b2

y + z
+

y3c2

z + x

)
≥ 192 · F 2
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Proof. We have:

U(x, y, z) =

(∑
cyc

(x + y)3a2

z

)
·
∑
cyc

z3a2

x + y

C-B-S
≥

(1) ≥

(∑
cyc

√
(x + y)3a2

z
· za2

x + y

)2

=

(∑
cyc

x + y

z
a2

)2

But, V =
∑
cyc

x + y

z
a2 ⇔ V +

∑
cyc

a2 = (x + y + z) ·
∑
cyc

a2

z
≥

Bergström

≥ (x+y+ z) · (a + b + c)2

z + x + y
= (a+ b+ c)2 = 4s2 ⇔ V ≥ 4s2− (a2 + b2 + c2) =

= 4s2 − 2(s2 − r2 − 4Rr) = 2(s2 + v2 + 4Rr) = 2(ab + bc + ca) ≥

(B-G)
Gordon
≥ 2 · 4

√
3F = 8

√
3F , namely Bătineţu-Giurgiu inequality.

From (1) and (B-G) we deduce that:

U(x, y, z) ≥ (8
√

3F )2 = 192F 2

�

Application 13.
If x, y, z ∈ R∗+ = (0,∞) and ABC is a triangle with the area F , then:(x + y

z
a +

y + z

x
· b +

z + x

y
c
)(x + y

z
a3 +

y + z

x
b3 +

z + x

y
c3
)
≥ 192F 2

Proof. We have:

U(x, y, z) =
(∑
cyc

x + y

z
· a
)
·
∑
cyc

x + y

z
a3

C-B-S
≥

(∑
cyc

√
x + y

z
· a · x + y

z
a3

)2

=

=
∑
cyc

x + y

z
a2

Bătineţu-Giurgiu

≥ (8
√

3F )2 = 192F 2

and we prove Bătineţu-Giurgiu’s inequality:

I.V =
∑
cyc

x + y

z
· a2 ⇔ V +

∑
cyc

a2 = (x + y + z)
∑
cyc

a2

z

Bergström

≥

≥ (x + y + z) · (a + b + c)2

z + x + y
= 4s2 ⇔ V ≥ 4s2 −

∑
cyc

a2 =

= 4s2 − 2(s2 − r2 − 4Rr) = 2(s2 + r2 + 4Rr) =

(B-G) = 2(ab + bc + ca)
Gordon
≥ 2(4

√
3F ) = 8

√
3F

II. V =
∑
cyc

x + y

z
a2

AM-GM
≥ 3

√∏
cyc

x + y

z
a2

AM-GM
≥ 3 · 3

√√√√∏
cyc

·
2
√
xy

t
a2 =

= 6 3
√

(abc)2 = 6 3
√

(4R)2 = 6
3
√

16R2F 2
Euler
≥
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≥ 6 · 3
√

32RrF 2
Mitrinovic̈
≥ 6 3

√
64

s

3
√

3
· r · F 2 =

29√
3

3
√
srF 2 =

= 8
√

3F where s is the semiperimeter.

�

Application 14.
If m ∈ R+ = [0,∞);n ∈ N∗;x, y, z ∈ R∗+ = (0,∞), then in a triangle ABC having
the area F the following inequality holds:

(3n)m+1+
( xa2

y + z

)(m+1)(n+1)

+
( yb2

z + x

)(m+1)(n+1)

+
( zc2

x + y

)(m+1)(n+1)

≥ (n + 1)
√

3

22m−1
F

Proof. We have:

U(m,n) = (3n)m+1 +
∑
cyc

(( xa2

y + z

)n+1
)m+1

Radon
≥

≥
(3n +

∑
cyc(

xa2

y+z )n+1)m+1

4m
=

1

4m
·
∑
cyc

(
n+
( xa

y + z

)n+1
)
≥

AM-GM
≥ 1

4m
·
∑
cyc

(n + 1) n+1

√
1 · 1 · . . . · 1 · 1︸ ︷︷ ︸

”n”times

( xa2

y + z

)n+1

=

=
1

4m
· (n + 1) ·

∑
cyc

xa2

y + z

Tsintsifas
≥ 1

4m
(n + 1) · 2

√
3F =

(n + 1)
√

3

22m−1
F

�

Application 15.
If x ∈ R then in ABC triangle with the area F , the following inequality holds:

am+2

(a cos2 x + b sin2 x)m
+

bm+2

(b cos2 x + c sin2 x)m
+

cm+2

(c · cos2 x + a sin2 x)m
≥

≥ 4
√

3F,∀m ∈ R+ = [0,∞)

Proof. We have:

W (m) =
∑
cyc

am+2

(a cos2 x + b sin2 x)m
=
∑
cyc

(a2)m+1

(a2 cos2 x + b sin2 x)m
≥

Radon
≥ (a2 + b2 + c2)m+1

(
∑
cyc(a

2 cos2 x + ab · sin2 x))m
=

(a2 + b2 + c2)m+1

((a2 + b2 + c2) · cos2 x + (ab + bc + ca) sin2 x)m
≥

≥ (a2 + b2 + c2)m+1

((a2 + b2 + c2)(sin2 x + cos2 x))m
=

(a2 + b2 + c2)m+1

(a2 + b2 + c2)m
=

= a2 + b2 + c2
Ionescu-Weitzenböck

≥ 4
√

3F,∀m ∈ R+

�

Application 16.
If m,n ∈ N and ABC is a triangle having the area F , then:

(m + a2m+2)(n + b2m+2) + (m + b2m+2)(n + c2n+2) + (m + c2m+2)(n + a2n+2) ≥
≥ 16(m + 1)(n + 1)F 2
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Proof. We have:

V (m,n) =
∑
cyc

(m + (a2)m+1)(n + (b2)n+1)
AM-GM
≥

≥
∑
cyc

(
(m + 1) m+1

√
1 · 1 · . . . · 1 · 1︸ ︷︷ ︸

”m” times

(a2)m+1 · (n + 1) · n+1

√
1 · 1 · . . . · 1 · 1︸ ︷︷ ︸

”n” times

(b2)n+1

)
=

= (m + 1)(n + 1) ·
∑
cyc

a2b2
Bergström

≥ (m + 1)(n + 1)

3

(∑
cyc

ab

)2

≥

V.O. Gordon
≥ (m + 1)(n + 1)

3
(4
√

3F )2 =
48(m + 1)(n + 1)F 2

3
=

= 16(m + 1)(n + 1)F 2

�

Observation. If m = n = 0 then we obtain:∑
cyc

a2b2 ≥ 26F 2

and if we take into account that: a4 + b4 + c4 ≥ a2b2 + b2c2 + c2a2 it follows:
a4 + b4 + c4 ≥ 16F 2 namely we’ve obtained Goldner’s inequality.

Application 17.
If m ∈ N∗, x, y ∈ R∗+ = (0,∞) then in any ABC triangle with the area F the
following inequality holds:

3m + (ax + by)2m+2 + (bx + cy)2m+2 + (cx + ay)2m+2 ≥ 4(m + 1)(x + y)2
√

3F

Proof. We have:

V (m) = 3m +
∑
cyc

(ax + by)2m+2 =
∑
cyc

(
m + (ax + by)2(m+1)

)
≥

AM-GM
≥

∑
cyc

(m + 1) m+1

√
1 · 1 · . . . · 1 · 1︸ ︷︷ ︸

”m” times

((ax + by)2)m+1 = (m + 1)
∑
cyc

(ax + by)2 ≥

Bergström

≥ m + 1

3
·

(∑
cyc

(ax + by)

)2

=
(m + 1)(x + y)2

3
(a + b + c)2 =

=
4(m + 1)(x + y)2 · s2

3

Mitrinovic̈
≥ 4(m + 1)(x + y)2s · 3

√
3r

3
=

= 4(m + 1)(x + y)2
√

3 · s · r = 4(m + 1)(x + y)2
√

3F

�

Application 18.
In any ABC triangle with the semiperimeter s we have:

1

a(xb + yc)
+

1

b(xc + ya)
+

1

c(xa + yb)
≥ 27

4(x + y)s2
,∀x, y ∈ R∗+ = (0,∞)



8 D.M. BĂTINEŢU - GIURGIU, MIHÁLY BENCZE, DANIEL SITARU, CLAUDIA NĂNUŢI

Proof. We have:

V =
∑
cyc

1

a(xb + yc)
=
∑
cyc

1

abx + acy

Bergström

≥

≥ (1 + 1 + 1)2∑
cyc(abx + acy)

=
9

(x + y)(ab + bc + ca)
≥ 9

(x + y) (a+b+c)2

3

=

=
27

(x + y) · 4s2
=

27

4(x + y)s2

�

Application 19.
If m,n, x, y, z ∈ R∗+ = (0,∞) then in any ABC triangle with the area F the
following inequality holds:

m2x2

(y + z)2
+

m2y2

(z + x)2
+

m2z2

(x + y)2
+ n2(a4 + b4 + c4) ≥ 4mn

√
3F

Proof. According to means inequality we have:

∑
cyc

m2x2

(y + z)2
+
∑
cyc

n2a4 ≥ 2 ·
√(∑

cyc

m2x2

(y + z)2

)
·
∑
cyc

n2a4 ≥

C-B-S
≥ 2

√
m2n2·

(∑
cyc

x

y + z
a2
)2

= 2mn ·
∑
cyc

x

y + z
a2 ≥

Tsintsifas
≥ 2 ·m · n · 2 ·

√
3F = 4mn ·

√
3 · F

�

Application 20.
If x, y, z ∈ R∗+ = (0,∞), then in any ABC triangle with the area F the following
inequality holds:

x2a3 + y2b3 + z2c3 +
a5

(y + z)2
+

b5

(z + x)2
+

c5

(x + y)2
≥ 16F 2

Proof. We have:

∑
cyc

x2a3 +
∑
cyc

a5

(y + z)2

AM-GM
≥ 2

√(∑
cyc

x2a3
)(∑

cyc

a5

(y + z)2

)
≥

C-B-S
≥ 2 ·

√(∑
cyc

xa4

y + z

)2

= 2 ·
∑
cyc

xa4

y + z

Tsintsifas
≥ 2 · 8 · F 2 = 16F 2

�
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[1] Daniel Sitaru, Mihály Bencze, 699 Olympic Mathematical Challenges. Studis Publishing
House, Iaşi, 2017.
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2018.
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