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MONGE’S PARALLELIPIPED 
By Marian Ursărescu – Romania  

In this article, we will try to solve certain problems linked to tetrahedron’s geometry, 

emphasizing a “special” parallelepiped associated to the tetrahedron.The idea consists in 

solving the problem for a parallelepiped instead of solving the problem for the 

tetrahedron, after we had first obtained a relation between certain properties 

(characteristics) of the tetrahedron and certain properties (characteristics) of the 

parallelepiped, by using this method, a difficult problem for a tetrahedron may become 

easier for the parallelepiped.For instance, let’s consider the following problem proposed 

at Laurențiu Duican math competition: “Show that a tetrahedron is equifacial if and only if 

the treble volume of the tetrahedron is equal to the product of the bimedians”.(I remind 

that a tetrahedron is equifacial if the opposite edges are equal, and the bimedian is the 

segment which links the middle points of two opposite edges.) One method of solving this 

problem, although very long and laborious, consists of calculating the lengths of the 

bimedians depending on the edges of the tetrahedron (using the theorem of the median), 

and then, of expressing the volume of the tetrahedron depending on its edges (sides).We 

will see how this difficult problem can be solved in quite easy way. Definition: Let 푨푩푪푫 

be a certain tetrahedron. The parallelepiped limited by the planes built through the edges 

of the tetrahedron and which are parallel to the opposite edges is called parallelepiped 

circumscribed to the tetrahedron 푨푩푪푫 or Monge’s parallelepiped associated to the 

tetrahedron 푨푩푪푫. Observation (remark): The edges of the tetrahedron 푨푩푪푫 represent 

the diagonals of the faces in Monge’s parallelepiped. 
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Figure 1. 

Properties: 

1) The tetrahedron 푨푩푪푫 is equifacial (meaning with the opposite edges equal)  

⇔ Monge’s parallelepiped associated to the tetrahedron 푨푩푪푫 is a rectangular 

parallelepiped. 

Demonstration: 

‘⇒’ Let 푨푩푪푫 be an equifacial (figure 1). Then [푨푪] = [푩푫] ⇒ is a rectangle; in the same 

way the other faces of the parallelepiped are rectangles ⇒ 푨푪 푩푫 푨 푪푩 푫 is a 

rectangular parallelepiped.  

2) The tetrahedron 푨푩푪푫 is regular ⇔ Monge’s parallelepiped associated to the 

tetrahedron 푨푩푪푫 is cube. 

Demonstration: (obvious) 

Theorem: The ratio between the volume of the tetrahedron and the volume of Monge’s 

parallelepiped associated to the tetrahedron is ퟏ
ퟑ
. 

Demonstration: (figure 1) 

We note: 

푽풕 = the volume of the tetrahedron 푨푩푪푫 

and  

푽풑 = the volume of Monge’s parallelepiped. 

푽풕
푽풑

=
ퟏ
ퟑ				

흈 = 풔풖풓풇풂풄풆
풅(풙,푴푵푷) = 풕풉풆	풅풊풔풕풂풏풄풆	풇풓풐풎	풂	풑풐풊풏풕	풙	풕풐	풂	풑풍풂풏풆	푴푵푷 

푽풕 = 푽풑 − (푽푨푪 푩푫 + 푽푨푫 푩푫 + 푽푨푨 푪푫 + 푽푩푩 푪푫) = 

= 푽풑 −
ퟏ
ퟑ
흈푨푪 푩 ⋅ 풅(푪,푨푪 푩) + ퟏ

ퟑ
흈푨푩푫 ⋅ 풅(푫,푨푩푫 ) + ퟏ

ퟑ
흈푨 푪푫 ⋅ 풅(푨,푨 푪푫) + ퟏ

ퟑ
흈푩 푪푫 ⋅ 풅(푩,푩 푪푫)   (1) 

But  

흈푨푪 푩 = 흈푨푩푫 = 흈푨 푪푫 = 흈푩푪 푫 = ퟏ
ퟐ
흈푨푪 푩푫     (2) 

and 

풅(푪,푨푪 푩) = 풅(푫,푨푩푫 ) = 풅(푨,푨 푪푫) = 풅(푩,푩 푪푫) = 풉   (3) 

According to the relation (1), (2), (3)⇒ 
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푽풕 = 푽풑 −
ퟒ
ퟔ흈푨푪 푩푫 ,풉 = 푽풑 −

ퟒ
ퟔ푽풑 =

ퟏ
ퟑ푽풑 ⇒ 푽풕 =

ퟏ
ퟑ푽풑 

Application 1: 

If an equifacial tetrahedron with the edges 풂,풃, 풄 has the volume 풂풃풄푽ퟐ
ퟏퟐ

  then the 

tetrahedron is regular. 

(Math Competition) 

Demonstration: 

We will build Monge’s parallelepiped associated to the tetrahedron 푨푩푪푫. The 

tetrahedron 푨푩푪푫 being equifacial, then according to the first property ⇒ Monge’s 

parallelepiped is a rectangular parallelepiped. 

We note 푨푩 = 푪푫 = 풂,푩푪 = 푨푫 = 풃,푨푪 = 푩푫 = 풄 and 푨푪 = 풙,푪 푩 = 풚,푪푪 = 풛 

Obviously 풂ퟐ = 풙ퟐ + 풚ퟐ,풃ퟐ = 풚ퟐ + 풛ퟐ, 풄ퟐ = 풙ퟐ + 풛ퟐ 

According to the third property ⇒ 푽푨푩푪푫 = ퟏ
ퟑ
푽풑 = ퟏ

ퟑ
풙풚풛 ⇒ 푽푨푩푪푫ퟐ = ퟏ

ퟗ
풙ퟐ풚ퟐ풛ퟐ, but 

according to the hypothesis 

푽푨푩푪푫ퟐ =
ퟐ풂ퟐ풃ퟐ풄ퟐ

ퟏퟐퟐ ⇒
ퟏ
ퟗ풙

ퟐ풚ퟐ풛ퟐ =
ퟐ풂ퟐ풃ퟐ풄ퟐ

ퟏퟐퟐ ⇒ 

⇒ 풙ퟐ풚ퟐ풛ퟐ =
(풙ퟐ + 풚ퟐ)(풚ퟐ + 풛ퟐ)(풙ퟐ + 풛ퟐ)

ퟖ ⇒ 

(풙ퟐ + 풚ퟐ) ⋅ (풚ퟐ + 풛ퟐ) ⋅ (풙ퟐ + 풛ퟐ) = ퟖ풙ퟐ풚ퟐ풛ퟐ     (1) 

According to the inequality of the means, we have: 

풙ퟐ + 풚ퟐ ≥ ퟐ풙풚,풚ퟐ + 풛ퟐ ≥ ퟐ풚풛,풙ퟐ + 풛ퟐ ≥ ퟐ풙풛 ⇒ 

⇒ (풙ퟐ + 풚ퟐ) ⋅ (풚ퟐ + 풛ퟐ) ⋅ (풙ퟐ + 풛ퟐ) ≥ ퟖ풙ퟐ풚ퟐ풛ퟐ    (2) 

From (1), (2) ⇒ 푨푩푪푫 regular. 

Application 2: 

Show that a tetrahedron is equifacial ⇔ the treble volume is equal to the product of the 

bimedians. 

(Math Competition)  

Demonstration:  

(The bimedian links the middle points of two opposite edges.) 
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“⇒” Let’s suppose that 푨푩푪푫 is euifacial ⇒ Monge’s parallelepiped is a rectangular 

parallelepiped. We note: 푨푩 = 푪푫 = 풂,푩푪 = 푨푫 = 풃,푨푪 = 푩푫 = 풄 

And  푨푪 = 풙,푪 푩 = 풚,푪푪 = 풛. According to the first application 푽푨푩푪푫 = ퟏ
ퟑ
풙풚풛 (1) 

The parallelepiped being rectangular ⇒ the bimedians of the tetrahedron are equal to the 

edges of the parallelepiped.  (2) 

From (1) and (2) ⇒ the treble volume is equal to the product of the bimedians. 

“⇐” The treble volume of the tetrahedron being equal to the product of the bimedians ⇒ 

the volume of the parallelepiped is equal to the product of the bimedians ⇒ the 

parallelepiped is rectangular ⇒ 푨푩푪푫 equifacial. 

Application 3. 

Demonstrate that if in a tetrahedron the mutual perpendiculars of the opposite edges are 

perpendicular two by two, then the tetrahedron is equifacial. 

(Barrage for I.M.O.) 

Demonstration:  

We build Monge’s parallelepiped associated to the tetrahedron. The mutual perpendicular 

of the edges 푨푩 and 푪푫 is perpendicular on the plane (푨푪 푩푫 ) and the mutual 

perpendicular of the edges 푨푫 and 푩푪 is perpendicular on the plane (푨푫 푫푨 ). But the 

perpendicular on one another (according to the hypothesis) ⇒ (푨푪 푩푫 ) ⊥ (푨푫 푫푨 ) 

In the same way (푨푪 푩푫 ) ⊥ (푨푪 푪푨 ) and (푨푫 푫푨 ) ⊥ (푨푪 푪푨 ). 

Consequently 푨푪 푩푫 푨 푪푩 푫 is a rectangular parallelepiped ⇒ 푨푩푪푫 equifacial. 
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