CERTAIN RESULTS ON INTEGRALS

D.M. BATINEIU - GIURGIU, MIHALY BENCZE, DANIEL SITARU, NECULAI STANCIU

ABSTRACT. In this paper we present some certain definite integrals.

Application 1.
If @ > 0 then:
om i

18

Proof. Let f: R = R, f(z) = 2®> —axr +a® g : R — R, g(z) = arctan(e® — 1). We
note that f(a — z) = f(x). We have:

a
/ (2% — ax + a®) arctan(e” — 1)dz =
0

tan(g(z)) + tan(g(a — z))
tan(g(z) + g(a —x)) = 1 — tan(g(z)) tan(g(a — z))

e’ —1+e™—1 e?® 4 @ — 2¢® 1 () + g ) tanl— T

= = =1, so0 g(x a—z) =arctanl = —.
1— (" —1)(ea—= —1) e2ryea—gex 0TI 1
Therefore, I = [i'(2? — ax + a?) arctan(e® — 1)dz = [ f(z)g(x)dz where we take

r = a — t and we obtain

/fa—t (a —t)(=1)dt = /f g(a —t)dt, so

QIf/ f@)(g(z) + gla —x))d /f (as faera)dx:Z—Zag

Hence, I = 5“ as. O

Application 2.
If a € [0, §] then,

a 5 3
/ (2% — ax + a*) In(1 + tan x tan a)dz = % In(1 + tan® a)
0
Proof. We take x = a —t, so

I= / (22 — az + a?)In(1 + tan z tan a)dz =
0

=- /a((a —t)2 —a(a —t) +a?®)In(1 + tan(a — t) tan a)dt =
0

@ t — tant
= / (t* — at + a?) ln(l yoona T Ant tana)dt =
0 1+ tanatanz

@ 1+ tanatanz + tan®a — tana tanz
—/ (? — ax + a*)In + + dx =
0 1 +tanatanx
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1+tan?a
1 +tanatanx

:/ (2? — ax +a*)In

0

= In(1 + tan? a)/ (2% — azx + a*)dx — / (2% — az + a*)In(1 + tan z tan a)dx =
0 0

:ln(1—|—tan2a)/ (2? —ax + a*)dx — I
0

3 2

5
Therefore, 21 = In(1 + tan® a) (% - % + a2x) = % In(1 + tan® a)
0

Hence, I = % In(1 + tan? a). O

a 3

Application 3.
Let a,b € [0, 7] with a + b = 7, then:

b .
/a 1f_i%dnc = g(arctan(cos b) — arctan(cos a))
Proof. We take a +b — x =t and we obtain:

I:/ab xsinx dm:/ab(ﬂ_t)sm(ﬂ_t)-(—1)dt:/ab(7r_t)smtdt

1+ cos?x 1+ cos?(m — ) 1+ cos?t

b
So, 21 = 77/ &dx, which yields to,
o 1+cos?x

I= g(arctan(cos b) — arctan(cosa))

and we are done! O

Application 4.
2 n
Let a,b € [0,00),a < b, P,(z) = 1+ {1 + 5 +... + %7, n is a positive integer, then:

nl
/b "™ + nl(sinxz — cos )
o €% +sinz+ P,(x)

e’ +sinb + P, (b) ))

=nl{b—a-—1
dx n(b “ n(ea+sina+Pn(a)

Proof. Let f:R — [0,00), f(z) = e* +sinz + P,(x).
We have f'(z) = e® + cosz + P,,_1(x), so,

1
f(x) = f'(z) = sinz — cosx + % = E(af + nl(sinz — cosz))

Therefore, /b 2" + nllsinz — cosz) dx = /b de =nl! /b (l—f/(x))dx =

o € +sinz+ P,(x) f(x) (@)
b + sin -
=ttt a6 5 <ot (R D)

O

Application 5.
Let u: R — R be a continuous function and f : (0,00) — (0,00) be a solution of
differential equation y'(z) — y(z) — u(z) = 0 for any z € (0, 00), then:

eu(x) e* ! e*
/(e“+f(m))2dx: /(ez +f<x>) M= e e



CERTAIN RESULTS ON INTEGRALS 3

Proof. Since,
< e’ )/ _ eﬂc(eﬂﬁ —|—f(x)) — ez(ex —|—f’(x)) B e®(e® — f’(l‘)) _ exu(x)
e’ + f(x) 2 (e* + f(x))2

(e* + f(x))? (et f@)
eTu(x) B e’ o e’
e | o= | m) +©

Application 6.
If f: [a,b] = (0,00) is a continuous function, such that f(a+b—x)+ f(z) = ¢, for

any x € [a,b] and a + b = 7, then:

/b sin”" z + f(x) +d d b—

O

a . L. .
— r = , where n is positive integer and d > 0.
sin®x + cos™ x + ¢ + 2d 2

Proof. We take v = u(t) = § —t,u'(t) = —1,u(0) = §,u(%) = 0,u(a) = b,u(b) = a
and we obtain:
I/b sin"z + f(x)+d dx/b sin(§ —t)+ f(§ —t)+d
"~ Jo sin"z4costwtc+2d ), sin(F —t)+cos™(F —t)+c+2d
b cos™t + (c— f(t)) +d b cos"xz+c— f(x)+d
o cos™t+sin"t+c+ 2d o cos™x +sin"x +c+ 2d
So, 21:/bsin"g:+f(x)+d4.rc:s"z+cf(z)+dd$:/bd$:b_a
@ cos"z +sin" x + c+ 2d o

Hence, I = I’_Ta. O

(—1)dt =

Application 7.

Ifae (0,Z] and f: R — R is a continuous and odd function, then compute:

2
ql937 42019 >

+ == +82a

a
/ (21936 4 22918 4 89) . arccos(sin(f(x))dr = 7 - (1937 5019

—a

Proof. We take x = u(t) = —t, v/ (t) = —1,u(—a) = a,u(a) = —a and we obtain:

I= / (21936 4 22018 1 82) . arccos(sin(f(x))dx =

—a

= /ﬂ((—t)lg% + (—t)2018 1 82) - arccos(sin f(—t))(—1)dt =
= /a (£1936 442018 1 89) . arccos(sin(—f(t)))dt =

a
= / (1936 4 42918 1 89) . arccos(— sin f(t))dt =

—a

- / (21936 4 52018 | 89) . (  arccos(sin f(2)))da =

= 7r/ (21936 + 22918 4 82)dx — / (2936 4 22918 4 89) . arccos(sin f(x))dx

—a —a

So, 21 = 77/ (2936 4 22018 4 89)dx = 27r/ (21936 4 22018 4 89)dx
—a 0

Hence,]:ﬂ'-(%—&-%—i—&a). O



4 D.M. BATINETU - GIURGIU, MIHALY BENCZE, DANIEL SITARU, NECULAI STANCIU

Application 8.
If f:RY — RY is a continuous function, then:

J(rn+1)2
. nHY/(n+1)!
lim f( )dx*e fle)
n— 00 n2
Vnt

Proof. We denote:

2
(nt1) 9

I ]. 2
I, = lim (! f( )dx By mean value theorem 3¢, € ( n , (n+1) )
n—oo | n2_ n Vnl” "R/ (n+1)!

Vn!

B (n+1)2 B n? &n
(1) such that I,, = ( "*\l/m W)f( n)

(n+1)? n?

VeSSV

(2)  We denote a,, =

Vn > 2, then I, = aﬂ.f(%ﬂ)

(3)

(n+1)?
RSy n
So, lim (e f( )dx— lim I, = lim a,- lim f(g) = lim an.f( lim tn
n—o0o n2 n n—o0o n—o0o n—o00 n n—oo n—oo n

Vn!

(4)
2 2 Up, -1

-1
We have lim a, = lim (up—1) = lim Inwu, = lim Un

n—00 n—00 \/> n—00 \/7 Tnu, n—00 \/>| Tnu,

2
where we denote u, = — D" . Val yp > o

nt/(n+1)! "2 ’

: n ., nn . (n+1)ntt pl . /n+1\n
But, lim = lim — = lim —————+ — = lim ( ) = e so,
n—oo {/pl  n—oo n! n—oo (n+1)! n"  n—oo n
1 1 Vn! 1 n—1
lim u, = lim nt .n+ . n:e~1~f:1 then limu =1

n— 00 n—00 ”tl/(n_i_ 1)' n n e ’ n—oo Inu,

2 ol V(G
We have lim u) = lim (n—i— ) T D ey (n+1)! = €2 lim MVAUREE =¢?

n+ 1)! n— o0

—~

(5) By above and (4) we obtain lim a, =€
n— oo

We have &, € n’ (n+1)° :>§l€ n_ntl ntl =
AR (1) n Unl” no (£ 1)

(6) :>Iim§—n—lim "~ lim ntl ntl =e
n—oo N _n—>oo W _n—>oo n "+11/(n+ 1)] B

By (3), (5) and (6) we infer that lim I, =e- f(e).
n—oo

n
‘Inwuy,
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Application 9.
Let f : R — R be a continuous and odd function and g : R} — R be a continuous
function such that g(1) = —g(z), vz € RY, then:

V2+1 1 T
dx = —, wh > 1.
/\/5—1 (1 T x2)(1 T a(ng)(:r)) T 3 where a

Proof. Let x = u(t) = +,u/(t) = — %, u(v2—-1) =vV2+ Lu(v2+1) =v2 - 1.

Therefore,

V2+1 1 Va1 ) )
vicr (L4 a?)(1+al7e0(®) Vil (L4 &)1+ alFe®)\ 22

v2+1 1 Va+1 1
:/ dt:/ dx
Vi1 (1+t2)(1 4 af(-9®)) Vi1 (1+22)(1 4 a=(fe)@)

V2+1 1 1
So, 2T = ( )d -
o2t = [ (e ey * wra ee)

/\/§+1 1 + glfe9) (@)

d =
via (L 22)(1 + aTea@)
V2+1
1 V2+1
= / ——dr = arctanx‘ = arctan(v/2 + 1) — arctan(v/2 — 1) =
Va—1 1+x V2-1
V2+1—(vV2-1) T
= arctan =arctanl = —
I+ (V2+1)(V2-1) 4
Hence,I:%~%:§. O
Application 10.
If f,g: Ry — Ry are derivable functions with continuous derivatives, and
a,b € R%,a < b, then:
[z - ), F(b) +es®
/ + eg(l) dx = g(b) — g(a) — In o)+ @
Proof.
g(z) —eI@ g () — '
L f o [P @ @)+ g () — eSO (@) — )
—|— eg(;c) f( ) + eg(x)
9(=)) g(z) b b g(z)y
::/ um»+e /’f ) g [ [ LS
o fl)+ eg(@ ) +es®) a o J(@)+es
(©)
= (@) ~gla) —m LD T
ola)| = (1) + )| = glb) = g(a) ~ I T

Application 11.
Let a € (0,5],b € [§,7) with a + b = 7, then:

b b
b  tans

/ ,x dx:a+ In ?l
. Sinz 2 tan &
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Proof. We denote:

b
I= / = dzx, where we make x = u(t) = a+b—t,u'(t) = —1,u(a) = b,u(b) = a
. Sinz

b b
b—t b—t
and we obtain [ :/ L(fl)dt :/ Ldt =
o sSin(a+b—1) o  sint
b

b
1
—(a+b)/ - dw—[z>2]=(a+b)/ —dr &
sinx o sinz
b b2z T
/ :a+b/ . wl wdx:a—i—b/ Sln'§m+COS;§dx:
sinz 2 J, 2singcosy 4 /., SIH§COS§
b ns b cos £ b —ZsinZ b 5cos 3
_a+t / idx—ka_'— / 2 gy — - a+ / dx+a+ / zdx:
4 Cos 4 J, sing 2 J, cosg 2 J, sing
b b b b b b b b
:_a;r In cos = a; lnsingaza;r lntanga:a;r <1ntan§—lntan%):
b tan
:a—i— In an 3
2 tan g

Application 12.

5o T
dr=—1n3
/’5 sin 2z v 8 .

Proof. We make x = 5 —t and we obtain:

5 g 5Tt T (5 1 O |
I= dr= [ —2—" (~dt)=" do—I =21 = = dt =
/g sin2z /g e =2 2/2 sin2t " 24 sin 2t

™

T [3 1 7[5 cos®t +sin’t 7 [ cost 7 [ sint
=1=- —dt = ——dt = — dt+— dt =
4/;; 2sintcost 8/ sintcost 8/2 sint +8/g cost

t
T sy

8 tan% 8

3

ol wy ©

= z(lnsint‘ —lncost’ > = Ilntant‘
I -8

ol wly
ol wA

Application 13.
Let a,b € R,a < b,c € R} and f:R — R’ be a continue function, then:

/b ef @) (f(z —a)) dw:b_a
o ([ a)t + el O (fb-a)E 2
Proof. Let:
:/* eSO (f(z — a)*

a SEO(fo—a))s +elOI(f(b— )

z=u(t)=a+b—1t,u(t) = —-1,u(a) = b,u(b) = a and we deduce that:
I/b ellatb=a=a)(f(q 4+ b—x —a))e

o eflatb=e=a)(fla+b—z—a))e +efG—a=b+a)(f(b—a—b+x))e

b —x 1
= / et )1(f(b — z)) —dx. Therefore:
o dOD(f(b—2)F + el (f(z— )

dx, and we make the change:

dr =
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NER /b e/ @=) (f(z — a))* +ef(b‘””)(f(b—x))%dm _ /bda;‘ N L
o efEmO(f(a—a))e + el O (f(b— x))e a a
so, I = b;a
O

Application 14.
Let a € (0,5) and b,c € (1,00), then:

e n3 i3 In be
/ In(d>™ * + M ) -sina - dx = 3—2(12(1 — 8sin 2a + sin4a)

—a

Proof. Let:

I= / ln(bsm3 vy i’ *) - sinzdz, in which we make the change:

x=u(t) = —t,u'(t) = —1,u(a) = —a,u(—a) = a and we deduce that:

I=-— / In(65"" (1) 50 (<0 gin (—¢)dt = / In(b= 50"t e sn° 1) (_ gin ¢)dt =

—a

a bsin3 t 4 Csin3 t a s a
= —/ ln W'Sin tdt = —I+/ hl(bC)Sm 2S'SiIl tdt = —I—Hn(bc)/ sin4 tdt
—a )3 —a —a

a a a

1
(sin? 2)?dx = In(bc) / 1(2 sin? z)?dx =

—a

1 a 1 a a a
= n(jc) / (1—cos2z)?dx = DZJC)( dx—2/ COSZxdx—i—/ cos? Qxdx)

& 21 =In(be)- /

—a

sin? zdz = In(bc) /

—a

—a —a —a —a

a

Inb a 1 [ Inb 1
= 7114 ¢ (Qa—sin 2z +§ / (14-cos 4x)dm) = % (2a—2 sin 2a+a+§/ cos 4$d$) =
1 1 a 1 1
_ v be (Sa — 2sin2a + 3 sin 4x ) = 7n4bc <3a — 2sin 2a + 1 sin 4a> =
—a

Inb
= I]1L66(12a — 8sin 2a + sin 4a)

Inb
Therefore, I = %(12(1 — 8sin 2a + sin4a)

Application 15.
All continue functions f : (0,00) = (—00, c0) such that:

v

u

b b
%%/ f2(e””)dx+é- (b3—a3)§/ zf(e®)dz

for any a,b € (—o0, +00) with a < b and for any u,v € (0,00) are f: R} — R,
f(xz)=2Inx.
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Proof. The inequality from the statement is equivalent with:

b v2 b
uz/ f2(e®)dx + §(b3 —a®) — 2uv/

a

b
zf(e®)dxr <0< / (uf(e®) —vr)’de <0

b
But, / (uf(e®) —vx)?de >0

b
So, / (uf(e®) —vz)’de =0 (uf(x) —vz)? =0 < f(e%) = %x

We take, z = Int,t > 0 and we obtain that: f(t) = 2 Int. Therefore, f : R} — R,
flz)=2nz. O

T u
Application 16. Let a > 0,b,¢ > 1 and f,g : R — R be continuous and odd
functions, then:

_a f(@) In(@9® + 9@ de = (In(be)) /O ' f(x)g(z)da

Proof. Let:

I= f(x) In(b9® + 9@ dz, where we make the changes of variable

x =u(t) = —t with v/(t) = —1,u(a) = —a,u(—a) = a, so:

—a - B a p9(@) 4 c9(2)
= / —f) (bW 4 c7ID)(~1)dt = — /_ J@) =4 =

(1) =TI+ :1 f(@)In(be)*" da = —I + (In(be)) ' f(@)g(z)dx

Because f, g are odd then: h
(f9)(—x) = f(=2)g9(-z) = —f(x)(—g(2)) = (f9)(x), ie. fg:R = R, is even

function, so, by (1), we obtain:

21 = 1n(be) /a (fg)(z)dz = 2(In(be)) /Oa f(x)g(x)dx, which yields that:

1= (in(be)) / " f(@)glw)d
O

Application 17.
Let f : R — R be an even function and derivable with its derivable continue, then:

/ (1f+(xe) + f/(x) In(1 + ew))dx =af(a), for any a € Ry

—a

Proof. We know that if f is a derivable even function then the function f/: R — R
is an odd function. Denoting

I= /Z(lffe)x + f/(2) (1 + e””))dx,

where we make the following change of variable

x =u(t) = —t, with /(t) = —1,u(a) = —a,u(—a) = a
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and we obtain that:

1= [ (S reomare) i [ (S rom ) -

-/ a({&@ Faf (@)~ @) (1 + ) )da

So,

21 = ‘/_l;(lf_'(_x) ]10(+) - + f( )—i—f/(x) ln(1+ew) —f/(;v)ln(l—kew))dx _

- [ @+ arnar = [ @iy = e =@ - (or-o) -

—a —a —a

— af(a) + af(a) = 2af(a)
Hence, I = af(a). O

Application 18. Let a,b € R, a < b and continue functions f, g, h : R — R such
that: f(a+b—z)=—f(x),9(a+b—2x) = g(z),h(a+b—2x) = —h(z),Vz € R, then:

/ f(z)(arctan(z)) In(1 + e"®))dax = / f(x)h(z) arctan(x)dx
Proof. Let:
I= /b f(z)(arctan(z)) In(1 + "@)dz, where we make the changes
r=u(t)=a+b—t,u'(t) = —1,u(a) = b,u(b) = a and we get:
=— /b fa+0b—t)(arctan(a + b — t)) In(1 4 eMe+0=D)qr =

b ()
= 7/a f(z)(arctan(z)) In(1 + e~ " / f(z)(arctan(z)) In 11;?:) dr =

b
—/ f(x)(arctan(a:))ln(l—|—eh(‘"”))dx—|—/ f(z)(arctan(z))h(x)dx

b
So, 21 = / f(z)h(x) arctan(z)dz, and we are done.
a

Application 19.
Let a,b € R} and f: R — R be an even continuous function on R, then:

a 1 a
/ (@) —dz = 5 f(z)dx
—a b2 + arctanz + Vb + arctan® x b* Jo

Proof. We make the change of variable x = u(t) = —¢, with
u'(t) = —1,u(a) = —a,u(—a) = a so:

a
I / f(x) do —
_a b2 + arctan x + Vb2 + arctan?

—a _
:/ F(=1) (—1)dt =
o b2 —arctant + Vb2 + arctan?t
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-/ (1) B
_a b2 — arctant + Vb2 + arctan? ¢

Therefore,

@ 1 1
QI:I+I:/ f(x)( n )d:c:
—a b2 + arctanx + Vb2 + arctan? z b2 — arctan x + Vb2 + arctan?

B f(z) 2(b? + Vb2 + arctan? x) dp —
—a (b2 4+ Vb2 + arctan® )2 — arctan® x
@ 2(b? + Vb2 + arctan® x) / /
= z Ydx = —
[a fla)- 202 (b2 + Vb2 + arctan? x) fl= US

which yields: I = b—z/ f(x)dx
0
d

Application 20.
Let a > 0 and f,g : [—a,a] — R integrable functions such that f is even and g is

odd, then:
¢ f(=)
/abQ—g() R bQ/f

Proof. We make the changes of variable x = u(t) = —t, with v/ (¢) = —1,u(a) = —a,
u(—a) = a, so:

(—1)dt =

T () o F-t)
- /w b? —g(z) + de /a b2 — g(—t) + /0% + g2(—1)1
)

—a 24+ g(t) + /% + g2(t)

Therefore, 21 = I+1 :/ f(:r)( !

dx =
—a b +g(z +\/bz+g bzfg 62+92($)>

_ [ flx)- 26"+ Vb + (@) dr =
—a (62+ b2+92(96))2—92(x)
[ 2007 4+ /b2 + g2 (x
_[af(x) 202 (b2 + b2+g / flo f()

1
which yields that: I = b—2/ f(z)dx
a
(I

Application 21.
Let a > 0, and f,g,h : R — R be continuos and odd functions, k : R — (1, 00) be
an even and continuous function, then:

[ @) (@) + ()" )de = [ F(@)ata) + b)) Inb(a)da
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Proof. We make the change of variable x = u(t) = —t, with «/(¢t) = —1,u(a) = —a,
u(—a) = a, so:

I= /_ ’ F(@) In((k(2)9®) + (k(2))"®)dz =
/_af t) In((k(—t)91 + (k(—t))")(-1)dt =
a )9 4 h(x)
=— [ £(@) In((k(z) 79 M) dw = — [ fla g<§§5()>) dr =

:_1+[ F(@) In(h(z)) 7@+ gy 1+/ F(@)(g(x) + h(z)) In(k(z))dz

Hence: 21 = [ f(@)(g(x) + (h(x)) In(k(x))dx and because

f(=)(g(=2)+h(=2)) In(k(—-2)) = = f(2)(—g(x)=h(z)) In(k(z)) = f(x)(g(x)+h(z)) n(k(z))
ie. f(x)(g(x) 4+ h(z))In(k(z)) is even function, we have that:

2[:2/0af($)(g(x)+h(sc))ln( (2))dz, namely[—/ F(@)(g(2)+h()) In(k(z))dz
O

Application 22.
Let f: R — R be a continuous function such that f(x) = f(1 — z),Vz € R, then:

/ 11190\/%[ z)dr =2 - /01 f(z)dz
Proof. We make the change of variables x = u(t) = 1 — ¢, with: /(¢) = —1,
u(0) =1,u(1) =0, so:
Vi—z+Vx O Vi+VI-—t
/O S == [ T
Therefore, 21 = /l(ﬁ—’_ 1o + vt vl-e

o\ 1+V2 1+/2(1-2)
! 1
= [ VRO )
! — ' 2+V2r++/2(1 - 1)
_A<wikl xﬁ@>1+%ﬂ+¢2yﬂ:+%m1—x
/1 (Vz+ VI —2)[@)V2AV2+ Vo +VT—2)
0 V2(VZ + V1 —2)+ 14 2yz(1 — z)
:/1(f+x/lo:> (@)V2(V2 + vz + V1 —2)
o V2AVE+VI-a)+ (f+ﬂ)
"V2(V2 4 VE VT o) f(
V2+Vr+Vi-z -V /[ fla

ft)dt

FO—t)dt = /0‘/+v

14+ 4/2(1—-1¢)
)f(a)de =

dxr =

dr =
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Application 23.

Let a,b € R,c € R {1} and the continuous functions f,g : R — R, such that
f(a—i—b—m)—cf ,9(a+b—2x) = —g(z),Yo € R, then:

/f 1n1+eq<m)dx— /f
c—1
Proof. Let

I= / f(x)In(1 + e9®))dz, where we make the changes

r=u(t) =a+b—t, with u(a) = b,u(b) = a,u’(t) = —1, and we obtain:

1_/ fla4b—1t)In(1 + e9@H0=0(— )dt:/abcf(t)ln(l—i-e_g(t))d
—c/f 1+eq dt—c/f £)In(1 + e9®)d t—c/f ) lnedDdt =
fcl—c/f 2)dr < (1—c)l /f
c—lI—c/f z)dz & I = _1/f

Application 24.

x)dx &

Let f: R — R be a continue and odd function, then

/e 1 1 e -1
dr = .
1 (2 + 1)1

+xef(1nz)) €T = §arctan %
¢ 1
I:
/; (22 +1)(

1§ zef ) dx, where we make the change

Proof. Let

1 1 1
x=u(t) = E,With ule) = —,ul -

1

1
( ) =e,u'(t) = —=, and we deduce that:
e’ \e t2
- /

[

1 S
(& 4+ D1+ Lefny 27 J1 (142)(

oy ercmn) =
¢ t ¢ tefn?)
/ (14 #2)(t + e~ f(nD) /, (14 ¢2

dt
)(te/(nt) +1)
© 1 zef(nz) e q
© / @+ )0 +2f®m) @I taef@0)) T ), T2
e 1 e 1 62 -1
= arctanx L= arctane — arctan — = arctan € — arctan
_ 1 ) 21
Hence, I = 3 e

Application 25.
Let n € N, then:

z
1, :/ sin?
0

2 2n )
( cos z cos?" 1 ( 3 sin x) +sin x cos?" 1 ( 5 cos x) ) dr = (2n)

T 2n+ 1N
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Proof. We make the change: t = u(x) = £ —
and we have:

w
2 s
I, = / cos? x ( sin z cos?™ ! (5 cos a:) + cos z cos2" T
0

. . m
2I, = / (sin® z + cos® z) ( sin z cos?" 1 (
0

—CcoszT
2

) + cos z cog? 1 (g sin x) ) dx =
z T z 7r
= / (COSQnJrl (5 cos x) sin) dx—i—/ (cosZ"+1 (E sin z) cos 1:) dr = A,+B,,, where
0 0

3 5
A, = / (cosQ”Jr1 (g sin x) cos x) dz, B, = / (COSQnJrl (
0

Fl
We, have: A, :/ (coszn+1

™

(g sin a:) ) dx, therefore

s

5 cos as) sin x) dx

0

92 (32
(z sin a:) cos a:) de == / cog?ntl (f sin a:) (I cos a:) de =
2 (% 2n+1 H 2n+1 (7T . 2 (% 2n+1
= — Cos xdx, and analogous B,, = (cos (f Cos a:) sin x) dr = — cos xdx
Vs 0 0 2 Vs 0
92 (2
So, 2I,, = A,+B,, = 2-7/ cos?tl
™ Jo

2 (% 2
zdr < I, = f/ cos®™ M xdr < I,, = =.J,,, where
™ 0 s

z
Jn = / cos?" ! zdz, which by integrating by parts we obtain the recurrence:
0

3
2n+1)J, =2nJ,_1,Vn € N*, where Jy = / cosxdx = 1.
0
By (2k+1)Ji, = 2kJ,_1,Vk € N*, we deduce that: 1—[(2I~c—|—1)J;C =

n

[T @k) Jk-1, ¥k € N*
k=1 k=1
(2n)! 2:4-6-...-(2n)
= (2n+1)ILJ, = (2n)!1Jo = (2n)!! & J,, = = ,¥n € N*
(2n+1) (2n)lJo = (2n) @n+ Dl 357 -2n-1@2n+1) "
Hence, I, = 2, = % - (2(33)1!;!!
Application 26.

O

/2 2 . . ofT Lof(T .

cos w(smxsm (f cosac) + cos zsin (f smx))
o 2 2

Proof. We make the change: ¢ = u(z) =

we have:

T _

5 —x,u(z) = —1,u(0)

I = / sin” x ( cos x sin? (g sin x) + sin 2 sin? (g cos ;v) ) dx, therefore
0

i

2
/05 (sinz(g sin:zc) cos :v)dx + /05 (sinQ(g cosx) Sinx)das = A+ B, where

A= /03 (Sin2 (g sin x) cos :L‘) dx, B = /072’ (sin2 (g cos x) sin ac) dx. We easily deduce that:
A= /072r (sin2<g sina:) cosx)dac = 2 [*

2
77/0 sin2(gsinx> (gcosw)dx:

z
2I = / (sin2 x + cos? ;15)(cosxsin2 (g sin .’L‘) + sin z sin? (I cos x))dx =
0
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2 (2 1 (2
= 7/ sin? tdt = 7/ (1 —cos2t)dt =
T Jo T Jo

2 1
and analogous B = / (sin2 (g cos 31‘) sin x) dx = 3
0

Hence,?I:A—i—B:l(:)I:%. O

Application 27.
Let n € N, then:

s

2
I, = / cos? x(cosx51n2”+1(2 sin x) +sinxsm2”+1(2 cos x))dx =
0

Proof. We make the change: t = u(z) = § —z,v/(z) = —1,u(0) = §,u(3) = 0 and
we have:

%
I, = / sin? ( sin z sin?" ! ( 5 cos :E) + cos zsin?" 1 ( 5 sinx )dx then:
0
z
20, = / (sin? z 4 cos® z) ( cos x sin®" T ( 5 sin ;z:) + sin x sin?" T (g cos x) ) dr =
0
B Bl

= / (st”H ( > sin 33) cos 33) dm—l—/ (51112"Jrl ( 5 cos :C) sin x) dxr = A,+B,,, where

0 0

z
A, :/ (s1n2”+1( sin x) cos a:) dz, By, 7/
0 2 0
E 2n+1 2 (% p2ntl m
An:/ (sm n+ ( smx) cosx)dxzf/ sin?"t ( smx) <fcosx>daz:

usy
2

( sin?"t! ( 5 cos :z:) sin x) dx. Therefore:

92 %
=— / xdz, and analogous.
™ Jo
Bl 9 (32
B, = / (51112"“( cos x) sin J:) dr = — / sin®" ! xdx = A,
0 2 T Jo
2 % 2 (% 2
21, = A,+B, = 2~7/ sin?" M pde & I, = 7/ sin®"*! xdr < I, = = J,, where
™ Jo ™ Jo ™

™

3
Jp = / sin®" ™! zdz, which easily by integrating by parts we obtain the
0

%
well-known recurrence: (2n+1)J, = 2nJ,_1,Vn € N*, where Jy = / sinzdx = 1.
0

By (2k + 1)J = 2kJi—1,Vk € N*, we deduce that:

ﬁ 2k + 1)), = [ [ (2k)Ju—1,Vk € N*

k=1
(2n)! 2:4-6-...-(2n)
= 2n+)NJ, = 2n)lJy = 2n)!! & J, = = ¥ N*
(2n+1) (2n)Jo = (2n) T @it D)l 357 .. @i-Denrn S
Hence, I, = 2J, = 2 . 7(2(31)1!;” O



CERTAIN RESULTS ON INTEGRALS 15

Application 28. Let n € N, then:

™

3
I, = / x(cos? 1 ( sin x) cos & + cos®"T! ( 5 €08 x) x sin x) dx
0

2n)!! 4-6-...-
_ (2n) _ 2:4-6 (2n) Vi e N
@Gn+ D 3.5.7-...-2n—1)(2n+1)
Proof. We make the change:
t=u(z) = g —z,u(x) = —1,u(0) = g (Z) = 0 and we deduce that:

) (C082n+1 ( cos x) sin z 4 cog?"t! (2 sin x) cos x) dr =

:/Oi(

Vs
2
(COSQnJrl — cos x) sin x 4 cos?" ! ( 5 sin x) cos x) dz — I,

2,
T2 0
E/ <C082n+1 — cos x) Cosx—i—cos%'ﬂ( sin x) cos ac) de = — (A, + B,)
1/, 2 4
3 3
where A / (cos%+1 ( 5 cos .T) sin x) dx and B,, = / (0052"+1<2 sin x) cos x) dx
0 0
In A, we make the change: ¢t = w(x) = § cosz,w'(z) = —F sinz, w(0) = 7§,
w(%) = 0 and easily we obtain that:
2 3
A, == / os®" 1 tdt.
T Jo
= ZJcosz,v(0) = 5,v(5) =0

In B,, we make the change: ¢t = v(z) = §sinz,v'(z) = J

and easily we obtain that:
2 %
B, =A, = f/ cos2 1 ¢dt.
T Jo

™

2 2\ [% 2
So, I, = z (— + —) / cos?™ L tdt = / cos®" 1 tdt
4 s T 0 0

us
2

z
For I,, = / cos®™ ! xdzx, we easily (integrating by parts) obtain the recurrence
0

(2n+ 1)1, =2nl,_1,Vn € N*, with Iy = / coszdr = 1.
0

So, (2k + 1)1 = 2kI},_1, ¥k € N* and yields:

n

[T@k+ D1 = [ @k) T2, ¥k € N*

k=1 k=1
= (2n+ I, = 2n)!ly = 2n)!! &
2n)! 2:4-6-...-(2n) .
In pr— = 5
< @t 357 @n-Dengn N
O

Application 29.
/72r 3sinx +4cosx

——dr =
o 3Jcosz+4sinz

12+ 7ln 2 4
7r25 n33und141n§>7r
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Proof. Indeed, let
™ 3sinx + 4cosa:
f.{O,g}—HR,f( )= 3003:1:+4smz / f(z)dz, and
u(z) = 3sinx + 4 cosz,v(z) = 3cosx + 4sinz. We have:
u(z) = av(x) +bv'(r) & 3sinz +4cosx = a(3cosx +4sinx) + b(—3sinx +4 cos x)

24
< 4a — 3b = 3,3a + 4b = 4, which yields that a = %,b = 2—75
u(z) 1 ' (x)
S = =—(24 th
o (@) v(x) 25( + v(x) )7 o
2 1 [z V' (z) 1 7 [% ()
I= der = — 24 +7- =—.24 — dx =
/0 f@)de =55 | ( * 'U(x)) 95 <" +25 o(z)
1270 7 5 12r+7In%
1 —4m Ly _léntiing
M 25 % v@], 25
Using the change of variable 2 = § —t = w(t),w'(t) = —1,w(0) = §,w(3) =0
1
we obtain I = / f(z = ——dzx, so
o [f(@)
or /g(f()+ AMGM/ 1 = 2/gd i
= x)+ —— x = r =, ie.
0 f(x 0
(2) 5
By (1) and (2) we get:
127+ 7ln 3

T 4 3
%5 > 5@247r+141n§ >257T«t>141n§ > 7, and we are done.

O

Application 30.
IfacRY, f,9,h:R — R are continuous with f and g are odd and h is even, then:

a a
f(z) - In(1 + 9@ . arctan(h(z))dz = / f(z)g(x) arctan(h(z))dx.
- 0
Proof.
a
I= f(2) In(1 + e9®)) arctan(h(z))dz, where we changes the variable:

z =u(t) = —t,u'(t) = —1,u(a) = —a,u(—a) = a, then:

I= ’ f(=2) In(1+e9"%)) arctan(h(—2))dz = — ’ f(x) In(1+e~9@) arctan(h(x))dz =
=_ ’ f(@) ln(l;ii)m> arctan(h(x))dx = — ’ f(x) In(1+e9®)) arctan(h(z))dz+
+ ’ f(@)g(x)arctan(h(z))de = -1+ 2 - / f(@)g(x) arctan(h(z))dz, and we get

/ f(x)g(x) arctan(h(z))dz
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Application 31.
Ifa,beR,a<band f,g: R — R are continue functions such that:
f@fla+b—2)=1,9(x) = gla+b—2z),Vr € R, then:

" o) dzx = L /bg(x)dx

o 14+ f(x) 2
Proof.
b
= /a : i(;zx) dr where we put x = u(t) = a+b—t,u'(t) = —1,u(a) = b,u(b) = a
o [° glatb—t) " gl@) [P fle)g(x)
then: [ —/a mdt —/a %dx —/a ]_—I—f(.’b) dl’, SO

I A C) P f@)g@) [+ f@)gl@) [
QI—I—i—I—/a 1+f(z)dx+ T ) —/a de—/a g(x)dx, then

1 b
I= 3 /a g(z)dzx.
g

Application 32.
If a,b € R,a < b and f : R — R is continue with derivative also continue and
g: R — Ry such that f(a+b—2x) = f(x),g(a+b—x)g(x) = 1,Vx € R, then:

Yo f@) 1
J (5 + @+ g@))do = 5 [ (7@ + 7@ ng(h)da

Proof. Since f(a+b—z) = f(z),Vz € R we have that f'(a+b—x) = — f'(z),
Vo € R.

I= /ab(l _{(gx()x) + f'(2)In(1+ g(:v))>dx, and if we are putting:

r=u(t) =a+b—t, with ' (t) = —1,u(a) = b,u(b) = a, we obtain:

_ % fla+b-1t) , -
I__/b (erf(a+b—t)ln(1+g(a+b—t))>dt_

b " /
[ (- rem( ) Ja

= [ (S e+ o) + 0yt

1+g(z)
Hence:
b b
2f — / (ml_g'_(z)(lf)(z) + f/(x) lng(x)>da: = / (f(z) + f'(x) Ing(z))dx

which is the conclusion. O
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