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1) In AABC the following relationship holds:
b% + c? _ 9R3\3

12R < h, - s
Proposed by Mehmet Sahin — Ankara — Turkey
Solution:
We will prove the following lemma:
Lemma:

2) In AABC the following relationship holds:
b*+c* s*+r?—2Rr

h, r

Proof:

Using h, = %we obtain:

b2+c2_z:b2+cZ _za(b2+c2)_2s(s2+r2—2Rr)_sZ+rZ—2Rr

h, 25 28 2rs T
a

Using the Lemma, the left-hand inequality can be written:

s2+r2—2Rr 2 2 ‘o i .
> 12R © s* > 14Rr — r=, true from Gerretsen’s inequality:

s2 > 16Rr — 512 and Euler’s inequality R > 2r.

For right-hand inequality we prove that:

b%+c% _ 6R? 24+r2-2R 6R2 ,
Y < o T T <2 o 52 < 6R? + 2Rr — r?, true from Gerretsen’s

ha, — r r r
inequality: s < 4R? + 4Rr + 3r? and Euler’s inequality R > 2r.

6R%? _ 9R3.3 3RV3
Then— < \F@ss V3

r ~ s 2

(Mitrinovic’s inequality)
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Equality hold if and only if the triangle is equilateral.

Remark:

If we replace h, with r, we propose:

3) In AABC the following relationship holds:

b% + c? 2R
12RSZ—S4R<——1>
T, r

Proposed by Marin Chirciu — Romania
Solution:
We prove the following lemma:
Lemma:

4) In AABC the following lemma:

z b* +c*  2(s*—3r%— 6Rr)
T, B r
Proof:

Using h, = ﬁwe obtain:

Z:b2+cZ _Z:b2+cZ _z(b2+c2)(s—a) _ 2s(s>—3r>—6Rr) _
r, s S B rs B
s—a
_ 2(s*—=3r*—6Rr)
T

Using Lemma, the left-hand inequality can be written:

2 o2
2(3°-6RT) 5 12R o 52 > 12Rr + 372, true from Gerretsen’s inequality:

s? > 16Rr — 512 and Euler’s inequality R > 2.
The right-hand inequality can be written:

2(s?> — 3r%2 — 6RT)
T

& s2 < 4R?%? + 4Rr + 31?

2R s2+1r2 —2Rr 6R?
S4’R(T—1)C> - <

(Gerretsen’s inequality).

Equality holds if and only if the triangle is equilateral.
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Remark:

b2+2
hc and Y,

b%+c?
a T

Between the sums ) the following relationship holds:

a

5) In AABC the following relationship holds:
bZ + CZ bZ + CZ
rre yrre

ha ra

Proposed by Marin Chirciu — Romania

Solution:

Using the above Lemmas, we have:

Z bZ+c2 — s2+r2-2Rr and Z b2 +c2 — Z(sz—3r2—6Rr)

hqa r Ta r
We the write the inequality:

2+r2-2R 2(s®2-3r2-6R , .
T < (+%-3r"~6Rr) & s2 > 10Rr + 7r?, true from Gerretsen’s inequality:

r r

s2 > 16Rr — 5r2 and Euler’s inequality R > 2r.
Remark:

We can write the sequence of inequalities:
6) In AABC the following inequality holds:
b? + c? b? + c? 2R
12R S—SZ—S4R(—— 1)
h, T, r
Solution:
See inequalities 5), 3) and 1).

Equality holds if and only if the triangle is equilateral.



