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301.If a,b,c > 0,a? + b% = 1,b% + ¢* = 1 then:

a-—+c
a+2b+c+—>4+22
abc

Proposed by Daniel Sitaru — Romania
Solution 1 by Mohamed Alhafi-Aleppo-Syria
Since a? + b? = 1,¢% + b? = 1 we must have: a = ¢. So, our inequality is:

2a+2b+£24+2\/7<:>a+b+a—lbz2+\/7.Lets=a+b,p=abthen:

1 2
sZ:1+2p:>;: so, we need to show: s +

_ Z_>2++2or
s4-1

s2-1 —

sP—(2+V2)s2—s+4+V2>0.Letf(x) =23 — (2+V2)x? —x+4+2
fl(x)=3x*-(4+2V2)x—1=x(3x—4-2vV2) -1
Clearly f'(x) < 0for 0 < x <2 so, f is decreasing on the interval |0,v/2]. Now, by

2
Titu’s inequality we have: 1 = a? + b2 > @ = V2 >5.50, f(s) = f(vV2) = 0 and

we are done.
Solution 2 by Nguyen Van Nho-Nghe An-Vietnam
From:a? +b?> =1andb?*+c*=1-a*>=c*>a=c

The inequality & a+b+£2 2+V2 - (%)

LHS (*) = 2v2a + 2v2b + -+ (1 - 2v2)(a + b) (1)

GM

AM—
2V2a+2VZb+— > 33\]2\/Ea-2\/3-a—1b=6(2)
and:0<a+b <.2(a®2+b%) =2,1-2V2<0(3)
From (2) & (3) » LHS (*) = 6 + (1 — 2v/2)vZ = 2 +v/Z = RHS (done)
Solution 3 by Soumava Chakraborty-Kolkata-India
a+c
Va,b,c > 0|a? + b?> = 1,b? + ¢? =1,a+2b+c+m24+2ﬁ
a?+b*’=b*+c*(=1)=>c=a

v0<ab<1&a?+b%=1wecanleta= cos6 b=sin@ (0<9<§)
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(1)
- given inequality becomes: a + b + i >2++/2 < cosO +sinf + — Blsine >2+2

—_ 1
cosOsing’ f (0) cos @ —sin0 + s2 0 sin2@
(cos O in 0) (1 cos 0 + sin 0) (2)
= — —_—— 1 =0

cos sin cos? @ sin? 0 ’

Let £(@) = cos @ + sin @ +

=0

. 6<A cos? 0 + sin® 0
cosOsin O =+/cos20sin20 < >

1
~2
_ 1 1
~t?P=cosOsinf<-—=t3<——<?

T 2V2

Now, cos @ + sin @ > 2+/cos 0 sin 8 = 2t > t*(~ t3 < 2)
cos O +sin @ cos 0 +sin @ 3) T
" cos?0sin20 1=1- cos20sinZ0 0.v6 € (OE)
(2),(3)=f'(0) =0  cos O =sinf = 6 :f.Also,
/14 2sin@® 2cosfO
A (_) - (cos3 0 N sinfg °° 0 = sin 0) |9:% =0

4

5 (@) min = f(%) =2 ++/2 = (1) is true (proved)
Solution 4 by Tran Hong-Vietnam

24 B2 —
{a +b _1:>a=c
b2+ c¢*=1
1
b=tat>0=>a?+t*a’?=1>a%= >
1+t
1 t
a= = b=

V1 + t2 V1 + t2
a+c 1+t t2+1
LHS:a+2b+c + = =

+ 22— +2a -t +t2+1t+
abc /1 + ¢2 t /1 + ¢2 /1 + ¢2
H(1-22)(A%) @)

t2

1 t t?2 + 1 Cauchy 3 t t2+1
2V2——+ 22 + > 2V2—— 22 : =
V1 + t2 V1 + t2 t \[ V1 V1 + t2 t

_3 2—6 1+t

ﬁs\/f@1+ts\/2(1+t2)@0S(t—1)2 (True)
(*)26+\/E(1—2\/i):6_4+\/i:2+\/i (proved)
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,,:"(:)tz1@{a‘;152_:cl<:>a:b=c=\%

302.1f a,b,c > 0 then:
<a4 b8 . 5W> <5W

-4 —

ct 27(abc)*
4 8 8

b8
+—t+—|>
8 8 4 (ab + bc + ca)3

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
<a4 b8 5W> <5W b8 c4> M 27(abc)*
—+—+ —_——+

+ —] =
4 8 8 8 8 4 (ab + bc + ca)3
8 8 8 8 8 8 8 ;
8 8 4.4 .p8
a* b® 55 a* a* B® 5 S S 5 cs5a¢ (a4 at-b (CS)
—_—+—+—=—+—+—+—+—+—+—+— > 8 = abc
4 8 8 8 8 8 8 8 8 8 8 88
5
8 8 8 8 8 8 844
5a5 b8 4 45 a5 a5 a5 a5 b8 c* +AZG (a5> bcte
=—+4+—+4+—+—+—+—+—+— > 8 = abc

Also, 2= + = + <
'8 8 4 8 8 8 8 8 8 8 8 (i) 88

? 4 ? ?
(i), (ii) = LHS of (1) = a®?b?*c? > 2(7;:—1;3 & (Y ab)3 = 27a%b%*c? = Y ab > 3%ab - bc - ca

— true by A-G (proved)

303.Ifa>=b = cthen:

Jaz — b2 +b% —c2+/a? — 2 +V2(a+ b +c) >+ a? + b2+ /b2 + % ++/a? + c?
Proposed by Daniel Sitaru — Romania

Solution 1 by Sarah El-Kenitra-Morocco
(VaZ —bZ +2b)" = a? + b* + 2b\2(a? — b?) > a? + b? hence
VaZ — b2 +2b > Va? + bZ. Using the same method, we get
Vb2 — c2 ++/2¢ > Vb? + c? and VaZ — ¢ +V2c = Va? + ¢2. After the sum we get
Jaz — b2 +/b% — c2 + /a2 — ¢2 + V2(b + 2¢) = a? + b% + \/b% + ¢2 + \/a? + 2
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But we have a > c therefore Va2 — b2 + Vb2 —c2 +Va? —c2 ++2(a+ b +c) >

> Va2 + b2 +\/b%+ c2++/a? + c?

Solution 2 by Soumava Chakraborty-Kolkata-India

2 +b @
\/az—b2+\/2—_(a+b)2 a2+b2<:>a\/i > Va2 + b% — /a2 - b2

Va2 + b2 —Va? — b2 > 0 as a? + b* > a* — b?

2
-'-(l)©@2az+bz+az—bz—\/a4—b4=2a2—2\/a4—b4
© a? +2ab + b? > 4a? — 4+/a* — b* © 4\/a* - b*> (3a+ b)(a—Db)
< 16(a? + b?)(a + b)(a—b) = (3a + b)*(a — b)?
< (a—b)(7a® + 19a%b + 21ab? +17b3) >0 > true~.a>b >0

V2 (a)
=+ a? — b? +7(a+ b) > v a? + b?
o VZ (b) V2 (c)
Similarly, Vb% — ¢% + 7(b +c¢) > Vb2 +c2and,Vaz —c2+ 7(a +c) > Va? + c?

(@)+(b)+(c)= Vaz — b2 +Vb2 —c2 +VaZ —c2 ++2(a+b+c) >

>+Va? + b2 +Vb% + c2 +Va? +c? (Proved)

304.1f0<a<b<c<d<ethen:

2vVab + 3Vabc + 4Vabcd < 9Vabcde
Proposed by Daniel Sitaru — Romania
Solution 1 by Amit Dutta-Jamshedpur-India
Let P = 2vab + 33abc + 4\/abcd. Now, we have Vab < Yabc.

Because, (ab)3 < (abc)?> = ab < ¢* (1)

Now, we have a < ¢,b < ¢ = ab < ¢2. S0, (1) is true = hence Vab < ¥abc

P < 23abc + 3Vabc + 4Vabcd; P < 53abc + 4Vabcd
Also, we have Yabc < Vabcd. Because, (abc)* < (abcd)® = abc < d® (3)

va<db<dc<d= abc<d?®- True
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And hence Yabc < Yabcd; P < 53abcd + 4Vabcd < 93abcd

Also, we have Yabcd = Yabcde = (abcd)® < (abcde)* = abcd < e*

va<eb<ec<ed<e=abcd< e*andhence Yabcd < Yabcde =
= P < 9Vabcde (proved)
Solution 2 by Soumava Chakraborty-Kolkata-India

1 1 1 1 1
Let aso = x, beo = y,co0 = z,de0 = U, €60 = V

ca=x0b=9y0c=20d=ue=v"&x<y<z<u<v

-~ given inequality becomes:

2x3°y3° + 3xzoyzozzo + 4x15y15215u15 < 9x12y12212u12v12
v=Uu,zYy,Xx
v=2Uu,z,y,X
Now, 4x12y12212y12(v12) (%) 4x12y12212y12(y3z3y3x3) — 4x15y15215y15
uzy
u=z
Again, 3x12y12212(u12v12) > 3x12y12212(zsy8y4v4)
u=x

=
17>x 3x12yZOZZO(x4x4) — 3xZOyZOZZO

(b)

u=x
vy
Also, 2x12y12(z12y12p12) > 2x'2y'%(z'2x12y1%)

z2x
vy

> 2x12y12(x6y6x12y12) — 2x30y30
©

(a)+(b)+(c)= (1) is true (proved)

305.If a,b,c € R, a® + b* + ¢ = 3 then:
la+(a+c)b+c|l<4
Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Vietnam

We have: 0 < a?,b%,c?2 <3 then:la+ (a+c)b+c|?> =|(a+ c)(1+ b)|?

= (a+c)*(1+b)* < [2(a® + cA)][2(1 + b*)] = 4(3 - b*)(1 + b?)
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(Cauchy)
< g (B3-b2+1+b?)?2=42=16=>|a+ (a+c)+ b| <4.Proved.

306.1f 0 < x < ?then:

(2 + (V2 Vo)x+2+ [2x2 — (VZ+VB)x+2 2 2

Proposed by Daniel Sitaru — Romania
Solution 1 by Amit Dutta-Jamshedpur-India
We use the fundamental inequality

Jx2+yr+VaZ+ b2 >\ /(x+a)2+(y+b)? (1)

Equality holds when 2 = %

2x2+(\/i—\/g)x+2=2<x2+<ﬁ; 6>x+1>

- 2<<x+ﬁ;%>2+1_<ﬁ;v€>z> _ 2l<x+<ﬁ;@>>z+<¢§g>2‘

- Jext e (2B rz=VE|(x+ 29 4 (22)] @

2

4 2V2
-V 4 (22) @
Adding (2) & (3)

(22 (- VB)x+2+ [2x2 — (VT +VB)x +2 =

_ 3 ( +ﬁ—¢8>2+<v§+1>2+ (ﬁwz_ >2+ V3-1)°
B * 4 2v2 4 * <2\/7>

fm:(i)\/f < +\/7—\/g+\/7+\/3_ >Z+<\/§+1+\/§_1>2
> x 2 2 X 77 i

N e e B o e
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2 2
v (BB (Bt St 3 e
4 22 2 2

JZxZ +(V2-V6)x+2 +\]2xZ — (V2 -=+6)x +2 > 2 (proved)

() _ (55)
(5 (37)

-y

Equality occurs when: . From (i), equality holds when E =%

Solving, we get x = ‘g—g -~ Equality holds when x = ‘g—g

Solution 2 by Serban George Florin-Romania

r [0“3_3] SRFE) = [+ (E-Bx+ 2+ [222 - (VE+VB)x+ 2

4x +2 -6 N 4x -2 -6

_27f,(x):
2 [z + (VZ-VB)x+2 2 [26%— (V2 +B)x+2

f’(x)=0:>(4x+\/i—\/6)\]2x2—(\/i+\/5)x+2=(\/6+\/i—4x)-

J2x + (V- Vo) +2 2, (44 VE ~ V6) (267 — (V2 +VB)x + 2) =

= (V6 +VZ — 4x) (2% + (VZ = V6)x + 2)
[16x% + 8x(V2Z —V6) + (8 —4V3)] - [2x2 — (V2 +V6)x + 2] =
= [16x? — 8x(V6 +V2) + 8 + 4V3] - (2x* + (V2 — V6)x + 2)
= 32x* — 16(V2 + V6)x® + 32x? + 16x3(V2 — V6) — 8x?(—4) +
+16x(V2 —/6) + (16 — 8V3)x? — (4V6 — 4v2) + 16 — 8V3 =
= 32x* + (16V2 — 16V6)x® + 32x2 — 16x3(V6 + V2) — 8x%(2 — 6)
—16x(V6 +V2) + (16 + 8V3)x? + (—4v2 — 41/6)x + 16 + 8V3,
= —16vV2x® — 16V6x% + 16vV2x% — 16V6x® + 16v2x — 16V6x + 16x?
—8v3x? — 4V6x + 4v/2x — 8V3 = 16V2x® — 16V6x® — 16613
—16V2x% — 16V6x — 16V/2x + 16x% + 8vV3x% — 4V/2x — 4/6x + 8V3 =
= —163x2 + 32v/2x + 8v2x — 163 = 0|: (—8)
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2V/3x2% — 4V2x —\2x +2V/3 = 0; 2/3x2 —5V2x+2V/3 =0,A =2

_5V2+V2_ev2_3v2_3V6_V6 = _5V2-V2 42 V2 _ 6
MTT4E a3 23 6 27T 43 a3 V3 3

x o V6 V6
— 0 EY > [e9)
ffx) | —————————— 0 0

fx) foo —  2(V2-1)—, 0

F(0)=—V3<0f(0)=2V2-2=2(2-1)>0
f(?) =0=f: [0,?] SR fN= f(x) =0, (V)x e [0,?]

Solution 3 by Soumava Chakraborty-Kolkata-India

JZxZ+(\/E—\/5)x+2+\]2x2—(\/i+\/g)x+2(é)z
Do 2x?— (V6 —V2)x+2+2x2 - (V6 +V2)x+2+

+2J(2xZ — (V6 —v2)x +2)(2x? — (V6 +V2)x + 2) = 4 (upon squaring)

o2 [(22 - (V6 ~ VD) + 2)(222 —~ (V6 + VD) +2} = 2(V6x — 222)

V6 /6
'.'xs?<7-'- 6—-2x>0=>vV6x—2x2>0

“()e 2x2+2)2 - 2x2+2)(V6 +vV2)x — (2x2 +2)(V6 — V2)x +
+(vV6 +v2)(V6 — v2)x% = 6x2 + 4x* — 4y/6x3 (upon squaring)
& 4x* + 4+ 8x? — (2x% + 2)(2V6x) + 4x? > 6x% + 4x* — 4/6x°
& 6x2 +4 — 4/6x% — 4/6x > —4/6x3
& 3x2+2-2V6x>0 < (V3x— \/7)2 > 0 - true - (1) is true, with equality at
¥

7 proved)
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307.Ifa,b,c,d,e, f =1 then:

a+b+2c+2d+e+f < abctd’ef +7
Proposed by Daniel Sitaru — Romania
Solution 1 by Omran Kouba-Damascus-Syria
Let P, be the following property: V(xq, ..., x,) € [1,+00)" ¥ _ x; <[[po1x +n—1
We will prove that 2,, holds true for every positive integer n by induction. Clearly,

P, istrivially true, and 2, follows from (x; — 1)(x, — 1) = 0. Now, suppose we have

proved P, and consider (xy, ..., X,,1) € [1, +00)"*1,

n+1 n
zxk :xn+1+zxk
k=1 k=1

< xpy1 + oy x g +n—1 using?,

< Xpt1 - [pe1 2 +1+n—1 using P,

n+1
= | |xk +n
k=1

So, P, .1 is also true, and this completes the proof of ,, by induction for all n > 1.
Choosing some of the x;,’s equal yields the following generalization:
Corollary. Let x4, ..., x, be real numbers greater or equal to 1, and let m4, ..., m,, be

positive integers, then:

n n n
kaxksl |le"+2mk—1
=1 k=1 =1

For example, with (xq,...,x¢) = (a,b,c,d, e, f) and (m,,..., mg) = (1,1,2,2,1,1) we
geta+b+2c+2d+e+f <abc*d’ef +7foralla,b,c,de f>1
Solution 2 by Marian Ursarescu-Romania
Inequality
abc*d’efza—-1+b—-1+2(c—-1)+2(d-1)+e—1+f—-1+1 (1)
Letx; =a—-1x,=b—-1x3=c—1,x;,=d—1,x5=e—1x,=f—1
X1,X2,X3,X4,X5,X¢ = 0

(1) becomes: (x; + 1)(x; + 1) (x5 + 1)%(x, + 1)?(xs + 1)(xg + 1) >
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>X1+tXx;+2x3+2x3+ x5+ x5 +1 S

& (g + 1) (g + 1) (22 + 23 + 1) (22 + 2x, + 1) (x5 + 1) (xg + 1) >
=X+ X, +2x3+2x4+x5+x+1
By brute force = x; + x, + 2x3 + 2x, + X5 + X6 + 1 + E(xq, X3, X3, X4, X5) =
>x;+x, +2x3+2x, + x5+ x5+ 1S E(xy,X5,Xx3,%4, X5,Xg) = 0 with equality for
X1 =X =X3=X3=X5=x¢a=b=c=d=e=f=1

Observation: scientific method by induction.

308.1f x,y,z>0,xyz(3x + 2y + 36z) = 6 then:

%y
< T 1> (4y?z% + 1)(92%x? + 1) > 64x*ytz*

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Vietnam

Leta=3x,b=2y,c=36z:>x=§,yZE,ZZi:>abc(a+b+c)=362

Inequality & (a?b? + 362)(b%*c? + 36%)(c*a® + 36%) > 64(abc)*
& (ab + bc + ca + a?)(ab + bc + ca + b?)(ab + bc + ca + ¢?) > 64(abc)? (*¥)

(Because: 362 = abc(a+ b + c))

(Cauchy) 4 .
ab+bc+ca+a* > 4Vab-bc-ca-a?=4ay/(bc)> (1)

Similarly: ab + bc + ca + b? > 4b3/(ac)? (2)

ab + bc + ca + c? > 4cy/(ab)? (3)

(1).(2).(3)
= LHS(y> 43abci/(abc)* = 64(abc)? = Proved.

Solution 2 by Michael Sterghiou-Greece

2,2
xyz(3x + 2y +36z) = 6 (c), then: (% + 1) (4y%2? +1)(92%x% + 1) = 64x*y*z* (1)

AM-GM
Letx =2a,y =3b,z = g:xyz =abc.From(c)6 > xyz-33/6-36xyz

3

or xyz = abc < (%)Z Also, (c)- abc(a+b +c) =1 (2).Let
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(0.4.7) = (Zeyc @; Xeyc ab , abe).

3

Wehavep -r=1r< (%)Z,qz >3pr=3-q=>+3
Now, (2) reduces to:
[1eyc(a?b? + 1) = 64r* or a*b*c* +1r%(3,,, az) + (Zeye a?b?) (3)
+1 > 64r2 But ¥y a* = p* — 2q, %y a*b* = q* — 2pr hence (3) reduces to

q* — 2qr* — 63r* > 0 because pr = 1. It suffices to prove the stronger inequality

q —2-q-(§)g—63 : (%)%z 0 or g? —2q(§)%—§z 0forq>+3or
%(q —/3)(9q + 7V/3) = 0 which holds. Done!
Solution 3 by Le Van-Hanoi-Vietham
Leta = 3x,b = 2y;c = 36z and k = 1296 the problem becomes:

Given a, b,c > 0 such that abc(a + b + c¢) = k, prove:

(1) (1) (5

Indeed, LHS (%) = T (<2224 = L [ab(b + c)(c + a)]

) 64 a4b4c4 *)

= kigazbzcz[(a + b)(b + c)(c + a)]?. Accordingly, that is enough to prove that:
[(a+ b)(b+ c)(c + a)]?* = 64a?b*c?> = (a+ b)(b + c)(c + a) = 8abc (**)
Indeed, LHS (**) = RHS (**)=a(b — ¢)?> + b(c — a)? + c(a— b)*>* > 0
Q.E.D. Equality holds when a = b = ¢ = 2%/27 in other words,

(xyz)—(v_v_ \/_)

309.If x,y € Rthen:
(x3 + 2y3 — 3xy?)% < (x? +2y?)3
Proposed by Daniel Sitaru — Romania

Solution 1 by Nguyen Van Nho-Nghe An-Vietnam
Case 1: y = 0 then LHS = RHS = x% — true
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Case2:y # 0,putx = ty,t € R. The inequality becomes:

(3 +2- 3t))Z < (y*@2 + 2))3 o (% +2 - 362) < (£ +2)3
o 12t* — 483 +3t2 + 12t +8 >0
o @tP—t)?+6t?+2t* +2t2+8+12t >0 (*)
Using Cauchy’s inequality: 2¢* + 2¢2 + 8 > 12'V¢12 = 12|t]
and |t] + t = 0,Vt so, (*) is true. Done.
Solution 2 by Tran Hong-Vietnam
(x3 + 2y% — 3xy?)? = x® + 4y% + 9x?y* + 4x3y3 — 6y%x* — 12xy°
(x% + 2y%)3 = x% + 8y% + 6x*y? + 12x2y*. Must show that:
x6 +4y% + 9x2y* + 4x3y3 — 6y%x* — 12xy5 < x% + 8y® + 6x*y? + 12x%y*
© 2y°% + 12x*y? + 3x%y* + 12xy5 — 4x3y3 > 0
o y2(2y* + 12x* + 3x%y? + 12xy% — 4yx3) > 0
© y*(2x+y)?(3x%2 —4xy + 4y*) > 0
Itis true, because: y*> > 0; 2x+y)? > 0; 3x* —4xy +4y?> =2x* + 2y —x)> = 0
Solution 3 by Jamal Gadirov-Azerbaijan
x® +4y% + 9x?y* + 4x3y3 — 6x*y? — 12y°x < x6 + 8y° + 3x% - 2y2%(x? + 2y?)
= x% + 8y°® + 6x*y? + 12x%y* + 4y% + 12x*y? + 3x2y*
4x3y3 < 12y°x + 4y° + 12x*y? + 3x2y*

1<12(2) +a(%)

3 X 12
+12<—)+3(X); 4<120% + 403 + — + 3@
y X w
2
4w <1203 + 4w* + 12 + 3w?l4w* + 1203 + 302> — 4w +12 >0
Factorizing, gives: (w + 2)?(4w? —4w +3) > 0

Here w = - and W.L.O.G we have assumed x # O.
310.a,b,c,d=0,p=q=1r=0

a+b+c+d a+b+c , a+b

= — 2 = — =
X = m Vabcd,y 3 abc, z >

Prove that:
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3(4px+3qy+2rz) > (4x+3y+2z)(p+q+71)

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Vietnam
We provethat: 4x >3y >2z>0
v4x>3yea+b+c+d—Yabcd>a+b+c—3abc & d+3Vabc > 4Vabcd
Itis true because:

AM-GM
d +3Vabc =d + Vabc + Yabc + Vabc > 44/d3\/[abc]3 = 4%abcd

3y2Zz@a+b+c—33\/abc2a+b—2\/ab<:>c+2\/ab233\/abc

Itis true because: ¢ + 2vab = ¢+ Vab + vVab > 33’c\/(ab)Z = 33abc

©2220z>20< a+b=2vab (true). Similarly:3y,4x > 0.

Hence: 4x > 3y > 2z > 0. More, p = q = r = 0 then using Chebyshev’s inequality:
1
4xp + 3yq + 2zr > §(4x+ 3y+2z)(p+q+r)

& 3(4px +3qy +2rz) = (4x + 3y +2z)(p + q + r). Proved

311. GENERALIZATION FOR HUNG NGUYEN VIET'S INEQUALITY
If a,b,c,x,y,z>0,a3x + b3y + ¢3z = xyz then:
X+y+z> (a+b+c)Va+b+c
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

YixSalSa

3
a’x + b’y +c’z xyz(yz p— xy)

o B (43 2
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Y a)d
X x)?

= Xx)?*=Ra)=>Xx=Ea)/Xa(proved)
Solution 2 by Khaled Abd Imouti-Damascus-Syria

= XyzZ > xXyz (v xyz=a3x+ b3y + 3z)

a+b+c
3

x+y+z
3

2
x+y+z>(a+b+c)Ja+ b+ c. Suppose: T, = andT, =

? ? ? ?
3T, >3 T, /3T,; Ty =T, -V3-,/T,; T? > 3T%-T,; T3 > 3T}

(a+b+c)’\ 2 (x+y+2)°
27 = 2

3T3 —T? < 0; 3(

2
Letusprove: (a+b+c)3 < (x+y+2z)?
From assumption: a3x + b3y + ¢3z = xyz divided by x

a3 b3 3 - . ; i
— +—+ — =1 by using Holder’s inequality:

yz xz Xy

a+b+c)
12Ex+yi+zizz>(x+y+z)22(a+b+c)3

Solution 3 by Tran Hong-Vietnam
Let z = kx,y = mx (k,m > Q)

= a3x + b3 (mx) + c3(kx) = x(mx) (kx) © a® + mb3 + kc® = mkx?

1 m
sSx=——Jad+mb3+ke3;y= |—-ya3+mb3+ kc3
N =Y

k
ZZ\/;-\/a3+mb3+kc3;x+y+zz(a+b+c)\/m

1 \/ﬁ k
S|—+ |-+ |=|Va?+mb3+kc3>(a+b+c)Va+b+c
—+ % j; J ( Wa+b+c

<1+m+k
vmk

2
) (a® +mb3 + kc®) > (a+ b +c)?

mk(a+ b +¢)?

3 3 3
o a’ +mb? + ke’ > A+ m+k)?

.So:
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a3+b3 ¢ Holder 1 (a+b+c)* mk (a+b+c)d

- - > Y =
17171 = 3 1+l+1 3 mk+m+k
m k m  k
. 1 1
Must show that: Bmkamil) = (Lamil)?

c1l+m+k)?>3(mk+k+m)e1+m?+k>>m+k+mk
Itis true. Proved.
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c,x,y,z>0anda3x + b?y + c3z = xyz

Wehavel = L+ 2 4 & 5 (atbic)
yz zx xy  3(xy+yz+zx)

Hence3(xy +yz+zx) > (a+b+c)3. Hence(x +y+2z)>>(a+b+c)

Hencex+y+z>(a+b+c)/(a+b+c)

312.If a,b,c,d € R then:
(2a + 3b + 4c + 5d)? > 8(3ab + 5ad + 6bc + 10cd)
Proposed by Marian Ursarescu — Romania
Solution by Lahiru Samarakoon-Sri Lanka
LHS — RHS
4a? + 9b? + 16c* + 25d? + 12ab + 16ac + 2ad + 24bc + 30bd + 40cd
—(24ab + 40ad + 48bc + 80cd)
= 4a? + 9b? + 16c? + 25d? + 12ab + 16ac — 20ad — 24bc + 30bd — 40cd

(2a — 3b + 4¢c — 5d)?
>0

LHS — RHS > 0; LHS > RHS ; (proved)

313.If a,b,c > 0,a+ b + c+ 2 = abc then:

a b [
+ + > 2
b+1 c¢c+1 a+1

Proposed by Vadim Mitrofanov-Kiev-Ukraine
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Solution 1 by Soumava Chakraborty-Kolkata-India

B a? Bergstrom < a)z < a)z 6 )Z
LHS_Zab+a = Zab+2a>(2a)2+z < z ab= >

=—(x—Za)>2<:)x>6 Now, x = ). > 3¥abc = 3¥t (t = abc)

3)
(1), (2) = itsufficestoprove: 3/t >6 <t > 8

A-G
Now,abc—2=Ya > 3Vabc=>t-2>33¥t=>({t-2)3-27t>0

=>(t-8)(t+1)2=>0>t=>8=(3)istrue (proved)
Solution 2 by Marian Ursarescu-Romania
a+1=xb+1=y,c+1=2z Thena+b+c+2=abc=>
x—1+y—-1+z-1+2=x-1)@y-1)(z-1)=>
x+y+z—1=xyz+x+y+z—xy—xz—yt—1=
xyz=xy+xz+yz:>%+i+%=1 (1)

y-1

- -1
Inequalities becomes: xT +2 Y

-1 1 1 1
+>20i-c+ -+l "x>20use(l) e
x y y z z x x

t
2+24+2> 3 (truebecauses +2+2>3°2.2. 2= 3)
y z x y z x y z x

314.If a,b,c = 0 then:

1
12+Z(a +1)(b4+1 C4+1)212x/5

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-KoIkata-lndia

12(x/i 1)

Given inequality & Y(a® + 1) (b4+1 c4+1)

+1 b8+1 a8+1  b%+1 8+1 b8+1
LHS Of (1) chcZ4+1 chc 4. _chc(b + ) (Z) chc Z '

+1 441 at+1 441 pt41



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
8

_ x’+1 ' _ 4x3(x8+2x4—1)
Let f(x) =5 Vx = 0.We have f'(x) = T
and f(x) = LEETHOTHNTI) o0y = giffx = 0orx = VVZ — 1

(xt+1)°
£7(0) = 0with £(0) = 1and f” (YV2 - 1) > owith f (VV2 - 1) =2(v2 - 1)
« f(x)vx = 0 attains its minimum at x = Vv2 — 1 and fuin @ 2(vV2-1)

(2,(3)=LHS > 6 (2(\/7 - 1))Z =12(v2 — 1) = (1) is true (proved)

315. For a,b,c € (0; +x) A abc = 1. Prove:

a?+b%? b%2+c% ct+a? 4 a4
+ + < 2(a* + b* + ¢*).

c a b
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Christos Eythimiou-Greece

C a b
a,b,c>0Aabc=1= + + — + N
c a b 1 1 1

ab bc ca
= i/(a4)3b4 + i/a4(b4)3 + i/(b4)3c4 + i/b4(c4)3 + i/(c4)3a4 + i/c4(a4)3 <
3a*+b* a*+3b* 3b*+c* b*+3c¢* 3c*+at *+3at
+ + + + +
4 4 4 4 4 4
Solution 2 by Catinca Alexandru-Romania

1 1 1 1 1 1
LHS:az(—+—)+b2(—+—)+cz(a+z)=

= 2(a* + b* + c*)

c b a c¢
b+c a+c a+ b (abc=1)
=a?- + p2%. +c2. =
bc ac ab

=al(b+c)+b3(a+c)+c(a+b) =

Rearangements(Muirhead)
= (a®b + b3c + c3a) + (a®c + c®b + b3a) <

< (a*+b*+c*) + (a* + b* + c*) = 2(a* + b* + ¢*) = RHS
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Solution 3 by Marian Ursarescu-Romania

abc = 1 we show this: (a? + b?)ab + (b% + c¢?)bc + (c? + a®)ca < 2(a* + b* + ¢*)
Buta* + b* > ab(a?+b%?) ()= a*—a*b+b*—ab* >0
al(a-b)+b3(b—a)>0< (a—b)@@®-b3) >0« (a—b)*(a’?+ab+b%*) >0

a* + b* > ab(a? + b?)
true. From (1) = b2 + ¢* > bc(b? + ¢2) ; =
ct + a* > ac(a? + c?)

2(a* + b* + ¢*) > ab(a? + b?%) + bc(b? + c?) + ac(a? + c¢?)

316.If a,b,c > 0,a + b + c = 3 then:
5(a*+b*+c*) >12+a®+ b> + c°
Proposed by Marian Ursarescu-Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

Let f(x) = 5x* — 4 — x* forall x € (0, 3)
f'(x) =20x3 —5x* f"(x) = 60x* —20x3 =20x*(3—x) >0~ x€(0,3)

a+b+c
3

Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Ifa,b,c>0:a+b+c=3then5(a*+ b*+c*) > 12 + a5+ b5 + ¢°
We have5a* —a® >15a—11v0 <a <3 (1)
Itis truesince (1) = (a — 1)?(a® - 3a?-7a-11) < 0>
= (a—1)*[a*(a—3)—7a—-11]1<0
(Truesince (a—1)?>0anda?(a—3)—7a—11<-11<0)
Similalry, we have 5b* — b> > 15b — 11V0 < b < 3 (2) and
5¢*—c>>15¢-11V0<c<3(3)
(1), (2)and (3)= 5(a* +b*+c*) — (a>+ b5+ c5)>15(a+b+c)—33=>

f is convex hence ¥y f(a) = 3f(

) =0=>5Y,,.a*>12+%.,.a° (proved)

= 5(a* + b* + c*) — (a® + b5 + %) 212 = 5(a* + b* + ¢*) = 12 + a® + b5 + (5

The equality occurswhena =b =c = 1.
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317.1f a,b,c > 0 then:

1 1 1

Proposed by Daniel Sitaru-Romania

Solution 1 by Madan Mastermind-Varanasi-India

1 1 1
(7+a3+b3+c3)-(7+;+ﬁ+5)2 100

a3+b3+c3 1 1 1 _ 3 _
> abc so, a3 + b3 + ¢3 = 3abc; S+t 3= putabc=t
2
(7 +38) (7 +2) = £(1). Solving £(£) = 2522 finding min £(t)

ff=2|t2-2|=0;2=1,s0t==+1; f'(t) =42t t=1
f’(1) >0soatt =1 f(t) ismin. f(1) = 100 so, f(t) = 100.
Solution 2 by Abdallah El Farissi-Bechar-Algerie

1 1 1
(7+a3+b3+63)(7+$+ﬁ+c_3):

1 1 1 1 1 1
:49+7(a3+$+b3+ﬁ+cg+§)+(a3+b3+cg)(§+ﬁ+c_3)

=>49+42+9 =100

318. Fora,b,c > 0Aab + bc + ca = 3abc. Prove:
Vab Vbc Vea 3
i 3t z S 16
(Va+vB)' (b+ve) (Ve+Va)
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Marian Ursarescu-Romania
1 1 1
ab+bc+ca=3abc:>;+;+;=3.

let==x—==y-=zwithxy,z>0Ax2+y*+22 =3

Va

sl

1
. . . . . : xy 3 B3y _ 3
With this notation the inequality becomes: ) %%)4 SE® ) ) =1 (1)
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4 1 1 xy 1
Butx +y>2/xy = (x + y)* > 16x%y? = Gyt S Toxty? :>(x+y)4_16xy 2)

From (1) + (2) the inequality becomes: EZ xy < E e Yxy<3 (3)

ButY xy < Y x% = 3 (4) (from hypothesis) .From (3) + (4) = 1 the inequality is true.

319.If a, b, c are positive real numbers such that a + b + ¢ = 3, then:

ab? bc? 2

ca 7V3

+ + +—(a?+b%>+c?)>—
Vb2 +bc+c2 Ve2+ca+a? Val+ab+b? 4 4

Proposed by Le Minh Cuong-Ho Chi Minh-Vietham
Solution 1 by Christos Eythimiou-Greece

ab? bc? ca?
abc>0ANa+b+c=3>

3
+ + +£(a2+b2+cz)=
VvbZ+bc+c?2 VJcE+ca+a? Vai+ab+b?: 4
a’b? b?c? c’a?

+ + +—((a+b+c)>—2(ab+bc+ca)) =
avb?2+bc+c2 bVc:t+ca+a? cVa?+ ab+ b? 4( )

(ab + be + ca)* +\/§(32 2(ab + bc + ))>
— —2(a c+ca)) >
vavab? + abc + ac? + VbVbc? + beca + ba? +VcVca? + cab + cbh? 4
(ab + bc + ca)? +\/—(9 2(ab + be + ))
—(9-2(a c+ca)) =
va+ b+ cVab? + abc + ac? + bc? + bca+ ba? + ca? + cab +cb? 4
(ab+bc+ca)? 9\/_ V3 (\/ab+bc+ca)4 _ V3 ﬂ _
\/§\/(a+b+c)(ab+bc+ca) 4 (ab +bc+ Ca) v3\/3(ab+bc+ca) 2 (ab +bc+ Ca) + 4
Vab + bc + ) Vab + bc+ ) 73
(Va c+ca ( a c+ca ———(ab+bc+ca)+—2
6 4
(\/ab +bc + ca) (\/ab +bc+ ca) \/5 V3 7V3  7V3
% % > Z(b+bc+ca)+—4 =

Solution 2 by Nguyen Duc Viet-Vietham

By the CBS inequality, we have

a?b?

ab?
= >
Z v bZ+bc+c? Z a\/b2+bc+c2 -

(ab+bc+ca)?

a\/bz+bc+cz+b\/cz+ca+az+c\/az+ab+b2

(ab + bc + ca)3
9

(ab + bc + ca)? B \/

h J(a+ b+ c)[a(b? + bc + c) + b(c? + ca+ a?) + c(a? + ab + b?)] B

LetVab + bc + ca = x then a? + b%? + ¢? = 9 — 2x2
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. 3 2
We will prove that: -+ ?(9 —2x?) > ? & (x—3) (x + 253

T) >0 (true)
The equality holdsfora =b =c = 1.
Solution 3 by Soumava Chakraborty-Kolkata-India
ab? a’b? Bergstrom ab)?
LVl 2 zavizu;ﬁ
_ (X ab)? css (X ab)?
Y Vavab? +abc+ac? ~ [Ya./Ya?b+Y ab?+ 3abc

(2 ab)? _ Eaby o (Taby +§zaz

T Sa/CaCab) GCavab o (Sa)/yab

? 2 ?
2%ﬁ=§(2a2+22ab)@y—+2237—6(x+2y) (Wherex =Y a%,y =

J3y(x+2y)
Y. ab)

”
y2 > 7y—x_) (1)

g J3y(x+2y) — 18
If 7y < x,RHSof (1)< 0and - LHS >0 .. LHS of (1) > RHS of (1)

Now, let us consider the case when 7y > x, i.e.,f € (% 1]

yZ ? 7y_x y4- ? (7y_x)2 3 _ 2 _ ?
Then,mz 5 @3y(x+2y)2 374 < 10t° - 21t +12t—-1 >0

? ?
(wheret = i’ € (; 1])@ 1ot-1D(t-1)?>0 (t —%) (t—1)? >0 - true
v t> ; > %. Hence, (1) is true with equality occuringwhent =1 < Y a2 =Y ab
© a=b=c=1(proved)

320.1f a,b,c > 0,abc = 1 then:

+ + >

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by Abdallah El Farisi-Bechar-Algerie

We have f(x) = x3 is convexe function then
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3 > 3
a?ad + b2b3 _ (a®+b3\2 _ ab \\*>_ ja+b\z 3
aZ + bZ = aZ + bZ - (a’ + b) (1 - az + bz) = ( 2 ) = (ab)4‘

a5+b5
a2+p2

then ¥ > Y(ab)i > 3(abc)z = 3

Solution 2 by Boris Colakovic-Belgrade-Serbia

Assurea=b =>c

Chebishev 1 a® + b’ 1
a>+b>=a?-a>+b*-b> > —(a*+b*)(aP+bh3)>—->-(a®+Dh3) e
2 a?+ bz~ 2

a’® + b5 1 AM-6M 1
S . 3 3 . 4 3 4 3
= /a2+b22 5 Vai+b3 2 - -V2y(ab)* = /(ab)

similalry %% > 4/(B0)?; |5 > 4/(ca)?

LHS > 3/(ab)? + 3/(bc)? + 3/(ca)? = 3"3/(abc)s = 3 \/g_l;_g =3
=1

Sign ,="holdsfora=b=c=1.
Solution 3 by Lazaros Zachariades-Thessaloniki-Greece

1
<a5 + b5>5 <a2 + b2>7 (a5 + bS)Z (a® + b?)5 <a5 + b5>2 <a2 + bz>3
> — o > = =

2 22 - 22.28 a? + b? 2

[

3

5, .5\2 2,.2\3 /5. 5\2 2.2
Likewise(b +c2) 2(b +c) ’(c +a) Z(C +a)

b%+c 2 c2+a? 2

3 3 3 3 3 3
a? +b*\* (b2 +c2\* [(c2+a*\* _*|(a? + b2)3(b? + c2)3(c? + a?)?

LHS > +(— 3 =3 3 3 3

24 -24 .24

24(ab)s - 24(be)s - 23(ca)s
4(ab)4 - 24(bc)4 - 24(ca)4 1 =
>3- =3(ab-bc-ca)1ab213-1=3

3
24

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

5 5 5 5 5 5
Because abc = 1,a, b, ¢ > 0, we obtain that: \/“ *h +\/b hid +\/C e

a2+ b2 b2+c2 c2+aZ2 —
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j(aB + b3)(a? + b?) j(zﬁ + (B2 + ) j(cB +ad)(c? + a?)
> + +

2(a? + b?) 2(b% + c2) 2(c + a2)

\/a3 + b3 j(b3 +c3) j(c3 + a?) j(a +b)3 j(b +¢)3 \/(d +a)?
= + + > + +
2 2 2 8 8 8

g 3i/\](a+ b)*(b +¢)’(c+a)® _ 3j(a+ b)(b + c)(c + a) > 3j3(abc)2

8 x 8x8 3 3 =3abc=3 x1=3

Solution 5 by Trinh An-Vietnam

at 2, p2\2 aS+b5 a®+ b2 2
5 — (a%+b?) +b +b (a+b)? _a+b _ 2Vab _ 1
We have: a® + b + 2 c(a+b) = a?+b? = c(a+b) — = 2c(a+b) 2¢c = 2c Ve
z ’as + b5 z _3
2 2 —
@ +b \/c\/_ \/\/ abcvVabc

Solution 6 by Marian Ursarescu-Romania

We use breaking method: we show the following inequality:

\/ﬁzw 1)
Proof:%ZW:aS + b® > (a? + b%)abVab =
a’ — a3bVab + b® — b3avab > 0 =
a*vVa(ava — bVb) + b>V4(bVb — ava) = 0 =
(a\/c_l—b\/z)(a3\/c_l—b3\/3)20@(@—@)(@—@)20
obvious, because ifa > b = Va® — Vb3 > 0 and Va5 — Vb5 > 0
a<b=vVa3-vb3 <0andVa’-Vb5 <0

5+b5 54 p5
Using relation (1) = X Z S 5 Va3b? > 3V Vabh6ct = ¥ Z LA

2+ b2 24 p2

321.Ifa,b,c > 0,a+ b + c =3 then:

b c c b
3+ (Zari*epr1)” 2 ops1 2ar1)
12a+1 6b+1 10b+1 2a+1

Proposed by Daniel Sitaru — Romania
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Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

ifa,b,c>0,a+b+c=3then3 +), (é_l_ 6bc+1) = z:(101:+1 * Zab+1) @)
c c a a

s>a+b+c+
Wehave (1)=a+b+c 12a+1 6b+1 12b+1 6c+1 12c+1 6a+1
c b a c b a

> + + + + +
10b+1 2a+1 10c+1 2b+1 10a+1 2c+1

1 1 1 1
=>a (1 + + — — ) +
12c+1 6c1+ 1 2c1+ 1 10c1+ 1

+b(1+ + — — )+
12a+1 6a+1 2a+1 10a+1

1 1 1 1
+c(1+ + — — )>0
12b+1 6b+1 2b+1 10b+1

1440c* +720¢3 + 204c¢% + 24c + 1 v 1440a* + 720a® + 204a? + 24a + 1 .
= . .
a (2c+1)(6c+1)(10c+1)(12¢c+ 1) 2a+1)(6a+1)(10a+1)(12a+ 1)

1440b*+720b3 +240b% +24b+1
C Zb+D)(6b+ D106+ D261 D) 0 (True)= QE.D.
322.1f x,y,z>0neNn=>2, x3+y3+ 23 =3 then:

X 1
Z y*+ 24+ Y22 = (xyz)"
Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian
Solution by Daniel Sitaru-Romania

AM-GM
3=x3+y3+23 3 3Bxyz-oxyz<1- (xyz)? = (xyz)".n=>2

AM-GM

z x > z x _12 x
yt+z4+ y2z2 33 (yz)6_3 yzzz_

1 21 , 1
B 52 (xyz)?2 3(xyz)zz X = 3(xyz)? 3= (xyz)"
323.1f a,b,c = 0 then:

a+b b+c c+a

—* |5t | > 2(Va+ Vb ++c) + Vab + Vbc + Yca

Proposed by Daniel Sitaru — Romania
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Solution 1 by Catinca Alexandru-Romania

abc>0

32\/?222\/E+2W

SNETED I

2

Y-y Y |

:32 %bzzz\/5+z\ﬁzzz\/5+zm

Solution 2 by Ravi Prakash-New Delhi-India

=

For x,y > 0, we first show: 9(x* + y*) > 2(x? + xy + y?)?
o 9(x* +y*) = 2(x* + y* + x2y? + 2x3y + 2xy3 + 2x%y?)
o 7(x* +y*) — 6x%y? —4x3y —4xy3 > 0
o3 -y +4(x* -y )(x—-y) = 0
& 3(x* — y2)? + 4(x — y)*(x® + xy + y*) = 0. Which is true.

2
Putting x = a%,y = b%, we get: 9(a + b) > 2 (\/C_l + (ab)% + \/E)
> 2Va¥b=va+Vb+(ab)i (1)
similarly, 3 |2 > VB + Ve + (be)s (2)

3\/%2\/?+\/E+(ca)% 3

Adding (1), (2), (3) we get

3<ja§"+Jch+jcza>zz(ﬁ+@+ﬁ)+(ab>i+<bc>1+<w>i
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Solution 3 by Soumitra Mandal-Chandar Nagore-India

Y Wab+2) Va<3) Val. ) vaz ) Vab

cyc cyc cyc cyc cyc
a++b a+b
=3 Z <\/_T> <3 Z > [ Vx is concave]
cyc cyc
(proved)

324.1f a,b,c >0,a+b+c¢c=3,0<x <1then:
bx

(g) + ) +e(@) + () +e(?) +a)) =6
Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania

Becausea+ b + ¢ =3 = 3m,n,p > Osuch that: a = 3m_ L _ _3n _ 3p

(4 .
m+n+p’ m+n+p’ m+n+p

Inequality becomes:

X X X X X X
m (2) +_" (B) .,.L.(ﬂ) +_" (ﬂ) I (E) L™ (E) <2
m+n+p m. m+n+p n m+n+p 14 m+n+p n m+n+p P m+n+p m.

Let £:(0,+x) - R, f(a) = a*; f'(a) = xa* 1, f"(a) = x(x — 1)a*? = f"'(x) <0, we

use Jensen’s generalization: p,f(x;) + p2f(xz) + psf(x3) < f(p1x1 + P2xy + P3x3)

- _ _ m _ n _ 14 _n
> +p, +p.=1. = = = ==
with py,p2,p3 >0Ap; +p; +p3 =1 Letp, mintp P2 " mnip ' P3 T minep Y1 T w0
x x x x
m m n n m n+p+m
Xy = P X3 = — > (—) + (B) + P (—) < ( L ) =1 (2)
n P m+n+p \m m+n+p \n m+n+p \p m+n+p
n P m m n P
Let = = = X1 =— X9 =— Xa =— >
p1 m+n+p’ p2 m+n+p’ ps mnt+p' 1 n'E T p3 T
x x x x
n m n m m+n+
o O L ) s (O < = @
m+n+p \n m+n+p \p m+n+p \m m+n+p

From (2)+(3) = (1) its true.
Solution 2 by Lahiru Samarakoon-India

Assume, a + b > a (b)n +b (%)n 1)

a

We have to prove: % (a™ - b") + bi" (b"—a™) =0
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(@ b (5~ ) 2 0: (@ — b @)a ) - )] 2 0

a® b
Consider p :%— 1>0 (vc<x<1)
(a™ — b™)(a™ — b™)((a™)P~1 + (@™)P2(b™) + -+ (b™)P71) > 0

(a™ — b™)? ((@®)P~1 + (a®)P~2 - b" + .-+ (b™)P~1) > 0 it’s true. So, similarly,
+) +

b+e=b(9) +c(2)" @

c

a+c2a(§)n+c(g)n 3)

1)+(2)+@R): a (S)n +b (%)n +c (%)n +b (%)n +c (g)n +a (i)n <2Ya
ButY a =3 <6 (Proved)
Solution 3 by Michael Stergiou-Greece
aQ) +b(5) (D) +p() +e(t) +a() <6 ®
The function f(t) = ¢* with f”(t) = (x — 1)xt{t=2 < 0 for x < 1 is concave. Applying

the generalized Jensen inequality:

b c a a b c\ X
a-z+b-5+c-;+b-5+c-;+a-z> 6 1X 6

LHSof (1)< (a+b+c+b+c+a) < ST
If x = 1 then (1) is directly true. Done.
Solution 4 by Soumava Chakraborty-Kolkata-India

b x b—a x Bernoulli b—a
@ =(+=7) 7= ()
a a a

b—a b—a b b\*
(':T>—1a51+ =E>O>—1&OSxS1>:>a<E> <a+x(b—a)

( 1+x (b;a) > (E)x > O) .So,a (S)x (;) a + x(b — a). Similarly,

a a

b (g)x (2 b+x(c—b)c (%)x (;) c+x(a—c)b (g)x (;) b+ x(a—b),

b\* (5) c\* (6)
C(—) Sc+x(b—c),a(—) <a+x(c—a)
c a

(D)+)+(3)+(4)+(5)+(6)= LHS
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a=

=3
S22a+x(b—a+c—b+a—c+a—b+b—c+c—a)ZZ 6+x-0=6

325.1f x,y € (0721) then:

. . in2 inl 2 2
(San x + San y)sm x+sin“y | (COSZ x + COSZ y)cos x+cos“y

. . <
(sinx)2si*x . (siny)2si"*y . (cos x)2¢0s* % . (cos y)2os*y

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

Let sin? x = a,sin’ y = b,cos? x = c,cos’y =d

(a+b)a+b(c+d)c+d (1)

Then, given inequality —aphecqd <4
weighted GM—HM (a) a+b (b) c+d

+b +b +b +b S +d

Now, “"VaahP > ath _ath  japb > (@b . Similarly,c¢d® > (erd)
ab ™ 3 2ath 2c+d

a b
avb..cad (a+b)a+b-(c+d)c+d _ (a+b)a+b(c+d)c+d _ (a+b)a+b(c+d)c+d

(a)(b):> a’b’ccd® = 2a+b+c+d T o(sin x+cos? x)+(sin? y+cosZy) 4 =

(a+b)a+b(c+d)c+d
= a%pbccdd

326.Leta,b,c >0and a+ b + c = 3. Prove that:

a-arcsin (%) + b - arcsin ( 1) + c-arcsin (a:l_ 1) < 12—t

Proposed by Dimitris Kastriotis-Athens-Greece
Solution 1 by Soumitra Mandal-Chandar Nagore-India

<4 = (1) is true (Proved)

c

c +

a+b+c=3then3(ab+bc+ca)<(a+b+c)>=>(a+b+c)(ab+ bc+ca) <

<(a+b+c)>=>ab+bc+ca<a+b+ec. Letf(x)zsin‘l(ﬁ)forallxe(0,1)

1 1

1 14 —_ _
PPNy i M OO e rwecn e Py < Oforall x € (0,1)

Hence f is concave function, then:

+ bc +
Yo b abrberoe weaw ([ ihae
- — - — ’.A-\ - —
— sin™1 <—) < sin71 a ¢ < 1

then f'(x) =

a+b+c b+1 ab + bc + ca = s 2
cyc

a+b+c +1
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b
b+1

.1 l _T .1
< sin (Z)—6:>chc05m (

) <7 (proved)
Solution 2 by Chris Kyriazis-Athens-Greece

I will use that:
1) Function f(x) = arcsin (L) .x > 0 is concave (because f"'(x) = ——22 <0
o (x+2)2(2x+1)2
2) Function arcsin x is strictly increasingwhen 0 < x <1, ((arcsin x) = ——— > 0)
v 1-x2
aL+bL+cL 1
3)-trl—et el < - whena b,c>0,a+b+c=3
Proof:

b c a cm-am (b +1)? (c+1)2  (a+1)*

+b + < + + =
B+1 Pc+1 Ca+v1 = 2w+ "2+ 2@+

a+b+c\’
_ab+a+bc+b+ca+c<(f) +3_

N 4 = 4

3
T2

B

aL+bL+cL 1
SO, b+1 c+1 "a+1l <

3 < -

N

Now, (using (1)) applying Jensen’s inequality with weights a, b, ¢, gives then:

b c a
a +b +c
LHS < (a+ b + c¢) arcsin b+1 c+1 at+1)_
a+b+c

b c a
(ab+1+b6+1+ca+1) (i)Sarcsin<1)=3-
3 @)

= 3 arcsin

n n
6 2

. 1 n
because arcsin (E) ==

Solution 3 by Soumava Chakraborty-Kolkata-India

Given inequality can be written as:

()i () ()i (9 (o) G0 <5

b
Leti —Pu5, = pz,zia = p3. Then p; + p, + p3 = 1. Now,

(3x+2)

(x+1)5( 2x+1 )

(x+1)2

=< 0,vx >0 f(x) =sin! (ﬁ) Vx> 0is concave,
3

f”(x) = —




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(2)
= by Jensen, LHS of (1) = p1f(b) + p.f(c) + psf(a) < f(p1b + pzc + p3a) =

ab + bc + bc )
=sin! (#) = sin™! <Z azbaf_ 3) 3 (Z ab) < (Z a) =9. Z ab<3

=—+1

Ya

1 Yab 1

<1-——" == < =
Sab+3-" 343 2 Sab+3 -2

(2).(3)= LHS of (1) < sin™* (3) = Z= RHS of (1) (proved)

P

327.Letn e N*An > 2 and xq,x3,..., X, € (0; +x). Prove:

11 1
enx7151x7zfz xxn < eX¥1txzttxy
n =

Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution 1 by Dimitris Kastriotis-Athens-Greece
ex% <e* x € (0, )

1 1
exige"@1+;logx§x<:>x+logx—x2SO,xe(O,oo)

f(x)=x+1logx —x%,x € (0,); f'(x)= 1+%—2x,x€ (0, 0)
1
f’(x)=0:>1+;—2x=0:>x=1
f'(x) = —x—12—2 <0,x €(0,0) > max{f(x)[0<x<ow}=f(1)=0

1
Sf)<fA)=0=>x<x+logx—x2<0,x € (0,0) = exx < e* x € (0,)
1 1
= enxil xfln S ex1+~-~+xn

Solution 2 by Tran Hong-Vietnam
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Weprovethat:mTtSt—1;Vt>0<:>t2—t—lnt20

1 2t —t—1
f) =t —t—Int;t>0; f’(t)=2t—1—;;f'(t):0@f:0@t
t 0 1 + oo
f@e |- ———————- O+++++++++

f(® +o0 % 0 M + oo

Int
:>f(t)20:>T§t—1;Vt20

We need to prove that: Z{‘:lxliln X < Yhix—n (%)

We have:xllnxl <x1—1;vx;>0
1

1
—Inx, <x,—1;Vx, >0
X2

—Inx, <x,—-1;vx,>0
n

= (*) True;equality e x; =x, = =x, =1
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
From these facts: 1. e > k+ 1,vk € R. 2. x* > x,Vx € R*
Hence x*171 > x;,e®271 > x,, €871 > x;

ex4—1 2 x4’ex5—1 2 xS’ ’exn—l 2 xn

101 1 1
Hence xilxzzxgs’ e XS XXXy o Xy S e(1-1) o(x2-1) p(x3-1)  5(xn-1) =

= e((1=D+02-D+(3-D++(p=1)) = o((x1+x2+x3++xp)~(1+1+1+4+1)) —

1 1 1 1
— e((x1+x2+x3+--.+xn)—n) = el <x:1x;2x§3 ...xfl") < e(x1+x2+x3+...+xn)

Therefore, itis true.
Solution 4 by Nassim Nicholas Taleb-USA

We need to prove:
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xX: n
en | |x’." < @Zi=1"i,son+2—logxi < in,n +Z—logxi -x;<0
1A
1 i=1xi i=1 i=1xi

i=

max .y (logx(x) - x) = —1, reached for x = 1, so, maxx( ?zlxlilog xX;— xl-) = —n,

which proves the inequality.

328. If x,y = 0 then:
(e* + 1VeY + (e¥ + 1)Ve* < (e* + 1)(e? + 1)

Proposed by Daniel Sitaru — Romania

Solution 1 by Amit Dutta-Jamshedpur-India

_1)2 Ry
LetvVe* =a,ve’ =b (a2+1)%+(b2+1)%20:>

:>(a2+1)[b22+1—b]+(b2+1)[a22+1—a]20:>
:>(a2+1)(b22+1)—b(a2+1)+(b2+1)(a22+1)—a(b2+1)20:>

(a? +1)(b2+1) (b*>+1)(a®*+1)
= 2 + 2

= (a? + 1)(b%? + 1) > a(b? + 1) + b(a? + 1). Now, putVe* = a = e* = a?
VeX = b= e¥ = b%.S0, (e*+1)(e? + 1) > (e* + 1)Ve? + (e¥ + 1)/e*
Solution 2 by Boris Colakovic-Belgrade-Serbie

>a(b?+1)+b(a®?+1) >

LHS =e*"2+e2"”Y +e2+eZ2=eZ(e*+1) +ez(e? +1) < (e*+1)(e? +1) &
y x x y

ez ez ez 1 2 . . ez
< < = X — >
<1 true becauseof -— < - (Ve*—1)" > 0.Similarly, 5—

1
<=
eY+1 e*+1 2

Solution 3 by Ravi Prakash-New Delhi-India
X X X
e*+1>2e2,Vx>0>e*+1—-ez2>e2,¥x>0>
d Yy Xy
> (e"+ 1—e2) (ey+ 1 —eZ) > e2ez,Vx,y,> 0=

= (e*+1)(e? +1) >+e¥(e* +1) +/e*(e? +1),Vx,y >0
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329.1f a,b,c > 0,abc = 1 then:

3a3 b3b3 3(.‘3
e +e +e“ >3e

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
Solution 1 by Antonis Anastasiadis-Greece
From well known inequality:e* > x + 1
ax® = e3x > 33 Inx+ 1 (1)
Itis:3Inx-(x>—1)>0,vx>0.50,3x3Inx >3Inx,vx>0

3
3 x3 3%
L)=>e¥*M*>3Inx+1=Inx3e=>2x> >Inxlee e’ =xle

3c? 3 3 3 3 3 3y AM_EM
+e“ >ade+b3e+cde>LHS >e(a®3+b3+c3) >

> e-33Vabc = 3e
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

3 b3
So:e® + e

3 3
a b c
3 3 3

a +eb

3

abc =1,a,b,c>0; A=2 . Kindly prove 4 > 3

Itsx*>e*Lvx>0,="x=1 (1)

ande*>x+1VxeR ,="x=0 (2)

3 3 3
3@ b3b3 3c:«l (ag)a (bg)b (cg)c (1) a3-1 p3—1 31 (Z) 3. 3 3
S0A = e? +te +e€ _e +e +e S e€ +ef +e€ S ev +el +ef

e e e e

(2) AM-GM _
-1 3 3 abc=1
—ev +etl l+e I >ad+b3+c3 > 3% (abc)? = 3 (proved)

Solution 3 by proposer

3 3x2
for x > 0, we get x3%° > x3" > x3* > x3. Hence for a, b,c > 0 and abc = 1, we have:

3 3 3
a3 b3b c3¢

3 3 3 3
a3a b3b e3c > a3b3c3 — (abc)3 =—1>e > e(abc) = el =

3
/ 3a333b3 .3c3 / 3a3 363 .3c3 3a3 | p3b3 | 3¢3
:>ea b>%" ¢ 261:>63a b>%" ¢ 261:>e(a +b°? +c )>63:>

3 3a3 ;33 .3c3 3a3 3p3 3p3 ..
N \]e(“ +b3% 437 >e=e?" +eb” +eb” > 3e. Therefore, itis true.
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330.4 = (aij)lsiSn, ai]- =10i +j,n = Z,n € N*.

1sj<n
Find X,Y € M,(R) such that:
detX<0,detY <0, A+Y =X
Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India
A= (ai]-)nxn, where a;; = 10i + j. Letx = (xi]-)nxn, where x;; = a;; if
i>j=0ifi<j;x;y=—-1landx; =a; +1,Vi>2
LetY = (yij)nxn, wherey; = 0ifi > j = —a;ifi <j, y;3 = -12 = —(as; +1)
¥i =1Vi> 2 NotethatA+Y = Xanddet(Y) = -12 < Oand
det(X) = —(23)(34)...(10n+n+1) <0

331.1f n € N,n > 2 then:

1 1 1

n
1
log(n!)+1—n<kZ2(E+§+Z+---+E>< log(n!)

Proposed by Daniel Sitaru — Romania

Solution 1 by Remus Florin Stanca-Romania
We take the function f: [k; (k + 1)] - Rwith f(x) = In(x)
We know that f is continuous on [k; (k + 1)] and derivable on (k; (k+ 1)) so f isa

Rolle function = we can apply Lagrange’s theorem on [k; (k + 1)]

w = f'(cy) suchthat ¢, € [k; k+ 1]

>In(k+1) — In(k) =~ (1) withk < ¢, < k+1(2)
Ck

We obtain from (1) that~ + -+ = = In(n + 1) and from 2
1 n

C

We canwritethat: + .+ ——<In(n+1) <1+ -+
2 n+1 n



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

So, In (@) +1-n<}i., (% + . +%) < In(n!)

ln(@)+1_n>1n(n!)+1—n@"zi>1<:>n>1 (true because n > 2) =

1

In(n) +1-n<X}, (E + .+ %) <In(n!) (Q.ED)

Solution 2 by Khaled Abd Almuti-Damascus-Syria

Ifn € N,n > 2then:In(n!) +1—n < yk=2 G+§+ +---+%) < In(n!)

Note: Vt € [k, k + 1]:&3%

<t kst<k+1

k+1 1 k+11
f —dt SZJ; "

k+11
< st
P~ dt < |

1 rqk+1 ktldt _ 1 1k+1
e pdt It < < [e§

k¢

n=n-nm-1)n-2)(n-3)..2-1
In(n!)) =In(n) +In(n—-1)+In(n—-2) +In(n—-3) + ---+1n(2)

n-1 n-1
1 < In(n) < 1
D TS =) g
k=1 k=1
n-2 n-2
1 < In( 1 < 1
) TS g
k=1 k=1
n-3 n-3
1 < In( 2) < 1
) T She-2<) g
k=1 k=1
n—4 n—4
1 < In( 3) < 1
k+1- TV E Lk
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1 1
3 <In(2) < 1,5 <In(2) <1

[

<In(3) <1+-

+
=N

Do+
IRl RwWl R

NI
-t

<Iln(4) <1+ +1
= =17373

RIW RN =

1 1
+3 <
n-— 3

1

3 4

=N =

+

W =

+ <
n-2 n-2 3

1 1 1
+ + +
n-4 n-3 n—-2 n

N =

1
+ot— e+
4

N| =
W =

—1°
1

1
+—+m+——7<1mn—3)§1+5+—+m+
1 1 1
+m+———+———<1mn—2)§1+E+—+m+

< In( Q<1+1+1+ +
mn==27373

1

1

n—4
1 1

n—-4 n-3

1 1 1
+ +

n—-4 n—-3 n-—2

1 1

+1+ + 1 +1<1()<1+ + -+
4 n-1 n> V=17273

W R

1
—+
2

In(n)—n+1<

Solution 3 by Ravi Prakash-New Delhi-India

+ + +
n-4 n-3 n-2 n-1

Fork=2Ink-1<0=In2-In2<; (1)
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Fig. 1
For k> 3,In(k) — 1 < In(k) - In(2) = [, 2dx <] +1+ -+ [seeFig. 1]

1,1 1 1
<E+§+"'+_1+E (2)

k—
= Ti,(nk —1) < Xp, (3 + 5+ +1) [using (1), ()]
>In(n!)-(n—-1)<Xi_, %+§+ +%) (©))

A

1/ '/

1 2 3 k-1 k

Fig. 2
k1 1 1 1 .
Fork>2,Ink= [ —dx >2+-+.+ [seeFig. 2]
= In(n!) =Y5_,Ink > Y}, G + %) 4)

From (3), (4) the inequality follows.
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332. If \/; <a,b, c<1then:

ab + bc + ca ab + bc + ca
VYabce - tan™?! 3 < 3

: tan_l(m)

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India
Definition: A function f: I - R is said to be a decreasing function on I if f(y) = f(x)

forall x > yWherex,y el

Let f(x) = “forall x € [ ] f(x) = x(1+x2) tm;;lx = ll(1+xx2 - tan‘lx)
Let(,o(x)z1 L/—, ],¢'(X)=—ﬁ<

Forallx € [\%1] Hence ¢ is decreasing - ¢(1) < ¢(x) < ¢ (\%) =

1
= 1\_/|_§%—tan—1<\/1§)><P(x):>§_g>(p(x):>0>§_gz(p(x)
[51]

Again, /abﬂ;ﬁca > 3/abc, so by definition of decreasing function

_1 |lab+ bc+ ca
tan~13/abc - tan~! \/ 3
Yabec fab + bc+ ca
3

ab + bc + ca ab + bc + ca
/ftan‘l(gxmbc) > 3\/abctan‘1< ’f)

Solution 2 by Michael Sterghiou-Greece

If? < a,b,c < 1then: Yabc- tan‘1< Iabﬂ;ﬁca) < /@ -tan~'(Yabc) (*)
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Yeycab > 33/(abc)? - (Z“”) > abc (1)

_lx

. tan"1x X > O x2 ~tan
The function =f(x), _{hasf'(x)= x—z

—tan"lxhasg'(x) = — <0,x>0

2+1 (x2+1)°

The function g(x) =

Hence g(x) < g(0)forx >0o0r g(x) <0- f'(x) <0and

-1 Yab
tan (\ T) < tan_1(3\/abc)
Xab - 3/abc
N 3

Solution 3 by Ravi Prakash-New Delhi-India

= (a2

_x— (1 +x*)tan"x
B (1 + x2)x2

f(x)l.From (1) —»

in the requested interval.

Let f(x) =

x)5.0<x<1

O0<x<l1

Letg(x)=x—-(1+xH)Dtan"1x,0<x<1, g(x)=1-(1+x

= —2xtan"1x < 0for 0 < x <1 = g(x)isstrictly decreasing on [0, 1].
gx)<g(0)vxe(0,1)>x— (1+x?)tan"1x <0;vx € (0,1)
Thus, f'(x) <0for 0 < x <1 = f(x) is strictly decreasing on (0, 1]

1

2 3 1 2
> (abc)3 = Vabc < [E (ab + bc + ca)] =

1 tan-! /ab + bc + ca
1 ab + bc + ca tan"1(abc)3 3
> f((abc)3) >f = T =
3 (abc)3 /ab + bc + ca
3

ab + bc+ ca ab + bc+ ca
= Yabctan! (\/ ) S\/ tan‘1(33\/abc)

3 b+b
Now, 2 < a,b,c < 1= 20t

3 3

333.fa=>4,b,c=>0,a+c<2b,x,y,z€R then:
(a-3)(c—x*—y*—2*) < (b—x—y— z)?

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

(a-3)(c—x%—y*—2z?) (;) (b—x—y—2z)*
M) ecla-3)—(a-3)Cx?) <b?>+ (X x)*-2b(Xx)

o @-3(Y )+ (Yx) —2b(Y %)+ b2 - cta-3 > 0

232> % g a-3>1>0,:LHs0of (2) 2 (%2 +1) (Tx)? — 2b(S %)

2

+b2—c(a—3)=§(2x) —2b(2x)+b2—c(a—3)

V) 2 ) ?
20<:>a2x —6bz +3{h2—cla—3)} > 0
(> %) (2, %) +3tb? —cla-30} 2
“a>4>0&LHSof (3)isaquadraticin X x) &~ Y x € R(asx,y,z € R), -~ it

suffices to prove that the discriminant is < 0 that s, it suffices to prove:
36b% —4a-3{b* —c(a—-3)} <0< 3b?—a{b?-c(a-3)}<0 o
saca-—3)-b*(a-3)<0< (a—3)(ac—b?) <0

(4)
wa—3>1>0,.itsuffices to prove: ac — b? < 0 © 4b* > 4ac

ButLHSof (4) > (a+ c)?’(~2b=>a+c;b>0,a+c>4>0)

2
> 4ac < (a—c)? = 0 - true = (4) is true (proved)

334.Letx,y € (0;+0)Ax+y=1and n € N".

16"+1 1

4_1’[ xn yn

Prove: (xy)" >

Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution by Ravi Prakash-New Delhi-India
Putx =cos?0,y =sin?0,0< 6 <§
P = (xy)" + (xy)™™ = (cos 0 sin 8)*" + (cos O sin §) 2"

d
d—g = (2n)(cos 0 sin 8)?"1(cos 20) — 2n(cos 0 sin 8) 2" 1(cos 20)

= 2n(cos 20)(cos 0 sin )2 1[(cos 0 sin 0)*" — 1]
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Ascosesine>0,0<cosBsin0<1,Z—g<Oif0 <9<Z=0ifg=

N

>OifE<9<E:>PisleastwhenBZE.Thus,PzP(E)=%+22":@
4 2 4 4 24n 4n

335.1f x,y € (o,g) then:

(tan x + cotx)(tany + coty)(tan z + cot z)

(tanx + coty)(tany + cotz)(tan z + cot x) —
Proposed by Daniel Sitaru — Romania

Solution 1 by Amit Dutta-Jamshedpur-India

Lettanx = a,tany =b,tanz=c - x,y,Z € (0%) >ab,c>0

o, toprove W) 5 4 or (a1 (b4 2) (c+2) = (a+2) (b +2) (c+2)

(a+5)(b+E)(e+2)

ac bc ab a b 1 1 1 1 1
- abc+—+—+—+—+—+—>abctat+c+—-—+bh+—+—+—=
b a ¢ bc ac abc b c a abc
:>ac+bc+ab+a+b+c>( + b+ )+(1+1+1>:>
b a ¢ bc ac ab ™~ a ¢ a c

<azbZ + b%c? + c?a% + a? + b + c2> - <a2bc + b%ac + c?ab + ab + bc + ac>
abc - abc
or (a?b? + b%c? + c?a? + a* + b + ¢%) = (a’bc + b*ac + c*ab+ ab + bc +ac) (1)

- we know that p? + q% + r?2 > pq + qr + pr. Takingp = ab,q = bc,r = ac, we get
a’b? + b%c? + c%*a? = a’bc + b%ac + c’ab (2)
Takingp=a,q=b,r=c
a’+b* +ct=ab+bc+ac (3)

Adding (2) & (3),we get (1)= (2)+(3)= (1)

So, (1)= X a?b? + ¥ a®) = (X a’*bc + Y ab). Thisis true

(a+g)(p5)(c+0)
and hence W

a+;

i >1or (tan x+cot x)(tan y+cot y)(tan z+cot z) >
C+E) (tan x+cot y)(tan y+cot z) (tan z+cot x)

1 (proved)

Solution 2 by Soumava Chakraborty-Kolkata-India

Lettanx = a,tany = b,tanz = c of course, a,b,c >0asx,y,z € (Og)
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using this substitution, given inequality becomes:

(a? +1)(b? +1)(c?2+1) (é) (ab + 1)(bc + 1)(ca + 1). Now,

ab+1cgs\/a2+1\/b2+1,bc+1cgs\/b2+1\/c2+1,ca+1cgs\/c2+1\/a2+1

Multiplying last three inequalities, we find (1) is true (Proved)

336.

[0¢]

o )_22n2+(2x+2y+5)n+2xy+6x—y
V)= 3tn+y)(n+y+1)(n+y+2)

X,y >0

Prove that:

1
Q(x,y) - Qy, x) <
(x,y) - Q(y, x) 5%y
Proposed by Daniel Sitaru — Romania

Solution by Shafigur Rahman-Bangladesh

(00

a( )_zZnZ+(2x+2y+5)n+2xy+6x—y_
BT LT )mryr Dty +2)

_ - n+x n+x+1 _ x+1
_z(3"‘1(n+y)(n+y+1)_3"(n+y+1)(n+y+2))_(y+1)(y+2):>

n=1
1 1 1 1
20 y) 0y ) = T T T S 30 33y
1

Q(x,y) - @y, x) <

9%/xy
337.1f x > 0 then:

1 1
+
1+eX 1+e*3

(e + etx+3)?) < ) > (e 4 e(x+2)2)< 1 1 )

1+ ex+1 1+ ex+2

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
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1
Let f(x) = e* — e**D* vx > 0; f'(x) L_, ((x +1)e+D* — xe"z)

®
Now, (x + 1)?(Ine) > x*(Ine)(~ 2x + 1 > 0 as x > 0) = e**D? > e’

i)
Also,x +1 > x &= x>0 = (i).(i)) > (x + 1)e**D* — xe* > 0 =

= f'(x) <0 (by (1)) ~ f(x) !~ e’ — et 1)? < p(x+2)? _ p(x+3)%

1 1
———Vx>0
1+e* 1+extl

> X + e(x+3)? (;) e*+D* 4 ex+D)® Now, let g(x) =
etl(e* +1)2 —e*(e™1 +1)? _ et(t +1)* — t(et + 1)?
(ex*1 + 1)2(e* + 1)2 (et +1)2(t+1)?
_et(t*+2t+1) —t(e*t* +2et+1) t(1—e)(et* - 1)
B (et +1)2(t+ 1) T (et +1)2(t +1)2

g'(x)= (t = e*)

<0

( et?>last=e*>1(-x> O)) tgx) !

1 1 1 1

"1_|_ex_1_|_ex+1 1+ex+2_1+ex+3:>
1 N 1 (i) 1 N 1

= 1+ ex 1+ ex+3 1+ ex+1 1+ ex+2

(a).(b) = given inequality is true (proved)

338.

[0¢]

4 n+x c
2 1(n+1)(n+2)(n+3)'x
n=

R

If a € (0,1),b > 1then:

04 (am))

Proposed by Daniel Sitaru — Romania

Q(a)

(2(a)) <1+ Q(a)- Q(b)

Solution by Dimitris Kastriotis-Athens-Greece

- n+x
Q(x) = _1+4.;(n+1)(n+2)(n+3)’xe R
> (2@)™ + (@)™ < 2@a®) +1,0<a<1b>1
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1 1 1 1( 1 1 )

m+1Dm+2)n+3) n+2 m+1)m+3) n+22m+1) 2n+3)

1 1 1
_E((n+1)(n+2)_ (n+ 2)(n+3))

%) N
1 1 1 1
51 :;(m DN(n+2)(n+3) :Ezbh";;((m 1)(n+2)_(n+2)(n+3))
_1. (1 1 1
_ENLHJO(E_(N+2)(N+3)) T4
n 1 1

m+Dm+2)n+3) @m+2)n+3) n+1)n+2)(@m+3)

n

- - 1
SZ:;(n+1)(n+2)(n+3):;(n+2)(n+3)_51

— i (1 1)5_1_ (1 1)1_1
el \n+v2 n+3) T AR\2 N+3) T2 2

n=0

C n+x
Q(X):_1+4.n2=(:)(n+1)(n+2)(n+3):_1+4(52.x+51):

_ 1+4(1+1 >_
= 2 1%)=x

Q(b) (a)

(@) + () < o(a)a(b) +1
oa’+b*—ab-1<00<a<lb>1
Let f(b)=a’ +b*—ab—-1,0<a<1b>1
f'(b) =aPlog(a) + ab* ! —a=allog(a) —a(1—-b*1) <0Vb>1=f\(1,o)
Forb>1le f(b)<f(l)=0ea’+b*<1+ab0<a<1b>1

339. Let x,y, z be positive real numbers such that: x* + y? + z% = 3.

Find the minimum of value:
X y z

+ +
IV +Vz VZHVx Vx+y
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

P =
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Solution by Do Huu Duc Thinh-Vietnam
Let x,y,z > 0 such that x2 + y> + z2 = 3. Find Min: P = ) ——

f +Vz
By Cauchy-Schwarz we have: P = ), i

(x+y+2)>2

> (x+y+2)>2
xJy+xyz — Tx[y+Iyvx

Z\/(x+y+z)(xy+yz+zx)
Lett=x+y+zthen0 <t < 3and xy + yz + zx = =2, We will prove that
tZ

9(t3-3
> t4>(t7

~ett> ) o ¢(26% — 92 +27) > 0 o t(t — 3)%(2t +3) = 0 (true)

So, P > % = Puyin

,ex=y=z=1

340.If x,y € Rthen:

5sin’x 5cos*x -sin’y
1+cos?x

5cos’x- cos*y
+
1+sin?x+cos?x-cos’y 1+sin?x+cos?x-sin’y

>3

Proposed by Daniel Sitaru — Romania
Solution by Rovsen Pirguliyev-Sumgait-Azerbaijian

5 sin? x 5 sin? x

1+1-sin?2x 2-sin?x’
5 cos? x - sin? y

5 cos? x - sin? y
1+ sin2 x + cos2 x - (1 —sin?y)

2 —cos? x -sin? y
5cos? x - cos?y

_ 5cos’x-cos’y
1+sm2x+coszx-(1—coszy) " 2—cos2x-cos?y
We take the function f(x) = 20

(2-x)3 >0
then by Jensen’s inequality, we have
f(sin? x) + f(cos? x sin? y) + f(cos? x cos? y)

sin? x + cos? x sin? y + cos? x cos? y
3 =f

; )
or f(sin? x) + f(cos? xsin? y) + f(cos? xcos? y) > 3 -f( )

thls function is convex, f"(x) =

(since sin? x + cos? x sin? y + cos?

x-cos?y=1)
1
f(%) = 5—31 = 1, we have:f(sin? x) + f(cos? x - sin? y) + f(cos? x - cos? y) > 3
3
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341.1f a,b,c > 0 then:

9+4a+4a2+9+4b+4b2+9+4c+402
1+a 1+b 1+c

Proposed by Eliezer Okeke-Nigeria

> 24

Solution by Daniel Sitaru-Romania

9+4a+4a* _ . (2a+5)(2a—1)
“1+a T ey

f:(0,0) - R, f(a) =

min(f(@) = (3) =8 ~ (@) = 8 (@) +f(b) + f() =2 8+8+8=24

342.I1f a,b,c,d € N —{0},a > b > ¢ > d then:
bd(2% — 1)(2° — 1) > ac(2P - 1)(2¢ - 1)
Proposed by Daniel Sitaru — Romania
Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

bd(2¢—1)(2¢—1) > ac(2? - 1)(2¢-1) (1)

201 2¢-1 _ 2b_1 241
=27 220
a c b d

denote f(x) = % we prove that f increasing function

2* 2 x—2"+1_2"(In2*-1)+1_

f(x) = > e 0=>f1
2001 201 2)
then we have ® {Zc“_l zdb-1 = f(a) - f(c) = f(b) - f(d)
>22 ()

343.If x,y>0,x+2y<53x+y>7(x+2y)(3x+y) > 20 then:
4x+3y =9
Proposed by Daniel Sitaru — Romania

Solution 1 by Nguyen Van Nho-Nghe An-Vietnam
Puta=x+2y,b=3x+y—->a<5b>7(*)andab > 20
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a, b are two solutions of the quadratic triangles: f(t) = t> — (a + b)t + ab

Because (*) then 1. f(5) <0and1.f(7) <0->25—-5(a+b)+ab <0 -
- 5(a+b)>25+ab>25+20=45->a+b>9 - 4x+ 3y > 9 (done)

Solution 2 by Soumava Chakraborty-Kolkata-India
Leta=x+2y&b=3x+y.Thena<5b>7ab>20.Wehaveb—2>5>a=

b=20
:>b—a22:>(b—a)224:>(a+b)2—4ab24:>(a+b)224+4aba2 84 >
>a+b>vV84>+V81=9:.a+b>9=>4x+3y>9o0r,4x+ 3y >9 (proved)

Solution 3 by Tran Hong-Vietnam
Lety = tx;t > 0. We have:

xX+2y<5ex< 7 5 8
1+ 2t

—<x< < <—
:>3+t_x_1+27:>9t_8:>t_9

Ix+ty>7x>
x+y x3+t

2 20 2 324, 18v‘
(x+2y)Bx+y)=>20= x* > oGz =X 2 ve<? SO X= = [€))

9 12t+1
We need toprove: 4x+3y >9 © x > r In fact: ﬁ 73 © Groaein

= x 2L>— vt € (0,9] andt <37 >25187 ls‘r (true) = (proved)
3+ 4+3t 9 9 3+t 5

> 0 (true)

344.1f 0 < x < gthen:

- Zk 1log(cos(2k)) -
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India

F0|’0<X<§;0<cos(:k)<lvk€N Letan—cos()cos( ) ..cos(zin)

Note a,,,; < a,, =< a,, > is a strictly decreasing sequence. Also

2™ sin (Zx ) a, =21 [2 sin (Zx ) cos (an)] cos (2:_1) ... COS (;) =

— gn-2 [2 sin (%) cos (%)] - €OS (g) TS s = ﬁ(z)x)
zn
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n
. . sinx 21 sinx sin x
lim a,, = lim > = (1) =
n—-oo n—-oo X = e
sin (2")

__ sinx

As < a,, > is strictly increasing and lim,,_,, a,, = .

sinx

an>T;Vn€N (1)

555 = 9/ba)

Also, for 0 < x <§

x2

4 » o _
(S'"x) =1 c‘;szx (x—tanx) <0 = % is strictly decreasing on (0%] =

i 1 2
S>>t ="foro<x<Z(2)
x T 2

=
2

From (1), (2): a, > %,Vn € N. Now,

n
X _ 2 Yr_1logcos X 1 2 .
kzllog (cosﬁ) =loga, > log <E) = He k=1 (zk) > He og(%) = 2

Solution 2 by Michel Rebeiz-Lebanon

03 _ Zk‘:llncosik _ x x or | «x R
O0<x<-.lLetP,=c¢e 2k = cos=..cos— =sin—-:- P, = =sinx
2 2 2n 2n 2n

E sin 2x = sin x - cos x]. Let f(x) = sinx
x 2 T
0 2 X =
" 2
f) [1 ™ z
— T
X X
1> Sin5;  sinx _ 2 om sinx n sinx 2
2n x = sm% X smz—xn x T
- = x
1 sinx sinx 2m 2
n-Pn:n'—n =1 >7.—=2
/4
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Solution 3 by Shafiqur Rahman-BangIadesh

z 1 _1 . sin Zk 1 sin(x) -
og cos ogl_[cos ogl_[ log————= =
Zk 2k 2 sm 2" sin (an)

sin(x) sin x T 2x
—Zlog( p )>log( )[For0<x<5 sinx > — -

= 'l‘l"n"l° log 2" sin (%)

o r— eZk=rlog(eos(3) S 5
Solution 4 by Sagar Kumar-Patna Bihar-India

7 - eZk=1198(cos(x)) 5 o - T prove M. cos (%) >2= 8 =", cos (=
p k=1 2k . k=1 2k

S = cos (;) cos (sz) - COoS (2") x=2"0

sin(Z"B) sin (2" : Z_n) sin x

S = cos(0) cos(20) - ...- cos(2™19):; § = . ;S =
2"sin@ 2" sin (2") 2" sin (an)

x (Slll x)

lim,_, .S =1lim,_, . e

=1 > . Hence proved.

21[

()
345. Let x,y,z be positive real numbers such that x +y+z = 3. Find

~—|

the minimum of value:

Gy iz

x y z
P= + + + 18
[y4 + z4 [74 + x4 [x4 4
Y ;z +2yz z -;x + 2zx X szy + 2xy

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by Amit Dutta-Jamshedpur-India
Applying Cauchy’s Schwarz inequality:

2
(\/Z(y‘* +z%) + Zyz) < (12 +12)(2(y* + z*) + 4y?2%) < 2 (Z(y4 +z* + Zyzzz))
<4(y? +z%)% = J2(y* + z%) + 2yz < 2(y? + z?)

4 4 4
207+ ) <207 - yz+ ) = [Tt

<GP -yz+at) =
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44 4 4
= /%+ 2yz < (y* + yz + z?) Similarly, /ﬁ% +2xz < (x* + xz + z?%)

x4+ 4
zy + 2xy < (& + xy + y?)
X y V4 i/?c+i/§+§/§
Zyz+yz+zZ+x2+xz+zz+x2+xy+y2+ 18
P>z - +W+W+VE
T Laxy? + xyz + xz? 18
p Berg;trom (x + y + Z)Z N
— (e +xPy+xyz) + (yPz + 22y + xyz) + (x%z + 2%x + xy?)
5 +5 +5
L VxHYy+iz
18
. (x +y+z)? +§/}+§/§+§/}
T (x+y+z)(xy+yz+ x2z) 18
PZ(x+y+z)+5{/§+5y+5{/E,P2i+M
Xxy 18 Y xy 18
Using AM-GM

Yx+ YR+ Yr+Ya+ YT+ + 3+ +1+1210x>5(x)5+3 23 +2 > 10x
5(y)%+3y3+2 > 10y, 5(z)%+323+2 > 10z
Adding these:5(x§+y§+z§)+3(x3+y3+Z3)+62 10(x+y+z)=
:>5<x%+y%+z%)210-(3)—6—3(x3+y3+z3)230—6—3(x3+y3+z3)
S(xé+yé+zé)224-—3(x3+y3+z3) (@))
Now,sincex+y+z=3=2(x-3)=-y—z=>x-3)<0+y,z>0

Similarly,(y —3)<0,(z-3) <0
Clearly, (x —3)(x—1)2+(y-3)(y - 1)+ (z-3)(z-1)2<0=>

:Zx3—52x2+72x—9so
Zx3s5(2x2)+9—72xs5[(x+y+z)2—22xy]+9—7 x (3)
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—22xy)+9—21£45—102xy—12; Zx3s33—102xy

1 1 1
. 3 (x)5+(y)5+(2)5 24— 3(zx
b= ny+{ 18 } Say [ ] {From (1)}
3 24-3(33-10} xy) > 3 30 xy—75
PZZXJ’+ 90 P_ny+( 90 )
AM—-GM
p>> 4 5 ps 3 Zﬂ_EP > 2-%.p>7
Xxy 3 90 Xxy 3 6 6

~ minimum value of P is (z) Equality occurs when (x =y =z = 1).

346. Ifxy,ze( ) sinx + siny + sinz = 1 then:

cos?x - cos?y-cos?z > 512sin?x - sin?y - sin?z

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
Letsinx = a,siny =b,sinz=c - x,y,z € (0 ) a b,ce(0,1) &Y a=1.Now,
cos?xcos?’ycos’z=(1—-a*)(1-b?>)(1-c?) =
={la+b+c)’-a’H(a+b+c)>-b*H(a+b+c)* —c?} =

Cesaro

=QRa+b+c)2b+c+a)2c+a+b)la+b)(b+c)(c+a) >
>{(a+b)+(c+a)H(b+c)+ (a+b)H(b+c)+ (c+ a)}8abc

S 2 J@r 0+ @) {2/ B + )a+ b))} {2/(b + )(c + @) Babe =

c
= 64abc(a + b)(b + ¢)(c + a) eszaro 64abc - 8abc = 512a%b?c? =

= 512 sin? x sin? y sin? z (proved)

347. Ifxy,ze( ) x+y+z=mthen:

xy(tanx +sinx) yz(tany+siny) zx(tanz + sinz)
+ +

2 : 2 : 2 : =T
x*+sinx-tanx y2+siny-tany zZ+sinz-cosz

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

T - =
0<x<; tanx>x and x> sinx = (tanx — x)(x —sinx) >0
= xtanx — x> —sinxtanx + xsinx > 0 = x(tanx + sin x) > x? + sinxtanx =

xy(tan x+sin x) (>) y. Slmllarly, yz(tan y+siny) (>) 7& zx(tan z+sin z) (i) x

x%+sinx tanx y2+sinytany z2+sinztanz

(1)+(2)+(3)= LHS > x + y + z = (Proved)

348.If x4,x9,..x, >0n€eNNn>2 x1x-...-x, = 1 then:
x,e" + x,e*2 + - + x, e™

=>e
x1+x2+...+xn

Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution by Daniel Sitaru-Romania

f:(0,0) > R, f(x) =xe* f'(x) =(x+1)e* >0, f — increasing,

f'(x) = (x+2)e*>0,f — convexe

]ENSEN

AM GM
Zf(xl) er"l > nf( z ) > n—Zx eﬁzrl"'

xlexl + xzexZ + oo 4 xnexn 1on AM-GM ™ H11[xl

> en%i=1*i > =el=¢e

x1+x2+...+xn

349. Ifxy,zte( )then

64 -cosx-cosz-siny-sint-sin(x —y) -sin(z—-t) <1
Proposed by Daniel Sitaru — Romania
Solution by Marian Ursarescu — Romania
We must show this:

cosxcosz-sinysint(sinxcosy — cosxsiny)(sinzcost — coszsint) < i D

We show this: cos x - sin y (sin x cos y — cos x sin y) < % (2)
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cosx =a,siny=b (2) © ab (\/(1 —a?)(1 - b2) - ab)

2 — 2 _ bZ
ButJA-a)(1-b)<-_2 2

2
2 — a? — b? 1 1
= ab #—ab Sg@ab(z—az—bZ—Zab)SZ@

4ab(2 — (a+b)?) <1 (3)
But (a + b)? > 4ab = —(a + b)? < —4ab (4)

1
S_
8

From (3) + (4) = 4ab(2 — 4ab) < 1 & 8ab — 16a’b?> < 1 = 16a’b?> —8ab+1>0 &
(4ab — 1)? > 0 true (equalityfora=b = %).
Similarly: cos zsin tsin(z — t) < % (5)

From (2)+(5) = cosxcosz - sinysint - sin(x — y)sin(z—t) < 1,

6
350. If x,y,z € (0,1) then:

with equality forx = z = gandy =t==

y(sin~1x + tan~1x)

- >3
x2+tan1x -sin1x
cyc(x,y,z)

Proposed by Daniel Sitaru — Romania
Solution by Amit Dutta-Jamshedpur-India

wsinlx>x=(sin"lx—x)>0 (1)
tanlx<x=>(x—-tan"1x)>0 (2)
Multiplying (1) & (2): (sin"'x — x)(x —tan"1x) >0 =
s> xsin"lx—sin"lxtan"lx —x2 +xtan"1x>0>

= x(sin"'x+tan"1x) > x? +tan lxsin 1 x

s -1
y(sin~lx+tan~1x
> (3)
x“+tan X sin X X

L1 -1
- - Z( s1in +tan z

Similarly, Zsn_yHany) ., z

yZ+tan~1lysin—1y

(4)

y
;\c(sin_1 z+tan™1 z) X

> —_
zZ+tan"1lzsin"1z z (5)

Adding (1), (2), (3):
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i1 -1
sin" " x+tan " x Z X\ AM-GM xXyz
E 84 - )>(z+—+—) > 33L>3
x2+tan"lxsinlx \x y z xXyz

cyc(x,y.z)

(proved)

351.If x = 0 then:
sinx (16 sin* x + 5) < 5x(4x% + 1)
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India
For x = 0, the inequality clearly holds.For0 <x < 1;0<sinx<x <1
sin® x <sin®x <x3 >
= 16sin® x < 16x3 < 20x3 (1)
Also,for0<x <1,sinx<x=
= 5sinx < 5x (2)
Adding (1) and (2), weget,for0 <x <1
16sin® x + 5sinx < 20x3 + 5x = sinx (16 sin* x + 5) < 5x(4x2 + 1)
Ifx >1,then LHS < 21 and RHS > 25. Thus, for all x > 0, the inequality holds
Solution 2 by Nguyen Van Nho-Nghe An-Vietnam

@ecasel.Ifx>1thenLHS <1.(16+5) =21(|sinx| < 1) and RHS > 25 —» LHS < RHS

7
@case2.1f0 <x <1thensinx < x » LHS < x(16x* + 5) < 5x(4x%? + 1) - (¥)
(*) < x(16x* —20x?) < 0 & 4x3(4x*> — 5) < O truebecause 0 < x <1

From case 1 and case 2 then the inequality is true.

352.1f x,y,z € (072—r) ,COSX - COSY - COSZ = gthen:

15(cos2x + cos2y + cos 2z) + 6(cos 4x + cos 4y + cos4z) +
+ cos6x + cos6y + cos6z > 18
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
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@)
6 cos4x = 6(2cos?2x—1) = 12(2cos’x—-1)2 -6
(i)+(ii)=> 15 cos 2x + 6 cos 4x + cos 6x

=12 cos 2x + 4(2 cos? x — 1)3 +12(2 cos? x — 1)2 -6

(a)
=24cos’x+4(2cos’?x—1)3+12(2cos®’x—1)? - 18 2 32 cos2x— 10

?

.. (b)
Similarly, 15 cos 2y + 6 cos 4y + cos 6y = 32 cos®y — 10
& 15cos2z+ 6¢cos4z + cos 6z 2 32cos®z—10
x>

3
1) 2

~
~

2

4

”
(@)+(b)+(c)=LHS=32Y cos®x — 30 > 18 © Y cos®

T
v X,Y,Z€E (OE) cos®x,cos®y, cos®z >0
)=3

(

A-G
3
cos®x > 33/cos® x-cos®y - cos®z=3(cosxcosycosz)? =3

LZS
= (1) is true (Proved)
Solution 2 by Tran Hong-Vietnam
cos 6x = 32t% —48t* + 18t2 — 1; cos4x =8t* —8t2+1; cos2x =2t> -1
(t = cosx >0) = cos 6x + 6 cos4x + 15 cos 2x = 32t° — 10.
Same: cos 6y + 6 cos 4x + 15 cos 2y = 32u® — 10. (u = cosy > 0)
and:cos 6z + 6 cos 4z + 15 cos 2z = 32v°® — 10.
(v=cosz>0)= LHS = 32(t® + u® — v®) — 30
= 2{(16t° — 5) + (16u® — 5) + (16v° — 5)}
)6—5}22-3-3218.

u+t+v

(Jensen)
> 2.3 {16(
3
<u +t+v>3utv = 33\/2—?> Proved.

Solution 3 by Remus Florin Stanca-Romania
cos4x =2cos?2x—1;cos4y =2cos?2y—1;cos4z =2cos*2z—-1

cos(6x) = 4 cos? 2x — 3 cos 2x. The inequality can be written as:

15(cos 2x + cos 2y + cos 2z) + 6(2 cos? 2x + 2 cos? 2y + 2 cos? 2z — 3) +
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+4(cos3 2x + cos3 2y + cos3 2z) — 3(cos 2x + cos 2y + cos 2z) > 18

Let cos2x = a,cos2y = b,cos2z =c
15(a+b+c)+12@®+b?*+c?)+4(a®+b3+c3)—-3(a+b+c)>36
o 12(a+b+c)+4(a® + b3+ c3) + 12(a? + b2 + ¢?) > 36
e3@+b+c)+al+b3+c3+3(@+b*+c?)>9
cad+3a>+3a+1+b3+3b2+3b+1+c3+3c?+3c+12>12

e@+1)3+Mb+1)3+(c+1)3>12

T
cos2x =2cos’?x—1=>2cos’?x=cos2x+1,x€ (O;E) =

cos2x+1 at+1
=>cosx>0=>cosx = > = >

VZ_ @ Db+ D1 _ V2

COSXCOSycCosz — 7

22 2
e J@a+1)(b+1)(c+1)=2
S(a+1)(b+1)(c+1)=4

(a+1)3+Mb+1)3+(c+1)3> 33\/(a+ 1)3(b+1)3(c+1)3=3(@+1)(b+1)(c+1)=3-4=12
< 15(cos 2x + cos 2y + cos 2z) + 6(cos 4x + cos 4y + cos 4z) + cos 6x + cos 6y + cos 6z > 18

(QED)
353. Find x,y,z € (Og] such that:

sin? x . sin?y . sin? z . 1
1+sin?x (1 +sin?x)(1+sin?y) (1 +sin?x)(1+sin?y)(1 +sin?z) 8sinxsinysinz

Proposed by Daniel Sitaru — Romania

<1

Solution 1 by Soumava Chakraborty-Kolkata-India

Given inequality =

sin? x (1 + sin? y)(1 + sin? z) + sin? y (1 + sin? z) + sin? z 1
(1 + sin2 x)(1 + sin2 y)(1 + sin2 z) ~ 8sinxsinysinz
1 1

= >
(1 + sin2 x)(1 + sin2 y)(1 + sin2 z) — 8 sin x sin y sin z

1)
= (1 +sin? x)(1 + sin? y)(1 + sin? z) < 8sinxsinysinz
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A-G
But (1 + sin? x)(1 + sin? y)(1 + sin? z) (% 8 sin x sin y sin z

(1), (2) = (1 + sin? x)(1 + sin? y)(1 + sin? z) = 8sin x sin ysin z

= Equality case of (2) occurs = 1 + sin? x = 2 sin x, etc = (sinx — 1)? = 0, etc

- T
:>smx=1,etc:>x=y=z=E

Solution 2 by Tran Hong-Vietnam
sin? x N sin?y N sin? z N 1
1+sin2x (1 +sin2x)(1 +sin2y) (1 +sin2x)(1 +sin2y)(1 +sin2z) 8sinxsinysinz
1 1 1 1
1+ sin2 x + 1+sin2x (1 + sinZx)(1 + sin2 y) + (1 + sin2 x)(1 + sin2 y) -
1 —
- (1 + sin? x)(l + sin® y)(l + sin? z) B
1 1
" (1 + sinZ x)(1 + sin2 y)(1 + sin2 z) + 8 sin x sin y sin z

(Cauchy) 1 1
> 11— - — + — - —=1
2sinx-2siny-2sinz 8sinxsinysinz

14
:>LHS=RHS<:>sinx=siny=sinz<:>x=y=z=E

354.1f x,y,z€ (0,721),sinx+siny+sinz = 1 then:

cos*x-cos’y-cos’z>512sin’*x - sin’?y - sin’z

Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursarescu-Romania
We must show: (1 — sin? x)(1 — sin? y)(1 — sin? z) > 512 sin? x - sin? y - sin? z (1)
Letsinx = m,siny =n,sinz=pmn,p>0 (2)
From (1)+(2) we must show:
(1 -m?)(1 —n?)(1 — p?) = 512m?*n’p? withmn,p>0Am+n+p =1(3)
a b

Letm = n= n=— C,a,b,c>0 4)

a+b+c’ a+b+c’ a+b+

Form (3)+(4) we must show:

[(@a+b+c)?—a?l[(a+b+c)?—b?][(a+b+c)? —c?] >512a’b%*c? &
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[<a+b+c Ha+b+c Ha+b+c

a

[CRSR|(C>
[<””)Z+2<”ZC>][(“Z”>Z+z<”16>][<“jb> AL .

a
(%) (GT'FC) (a_—:b) (b+ca+2a) (a+cb+2b) (a+bc+2c) > 512 (5)

) 1]2512(:)

—1

]>512<:>

But = > 2\/bc |

“_+C>2\/_ !ﬁ%.?_a+b>23 (6)
a+b>2\/—}

b+ct+ata

> 4Va?bc and similarly =

b+c+2a a+c+2b a+b+2c
a b

From (6)+(7):> its true.

>2° (7)

Solution 2 by Soumava Chakraborty-Kolkata-India
Ifx,y ze (Og) | sin x + siny + sinz = 1, then:
cos? x cos? ycos? z > 512 sin? x sin? ysin? z. Let sinx = a,siny = b,sinz = ¢
xyzE(O ) abce(0,1)&Ya=1
Now, cos? xcos? ycos?z=(1—a?)(1 - b?)(1 - ¢?)

={(a+b+c)?—a*Ha+b+c)’—b*H(a+b+c) —c?}
=QRa+b+c)2b+c+a)(2c+a+b)(a+b)(b+c)(c+a)

Cesaro

> {(a+b)+(c+a)H(b+c)+ (a+b)H(b+c)+ (c+a)}8abc

Cesaro

> {2/la+b)(c+a)}{2/b+)a+Db)}{2/b+)(c+a)}8abc

Cesaro
= 64abc(a+b)(b+c)(c+a) > 64abc-8abc

= 512a%b?c? = 512 sin% x sin? ysin? z (Proved)

355.1f n € N,n > 1then:
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n+l n+1

n

1+H)(1+H,)-..-(1+H 1 1

2+Z( 111(1-1 z)H ( k)< 1+ +1ZH_
] 1My . Hpyq n e M

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Vietnam

(1+H1)(1+H3)..(1+Hy)

LetU, = HyHy. Hy = LHS =2+ 33 1(Upyy —Up) =2+ Upyy —U; = Upyy
n n
ver=] |G m) <[ [0+ 5,)
et ho1 Hyy1 Hypd/ ™ h-1 Hyy
n n+1 n n+1 n+1 n+1
1 1 1 1 1 1
< |—— 1+Z<1+ ) =|11+—- Z <[1+— Z—
n+1 = Hk+1 n+1 k=1Hk+1 n+1 k=1Hk
Proved.

Solution 2 by Remus Florin Stanca-Romania

n+1 1 )"“ _ym (eHDQH) (rHY)

The inequality can be written as: (1 + ﬁzkﬂ”— T
k 142 41

1 1
1 T +1_Z755H_k+n+1_2755(H_k+1
n+1k_1Hk T n+1 n+1 n+1
n+1 n+1 n+1
1
s1e—) — >H(1+_)
( n+1k= Hk) ho1 Hk
n+1 i _\n i i i 1
We need to prove that [T}£] (1+Hk) k=1(1+H1) (1+H2) (1+Hk) Hk+122
n+1 n
1_[<1+ ) Z<1+1) <1+1) 1 Qn+1)
_— — —_— —_— = n =
ko1 Hy = H, Hy/ Hy.q
n-1
—<1+ ) <1+ 1) <1+1) <1+1) 1 <1+1) <1+1) 1
1 Hn+1 Hl Hn Hn+ls =1 Hl Hk Hk+1
n n-1 1 1
= <1+—)—Z(1+H1) <1+—) =Q(n)
ho1 K = Hy/) Hyyq
1 1 1\1
=>Q(n+1)=9(n)=---=9(2)=<1+—)<1+— -<1+_)_:
Hl 2 Hl HZ
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il Z(1+H1) (1+Hk)>ﬁ<1+1) "(1+H1)-...-(1+Hk)>2
XS < Hy, Hy & HyoooHpHpyyoo

Hk+1 k=1
(1+H)(A+Hy) . (1+H) _ &
ez Z H.H, . Hy, ( n+1ZHk>
(QED)

356. If 0 < x,y,7,¢t < then:

Z (sin? x + csc2 x)3 + Z (cos?x +sec?x)3® > 125

cyc(x,y,z,t) cyc(x,y,zt)
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

o0 <0< 5@ = s 0+ 25) (st )

:Sin60+C0569+3(Sin20+cosZB)+3( L )"‘( P )
sin2 @ cos20 sin®@ cos® 6

> sin® 0 + cos® 0 + 3 + 6 + 2 =
- sin@cos® sin30cos30
12 16

=sin® 0 + cos® 6 + 3 + +
sty cos sin20  (sin® 20)

6
But sin® 0 + cos® 0 > 2 (i) [Using derivatives]

.'.f(0)2i+3+12+16=31——1:5 For0 <xyzt <>

D smno i) 3 cosno ) =015 = s
Solution 2 by Tran Hong-Vietnam

1 \3 1
) +(coszx+ > )
cos2 x

3

(sm x +
sinZ x

3 3

(1+sin2x1coszx) — (1+si11;2x) > i (1)
4

4 4

Same:
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5) 25 @

22 3 2
sin (COS
(sin?y +)* + Y+ s,

2z

3
) + (cosZ z+
COoSs

) 1
(smZ zZ+—;
sin
3 3
1 1 5
) +(coszt+ ) =— (4

sin? t cos2t

z

(sinZ t+

From (1)+(2)+(3)+(#)= LHS > 4- 2 = 125,

357.1f x € (0721) then:
2 - (sinx)1=S"x . (1 — sinx)s"* < 1
Proposed by Daniel Sitaru — Romania

Solution 1 by Rade Krenkov-Strumica-Macedonia

—a\? _ a
Letsinx = a < 1. We have: 2a'*(1 — a)® < 1: 2a(¥) <1 2a(1 +Le 1) <1

_ a
L Za) < 1. Using Bernouly’s inequality we have: LHS < 2a(1 + 1 — 2a)

a

2a (1 +
LHS < 2a(2 — 2a). We have to prove: 2a(2 — 2a) < 1.

Now, we have 4a? —4a+1 > 0; (2a — 1)? > 0 (true)
Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan
Let a = sinx, b = 1 — sin x, then we must prove: 2a? - b <1 (¥)
Proof. We take the logarithms:
a’ - b° < % = In(a? - b%) < ln% = blna+alnb < ln% **)
By Jensen’s inequality, we have: blna + aln b < In 2ab (***)

because Zi:; < “T“’ (where a+ b = 1). We have:
blna+alnb <In2ab < lnaTH’, since ln%b = ln% = (**)

Solution 3 by Nguyen Van Nho-Nghe An-Vietnam

xE(O;g) —>sinx,1—sinx>0

AM-GM
- LHS < 2(sinx(1-sinx)+ 1(1 —sinx)sinx) =4sinx (1 — sinx)
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AM-GM 2
< ( ) =1 = RHS (done)

sinx+1-sinx
2

Equality & x =%
Solution 4 by Boris Colakovic-Belgrade-Serbia
a=sinx>0Vxe€E (0 E) b=1—sinx>0\7’x€(0 E)
72 ) 72
a,b > 0 from weighted GM-AM inequality =

b+b a+b 2ab a+b +b a+b
Zab-b“sz(a C) :z(i) sz(“—) or
a+b a+b 2

sinx+1-sinx

=1

sinx+1—sinx)

2(sin x)175in¥(1 — sin x)’1"* < 2 ( 2

358.If x,y,z > 0 then:

e Y47 > 2exyz2e
Proposed by Lazaros Zachariadis-Thessaloniki-Greece
Solution 1 by Michael Sterghiou-Greece

eXoc* > 2exyzv2e (1)
AM—GM 33 . S 2 3
(1) - LHS = e’ >2r(8e3)zoritisenoughthat3r: > Inr + E(lnz + 1) where

2
r = abc > 0. The function f(r) =3r3 —Inr — ;(ln 2+ 1) has

2
2r3-1

f(5)=0r@ =27

r

2
’ — — 1 1 " _3_Z§ _ 1
f@r)=0forr=_= f(r)soforrs;-andf'(r) = 7 > 0for r = ;= hence

— 1 H H 1 =
r=,zisa global min for f(r) and therefore f(r) > f (ﬁ) = 0.Done!

Solution 2 by Soumava Chakraborty-Kolkata-India
D)o x? + y? + 2% > In(xyz) + ;ln(Ze) =

@) 3
x2 _|_y2 +2z2 > lnx+lny+an+Eln(Ze)
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Letf(x)zxz—lnx—%ln(Ze) Vx>O.Thenf’(x)=2x—i=0:>x=%
m(L)y= (L
o () = (4 +2)1,s >0
~ f(x) attainsa minima at x = \/ii & f(x) never attains a maxima vx > 0,
@i =f () =5 -In(5)—zn2e) =5+ M2 m2 -5 =0
i (5] =57 Inl5)mgIn2e)=5+5n2-51In2 -5 =

1 (@
2Vx>0,x2—Ilnx—=(n2e)>0=>x?% > lnx+E(ln2e)

o (i) . (iii) .
Similarly, y?* > lny+E(ln2e)&zZ > lnz+E(ln2e)

()+(in)+(iii)= (2) is true (proved)

359. If x € (o,g) then:

sinx cosx .
>4+ (mr— 2)(sinx + cosx)

/L3 o o
>—X
2

Proposed by Daniel Sitaru — Romania

Solution by Michael Sterghiou-Greece
(Sinx + cosx) >4+ (r—2)(sinx+cosx) (1)

T
2

3
Lemmal. x € (0,%):sinx >x—%

2

LemmaZ2.x € (O,E):cosx> 1-2+X
4 2 48

>0

>0

Solution: (1) can be written as: (E -m+ 2) sin x + (ﬁ -m+ 2) cosx >4 (2)
2

f(x) = LHS of (2). We observe that f(x) has x = % as symmetry axis as f(x) =
f(E- x). We have lim,_, f(x) = lim, _x f(x) = 4. (X) = v2(6 - m) > 4(~ 4.042).

It is easy to show also that f’ ( ) = 0. We need to prove that f(x) lies on and over the

14
4
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line y = 4 in the interval (OE) as symmetry will take care of the interval Eg)

Consider the function g(x) in (0,%]: g(x) = (g -+ 2) (x — %) + (E’_'—x -+ 2) (1 —
2

2

% + z—;). We will show that g(x) > 4 in (0,%]. Indeed g(x) - 4 when x — 0, and

()

1 1 -768m + 96m3 — m®
g"(x) = -2 (r—2)x% + §(7Tl’ —16)x +

48(2x — m)3
T1 TZ T3

1
+—(—96 + —?
48( 96 + 321 — m?)

Ty

T;1<0T3<0andT, <0.The maxofT, is%(7n —16) -% < |T,4| therefore g’ (x) <0
This means g’(x) | with only one root x; in (OE) in which g’ (x,) < 0 therefore x, is
a max. Using Lemmas now therefore > 4. The same applies by symmetry in Eg]
The proof is complete.

2 4
Lemma 2: Consider h(x) = cosx — 1 + x? - z—s over (0, ﬂ h(0) =0,

B0 = —sinx+x— 25 p(0) = 0,h(x) = cosx+1— 22 >0
x)=—sinx+x 28’ =0, X) = cosx 18
12x2

As for x < %cosx >0,1— >0.Soh'(x) Tand > h'(0) = 0 - h(x) T and

48
h(x) > h(0)=0

Lemma 1: Easy in a similar manner.

360. If 2sin®x + 2sin’y = 1,x,y € (Og) then:

2tanxtany +2tanx+ 2tany <3
Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Vietnam

) ) 1 1 tan? x tan?y (Schwarz)
sin“x+sin“y=-o -= +
Y =272 1+ tan?x 1+tan?y
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(tanx + tany)?

> & 2(tanx + t 2 <
~ 2+ (tanx +tany)? — 2tanxtany (tanx +tan y)* <

<2+ (tanx+tany)? —2tanxtany © (tanx + tany)? + 2tanxtany < 2

2 —(tanx +tany)? —u®+2u+2
2 B 2

3
= tanx +tany +tanxtany < tanx +tany + SE

14
vu € (0;2) (uztanx+tany,0<x,y<1:>0<u<2)

Solution 2 by Khanh Hung Vu-Vietnam

If2sin?x+ 2sin?y=1,x,y € (0;%) then2tanxtany +2tanx + 2tany < 3 (1)
WehaveZsian+ZsinZy=1:>sin2x+sin2y=%:>1—cost+1—cosZy=%
1 1

3 3
= cos’x+cosly=:> —+ —==(2)
2 1+tan“ x 1+tan“y 2

Puttanx = a,tany =b = a,b € (0;+x)

We have the equation (2) equivalent to: L 1 o3, a3
9 9 "1+a%2  1+b% 2 a?b%?+a?+b2+1 2

= 2(a?+ b%?+2) =3(a?b?>+a?+b*+1) >
= 3a’b? + a®> + b> =1 = 3a’b* + (a+ b)> —2ab =1 (3)
On the other hand, we have

(a+ b)? > 4ab = —3a’b? +2ab+ 1> 4ab = —3a’b* - 2ab+1>0 >

=>0<ab< % That means the equation (3) is equivalent to

a + b =V—-3a2b? + 2ab + 1. We have the inequality (1) equivalent to

2ab+2a+2b <3 = 2ab+2J—-3a2b? +2ab+1<3=

= 2/ —3a2b% + 2ab+1 < 3 — 2ab = 4(-3a?b? + 2ab + 1) < 4a’b? — 12ab + 9 =

5++/5 5—+/5
:>16a2b2—20ab+5>0:>16<ab— ><ab— 3 >>O

8

(Truesinceab—5+‘/§< Oandab—¥<0by0 <ab s%)

8

So,(1)istrue= 2tanxtany + 2tanx + 2tany < 3
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361.If x,y >0,xy > %then:

2 2
1
3 y41t = 2 5
sins>— sino—= AT in 2T
11 11 (cosgg+singy)

Proposed by Daniel Sitaru — Romania

X

2

Solution by Khanh Hung Vu-Vietnam
By BCS inequality and AM-GM inequality, we have:

x2 y? (x+y)? 4xy 1 . 1
sin3—" * sin4—" 2 sin3—"+sin4—" 2 sin3—"+sin4—" - Z(sing—"+sin4—") (Slnce Xy = E) (1)
11 11 11 11 11 11 11 11
1 1
We need to prove that > 2
P Z(s'ng—"+sin4—") ( 2m Sm 2 ( )
11 11 C0511+C0511

PuttZ%:11t=n':>4t=n'—7t:>sin4t=sin(n’—7t):sin7t

1 1
P — — (3)
2(sin3t+sin4t) (cos 2t+sin 5t)

We have inequality (2) equivalent to

We have (cos 2t + sin 5t)* = (sin (£ — 2t) + sin 5t)Z = (2sin (Z+2) cos (T - g))Z

3t mw 7t

= (cos 2t + sin 5t)? = 4 sin? (g + ?) cos? (E - 7) = [1 — cos (g + 3t)] [1 + cos (g - 7t)]

= (cos 2t + sin5t)?> = (1 + sin 3t)(1 + sin 7t) (4)
We have (sinsin 3t — 1)(sin7t —1) > 0= sin3t-sin 7t —sin3t —sin7t+1>0
= sin 3t - sin 7t + sin 3t + sin 7t + 1 > 2(sin 3t + sin 7t)

= (1 +sin 3t)(1 + sin 7t) > 2(sin 3t + sin 7t) = (1 + sin 3t)(1 + sin 7t) > 2(sin 3t + sin 4t)

(C))
= (cos 2t + sin 5t)? > 2(sin 3t + sin 4t) = (3) true = (2) true

2 2
From (1) and (2) = —z + 55 > L (QED)

fakad 5m
Sin = in—
11 11 (C0511+Sln11)

362. If0<a$b<§then:

(a-+ 5)(sin(ab) ~ cos(vaB)) = 2ab (sin (“3-2) - cos (*32))

Proposed by Daniel Sitaru — Romania
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Solution 1 by Michael Sterghiou-Greece

(a + b)(sin(Vab) — cos(Vab)) < 2vab (sin (aTH’) — cos (a—H’)) QD

2

invab Jap) _ sin(*32 o
(1) ol ) =) (o)
2

2

Consider the function f(x) = 22X — 5% ag £/(x) > 0in (0 )

f(x) is increasing in ( ) *)
Therefore: Vab < == - f(Vab) < f (a+b) so (1) true
f(x)= x—z[(x— 1) sinx + (x + 1) cos x].
Consider g(x) = (x — 1) sinx + (x + 1) cos x
>0x<7 - g() 1> g() > g(0) >0
< 0x2%—>g(x) - g(x) >g(§) >0

Inanycase g(x) >0- f'(x) >0- f(x) 1
Solution 2 by Remus Florin Stanca-Romania

V2 V2

. _ . . /14
sina — cosa = <75ma—7cosa>-\/§—sm(a—z)ﬁ:

g'(x) = x(cos x — sin x)

:sin@—cosmzsin(M—g)ﬁand sin(%b)—cos(a—ﬂj) =sin(ﬂb—z)\/§

2 2 4

The inequality becomes sin (\/a_ — %) V2(a+ b) < 2VabV2sin (“_”’ - E) PN

4

@sin(m—g)(a+b)S2\/cEsin<a2b—z)@

4

b4 1 2 a+b w

i 1/ —— ). < 1 —_—
‘:’s"‘( a 4) \/E‘a+bsm< 2 4)

Let be the function f: (0;%) - R, f(x) = sin (x - %) 2

X

f,(x):mS(x—%)x—sin(x—%) =cos(x—z)-x_tan(x_%)

x2 x2

re @)= D) weos(e )

>0
4’4
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1
g:(O;g)—ﬂR{g(x)zx—tan(x—g):>g’(x)=1—m<0

> g is a decreasing function and because g (%) =2-1>0>

x—tan(x—%)

x2

>g(x)>OVx€(0;§)>f’(x):cos(x—g)- >0>
= f is an increasing function (1)

\/_anda+b ( )and\/_<—>sm(\/a_—%)%sﬂn(ﬂ—g)ﬁb > Q.ED.
Solution 3 by Tran Hong-Vietnam

sinm—cosm< Sin(azﬂ)_cos(azi) *
Vab - atb ©)

2

Inequality

sinx—cos x (x—1) sinx+(x+1) cos x

Let f(x) = vxe(05) = f(x) =

x2

We prove: g(x) = (x — 1) sinx + (x + 1) cosx > 0,Vx € (Og)

= g'(x) = x(cosx —sinx) =0 © cosx =sinx © x =

N

T
4’ 2)
= g(x) > min{g (E) ,g(O)} = %— 1>0>= f'(x) >0vx € (O’E) = f(x) 7on (Og)

:>g’(x)>0<:>xe(0 4) g(x)<0<:>xe(

Because: 0 <Vab <2 <p<Z ;> f(Vab) < f(“”’) = (*) true. Equality © a = b.

363.If x € [0,%) then:

(cos3x)?1 . (cos5x)7 - (cos 7x) < (cos x)*13
Proposed by Daniel Sitaru — Romania
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
Ifx e [O,ﬁ], then: (cos 3x)?1(cos 5x)7 (cos 7x) < (cos x)*13

we have: cos3x = 4cos3x — 3 cosx < cos’ x & cosx[cos®x —4cos?2x+3]>0

o cosx[(cos* x — 1)% + 2(cos? x — 1)?] > 0 (true)
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— cos 3x < cos? x = (cos 3x)?! < (cos x)18°

Similar: cos 5x < cos?® x - (cos 5x)7 < (cosx)'7> vx € [0,%)

711
49 .

cos7x < cos™ x Vx € [0, 14)

= (cos 3x)?1 - (cos 7x)7 < (cos x)18% - (cos x)17>(cos x)*° = (cos x)*13
— Q.E.D; Equality occurs if x = 2km; (k € Z)

Solution 2 by Tran Hong-Vietnam

Forx e [0,%) we have: 1 >t = cosx > cos% ~ 0,975
A -1)2+4(t-1)*1>0
St{tt—4t2+3}>0ot? > 4t3 - 3t=cos3x (1)
t25 > 1615 — 20t3 + 5t © t{t?** — 16t* +20t2 -5} >0
o t(t— 1)%2(t + 1)2(t2° + 218 + 3116 + 481 + 5t12 + 6110 + 718 + 8t° + 9t* + 10t — 5) > 0 (true)
& t?5 > cos5x (2)
t* > 64t7 — 112t° + 5613 — 7t
S tt—1)2(t+1)2(t*" + 2t*2 + 3t40 + 4438 + ... + 20t° + 21t* — 42t +7) >0

(true)e t* > cos 7x (3)

l03%)
= LHS < (t%)*. (t25)7 4 = t*13 = (cosx)*3;Equality ® cosx =1 © x=0.

364.f mne N mn>1then:

3(m +n) +log(m! - n)* > 6,/m-n-H, -H,
Proposed by Daniel Sitaru — Romania

Solution by Michael Sterghiou-Greece

3(a + b) +log(a! - b")1° > 6./abH, - H, (1)
H, = Z,‘f;% <1+logaandH, <1+logh

(1)~ 3(a+b) + 10 -log(a! - b") > 6vVab - /(1 +loga)(1 +logh) (2)

But 3(a + b) = 6vVab and /(1 +log a)(1 + log b) Sw = 1+%(loga+logb)

From (2) we have stronger inequality
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1
10log(a!- b!) = 6Vab [E (loga+1logh) +1 — 1] = 3Vab(loga + logb)

and asvab < aTer the even stronger 20[log a! + log b!'] = 3(a + b)(loga + log b) (3)
Equality throughout for a = b = 1. We observe that if a + b < 6 then (3) holds as it
can be written as 20[Y 1 logk + Y2_}logi] + 20(log a + log b) > 18(log a + log b)
So, (3) must be shown for a + b > 7. Using the Stirling formula
loga = aloga — a + 6 (6 > 0) we obtain the stronger inequality
f(a,b) =(17a—-3b)Ina+ (17b — 3a)Inb — 20(a + b) (4)
Witha+b > 7. Assume WLOGa > b,a=b+x,x >0
(4)- f(x,b) = 141og(b + x) — 3xloghb + 17xlog (b + x) — 40b + 14blog b — 20x

20b+17x
b+x2

Assume b fixed and b, x € R*: f"'(x) = > 0so

b
()1 f(x) = —%

forb>2.Thusforb>2 f'(x) >0- f(x) T- f(x) > f(0) -
- f(x) > 4b(71logb — 10) > O for b > 5. Therefore Vb > 5 f(x,b) > 0or f(a,b) >0

for a > b > 5. Now we have only the following cases:

+171log(x +b) —3logh = f'(0) = 14logh — 6 >0

b=1- f(a,b) =(17a—3)Ina — 20(a + 1) > 0 for a = 6 as can easily be shown
f'(a) >0fora = 6and f(a) > f(6) > 0. Inasimilar way we meetthecasesh=2,a>5

b=3,a=>4;b=4,a > 4. All cases have been exhausted and the proof is complete.

365.1f x,y,z € (0721) then:

4

COSs X €Os y €os z ,/ cos(x — y) cos(y — z) cos(z — x)

>+/2(1 + tanx)(1 + tany)(1 + tan z)

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

We shall prove: -2 V2,/(1 + tanx)(1 + tan y)

J/cosx cos y cos(x—y

4 - (sin x + cos x)(siny + cos y)
=
cosxcosycos(x—y) COS X COS Y
2

A (sina R
o costr—y) > (sinx + cos x)(siny + cos y)
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o2 (é) cos(x — y) (sinx + cos x)(siny + cos y)

('-‘0<COS(x—y)<1aS—E<x—y<E)
- 2 2

CBS

But sin x + cos x (S) V2Vsin2 x + cos2 x =2
a

CBS
& siny +cosy (%) ﬁ\/sin2y+ cos2y=+/2

by (a).(b)
Hence, 0 < (sin x + cos x)(siny + cosy) (_<) 2 & also, 0 < cos(x —y) (g) 1
13 123

@i).(ii) = (1) is true =
2

Jcos x cosy cos(x — y)

(g) \/i\/(l +tanx)(1 + tany)

(n)
Similarly, > v2,/(1+tany)(1 +tanz) &

\Jcosy cos z cos(y-z)
2

\J/cos z cos x cos(z — x)

(g v2,/(1 + tanz)(1 + tanx)

(m).(n).(p) = given inequality is true (Proved)
Solution 2 by Tran Hong-Vietnam

4

COS X COS Y COS z\/cos(x—y) cos(y—2z) cos(z—x)

Inequality

sin x + cos x)(sin y + cos sinz + cos z
> vz ¢ )(siny y)( )|

COS X COS y COS Z
& 8 > {cos(x — y) (sin x + cos x)?} x {cos(y — z) (sin y + cos y)?} x
x {cos(x — z) (sin z + cos z)%} (*)
20<uxy,z< g = 0 < cos(x—y),cos(y —z),cos(z—x) <1 (1)
~(sinx+cosx)? =1+sin2x <2 (2)
~(siny+cosy)® =1+sin2y <2 (3)
~(sinz+cosz)>?=1+sin2z<2 (4)
From (1), (2), (3), (4) we have
RHS(,y<1-2-1-2-1-2=8 (proved)
Solution 3 by Remus Florin Stanca-Romania
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4
>+2(1 + tanx)(1 + tany)(1 + tan z)
COS X COS Y COS z\/cos(x —vy) cos(y — z) cos(z — x)

(sinx + cos x)(siny + cos y)(sinz + cos z)

4
< cos x cos y cos z/cos(x — y) cos(y — z) cos(z — x) = V2. COS X COSYCOSZ
4 ! 2(gsinx+\/—icosx>(iisiny+@cosy><gsinz+\/—Ecosz>
Jcos(x — y) cos(y — z) cos(z — x) 2 2 2 2 2 2
! >cos(x—z)cos(y—z)cos(z—z)
- 4 4 4

= Jcos(x — y) cos(y — z) cos(z — x)
0<cos(x—y)<1
0<cos(y—2)<1
0<cos(z—-x)<1

1

Jeos(x — y) cos(y — z) cos(z — x) =

= \/cos(x —y)cos(y—2z)cos(z—x)<1=>

:>cos(x—z)cos(y—g)cos(z—g)S1

4
1 - _ i}
Jcostx— ) costy — D costz — 1) 1> cos (x — 7) cos (y -7 ) cos (z - )
1 - - _
e Jcos(x — y) cos(y — z) cos(z — x) = cos (x - Z) cos (y - Z) COS (z _ Z)
4 >+/2(1 +tanx)(1+ tany)(1 +tanz) (QE.D)

COS X COS Y COS z\/cos(x—y) cos(y-z) cos(z—x)
366. If a,b,c = 1 then:
a b c 9
+ + =
c-log(eb —logb) a-log(ec—logc) b-log(ea—loga) a+b+c
Proposed by Lazaros Zachariadis-Thessaloniki-Greece
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Solution 1 by Michael Sterghiou-Greece

y E___>_2 (1)

€¥YC cln(eb-Inb) — Yeyca

(zcyc%)z AM;GM 9 9

BCS
LHS (1) = m = mWthh must be > ibhrc

or
Yeye @ 2 YeyeIn(ea —Ina) (2). Consider f(x) =x—Inx—-1;x>1
f(x) =1-220- f(x) 1> f(x) = f(1) = 0. Therefore

a>Ina+ 1=1In(ea) = In(ea — In a). Cyclic application gives (2). We are done.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

a b c

Fora,b,c > 1weget that: clog(eb-log b) * alog(ec—logc) * blog(ea—log a)

2
a b c
(E-8-
~ log(eb —log b) +log(ec — logc) + log(ea — log a)

- 9
~ (logeb +logec +logea)

:log(ex —logx) < log(ex), x> 1

>

> ‘logex < x,x > 1. Therefore, itis to be true.
b+c+a

Solution 3 by Tran Hong-Vietnam
& @, (oo

LHS=

log(eb—logh) log(ec—logc) log(ea—loga)
b 2
a c
<\/; + \/; + \/%> (Cauchy)
=
log(eb —log b) + log(ec — log ¢) + log(ea — log a)
9

*
log(eb—log b)+log(ec—log c)+log(ea—loga) ()

Let f(x) = x — log(ex —logx) withx > 1

e—1 ex—logx+1—e
> f(x)=1- | = £ .
ex—logx ex —logx

1
g(x)zex—logx+;—e (vx>1)
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g =e—1-5g"(®N=5+5>0
=>g'(x) 70on[1;+0) = g'(x) 2 g'(1)=e—-2>0
= g(x) 7on[1;+x) = g(x) = g(1) =0
> f(x)=0vx=>1> f(x) 7on[1;+x)
> f(x)=>f(1)=0= f(x) =x—log(ex —logx) > 0;Vx =1 (*¥)
Using inequality (**) with a, b,c = 1 we have f(a) + f(b) + f(c) = 0

© Ya=Ylog(ea—loga) = (*)>—

- Za a+b+c

.Equalitye®a=b=c=1.

367.1f a,b,c > 0,vab +Vbc ++Jca=6,0 < x < 1 then:

(@) + )+ e () +e() +al®) =12
Proposed by Daniel Sitaru — Romania

Solution 1 by Serban George Florin-Romania
b\* a\x
Z[“(E) +b(3) ]212
12:2-6:2@+2\/E+2\/¢E:>z[a(g)x+b(%)x—2\/E]20:>

:Z[\/E\/éx—\/ﬁ\/gxr > 0. true

Solution 2 by Michael Sterghiou-Greece

b /
a— +b ] ZZ ab —— —sz =12
cyc cyc cyc a cyc cyc

Ya) + 3@ =3 a2

Equality fora = b —c—Zorx—%

368.1f a,b,c,x,y,z>0,a+b+c=x+y+z=1then:

(a + x)a+x . (b + y)b+y . (C + Z)c+z

aa,bb,cc,xx,yy,zz
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Proposed by Daniel Sitaru — Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

(a + x)(a+x)(b + y)(b+y)(c + Z)(c+z) 3
a*bbccx*yyz* B

() 5 5 ) (-

() G 0 (o) D G

)a+b+c+x+y+z

< (a+x+a+x+y+b+b+y+c+z+c+z
- a+b+c+x+y+z

Solution 2 by Sudhir Jha-Kolkata-India

4 2 .
= (E) = 4 . Therefore, it's true.

L b b . . .
Considering ?%%z%x% & %Wlth associated weights

a,b,c,x,y,zrespectively. Then applying weighted GM < weighted AM

1
a b c x y Zla+b+ctx+y+z
We get, [(a_ﬂ) (m) (;) (w) (b+_y) (L)] <
X b c X y z
a+x+b+y+c+z+a+x+b+y+c+z
at+b+c+x+y+z

1
]2 <2> (a+x)*(b+y)btY (c+2)ct2

abbccxXyyzz

N [(a+x)a+x(b+y)b+y(c+z)c+z
a®bb ccx*yy z2

<4 (Proved)
Solution 3 by Tran Hong-Vietnam
We have:lnequality
%[aln(1+§)+xln(1+§)+bln(1+%)+y1n(1+§)+cln(1+§)+zln(1+§)]San *)
Using Jensen’s inequality with f(u) = Inu:
LHS, = %af(l +£) +%xf(1 +;) +%bf(1 +%) +%yf(1 +§) +

+%cf(1 +§)+%zf(1+§) <

<infza(+ D) rgx(1e) vy (1e3)ge(t+D + 32 (149)

:mKa+x+b+y+c+ﬂ%ﬂnZmedEwmmM:azb=c=x=y=z=§
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369. If x,y,z > 0 then:

(x+y+2z) \/§+t 20° >4z< acd )
xTyTz 3 an xcot50°+ ycot10°

cyc

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India
We first show tan 10°tan 50° = tan 30°tan 20° < sin 50° sin 10° cos 30° cos 20°

= sin 30° cos 10°sin 20° cos 50°

LHS = ? [2 sin 50° cos 20°] sin 10° = ? [sin 70° + sin 30°] sin 10°

V3 V3 V3/1\ V3
= ?[2 sin 70° sin 10° + sin 10°] = ?[cos 60° — cos 80° + sin 10°] = 5 (E) =1e
RHS = i[z cos 50° sin 20°] cos 10° = i[sin 70° — sin 30°] cos 10°

= 1 [2sin70° 10° 10°] = 1[ in 80° + sin 60° 10°] =
=g[2sin cos cos = glsin sin cos =Te
Fora,b >0
4ab 2ab
= 2v/abVtan 50° tan 10°

<
acot50°+ bcot10° ~ /ab cot 50° cot 10°

= 2vVabtan30°tan20° < atan30° + b tan 20°

z 4xy <Z( tan30° + ytan 20°)
" Lixcot50°+ ycot10° xtan ytan

cyc cyc

=(x+y+z)(tan30°+tan20°) = (x +y + z) <\/3—§+ tan 20°>
370.1f 0 < a < b then:
3¢ 3b 4 4P 5¢ 5b
4(@‘@)“(@‘@)“(@‘@)

Proposed by Daniel Sitaru — Romania

Solution 1 by Michael Sterghiou-Greece

(-5 <sE-H <G5 o
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Consider the function [4, ) - R: f(x) = (L)b_a _ b 4
' ' x—1 a+x—-1
1 b-a b—a Bernoulli b—a b—a
:(1+x—1) _a+x—1_1 = 1+x—1_a+x—1_1:

1 1
— )>O
x—1 a+x-1

= (-

b
Consider now the function [4, ) - R: g(x) = x[("xl) - (ﬂ) ]

X

g’(x)Zﬁ (T) (@a+x—1)— ( ) (b+x—1)] Assuming (x —1)g'(x) > 0

(xxl) (a+x—1)>( ) (b+x—1)<—>( 1)b_a> 22 1 1 & f(x) > Owhichis

a+x-1

valid. Therefore g'(x) > 0and g(x) 1
As4<5<6- f(4)<f(5)<f(6)—>(1)istrue.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

<5(5-%)
4 x5 (5-%) (E-5) <5 < s(E-%)
|fzo<\f \f) <os(L_my’
If20< +5—:—2\/;> <25 (%0 + 20— 2% and it's true since

20_<25 20 <25 Hence4(—a—£)<5(£—£)

52a’ a 4b 5a 5b

a b
For0<a<bwehave:4(i—a—%)

Similarly, we have 5 (:—a - ﬂ) <6 (S—a - S—b).

a 5b 64 6P

Thatis 4 ( i::) <5 (:—Z - :—Z) <6 (z—z - 2—2) Therefore, it's true.

37L.1f0 < x < %then:

sinx +cosx+sinx-tanx+x2>1+x-sinx+x-tanx

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India

1
Let f(x) =sinx(cosx) 2—xVx € [Og)

2

3sin3 x+2 cos? xsinx

f(x)= sin’ x s++cosx —1&F"(x) =

2 (cos x)2 4(cos x)

:>f(x)>f(0)Vx€[ 2):>f(x)>0Vx€ [0:)

>0,Vx € [o,g)

5
2

= f(x) = f(0)vx e [ 2) = f(x) >0 Vx e [0 1;)

T 1
LXE [OZ] ,sinx(cosx) 2—x>0

(1)
= sinx > xV/cosx = sin?x > x2 cosx = sinxtanx > x% = sinxtanx + x2 > 2x?

(2)
Case()x € [+, 7]  x x>-=27-120
3)
(1), (2)=>sinxtanx+x% > 1

4
(3) = it suffices to prove: sinx + cosx > xsinx + xtanx

wL<x<Z .cosx>sinx, - LHSof(4)>Zsmx>xsmx+xsmx
V2 4 cos x
? ?
S 2cosx=>xcosx+xe (2—x)cosx = x
= ; X ( 2 >0 1 < <n)
cos x 22 - x as\/E x< o
1< <z 1;x 1; * 4+24;2Z
Rp— — — S>> —
\/E_x_4, Ccos x \/__ 222 @22 x x> 2x
?
& x?+4x — 4(30 g LHSof(6)<—+——4
n2+16mw-64

=1 <0=(6)= (5= (4) is true= given inequality is true

Case2) x € [0,%)

0]
wx>sinx ~ x%2 > xsinx = x%cosx > xsinxcosx

(i)
- 1 1 T - .
Agaln, COSX>E('-' X<E<Z) >x=>cosx>0>=>sinxcosx > xsinx
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(iii)
Lastly,1 > cosx. Now, given inequality &
sin x cos x + cos? x + sin? x + x% cos x > cos x + x sin x cos x + xsin x

7
o x?cosx +sinxcosx+1 > xsinxcosx + xsinx + cosx

()+(i)+(ii)= (7) is true = given inequality is true.
Combining both cases, we conclude that: given inequality is true Vx € [0, ﬂ (proved)

372.1f a,b,c € N*

gy b b(b—1) b(b-1)-..-2-1
Wab)= T  arb—Da+b-2 " Tl@rb-D@+b-2) . a
then:

b-Q(a,b)+c-Qb,c)+a-Q(,a)>a+b+c
Proposed by Daniel Sitaru — Romania

Solution by Lahiru Samarakoon-Sri Lanka

b N b(b—1) - b(b-1)..2-1
a+b—-1 (a+b-1)a+b-2)  (a+b—-1)(a+b-2)..a
Then, b- Q(a,b) + c- Q(b,c) + a- Q(c,a) = a + b + c. By adding last three parts,

b b(b—-1)..2 b(b—1)..2-1
a+b-1 T@a+b-1.G@+1D) (@a+b-1.a
U
b, b(b—1) ..2(a+1)
(a+b—-1) (a+b-1)(a+b—-2)..(a+1)a

Q(a,b) =

Q(a,b) =

b b(b—1) _bla+b-1) b

(a+b—1)+(a+b—1)a_(a+b—1)a_a
So, similarly, Q(b, c) = %and Q(c,a) =2 -~ LHS = bQ(a,b) + cQ(b, c) + aQ(c, a)

c

Q(a,b) =

— ﬁ +£+a_2 > (b+c+a)?
a b c (a+b+c)

= (b + ¢ + a) (proved)

373.1f a,b,c > 0,a+ b + c = 64 then:
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csct (g) . csct (27n) . csct (37n)
Vab Vbc Vea

Proposed by Daniel Sitaru — Romania

>1

Solution 1 by Artan Ajredini-Presheva-Serbie

(cse?(Z)ese?(2)esc? (21) )
vab+Vbc+ca (1)

By Bergstrom’s inequality: LHS >
On the other side: (va — vb) =0 = “T”’ >+Vab (2)
(es?(E)+esc(Z)wesc(30))" (ese?(Z)resc?(E)rese(30))°

From (2) to (1) we get: LHS > T = " 3)
z=cos(Z)+isin(Z
Let , (;) (;) >sinT=—(z-2) (4)
~ =cos (7)—isin 7) ! z
sin () =5(2-2) ®
. (3m\ _1(.3 1
sin(7) =3.(2 - %) ©
z7=-1 (7)
From (4), (5), (6) and (7) we get:
T 2T 3 4 4 4
csc? (7) + csc? (7) + csc? (7) =— — 5 — > =

) (-3 (-3

z? z* z6
=4 <(zz —1)2 + (z* — 1)2 + (26 — 1)2> =
_ 4 22(z* — 1)2(z — 1)? + 2% (2% — 1)%(2° — 1)? + z6(2% — 1)(z* — 1)?
T < (z2 — 1)*(z* — 1)%(z° — 1)2

722 + 720 _ 3718 _ 3,16 _ 2,14 4 12712 _ 2710 _ 328 _ 376 + 74 + 22
724 — 2722 — 720 + 2718 + 3716 — 6712 + 378 + 226 — 74 — 222 + 1

B —z+2%—-32z*-322-2-1275+223 + 3z —32%+ z* + Z?
B —2z3.22—25+22*+322+625—-3z+226—z%- 723 +1

4 —27% — 1225 — 222 + 223 — 222+ 2z -2
B 26 +6z5+z4—23+22 —z+1
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=—4.(-2)=8 (8)

By substituting (8) to (3) we get: LHS > g = % =1.Q.E.D.

Solution 2 by Ruangkhaw Chaoka-Chiangrai-Thailand

b o Oas b ce ot Provethat k< S, (), sy
a,b,c>0;a+ b+ c=064.Provethat: K = Tob + The + Tea

2 3
Part |: csc? (g) + csc? (7”) + csc? (7”) =27

).y

n-1 n-1

km km
« sin(nx) =27 1. 1_[ sin (x + 7) = Insin(nx) = In2"1 + z Insin (x + 7)
k=0

Diff; ncot(nx) = 0+ Y725 cot( kn) = Diff; —n? csc?(nx) = — Y121 csc (x + kn—”)

n-1 k
/4
z csc? (x + 7) =n? csc?(nx) — csc? x
k=1
S 1 nx \? X \2
= _ — 1 2 2 _ 2 - _
Ll—{% (Z (x * )) Ll_r}r&(n esc®(nx) — esc x) Ll—% x2 <(sin(nx)) (Sin x) )

n-1

, (kT nx X o1 nx X
St (1) <ty ) ey
7 ) sm(nx) sin x

= x-0 x2 \sin(nx) sinx

nsinx — sin(nx) sint
=(1+1)- llm im =1
-»0 xsinxsin(nx) 'x-0 t

) x 1/ nx . [nsinx — sin(nx)
=2-llm(_ )-llm—<_ )-llm
x-0 \sin x/ x-0n \sin(nx)

x-0 x3
—0 1 1 L 1 nx +nx5 (nx)3+(nx)5
L N R TR TR B LY 50
2 . n3—n+(n—n5)x2+ n?-1_ - t3+t5
R Y 5! B AT T T

15 21 3my 7¢-1
n—>7;csc2(7)+csc <7>+csc (7)2 573 =8

Part Il:+ (Va—vb)" + (Vb —vc) + (Ve —va)’ = 0
64=a+b+c2ab+Vbc+ca— (a)holdsata=b=c=5 - (1)
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+ K(Vab ++bc ++ca) s (cscZ (g) + csc? (27”) + csc? (3—”))2 =82 - (b)

7

3

CSC4 E CSC4 2—” CSC4 -
ords ar =) st )

ab bc ca
(2) (b); K 2 1holds at (1) A (2) & ese (£) = ese(Z) = esc () not true!
No hold point! =.. K > 1, now, the proof is complete!
Solution 3 by Soumava Chakraborty-Kolkata-India
2w 3m
csct (Z)  cesc* (5E)  csct (32)
B o) o (P,
Vab Vbc Vea

(csc? @+csc? 20+csc? 39)2 . (0 _ 11:) cgs (csc? @+csc? 20 +csc? 39)2
Y +Vab ! 7/ = Ya

Bergstrom

LHSof (1) >

_ (csc? 0 + csc? 20 + csc? 30)* B
- - (- z a=64)

Now, csc? 8 + csc? 20 + csc? 30 = (csc 0 + csc 20 + csc 30)% —

b
—2(cscOcsc20 + csc20 csc30 + csc 30 csch) @ P% —2Q (say)
1 1 1
= + +
sin@ sin20 sin360

® sin 20 — sin 30 + sin 30 sin 0 + sin O sin 20

sin O sin 20 sin 30
Numerator of above = sin 30 (sin 20 + sin 0) + sin 0 sin 20 =

= sin 30 (sin 20 + sin 60) + sin@sin20 (- 0 =mw— 60)
= 2 sin 30 sin 40 cos 20 + sin @ sin 20 = (sin 50 + sin Q) sin 40 + sin 0 sin 20
= sin 20 sin 40 + sin O sin 40 +sinOsin 20 (- 50 = w — 20)
= sin 20 (sin 30 + sin 0) + sin@sin40 (- 40 = w — 30)

= 2sin? 20 cos 0 + 2 sin 6sin 260 cos 20 = 2 sin 260 (sin 20 cos 0 + cos 20 sin 0)

(ii)
= 2sin20sin 30

4 __2cos26 2cos 20 __ sin30+sinf+sin26
= 2n' NOWI Q - 2 S 2 - . . .
sin“ 6 sin“ 6 sin“ 6 sin 0 sin 260 sin 360

& (22) cos 20 sin 20 sin 30 = 2 sin 30 sin O + 2 sin? @ + 2 sin O sin 260

(i), (ii) = p2 &

< 2sin40sin 30 = cos 20 — cos40 +1 — cos 20 + cos 0 — cos 30

& cosO —cosm =1+ cos O — (cos 30 + cos 40)
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& 1+cosO =1+ cosO —{cos(rrt —40) + cos 40}

& 0= —(—cos40 + cos40) © 0 = 0 - true

s :Zc.0520:2(1—.25in20): .2 _4:200(2);_
sin? sin? sin? sinZ
(m), (n), (b)= csc? 8 + csc? 20 + csc? 30 © 8
(@), ()= LHS of (1) > = =1 (proved)
374.1f x,y,z € (0721) then:
1

tanx+tany+tanz > tanx-tany - -tanz —
COSX -COSYy - -CosZ

Proposed by Daniel Sitaru — Romania

Solution 1 by Amit Dutta-Jamshedpur-India

T T T T
x,y,zE(O,E):>0<x<E,0<y<E,0<z<E

3
:>x+y+z€(0,7):>—1<sin(x+y+z)<1:>sin(x+y+z)>—1

= sinxcosycosz +sinycosxcosz +sinzcosycosx —sinxsinysinz > -1

Dividing throughout by cos x cos y cos z

1
COS X COS Y COS Z

> tanx +tany+tanz —tanxtanytanz > —

1
= tanx +tany +tanz > tanx tanytanz — — (proved)
COsS xXCos ycosz

Solution 2 by Lahiru Samarakoon-Sri Lanka
We have to prove:
sinxcosy + cosxsinycosz+ cosxcosysinz >sinxcosycosz—1
sin x (cos ycosz — sinycos z) + cosx (sinycosz + cosycosz) > —1

sinx cos(y + z) + cosxsin(y+2z)+1>0

Here, x,y,z € (0,%) =>sin(x+y+2z)+1>0. |t’strue0<x+y+z<37"
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Solution 3 by Soumava Chakraborty-Kolkata-India
Given inequality ©
tanx + tany + tan z > sin x sin y sin z (sec x sec y sec z) — secx - secysecz

1)
© tanx +tany +tanz + secxsecysecz (1 —sinxsinysinz) > 0

Now,1 >sinx,1 >siny,1>sinz&~ 0 <x,y,z<§,.'. sinx,siny,sinz > 0

(a)
~1>sinxsinysinz=1-sinxsinysinz > 0

(b)
& secxsecysecz>1>0 (as0<ux,y,z <§)

(0
~ (a), (b)= secxsecysecz(1 —sinxsinysinz) > 0

(d)
&Y tanx > 0 (as0 <x,y,z<§)

~ (€)+(d)=> Y tanx +secxsecysecz (1 — sinxsinysinz) >0 = (1) is true
(Proved)
375.1f a,b,c > 0 then:

tan-1 (2a+ b)(b + 2a) + tan-1 (2b+ c)(c + 2b) + tan-1 (2c+a)(2a+c) >3_1'r
an 9ab an 9bc an 9ca T4

Proposed by Daniel Sitaru — Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

™

y =arctanx & x =tany,wherex e R,y € (_E’g) fora,b,c > 0, we have

(2a+b)(2b+a)+ 2b+c)(2c+ b) N (2c+a)(2a+c)\
oab arctan< obe )) arctan< 9ca ) =

<2a2 +2b% + 5ab> <2b2 +2c%+ 5bc> <Zc2 +2a? + SCa)
= arctan + arctan + arctan

arctan <

9ab 9bc 9ca
9ab abc 9ca .- . .
= arctan (—) + arctan (—) + arctan (—) :arctan is increasing function
9ab 9bc 9ca

= arctan(1) + arctan(1) + arctan(1) =

= 3arctan(1):tan- = arctan(1) == Z e (—E,E) =3 (E) = 3" Therefore, it’s true.
4 4 4 2 2 4 4

Solution 2 by Ravi Prakash-New Delhi-India
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1 1
Forx,y > 0,22 > (x2y)7 = 22 . 22 > [(a2y) (xy)) s
2x+y x+2y 2x+y)(x+2y) Q2x+y)(x+2y)\ =
: =XxXy= =>—
3 3 9xy 9xy 4

Thus, tan™?! (M) +tan~! (M) + tan-1 ((2a+c)(a+2c)) ST T T 3
9ab 9bc 9ac 4 4 4 4

= 21:>tan‘1<

Solution 3 by Tran Hong-Vietnam

1
1+x2

Let f(x) = tan 1 (x) withx > 1= f'(x) =

>0vx>1=f 72on[1;+w)

= f(x) = f(1) =tan™1(1) = % (Vx > 1). We have:

Cauchy
2a+b)2b+a)=(a+a+b)(b+b+a) > 33a?b-33b%2a=9ab

(2a+ b)(2b + a) -

X =
= 9ab

(2b+c)(2c+b) >1andZ = (2c+a)(2a+b)
9bc 9ac

Same:Y = >1

=>fX)+fY)+f(Z)=3f(1)=3 E. Proved. Equality @ a = b = c.
376.1f a,b,c,d,e,f >0,a+d=b+e=c+ f =5then:
d e f d e f
Proposed by Daniel Sitaru — Romania

Solution 1 by Lahiru Samarakoon-Sri Lanka
1 1 1 a b c
@+b+o)(g+o+5)<3(g+5+7)

. .. (b+c) , (a+c) , (a+h) a,b_ ¢
We can simplify, — + T 52(d+e+f)

(5—e;5—f)+(5—d:5—f)+(5—d;5—e)S2(;_1+2_1+;_1)
6s(§+§)+(§+;)+(§+§). By AM-GM: (£+ %) > 2

Similarly, (§+ %) > 2 and (; +£) >2.50, Y (s +g) > 6 (proved)

Solution 2 by Michael Sterghiou-Greece

a+d:b+e:c+f:5then:(a+b+c)(§+%+%)53(§+§+§) Q)
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b
E_1+ andcycllcappllcatlonglves—+ +;—5( + = +f) 3

(1) becomes (15— a—b —c) G + % + %) >9 (2).But
15—a—-b—-c=a+e+ f—>(2)istrue.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Sincea+d=b+e=c+f=5ab,cdef>0

Wegivex=-"2 d=-X p=22 g=2L =32 ¢
x+ x+y z+t z+t m+n m+n
a b c_x_z m
HenceE+;+;—;—;+;
a b c x (z+f) z (m+n) m (x+y)
—+—=+-=-= . + . + .
e f d x+y f (z+f) n (m+n) vy
a b c x (m+n) z (x+1y) y z+t
fd e (x+y) «x (z+t) y (m+n) f

and from expanding and reducing, we have:
tz + y2z?mn + m*t’xy + n’x2t* + x*>y*z* + m?y?t* >

> 3xyzmtn + n’xyzt + y’mnzt + t!mnxy

x  (z+1) z  (m+n) m  (x+y) .a b _c_a b c
Hence + +2 >(x+y) : +(z+t) " +(m+n) " _That|sd+e+f>e+f+d
FI a b c a b c
Slmllarly,wegetE+E+;2;+E+;
b a b c a b e a b c
Hence3( + - +f)>E+;+;+(;+?+E)+(;+;+E)

Therefore, (a+b+c)( + = +f) ss(§+§+§) is true.

Solution 4 by Shreeyes Biswal-India

I B

& (15 - (d+e+f))< +:+1)<3<5—d+5—c+5—f)

f a e T
= 15(grgrg)-rerngrgrg)<s(gries-3)

s be) et Hsshel o)
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©—(d+e+f) (3+%+;) <9 (d+e+f)(%+%+;) >9

d+e+f

[=—1 3
= 7111
3 atet

1. Which is always trueas AM > HM (d, e, f > 0)
f

377.1f a,b,c > 1 then:

sin (ﬁ) sin (ﬁ) sin (c _|2_ a) ( 8abc >2
sin (ﬁ) sin (ﬁ) sin (\/%) (a+ b)(b+c)(c+a)

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Vietnam

b\? . 2 .1 .1
(%) sin— > ab sin = ™; (a,b>1). Let f(t) = t* sm;(t >1)
1 1 1 1 1
:>f’(t):Ztsm——cos—zcos—(Zttan——1)>cos—>0
t t t t t
( 1_ 1, 1 .
'.'tan;>;,cos;>0\7’t>l):>f(t)/‘on(1,+00)

Hence\/_<a+b f(\/_)<f(a+b):>(*)true:>]'[( )sinﬁzl_[absinL

Vab
Hsina:—b 3 a2p?c2 [Isin a+b (8abc)?
Msin L = * @Rb+oXcra? © [sin L = (arb)brocral Proved

378.1f a,b,c e N,a,b,c > 4 then:

1 1
a+\/3+“+lc+b+1a+b+lc+c+1a+c+\/3$6w

Proposed by Daniel Sitaru — Romania
Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c € Nanda, b, c > 4. We have these facts:

1 1
lari>briob>a=4al™>b*"14<a<bh

1 1 1 1 1 1
2. @a+1 + bb+1 + cc+1 > @b+1 + be+1 + Ca+1
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1 1 1 1 1 1
3. aa+1 + bb+1 + Ccc+1 > qc+1 + cb+1 + ha+1

ConSider, b+%c+%a+%c+%a+%b+% S 65\/’1

11 1 1 1 1\6
1 1 1 1 1 (ab+1+aC+1+ba+1+bC+1+ca+1+cb+1

) '
<6-45

6

6 1
If (ab+1 + bc+1 + Ca+1) (ac+1 + cb+1 + ba+1) <36-45

6 6 1
If (aa+1 + bb+1 + Cc+1) (aa+1 + bb+1 + Cc+1) <36 45

6 6 6
If @a+1 + bo+1 + ¢cc+1 < 18 - 4.5 |f3aa+1<18 4-54-<a<b<c Ifaa+1<6><4.5

If a3? < 65(atD4la+1) gnd it's true because
4_30 < 625 . 4_5
530 < 630 . 4_6

630 < 635 . 4_7

Therefore, it's true.

379.1f a,b,c,d >0,a+b +c+d=1then:

ab ac ad bc bd cd 1
+ + + + + <—
1+c¢c+d 1+b+d 1+b+c 1+a+d 1+a+c 1+a+b 4

Proposed by Vasile Mircea Popa — Romania

Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c,d >0anda+ b+ c+d =1, wehave:
ab ac ad bc bd cd
+ + + + +
1+c+d 1+b+d 1+b+c 14+a+d 1+a+c 1+a+b
ab ac ad
+ + +
a+b+c+d+c+d a+b+c+d+b+d a+b+c+d+b+c
bc bd cd
+ + +
a+b+c+d+a+d a+b+c+d+a+c a+b+c+d+a+b
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ab ab ac ac ad ad
+ + + + + +
<Yla+c+d b+c+d a+b+d c+b+d a+b+c d+b+c
~ 4 bc bc bd bd cd cd

+ + + + + +
b+a+d c+a+d b+a+c d+a+c c+a+b d+a+b
rd+ad+bd ab+bc+bd+ab+ac+ad+bc+cd+ac
4 a+b+c a+c+d b+c+d a+b+d

1[d(c+a+b) bla+c+d) alb+c+d) c(b+d+ a)
=_ + + +
4| (a+b+0) (a+c+d) (b+c+d) (b+d+a)

= i(a +b+c+d)= i. Therefore, it's true.

380.If x,y,z,t > 0 then:

4 ((x —Jxy+y)(z —Vzt + t)) > (x2 + y2) (2% + t?)
Proposed by Daniel Sitaru — Romania

Solution 1 by Amit Dutta-Jamshedpur-India
x?+y? = (x+y) - 20y = (& +y?)2 — (2xy)
X232 = (4 y o+ Tey) (3 + %~ )
v GM = AM = [2(x? + y? + J2xy) (2% + y2 — [2xy)|* <
- @+ V2)(x+y—2xy) + (2 = V2)(x +y + 2xy)
- 2

4 -4

= 2(x? +y? +\[Zxy)(# + ¥* — [22y) < 4(x +y - Jx3)’
Butx? +y? = (x? +y? +[2xy)(x* + y2 — [2xy)
:>2(x2+y2)s4(x+y—\/ﬁ)Z
> t+y?) <2(x+y— Jxy)

In this same way, (22 + t?) < 2(z+t — \/E)Z )

Multiplying (1) & (2): (x? + y2)(z% + t2) < 4[(x + y — Jxy)(z + t — VzE)|*
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or4[(x — Jxy +y)(z — Vzt + t)]Z > (x2 + y%)(2%2+2) (proved)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
x+y> 2\/x—y (True); (x+y—2\/x—y)Z > 0; (x+y)2+4xy—4\/x—y(x+y) >0
x2+y2+6xy —4/xy - (x+y) > 0; 2(x% + y2) + 6xy — 4 /xy(x + y) = x% + y?

2(x2+y2+3xy—2\/x7y(x+y)) > x? +y?
Z(x—\/ﬁ+y)Z > x? + y?
similarly:2(z —/zt + t)Z >z + t?
4(x— Jxy + y)z(z — Azt + t)Z > (x2+y?) (22 + t?)

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

=

Forall a,b > 0, we have: a® + b% + 6ab = (a + b)? + 4ab > 4(a + b)Vab
= 4aVab + 4bVab
= a? + b% + 6ab — 4aVab — 4b\ab > 0
= 2(a? + b2) + 6ab — 4avab — 4bVab > a? + b?
= 2(a? + b% + ab + 2ab — 2aVab — 2bVab) > a® + b?

:2(a—x/¢ﬁ+b)z > a? + b?
Hence: 2 x 2 ((x - Jxy+y)(z— vzt + t))Z > (x2 + y2) (2% + t?)

4 ((x\/x_y +y)(z—Vzt + t))Z > (x% + y?)(2% + t%). Therefore, it's true.

Solution 4 by Soumava Chakraborty-Kolkata-India

xZ+yZ x2_|_y2 xZ+yZ
x+y=>./xy+ 5 &S x+y)2>xy+ > +2./xy >

2
2 2 2 2 2 2
x;y +xy—2 %,/xyZO@(f%—,/xy) > 0 - true

xZ _|_yZ
Xty Xy = 2

=1

1)
<:>2(x+y—\/x—y)Z > x% +y?




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(2)
Similarly, 2(z — vzt + t)Z > z2 + t%; (1).(2)= given inequality is true (proved).

1 1 1
x+a x+b x+c 1 1 1 1 1 1

1 1 1
Bla=|— — —|.B=|* Y Z|y=|a b c
y:“ y;’b y;’“ X2yt g2 a? b? 2

z+a z+b z+c
If a,b,c,x,y,z> 0 then:

|BYI

3%al >
la] “(a+b+c+x+y+2)°

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

1 1 1

a+x b+x c+x
1 1 1

a+y b+y c+y
1 1 1
a+z b+z c+z

C; > C3—Cy,Cy > Cy —Cy,

1 a—b>b b—c
a+x (a+x)(b+x) (b+x)(c+x)
Nt a—b>b b—c
“lavy Gry@+ry) Gryic+y)
1 a—b>b b—c
a+z (a+z)(b+z) (b+2z)(c+2)

_ (a=b)(b—-c)a,
~(a+x)(b+x)(c+x)(a+y)b+y)(c+y)a+z)(b+z)(c+2z)

(b+x)(c+x) c+x a+x
where a; = |[(b+y)(c+y) c+y a+y
b+2z)(c+2z) c+z a+z

Cg —)Cg—CZ,Cl _)Cl_bCZ
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x(c+x) c+x a-c
y(c+y) c+y a-c
z(c+z) ¢c+z a-c

aq =

Therefore (a — ¢) common from €3 and use C, - C, — cC5

x(c+x) x 1
a;=(a—c)|ylc+y) y 1
z(c+z) z 1
C; - Ci—cCy
2 x 1 1 x x?
a;=(a-0)|y? y 1|=—(a-0)|]1 y y*
z2 z 1 1 z z2

~ |Num of a| = |Byl
Denominator of a = (a + x)(b + x)(c + x)(a+ y)(b + y)(c + y)(a + z)(b + z)(c + 2)

9
<(a+x+b+x+c+x+a+y+b+y+c+y+a+z+b+z+c+z
- 9

_(a+b+c+x+y+z ?
B 3 )

= 37 (Denominatorofa) < (a+b+c+x+y+1z)°

9 __ 3°%|Num of «a| 18I
Thus, 3 |“| " Denofa 2 (a+b+c+x+y+z)?
382.
a,bc,d>0p=>q=>r=>0
a+b+c+d at+b+c atb .
X = " —m,y:T—%ﬁbc,z: —Vab
Prove that:

3(px+3qy +2rz) > (4x+3y+2z)(p+q+71)
Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
We provethat: 4x >3y >2z>0
v4x>3yeoa+b+c+d—Yabcd>a+b+c—3Yabc © d+3Vabc > 4Vabcd

Itis true because:
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AM-GM
d +3¥abc =d + Vabc + Yabc + Vabc > 44’d3\/[abc]3 = 4Yabcd
w3y>2zoa+b+c—3Vabc>a+b—2Vab o c+ 2Vab > 3Vabc
Itis true because ¢ + 2vab = ¢ +Vab +Vab > 33’c\/(ab)Z = 3¥abc

©2220z>20<a+b=2vab (true).Similarly: 3y,4x >0

Hence: 4x > 3y > 2z > 0. More, p = q = r = 0 then using Chebyshev’s inequality:
1
4xp + 3yq + 2zr > §(4x+ 3y+2z)(p+q+r)
© 3(4px +3qy +2rz) > (4x+ 3y +2z)(p + q + r) Proved

Solution 2 by Soumava Chakraborty-Kolkata-India

1)
4x > 3y<:>a+b+c+d—44\/abcd >a+b+c—3Vabc = d+3Vabc > 4Vabcd
Itis easy to note that, if, at least one variable equals to 0, then (1) is true.

We now consider a, b, c,d > 0. Then d + 3¥abc = d + 3abc + Yabc + Yabc

A-G (a)
> 43/d - abc = 4Vabcd = 4x > 3y.Also,3y > 2z &

)
a+b+c—-3VYabc>a+b-2Vab o c+2Vab > 33Vabc
It is easy to note that, if, at least one variable equals to 0, then (2) is true.
We now consider a,b,c > 0.

A-G (b)
Then ¢+ 2vab = c++ab ++ab > 33c-ab=3y > 2z

(@), (b)»4x=>3y=>2z&"p=2q=>r

Chebyshev 3
=3(4px+3qy+2rz) = Z(4x+3y+22)(p+q+r)

= (4x+3y+2z)(p +q +r) (proved)

383.1f0<a,b,c< gthen:

( a+b+c <ab+bc+ca>>“+b+c>(Sinb>“<sinc>b<sina>c
ab+bc+caSln a+b+c ~\ b c a

Proposed by Daniel Sitaru — Romania
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Solution 1 by Tran Hong-Dong Thap-Viethnam

xcos x—sinx

Let f(x) =25 (0 <x <) = () = 2252 <0 (0 <x <) = f(0) v (05)

X

(Because: g(x) = xcos x —sinx (0 <x< g)
= g'(x) =—xsinx<0=g(x)\ (Og) = gx) <g(0)=0)

(x? —2)sinx + 2xcos x

= Ivr(x) - _

/5

e <0 (0 <x< E)
(Because: h(x) = —[(x? — 2) sin x + 2x cos x]

= h'(x) = —x%cosx < 0(0 <x< g) = h(x) \ (0;%) = h(x) < h(0) =0)

Now, inequality © (a+ b + c)logu > alogv + blogw + clogt

. (ab+ bc+ca . . .
SIN\— T p¥c sinb sinc sina
(ab+bc+ca) ’ b’ c ' a

a+b+c

Using Jensen’s inequality with ¢(x) =logx (x > 0)
av + bw + ct)

a(p(v)+b(p(w)+c¢(t)S(a"'b"'C)'(P( a+tbtc

av+bw+ct

=(a+b+c)- log We must show that

a+b+c

av + bw + ct
— o (a+b+c)u=av+bw+ct

a+b+c
sinb sinc sina
>av+bw+ct=a- +b- +c-
b c a
(’ensen) . (ab+bc+ca)
a+b+c

sin
< (a+b+c)- W. Proved.

a+b+c

Solution 2 by Michael Sterghiou-Greece

b+c - a . b . c
a+b+c . (ab+bc+ca))a+ (sm b) (sm c) (sm a)
sin > 1
(ab+bc+ca a+b+c - b c a ( )

For simplicity, letp = X, a,q = Xy ab. By weighted AM-GM we have:

inb p inb\2
Yeye@=—2p /Hcyc (%) as all terms are > O on (Og)

sinb]P f - p
RHS of (1) < E * Deye aTb] which suffices to be < (s - sin %) = LHS of (1)
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sinb

This leads to ¥, a ,

2
< % : sin% (2). Consider the function

sint

f(t) ==—over (0,%) with £ (t) = —tlg(tZ —2)sint + 2tcost
Consider further the function g(t) = (> — 2) sin t + 2t cos t with
g'(t) =t cost>0on (Og) hence g(t) Tand g(t) > g(0) =0

Therefore f'(t) < 0 — f(t) concave. Applying now the generalized Jensen

inequality, we get:

. chc ab

sinb s Ycyca Sin% — PZ = q __
ZWC“'TS P —Socap — P~z = _—sin_ = RHS of (2). We are done!
chca p 1 P
(a+b+c+d)* (a+b+c)3 (a+b)?
b x=—y= = abcd>1
38 256 abed ' 27abc ' 4qp T T
Prove that:

ab(1+c+cd)(x +y+2z) < 3(abcdx + abcy + abz)
Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam
a,b,c,d>1= ab < abc < abcd;a+b—2Vab>0=z>1,similarly:x,y > 1

We have:z < y < x. In fact:

(a+b)2<(a+b+c)3
4ab — 27abc

o 27c(a+b)* <4(a+b+c)d (1)

AM-GM 3
w2c@+b)(a+b) < ZEZE 2. 27¢(a+b)? < 8(a+b+c)* & (1) true.

3 4
“rabe = aseaned” @
& 256d(a+b+c)3<27(a+b+c+d)*
AM;GM (3d+3a+3b+3c)*
- 256
©3-256d(a+b+c)2<3*% a+b+c+d)* o (2)true.

~3dla+b+c)la+b+c)la+b+c)

Now, using Chebyshev’s inequality:
1
(abcdx + abcy + abz) > 3 (abdd + abc + ab)(x + y + z)

& 3(abcdx + abcy + abz) = ab(1 + ¢ + cd)(x + y + z) Proved
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385.|f0<z<y<x<’2—’then:

sinx sinx+siny 63]|/x\2
he sy
sin y sin z T\ \z

Proposed by Daniel Sitaru — Romania

Solution 1 by Michael Sterghiou-Greece

. . . 2
sinx _ sinx+sin 63|(x

— +———— y>—,/(-) (1)
siny sinz T z

- AM-GM 3 . 2
sin x Sln X sin sinx
4 Sy R 4 ( ) 2)

( ) smy sinz sinz - sinz

2
RHS of (2) suffices to be > % . 3/ (f) which reduces to

sinx

0 = sinz = \/g (3). Consider the function f(t) = %wer (Og)

— sinz =

z

f'@)= tlz(t cost —sint) <0because t < tanton (Og) so f(t) is decreasing.
Because x > z we observe that the ratio 0 varies between %

(when x - >and z > 0 as lim,, o =~ SIn¥ — 1)

sinx

and 1 when x — z, therefore Sinz

z

Solution 2 by Tran Hong-Dong Thap-Vietnam

3
2 2 2
>2> (—) as=< 1.Done.
T T T

sinx sinx+siny sinx sinx siny (4M-6M) 3| /sinx
— + - ==+t —+— > 3 -
siny sin z siny sinz sinz sin z

3| (sinx 2 o6 8 (x\2 i 22
We must show that: 3 f(sf"x) = f S"’x 3(5) o Sinx  2V2 x
sinz 4 smz z sinz nm z

@nﬁ.512x>2\/§.51:z (*)

. . 2
Because: sinz < z and sinx > ;x for x, € (Og)

sin x sin z
- . > T — _2\/1?;2\/27<2\/Z-1:2\/2
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We have: 2v/mr > 2V2 = (*) true. Proved.
386.1f0<a<bh <%then:

sin(5Vab) - sm(lzab>>sm(6\/_) sin (10ab>

b

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam

sm(5\/_) sin (12_:lb) > [cos (5\/_ - 12“2) — cos (5\/@ + cllZab)]

+b
10ab 10ab 10ab

sin(6v ab) - sin ( ) = [cos (6\/ — ) — CcOoS (6\/ ab + )]

a+b 2 +b a+b

Must show that:

cos (5\/_ — —b) + cos (6\/_ + —b) > cos (6\/_ — —b) + cos (5\/_ + 12ab

)
o 2{cos [~ 5] - cos [+ T} > 2{cos [23%2 4 ] - cos @—Tf,f’]} )

. ab 11ab v
2 a+b a+b 2

2 a+b

[11ab vab] M [11\/ab ab ] 11vVab
cos +——| = cos +

a+b 2 | — 2 a+b <

& 5vVab > 10 -:—JZ, & a+b>2Vab (true)
ab 11vab\ vab 11ab vab 11ab ab
cos a+b — = COS — = -

- 11vab
2 a+b a+b 2

2 2 a+b

12ab
ab >
a+b

387.1f x,y € (0721) then:

3 1 1 6
— + <
2cosxcosy

sinx 2sinycosx sin2xsin2ycosx

Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
3 1

1
sin x

6
- + <
2sinycosx 2cosxcosy

sin2xsin2y cosx
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6 cos? x sin 2y + sin 2x (siny — cos y) 6
& <

sin2xsin 2y cos x sin 2x sin 2y cos x

Because: 0 < x,y < % = sin 2x,sin 2y, cos x > 0. We need to prove:

6 cos? xsin2y +sin2x (siny — cosy) <6

& 3(1 + cos2x)sin 2y + sin 2x (siny — cosy) <6

& 3 cos2xsin2y +sin2x (siny — cosy) <3 (*) We have:

(BCS) 1)
LHS (., < 3|cost|sin 2y| + |sin 2x||siny — cosy|| < /9sin22y+1—sin2y < 3

(1)© 9sin? 2y —sin2y <8 (t=sin2y,0<t<1)
©9t?—-t-8<0o9(t-1) (t+g) < 0; (True) = (1) true = (*) true.

Solution 2 by Khaled Abd Imouti-Damascus-Syria

3 1 1 6
fl = — — . + < — .
sinx 2sinycosx 2cosx-cosy  sin2x-sin2y-cosx
f 3 1 [ 1 1 ] f 3 1 siny —cosy
= =+ . — . = =+ .
1 sinx 2cosx lcos y sy 1 sinx 2cosx cos y-siny
f _ 3 + siny—cosy __ 6cosx + siny-cosy, f _ 6 cos? x-siny+sin x-(sin y—cos y)
1 sinx cos x-siny sin 2x siny-cos x’ 1 sin2x-siny-cos x

2
Let us prove that: 6 cos? x - sin 2y + sin x (siny — cosy) < 6

2
6 cos? x - sin 2y — sinx (cosy —siny) < 6
T ?
6 cos? xsin2y — /2 - sin 2x - cos (y—;) <6
Suppose:
f(y) = 6 cos? x - sin 2y — /2 - sin 2x-cos(y—%),y€ ]0%[

li;n(f(yl)) = —sinx,li<mn(f(y)) = —sin2x
y-0 Yoy

'f(y) = 6 cos? x - 2 cos 2y — V2 sin 2x (_ sin ( - %))

3
'f(}’):12coszx-c052y+\/i.sinx.sin(u_Z)
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y 0 i i
4 2
f'(y) ++++++++++++0——— — — — — — — — —

() 6 cos? x — /2 sin 2
fly —sian/ cos? x — /2 sin x\:sian

4 i3
VxE]O,E[:6coszx-sin2y—\/fsin 2x-cos(y—z) < 6cos® x — V2 sin 2x
? ? ?
Note: 6 cos? x — V2 sin 2x < 6 = 6 cos? x — 6 < V2 sin 2x = 6(cos? x — 1) < V2 sin 2x

? ?
—65sin? x < /2 sin 2x = V2 sin 2x + 6 sin? x > 0 it's true for x € ]0, [
6

sin 2x-sin2y-cos x

So,f1 <

388. |f0<a<b<§then:

esinb _ esina . sin(a + b)
>1+——

sinb —sina 2

Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution 1 by Ravi Prakash-New Delhi-India

ef—e

ForO0<a<p<1 a

=B -+ (B —a?) + (B2 - ad) + - |

1 1 1
= 1+E(ﬂ+“)+§(ﬂz+ﬂ“+“z)+'”>1+E(ﬂ+“)
esinb_esina 1
——————>1+—(sinb + sina)
sinb —sina 2
1 1
> 1+E(sinbcosa+sinacosb) = 1+Esin(b+a)

Solution 2 by Sagar Kumar-Patna Bihar-India
0<a<b< % Let f(x) = e*. Consider the interval [sin a, sin b]

f(x) is continuous and differentiable .. By LMVT there exist ¢ € (sin a, sin b)

esin b_ esin a esin b_ esin a CZ
sSt———=e‘>——>1+c+—..>1+
sinb-sina sin b—sina 2!

(sin a+sinb)
2
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esinb _ esina sin(a + b)
sinb — sina + 2
as sin(a + b) = sina cos b + cos a sin b which is clearly less than
sin(a) + sin(b)

Solution 3 by Lazaros Zachariadis-Thessaloniki-Greece

O<a<b<Z

™

So,sina <sinb
sinx 7, x € [O’E]

sinb

fsina f(x)dx sina+sin b
> f ()

f(x) = e* convex. Hermite Hadamard:

sinb-sina

[e* sinb sina+sinb  sina + sin b

sin x —_—
—-———=>e 2 >
sinb —sina 2

esinb _esina  ging.1+sinb-1 sina-cosb+sinb - cosa
+12>
2
sin(a + b)
="+
2
Solution 4 by Soumava Chakraborty-Kolkata-India

- - >
sinb —sinb 2
1
eSinb_gsina sin(a+b)

fo<a<b<Zthen™——>1+
2 sinb—sina

sin(a + b) sinacosb + cosasinb sina +sinb
+— =1+ <1+
2 2 2
2 esinb_esina
(~ cosa,cosb <1landsina,cosa,sinb,cosh>0)<———
sinb — sina
- 1, W 1,
s eSM? —p——sin“b > e —a——=sin“a
2 2
i 1 . b4
Let f(x) = esinx —x—Est x Vx € (O’E)
f'(x) = cos x (e5"* — sinx — 1) = (cos x)(e"*) — sin x cos x — cos x

> cos x (1 + sin x) — sinx cos x — cos(~ e’"* > 1 +sinx) = 0
= f'(x) > 0 = f(x) is an increasing function on (Og)

; 1, ; 1. .
~ash>a,- emb —p— EsmZ b>esne —q— EsmZ a = (1) is true (proved)
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389.1f 0 < x,y,z <= then:

(sinz x)Sin(yTﬂ) Cos(%) + (Sin2 y)Sin(ZZi) Cos(%) + (Si]’l2 Z)Sin(%) Cos(%) >1

Proposed by Daniel Sitaru — Romania

Solution 1 by Avishek Mitra-West Bengal-India
= (sin? x)Si"(yTﬂ)'c°S(¥) = (sin x)(siny+sinz)

Need to prove = }.,.(sin x)(sin ysing) _ 4

. . Bernoulli
& (1 + sinx — 1)(iny+sinz) = 57" 1 4 (sinx — 1)(sin y + sin z)

=1+sinx-siny+sinx-siny —sinz
= Z(sin x)(siny+sinz) > 3 4 22 sin xsin y — 2(sin x + siny + sin z)

cyc cyc

2

> 3+ZZsinx(siny— 1) > 3—225inx(cos%—sinz)

2
cyc cyc

T 1 y N 1
. x<g:>smx<E:>(cosE—smE) <E

: y ¥ 3 _ y . »n? 3
@ZSmx(cosE—smE) <Z:>2 smx(cosi—smi) <E

cyc cyc

Surely = ¥..)c(sin x)s"¥*sinz > 1 (proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

+2z -z 1
sin (y ) cos (y ) = —[sin y + sin z]

2 2 2
. (xt+z Z—X 1 . .
sm( > )cos( > )—E[smz+smx]
. (XxtYy x—yy_1_ . :
sm( > )cos( > ) —E[smx+smy]

= LHS > (sin x)(siny+sinz) + (sin y)[sinz+sin x] (sin Z)[sinx+siny]

= (sin x)"¥Y(sin x)51"Z + (sin y)si"Z . (sin y)S""* + (sin z)*"* . (sin z)$1"Y
LetX =sinx;Y =siny;Z = sinz, (X,Y,Z € (0%))

We prove that: XY - X2 +yZ . yX + ZX . Z¥ > 1. Using AM-GM:
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XY - XZ2+YZ.yX+27X.72Y > 3i/(xY.YZ.ZX)(YX.XZ.ZX)

L-YX.XZ.ZX>L

Y.vyZ . 7X
ButX*-Y*.-Z >3ﬁ, e

wvY . vZ . zx - 1 P vX . vZ . 7X < _1-
Now, we want to prove: X* - Y* - Z >33 (Similarly: Y* - X* - Z >3ﬁ)
©YInX+ZInY+XInZ > —In(3V3)

Using Jensen’s inequality with f(t) = In(sint) .t € (Og)

XY+YZ+ZX)

YInX+ZInY+XInZ>X+Y+2)1 (
n n n ( )In X VT2

11
+5'5\ 3 1 3
2 2
= — —_ = - > —
1 2 In > 2 In 2 ln(3v 3)
2

2 2
>+ -+ —
(z 2 z)l“
_ a 1
(Because g(n) = nin—>\ (O’E))
Hence, XY - X2 +yZ.-YX + 72X+ 7ZX. 7Y > 1 (Proved)
390. If x € R then:

49 — 9 cos4x
24

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan

sin~1(sin? x) + sin 1(cos? x) <

Solution by Tran Hong-Dong Thap-Vietnam

. . . 49-9[8 cos* x—8 cos? x+1
sin~1(cos? x) + sin1(sin? x) < [8 cos® -8 cos® x+1] ™

24
Let u = sin~1(cos? x),v = sin~1(sin? x) (0 <uv< g)

T
:>coszx=sinu;sin2x=sinv:>sinu+sinv=1:>0<u+v£§

e 24(u+v)<40—-72sinu+ 72sinu
& 9sinu—9sinu+3(u+v)-5<0 (*)
(**) true because: —9sinusinv+3(u+v)—-5<0+3 -%— 5 < 0 (proved)
391.1f A € M3(R), Tr A = det A = 1. Prove that:
det(A2+A+13)>3Tr (A7)

Proposed by Marian Ursarescu — Romania
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Solution 1 by Serban George Florin-Romania

P(A) =23 — (Tr A)A%2 + (Tr A*)A — det A = —det(4 — Al3)

1+iV3
3

det(4?2 + A+ I3) = det(4 — €I3) - det(4 — €%13) = P(g) - P(&?) =
=1 -(Tr A)e* + (Tr A)e—detA)(1 — (Tr A)e+ (Tr A*)€? — detA) =
=(1-e2+{TrA)e—-1)- 1—e+(TrA)e*-1) =
=[-e2+ (Tr AY)e] - [-e+ (Tr A*)e?] = €3 — (Tr A*)&* —
—(Tr A)e?+ (TrA)(TrA)e3=1—-¢-(Tr A*) — (Tr A")e* +
+(TrA)2=1—-(TrA)(e+ )+ (TrA)? =(TrA)*+TrA +1
A*=(detd) A 124" =4A1=>TrA*=Tr A1

e=1e+e+1=0e=—

S det(a? + A +15) = (Tr (A7) +Tr (A7) +1 > 377 (A7)

o (Tr(a M) —2Tr(A) +12 0 & (Tr (4 - 1)? > 0. True

Solution 2 by Ravi Prakash-New Delhi-India
Let P(4) = det(4I — A) be the characteristic polynomial of A, then:
P =2 —(Tr A2 +Tr(A)A—det(d) =23 —-2%2+ai—-1
Toshow:det(42+A+13) >3Tr(4™1) (1)
LHS = det((A — wI3)(A — @I3)) [w # 1, cube root of unity]
= det(4A — wl;) det(4 — wl;) = (det(4 — wI3))?> > 0
If (A1) <0, (1) immediately follows. Suppose Tr(4™1) =a >0
1

ButA4-1= A=A [14] = 1]

Now, |det(4 — wl3)? = |(—1)? detlwl; — Al|* = |P(w)|?

1, V3 1,2 3
= |w3 — w? + - Z: - Z:( ——)+—':< +—) +—
w? —w+aw 1| lw|la — w]| ‘a 2 5 a+s 2

=a’+a+1>3a [ a>0]

Thus,det(4> + A+ 13) > 3a=3Tr (4*) =3Tr (471)
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392. If a,b, c € (0, ) then:

Za-cos?b-cos?c+ (sina+sinb +sinc)? > 1

cos
Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

Letx =sina;y =sinb;z=sinc.Because:0 < a,b,c<nm=0<x,y,z<1

1_[cosZ a+ (z sin a)z >1 e 1_[(1 —sin? a) + (z sin a)z >1
o1-x)A-y)A-22)+(x+y+2)?*>1
o 1— (a2 + y2 + 22) + (x2y% + y222 + 22x2) — (xyz)? + X% + y2 + 7% +
+2(xy+xz+yz)>1
& (x%y? + y2z2 + 22x*) + 2(xy + yz + zx) — (xyz)> > 0
Itis true because:
(x2y? + y222 + z2x%) + 2xy + 2yz + 22x) > 65/23(xyz)® = 6V2xyz
and: 6v2xyz > xyz > (xyz)? (~ 0 <xyz<1)
Solution 2 by Khaled Abd Imouti-Damascus-Syria
cos?a-cos?b - cos?c+ (sina+sinb+sinc)? > 1,a,b,c € (0,m)
((sin a + sin b) + sin c)Z = (sin a + sin b)? + 2 sin ¢ (sin a + sin b) + sin? ¢
= sin? a + sin? b + 2sinasinb + 2 sin csina + 2 sin ¢ sin b + sin? ¢
= sin? a + sin? b + sin? ¢ + 2 sinasin b + 2 sin ¢ sin a + 2 sin csin b
cos?a - cos? b - cos? ¢ + sin? a + sin? b + sin? ¢ + 2sinasin b +
+2sincsina + 2sincsinb ; 1
But: (1 — sin? a)(1 — sin? b)(1 — sin% ¢) = cos? a - cos? b - cos? ¢
(1 — sin? b — sin? a + sin? b sin? a)(1 — sin% ¢) = cos? a - cos? b - cos? ¢
1 — sin? ¢ — sin? b + sin? b sin? ¢ — sin? a + sin? a - sin? ¢ + sin? bsin? a —
— sin? a sin? b sin? ¢ + sin? a + sin? b + sin? ¢ +
+2sina-sinb + 2sincsina + 2sincsinb ; 1

1 + sin? b sin? ¢ + sin? a sin? ¢ + sin? b sin? a — sin? a sin® b sin? ¢ +
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2

+2sinasin b+ 2sincsina+ 2sincsinb > 1

sin? b sin? ¢ + sin? a - sin? ¢ + sin? b - sin? a — sin? a sin? b sin? ¢ +

2

+2sinasin b+ 2sincsina + 2sincsinb >0

sinbsinc (sinb sinc + 2) + sinasinc(sinasinc + 2) +
?
+ sin b sin a (sin bsin a + 2) > sin? asin? b sin? ¢

sinbsinc+ 2 sinasinc+ 2 sinbsina+2 °
>

sin? a sin b sin ¢ N sin? b sina sin ¢ N sin? csina sin b
because a, b, ¢ € (0,):sin a > 0,sin b > 0 and sin ¢ > 0. So, the inequality is true.
Solution 3 by Amit Dutta-Jamshedpur-India
Let P = cos?a - cos? b - ¢+ (sina + sin b + sin ¢)?. Putsina = p,sinb = ¢,sinc =r
P=1-p)A-¢)A-1)+@P+q+71)>~abce(0,m)=pqre(01)
P=1-p*—q* —1*+ (pq)* + (qr)* + (pr)* - (pqr)* +
+p? + q® + 1%+ 2pq + 2qr + 2pr
P =1+ (pq)*+(qr)* + (pr)* — (pqr)* + 2(pq + qr + pr)
P=1+p’q*(1-7%) +q*r® +p’r® + 2(pq + qr + pr)
“0<r<l=0<r’<l1=>01-1r3)>0
= P> 1 p?q*(1—1%) + q°r® + p*q® + 2(pq + qr + pr) > 0}
~ P > 1. Proved.

393.If 0 <a,b,c <16 then:

a—+2b a+2b)(b+ 2c)(c + 2a
27 exp —Va S( ) ) )
3 abc

cyc
Proposed by Daniel Sitaru — Romania

Solution by Michael Sterghiou-Greece

i -2
(1) - Zeye <\/@ - \/c_l> < (chc In (Za3—+b)) —Yeyclnaor
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chc(\/E —In a) > Yeye <\/@ —1In (Za3+b)> @)

The function f(t) = vVt —Int on (0, 16] is convex as
Vi

'@ = 44:2 >0for0 <t <16. Assume WLOG thata > b > c.
Case I: b > <% The triad (a, b, c) majorizes the triad (222 > <24 > 12c)
a2a+2b;a+b2a+2b+c+za(_)b2Canda+b+czzcyc%2b
Case Il: b < == Thetriad (a > b > ¢) majorizes the triad (“J’;“ > ‘”32” > ””;Z‘)

c+2a
3

a> c+2a + a+2b

anda+b >

< b > c. Applying Karamata'’s inequality for the
convex function f(t) =/t — Int on (0, 16] for the above triads for either case | or |1
we obtain (2). Done!
394. I —;—r <xyz< gthen, prove that:

2x-sin?y-sin?z+ (cosx + cosy +cosz)?> > 1

sin
Proposed by Sudhir Jha-Kolkata-India
(Inspired by Prof. Daniel Sitaru)

Solution 1 by Soumava Chakraborty-Kolkata-India

Letcosx =a,cosy =b,cosz=c —ESx,y,zS

NS

~0<cosx,cosy,cosz<1=a,b,ce[01]

Giveninequality  [I[(1 —a?) + Ca)? > 1

(1)
© Y a?b?+2Y ab > a?b*c? (after simplification)

a’b?c? a’b? » -
< a“b“ +2ab

IA

“0<c?<1, -

3 3
2,2 2 (a)
& 2a%b%*+6ab >0 —true~ a,b >0 - % < a’b? +2ab
2,22 (b) 2,2 2 (€)
similarly, =~ < b%c? + 2bc & = < c?a? + 2ca

(@)+(b)+(c)= X a?b? + 2 Y ab > a*b*c? = (1) = given inequality is true (proved)
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Solution 2 by Tran Hong-Dong Thap-Vietnam

Putting: u = cosx ;v =cosy;w = cosz
(x;y;ze [—E;E] 20<uyrvyw<l1=20<uvw < 1)
22 - - - -
sin?x sin? y sin? z + (cosx + cosy + cosz)?> > 1
& (1 -cos?x)(1—cos?y)(1—cos?z)+ (cosx+cosy+cosz)? >1
el1-uv¥)A-v»WAa-22)+u+v+w)i>1

e u?v? + v*w? + wiu? + 2(uv + vw + wu) > (uvw)?

AM-GM
v utv? + vPw? + wluZ + 2(uv +vw+wu) = 632(uwvw)é = 63 2uvw
+ 632uvw = uvw > (uvw)? (Because: 0 < uvw < 1) Proved.
395.1f 0 <d <c<bh<a<Zthen:

h y (Ao d sina
ese <2a> eS¢ (ﬁ) ese (Z) = sind

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam

W) RGO G G
TTC 1 1 d nth
CSC (ﬁ) =

< =——>csc( )-csc(rw)-csc(ﬂ—d)SB-E-EZg
sin (1212) E(%) c 2a 2b 2c a
[

d _si . .
Now, we must show that: - < S"’Z o dsind < asina (¥)

Let f(x) = xsinx (0 <x <§) - f'(x) =sinx+xcosx >0 (0 <x<E)

Hence, f(x) 7 (0;%)

Because0 <d <a < g - f(d) < f(a) » dsind < asina - (*) true. Proved.
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396.

I —incentre, R — circumradii
IA-IB-IC-IC < R*
Proposed by Mustafa Tarek-Cairo-Egypt
Solution by Soumava Chakraborty-Kolkata-India

Let AB=a,BC=b,CD =c,DA=d,AC =p,BD = q, Al =u,BI =v,Cl =x,DI =y

Let s, r be the semi-perimeter, inradius respectively.

1 2
Now, ux + vy ) MTT(‘;’W. Again, 4Rrs = \/pq./(ab + cd)(bc + ad)

G=A
< Jrq (w) = \/pqw = @sz (- by Pitot’s theorem for tangential

quadrilaterals,a+c=b+d = s)

- 8Rr - 64R?%r? 1 (i) s2
= — > - <
rq = s rq = SZ Pq - 64-RZTZ

2 ’ )
(b+0) < 2R o prqsTio @rar g 0

4Rr2s2
64R212

1), 2)2ux+vy <

(p+q)* =p*+q°+2pq
_ (ac + bd)(ad + bc) N (ac + bd)(ab + cd) N

ab + cd ad + bc 2pq
Ptolemy (ad + bc . ab + cd 1) _ (a+c)(b+d) (a+c)(b+d)
- Pa ab + cd ad + bc B ab + cd ad + bc
pitor (1 1 , (a+c)b+d) pior rqs*
= Pgs ( + ) =prgs =
ab+cd ad+ bc (ab + cd)(ad + bc) @) (ab + cd)(ad + bc)

By Brahmagupta & Parameshara: 4AR = /(ab + cd)(ad + bc)(ac + bd)
(A = area) > 16R*abcd = (ab + cd)(ad + bc)pq ( A= Vabcd)
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= 16R?*(r*s?) = (ab + cd)(ad + bc) - 2r (r ++/4R2 + rz)

8R%rs?
r+ V4RZ + 12
, _ pas*(r+Varz+12)
4).G)=>P+a) =—f 7

2 2

B Zr(r +V4R? + rz) st (r +V4R? + rz) s? ; 210R6
N 8R2%rs? N 4R2 - st

5
= (ab + cd)(ad + bc) @

2 ?
 (r+ VART+77) s < 219R" - 4 =212R% But s <1+ VARZ + 72
8 ?
~LHS of (6) < (r + VARZ +12) < 21%RS®
? ?
& 2V2R =1 ++4R?2 + 12 © 8R? > 12 + 4R%? + 12 + 2r\/4R% + 12
? ?
& 4R?% — 2r%2 > 2r\4R?2 + 1?2 © 2R? — 1% > r\/4R% + 12
?
& (2R? = 1?2 > r2(4R? + 1?)
R? . 1 . o
Yz > 2 (L.Fejes Toth) > 2 2R*—-1%2>0

2 2
& 4R* — 8R*r? > 0 © R? > 2r? > true, by L. Fejes Toth

= (6) = (3) istrue= ux + vy < 2R?

A-G
~2R*>AI-CI+BI-DI > 2VAI-BI-CI-DI= AI-BI-CI-DI < R* (proved)

397. ABCD — tetrahedron, r —inradii, r4, g, rc, rp — exradii. Prove

that:
1 1 1 1 B 4
+ + + <
NTa T Jre NTD T V2r

Proposed by Marian Ursarescu — Romania

Solution by Soumava Chakraborty-Kolkata-India

Let ¢, B, v, 8 be areas of sides opposite to vertices 4, B, C, D respectively.

3V 2 3y 3 3v @ 3y
—Trp = ——, V¢ = ——,Tp =
—B+y+6-a' B y+o+a-p' € S+a+p-y ' D a+B+y-6

1)
Then,r, = &
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(O 17
T atp+y+s

1

rp

CBS
1 1 1
where V — volume. Now, LHS < 4 — +—r +—r +
A B (4

by (1),(2)
(3).4) 2\/ﬂ+y+5—a+y+6+a—ﬂ+6+a+ﬂ—y+a+ﬂ+y—5
- 3V

_ o [2(a+B+y+8) _ 2VZVZ [a+B+y+s uSing (5) 4
- Z,f - =" o = 7 (Proved)

398' A(a'l 01 0)1 B(OY b! 0)1 C(OY 01 C)Y 0(01 01 0)1
a,b,c > 0,H —orthocenter, G — centroid of AABC. Prove that:

30H? < 3/a?b2c? < 30G?

Proposed by Daniel Sitaru — Romania

Solution by Le Van-Hanoi-Vietnam

3'3'3
MHS < RHS due to AM-GM of 3 numbers a?, b and c?
1 1 1 1

Oz a2 p2 2

LHS < MHS due to AM-GM of 3 numbers (ab)?, (bc)? and (ca)?

ab c 1
G( —)—>SOGZ=§(aZ+bZ+cZ)

QED. Equality holds when a = b = c. The proof of 0—1112 =241+

a2 b2 2
AK 1 BCatK

0A 1 0B,0A 1 0C - 0A 1L (OBC) - 0A L BC —» BC 1 (0AK) - BC L OK

- # = ,,1—2 + clz; OH | AK: BC 1 (0AK), stated above —» BC 1 OH — OH 1 (ABC)

t _ 1 1 _1. 1. 1
COHZ T 0K* 0AZ a2 B2 2
399. Let x,y,z be positive real numbers such that: x+y =z = 3. Find

the minimum of expression:

B 1 N 1 N 1 49 <x N y N z>
Q= x(2y?2 —yz+22z%) y(2z% —zx+2x2) z(2x% —xy+ 2y2?) y z X

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
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Solution by Nguyen Van Nho-Nghe An-Vietnam

@0 _
3

3.

Wehave:nyZiz Ex?)?2=9 AZizﬁandeys

_Z 1 L X +SzxAM;GMZ 2 . 15
Q= (x(Zy2 —yz +22?%) 3y) 3Ly 3y(2y2 —yz +22z%) Y xy

AM;GMZ 4 N 15 - 36 . 15

B 3y +2y*—yz+2z> Yxy 3YXy+XQ2y*—-yz+2z%) Xxy
36 15 4 9 6

:Z > + :Z + +

9+4(Xx)>2-9)xy Xxy 5-Xxy Xxy Xxy

(2+3)% 6 [ o — o — . i —
_S_ny+2xy+2xy25+3—7,Q—7<—>x—y—z—1.So.m1nQ—7.

400. x,y,z —real numbers different in pairs x + y +z = 0. Find min Q
1 1 1
x—y2 G-27 (- x)2>
Proposed by Le Ngo Duc-Vietnam

ﬂ:(x2+y2+zz)(

Solution 1 by Tran Hong-Dong Thap-Vietnam
x+y+z=0 @zz—x—y;(xqty;xqtz;yiz).Wemustshowthat:QZ%
2][ 1 1 1 ] .9
(x—y)? Qy+x)? (x+2y)? " 2
© 2[2x% + 2y + 2xy|[(2y + x)?(x + 2y)? + (x — y)?(x + 2y)% + (x — y)2(y + 2x)?] >
> 9{(x — y)(x + 2y)(y + 2x)}* © 243x*y? + 486x3y> + 243x*y* > 0
o 243(x%y?)(x? + 2xy + y?) > 0 © 243(xy)?(x + y)? > 0 (true for x,y). Equality:

o x*+y?+(x+y)

x=0>z=-y#0,y=0z=-x#0,x=—-yx,y#0)>z=—(-y)—y=0
Hence, Qpin = % e (x;y,2z) = (0;t;—t) or (x;y;z) = (t;—t; 0)
or (t;0;—t) (witht =+ 0)
Solution 2 by Michael Sterghiou-Greece
Ifn € N*,a b, c € R: [[;yc(a— b)? £ 0AY.y a=0find the min of:

4= (Zeye @) (Zeye ) (M
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1

WLOG assumea > b > 0> c. Wehavec = —(a+b).A-b2"-ﬁ

1 1 1
(x—1)2"  (x+2)2n  (2x+1)2n

givesA = [x*" + 1+ (x + 1)?"] - [ ]With
X = % > 1[Ifa> 0> b > c we eliminate a and with x = % > 1 we are at the same

situation]. (T) expands to:
2n

x \" 1 \*" x + 1\%" x \2n 1 x + 1\ 2"
(x—l) +(x—1) +(x—1) +(x+2) +(x+2) +(x+2) N
+-(Z;:1)Zn.+-(Z;:1)Zn.+-(;::2)zn. (1)

The terms (xf—l)zn + (ﬂ)zn 2o 2 [ X ]n > 2* and also the terms

x+2 x2+x-2
2n 2n 2n 2n 2n
(ﬂ) + (L) > 2*. In addition: (L) + (L) + ( ! ) > 0*. Now, the
x-1 x+2 x—1 x+2 2x+1

2n 2n

x+1 R .

) + ( ) is decreasing because:
2x+1

function, f(x) = ( ad

2x+1

f(x)y=2n-_— [( § )Zn - (x+1 )Zn] < 0, therefore

(2x+1)2 | \2x+1 2x+1

f(x) = lim f(x) = lim (in 1)2" * (zxxtrl1)zn] =2 (%)Zn - (%>

1)Zn—1
2

2n-1

Summing up the termsof (1) wegetA>2+2+ 0+ (

. 1 2n-1
or A minimum =4+ (E)

* We observe that these min are achieved when x — +co therefore it is legitimate to

1)Zn—1

write at the limitx - cothat4 > 4 + (E
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



