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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡾ ≥ ૛࢘; 	૞ࡾ ≥ ૚૙࢘; 	ૡࡾ − ૜ࡾ ≥ ૚૙࢘; 	ૡࡾ − ૚૙࢘ ≥ ૜ࡾ; 	(ૡࡾ − ૚૙࢘)૜ ≥ (૜ࡾ)૜ = ૛ૠࡾ૜ 

૛ૠࡾ૜ ≤ (ૡࡾ − ૚૙࢘)૜; 	૛ૠࡾ૜ = ૛ૠ ⋅ ࡾ ⋅ ࡾ ⋅ ࡾ = ૜√૜ࡾ ⋅ ૜√૜ࡾ ⋅ ࡾ = 

= ૟√૜ࡾ ⋅
૜√૜
૛ ࡾ ⋅ ࡾ ≥ ૟√૜ࡾ ⋅ ࢙ ⋅ ૛࢘ = ૚૛√૜࢘ࡾ࢙ = ૜√૜ ⋅ ૝࢘ࡾ࢙ = ૜√૜ࢉ࢈ࢇ 

(ૡࡾ − ૚૙࢘)૜ ≥ ૜√૜ࢉ࢈ࢇ;	(ૡࡾ − ૚૙࢘)૟ ≥ ૛ૠࢇ૛࢈૛ࢉ૛ 

Solution 3 by Boris Colakovic-Belgrade-Serbie 

૛ૠࢇ૛࢈૛ࢉ૛ ≤ (ૡࡾ− ૚૙࢘)૟ ⇔ (૛ૠࢇ૛࢈૛ࢉ૛)
૚
૜ ≤ (ૡࡾ − ૚૙࢘)૛ ⇔ 

⇔ ૜ඥࢇ૛࢈૛ࢉ૛૜ = ૜√ࢉ࢈ࢇ૜ ⋅ ૜ࢉ࢈ࢇ√ ≤ +ࢇ) ࢈ + (ࢉ ⋅
+ࢇ ࢈ + ࢉ

૜ = ૛࢙ ⋅
૛࢙
૜ =

૝
૜ ࢙

૛ ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 

≤
૝
૜

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≤ ૝(૝ࡾ− ૞࢘)૛ ⇔ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤ ૜(૝ࡾ− ૞࢘)૛ ⇔ 

⇔ ૚૚ࡾ૛ − ૜૚࢘ࡾ + ૚ૡ࢘૛ ≥ ૙ ⇔ −ࡾ) ૛࢘)(૚૚ࡾ− (࢘ૢ ≥ ૙ ⇒ ࡾ ≥ ૛࢘   Euler 

Solution 4 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ √૜√ࢉ࢈ࢇ૜ ≤
(૚)

ૡࡾ − ૚૙࢘. But LHS of (1) ≤
࡭ஸࡳ ࢉା࢈ାࢇ

√૜
= ૛࢙

√૜
≤

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૜√૜ࡾ
√૜

 

= ૜ࡾ ≤
?
ૡࡾ − ૚૙࢘ ⇔ ૞ࡾ ≥ ૚૙࢘ ⇔ ࡾ ≥ ૛࢘ → true (Euler) (Proved) 

 

1062. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢝ࢇ
૛

ࢇࢎ
+
࢈࢝࢈

૛

࢈ࢎ
+
ࢉ࢝ࢉ

૛

ࢉࢎ
≥ ૛࢘૛ඨ

૝ૡ૟࢘
ࡾ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ૚
૛ࡿ
൫ࢇ૛ࢇ࢝

૛ + ࢈࢝૛࢈
૛ + ࢉ࢝૛ࢉ

૛൯ ≥ ૚ૡ࢘૛ට૟࢘
ࡾ

   (1) 

But ࢘ ≤ ࡾ
૛
⇒ ૟࢘ ≤ ૜ࡾ ⇒ ૟࢘

ࡾ
≤ ૜ (2) 

From (1)+(2): We must show: ࢇ૛ࢇ࢝
૛ + ࢈࢝૛࢈

૛ + ࢉ࢝૛ࢉ
૛ ≥ ૜૟࢘ࡿ૛√૜   (3) 
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ࢇ࢝૛ࢇ
૛ + ࢈࢝૛࢈

૛ + ࢉ࢝૛ࢉ
૛ ≥ ૜ඥ(ࢉ࢈ࢇ)૛(ࢉ࢝࢈࢝ࢇ࢝)૛૜

ࢉ࢝࢈࢝ࢇ࢝ඥ	࢚࢛࡮
૜ ≥ ૜࢘

ቋ ⇒ 

ࢇ࢝૛ࢇ
૛ + ࢈࢝૛࢈

૛ + ࢉ࢝૛ࢉ
૛ ≥ ૛ૠ࢘૛ඥ(ࢉ࢈ࢇ)૛૜    (4) 

From (3)+(4) we must show: ૛ + ૛૜(ࢉ࢈ࢇ)૛ඥ࢘ ≥ ૜૟࢘ࡿ૛√૜ ⇔ ૜ඥ(ࢉ࢈ࢇ)૛૜ ≥ ૝ࡿ√૜ ⇔ 

૜ඥ(૝ࡿࡾ)૛૜ ≥ ૝ࡿ√૜ ⇔ ૛ૠ ⋅ ૚૟ࡾ૛ࡿ૛ ≥ ૟૝ࡿ૜૜√૜ ⇔ 

૜√૜ࡾ૛ ≥ ૝ࡿ ⇔ ૜√૜ࡾ૛ ≥ ૝(5)   ࢙࢘ 
ࡾ	࢚࢛࡮ ≥ ૛࢘
࢘ ≥ ૛࢙

૜√૜
ቋ ⇒ ૛ࡾ ≥ ૝࢙࢘

૜√૜
⇒ ૜√૜ࡾ૛ ≥ ૝࢙࢘ ⇒ (5) it’s true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍ࢇ࢝ࢇ
૛ ቀ

ࢇ
૛࢙࢘

ቁ =
૚
૛࢙࢘෍ࢇ૛ࢇ࢝

૛ 

≥
ࢇࢎஹࢇ࢝ ࢉ࢚ࢋ, ૚

૛࢙࢘	෍
൭ࢇ૛ ቆ

૝࢘૛ࡿ૛

૛ࢇ ቇ൱ = ૟࢙࢘ ≥
?
૛࢘૛ඨ

૝ૡ૟࢘
ࡾ  

⇔ ૜૟࢘૛ࡿ૛ ≥
?
૝࢘૝ ൬

૝ૡ૟࢘
ࡾ ൰ ⇔ ૛ࡿࡾૢ ≥

(૚)

?
૝ૡ૟࢘૜ 

But ૢࡾ ≥
࢘ࢋ࢒࢛ࡱ

૚ૡࡿ & ࢘૛ ≥ ૛ૠ࢘૛. Multiplying the above two, ૢࡿࡾ૛ ≥ ૝ૡ૟࢘૜ 

⇒ (1) is true (proved) 

 

1063. If in ઢ࡯࡮࡭,  ࡮ࡵ࡭ઢ,࡭ࡵ࡯ઢ,࡯ࡵ࡮circumradii in ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incentre – ࡵ

then: 

√૟ ≤ ඨ
ࢇࡾ
ࢇࢎ

+ඨ
࢈ࡾ
࢈ࢎ

+ ඨ
ࢉࡾ
ࢉࢎ

≤ ඨ
૟ࢉ࢓࢈࢓ࢇ࢓

ࢉࢎ࢈ࢎࢇࢎ
 

Proposed by Adil Abdullayev-Baku-Azerbaijan 
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Solution by Soumava Chakraborty-Kolkata-India 

 

ࢇࡾ =
ࡵ࡮ ⋅ ࡵ࡯ ⋅ ࡯࡮

૝ ⋅ ૚૛࡯࡮ ⋅ ࢘
=

࢘
ܖܑܛ ૛࡮

⋅ ࢘
ܖܑܛ ૛࡯

ࢇ

૛࢘ࢇ =
࢘ ܖܑܛ ૛࡭

૛ ቀ࣊ ૛ቁ࡭ܖܑܛ
=
࢘ ܖܑܛ ૛࡭
૛ ቀ ቁࡾ૝࢘

=
(૚)

૛ࡾ ܖܑܛ
࡭
૛ 

∴ ඨ
ࢇࡾ

ࢇࢎ
=

(૚)	࢟࢈
ඨ૛ܖܑܛࡾ

࡭
૛ ⋅

૛ࢇࡾ

ࢉ࢈ࢇ = ඨ ૝ࡾ૛

૝࢙࢘ࡾ ࢇ ܖܑܛ
࡭
૛ =

(ࢇ)
ඨࡾ
࢙࢘
ඨࢇ ܖܑܛ

࡭
૛ 

Similarly, ට࢈ࡾ
࢈ࢎ

=
(࢈)

ටࡾ
࢙࢘
ටܖܑܛࢇ ࡮

૛
 & ටࢉࡾ

ࢉࢎ
=
(ࢉ)
ටࡾ
࢙࢘
ටࢉ ܖܑܛ ࡯

૛
 

(a)+(b)+(c) ⇒ ∑ටࢇࡾ
ࢇࢎ

=
(૛)

ටࡾ
࢙࢘
∑ටܖܑܛࢇ ࡭

૛
 

≥
ࡳି࡭

૜ටࡾ
࢙࢘
ට૝࢙࢘ࡾ ቀ ࢘

૝ࡾ
ቁ૟
≥
?
√૟ ⇔ ૛ૠࡾ૜ ≥

?
ૡ࢙࢘૛ →  (i) 

Now, ࡾ૛ ≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૝ࡿ૛

૛ૠ
ࡾ &  ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ 

∴ ૛ૠࡾ૜ ≥ ૡ࢙࢘૛ (multiplying the above two)⇒ (i) is true ∴ ∑ටࢇࡾ
ࢇࢎ
≥ √૟ 

Also, using (2), ∑ටࢇࡾ
ࢇࢎ

≤
ࡿ࡮࡯

ටࡾ
࢙࢘
√૛࢙ට∑ܖܑܛ ࡭

૛
 

≤
࢔ࢋ࢙࢔ࢋࡶ

ටࡾ
ට૜ࡿ૛√࢙࢘ ܖܑܛ ቀ

࣊
૟
ቁ   (∵ (࢞)ࢌ = ܖܑܛ ࢞

૛
࢞∀		 ∈ (૙,࣊) is concave) 

= ඨ૜ࡾ
࢘ ∴෍ඨ

ࢇࡾ

ࢇࢎ
≤

(࢏࢏)
ඨ૜ࡾ
࢘  

Now, ට૟ࢉ࢓࢈࢓ࢇ࢓
ࢉࢎ࢈ࢎࢇࢎ

≥
ࢉ࢚ࢋ,(ࢇି࢙)࢙ஹඥࢇ࢓

ඨ
૟࢙࢘ࡿ

૚૟ࡾ૛࢘૛ࡿ૛

ૡࡾ૜

= ට૜ࡾ
࢘

≥
(࢏࢏)	࢟࢈

	 ∑ ටࢇࡾ
ࢇࢎ
⇒ ∑ටࢇࡾ

ࢇࢎ
≤ ට૟ࢉ࢓࢈࢓ࢇ࢓

ࢉࢎ࢈ࢎࢇࢎ
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1064. In ઢ	࡯࡮࡭ the following relationship holds: 

ࢇ࢓ࢇ

ࢇࢎ
+
࢈࢓࢈

࢈ࢎ
+
ࢉ࢓ࢉ

ࢉࢎ
≥ ૛ට૜√૜ࡿ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mustafa Tarek-Cairo-Egypt 

We know that the altitude the least segment from the vertex of the triangle to the 

other side and coincide at the median ⇔ the triangle is isosceles then 

ࢇ࢓ ≥ ࢈࢓,ࢇࢎ ≥ ࢈ࢎ ࢉ࢓, ≥  ࢉࢎ

LHS ≥ +ࢇ ࢈ + ࢉ = ૛࢙ ≥
??
૛ඥ૜√૜ࡿ ⇔ ૛√૜ࡿ

ૢ
≥ ઢ (true) 

as ⇔ ૛√૜࢙
ૢ

≥ ࢙࢘ ⇔ ࢙ ≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૜√૜࢘   (isoperimetric inequality) 

Solution 2 by Marian Ursărescu-Romania 

ࢇ࢓ࢇ
ࢇࢎ

+ ࢈࢓࢈
࢈ࢎ

+ ࢉ࢓ࢉ
ࢉࢎ

≥ ૜ටࢉ࢈ࢇ	ࢉ࢓࢈࢓ࢇ࢓
ࢉࢎ࢈ࢎࢇࢎ

૜     (1) 

But ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
≥ ܛܗ܋ࢉ࢈√ ࡭

૛
⇒ ࢉ࢓࢈࢓ࢇ࢓ ≥ ܛܗ܋ࢉ࢈ࢇ ࡭

૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
   (2) 

From (1)+(2)⇒ ࢇ࢓ࢇ
ࢇࢎ

+ ࢈࢓࢈
࢈ࢎ

+ ࢉ࢓ࢉ
ࢉࢎ

≥ ૜ඨ
૛ࢉ૛࢈૛ࢇ ૛࡭ܛܗ܋ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛

ࢉࢎ࢈ࢎࢇࢎ

૜

    (3) 

ࢉ࢈ࢇ = ૝࢘ࡾ࢙, ܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
= ࢙

૝ࡾ
 and ࢉࢎ࢈ࢎࢇࢎ = ૛࢙૛࢘૛

ࡾ
  (4) 

ࢇ࢓ࢇ
ࢇࢎ

+ ࢈࢓࢈
࢈ࢎ

+ ࢉ࢓ࢉ
ࢉࢎ

≥ ૜ට૚૟࢙૛ࡾ૛࢘૛⋅ࡾ⋅࢙
૝ࡾ⋅૛࢙૛࢘૛

૜
⇒ we must show: 

૜√૛ࡾ૛࢙૜ ≥ ૛ඥ૜√૜ࡿ ⇔ ૜૟૛૛ࡾ૝࢙૛ ≥ ૛૟૜૜૜√૜࢙૜࢘૜ ⇔ ૝ࡾૢ ≥ ૚૟√૜࢙࢘૜  (5) 

૜ࡾ ≥ ૡ࢘૜

ࡾ ≥ ૛
૜√૜

ቋ࢙ ⇒ ૝ࡾ ≥ ૚૟
૜√૜

૜࢙࢘ ⇔ ૝ࡾૢ ≥ ૚૟√૜࢙࢘૜ ⇒ (5) it’s true. 

1065. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢈√ + ૛ࢉ

ࢇࢎ
+
૛ࢉ√ + ૛ࢇ

࢈ࢎ
+
૛ࢇ√ + ૛࢈

ࢉࢎ
≤

૛ࡾૢ

√૛ ⋅ ࡿ
 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution 1 by Daniel Sitaru-Romania 

෍
૛࢈√ + ૛ࢉ

(ࢉ,࢈,ࢇ)ࢉ࢟ࢉࢇࢎ

≤
ࡿ࡮࡯

ඨ ෍ ૛࢈) + (૛ࢉ
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ

⋅ ෍
૚
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ૛ࢇࢎ

= ඨ૛ ෍ ૛ࢇ
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ

⋅ ෍
૛ࢇ

૝ࡿ૛
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ

= 

=
૚

√૛ ⋅ ࡿ
⋅ ෍ ૛ࢇ
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ

≤
ࢆࡵࡺ࡮ࡵࡱࡸ ૛ࡾૢ

√૛ ⋅ ࡿ
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ૛࢈√ Then .ࢉ + ૛ࢉ ≤ ૛ࢉ√ + ૛ࢇ ≤ ૛ࢇ√ +  & ૛࢈

૚
ࢇࢎ

≥
૚
࢈ࢎ

≥
૚
ࢉࢎ

∴෍
૛࢈√ + ૛ࢉ

ࢇࢎ
≤

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
૜ ൬෍

૚
ࢇࢎ
൰ ቀ෍ඥ࢈૛ +  ૛ቁࢉ

≤
ࡿ࡮࡯ √૜

૜࢘
ට૛෍ࢇ૛ ≤

ࢆࡵࡺ࡮ࡵࡱࡸ √૜√૛ ⋅ ૜ࡾ
૜࢘ =

√૟࢙ࡾ
࢙࢘ ≤

࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ √૟ࡾ૜√૜ࡾ૛
ࡿ =

૛ࡾૢ

√૛ࡿ
 

 

1066. Find ષ ∈ ℝ such that in acute ઢ࡯࡮࡭ holds: 

ષ = ൬
࢈ ࡮ܛܗ܋
ࢉ ࢉܛܗ܋

+
ࢉ ࢉܛܗ܋
࢈ ࡮ܛܗ܋

൰ܛܗ܋૛࡭ + ൬
ࢉ ࡯ܛܗ܋
ࢇ ࡭ܛܗ܋

+
ࢇ ࡭ܛܗ܋
ࢉ ࡯ܛܗ܋

൰ ܛܗ܋ ૛࡮+ ൬
ࢇ ࡮ܛܗ܋
࡮ܛܗ܋࢈

+
࡮ܛܗ܋࢈
ࢇ ࡭ܛܗ܋

൰  ࡯૛ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution 1 by Serban George Florin-Romania 

ષ = ෍൬
࡮ܛܗ܋࢈
ࢉ ࡯ܛܗ܋ +

ࢉ ܛܗ܋ ࡯
࢈ ൰࡮ܛܗ܋ ⋅ ܛܗ܋ ૛࡭ = ෍൬

૛࡮ܖܑܛࡾ ࡮ܛܗ܋
૛ࡾ ܖܑܛ ࡯ ࡯ܛܗ܋ +

૛ࡾ ࡯ܖܑܛ ࡯ܛܗ܋
૛ܖܑܛࡾ ࡮ ൰࡮ܛܗ܋ ⋅ ܛܗ܋ ૛࡭ 

= ෍൬
࡮૛ܖܑܛ
ܖܑܛ ૛࡯ +

ܖܑܛ ૛࡯
ܛܗ܋ ૛࡯൰ ⋅ ܛܗ܋ ૛࡭ 

ષ =
ܖܑܛ ૛ܛܗ܋࡮ ૛࡭

ܖܑܛ ૛࡯ +
ܖܑܛ ૛࡯ ܛܗ܋ ૛࡭

࡯૛ܛܗ܋ +
ܖܑܛ ૛࡭ ⋅ ܛܗ܋ ૛࡮

ܖܑܛ ૛࡯ +
ܖܑܛ ૛࡯ ࡮૛ܛܗ܋

ܖܑܛ ૛࡭ + 

+
ܖܑܛ ૛ܛܗ܋࡭૛࡯

ܖܑܛ ૛࡮ +
ܖܑܛ ૛࡮ ܛܗ܋ ૛࡯

ܖܑܛ ૛࡭ = ෍൬
ܖܑܛ ૛࡭ ࡮૛ܛܗ܋

ܖܑܛ ૛࡯ +
ܖܑܛ ૛࡮ ࡭૛ܛܗ܋

ܖܑܛ ૛࡯ ൰ = 

= ෍
࡭૛)ܖܑܛ + ૛࡮)

ܖܑܛ ૛࡯ = ෍
࡭૛)ܖܑܛ − ૛࡯)

ܖܑܛ ૛࡯  

ષ = ෍−
ܖܑܛ ૛࡯
ܖܑܛ ૛࡯ = ෍(−૚) = −૜ 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

൬
࢈ ࡮ܛܗ܋
ࢉ ࡯ܛܗ܋ +

ࢉ ܛܗ܋ ࡯
൰࡮ܛܗ܋࢈ ܛܗ܋ ૛࡭ = ൬

૛ܖܑܛࡾ ܛܗ܋࡮ ࡮
૛ࡾ ܖܑܛ ࡯ ܛܗ܋ ࡯ +

૛ࡾ ܖܑܛ ܛܗ܋࡯ ࡯
૛ࡾ ܖܑܛ ൰࡮ܛܗ܋࡮ ⋅ ܛܗ܋ ૛࡭ 

= ൬
ܖܑܛ ૛࡮
ܖܑܛ ૛࡯ +

ܖܑܛ ૛࡯
ܖܑܛ ૛࡮൰ ࡭૛ܛܗ܋ = ቆ

૛ ૛ܖܑܛ ૛࡮ + ૛ ૛ܖܑܛ ૛࡯
૛ ܖܑܛ ૛࡮ ܖܑܛ ૛࡯ ቇ  ࡭૛ܛܗ܋

=
(૚ − ܛܗ܋ ૝࡮ − ૚ − (࡯૝ܛܗ܋ ⋅ ૛ ܖܑܛ ૛࡭ ࡭૛ܛܗ܋

૝ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ ܖܑܛ ૛࡯ =
(૚) ૛ ܖܑܛ ૝࡭ − ܖܑܛ ૝ܛܗ܋࡭ ૝࡮ − ܖܑܛ ૝ܛܗ܋࡭૝࡯

૝ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ ܖܑܛ ૛࡯  

Similarly, ቀࢉ ࡯ܛܗ܋
ࢇ ܛܗ܋ ࡭

+ ࢇ ܛܗ܋ ࡭
ࢉ ܛܗ܋ ࡯

ቁ ܛܗ܋ ૛࡮ =
(૛) ૛ ܖܑܛ ૝ܖܑܛି࡮૝࡮ ܖܑܛି࡯૝ܛܗ܋ ૝࡮ ܛܗ܋ ૝࡭

૝ ܖܑܛ ૛ܖܑܛ࡭૛࡮ ࡯૛ܖܑܛ
  & 

൬
ࢇ ܛܗ܋ ࡭
ܛܗ܋࢈ ࡮ +

ܛܗ܋࢈ ࡮
ܛܗ܋ࢇ ൰࡭ ࡯૛ܛܗ܋ =

(૜) ૛ܖܑܛ ૝࡯ − ܖܑܛ ૝ܛܗ܋࡯ ૝࡭ − ܖܑܛ ૝ܛܗ܋࡯ ૝࡮
૝ ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯  

(1)+(2)+(3)⇒ ࡿࡴࡸ = ૛∑ ܖܑܛ ૝ܖܑܛ)∑ି࡭ ૝ܛܗ܋࡭ ૝࡮ାܛܗ܋૝ܖܑܛ࡭ ૝࡮)
૝ ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ࡯૛ܖܑܛ

 

=
૛∑ܖܑܛ ૝࡭ − ࡭૝)ܖܑܛ∑ + ૝࡮)

૝ ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯ =
૛∑ܖܑܛ ૝࡭ − ∑ ࣊૝)ܖܑܛ − ૝࡯)

૝ ܖܑܛ ૛࡭ ܖܑܛ ૛ܖܑܛ࡮ ૛࡯  

=
૛∑ܖܑܛ ૝࡭ + ܖܑܛ∑ ૝࡭
૝ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯ =

(ࢇ) ૜∑ܖܑܛ ૝࡭
૝ ܖܑܛ ૛࡭ ܖܑܛ ૛ܖܑܛ࡮ ૛࡯ 

Now, ∑ܖܑܛ ૝࡭ = ૛ ࡭૛)ܖܑܛ + ૛࡮) ࡭૛)ܛܗ܋ − ૛࡮) + ૛ ܖܑܛ ૛࡯  ࡯૛ܛܗ܋

= −૛ܖܑܛ ૛ܛܗ܋࡯(૛࡭ − ૛࡮) + ૛ ܖܑܛ ૛࡯ ࡭૛)ܛܗ܋ + ૛࡮) 

= ૛ ܖܑܛ ૛࡯ ࡭૛)ܛܗ܋} + ૛࡮) − ࡭૛)ܛܗ܋ − ૛࡮)} =
(࢈)
− ૝ܖܑܛ ૛࡯ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ 

(a), (b)⇒ ࡿࡴࡸ = ି૚૛ܖܑܛ ૛࡭ ࡮૛ܖܑܛ ܖܑܛ ૛࡯
૝ ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ࡯૛ܖܑܛ

= −૜ (answer) 

 

1067. In ઢ࡯࡮࡭ the following relationship holds: 

ඥࢇࢎ − ૛࢘ + ඥ࢈ࢎ − ૛࢘ + ඥࢉࢎ − ૛࢘ ≤ ඥࢇࢎ + ࢈ࢎ +  ࢉࢎ

Proposed by Bogdan Fustei – Romania  

Solution 1 by Mehmet Sahin-Ankara-Turkey 

ඥࢇࢎ − ૛࢘+ ඥ࢈ࢎ − ૛࢘+ ඥࢉࢎ − ૛࢘ ≤ ඥࢇࢎ + ࢈ࢎ +  ࢉࢎ

Let ࢀ = ඥࢇࢎ − ૛࢘ + ඥ࢈ࢎ − ૛࢘+ ඥࢉࢎ − ૛࢘. Using ࢇࢎ = ૛ઢ
ࢇ

࢈ࢎ, = ૛ઢ
࢈

ࢉࢎ, = ૛ઢ
ࢉ

 

ࢀ = ඨ૛ઢ
ࢇ − ૛࢘+ ඨ૛ઢ

࢈ − ૛࢘ + ඨ૛ઢ
ࢉ − ૛࢘ 
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ࢀ = ඨ૛࢘
ࢇ ⋅ ඥ(࢙ − (ࢇ + ඨ૛࢘

࢈ ⋅ ඥ(࢙ − (࢈ + ඨ૛࢘
ࢉ ⋅ ඥ(࢙ −  (ࢉ

૛ࢀ ≤
ࡿି࡯

૛࢘ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ⋅

 (࢙)

૛ࢀ ≤ ૛ઢቆ
૛࢙ + ૛࢘ + ૝࢘ࡾ

૝ࡾઢ ቇ =
૚
૛ࡾ

૛࢙) + ૛࢘ + ૝࢘ࡾ) 

૛ࢀ ≤ ࢇࢎ + ࢈ࢎ + ;ࢉࢎ ࢀ	 ≤ ඥࢇࢎ + ࢈ࢎ +  ࢉࢎ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ઢ =
ࢇ ⋅ ࢇࢎ
૛ =

࢈ ⋅ ࢈ࢎ
૛ =

ࢉ ⋅ ࢉࢎ
૛  

෍ඥࢇࢎ − ૛࢘
ࢉ࢟ࢉ

= ෍ඨ૛ઢ
ࢇ − ૛࢘

ࢉ࢟ࢉ

= ෍ඨ૛࢘
ࢇ

࢙) − (ࢇ
ࢉ࢟ࢉ

 

≤

࢟ࢎࢉ࢛ࢇ࡯
ࢠ࢘ࢇ࢝ࢎࢉࡿ

ඩቌ෍
૛࢘
ࢇ

ࢉ࢟ࢉ

ቍቌ෍(࢙ − (ࢇ
ࢉ࢟ࢉ

ቍ = ඨ෍
૛࢘
ࢇ

ࢉ࢟ࢉ

= ඨ෍ࢇࢎ
ࢉ࢟ࢉ

 

 

1068. In ઢ࡯࡮࡭,ઢ࡭ᇱ࡮ᇱ࡯ᇱ the following relationship holds: 

ࢇ) + ࢈)(ᇱࢇ + ࢉ)(ᇱ࢈ + (ᇱࢉ ≥ ૜૛√ࡾࡾᇱࡿࡿᇱ + ૝൫√ࡿࡾ − ᇱ൯ࡿᇱࡾ√
૛
 

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

+ࢇ) ࢈)(ᇱࢇ + +ࢉ)(ᇱ࢈ (ᇱࢉ ≥ ૛૝√ࡾࡾᇱࡿࡿᇱ + ૝ࡿࡾ + ૝ࡾᇱࡿᇱ but, ࡾ = ࢉ࢈ࢇ
૝ࡿ

 

ࢇ) + ࢈)(ᇱࢇ + +ࢉ)(ᇱࢉ (ᇱࢉ ≥ ૟√ࢇࢇᇱ࢈࢈ᇱࢉࢉᇱ + +ࢉ࢈ࢇ ᇱࢉᇱ࢈ᇱࢇ ⇒ 

⇒ ࢉ࢈ࢇ) + +ࢉ࢈ᇱࢇ ࢉࢇᇱ࢈ + +࢈ࢇᇱࢉ +ࢉᇱ࢈ᇱࢇ +ࢇᇱࢉᇱ࢈ +࢈ᇱࢉᇱࢇ (ᇱࢉᇱ࢈ᇱࢇ ≥ ૟√ࢇࢇᇱ࢈࢈ᇱࢉࢉᇱ 

So, we have to prove, ࢈ࢇᇱࢉᇱ + ᇱࢇᇱࢉ࢈ + ᇱ࢈ᇱࢇࢉ + ᇱࢉ࢈ࢇ + ᇱࢇࢉ࢈ + ᇱ࢈ࢉࢇ ≥ ૟√ࢇࢇᇱ࢈࢈ᇱࢉࢉᇱ 

Then, ࡹ࡭ ≥  ࡹࡳ

ᇱࢉᇱ࢈ᇱࢇ + ᇱࢇᇱࢉᇱ࢈ + ᇱ࢈ᇱࢇࢉ + ᇱࢉ࢈ࢇ + ᇱࢇࢉ࢈ + ᇱ࢈ࢉࢇ

૟ ≥ ૟ඥࢇ૜ࢇᇱ૜࢈૜࢈ᇱ૜ࢉ૜ࢉᇱ૜ =  ᇱࢉࢉᇱ࢈࢈ᇱࢇࢇ√

So, it’s true. 
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1069. In ઢ࡯࡮࡭ the following relationship holds: 

ට
ࢉ࢘࢈࢘
ࢇ

+ ට
ࢇ࢘ࢉ࢘
࢈

+ ට
࢈࢘ࢇ࢘
ࢉ

≤ ඨ࢙
ࢇࢎ) + ࢈ࢎ + (ࢉࢎ

૛࢘
 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍ඨ
ࢉ࢘࢈࢘ࢇ࢘

࢙ࢇ ૛࡭ܖ܉ܜ
= ෍ඩ

૛࢙࢘

૝࢙ࡾ ܖܑܛ ૛࡭ ܛܗ܋
࡭
૛ ܖ܉ܜ

࡭
૛

= ෍ඨ࢙࢘
૛

૝࢙ࡾ ܋ܛ܋
࡭
૛ 

= ෍ඨ࢙࢘
૛

૝࢙ࡾ
ඨ

−࢙)ࢉ࢈ (ࢇ
࢙) − ࢙)(࢈ − ࢙)(ࢉ −  (ࢇ

= ∑ට ૛࢙࢘

૝࢘⋅ࡿࡾ૛࢙
ඥ࢙)ࢉ࢈ − (ࢇ ≤

ࡿ࡮࡯
ට ૚
૝࢘ࡾ

ඥ∑࢈ࢇඥ∑(࢙ − (ࢇ = ට ૛ࡾ
૝࢘ࡾ

⋅ ࢈ࢇ∑
૛ࡾ

⋅ ࢙ = ට ࢙
૛࢘

   (ࢇࢎ∑)

 

1070. In ઢ࡯࡮࡭ the following relationship holds: 

࢙)ࢇ − (ࢇ
࢈ + ࢉ +

࢙)࢈ − (࢈
ࢉ + ࢇ +

࢙)ࢉ − (ࢉ
ࢇ + ࢈ ≤

૜√૜ࡾ
૝  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Boris Colakovic-Belgrade-Serbie 

࢙ − ࢇ =
ࢇ + +࢈ ࢉ

૛ − ࢇ =
࢈ + ࢉ − ࢇ

૛ ;
࢙)ࢇ − (ࢇ
࢈ + ࢉ =

૚
૛
+࢈)ࢇ ࢉ − (ࢇ

࢈ + ࢉ =
૚
૛ ቆࢇ −

૛ࢇ

࢈ +  ቇࢉ

࢙ − ࢈ =
ࢇ + +࢈ ࢉ

૛ − ࢈ =
+ࢇ ࢉ − ࢈

૛ ;
࢙)࢈ − (࢈
ࢉ + ࢇ =

૚
૛
+ࢇ)࢈ ࢉ − (࢈

ࢉ + ࢇ =
૚
૛ቆ࢈ −

૛࢈

ࢉ +  ቇࢇ

࢙ − ࢉ =
+ࢇ ࢈ + ࢉ

૛ − ࢉ =
ࢇ + ࢈ − ࢉ

૛ ;
−࢙)ࢉ (ࢉ
+ࢇ ࢈ =

૚
૛
+ࢇ)ࢉ ࢈ − (ࢉ

ࢇ + ࢈ =
૚
૛ቆࢉ −

૛ࢉ

ࢇ +  ቇ࢈

LHS= ૚
૛

+ࢇ) ࢈ + (ࢉ − ૚
૛
ቀ ૛ࢇ

ࢉା࢈
+ ૛࢈

ࢇାࢉ
+ ૛ࢉ

࢈ାࢇ
ቁ ≤ ૚

૛
+ࢇ) ࢈ + −(ࢉ ૚

૛
⋅ ૛(ࢉା࢈ାࢇ)

૛(ࢇା࢈ାࢉ)
= 

=
૚
૛ ⋅ ૛࢙ −

૚
૝ ⋅

૝࢙૛

૛࢙ = ࢙ −
࢙
૛ =

࢙
૛ ≤

૚
૛ ⋅

૜√૜
૛ ࡾ =

૜√૜
૝  ࡾ
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࢙ − ࢇ = ;࢞ ࢙	 − ࢈ = ;࢟ ࢙	 − ࢉ = ;ࢠ ࢙	 = ࢞ + ࢟ +  ࢠ

૜√૜ࡾ
૝

≥ ࢙
૛
≥ ∑ (ࢇି࢙)ࢇ

ࢉା࢈
   ASSURE; ࢞ା࢟ାࢠ

૛
≥ ∑ ࢞(ࢠା࢟)

૛࢞ା࢟ାࢠ
   ASSURE 

૚
૛෍

࢟) + (ࢠ ⋅ ૛࢞
૛࢞ + ࢟ + ࢠ ≤

ࡹ࡭ஸࡹࡳ ૚
૛෍

ቀ૛࢞ + ࢟ + ࢠ
૛ ቁ

૛

૛࢞ + ࢟ + ࢠ = 

=
૚
ૡ෍

(૛࢞ + ࢟ + (ࢠ =
૚
ૡ ⋅ ૝

࢞) + ࢟ + (ࢠ =
࢞ + ࢟ + ࢠ

૛  

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
࢙૛)ࢇ − ࢇ − (࢙

૛࢙ − ࢇ = ෍ࢇ− ෍࢙
ࢇ

૛࢙ −  ࢇ

= ૛࢙ − ෍࢙
ࢇ − ૛࢙ + ૛࢙
૛࢙ − ࢇ = ૛࢙ − ෍(−૚)࢙ − ૛࢙૛෍

૚
࢈ +  ࢉ

= ૞࢙ − ૛࢙૛
ࢉ)∑ + ࢇ)(ࢇ + (࢈

૛ࢉ࢈ࢇ + −࢙૛)࢈ࢇ∑ (ࢉ = ૞࢙ − ૛࢙૛
૛ࢇ∑) + ૛∑࢈ࢇ) + ࢈ࢇ∑

૛࢙)࢙૛ + ૝࢘ࡾ+ (૛࢘ − ૝࢙࢘ࡾ 

= ૞࢙ − ૛࢙૛ ⋅
૞࢙૛ + ૝࢘ࡾ+ ૛࢘

૛࢙)࢙૛ + ૛࢘ࡾ + (૛࢘ = ࢙ ቆ૞ −
૞࢙૛ + ૝࢘ࡾ+ ૛࢘

૛࢙ + ૛࢘ࡾ+ ૛࢘ ቇ 

= ࢙
૟࢘ࡾ + ૝࢘૛

૛࢙ + ૛࢘ࡾ+ ૛࢘ ≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૜√૜ࡾ

૛
૟࢘ࡾ + ૝࢘૛

૛࢙ + ૛࢘ࡾ + ૛࢘ ≤
? ૜√૜ࡾ

૝  

⇔
૝(૜࢘ࡾ+ ૛࢘૛)
૛࢙ + ૛࢘ࡾ+ ૛࢘ ≤

?
૚ ⇔ ૛࢙ ≥

(૚)

?
૚૙࢘ࡾ+ ૠ࢘૛ 

But, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૟࢘ࡾ − ૞࢘૛ ≥
?
૚૙࢘ࡾ+ ૠ࢘૛ 

⇔ ૟࢘ࡾ ≥
?
૚૛࢘૛ ⇔ ૛ࡾ ≥

?
૛࢘ → true (Euler)  (proved) 

 

1071. In ઢ࡯࡮࡭ the following relationship holds: 

൬
ࢇࢎ
ࢇ࢝ࢇ

૛൰
૛

+ ቆ
࢈ࢎ
࢈࢝࢈

૛ቇ
૛

+ ൬
ࢉࢎ
ࢉ࢝ࢉ

૛൰
૛

≥
૚

૛ࡾ૛(૛ࡾ +  (૛࢘

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Marian Ursărescu-Romania 

ቀ ࢇࢎ
૛ࢇ࢝ࢇ

ቁ
૛

+ ൬ ࢈ࢎ
࢈࢝࢈

૛൰
૛

+ ቀ ࢉࢎ
ࢉ࢝ࢉ

ቁ
૛
≥ ૜ට ૛(ࢉࢎ࢈ࢎࢇࢎ)

૝(ࢉ࢝࢈࢝ࢇ࢝)૛ࢉ૛࢈૛ࢇ
૜

  (1) 

But ࢇ࢝ ≤ ඥ࢙)࢙ − (ࢇ ⇒ ࢇ࢝
૝ ≤ ࢙)૛࢙ − ૛(ࢇ ⇒ ૚

૝ࢇ࢝
≥ ૚

૛(ࢇି࢙)૛࢙
   (2) 

From (1)+(2)⇒ ∑ቀ ࢇࢎ
૛ࢇ࢝ࢇ

ቁ
૛
≥ ૜ට ૛(ࢉࢎ࢈ࢎࢇࢎ)

૛(ࢉି࢙)૛(࢈ି࢙)૛(ࢇି࢙)૟࢙૛ࢉ૛࢈૛ࢇ
૜

   (3) 

૛(ࢉࢎ࢈ࢎࢇࢎ) = ૝࢙૝࢘૝

૛ࡾ
  (4) 

૛(ࢉ࢈ࢇ) = ૚૟࢙૛ࡾ૛࢘૛   (5) and ൫(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ൯૛(ࢉ =  ૝  (6)࢘૛࢙

From (3)+(4)+(5)	+(6)⇒ ∑ቀ ࢇࢎ
ࢇ࢝ࢇ

૛ቁ
૛
≥ ૜

ඥ૝ࡾ૝࢘૛࢙૟૜   (7) 

From (7) we must show this: ૜

ඥ૝ࡾ૝࢙૛࢙૟૜ ≥ ૚
૛൯࢘૛ାࡾ૛൫૛ࡾ

⇔ ૛ૠ
૝ࡾ૝࢘૛࢙૟

≥ ૚

૛൯࢘૛ାࡾ૟൫૛ࡾ
૜ ⇔ 

૛ૠࡾ૛(૛ࡾ૛ + ૛)૜࢘ ≥ ૝࢘૛࢙૟  (8) 

But ࡾ ≥ ૛࢘ ⇒ ૛ࡾ ≥ ૝࢘૛  (9) 

Form (8)+(9) we must show this: ૛ૠ(૛ࡾ૛ + ૛)૜࢘ ≥ ૟࢙ ⇔ ૜(૛ࡾ૛ + (૛࢘ ≥  ૛ (10)࢙

But from Gerretsen we have: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ⇒ 

૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤ ૟ࡾ૛ + ૜࢘૛ ⇔ ૝࢘ࡾ ≤ ૛ࡾ૛ ⇔ ૛࢘ ≤  .true   ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍൬
ࢇࢎ
ࢇ࢝ࢇ

૛൰
૛

≥
(૚) ૚

૜ ൬෍
ࢇࢎ
ࢇ࢝ࢇ

૛൰
૛

 

෍
ࢇࢎ
ࢇ࢝ࢇ

૛ = ෍
૛࢙࢘
ࢇ ⋅

૚

ࢇ ⋅ ૝࢈૛ࢉ૛
࢈) + ૛(ࢉ ⋅

࢙)࢙ − (ࢇ
ࢉ࢈

 

= ෍
૛࢙࢘
ࢇ ⋅

࢈) + ૛(ࢉ

૝࢙)࢙ − (ࢇ ⋅ ૝࢙࢘ࡾ = ෍
࢈) + ૛(ࢉ

ૡ࢙)ࢇ࢙ࡾ −  (ࢇ

=
૚
ૡ࢙ࡾ෍

࢙) + ࢙ − ૛(ࢇ

࢙)ࢇ − (ࢇ =
૚
ૡ࢙ࡾ෍

૛࢙ + ࢙) − ૛(ࢇ + ૛࢙)࢙ − (ࢇ
࢙)ࢇ − (ࢇ  

=
૚
ૡࡾ෍

࢙) − (ࢇ + ࢇ
࢙)ࢇ − (ࢇ +

૚
ૡ࢙ࡾ෍

࢙ − ࢇ
ࢇ +

૛࢙
ૡ࢙ࡾ෍

૚
 ࢇ

=
૚
ૡࡾ෍

૚
ࢇ +

૚
ૡࡾ෍

૚
࢙ − +ࢇ

૚
ૡࡾ෍

૚
+ࢇ

૚
૝ࡾ෍

૚
ࢇ −

૜
ૡ࢙ࡾ 
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=
૚
૛ࡾ෍

૚
ࢇ +

૚
ૡࡾ෍

૚
࢙ − −ࢇ

૜
ૡ࢙ࡾ = ቆ

࢈ࢇ∑
૛ࡾ ቇ൬

૚
૝࢙࢘ࡾ൰+

૝࢘ࡾ+ ૛࢘

ૡ࢘ࡾ૛࢙ −
૜

ૡ࢙࢘ࡾ 

ቀ∵෍(࢙ − ࢙)(ࢇ − (ࢉ = ෍൫࢙૛ − +࢈)࢙ (ࢉ + ൯ࢉ࢈ = ૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ ૛࢘ = ૝࢘ࡾ+  ૛ቁ࢘

=
ࢇࢎ∑
૝࢙࢘ࡾ

+
૝ࡾ + ࢘
ૡ࢙࢘ࡾ

−
૜
ૡ࢙ࡾ

≥
࢘ஹૢࢇࢎ∑ ૢ

૝࢙ࡾ
−

૜
ૡ࢙ࡾ

+
૝ࡾ+ ࢘
ૡ࢙࢘ࡾ

 

=
૚ૡ࢘ − ૜࢘+ ૝ࡾ+ ࢘

ૡ࢙࢘ࡾ
=
૝ࡾ+ ૚૟࢘
ૡ࢙࢘ࡾ

=
ࡾ + ૝࢘
૛࢙࢘ࡾ

∴ ෍
ࢇࢎ
ࢇ࢝ࢇ

૛ ≥
(૛) ࡾ + ૝࢘

૛࢙࢘ࡾ
 

(1), (2)⇒ ࡿࡴࡸ ≥ ૚
૜

૛(࢘ା૝ࡾ)

૝ࡾ૛࢘૛࢙૛
≥
? ૚
(૛࢘૛ାࡾ૛)૛ࡾ ⇔ ൫૛ࡾ૛ + +ࡾ)૛൯࢘ ૝࢘)૛ ≥

(૜)	

?
૚૛࢘૛࢙૛ 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍൬
ࢇࢎ

ࢇ ⋅ ࢇ࢝
૛൰

૛

≥෍൬
ࢇࢎ

ࢇ ⋅ ࢙)࢙ − ൰(ࢇ
૛

=
૚
૛࢙ ⋅෍

૚૜

൬࢙)ࢇ − (ࢇ
ࢇࢎ

൰
૛ ≥ 

≥
૚
૛࢙ ⋅

(૚ + ૚ + ૚)૜

൬∑࢙)ࢇ − (ࢇ
ࢇࢎ

൰
૛ =

૛ૠ
૛࢙ ⋅

૝ઢ૛

૛ࢇ∑࢙) − ૜)૛ࢇ∑ = 

=
૛ૠ
૛࢙ ⋅ ૝ઢ

૛ ⋅
૚

૝࢙૛(࢙૛ − ૝࢘ࡾ − ૛࢘ − ૛࢙ + ૟࢘ࡾ + ૜࢘૛)૛ 

=
૛ૠ࢘૛

૛࢙ ⋅
૚

(૛࢘ࡾ+ ૛࢘૛)૛ =
૛ૠ࢘૛

૛࢙ ⋅
૚

૝࢘૛(ࡾ + ૛(࢘ = 

=
૛ૠ
૝࢙૛ ⋅

૚
ࡾ) + ૛(࢘ ≥

૚
૛ࡾ ⋅

૚
ࡾ) + ૛(࢘ =

૚
૛ࡾ ൬

૚
૛ࡾ + ૛࢘ࡾ + ૛൰࢘ ≥

૚
૛ࡾ ⋅

૚
૛ࡾ૛ +  ૛࢘

Now, RHS of (3) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૛࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≤
?

(૛ࡾ૛ + +ࡾ)(૛࢘ ૝࢘)૛ 

⇔ ૛࢚૞ + ૚૟࢚૜ − ૚૞࢚૛ − ૝૙࢚ − ૛૙ ≥
?
૙ ⇔ ࢚) − ૛)(૛࢚૜ + ૛૙࢚૛ + ૛૞࢚ + ૚૙) ≥

?
૙ 

→ true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛	  (Proved) 

 

1072. In ઢ࡯࡮࡭ the following relationship holds: 

૝√૜ ≤
૛࢈ + ૛ࢉ

ࢇ࢘ࢇ
+
૛ࢉ + ૛ࢇ

࢈࢘࢈
+
૛ࢇ + ૛࢈

ࢉ࢘ࢉ
≤
૜√૜
૛ ൬

ࡾ
൰࢘

૜

− ૡ√૜ 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution by Soumava Chakraborty-Kolkata-India 

૝√૜ ≤
(ࢇ) ૛࢈ + ૛ࢉ

ࢇ࢘ࢇ
+
૛ࢉ + ૛ࢇ

࢈࢘࢈
+
૛ࢇ + ૛࢈

ࢉ࢘ࢉ
≤
(࢈) ૜√૜

૛ ൬
ࡾ
൰࢘

૜

− ૡ√૜ 

૛࢈ + ૛ࢉ

ࢇ࢘ࢇ
+
૛ࢉ + ૛ࢇ

࢈࢘࢈
+
૛ࢇ + ૛࢈

ࢉ࢘ࢉ
 

= ቀ෍ࢇ૛ቁ ൬෍
૚
ࢇ࢘ࢇ

൰ −෍
ࢇ
ࢇ࢘

= ቀ෍ࢇ૛ቁ ቀ෍
࢙ − ࢇ
ઢࢇ

ቁ −෍
࢙)ࢇ − (ࢇ

ઢ  

=
૛ࢇ∑

ઢ ൬࢙෍
૚
ࢇ − ૜൰ −

−(࢙૛)࢙ ૛(࢙૛ − ૝࢘ࡾ − (૛࢘
ઢ  

=
૛ࢇ∑

ઢ ቊ
૛ࡿ)ࡿ + ૝࢘ࡾ+ (૛࢘

૝࢙࢘ࡾ − ૜ቋ −
૛(૝࢘ࡾ + (૛࢘

ઢ  

=
૛࢙) − ૝࢘ࡾ − ૛࢙)(૛࢘ − ૡ࢘ࡾ+ (૛࢘

૛࢘ࡾઢ −
૛(૝࢘ࡾ+ (૛࢘

ઢ  

=
૝࢙ − ૚૛࢙࢘ࡾ૛ + +ࡾ૛(૝࢘ −ࡾૡ)(࢘ (࢘ − ૝ࡾ(૝ࡾ + ૛࢘(࢘

૛࢘ࡾઢ  

=
(ࢉ) ૝࢙ − ૚૛࢙࢘ࡾ૛ + ࡾ૛(૝࢘ + ࡾ૝)(࢘ − (࢘

૛࢘ࡾ࢙૛  

≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૝ࡿ − ૚૛࢙࢘ࡾ૛ + ૛ࡾ૛(૚૟࢘ − (૛࢘

૛࢙࢘૛ ૛ࡿ
૜√૜

≤
? ૜√૜

૛ ൬
ࡾ
൰࢘

૜

− ૡ√૜ 

⇔
૜{ࡿ૝ − ૛࢙࢘ࡾ૛ + ૛ࡾ૛(૚૟࢘ − {(૛࢘

૝ࡿ૛࢘૛ ≤
? ૜ࡾ૜

૛࢘૜ − ૡ =
૜ࡾ૜ − ૚૟࢘૜

૛࢘૜  

⇔ ૜ࡿ}࢘૝ − ૚૛࢙࢘ࡾ૛ + ૛ࡾ૛(૚૟࢘ − {(૛࢘ ≤
(૚)

?
૛ࡿ૛(૜ࡾ૜ − ૚૟࢘૜) 

Now, LHS of (1) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜ࡿ}࢘૛(૝ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛) + ૛ࡾ૛(૚૟࢘ −  {(૛࢘

≤
?
૛ࡿ૛(૜ࡾ૜ − ૚૟࢘૜) 

⇔ ૛ࡿ ൬૟ࡾ૜ − ૚૛ࡾ૛࢘+ ૛૝࢘ࡾ૛ −
૝
૜൰࢘ ≥(૛)

?
૜࢘૜(૚૟ࡾ૛ − (૛࢘ ∵ ૟ࡾ૜ − ૚૛ࡾ૛࢘ + ૛૝࢘ࡾ૛ −

૝
૜࢘  

= −ࡾ) ૛࢘)(૟ࡾ૛ + ૛૝࢘૛) + ૠ࢘૜ > 0	 ൬∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘൰ 

∴ LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛) ቀ૟ࡾ૜ − ૚૛ࡾ૛࢘ + ૛૝࢘ࡾ૛ − ૝
૜࢘
ቁ ≥

?
૜࢘૜(૚૟ࡾ૛ −  (૛࢘
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⇔ ૝ૡ࢚૜ − ૚૚૚࢚૜ + ૚ૢૡ࢚૛ − ૜ૡૡ࢚ + ૚૙૝ ≥
?
૙ 

⇔ ࢚) − ૛){(࢚ − ૛)(૝ૡ࢚૛ + ૡ૚࢚ + ૜૜૙) + ૟૙ૡ} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ ⇒ (b) is true 

Also, using (c) & ૛࢙ ≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૜√૜ࡾ: ∑ ૛ࢉ૛ା࢈

ࢇ࢘ࢇ
≥ ૛൯࢘૛ିࡾ૛൫૚૟࢘૛ା࢙࢘ࡾ૝ି૚૛ࡿ

૜√૜ࡾ૛࢘૛
≥
?
૝√૜ 

⇔ ૝ࡿ − ૚૛࢙࢘ࡾ૛ + ૛ࡾ૛(૚૟࢘ − (૛࢘ ≥
?
૜૟ࡾ૛࢘૛ ⇔ ૝ࡿ − ૚૛࢙࢘ࡾ૛ ≥

(૜)

?
૛ࡾ૛(૛૙࢘ +  (૛࢘

Now, LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 −࢘ࡾ૛(૝ࡿ ૞࢘૛) 

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

−ࡾ૛(૚૟࢘ ૞࢘)(૝ࡾ− ૞࢘) ≥
?
૛ࡾ૛(૛૙࢘ + (૛࢘ ⇔ ૚૚ࡾ૛ − ૛૞࢘ࡾ + ૟࢘૛ ≥

?
૙ 

⇔ ࡾ) − ૛࢘)(૚૚ࡾ− ૛࢘) ≥
?
૙ → true⇒ (a) is true (Done). 

 

1073. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇࢎࢇ࢘
ࢇ +

࢈ࢎ࢈࢘
࢈ +

ࢉࢎࢉ࢘
ࢉ ≤

૜(ࢇ + ࢈ + (ࢉ
૝  

Proposed by Bodgan Fustei – Romania  

Solution 1 by Marian Ursărescu-Romania 

ࢇ࢘ = ࡿ
ࢇି࢙

ࢇࢎ, = ૛ࡿ
ࢇ
⇒ inequality becomes: ૛ࡿ૛∑ ૚

(ࢇି࢙)૛ࢇ
≤ ૜⋅૛࢙

૝
⇔ 

∑૛࢘૛࢙ ૚
(ࢇି࢙)૛ࢇ

≤ ૜࢙
૝

  (1) 

But ∑ ૚
(ࢇି࢙)૛ࢇ

= ૜(࢘ାࡾ૝)૛൯ା࢘ି࢘ࡾ૛൫૛࢙૝ି૛࢙

૚૟ࡾ૛࢘૛࢙૜
   (2) 

From (1)+(2) we must show: ࢙૛࢘૛ ࢙
૝ି૛࢙૛൫૛࢘ି࢘ࡾ૛൯ା࢘(૝ࡾା࢘)૜

૚૟ࡾ૛࢘૛࢙૜
≤ ૜࢙

૝
⇔ 

૝࢙ − ૛࢙૛(૛࢘ࡾ − (૛࢘ + +ࡾ૝)࢘ ૜(࢘ ≤ ૚૛࢙૛ࡾ૛ ⇔ 

૛ࡾ૛(૚૛࢙ − ૛࢙ + ૝࢘ࡾ − ૛࢘૛) ≥ ࡾ૝)࢘ +  ૜   (3)(࢘

Now, from Doucet’s inequality, we have: ࢙૛ ≥ ૜࢘(૝ࡾ +  (4)  (࢘

From (3)+(4) we must show this:  

૜࢘(૝ࡾ+ ૛ࡾ૚૛)(࢘ − ૛࢙ + ૝࢘ࡾ − ૛࢘૛) ≥ +ࡾ૝)࢘ ૜(࢘ ⇔ 

૜(૚૛ࡾ૛ − ૛࢙ + ૝࢘ࡾ − ૛࢘૛) ≥ (૝ࡾ + ૛(࢘ ⇔ 

૜૟ࡾ૛ − ૜࢙૛ + ૚૛࢘ࡾ − ૟࢘૛ ≥ ૚૟ࡾ૛ + ૡ࢘ࡾ + ૛࢘ ⇔ 
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૛૙ࡾ૛ + ૝࢘ࡾ ≥ ૜࢙૛ + ૠ࢘૛   (5) 

Now, form Doucet’s inequality we have:  

૜࢙૛ ≤ (૝ࡾ + ⇔ ૛   (6)(࢘ ૜࢙૛ ≤ ૚૟ࡾ૛ + ૡ࢘ࡾ + ૛࢘ ⇒ 

૜࢙૛ + ૠ࢘૛ ≤ ૚૟ࡾ૛ + ૡ࢘ࡾ+ ૡ࢘૛   (7) 

From (5)+(6)	+(7) we must show this: ૛૙ࡾ૛ + ૝࢘ࡾ ≥ ૚૟ࡾ૛ + ૡ࢘ࡾ+ ૡ࢘૛ ⇔ 

૝ࡾ૛ ≥ ૝࢘ࡾ+ ૡ࢘૛ ⇔ ૛ࡾ ≥ ࡾ)࢘ + ૛(8)  (࢘ 

But from Euler’s inequality we have ࡾ ≥ ૛࢘ ⇒ 

૛ࡾ ≥ ૛(9)  ࢘ࡾ 

From (8)+(9) we must show: ૛ࡾ ≥ ࡾ)࢘ + ૛࢘) ⇔ ૛ࡾ ≥ ࡾ + ૛࢘ ⇔ ࡾ ≥ ૛࢘ (true) 

Observation: Relationship (2) it’s from Viète and Newton relations from the 

equation with the roots ࢈,ࢇ,  .ࢉ

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ࢘ ⋅ ࢇࢎ
ࢇ =

૚
૛ઢ ⋅෍

૛ઢ
ࢇ ࢇࢎࢇ࢘ =

૚
૛ઢ ⋅෍ࢇࢎࢇ࢘૛ = 

=
૚
૛ઢ ⋅ ઢ ⋅෍

૚
࢙ − ࢇ ⋅ ࢇࢎ

૛ =
૚
૛ ⋅෍

࢙
−࢙)࢙ (ࢇ ⋅ ࢇࢎ

૛ ≤ 

ቀࢇࢎ ≤ ࢇ࢒ ≤ ඥ࢙)࢙ −  ቁ(ࢇ

≤
૚
૛෍

࢙
࢙)࢙ − (ࢇ ⋅ ࢙)࢙ − (ࢇ =

૜
૝

+ࢇ) ࢈ +  (ࢉ

࢙ − ࢇ = ࢞
࢙ − ࢈ = ࢟
࢙ − ࢉ = ࢠ

ቋ	 

ࢇ࢘ =
ඥ(࢞ + ࢟ + (ࢠ ⋅ ࢠ࢟࢞

࢞ , … ࢈࢘, ;ࢉ࢘, ࢇࢎ	 =
૛ඥ(࢞+ ࢟ + ࢠ࢟࢞(ࢠ

࢟ + ࢠ , …  ࢉࢎ,࢈ࢎ,

ࢇ + +࢈ ࢉ = ૛(࢞ + ࢟ +  (ࢠ

෍
ࢇࢎࢇ࢘
ࢇ = ෍

ඥ(࢞ + ࢟ + (ࢠ ⋅ ࢠ࢟࢞
࢞ ⋅

૛ඥ(࢞+ ࢟ + (ࢠ ⋅ ࢠ࢟࢞
࢟ + ࢠ ⋅

૚
࢟ + ᇣᇤᇥࢠ

ࢇ

= 

= ෍
૛(࢞ + ࢟ + ࢠ࢟࢞(ࢠ

࢟)࢞ + ૛(ࢠ = ૛(࢞+ ࢟ + ෍(ࢠ
ࢠ࢟

࢟) + ૛(ࢠ ≤
ࡹࡳஹࡹ࡭

 

≤ ૛(࢞ + ࢟ + ෍(ࢠ
ࢠ࢟
૝ࢠ࢟ = ૛(࢞ + ࢟ + (ࢠ ⋅

૜
૝ = ൬

࢞ + ࢟ + ࢠ
૛ ൰ ⋅ ૜ = ࢇ) + ࢈ + (ࢉ ⋅ ૜ 
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Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
ઢ

−࢙ ࢇ ⋅
૛ઢ
ࢇ ⋅

૚
ࢇ =

૛ઢ૛

࢙ ෍
࢙ − +ࢇ ࢇ
࢙)૛ࢇ − (ࢇ =

૛ઢ૛

࢙ ෍
૚
૛ࢇ +

૛ઢ૛

૛࢙ ෍
−࢙ +ࢇ ࢇ
࢙)ࢇ − (ࢇ  

≤
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૛࢘૛࢙૛

࢙ ⋅
૚
૝࢘૛ +

૛࢘૛࢙૛

૛࢙ ෍
૚
ࢇ +

૛࢘૛࢙૛

૛࢙ ෍
૚

࢙ −  ࢇ

=
࢙
૛ +

૛࢘૛(∑࢈ࢇ)
૝࢙࢘ࡾ + ૛࢘૛ ⋅

࢙)∑ − ࢙)(࢈ − (ࢉ
࢙૛࢘  

=
࢙
૛

+
૛࢙)࢘ + ૝࢘ࡾ + (૛࢘

૛࢙ࡾ
+
૛
࢙

(૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+  (૛࢘

=
࢙
૛ +

૛࢙)࢘ + ૝࢘ࡾ + (૛࢘
૛࢙ࡾ +

૛(૝࢘ࡾ+ (૛࢘
࢙ ≤

? ૜ ⋅ ૛࢙
૝ =

૜࢙
૛  

⇔
૛࢙)࢘ + ૝࢘ࡾ + (૛࢘ + ૝ࡾ(૝࢘ࡾ+ (૛࢘

૛࢙ࡾ ≤
?
࢙ ⇔ (૛ࡾ − ૛࢙(࢘ ≥

(૚)

?
ࡾ૝)࢘ +  ૛(࢘

LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ࡾ૛)࢘ − −ࡾ૚૟)(࢘ ૞࢘) ≥
?
ࡾ૝)࢘ +  ૛(࢘

⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ + ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(ૡࡾ− (࢘ ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘  (Proved). 

 

1074. In ઢ࡯࡮࡭ the following relationship holds: 

૛ࢉ࢓࢈࢓ࢇ࢓

ࢉࢎ࢈ࢎࢇࢎ
≥ ૚ +

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

LHS = ૛∏ࢇ࢓
ࢇࢎ∏

+ ૚ ≥ ૛ + ૛ࢇ࢘∑

ࢉ࢘࢈࢘∑
=  ࡿࡴࡾ

1) LHS: ૛∏ࢇ࢓
ࢇࢎ∏

+ ૚ ≥
૛⋅∏ቀ࢈శࢉ૛ ቁ⋅࡭ܛܗ܋૛

ࢉ࢈∏
૛ࡾ

+ ૚ = 

=
૛ࡾ૛ ⋅ +࢈)∏ (ࢉ ⋅ ට࢙)࢙ − (ࢇ

ࢉ࢈
૛(ࢉ࢈ࢇ) + ૚ =

૛ࡾ૛࢙ ⋅ ઢ
ࢉ࢈ࢇ ⋅ ࢈)∏ + (ࢉ

૛(ࢉ࢈ࢇ) + ૚ = 

=
૛ࡾ૜ ⋅ ࢙ ⋅ ઢ

૜(ࢉ࢈ࢇ) ቀ෍ࢇ෍࢈ࢇ− +ቁࢉ࢈ࢇ ૚ =
૛ࡾ૜ ⋅ ࢙ ⋅ ઢ ⋅ ૛࢙)࢙૛ + ૛࢘ࡾ + (૛࢘

૟૝ࡾ૜࢙૜࢘૜ + ૚ = 
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= ૚
૚૟࢘૛

૛࢙) + ૛࢘ࡾ+ (૛࢘ + ૚ = ૛࢘ା૚ૠ࢘ࡾ૛ା૛࢙

૚૟࢘૛
   (*) 

2) ૛ + ૛ࢇ࢘∑

ࢉ࢘࢈࢘∑
= ∑⋅૛ା૛ࢇ࢘∑ ࢉ࢘࢈࢘

ࢉ࢘࢈࢘∑
= ૛(ࢇ࢘∑)

ࢉ࢘࢈࢘∑
= 

= (૝ࡾା࢘)૛

ઢ૛⋅∑ ૚
(ࢉష࢙)(࢈ష࢙)

= ቀ૝ࡾା࢘
࢙
ቁ
૛

  (**) 

(*), (**) ⇒ ૛࢘ା૚ૠ࢘ࡾ૛ା૛࢙

૚૟࢘૛
≥ (૝ࡾା࢘)૛

૛࢙
  (ASSURE) 

૛࢙)૛࢙ + ૛࢘ࡾ + ૚ૠ࢘૛) ≥ ૚૟࢘૛(૝ࡾ+ ૛࢙)			૛(࢘ ≥ ૚૟࢘ࡾ − ૞࢘)૛ 

(૚૟࢘ࡾ − ૞࢘૛)(૚૟࢘ࡾ − ૞࢘૛ + ૛࢘ࡾ+ ૚ૠ࢘૛) ≥ ૚૟࢘૛(૝ࡾ +  ૛(࢘

૛࢘૛(૚૟ࡾ− ૞ࡾૢ)(࢘ + ૟࢘) ≥ ૚૟࢘૛	(૝ࡾ +  ૛(࢘

(૚૟ࡾ − ૞ࡾૢ)(࢘ + ૟࢘) ≥ ૡ(૝ࡾ + ૛(࢘ 			൬
ࡾ
࢘ =  ൰࢚

(૚૟࢚ − ૞)(ૢ࢚+ ૟) ≥ ૡ(૝࢚ + ૚)૛ 

૚૝૝࢚૛ − ૝૞࢚ + ૢ૟࢚ − ૜૙ ≥ ૚૛ૡ࢚૛ + ૟૝࢚ + ૡ 

૚૟࢚૛ − ૚૜࢚ − ૜ૡ ≥ ૙; ࢚)	 − ૛)(૚૟࢚+ ૚ૢ) ≥ ૙ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ࢇ࢓ ≥ ඥ࢙)࢙ − ∴ etc ,(ࢇ ࡿࡴࡸ ≥ ૛ඥ(ࢉି࢙)࢙(࢈ି࢙)࢙(ࢇି࢙)࢙
૚૟ࡾ૛࢘૛࢙૛

ૡࡾ૜

 

= ૚૟ࡾ૜࢙࢘૛

૚૟ࡾ૛࢘૛࢙૛
= ࡾ

࢘
∴ it suffices to prove: ࡾ

࢘
≥ ૚ + ૛ࢇ࢘∑

࢈࢘ࢇ࢘∑
 

⇔
−ࡾ ࢘
࢘ ≥

(૝ࡾ + ૛(࢘ − ૛࢙૛

૛࢙ ⇔ ࡾ) − ૛࢙(࢘ + ૛࢙࢘૛ ≥ ࡾ૝)࢘ +  ૛(࢘

⇔ ࡾ) + ૛࢙(࢘ ≥
(૚)

+ࡾ૝)࢘  ૛(࢘

Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 ࡾ) + −࢘ࡾ૚૟)(࢘ ૞࢘૛) ≥
?
+ࡾ૝)࢘  ૛(࢘

⇔ ૚૟ࡾ૛ + ૚૚࢘ࡾ − ૞࢘૛ ≥
?
૚૟ࡾ૛ + ૡ࢘ࡾ + ૛࢘ ⇔ ૜࢘ࡾ ≥

?
૟࢘૛ → true (Euler) (Done) 

1075. In ઢ࡯࡮࡭ the following relationship holds: 

૝ቌ෍࢈ࢎ)ࢇ࢓ − (ࢉࢎ
ࢉ࢟ࢉ

ቍ

૛

< 9ቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍቌ෍ࢇࢎ૛

ࢉ࢟ࢉ

ቍ 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Tran Hong-Vietnam 

ቂ෍࢈ࢎ)ࢇ࢓ − ቃ(ࢉࢎ
૛
≤ ቂ෍࢈ࢎ|ࢇ࢓ − ቃ|ࢉࢎ

૛
≤
ࡿ࡯࡮

෍ࢇ࢓
૛ ⋅෍(࢈ࢎ −  ૛(ࢉࢎ

= ૢ
૝

࢈ࢎ)∑(૛ࢇ∑) − ૛(ࢉࢎ = ૜
૝

૛ࢇࢎ∑)૛}(૛ࢇ∑)  (*)  {(࢈ࢎࢇࢎ∑−

We must show that: ૛(∑ࢇࢎ૛ (࢈ࢎࢇࢎ∑− < ૛ࢇࢎ∑3 ⇔ −૛∑࢈ࢎࢇࢎ <  ૛ࢇࢎ∑

(It is true because: ࢉࢎ,࢈ࢎ,ࢇࢎ > 0)⇒ (*) < ૢ
૝

 ૛ࢇࢎ∑(૛ࢇ∑)

⇒ ૝ቂ෍࢈ࢎ)ࢇ࢓ − ቃ(ࢉࢎ
૛

< 9 ቀ෍ࢇ૛ቁ ቀ෍ࢇࢎ૛ቁ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ૛(࢞∑) ≤ ૜∑࢞૛ ,∴ ࢇ࢓ ;ࡿࡴࡸ < ࢉା࢈
૛

 etc 

≤ ૚૛෍ࢇ࢓
૛(࢈ࢎ − ૛(ࢉࢎ ≤

૚૛
૝ ෍(࢈ + ૛(ࢉ ࢈ࢎ) −  ૛(ࢉࢎ

= ૜෍(࢈+ ૛(ࢉ
−ࢇࢉ) ૛(࢈ࢇ

૝ࡾ૛ <
?
ૢ ቀ෍ࢇ૛ቁ ቆ

૛ࢉ૛࢈∑

૝ࡾ૛ ቇ 

⇔෍ࢇ૛ ૛࢈) − ૛)૛ࢉ <
?
૜ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ 

⇔ ૛෍ࢇ૝࢈૛ + ૛෍ࢇ૛࢈૝ + ૚૞ࢇ૛࢈૛ࢉ૛ >
?
૙ 

→ true ⇒ given inequality is true (proved) 

 

1076. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
≥
૚
૛൬

࢈ࢎ + ࢉࢎ
ࢇࢎ

+
ࢉࢎ + ࢇࢎ
࢈ࢎ

+
ࢇࢎ + ࢈ࢎ
ࢉࢎ

൰ 

Proposed by Bogdan Fustei-Romania 

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ࢓

ࢇࢎ
≥෍

૛࢈ + ૛ࢉ
૝ࡾ
ࢉ࢈
૛ࡾ

=
૚
૛෍

૛࢈ + ૛ࢉ

ࢉ࢈ =
૚
૛෍

૛࢈ࢇ + ૛ࢉࢇ

ࢉ࢈ࢇ = 
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=
૚
૛෍

૛ࢉ࢈ + ࢇ૛ࢉ
ࢉ࢈ࢇ =

૚
૛෍

ࢉ࢈ + ࢇࢉ
࢈ࢇ =

૚
૛෍

ࢉ࢈
૛ࡾ + ࢇࢉ

૛ࡾ
࢈ࢇ
૛ࡾ

=
૚
૛෍

ࢇࢎ + ࢈ࢎ
ࢉࢎ

 

 

1077. In acute ઢ࡯࡮࡭ the following relationship holds: 

ࢇ ࡭ܛܗ܋ + ࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ ≤
૜√૜ࡾ
૛  

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

෍૛ܖܑܛࡾ ܖܑܛ࡭ ࡮ ≤
૜√૜
૛  ࡾ

ܖܑܛ෍ࡾ ૛࡭ ≤
૜√૜
૛ ࡾ ⇒ ૝ࡾ ܖܑܛ ࡭ ࡮ܛܗ܋ ܛܗ܋ ࡯ ≤

૜√૜
૛  ࡾ

We have to prove, ܖܑܛ ܛܗ܋࡭ ܛܗ܋࡮ ࡯ ≤ ૜√૜
ૡ

. But, ∑࡭ܖܑܛ
૜

≤ ܛܗ܋ ቀ࡭ା࡮ା࡯
૜

ቁ = √૜
૛

 

GM ≤ AM: ∑࡭ܛܗ܋
૜

≥ ܖܑܛ√ ࡭ ܖܑܛ ܛܗ܋࡮ ૜࡯ . So, ܖܑܛ ࡮ܖܑܛ࡭ ܛܗ܋ ࡯ ≤ ቀ√૜
૛
ቁ
૜

= ૜√૜
ૡ

. So, it’s true. 

 

1078. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓ࢇ
૞ + ࢈࢓࢈

૞ + ࢉ࢓ࢉ
૞

ࢇ࢓ࢇ) + ࢈࢓࢈ + ૞(ࢉ࢓ࢉ ≥
૚

ૠ૛ૢࡾ૝
 

Proposed by Daniel Sitaru – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

∵ (࢞)ࢌ = ࢞)૞࢞ > 0) ⇒ (࢞)ᇱᇱࢌ = ૛૙࢞૜ > ࢞)	0 > 0). Using Jensen’s inequality: 

෍ࢇ࢓ࢇ
૞ = ૛࢙෍

ࢇ
૛ࢇ࢓࢙

૞ ≥ ૛࢙෍ቀ
ࢇ
૛࢙ ⋅ ቁࢇ࢓

૞
=

૚
(૛࢙)૝෍(ࢇ࢓ࢇ)૞ ⇔

ࢇ࢓ࢇ∑
૞

૞(ࢇ࢓ࢇ)∑ ≥
૚

૚૟࢙૝ 

Must show that: ૚
૚૟࢙૝

≥ ૚
ૠ૛ૢࡾ૝

⇔ ૠ૛ૢࡾ૝ ≥ ૚૟࢙૝. It is true because: 

∵ ࢙ ≤
૜√૜
૛ ࡾ ⇒ ૝࢙ ≤

ૠ૛ૢ
૚૟ ૝ࡾ ⇔ ૠ૛ૢࡾ૝ ≥ ૚૟࢙૝ 
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1079. In acute ઢ࡯࡮࡭ with sides different in pairs, ࡭࡭૚  ,૚ – altitudes࡯࡯,૚࡮࡮,

 :૜ – symedians. Prove that࡯࡯,૜࡮࡮,૜࡭࡭ ,૛ – medians࡯࡯,૛࡮࡮,૛࡭࡭

૜࡭૛࡭
૚࡭૛࡭

+
૜࡮૛࡮

૚࡮૛࡮
+
૜࡯૛࡯
૚࡯૛࡯

>
૚૙ૡ࢘૛

૛ࢇ + ૛࢈ +  ૛ࢉ

Proposed by Daniel Sitaru – Romania  

 Solution 1 by Soumava Chakraborty-Kolkata-India  

 

Let ࡭࡮૜ = ૜࡭࡯ & ࢓ = ࢓ ,Then .࢔
࢔

= ૛ࢉ

૛࢈
࢓ &)  + ࢔ = ∴ (ࢇ ࢔ା࢓

࢔
= ૛࢈૛ାࢉ

૛࢈
 

⇒
ࢇ
࢔ =

૛ࢉ + ૛࢈

૛࢈ ⇒ ࢔ =
૛࢈ࢇ

૛ࢉ + ૛࢈ ⇒ ࢓ =
૛ࢉ

૛࢈ ࢔ =
૛ࢉ

૛࢈ ⋅
૛࢈ࢇ

૛࢈ + ૛ࢉ =
૛ࢉࢇ

૛࢈ +  ૛ࢉ

⇒ ૜࡭࡮ =
(࢏) ૛࢏ࢇ

૛࢈ + ૛ࢉ ∴ ૜࡭૛࡭ = ૚࡭࡮ − ૜࡭࡮  

=
(࢏)	࢟࢈ ࢇ

૛ −
૛࢏ࢇ

૛࢈ + ૛ࢉ =
૛࢈)ࢇ + −(૛ࢉ ૛࢏ࢇ૛

૛(࢈૛ + (૛ࢉ =
(૚) ૛࢈)ࢇ − (૛ࢉ

૛(࢈૛ +  (૛ࢉ

From ઢ࡭࡮࡭, ૚࡭࡮
࡯

= ܛܗ܋ ࡮ ⇒ ૚࡭࡮ = ࢉ ࡮ܛܗ܋ = ૛൯࢈૛ିࢇ૛ାࢉ൫ࢉ
૛ࢇࢉ

=
(࢏࢏) ૛࢈૛ିࢇ૛ାࢉ

૛ࢇ
 

∴ ૚࡭૛࡭ = ૛࡭࡮ ૚࡭࡮− =
(࢏࢏)	࢟࢈ ࢇ

૛ −
૛ࢉ + ૛ࢇ − ૛࢈

૛ࢇ =
૛ࢇ − ૛ࢉ) + ૛ࢇ − (૛࢈

૛ࢇ =
(૛) ૛࢈ − ૛ࢉ

૛ࢇ  

(1), (2) ⇒ ૜࡭૛࡭
૚࡭૛࡭

=
(ࢇ) ૛ࢇ

૛ࢉ૛ା࢈
. Similarly, ࡮૛࡮૜

૚࡮૛࡮
=
(࢈) ૛࢈

૛ࢇ૛ାࢉ
૜ࢉ૛ࢉ &  

૚ࢉ૛ࢉ
=
(ࢉ) ૛ࢉ

૛࢈૛ାࢇ
 

(a)+(b)+(c)⇒ ࡿࡴࡸ = ∑ ૛ࢇ

૛ࢉ૛ା࢈
>

࢚࢚࢏࢈࢙ࢋࡺ
૜ >

? ૚૙ૡ࢘૛

૛ࢇ∑
⇔ ૛ࢇ∑ >

(૜)

?
૜૟࢘૛ 

But ∑ࢇ૛ >
ି࢛ࢉ࢙ࢋ࢔࢕ࡵ

࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ
	૝√૜࢙࢘ >

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ
૝√૜࢘൫૜√૜࢘൯ = ૜૟࢘૛ ⇒ (3) is true (Proved) 
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Solution 2 by Tran Hong-Dong Thap-Vietnam 

Let ࡿ = [࡯࡮࡭] ⇒ [૛࡭࡮࡭] = [૛࡭࡯࡭] = ࡿ
૛
∵ ૚ࡿ = ,[૜࡭࡮࡭] ૛ࡿ = [૜࡭࡯࡭] = ૚ࡿ,૛ࡿ + ૛ࡿ =  ;ࡿ

More: ࡿ૚
૛ࡿ

= ૛ࢉ

૛࢈
⇒

ࡿ૛ୀࡿ૚ାࡿ
ቐ
૚ࡿ = ૛ࢉ

૛ࢉ૛ା࢈
ࡿ

૛ࡿ = ૛࢈

૛ࢉ૛ା࢈
ࡿ
∴ ૜࡭૛࡭

૚࡭૛࡭
=

ቀ૚૛ቁ⋅࡭૛࡭૜⋅࡭࡭૚

ቀ૚૛ቁ࡭૛࡭૚⋅࡭࡭૚
= [૜࡭૛࡭࡭]

[૛࡭૚࡭࡭]
 

[૜࡭૛࡭࡭] = ૛ࡿ −
ࡿ
૛ =

૛࢈

૛࢈ + ૛ࢉ ⋅ ࡿ −
ࡿ
૛ =

૛࢈ − ૛ࢉ

૛࢈ + ૛ࢉ ⋅
ࡿ
૛ ; 

[૛࡭૚࡭࡭] =
ࡿ
૛ −

[૚࡭࡮࡭] =
ࡿ
૛ −

૛ࢉ + ૛ࢇ − ૛࢈

૛ࢇ૛ ࡿ =
૛࢈ − ૛ࢉ

૛ࢇ ⋅
ࡿ
૛ 

Because: ∵ [૚࡭࡮࡭] = ૚
૛
⋅ ૚࡭࡭ ⋅ ૚࡭࡮ = ૛࢈૛ିࢇ૛ାࢉ

૛ࢇ૛
⋅  ࡿ

With: ࡭࡭૚ = ૛ࡿ
ࢇ

, and ࡭࡮૚ = ටࢉ૛ − ૝ࡿ૛

૛ࢇ
= ටࢇ૛ࢉ૛ି૝ࡿ૛

૛ࢇ
= ටࢇ૛ࢉ૛ି૚૝൛૛∑ࢇ

૛࢈૛ି∑ࢇ૝ൟ

૛ࢇ
 

= ට൫ࢇ૛ାࢉ૛ି࢈૛൯
૛

૝ࢇ૛
= ૛࢈૛ିࢉ૛ାࢇ

૛ࢇ
. Hence, ࡭૛࡭૜

૚࡭૛࡭
= [૜࡭૛࡭࡭]

[૚࡭૛࡭࡭]
= ૛ࢇ

૛ࢉ૛ା࢈
;  (etc) 

⇒ LHS = ૛∑ ૛ࢇ

૛ࢉ૛ା࢈
>

(ࢠ࢘ࢇ࢝ࢎࢉࡿ) ૛(ࢉା࢈ାࢇ)

૛ࢇ∑
. Must show that: (ࢇ+ ࢈ + ૛(ࢉ >  ૛࢘108

⇔ ૝࢙૛ > ૛࢘108 ⇔ ૛࢙ > ૛࢘27 ⇔ ࢙ > 3√૜࢘  (true) Proved. 

 

1080. If in ઢࢇ,࡯࡮࡭ ≤ ࢈ ≤  :then ࢉ

૛૙ࢇࢎ − ૛૙࢈ࢎ + ૛૙ࢉࢎ ≥ ࢇࢎ) − ࢈ࢎ +  ૛૙(ࢉࢎ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

ࢇࢎ) − ࢈ࢎ + ૛૙(ࢉࢎ ≤ ૛૙ࢇࢎ − ૛૙࢈ࢎ +  (*)   ૛૙ࢉࢎ

ࢇ ≤ ࢈ ≤ ࢉ ⇒ ࢇࢎ ≥ ࢈ࢎ ≥ ࢇࢎ Let .ࢉࢎ = ࢈ࢎ;ࢉࢎ࢑ = ࢑)ࢉࢎ࢓ ≥ ࢓ ≥ ૚) 

(*) ⇔ ࢑) ࢓− + ૚)૛૙ ≤ ૛૙࢑ ૛૙࢓− + ૚. Let (࢞)ࢌ = ૛૙࢑ ૛૙࢓− + ૚ − ࢑) ࢓− + ૚)૛૙ 

(with ࢑ ≥ ࢓ ≥ ૚)⇒ (࢑)ᇱࢌ = ૛૙࢑૚ૢ − ૛૙(࢑ ࢓− + ૚)૚ૢ 

૚ૢ࢑ ≥ ࢑) ࢓− + ૚)૚ૢ ⇔ ࢑ ≥ ࢑ +࢓− ૚ ⇔ ࢓ ≥ ૚  (true) 

⇒ (࢑)ᇱࢌ ≥ ૙ ⇒ (࢑)ࢌ ↗ [૚; +∞) 

Then: ࢑ ≥ ࢓ ≥ ૚ ⇒ (࢑)ࢌ ≥ (࢓)ࢌ = ૛૙࢓ ૛૙࢓− + ૚ − +࢓−࢓) ૚)૛૙ = ૙ ⇒ (*) true. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

૛૙ࢇࢎ − ૛૙࢈ࢎ + ૛૙ࢉࢎ ≥
(૚)

ࢇࢎ) − ࢈ࢎ +  ૛૙(ࢉࢎ

(1) ⇔ ૛૙ࢇࢎ − ૛૙࢈ࢎ ≥ ࢇࢎ) − ࢈ࢎ + ૛૙(ࢉࢎ −  ૛૙ࢉࢎ

⇔ ࢇࢎ) − ૚ૢࢇࢎ൫(࢈ࢎ + ࢈ࢎ૚ૡࢇࢎ + ૛࢈ࢎ૚ૠࢇࢎ + ⋯+ ૚ૠ࢈ࢎ૛ࢇࢎ + ૚ૡ࢈ࢎࢇࢎ +  ૚ૢ൯࢈ࢎ

≥ ࢇࢎ) − (࢈ࢎ ቈ
ࢇࢎ) − ࢈ࢎ + ૚ૢ(ࢉࢎ + ࢇࢎ) − ࢈ࢎ + ࢉࢎ૚ૡ(ࢉࢎ + ࢇࢎ) − ࢈ࢎ + ૛ࢉࢎ૚ૠ(ࢉࢎ + ⋯+

ࢇࢎ)+ − ࢈ࢎ + ૚ૠࢉࢎ૛(ࢉࢎ + ࢇࢎ) − ࢈ࢎ + ૚ૡ(ࢉࢎ + ૚ૢࢉࢎ
቉ 

⇔ ࢇࢎ) − (࢈ࢎ ቈ
૚ૢࢇࢎ} − ࢇࢎ) − ࢈ࢎ + {૚ૢ(ࢉࢎ + ࢈ࢎ૚ૡࢇࢎ} − ࢇࢎ) − ࢈ࢎ + {ࢉࢎ૚ૡ(ࢉࢎ +

+⋯+ ൛࢈ࢎࢇࢎ૚ૡ − ࢇࢎ) − ࢈ࢎ + +૚ૡൟࢉࢎ(ࢉࢎ ൛࢈ࢎ૚ૢ − ૚ૢൟࢉࢎ
቉ ≥ ૙ 

⇔ ࢇࢎ) − (࢈ࢎ ≥
(૛)

૙ (say). Now, ࢇࢎ − ࢈ࢎ = ࢇࢉିࢉ࢈
૛ࡾ

= (ࢇି࢈)ࢉ
૛ࡾ

≥
(࢏)
૙	(∵ ࢈ ≥  (ࢇ

Also, ࢇࢎ ≥ ࢇࢎ − ࢈ࢎ + ࢉࢎ ⇔ ࢈ࢎ ≥ ࢉࢎ ⇔ ࢇࢉ ≥ ࢈ࢇ ⇔ ࢉ ≥ ࢈ → true ⇒ ࢇࢎ ≥
(࢏࢏)

ࢇࢎ − ࢈ࢎ +  ࢉࢎ

Also, ∵ ࢇࢉ ≥ ∴,࢈ࢇ ࢈ࢎ ≥
(࢏࢏࢏)

 ࢉࢎ

(ii), (iii) ⇒ ࢈ࢎ૚ૡࢇࢎ ≥ ࢇࢎ) − ࢈ࢎ + ࢉࢎ૚ૡ(ࢉࢎ ⇒ ࢈ࢎ૚ૡࢇࢎ − ࢇࢎ) − ࢈ࢎ + ࢉࢎ૚ૡ(ࢉࢎ ≥
(ࢇ)

૙ 

Similarly, ࢈ࢎࢇࢎ૚ૡ ≥ ࢇࢎ) − ࢈ࢎ +  ૚ૡ   (by (ii), (iii))ࢉࢎ(ࢉࢎ

⇒ ૚ૡ࢈ࢎࢇࢎ − ࢇࢎ) − ࢈ࢎ + ૚ૡࢉࢎ(ࢉࢎ ≥
(࢈)

૙ 

Similarly, for the other terms. Also, ࢇࢎ ≥
(࢏)

(࢏࢏)	࢟࢈
ࢇࢎ) − ࢈ࢎ + ૚ૢ࢈ࢎ & ૚ૢ(ࢉࢎ ≥

(ࢊ)

(࢏࢏࢏)	࢟࢈
 ૚ૢࢉࢎ

(a),(b),(c),(d), etc ⇒ ࡽ ≥
(࢜࢏)

૙; (iv)⋅(i)⇒ (2) ⇒ (1) is true (Proved) 

 

1081. In ઢ࡯࡮࡭ the following relationship holds: 

ඨ૛
࢙) − (ࢇ
ࢉ

૞

+ ඨ૛
࢙) − (࢈
ࢇ

૞

+ ඨ૛
࢙) − (ࢉ
࢈

૞

≤ ૜ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

Let (࢚)ࢌ = ૞࢚√ ࢚) > 0) ⇒ (࢚)ᇱᇱࢌ = − ૝
૛૞
ି࢚

ૢ
૞ < ࢚)0 > 0);  

Using Jensen’s inequality, we have: 
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ࡿࡴࡸ ≤ ૜ඨ
૛ ቀ࢙ − ࢇ

ࢉ + ࢙ − ࢈
ࢇ + ࢙ − ࢉ

࢈ ቁ
૜

૞

= ઴ 

WLOG, suppose: ࢇ ≥ ࢈ ≥ We must show that: ઴ .ࢉ ≤ ૜⇔ ࢇି࢙
ࢉ

+ ࢈ି࢙
ࢇ

+ ࢉି࢙
࢈
≤ ૜

૛
 

⇔
࢈ + ࢉ − ࢇ

૛ࢉ +
ࢇ + ࢉ − ࢈

૛ࢇ +
ࢇ + −࢈ ࢉ

૛࢈ ≤
૜
૛ ⇔

࢈ − ࢇ
ࢉ +

ࢉ − ࢈
ࢇ +

ࢇ − ࢉ
࢈ ≤ ૙ 

⇔
ࢇ
࢈ −

࢈
ࢇ +

࢈
ࢉ −

ࢉ
࢈ +

ࢉ
ࢇ −

ࢇ
ࢉ ≤ ૙ ⇔

૛ࢇ − ૛࢈

࢈ࢇ +
૛࢈ − ૛ࢉ

࢈ࢉ +
૛ࢉ − ૛ࢇ

ࢉࢇ ≤ ૙ 

⇔ ૛ࢇ)ࢉ − (૛࢈ + ૛࢈)ࢇ − (૛ࢉ + ૛ࢉ)࢈ − (૛ࢇ ≤ ૙ 

⇔ ૛ࢇࢉ − ૛࢈ࢉ + ૛࢈ࢇ − ૛ࢉࢇ + ૛ࢉ࢈ − ૛ࢇ࢈ ≤ ૙ ⇔ ࢇ) − −࢈)࢈](ࢉ (ࢇ − −࢈)ࢉ [(ࢇ ≤ ૙ 

⇔ ࢇ) − −࢈)(ࢉ ࢈)(ࢉ − (ࢇ ≤ ૙	(True: ࢇ − ࢉ ≥ ૙;࢈ − ࢉ ≥ ૙,࢈ − ࢇ ≤ ૙) Proved. 

Solution 2 by Boris Colakovic-Belgrade-Serbie 

Yet another approach WLOG ࢈ ≥ ࢇ ≥  ࢉ

ඨ૛
࢙) − (ࢇ
ࢉ

૞
= ඨ૛(࢙ − ૝ࢉ(ࢇ

૞ࢉ
૞

=
૚
ࢉ
ඥ૛(࢙ − ૝૞ࢉ(ࢇ ≤

૚
ࢉ ⋅

૝ࢉ + ૛(࢙ − (ࢇ
૞ =

૝
૞ +

૛(࢙ − (ࢇ
૞ࢉ  

Similarly, ට૛(࢈ି࢙)
ࢇ

૞
≤ ૝

૞
+ ૛(࢈ି࢙)

૞ࢇ
, ට૛(ࢉି࢙)

࢈

૞
= ૝

૞
+ ૛(ࢉି࢙)

૞࢈
 

LHS≤ ૚૛
૞

+ ૛(ࢇି࢙)
૞ࢉ

+ ૛(࢈ି࢙)
૞ࢇ

+ ૛(ࢉି࢙)
૞࢈

≤ ૜ ⇒ ૛(ࢇି࢙)
૞ࢉ

+ ૛(࢈ି࢙)
૞ࢇ

+ ૛(ࢉି࢙)
૞࢈

≤ ૜
૞
⇔ 

⇔ ૛(ࢇି࢙)
ࢉ

+ ૛(࢈ି࢙)
ࢇ

+ ૛(ࢉି࢙)
࢈

≤ ૜   (1) 

ࢇ = ࢞ + ࢟
࢈ = ࢟ + ࢠ
ࢉ = ࢠ + ࢞

ൡ ⇒ ࢞ = ࢈ିࢉାࢇ
૛

࢟; = ࢉି࢈ାࢇ
૛

; ࢠ = ࢇି࢈ାࢉ
૛

    (2) 

૛࢙ = ࢇ + ࢈ + ࢉ = ૛(࢞ + ࢟ +  (ࢠ

From (1)⇒ ૛ࢠ
࢞ାࢠ

+ ૛࢞
࢟ା࢞

+ ૛࢟
ࢠା࢟

≤ ૜ ⇔ ࢞
࢟ା࢞

+ ࢟
ࢠା࢟

+ ࢠ
࢞ାࢠ

≤ ૜
૛
⇔ 

⇔ ࢟૛࢞ + ࢠ૛࢟ + ࢞૛ࢠ − ૛࢟࢞ − ૛ࢠ࢟ − ૛࢞ࢠ ≤ ૙ ⇔
࢞) − ૜(࢟ + ࢟) − ૜(ࢠ + ࢠ) − ૜(࢞

૜ ≤ ૙ ⇔ 

⇔ ࢞) − ૜(࢟ + −࢟) ૜(ࢠ + ࢠ) − ૜(࢞ ≤ ૙ ⇔ ࢞) − −࢟)(࢟ ࢠ)(ࢠ − (࢞ ≤ ૙ ⇒ 

⇒
࢞ − ࢟ ≤ ૙

⇓
࢟ ≥ ࢞

;
࢟ − ࢠ ≥ ૙

⇓
࢟ ≥ ࢠ

;
ࢠ − ࢞ ≥ ૙

⇓
ࢠ ≥ ࢞

 

࢟ ≥ ࢠ ≥ ࢞ ⇒ From (2) ࢈ ≥ ࢇ ≥  ࢉ
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1082. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢈ + ૛ࢉ − ૛ࢇ

ඥࢉ࢘࢈࢘
+
૛ࢉ + ૛ࢇ − ૛࢈

ඥࢇ࢘ࢉ࢘
+
૛ࢇ + ૛࢈ − ૛ࢉ

ඥ࢈࢘ࢇ࢘
≤ ૝(ࡾ+  (࢘

Proposed by Daniel Sitaru – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

૛࢈ + ૛ࢉ − ૛ࢇ

ඥࢉ࢘࢈࢘
=

૛࢈ + ૛ࢉ − ૛ࢇ

ට ࡿ
࢙ − ࢈ ⋅

ࡿ
࢙ − ࢉ

=
૛࢈) + ૛ࢉ − ࢙)૛)ඥࢇ − ࢙)(࢈ − (ࢉ

ࡿ  

≤
ࡹࡳିࡹ࡭ ૛࢈) + ૛ࢉ − (૛ࢇ

ࡿ ⋅
࢙ − ࢈ + ࢙ − ࢉ

૛ =
૛࢈) + ૛ࢉ − ࢇ(૛ࢇ

૛ࡿ =
૛ࢉ࢈ࢇ ܛܗ܋ ࡭

૛ࡿ =
࡭ܛܗ܋ࢉ࢈ࢇ

ࡿ  

Similarly: ࢉ
૛ାࢇ૛ି࢈૛

ඥࢇ࢘ࢉ࢘
≤ ࢉ࢈ࢇ ܛܗ܋ ࡮

ࡿ
 and ࢇ

૛ା࢈૛ିࢉ૛

ඥ࢈࢘ࢇ࢘
≤ ࢉ࢈ࢇ ܛܗ܋ ࡯

ࡿ
 

⇒ ࡿࡴࡸ ≤ ܛܗ܋)ࢉ࢈ࢇ ܛܗ܋ା࡭ (࡯ܛܗ܋ା࡮
ࡿ

= ૝ࡿࡾ
ࡿ
ቀ૚ + ࢘

ࡾ
ቁ = ૝ࡾ ቀ૚ + ࢘

ࡾ
ቁ = ૝(ࡾ+  .(Proved) .(࢘

 

1083. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢘
ࢇࢎ

൬
૚
૛ࢇࢎ

+
૚
૛ࢉࢎ
൰ ≤ ൬

ࡾ
ࡿ
൰
૛

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Marian Ursărescu-Romania 

ࢇࢎ = ૛ࡿ
ࢇ
⇒ inequality ⇔

૛ࡿ
࢙
૛ࡿ
ࢇ

ቀ࢈
૛ାࢉ૛

૝ࡿ૛
ቁ ≤ ૛ࡾ

૛ࡿ
⇔ ࢘ = ࡿ

࢙
, ࢙ = ࢇ + +࢈  ࢉ

ࢇ
࢙
ቀ࢈

૛ାࢉ૛

૝
ቁ ≤ ૛ࡾ ⇔ ૛࢈)ࢇ + (૛ࢉ ≤ ૝ࡾ࢙૛   (1) 

But in any ઢ࡯࡮࡭ we have: ࢈
ࢉ

+ ࢉ
࢈
≤ ࡾ

࢘
   (2) ⇔ 

⇔ ૛࢈ + ૛ࢉ ≤ ࡾ
࢘
ࢉ࢈ ⇒ ૛࢈)ࢇ + (૛ࢉ ≤ ࡾ

࢘
⋅  (3)   ࢉ࢈ࢇ

But in any ઢ࡯࡮࡭ we have ࢉ࢈ࢇ = ૝(4)   ࢘ࡾ࢙ 

From (3)+(4)⇒ ࢈)ࢇ૛ + (૛ࢉ = ૝ࡾ࢙૛ ⇒ (1) is true. 

Observation: For relationship (2) we use Ravi substitution 
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(2)⇔ (࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)
૝ࢠ࢟࢞

≥ ࢠା࢞
࢟ା࢞

+ ࢟ା࢞
ࢠା࢞

⇒ 

ࢠା࢟
૝ࢠ࢟࢞

≥ ૚
૛(࢟ା࢞)

+ ૚
૛(ࢠା࢞)

   (5) 

But ૚
૛(࢟ା࢞)

≤ ૚
૝࢟࢞

  (6)	⇔ ࢞) − ૛(࢟ ≥ ૙; ૚
૛(ࢠା࢞)

≤ ૚
૝ࢠ࢞

࢞)  (7) ⇔ − ૛(ࢠ ≥ ૙ 

From (6) + (7) ⇒ (5) it is true. 

Solution 2 by Lahiru-Samarakoon-Sri Lanka 

For ઢ࡯࡮࡭, ૛࢘
ࢇࢎ
൬ ૚
࢈ࢎ
૛ + ૚

૛ࢉࢎ
൰ ≤ ቀࡾ

ࡿ
ቁ
૛

; ࡿࡴࡸ	 = ૛࢘
ࢇࢎ
ቀ ࢈

૛

૝ࡿ૛
+ ૛ࢉ

૝ࡿ૛
ቁ = ૛ࡾ

૝ࡿ૛ࢇࢎ
૛࢈) +  (૛ࢉ

But, ࢇ࢓ ≥
൫࢈૛ାࢉ૛൯

૝ࡾ
≤ ૛࢘

૝ࡿ૛ࢇࡴ
૝ࢇ࢓ࡾ = ૛ࡾ࢘

૛ࡿ
	× 	 ቀࢇ࢓

ࢇࢎ
ቁ. So, then ࢇ࢓

ࢇࢎ
≤ ࡾ

૛࢘
 therefore 

= ૛ࡾ࢘
૛ࡿ

× ࡾ
૛࢘

= ቀࡾ
ࡿ
ቁ
૛

 (proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

૛࢘
ࢇࢎ

ቆ
૚
૛࢈ࢎ

+
૚
૛ࢉࢎ
ቇ ≤

?
	 ൬
ࡾ
൰ࡿ

૛

 

(1)⇔ ૛࢘
૛࢙࢘
ࢇ

ቀ࢈
૛ାࢉ૛

૝ࡿ૛
ቁ ≤ ૛ࡾ

૛ࡿ
⇔ ࢇ

ࡿ
ቀ࢈

૛ାࢉ૛

૝
ቁ ≤ ૛ࢉ૛࢈૛ࢇ

૚૟(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)࢙
 

⇔ ૛ࢉ૛࢈ࢇ ≥
(૛)

૝(࢈૛ + ࢙)(૛ࢉ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

Let ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ = ,࢟,࢞ ,of course ࢠ ࢠ > 0 

Then ࢇ = ࢟ + ࢈,ࢠ = +ࢠ ,࢞ ࢉ = ࢞ +  ࢟

Using above substitution, (2) ⇔ 

࢟) + +ࢠ)(ࢠ ࢞)૛(࢞ + ૛(࢟ − ૝ࢠ)}ࢠ࢟࢞+ ૛(࢞ + ࢞) + {૛(࢟ ≥ ૙ 

⇔ ࢟૝࢞ + ࢠ૝࢞ + ૛࢞૜࢟૛ + ૛࢞૜ࢠ૛ + ૜࢟૛࢞ + ૜ࢠ૛࢞ + ૝࢟࢞૛ࢠ૛ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ ≥
(૜)

 

≥ ૝࢞૜ࢠ࢟ + ૜࢞૛࢟૛ࢠ + ૜࢞૛ࢠ࢟૛ + ૛࢟࢞૜ࢠ + ૛ࢠ࢟࢞૜ 

Now, ࢞૜࢟ + ࢠ૝࢞ + ૛ࢠ૛࢟࢞ ≥
ࡳି࡭

૜࢞૜ࢠ࢟   (a) 

Also, ࢞
૜࢟૛ା࢞૜ࢠ૛

૛
≥
ࡳି࡭

 (b)   ࢠ࢟૜࢞

(a), (b) ⇒ in order to prove (3), it suffices to prove: 

૜࢞૜࢟૛ + ૜࢞૜ࢠ૛ + ૛࢞૛࢟૜ + ૛࢞૛ࢠ૜ + ૟࢟࢞૛ࢠ૛ + ૛࢟૜ࢠ૛ + ૛࢟૛ࢠ૜ ≥
(૝)

૟࢞૛࢟૛ࢠ + ૟࢞૛ࢠ࢟૛ + 
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+૝࢟࢞૜ࢠ+ ૝ࢠ࢟࢞૜ 

Now, ૜࢞૜࢟૛ + ૜࢟࢞૛ࢠ૛ ≥
ࡳି࡭

૟࢞૛࢟૛ࢠ   (i) 

Also, ૜࢞૜ࢠ૛ + ૜࢟࢞૛ࢠ૛ ≥
ࡳି࡭

૟࢞૛ࢠ࢟૛   (ii) 

Again, ૛࢞૛࢟૜ + ૛࢟૜ࢠ૛ ≥
ࡳି࡭

૝࢟࢞૜ࢠ  (iii) 

૛࢞૛ࢠ૜ + ૛࢟૛ࢠ૜ ≥
ࡳି࡭

૝ࢠ࢟࢞૜    (iv) 

(i)+(ii)+(iii)+(iv)⇒ (4) is true (proved) 

Solution 4 by Bogdan Fustei-Romania 

ࢇࢎ = ૛ࡿ
ࢇ

   (and the analogs) ⇒
૛ࡿ
࢙
૛ࡿ
ࢇ

ቀ࢈
૛ାࢉ૛

૝ࡿ૛
ቁ ≤ ቀࡾ

ࡿ
ቁ
૛

 

࢘ =
ࡿ
࢙ ; ࢙ =

+ࢇ ࢈ + ࢉ
૛ ⇒

ࢇ
࢙

૛࢈) + (૛ࢉ
૝ ≤  ૛ࡾ

૛࢈)ࢇ + (૛ࢉ ≤ ૝ࡾ૛࢙ = ࡾ ⋅ ૝࢙ࡾ
ࢉ࢈ࢇ = ૝ࡿࡾ = ૝࢙࢘ࡾ

ൠ ⇒ ૛࢈)ࢇ + (૛ࢉ ≤
ࡾ
࢘ ࢉ࢈ࢇ ⇒

૛࢈ + ૛ࢉ

ࢉ࢈ ≤
ࡾ
࢘  

࢈
ࢉ

+ ࢉ
࢈
≤ ࡾ

࢘
   (and the analogs) 

We will prove that ࢈
ࢉ

+ ࢉ
࢈
≤ ࡾ

࢘
   (and the analogs) 

Method I: ࢇ࢒૛ ≤ ࢙)࢙ −  (and the analogs)  (ࢇ

ࢇࢎ ≤  (and the analogs)   ࢇ࢒

૛࢈࢒ + ૛ࢉ࢒ ≤ ࢙)࢙ − (࢈ + ࢙)࢙ − (ࢉ = ࢙૛)࢙ − −࢈ (ࢉ =  ࢙ࢇ

૛࢈ࢎ + ૛ࢉࢎ ≤ ૛࢈࢒ + ૛ࢉ࢒ ⇒ ૛࢈ࢎ + ૛ࢉࢎ ≤  (and the analogs)   ࢙ࢇ

࢈ࢎ =
૛ࡿ
࢈

ࢉࢎ =
૛ࡿ
ࢉ

ൢ ⇒
૝ࡿ૛

૛࢈ +
૝ࡿ૛

૛ࢉ ≤ ࢙ࢇ ⇔ ૝ࡿ૛ ൬
૚
૛࢈ +

૚
૛൰ࢉ ≤ |࢙ࢇ ⋅

ࢉ࢈
ࡿ  

૝ࢉ࢈ࡿ൬
૚
૛࢈ +

૚
૛൰ࢉ ≤

ࢉ࢈ࢇ
ࡿ ⋅ ࢙ =

૝ࡿࡾ
ࡿ ⋅ ࢙ = ૝࢙ࡾ 

࢘ ൬
૚
૛࢈ +

૚
૛൰ࢉ ≤ ૝࢙ࡾ ⇒ ൬ࢉ࢈

૚
૛࢈ +

૚
૛൰ࢉ ≤

ࡾ
࢘  

ࢉ࢈
૛࢈

+ ࢉ࢈
૛ࢉ
≤ ࡾ

࢘
⇒ ࢉ

࢈
+ ࢈

ࢉ
≤ ࡾ

࢘
  (and the analogs) 

Method II: ࢇ࢓
ࢇ࢙

= ૛ࢉ૛ା࢈

૛ࢉ࢈
   (and the analogs) 
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ࢇ࢓
ࢇ࢙

= ૚
૛
ቀ࢈
ࢉ

+ ࢉ
࢈
ቁ  (and analogs). From ࢇࢎ ≤  (and the analogs)  ࢇ࢙

ࢇ࢓

ࢇ࢙
≤
ࢇ࢓

ࢇࢎ
≤
ࡾ
૛࢘ ⇒

૚
૛൬

࢈
ࢉ +

ࢉ
൰࢈ ≤

ࡾ
૛࢘ ⇒

ࢉ
+࢈

࢈
ࢉ ≤

ࡾ
 	࢘

 

1084. In ઢ࡯࡮࡭ the following relationship holds: 

ܜܗ܋ ૛࡭ + ૛࡮ܜܗ܋ + ૛࡯ܜܗ܋
ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ࡯ܜܗ܋

≤ ૜ 

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution 1 by Marian Ursărescu-Romania 

In any ઢ࡯࡮࡭, we have: ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

+ ܜܗ܋ ࡯
૛

= ࢙
࢘
   (1) 

and ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ = (࢘ାࡾ૝)࢘૛ି࢙
૛࢙࢘

࢙ (2)    = ࢉା࢈ାࢇ
૛

 

From (1)+ (2), we must show: ૛࢙૛

(࢘ାࡾ૝)࢘૛ି࢙
≤ ૜⇔ ૛࢙૛ ≤ ૜࢙૛ − ૜࢘(૝ࡾ + (࢘ ⇔ 

૚૛࢘ࡾ + ૜࢘૛ ≤  ૛   (3)࢙

From Gerretsen’s inequality, we have: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛   (4). From (3) + (4) we must 

show: ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘   true 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

We have: ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

+ ܜܗ܋ ࡯
૛

= ܜܗ܋ ࡭
૛
ܜܗ܋ ࡮

૛
ܜܗ܋ ࡯

૛
= ࢙

࢘
; ܜܗ܋	 ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ = ࢘ࡾ૛ି૝࢘૛ି࢙

૛࢙࢘
 

We have shown that: 
࢙
࢘

࢘ࡾ૛ష૝࢘૛ష࢙
૛࢙࢘

= ૛࢙૛

࢘ࡾ૛ି૝࢘૛ି࢙
≤ ૜ ⇔ ૛࢙૛ ≤ ૜࢙૛ − ૜࢘૛ − ૚૛࢘ࡾ 

⇔ ૜࢘૛ + ૚૛࢘ࡾ ≤ ૛࢙ ૛   (*). But࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛. Must show that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘   (Euler) (Proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

෍ܜܗ܋
࡭
૛ = ෍ඨ

࢙)࢙ − (ࢇ
࢙) − ࢙)(࢈ − (ࢉ = ෍ඨ

࢙)࢙ − ૛(ࢇ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = ට

࢙
෍࢙૛࢘

࢙) −  (ࢇ

=
૜࢙ − ૛࢙

࢘ =
(૚) ࢙

 ࢘
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Also, ∑ ࡭ܜܗ܋ =
(૛) ૛ࢇ∑

૝࢙࢘
 

(1), (2) ⇒ given inequality ⇔ ૜∑ࢇ૛

૝࢙࢘
≥ ࢙

࢘
⇔ ૜∑ࢇ૛ ≥ ૛(ࢇ∑) →  true (Proved) 

 

1085. In ઢ࡯࡮࡭ the following relationship holds: 

૛࡭܋ܛ܋
૛࢈ +

૛࡮܋ܛ܋
૛ࢉ +

૛࡯܋ܛ܋
૛ࢇ ≥

૚
 ࢘ࡾ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ૚

࢈૛࡭ܖܑܛ
૛ + ૚

ࢉ૛࡮ܖܑܛ
૛ + ૚

ࢇ૛࡯ܖܑܛ
૛ ≥

૚
࢘ࡾ

   (1) 

But ૚

࢈૛࡭ܖܑܛ
૛ + ૚

ࢉ૛࡮ܖܑܛ
૛ + ૚

ࢇ૛࡯ܖܑܛ
૛ ≥ ૜ට

૚

૛(ࢉ࢈ࢇ) ૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛

૜     (2) 

From (1)+(2) we must show: ૛ૠ
૛(ࢉ࢈ࢇ) ૛࡭ܖܑܛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛
≥ ૚

૜࢘૜ࡾ
   (3) 

But ࢉ࢈ࢇ = ૝࢘ࡾ࢙ and ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ࢘

૝ࡾ
   (4) 

From (3)+(4) we must show: ૛ૠ
૚૟࢙૛ࡾ૛࢘૛⋅ ࡾ૝࢘

≥ ૚
૜࢘૜ࡾ

⇔ ૛ૠ
૝࢙૛࢘ࡾ૜

≥ ૚
૜࢘૜ࡾ

⇔ 

૛ૠࡾ૛ ≥ ૝࢙૛   (true, because it it’s Mitrinovic inequality) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

܋ܛ܋ ૛࡭
૛࢈ +

܋ܛ܋ ૛࡮
૛ࢉ +

܋ܛ܋ ૛࡯
૛ࢇ =

૚

૛࡭ܖܑܛ࢈
+

૚

૛ࢉ ܖܑܛ ૛࡮
+

૚

૛ࢇ ૛࡯ܖܑܛ
 

= ෍
૚

(૛࡮ܖܑܛࡾ)૛ ૛࡭ܖܑܛ
=

૚
૚૟ࡾ૛෍

૚

૛ܖܑܛ ૛࡮ ܛܗ܋
૛ ࡮
૛ ܖܑܛ

࡭
૛

 

࢘ = ૝ܖܑܛ∏ࡾ ࡭
૛
⇒ ૚

࢘ࡾ
= ૚

૝ࡾ૛∏ ૛࡭ܖܑܛ
. We need to prove: ∑ ૚

૛࡮૛ܖܑܛ ܛܗ܋
૛࡮
૛ ܖܑܛ

࡭
૛
≥ ૝

∏ ૛࡭ܖܑܛ
 

By AM-GM we have: ∑ ૚

૛࡮૛ܖܑܛ ܛܗ܋
૛࡮
૛ ܖܑܛ

࡭
૛

≥ ૜

ቀ∏ ૛ቁቆ࡭ܖܑܛ ට∏ܛܗ܋૛࡮૛
૜

ቇ
. We must show that:  
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૜

ට∏ ૛࡮૛ܛܗ܋
૜

≥ ૝ ⇔ ૛ܛܗ܋∏ ࡮
૛
≤ ૛ૠ

૟૝
. It is true because: 

ෑܛܗ܋૛
࡮
૛ ≤ ൬

ܖܑܛ ࡭ + ࡮ܖܑܛ + ܖܑܛ ࡯
૝ ൰

૛

≤
ቆ૜√૜૛ ቇ

૛

૚૟ =
૛ૠ
૟૝ 

Proved 

Solution 3 by Soumava Chakraborty-Kolkata-India 

܋ܛ܋ ૛࡭
૛࢈ +

૛࡮܋ܛ܋
૛ࢉ +

܋ܛ܋ ૛࡯
૛ࢇ ≥

૚
 ࢘ࡾ

ࡿࡴࡸ =
ቀ૚࢈ቁ

૛

ܖܑܛ ૛࡭
+
ቀ૚ࢉቁ

૛

ܖܑܛ ૛࡮
+
ቀ૚ࢇቁ

૛

ܖܑܛ ૛࡯
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ቀ∑ ቀ૚ࢇቁቁ
૛

૛࡭ܖܑܛ∑
≥

࢔ࢋ࢙࢔ࢋࡶ ૛(࢈ࢇ∑)

ቀ૜૛ቁ૚૟ࡾ
૛࢘૛࢙૛

 

ቆ∵ (࢞)ࢌ = ܖܑܛ
࢞
૛ ࢞∀	ࢋ࢜ࢇࢉ࢔࢕ࢉ	࢙࢏	 ∈

(૙,࣊)ቇ =
૛࢙) + ૝࢘ࡾ + ૛)૛࢘

૛૝ࡾ૛࢘૛࢙૛ ≥
? ૚
 ࢘ࡾ

⇔ ૝࢙ + +ࡾ૛(૝࢘ ૛(࢘ + ૛࢙૛൫૝࢘ࡾ+ ૛൯࢘ ≥
?
૛૝࢙࢘ࡾ૛ ⇔ ૝࢙ + +ࡾ૛(૝࢘ ૛(࢘ ≥

(૚)

?
	 ࢘ࡾ૛൫૚૟࢙ − ૛࢘૛൯ 

Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘ࡾ૛(૚૟࢙ − ૞࢘૛) + +ࡾ૛(૝࢘ ૛(࢘ ≥
?
࢘ࡾ૛(૚૟࢙ − ૛࢘૛) 

⇔ ࡾ૛(૝࢘ + ૛(࢘ ≥
?
૜࢘૛࢙૛ ⇔ ૝ࡾ + ࢘ ≥

?
√૜࢙ → true (Trucht)⇒ (1) is true (proved) 

 

1086. In scalene  ∆࡯࡮࡭ the following relationship holds: 

ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘
ࢇ࢘) − ࢈࢘)(࢘ − ࢉ࢘)(࢘ − (࢘ > 25 

Proposed by Mustafa Tarek-Cairo-Egypt 

  Solution 1 by Daniel Sitaru – Romania  

ෑ൬
ࢇ࢘ + ࢈࢘
ࢇ࢘ − ࢘ ൰ = ෑቌ

ࡿ
࢙ − ࢇ + ࡿ

࢙ − ࢈
ࡿ

࢙ − ࢇ −
ࡿ
࢙

ቍ
ࢉ࢟ࢉ

= ෑ൮

−࢙ ࢈ + ࢙ − ࢇ
࢙) − ࢙)(ࢇ − (࢈
࢙ − ࢙ + ࢇ
࢙)࢙ − (ࢇ

൲
ࢉ࢟ࢉ

=
ࢉ࢟ࢉ

 

= ෑቀ
ࢉ

−࢙ ࢈ ∙
࢙
ࢇ
ቁ

ࢉ࢟ࢉ

=
૜࢙

࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = 
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=
ૡ࢙૜

࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − +ࢇ)(࢈ ࢈ − (ࢉ >⏞
࡭ࡻࡰ࡭ࡼ ૡ࢙૜

ࢉ࢈ࢇ =
ૡ࢙૜

૝࢙࢘ࡾ =
૛࢙૛

࢘ࡾ > 

>⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ ૛(૚૟࢘ࡾ − ૞࢘૛)

࢘ࡾ =
૜૛ࡾ− ૞࢘

ࡾ = ૜૛ −
૞࢘
ࡾ >⏞

ࡾࡱࡸࢁࡱ

૜૛ −
૞
૛ = ૛ૢ.૞ > 25 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ = ૝࢙૛ࡾ 

ࢇ࢘) − ࢈࢘)(࢘ − ࢉ࢘)(࢘ − (࢘ = ൬૝ࡾ ૛ܖܑܛ
࡮
૛൰ ൬૝ࡾ ܖܑܛ

૛ ࡯
૛൰ 

= ૟૝ࡾ૜ ൬ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛൰

૛

= ૟૝ࡾ૜ ቀ
࢘
૝ࡾ

ቁ
૛

= ૝࢘ࡾ૛ 

Must show that: ૝࢙૛ࡾ > 25 ⋅ 4 ⋅ ૛ܴ࢘ ⇔ ૛࢙ >  ૛࢘25

∴ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ ૚૟࢘ࡾ− ૞࢘૛ > ૛࢘25 ⇔ ૚૟࢘ࡾ > ૛࢘30 ⇔ ૡࡾ > ࢘15 ⇔ ࡾ >
૚૞
ૡ  ࢘

It is true, because: ࡾ ≥ ૛࢘ > ૚૞
ૡ
 ࢘

 

1087. In ࡯࡮࡭ࢤ the following relationship holds: 

ࢇ࢓

࢈√
+
࢈࢓

ࢉ√
+
ࢉ࢓

ࢇ√
≥

ࢇࢎ
૝ࢉ࢈√ +

࢈ࢎ
૝ࢇࢉ√ +

ࢉࢎ
૝࢈ࢇ√  

Proposed by Daniel Sitaru – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

෍
ࢇࢎ
૝ࢉ࢈√ =

૛ࡿ
૝ࢉ࢈√ࢇ +

૛ࡿ
૝ࢇࢉ√࢈ +

૛ࡿ
૝࢈ࢇ√ࢉ = ૛ࡿ ቆ

૝ࢉ࢈૛ࢇ√ࢉ࢈ + ૝ࢇࢉ૛࢈√ࢉࢇ + ૛૝ࢉ࢈ࢇ√࢈ࢇ

ࢉ࢈ࢇ√ࢉ࢈ࢇ
ቇ 

෍
ࢇ࢓

࢈√
≥෍

ࢇࢎ
࢈√

=૛ࡿ෍
૚

࢈√ࢇ
= ૛ࡿ ቆ

ࢉࢇ√ࢉ࢈ + ࢈ࢇ√ࢉࢇ + ࢉ࢈√࢈ࢇ
ࢉ࢈ࢇ√ࢉ࢈ࢇ

ቇ 

We must show that: 

ࢉࢇ√ࢉ࢈ + ࢈ࢇ√ࢉࢇ + ࢉ࢈√࢈ࢇ ≥ ૝ࢉ࢈૛ࢇ√ࢉ࢈ + ૝ࢇࢉ૛࢈√ࢉࢇ + ૛૝ࢉ࢈ࢇ√࢈ࢇ    (*) 

(Let ࢞ = ૝ࢉ࢈૛ࢇ√ ࢟; = ૝ࢇࢉ૛࢈√ ࢠ; = ૛૝ࢉ࢈ࢇ√ ⇒ ૝࢞ = ૝࢟;ࢉ࢈૛ࢇ = ૝ࢠ;ࢇࢉ૛࢈ =  ૛ࢉ࢈ࢇ

⇒ ૝(ࢠ࢟࢞) = ૝(ࢉ࢈ࢇ) ⇒ ࢠ࢟࢞ = ࢇ;ࢉ࢈ࢇ =
૜࢞

ࢠ࢟ ; ࢈ =
૜࢟

ࢠ࢞ ; ࢉ =
૜ࢠ

 ࢟࢞
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Suppose: ࢇ ≤ ࢈ ≤ ࢉ ⇒ ࢞ ≤ ࢟ ≤  .(ࢠ

(*) ⇔ ቀࢠ࢟
࢞
	ቁ
૛
⋅ ࢠ࢞
࢟

+ ቀࢠ࢞
࢟
ቁ
૛
⋅ ࢟࢞
ࢠ

+ ቀ࢟࢞
ࢠ
ቁ
૛
⋅ ࢠ࢟
࢞
≥ ቀࢠ࢟

࢞
ቁ
૛
࢞ + ቀࢠ࢞

࢟
ቁ
૛
࢟ + ቀ࢟࢞

ࢠ
ቁ
૛
 ࢠ

⇔
࢟૜ࢠ
࢞ +

ࢠ૜࢞
࢟ +

࢞૜࢟
ࢠ ≥

૛(ࢠ࢟)

࢞ +
૛(ࢠ࢞)

࢟ +
૛(࢟࢞)

ࢠ  

⇔ ૝ࢠ૛࢟ + ૝࢞૛ࢠ + ૝࢟૛࢞ ≥ ૜(ࢠ࢟) + ૜(ࢠ࢞) +  ૜   (1)(࢟࢞)

૝ࢠ૛࢟ + ૝࢟૛ࢠ ≥ ૛(ࢠ࢟)૜   (2) 

૝࢞૛ࢠ + ૝ࢠ૛࢞ ≥ ૛(ࢠ࢞)૜   (3) 

૝࢟૛࢞ + ૝࢞૛࢟ ≥ ૛(࢟࢞)૜  (4) 

⇒
(૛)ା(૜)ା(૝)

૝ࢠ૛࢟) + ૝࢞૛ࢠ + (૝࢟૛࢞ + ૛ࢠ૝࢟) + ૛࢞૝ࢠ + (૛ࢠ૝࢞ ≥ ૛[(ࢠ࢟)૜ + ૜(ࢠ࢞) +  [૜(࢟࢞)

But: ࢟૝ࢠ૛ + ૛࢞૝ࢠ + ૛࢟૝࢞ ≤ ૝࢟૛࢞ + ૝ࢠ૛࢟ +  ૝࢞૛ࢠ

⇔ ૛࢞) − ૛࢟)(૛࢟ − ૛࢞)(૛ࢠ − (૛ࢠ ≤ ૙  (true because: ࢞ ≤ ࢟ ≤  (ࢠ

So, ૛[(ࢠ࢟)૜ + ૜(࢞ࢠ) + [૜(࢟࢞) ≤ ૛[࢞૛࢟૝ + ૝ࢠ૛࢟ + [૝࢞૛ࢠ ⇒ (1) true. Proved. 

 

1088. In ઢࡷ,࡯࡮࡭ – Lemoines’ point, the following relationship holds: 
ࢉ࢓࢈࢓

ࢇࢎ
+
ࢇ࢓ࢉ࢓

࢈ࢎ
+
࢈࢓ࢇ࢓

ࢉࢎ
≥ √૜(࡭ܖܑܛ ⋅ ࡷ࡭ + ࡮ܖܑܛ ⋅ ࡷ࡮ + ࡯ܖܑܛ ⋅  (ࡷ࡯

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

We have: ࡷ࡭ = ࢇ࢓ ⋅ ࣓ܖ܉ܜ ⋅ ܋ܛ܋ ࡭ = ࢇ࢓ ⋅ ࣓ܖ܉ܜ ⋅ ૚
࡭ܖܑܛ

  

(with ࢝: Brocard angle: ࣓ ≤ ࣊
૟
⇒ ࣓ܖ܉ܜ ≤ √૜

૜
)⇒ ࡷ࡭ ≤ ࢇ࢓ ⋅

√૜
૜
⋅ ૚
ܖܑܛ ࡭

; similarly: 

ࡷ࡮ ≤ ࢈࢓ ⋅
√૜
૜ ⋅

૚
ܖܑܛ ࡮ ࡷ࡯; ≤ ࢉ࢓ ⋅

√૜
૜ ⋅

૚
ܖܑܛ ࡯ ⇒ ࡿࡴࡾ ≤ ࢇ࢓ + ࢈࢓ +  ࢉ࢓

ࡿࡴࡸ ≥ ࢉ࢓࢈࢓
ࢇ࢓

+ ࢇ࢓ࢉ࢓
࢈࢓

+ ࢈࢓ࢇ࢓
ࢉ࢓

   (∵ Because: ࢇࢎ ≤ ࢇ࢓ ⇒
૚
ࢇࢎ
≥ ૚

ࢇ࢓
  (etc)) 

We must show that: ࢠ࢟
࢞

+ ࢠ࢞
࢟

+ ࢟࢞
ࢠ
≥ ࢞ + ࢟ + ࢞)   ࢠ = ࢟;ࢇ࢓ = ;࢈࢓ ࢠ =  (ࢉ࢓

⇔ ૛(ࢠ࢟) + ૛(ࢠ࢞) + ૛(࢟࢞) ≥ ࢞)ࢠ࢟࢞ + ࢟ +  It is true because we are using the .(ࢠ

inequality: ࢄ૛ + ૛ࢅ + ૛ࢆ ≥ ࢅࢄ + ࢆࢅ + ࢄ with ࢄࢆ = ࢅ;ࢠ࢟ = ࢆ;ࢠ࢞ =  ࢟࢞

Proved. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ઢ࡯࡮࡭,෍
ࢉ࢓࢈࢓

ࢇࢎ
≥ √૜(ܖܑܛࡷ࡭ ࡭ + ࡮ܖܑܛࡷ࡮ + ܖܑܛࡷ࡯  (࡯

We shall first prove: (∑ࢇ૛)(∑ࢇ࢓ࢉ࢈) ≥
(૚)

૚૟√૜࢘૛࢙૜ 

LHS of (1) ≥
ࢉ࢚ࢋ	ࢇࢎஹࢇ࢓

(ࢇࢎࢉ࢈∑)(૛ࢇ∑) ≥
࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃି࢛ࢉ࢙ࢋ࢔࢕ࡵ

૝√૜(ࢇࢎࢉ࢈∑)࢙࢘ ≥
?
૚૟√૜࢘૛࢙૜ 

⇔෍ࢇࢎࢉ࢈ ≥
?
૝࢙࢘૛ ⇔෍࢈૛ࢉ૛ ≥

(૛)

?
ૡ࢙ࡾ૛ 

But, ∑࢈૛ࢉ૛ ≥ (ࢇ∑)ࢉ࢈ࢇ = ૝࢙࢘ࡾ ⋅ ૛࢙ = ૡ࢙࢘ࡾ૛ ⇒ (2) ⇒ (1) is true. 

⇒
૝
૜
ቀ෍ࢇ࢓

૛ቁ ቀ෍ࢇ࢓ࢉ࢈ቁ ≥ ૚૟√૜࢙ઢ૛ ⇒ ቀ෍ࢇ࢓
૛ቁ ቀ෍ࢇ࢓ࢉ࢈ቁ ≥

(૜)
૚૛√૜࢙ઢ૛  

Applying (3) on a triangle with sides ૛
૜
,ࢇ࢓ ૛

૜
,࢈࢓ ૛

૜
 whose medians are obviously ࢉ࢓

ࢇ
૛

, ࢈
૛

, ࢉ
૛
 respectively and area of course = ઢ

૜
, we get: 

൬෍൬
૚
૝ࢇ

૛൰൰ ൬෍൬
૝
ૢ ⋅

૚
૛൰ࢉ࢓࢈࢓ ൰ࢇ ≥ ૚૛√૜ቆ൬

૚
૛ ⋅

૛
૜൰෍ࢇ࢓ቇ

ઢ૛

ૢ  

⇒ ቀ෍ࢇ૛ቁ෍ࢇࢉ࢓࢈࢓ ≥ ૡ√૜࢘૛࢙૛ ቀ෍ࢇ࢓ቁ ⇒෍ࢉ࢓࢈࢓
ࢇ
૛࢙࢘ ≥

૝√૜࢙࢘ࡾ
ࡾ ൬෍

ࢇ࢓

 ૛൰ࢇ∑

⇒෍
ࢉ࢓࢈࢓

ࢇࢎ
≥ √૜෍൬

ࢇ࢓ࢉ࢈ࢇ

૛ࢇ∑ࡾ ൰ = √૜෍൬
ࢇ
૛ࡾ ⋅

૛ࢉ࢈
൰ࢇ࢓૛ࢇ∑ = √૜෍(ܖܑܛ ࡭ ⋅  (ࡷ࡭

⇒ ࢉ࢓࢈࢓∑
ࢇࢎ

≥ √૜(࡭ܖܑܛࡷ࡭ + ܖܑܛࡷ࡮ ࡮ + ࡷ࡯ ܖܑܛ  (proved) (࡯

 

1089. In ઢࢉ࢔,࢈࢔,ࢇ࢔,࡯࡮࡭ – Nagel’s cevians, ࢉࢍ,࢈ࢍ,ࢇࢍ – Gergonne’s cevians.  

Find: ܖܑܕષ 

ષ =
૛ࢇ࢔ + ૛࢈࢔ + ૛ࢉ࢔

ࢇࢍࢇ + ࢈ࢍ࢈ + ࢉࢍࢉ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

We know: ࢇ࢔ ≥ ࢇ࢓ ≥ ࢇ࢔)  ࢇࢍ ≥ ࢇ࢓ −  (ࢇ࢓࢓ࢋࡸ	࢑ࢋ࢘ࢇࢀ
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૛ࢇ࢔ + ૛࢈࢔ + ૛ࢉ࢔ ≥ ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ =

૜
૝

૛ࢇ) + ૛࢈ +  (૛ࢉ

ࢇࢍࢇ + ࢈ࢍ࢈ + ࢉࢍࢉ ≤ ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ ≤
ࡿ࡯࡮

 

ඥ(ࢇ૛ + ૛࢈ + (૛ࢉ ⋅ ට൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ =

√૜
૛

૛ࢇ) + ૛࢈ +  (૛ࢉ

⇒ ષ ≥ ૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ⋅ ૛
√૜
⋅ ૚
૛ࢉ૛ା࢈૛ାࢇ

= √૜
૛
⇒ ષܖܑܕ 	 = √૜

૛
⇔ ࢇ = ࢈ =  .ࢉ

Solution 2 by Soumava Chakraborty-Kolkata-India 

Let ࢇࢍ intersect ࡯࡮ at ࡰ. Then ࡰ࡮ = ࢙ − ࡰ࡯,࢈ = ࢙ −  ࢉ

By Stewarts’ theorem, ࢈૛(࢙ − (࢈ + ࢙)૛ࢉ − (ࢉ = ૛ࢇࢍࢇ + ࢙)ࢇ − ࢙)(࢈ −  (ࢉ

⇒ ૛ࢇࢍࢇ = ࢙)૛࢈ − (࢈ + ࢙)૛ࢉ − −(ࢉ ࢙)ࢇ − −࢙)(࢈ (ࢉ ≤ ࢙)࢙ࢇ −  (ࢇ

⇔ ࢈)ࢇ + ࢉ − ࢈)(ࢇ + ࢉ + (ࢇ + ࢉ)ࢇ + ࢇ − +ࢇ)(࢈ ࢈ − −(ࢉ ૛࢈૛(ࢉ+ ࢇ − (࢈ − 

−૛ࢉ૛(ࢇ+ ࢈ − (ࢉ ≥ ૙ 

⇔ ૜࢈ + ૜ࢉ − +࢈)ࢉ࢈ (ࢉ ≥ ૛࢈)ࢇ + ૛ࢉ − ૛ࢉ࢈) ⇔ +࢈) ࢈)(ࢉ − ૛(ࢉ − ࢈)ࢇ − ૛(ࢉ ≥ ૙ 

⇔ +࢈) ࢉ − −࢈)(ࢇ ૛(ࢉ ≥ ૙ → true ∴ ૛ࢇࢍࢇ ≤ ࢙)࢙ࢇ − (ࢇ ⇒ ࢇࢍ ≤
(ࢇ)

ඥ࢙)࢙ −  (ࢇ

Similarly, ࢈ࢍ ≤
(࢈)

ඥ࢙)࢙ − ࢉࢍ ,and (࢈ ≤
(ࢉ)
ඥ࢙)࢙ −  (ࢉ

Also, by Mustafa Tarek, ࢇ࢔ ≥ ⇒ etc ,ࢇ࢓ ૛ࢇ࢔∑ ≥
(૚)

ࢇ࢓∑
૛ = ૜

૝
 ૛ࢇ∑

Again, by (a), (b), (c):  

෍ࢇࢍࢇ ≤෍ࢇඥ࢙)࢙ − (ࢇ = ࢙)ࢇ෍ඥ࢙√ − ࢇ√(ࢇ ≤
ࡿ࡮࡯

࢙)ࢇට෍࢙૛√࢙√ −  (ࢇ

= √૛࢙ඥ࢙(૛࢙)− ૛(࢙૛ − ૝࢘ࡾ − (૛࢘ = ૛࢙ඥ૝࢘ࡾ+ ૛࢘ ⇒
૚

ࢇࢍࢇ∑
≥
(૛) ૚

૛࢙√૝࢘ࡾ+ ૛࢘
 

(1), (2)⇒ ૛ࢇ࢔∑

∑ ࢇࢍࢇ
≥
(૜) ૟൫࢙૛ି૝࢘ି࢘ࡾ૛൯

ૡ࢙ඥ૝࢘ࡾା࢘૛
= ૜

૝
⋅ ࢙
ඥ૝࢘ࡾା࢘૛

− ૜
૝࢙
√૝࢘ࡾ +  ૛࢘

Now, ࢙૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ ⇔ ૛࢙ − ૚૟࢘ࡾ + ૞࢘૛ + ૝ࡾ)࢘− ૛࢘) ≥ ૙ → true  

∵ ૛࢙ − ૚૟࢘ࡾ + ૞࢘૛ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૙ 

and, ࡾ − ૛࢘ ≥
࢘ࢋ࢒࢛ࡱ

૙ ⇒ ࢙ ≥ √૜√૝࢘ࡾ+ ૛࢘ ⇒ ࢙
ඥ૝࢘ࡾା࢘૛

≥
(࢏)
√૜ ∴ − ૜

૝࢙
√૝࢘ࡾ+ ૛࢘ ≥

(૝)

(࢏)	࢟࢈
− ૜

૝√૜
 

(4), (i), (3)⇒ ૛ࢇ࢔∑

ࢇࢍࢇ∑
≥ ૜

૝
√૜ − ૜

૝√૜
= ૟

૝√૜
= √૜

૛
⇒ ષ ≥ √૜

૛
⇒ ષܖܑܕ 	 = √૜

૛
   (answer) 
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1090. In ઢ࡯࡮࡭ the following relationship holds: 

૜ + ࡭)ܛܗ܋ − (࡮ + −࡮)ܛܗ܋ (࡯ + ࡯)ܛܗ܋ − (࡭ ≥
૟ࢉࢎ࢈ࢎࢇࢎ
ࢉ࢓࢈࢓ࢇ࢓

 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Soumava Chakraborty-Kolkata-India 

࡭)ܛܗ܋ − (࡮ =
૛ ࡭)ܖܑܛ + (࡮ ࡭)ܛܗ܋ (࡮−

૛ ܖܑܛ ࡯ =
ܖܑܛ ૛࡭ + ܖܑܛ ૛࡮

૛ ࡯ܖܑܛ =
࡭૛ܖܑܛ∑ − ܖܑܛ ૛࡯

૛ ࡯ܖܑܛ  

=
(૚) (࡭૛ܖܑܛ∑)

૛ ൬
૚

ܖܑܛ ൰࡯ −  ࡯ܛܗ܋

Similarly, ࡮)ܛܗ܋ − (࡯ =
(૚) ܖܑܛ∑ ૛࡭

૛
ቀ ૚
࡭ܖܑܛ

ቁ − ܛܗ܋ ࡯)ܛܗ܋ &  ࡭ − (࡭ =
(૜) ܖܑܛ∑ ૛࡭

૛
ቀ ૚
࡮ܖܑܛ

ቁ −  ࡮ܛܗ܋

(1) + (2) + (3) ⇒ ࡿࡴࡸ = ૜ + ܖܑܛ∑ ૛࡭
૛

ቀ∑ ૚
࡭ܖܑܛ

ቁ − ܛܗ܋∑  ࡭

= ૜ − ૚ −
࢘
ࡾ +

૝ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ ࡯
૛ ൬෍

૛ࡾ
ࢇ ൰ =

૛ࡾ − ࢘
ࡾ + ૝ࡾ൬

ࢉ࢈ࢇ
ૡࡾ૜൰ ቆ

࢈ࢇ∑
ࢉ࢈ࢇ ቇ 

=
૛ࡾ− ࢘
ࡾ +

࢈ࢇ∑
૛ࡾ૛ =

૝ࡾ૛ − ૛࢘ࡾ + ૛࢙ + ૝࢘ࡾ + ૛࢘

૛ࡾ૛ =
(ࢇ) ૛࢙ + ૝ࡾ૛ + ૛࢘ࡾ+ ૛࢘

૛ࡾ૛  

Also, ∏ࢇ࢓
ࢇࢎ∏

≥
(࢈)

(ࢇି࢙)࢙ஹඥࢇ࢓
࢙࢘⋅࢙

૛ࢉ૛࢈૛ࢇ

ૡࡾ૜

= ૜ࡾ૛⋅ૡ࢙࢘

૚૟ࡾ૛࢘૛࢙૛
= ࡾ

૛࢘
 

(a), (b)⇒ it suffices to prove: 

૛࢙ + ૝ࡾ૛ + ૛࢘ࡾ + ૛࢘

૛ࡾ૛ ⋅
ࡾ
૛࢘ ≥ ૟ ⇔ ૛࢙ + ૝ࡾ૛ + ૛࢘ࡾ+ ૛࢘ ≥

(૝)
૛૝࢘ࡾ 

Now, LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝ࡾ૛ + ૚ૡ࢘ࡾ − ૝࢘૛ ≥
?
૛૝࢘ࡾ 

⇔ ૛ࡾ૛ − ૜࢘ࡾ − ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૛ࡾ + (࢘ ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘  (Done) 

 

 

1091. If in ઢ࡯࡮࡭, ࢇ࢘ = ૛, ࢈࢘ = ૜, ࢉ࢘ = ૝ then: 

૛࢘૛࢙ <
૝ࢇ
૜ +

ૡ࢈
ૢ +

૛ࢉ
૜ <  ܴݏݎ

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Tran Hong-Dong Thap-Vietnam 

ට෍࢈࢘ࢇ࢘ = ࢙ = √૛ ⋅ ૜ + ૜ ⋅ ૝ + ૛ ⋅ ૝ = √૛૟ 

૚
࢘ =

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

=
૚૜
૚૛ ⇒ ࢘ =

૚૛
૚૜ ⇒ ࡾ =

∑ ࢇ࢘ − ࢘
૝ =

૚૙૞
૞૛  

Hence, we must show that: ૛ૡૡ
૚૟ૢ√૛૟ < ૝ࢇ

૜
+ ૡ࢈

ૢ
+ ૛ࢉ

૜
< ૜૚૞√૛૟

૚૟ૢ
.  

Now: ࢘૚ࢇ࢘ = ࢈࢘૛࢘ = ࢉ࢘૜࢘ = ઢ = ૚૛
૚૜
√૛૟ ⇒ ૚࢘ = ૟√૛૟

૚૜
; ૛࢘ = ૝√૛૟

૚૜
; ૜࢘ = ૜√૛૟

૚૜
 

⇒ ࢇ = ૛࢘ + ૜࢘ =
ૠ√૛૟
૚૜ ࢈; = ૚࢘ + ૜࢘ =

ૢ√૛૟
૚૜ ; ࢉ = ૛࢘ + ૚࢘ =

૚૙√૛૟
૚૜  

⇒ ષ =
૝ࢇ
૜ +

ૡ࢈
ૢ +

૛ࢉ
૜ = ൬

૛ૡ
૜ૢ +

ૠ૛
૚૚ૠ +

૛૙
૜ૢ൰√૛૟ =

૛૝
૚૜√૛૟ 

⇒ ૛ૡૡ
૚૟ૢ √૛૟ < ૛૝

૚૜√૛૟ < ૜૚૞√૛૟
૚૟ૢ

. Proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢘ = ࢙ ܖ܉ܜ ࡭
૛

, etc ∴ ૝ࢇ
૜

+ ૡ࢈
ૢ

+ ૛ࢉ
૜

= ૝
૜࢙
ቀ૝ܛܗ܋ࡾ૛ ࡭

૛
ቁ ቀ࢙ ܖ܉ܜ ࡭

૛
ቁ + 

+
ૡ
૜࢙ ൬૝ࡾ ܛܗ܋

૛ ࡮
૛൰ ൬࢙ ܖ܉ܜ

࡮
૛൰+

૛
૜࢙ ൬૝ࡾ ܛܗ܋

૛ ࡯
૛൰ ൬࢙ ܖ܉ܜ

࡯
૛൰ 

=
૝
૜࢙ ቆ

૝࢙࢕ࢉࡾ૛࡭
૛ ቇ (૛) +

ૡ
૜࢙ ൬૝ࡾ ܛܗ܋

૛ ࡮
૛൰૜ +

૛
૜࢙ ൬૝ࡾ ܛܗ܋

૛ ࡯
૛൰

(૝) 

=
૚૟ࡾ
૜࢙ ෍൬૛ ૛ܛܗ܋

࡭
૛൰ =

૚૟ࡾ
૜࢙ ෍(૚ + (࡭ܛܗ܋ =

૚૟ࡾ(૝ࡾ + (࢘
૜ࡾ࢙ =

૚૟(૝ࡾ+ (࢘
૜࢙  

∴
૝ࢇ
૜ +

ૡ࢈
ૢ +

૛ࢉ
૜ =

(૚) ૚૟(૝ࡾ + (࢘
૜࢙ < ܴݏݎ ⇔ (૛࢙࢘)ࡾ3 > ࡾ64 + ૚૟࢘ 

⇔ ૜ࡾ(૛ ⋅ ૜ ⋅ ૝) > ࡾ64 + ૚૟࢘ ⇔ ૡࡾ > ࢘16 → true (Euler) 

(∵ ઢ࡯࡮࡭ is non-equilateral, ∴ < strictly ࡾ ⇒(࢘2 ૝ࢇ
૜

+ ૡ࢈
ૢ

+ ૛ࢉ
૜

< ܴݏݎ  

Again, ૝ࢇ
૜

+ ૡ࢈
ૢ

+ ૛ࢉ
૜

> ࢙૛࢘2 ⇔
(૚)	࢟࢈ ૚૟(૝ࡾା࢘)

૜࢙
> ࢙૛࢘2 ⇔ ૚૟(૝ࡾ + (࢘ >  (૛࢙࢘)࢘6

⇔ ૚૟(૝ࡾ+ (࢘ > ૛)࢘6 ⋅ ૜ ⋅ ૝) ⇔ ૟૝ࡾ > ࢘128 → true (Euler) 

(∵ ઢ࡯࡮࡭ is non-equilateral, ∴ < strictly ࡾ ⇒(࢘2 ૛࢘૛࢙ < ૝ࢇ
૜

+ ૡ࢈
ૢ

+ ૛ࢉ
૜
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1092. Let triangle ࡯࡮࡭ circumscribed to circle ࡵ)࡯,  let three tangent line at ;(࢘

this circle which are parallel with the sides of triangle. In this way are forming 

other three triangles inside of triangle ࡯࡮࡭; if ࢘૚, ,૛࢘  ૜ are the rays of the࢘

inscribed circles of these three triangles, and  

࢓ ∈  :ା then prove thatࡾ

૚
࢓૚࢘

+
૚
࢓૛࢘

+
૚
࢓૜࢘

≥
૜࢓ା૚

࢓࢘  

Proposed by D. M. Batinetu Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Omran Kouba-Damascus-Syria 

 
Triangles ࡯࡮࡭ and ࡸࡷ࡭ are similar. 

If ࢇࢎ = ࢇࢎ then ,࡯࡮࡭ in ࡭ is the hight form ࡰ࡭ − ૛࢘ =  .ࡸࡷ࡭ in ࡭ is the hight from ࡹ࡭

Thus ࢘
ࢇ࢘

= ࢇࢎ
࢘૛ିࢇࢎ

= ࢇࢎࢇ
ࢇ࢘૛ିࢇࢎࢇ

= ૛࢙࢘
૛ି࢙࢘૛࢘ࢇ

= ࢙
ࢇି࢙

	where ࢙ is the semiperimer of ࡯࡮࡭. 

Multiplying similar relations for ࢈࢘,ࢇ࢘ and ࢉ࢘ we get: 

࢘
ࢇ࢘
⋅
࢘
࢈࢘
⋅
࢘
ࢉ࢘

=
૝࢙

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
૝࢙

૛࢘૛࢙ =
૛࢙

૛࢘ ≥ ૛ૠ 

Finally, the AM-GM inequality shows that:  
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࢓࢘

࢓ࢇ࢘
+
࢓࢘

࢓࢈࢘
+
࢓࢘

࢓ࢉ࢘
≥ ૜ቌඨ

૜࢘

ࢉ࢘࢈࢘ࢇ࢘

૜
ቍ

࢓

= ૜࢓ା૚ 

Solution 2 by Marian Ursărescu-Romania  

 

ᇱ࡯ᇱ࡮࡭ ∼ ࡯࡮࡭ ⇒
ᇲ࡯ᇲ࡮࡭ࡿ
࡯࡮࡭ࡿ

= ૚ࡿ
ࡿ

= ቀିࢇࢎ૛࢘
ࢇࢎ

ቁ
૛
. Similarly, ࡿ૛

ࡿ
= ቀି࢈ࢎ૛࢘

࢈ࢎ
ቁ
૛

, ૝ࡿ
ࡿ

= ቀିࢉࢎ૛࢘
ࢉࢎ

ቁ
૛

   (1) 

Let ࢙ = semiperimeter of ࢙ ,࡯࡮࡭૚ = semiperimeter of ࡮࡭ᇱ࡯ᇱ; ,૛ࡿ ૛ of࢙ ૜ࡿ ૜ of࢙ ⇒ 
૚࢙
࢙

+ ૛࢙
࢙

+ ૜࢙
࢙

= ࢘૛ିࢇࢎ
ࢇࢎ

+ ࢘૛ି࢈ࢎ
࢈ࢎ

+ ࢘૛ିࢉࢎ
ࢉࢎ

= ૜ − ૛ ቀ ࢘
ࢇࢎ

+ ࢘
࢈ࢎ

+ ࢘
ࢉࢎ
ቁ = ૜ − ૛࢘ ቀ ૚

ࢇࢎ
+ ૚

࢈ࢎ
+ ૚

ࢉࢎ
ቁ   (2) 

But ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૚
࢘
   (3) 

From (2)+(3)⇒ ૚࢙
࢙

+ ૛࢙
࢙

+ ૜࢙
࢙

= ૚   (4) 

From (1)+(4)⇒ ૚࢘
࢘

+ ૛࢘
࢘

+ ૜࢘
࢘

= ૚ࡿ
૚࢙
⋅ ࢙
ࡿ

+ ૛ࡿ
૛࢙
⋅ ࢙
ࡿ

+ ૜ࡿ
૜࢙
⋅ ࢙
ࡿ

= ૚ࡿ
࢙
⋅ ࢙
૚࢙

+ ૛ࡿ
ࡿ
⋅ ࢙
૛࢙

+ ૜ࡿ
ࡿ
⋅ ࢙
૜ࡿ

= 

= ૚࢙
࢙

+ ૛࢙
࢙

+ ૜࢙
࢙

= ૚ ⇒ ૚࢘ + ૛࢘ + ૜࢘ =  (5)    ࢘

૚
࢓૚࢘

+
૚
࢓૛࢘

+
૚
࢓૜࢘

≥ ૜ඨ
૚

࢓(૜࢘૛࢘૚࢘)
૜

 

We must show this: ૜ට ૚
࢓(૜࢘૛࢘૚࢘)

૜ ≥ ૜࢓శ૚

࢓࢘
⇔ ට ૚

࢓(૜࢘૛࢘૚࢘)
૜ ≥ ૜࢓

࢓࢘
⇔ ૚

ඥ࢘૚࢘૛࢘૜૜ ≥ ૜
࢘
⇔ 

⇔ ඥ࢘૚࢘૛࢘૜૜ ≤ ࢘
૜
⇔ ඥ࢘૚࢘૛࢘૜૜ ≤ ૜࢘૛ା࢘૚ା࢘

૜
  (from 5) it is true. 

1093. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢙ࡾ૛

ࡾ) + ૛(࢘ ≤
૛ࢇ

࢈ࢎ
+
૛࢈

ࢉࢎ
+
૛ࢉ

ࢇࢎ
≤
૜ࡾ૛

૛ࡿ
ඥૢ૚ࡾ૛ − ૛૞૟࢘૛ 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

૜ࢇ + ૜ࢇ + ૜࢈ ≥
ࡳି࡭

૜ࢇ૛࢈,࢈૜ + ૜࢈ + ૜ࢉ ≥
ࡳି࡭

૜࢈૛ࢉ,ࢉ૜ + ૜ࢉ + ૜ࢇ ≥
ࡳି࡭

૜ࢉ૛ࢇ 

Adding the last three, ૜∑ࢇ૜ ≥ ૜∑ࢇ૛࢈ ⇒ ࢈૛ࢇ∑ ≤
(૚)

 ૜ࢇ∑

∴ ෍
૛ࢇ

࢈ࢎ
= ෍

࢈૛ࢇ
૛ࡿ =

࢈૛ࢇ∑
૛ࡿ ≤

(૚)	࢟࢈ ૜ࢇ∑

૛ࡿ =
૛࢙)࢙૛ − ૟࢘ࡾ − ૜࢘૛)

૛ࡿ ≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

 

≤
૜√૜࢙)ࡾ૛ − ૟࢘ࡾ − ૜࢘૛)

૛ࡿ ≤
? ૜ࡾ૛

૛ࡿ
ඥૢ૚ࡾ૛ − ૛૞૟࢘૛ ⇔ 

⇔ ૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛)૛ ≤
?
૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) 

⇔ ૜࢙૝ − ૟࢙૛(૟࢘ࡾ+ ૜࢘૛) + ૜࢘૛(૟ࡾ + ૜࢘)૛ ≤
(ࢇ)

?
	 ૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) 

Now, LHS of (a) ≤
࢔ࢋ࢙ࢋ࢚࢘࢘ࢋࡳ

૜࢙૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) − ૟࢙૛(૟࢘ࡾ+ ૜࢘૛) + ૜࢘૛(૟ࡾ + ૜࢘)૛ 

= ૛ࡾ૛(૚૛࢙ − ૛૝࢘ࡾ− (૛࢘ૢ + ૜࢘૛(૟ࡾ + ૜࢘)૛ ≤
?
૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) 

⇔ ૛ࡾ૛(૚૛࢙ − ૛૝࢘ࡾ) + ૜࢘૛(૟ࡾ+ ૜࢘)૛ ≤
(࢈)

?
૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) +  ૛࢙૛࢘ૢ

Now, LHS of (b) ≤
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૛ࡾ૛ − ૛૝࢘ࡾ) + ૜࢘૛(૟ࡾ + ૜࢘)૛ & 

RHS of (b)	 ≥
(࢏࢏)

?
૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) + ࢘ࡾ૛(૚૟࢘ૢ − ૞࢘૛) 

(i),(ii)⇒ in order to prove (b), it suffices to prove: 

૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) + ࢘ࡾ૛(૚૟࢘ૢ − ૞࢘૛) ≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૛ࡾ૛ − ૛૝࢘ࡾ) + 

+૜࢘૛(૟ࡾ + ૜࢘)૛ ⇔ ૝૜࢚૝ + ૝ૡ࢚૜ − ૜૙૝࢚૛ + ૚૙ૡ࢚ − ૠ૛ ≥ ૙		 ൬࢚ =
ࡾ
 ൰࢘

⇔ ࢚) − ૛)(૝૜࢚૜ + ૚૚૟࢚૛ + ૚ૡ࢚)࢚ − ૛) + ૜૟) ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (b)⇒(a) is true 

⇒ ∑ ૛ࢇ

࢈ࢎ
≤ ૜ࡾ૛

૛ࡿ
√ૢ૚ࡾ૛ − ૛૞૟࢘૛ 

Again, ∑ ૛ࢇ

࢈ࢎ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૝࢙૛

ࢇࢎ∑
= ૡ࢙ࡾ૛

࢈ࢇ∑
≥
? ૛࢙ࡾ૛

૛(࢘ାࡾ)
⇔ ૛࢙ + ૝࢘ࡾ + ૛࢘ ≤

?
૝(ࡾ+  ૛(࢘

⇔ ૛࢙ ≤
?
૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ → true (Gerretsen)⇒ ૛࢙ࡾ૛

૛(࢘ାࡾ)
≤ ∑ ૛ࢇ

࢈ࢎ
  (proof completed) 
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Solution 2 by Tran Hong-Dong Thap-Vietnam 

෍
૛ࢇ

࢈ࢎ
≥

(ࢠ࢘ࢇ࢝ࢎࢉࡿ) ࢇ) + ࢈ + ૛(ࢉ

࢈ࢎ∑
=

૝࢙૛

૛࢙ + ૛࢘ + ૝࢘ࡾ
૛ࡾ

=
ૡ࢙૛ࡾ

૛࢙ + ૛࢘ + ૝࢘ࡾ 

Must show that: ૡ࢙૛ࡾ
࢘ࡾ૛ା૝࢘૛ା࢙

≥ ૛࢙ࡾ૛

૛(࢘ାࡾ)
⇔ ૝(ࡾ + ૛(࢘ ≥ ૛࢙ + ૛࢘ + ૝࢘ࡾ 

⇔ ૛࢙ ≤ ૝ࡾ૛ + ૜࢘૛ + ૝࢘ࡾ (true) 

෍
૛ࢇ

࢈ࢎ
= ෍

࢈૛ࢇ
࢈ࢎ࢈

=
࢈૛ࢇ∑
૛ࡿ ≤

૜ࢇ∑

૛ࡿ =
૛࢙)࢙૛ − ૟࢘ࡾ− ૜࢘૛)

૛ࡿ  

≤
(ࢠ࢏࢔࢈ࢋࡸ) ૜√૜ࡾ൫࢙૛ି૟ି࢘ࡾ૜࢘૛൯

૛ࡿ
. Must show that: ૜√૜ࡾ൫࢙

૛ି૟ି࢘ࡾ૜࢘૛൯
૛ࡿ

≤ ૜ࡾ૛

૛ࡿ
√ૢ૚ࡾ૛ − ૛૞૟࢘૛ 

⇔ ૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛)૛ ≤ ૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) ∴ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛  

Must show that: ૜(૝ࡾ૛ − ૛࢘ࡾ)૛ ≤ ૛ࡾ૛(ૢ૚ࡾ − ૛૞૟࢘૛) 

⇔ ૚૛(૛ࡾ− ૛(࢘ ≤ ૢ૚ࡾ૛ − ૛૞૟࢘૛ ⇔ ૝ૡࡾ૛ − ૝ૡ࢘ࡾ + ૚૛࢘૛ ≤ ૢ૚ࡾ૛ − ૛૞૟࢘૛ 

⇔ ૛૟ૡ࢘૛ ≤
(૚)

૝૜ࡾ૛ + ૝ૡ࢘ࡾ 

∵ (1) true because: ࡾ ≥ ૛࢘ ⇒ ૝૜ࡾ૛ + ૝ૡ࢘ࡾ ≥ ૝૜ ⋅ ૝࢘૛ + ૝ૡ ⋅ ૛࢘૛ = ૛૟ૡ࢘૛ Proved. 

 

1094. In ઢ࡯࡮࡭ the following relationship holds: 

(ષ૚,ષ૛)ܠ܉ܕ ≤ ࢙) + ૜ࡾ)૛ 

ષ૚ = ࢇ) + ૛(ࢇ࢝ + ࢈) + ૛(࢈࢝ + ࢉ) +  ૛(ࢉ࢝

ષ૛ = ࢇ) + ૛(ࢇࢎ + ࢈) + ૛(࢈ࢎ + ࢉ) +  ૛(ࢉࢎ

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania 

Because ࢇࢎ ≤ ࢇ࢝ (ષ૚,ષ૛)ܠ܉ܕ⇒ = ષ૚ ⇒ 

+ࢇ) ૛(ࢇ࢝ + ࢈) + ૛(࢈࢝ + +ࢉ) ૛(ࢉ࢝ ≤ ࢙) + ૜ࡾ)૛ 

But ࢇ࢝ ≤ ඥ࢙)࢙ − (ࢇ ⇒ we must show: ∑ቀࢇ+ ඥ࢙)࢙ − ቁ(ࢇ
૛
≤ ࢙) + ૜ࡾ)૛ ⇔ 

෍ࢇ૛ + ૛෍ࢇඥ࢙)࢙ − (ࢇ + ૛࢙ ≤ ૛࢙ + ૟ࡾ࢙+ ૛ࡾૢ ⇔ 

෍ࢇ૛ + ૛෍ࢇඥ࢙)࢙ − (ࢇ ≤ ૟ࡾ࢙+  ૛ࡾૢ
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But ∑ࢇ૛ ≤ ૛ࡾૢ ⇒ we must show: ∑ࢇඥ࢙)࢙ − (ࢇ ≤ ૜ࡾ࢙ ⇔ ࢙)ඥࢇ∑ − (ࢇ ≤ ૜√(1)   ࡾ࢙ 

From Cauchy ⇒ ൫∑࢙√ࢇ − ൯ࢇ
૛
≤ ૜∑ࢇ૛(࢙ −  (2)   (ࢇ

From (1)+(2) we must show: ૜∑ࢇ૛(࢙ − (ࢇ ≤ ࡾ࢙ૢ ⇔ ૛ࢇ∑ ࢙) − (ࢇ = ૜ࡾ࢙૛   (3) 

But ∑ࢇ૛(࢙ − (ࢇ = ૝ࡾ)࢙࢘+  (4)   (࢘

From (3)+(4) we must show: ૝ࡾ)࢙࢘+ (࢘ ≤ ૜ࡾ࢙૛ ⇔ ૝࢘ࡾ + ૝࢘૛ ≤ ૜ࡾ૛  

૛ࡾ	࢚࢛࡮ ≥ ૝࢘૛
૛ࡾ૛ ≥ ૝࢘ࡾ

ൠ ⇒ ૜ࡾ૛ ≥ ૝࢘૛ + ૝࢘ࡾ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

(ષ૚,ષ૛)ܠ܉ܕ ≤
(૚)

࢙) + ૜ࡾ)૛  

∵ ࢇ࢝ ≥ ∴ etc ,ࢇࢎ +ࢇ)∑ ૛(ࢇ࢝ ≥ ࢇ)∑ + ૛(ࢇࢎ ⇒ (ષ૚,ષ૛)ܠ܉ܕ = ષ૚ 

∴ (1)⇔ ૛ࢇ∑ + ૛∑ࢇ࢝ࢇ + ࢇ࢝∑
૛ ≤

(૛)
࢙) + ૜ࡾ)૛	 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢇ࢝ Then .ࢉ ≤ ࢈࢝ ≤  ࢉ࢝

∴ ૛෍ࢇ࢝ࢇ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૛

૜
ቀ෍ࢇቁ ቀ෍ࢇ࢝ቁ ≤

૛
૜

(૛࢙) ቀ෍ࢇ࢓ቁ 

≤
(࢏) ૛
૜

(૛࢙)(૝ࡾ+ (࢘ =
૝࢙(૝ࡾ + (࢘

૜  

Also, ∑ࢇ࢝
૛ ≤

(࢏࢏)
࢙)࢙∑ − (ࢇ = 	&	૛࢙ ∑ ૛ࢇ ≤

(࢏࢏࢏)

ࢠ࢚࢏࢔࢈࢏ࢋࡸ
 ૛ࡾૢ

(i) + (ii) + (iii) ⇒ LHS of (2) ≤ ૛ࡾૢ + ૛࢙ + ૝࢙(૝ࡾା࢘)
૜

 

≤
?

+࢙) ૜ࡾ)૛ = ૛࢙ + ૛ࡾૢ + ૟ࡾ࢙ ⇔ ૚ૡࡾ࢙ ≥
?
૝࢙(૝ࡾ+ (࢘ ⇔ ૛ࡾ࢙ ≥

?
૝࢙࢘ 

⇔ ࡾ ≥
?
૛࢘ → true (Euler) (Proved) 

 

1095. In acute  ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛

૛࢈࢘ + ૛ࢉ࢘
+

࢈࢓
૛

૛ࢉ࢘ + ૛ࢇ࢘
+

ࢉ࢓
૛

૛ࢇ࢘ + ૛࢈࢘
≤
૜
૛

 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution by Soumava Chakraborty-Kolkata-India 

For acute-angled ઢࢇ࢓ ,࡯࡮࡭ ≤ ૚)ࡾ + (࡭ܛܗ܋ ࢇ࢓⇒ ≤ ૛ࡾ ૛ܛܗ܋ ࡭
૛
⇒ ࢇ࢓

૛ ≤
(૚)

૝ࡾ૛ ૝ܛܗ܋ ࡭
૛

 

Also, ࢈࢘૛ + ૛ࢉ࢘ ≥
૚
૛

࢈࢘) + ૛(ࢉ࢘ = ૚
૛
૛࢙ ቆ

૛࡮ܖܑܛ
૛࡮ܛܗ܋

+
૛࡯ܖܑܛ
૛࡯ܛܗ܋

ቇ
૛

 

=
૛࢙

૛
ቌ

૛࡭ܛܗ܋
૛࡮ܛܗ܋ ܛܗ܋

࡯
૛
ቍ

૛

=
૛࢙

૛
ቌ
૛ܛܗ܋ ૛࡭
࢙
૝ࡾ

ቍ

૛

=
૛࢙

૛ ⋅
૚૟ࡾ૛ ૝ܛܗ܋ ቀ࡭૛ቁ

૛࢙ = ૡࡾ૛ ૝ܛܗ܋
࡭
૛ 

⇒
૚

૛࢈࢘ + ૛ࢉ࢘
≤
(૛) ૚

ૡࡾ૛ ૝ܛܗ܋ ૛࡭
 

(1).(2)⇒ ࢇ࢓
૛

࢈࢘
૛ାࢉ࢘૛

≤
(ࢇ) ૚

૛
. Similarly, ࢈࢓

૛

૛ࢇ࢘૛ାࢉ࢘
≤
(࢈) ૚

૛
ࢉ࢓ & 

૛

࢈࢘૛ାࢇ࢘
૛ ≤

(ࢉ) ૚
૛
 

(a)+(b)+(c)⇒ ࡿࡴࡸ ≤ ૜
૛
   (Proved) 

 

1096. In ઢ࡯࡮࡭ the following relationship holds: 

૜࢙ ≥
૜√૜࢘૛(૝ࡾ + ૜(࢘

(૛ࡾ − ࡾ૛)(࢘ + ૞࢘) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ࢙ ≥ ૜√૜࢘,∴ it suffices to prove: ࢙૛ ≥
(૚) ૜(࢘ାࡾ૝)࢘

(૛࢘ିࡾ)(૛ࡾା૞࢘)
 

Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૚૟࢘ࡾ − ૞࢘૛ ≥
? ૜(࢘ାࡾ૝)࢘

(૛࢘ିࡾ)(૛ࡾା૞࢘)
 

⇔ (૚૟ࡾ − ૞࢘)(૛ࡾ− +ࡾ૛)(࢘ ૞࢘) − (૝ࡾ + ૜(࢘ ≥
?
૙ 

⇔ ૞ࡾ૛ − ૚૚࢘ࡾ + ૛࢘૛ ≥
?
૙ ⇔ (૞ࡾ − −ࡾ)(࢘ ૛࢘) ≥

?
૙ → true 

∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

	૛࢘ ⇒ (1) is true (Proved) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

૜࢙ ≥ ૜√૜࢘૛(૝ࡾା࢘)૜

(૛࢘ିࡾ)(૛ࡾା૞࢘)
∵ ࢙ ≥ ૜√૜࢘ and ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 
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⇒ ૜࢙ ≥ ૜√૜࢘૛(૚૟ࡾ − ૞࢘) ≥
(૚) ૜√૜࢘૛(૝ࡾ + ૜(࢘

(૛ࡾ − ࡾ૛)(࢘ + ૞࢘) 

(1) ⇔ (૚૟ࡾ− ૞࢘)(૛ࡾ− ࡾ૛)(࢘ + ૞࢘) ≥ (૝ࡾ+  ૜(࢘

⇔ ૞ࡾ૛ − ૚૚ࡾ + ૛࢘૛ ≥ ૙⇔ ૞ቀࡾ − ࢘
૞
ቁ ࡾ) − ૛࢘) ≥ ૙	(∵ ࡾ ≥ ૛࢘). True. Proved. 

 

1097. If ࢟,࢞, ࢠ ≥ ૙ then in ઢ࡯࡮࡭ the following relationship holds: 

࢞
૛
܋ܛ܋

࡭
૛

+
࢟
૛
܋ܛ܋

࡮
૛

+
ࢠ
૛
܋ܛ܋

࡯
૛
≥ ඥ࢟࢞+ ඥࢠ࢟+  ࢞ࢠ√

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ࢞

૛࡭ܖܑܛ
+ ࢟

૛࡮ܖܑܛ
+ ࢠ

૛࡯ܖܑܛ
≥ ૛൫ඥ࢟࢞ + ඥࢠ࢟ +  ൯   (1)ࢠ࢞√

From Cauchy’s inequality ⇒ 

ቌ
࢞

૛࡭ܖܑܛ
+

࢟

ܖܑܛ ૛࡮
+

ࢠ

ܖܑܛ ૛࡯
ቍ ൬ܖܑܛ

࡭
૛ + ܖܑܛ

࡮
૛ + ܖܑܛ

࡯
૛൰ ≥ ൫√࢞ + ඥ࢟ + ൯ࢠ√

૛
⇒ 

࢞

૛࡭ܖܑܛ
+ ࢟

૛࡮ܖܑܛ
+ ࢠ

૛࡯ܖܑܛ
≥ ൫√࢞ାඥ࢟ା√ࢠ൯

૛

ܖܑܛ૛ା࡭ܖܑܛ
࡮
૛ାܖܑܛ

࡯
૛
   (2) 

From (1)+(2) we must show: ൫√࢞ାඥ࢟ା√ࢠ൯
૛

ܖܑܛ૛ା࡭ܖܑܛ
࡮
૛ାܖܑܛ

࡯
૛
≥ ૛൫ඥ࢟࢞ + ඥࢠ࢟ +  ൯   (3)ࢠ࢞√

But in any ઢ࡯࡮࡭ we have: ܖܑܛ ࡭
૛

+ ܖܑܛ ࡮
૛

+ ܖܑܛ ࡯
૛
≤ ૜

૛
   (4) 

൫√࢞ାඥ࢟ା√ࢠ൯
૛

ܖܑܛ૛ା࡭ܖܑܛ
࡮
૛ାܖܑܛ

࡯
૛
≥ ૛

૜
൫√࢞ + ඥ࢟ + ൯ࢠ√

૛
   (4) 

From (3)+(4) we must show: ૛
૜
൫√࢞ + ඥ࢟ + ൯ࢠ√

૛
≥ ૛൫ඥ࢟࢞ + ඥࢠ࢟+ ൯ࢠ࢞√ ⇔ 

⇔ ൫√࢞+ ඥ࢟ + ൯ࢠ√
૛
≥ ૜൫ඥ࢟࢞ + ඥࢠ࢟ +  ൯ࢠ࢞√

⇔ ࢞ + ࢟ + ࢠ ≥ ඥ࢟࢞ + ඥࢠ࢟ +  (true)   ࢠ࢞√

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Suppose: ࢞ = ;࢟;࢞}ܠ܉ܕ  :We have .{ࢠ
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⇒ ܖܑܛ
࡭
૛ ≤ ܖܑܛ

࡮
૛ ≤ ܖܑܛ

࡯
૛ ⇒

૚

૛࡭ܖܑܛ
≥

૚

ܖܑܛ ૛࡮
≥

૚

ܖܑܛ ૛࡯
 

By Chebyshev’s inequality, we have:  

૚
૛
ቌ࢞ ⋅

૚

ܖܑܛ ૛࡭
+ ࢟ ⋅

૚

ܖܑܛ ૛࡮
+ ࢠ ⋅

૚

ܖܑܛ ૛࡯
ቍ ≥

૚
૛ ⋅

૚
૜

࢞) + ࢟ + ቌ෍(ࢠ
૚

ܖܑܛ ૛࡭
ቍ 

≥
(࢔ࢋ࢙࢔ࢋࡶ) ૚

૛ ⋅
૚
૜ ⋅

࢞) + ࢟ + (ࢠ ⋅
૜

ܖܑܛ ቀ࡭ + ࡮ + ࡯
૟ ቁ

=
૚
૛ ⋅

૚
૜ ⋅

࢞) + ࢟ + (ࢠ ⋅
૜

ܖܑܛ ቀ࣊૟ቁ
= ࢞ + ࢟ +  ࢠ

But: ࢞ + ࢟ + ࢠ ≥
(ࡿ࡯࡮)

ඥ࢟࢞ + ඥࢠ࢟ + ࢞ࢠ√ ⇒ ࡿࡴࡸ ≥  ࡿࡴࡾ

Case: ࢞ ≥ ࢠ ≥ ࡭ :Then we suppose .࢟ ≤ ࡯ ≤  ࡮

⇒ ܖܑܛ
࡭
૛ ≤ ܖܑܛ

࡯
૛ ≤ ܖܑܛ

࡮
૛ ⇒

૚

૛࡭ܖܑܛ
≥

૚

ܖܑܛ ૛࡯
≥

૚

ܖܑܛ ૛࡮
 

By Chebyshev’s inequality, we have:  

૚
૛
ቌ࢞ ⋅

૚

ܖܑܛ ૛࡭
+ ࢠ ⋅

૚

ܖܑܛ ૛࡯
+ ࢟ ⋅

૚

૛࡮ܖܑܛ
ቍ ≥

૚
૛ ⋅

૚
૜ ⋅

࢞) + ࢠ + ቌ෍(࢟
૚

ܖܑܛ ૛࡭
ቍ 

≥
(࢔ࢋ࢙࢔ࢋࡶ) ૚

૛ ⋅
૚
૜

+࢞) ࢟ + (ࢠ ⋅
૜

ܖܑܛ ቀ࡭ + ࡮ + ࡯
૟ ቁ

= ࢞ + ࢟ +  ࢠ

But: ࢞ + ࢟ + ࢠ ≥
ࡿ࡯࡮

ඥ࢟࢞ + +ࢠ࢞√ ඥࢠ࢟ ⇒ ࡿࡴࡸ ≥  ࡿࡴࡾ

 

1098. MARIAN URSĂRESCU’s REFINEMENT OF EULER’S INEQUALITY 

In ઢ࡯࡮࡭, ,ࢇࡵ ,࢈ࡵ  :excenters. Prove that – ࢉࡵ

ࡾ ≥
૝
ૢቆ

[࡯࡮ࢇࡵ]
ࢇ +

[࡭࡯࢈ࡵ]
࢈ +

[࡮࡭ࢉࡵ]
ࢉ ቇ ≥ ૛࢘ 

Proposed by Marian Ursărescu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

ࡾ ≥
(࢏) ૝
ૢቆ

[࡯࡮ࢇࡵ]
ࢇ +

[࡭࡯࢈ࡵ]
࢈ +

[࡮࡭ࢉࡵ]
ࢉ ቇ ≥

(࢏࢏)
૛࢘ 
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From ઢࢄ࡯ࢇࡵ, ܖܑܛ ቀૢ૙° − ࡯
૛
ቁ = ࢇ࢘

࡯ࢇࡵ
⇒ ࡯ࢇࡵ =

(૚) ࢇ࢘
૛࡯ܛܗ܋

 

From ઢࢅ࡮ࢇࡵ, ܖܑܛ ቀૢ૙° − ࡮
૛
ቁ = ࢇ࢘

࡮ࢇࡵ
⇒ ࡮ࢇࡵ =

(૛) ࢇ࢘
૛࡮ܛܗ܋

 

Using (1), (2), [࡯࡮ࢇࡵ] = ૚
૛
⋅ ૛ࢇ࢘

૛࡮ܛܗ܋ ܛܗ܋
࡯
૛
ܖܑܛ ቀ࡮ା࡯

૛
ቁ =

૛ࢇ࢘ ૛ܛܗ܋
࡭
૛

૛ቀ ࢙
૝ࡾቁ

= ૛ࡾ
࢙
૛࢙ ૛ܖ܉ܜ ࡭

૛
૛ܛܗ܋ ࡭

૛
 

= ૛࢙ࡾ൬ܖܑܛ૛
࡭
૛൰ =

૛࢙)࢙ࡾ − ࢙)(࢈ − (ࢉ
ࢉ࢈  

∴
[࡯࡮ࢇࡵ]
ࢇ =

૛࢙)࢙ࡾ − ࢙)(ࢇ − (ࢉ
૝࢙࢘ࡾ =

(ࢇ) ࢙) − ࢙)(࢈ − (ࢉ
૛࢘  

Similarly, [࡭࡯࢈ࡵ]
࢈

=
(࢈) (ࢇି࢙)(ࢉି࢙)

૛࢘
[࡮࡭ࢉࡵ] &

ࢉ
=
(ࢉ) (࢈ି࢙)(ࢇି࢙)

૛࢘
 

(a)+(b)+(c)⇒ ૝
ૢ
ቀ[࡯࡮ࢇࡵ]

ࢇ
+ [࡭࡯࢈ࡵ]

࢈
+ [࡮࡭ࢉࡵ]

ࢉ
ቁ = ૝

ૢ⋅૛࢘
࢙)∑} − ࢙)(࢈ −  {(ࢉ

=
૛
࢘ૢ

(૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ + (૛࢘ =
૛
࢘ૢ

(૝࢘ࡾ+ (૛࢘ =
(ࢊ) ૛(૝ࡾ+ (࢘

ૢ ≥
࢘ࢋ࢒࢛ࡱ ૛ ⋅ ૛࢘

ૢ = ૛࢘ 
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∴ (ii) is true. 

Also, (d)⇒ ૝
ૢ
∑ [࡯࡮ࢇࡵ]

ࢇ
≤

࢘ࢋ࢒࢛ࡱ ૡࡾା࢘
ૢ

= ࡾ ⇒ (i) is true (Proved) 

 

1099. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ
࢈ + ࢉࢎ

+
࢈

ࢉ + ࢇࢎ
+

ࢉ
ࢇ + ࢈ࢎ

≥
૟૝࢘ − ૞ࡾ
ࡾૢ + ૜࢙

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ

࢈ + ࢉࢎ
≥
૟૝࢘ − ૞ࡾ
+ࡾૢ ૜࢙  

ࢇ
+࢈ ࢉࢎ

+
࢈

+ࢉ ࢇࢎ
+

ࢉ
+ࢇ ࢈ࢎ

≥
ࢍࡹஹࢇࡹ

 

≥ ૜ඨ
ࢉ࢈ࢇ

+ࢇ) ࢈)(࢈ࢎ + +ࢉ)(ࢉࢎ (ࢇࢎ
૜

= ૜ ⋅
૚

ට൬ࢇ+ ࢈ࢎ
ࢇ ൰ ⋅ ൬࢈ + ࢉࢎ

࢈ ൰ ⋅ ൬ࢉ + ࢇࢎ
ࢉ ൰

૜
= 

= ૜ ⋅
૚

ට൬૚ + ࢈ࢎ
ࢇ ൰ ൬૚ + ࢉࢎ

࢈ ൰൬૚ + ࢇࢎ
ࢉ ൰

૜
≥

ࢍࡹஹࢇࡹ ૢ

૜ + ࢇࢇࢎ∑
= 

=
ૢ

૜ + ∑ ࢉ࢈
૛ࡾ ⋅ ࢉ

=
ૢ

૜ + ࢇ + ࢈ + ࢉ
૛ࡾ

=
ૢ

૜ + ࢙
ࡾ

= 

=
ࡾૢ

૜ࡾ + ࢘ =
૛ૠࡾ

ࡾૢ + ૜࢙ =
૜૛ࡾ − ૞࢘
ࡾૢ + ૜࢙ ≥

࢘ஹ૛ࡾ ૟૝࢘ − ૞ࡾ
ࡾૢ + ૜࢙  

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
૛ࢇ

࢈ࢇ + ࢉࢎࢇ
+

૛࢈

ࢉ࢈ + ࢇࢎ࢈
+

૛ࢉ

ࢉࢇ + ࢈ࢎࢉ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૝࢙૛

࢈ࢇ∑ + ࢈૛ࢇ∑
૛ࡾ

 

≥
ࡿ࡮࡯ ૝࢙૛

࢈ࢇ∑ +
ඥ∑ࢇ૛ඥ∑ࢇ૛࢈૛

૛ࡾ

≥
ࢠ࢚࢏࢔࢈࢏ࢋࡸ
ࢋ࢔࢕࢙ࢊ࢒࢕ࡳ ૝࢙૛

࢈ࢇ∑ + ૜ࡾ ⋅ ૛࢙ࡾ
૛ࡾ

≥
૜∑࢈ࢇஸ(∑ࢇ)૛ ૝࢙૛

૝࢙૛
૜ + ૜࢙ࡾ

 

=
૚૛࢙

ࡾૢ + ૝࢙ ≥
?
	
૟૝࢘ − ૞ࡾ
ࡾૢ + ૜࢙ ⇔

૚૛࢙
ࡾૢ + ૝࢙ +

૞ࡾ − ૟૝࢘
ࡾૢ + ૜࢙ ≥

?
૙ 
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⇔ ૚૛ࡾૢ)࢙+ ૜࢙) + (૞ࡾ− ૟૝ࡾૢ)(࢘+ ૝࢙) ≥
?
૙ 

⇔ ૚૛ૡ࢙ࡾ + ૜૟࢙૛ + ૝૞ࡾ૛ ≥
(૚)

?
	૛૞૟࢙࢘ + ૞ૠ૟࢘ࡾ 

Now, ૚૛ૡ࢙ࡾ ≥
(ࢇ)

࢘ࢋ࢒࢛ࡱ
૛૞૟࢙࢘ 

Again, ૜૟࢙૛ + ૝૞ࡾ૛ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૜૟(૚૟࢘ࡾ− ૞࢘૛) + ૝૞ࡾ૛ = ૞ૠ૟࢘ࡾ+ ૝૞ࡾ૛ − ૚ૡ૙࢘૛ 

= ૞ૠ૟࢘ࡾ+ ૝૞(ࡾ + ૛ࡾ)(࢘− ૛࢘) ≥
࢘ࢋ࢒࢛ࡱ

૞ૠ૟࢘ࡾ ⇒ ૜૟࢙૛ + ૝૞ࡾ૛ ≥
(࢈)

૞ૠ૟࢘ࡾ 

(a)+(b)⇒ (1) is true (Proved) 

 

1100. In ઢ࡯࡮࡭ the following relationship holds: 

ܖܑܛ
࡭
૛

+ ܖܑܛ
࡮
૛

+ ܖܑܛ
࡯
૛
≤
૚
૝
൬
࢈ࢎ + ࢉࢎ
ࢇ࢝

+
ࢉࢎ + ࢇࢎ
࢈࢝

+
ࢇࢎ + ࢈ࢎ
ࢉ࢝

൰ 

Proposed by Bogdan Fustei-Romania 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍ܖܑܛ
࡭
૛ ⋅ ૚ ≤

ࡹࡳஹࡹ࡭
෍ܖܑܛ

࡭
૛ ⋅

ቀ࢈ + ࢉ
૛ ቁ

૛

ࢉ࢈ = ෍
ࢉ࢈ ⋅ ܖܑܛ ࡭

ૡ ⋅
૚

૛࡭ܛܗ܋
⋅ ൬
࢈ + ࢉ
ࢉ࢈ ൰

૛

= 

=
ઢ
૝ ⋅෍൬

࢈ + ࢉ
ࢉ࢈ ൰

૛

⋅ ܛܗ܋
࡭
૛ =

ઢ
૛ ⋅෍

࢈ + ࢉ
ࢉ࢈ ⋅

૚

૛ࢉ࢈ ⋅ ૛࡭ܛܗ܋
࢈ + ࢉ

 

=
ઢ
૛ ⋅෍൬

૚
+࢈

૚
൰ࢉ ⋅

૚
ࢇ࢝

=
૚
૝෍

࢈ࢎ + ࢉࢎ
ࢇ࢝

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૚
૝෍൬

࢈ࢎ + ࢉࢎ
ࢇ࢝

൰ =
૚
૝෍

ቌ
+ࢇࢉ ࢈ࢇ
૛ࡾ

૛ࢉ࢈
࢈ + ࢉ ܛܗ܋

࡭
૛
ቍ = ෍ቌ

࢈)ࢇ + ૛(ࢉ

૚૟ܛܗ܋ࢉ࢈ࡾ ૛࡭
ቍ 

= ∑ቆ
૝࡭ܖܑܛࡾ૛ ܛܗ܋

࡭
૛(࢈ାࢉ)૛

૚૟ࢉ࢈ࡾ ૛࡭ܛܗ܋
ቇ = ∑ቆ

૛(ࢉା࢈)૛࡭ܖܑܛ

૝ࢉ࢈
ቇ ≥
ࡳି࡭

ܖܑܛ∑ ࡭
૛

   (Proved) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 

 


