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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

R >2r; 5R>10r; 8R —3R > 10r; 8R — 107 > 3R; (8R — 107)3 > (3R)3 = 27R3
27R3 < (8R—107r)3: 27R3 =27 -R-R-R=3V3R-3V3R-R=

3V3
= 6\/§R-TR ‘R >6V3R-s-2r =12/3sRr = 33 - 4sRr = 3\/3abc
(8R — 107)? > 3V3abc; (8R — 107)° > 27a’b?c?
Solution 3 by Boris Colakovic-Belgrade-Serbie

1
27a?%b?%c? < (8R — 101)° & (27a2%b%c?)3 < (8R — 10r)* &

a+b+c 2s 4 Gerretsen
s 33 aZchZ:33\/abc-3\/abcs(a+b+c)-T=2s-?=§sZ <

4
< §(4RZ +4Rr +3r?) < 4(4R—-51)? © 4R* + 4Rr + 3r> < 3(4R-51)* &
& 11R? —31Rr +18r2 >0 < (R—2r)(11R—9r) > 0 = R > 2r Euler
Solution 4 by Soumava Chakraborty-Kolkata-India

® G=A Mitrinovic
Given inequality & v33abc < 8R — 10r. But LHS of (1) < aigc = 3—% < %

?
=3R<8R-10r & 5R > 10r & R > 2r - true (Euler) (Proved)

1062. In AABC the following relationship holds:

aw? bw?: cw? - 48671

+ =
h, h, h, R

Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania
We must show: % (a?w?2 + b?w} + c*w?) > 1812 % QD
Butr <7 =6r <3R==<3(2)

From (1)+(2): We must show: a?w? + b2w? + c2w? > 365123 (3)
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a’w? + b?wi + c*w? > 3i/(abC)Z(WaWbWC)Z}

But }/w,wyw, > 31

a’w? + b2w? + c2w? > 27r%3/(abc)? (4)
From (3)+(4) we must show: 2 + r23/(abc)? > 3651r2V/3 < 33/(abc)? > 45V3 &
31/ (4RS)% > 45V3 & 27 - 16R%S? > 645%3V3 &
3V3R? > 45 © 3+/3R? > 4sr (5)

But R > Zr} 5 _ dsr )
2s = R* > — = 3vV3R* > 4sr = (5) it's true.
r= 33 3v3

Solution 2 by Soumava Chakraborty-Kolkata-India

a 1
— 2(_ S\~ 2.2
LHS Z“W“ (er) erza Wa

wqzhgetc 1 4.rZSZ ? 486r
> — E a? > = 6rs > 2r?
2rs a R

? 48671 ?
& 361282 > 4rt (T) & 9RS? (% 48613

Euler

But9R > 18r & S? > 27r2 Multiplying the above two, 9RS? > 48613
= (1) is true (proved)

1063. Ifin AABC,I - incentre, R,, Ry, R — circumradiiin ABIC,ACIA,AAIB
then:

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India

A
r
B C
r r
BI - CI- BC sinB.sin * rsinA rsinA A
) ) 2 2 2 2 (1)
4'§BC-T Z(nsmf) Z(E)

R, by (1) 2R si A 2R, _ 4R2 ] A(E) R A
. st abc 4Rrsasm2 ~rs “sz
. (b) ’ () ,
Slmllarly,\/E = \/E asing&\/E = \/E csin&
hp rs 2 h¢ rs 2
+ b + }: Rq QQ R 2: . A
@+ =3 [ = 5T [asing
A-6 R 6 Tr ? 3 ? 2 -
> 3\/% [4Rrs (L) > V6  27R® > 8rs® > (i)

Mitrinovic 4¢2 Euler

Now, R? > ?&R > 2r

= 27R3 > 8rs? (multiplying the above two)= (i) is true . ), \/% >V6

CBS
Also, using (2),2\/% < \/%\/ﬁ /Zsing
Jensen
< \/%\/ﬁ /3 sin (g) - fx) = sing vx € (0, ) is concave)

_ 3R.z R, @ [3R
Sl r T h, — | r

mg=,/s(s—a),etc

by (ii)
6m,mpm, > 6_:rzs = 3R yZ Z Rq N Z Rq < 6m,mpm,
hghph, 16R°T~S r hy hg

hqhphc
8R3
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1064. In A ABC the following relationship holds:

am, bm, cm,
+ + >2 /3 3S
h, h,, h, — V3

Cc

Proposed by Daniel Sitaru — Romania
Solution 1 by Mustafa Tarek-Cairo-Egypt

We know that the altitude the least segment from the vertex of the triangle to the
other side and coincide at the median < the triangle is isosceles then

mg, = h, my,=>h,m.=>h,

7 2
LHS > a+ b +c =25 > 2/3V35 & =2 > A (true)

2 Mitrinovic
V3 >rses > 3V/3r (isoperimetric inequality)

=
as B

Solution 2 by Marian Ursdrescu-Romania

amg + bmy + cm, > 33 abc moympm, (1)
hq hp h hghph,

b+c A A A B c
Butm, > — €os> = Vbc cos; = mymym, = abc OS> COS - COS (2)

A_B_C
From (1)+(2)= amq | bmp  cme 33 aZb?c? cos; cos, cos; 3)
hq hp he — hqhph

A B C 25272
abc = 4sRr, cos=cos—cos- = —and hyhyh, = =— (4)
2 2 2 4R R

2022 c.
e +bh%+ > 37% = we must show:
3V2RZ%s > 21/3V3S o 3622R*s? > 2633335313 © 9R* > 163513 (5)
R3 > 8r3}
2
R > ms

1065. In AABC the following relationship holds:

= R* > %sﬁ © 9R* > 16+/3s13 = (5) it's true.

Vb2 +¢2 VJez+a? Vaz+ b2  9R?
+ + <
ha hb hc \/E - S

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution 1 by Daniel Sitaru-Romania

z \/bzh—:czcgs\[cz (b? + c2) - Z %Z\/Z z a?- z 4a—;Z:

cyc(a,b,c) yc(a,b,c) cyc(a,b,c) cyc(a,b,c) cyc(a,b,c)
1 LEIBNIZ 9R?2
— aZ <
V2§ V2.8
cyc(a,b.c)

Solution 2 by Soumava Chakraborty-Kolkata-India

WLOG, we may assumea = b > c. ThenVb? + ¢c2 < V¢ +a? <Va? +b? &

1 1 1/b2 + 2 Chebyshev 1
h_Zh_Zh D T 05 n) Q)
a

3Vv3R
CBS V3 z 2 LEIZNIZ V3v2 - 3R \/_ 6Rs MITRI<NOVIC VR ‘/_ 9 R2
= 3r - 3r rs - S " V2S

1066. Find © € R such that in acute AABC holds:

bcosB ccosc ccosC acosA acosB bcosB
2( + )cosZA+( + )cosZB+( +

)cosZC
ccosc bcosB acosA ccosC bcosB acosA

Proposed by Daniel Sitaru — Romania
Solution 1 by Serban George Florin-Romania

bcosB ccosC 2RsinBcosB 2RsinCcosC
Q= Z( )-cosZAZZ( - + -
ccosC bcosB 2RsinCcosC 2RsinBcosB

sin2B sin 2C
- z (sin 2C + cos ZC) cos24
__sin2Bcos2A sin2Ccos2A sin2A-cos2B sin2Ccos2B
T sin2C | cos2C  sin2C | sin24
N sin2A cos 2C N sin 2B cos 2C _ z (sin 2Acos2B N sin 2B cos 2A> _
sin 2B sin 2A sin2C sin 2C

z sin(24 + 2B) z sin(24 — 20)
N sin 2C N sin2C

Q_z sm2€_ (—1) = -3
B sin2C B

)-cosZA
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Solution 2 by Soumava Chakraborty-Kolkata-India

bcosB ccosC 2RsinBcosB 2RsinCcosC
( )cosZA=<

+ .
2RsinCcosC 2R sinB cos B) cos 24

+
ccosC bcosB

sin2B sin2C 2 sin? 2B + 2 sin? 2C
= ( - + — )cos 2A = - -
sin2C sin2B 2sin 2B sin 2C

_ (1 —cos4B —1—cos4C) -2sin2Acos2A (1) 2 sin 44 — sin 44 cos 4B — sin 44 cos 4C

> cos 24

4 sin 24 sin 2B sin 2C 4 sin 24 sin 2B sin 2C
Similarly, (c cosC + acosA) cos 2B (é) 2 sin 4B—si'n4B ct')s4C—'sin4B cos 44 &
acos A ccosC 4sin2Asin2Bsin2C
(a cos A N b cos B) 2 ®3) 2sin4C — sin4C cos 44 — sin4C cos 4B
bcosB acosA cos N 4sin 2Asin 2B sin 2C
__ 2% sin4A-Y(sin4A cos 4B+cos 4Asin 4B)
(1)+(2)+(3)= LHS = 4 sin 24 sin 2B sin2C
_2)sin4A -} sin(44+4B) 2 Y sin4A4 - ¥ sin(4mw — 4C)
" 4sin2Asin2Bsin2C — 4sin2Asin 2Bsin 2C
_ 2)sin4A+ ) sin44 (a) 3) sin44

" 4sin2Asin2Bsin2C 4 sin 24 sin 2B sin 2C
Now, Y sin 44 = 2 sin(24 + 2B) cos(2A — 2B) + 2 sin 2C cos 2C

= —2sin2Ccos(24 — 2B) + 2sin2C cos(24 + 2B)

(b)
= 2sin2C{cos(24 + 2B) — cos(2A — 2B)} =— 4sin2Csin2Asin2B

_ —12sin2Asin2Bsin2C __ _
(a), (0)= LHS = 4sin24sin2Bsin2C 3 (answer)

1067. In AABC the following relationship holds:

Jhe—2r+/hy—2r+ Jh,—2r < \/hy+ h, + h,
Proposed by Bogdan Fustei — Romania

Solution 1 by Mehmet Sahin-Ankara-Turkey

Jhe—2r+ /by —2r+ /h.—2r < \/h,+ h, + h,

LetT = \hy —2r + Jhy, — 2r + Jh, = 2r.Using hy == h, =2~ h, ==

2A 2A 2A
T=|——-2r+ |——-2r+ |——=2r
a b c
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c-S 1

- 1 1
T?> < 2r(—+—+—)-(s)
a C
12 < g (S F T HART L 22 iapn)
= 4RA —2r® T r

T>?<h,+h,+h,;T<,h,+h,+h,
Solution 2 by Soumitra Mandal-Chandar Nagore-India
_a-ha_b-hb c-h,

2
zm—z —— r—z —(s—a)
cyc cyc cyc

Cauchy
Schwarz 2r 2r
#(52)(56-0)- 52- 5
a a
cyc cyc cyc cyc

1068. In AABC,AA'B’'C' the following relationship holds:

(a+a')(b+b')(c+c') > 32VRR'SS + 4(VRS —VR'S')"
Proposed by Daniel Sitaru — Romania
Solution by Lahiru Samarakoon-Sri Lanka
(a+a')(b+b)(c+c')>24VRR'SS + 4RS + 4R'S' but, R = “’;‘
(a+a)(b+c)c+c')=>6Vaa'bb'cc’ + abc+a'b'c’ =
= (abc+a'bc+b'ac+cab+ab'c+b'ca+adc'b+ab'c) > 6Vaa'bb'cc’
So, we have to prove, ab’c’ + bc'a’ + ca’b’ + abc' + bca’ + acb’ > 6\/aa’bb'cc’
Then, AM = GM

ab'c+bca +cab +abc + bca +ach’ 3 31303 33
3 > 6\/a a'3b3b'3c3c¢’3 =vVaa'bb'cc’

So, it's true.
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1069. In AABC the following relationship holds:

\/rbrc+\/rcra+\/rarb< S(ha+hb+hc)
a b c 2r

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

T r,T rs?2
LHS = z a’b’e z 1 z csc—

astan 4Rssm cos tan

_ rs? bc(s — a)
B z 4Rs |(s—b)(s—c)(s —a)

=y PTTIEN ———./bc(s — a) \/Zab\/Z(s—a)— 2R Zab /—(Zh

1070. In AABC the following relationship holds:

a(s—a) b(s—b) c(s—c) 3V3R
+ + <
b+ c c+ta a+b 4
Proposed by Daniel Sitaru — Romania

Solution 1 by Boris Colakovic-Belgrade-Serbie

_a+b+c _b+c—a a(s—a) 1lalb+c—-a) 1 a?
STaTT =2 "bh+c 2 b+c 2\ b+c
a+b+c a+c—b b(s—b) 1b(a+c-b) 1 b?
s—b=———_p= : = — =—|b-—
2 2 ct+a 2 c+a 2 cta
_a+b+c _a+b—cc(s—c) 1c(a+b-c) 1 c?
STETT 72 "a+b 2 a+b 2\°"a+b

2 2 2 2
LHS——(a+b+c)——(—+b—+—) ~(a+b+c)— ;;‘z::;)c)

b+c c+a a+b
3\/§R 3\/§R
2 4

N
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

s—a=x;s—-b=y,s—c=z,s=x+y+z

% >3 %0 ASSURE; 2124 > 3 04T AsgURE

s
2 b+c 2x+y+z

2x+y+z
(y+z) 2x GM<AM 1 )

E 2x+y+z = 2x+y+z

x+y+z

1 1
:§Z(ZX+}’+Z):§'4(9C+}’+Z): >

Solution 3 by Soumava Chakraborty-Kolkata-India

LHS_za(Zs— a-—s) z z
N 2s—a s 2s—a
a—2s+2s 1
= — - @ = _ _ _ 2
2s sz s —a 2s SZ( 1) — 2s Zb+c

C5g g2 Y(c+a)(a+b) —5g_ 22 Ca*?+2Yab)+Yab
-3 2abc + Y ab(2s — ¢) 2s(s2+ 4Rr +1r2) — 4Rrs
552+ 4Rr + 1? 5s% + 4Rr + r?
= 5s — 2s2. = -
2s(s2 + 2Rr +12) s2+ 2Rr + 12

_ 6Rr + 417 Mitri<novic 3vV3R 6Rr + 412 7 3vV3R
sZ2+2Rr +1r? - 2 s2+2Rr+rZ 4

4(3Rr + 21?) 2

sZ+2Rr+1r2 "~

<1es? (>) 10Rr + 712

Gerretsen

But,LHSof (1) > 16Rr — 512 > 10Rr + 772

& 6Rr > 12r% & R? > 2r - true (Euler) (proved)
1071. In AABC the following relationship holds:

h,\%2 [ h,\> /h \ 1
( aZ) + < b2> + ( CZ) = 2 2 2
aw’ bw; cw? R%(2R? +1?%)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Marian Ursdrescu-Romania

() + () + () > 32 el — )
Butw, <./s(s —a) > w! < s?(s—a)? = wig > 52(sl_a)2 (2
to) > 3Uazbzczss(‘:'f;';’z’:?f,,ms-c)z ®
454t (4)

(abc)? = 16sR*r? (5)and ((s — a)(s — b)(s — c))Z = s?r* (6)

From (1)+(2)= % (

(hahbhc)Z

From (3)+(4)+(5) +(6)= X (a’ifg) = Vﬁ (1)

From (7) we must show this: > L P L
' 3\/ 4R*s2s6  R%Z(2R%+12) 4R%r256 — R6(2R2+r2)3

27R%(2R? + 12)3 > 41r?%s% (8)
But R > 2r = R? > 412 (9)
Form (8)+(9) we must show this: 27(2R? + 1r2)3 > s® & 3(2R? + r?%) > 5% (10)
But from Gerretsen we have: s? < 4R? + 4Rr + 3r%? =
s2 <4R?+4Rr +3r? < 6R? +3r? © 4Rr < 2R? & 2r <R true.

Solution 2 by Soumava Chakraborty-Kolkata-India
he \> M1 h, \?
z (awﬁ) = 3 (Z awﬁ)
h, 2rs 1
z aw? z a 4b%c?2  s(s—a)

N CET T

N\ 2rs (b + ¢)? B (b + c)?
B z a 4s(s—a)-4Rrs 8Rsa(s — a)

1 (s+s—a)* 1 s+ (s—a)*+2s(s—a)
_8Rsz a(s — a) _8Rsz a(s—a)

1 (s—a)+a+ 1 zs a, z
" 8R a(s —a) 8Rs a 8Rs

1 1 1 1 1 1 1 1 3
= — 4 — +— _ ) ———
BRZa BRZS—a BRZa 4R2a 8Rs
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_1zl+1z 1 3 Y ab ( 1 >+4Rr+rZ 3
" 2R a 8RZ.s—a 8Rs \ 2R /\4Rrs 8R12s 8Rrs

( Z(S —a)(s—c) ZZ(SZ —s(b+c)+bc)=3s*—4s>+s?+4Rr +r? = 4Rr+r2)

_Zha+4R+r 3 Xhe29r 9 3 +4R+r
" 4Rrs 8Rrs 8Rs ~ 4Rs 8Rs 8Rrs
_18r—3r+4R+r_4R+16r_R+4r.Z h, (i)R+4r

8Rrs ~ 8Rrs  2Rrs Zuiaw? = 2Rrs
1 (R+4r)2 1 2., .2 2 J 2.2
D). @)= LHS 2 3555 2 o © (2R2 +17)(R + 47) 5 12r's

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2 2
T D) 5 T

1 (1+1+1)3 27 44?2 B
~s? a(s—a)Z_SZ (sXaz—-Ya3)?
%)
a
27 1
:—4.AZ

s2 4s2(s2 — 4Rr — r%2 — s2 + 6Rr + 31r2)2

_27r? 1 _27r? 1 B

sz (2Rr+2r?)? sz 4r:(R+r)?
_27 1 11 _1 ( 1 )> 11
452 (R+71)27 R2 (R+7r)2 R2\R2+2Rr+71r%)~ R? 2R%+ 12

Gerretsen ?
Now,RHSof (3) <  12r%(4R? + 4Rr + 31r?) < (2R? + r?)(R + 4r)?
? ?
25+ 1613 —15t2 — 40t —20>0 < (t —2)(2t3 +20t2 + 25t +10) > 0

Euler

—true~t > 2 (Proved)

1072. In AABC the following relationship holds:

443 < + +

b>+c?> c*+a® a®+b? <3\/§<R
ar, br, cr, = 2

)3—8\/§

r

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by Soumava Chakraborty-Kolkata-India

@bZ+c2 c2+a? a?+b%®3V3/R\3
43 < + + < <;) —8V3

- ar, br, cr, = 2

+ +

ar, br, cr,

- (Z a’) (Z a:'a) - Z,.% = (Z a?) (Z Sa‘A“) _z@

_ia (sz 1 3) _ s(2s) - 2(s® — 4Rr —1?)

A a A
_ Y a*(S(S*+4Rr +1r?) 3 2(4Rr +1?)
A 4Rrs A
_(s*—4Rr —r*)(s* —8Rr+1?) 2(4Rr +71?)
B 2RrA A
_ s*—12Rrs* +r*(4R+r)(8R — 1) — 4R(4R + r)r?
B 2RrA
(© s*—12Rrs* + r*(4R +r)(4R — 1)
B 2sRr?
Mitrinovic §* — 12Rrs? + r2(16R% — r2) 2 3vV3 (R\®
< ( )2 (—) -8V3
2sr2 25 2
3V3
3{s* — 2Rrs? + r2(16R?> — r?)} » 3R3 3R3 — 16713
e <= _g="2 2
485212 213 273

?
& 3r{S* — 12Rrs? + r>(16R?* — r?)} (% 25%(3R3 — 1613)

erretsen

G
Now, LHSof (1) <  3r{S?(4R? — 8Rr + 37r?) + r>(16R?* — r?)}
”
< 25%(3R?® - 1612)

4N 2 4
& §? <6R3 — 12R?%*r + 24Rr? — r_3) (% 3r3(16R%? — 1?) ~ 6R3® — 12R?*r + 24Rr? — 3

Eul
= (R— 2r)(6R? + 2412) + 713 > 0 ( R Z Zr)

erretsen

G ?
~LHSOf(2) >  (16Rr—5r2)(6R® — 12R%r +24Rr? — %) > 3r3(16R? — 1?)
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?
& 48t3 — 111t3 + 198t%2 — 388t + 104 >0

? Eul
o (t— 2){(t — 2)(48¢2 + 81t + 330) + 608} >0 > true = t > 2 = (b)istrue

Mitrinovic

2, .2 4_ 2,.2 2_.2) ?
Also, using (¢) &2s < 3\/§R:Zba:c >3 IZRr:\/;;ZSM ™) > a3

? ?
& §* — 12Rrs? + r?(16R? — r?) > 36R?*1r* © S$* — 12Rrs? (% r2(20R? + 1?)

Gerretsen

Now,LHSof (3) >  S%(4Rr— 5r?)

Gerretsen

? ?
> 1r?2(16R—5r)(4R—57) > r?2(20R?> + r?) © 11R* —25Rr + 612 > 0

?
< (R—2r)(11R — 2r) = 0 - true= () is true (Done).

1073. In AABC the following relationship holds:
r,h, . ryh, . r.h, - 3(a+b+c)
a b c 4
Proposed by Bodgan Fustei — Romania

Solution 1 by Marian Ursdrescu-Romania

Ty = ﬁ,ha = ? = inequality becomes: 252 Y, az(;_a) < % =3
r2y, z(s a)_— 1)
BUL S i = e @)
From (1)+(2) we must show: s2r2> _Zsz(zfﬁrRzr:z)J;rﬂR”)g < 37 =

s* —2s2(2Rr —r?) +r(4R+1)3 < 125’R? &
s?(12R* — s> + 4Rr — 2r*) > r(4R + 1)? (3)

Now, from Doucet’s inequality, we have: s? > 3r(4R + 1) (4)
From (3)+(4) we must show this:
3rAR+1r)(12R?> —s2 +4Rr - 2r*) >r(A4R+ 1) &
3(12R? —s?+4Rr—-2r*) > (4R+1r)* &
36R?> — 3s* + 12Rr — 61> > 16R?> + 8Rr + r* &
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20R? + 4Rr > 3s2 + 7r? (5)

Now, form Doucet’s inequality we have:
3s2<(4R+71)? (6)= 352 <16R*>+8Rr+1r*>
352+ 71?2 < 16R* + 8Rr + 812 (7)
From (5)+(6) +(7) we must show this: 20R? + 4Rr > 16R? + 8Rr + 81’ &
4R%? > 4Rr + 81> © R* >r(R + 2r) (8)
But from Euler’s inequality we have R > 2r =
R% > 2Rr (9)

From (8)+(9) we must show: 2R > r(R + 2r) & 2R > R + 2r & R > 2r (true)
Observation: Relationship (2) it's from Viete and Newton relations from the
equation with the roots a, b, c.

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

ra-he 1 28 1 ,
D e T an g Teha =5 ) Tk =
:i.A.z 1 -hzzl-z;-hz<
2A s—a * 2 s(s—a) *~

(ha <l, < s(s— a))

1 s 3
SEz:s(s a) (—a)ZZ(a+b+c)

s—a=x
s—bzy}

Ss—C—=12

Jx+y+2z) xyz
a=— x 7"'7rb7rc; ha =

2./ (x+y+2z)xyz
J(x+y+2)xy o hyh,
yt+z

a+b+c=2(x+y+2z)

zraha_z\/(x+y+z)-xyz 2 /(x+y+z) xyz 1
a X

yt+tz y+z
a
2x +y +z)xyz _ AM=GM
= <
z Oy 7 2) 2(x+y+z)z( 27 S

z X+y+z
SZ(x+y+z)Z$=2(x+y+z)-Z=(+)-3=(a+b+c)-3
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Solution 3 by Soumava Chakraborty-Kolkata-India

A 2A 1 2A’°s—a+a 2A? 1 2A°s—a+a
e R )
s—a a a s a(s — a) s a? s? a(s —a)

Goldstone ZTZSZ 1 ZTZSZ 1 ZTZSZ 1
< o ~ 4 z

- s 4712 s2 a s2

s 2r2(Cab) Z(s —b)(s—c¢)
=—+ + 212

s—a

2 4Rrs r’s

s 1r(s?+4Rr+1r%) 2
=-+ (" ) —(35Z 45 + 52 + ARr +1r?)
2 2Rs

s r(sZ+4Rr+r2)+2(4Rr+r2);3-2s_3s

2 2Rs S - 4 2

r(s? + 4Rr + r?) + 4AR(4Rr + r? 7
=3 (s ZLS ( ) s<:)(2R—r)sZ>r(4R+r)Z

Gerretsen

LHSof (1) > r(2R—7)(16R —571) > r(4R + r)?

Euler

& 8R? — 17Rr + 212 > 0= (R-2r)(BR-1) > 0 ->true+w R > 2r (Proved).

1074. In AABC the following relationship holds:

2, .2
2m, m,m rZ+r+r
a'ltp c> + a b c

h,hyh, Talp T 1T+ 7.7,
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2[Imq xra
- 4+ > 4 ==
LHS Tk 1>2 5 RHS

a TpTc

b+c A
1) LHS: 2 + 1 e v P

= bc

2RZ [1(b+c) - / _ abc l'l(b+C)

(abc)? (abc)?

B z z b ab +1_2 -s-A-2s(s?+2Rr +71?) 1=
B (abc)3 ab—a c 64R3s313 B

+1=
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1 s24+2Rr+17r%
=——(s?+2Rr+r’)+1=—"" (%)
16r 16r
2) 2 + ng — ng"'z'zrbrc — (Zra)z —
Y TpTe Y TpTe Y TpTe

(4R+1)2 (4R+r)2 )
- ) =
L pr T ey s

2 2 2
(%), () = TR > BB (ASSURE)

s?(s? + 2Rr +17r%) > 161*(4R + r)? (s? > 16Rr — 51)*
(16Rr — 512)(16Rr — 512 + 2Rr + 17r2) > 161%(4R + 1)?
2r%(16R — 51)(9R + 671) > 161% (4R +1)?

R
(16R — 51)(9R + 61) > 8(4R + 1)? (; = t)
(16t — 5)(9t + 6) > 8(4t + 1)?
144t* — 45t + 96t — 30 > 128t> + 64t + 8
16t> —13t—38>0; (t —2)(16t+19) >0
Solution 2 by Soumava Chakraborty-Kolkata-India

My > 5(s — @), etc - LHS > 2/S6-056 b))

16R2r2s2
8R3

_ 16R%rs* _ R . . R 512
= ag =, it suffices to prove: = 1+ S
R—1r (4R +1)% — 2s?
e = s2 & (R—1)s?+2rs? >r(4R +1)?

1)
& (R+71)s? > r(4R +1)?
Gerretsen ?
Now,LHSof (1) =  (R+1)(16Rr —51%) > r(4R + r)?
? ?
© 16R? + 11Rr — 51% > 16R? + 8Rr + 1> & 3Rr > 6r? - true (Euler) (Done)

1075. In AABC the following relationship holds:
2

4 Zma(hb—hc) <9 Zaz Zhﬁ

cyc cyc cyc

Proposed by Daniel Sitaru — Romania
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Solution 1 by Tran Hong-Vietnam

> matty =] <[> malty ~hel] € mz- Y
=2(Za?) X(hy — ho)? = 3 (T a®){2(T hE - S hohy)} ()
We must show that: 2(3 h2 — ¥ h,hy,) <3Y h% © —2Y h,h, <Y h?
(It is true because: h,, hy, h, > 0)= (*) < % X a?)Y h?

= 4> mathy - 10| <9(Y @) (> 2)

Solution 2 by Soumava Chakraborty-Kolkata-India

“Ex)2<3Yx?,~LHS;m, < Eetc

<12y mi, ~ k)P <L (b+ O (y — ho)?
=3 Z(b +¢)? —(ca;R‘Zlb)z <9 (z az) <Z:I:ZCZ>
e z a? (b? — c?)? 23 (z az) (z azbz)

”
o ZZa“bZ + 22a2b4+ 15a?b?c? >0

— true = given inequality is true (proved)

1076. In AABC the following relationship holds:

Mo My Mo Loy the hethy  hot i)
h, h, h,_2\ h, h, h,

Proposed by Bogdan Fustei-Romania
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

b2+c

B b? + c? ab2+acZ
Dy ey ey e

2R
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bc ca

_1zbc2+c2a_1zbc+ca_1 2RT2R _1Cho+hy
T2 abc 2 B ab 2 h,.
2R

1077. In acute AABC the following relationship holds:

3V3R
2

Proposed by Daniel Sitaru — Romania

acosA+bcosB+ccosC <

Solution by Lahiru Samarakoon-Sri Lanka

3V3
2RsinAsin B < TR

3v3 3v3
RZsinZA S%_R :>4RsinAcosBcosCS%—R

We have to prove, sin A cos B cos C <33 But ZsmA < cos (

A+B+C) __ 3
3 2

3
GM < AM: ZC%A > 3/sin A'sin B cos C. So,sinAsinBcosC < (?) = i So, it’s true.
1078. In AABC the following relationship holds:

am3 + bm,s, + cm? 1
(amg, + bmy + cm,.)5 ~ 729R*

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam
“ f(x) = x5(x > 0) = f"(x) = 20x% > 0 (x > 0). Using Jensen’s inequality:

5
5 _ a . a 5 1 5 Yam} 1
E am;} = 2s E 2smaZZs E (Zs ma) =2y E (am,) @Z(ama)5216s4

Must show that: —4 >—— o 729R* > 16s*. It is true because:
16s 729R

3V3 729
s < TR = st < FR“ & 729R* > 16s*
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1079. In acute AABC with sides different in pairs, AA;, BB, CC — altitudes,

AA,,BB,, CC, — medians, AA3, BB3, CC3 — symedians. Prove that:

A,A 2
2 3+BzB3+Czc3 - 108r
A2A1 BZBI C2C1 az + bZ + CZ

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

A

2 2 2
Let BA; = m & CA; Zn.Then,%Z%(&m+n=a).'.m—'m:c +b

n b2
a_ c*+b? _ab?® ¢t 2 ab®* _ ac?
I L iy ALl S AL S SRR Sy & R
) ai®
ﬁBAgzmAzA3:BA1—BA3
by () @ ai*> _ a(b?*+ c?) — 2ai* ) a(b® - ¢?)

T 2 b2+c2 2(b2% + c2) — 2(b? + ¢?)

c(c?+a%-b?) (E) c2+a?-b?

From AABA,& =cosB = BA; =ccosB =
c 2ca 2a
byG)a c?>+a*®—-b%* a?—-(c?+a?—-b? (2 b%*-c?
~A;A1 =BA, —BA; = 2~ 2a = a = a
A,4; (@) g2

A, = m Slmllarly,

B2B3 () b2 c2c3 O 2
B;B1 c2+a? c2c1 a2+p2

1. (@)=

2 Nesbitt ? 2 ?
@+bD)HO= LHS =35 > 3> o Ya? > 36r2

Ionescu—
Weitzenbock Mitrinovic

But Y, a? > 43rs >  4V3r(3V3r) = 36r% = (3) is true (Proved)
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Solution 2 by Tran Hong-Dong Thap-Vietnam

CZ

_ = — 1
2 51+52=5 | $1 bz_,_czs | AAz _ (2)"‘12‘43"4‘41 _ [44243]

More: 1 =S"" 5
'Sy b2 _ B T MAy ()apApan; [AA14]
$2= ara 2
a4l =5, —5 = 2 S_b-c s
23T T2 T p2 2 2 bEHc? 2
Maa) =3 (apag =5 CrE P b oc S
172072 ) 2a? ~T & 2
- _1 _ 2+a?-p?
Because:  [ABA;] = - AA; - BA; = — -

. 2 202_482 202 Yoy p2p2 v a4
Wlth:AA1:ZT:,andBAlz\]cz_%:\]ac 45 _\]ac J2Xa Y at}

a? a?

2
_ |(a?+c%-p%)" _ a?+c%-p? Hence AzA3 __ [AAxA3] _  a? . (etc)
\} 4a? 2a "AyA,  [AAzAq]  bZ+c?’
a? (Schwarz) (a+b+c)?
b%+c2

© 45?2 > 108r? © s? > 27r? & s > 3+/3r (true) Proved.

>LHS=2} Must show that: (a + b + ¢)? > 108r?

Ya?

1080. IfinAABC,a < b < c then:
h3® — hi® + h2® > (h, — hy + h)*
Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
(hq — hy + h)?® < hZ® — hi® + hZ° (*)
a<b<c=>h,>h,>h.lLeth,=kh, h,=mh.(k>m=>1)
MNek-m+1)2° <k -m?+1.Letf(x) =k?°—m?2°+1— (k—m+1)?°
(withk>m > 1)= f'(k) = 20k — 20(k —m + 1)1°
KP>k-m+1)YP o k>k-m+1mz=>1 (true)
= f'(k) = 0= f(k) 7 [1; +o)

Then:k>m=>1> f(k) > f(m) =m?° —m?°+1 - (m—-m+1)2° =0 = (*) true.
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Solution 2 by Soumava Chakraborty-Kolkata-India

(1)
R20 — R+ h20 > (hg — hy + ho)?®
(1) & h2 — h3° = (hy — hy + h.)2 — h2°
& (hg — hy)(hE + hi®hy + hi7hE + -+ h2hE7 + hohi® + h}®)

- hb + hc)19 + (ha - hb + hc)lshc + (ha - hb + hc)17h§ + o +]

(h,
>(h,—h
( ¢ b) [ +(ha - hb + hc)zh%7 + (ha - hb + hc)18 + hig

C) —h ) {h19 (ha - hb + hc)lg} + {htllshb - (ha - hb + hc)lshc} + >0
b +-'-+{h hi® — (h, — hy, + h,)h1®) + (R1® — h1%)} =
& (h, — hyp) > 0 (say). Now, h, —h,,—bc ca _ cb-a) a)> 0(-b>=a)

2R
(id)
Also,h, > h,—h,+h, o h,>h. ©ca>absc>b->true=>h, > h,—h, +h,
(iid)
Also,~ ca = ab,:- h, = h,
(a)
(i), (iii)=> hl8h, > (h, — h, + h,))®h, > h}8h, — (h, — hy, + h,)®h, > 0

Similarly, hah® > (h, — hy, + h, )R (by (ii), (iii))
)
= h,h!® — (h, — hy + h,)h!® > 0

by (ii) by (iii)
Similarly, for the other terms. Also, h, (2) (hy — hy + h)' & h}? (%) hl°
13

(a),(b),(c),(d), etc=> Q (Z) 0; (iv)-()= (2) = (1) is true (Proved)

1081. In AABC the following relationship holds:

5 2(s—a)+5 2(s—b)+5 2(s—c)<3
c a b o

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Let £(£) = ¥E(t > 0) = £(8) = — 2 £75 < 0(¢ > 0);

Using Jensen’s inequality, we have:
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— -b s—c
s|p(S=@,S +
LHSS3\/ ( ¢ 3“ b ):cp

b

WLOG, suppose: a = b > ¢. We must show that: @ < 3 & — +-—+>= <

N|Ww

b
b+c—a a+c—b a+b—-—c 3 b—a c¢c—b a-c
+ + <

o - + + <
2c 2a 2b -2 c a b
a b+b c ¢ a<0 az—b2+b2—c2+c2—a2<0
S ———+———+——— o
b a ¢ b a ¢~ ab chb ac

e c@®-b*)+ab?—-c?)+b(c?—a?) <0
o ca’? —cb*+ab?*—ac’ +bc*—ba’* <0 (a—c)[b(b—a)—c(b—a)] <0
S@a-c)b—c)b—a)<0(Trueca—c=0;b—c=>0,b—a <0)Proved.
Solution 2 by Boris Colakovic-Belgrade-Serbie

Yet another approach WLOG b > a > ¢

5\/2(s—a) \/Z(s—a)c“ :m<% 4c+25(s—a) 451+2(s5:a)

c c5

Similarly, /Z(S D2 +Z(S b) sz(s ) % z(s )

LHS<1_+Z(s—a)+Z(s—b)+Z(s—c)< 3= Z(s—a)+2(s—b) 2(s—c) §C>
- 5 5¢ 5a 5p — 5c¢ 5a 5 5
C>Z(s—a)_|_2(s—b) 2(s— c)<3 (1)

c a
a_x+y +c-b +b +b
— _ atc—b _atb—c __Cct+tb—a
b—y+z}:>x— S y=——z=—— (2
c=z+x
2s=a+b+c=2(x+y+2z)
From(l)> 22+ 2 4+ 2 <3 X 4 2 4 2 234
z+x x+y y+z x+y y+z z+x 2
x—y»P+(y—-2z)>3+(z-x)3
@x2y+yzz+zzx—xy2—yzz—zx2SO(:)( y) (y3 )* + ( ) <0

S-yP+-2P2+z-x)<0=s(x-y)(y-2)(z-x)<0=

xX—-y<0y—-z=>20z—-x>0
= U X [} X U
y=x y=>z zZ=>Xx

y=>z=>2x=>From(2)b>a>c
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1082. In AABC the following relationship holds:

b2 +c2—a? c*+a*—-b* a*+b*-c*
+ +
Jrpre JTeryg JTars

Proposed by Daniel Sitaru — Romania

<4(R+71)

Solution by Tran Hong-Dong Thap-Vietnam

b?+c*—a* b*+c*—a* (b*+c*—-a*)/(s—b)(s—c)

\/rbrc S . S S
\}s—b s —

am-ém (b2 +c* —a?) s—b+s—c_(b*+c*—a*)a_2abccosA _abccosA

S =
S 2 285 285 S
Slmllarly c2+a?%-p? < abccosBan a?+p%*-c? < abc cos C
JTeTla S JTalb S
abc(cos A+cos B+cosC) __ 4RS

= LHS <

: - (1 + %) = 4R (1 + %) = 4(R + 1). (Proved).

1083. In AABC the following relationship holds:

Zr(l 1) (R)
— =+ =|< (=
h, hg h% S

Proposed by George Apostolopoulos-Messolonghi-Greece

2

Solution 1 by Marian Ursdrescu-Romania

28
28 . . — (b%+c? R? s
ha:—:lnequallty@%( 2)_—2<:)r=—,s=a+b+c
a =2 4S S s
a

¢(*2Y) < B2 & a(b? + c?) < 4sR? (1)

But in any AABC we have: g +-< g ) e
& b? + ¢? S%bc:a(b2+c2) Sg-abc )
But in any AABC we have abc = 4sRr (4)
From (3)+(4)= a(b? + ¢?) = 4sR? = (1) is true.

Observation: For relationship (2) we use Ravi substitution
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Q) ENODErn) o xvz | xty
4xyz T x+y  x+z

y+z 1 1
4xyz — (x+y)? + (x+2)2 (5)

1 1 )2 .1 1 2
But <1, ®< (x—y)2=>0; S e (x—2)2>0

From (6) + (7) = (5) itis true.
Solution 2 by Lahiru-Samarakoon-Sri Lanka

(1 1) (B ppe—_2r(b Y _ 2R o 2
ForAABC’ha(h,z,_'_h%)s(s) ’LHS_h(452+452)_452ha(b +c%)

a

(b2+c2) 2r 2rR (ma) mq R
But, m, = = s, 4-Rma > WA SO, then = therefore

_2rR _ R

2
=3 2= (5 Groveo
Solution 3 by Soumava Chakraborty-Kolkata-India

2r/1 1) > (R)Z
N _+_ S —
ho \hZ = h? s

2r (b2+c2 R2 b2 +c2 252 .2
We i () <2 = s (507) S tmomie
22\ 48 S S 4 16s(s—a)(s—b)(s—c)
a

& ab?c? (é) 4(b* 2+ c?)(s—a)(s—b)(s—c)
Lets—a=x,s—b=y,s—c=zofcourse x,y,z>0
Thena=y+zb=z+x,c=x+y
Using above substitution, (2)
(y+2)(z+x)*(x +y)* — 4xyz{(z + x)* + (x +y)*} > 0

(3)

> 4x3yz + 3x2y%z + 3x2yz? + 2xy3z + 2xyZ3

4-G
Now, x3y + x*z + xy?z2 > 3x3yz (a)

3 2+ 3.2 A-G
AISO,% > x3yz (b)

(a), (b) = in order to prove (3), it suffices to prove:

4
3x3y? + 3x322 + 2x%y3 + 2x%2% + 6xy?2% + 2y37% + 2y?73 > 6x%y’z + 6x%yz? +
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+4xy3z + 4xyz3

A-G

Now, 3x3y?% + 3xy?z%2 > 6x%y?z (i)
A-G

Also, 3x3z% + 3xy?z? > 6x2yz? (ii)
4-G

Again, 2x%y3 + 2y3z2 > 4xy3z (iii)

4-G
2x%23 + 2y273 > 4xyz3 (iv)

(D)+(i)+(ii)+(iv)= (4) is true (proved)

Solution 4 by Bogdan Fustei-Romania

2 2,2 2
h, = ? (and the analogs) = (b4;'zc ) < (g)

) +b+ b? + ¢?
S a c_al( c)<RZ
s

= = =
r S 2 S 4 =

24 o2 2= R. R borc” R

a(b”*+c*) <4R?’s =R 4Rs}:>a(b2+c2)s—abc:> ‘ ==

abc = 4RS = 4Rrs r be r
§+§ < % (and the analogs)

We will prove thatg +-< g (and the analogs)

Method I: I2 < s(s — a) (and the analogs)
h, <1, (and the analogs)

E+12<s(s—b)+s(s—c)=ss—b—c)=as

h%Z+h2 <12+ 12 > h + h? < as (and the analogs)

25
hy =3 4s? 48? _ sz (Lo 1) < g be
s(TRE Tt see (et a) <ol

¢
1 1 abc  4RS
4Sbc(ﬁ+c_2> ST'S—T'S—‘I-RS
1 1 1 1 R
(et ) < 4R = be( o) <,
bc bc R c b R
2 tas 2 oS- (and the analogs)
2 2
Method I1: % = bz;: (and the analogs)




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Ma _ 1(9 + %) (and analogs). From h, < s, (and the analogs)

Sa 2 \c

<—s—+-—<—
2r b ¢ r

c b

m, _m, R 1(b C) R ¢ b R
S—<—>
S, h, " 2r 2

1084. In AABC the following relationship holds:

A B
COti + COti + COti

cotA + cotB +cotC
Proposed by Mustafa Tarek-Cairo-Egypt

Solution 1 by Marian Ursdrescu-Romania

In any AABC, we have: coté + cotE + cotg = E 1)

and cotA4 + cotB + cotC = "(4R+T) ) s = _ atb+c

2
From (1)+ (2), we must show: % <32s2<3s*?-3r4R+1) &

12Rr +3r2 < s%? (3)

From Gerretsen’s inequality, we have: s2 > 16Rr — 5% (4). From (3) + (4) we must

show: 16Rr —51% > 12Rr + 3r2 © 4Rr > 8r%? © R > 2r true

Solution 2 by Tran Hong-Dong Thap-Vietnam
s2—r2_4Rr

—5; cotAd +cotB + cotC =
r 2sr

A B c A B
We have: cot= + cot— + cot= = cot=cot—cot-= =
2 2 2 2 2 2
2 2s2
We have shown that: —%F— = <3 o 2s?2<3s?2—-3r2—-12Rr
stor”—4Rr  sZ-r2-4Rr

2sr

& 3r2 +12Rr < s? (*).Buts? > 16Rr — 5r%. Must show that:
16Rr — 51% > 12Rr + 3r? © 4Rr > 8r> © R = 2r (Euler) (Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

(s—a) (s —a)?
Zwt Z (silj)(sa—c) ZJ(S_&Z_Z)(S_C):J%Z“—a)

_3s—Zs(l)s

r r
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) y g2
Also, Y cotd = La”
4rs

a?

32
4rs

(1), (2) = given inequality ©

> E & 3Ya? > a)? - true (Proved)

1085. In AABC the following relationship holds:

cscé cscE csc£ 1
2, %2 2 1
b? c? a? Rr

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

1 1 1 1
We must show: ——- +—5- +——-=>— (1)

sinsh sin—c sin-a’ Rr

2 2 2
1 1 1 1
But -éb2+ B, T -52233\](1,)2 in2 sinZ sin& (2)
sin; sin;c sin;a abc)? sin; sin; sin;
27

From (1)+(2) we must show:

2= (3)

2 sind sin? sint
(abc) sing sin sinz

= TP g
But abc = 4sRr and sinzsin_sin_ = — 4)

27 1 27 1

+ .
From (3)+(4) we must show: Tes2RE2 T = B3 © 132k = BB

=1

27R? > 4s% (true, because it it’s Mitrinovic inequality)
Solution 2 by Tran Hong-Dong Thap-Vietnam

C
cscx 1 1 1
+ + = + +

b? c? a? . A , . B ., .C
bsm2 c*siny  a‘sing

B 1 1 1
—Z A_16RZZ B B .. A

. 2cind 2D 2D A
(2RsinB) sin3 sin? 3 cos? 5 sin5

A B
CSC 2 CSC 2

. A 1 1 1 4
r =4R][][sinz > —=——— Weneed toprove: ), —5y—5— = +
2 Rr  4RZ]] sin; sinZE cosZE sin; ~ [[sin;

By AM-GM we have: ¥ —5— > >

. 2B 2B . A a\ (3 B
sin®7 cos*3 sin; (HSinE) HCOSZE

>. We must show that:
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3 B 27 .
> 4 o [] cos? 5 < o, Itistrue because:

3

;

2B
[1cos 2

3y3)’
B /sin A + sin B + sin C\? 2 27
1_[ cos? = < ( ) < =—
2 4 16 64
Proved
Solution 3 by Soumava Chakraborty-Kolkata-India

csc% cscg csc% 1
R e e
A A A sergserom (3 (L) sensen Z
LHS = bA+ CB+aC gZ aA g 3(Zab)
siny sinz  sinz Ysin (7) 16R27r2s2

v f(x) = sin is concave Vx € (0,m) | = (" + 4Rr + 17)" 2 1
. 2 ’ 24R%r2s2 T Rr

? ?
© s* +12(4R+1)? + 252 (4Rr +1%) > 24Rrs? & s* +r2(4R + 1)? Z s?(16Rr — 21?)

Gerretsen

2
Now,LHSof (1) >  s%(16Rr —5r%) +r*(4R +1)? > s*(16Rr — 21?)

? ?
& 1r2(4R +1)? > 312s% © 4R + r > \/3s — true (Trucht)= (1) is true (proved)

1086. In scalene AABC the following relationship holds:
(ra + rb)(rb + rc) (rc + ra)
(ro—7r)rp—1r)r.—1)

Proposed by Mustafa Tarek-Cairo-Egypt

> 25

Solution 1 by Daniel Sitaru — Romania

S S s—b+s—a
n(ra+rb)_1—[ s—a s—b _1—[ (s—a)(s—b)
ro-1/ s s | s—s+a
s

cyc cyc s —a cyc S(S _ a)

3

c s s
:n(m.a):(s—a)(s—b)(s—c):

cyc
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8s3 PADOA gg3  8g3 22
= Q = = —2>
(b+c—a)(c+a—-b)(a+b—c) abc 4Rrs Rr
CERIZIEN2(16Rr —51%) _32R—5r_ . SrPER 5
Rr -~ R R 2 7

Solution 2 by Tran Hong-Dong Thap-Vietnam

(ra + rb) (rb + rc) (rc + ra) = 4'SZR

(ro—1)ry —1)(r,—1) = (4R sinZ g) (4-R sin? g)

—64R3(' A inBsi 6)2—64R3(r)2—4R 2
= SIHZSIHZSIHZ = 4-R = r

Must show that: 4s?2R > 25 - 4 - Rr? & s? > 2572
15
. §2>16Rr — 5r* = 16Rr — 512 > 25r? © 16Rr > 30r! © 8R > 15r © R > 3"

. 15
Itis true, because: R = 2r > rd

1087. In AABC the following relationship holds:

mg, my m, ha hb hc

—+—+ > + +
Vb Ve VJa Vbc Veca Vab

Proposed by Daniel Sitaru — Romania

Solution by Tran Hong-Dong Thap-Vietnam

z h, _ 25 25 2§ _25<bc4\/a2bc+ac4\/b2ca+ab4\/abc2>
Vbc aibc bY¥ca cVab abcVabc

m, z h, _ ZSZ 1 - <bcx/ﬂ+ acvab + abx/E)
Vb &b aVb abcabc
We must show that:
bcvac + acvVab + abvVbce > beVa2be + acVb?ca + abVabc? (%)
(Let x = Va2bc,y = Vb2ca;z = Vabc? = x* = a’bc; y* = b%ca; z* = abc?

3 3

x3 y z
= (xyz)* = (abc)* > xyz =abc,a=—;b="—;¢c = —
yz Xz xy
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Suppose:a<bhb<c=>x<y<z).
2 2 2 2
=) 5+6) 73 =G

y z z

2 e () v+ (2) -

z

x
@z3_y+&+y3x > »2)° + (x2)" + (xy)*
x y z x y z
e y?zt + 22x* + 2%yt > (y2)3 + (x2)3 + (xy)® (1)
y2zt + 22yt > 2(yz)? (2)
z%x* + x%z* > 2(x2)? (3)

xtyt +yixt = 2(xy)® (4)
(2)+(3)+(4)
=  (y*z*

+ 22x* + xPy*) + (y*2? + 2% + x*2%) 2 2[(yz2)® + (x2) + (xy)°]
But: y*z? + z*x? + x*y? < x%*y* + y?z* + z%x*
& (x% —y?)(y? — z%)(x* — z%) < 0 (truebecause: x <y < z)
So, 2[(yz)3 + (zx)? + (xy)3] < 2[x*y* + y%z* + z%x*] = (1) true. Proved.

1088. In AABC, K — Lemoines’ point, the following relationship holds:
mpym, + memg, + mymy

> +/3(sinA - AK + sin B - BK + sin C - CK)
ha hb hc

Proposed by Mustafa Tarek-Cairo-Egypt
Solution 1 by Tran Hong-Dong Thap-Vietnam

We have: AK =m, -tanw -cscA =m,-tan w -

sin A
V31 L .
5 T similarly:
3 1
BKSmb-ﬁ- - i CK<m, — — = RHS <m,+m,+m,
3 sinB 3 sinC
LHSZmbmc+mcma+mamb

(+ Because: h, <m, =
mg my m

(with w: Brocard angle: w < = = tanw < ‘/3—5): AK <m, -

1 1

- e = m (etc))

Wemustshowthat:¥+’;—z+%2 x+y+z (x=mg y=my z=m,)

& (yz)? + (xz)? + (xy)? > xyz(x + y + z). It is true because we are using the
inequality: X2 + Y2+ Z2 > XY+ YZ + ZXWwithX = yz,Y = xz,Z = xy

Proved.
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Solution 2 by Soumava Chakraborty-Kolkata-India

mam
AABC,Z b e
h,

(€))
We shall first prove: (¥ a?)(X becm,) > 16y/3r2s?

> v/3(AK sin A + BK sin B + CK sin C)

mg,2h, etc Ionescu—Weitzenbock

a ?
LHSof (1) = (X a?)(Zbch,) > 4/3rs(X bch,) > 16+/31r2s3
? ?
= z bch, = 4rs? & z b%c? (% 8Rs?
But, Y b%>c? > abc(} a) = 4Rrs - 2s = 8Rrs? = (2) = (1) is true.
4 3)
_ 2 2 2 2
= (z m2) (z bem,) > 16v3sA? = (z m2) (z bem,) > 12v3sA
Applying (3) on a triangle with sides Ema,zmb, Emc whose medians are obviously

c
5 respectively and area of course = - We get:

» G @)) () (5-3) momea) = 1243 <(E | §)Zma>%z
= (Z aZ) Z mym.a > 8v3r2s? (Z ma) = Z mym, 2‘:5 > 4\/5;:2”( ;:Z)
S 53 ()53 (8 B 5 s

= Z% > 1/3(AK sin A + BK sin B + CK sin C) (proved)

1089. In AABC,n,, ny,, n,— Nagel’s cevians, g,, 9. 9. — Gergonne’s cevians.
Find: min Q
Q- nZ + nj + n?

ag, +bgp +cg.

Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

We know: n, > m, > g, (n, = m, — Tarek Lemma)
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nZ +nj +n? > m2 + mj + m? ZZ(aZ+bZ+cZ)

BCS
ag, +bg,+cg. <am,+bm,+cm, <

V3
\/(a2+b2+c2)-J(mﬁ+m§+m§)=7(az+bz+cz)

>0 == (a +b% +c?)- -8

_B g p=
ATy 0 % =5 Gasb=c

Solution 2 by Soumava Chakraborty-Kolkata-India

Let g, intersect BC atD. ThenBD =s—b,CD =s—c
By Stewarts’ theorem, b?(s — b) + c¢*(s — ¢) = ag% + a(s — b)(s — ¢)
s>ag:=b*(s—b)+c*(s—c)—a(s—b)(s—c) <as(s—a)
salb+c—a)b+c+a)+alc+ta—b)(a+b—-c)—2b*(c+a—-Db)—
—2c?(a+b—-¢)=>0
ob+c3—bcb+c)=>ab?+c2-2bc)eob+c)b—c)?*—alb—-c)?=>0

(a)
oMBb+c—a)(b—c))>0->true-ag:<as(s—a)>g, < s(s—a)
(b)

(c)
Similarly, g, < s(s—b)and, g. < {/s(s—c)

Also, by Mustafa Tarek, n, > m,, etc = Y, n?

Again, by (a), (b), (c):

Y aga< afsG-a=v5y JaG-a)va < V5v2s | » als - a)
= \/ES\/S(ZS) — 2(s2

< 2 _3 2
z2YXmg;=22a

1 @ 1
—4Rr —1%2) = 2s\/4Rr +1r2 = >
a9, 2sVARr +12?

s

zna 6(s —4Rr-r ) _3 3
1), (2)= 3. — 2 VaRr + 12
). () Yagq = 8sVaRr+r2 4 \4Rr+r? 4s rer

Now, s? > 12Rr + 312 & s* — 16Rr + 5r2 + 4r(R — 2r) > 0 — true

Gerretsen
~s2—16Rr+5r* > 0
Euler (i) by (i) 3
and, R—2r > 0=>s> ARr + 12 > > ——V4Rr +712 > ——
V3 VaRr+r2 V3.~ 1) 4V3

>3 6 _ V3 V3 3
— —B_og>Bg . =
V3 Ao a2 Q> 5 Quin = 5 (answer)
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1090. In AABC the following relationship holds:

6h, hyh
3+ cos(A—B)+cos(B—-C)+cos(C—-A4) > —ab <
mympym,
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

2sin(A+ B)cos(A—B) sin24+sin2B Y sin2A4 —sin2C
cos(A—B) = = =

2sinC 2sinC 2sinC
@ sin24)/ 1
- 2 (sin C) —cosC
Similarly, cos(B — C) @ ZSi:ZA (ﬁ) —cosA &cos(C—A) @ ngﬂ(siis) —cosB

_ Y.sin24 1
D)+ @)+ (@)= LHS =3+ 222 (31 ) Y cosA
_3_1 r+4sinAsinBsinC(zzR)_2R—r+4R(abC) Y ab
B R 2 a/ R 8R3/\ abc

_2R—r Yab 4R*—2Rr +s®+4Rr +1r? (a) s>+ 4R* + 2Rr + r?

-+ =
R 2R? 2R? 2R?
Also [Im, Ma= ;(S_a) srs __ rs®8R3 _ R
"Mhq D) a?b2c2 "~ 16R2r2s2  2r
8R3
a), (b)= it suffices to prove:
b)= it suff t
s+ 4R*+2Rr+1*> R 5 5 , @
2RZ -526@s + 4R* + 2Rr +1° > 24Rr

Gerretsen ?
Now, LHSof (4) >  4R? + 18Rr — 41% > 24Rr

? ? Euler
©2R?-3Rr-2r’>0= (R-2r)2R+1r)=>0->true~ R > 2r (Done)

1091. Ifin AABC,r, = 2,r, = 3, 1. = 4 then:

) 4a 8b 2c
2r S<?+?+?<TSR

Proposed by Daniel Sitaru — Romania
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Solution 1 by Tran Hong-Dong Thap-Vietnam

/Zrarb=s=\/2-3+3-4+2-4=\/26

1 1 1 1 13 12 YXrqo—r 105
—_ =4 — 4+ —=—>=>7r=—>=R = =
r r, r, r, 12 13 4 52

288 4 8b 2 315v26
Hence, we must show that: - ~+/26 < ?“ ++ 2 _ 315726

3 169

12 626 426 326
Now:rlrazrzrb=r3rC=A=E 26>1r = Ty =3T3 = 3

=—r, =
1 13 ' 2

7V26 926 10v26

?,b=r1+r3=—;c=r2+r1= 13

4a 8b 2c (28 72 24
—t—+— V26 = —+/
3 9 3 (39 117 39) 13 26

288 24 315
= Teo —+/26 \/ ‘/_ . Proved.

Solution 2 by Soumava Chakraborty-KoIkata—India

Sa=r,+rz=

A 8b 4 A A
r, = stan=, etc - da 8B4 2 —(4RcosZ —) (stan—) +
2 3 9 ' 3  3s 2 2

+8<4R B(t B+2<4R C(t ¢
g\ Cos 2)”‘“2) 3s\ o Cos 2)”‘“2)

_ 4 (4Rcos*A @)+ 8 <4R 23)3 . 2 <4R ZC) @)
~ 35 2 3\ L e0STy 3\ 0SS

_16Rz<2 ZA)_16RZ(1+ A)_16R(4-R+r)_16(4R+r)
~ 35 0s°35) =35 oS ="3sk ~ 3s

4a 8b 2c1)16(4R +1) )
-'-?+?+?:T<TSRC>3R(TS)>64R+16r

< 3R(2-3-4) > 64R + 16r < 8R > 167 — true (Euler)

« AABC is non-equilateral, .- R strictly > 2r)=> — +%+ < rsR
( q y

by (1)
Again =+ % + 25 o2y o LURI o 526 o 16(4R + 1) > 61(rs?)

s

< 16(4R + r) >61r(2-3-4) © 64R > 128r — true (Euler)

(+ AABC is non-equilateral, - R strictly > 2r)= 2r’s <l % + ?
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1092. Let triangle ABC circumscribed to circle C(I,r); let three tangent line at

this circle which are parallel with the sides of triangle. In this way are forming
other three triangles inside of triangle ABC; if 1,75, 73 are the rays of the
inscribed circles of these three triangles, and
m € R, then prove that:

1 1 1 3mtl
>

Proposed by D. M. Batinetu Giurgiu, Neculai Stanciu-Romania

Solution 1 by Omran Kouba-Damascus-Syria

B

D

Triangles ABC and AKL are similar.
If h, = AD is the hightform Ain ABC, then h, — 2r = AM is the hight from 4 in AKL.

Thus — = fa_ __ha _ 2" _ 5 \yhere s is the semiperimer of ABC.

a hqg—2r ahg,-2ra " 2sr—2ar s—-a

Multiplying similar relations for r,, r, and r, we get:

r r r _ st st _s2>2.7
ry r, r. Ss(s—a)(s—b)(s—c) s2rz rz~

Finally, the AM-GM inequality shows that:
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m
rm rm m 3| 13
—+—+—>3
rgt ry ret TorpTe

— 3m+1

Solution 2 by Marian Ursdrescu-Romania

5,

AB'C' ~ ABC = SSAA% =3 (%)Z similarly, %2 = ('”’h;:r)z o= (%) 1)

Let s = semiperimeter of ABC, s; = semiperimeter of AB'C’; s, of §,,s5 0f §5 =

ha=2r | hp=2r  hc=2 1
e = L 2( + =+ )_3—2r(—+i+1) @)
s s s ha hp he he hy  he ha hp  he
But L+ L+ =1 (3)
hq hp hc

From 2)+(3)= T +2+>2=1 (4)

From(1)+(4):> + + = . 4t 42 = s 2 =
r N N s3 S s 51 S s s 83

S S S
=f+f+f=1:>r1+r2+r3=r (5)

1 1 1 3 1
mtmt w23 [ nm
r r; T3 (ry1ar3)

3m+1 3 3
> -

1
(T1T2T3)m (r1r2r3)’" 3rirars T

We must show this: 3°

+1ro+
& 3rir,rs < 5 & 3frir,r; < w (from 5) it is true.

1093. In AABC the following relationship holds:
2 3R 2

2Rs? - a’? b* ¢ 3R Io1R? —256:2
R+172-h, h, h,~ 25 r

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution 1 by Soumava Chakraborty-Kolkata-India

A-G -G
ad+a®+ b3 > 3a’b,b3®+ b3+ c3 > 3b%c,c3+c3+ad > 3c2a

(1)
Adding the lastthree,3Y. a® > 3Y a?bh = Y a’?b s Y a3
z Zb _X a’b by OBW £ Zs(sZ — 6RT — 3712) Mitrinovic
<
hy,

28 = 28 28 -

3\/_R(s —6Rr—3r2) ? 3RZ
= 28

\/91RZ 25612 &

& 3(s? — 6Rr — 312)2 < R2(91R? — 256712)
?
& 3s* — 6s%(6Rr + 31r2) + 3r2(6R + 3r)? (S) R?(91R? — 256712)
a

Gerrtesen

Now, LHSof (a) <  3s%(4R? + 4Rr + 31r%) — 6s?(6Rr + 3r%) + 3r%(6R + 371)?
2
= s2(12R%? — 24Rr — 912) + 3r2(6R + 31r)* < R*(91R? — 25612)

”
& s2(12R? — 24Rr) + 3r%(6R + 31)? (%) R?(91R? — 2561?) + 9r?s?

Gerretsen

Now, LHS of (b) (S) (4R? + 4Rr + 3r%)(12R? — 24Rr) + 3r%(6R + 31)% &
L

?
RHS of (b) (;) R?*(91R? — 25612%) + 9r%(16Rr — 51?)
125
(i),(i1)= in order to prove (b), it suffices to prove:
R?(91R? — 25671%) + 9r?(16Rr — 51r%) > (4R? + 4Rr + 3r?)(12R? — 24Rr) +
R
+37%2(6R + 31)? © 43t* + 4813 — 304t> + 108t —72 >0 (t = 7)

Euler

o (t—2)43t3 +116t> +18t(t—2)+36) >0 ->true~wt > 2= (b)=(a)istrue

2 2
>y < X\/91RZ — 256712

a? Bergstrom

4s2 _ 8Rs%2 ? 2Rs?
Again, Z— > =

?
She  Yab = RenE s> +4Rr + 12 < 4R+ 1)?

o s? < 4R? + 4Rr + 31r? - true (Gerretsen)= —— = Z— (proof completed)

(R+
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Solution 2 by Tran Hong-Dong Thap-Vietnam

aZ (Schwarz) (a + b+ c)z ll-sZ BSZR
h, = Yh,  s2+r2+4Rr s2+712+4Rr
2R
2 2
Must show that: —2= RS — 4(R+71)2 > 52+ 12 + 4Ry

s24+r24+4Rr — (R+71)2

& s% < 4R?% + 31% + 4Rr (true)

z a? a*b_Ya*b - Ya® 2s(s*— 6Rr—3r?)
h, Z.bh, 2§ ~— 2§ 2§
(Lebniz) 2 _pr_a22 2_ppy_as2 2
< 3BRG Z:Rr 3) Must show that: 23RC Z:Rr 3 < %\/91RZ — 25612

& 3(s? — 6Rr — 312)2 < R%(91R? — 25617?) - s2 < 4R?> + 4Rr + 31?
Must show that: 3(4R? — 2Rr)? < R%2(91R? — 2561?)
& 12(2R —1)? < 91R? — 25612 © 48R?% — 48Rr + 1212 < 91R? — 25672

(1)
& 268r% < 43R% + 48Rr
(1) true because: R = 2r = 43R? + 48Rr > 43 - 4r? + 48 - 2r? = 268r? Proved.

1094. In AABC the following relationship holds:
max(Q,Q,) < (s + 3R)?
Q1 = (a+wy)? +(b+wp)*+ (c+w.)
Q, = (a+ hg)* + (b + hy)* + (c + h,)?
Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Marian Ursdrescu-Romania
Because h, < w, = max(Q,,Q,) = Q, =

(a+wg)? + (b+wp)?+ (c+w.)? < (s+3R)?
Butw, < ./s(s —a) = we mustshow:Z}(a+\/m)Z <(s+3R)? o
Z:az+zz:a\/m+szSSZ+6sR+9RZ =
Za2+22amS65R+9RZ
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But Y a? < 9R? = we must show: ¥ a\/s(s —a) < 3sR = Y a,/(s — a) < 3VsR (1)
From Cauchy = (¥ a\/s——a)Z <3Ya%*(s—a) (2)
From (1)+(2) we must show: 3Y a?(s —a) < 9sR & Y. a? (s — a) = 3sR* (3)
ButY a’(s —a) = 4rs(R+r) (4)
From (3)+(4) we must show: 4rs(R + r) < 3sR? © 4Rr + 4r% < 3R?

But R? > 41?
2R%? > 4Rr

Solution 2 by Soumava Chakraborty-Kolkata-India

} = 3R? > 41> + 4Rr

1)
max(Q,,Q,) < (s+ 3R)?

“Wq = hg, etce Y(a+wy)? >Y(a+ h,)? > max(Q,,Q,) = Q,

(2)
~(De Ya?+2Yaw, + Y w? < (s+3R)?

WLOG, we may assumea = b > c. Thenw, < w, < w,

2 aw, 2 (N a) (Y w) < 2@s) (Y m,)

@2 4s(4R +1r
< §(2$)(4R +7r)= %

(ii) Leibnitz
Also, Y wZ < Y s(s—a) =s*& Y a? & 9R?
iii
4s(4R+T1)

(i) + (ii) + (i) > LHS of (2) < 9R? + % + ==

? ? ?
<(s+3R)>=5s®>+9R? + 6sR © 18sR > 4s(4R +1r) © 2sR > 4sr

?
& R > 2r — true (Euler) (Proved)

1095. In acute AABC the following relationship holds:

m? m? m? 3

+ + <
2erd rEerd rherl 2

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by Soumava Chakraborty-Kolkata-India

1)
For acute-angled AABC, m, < R(1 + cosA) > m, < 2R coszg = m2 < 4R? cos“g

2
. B .
2 2 1 9 _ 1 o [sing sing
Also,ry +ré > -(ry+r)* =-s*(—4%+—
2 2 COSZ  COS-

2 2
2 2
SZ CcOS é SZ C()SZ é SZ 16RZ COS4 é A
2 2 2 2 nncd
:7 ﬁ :7 —s :7-—Z:8R COSE
COSTCOST ﬁ o
1 (2) 1

+
TpbTTc  8RZcos* 5

2 (a) 2 (b) 2 (0
mg 1 . - my, 1 mg 1
(2)= 5= < =.SIm S5 S -&5—
1).(2) Z? S5 Similarly, Zz S84

2

(@)+(b)+(c)= LHS <2 (Proved)

1096. In AABC the following relationship holds:

- 3v3r2(4R +1r)3
~“(2R-71)(2R + 571)

Proposed by Daniel Sitaru — Romania

3

Solution 1 by Soumava Chakraborty-Kolkata-India

(1) 3
- V3r. i i cg2 > _ TR
+ § = 3v3r, -~ itsuffices to prove: s* > @R—1)@R15)

erretsen

G ? 3
_Eg2~ _ T@RtT)°
Now, LHSof (1) =  16Rr —5r%> ZR-T)@R15D)

& (16R—5r)(2R—1r)(2R + 51r) — (4R +1)3 é 0

? ?
& 5R2 —11Rr +2r2>0< (5R—1r)(R—2r) > 0 - true

Euler

R = 2r=(1)istrue (Proved)
Solution 2 by Tran Hong-Dong Thap-Vietnam

2 3
3> 3V3r?(4R+1)

.o Z _ Z
= @R-(ZR+s7) | > > 3v3rands? > 16Rr — 51
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(1) 3V3r2(4R +1r)3
3~ 2
= s3>3v3r*(16R - 57) > 2R -7 @2R*57)

1) (16R—5r)(2R—1)(2R +57) = (4R + 1)3

©5R2—-11R+2r2 >0 5 (R - g) (R—2r) >0 (- R > 2r). True. Proved.

1097. If x,y,z = 0 then in AABC the following relationship holds:

X Ay B
Ecsc5+icsc5 Ecsc—>,/ y+,/yz+ zZx

Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania

We must show: — + 25 + =7 > 2(/xy + \/yz + Vxz) (1)

sm— SlIl2 sm

From Cauchy’s inequality =

( xA+ yB_|_ ZC><sm;l+smg+Sln ) (\/_+\/;+\/_)

sins sins sins
2 2 2

2
x y z (Vx+,y+Vz)
—at st <=5 < (2)
Slnz SlnE Slni Sln7+Sln7+Sln2

From (1)+(2) we must show: M > 2(/xy + Jyz +xz) (3)

sm—+sm—+ sm

But in any AABC we have: sin =+ sin— + sin -< E 4)

L) 2 S(VE+ 7 +VE) @)

sm—+sm—+sm

From (3)+(4) we must show: ; 2(Vx+ Jy+ \/E) >2(\/xy + Jyz+xz) &

o (Vx+ [y +Vz) = 3(xy + ¥z + Vz)
ox+y+z> [xy+ . [yz++xz (true)
Solution 2 by Tran Hong-Dong Thap-Vietnam

Suppose: x = max{x; y; z}. We have:
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A B C 1 1 1
:>s1nESsm—sS1nE:> : AZ _ BZ —C
Sll‘li Sll‘lf Sll‘li

By Chebyshev’s inequality, we have:

sinf
>11(++) 3 11(++) +y+
> ——--(xt+ty+z =—.—-(x+y+2z)- =x+y+z
2 3 . (A+B+C 2 3 n
sin (=—¢—) sin (g)
(BCS)
Butx+y+z > ,/xy+.,yz++zx= LHS > RHS
Case:x > z>1y. Thenwesuppose: A< C<B
_A<_C<_B 1>1>1
> — — -
Slnz_Slnz_Sln siné_sing_sing
2 2 2
By Chebyshev’s inequality, we have:
1 1 1 1 >1 1 1
¥ atr Y B|Zz 3 2y Z A
sinz sin sin sin
(Jensen) 1 1 3
> E-g(x+y+z)- _ (A+B+C =x+y+z
s T)

BCS
Buttx+y+2z > /xy++xz+,/yz= LHS > RHS

1098. MARIAN URSARESCU’s REFINEMENT OF EULER’S INEQUALITY

InAABC,1,,1,, 1. - excenters. Prove that:

R > g([lafc] L €Al | [ICAB]> > 27

b c

Proposed by Marian Ursdrescu-Romania
Solution by Soumava Chakraborty-Kolkata-India

0 4 ([I,BC 1,CA I.AB]\ @)
RZE([a IRULING ])22r
a

C
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. ° C\ _ 1q (l) Tq
From ALCX,sin (90° - £) = = 1C =
. ° B\ _ 14 (E) Ta
From AL BY, sin (90° —2) = = 1B = 5
. 1 v . (B+C\ _TRC0S’S 2R , LA 4
Using (1), (2), [I,BC] = - - —§*—=sin (—) = ——<2="—s’tan’*-cos*-
2 cos cos; 2 2 2

- 2(3%)

= 2Rs (sinz g) _ 2Rs(s —blz)(s -c)
. [IaBC] _ 2Rs(s —a)(s — ¢) @ (s — b)(s — c)
Ca 4Rrs - 2

.. (b) (s—c)(s— ©©) (s—a)(s—
Slmllarly, [IbI:,'A] 2/ (s c;is a)& [Icle] é (s az)f.s b)

@+b)+(©)= 5 (M7 + T+ B = P {3(s — b)(s - ©))

2 2 d) 2(4R + r) Euler 2 - 2r
— (352 —4s*?+ s*+ 4Rr +r2) = — (4Rr + 1?) @ ( ) > =2r
9r 9r 9 9
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~ (i) is true.

Euler
Also, (d)= 2y 12 "< BB = R = (i) is true (Proved)

1099. In AABC the following relationship holds:

a b c 64r — 5R
+ + =
b+h, c+h, a+h, 9R+3s

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

z a >64r—5R
b+h,  9R+3s
a

b c MazMg

+ +
b+h., c+h, a+h,

a b c

1 Maz=Mg 9
=3. > - =

(EETRE

9 9 9

= bc = a+b+c: S
3+Xop¢ 3+ 3R 3*R

__9R _ 27R _ 32R—5r a2 64r —5R
" 3R+r 9R+3s O9R+3s ~ O9R+3s
Solution 2 by Soumava Chakraborty-Kolkata-India

5 abc = - B
23\/(a+hb)(b+hc)(C+ha)_3.3\](“+hb)'(b+hc).(c+ha)_

a’ b? c? Bergstrom 452
LHS = + + > -
ab+ah, bc+bh, ac+ch, Y.a’b
Y.ab+ o
bni

CBS 452 GLoelld;l;:lze 452 3Yabs<(Y a)? 452
= S 3R 2Rs = 252
Yab+ ZaZZRZaZbZ Yab +=—5p— =3 +3Rs

12s ? 64r —5R 12s 5R — 64r ?
= > = + >
9R + 45 9R + 3s 9R+4s 9R + 3s
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?
< 12s(9R+3s)+ (5R—64r)(9R+4s) >0

”
& 128Rs + 36s2 + 45R? (% 256rs + 576RT

Euler

Now, 128Rs > 256rs

(a)

Gerretsen

Again, 36s2+45R?> >  36(16Rr — 512) + 45R? = 576Rr + 45R? — 18012

Eul (b)
= 576Rr +45(R+2r)(R—2r) > 576Rr = 36s%+ 45R% > 576Rr

(a)+(b)= (1) is true (Proved)

1100. In AABC the following relationship holds:

A B C 1/h,+h h.+h h,+h
sin—+sin—+sin—$—< b C+ = 2+ 2 b)
2 2 2 4

w, wy, W,
Proposed by Bogdan Fustei-Romania

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

b+c ) 2
LA 1AMiGM A (—2 ) _\_bc-sina 1 (b+c> _
P R A'\bc ) ~
cosz

Az(b+c>z A A b+c 1

_— . +COS— = —- .

4 bc 2 2 bc Zbc-cosg
b+ c

_A z(1+1) 1 1O hy+h
2 b ¢/ w, 4 w,

Solution 2 by Soumava Chakraborty-Kolkata-India

ca + ab
(=0 D) C?
4 Zbc - z A
brcC 7 16Rbccos§

. A A
=) <—4Rsmzc°sz(b+c)2> =) <L (b+c)2> > ¥ sm— (Proved)

16Rbc cosg 4bc
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



