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1001. Prove that:

tan 36° +tan 72°
4 cos 54°

=9
Proposed by Alpaslan Ceran-Turkey
Solution 1 by Avishek Mitra-West Bengal-India
letx=—==5x === 2x=£—3x:>sin2x=sin(z—3x)
10 2 2 2
= sin2x = cos3x = 2sinxcosx = 4cos®>x — 3 cosx

= 2sinx—4cos?x+3=0=4sin?x+2sinx—1=0

_Zi;m = _liﬁ, sin18 = % = cos 72

= sinx =

]

cos18 = V1 —sin?1 Zi\/20+2\/§=sin72, tan72 = 1\/(:%1

Now, cos 36 = 1 — 2 sin? 18 = >, sin36 = V1 - cos? 36 = o205

4
tan36 = Y1425 (0554 = sin36 = 1J10-275

V5+1
tan 36-+tan 72 10, 10+_2\/§ 1 1 10+2+5
Hence = 4 cos 54 - \/Flm—z\/% —= V5+1 * V5-1410-2v5
__1 1 10+2V5_ 4V5(y5-1)+(10+2V5)(¥5+1)
V5+1 V5-1 45 45 -4
= E =iE =t = =0 (proved)

Solution 2 by Nelson Javier Villahererra Lopez-El Salvador
tan(36°) + tan(72°) _ sin(36°) cos(72°) + cos(36°) sin(72°)
4 cos(54°) B 4 sin(36°) cos(36°) cos(72°) B
_ sin(108°) _ sin(108°) cos(18°) cos(18°) 1
~ 2sin(72°) cos(72°)  sin(144°) cos(54°) sin(36°) 2sin(18°)

B 1 B 1 I _\/3+\/§_\/6+2\/§_
_\/2—2c05(36°)_\/2 (\/§+1)_ 3-v5 N 2 N 4
et
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1002. In AABC, M - Mittenpunkt, I,, I, I. — excenters. Prove that:
[IbMIc] _ [ICMIa] _ [IaMIb]

A B C
22 22 2>
cos” 5 cos” cos” 5

Proposed by Mustafa Tarek-Cairo-Egypt

Solution by Thanasis Gakopoulos-Athens-Greece
PLAGIOGONAL system: BC - Bx, BA — By

Let k = 2ab + 2bc + 2ac — a®> — b* — c¢*, m, = “c(“;b_c) m, = w
I(- - )- ac - ac
ia, ia,) ia; =——— gy = —————
att* 1, =2 17 _a+b+c 2 —a+b+c
ac
I, (i, i), i, =———
b(ip, ip), ip a—btc
I(l - )l ac - ac
ic,, ic,),ic,=———ic, = ———
e 2 1 a+b—-c ?* a+b-c
1 1 1 sin B 4a?b?c? )

l'Cl ia1 my
ic, ia, m,
B (a+b+c)a—b+c) s [IaMIc] _a®*b*c® sinB |
2 4ac 20 B kst 2z |

)

2 k(-a+b+c)la+b—-c)

2
COS“ &
2

1 1 1
ia1 my ib
ia, m, ib

,C _(a+b+c)a+b-c) [IaMIc] a3®b%*c® sinB
COS” — = , S0, = . |
kS? 2 }

sin B 4a’bc3
2 k(a—b+c)(—a+b+c)

sin
[laMIb] =

2 4ab coszg
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1 1 _1 sin B 4a3bc? )
Ic, m; ib & br@rb—0
ICZ m, ib (a h cla -¢

,A (a+b+c)(-a+b+c) [IbMIc] a®b?*c® sinB
= so = :

sin B
[IbMIc] = 5

cos?— = |
2 4bc T A kS? 2
L cos? 5 J
. _UbMIc] _ [IcMIa]l __ [IaMIp]
Finally: =—7 = =—& = ==2

4 2B 2C
coSs 2 coSs 2 cos 2

1003. ADEF pedal triangle of I incentre in AABC,R,, Ry, R — circumradii of
AAEF ,ABFD,ACDE, @, @, @.— circumradiiin A BIC,ACIA,AAIB.

Prove that:
R, Ry, R, A B _C
— = sin—-sin—-sin—
Pa Pb: Pc 2 2 2

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Soumava Chakraborty-Kolkata-India

2 o 0,4

1 . BI-CI-BC r“sin( 90"+ r2a
From ABIC,-BI - CI - sin £4BIC = = (B CZ) = >

2 49q 2 sinE sinz 4¢q sinE sinz

@ - ) @3)
=@, = 2R sing.SlmllarIy, Pp = ZRsing &, = ZRsing

(a)
Now, from AAIF,cosg = A,F = AF = rcotg
sin%
(b)
Also, from AAIE,cosg = A,E = AE = rcotg

A
Slll2
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(c)
From AFIE,FE? = 2r? — 21r? cos(180° — A) = 4r? coszg = FE = 2rcos?

. 1 A\2 . (r cotﬂ)zlr cosé

Using (a), (b), (c), from AAFE, we get, 2 (r cot;) sinA = %

A . ..

> @@ .. (i) (iid)

= 2sinfcos2="2 5 g, = " Similarly, R, = — =
2 2 R, 2sin;

i r
. B c - . C
2sin- 2 sin;

(1).(2).(3),(0) (i), (ii)=
3

(e B e e L

= Ssin_sin_—_—-sin -
in2
sSin“
2

(H sin g) (H sin A)Z 2 2 2

1004. In AABC the following relationship holds:

h,h h_.h h, h wp +w w.+w w,+w
b c+ c a+ a b: b c+ c a+ a b
T, T T, a b c

Proposed by Bogdan Fustei-Romania

z s(s—

cyc

A Zbc A b+c
:ZZCOS—:ZZ( cos— )
2 b+c

Solution by Daniel Sitaru-Romania

2 2bc
cyc cyc
b+c 1 1) Wq W\ wy +w,
—Z( ' ) Z(Wa(z+z))—2(,,+7>—2 a
cyc cyc

cyc
1005. In AABC the following relationship holds:
rarb(ra + rb) + rbrc(rb + rc) + rcra(rc + ra) = ZSZ(ZR - T)

Proposed by Bogdan Fustei-Romania
Solution by Daniel Sitaru-Romania

Zrarb(ra+rb)=z s S (S + s ):

s—b s—c\s—b s—c
cyc cyc
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s—c+s—b
_ng(s—b)(s—c) (s—b)(s—c)_ 3Z:(s—b)z(s—c)Z

:ngw SZ“(S a)Z:_Z(as —2sa’+a’) =

cyc cyc cyc
s s
== 2s3—2s2a2+2a3 == 2s3—4s(s2—r2—4Rr)+Z:a3 =
cyc cyc cyc

s s
== (4srZ + 16Rrs — 253 + 2s(s? — 3r% — 6Rr)) = ;(4Rrs —2s1%) = 25%(2R-71)

1006. In AABC,ADEF - is pedal triangle of I —incenter, I, I, I . — excenters
IfIM L FE,IK 1L DF,IL 1. DE M € (EF),K € (DF),L € (DE) then:

1 . 1 . 1 [Hadpl] ro+1p+T,
IM?2-h%Z IK?-h} IL?-h%? [ABCI3 r

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Lahiru-Samarakoon-Sri Lanka

Ia

A = ABC, From IMFA, IM = 7 sin>. Similarly, IK = rsinZ, IL = rsin~
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1 1 a? 4R?% x 4sin? gcoszg 4R? ,A
= x = = cos? —
22 2 ZA2
IM*hg T2 sinzg 44 T2 sinZ%xéLAZ reA 2

__ « 4R? 24 _ 4R* 1
LHS =} F 5 cos® 2 = 55 %~ (3 + X cos 4)
2R? r ™ 2R 1 (4R+71)
=g (3+1+g) (+ Qeosa=1+3)="0 5 0

But, know that, I, I,I. = 2SR.So,LHS=—"—"=-=. =

s r A2 r
( Zra = 4R+ r)

Ialpl, (ratrp+re)
= X v Ssr=A
[ABC]3 ( )

Solution 2 by Soumava Chakraborty-Kolkata-India

A, B, 1,1, are concyclicas 21,Al, = 21,BI,, = 90°

& LBlyly = £BAl, = 5& 1,1, A= LI,BA ="

using AABI,, ZAI,B = & using AABI,, ZAI,B =
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)
From ACI,Y, sin (90° - 5) =Y cosE=T0 5 1, = T2
2 Clp 2 clp cos;

@
From ACIX,sin (90° —£) = f¥ 5 cos £ = Lo 5 ¢, = 1o,
2 Clq 2 clg cos—

2

sinz siny
Ta+T, y cos? cosD SSin(ﬂ) s cos> (a) c
D)+@2)= 1,1, == © = L2~ = to=—2 I, = 4-RcosE
cos; cos; (]'[ cosE) IR

. (b) (c)
Similarly, I, 1, = 4Rcos§&lcla = 4Rcos§
1 :
[IaIbIc] = E(Ialb)(lblc)(SIrl LIchIa)

= 8R? cosgcosgsin (Azi) (using (a), (b))= 8R? (H cos g) = 8R? (ﬁ) = 2Rs

@
= [ I,1.] = 2Rs
ID=IE=IF=r

C
(*+ in radius L each side of AABC) - r is the circumradius of ADEF - £FDE = %LFIE

. 1
(*+ £ atcircumference = SLat center)

1 A _ A ® A
= 2(180° —A4) =90° —5 FE = 2rsin (90° _E> = FE = 2rcosE

Now, > IF - IE - sin(180° — A) = S FE - IM(= arc(AFIE))

. A A
r22 sin= cos=

22 2 — %Zr cos%IM (using (x))

(d) .. (e) f)
=>IM = rsing. Similarly, IK = rsing&IL = rsing
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1 16R> sinzg cosz‘:>

(. (&) (D=2 iz = ( T

_2R(4R +1)

_ 4R? ,A _2R? _ 2R? r
zc S E_r4szz(1+COSA)_r4s2(3+1+ﬁ) rs2

T ris2?
(i) 2R(4R + 1)

rts?
. . __2RS (4R+7r) _ 2R(4R+r) by (ii)
Using (i), RHS = 33 . T gz = LHS (Hence proved)
Solution 3 by Thanasis Gakopoulos-Athens-Greece
1 1 1 (I dpl,) ro+1,+T1,
+ + = .
IM? -hZ K% -h? IL?-h? §3 T
A B
KI = in2 2K? =r2(1 B) = tac )
oSty = ey =il meos _)IKZ_rZ(—a+b+c)(a+b—c)
1 b2 (7
h:  4S? J
1 abc-b
- =
IK2h:  r2S*’(—a+b+c)(a+b—c)
cvclicall 1 _ a_bc . a 1 _ abc-c
yclically IM2-h2 ~ 1252 (a—b+c)(a+b—c) ' IL2h2 ~ (—a+b+c)(a—b+c)

a b c
)(a+b—c)+(—a+b+c)(a+b—c)+(—a+b+c)(a—b+c)]_)

_abc [
“r2s2l(a-b+c
abc  a?+b%+c%-2ab-2bc-2ca
A=—5 1)
r4s* (a-b-c)(a+b—c)(a-b+c)

(a+ b +c)abc 28 28 28
(Talple) = 4S Ta= a+b+c " " a—b+c ' * a+b—c
_abc(a+b+c)1 1 1 1 _
B 4552 r (—a+b+c+a—b+c+a+b—c)_

_abc-2S a+b+c a*+b*+c*—2ab—2bc—2ca _
(a—-b-c)la+b—-c)la—b+c)

T s%2sr 2
_ a_bc s a?+b%*+c*-2ab-2bc-2ca (2)
T S$3r r (a-b-c)(a+b-c)(a—b+c)
_ 1 1 _ [Iadplc]  TatTp+7e
1. @)-A=B~- IM2h2 + IK2hZ ~ [ABC]3 r
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1007.

a
AABC equilateral, ABQP isosceles, ACRS isosceles
BC =a,BP = b,CR = c, G4, G,, G5 centroids
3a(a — b — ¢) = bc. Calculate m(<F)

Proposed by Thanasis Gakopoulos-Athens-Greece
Solution by Soumava Chakraborty-Kolkata-India

2 b
X
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Az V3 2 @ a
Ezsm60 :>AZ:7a:>BGZ:CGZ:AGZ:§AZ:ﬁ

v Gy isalsoincenter of AABC . LABG, = 30° (i)

Again 2QBX = 12PBQ € 60° . 26,BG, = 90° (by (i)+(ii))

_BG _b 3 @b
tan@ = 56, 3 x - (from (1), (3)) = Ta
®

similarly, £6,CG3 = 90° &s0, tan ¢ = %2 = £ x 2 (from (2), (3)) = £
2 a a

Now, 2BG,C = 180° — (30° + 30°) = 120°
—/3 +tan@ +tan¢ + /3 tanf tan ¢
1++/3tan6 ++/3tan¢ — tan b tan ¢

tan £G,G,G; = tan(@ + ¢ + 120°) =

CL,) c

Y S LAY . )
=— galﬁ%L Sedf3e (using (a), (b))= —V3
VOtV Ba 342

(3a2 —ab—ac—bc)
(3aZ2+3ab+3ac-bc)

(3a* —3ab —3ac —bc) +2(ab+ac) 1
(3a2 —3ab —3ac — bc)+ 6(ab+ac) 3
= £G1G,G3; = 150° (Answer)

(* 3a® —3ab —3ac — bc =0)

= V3

1008. If ADEF is pedal triangle of I — incenter in AABC and
R,, Ry, R, are the circumradii of AAFE,ABDF, ACDE then:
s* +r? —8Rr
4
Proposed by Mehmet Sahin-Ankara-Turkey

R% +R; + R% =

Solution by Lahiru Samarakoon-Sri Lanka
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B A C
DF = 2rcos—,EF = 2rcos—,DE = 2r cos —

2 2 2
A
EF 2r cos» r
~AAFE = 2R, =——> 2R, = ———*; =
7 Ra T Gna T e sinA ' ° 2 sin4
2
Similarly, R, = —, R, = —
Zs'nE Zsinz
z RZ = r? z 1 | [z bc ] _ R%*[sX(bc) — 3abc]
a” g Al T 4 (s—a)s—B| "~ a2 2
4 sinzg 4 (s—a)(s—b) 4 ST
r? s?2+1r% —8Rr
= [s><(s2+r2+4Rr)—3><4srR]=( )
4572 4

1009. In AABC, R;, is the circumradii of pedal triangle of Lemoine’s point.

Prove that:
moympym,
Ry = m2 + m2 + m2
a b c

Proposed by Mehmet Sahin-Ankara-Turkey
Solution 1 by Shafigur Rahman-Bangladesh

LLA LLB aLLA + bLLB + CLLC 28 3s K
= = = = =K>
a b a? + b2 + c2 a?+b2+c? 2(mZ+m?i+m?)
_ 3as _ 3bS _ 3¢S
= LL,= Z(m§+m12,+m§) LLg = Z(m§+m12,+m§) and LLc = Z(m§+m12,+m§)

Where Ly, Lg, L are the feet of perpendiculars from the Lemoine point L to the sides
BC,CA and AB

Now, LgL¢ = \/(LLg)? + (LL¢)? — 2LLg - LL¢ - cos(m — A) =

b%2+c2-a

2
= K\]bZ +c2+2bc— — = KV2b2? + 2¢2 — a2 = 2Km,. Similarly,

LcL, = 2Kmyand L,Lg = 2Km,
~Areaof AL,LgL; = (2K)? x Area of triangle with sides of length m,, m, and

3 27s3

2
m, = 4K? x (E) x Area of ABCG = 9K? x 3 =

3 4(m§+m,2,+m§)2
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3
3s
8l ——F a c
Thus R, = —alexLelexbela (z(m§+mg+mg)> e - R, = —MaMbMc
k ™ 4xArea of ALsLgLc 4 215 © Rk T nZem2em?

4(m§+m12,+m%)2

Solution 2 by Soumava Chakraborty-Kolkata-India

A
E
F
B C

D

Let K be the Lemoine’s point & DEF be the pedal A of K.

3 2¢s . (5) amys & DE ©) 4m,s

D) 245 () 2ps 2
T Ya?’ Y2 'U0 T ya? Y. a?

We have: KD = — KE

a2’ " T Fa?

KF

(7
From quad. BDKF,~DKF = 180° — B

- (8) )
Similarly, zDKE = 180°— C & £FKE = 180° — A
.. Area(ADEF) = Area(AFKE) + Area(ADKF) + Area(ADKE)

1
ZE(FK-KEsinA+DK-FKsinB+DK-KEsinC)

1| 4bcs*? a 4cas? b 4abs? ¢

(using (7). (8), (9)): =

2|(za2)? 2R (3a?2)® 2R ($a?)® 2R
(using (1), (2). (3))
_abes? 3 _4R$*-3 _ 128% a0 125°
"R Gar rger Gaer P gay

__ FE-DF-DE _ 64mgmpm.S3
4[DEF] (= a2)34._12532
(Za?)

4 mmym, mym,m, “ZmaZBZ )
3 yaz  ym:z \ 4 a

Now, Ry

(using (4), (5), (6), (10))
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1010. In AABC,ADEF - is pedal triangle of I —incenter

IfIM L FE,IK L DF IL | DE M € (EF),K € (DF),L € (DE) then:

IM2 + IK? + IL% = 72 (1 —%)

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Lahiru Samarakoon-Sri Lanka

From AFMI,IM = rsing. Similarly, IK = rsing,IL = rsing
A B C)

A B C
~ LHS = IM? + IK? + L% = 12 (sin2 > + sin? > + sin? E) = 72 (1 -2 sinisinisini

But, r = 4Rsin§sin§sin§ =r? (1 -2 xé) =72 (1 _i)

Solution 2 by Thanasis Gakopoulos-Athens-Greece

FID\ _KI B
AKID: cos T—)KIZ:rZCOSZ 90_5 SN
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B a® + ¢? — p?
2KI? =r% . 2sin’==r? (1—-cosB)=r?([1———— | -
2 2ac

r2

IK? Zm(—a+b+c)(a+b—c) Q)
Cyclically: IM? = :—:C(a —b+c)a+b-c) (2)
I1L? Z%(—a+b+c)(a—b+c) )

1 - —_— —
IMZ + IKZ 4 ILZ (:)) TZ [1 _( a+b+c)(a-b+c)(a+b c)] (4)

2).3 4abc
3 252
r 2
) =42 __S |=,2 _
(1 ZR) "\1-apc |57 <1 s-abc>_)
28
2 _r\_ .2 _ (=atb+c)(a—b+c)(a+b—c)
-r (1 ZR)_r [1 4abc ] ®)

2 2 2 — .2 _r
@), (5)> IM? + IK? + 112 =12 (1- 1)

1011. In AABC the following relationship holds:

bc ca ab r+r, r+r, r+r,
hz hi hg h, h,, h,

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Marian Ursdrescu-Romania

E+£+2_a2bc+ab2c+abc2_a_bc( +h+ )_a_bc __ sabc (1)

hZ  h}  hZ  4sz 452 452 4s? a O =42 5~ 352

But abc = 4RS and § = st (2) From (1)+(2)= 17 + hz “—” SN )
a

r+ra+r+rb+r+rc — r(i+i+l) 4 e Th Te (4)
hq hp hce hq hp hce hq hp hc

But—+—+——— (5)

a hb
S S
Ta Ts Tc_s—a , s—b s—c z
— 4 —+ == +
h, h, h, 25 28 2S 24.s—a
a b c
2 r r r
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Form (4)+(5)+(6)= r;r“ + r;r” 4 e
a b

(o

1+2_1=2 (7
From (3)+(7) the relationship is true.
Solution 2 by Thanasis Gakopoulos-Thessaloniki-Greece

bc a*bc _a-abc ca _b-abc ab

_ _c-abc
hZ a?hZ  4S2 'h2  4S2 'hZ

4S?

bc ca ab __ abc
-+ =+== +p+
hﬁ hﬁ h% 4S8 2 (a b C) (l)

r+r, alr+r,) 2S-a(r+r,) _

S
= = 2S =
h, ah, 2528 452[ “( s—a)]
1 [252 s—a+s [85 b+c
452 s(s—a) ~ 452

(a+b+c)(—a+b+c) =z

- 452[ (b+c)a—b+c)a+b—0)

r;rb 4.:,212’(c+a)( a+b+c)la+b—-c); -
b

{ Similarly,

Lt “(a+b)(—a+b+c)a—b+c)
\ I, 4522 a a c)a- c
r+r, r+r, r+r, 1
+ + +b+
T I, I = 1572 [Zabc(a b+c)]=

r+r, r+rp r+r. __ abc
hy + hp + h. 452(a+b+c) (2)

ab r+r r+r r+r
_|_ — a+ b+ [
(1) (2)_) a hZ hZ ha hb

(o

Solution 3 by Bogdan Fustei-Romania

bc ca ab _2Rh, 2Rh; 2Rh,
= + +
hZ hZ hZ h2 hZ h?

2R 2R 2R 1 1 1 1
= —+—+—:—'—+—+—:—
bc = 2Rh, (and analogs) = PR e
. - - b b 2R
So, finally we have the identity: 2 + 5 + - = —
a h hg r
r+r r+r r+r r r r T r T 1 T r T
2+ b+ P O L UL R RS UL L R
h, h, h, h, h, hc h, h, h, | T h, h, h,
=1+ Z— sin? = E . h— = (and analogs)
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_ Tat+rp+re—3r

- A Tq—T
stE: - (and analogs):Zsm = R
A 4R+r—3r 4R—-2r 2R-r1
ra+rb+rc=4R+r;ZSm E: AR AR = R
A r T ,A_ 2R-r
2= ar by 252 = n

r r_a_ZR—r:> E_ZR—r.Z_R_ZR—r
2R.L.h, 2R h, 2R r r

T, 2R—r1r 2R 2R

r+r,
h, h r r r

- - - - b b + + + 2R
So, finally we have the following identity: = + = + = = =7¢ 4 T"7b 4 T-7e = ==
2 n R he  hp | he T

Solution 4 by Soumava Chakraborty-Kolkata-India

bc ca ab r+r, r+r, r+
h; h; hg h, h, h,

bc = 2Rh, etc, - LHS =32 = 2Ry, — = 2%

a

T stanza
RHS = z Y=ty
r h, h, r 2rs
- Z4R A At A 1+ZR , 4
= smzcos2 an 2— - sin >
R T R T\ 2) 2R
= + — — = + — — —_— ) = + — —_—) = —
1 r2(1 cosA) =1 r(s 1 R) 1 r(z R) :

(1), (2) = LHS = RHS

1012. ADEF - pedal triangle of I —incenter in AABC,
@ —inradii of ADEF,I,,1,,1.— excenters

Pa Pp, Q.- nradiiof AI,BC,AI,CA,AI _AB. Prove that:

o> @* ¢? _ s2+1r% —8Rr
PYILESY I p
Pa P, Pc 4R

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by Soumava Chakraborty-Kolkata-India

A,B,1,, I, are concyclic, as 21,Al, = 21,BI, = 90°

o LBlyly = BAl, =5 & t1y],A = sI,BA="

. . . 1) .
Using AABI,, £AI,B = g& using AABI,, £AI,B = g Using AI,XC,I,C = % & using
COS-
2

@
AIYB I,B = 2% . [I,BCl = 1IB - IC - sin (2£5)
cos 2
5 ZA , A
by (1),(2) 1 rgcos’y racos’z 3) 2R ,A
T 2 cosBeosCeosd  2(gg) 5 - 2
2 C0s7 €055 4R
Let circumradius of AI,BC = R,
ar%
_ 1aB14CBC cosy cosg as @ q

4[1,BC] - 4~¥rﬁcoszg (usmg (1)’ (2)’ (3))_ 8R cos- (4R) B Zcosg

_ s _ by @ 4 s 4R sin; cos;'s (a)
NOW— n'cos——E:np RO(R) (E)_—_ 2ssm—

A A
Ro 2 cos; 2R cos



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. (b) Q)
Similarly, ¢, = Zssing&(pc = Zssing

ris the circumcenter of ADEF, 2D = %(180° —A) =90° —%
¢E = 90°—§&4F: 90°—§

. . . A B C_ s
Now, £ = sin D sin Esin F = cos= cos-cos- = — = P ==
ar 2 2 2 4R R

(@), (), ©), (@) = ¢* (T 35) = 55 1 T ese?

_r? bc(s—a) _ 1

A - 2 2y _ —
=l g, = ags(s* + 4Rr +1%) — 12Rrs}

s2—8Rr+r?
4R?

(Proved)

1013. Ifin AABC,1,,1,, 1. — excenters then:
AI? + BI2 + CI? = 16R? — 5% — 1?2
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Marian Ursdrescu-Romania

A
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Al, = 5. In AABI,, by the cosine law = BI% = AI2 + ¢2 — 24l - ccos%‘ =
COS—
2
2 ’ 2__2S 1 2 ’ 2
BI; = +c* - A-ccosE:Blaz +c°“—2s¢c>
cos? 5 cos> cos? 5

AI? + BI? + CI? =s22%+2a2—2s2a 1)
COS“—~
2

1 (4R+1)?
ButY—;=1+ S{ 2)
2

Ya*=2(s>—1r?*—-4Rr) (3)
From (1)+(2)+(3)=
AI? + BI? + CI?> = s> + 16R* + 8Rr + r? + 25?> — 2r? — 8Rr — 4s* = 16R? — s*> — r?

1014. In acute AABC, 0,4, 04, 0. — circumcevians. Prove that:

1 1 1 2
—_—t—+—=—

o, 0, o, R

Proposed by Mustafa Tarek-Cairo-Egipt
Solution 1 by Thanasis Gakopoulos-Athens-Greece
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2 2_p2
Let S = areaof AABC, cosB =" *Z‘ac (1) PLAGIOGONAL system:

BC = Bx,BA = By
ac?(a® + b* — c?) a’c(—a?* + b% + ¢?)
B(010)1C(a1 0),A(0,C),0(01,0Z),01 = 1652 y U2 = 1652
2_ 2 _ 8 *)

R abe abc
48

o1-a-c
X _ Yy x Yy €17 %.c+0sa (2)
{BO:—Z—,AC:—+—=1}—>E(e1,ez) o
01 0, a (4 e, = 2 (3)
0.C +o0,a
s 2. o @.3)(D)
BE“ = e} +e5 + 2e1e5-cOSB -
N OZ _ a?b?c?.s? 1 _ 2a%c?+a?b?+b%c2—a*-c* (4)
b (a2b2+b2c2—at-ct):  op 4abc-S
. 1 2b%c?+c?a? +a?b? -b*-c* 1 2a?b?+b?*c?+c?a’-a*-b*
Cyclically: — = 5),—= (6)
0q 4abcS oc 4abc-S
1 1 1 _ Z(Za2b2+2b2c2+2c2a2—a4—b4—c4) _
@).5)(6)= -+ o+ o = -
0, op [ 4abcS
— 2(a+b+c)(—a+b+c)(a—b+c)(a+b—c) _ 2-16S% — 85 (**)
4abc-S abc

4abc-S
2

* ** l l l:_
D= o * o, T o TR

Solution 2 by Tran Hong-Dong Thap-Vietnam

AOMA’ AAHA’:OA,—OM'OM— RZ2 BC _ R2 @
AA’  AH' B 4 4

28
AH =—; 0A' =AA'—-R=0,—R =
a’ @ = 0, 2S 2S
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2 _ a? 2 a?
R _aR"-7x p  aRF-7 B R _ R-28
51-—=—__ o5 =1 __%9,= = =
0, 28 0, 28 o2 o2
a RZ—T 25 -a RZ—T
1-——73

2 2

25-a /RZ—“— 25-a /RZ—“—

:>oia: R2S : (etc):zoiazz R2S :

Wemustshowthat:2<25—a /RZ—‘:—Z>:4S<:>6S—Za /RZ—‘;—Z:4S<:>ZS=Za RZ—Z—Z ™
2
v a=2RsinA; (etc)= Y a /RZ —aT

= Z(ZR sin A)R% — RZsin2 A = Z:(ZRZ sinA) cos A

= R?Y sin 24 = 4R? sin Asin B sin C = 4R? - % = 2sr = 2§ =(*) true.

Solution 3 by Adil Abdullayev-Baku-Azerbaijan

B
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BD KF _ KD AK | CK __

Von-Aubel theorem:(l)ﬁ:—+ﬁ; (Z)E:———: 1; (3)%+—+ =2
KE DA FC BE AF CcD BE AF CcD
AF = 0, BE = 0,,CD = 0,; AO = 0B = 0C =R
(3):>Q+2+Q:2 :>£+£+£:2 :>i+l+l:£
0q op o¢ 0q op oc 0q op o¢ R

Solution 4 by Soumava Chakraborty-Kolkata-India

A

N e

E
2
Firstly,> acosA=R) 2sinA cos A = R(sin 24 + sin 2B + sin 2C)
= R{2sin(4 + B) cos(A — B) + 2sin C cos C} = 2R sin C{cos(4 — B) — cos(4 + B)}

= 4R sin C sin A si B—4R<abc)(l)abc
=4RsinCsinAsinB = 8R3) — 2RZ
(2) psi
From AACX, 2X = 2o %o = D gy g = 230C
sinC sin 6 sinC sin 6 0,
4 2 o2 3)
From ABOX', h? = R? —aT =R? 28 im 4= R%2cos?A = h, = RcosA
(v AABC is acute). Again, from AXOX', 51 = sin(180° — 8) = sin 6
by 3) R cos A . _by@)bsinC o0,—R RcosA R RcosA
= =sinf = = = - >—=1- -
o,— R 0, 0, bsinC o, bsin C

RcosA (a) acosA
=1- = 1—2RZ< )
bc
2R

abc

R ()

b 2 2
Similarly,o% © 1 —%(b cos B) &O_C =1 —%(ccos C)

R R R _ 2R? by (1) 2R? (abc
(a)+(b)+(C):>;+;+o—c—3—E(ZQCOSA) = 3_E(ﬁ)
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=3-1=2>2+2+21=2 (Done)
0q op o¢ R

Solution 5 by Mansur Mansurov-Azerbaijan

B

0, R (sina+sinpB) = 2§ R 1 1 1
0p R -(sina+siny) =2§+- — - (sina+sinf +siny) = —+—+—
o. R (siny +sinp) =2S§ Oa Op Oc

R? (sina+sinf+siny) 1 1 1 2
S = ->—+—+—=—
2 o, 0, o, R

1015. Prove that x; = cos A ,x, = cos B, x3 = cos C are the roots of
equation:
AR?’x® —4R(R+1r)x?* + (s2+ 12 —4R)x+ (2R +1)? —s?2 =0
Proposed by Marian Ursdrescu-Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
Wehave:s =a+ (s —a) = 2RsinA + rcotg *)

(Because: a = 2RsinA;andr = (s — a)tang &s—a=—5= rcotg)

tanE

More, in any triangle ABC:sin A > O,cotg > 0.

Then (*) © s = 2RVsin? A +r ’cotzg
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2 A
cos’3
© s=2R\/(1 —cos?2A)+r

A
2 4
sin? >

1+ cosA
1—cosA

& s=2R,/(1—cosA)(1+cosA)+r

& sV1—cosA = (V1+ cosA)[2R(1 — cos A) + 7]
© s%(1—cosA) = (1+ cosA)[2R(1 — cos A) + 1]?
© 5?2 —s?cos A= (1 + cos A)(4R? cos? A — 8R* cos A + 4R? + r? + 4Rr — 4Rr cos A)
© 4R3cos®A—4R(R+1)cos? A+ (s* + 1> —4R?*)cosA+ (2R+1)> —s?2 =0 (2)

2)
= x1 = cos A is root of equation:

4R*x3 —4R(R+1)x*> + (s* + 12 —4R*)x + QR+ 1)* —s2=0 (*)
Similarly: x, = cos B, x3 = cos C are roots of (*) Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

1)
4R?’x3 —4R(R+1r)x2 + (s2+1r2 — 4R )x+ 2R+ 1)2—-s2 =0

(a)
Let at, B,y be the roots of (1). Then, Y a = 4R$:r) = 1+£: YcosAd=Ya = YcosA

2
Again,2Y cosAcosB = (Y cosA)?> — Y cos* A = (%) — (3 -Ysin%? 4)

_(R+r)2 +Za2 _(R+r)2 3+s2—4Rr—r2 _2(R+71)?>—6R*+s* —4Rr —1*

R 4R? R 2R? 2R?2
_ s2+r2-4R2 (L) s2+r2—4R? (E) s2+r2—4R?
=g > Y cosAcosB = T.Also,Zaﬁ T

), (i)=Y ap @ Y. cosAcosB

. (iii) s2—(2R+1)? (ll’) s2—(2R+7)?
Again,cosAcosBcosC = T Also, aBy = —r

(iii), (iv) = afy © cos AcosB cosC
(a), (b), (c) = cos A, cos B, cos C are roots of (1) (Proved)
1016. In AABC, I - incentre, R,, Ry, R — circumradii of ABIC,ACIA,AAIB.

Prove that:
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2 br.\2 2
(40) s (212) 4 () = 252 (2 - )
R, Ry R, R
Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Tran Hong-Dong Thap-Vietnam

R, = 2Rsin? (etc)

/ A A sin
Zsmicosi-
cos

A
smz )

= 2s52(1 — cos A)

N>

N 2>
—__/

A\ 2
ar.\2 2RsinA: s -tans
a _ 2 — o2
:>(R ) - A -5
a 2R sin

2

—

_ 2(2 . A)Z_4Z 1—cosA
=s sm2 =4s >

= LHS = 2s22(1— cos A) = 252 (3 —ZcosA) = 252 (3 —{1 +%}) = 252 (2 —%)

Solution 2 by Soumava Chakraborty-Kolkata-India

LHS = z a’r; z 2r2s?pc z 4R7rs - r’s’a
4R%(s — )Z(s —b)(s—c¢) 4R? -r2s(s— a)

4RZst
rs? a _rs’xoa-s+s
" R s—a R s—a
3rs? rs3)(s—b)(s—c) -3rs®? s?
= - + = + — Z_s(b+c)+b
R R-1r2s R er(s s(b+¢) + bc)
3rsZ s2 3rs? s?(4R+r 4R — 21)s?
=2 +—(3s —4s* + s>+ 4Rr +1?) = — 7t (R ):( R )

= 252 (2 —%)
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1017. Find k € R such that in any scalene AABC the following relationship

holds:
cye (b c)2 - 5 2icyc 7 Ma, Mp, M — NagGel's cevians

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

s-C s-b

By Stewart’s theorem, 4c?(s — b) + 4b*(s — ¢) = 4an? + 4a(s — b)(s — ¢)
= 4an? = 2c*(c+a—-b)+2b*(a+b—-c)—a(c+a—-b)(a+b—c)
= 2(b3® + ¢3 — b%c — bc?) + a(3b% + 3¢%? — 2bc — a?)

1
L 2(b+c)(b—c)?+ a(3b? + 3c% —2bc — a?)
1))
4am? @ a(2b? + 2c? — a?)
(1)—(2)> 4an? — 4am? = 2(b + ¢)(b — c)? + a(b? + c* — 2bc)

2 2
4an; — 4am;

= (b - c)? + 2c+ ——— — —=2b+2c+
(b—-c)*!2b+ 2c+a) > b 02 2b+2c+a
n —m? 2b+2c+a(l)1 1(b+c>
(b -c)? 4a 4 2\ a
(i) 1  1/c+a nZ-m2 (iii) 1 a+b\ 1
nb mp e i C c arby)1
Similarly. 7 )2_4+2(b) (a-b)? _4+(c)2
_ 1 b+c\ | _3
(D)+(D)+(ii)= Z = )2 = Z + EZ (T) k= : (Answer)
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Solution 2 by Tran Hong-Dong Thap-Vietnam

In AABK we have: AB = ¢;AK =n,;BM =5 MK=BK —BM=s—c—5=""¢

By Stewarts’s theorem: ¢? - MK +n% - BM = BK - (m2 + BM - MK)

b—c a a b—c
ot (Sg)+ntg=G-a(mirg ")
alb—c) c*(b-oc)

4 2

Z_2(s—c)mﬁ (s=c)b-c¢) c*(b-c)
S Ma = a + 2 B a

2(s—c)_ 1>mz+(s—c)(b—c)_cz(b—c)

a
@nﬁ-EZ(s—c)mﬁ+(s—c)-

2 2 _
=>n:—-—m?=
a “(a a 2 a

(b-c) , (s—c)b-c) c2(b—c)
:—.ma+ —
a 2 a

m? c2+(a+b—c)
a a 4

:(b_c)[_“__
2(b?+c?) —a? cz+(a+b—c)
4a T a 4

_(c—b)
" 4a

Z(bz—cz)—a2+(a+b—c)
4a 4

:@_@[ ]zw—a

[2(b%? = c?) —a? +ala+ b — )]

— (b4_aC) [2 (bZ _ CZ) + ab — ac] = % [a + Z(b + C)] (etc)

ﬁznﬁ—mﬁ_za+2(b+c)_ 1+(b+c) _3+1zb+c:>k_3
(b—c)? 4a B 4 2a ) 4 2 a 4
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1018. In AABC, O — circumcenter, r{,r,, 173 —inradii of ABOC,ACOA, AAOB.

Prove that:

a b c
2 Z (secA+tand) = —+—+—

cyc(4,B,0) 't T2 T3
Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Marian Ursdrescu-Romania

s __OB-OC-sin24 __ R%sin24 )
a+b+c S OBC — - R“ sin24
= 1T p . LPTT ey
SoBc _R+R+a_2R+a a
0BC=—7—="=

a b ¢ a(2R + a) 2aR + a?

—_t 4 — = —Z - = —Z - =

rE ry T3 R“ sin 24 R“ sin 24

a a? 2Rsin A 4R?sin% A
=2) ) =2y + : =
R sin 24 R2sin 24 R-2sinAcosA R2 —2sinAcosA

1
= ZZCOSA+ZZtanA = Z(ZSecA+tanA)

Solution 2 by Soumava Chakraborty-Kolkata-India
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' i ocec @
Let R, be the circumradius of ABOC. R, = {=22¢8¢ = __¢@

4~%OB~0CSin 24  2sin24

.7 . _BOC . _OBC . _OCB _ . ) 4
Again, — = sin £ — sin £ — sin £ —— = sin A sin? (45° - —)
4R, 2 2 2 2

_ 1 A 1 _ A\* sinA(1-sinA)
=smA(—cos———sm—) = >

VZ 2Tz
by (1) asin A(1 —sin A) . a _ sin 24

sin 24 r; sinA(1 - sinA)
a 2sinAcosA(1+sinA) 2cosA(1+sind) (@

T = = 2(secA + tan 4
LT sin A(1 — sin? A) cos? A (sec anA)

= r; = 2R, sinA(1 — sin A)

2
Similarly, rl @ 2(secB + tan B) &ri © 2(secC + tanC)
2 3

(a)+(b)+(c)= 2Y.(secA + tanA) = % + % + é (proved)

1019.

B C

AB =k BC=k+3 AC=k+ 2, k>0, [ -incenter of AABC
N, — Nagel’s point of AABC, r —inradius of ABC, N, € (I, 1)
Find: S(abc) (area)
Proposed by Thanasis Gakopoulos-Greece

Solution by Soumava Chakraborty-Kolkata-India
a=k+3b=k+2c=kN,€e(I,1)S(ABC) =?
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9
2 — .2 2 _ .2 § 2 § z_§ 3 _ — 22
IN; =1r*=>9IG*“ =71 :>18$(2 a‘b+2 ) ab a 9abc) r

1
= E(Z z ab (2s — c¢) — 2s(s?> — 6Rr — 31r?%) — 36Rrs) =r?

1
=2 (4s(s? + 4Rr +r)? — 2s(s?> — 6Rr — 31%) — 60R7Ts) = r?

1 1
= (253 +10s1r? — 32Rrs) = r? = s — 16Rr + 512 = r? = 5?2 L 16Rr — 412

(é) k(k+2)(k+3)

Now, abc = 4Rrs = k(k+2)(k+3) =2Rr(k+ k+2 + k+ 3) = 2Rr Y

Again,Y ab = s> + 4Rr +r* => (k+ 3)(k + 2) + k(k + 2) + k(k + 3)

k+k+2+k+3\2 k(k+2)(k+3)
(e
2 3k+5

= 4(3k +5)r2 =43k +5)(3k? + 10k + 6) — (3k + 5)3 — 8k(k + 2)(k + 3)

=4@Bk+5)r2=(k*—1)(k+5)>r (;) (k? - 1)(k +5)

4(3k+5)
. . . 3k+5)% _ 8k(k+2)(k+3) 4(k?*-1)(k+5)
Plugging (2), (3) in (1): T T anis 1GheS)

(3k+5)2 7k3+35k*+49k+5
= =
4 3k+5
=>(k+3)(k+7)(k-5)=0=>k=5.a=8b=7c=5=>s=10

= k3 +5k? - 29k —105=0

= S(ABC) = ,/(10)(10 — 8)(10 — 7)(10 — 5) = 10v/3 (Answer)

1020. URSARESCU’s REFINEMENT OF EULER’S INEQUALITY
In AABC the following relationship holds:

1<a(b+c—a)+b(c+a—b)+c(a+b—c)>>2r

R>=
=6 h, h, h,

Proposed by Marian Ursdrescu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

z 2a(2a— a) _ zZa(;;a)a _ r_lszaz (s—a)=
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s - 2(s* — 4Rr — r?) — 2s(s* — 6Rr — 3r*) _ 2s(2Rr + 21?)
rs B rs

1 2a(s—a) 2

2a(s— a)

=4(R+71)

“R>1 Z Rzg(R+r)<:>Rzzr—>true

a

&= Z Z“(: 9> 2r o 2> 1+ o R > 2r > true (proved)

a

Solution 2 by Tran Hong-Vietnam

We have: Z a(b+c 9 — Z a(b;sc, Q) — Z (b +c—a)= —(cosA + cos B + cos ()
4Rsr T 2
= +—)==(R+
6sr (1 R) (R+7)

—Za(b+c L —(R +71) © R = 2r (true)

a(b+c— a)

2r <= Z (R+r)<:)R>2r (true)

a

1021. In AABC the following relationship holds:

<2ma + 2m,,>7 N <2m,, + 2mc>7 N <2mc + 2ma>7 - <3a>7 N <3b>7 N <3c>7
m, m, my m, my m,

Proposed by Daniel Sitaru — Romania

Solution by Lahiru Samarakoon-Sri Lanka

> (e 5 Sy

A




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
AACG,AG = m, and CG = >m,. S0, to have: AG + GC > AC. S0, =%+ >m, > b

2m, + 2mc)7 - (3b

(2mq +2m,) > 3b; ( )7 (- m,, > 0)

m, m,

7 7
So, similarly, from AAGB and ABGC, and by summation: 3, (%) > (ﬂ)
b

mp

1022. In AABC the following relationship holds:

1 1 1 m,m,m,
3\t )| s — e
hz hy hg S

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
2 2.2 2 (2)
(1) e3 (%) < % & amimim? > 6r’s*(s* — 4Rr —r?)

_ (sz+Zc2—a2)(2c2+Za2—b2)(2a2+2b2—c2) _
64

Now, m2mim?

(@ —4Y a® + 6(X a*b?* + ¥ a’b*) + 3a*b*c?
B 64
Now, Y, a® = (3 a?)? — 3(a? + b%)(b% + c?)(c? + a?) =

= () 3 (Y- ) (Y —a?) (Yo 1)
= (L) -3 (L) - () () -atveet) -
23 @) -3() @) (> a2b?) + 3a%p2¢2

Also, Y a*b? + Y, a?b* = Y a?b? (T a? — ¢?) © C a?)(C a?b?) — 3a*b?c?
(a), (b), (c) = mimym? = i{—‘l(z a?)? +18(% a®) (X a®b?) — 27a*b*c?}

_ 1 [—32(52 —4Rr — 1?)3 + 36(s? — 4Rr — r®){(s?> + 4Rr + r?)? — 2abc(2s)}]
64 —432R%*r?s?
@ i{sﬁ — s*(12Rr — 331r?%) — s2(60R?*r? + 120Rr3 + 331r*) — 64R31r® — 48R2r4}
16 —12Rr> — 15
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(d)=> (2) © s — s*(12Rr — 337?) — s2(60R?*r? + 120Rr3 + 331r*) — 64R313 —

—48R?*r* — 12Rr°® — 1% > 24r%s?(s* — 4Rr — 1?)

3)
< 5% — s*(12Rr — 91%) — s2(60R?12 + 24R73 + 91*) — 64R313 — 48R?>r* — 12Rr5 —1° > 0
Gerretsen

Now, LHSof (3) >  s*(4Rr + 4r?) — s2(60R?*r? + 24Rr3 + 91*) — 64R313 —

Gerretsen

—48R%2r* —12Rr*—r® > 0

(4)

retse

Ger n
Now, LHSof (4) >  s*{(16Rr — 5r?)(4Rr + 4r%) — (60R?*1? + 24Rr3 + 9r*)} —

2
—64R313 —48R*1r* —12R1r5 -1 >0 &
2

& s2(4R% + 20Rr — 297r%) — 64R3r — 48R%*r? — 12Rr3 — rt >) 0

Euler
Now, 4R? + 20Rr — 29r* > 4R? + 40r% — 29r? > 0 - LHS of (5)
Gerretsen ?

(16Rr — 512)(4R? + 20Rr — 291%) — 64R3*r — 48R?*r2 —12Rr3 —1r* >0

? ?
© 7R? —16Rr + 41?2 > 0 © (R — 2r)(7R — 2r) > 0 — true (Euler) (Proved)

1023. In AABC the following relationship holds:

A B C
2 cosE+ cosE+ cos > — (VsinA4 + Vsin B + Vsin C) >

N |w
Ni=| Bl

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Daniel Sitaru-Romania

f:(0,m) - R, f(x) = (sin x)%,f”(x) =— Esin x (sin x)_% — %cosZ x (sin x)_% <0,

f — concave
1 z ) + (A+B+C)<2 z (B+C)
3 f f 3 -3 f 2
cyc(A,B,C) cyc(A,B,C)
1 _ . T 2 . (B+C
3 vsin 4 + sin (5) S§ z sm( > )

cyc(4,B,C) cyc(4,B,C)
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V3 m—A
z \/sinA+3’7S2 z sin( 2 )
cyc(A,B,C) cyc(A.B,C)

5

A _ 3%

2 z cos 7~ z sind = —
cyc(4,B,C) cyc(A,B,C) 22

Solution 2 by Lahiru Samarakoon-Sri Lanka

5

We have to prove, ), Vsin A + 3—? <2 <Z /cos %‘) Let’s consider, f(x) = Vsinx

22

vVsinx (—sinx) — cos x cosx

fl(x)= cosx . f(x) = 2+/cosx _ —(2sin® x + cos? x)
2vsinx’ 2sinx 4 sin x+/cos x

Then, f"(x) <0

1 A+B+C 2 B+ C
§ZV51“A+JSi“(T)S§ZSi“( 2 )

1

%Z\/m+ (\/Z—g)E < %Zcosg; z\/m+2—§s ZZcosg; (it's true)
1024. In acute AABC , I — incenter the following relationship holds:
AT S
Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

24 . 2A
mg 4R+r mg R-2 cos 2 Sin™> Rsin? A R-a?
— < < + Ly < = = =
ZAIZ Sz "Ma s R(1+ cos 4), etc, ZAIZ =X 2 ) 212 ) 2r2-4R?
1 z 2 ; 4R + 1 z 2 ; 8R% + 2R
= a* < = a- < +2Rr &
8Rr? 4r?

? ?
<:>s2—4Rr—rZS4RZ+Rr<:>s2(%4RZ+5Rr+rZ

Gerretsen

? ?
Now,LHSof (1) < 4R>+4Rr+3r’<4R’+5Rr+r?sSRr>2r’e

?
& R > 2r — true (Euler) (Proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1025. In AABC the following relationship holds:

Z Nrgry+r.) < (my +my + mc)\[é

Proposed by Bogdan Fustei — Romania

Solution 1 by Marian Ursdrescu-Romania

From Cauchy’s inequality = (¥ m)z <3¥r,(r, +r,.)
2 XVra(ry+1) <6 X1y (1)
But Y r,rp, = s% (2)
From (1)+(2)= Zra(r, + 1) < V65 (3)
m, +m, +m, >3/ m,mym,
my > \/s(s —a)
mg +my, + m, > 3Vs%r 4)

From (3)+(4) we must show:

3
}:ma+mb+mC23\/sS:>

33\/s2r-\/§2\/3s<:)36s4r >63s6<:>36 ©>3%.23.52 & 27R® > 8s2r (5)

From Mitrinovic’s inequality: 27R? > 4s? = 27R3 > 4Rs? (6)
From (5)+(6) we must show: 4Rs? > 8s%r < R > 2r, true (Euler)

Solution 2 by Soumava Chakraborty-Kolkata-India

SRz (ym) [

A smB sing
Z:w/ra(rb+rc —z sztan— 12?+ %.

COS5 COS5
2 2

A cosé A cosZé
— 2 _ 2 — 2 _ 2
= E S tan2 B cl= E S tan2 S

COSi(:OSi 4R




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A A CBS 1
= z 4Rs cosEsinE = z\/sa < VsvV3vV2s =+6s -~ LHS < 6s

Again, RHS Terezshin \/gz (b24.:-2) _ \/g(zziz) - RHS (é) \/E(E)

2R 2R
(1), (2) = it suffices to prove: \/g (Z i

E) >+6s & (X a?)? > 24Rrs?

o s*+1%2(4R +1r)? — 25s*(4Rr + 1%) = 6Rrs?

3)
& s*+1r2(4R +1)? > 2(7Rr + r?)s?

Gerretsen ?
Now, LHSof (3) = s%(16Rr —57r?) +r?2(4R+1r)? > 2(7Rr +r?)s* &

”
& s2(2R — 4r) +r(4R +1)? (% 3rs?

Gerretsen
Now, LHS of (4) (% (2R — 4r)(16Rr — 51%) + r(4R + 1)?

Gerretsen
& RHS of (4) (%) 3r(4R? + 4Rr + 31?)

(a), (b) = in order to prove (4), it suffices to prove:

(2R —4r)(16R —51) + (4R +1)?> > 3(4R*+4Rr +31%2) > 0

© (R—2r)(6R—1) = 0 > true = (4) is true = (3) is true (Proved)

1026. If x,y,z > 0 then in AABC the following relationship holds:

X y
y+z % z+x

z ,_91r* —16R?
‘Te 2
x+y 2

.r§+

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Soumitra Mandal-Chandar Nagore-India

2
X T
2 — a 2
E ra—(x+y+z)§ _E rg
ytz ytz

cyc cyc cyc

Weknow, Y., 7q = 4R+ 1 and Xy 7Ty
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BERGSTROM'S 2

INEQUALITY +7. +1)2 4R + 1)2
> (o sz ro)” _ Zra +ZZrarb=2s2——( Zr)

cyc cyc
(4R+71)? - 91r2-16R?
2 = 2

We know, s? > 16Rr — 572 we need to prove, 16Rr — 51% > 23r? + 2Rr

© s2>23r2+ 2Rr

We need to prove, 2s% —

< 14R(R — 2r) = 0, which is true. Hence proved

1027. In AABC,I —incentre, Al = x,BI = y,CI = z
the following relationship holds:

273
27

—(x+y+2)3 +r¥(xt + y* + z*) > x?y?2?

Proposed by Mustafa Tarek-Cairo-Egypt
Solution 1 by Soumava Chakraborty-Kolkata-India

B b%c%(s — a)? B
X —rGZM DN e e o

:< re >(zbz Z(S_a)z) @ r?Y b*c*(s* — 2as + a®)

rts2 s2

Now, ¥ b%c? (s? — 2as + a?) = s2[(X ab)? — 2abc(2s)]| — 2sabc(Y ab) + 3(16R*r?s?)
= s%2(s® + 4Rr + r?)? — 8Rrs?(s* + 4Rr + r?) — 16Rrs* + 48R?*r?s?
= s%2(s?> + 4Rr + r%?)(s?> — 4Rr + %) — 16Rrs* + 48R?*r?*s?
= s%[(s* + r?)? — 16R?*1r? — 16Rrs? + 48R?*1?]
(Z)
= s2(s* + r* + 25%r2 — 16Rrs? + 32R?*1r?)
1), (2= r*y Ar* @ r?(s* +r* + 2s%r? — 16Rrs?* + 32R2r2)

Now, —(ZAI)3 > 2r3([1AI) = 5 = 8Rr® = 2 (ZAI)3 > 8RrS

4R

?
(3)+(4)= LHS = 8Rr> + r2(s* + r* + 25?12 — 16Rrs* + 32R%*r?) > ([[ AI)?
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2
3

? r
© 8Rr> + r¥(s* + r* + 2s%r?> — 16Rrs? + 32R*r?*) > | | = 16R*r*
4R

2
& 1r2(s* — s2(16Rr — 2r?) + 16R*1r* + 8R13 +1*) > 0
2
& s* —s2(16Rr — 21r?) + 16R*r> + 8Rr3 +1r* >0

2
& s* — s2(16Rr — 21r?) + r?(4R + 1r)? (% 0

Trucht
Now, RHSof (5) > s*—s2(16Rr — 21r?) + 3r?s? = s?(s? — 16Rr + 2r? + 37r?%)

Gerretsen

= s? (sZ — (16Rr — 5r2)) > 0> (5)istrue (proved)
Solution 2 by Marian Ursdrescu-Romania
3
We must show: > (I + BI + CI)® + r2(AI* + BI* + CI*) 2 (AI - BI - CI)? (1)

But AI = — and AI - BI - CI = 4Rr? (2)

sin
2

3
From (1)+(2) we must show: ZZL7 (AI + BI + CI)3 + r2(AI* + BI* + CI*) > 16R*1* &

% (AI + BI + CI)® + (AI* + BI* + CI*) > 16R*1% (3)
Al + BI + CI > 33AI -BI - CI (4)
)
From (3)+ (4) we must show: 2r - AI - BI - CI + (AI* + BI* + CI*) > 16R*r* &

AI* + BI* + CI* > 8Rr*(2R — 1) (5)

(A2 +BI2+CI%)°

From Cauchy’s inequality: AI* + BI* + CI* > and
AI? + BI*> + CI> = s> +r2> — 8Rr =

(s2 +7r2 —8Rr)2

AI* + BI* + CI* > —— (6)

From (5)+(6) we must show: (s* + r2 — 8Rr)%? > 24Rr*(2R—1) (7)
From Gerretsen’s inequality we have: s> > 16Rr — 5r? (8)

From (7)+(8): (8Rr — 4r?)? > 24Rr*(2R — 1) & R > 2r true.
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Solution 3 by Tran Hong-Vietnam

x = Al = —,y = —5:z = —;Hence, inequality &
Sln— SlnE Slnz
3 4 2
2r3 1 1 1
I + 2.4 > 6
27 rzsiné o z siné =7 sinésingsing
2 2 2 2 2
3 4 2
2 1 1 1
e 5(27) + 2 <_£> > <W> *)
Sll’l2 Sll’l2 Sll’l2 Sll’l2 Sll’l2
1 1 R 2_8R
LetaZ—A,bZ—B;CZ—thenabc—éL —:a®+ b?*+c? —M—Zr
sinz inE sin; r r

2
Hence (*) becomes: 22—7(a + b+ c)3+ (a* + b* + ¢*) = (abc)? = 16':—2
2 Cauchy R
— +pb+c)3 > _—=—Q_
7 (a+b+c) 2-4- 8
(a% + b% +c?)? (sZ + 1% — 8Rr)?
3 B 3rt

a*+p*+ct >

2 2_
We must show that: 8 g + % > 16 (**)

But s > 16Rr — 512

R (8Rr 4r2)% R 6(R )Z
3r4 B r 3\r

LHS(.,>8 —
Must show: 8t + % (2t —1)? > 16712 (t = % 2)
@Zt 5t+2>0<:>(t 2)(t 1)>0
3 3 3~ 2
(true because t > 2). Proved.

1028. In AABC the following relationship holds:

2 2 2 z
mambmc(ma +my + mc) > mg +my +mg
952 — \m,my +mym,+m.m,

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution 1 by Bogdan Fustei-Romania

2 2 2 2
In AABC the following relationship: -5 + % + <8+ (w)

3 aZ+b2+c?
(I -incenter in AABC); R,, Ry, R, — circumradii ABIC,ACIA, AAIB)
Using two additional inequalities:
1) 5 > abc+a?+b3+c3
2abc

2

3.3 2,52, ,2

x°+y°+z 1 x“+y“+z

2)x,y,z>0:—y —>(—y )
4xyz 4

xy+yz+zx

From the two inequalities from above we can write the following:

) So, flnally — (ﬂ)

ab+bc+ac

2

R (;) al+b3+c3 1 @ (a2+b2+c
2r 4abc 4 —

ab+bc+ac

R, =2R sin%l (and the analogs); sin%l = ” (and the analogs)

a? = (r, +r.)(r,—r) (and the analogs)

=>R,=2R- f . 4R2 " (r“_r) = /R(r, — r) (and the analogs)

2 _ _ (rb+rc)(ra_r) rb+rc
R% = R(r, — r) (and the analogs) :> RGra—r) R
S0 & = ”’”‘ (and the analogs)

az+bZ c? rb+rc+ra+rc+ra+rb_2(ra+rb+rc)_2(4R+r)
RZ R: R? R R R R B R

B a’> b* ¢* B8R+2r 2r
(r“+rb+rc_4R+r):>R_ﬁ+F R =—F% =8

2
. . .- 2 b+b
The inequality from enunciation becomes: 8 + 2 < 8 + (m)

a?+b?%+c2
R a® + b% + c?
= —>—
2r ab + bc + ac

From the above, the inequality from enunciation is proved.
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Solution 2 by Soumava Chakraborty-Kolkata-India

az\’
R>2r <Z ab) < R(S? + 4Rr +1?%)? > 8r(S%? — 4Rr — r?)?

& R{S*+1r*(4R +1)? + 25?(4Rr + r?)} > 8r{S* + r>(4R + r)? — 25%(4Rr + r?)}
1)
< (R—-2r)S*+ 252(4Rr +1r*)(R +8r) + r>(4R + 1r)*(R — 8r) > 61s*
Gerretsen
Now, LHS of (1) (2) S?(R—2r)(16Rr — 51%) +
a

+2S5%2(4Rr + r2)(R + 8r) + r2(4R + 1)*(R — 81)
= S?r(24R? + 29Rr + 261%) + r2(4R + r)*(R — 8r)

erretsen

G
& RHS of (1) (%) 67rs*(4R? + 4Rr + 31?)
(a), (b)= in order to prove (1), it suffices to prove:

()
S’2(5Rr +8r?) +r(4R+1r)’(R—-8r) > 0

erretsen

G ?
Now, LHSof (2) = (16Rr — 5r2)(5Rr + 8r2) + r(AR+1r)?(R—81r) > 0

? R
©2t3 -5t2+5t—-6>0 (t=7)

Euler

”
o (t-2){2t(t—2)+3t+3}>0->true~wt > 2
Za2>2 Sabc 3 <Z a2>2

2

Y ab

2
R - 4rs? > 8r2s? >
> = rst=9r <Zab < 852 — \Yab

:>R22r<

Applying (3) on a triangle with sides %ma,émb, émc (whose area will be = 2), we get,

(3Ema)gymameme (5) (Emiy mambmc(Zma)>< 3 m3 >Z
T W

1029. If M € Int(AABC) then:
27 -[MAB] - [MBC] - [MCA] < [ABC]?

Proposed by Daniel Sitaru — Romania
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Solution 1 by Mehmet Sahin-Ankara-Turkey

A

B C

Let (x,y,z) be the barycentric coordinates of M.
x+y+z=1and[MBC] = x-[ABC]; [MCA] =y -[ABC]; [MAB] = z - [ABC]
[MAB] - [MBC] - [MCA] = xyz[ABC]® (1)
Using Arithmetic and Geometric Mean inequality:
%2 i/x_yz:>i/x_yZS§:>xyZS% 2)
From (1) and (2): 27[MAB] - [MBC] - [MCA] < [ABC]?
Solution 2 by Ravi Prakash-New Delhi-India
A

Ay

B C

3

111
27[MBCI[MCA][MAB] = 274,4,A; = [3A§A§Ag] < (A, + A, +A3)® = [ABC)®?
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Solution 3 by Thanasis Gakopoulos-Athens-Greece

PLAGIOGONAL system: BC = Bx, BA = By
B(0,0),C(a,0),4(0,c), M(my, m,)

1 11 1 . myc-sinB
(MAB)ZE 0 my O -smBZf
0 m, c
1 111 . my-a-sinB
MBC)=_||0 my al-sinB=""———
0 my 0
1 ac—mic—mya)sinB
((4BC) = - ac-sin B, (MCA) = (ABC) — (MAB) — (MBC) = ! > 2@)
3
AM-GM: (MAB)(MBC)(MC4) < [HADHHIOHMED)

3

_ 1 |myc-sinB N m,asin B N (ac — myc— mya)sin B
27 2 2 2

3
=— (% ac - sin B) = % (ABC)3 -— 27(MAB) - (MBC) - (MCA) < (ABC)3

1030. In AABC the following relationship holds:
T T T
4(my+m, +m,) < ——+ b _+_—¢

. 2 A . » B
22 22 gipn2=
sin“z%  sin®5 sin®5

Proposed by Bogdan Fustei — Romania

Solution 1 by Lahiru Samarakoon-Sri Lanka

r
4(m, + my +m,) sz “A
., A
sin® 3
A
_\y Ta _ yStang 1 _ (Xab) _ 4SR x (S%+1%+4Rr) _ (S%+r2+4Rr)
RHS - z:sing o Z sinzg - 2SZSinA =25 x2R abc - 4R xXSr - r
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But $2 > 16Rr — sr?

212
> (16Rr Srr+r +4Rr) — 4-(5R _ T) > 4-(4-R + T) ( R > 21') Euler

We have to prove: 4Y, m, <4(4R +r)
Ym, < (4R+r) (it'strue) (~Ym,<Xr,=4R+r)
Solution 2 by Marian Ursdrescu-Romania

sz+r2+4Rr

In any AABC we have: ¥ — = we must show:

A
242
sin 2

2.2
s“+r“+4Rr
4(m, +my +m,) <7

1)

Butin any AABC we have:m, + m, + m; <4R+1r (2)

r

From (1)+(2) we must show:

s®+r2+4Rr

16R+4r <———— © 16Rr + 4r* < s> + 1’ + 4Rr & s* > 12Rr + 31% (3)

Form Gerretsen’s inequality: s > 16Rr — 512 (4)
From (3)+(4) we must show: 16Rr — 512 > 12Rr + 3r* © 4Rr > 8r? & R > 2r,
true (Euler)

Solution 3 by Soumava Chakraborty-Kolkata-India

Zr csc ——z 1+cotZ T, +ZStan cotZ Zr +2scot—

/ (s—a) s’(s—a)
_zr“ ) (siz)(sa—c) zra z\/s(s—a)(ss—‘;)(s—c)
=Yy (5= Y= ()
=Tt (i:‘;:’:) D orat = e

Gerretsen

> 4R+1r + 16R — 5r = 20R — 4r

Eul
—16R+4(R—-71) > 16R+4r=4(4R+r)24Zma
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1031. Ifin AABC,AD, BE, CF - internal bisectors then:

AF -BC+ BD - AC + CE - AB > 18r?
Proposed by Marian Ursdrescu — Romania

Solution 1 by Lahiru Samarakooon-Sri Lanka

A

D

- .BD _ 4B _ ¢ — A CAC =2 p = 2k
Because CF,AD bisectors: e ac-3> BD o So,BD - AC b+cb e

=~ similarly, for AF, BC and CE, AB set summating LHS = } BDAC = abc ), [ﬁ]

12 12 2
= abc + + ] > abc %
b+c a+c b+c

1+1+1)2
2(a+b+c)

= 4RSr X% 415 (+ Y a=2s)=9Rr,butR > 2r.50,> 18r% (proved)
Z BD - AC > 18r?

Solution 2 by Soumava Chakraborty-Kolkata-India

. CcD b CD+BD b
By angle-bisector theorem, -— == = +30 _ btc

BD c

1 2 3
= Bp 2 Similarly, AF D e g g @
b+c a+b ct+a
. 1 _ Y (b+c)(c+a)
(1), (2), (3) > LHS = abc (Z m) = abc (—n(a+b) )
<(Za2+22ab)+2ab> < 4s% + s2 + 4Rr + 12 >
= abc = abc

2abc +Yab(2s—c¢) | 2s(s2+ 4Rr +1r2) — 4Rrs

__ 4Rrs(5s* + 4Rr +1?) _ 2Rr(5s* + 4Rr +1?)
~ 2s(s2+2Rr+1?2) s2+2Rr + 12

2

18r
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& R(5s% + 4Rr + 1%) > 9r(s? + 2Rr +1?%)

()]
< (5R—91r)s’? +Rr(4R+1)—9r2(2QR+71) > 0

Gerretsen

”
Now, LHSof (4) = (5R—91r)(16Rr — 5r2) + Rr(AR+ 1) —9r>(2QR+1) >0

? ?
& 42R? — 93Rr +18r2 > (R — 2r)(42R—9r) > 0 > true = R > 2r
(Euler) = (4) is true (proved)

1032. In acute AABC the following relationship holds:
2V/3 1 1 1 V3
< <

+ +
R T acosA bcosB ccosC 4RcosAcosBcosC

Proposed by Daniel Sitaru — Romania

Solution 1 by Lahiru Samarakoon-Sri Lanka

Consider, 22 < ¥ =Y » we have to prove, ¥ — > 23

acos A 2RsinAcos A n2A

Consider, f(n) = m = cscn (n € (0,m)) + ABC acute triangle, so,

0<24,2B,2C<mn

f'(n) = —cscn-cotn & f''(n) = csc?n (cscn + cotx) then f'(n) > 0

1 1 _ 3 _3x2
v Zsin 24 = 3 Sin(2A+233+26) - sin(z?") -3 = 2V/3it’s true.

V3
4R cos Acos BcosC’

Y bc-cosB-cosC - V3
4RA -cosAcosBcosC  4RcosAcosBcosC

Consider, Z

.We have to prove,

So, we have to prove, ¥, % < ? ( %bc sinA = A)

LHS = T

___ 1 (sin24+5sin2B +sin2()* ( sin 24 ,sin 24, sin 2C > 0)
“4][cosA 3 acute A

3\f f

1 —>< (4H51nA)Z——(51nA sinB - smC)< x =

" 4][sinA

it's true (Proved)
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Solution 2 by Marian Ursdrescu-Romania

1 1 1 3 1
From AM-GM = + + = 3\] =
abc cos A cos B cos C

acosA bcosB ccosC

3 2
We must show this: 3 >28
VabccosAcosBcosC R

ab cos Acos B cos C R3
e - <83\/_<:)abcosAcosBcosC< 3V3 p3 Q)

But abc < 3V3R? Nieet
= (1) it's true.
and cos A cosBcosCs% (1) itstrue

Leta < b < c= cosA = cos B > cos C. From Chebyshev’s inequality =

1 1 1 1,1 1 1 1 1 1
+ + <= +
acosA bcosB ccosC_B( )( )

4+
a b c

+
cosA cosB cosC

. 1/(1 11 1 1 1 V3
=t -+ - + + <
We must ShOW thIS. 3 (a b ) ( cos B cos C) ~ 4R cosAcosBcos C

c cos A

= ( + Ly )(cosAcosB + cos A cos C + cos C cos 4) <22 (2)
But i + % + % < Z—: (3). From (2)+(3) we must show:
Y.cosAcosB < :—; 4
But ) cos AcosB = # (5)

2 2 _ 2
From (4)+(5) we must show: % < :—; & 52+ 12 — 4R% < 6Rr (6)

From Gerretsen’s inequality:
s2 < 4R? + 4Rr + 31?2 = 52 +1r* — 4R? < 4Rr + 4r? (7)

Form (6)+(7) we must show: 4Rr + 412 < 6Rr < 4r* < 2Rr < 2r < R (true Euler)

1033. In acute AABC the following relationship holds:

o o o 3 . (V3R
cos Asin(sin A) + cos B sin(sin B) + cos C sin(sin C) < Esm I

Proposed by Marian Ursdrescu — Romania
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Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

A B;C € (0;;)
f(x) = cos x - sin(sin x)
f'(x) = —sinx - sin(sin x) + cos? x - cos(sin x)
f"(x) = — cos x - sin(sin x) — sin? x - cos(sinx) — 2 - cos x

-sin x - cos(sin x) — cos? x - sin(sin x) =

=— ((cos x + cos® x) - sin(sin x) + (sin? x + 2 cos x - sin x) - cos(sin x)) <0

f”(x) < O
L. A+B+C . A+B+C
z cos A - sin(sin4) < 3 - COST - sin (sm T) =
Acute
3 . (_1‘[)_3_ \/551267‘3 . (V3R
=3 sin sm3 —Zsm > = 3 sin ar

1034. Ifin A ABC, I — incenter then:
(AI + BI)5 (BI —+ CI)5 (CI + AI)5 (BC)5 (CA)S (AB)5
+ + >(—) +[—) +([—
Cl Al BI Al BI Cl
Proposed by Daniel Sitaru — Romania

Solution by Lahiru Samarakoon-Sri Lanka
A

B C

For ABI triangle, AI + BI > AB. (A';BI) > (%) (- €I > 0). So, (AI;B’)S > (%)5
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~ similarly, from ABIC and AAIC, and get summation,

> () =26
1035. In AABC the following relationship holds:

h, + h, A
Z Z >6Zsm§

cyc cyc cyc

Proposed by Bogdan Fustei — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

(1)
Trq 2r rg Trq 2r A a
/—> /—-— > /—> Y, /—-—-—
h, etc., N e etc.= - = o2

abcs
R |s(s—a)bc

2
z\/* ’ 4Rsm cos2
= _ZZSIH—
R 4Rr cos

hp+h . ca+ab b+c
Now, 2t > 4 5inl o L)
Wq 2 2R 2bc cosz

azs
R |4Rrs cos A

5> 451n';l e a(b+c) > (4R sin = cos ) (4bc)

(a)
hpt c>4sm—

Wq

e a(b+c)? > 4abc < (b+ ¢)? > 4bc - true=

(b) (c)
Similarly, 2etfa > 4sm & “h > 451n£
Wp

c

hb+h

(@)+(b)+(c)= X = — > 43 sm—
1L)+(2)= Y ;—a+z% > 6 sin?

Solution 2 by Tran Hong-Vietnam

h, + h, A
Y [ St oY o
ma 2
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2r-a a Ta rs-a a
= = > =
Rs Z Z \/S a Rs \/R(S a)

1 2 1
Wehave; — > = . —
R hq R-2rs

mq
A . A aA_ . A
Z\/tan;-tlsmg-cosE—ZZ:smz D
1 1
Ry + he _ 25 (3 + c):zs.(b+c)2. 1
2
DR ow AP e

2
—Zbcsm— cosé-%- 1A=Zsin§ (b+c) >4Zsm 2)
COSE

{~ (b+ c¢)? = 4bc}. Form (1)+(2)= Proved.

1036. If a, b and c are the lengths of the sides of a triangle, then:

a b c a— b\’ b—c\? c—a\?
Cerartaee ) G G
b+c—a c+a—-b a+b-c a+b b+c c+a
Proposed by Titu Zvonaru, Neculai Stanciu-Romania

Solution 1 by Marian Ursdrescu-Romania
sinA
(€Y)

2Rsin A
sin B+sin C—sin A

a
" 2R(sin B+sin C—sinA)

b+c—a

Butif A+ B + C = mwthen:sin B +sinC —sin A =4sinEstcosZ(2)

a _ 2 sing cosg _ sing
From()+@2)= ——=—F-F5.a-—7.—< 3
b+c-a 4 sin; sin;, cos;, 2 sin; sin;

_y S 1y T o

From (3):> % B . C a
b+c-a 2 sin_ sin- 2 sm—sm—sm—
2 2 2
2R

2
in24 = r
But ) sin > = 2m 5= ©)

From (4)+(5)= % .—— ZRT‘T =27-1 (6)

From (6) inequality becomes: 2—— 1-2% (“ b) >3

5 -2-3 (“;b) > 0 (7). But(a + b)? = 4ab = (7) becomes:

R (a— b)Z R a? —2ab + b?
P o G SO oJ i 7 LN
r ab

r
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R 5 1 az+b2+3>0 R 1 1 az+b2>0
o——-2-= — PE ) J A —— o
4 b 2 r 2 4 ab
C>ﬁ_2_za+b>0 (8)

aZ+b? s2+r2—2Rr
BUtZ ab = 2Rr (9)

From (8)+(9) we must show this: 4% -2- % >0 (10)

But from Gerretsen s? < 4R% + 4Rr + 3r? (11)

2 2
From (10)+(11) we must show: 4% —2-% +:§:+4r > 0. Let% =xx>2
2
S 4x—2 -2 S 0o 2x2 —3x—2 >0 (2x+1)(x — 2) > 0 true.

2x

Solution 2 by Soumava Chakraborty-Kolkata-India
sane Y g2y (555) &
()
DY

a +b2 Zc(a bz) Y ab(2s—-c)

1)e 3+

 (a+ b)? = 4ab, etc., RHS of (1) < 2

abc 4Rrs
_ 2s(s>+4Rr +7r?) —12Rrs _ sZ — 2Rr +1?
B 4Rrs B 2Rr
_1 2s—a 3 s >(s—=b)(s—c)
LHS of (1) - EZ (s—a ) _Z (1 * ;) 2 * 2 ((s—a)(s—b)(s—c))
3 s 3 4R+r 3 2(R+r
=5+-——50s*—4s*+s*+4Rr +r?) = -+ = ( )

2 2sr? 2 2r r

2_ 2
(2), (3) = it suffices to prove: Z(R:r) > 2 Zi:”

(4)
© 4R(R+ 1)+ 2Rr — 1% > 5? © s> < 4R? + 6Rr — 1?

? ?
Now, Gerretsen = s* < 4R* + 4Rr +3r2 < 4R?> + 6Rr —r* © R > 2r

- true (Euler) = (4) is true (Proved)
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1037. In AABC the following relationship holds:

r 3 12
a Tp + L +2<
2 R

rb+rc rc+rb ra+rb 6 ——
T

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

T, T T, 3 12
+ + +-<——
rp+tre Tc+Trq TotTy 2 6_5
T
T, 3 12r 1 12r 3 42r-3R
B D . =
T, + 71, 2 6r — R ro+r, 6r—R 2 2(6r—R)
42r — 3R

Z . Z(ra + rb)(rb + rc) <
T e+ 1) 26r—R)
Er)2+Xr,ry 42r — 3R
zr“.Zra-Zra-rb—rarbrc_ 2(6r — R)
a)Xr,=4R+r
b)Y r,r, = s?

C) rglptc =1 - 52

+7r)2+s?] 42r—-3R
<
4Rs? 2(6r — R)

2 2
(4R + 1) [(i;R_F_Fr;ZZ t :.SZ] = (4R +71) [(4-R

(6r —R)(4R+1r)> + (4R +1r)(61r —R) - s> < 2R(42r — 31)s
(6r —R)(4R +1)3 < (61Rr — 2R? — 61%)s?
6(Rr—2r*—-6r?)>0
R
(6r —R)(4R +1)3 < (61Rr — 2R? — 61%*)(16RT — 51%); 5= t
(6 —t)(4t+1)3 < (61t — 2t*>* — 6)(16t — 5)
—64t* + 336t3 + 276t> + 71t + 6 < —32t3 + 986t% — 410t + 30

32t* + 184t3 + 355t2 — 236t +12 >0

(t—2)2(32t2-56+2)2>0
>0

20
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1038.
Ifin AABC, w — Brocard angle then:
_ <(a+b)2+(b+c)2+(c+a)2+ S
S 16(a? + b? + c?) Va2b? + b2c? + c2a?

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

28 s Y (a+b)?

Jya?p?’’ JYa?p? ~ 163 a?

=3 /z a2b? Z(a + b)? (é) s - 162 a?
Now, LHS of (1) = /abc(25){2(¥ a®? + Y ab)}

2
= 45V2Rr(35* — 4Rr — r?) > 32rs(S* — 4Rr — 1?)

v sinw = - given inequality &

2
< 2Rr(3S% — 4Rr — 1%)? > 641%(S%? — 4Rr — r?)?
2
& R(35%2 —4Rr — 1%)? > 32r(8? — 4Rr — 1?)?

)
& R{95* + (4Rr + 1r?)? — 65S*(4Rr + %)} > 32r{S* + (4Rr + r?)? — 25?(4Rr + r?)}
< (9R — 181r)S* — 6R(4Rr + 1r?)S? + 641*(4R + 1)S? +

?

+Rr?(4R +1)? — 321r3(4R + 1)? (% 14rs*
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errets

G
Now, LHS of () 2 “ (16Rr — 5r2)(9R — 18r)S2 —
a

—6R(4Rr + 1?)S? + 641r%(4R + 1)S? + Rr*(4Rr + 1)%? — 32r3(4R + r)? & also,

erretse

G
RHSof (2) < " 14rS2(4R? + 4Rr + 312)
(a), (b)= in order to prove (2), it suffices to prove:

s?{(16Rr — 572)(9R — 187) — 6R(4Rr + 1*) + 64r?(4R + 1) — 147(4R* + 4Rr + 31%)}
+Rr*(4R +1)* - 32r3(4R+71)* = 0

3)
& S%2(64R? — 139Rr +1121r?) + Rr(4AR+1)? —32r2(4R+1)? > 0
~ 64R? — 139Rr + 11212
Euler
=(R-2r)(64R — 111r) + 9012 >0 ( R > Zr)

erretsen

G
~LHSof (3) > (16Rr—5r2)(64R? — 139Rr + 112r2) +

? ? R
+Rr(4R +1)? —32r?(4R+1)? > 0 © 1303 — 381t + 279t —74 >0 (t = ;)

Euler

?
& (t—2){130t(t—2) +139t+37} >0 >true~t > 2 (Proved)
Solution 2 by Tran Hong-Vietnam

sin w = ——. Inequality & — Lat+yab
VY aZb?’ 9 JXa?2p? — 8%a?

2y a?b -Ya* _ (¥ a’+y ab\?
=2 < (e ) ®

Letp=>a,q=>ab,r =abc,supposec <b<a
()= {8(q* — 2pr) — 4(p* — 4p*q + 24* + 4p1)}(P* — 29)* < (¢* — 2p7)(P* — @)*;
e {-2p(* - q)* +32p(p* - 2¢)*}r + g(p.q) 2 0
o 2p{16(p® —2q)* - (P* - @)*Ir + g(p,q) 2 0
o 2p{15p* — 62p%q + 63q¢*}r + g(p.q) =0
Let f(r) = 2p{15p* — 62p?q + 63q*}r + g(p. q)
15p* — 62p%q + 63q% = (3p? — 7q)(5p% — 9q) > 0 (because p? > 3q)
= The function f increasing of r = abc, by ABC Theorem we just check:

+c=0,0<a<b:
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2a?p?—(a*+b*) (az+b2+ab)2
<
2 — \ 2a2+2b2

Qe
& 4(a* — b*)? + a’b?(a® + ab + b?)? > 0 (true)

va=b,c<a:

4a?c%-c* (3az+cz+2ac)2
a*+2a2c¢z — 4a2+2c2

1=
& (a—c)?(9a® +30a°c + 15a*c? + 28a%c3 + 14a’c* + 8ac5 + 4¢%) > 0

Itis true. Proved. Equality ® a=b =c.

1039. In AABC the following relationship holds:

16 (z ab sin? A) (z ab cos? A) < 729R*

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

Y absin® A+Y, ab cos? A

AM>GM = /Y absin2 A/Y abcos2 A <

__ab(sin* A + cos? A) + bc(sin? B + cos? B) + ca(sin? € + cos? C)
B 2

2
=2% (.. sin2 A+ cos? A = 1,etc.) - (X absin? A)(X ab cos? 4) < £ ib)

2
=16 (Z ab sin? A) (Z ab cos? A) <4 (Z ab)Z ; 324R*

Leibnitz

©Yab <9R? strue~Yab<Ya? < O9R?
(Proved)

1040. Ifin AABC, I - incentre, AA'B’'C’ - pedal triangle of incentre then:

IA-IA' IB-IB' IC-IC' 33
+ + <

< -IA-IB-IC
w, Wy W, 4S5

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

" by (1) —
Angle - bisector on AABA' = M hte = 2 1A =2 14> 1A 1A =142
1A c b+c b+c b+c
a r? IA-IA" ar?be(b + ¢)

b+c sinzg Wa (b+c)(s—b)(s—c)2bccosé

2
. A A
__4Rsingcoszr®  2R? |(s—b)(s—c)
2(S—b)(S—c)cos% (s—b)(s—c) be

2R1? r’/a(s — AR2r4 = (a) Rr ( )
a\s — —Jals—a
\/bc(s —b)(s - c) \/4-Rrs . rZS 4Rr3s? 52

Similarly, 1818’ &) B /b(is—b)& 1c1c’ © Br JeGs—o)
Wp s we s
@+(b)+()=>LHs = |53 als—a)

CBS—\/_ Za(s—a)z 3Rr\/s(2s)—2(s2—4Rr—r2)

()V3Rr
l J2Z@Rr +12) = \/6R(4R+r)
3 2 (ii)
NOW RHS —_ _\/— * A r B c — 3\/§rr ; 3\/§Rr
4rs sin3 sinz sing S(E) s

(i), (ii) > it suffices to prove: 6R(4R + r) < 27R? & 3R? > 6Rr & R > 2r — true
(Euler) (Proved)
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1041. In AABC the following relationship holds:

Mo My Mo Loy the het by hot i)
h, h, h, 2\ h, h,, h,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

ca+ab

mg 1 hp+h,
In any AABC, 272 > 1% (h—)
RHS =2 §
2

ca+ab\ 1 Y a’b + ¥ ab®
ZZ( ) 2ab
b2+c

LHS Tereshin bz + c? Z a’b + > ab? by (1) RHS
> =
=0 b =X sab

2R

1042. In AABC the following relationship holds:

1 A 1 B 1 C m?+mi+m?
—sin—+—sin—+—sin—=- <
m, 2 my 2 m, 2 2m,ymym,

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

. A
sing me smé(l)Zm 3Ya®
m, Zmambmc b™ e 2 8

A CBs ) LA 9Y a2b? |3.(1— cosA)
mym,. sm— < mbm ZSm 5= 16 2
9Ya?b? [2R—1r 2 3Ya* 9Ya’b?>/2R—1\ ? 9 2
- 12 SR S50
16 2R 8 16 2R 64

< 2(2R-71) ((z ab)Z — 2abc(2s)> ; 4R(s?> — 4Rr — 1r?)?

2
& 2R —1)(s®2 + 4Rr +1%)? — 4R(s%> — 4Rr — r?)? < 32(2R — r)Rrs?
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2
& 2R((s?* + 4Rr + r?)? — (s> —4Rr —1%)?) <16(2R — r)Rrs? + r(s* + 4Rr + 1r?)?
2
& 2R(25*)(8Rr + 2r?) < 16(2R — r)Rrs? + r(s? + 4Rr + r?)?
2

& st +1r2(4R +r)? + 2s2(4Rr + 1?) (% 24Rrs?

erretsen

G ?
Now, LHSof (2) <  s%(16Rr —572) + r?(4R +r)? + 25s?>(4Rr + r?) > 24Rrs?

? ?
& 1r2(4R +1)? > 3125% © 4R + r > \/3s - true (Trucht)= (1) is true (Done).

1043. In AABC: P = e(sinA+2 sin B)(sin B+2 sin C)(sin C+2 sin A)

Find: max P
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Sagar Kumar-Patna Bihar-India
P= e(sinA+ZsinB)(sinB+ZsinC)(sinC+ZsinA) =>cos0<ABC<m=

= sinA,sinB,sinC > 0= (sin4 + 2sin B)(sinB + 2sin C)(sin C + 2 sin A)

<

<3(sin(A) + sin B + sin C)>3
3

AM > GM= LHS < (sin(4) + sin B + sin C)3

£ s < (1) =2

and we know thatin a AABC:sin A +sin B +sin C < % = LHS < 2

81V3 .

Hence P < e(T). Equality holdswhenA=B =C =3

1044. In AABC,I —incentre, R,, Ry, R, — circumradii in ABIC,ACIA,AAIB.
Prove that:
1
2R —2Rr —r? < W(R3+R§ +R}) < 4R?> — 8Rr + 312

Proposed by Marian Ursdrescu — Romania
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Solution 1 by Bogdan Fustei-Romania

R, = 2R sing (and analogous)

— R, = ./R(r, — r) (and analogous)

. A
sin> = - (and analogous)

R% = R*(r, — r)? (and analogous) = R% + R} + R* = R? - Y(r, — r)?

R% + R} + R* = R? [z r2+3r2 = 2r(r,+r, + rc)]
Talp + T+ Tor, =52 = z r2=(rg+r,+1r.)? -2 z Talp

Zrﬁ =(r,+r,+1r.)%—25%

R+ R} +RY=R*[(rp+1, +1)% — 25— 2r(r, + 1, +71.) + 317%]
R: + R} +R* =R*[(R, + R, + R.))(R, + R, + R, — 2r) — 25% + 371?]
R: + R} + R* = R’[(4R + r)(4R — 1) — s? + 317]

R: + R} + R* = R*(16R? — r* — 25% + 3r%) = 2R%*(8R? — s?> + r?)

RE+RE+RY _ 2R*(8RZ-s?+1r%) _ 8R?—s?+r?
4R 4R? -

. The inequality from enunciation becomes:

8R% — s +r?
2R2—2Rr—r2SfS4RZ—8Rr+3r2

4R?> —4Rr — 2r? < 8R? —s*+1r?2 = s2 <8R?>+ 12 —4R?> + 4Rr + 2r%* =
= 4R? + 4Rr + 3r? (Gerretsen’s inequality)
8r? — s2 +r? < 8R? — 16Rr + 61* = 16Rr — 51* < s? (Gerretsen’s inequality)
From the above the inequality from enunciation is proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

(@ Y R} )
2R? - 2Rr—-r* < < 4R? — 8Rr + 3r?
4R?
BI-CI-BC 1 r2 siné rsiné LA
From ABIC, =-BC-r>R, = 72— = —2=2Rsin=
4R, 2 2rsing sin; sing 2 (ﬁ) 2

Similarly, R, = 2R sing&Rc =2R sing

A
R 16R* Y sin*c . H
. ZRa _ 2O 2SI (using above 3 relations)
4R2 4R?
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A Z
= ZRZ (2 sin? E) = RZZ(l —cosA)? = RZZ(l +1—sin?A—2cosA)
s2 —4Rr — r?

B 6RZ z aZ . RZ
B 4R? 2
_12R* —s*+ 4Rr +r? — 4R* — 4Rr (1) 8R* + r* — 52

2 2
(1)=> (@) © 8R? +r%? — 52 > 4R?> — 4Rr — 27*

—2R2(1 +£)=6RZ— —2R(R+7)

& s2 < 4R% + 4Rr + 3r?% - true by Gerretsen = (a) is true
Also, (1) = (b) © 8R? + r* — s < 8R? — 16Rr + 612

& s% > 16Rr — 51r% - true by Gerretsen = (b) is true (Done)

1045. In AABC the following relationship holds:
27abc

a® cosBcosC+ b3cosCcosA+ c3cosAcosB >

1 1 1 \?2
(cosA * cosB * cos C)
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

abc 4Rrs b% + c? — a?
abe § 2 _ § 3 — 2 _ 2y § (2T 74
TP a’cosA R? (s> —4Rr — 1%) a < 2be >

R N L
R

2abc
4rs(s’? —4Rr —r?) Y a*b* (X a? —c?)—-Ya’
- R B 8Rt1s
@) 32r2s%(s* — 4Rr —r?) — (X a*b*)(X a?) + 3a*b*c* + ¥ a®
8Rrs

Numerator = 32r%s%(s? — 4Rr — r?) — 3 a?b?)(Z a?) + 3a?b?*c? + 3a’b%*c? +

+Za2(2a4—2a2b2):

=32r%s%(s> —4Rr —r%) -2 (z azbz) (z az) + 96R?*1r?s? +

) Ew) -2 Y
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=32r?s%(s> —4Rr—-1r?) -8 (z azbz) (s’ —4Rr —1r?) +

+96R*1r%25% + 8(s? — 4Rr — r?)?

2

= 8(s? — 4Rr — %) {(sZ —4Rr —1r?)? — (z ab) + 16Rrs? + 4rzsz} +

+96R%r2S2

= 8(s? — 4Rr — r2){(2s*)(—8Rr — 2r?) + 16Rrs? + 41%s%? + 96 R*r?§?}
2
(Z) 96R?%*r%s?

abc 96R2r2s2 (3)

abc 2 _ vy 3
1), (@) =z Ya*—Ya’cosA= Rrs 12Rrs

Now, Y. a3 cos B cos C = %Z a3 (2cosBcosC) =

= %z a3{cos(B + C) + cos(B—-0C)} =

1 1
= _Ez a3 cos A +Ez a? - 2R sin(B + C) cos(B — C)

1 R
= _Ez a3 cos A +—Z:aZ (sin 2B + 2sin 2C)

1
= —3 alcosA+— z ZSinZA—sinZA)
- A w83 ) (1) 2 acesa
=3 a’ cos > a 8R3 2 a? - 2sinAcos
. 1 A+R(z Z)<abc 1 A
=3 a3 cos > a 2R3) 2 a’ - acos
abc
2
- S acsn s ()
abc abc
— (=2 2) _ 3 _art 2
= (grz (2 e?) = D e cos 4) - 35 (D a?)

2rs(s? — 4Rr — 1?)
R

_ 12R%*rs — 2rs(s* — 4Rr — r?) (1) 2rs(6R* — s* + 4Rr +1?)

B R B R

Now, 6R? — s2 + 4Rr +1r? > 0 © s% < 6R? + 4Rr + r?

2) = 12Rrs —

Gerretsen

2
But,s? < 4R?+4Rr +3r?> <6R?+ 4Rr +1?
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©R>r->true~ 6R* —s2+4Rr+1r2>0

er(6R2—sz+4Rr+r2) 1 2 ()
- (Z ) > 27abc

(z 1 )Z(;)sz 1 _3YcosA
' cosA) = cosAcosB []cosA

(4) = given inequality &

cos A

R+71r
_ 3(%) __ 12RQR+71)
S2—4R2 —4Rr — 12 s2—4R?2 — A4Rr —r?
4R2

12(R+r)-2rs(6R?-s? +4Rr+r?)
R(s2-4RZ-4Rr-12%)

~(6)=0B)e > 108Rrs

& 2(R+1)(6R%? — s?> + 4Rr + %) > 9R(s?> — 4R?> — 4Rr — 1?)
& 2(R+1)6R? —2(R+1r)s? +2(R+1r)ARr +12) >
> 9Rs? — 36R3 — 9R(4Rr + 1?)

)
& 48R3 + 12R?*r + (11R + 2r)(4Rr + 1%) > (11R + 2r)s?

erretse

G
Now, RHS of (7) < (11R + 2r)(4R% + 4Rr + 312)

2 2
< 48R3 + 12R%*r + (4Rr +r2)(11R + 2r) & 263 + 262 — 11t — 2 > 0 (where t = §)

Euler

2
& (t—2)(2t2 + 6t + 1) = 0 > true becauset > 2= (7)istrue= (5)istrue
(Proved)

1046. In AABC the following relationship holds:

(Bt (Pl (Pae)” (5)
h, h, h. /] =\R

Proposed by Bogdan Fustei — Romania

Solution 1 by Daniel Sitaru — Romania
25 25\2

2 o]
Gy v B o
h, 28 b2¢?

cyc cyc a cyc
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= 482 4 GOLDNg(mg) 457 est= 25 jesz= (25)2
B a2b?cz L. - a?b?c? " 16R2S? ~\R

cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

hbhc 2 Chebyshev 1 hbhc 2 1 4_52 aZ 2
—_— > — R = — _ =
Z( h, ) - 3(2 h, ) 3 2S A4Rrs

1/Ya?\> 25% 1 Ya? 2§
= — > — =9 > — Z>
<2R> _(R) 3 2R-R°* a” = 4v3s

— true (lonescu — Weitzenbock) (Proved)

3

1047. In acute AABC the following relationship holds:

1 1

+ + > A%+ B2+ C%+cosA+cosB +cosC
cosA cosB cosC

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1 1 sin? 4 (D
DicasiT 2 AT Y eosae ) (acosa)> ) ate ) LS ) A
cos A cos A cos A

Let f(x) = sin? x — x?cosx,Vx € [Og)

2)
f'(x) = 2sinx cos x + x% sinx — 2x cosx > 2sinxcosx + x?sin x — 2sin x

15
< xcosx <sinx asx<tanx.Vx € [OE)>
=sinx(2cosx+x*—2). Letg(x) =2cosx+x*>—2VxE [Og)

3)
g'(x)=-2sinx+2x>0asVx € [0,%),x >sinx . g(x) > g(0)=0
2),B@)=>f(x)=0-f(x)=f)=0
= Vx € [Og) ,sin? x > x? cos x, with equalityatx = 0

.2 (a) 2
L Vx € (O,E),sinzx >x2cosx=>222> x2AB,CE€ (Og) ~(@)> %> A? etc

Cos x cos

sin 4 2 .
=), ik 2. A% = (1) is true (Proved)
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1048. In AABC the following relationship holds:

b2 +c%2 c%2+a?* a*+b* 9V3R?
12R < + + <
h, h, h, 3

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Marian Ursdrescu-Romania

25 b*+c? b b%+c? _ 3ab
b*+c* > 2bcand h, == = == > S 5§20 > 20K (1)
a a

=12R

Butabc = 4sRr and § = st (2). From (1)+(2)= X — b2 +c? 12:’"

Now: Zb +e 9‘/§R3 = bzg > QER e Ya(b?+c?) >18V3R3 &
& Ya?(b+c)=>18V3R? (3)
ButY a? (b + c) = 2s(s> +r? — 2Rr) (4)
Solution 2 by Soumava Chakraborty-Kolkata-India
b?% + 2 B"g;s""m (2Y a)? _ 4> a)’R
h, - 2Y h, Y ab

b%+c?

G “)2;3 Xab 155 ab)R

> S ab —12R:>Z

> 12R. Now, Tereshin = b2 + ¢ < 4Rm,, etc

p2+cz D
< 4RZ WLOG we may assumea = b = ¢

a

2 Chebyshev

1 1 1 b? 4R
my<mySm&=> -2 ()= X ,: < S Q&m )(Zha)
3Vv3R
Lma<4R+r AR(4R + 1) 4-Rs(4-R + 1) Mitrinovic 4R L (4R +1)

< <

- 3r 3S 3S
V3

Euler 4R( ZR)(T) 9v3R3

bZ 2 3
< =N SQ‘ER (Done)

s s hq
From (3)+(4) we must show: s(s? + 12 — 2Rr) > 9v/3R?® (5)
Buts < 2R (6)
From (5)+(6) we must show s? +r% — 2Rr < 6R? (7)

Form Gerretsen’s inequality s> < 4R? + 4Rr + 312 =
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= s2+ 12— 2Rr < 4R?> + 2Rr + 41% (8)

From (7)+(8) we must show: 4R? + 2Rr + 41% < 6R* & Rr + 2r? < R? (9)

R R?
But from Euler r < ;/\rZ <, =Rr+ 2r? < RZ.

1049. In AABC the following relationship holds:

am, b-m, c-m,
A B _ £26sR
siny  siny  sins

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

. 4R si A A
am, _ 2RsinAm, _ sin 5 cos>m,

A
= 4RcosEma =

siné siné sin 5
2 2 2
. A B c_3
We must show this: m, COS_ + M, COS— + M COS, =75 (1)
b A
Butm, > %cos; ().

From (1)+(2) we must show: Y.(b + ¢) coszg >3s (3)
24 _ s(s—a)
But cos > = T 4)

From (3)+(4) we must show: ZW >3 ZW >6 (5)

But Z (b+c)§’l:+c—a) — Z a(b+c‘)1(bl:+c—a) —

_Yab+c)? -Ya*(b+c) X(ab*+ ac*+2abc) - Y a*b - Y a*c
B abc B abc

2 2 N a2h—% o2 .
— > ab“+Y ac*+6abc-Y a“b-) a“c — 6abcc =6 (6) From (6) = it's true.

abc ab

Solution 2 by Soumava Chakraborty-Kolkata-India

A

A A Mme=——COS-
4R sin- cos> 2 2 A b+c A
LHS=)Y —2%—m, > Y 4R cos=-—cos=
sinz 2 2 2

= ZRZ(b +c)- S(sb_c a) = :I?:s a(b+c)(s—a)




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

:%Z(zab—bc)(s—a)Z%{ZabZ(S—a)—zbc(s—a)}

= z_1r (s> ab—s) ab+ 12Rrs) = 6sR (Proved)

1050. In AABC the following relationship holds:

vb+c¢ +c+a +a+b 4R -2r
+ + <—
rq rp r¢ Tr- 27T2

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Soumava Chakraborty-Kolkata-India

WLOG, we may assumea = b > c. Then,vb+c<+Jc+a<+a+bhb &r <t<l

a Tp Tc

Chebyshev 1 CBS \/— 1 (4s ? 4R — 2r
s T (S T St
Ta 3°°\r) T3 rV27r2

Mitrinovic 3\/—R 9RT

2
4ERT) srV/3 S (2R —1r)%. Now,LHSof (1) < rV3 ="

3V3r

?
4s
o<

3

Euler

2
< (2R -1)? © 8R? - 17Rr+2r2>0<:)(8R—r)(R 2r)>0—>true R > 2

1051. In AABC the following relationship holds:

1 1 1 952
(m, +my +m,) (—+—+—) +
mg, my m.

> 10
m mbmc(m + my + mc)

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

1652 > 10

We shall first prove: (3 a) (Z %) t b =

@(Zs )(Z+4R . Z)+16r2s2>10(:)s2+4Rr+5r2>10
4Rrs s rer 8Rrs? — 2Rr -
(1)

1652
abc(} a) = 10

& 5?2 > 16Rr — 51% - true (Gerretsen) - (3 a) (Z i) +

Zma Zmb ch

Applying (1) on a triangle with sides —= and whose area
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52
of course, will be g we get: (%Zma) (%Zmia) + @ﬂ% > 10

2
e XEm,) (Z mia) + m > 10 (proved)

1052. In AABC the following relationship holds:
2

a? b2 c? —ax ab + bc + ca
— +—
RZ R2 TRz S <a2+b2+c2>

(I —incentre, R,, Ry, R — circumradii of ABIC,ACIA,AAIB)
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution 1 by Bogdan Fustei-Romania

abc+a?+b3+c3

Using two additional inequalities: 1)% > abe

x3+y3+23 + 1 > (;\c2+yz+zz)Z
4xyz 4 Xy+yz+zx

2)x,y,z>0:

From the two inequalities from above we can write the following:
2

1) 3.,3. 3 (2) , 2.2, 22
£>a+b+c +i> (a+b+c

. R 2+b%+c?
> ) . So, finally: — > (u)
2r 4abc 2r

ab+bc+ac ab+bc+ac

«=2R sin%l (and the analogs); sin%l = f% (and the analogs)

= (r, +r.)(r, —r) (and the analogs)

=>R,=2R- f . 4R2(r“ D = /R(r, —r) (and the analogs)

_ 2
R} = R(r, — ) (and the analogs) = -5 (r,,;(r:)(_r:) D= r”;”. S ’;_é = ”’”c (and the

b? c? rp+re

a? Tq+Tc . Tq+Tp 2(rg+rp+re) 2(4R+1)
— 34— 4 —= + -+ = =
analogs) RZ R: R? R R R R R
( _ AR+ 7) a? bZ c2  8R+2r _g 2r
rot+r,t+r.= +r)>— - =8+
b= Te R2 RZ RZ R R

ab+bc+ac)Z

- . P 2
The inequality from enunciation becomes: 8 + = < 8 + ( R R,
R a“+b“+c
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R a® + b% + c?
5> —2> |-

2r ab + bc + ac

From the above, the inequality from enunciation is proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

BI-Cl-a ar ra

>S—=—F—F—>>R,=—F5—
4R, 2 sing sing~4Ra a2 sin; sing

Area of ABIC = %ar & also =

. A . A
2rsins  2r sin 5 A
= — 4= 7 = 2R smE
41rsm7 R
2
A a2 (4R sin%cos g) (1) A
:>Ra=2RsinE:>ﬁ= v =4cosZE
a 4R? sin? 5

cz (3)

.. b2 (2) B c
Similarly, - = 4 cos?-& — = 4 cos?=
RZ 2 O RZ 2

(1)+(2)+(3)= LHS = 2(L2 cos?5) = 2%(1 + cos A)

rn 2(04R+71) Y ab\’ Y a? 2
:2(3+1+E):TS8+<ZaZ> (:)RZZr(ZM’)

& R(s?> + 4Rr + 1%)? > 8r(s? — 4Rr — 1r?)?

(4)
< (R—-2r)s*+2s2(4R+r?)(R+8r) + r*(4R + 1r)*(R — 8r) > 61s*

Gerretsen

Now, ~ (R —2r)s* >  s%(R-2r)(16Rr — 51?%)
(a)
~ LHS of (4) > s*r(24R? + 29Rr + 261%) + r*(4R + r)*(R — 87)
Gerretsen
& RHS of (4) (%) 67rs*(4R? + 4Rr + 31?)
(a), (b)= in order to prove (4), it suffices to prove:
(5)

s’(5Rr +8r2) +r(4R+1r)’(R—8r) > 0

erretse

G ?
Now, LHS of (5) = . (16Rr — 5r2)(SRr + 8r2) + (4R + r)%(R — 8r) > 0 =

? Euler
s (t-2){2t(t—2)+3t+3}>0 (t = %) —trueb -t > 2 (proved).
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1053. IfinAABC:a < b < c then:

bm am cm cm bm am
c + b + a > b + a + c
cmy, bm, am, bm, am, cm,

Proposed by Daniel Sitaru — Romania

Solution by Serban George Florin-Romania

(bmc 3 cm,,) . (am,, 3 bma) . (cma 3 amc> -0

cm, bm, bm, am, am, cm,
212 _ 2212 2,02 2012 2212 2002
b“m: —c mb+a my—b ma+c m; —a“m; 0
bcmym, abm,m, acm,m,
R ) (), () - (@), (8 - (%)
c a a c
m, m, m, + m, m, 20
b c ‘a b a c
m§ , mj

Ifa<bthen™ > =2
b2(2b? + 2¢%? — a?) - a?(2a® + 2c? — b?)
4 - 4
+2a%c? — a’b?, (b* — a*) + c2(b% — a?) = 0,(b? — a®)(b? + a?) + c2(b®* —a?®) = 0

(b? — a?)(b? + a® + c?) = 0 (true) b? > a?, b®>—a?>=>0

. 2b* + 2b%c?% — a%b? > 2a*

2_,2

X—Z>0

2_,2 2 _ 2
NoteZe=x 2t =y™=za<h<cox>y>z=>"2+1"+

b yz xy xz
2 _ ,2 2 _ L2 _ a2 _ 2 _ 52 2 _ K2
I A zt x y’@ )+ ° Z)zy zZ *—-b
XZ yz Xy XZ yz Xy
2 _ 42 2 _ L2 2 _ 52 2 _ a2 1 1
€ R b
XZ XZ yz Xy Xz Xy yz XxZ

x-»ax+yy-2) G-2)G+2)x-y)
xXyz - xXyz

S>@k-hk+y)y-2)=2@-2)y+2)(x-y)
Sk-Nx+y)(y-2)-(-2)y+2)(x-y) =0
S@k-y)y-Dx+y-y-220Ex-y)(y-2)(x-2)=0
True

x>2y=2>x—y=20,y>2z=2y—-220,x>2z=>x—-—2=>0
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1054. In acute AABC the following relationship holds:

a b
1_[ (ZcosA + ZcosB — CcOoS C) < cosAcosBcosC
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

acosA,bcosB,ccosC>0; acosA+bcosB —ccosC
= R(sin2A4 + sin2B) —2RsinCcosC =R - 2sinCcos(A — B) — 2RsinCcosC
= 2R sin C{cos(4 — B) + cos(A + B)} =2RsinC - 2cos Acos B
=4RsinCcosAcosB >0 (~ cosA,cosB > 0)
Similarly,bcos B+ ccosC—acosA>0&ccosC+acosA—bcosB >0
~acosA,bcosB,ccosC aresides of a triangle.
LetacosA = x,bcos B = y,ccos C = z. Then, given inequality becomes:
xyz > (x+y—2z)(y+z—x)(z+ x—y), which, of course holds true when x, y, z are
3 sides of a triangle (proved).
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Since A, B, C are acute — angles. Hence: cos A, cos B ,cos C > 0. Hence:
(%cosA + gcosB — cos C) (gcosA +§cosB - cosB) (scosB + icosC - cosA)
<cosAcosBcosC
If(acosA+bcosB—cosC)(bcosB+ccosC—acosA)(acosA+ ccosC —bcosB)
< (acos A)(b cos B)(ccos C)
LetacosA=x,bcosB=y,cosc=z. lIf(x+y—2z)(y+z—x)(z+xy) <xyz
Letx+y—z=m,y+z—x=n,z+x—y=p.mTM=y,"Zﬂ=z,mTw=x

Ifmnp < (mT-i-p) (me) (%) and it's true. Therefore,

(EcosA +9cosB — cosC) (EcosA +ScosB — cosB) (EcosB +5cosC—cosA)
c c b b a a
< cosAcosBcosC.

It’s true.
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1055. In acute AABC the following relationship holds:

243+/3R*
8
Proposed by Daniel Sitaru — Romania

(ama + bmb + Cmc)(sama +spmy + scmc) <

Solution 1 by Mehmet Sahin-Ankara-Turkey

(am, + bm,, + cm.)? < (a® + b% + ¢*)(mZ + m} + m2)

3
am, + bm,, + cm. < [9R?-3.9pz =258 (1)

SaS<Mmg,, Sp <my, s, <m,

3
SqMg + symy +s;m, <m2+ms2 +m?==. L 9R* (2

From (1) and (2): (am, + bm,, + cm_.)(s,m, + sym, + s;m,) < % %R‘* < “Z—ER“

Solution 2 by Soumava Chakraborty-Kolkata-India

2 4 c2 2bc M

be W, Vi oMy <W; =S, S W,

o @) @)
Similarly, s, < wy, s, < w,

(1), ). (3)= T samy < Kwem, < JEWEJEm2
wﬁs(ss—a),etc \]sz(s P \]z mg _ s\/ﬁ
Mitrisnovic @ \/ﬁ z sum, & (j) 3V3R \/ﬁ

Lelbmtz

Also, Y am, < JXat/Ym2 < R.\/Y m?

Leibnitz
9\/§R » mﬁ) — 27\/8§R 3 a? 243v—r

By Tsintsifas, m, < d

(@), ()= LHS <

< ———— (Proved)

1056. In AABC the following relationship holds:

z\/ZS—Zw/a(Zs—a) > (V2 —1)(Wa + Vb + )

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

S J2s—2ja@ ==Y [(Z5—a) + (Va)’ - 2/als—a)
=Y JvE—a—va @Y vE—a-va)

('.'v2s—a>\/5as252a+b+c>2a‘:b+c>a)
(1) = it suffices to prove: Y vVb + ¢ > V2 Y Va

S Y (b+a+2) Jb+olc+a)=22) a+a) Vab
o> Jb+olc+a) =2 ) Vab
o) (b+o)(c+a)+2/@+b)b+o)c+a) () Va+h)
>4 ab+8Vabe () Va)
o> a+3) ab+2/@+b)b+)(c+a) () Va+h)
>4 ab+8Vabe () Va)

@Za2+2\/(a+b)(b+c)(c+a) (Z\/a+b) (é)Zab+8\/m(z\/E)

Leta+b=xb+c=yc+ta=1z

Then,x+y>zy+z>x,z+ x>y = x,y,z->sidesofaA

(a)
wehaveVx+ . [y+vVz> \[y+z—x+ Jz+x—y+ [x+y—z
When, x, y, z are sides of a triangle, Re-substituting the values of x,y, z, (a) =

Vva+b > Jb+c)+(c+a)—(a+b)= ) V2c> méﬁ Va
PRCEEDY INEDORCIENCH)

A-G
Also, 2,/(a+ b)(b + c)(c+ a) (;) 2v8abc
123

iii)

(i).(Gi)= 2\/(@a+ b)(b+ c)(c + a) (T Va +b) 2 2vBabe. V23¥+a =8vVabc(¥ Va)

(iv)
Moreover, Y a? > Y ab

(iii)+(iv)= (2) is true (Hence proved)
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1057. In AABC the following relationship holds:

a+b+c
VvR

Proposed by Bogdan Fustei — Romania

Jhe +hy +Jhy+ h.+ \Jh + h, <

Solution 1 by Ertan Yildirim-Turkey

a+b+c

VvR
\/bc+ac \/bc+ab \/ac+ab a+b+c
+ + <
2R 2R 2R ~ R
\/c(a+b)+\/b(a+c)+\/a(b+c);\/E(a+b+c)
CSE: (Ve -Va+b+Vb-Va+c+va-Vb+c) <

(c+b+a) -2(a+b+c)=2(a+b+c)?

Jha+hy+ Jhg+h.+ [hy+h, <

= Jc(a+ b) +./b(a+c)+/alb+c) <v2(a+ b+ c) (true)

Solution 2 by Marian Ursdrescu-Romania

Inequality & (y/hy + hy + [hy + he + /h + ha)z = %2 @)

2
From Cauchy’s Inequality = (\/hq + hy + /Ry + h +\/h. + h,) < 6(hy + hy + h.) (2)

From (1)+(2) we must show: 3(h, + h, + h,) < 2%2 (3)

s®+r2+4Rr

Buth, +h, +h,. = R (4) From (3)+(4) we must show:

3(s?+1%+4Rr) 2s?
( >R )S?@B(sz+r2+4Rr)s4sZ<:>

s2>3r?+12Rr (5)

From Gerretsen’s inequality we have: s> > 16Rr — 512 (6)
From (5)+(6) we must show: 16Rr — 512 > 3r2 + 12Rr © 4Rr > 8r* &

R > 2r, true because it's Euler’s inequality.
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Solution 3 by Vo Thanh Long-Vietnam

Bunhiakovsky
WehaveZm:Z\]Z‘I—S+%:Z\]—ZS(‘;‘;") < /652“‘1—7’

_ 125(ab+bc+ca)< (a+b+c)? a+b+c
B abc R VR

“="when AABC is equilateral triangle.

1058. In AABC the following relationship holds:

A B C
a(2s —a) cosi + b(2s — b) cosE +c(2s—c) cosi > 36312

Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania

We must show: a(b + ¢) cosg + b(a + ¢) cos g + c(a+ b) cosg > 36312 (1)

But a(b + c) cosg +b(a+c) cos§+ c(a+b) cosg > 33\/abc(a +b)(b+c)(a+c) cosgcosgcosg )

From (1)+(2) we must show:

i/abc(a + b)(b+ c)(a+ c) cosgcosgcosg > 12312 (3)

But abc = 4sRr (4), (a + b)(b+ c)(a +c) = 2s(s> +r? + 2Rr) (5)

and cos gcos gcosg = ﬁ (6). From (4)+(5)+(6) we must show:

S
3\/4er -2s(s2+ 12+ 2Rr) - IR >12V3r2 e

sy/2r(s? +r2 + 2Rr) > 12V/37r2 (7)

} we must show
From Mitrinovic s > 3/3r (8)

V2r(s2 + 12+ 2Rr) > 4r © 2r(s2 + r2 + 2Rr) > 6413 &
s?+ 12+ 2Rr > 32r% (9)
From Gerretsen we have s? > 16Rr — 512 (10)
From (9)+(10) we must show: 18Rr — 4r? > 32r* &

& 18Rr > 361% © R > 2r true (Euler)
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Solution 2 by Soumava Chakraborty-Kolkata-India

By Bogdan Fustei, % > J2r(ry+71r,) = \/er <Sm§ + Sm26> = \/er <c;i>
COS
2

C
COSE COS COs

2 2
2rs cos?
’ /8Rr cosZ =2 2chos— Now, ¥ a(2s — a) cos— =Ya(b+c) cos—
4-R

by (1) —
> a(4\/2chosZ 2) 4\/2er s(s a)
4s\2Rr V2Rr

= 2 _ — 2 _ 3
4Rrs Z“(s a) Rr (SZ“ Z“
v2Rr

{ Za —3abc—2s Za —Zab
_ V2Rr

Rr {ZS (z ab) - 25(52 — 4Rr — TZ) _ 12Rrs}

_ 2sV2Rr
" R

(s? +4Rr +r?> —s®> + 4Rr +r?> — 6Rr)
2sv 2Rr 4s+/ 2Rr(R +71) ?
Rr (2Rr + 2r?) =

2RrR+r27
>36V3r’ © R(Z ) 24-3r

523V3r 5, 5.3 2 ?
Now, LHS of (2) > 212 R+ 2 2437*
? ? ?
©2(R+1)2>9Rr © 2R* —5Rr+2r’ >0 (R—-2r)(2R —r) > 0 > true

Euler

R > 2r = (2)istrue (Proved)

1059. In AABC the following relationship holds

1 1 1 1 1 1 3
(1 * sinA * sin B + sin C) (1 * sin B * sin 4 + sin C) (1 * sin C * sin4 + sinB) = (1 * \/5)
Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution 1 by Soumitra Mandal-Chandar Nagore-India

We know, — 3\F > YcycSinA and 22 > [IcycsinA



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

HOLDER'S
1 1 INEQUALITY 1 1
H(1+'A+'B+'c) z ST i inC
tye sin sin sin Vsin A sin B sin C i/Hcyc(sinA + sin B)
REVERSE 3 N
AN 1+2+ 3 >(1+2+ 3) —(1+\/§)3
B V3 2Xcycsind) — V3 3V3
(proved)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
. . . . 3V3 1 2
In atriangle we have: sinA +sinB +sinC < —andweget;———— > —
2 V/sinA sin B sin C V3
1 1
>
and 3\/(sinA+sin B)(sin B+sinC)(sin C+sin4) V3
1 1
+ + >1+
Hence (1 3/sindsinBsinC 3\/(sinA+sinB)(sinB+sin C)(sinC+sinA)) z1 \/§

=><1 ! ! )32(1+\/§)3

+ +
{sin A'sin B sin C i/(sin A + sin B)(sin B + sin €)(sin C + sin A)

<1+ 1 + 1 )<1+ 1 + 1 )<1+ 1 + 1 )>(1+\/®3
= sinA sinB +sinC sinB sinC +sinA sinC sinA+sinB/ —

Therefore, it's true.

1060. Ifin AABC: ab = 12R? sin2 & then:

2
c\V3
< —
6
Proposed by Daniel Sitaru — Romania

r

Solution 1 by Lahiru Samarakoon-Sri Lanka

16A% = 12c¢*(s— a)(s — b)

abc>Z 9 (s—a)(s—b)

“b:12(4A ab ’

50,24 = V3c,/(s — @) (s — b); 2= PN =)

butr = %so, consider? —r=— 2= é[ZS -3/(s-a)(s— b)]

3./G-a)(s—b) s  3s/(s—a)(s—b)
but, AM > GM: £=2X=0 > [ =a)(s = bY; < > \/(s — a)(s — b)
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A 3c] . A c
S s 25 -3 5y D) la+b -] s0
o W

V3c cV3
—g—'—'r =cr< _g_

Solution 2 by Soumava Chakraborty-Kolkata-India

abc\* (s —a)(s — b)
4A) ab

2p2 = 3 a’b?*c*(s—a)(s—b)
—a "4 s(s—a)(s—b)(s—0)

=>4s(s—c)=3c2=>(a+b+c)a+b—c)=3c?

c
ab = 12R? sinZE = ab = 12(

>(a+b))-c*=3c’?>a+b=2c=>a+b+c=3c

s=23V3r
55 =227 3y3r 5 ¢ > 2v3r > L > 1 5 1 <22 (proved)

1061. In AABC the following relationship holds:
27a*b*c* < (8R — 101)°
Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania
We must show: 3Va2b?c? < (8R — 10r)? (1)

3 a?+b%+c?
But Va?b?cZ < "= (

2)
Form (1)+(2) we must show: a? + b? + c? < (8R — 107)? (3)
But a? + b% + ¢ = 2(s? —r? — 4Rr) (4)

From (3)+(4) we must show: s2 — r2 — 4Rr < 2(4R — 51)% (5)
From Gerretsen’s inequality: s < 4R? + 4Rr + 3r? (6)
From (5)+(6) we must show: 4R? + 2r? < 2(4R — 51)* &
& 2R? +1r2 < 16R* — 40Rr + 251%* &

& 14R? — 40Rr + 2412 > 0 © 7R? — 20Rr + 1212 > 0
Which is true because R > 2r =

7R?> — 20Rr + 12r% > 28r? — 40r? + 121r? =



