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1001. Prove that: 

ܖ܉ܜ ૜૟° + ܖ܉ܜ ૠ૛°
૝ ܛܗ܋ ૞૝°

= ࣐ 

Proposed by Alpaslan Ceran-Turkey 

Solution 1 by Avishek Mitra-West Bengal-India 

Let ࢞ = ࣊
૚૙
⇒ ૞࢞ = ࣊

૛
⇒ ૛࢞ = ࣊

૛
− ૜࢞ ⇒ ܖܑܛ ૛࢞ = ܖܑܛ ቀ࣊

૛
− ૜࢞ቁ 

⇒ ܖܑܛ ૛࢞ = ܛܗ܋ ૜࢞ ⇒ ૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ = ૝ ૜ܛܗ܋ ࢞ − ૜ ܛܗ܋ ࢞ 

⇒ ૛ ܖܑܛ ࢞ − ૝ ૛ܛܗ܋ ࢞ + ૜ = ૙ ⇒ ૝ܖܑܛ૛ ࢞ + ૛ ܖܑܛ ࢞ − ૚ = ૙ 

⇒ ܖܑܛ ࢞ = ି૛±√૛૙
ૡ

= ି૚±√૞
૝

ܖܑܛ  , ૚ૡ = √૞ି૚
૝

= ܛܗ܋ ૠ૛ 

ܛܗ܋ ૚ૡ = √૚ − ૛ܖܑܛ ૚ૡ = ૚
૝
ඥ૛૙ + ૛√૞ = ܖܑܛ ૠ૛,  ܖ܉ܜૠ૛ =

ඥ૚૙ା૛√૞
√૞ି૚

 

Now, ܛܗ܋ ૜૟ = ૚ − ૛ܖܑܛ૛ ૚ૡ = √૞ା૚
૝

ܖܑܛ  , ૜૟ = √૚− ૛ܛܗ܋ ૜૟ =
ඥ૚૙ି૛√૞

૝
 

ܖ܉ܜ ૜૟ =
ඥ૚૙ି૛√૞
√૞ା૚

ܛܗ܋  , ૞૝ = ܖܑܛ ૜૟ = ૚
૝
ඥ૚૙ − ૛√૞ 

Hence = ૠ૛ܖ܉ܜ૜૟ାܖ܉ܜ
૝ ܛܗ܋ ૞૝

=
ඥ૚૙ష૛√૞
√૞శ૚

ା
ඥ૚૙శ૛√૞
√૞ష૚

ඥ૚૙ି૛√૞
= ૚

√૞ା૚
+ ૚

√૞ି૚
ට૚૙ା૛√૞
૚૙ି૛√૞

 

=
૚

√૞ + ૚
+

૚
√૞ − ૚

⋅
૚૙ + ૛√૞
૝√૞

=
૝√૞൫√૞ − ૚൯ + ൫૚૙ + ૛√૞൯൫√૞ + ૚൯

૝√૞ ⋅ ૝
 

= ૝૙ାૡ√૞
૚૟√૞

= ૞ା√૞
૛√૞

= ૞√૞ା૞
૚૙

= √૞ା૚
૛

= ࣘ    (proved) 

Solution 2 by Nelson Javier Villahererra Lopez-El Salvador 

(°૜૟)ܖ܉ܜ + (°ૠ૛)ܖ܉ܜ
૝ܛܗ܋(૞૝°) =

(°૜૟)ܖܑܛ (°ૠ૛)ܛܗ܋ + (°૜૟)ܛܗ܋ (°ૠ૛)ܖܑܛ
૝ (°૜૟)ܖܑܛ (°૜૟)ܛܗ܋ (°ૠ૛)ܛܗ܋ = 

=
(°૚૙ૡ)ܖܑܛ

૛ (°ૠ૛)ܖܑܛ (°ૠ૛)ܛܗ܋ =
(°૚૙ૡ)ܖܑܛ
(°૚૝૝)ܖܑܛ =

(°૚ૡ)ܛܗ܋
(°૞૝)ܛܗ܋ =

(°૚ૡ)ܛܗ܋
(°૜૟)ܖܑܛ =

૚
૛  (°૚ૡ)ܖܑܛ

=
૚

ඥ૛ − ૛ܛܗ܋(૜૟°)
=

૚

ඨ૛ −
൫√૞ + ૚൯

૛

= ඨ
૛

૜ − √૞
= ඨ૜ + √૞

૛ = ඨ૟ + ૛√૞
૝ = 
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= ඨቆ
√૞ + ૚
૛ ቇ

૛

=
√૞+ ૚
૛ = ࣐ 

 

1002. In ઢࡹ,࡯࡮࡭ – Mittenpunkt, ࢇࡵ, ,࢈ࡵ  :excenters. Prove that – ࢉࡵ

[ࢉࡵࡹ࢈ࡵ]

૛࡭૛ܛܗ܋
=

[ࢇࡵࡹࢉࡵ]

૛࡮૛ܛܗ܋
=

[࢈ࡵࡹࢇࡵ]

૛ܛܗ܋ ૛࡯
 

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution by Thanasis Gakopoulos-Athens-Greece 

PLAGIOGONAL system: ࡯࡮ → ࡭࡮,࢞࡮ →  ࢟࡮

Let ࢑ = ૛࢈ࢇ + ૛ࢉ࢈ + ૛ࢉࢇ − ૛ࢇ − ૛࢈ − ૚࢓,૛ࢉ = (ࢉି࢈ାࢇ)ࢉࢇ
࢑

૛࢓, = (ࢉା࢈ାࢇି)ࢉࢇ
࢑

 

,૚ࢇ࢏)ࢇࡵ ,(૛ࢇ࢏ ૚ࢇ࢏ =
ࢉࢇ

ࢇ− + +࢈ ࢉ , ૛ࢇ࢏ = −
ࢉࢇ

+ࢇ− +࢈  ࢉ

࢈࢏)࢈ࡵ , ,(࢈࢏ ࢈࢏ =
ࢉࢇ

ࢇ − ࢈ +  ࢉ

,૚ࢉ࢏)ࢉࡵ ,(૛ࢉ࢏ ૚ࢉ࢏ = −
ࢉࢇ

+ࢇ ࢈ − ࢉ , ૛ࢉ࢏ =
ࢉࢇ

ࢇ + −࢈  ࢉ

⎩
⎪
⎨

⎪
[ࢉࡵࡹࢇࡵ]⎧ =

ܖܑܛ ࡮
૛

ቮอ
૚ ૚ ૚
૚ࢉ࢏ ૚ࢇ࢏ ૚࢓
૛ࢉ࢏ ૛ࢇ࢏ ૛࢓

อቮ =
࡮ܖܑܛ
૛

૝ࢇ૛࢈૛ࢉ૛

ࢇ−)࢑ + ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ

૛ܛܗ܋
࡮
૛ =

ࢇ) + ࢈ + −ࢇ)(ࢉ ࢈ + (ࢉ
૝ࢉࢇ ࢕ࡿ,

[ࢉࡵࡹࢇࡵ]

૛ܛܗ܋ ૛࡮
=
૜ࢉ૛࢈૜ࢇ

࢑ ⋅ ૛ࡿ ⋅
࡮ܖܑܛ
૛

⎭
⎪
⎬

⎪
⎫

 

⎩
⎪
⎨

⎪
[࢈ࡵࡹࢇࡵ]⎧ =

࡮ܖܑܛ
૛

ቮอ
૚ ૚ ૚
૚ࢇ࢏ ૚࢓ ࢈࢏
૛ࢇ࢏ ૛࢓ ࢈࢏

อቮ =
ܖܑܛ ࡮
૛ ⋅

૝ࢇ૛ࢉ࢈૜

ࢇ)࢑ − ࢈ + +ࢇ−)(ࢉ +࢈ (ࢉ

૛ܛܗ܋
࡯
૛ =

+ࢇ) ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ
૝࢈ࢇ , ,࢕࢙

[ࢉࡵࡹࢇࡵ]

૛ܛܗ܋ ૛࡯
=
૜ࢉ૛࢈૜ࢇ

૛ࡿ࢑ ⋅
ܖܑܛ ࡮
૛

⎭
⎪
⎬

⎪
⎫
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⎩
⎪
⎨

⎪
[ࢉࡵࡹ࢈ࡵ]⎧ =

࡮ܖܑܛ
૛

ቮอ
૚ ૚ ૚
૚ࢉࡵ ૚࢓ ࢈࢏
૛ࢉࡵ ૛࢓ ࢈࢏

อቮ =
ܖܑܛ ࡮
૛ ⋅

૝ࢇ૜ࢉ࢈૛

ࢇ)࢑ − +࢈ +ࢇ)(ࢉ ࢈ − (ࢉ

૛ܛܗ܋
࡭
૛ =

+ࢇ) ࢈ + +ࢇ−)(ࢉ ࢈ + (ࢉ
૝ࢉ࢈ , ,࢕࢙

[ࢉࡵࡹ࢈ࡵ]

૛ܛܗ܋ ૛࡭
=
૜ࢉ૛࢈૜ࢇ

૛ࡿ࢑ ⋅
࡮ܖܑܛ
૛

⎭
⎪
⎬

⎪
⎫

 

Finally: [ࢉࡵࡹ࢈ࡵ]

૛࡭૛ܛܗ܋
= [ࢇࡵࡹࢉࡵ]

૛࡮૛ܛܗ܋
= [࢈ࡵࡹࢇࡵ]

૛࡯૛ܛܗ܋
 

 

1003. ઢࡲࡱࡰ pedal triangle of ࡵ incentre in ઢࢉࡾ,࢈ࡾ,ࢇࡾ,࡯࡮࡭  – circumradii of 

ઢࡲࡱ࡭,ઢࡰࡲ࡮,ઢࢉ࣐,࢈࣐,ࢇ࣐,ࡱࡰ࡯ – circumradii in ઢ	࡯ࡵ࡮,ઢ࡭ࡵ࡯,ઢ࡮ࡵ࡭.  

Prove that: 

ࢇࡾ ⋅ ࢈ࡾ ⋅ ࢉࡾ
ࢇ࣐ ⋅ ࢈࣐ ⋅ ࢉ࣐

= ܖܑܛ
࡭
૛
⋅ ܖܑܛ

࡮
૛
⋅ ܖܑܛ

࡯
૛

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

 

From ઢ࡯ࡵ࡮, ૚
૛
ࡵ࡮ ⋅ ࡵ࡯ ⋅ ࡯ࡵ࡮∠ܖܑܛ = ࡯࡮⋅ࡵ࡯⋅ࡵ࡮

૝࣐ࢇ
⇒

࢘૛ ૛ቁ࡭ቀૢ૙૙ାܖܑܛ

૛ ૛࡮ܖܑܛ ܖܑܛ
࡯
૛

= ࢘૛ࢇ

૝࣐ࢇ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛
⇒ 

⇒ ࢇ࣐ =
(૚)

	૛ࡾ ܖܑܛ ࡭
૛

. Similarly, ࣐࢈ =
(૛)

૛ܖܑܛࡾ ࡮
૛

ࢉ࣐ &   =
(૜)

૛ܖܑܛࡾ ࡯
૛

 

Now, from ઢࡲࡵ࡭, ܛܗ܋ ࡭
૛

= ࡲ࡭
࢘

૛࡭ܖܑܛ

⇒ ࡲ࡭ =
(ࢇ)

࢘ ܜܗ܋ ࡭
૛

 

Also, from ઢࡱࡵ࡭, ܛܗ܋ ࡭
૛

= ࡱ࡭
࢘

૛࡭ܖܑܛ

⇒ ࡱ࡭ =
(࢈)

࢘ ܜܗ܋ ࡭
૛
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From ઢࡱࡲ,ࡱࡵࡲ૛ = ૛࢘૛ − ૛࢘૛ °૚ૡ૙)ܛܗ܋ − (࡭ = ૝࢘૛ ૛ܛܗ܋ ࡭
૛
⇒ ࡱࡲ =

(ࢉ)
૛࢘ ܛܗ܋ ࡭

૛
 

Using (a), (b), (c), from ઢࡱࡲ࡭, we get, ૚
૛
ቀ࢘ ܜܗ܋ ࡭

૛
ቁ
૛
ܖܑܛ ࡭ =

ቀ࢘ ૛ቁ࡭ܜܗ܋
૛
⋅૛࢘ ૛࡭ܛܗ܋

૝ࢇࡾ
 

⇒ ૛ܖܑܛ ࡭
૛
ܛܗ܋ ࡭

૛
=

࢘ ૛࡭ܛܗ܋
ࢇࡾ

⇒ ࢇࡾ =
(࢏) ࢘

૛ ૛࡭ܖܑܛ
. Similarly, ࢈ࡾ =

(࢏࢏) ࢘

૛ ૛࡮ܖܑܛ
ࢉࡾ &  =

(࢏࢏࢏) ࢘

૛ ૛࡯ܖܑܛ
 

(1),(2),(3),(i),(ii),(iii)⇒ 

ෑ൬
ࢇࡾ

ࢇ࣐
൰ = ෑቌ

࢘
૝ࡾ ⋅

૚

૛ܖܑܛ ૛࡭
ቍ = ቄቀ

࢘
૝ࡾ

ቁቅ
૜ ૚

ቀ∏ܖܑܛ ૛ቁ࡭
૛ =

ቀ∏࡭ܖܑܛ૛ቁ
૜

ቀ∏࡭ܖܑܛ૛ቁ
૛ = ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ 

 

1004. In ∆۰۱ۯ the following relationship holds: 

ඨ
ࢉࢎ࢈ࢎ
ࢇ࢘࢘

+ ඨ
ࢇࢎࢉࢎ
࢈࢘࢘

+ඨ
࢈ࢎࢇࢎ
ࢉ࢘࢘

=
࢈࢝ + ࢉ࢝

ࢇ
+
ࢉ࢝ + ࢇ࢝

࢈
+
ࢇ࢝ + ࢈࢝

ࢉ
 

Proposed by Bogdan Fustei-Romania 
Solution by Daniel Sitaru-Romania 

෍ඨ
ࢉࢎ࢈ࢎ
ࢉ࢟ࢉࢇ࢘࢘

= ෍ඩ
૛ࡿ
࢈ ∙ ૛ࢉࡿ
ࡿ
࢙ ∙

ࡿ
࢙ − ࢉ࢟ࢉࢇ

= ૛෍ඨ࢙(࢙ − (ࢇ
ࢉ࢈

ࢉ࢟ࢉ

= 

= ૛෍࢙࢕ࢉ
࡭
૛

ࢉ࢟ࢉ

= ૛෍൬
૛ࢉ࢈
࢈ + ࢉ ࢙࢕ࢉ

࡭
૛ ∙

+࢈ ࢉ
૛ࢉ࢈ ൰

ࢉ࢟ࢉ

= 

= ෍൬࢝ࢇ ∙
࢈ + ࢉ
ࢉ࢈ ൰

ࢉ࢟ࢉ

= ෍ቆ࢝ࢇ ൬
૚
࢈ +

૚
൰ቇࢉ

ࢉ࢟ࢉ

= ෍ቀ
ࢇ࢝

࢈ +
ࢇ࢝

ࢉ
ቁ = ෍

࢈࢝ + ࢉ࢝

ࢇ
ࢉ࢟ࢉࢉ࢟ࢉ

 

 

1005. In ∆࡯࡮࡭ the following relationship holds: 

ࢇ࢘)࢈࢘ࢇ࢘ + (࢈࢘ + ࢈࢘)ࢉ࢘࢈࢘ + (ࢉ࢘ + ࢉ࢘)ࢇ࢘ࢉ࢘ + (ࢇ࢘ = ૛࢙૛(૛ࡾ − ࢘) 

Proposed by Bogdan Fustei-Romania 

Solution by Daniel Sitaru-Romania 

෍࢘ࢇ࢘)࢈࢘ࢇ + (࢈࢘ = ෍
ࡿ

࢙ − ࢈ ∙
ࡿ

࢙ − ࢉ ൬
ࡿ

࢙ − ࢈ +
ࡿ

࢙ − ൰ࢉ
ࢉ࢟ࢉ

=
ࢉ࢟ࢉ
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= ૜෍ࡿ
૚

(࢙ − ࢙)(࢈ − (ࢉ ∙
࢙ − ࢉ + ࢙ − ࢈

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

= ૜෍ࡿ
ࢇ

(࢙ − ࢙)૛(࢈ − ૛(ࢉ =
ࢉ࢟ࢉ

 

= ૜෍ࡿ
−࢙)૛࢙ࢇ ૛(ࢇ

૝ࡿ
ࢉ࢟ࢉ

=
࢙૛

ࡿ ෍ࢇ(࢙ − ૛(ࢇ
ࢉ࢟ࢉ

=
࢙૛

࢙࢘෍
૛࢙ࢇ) − ૛࢙ࢇ૛ + (૜ࢇ

ࢉ࢟ࢉ

= 

=
࢙
࢘
ቌ૛࢙૜ − ૛࢙෍ࢇ૛

ࢉ࢟ࢉ

+ ෍ࢇ૜
ࢉ࢟ࢉ

ቍ =
࢙
࢘
ቌ૛࢙૜ − ૝࢙(࢙૛ − ࢘૛ − ૝࢘ࡾ) + ෍ࢇ૜

ࢉ࢟ࢉ

ቍ = 

=
࢙
࢘
ቀ૝࢙࢘૛ + ૚૟࢙࢘ࡾ − ૛࢙૜ + ૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)ቁ =

࢙
࢘

(૝࢙࢘ࡾ − ૛࢙࢘૛) = ૛࢙૛(૛ࡾ− ࢘) 

 

1006. In ઢ࡯࡮࡭,ઢࡲࡱࡰ – is pedal triangle of ࡵ – incenter, ࢇࡵ, ,࢈ࡵ  excenters – ࢉࡵ

If ࡹࡵ ⊥ ,ࡱࡲ ࡷࡵ ⊥ ,ࡲࡰ ࡸࡵ ⊥ ࡹ,ࡱࡰ ∈ ࡷ,(ࡲࡱ) ∈ ,(ࡲࡰ) ࡸ ∈  :then (ࡱࡰ)

૚
૛ࡹࡵ ⋅ ૛ࢇࢎ

+
૚

૛ࡷࡵ ⋅ ૛࢈ࢎ
+

૚
૛ࡸࡵ ⋅ ૛ࢉࢎ

=
[ࢉࡵ࢈ࡵࢇࡵ]
૜[࡯࡮࡭] ⋅

ࢇ࢘ + ࢈࢘ + ࢉ࢘
࢘

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Lahiru-Samarakoon-Sri Lanka 

 

ઢ = ࡹࡵ ,࡭ࡲࡹࡵ From ,࡯࡮࡭ = ࢘ ܖܑܛ ࡭
૛

.  Similarly, ࡷࡵ = ܖܑܛ࢘ ࡮
૛

, ࡸࡵ = ࢘ ܖܑܛ ࡯
૛
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∴
૚

૛ࢇࢎ૛ࡹࡵ
=

૚

࢘૛ ૛ܖܑܛ ૛࡭
×

૛ࢇ

૝ઢ૛ =
૝ࡾ૛ × ૝ ૛ܖܑܛ ૛࡭ ܛܗ܋

૛ ࡭
૛

࢘૛ ૛ܖܑܛ ૛࡭ × ૝ઢ૛
=
૝ࡾ૛

࢘૛ઢ૛ ܛܗ܋
૛ ࡭
૛ 

LHS = ∑ ૝ࡾ૛

࢘૛ઢ૛
૛ܛܗ܋ ࡭

૛
= ૝ࡾ૛

࢘૛ઢ૛
× ૚

૛
(૜ + ܛܗ܋∑  (࡭

=
૛ࡾ૛

࢘૛ઢ૛ × ቀ૜ + ૚ +
࢘
ࡾ
ቁ		ቀ∵ ෍࡭ܛܗ܋ = ૚ +

࢘
ࡾ
ቁ =

૛ࡾ
࢘ ⋅

૚
ઢ૛ ⋅

(૝ࡾ + ࢘)
࢘  

But, know that, ࢉࡵ࢈ࡵࢇࡵ = ૛ࡾࡿ. So, LHS = ࢉࡵ࢈ࡵࢇࡵ
ࡿ

⋅ ૚
࢘
⋅ ૚
ઢ૛
⋅ ࢇ࢘∑

࢘
 

ቀ∵ ෍࢘ࢇ = ૝ࡾ + ࢘ቁ 

= ࢉࡵ࢈ࡵࢇࡵ
૜[࡯࡮࡭]

	× (ࢉା࢘࢈ା࢘ࢇ࢘)
࢘

 (∵ ࢙࢘ = ઢ) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
,࡮,࡭ ,ࢇࡵ ࢈ࡵ࡭ࢇࡵ∠ are concyclic as ࢈ࡵ = ࢈ࡵ࡮ࢇࡵ∠ = ૢ૙° 

∴ ࢇࡵ࢈ࡵ࡮∠ = ࢇࡵ࡭࡮∠ = ࡭
૛

࡭ࢇࡵ࢈ࡵ∠ & = ࡭࡮࢈ࡵ∠ = ࡮
૛

 

using ઢ࡮࢈ࡵ࡭∠,࢈ࡵ࡮࡭ = ࡯
૛
& using ઢ࡮ࢇࡵ࡭∠,ࢇࡵ࡮࡭ = ࡯

૛
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From ઢࢅ࢈ࡵ࡯, ܖܑܛ ቀૢ૙° − ࡯
૛
ቁ = ࢅ࢈ࡵ

࢈ࡵ࡯
⇒ ܛܗ܋ ࡯

૛
= ࢈࢘

࢈ࡵࢉ
⇒ ࢈ࡵ࡯ =

(૚) ࢈࢘
૛࡯ܛܗ܋

 

From ઢࢄࢇࡵ࡯, ܖܑܛ ቀૢ૙° − ࡯
૛
ቁ = ࢄࢇࡵ

ࢇࡵ࡯
⇒ ܛܗ܋ ࡯

૛
= ࢇ࢘

ࢇࡵࢉ
⇒ ࢇࡵ࡯ =

(૛) ࢇ࢘
૛࡯ܛܗ܋

 

(1)+(2)⇒ ࢈ࡵࢇࡵ = ࢈ା࢘ࢇ࢘
૛࡯ܛܗ܋

=
࢙൭

૛࡭ܖܑܛ
૛࡭ܛܗ܋

ା
૛࡮ܖܑܛ
૛࡮ܛܗ܋

൱

૛࡯ܛܗ܋
=

࢙ ૛࡮శ࡭ቀܖܑܛ ቁ

ቀ∏ ૛ቁ࡭ܛܗ܋
=

࢙ ૛࡯ܛܗ܋
ࡿ
૝ࡾ

⇒ ࢈ࡵࢇࡵ =
(ࢇ)

૝ܛܗ܋ࡾ ࡯
૛

 

Similarly, ࢉࡵ࢈ࡵ =
(࢈)

૝ܛܗ܋ࡾ ࡭
૛

ࢇࡵࢉࡵ &  =
(ࢉ)
૝ܛܗ܋ࡾ ࡮

૛
 

∴ [ࢉࡵ࢈ࡵࢇࡵ] =
૚
૛

 (ࢇࡵ࢈ࡵࢉࡵ∠ܖܑܛ)(ࢉࡵ࢈ࡵ)(࢈ࡵࢇࡵ)

= ૡࡾ૛ ܛܗ܋ ࡯
૛
ܛܗ܋ ࡭

૛
ܖܑܛ ቀ࡭ା࡯

૛
ቁ   (using (a), (b))= ૡࡾ૛ ቀ∏ܛܗ܋ ࡭

૛
ቁ = ૡࡾ૛ ቀ ࡿ

૝ࡾ
ቁ = ૛࢙ࡾ 

⇒ [ࢉࡵ࢈ࡵࢇࡵ] =
(࢏)
૛࢙ࡾ 

ࡰࡵ = ࡱࡵ = ࡲࡵ = ࢘ 

 

(∵ in radius ⊥ each side of ઢ࡯࡮࡭) ∴ ࢘ is the circumradius of ઢࡲࡱࡰ	 ∴ ࡱࡰࡲ∠ = ૚
૛
 ࡱࡵࡲ∠

(∵ ∠ at circumference = ૚
૛
∠ at center) 

=
૚
૛

(૚ૡ૙° − (࡭ = ૢ૙° −
࡭
૛ ∴ ࡱࡲ = ૛࢘ ܖܑܛ ൬ૢ૙° −

࡭
૛൰ ⇒ ࡱࡲ =

(࢞)
૛࢘ܛܗ܋

࡭
૛ 

Now, ૚
૛
ࡲࡵ ⋅ ࡱࡵ ⋅ °૚ૡ૙)ܖܑܛ − (࡭ = ૚

૛
ࡱࡲ ⋅ =൫ࡹࡵ  ൯(ࡱࡵࡲઢ)ࢉ࢘ࢇ

⇒
࢘૛૛ ૛࡭ܖܑܛ ܛܗ܋

࡭
૛

૛
= ૚

૛
૛࢘ ܛܗ܋ ࡭

૛
 (using (x))   ࡹࡵ

⇒ ࡹࡵ =
(ࢊ)

ܖܑܛ࢘ ࡭
૛

. Similarly, ࡷࡵ =
(ࢋ)
࢘ ܖܑܛ ࡮

૛
ࡸࡵ &  =

(ࢌ)
	࢘ ܖܑܛ ࡯

૛
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(d), (e), (f) ⇒ ∑ ૚
૛ࢇࢎ૛ࡹࡵ

= ∑ቆ ૚

࢘૛ ૛࡭૛ܖܑܛ
⋅
૚૟ࡾ૛ ૛࡭૛ܖܑܛ ܛܗ܋

૛࡭
૛

૝࢘૛࢙૛
ቇ 

=
૝ࡾ૛

࢘૝࢙૛෍ܛܗ܋૛
࡭
૛ =

૛ࡾ૛

࢘૝࢙૛෍
(૚ + ܛܗ܋ (࡭ =

૛ࡾ૛

࢘૝࢙૛
ቀ૜ + ૚ +

࢘
ࡾ
ቁ =

૛ࡾ(૝ࡾ + ࢘)
࢘૝࢙૛  

∴ ࡿࡴࡸ =
(࢏࢏) ૛ࡾ(૝ࡾ+ ࢘)

࢘૝࢙૛  

Using (i), ࡿࡴࡾ = ૛ࡿࡾ
࢘૜࢙૜

⋅ (૝ࡾା࢘)
࢘

= ૛ࡾ(૝ࡾା࢘)
࢘૝࢙૛

=
(࢏࢏)	࢟࢈

 (Hence proved)  ࡿࡴࡸ	

Solution 3 by Thanasis Gakopoulos-Athens-Greece 

૚
૛ࡹࡵ ⋅ ૛ࢇࢎ

+
૚

૛ࡷࡵ ⋅ ૛࢈ࢎ
+

૚
૛ࡸࡵ ⋅ ૛ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥࢉࢎ

࡭

=
(ࢉࡵ࢈ࡵࢇࡵ)
૜ࡿ ⋅

ࢇ࢘ + ࢈࢘ + ࢉ࢘
࢘ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

࡮

 

ࡵࡷ = ࢘ ⋅ ܖܑܛ
࡮
૛ → ૛ࡷ૚

૛ = ࢘૛(૚ − (࡮ܛܗ܋ →
૚
૛ࡷࡵ =

૝ࢉࢇ
࢘૛(−ࢇ+ ࢈ + ࢇ)(ࢉ + −࢈ (ࢉ

૚
૛࢈ࢎ

=
૛࢈

૝ࡿ૛ ⎭
⎪
⎬

⎪
⎫

→ 

→
૚

૛࢈ࢎ૛ࡷࡵ
=

ࢉ࢈ࢇ ⋅ ࢈
࢘૛ࡿ૛(−ࢇ + ࢈ + +ࢇ)(ࢉ ࢈ −  (ࢉ

Cyclically ૚
૛ࢇࢎ⋅૛ࡹࡵ

= ࢉ࢈ࢇ
࢘૛ࡿ૛

⋅ ࢇ
(ࢉି࢈ାࢇ)(ࢉା࢈ିࢇ)

, ૚
૛ࢉࢎ૛ࡸࡵ

= ࢉ⋅ࢉ࢈ࢇ
(ࢉା࢈ିࢇ)(ࢉା࢈ାࢇି)

 

࡭ =
ࢉ࢈ࢇ
࢘૛࢙૛

൤
ࢇ

ࢇ) ࢈− + ࢇ)(ࢉ + ࢈ − (ࢉ +
࢈

ࢇ−) + ࢈ + ࢇ)(ࢉ + ࢈ − (ࢉ +
ࢉ

ࢇ−) + ࢈ + ࢇ)(ࢉ − ࢈ + ൨(ࢉ → 

࡭ = ࢉ࢈ࢇ
࢘૛࢙૛

⋅ ࢇ
૛ା࢈૛ାࢉ૛ି૛ି࢈ࢇ૛ିࢉ࢈૛ࢇࢉ

(ࢉା࢈ିࢇ)(ࢉି࢈ାࢇ)(ࢉି࢈ିࢇ)
   (1) 

(ࢉࡵ࢈ࡵࢇࡵ) =
+ࢇ) ࢈ + ࢉ࢈ࢇ(ࢉ

૝ࡿ ࢇ࢘		 =
૛ࡿ

+ࢇ− ࢈ + ࢉ ࢈࢘, =
૛ࡿ

ࢇ − +࢈ ࢉ , ࢉ࢘ =
૛ࡿ

ࢇ + ࢈ −  ࢉ

࡮ =
+ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ

૝ࡿࡿ૛
૚
࢘ ૛ࡿ൬

૚
ࢇ− + ࢈ + ࢉ +

૚
ࢇ − ࢈ + ࢉ +

૚
ࢇ + −࢈ ൰ࢉ = 

=
ࢉ࢈ࢇ ⋅ ૛ࡿ
ࡿ૜૛ࡿ ⋅ ࢘ ⋅

+ࢇ ࢈ + ࢉ
૛

૛ࢇ + ૛࢈ + ૛ࢉ − ૛࢈ࢇ− ૛ࢉ࢈− ૛ࢇࢉ
ࢇ) − ࢈ − +ࢇ)(ࢉ −࢈ ࢇ)(ࢉ − ࢈ + (ࢉ = 

= ࢉ࢈ࢇ
૜࢘ࡿ

⋅ ࢙
࢘
⋅ ࢇ

૛ା࢈૛ାࢉ૛ି૛ି࢈ࢇ૛ିࢉ࢈૛ࢇࢉ
(ࢉା࢈ିࢇ)(ࢉି࢈ାࢇ)(ࢉି࢈ିࢇ)

   (2) 

(1), (2) → ࡭ = ࡮ → ૚
૛ࢇࢎ૛ࡹࡵ

+ ૚
࢈ࢎ૛ࡷࡵ

૛ = [ࢉࡵ࢈ࡵࢇࡵ]
૜[࡯࡮࡭]

⋅ ࢉା࢘࢈ା࢘ࢇ࢘
࢘
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1007.  

 

ઢ࡯࡮࡭ equilateral, ઢࡼࡽ࡮ isosceles, ઢࡿࡾ࡯ isosceles 

࡯࡮ = ࡼ࡮,ࢇ = ࡾ࡯,࢈ =  ૜ centroidsࡳ,૛ࡳ,૚ࡳ ,ࢉ

૜ࢇ)ࢇ − ࢈ − (ࢉ =  (ࡲ∢)࢓ Calculate .ࢉ࢈

Proposed by Thanasis Gakopoulos-Athens-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

 

ࡽ࡮ࡼ∠ = ૚૛૙° ⇒ ࡼ∠ = ࡽ∠ = ૜૙°; 	
ࢄ࡮
ࡼ࡮ = ܖܑܛ ૜૙° ⇒ ࢄ࡮ =

࢈
૛ ⇒ ૚ࡳ࡮ =

૛
૜ࢄ࡮ =

(૚) ࢈
૜ 

Also, ∠ࡾ࡯ࡿ = ૚૛૙° ⇒ ࡿ∠ = ࡾ∠ = ૜૙°; ࢅ࡯	
ࡾ࡯

= ܖܑܛ ૜૙° ⇒ ࢅ࡯ = ࢉ
૛
⇒ ૜ࡳ࡯ = ૛

૜
ࢅ࡯ =

(૛) ࢉ
૜
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ࢆ࡭
࡮࡭ = ܖܑܛ ૟૙° ⇒ ࢆ࡭ =

√૜
૛ ࢇ ⇒ ૛ࡳ࡮ = ૛ࡳ࡯ = ૛ࡳ࡭ =

૛
૜ࢆ࡭ =

(૜) ࢇ
√૜

 

∵ 	࡯࡮࡭૛ is also incenter of ઢࡳ ∴ ૛ࡳ࡮࡭∠ = ૜૙°   (i) 

Again ∠ࢄ࡮ࡽ = ૚
૛
ࡽ࡮ࡼ∠ =

(࢏࢏)
૟૙°	 ∴ ૛ࡳ࡮૚ࡳ∠ = ૢ૙°   (by (i)+(ii)) 

ࣂܖ܉ܜ = ૚ࡳ࡮
૛ࡳ࡮

= ࢈
૜

× √૜
ࢇ

   (from (1), (3)) =
(ࢇ) ࢈

√૜ࢇ
 

Similarly, ∠ࡳ૛ࡳ࡯૜ = ૢ૙° & so, ࣘܖ܉ܜ = ૜ࡳ࡯
૛ࡳ࡯

= ࢉ
૜

× √૜
ࢇ

   (from (2), (3)) =
(࢈) ࢉ

√૜ࢇ
 

Now, ∠ࡳ࡮૛࡯ = ૚ૡ૙° − (૜૙° + ૜૙°) = ૚૛૙° 

૜ࡳ૛ࡳ૚ࡳ∠ܖ܉ܜ = +ࣂ)ܖ܉ܜ ࣘ + ૚૛૙°) =
−√૜ + ࣂܖ܉ܜ + ࣘܖ܉ܜ + √૜ ࣂܖ܉ܜ ࣘܖ܉ܜ
૚ + √૜ࣂܖ܉ܜ + √૜ࣘܖ܉ܜ − ࣂܖ܉ܜ ࣘܖ܉ܜ

 

=
ି√૜ା

࢈
√૜ࢇ

ା ࢉ
√૜ࢇ

ା√૜
࢈

√૜ࢇ
⋅ ࢉ
√૜ࢇ

૚ା√૜
࢈

√૜ࢇ
ା√૜

ࢉ
√૜ࢇ

ି ࢉ࢈
૜ࢇ૛

  (using (a), (b))= −√૜ ൫૜ࢇ૛ିࢉ࢈ିࢉࢇି࢈ࢇ൯
൫૜ࢇ૛ା૜࢈ࢇା૜ࢉ࢈ିࢉࢇ൯

 

= −√૜
(૜ࢇ૛ − ૜࢈ࢇ − ૜ࢉࢇ − (ࢉ࢈ + ૛(࢈ࢇ + (ࢉࢇ
(૜ࢇ૛ − ૜࢈ࢇ − ૜ࢉࢇ − (ࢉ࢈ + ૟(࢈ࢇ + (ࢉࢇ = −

૚
√૜

(∵ ૜ࢇ૛ − ૜࢈ࢇ − ૜ࢉࢇ − ࢉ࢈ = ૙) 

⇒ ૜ࡳ૛ࡳ૚ࡳ∠ = ૚૞૙°   (Answer) 

1008. If ࡲࡱࡰࢤ is pedal triangle of ࡵ – incenter in ࡯࡮࡭ࢤ and 

 :then ࡱࡰ࡯ࢤ,ࡲࡰ࡮ࢤ,ࡱࡲ࡭ࢤ are the circumradii of ࢉࡾ,࢈ࡾ,ࢇࡾ

૛ࢇࡾ + ૛࢈ࡾ + ૛ࢉࡾ =
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૝
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Lahiru Samarakoon-Sri Lanka 
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ࡲࡰ = ૛࢘ ܛܗ܋
࡮
૛ ࡲࡱ, = ૛࢘ ܛܗ܋

࡭
૛ ࡱࡰ, = ૛࢘ ܛܗ܋

࡯
૛ 

∴ ઢࡱࡲ࡭ ⇒ ૛ࢇࡾ =
ࡲࡱ
ܖܑܛ ࡭ ⇒ ૛ࢇࡾ =

૛࢘࡭ܛܗ܋૛
࡭ܖܑܛ ࢇࡾ; =

࢘

૛ ૛࡭ܖܑܛ
 

Similarly, ࢈ࡾ = ࢘

૛ ૛࡮ܖܑܛ
ࢉࡾ, = ࢘

૛ ૛࡯ܖܑܛ
 

෍ࢇࡾ
૛ =

࢘૛

૝
቎෍

૚

૛ܖܑܛ ૛࡭
቏ =

࢘૛

૝ ൤෍
ࢉ࢈

(࢙ − ࢙)(ࢇ − ൨(࢈ =
૛ࡾ

૝
−(ࢉ࢈)∑࢙] ૜ࢉ࢈ࢇ]

࢙࢘૛  

=
࢘૛

૝࢙࢘૛
[࢙ × (࢙૛ + ࢘૛ + ૝࢘ࡾ) − ૜ × ૝࢙࢘ࡾ] =

(࢙૛ + ࢘૛ − ૡ࢘ࡾ)
૝  

 

1009. In ઢ࢑ࡾ,࡯࡮࡭ is the circumradii of pedal triangle of Lemoine’s point.  

Prove that: 

࢑ࡾ =
ࢉ࢓࢈࢓ࢇ࢓

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Shafiqur Rahman-Bangladesh 

࡭ࡸࡸ
ࢇ =

࡮ࡸࡸ
࢈ =

࡭ࡸࡸࢇ + ࡮ࡸࡸ࢈ + ࡯ࡸࡸࢉ
૛ࢇ + ૛࢈ + ૛ࢉ =

૛ࡿ
૛ࢇ + ૛࢈ + ૛ࢉ =

૜ࡿ
૛൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯
= ࡷ ⇒ 

⇒ ࡭ࡸࡸ = ૜ࡿࢇ
૛൫ࢇ࢓

૛ା࢈࢓
૛ାࢉ࢓

૛൯
, ࡮ࡸࡸ = ૜ࡿ࢈

૛൫ࢇ࢓
૛ା࢈࢓

૛ାࢉ࢓
૛൯

 and ࡯ࡸࡸ = ૜ࡿࢉ
૛൫ࢇ࢓

૛ା࢈࢓
૛ାࢉ࢓

૛൯
 

Where ࡭ࡸ,  to the sides ࡸ are the feet of perpendiculars from the Lemoine point ࡯ࡸ,࡮ࡸ

 and AB 	࡭࡯,࡯࡮

Now, ࡯ࡸ࡮ࡸ = ඥ(࡮ࡸࡸ)૛ + ૛(࡯ࡸࡸ) − ૛࡮ࡸࡸ ⋅ ࡯ࡸࡸ ⋅ ࣊)ܛܗ܋ − (࡭ = 

= ૛࢈ටࡷ + ૛ࢉ + ૛ࢉ࢈ ࢈	
૛ାࢉ૛ିࢇ૛

૛ࢉ࢈
= ૛࢈૛√ࡷ + ૛ࢉ૛ − ૛ࢇ = ૛ࢇ࢓ࡷ. Similarly,  

࡭ࡸ࡯ࡸ = ૛࢈࢓ࡷ and ࡮ࡸ࡭ࡸ = ૛ࢉ࢓ࡷ 

∴ Area of ઢ࡯ࡸ࡮ࡸ࡭ࡸ = (૛ࡷ)૛ × Area of triangle with sides of length ࢈࢓,ࢇ࢓ and  

ࢉ࢓ = ૝ࡷ૛ × ቀ૜
૛
ቁ
૛

× Area of ઢࡳ࡯࡮ = ૛ࡷૢ × ࡿ
૜

= ૛ૠࡿ૜

૝൫ࢇ࢓
૛ା࢈࢓

૛ାࢉ࢓
૛൯
૛ 
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Thus ࢑ࡾ = ࡭ࡸ࡯ࡸ×࡯ࡸ࡮ࡸ×࡮ࡸ࡭ࡸ
૝×ࢇࢋ࢘࡭	ࢌ࢕	ઢ࡯ࡸ࡮ࡸ࡭ࡸ

=
ૡቆ ૜ࡿ

૛ቀࢇ࢓૛శ࢈࢓
૛శࢉ࢓૛ቁ

ቇ
૜
ࢉ࢓࢈࢓ࢇ࢓

૝× ૛ૠࡿ૜

૝ቀࢇ࢓૛శ࢈࢓
૛శࢉ࢓૛ቁ

૛

∴ ࢑ࡾ = ࢉ࢓࢈࢓ࢇ࢓
ࢇ࢓
૛ା࢈࢓

૛ାࢉ࢓
૛ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

Let ࡷ be the Lemoine’s point & ࡲࡱࡰ be the pedal ઢ of ࡷ. 

We have: ࡰࡷ =
(૚) ૛ࡿࢇ

૛ࢇ∑
ࡱࡷ, =

(૛) ૛ࡿ࢈
૛ࢇ∑

ࡲࡷ, =
(૜) ૛ࡿࢉ

∑ ૛ࢇ
; ࡱࡲ	 =

(૝) ૝ࡿࢇ࢓
∑ ૛ࢇ

ࡲࡰ, =
(૞) ૝ࡿ࢈࢓

∑ ૛ࢇ
ࡱࡰ &  =

(૟) ૝ࡿࢇ࢓
∑ ૛ࢇ

 

From quad. ࡲࡷࡰ∠,ࡲࡷࡰ࡮ =
(ૠ)

૚ૡ૙°  ࡮−

Similarly, ∠ࡱࡷࡰ =
(ૡ)

૚ૡ૙°− ࡱࡷࡲ∠ & ࡯ =
(ૢ)

૚ૡ૙° −  ࡭

∴ (ࡲࡱࡰઢ)ࢇࢋ࢘࡭ = (ࡱࡷࡲઢ)ࢇࢋ࢘࡭ + (ࡲࡷࡰઢ)ࢇࢋ࢘࡭ +  (ࡱࡷࡰઢ)ࢇࢋ࢘࡭

=
૚
૛

ࡷࡲ) ⋅ ࡱࡷ ܖܑܛ ࡭ + ࡷࡰ ⋅ ࡮ܖܑܛࡷࡲ + ࡷࡰ ⋅ ࡱࡷ  (࡯ܖܑܛ

(using (7), (8), (9)): = ૚
૛
൤ ૝ࡿࢉ࢈

૛

൫∑ࢇ૛൯૛
⋅ ࢇ
૛ࡾ

+ ૝ࡿࢇࢉ૛

൫∑ࢇ૛൯૛
⋅ ࢈
૛ࡾ

+ ૝ࡿ࢈ࢇ૛

൫∑ࢇ૛൯૛
⋅ ࢉ
૛ࡾ
൨ 

(using (1), (2), (3)) 

=
૛ࡿࢉ࢈ࢇ

ࡾ ⋅
૜

૛(૛ࢇ∑) =
૝ࡿࡾ૜ ⋅ ૜
૛(૛ࢇ∑)ࡾ =

૚૛ࡿ૜

૛(૛ࢇ∑) ∴ [ࡲࡱࡰ] =
(૚૙) ૚૛ࡿ૜

૛(૛ࢇ∑)  

Now, ࢑ࡾ = ࡱࡰ⋅ࡲࡰ⋅ࡱࡲ
૝[ࡲࡱࡰ]

= ૟૝ࡿࢉ࢓࢈࢓ࢇ࢓૜

൫∑ࢇ૛൯૜૝⋅ ૚૛ࡿ
૜

൫∑ࢇ૛൯
૛

  (using (4), (5), (6), (10)) 

=
૝
૜ ⋅

ࢉ࢓࢈࢓ࢇ࢓

૛ࢇ∑ =
ࢉ࢓࢈࢓ࢇ࢓

ࢇ࢓∑
૛ 		ቆ∵

ࢇ࢓∑
૛ = ૜
૝ ෍ࢇ૛ቇ 
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1010. In ઢ࡯࡮࡭,ઢࡲࡱࡰ – is pedal triangle of ࡵ – incenter 

If ࡹࡵ ⊥ ,ࡱࡲ ࡷࡵ ⊥ ,ࡲࡰ ࡸࡵ ⊥ ࡹ,ࡱࡰ ∈ ࡷ,(ࡲࡱ) ∈ ,(ࡲࡰ) ࡸ ∈  :then (ࡱࡰ)

૛ࡹࡵ + ૛ࡷࡵ + ૛ࡸࡵ = ࢘૛ ቀ૚ −
࢘
૛ࡾ

ቁ 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Lahiru Samarakoon-Sri Lanka 

 

From ઢࡵࡹࡲ, ࡹࡵ = ࢘ ܖܑܛ ࡭
૛

.  Similarly, ࡷࡵ = ࢘ ܖܑܛ ࡮
૛

, ࡸࡵ = ࢘ ܖܑܛ ࡯
૛

 

∴ ࡿࡴࡸ = ૛ࡹࡵ + ૛ࡷࡵ + ૛ࡸࡵ = ࢘૛ ൬ܖܑܛ૛
࡭
૛

+ ૛ܖܑܛ
࡮
૛

+ ૛ܖܑܛ
࡯
૛
൰ = ࢘૛ ൬૚ − ૛ ܖܑܛ

࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛
൰ 

But, ࢘ = ૝ࡾ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ࢘૛ ቀ૚ − ૛ × ࢘

૝ࡾ
ቁ = ࢘૛ ቀ૚ − ࢘

૛ࡾ
ቁ 

Solution 2 by Thanasis Gakopoulos-Athens-Greece 

 

ઢࡰࡵࡷ: ܛܗ܋ ቆ
ࡰࡵࡲ
૛
෣

ቇ =
ࡵࡷ
࢘ → ૛ࡵࡷ = ࢘૛ ૛ܛܗ܋ ቆૢ૙ −

࡮
૛
෡
ቇ → 
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૛ࡵࡷ૛ = ࢘૛ ⋅ ૛ ૛ܖܑܛ
࡮
૛
෡

= ࢘૛(૚ − (࡮ܛܗ܋ = ࢘૛ ቆ૚ −
૛ࢇ + ૛ࢉ − ૛࢈

૛ࢉࢇ ቇ → 

૛ࡷࡵ = ࢘૛

૝ࢉࢇ
ࢇ−) + ࢈ + +ࢇ)(ࢉ ࢈ −  (1)  (ࢉ

Cyclically: ࡹࡵ૛ = ࢘૛

૝ࢉ࢈
ࢇ) − +࢈ +ࢇ)(ࢉ ࢈ −  (2)  (ࢉ

૛ࡸࡵ = ࢘૛

૝࢈ࢇ
+ࢇ−) ࢈ + ࢇ)(ࢉ − +࢈  (3)   (ࢉ

૛ࡹࡵ + ૛ࡷࡵ + ૛ࡸࡵ =
(૛),(૜)	

(૚)
࢘૛ ቂ૚ − (ࢉି࢈ାࢇ)(ࢉା࢈ିࢇ)(ࢉା࢈ାࢇି)

૝ࢉ࢈ࢇ
ቃ  (4) 

࢘૛ ቀ૚ −
࢘
૛ࡾ

ቁ = ࢘૛ ቌ૚ −
ࡿ
࢙
ࢉ࢈ࢇ
૛ࡿ

ቍ = ࢘૛ ቆ૚−
૛ࡿ૛

࢙ ⋅ ቇࢉ࢈ࢇ → 

→ ࢘૛ ቀ૚ − ࢘
૛ࡾ
ቁ = ࢘૛ ቂ૚ − (ࢉି࢈ାࢇ)(ࢉା࢈ିࢇ)(ࢉା࢈ାࢇି)

૝ࢉ࢈ࢇ
ቃ   (5) 

(4), (5)→ ૛ࡹࡵ + ૛ࡷࡵ + ૛ࡸࡵ = ࢘૛ ቀ૚ − ࢘
૛ࡾ
ቁ 

 

1011. In ઢ࡯࡮࡭ the following relationship holds: 

ࢉ࢈
૛ࢇࢎ

+
ࢇࢉ
૛࢈ࢎ

+
࢈ࢇ
૛ࢉࢎ

=
࢘ + ࢇ࢘
ࢇࢎ

+
࢘ + ࢈࢘
࢈ࢎ

+
࢘ + ࢉ࢘
ࢉࢎ

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania 

ࢉ࢈
૛ࢇࢎ

+ ࢉࢇ
࢈ࢎ
૛ + ࢈ࢇ

૛ࢉࢎ
= ࢉ࢈૛ࢇ

૝ࡿ૛
+ ࢉ૛࢈ࢇ

૝ࡿ૛
+ ૛ࢉ࢈ࢇ

૝ࡿ૛
= ࢉ࢈ࢇ

૝ࡿ૛
+ࢇ) ࢈ + (ࢉ = ࢉ࢈ࢇ

૝ࡿ૛
⋅ ࢙ = ࢉ࢈ࢇ࢙

૛ࡿ૛
   (1) 

But ࢉ࢈ࢇ = ૝ࡿࡾ and ࡿ = ࢙࢘  (2) From (1)+(2)⇒ ࢉ࢈
૛ࢇࢎ

+ ࢉࢇ
࢈ࢎ
૛ + ࢈ࢇ

૛ࢉࢎ
= ૛ࡾ

࢘
   (3) 

࢘ା࢘ࢇ
ࢇࢎ

+ ࢘ା࢘࢈
࢈ࢎ

+ ࢘ା࢘ࢉ
ࢉࢎ

= ࢘ ቀ ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ
ቁ + ࢇ࢘

ࢇࢎ
+ ࢈࢘

࢈ࢎ
+ ࢉ࢘

ࢉࢎ
   (4) 

But ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૚
࢘
   (5) 

ࢇ࢘
ࢇࢎ

+
࢈࢘
࢈ࢎ

+
ࢉ࢘
ࢉࢎ

=
ࡿ

࢙ − ࢇ
૛ࡿ
ࢇ

+
ࡿ

࢙ − ࢈
૛ࡿ
࢈

+
ࡿ

࢙ − ࢉ
૛ࡿ
ࢉ

=
૚
૛෍

ࢇ
࢙ − ࢇ = 

= ૚
૛
⋅ ૛(૛࢘ିࡾ)

࢘
= ૛࢘ିࡾ

࢘
= ૛ࡾ

࢘
− ૚  (6) 
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Form (4)+(5)+(6)⇒ ࢘ା࢘ࢇ
ࢇࢎ

+ ࢘ା࢘࢈
࢈ࢎ

+ ࢘ା࢘ࢉ
ࢉࢎ

= ૚ + ૛ࡾ
࢘
− ૚ = ૛ࡾ

࢘
   (7) 

From (3)+(7) the relationship is true. 

Solution 2 by Thanasis Gakopoulos-Thessaloniki-Greece 

ࢉ࢈
૛ࢇࢎ

=
ࢉ࢈૛ࢇ
૛ࢇࢎ૛ࢇ

=
ࢇ ⋅ ࢉ࢈ࢇ
૝ࡿ૛ ,

ࢇࢉ
૛࢈ࢎ

=
࢈ ⋅ ࢉ࢈ࢇ
૝ࡿ૛ ,

࢈ࢇ
૛ࢉࢎ

=
ࢉ ⋅ ࢉ࢈ࢇ
૝ࡿ૛  

ࢉ࢈
૛ࢇࢎ

+ ࢇࢉ
૛ࢇࢎ

+ ࢈ࢇ
૛ࢉࢎ

= ࢉ࢈ࢇ
૝ࡿ૛

+ࢇ) ࢈ +  (1)   (ࢉ

࢘ + ࢇ࢘
ࢇࢎ

=
࢘)ࢇ + (ࢇ࢘
ࢇࢎࢇ

=
૛ࡿ ⋅ +࢘)ࢇ (ࢇ࢘

૛ࡿ ⋅ ૛ࡿ =
૚
૝ࡿ૛ ൤૛ࢇࡿ ൬

ࡿ
࢙ +

ࡿ
࢙ − ൰൨ࢇ = 

=
૚
૝ࡿ૛ ൤૛ࡿ

૛ࢇ
࢙ − ࢇ + ࢙
࢙(࢙ − (ࢇ ൨ =

૚
૝ࡿ૛ ൤ૡࡿ

૛ࢇ
࢈ + ࢉ

+ࢇ) ࢈ + +ࢇ−)(ࢉ ࢈ + ൨(ࢉ ⇒ 

⎩
⎪⎪
⎨

⎪⎪
⎧

࢘ + ࢇ࢘
ࢇࢎ

=
૚
૝ࡿ૛

ቂ
ࢇ
૛

+࢈) ࢇ)(ࢉ − ࢈ + +ࢇ)(ࢉ ࢈ − ቃ(ࢉ

,࢟࢒࢘ࢇ࢒࢏࢓࢏ࡿ
࢘ + ࢈࢘
࢈ࢎ

=
૚
૝ࡿ૛

࢈
૛

ࢉ) + +ࢇ−)(ࢇ ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ

࢘ + ࢉ࢘
ࢉࢎ

=
૚
૝ࡿ૛

ࢉ
૛

ࢇ) + +ࢇ−)(࢈ +࢈ ࢇ)(ࢉ − ࢈ + (ࢉ
⎭
⎪⎪
⎬

⎪⎪
⎫

→ 

࢘ + ࢇ࢘
ࢇࢎ

+
࢘ + ࢈࢘
࢈ࢎ

+
࢘ + ࢉ࢘
ࢉࢎ

=
૚
૝ࡿ૛

૚
૛

[૛ࢇ)ࢉ࢈ࢇ+ ࢈ + [(ࢉ = 

࢘ା࢘ࢇ
ࢇࢎ

+ ࢘ା࢘࢈
࢈ࢎ

+ ࢘ା࢘ࢉ
ࢉࢎ

= ࢉ࢈ࢇ
૝ࡿ૛

+ࢇ) ࢈ +  (2) 	(ࢉ

(1), (2)→ ࢉ࢈
૛ࢇࢎ

+ ࢇࢉ
࢈ࢎ
૛ + ࢈ࢇ

૛ࢉࢎ
= ࢘ା࢘ࢇ

ࢇࢎ
+ ࢘ା࢘࢈

࢈ࢎ
+ ࢘ା࢘ࢉ

ࢉࢎ
 

Solution 3 by Bogdan Fustei-Romania 

ࢉ࢈
૛ࢇࢎ

+
ࢇࢉ
૛࢈ࢎ

+
࢈ࢇ
૛ࢉࢎ

=
૛ࢇࢎࡾ
૛ࢇࢎ

+
૛ࢉࢎࡾ
૛࢈ࢎ

+
૛ࢉࢎࡾ
૛ࢉࢎ

 

ࢉ࢈ = ૛ࢇࢎࡾ  (and analogs) = ૛ࡾ
ࢇࢎ

+ ૛ࡾ
࢈ࢎ

+ ૛ࡾ
ࢉࢎ

= ૛ࡾ
࢘

; 	 ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૚
࢘
 

So, finally we have the identity: ࢉ࢈
૛ࢇࢎ

+ ࢇࢉ
࢈ࢎ
૛ + ࢈ࢇ

૛ࢉࢎ
= ૛ࡾ

࢘
 

࢘+ ࢇ࢘
ࢇࢎ

+
࢘ + ࢈࢘
࢈ࢎ

+
࢘ + ࢉ࢘
ࢉࢎ

=
࢘
ࢇࢎ

+
࢘
࢈ࢎ

+
࢘
ࢉࢎ

+
ࢇ࢘
ࢇࢎ

+
࢈࢘
࢈ࢎ

+
ࢉ࢘
ࢉࢎ

= ࢘ ⋅
૚
࢘ +

ࢇ࢘
ࢇࢎ

+
࢈࢘
࢈ࢎ

+
ࢉ࢘
ࢉࢎ

= 

= ૚ + ∑ ࢇ࢘
ࢇࢎ

૛ܖܑܛ ; ࡭
૛

= ࢘
૛ࡾ
⋅ ࢇ࢘
ࢇࢎ

 (and analogs) 
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૛ܖܑܛ ࡭
૛

= ࢘ିࢇ࢘
૝ࡾ

   (and analogs)⇒ ૛ܖܑܛ∑ ࡭
૛

= ૜࢘ିࢉା࢘࢈ା࢘ࢇ࢘
૝ࡾ

 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘;෍ܖܑܛ૛
࡭
૛ =

૝ࡾ + ࢘ − ૜࢘
૝ࡾ =

૝ࡾ − ૛࢘
૝ࡾ =

૛ࡾ − ࢘
૛ࡾ  

෍ܖܑܛ૛
࡭
૛ =

࢘
૛ࡾ ⋅෍

ࢇ࢘
ࢇࢎ

;෍ܖܑܛ૛
࡭
૛ =

૛ࡾ − ࢘
૛ࡾ  

࢘
૛ࡾ෍

ࢇ࢘
ࢇࢎ

=
૛ࡾ − ࢘
૛ࡾ ⇒෍

ࢇ࢘
ࢇࢎ

=
૛ࡾ − ࢘
૛ࡾ ⋅

૛ࡾ
࢘ =

૛ࡾ − ࢘
࢘  

෍
࢘+ ࢇ࢘
ࢇࢎ

= ૚ + ෍
ࢇ࢘
ࢇࢎ

= ૚ +
૛ࡾ − ࢘
࢘ = ૚ +

૛ࡾ
࢘ − ૚ =

૛ࡾ
࢘  

So, finally we have the following identity: ࢉ࢈
૛ࢇࢎ

+ ࢉࢇ
࢈ࢎ
૛ + ࢈ࢇ

૛ࢉࢎ
= ࢘ା࢘ࢇ

ࢇࢎ
+ ࢘ା࢘࢈

࢈ࢎ
+ ࢘ା࢘ࢉ

ࢉࢎ
= ૛ࡾ

࢘
 

Solution 4 by Soumava Chakraborty-Kolkata-India 

ࢉ࢈
૛ࢇࢎ

+
ࢇࢉ
૛࢈ࢎ

+
࢈ࢇ
૛ࢉࢎ

=
࢘ + ࢇ࢘
ࢇࢎ

+
࢘ + ࢈࢘
࢈ࢎ

+
࢘ + ࢉ࢘
ࢉࢎ

 

ࢉ࢈ = ૛ࢇࢎࡾ, etc, ∴ ࡿࡴࡸ = ∑ ૛ࢇࢎࡾ
૛ࢇࢎ

= ૛ࡾ∑ ૚
ࢇࢎ

=
(૚) ૛ࡾ

࢘
 

ࡿࡴࡾ = ࢘෍
૚
ࢇࢎ

+ ෍
ࢇ࢘
ࢇࢎ

=
࢘
࢘+ ෍

૛࡭ܖ܉ܜ࢙ ࢇ
૛࢙࢘  

= ૚ +
૚
૛࢘෍૝ܖܑܛࡾ

࡭
૛ ܛܗ܋

࡭
૛ ܖ܉ܜ

࡭
૛ = ૚ +

૛ࡾ
࢘ ෍ܖܑܛ૛

࡭
૛ 

= ૚ +
ࡾ
࢘෍

(૚ − (࡭ܛܗ܋ = ૚ +
ࡾ
࢘
ቀ૜ − ૚ −

࢘
ࡾ
ቁ = ૚ +

ࡾ
࢘
ቀ૛ −

࢘
ࡾ
ቁ =

(૛) ૛ࡾ
࢘  

(1), (2) ⇒ ࡿࡴࡸ =  ࡿࡴࡾ

 

1012. ઢࡲࡱࡰ – pedal triangle of ࡵ – incenter in ઢ࡯࡮࡭, 

	࣐ – inradii of ઢࡲࡱࡰ, ,ࢇࡵ ,࢈ࡵ  excenters – ࢉࡵ

 :Prove that .࡮࡭ࢉࡵઢ,࡭࡯࢈ࡵઢ,࡯࡮ࢇࡵinradii of ઢ – ࢉ࣐,࢈࣐,ࢇ࣐

࣐૛

ࢇ࣐
૛ +

࣐૛

࢈࣐
૛ +

࣐૛

ࢉ࣐
૛ =

࢙૛ + ࢘૛ − ૡ࢘ࡾ
૝ࡾ૛

 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution by Soumava Chakraborty-Kolkata-India 

 
,࡮,࡭ ,ࢇࡵ ࢈ࡵ࡭ࢇࡵ∠ are concyclic, as ࢈ࡵ = ࢈ࡵ࡮ࢇࡵ∠ = ૢ૙° 

∴ ࢇࡵ࢈ࡵ࡮∠ = ࢇࡵ࡭࡮∠ = ࡭
૛

࡭ࢇࡵ࢈ࡵ∠ &  = ࡭࡮࢈ࡵ∠ = ࡮
૛

 

Using ઢ࢈ࡵ࡮࡭ ࡮࢈ࡵ࡭∠, = ࡯
૛
 & using ઢ࡮ࢇࡵ࡭∠,ࢇࡵ࡮࡭ = ࡯

૛
. Using ઢ࡯ࢄࢇࡵ, ࡯ࢇࡵ =

(૚) ࢇ࢘
૛࡯ܛܗ܋

 & using 

ઢ࡮ࢅࢇࡵ, ࡮ࢇࡵ =
(૛) ࢇ࢘

૛࡮ܛܗ܋
∴ [࡯࡮ࢇࡵ] = ૚

૛
࡮ࡵ ⋅ ࡯ࡵ ⋅ ܖܑܛ ቀ࡮ା࡯

૛
ቁ 

=
(૛),(૚)	࢟࢈ ૚

૛ ⋅
૛ࢇ࢘ ૛ܛܗ܋

࡭
૛

૛࡮ܛܗ܋ ܛܗ܋
࡯
૛ ܛܗ܋

࡭
૛

=
૛ࢇ࢘ ૛ܛܗ܋

࡭
૛

૛ቀ ࢙૝ࡾቁ
=
(૜) ૛ࡾ

࢙ ૛ࢇ࢘ ૛ܛܗ܋
࡭
૛ 

Let circumradius of ઢ࡯࡮ࢇࡵ =  ૙ࡾ

= ࡯࡮⋅࡯ࢇࡵ⋅࡮ࢇࡵ
૝[࡯࡮ࢇࡵ]

=

૛ࢇ࢘ࢇ

૛࡮ܛܗ܋ ܛܗ܋
࡯
૛

૝⋅૛࢙ࡾ ࢇ࢘
૛ ૛࡭૛ܛܗ܋

    (using (1), (2), (3))= ࢙ࢇ

ૡ࡭ܛܗ܋ࡾ૛ቀ
࢙
૝ࡾቁ

=
(૝) ࢇ

૛ ૛࡭ܛܗ܋
 

Now, ࣐ࢇ
૝ࡾ૙

= ܛܗ܋࣊ ࡭
૛

= ࢙
૝ࡾ
⇒ ࢇ࣐ = ૙ࡾ ቀ

࢙
ࡾ
ቁ =
(૝)	࢟࢈ ࢇ

૛࡭ܛܗ܋૛
ቀ࢙
ࡾ
ቁ =

૝ࡾ ૛࡭ܖܑܛ ܛܗ܋
࡭
૛⋅࢙

૛ࡾ ૛࡭ܛܗ܋
=
(ࢇ)

૛࢙ ܖܑܛ ࡭
૛
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Similarly, ࣐࢈ =
(࢈)

	૛࢙ ܖܑܛ ࡮
૛

ࢉ࣐ &  =
(ࢉ)
૛࢙ ܖܑܛ ࡯

૛
 

 

࢘ is the circumcenter of ઢࡰ∠ ,ࡲࡱࡰ = ૚
૛

(૚ૡ૙°− (࡭ = ૢ૙° − ࡭
૛
 

ࡱ∠ = ૢ૙° − ࡮
૛

ࡲ∠ &  = ૢ૙° − ࡯
૛

 

Now, ࣐
૝࢘

= ܖܑܛ ࡰ ܖܑܛ ܖܑܛࡱ ࡲ = ܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
= ࢙

૝ࡾ
⇒ ࣐ =

(ࢊ) ࢙࢘
ࡾ

 

(a), (b), (c), (d) ⇒ ࣐૛ ቀ∑ ૚
૛ࢇ࣐
ቁ = ࢙૛࢘૛

૛ࡾ
⋅ ૚
૝࢙૛

∑ ૛܋ܛ܋ ࡭
૛

 

= ࢘૛

૝ࡾ૛
∑ (ࢇି࢙)ࢉ࢈

࢘૛࢙
= ૚

૝ࡾ૛࢙
{࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ} = ࢙૛ିૡ࢘ࡾା࢘૛

૝ࡾ૛
   (Proved) 

 

1013. If in ઢ࡯࡮࡭, ,ࢇࡵ ,࢈ࡵ ࢉࡵ −	excenters then: 

૛ࢉࡵ࡭ + ૛ࢇࡵ࡮ + ૛࢈ࡵ࡯ = ૚૟ࡾ૛ − ࢙૛ − ࢘૛ 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Marian Ursărescu-Romania 
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ࢇࡵ࡭ = ࢙

૛࡭ܛܗ܋
. In ઢࢇࡵ࡮࡭, by the cosine law ⇒ ૛ࢇࡵ࡮ = ૛ࢇࡵ࡭ + ૛ࢉ − ૛ࢇࡵ࡭ ⋅ ࢉ ܛܗ܋

࡭
૛
⇒ 

૛ࢇࡵ࡮ =
࢙૛

૛ܛܗ܋ ૛࡭
+ ૛ࢉ −

૛࢙

૛࡭ܛܗ܋
⋅ ࢉ ܛܗ܋

࡭
૛ ⇒ ૛ࢇࡵ࡮ =

࢙૛

૛ܛܗ܋ ૛࡭
+ ૛ࢉ − ૛࢙ࢉ ⇒ 

૛ࢉࡵ࡭ + ૛ࢇࡵ࡮ + ૛ࢉࡵ࡯ = ࢙૛∑ ૚

૛࡭૛ܛܗ܋
+ ૛ࢇ∑ − ૛࢙∑(1)   ࢇ 

But ∑ ૚

૛࡭૛ܛܗ܋
= ૚ + (૝ࡾା࢘)૛

࢙૛
   (2) 

૛ࢇ∑ = ૛(࢙૛ − ࢘૛ − ૝(3)   (࢘ࡾ 

From (1)+(2)+(3)⇒ 

૛ࢉࡵ࡭ + ૛ࢇࡵ࡮ + ૛ࢉࡵ࡯ = ࢙૛ + ૚૟ࡾ૛ + ૡ࢘ࡾ+ ࢘૛ + ૛࢙૛ − ૛࢘૛ − ૡ࢘ࡾ − ૝࢙૛ = ૚૟ࡾ૛ − ࢙૛ − ࢘૛ 

 

1014. In acute ઢࢇ࢕,࡯࡮࡭,  :circumcevians. Prove that – ࢉ࢕,࢈࢕

૚
ࢇ࢕

+
૚
࢈࢕

+
૚
ࢉ࢕

=
૛
 ࡾ

Proposed by Mustafa Tarek-Cairo-Egipt 

Solution 1 by Thanasis Gakopoulos-Athens-Greece 
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Let ࡿ = area of ઢܛܗ܋   ,࡯࡮࡭ ࡮ = ૛࢈૛ିࢉ૛ାࢇ

૛ࢉࢇ
   (1) PLAGIOGONAL system: 

࡯࡮  ≡ ࡭࡮,࢞࡮ ≡  ࢟࡮

,૙)࡭,(૙,ࢇ)࡯,(૙,૙)࡮ ,(૛࢕,૚࢕)ࡻ,(ࢉ ૚࢕ =
૛ࢇ)૛ࢉࢇ + ૛࢈ − (૛ࢉ

૚૟ࡿ૛ ૛ࡻ, =
૛ࢇ−)ࢉ૛ࢇ + ૛࢈ + (૛ࢉ

૚૟ࡿ૛  
૛
ࡾ

= ૛
ࢉ࢈ࢇ
૝ࡿ

= ૡࡿ
ࢉ࢈ࢇ

   (*) 

൜ࡻ࡮:
࢞
૚࢕

=
࢟
૛࢕

:࡯࡭,
࢞
+ࢇ

࢟
ࢉ = ૚ൠ → 	(૛ࢋ,૚ࢋ)ࡱ

૚ࢋ =
૚࢕ ⋅ ࢇ ⋅ ࢉ
ࢉ૚࢕ + ࢇ૛࢕

			(૛)

૛ࢋ =
૛࢕ ⋅ ࢇ ⋅ ࢉ
ࢉ૚࢕ + ࢇ૛࢕

			(૜)
 

૛ࡱ࡮ = ૚૛ࢋ + ૛૛ࢋ + ૛ࢋ૚ࢋ૛ ⋅ ܛܗ܋ ࡮ →
(૛),(૜),(૚)

 
→ ૛࢈࢕ = ૛ࡿ⋅૛ࢉ૛࢈૛ࢇ

൫ࢇ૛࢈૛ା࢈૛ࢉ૛ିࢇ૝ିࢉ૝൯૛
→ ૚

࢈࢕
= ૛ࢇ૛ࢉ૛ାࢇ૛࢈૛ା࢈૛ࢉ૛ିࢇ૝ିࢉ૝

૝ࡿ⋅ࢉ࢈ࢇ
   (4) 

Cyclically: ૚
ࢇ࢕

= ૛࢈૛ࢉ૛ାࢉ૛ࢇ૛ାࢇ૛࢈૛ି࢈૝ିࢉ૝

૝ࡿࢉ࢈ࢇ
   (5), ૚

ࢉ࢕
= ૛ࢇ૛࢈૛ା࢈૛ࢉ૛ାࢉ૛ࢇ૛ିࢇ૝ି࢈૝

૝ࡿ⋅ࢉ࢈ࢇ
   (6) 

(4),(5),(6)→ ૚
ࢇ࢕

+ ૚
࢈࢕

+ ૚
ࢉ࢕

= ૛൫૛ࢇ૛࢈૛ା૛࢈૛ࢉ૛ା૛ࢉ૛ࢇ૛ିࢇ૝ି࢈૝ିࢉ૝൯
૝ࡿࢉ࢈ࢇ

= 

= ૛(ࢇା࢈ାࢉ)(ିࢇା࢈ାࢉ)(࢈ିࢇାࢉ)(ࢇାࢉି࢈)
૝ࡿ⋅ࢉ࢈ࢇ

= ૛⋅૚૟ࡿ૛

૝ࡿ⋅ࢉ࢈ࢇ
= ૡࡿ

ࢉ࢈ࢇ
   (**) 

(*),(**)→ ૚
ࢇ࢕

+ ૚
࢈࢕

+ ૚
ࢉ࢕

= ૛
ࡾ

  

Solution 2 by Tran Hong-Dong Thap-Vietnam  

 

ઢ࡭ࡹࡻᇱ ∼ ઢ࡭ࡴ࡭ᇱ ⇒
ᇱ࡭ࡻ

ᇱ࡭࡭
=
ࡹࡻ
ࡴ࡭

; ࡹࡻ	 = ඨࡾ૛ −
૛࡯࡮

૝
= ඨࡾ૛ −

૛ࢇ

૝
 

ࡴ࡭ =
૛ࡿ
ࢇ ; ᇱ࡭ࡻ	 = ᇱ࡭࡭ − ࡾ = ࢇࡻ ࡾ− ⇒

ࢇࡻ ࡾ−
ࢇࡻ

=
ටࡾ૛ − ૛ࢇ

૝
૛ࡿ
ࢇ

=
૛ࡾටࢇ − ૛ࢇ

૝
૛ࡿ  
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⇒ ૚ −
ࡾ
ࢇࡻ

=
૛ࡾටࢇ ૛ࢇ−

૝
૛ࡿ

⇒
ࡾ
ࢇࡻ

= ૚ −
૛ࡾටࢇ − ૛ࢇ

૝
૛ࡿ

⇒ ࢇࡻ =
ࡾ

૚ −
૛ࡾටࢇ ૛ࢇ−

૝
૛ࡿ

=
ࡾ ⋅ ૛ࡿ

૛ࡿ ⋅ ૛ࡾටࢇ ૛ࢇ−
૝

⇒ 

⇒ ૚
ࢇࡻ

=
૛ࢇିࡿටࡾ૛ିࢇ

૛
૝ 	

ࡿ૛⋅ࡾ
  (etc)⇒ ∑ ૚

ࢇࡻ
=∑

૛ࢇିࡿටࡾ૛ିࢇ
૛
૝

ࡿ૛⋅ࡾ
 

We must show that: ∑ቆ૛ࡿ − ૛ࡾටࢇ − ૛ࢇ

૝
ቇ = ૝ࡿ ⇔ ૟ࡿ ૛ࡾටࢇ∑− − ૛ࢇ

૝
= ૝ࡿ ⇔ ૛ࡿ = ૛ࡾටࢇ∑ − ૛ࢇ

૝
  (*) 

∵ ࢇ = ૛ࡾ ܖܑܛ ⇒(etc) ;࡭ ૛ࡾටࢇ∑ − ૛ࢇ

૝
 

= ෍(૛ࡾ ܖܑܛ ૛ࡾඥ(࡭ − ૛ࡾ ૛ܖܑܛ ࡭ = ෍(૛ࡾ૛ (࡭ܖܑܛ  ࡭ܛܗ܋

= ૛ࡾ ܖܑܛ∑ ૛࡭ = ૝ࡾ૛ ܖܑܛ ࡮ܖܑܛ࡭ ܖܑܛ ࡯ = ૝ࡾ૛ ⋅ ࢙࢘
૛ࡾ૛

= ૛࢙࢘ = ૛ࡿ ⇒(*) true. 

Solution 3 by Adil Abdullayev-Baku-Azerbaijan 
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Von-Aubel theorem: (1) ࡷ࡮
ࡱࡷ

= ࡰ࡮
࡭ࡰ

+ ࡲ࡮
࡯ࡲ

ࡱࡷ (2) ;
ࡱ࡮

= ࡲࡷ
ࡲ࡭

= ࡰࡷ
ࡰ࡯

= ૚; (3) ࡷ࡮
ࡱ࡮

+ ࡷ࡭
ࡲ࡭

+ ࡷ࡯
ࡰ࡯

= ૛ 

ࡲ࡭ = ࡱ࡮,ࢇ࢕ = ࡰ࡯,࢈࢕ = ;ࢉ࢕ ࡻ࡭	 = ࡮ࡻ = ࡯ࡻ =  ࡾ

(3) ⇒ ࡻ࡭
ࢇ࢕

+ ࡻ࡮
࢈࢕

+ ࡻ࡯
ࢉ࢕

= ૛ ⇒ ࡾ
ࢇ࢕

+ ࡾ
࢈࢕

+ ࡾ
ࢉ࢕

= ૛ ⇒ ૚
ࢇ࢕

+ ૚
࢈࢕

+ ૚
ࢉ࢕

= ૛
ࡾ

 

Solution 4 by Soumava Chakraborty-Kolkata-India 

 
Firstly, ∑ܛܗ܋ࢇ ࡭ = ૛∑ࡾ ࡭ܖܑܛ ࡭ܛܗ܋ = ܖܑܛ)ࡾ ૛࡭ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯) 

= ࡭)ܖܑܛ૛}ࡾ + (࡮ ࡭)ܛܗ܋ (࡮− + ૛ ܖܑܛ ࡯ ܛܗ܋ {࡯ = ૛ܖܑܛࡾ ࡯ ࡭)ܛܗ܋} − (࡮ − ࡭)ܛܗ܋ +  {(࡮

= ૝࡯ܖܑܛࡾ ࡭ܖܑܛ ܖܑܛ ࡮ = ૝ࡾ൬
ࢉ࢈ࢇ
ૡࡾ૜൰ =

(૚) ࢉ࢈ࢇ
૛ࡾ૛ 

From ઢࢄ࡯࡭, ࢄ࡭
࡯ܖܑܛ

= ࢈
ܖܑܛ ࣂ

⇒ ࢇ࢕
ܖܑܛ ࡯

= ࢈
ܖܑܛ ࣂ

⇒ ܖܑܛ ࣂ =
(૛) ࢈ ࡯ܖܑܛ

ࢇ࢕
 

From ઢࢄࡻ࡮ᇱ, ࢎ૚૛ = ૛ࡾ − ૝ࢇ

૝
= ૛ࡾ − ૝ࡾ૛ ૛ܖܑܛ ࡭

૝
= ૛ࡾ ૛ܛܗ܋ ࡭ ⇒ ૚ࢎ =

(૜)
ࡾ   ࡭ܛܗ܋

 (∵ ઢ࡯࡮࡭ is acute). Again, from ઢࢄࡻࢄᇱ, ૚ࢎ
ࢄࡻ

= °૚ૡ૙)ܖܑܛ − (ࣂ = ܖܑܛ  ࣂ

⇒
(૜)	࢟࢈ ࡾ ࡭ܛܗ܋

ࢇ࢕ ࡾ− = ܖܑܛ ࣂ =
(૛)	࢟࢈ ܖܑܛ࢈ ࡯

ࢇ࢕
⇒
ࢇ࢕ − ࡾ
ࢇ࢕

=
ࡾ ࡭ܛܗ܋
࢈ ܖܑܛ ࡯ ⇒

ࡾ
ࢇ࢕

= ૚ −
࡭ܛܗ܋ࡾ
ܖܑܛ࢈ ࡯  

= ૚ −
࡭ܛܗ܋ࡾ
ࢉ࢈
૛ࡾ

=
(ࢇ)	

૚ − ૛ࡾ૛ ൬
ࢇ ܛܗ܋ ࡭
ࢉ࢈ࢇ ൰ 

Similarly, ࡾ
࢈ࡻ

=
(࢈)

૚ − ૛ࡾ૛

ࢉ࢈ࢇ
࢈) ࡾ & (࡮ܛܗ܋

ࢉࡻ
=
(ࢉ)
૚ − ૛ࡾ૛

ࢉ࢈ࢇ
ࢉ)  (࡯ܛܗ܋

(a)+(b)+(c)⇒ ࡾ
ࢇ࢕

+ ࡾ
࢈࢕

+ ࡾ
ࢉ࢕

= ૜ − ૛ࡾ૛

ࢉ࢈ࢇ
ܛܗ܋ࢇ∑) (࡭ =

(૚)	࢟࢈
	૜ − ૛ࡾ૛

ࢉ࢈ࢇ
ቀࢉ࢈ࢇ
૛ࡾ૛

ቁ 
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= ૜ − ૚ = ૛ ⇒ ૚
ࢇ࢕

+ ૚
࢈࢕

+ ૚
ࢉ࢕

= ૛
ࡾ

  (Done) 

Solution 5 by Mansur Mansurov-Azerbaijan 

 

ቐ
ࢇ࢕ ⋅ ࡾ ⋅ ܖܑܛ) ࢻ + (ࢼܖܑܛ = ૛ࡿ
࢈࢕ ⋅ ࡾ ⋅ ܖܑܛ) +ࢻ ܖܑܛ (ࢽ = ૛ࡿ
ࢉ࢕ ⋅ ࡾ ⋅ ܖܑܛ) +ࢽ ܖܑܛ (ࢼ = ૛ࡿ

+→
ࡾ
࢙ ⋅

ࢻܖܑܛ) + ࢼܖܑܛ + ܖܑܛ (ࢽ =
૚
ࢇ࢕

+
૚
࢈࢕

+
૚
ࢉ࢕

 

ࡿ =
૛ࡾ ⋅ ࢻܖܑܛ) + ܖܑܛ ࢼ + ܖܑܛ (ࢽ

૛ →
૚
ࢇ࢕

+
૚
࢈࢕

+
૚
ࢉ࢕

=
૛
 ࡾ

 

1015. Prove that ࢞૚ = ࡭ܛܗ܋ ,࢞૛ = ࡮ܛܗ܋ , ࢞૜ =  are the roots of ࡯ܛܗ܋

equation: 

૝ࡾ૛࢞૜ − ૝ࡾ)ࡾ + ࢘)࢞૛ + (࢙૛ + ࢘૛ − ૝ࡾ૛)࢞ + (૛ࡾ + ࢘)૛ − ࢙૛ = ૙ 

Proposed by Marian Ursărescu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

We have: ࢙ = ࢇ + (࢙ − (ࢇ = ૛ܖܑܛࡾ ࡭ + ࢘ ܜܗ܋ ࡭
૛

   (*) 

(Because: ࢇ = ૛ࡾ ܖܑܛ ࢘ and ;࡭ = (࢙ − (ࢇ ܖ܉ܜ ࡭
૛
⇔ ࢙− ࢇ = ࢘

૛࡭ܖ܉ܜ
= ࢘ ܜܗ܋ ࡭

૛
) 

More, in any triangle ࡯࡮࡭: ܖܑܛ ࡭ > 0, ܜܗ܋ ࡭
૛

> 0.  

Then (*) ⇔ ࢙ = ૛ܖܑܛ√ࡾ૛ ࡭ + ࢘ටܜܗ܋૛ ࡭
૛
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⇔ ࢙ = ૛ࡾඥ(૚ − ૛ܛܗ܋ (࡭ + ࢘ඩ
૛ܛܗ܋ ૛࡭
૛ܖܑܛ ૛࡭

 

⇔ ࢙ = ૛ࡾඥ(૚− ૚)(࡭ܛܗ܋ + ܛܗ܋ (࡭ + ࢘ඨ
૚ + ࡭ܛܗ܋
૚ −  ࡭ܛܗ܋

⇔ ࢙√૚− ܛܗ܋ ࡭ = ൫√૚ + ૚)ࡾ൯[૛࡭ܛܗ܋ − ܛܗ܋ (࡭ + ࢘] 

⇔ ࢙૛(૚− ܛܗ܋ (࡭ = (૚+ ૚)ࡾ૛](࡭ܛܗ܋ − ܛܗ܋ (࡭ + ࢘]૛ 

⇔ ࢙૛ − ࢙૛ ࡭ܛܗ܋ = (૚ + ܛܗ܋ ૛ࡾ൫૝(࡭ ૛ܛܗ܋ ࡭ − ૡࡾ૛ ࡭ܛܗ܋ + ૝ࡾ૛ + ࢘૛ + ૝࢘ࡾ − ૝࡭ܛܗ܋࢘ࡾ൯ 

⇔ ૝ࡾ૜ ૜ܛܗ܋ ࡭ − ૝ࡾ)ࡾ + ࢘) ૛ܛܗ܋ ࡭ + (࢙૛ + ࢘૛ − ૝ࡾ૛) ࡭ܛܗ܋ + (૛ࡾ + ࢘)૛ − ࢙૛ = ૙   (2) 

⇒
(૛)

࢞૚ =  :is root of equation ࡭ܛܗ܋

૝ࡾ૛࢞૜ − ૝ࡾ)ࡾ + ࢘)࢞૛ + (࢙૛ + ࢘૛ − ૝ࡾ૛)࢞ + (૛ࡾ + ࢘)૛ − ࢙૛ = ૙   (*) 

Similarly: ࢞૛ = ܛܗ܋ ࡮ , ࢞૜ = ܛܗ܋  .are roots of (*) Proved ࡯

Solution 2 by Soumava Chakraborty-Kolkata-India 

૝ࡾ૛࢞૜ − ૝ࡾ)ࡾ+ ࢘)࢞૛ + (࢙૛ + ࢘૛ − ૝ࡾ૛)࢞ + (૛ࡾ + ࢘)૛ − ࢙૛ =
(૚)

૙ 

Let ࢽ,ࢼ,ࢻ be the roots of (1). Then, ∑ࢻ = ૝ࡾ(ࡾା࢘)
૝ࡾ૛

= ૚ + ࢘
ࡾ

= ܛܗ܋∑ ࡭ ⇒ ࢻ∑ =
(ࢇ)

ܛܗ܋∑  ࡭

Again, ૛∑ ܛܗ܋ ࡭ ࡮ܛܗ܋ = ૛(࡭ܛܗ܋∑) ૛ܛܗ܋∑− ࡭ = ቀࡾା࢘
ࡾ
ቁ
૛
− (૜ − ૛ܖܑܛ∑  (࡭

= ൬
+ࡾ ࢘
ࡾ

൰
૛

− ૜ +
૛ࢇ∑

૝ࡾ૛ = ൬
ࡾ + ࢘
ࡾ

൰
૛

− ૜ +
࢙૛ − ૝࢘ࡾ − ࢘૛

૛ࡾ૛
=
૛(ࡾ + ࢘)૛ − ૟ࡾ૛ + ࢙૛ − ૝࢘ࡾ − ࢘૛

૛ࡾ૛  

= ࢙૛ା࢘૛ି૝ࡾ૛

૛ࡾ૛
⇒ ࡭ܛܗ܋∑ ࡮ܛܗ܋ =

(࢏) ࢙૛ା࢘૛ି૝ࡾ૛

૝ࡾ૛
. Also, ∑ࢼࢻ =

(࢏࢏) ࢙૛ା࢘૛ି૝ࡾ૛

૝ࡾ૛
 

(i), (ii) ⇒ ࢼࢻ∑ =
(࢈)

∑ ࡭ܛܗ܋  ࡮ܛܗ܋

Again, ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ =
(࢏࢏࢏) ࢙૛ି(૛ࡾା࢘)૛

૝ࡾ૛
. Also, ࢽࢼࢻ =

(࢜࢏) ࢙૛ି(૛ࡾା࢘)૛

૝ࡾ૛
 

(iii), (iv) ⇒ ࢽࢼࢻ =
(ࢉ)
࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

(a), (b), (c) ⇒ ܛܗ܋ ࡭ , ࡮ܛܗ܋ ,  are roots of (1)  (Proved) ࡯ܛܗ܋

1016. In ઢ࡯࡮࡭,  .࡮ࡵ࡭ઢ,࡭ࡵ࡯ઢ,࡯ࡵ࡮circumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incentre – ࡵ

Prove that: 
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൬
ࢇ࢘ࢇ
ࢇࡾ

൰
૛

+ ൬
࢈࢘࢈
࢈ࡾ

൰
૛

+ ൬
ࢉ࢘ࢉ
ࢉࡾ

൰
૛

= ૛࢙૛ ቀ૛ −
࢘
ࡾ
ቁ 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

ࢇࡾ = ૛ࡾ ܖܑܛ ࡭
૛

  (etc) 

⇒ ൬
ࢇ࢘ࢇ
ࢇࡾ

൰
૛

= ቌ
૛ܖܑܛࡾ ࡭ ⋅ ࢙ ⋅ ૛࡭ܖ܉ܜ

૛࡭ܖܑܛࡾ૛
ቍ

૛

= ࢙૛

⎝

⎜
⎜
⎜
⎛૛ܖܑܛ

࡭
૛ ܛܗ܋

࡭
૛ ⋅

ܖܑܛ ૛࡭
૛࡭ܛܗ܋

૛࡭ܖܑܛ

⎠

⎟
⎟
⎟
⎞

૛

 

= ࢙૛ ൬૛ ܖܑܛ
࡭
૛൰

૛

= ૝࢙૛ ⋅
૚ − ࡭ܛܗ܋

૛ = ૛࢙૛(૚ −  (࡭ܛܗ܋

⇒ ࡿࡴࡸ = ૛࢙૛෍(૚− (࡭ܛܗ܋ = ૛࢙૛ ቀ૜ −෍ܛܗ܋ ቁ࡭ = ૛࢙૛ ቀ૜ − ቄ૚ +
࢘
ࡾ
ቅቁ = ૛࢙૛ ቀ૛ −

࢘
ࡾ
ቁ 

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
૛ࢇ૛࢘ࢇ

૝ࡾ૛ ૛ܖܑܛ ૛࡭
= ෍

ࢉ࢈૛࢘૛࢙૛ࢇ
૝ࡾ૛(࢙ − ࢙)૛(ࢇ − ࢙)(࢈ − (ࢉ = ෍

૝࢙࢘ࡾ ⋅ ࢘૛࢙૛ࢇ
૝ࡾ૛ ⋅ ࢘૛࢙(࢙−  (ࢇ

=
࢙࢘૛

ࡾ ෍
ࢇ

࢙ − ࢇ =
࢙࢘૛

ࡾ ෍
ࢇ − ࢙ + ࢙
࢙ − ࢇ  

= −
૜࢙࢘૛

ࡾ +
࢙࢘૜∑(࢙ − ࢙)(࢈ − (ࢉ

ࡾ ⋅ ࢘૛࢙ =
−૜࢙࢘૛

ࡾ +
࢙૛

෍࢘ࡾ
(࢙૛ − +࢈)࢙ (ࢉ +  (ࢉ࢈

= −
૜࢙࢘૛

ࡾ +
࢙૛

࢘ࡾ
(૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛) = −

૜࢙࢘૛

ࡾ +
࢙૛(૝ࡾ+ ࢘)

ࡾ =
(૝ࡾ− ૛࢘)࢙૛

ࡾ  

= ૛࢙૛ ቀ૛ −
࢘
ࡾ
ቁ 
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1017. Find ࢑ ∈ ℝ such that in any scalene ઢ࡯࡮࡭ the following relationship 

holds: 

∑ ࢇ࢓૛ିࢇ࢔
૛

ࢉ࢟ࢉ૛(ࢉି࢈) = ࢑ + ૚
૛
∑ ࢉା࢈

ࢉ࢟ࢉࢇ  Nagel’s cevians – ࢉ࢔,࢈࢔,ࢇ࢔,

Proposed by Bogdan Fustei-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 

By Stewart’s theorem, ૝ࢉ૛(࢙ − (࢈ + ૝࢈૛(࢙ − (ࢉ = ૝ࢇ࢔ࢇ૛ + ૝ࢇ(࢙ − ࢙)(࢈ −  (ࢉ

⇒ ૝ࢇ࢔ࢇ૛ = ૛ࢉ૛(ࢉ+ ࢇ − (࢈ + ૛࢈૛(ࢇ+ −࢈ −(ࢉ ࢉ)ࢇ + ࢇ − ࢇ)(࢈ + −࢈  (ࢉ

= ૛(࢈૜ + ૜ࢉ − ࢉ૛࢈ − (૛ࢉ࢈ + ૛࢈૜)ࢇ + ૜ࢉ૛ − ૛ࢉ࢈ −  (૛ࢇ

=
(૚)

૛(࢈ + −࢈)(ࢉ ૛(ࢉ + ૛࢈૜)ࢇ + ૜ࢉ૛ − ૛ࢉ࢈ −  (૛ࢇ

૝ࢇ࢓ࢇ
૛ =

(૛)
૛࢈૛)ࢇ + ૛ࢉ૛ −  (૛ࢇ

(1)−(2)⇒ ૝ࢇ࢔ࢇ૛ − ૝ࢇ࢓ࢇ
૛ = ૛(࢈+ −࢈)(ࢉ ૛(ࢉ + ૛࢈)ࢇ + ૛ࢉ − ૛ࢉ࢈) 

= ࢈) − +࢈૛(૛(ࢉ ૛ࢉ + (ࢇ ⇒
૝ࢇ࢔ࢇ૛ − ૝ࢇ࢓ࢇ

૛

−࢈) ૛(ࢉ = ૛࢈ + ૛ࢉ +  ࢇ

⇒
૛ࢇ࢔ ࢇ࢓−

૛

࢈) − ૛(ࢉ =
૛࢈+ ૛ࢉ + ࢇ

૝ࢇ =
(࢏) ૚
૝ +

૚
૛ ൬

࢈ + ࢉ
ࢇ ൰ 

Similarly, ࢈࢔
૛ି࢈࢓

૛

૛(ࢇିࢉ)
=

(࢏࢏) ૚
૝

+ ૚
૛
ቀࢉାࢇ

࢈
ቁ  & ࢉ࢔

૛ିࢉ࢓૛

૛(࢈ିࢇ)
=

(࢏࢏࢏) ૚
૝

+ ቀࢇା࢈
ࢉ
ቁ ૚
૛

 

(i)+(ii)+(iii)⇒ ∑ ࢇ࢓૛ିࢇ࢔
૛

૛(ࢉି࢈)
= ૜

૝
+ ૚

૛
∑ ቀ࢈ାࢉ

ࢇ
ቁ ∴ ࢑ = ૜

૝
   (Answer) 
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Solution 2 by Tran Hong-Dong Thap-Vietnam 

 

In ઢࡷ࡮࡭ we have: ࡮࡭ = ࡷ࡭;ࢉ = ࡹ࡮;ࢇ࢔ = ࢇ
૛

ࡷࡹ; = ࡷ࡮ ࡹ࡮− = ࢙ − ࢉ − ࢇ
૛

= ࢉି࢈
૛

 

By Stewarts’s theorem: ࢉ૛ ⋅ ࡷࡹ + ૛ࢇ࢔ ⋅ ࡹ࡮ = ࡷ࡮ ⋅ ࢇ࢓)
૛ + ࡹ࡮ ⋅  (ࡷࡹ

⇔ ૛ࢉ ൬
࢈ − ࢉ
૛ ൰+ ૛ࢇ࢔ ⋅

ࢇ
૛ = (࢙ − (ࢉ ൬ࢇ࢓

૛ +
ࢇ
૛ ⋅

࢈ − ࢉ
૛ ൰ 

⇔ ૛ࢇ࢔ ⋅
ࢇ
૛ = (࢙ − ࢇ࢓(ࢉ

૛ + (࢙ − (ࢉ ⋅
−࢈)ࢇ (ࢉ

૝ −
−࢈)૛ࢉ (ࢉ

૛  

⇔ ૛ࢇ࢔ =
૛(࢙ − ࢇ࢓(ࢉ

૛

ࢇ +
(࢙ − −࢈)(ࢉ (ࢉ

૛ −
−࢈)૛ࢉ (ࢉ

ࢇ  

⇒ ૛ࢇ࢔ ࢇ࢓−
૛ = ቆ

૛(࢙ − (ࢉ
ࢇ − ૚ቇࢇ࢓

૛ +
(࢙ − −࢈)(ࢉ (ࢉ

૛ −
−࢈)૛ࢉ (ࢉ

ࢇ  

=
࢈) − (ࢉ

ࢇ ⋅ ࢇ࢓
૛ +

(࢙ − ࢈)(ࢉ − (ࢉ
૛ −

࢈)૛ࢉ − (ࢉ
ࢇ = −࢈) (ࢉ ቈ

ࢇ࢓
૛

ࢇ −
૛ࢉ

ࢇ +
+ࢇ) ࢈ − (ࢉ

૝ ቉ 

= ࢈) − (ࢉ ቈ
૛൫࢈૛ + ૛൯ࢉ − ૛ࢇ

૝ࢇ
−
૛ࢉ

ࢇ
+

+ࢇ) ࢈ − (ࢉ
૝

቉ = ࢈) − (ࢉ ቈ
૛൫࢈૛ − ૛൯ࢉ − ૛ࢇ

૝ࢇ
+

+ࢇ) ࢈ − (ࢉ
૝

቉ 

=
ࢉ) − (࢈
૝ࢇ ⋅ [૛(࢈૛ − −(૛ࢉ ૛ࢇ + ࢇ)ࢇ + ࢈ −  [(ࢉ

= (ࢉି࢈)
૝ࢇ

[૛(࢈૛ − (૛ࢉ + ࢈ࢇ − [ࢉࢇ = ૛(ࢉି࢈)

૝ࢇ
ࢇ] + ૛(࢈ +  (etc)  [(ࢉ

⇒෍
૛ࢇ࢔ ࢇ࢓−

૛

࢈) − ૛(ࢉ = ෍
ࢇ + ૛(࢈+ (ࢉ

૝ࢇ = ෍ቆ
૚
૝ +

+࢈) (ࢉ
૛ࢇ ቇ =

૜
૝ +

૚
૛෍

࢈ + ࢉ
ࢇ ⇒ ࢑ =

૜
૝ 
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1018. In ઢࡻ,࡯࡮࡭ – circumcenter, ࢘૚, ࢘૛, ࢘૜ – inradii of ઢ࡯ࡻ࡮,ઢ࡭ࡻ࡯,ઢ࡮ࡻ࡭. 

Prove that: 

૛ ෍ ܋܍ܛ) ࡭ + (࡭ܖ܉ܜ
(࡯,࡮,࡭)ࢉ࢟ࢉ

=
ࢇ
࢘૚

+
࢈
࢘૛

+
ࢉ
࢘૜

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania 

 

࢙ = ࢉା࢈ାࢇ
૛

, ࢘૚ = ࡯࡮ࡻࡿ
࡯࡮ࡻ࢙

; 	
࡯࡮ࡻࡿ = ܖܑܛ⋅࡯ࡻ⋅࡮ࡻ ૛࡭

૛
= ૛ࡾ ܖܑܛ ૛࡭

૛
૛ࢇశࡾశࡾୀ࡯࡮ࡻ࢖ ୀ૛ࡾశࢇ૛

ൡ ⇒ ࢘૚ = ૛ࡾ ࡭૛ܖܑܛ
૛ࡾାࢇ

⇒ 

ࢇ
࢘૚

+
࢈
࢘૛

+
ࢉ
࢘૜

= ෍
ࡾ૛)ࢇ + (ࢇ
૛ࡾ ܖܑܛ ૛࡭ = ෍

૛ࡾࢇ + ૛ࢇ

૛ࡾ ܖܑܛ ૛࡭ = 

= ૛෍
ࢇ

ܖܑܛࡾ ૛࡭	 + ෍
૛ࢇ

૛ࡾ ܖܑܛ ૛࡭ = ૛෍
૛ܖܑܛࡾ ࡭

ࡾ ⋅ ૛ ܖܑܛ ࡭ ࡭ܛܗ܋ + ෍
૝ࡾ૛ ૛ܖܑܛ ࡭

૛ࡾ − ૛ܖܑܛ ࡭ ܛܗ܋ ࡭ = 

= ૛෍
૚

࡭ܛܗ܋ + ૛෍࡭ܖ܉ܜ = ૛ ቀ෍࡭܋܍ܛ +  ቁ࡭ܖ܉ܜ

Solution 2 by Soumava Chakraborty-Kolkata-India 
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Let ࡾ૚ be the circumradius of ઢࡾ  .࡯ࡻ࡮૚ = ࡯࡮⋅࡯ࡻ⋅࡮ࡻ

૝⋅૚૛ܖܑܛ࡯ࡻ⋅࡮ࡻ ૛࡭
=
(૚) ࢇ

૛ ܖܑܛ ૛࡭
 

Again, ࢘૚
૝ࡾ૚

= ∠ܖܑܛ ࡯ࡻ࡮
૛
∠ܖܑܛ ࡯࡮ࡻ

૛
∠ܖܑܛ ࡮࡯ࡻ

૛
= ܖܑܛ ࡭ ૛ܖܑܛ ቀ૝૞° − ࡭

૛
ቁ 

= ࡭ܖܑܛ ൬
૚
√૛

ܛܗ܋
࡭
૛ −

૚
√૛

ܖܑܛ
࡭
૛൰

૛

=
ܖܑܛ ࡭ (૚ − ܖܑܛ (࡭

૛ ⇒ ࢘૚ = ૛ࡾ૚ −૚)࡭ܖܑܛ ܖܑܛ  (࡭

=
(૚)	࢟࢈ ࢇ ܖܑܛ ࡭ (૚ − ܖܑܛ (࡭

ܖܑܛ ૛࡭ ⇒
ࢇ
࢘૚

=
ܖܑܛ ૛࡭

ܖܑܛ ࡭ (૚ − ܖܑܛ  (࡭

⇒
ࢇ
࢘૚

=
૛ ܖܑܛ ࡭ ܛܗ܋ ࡭ (૚ + ܖܑܛ (࡭

ܖܑܛ ૚)࡭ − ૛ܖܑܛ (࡭ =
૛ ࡭ܛܗ܋ (૚ + (࡭ܖܑܛ

૛ܛܗ܋ ࡭ =
(ࢇ)

૛(܋܍ܛ ࡭ +  (࡭ܖ܉ܜ

Similarly, ࢈
࢘૛

=
(૛)

૛(࡮܋܍ܛ + ࢉ &  (࡮ܖ܉ܜ
࢘૜

=
(ࢉ)
૛(࡯܋܍ܛ +  (࡯ܖ܉ܜ

(a)+(b)+(c)⇒ ૛∑(࡭܋܍ܛ + (࡭ܖ܉ܜ = ࢇ
࢘૚

+ ࢈
࢘૛

+ ࢉ
࢘૜
	 (proved) 

 

1019. 

 

࡮࡭ = ࡯࡮,࢑ = ࢑ + ૜,࡯࡭ = ࢑ + ૛, ࢑ > 0,  ࡯࡮࡭incenter of ઢ – ܫ

ࢇࡺ ,࡯࡮࡭ inradius of – ࢘ ,࡯࡮࡭Nagel’s point of ઢ – ࢇࡺ ∈ ,ࡵ) ࢘) 

Find: (ࢉ࢈ࢇ)ࡿ (area) 

Proposed by Thanasis Gakopoulos-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

ࢇ = ࢑ + ૜,࢈ = ࢑ + ૛, ࢉ = ࢇࡺ,࢑ ∈ (࡯࡮࡭)ࡿ(࢘,ࡵ) =? 
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ࢇࡺࡵ
૛ = ࢘૛ ⇒ ૛ࡳࡵૢ = ࢘૛ ⇒

ૢ
૚ૡ࢙

ቀ૛෍ࢇ૛࢈ + ૛෍࢈ࢇ૛ −෍ࢇ૜ − ቁࢉ࢈ࢇૢ = ࢘૛  

⇒
૚
૛࢙

ቀ૛෍࢈ࢇ (૛࢙ − −(ࢉ ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) − ૜૟࢙࢘ࡾቁ = ࢘૛ 

⇒
૚
૛࢙

(૝࢙(࢙૛ + ૝࢘ࡾ + ࢘)૛ − ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)− ૟૙࢙࢘ࡾ) = ࢘૛ 

⇒
૚
૛࢙

(૛࢙૜ + ૚૙࢙࢘૛ − ૜૛࢙࢘ࡾ) = ࢘૛ ⇒ ࢙૛ − ૚૟࢘ࡾ + ૞࢘૛ = ࢘૛ ⇒ ࢙૛ =
(૚)

૚૟࢘ࡾ − ૝࢘૛ 

Now, ࢉ࢈ࢇ = ૝࢙࢘ࡾ ⇒ ࢑)࢑+ ૛)(࢑ + ૜) = ૛࢑)࢘ࡾ + ࢑ + ૛ + ࢑+ ૜) ⇒ ૛࢘ࡾ =
(૛) ࢑(࢑ା૛)(࢑ା૜)

૜࢑ା૞
 

Again, ∑࢈ࢇ = ࢙૛ + ૝࢘ࡾ + ࢘૛ ⇒ (࢑ + ૜)(࢑ + ૛) + ࢑)࢑ + ૛) + ࢑)࢑ + ૜) 

= ൬
࢑ + ࢑ + ૛ + ࢑ + ૜

૛ ൰
૛

+ ૛ቆ
࢑)࢑ + ૛)(࢑+ ૜)

૜࢑ + ૞ ቇ + ࢘૛ 

⇒ ૝(૜࢑ + ૞)࢘૛ = ૝(૜࢑ + ૞)(૜࢑૛ + ૚૙࢑ + ૟) − (૜࢑ + ૞)૜ − ૡ࢑)࢑ + ૛)(࢑ + ૜) 

⇒ ૝(૜࢑ + ૞)࢘૛ = (࢑૛ − ૚)(࢑+ ૞) ⇒ ࢘ =
(૜) (࢑૛ − ૚)(࢑ + ૞)

૝(૜࢑ + ૞)  

Plugging (2), (3) in (1): (૜࢑ା૞)૛

૝
= ૡ࢑(࢑ା૛)(࢑ା૜)

૜࢑ା૞
− ૝൫࢑૛ି૚൯(࢑ା૞)

૝(૜࢑ା૞)
 

⇒
(૜࢑ + ૞)૛

૝ =
ૠ࢑૜ + ૜૞࢑૛ + ૝ૢ࢑+ ૞

૜࢑ + ૞ ⇒ ࢑૜ + ૞࢑૛ − ૛ૢ࢑ − ૚૙૞ = ૙ 

⇒ (࢑ + ૜)(࢑ + ૠ)(࢑ − ૞) = ૙ ⇒ ࢑ = ૞ ∴ ࢇ = ૡ,࢈ = ૠ, ࢉ = ૞ ⇒ ࢙ = ૚૙ 

⇒ (࡯࡮࡭)ࡿ = ඥ(૚૙)(૚૙ − ૡ)(૚૙ − ૠ)(૚૙ − ૞) = ૚૙√૜  (Answer) 

 

1020. URSARESCU’s REFINEMENT OF EULER’S INEQUALITY 

In ઢ࡯࡮࡭ the following relationship holds: 

ࡾ ≥
૚
૟ቆ

࢈)ࢇ + ࢉ − (ࢇ
ࢇࢎ

+
ࢉ)࢈ + ࢇ − (࢈

࢈ࢎ
+
ࢇ)ࢉ + ࢈ − (ࢉ

ࢉࢎ
ቇ ≥ ૛࢘ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍
૛ࢇ(࢙ − (ࢇ

ࢇࢎ
= ෍

૛ࢇ(࢙ − ࢇ(ࢇ
૛࢙࢘ =

૚
࢙࢘෍ࢇ૛ (࢙ − (ࢇ = 
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࢙ ⋅ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)
࢙࢘ =

૛࢙(૛࢘ࡾ+ ૛࢘૛)
࢙࢘ = ૝(ࡾ+ ࢘) 

∴
૚
૟෍

૛ࢇ(࢙ − (ࢇ
ࢇࢎ

=
૛
૜

ࡾ) + ࢘) 

∴ ࡾ ≥ ૚
૟
∑ ૛(ࢇି࢙)ࢇ

ࢇࢎ
⇔ ࡾ ≥ ૛

૜
ࡾ) + ࢘) ⇔ ࡾ ≥ ૛࢘ → true 

& ૚
૟
∑ ૛(ࢇି࢙)ࢇ

ࢇࢎ
≥ ૛࢘ ⇔ ା࢘ࡾ

૜
≥ ࢘ ⇔ ࡾ ≥ ૛࢘ → true (proved) 

Solution 2 by Tran Hong-Vietnam 

We have: ૚
૟
∑ (ࢇିࢉା࢈)ࢇ

ࢇࢎ
= ૚

૟
∑ (ࢇିࢉା࢈)ࢇ

૛࢙࢘
ࢇ

= ૚
૟࢙࢘

∑ ૛ࢇ

૛
+࢈) ࢉ − (ࢇ = ࢉ࢈ࢇ

૟࢙࢘
࡭ܛܗ܋) + ࡮ܛܗ܋ + ܛܗ܋  (࡯

=
૝࢙࢘ࡾ
૟࢙࢘

ቀ૚ +
࢘
ࡾ
ቁ =

૛
૜

ࡾ) + ࢘) 

ࡾ ≥ ૚
૟
∑ (ࢇିࢉା࢈)ࢇ

ࢇࢎ
= ૛

૜
ࡾ) + ࢘) ⇔ ࡾ ≥ ૛࢘  (true) 

૛࢘ ≤ ૚
૟
∑ (ࢇିࢉା࢈)ࢇ

ࢇࢎ
= ૛

૜
ࡾ) + ࢘) ⇔ ࡾ ≥ ૛࢘   (true) 

1021. In ઢ࡯࡮࡭ the following relationship holds: 

൬
૛ࢇ࢓ + ૛࢈࢓

ࢉ࢓
൰
ૠ

+ ൬
૛࢈࢓ + ૛ࢉ࢓

ࢇ࢓
൰
ૠ

+ ൬
૛ࢉ࢓ + ૛ࢇ࢓

࢈࢓
൰
ૠ

> ൬
૜ࢇ
ࢇ࢓

൰
ૠ

+ ൬
૜࢈
࢈࢓

൰
ૠ

+ ൬
૜ࢉ
ࢉ࢓

൰
ૠ

 

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

෍൬
૛ࢇ࢓ + ૛࢈࢓

ࢉ࢓
൰
ૠ

> ෍൬
૜ࢇ
ࢇ࢓

൰
ૠ
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ઢࡳ࡭,ࡳ࡯࡭ = ૛
૜
ࡳ࡯ and ࢇ࢓ = ૛

૜
ࡳ࡭ :So, to have .ࢇ࢓ + ࡯ࡳ > ࢇ࢓So, ૛ .ܥܣ

૜
+ ૛

૜
ࢉ࢓ > ܾ 

(૛ࢇ࢓ + ૛ࢉ࢓) > ൬	;࢈3
૛ࢇ࢓ + ૛ࢉ࢓

࢈࢓
൰
ૠ

> ൬
૜࢈
࢈࢓

൰
ૠ

(∵ ࢈࢓ > 0) 

So, similarly, from ઢ࡮ࡳ࡭ and ઢ࡯ࡳ࡮, and by summation: ∑ቀ૛ࢇ࢓ା૛ࢉ࢓
࢈࢓

ቁ
ૠ

> ∑ቀ૜࢈
࢈࢓
ቁ
ૠ

 

 

1022. In ઢ࡯࡮࡭ the following relationship holds: 

ඨ૜ቆ
૚
૛ࢇࢎ

+
૚
૛࢈ࢎ

+
૚
૛ࢉࢎ
ቇ ≤

ࢉ࢓࢈࢓ࢇ࢓

૛ࡿ
 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

(1) ⇔ ૜ቀ∑ࢇ
૛

૝ࡿ૛
ቁ ≤ ࢇ࢓

૛࢈࢓
૛ࢉ࢓

૛

૝ࡿ
⇔ ૝ࢇ࢓

૛࢈࢓
૛ࢉ࢓

૛ ≥
(૛)

૟࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 

Now, ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ = ൫૛࢈૛ା૛ࢉ૛ିࢇ૛൯൫૛ࢉ૛ା૛ࢇ૛ି࢈૛൯൫૛ࢇ૛ା૛࢈૛ିࢉ૛൯

૟૝
= 

=
(ࢇ) −૝∑ࢇ૟ + ૟(∑ࢇ૝࢈૛ + (૝࢈૛ࢇ∑ + ૜ࢇ૛࢈૛ࢉ૛

૟૝  

Now, ∑ࢇ૟ = ૜(૛ࢇ∑) − ૜(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = 

= ቀ෍ࢇ૛ቁ
૜
− ૜ ቀ෍ࢇ૛ − ૛ቁࢉ ቀ෍ࢇ૛ − ૛ቁࢇ ቀ෍ࢇ૛ −  ૛ቁ࢈

= ቀ෍ࢇ૛ቁ
૜
− ૜ቊቀ෍ࢇ૛ቁ

૜
− ቀ෍ࢇ૛ቁ

૜
+ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૛ቋࢉ૛࢈૛ࢇ = 

=
(࢈)

ቀ෍ࢇ૛ቁ
૜
− ૜ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ + ૜ࢇ૛࢈૛ࢉ૛ 

Also, ∑ࢇ૝࢈૛ + ૝࢈૛ࢇ∑ = ૛࢈૛ࢇ∑ ૛ࢇ∑) − (૛ࢉ =
(ࢉ)

(૛࢈૛ࢇ∑)(૛ࢇ∑) − ૜ࢇ૛࢈૛ࢉ૛ 

(a), (b), (c) ⇒ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ = ૚

૟૝
{−૝(∑ࢇ૛)૜ + ૚ૡ(∑ࢇ૛)(∑ࢇ૛࢈૛) − ૛ૠࢇ૛࢈૛ࢉ૛} 

=
૚
૟૝ ൤

−૜૛(࢙૛ − ૝࢘ࡾ− ࢘૛)૜ + ૜૟(࢙૛ − ૝࢘ࡾ − ࢘૛){(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૛ࢉ࢈ࢇ(૛࢙)}
−૝૜૛ࡾ૛࢘૛࢙૛

൨ 

=
(ࢊ) ૚

૚૟ ൜
࢙૟ − ࢙૝(૚૛࢘ࡾ − ૜૜࢘૛) − ࢙૛(૟૙ࡾ૛࢘૛ + ૚૛૙࢘ࡾ૜ + ૜૜࢘૝) − ૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝

−૚૛࢘ࡾ૞ − ࢘૟
ൠ 
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(d) ⇒ (2) ⇔ ࢙૟ − ࢙૝(૚૛࢘ࡾ − ૜૜࢘૛) − ࢙૛(૟૙ࡾ૛࢘૛ + ૚૛૙࢘ࡾ૜ + ૜૜࢘૝)− ૟૝ࡾ૜࢘૜ − 

−૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ࢘૟ ≥ ૛૝࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 

⇔ ࢙૟ − ࢙૝(૚૛࢘ࡾ − ૢ࢘૛) − ࢙૛(૟૙ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૢ࢘૝) − ૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ −૚૛࢘ࡾ૞ −࢘૟ ≥
(૜)

૙ 

Now, LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૝(૝࢘ࡾ+ ૝࢘૛) − ࢙૛(૟૙ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૢ࢘૝) − ૟૝ࡾ૜࢘૜ − 

−૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ࢘૟ ≥
(૝)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૙ 

Now, LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛{(૚૟࢘ࡾ − ૞࢘૛)(૝࢘ࡾ+ ૝࢘૛) − (૟૙ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૢ࢘૝)}− 

−૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ࢘૟ ≥
?
૙ ⇔ 

⇔ ࢙૛(૝ࡾ૛ + ૛૙࢘ࡾ− ૛ૢ࢘૛)− ૟૝ࡾ૜࢘ − ૝ૡࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ࢘૝ ≥
?

(૞)
૙ 

Now, ૝ࡾ૛ + ૛૙࢘ࡾ − ૛ૢ࢘૛ ≥
࢘ࢋ࢒࢛ࡱ

૝ࡾ૛ + ૝૙࢘૛ − ૛ૢ࢘૛ > 0 ∴ LHS of (5) 

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛ૢ࢘૛) − ૟૝ࡾ૜࢘ − ૝ૡࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ࢘૝ ≥
?
૙ 

⇔ ૠࡾ૛ − ૚૟࢘ࡾ + ૝࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(ૠࡾ − ૛࢘) ≥

?
૙ → true (Euler) (Proved) 

 

1023. In ઢ࡯࡮࡭ the following relationship holds: 

૛ ቌඨܛܗ܋
࡭
૛

+ ඨܛܗ܋
࡮
૛

+ ඨܛܗ܋
࡯
૛ቍ

− ൫√࡭ܖܑܛ + ࡮ܖܑܛ√ + ൯࡯ܖܑܛ√ ≥
૜
૞
૝

૛
૚
૛

 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Daniel Sitaru-Romania 

:ࢌ (૙,࣊) → ℝ, (࢞)ࢌ = ܖܑܛ) ࢞)
૚
૛,ࢌᇱᇱ(࢞) = −

૚
૛ ܖܑܛ ࢞

ܖܑܛ) ࢞)ି
૚
૛ −

૚
૝ ܛܗ܋

૛ ࢞ ܖܑܛ) ࢞)ି
૜
૛ < 0, 

ࢌ − concave 
૚
૜ ෍ (࡭)ࢌ
(࡯,࡮,࡭)ࢉ࢟ࢉ

+ ࢌ ൬
࡭ + ࡮ + ࡯

૜ ൰ ≤
૛
૜ ෍ ൬ࢌ

࡮ + ࡯
૛ ൰

(࡯,࡮,࡭)ࢉ࢟ࢉ

 

૚
૜ ෍ ܖܑܛ√ ࡭
(࡯,࡮,࡭)ࢉ࢟ࢉ

+ ܖܑܛ ቀ
࣊
૜
ቁ ≤

૛
૜ ෍ ඨܖܑܛ ൬

࡮ + ࡯
૛ ൰

(࡯,࡮,࡭)ࢉ࢟ࢉ
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෍ ܖܑܛ√ ࡭
(࡯,࡮,࡭)ࢉ࢟ࢉ

+ ૜ඨ
√૜
૛
≤ ૛ ෍ ඨܖܑܛ ൬

࣊ − ࡭
૛

൰
(࡯,࡮,࡭)ࢉ࢟ࢉ

 

૛ ෍ ඨܛܗ܋
࡭
૛ − ෍ ܖܑܛ√ ࡭

(࡯,࡮,࡭)ࢉ࢟ࢉ(࡯,࡮,࡭)ࢉ࢟ࢉ

≥
૜
૞
૝

૛
૚
૛

 

Solution 2 by Lahiru Samarakoon-Sri Lanka  

We have to prove, ∑√ܖܑܛ ࡭ + ૜
૞
૝

૛
૚
૛
≤ ૛ቆ∑ටܛܗ܋ ࡭

૛
ቇ. Let’s consider, ࢌ(࢞) = ܖܑܛ√ ࢞ 

(࢞)ᇱࢌ =
ܛܗ܋ ࢞
૛√ܖܑܛ ࢞

; (࢞)ᇱᇱࢌ	 =
ܖܑܛ√ ࢞ ܖܑܛ−) ࢞) − ܛܗ܋ ࢞ ܛܗ܋ ࢞

૛√ܛܗ܋ ࢞
૛ ܖܑܛ ࢞ =

−(૛ ૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞)
૝ ܖܑܛ ܛܗ܋√࢞ ࢞

 

Then, ࢌᇱᇱ(࢞) < 0 

૚
૜෍√࡭ܖܑܛ + ඨܖܑܛ ൬

࡭ + ࡮ + ࡯
૛ ൰ ≤

૛
૜෍ܖܑܛ ൬

࡮ + ࡯
૛ ൰ 

૚
૜
ܖܑܛ√∑ ࡭ + ቀ√૜

૛
ቁ
૚
૛ ≤ ૛

૜
ܛܗ܋∑ ࡭

૛
; 	∑ ܖܑܛ√ ࡭ + ૜

૞
૝

૛
૚
૛
≤ ૛∑ܛܗ܋ ࡭

૛
;	(it’s true) 

1024. In acute ઢ࡯࡮࡭ ,  :incenter the following relationship holds – ࡵ

ࢇ࢓

૛ࡵ࡭
+
࢈࢓

૛ࡵ࡮
+
ࢉ࢓

૛ࡵ࡯
≤
૝ࡾ + ࢘
૝࢘૛

 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∑ ࢇ࢓
૛ࡵ࡭

≤ ૝ࡾା࢘
૝࢘૛

∵ ࢇ࢓ ≤ ૚)ࡾ + ∴ ,etc ,(࡭ܛܗ܋ ∑ ࢇ࢓
૛ࡵ࡭

≤ ∑
૛⋅ࡾ ૛࡭૛ܛܗ܋ ܖܑܛ

૛࡭
૛

࢘૛
= ∑ ࡾ ૛ܖܑܛ ࡭

૛࢘૛
= ∑ ૛ࢇ⋅ࡾ

૛࢘૛⋅૝ࡾ૛
= 

=
૚

ૡ࢘ࡾ૛෍ࢇ૛ ≤
? ૝ࡾ + ࢘

૝࢘૛ ⇔෍ࢇ૛ ≤
?
ૡࡾ૛ + ૛࢘ࡾ ⇔ 

⇔ ࢙૛ − ૝࢘ࡾ− ࢘૛ ≤
?
૝ࡾ૛ + ࢘ࡾ ⇔ ࢙૛ ≤

(૚)

?
૝ࡾ૛ + ૞࢘ࡾ + ࢘૛ 

Now, LHS of (1) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤
?
૝ࡾ૛ + ૞࢘ࡾ+ ࢘૛ ⇔ ࢘ࡾ ≥

?
૛࢘૛ ⇔ 

⇔ ࡾ ≥
?
૛࢘ → true (Euler) (Proved) 
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1025. In ઢ࡯࡮࡭ the following relationship holds: 

෍ඥ࢘࢈࢘)ࢇ + (ࢉ࢘ ≤ ࢇ࢓) + ࢈࢓ + ඨ(ࢉ࢓
ࡾ
࢘

 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Marian Ursărescu-Romania 

From Cauchy’s inequality ⇒ ൫∑ඥ࢘࢈࢘)ࢇ + ൯(ࢉ࢘
૛
≤ ૜∑࢘࢈࢘)ࢇ +  (ࢉ࢘

⇒ ∑ඥ࢘࢈࢘)ࢇ + (ࢉ࢘ ≤ ඥ૟∑  (1)   ࢈࢘ࢇ࢘

But ∑࢘࢈࢘ࢇ = ࢙૛  (2)  

From (1)+(2)⇒ ∑ඥ࢘࢈࢘)ࢇ + (ࢉ࢘ ≤ √૟࢙ (3) 

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≥ ૜ඥࢉ࢓࢈࢓ࢇ࢓
૜

ࢇ࢓ ≥ ඥ࢙(࢙ − (ࢇ
ቋ ⇒ ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≥ ૜√࢙ࡿ૜ ⇒ 

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≥ ૜√࢙૛࢘૜    (4) 

From (3)+(4) we must show: 

૜√࢙૛࢘૜ ⋅ ටࡾ
࢘
≥ √૟࢙ ⇔ ૜૟࢙૝࢘૛ ⋅ ࡾ

૜

࢘૜
≥ ૟૜࢙૟ ⇔ ૜૟ ࡾ

૜

࢘
≥ ૜૜ ⋅ ૛૜ ⋅ ࢙૛ ⇔ ૛ૠࡾ૜ ≥ ૡ࢙૛࢘   (5) 

From Mitrinovic’s inequality: ૛ૠࡾ૛ ≥ ૝࢙૛ ⇒ ૛ૠࡾ૜ ≥ ૝࢙ࡾ૛  (6) 

From (5)+(6) we must show: ૝࢙ࡾ૛ ≥ ૡ࢙૛࢘ ⇔ ࡾ ≥ ૛࢘, true (Euler) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍ඥ࢘࢈࢘)ࢇ + (ࢉ࢘ ≤ ቀ෍ࢇ࢓ቁඨ
ࡾ
࢘  

෍ඥ࢘࢈࢘)ࢇ + (ࢉ࢘ = ෍ඩ࢙૛ ܖ܉ܜ
࡭
૛
ቌ
૛࡮ܖܑܛ
૛࡮ܛܗ܋

+
૛࡯ܖܑܛ
૛࡯ܛܗ܋

ቍ 

= ෍ඩ࢙૛ ܖ܉ܜ
࡭
૛
ቌ

ܛܗ܋ ૛࡭
ܛܗ܋ ૛࡮ ܛܗ܋

࡯
૛
ቍ = ෍ඩ࢙૛ ܖ܉ܜ

࡭
૛
ቌ
૛ܛܗ܋ ૛࡭
࢙
૝ࡾ

ቍ 
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= ෍ඨ૝࢙ࡾ ܛܗ܋
࡭
૛ ܖܑܛ

࡭
૛ = ෍√࢙ࢇ ≤

ࡿ࡮࡯
√࢙√૜√૛࢙ = √૟࢙ ∴ ࡿࡴࡸ ≤

(૚)
√૟࢙ 

Again, RHS ≥
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

ටࡾ
࢘
∑ ቀ࢈

૛ାࢉ૛

૝ࡾ
ቁ = ටࡾ

࢘
ቀ∑ࢇ

૛

૛ࡾ
ቁ ∴ ࡿࡴࡾ ≥

(૛)
ටࡾ
࢘
ቀ∑ࢇ

૛

૛ࡾ
ቁ 

(1), (2) ⇒ it suffices to prove: ටࡾ
࢘
ቀ∑ࢇ

૛

૛ࡾ
ቁ ≥ √૟࢙ ⇔ ૛(૛ࢇ∑) ≥ ૛૝࢙࢘ࡾ૛ 

⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ − ૛࢙૛(૝࢘ࡾ+ ࢘૛) ≥ ૟࢙࢘ࡾ૛ 

⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ ≥
(૜)

૛(ૠ࢘ࡾ+ ࢘૛)࢙૛ 

Now, LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(૚૟࢘ࡾ − ૞࢘૛) + ࢘૛(૝ࡾ+ ࢘)૛ ≥
?
૛(ૠ࢘ࡾ+ ࢘૛)࢙૛ ⇔ 

⇔ ࢙૛(૛ࡾ − ૝࢘) + ࢘(૝ࡾ + ࢘)૛ ≥
(૝)

?
૜࢙࢘૛ 

Now, LHS of (4) ≥
(૝)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૛ࡾ − ૝࢘)(૚૟࢘ࡾ − ૞࢘૛) + ࢘(૝ࡾ+ ࢘)૛ 

& RHS of (4) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૜࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(a), (b) ⇒ in order to prove (4), it suffices to prove: 

(૛ࡾ− ૝࢘)(૚૟ࡾ − ૞࢘) + (૝ࡾ + ࢘)૛ ≥ ૜(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≥ ૙ 

⇔ ࡾ) − ૛࢘)(૟ࡾ− ࢘) ≥ ૙ → true ⇒ (4) is true ⇒ (3) is true (Proved) 

 

1026. If ࢞,࢟, ࢠ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

࢞
࢟ + ࢠ

⋅ ૛ࢇ࢘ +
࢟

ࢠ + ࢞
⋅ ૛࢈࢘ +

ࢠ
࢞ + ࢟

⋅ ૛ࢉ࢘ ≥
ૢ૚࢘૛ − ૚૟ࡾ૛

૛
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know, ∑ ࢉ࢟ࢉࢇ࢘ = ૝ࡾ + ࢘ and ∑ ࢉ࢟ࢉ࢈࢘ࢇ࢘ = ࢙૛ 

෍
࢞

࢟ + ࢠ
ࢉ࢟ࢉ

૛ࢇ࢘ = (࢞ + ࢟ + ෍(ࢠ
૛ࢇ࢘

࢟ + ࢠ
ࢉ࢟ࢉ

−෍࢘ࢇ૛
ࢉ࢟ࢉ
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≥

ࡿᇲࡹࡻࡾࢀࡿࡳࡾࡱ࡮
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

૛ − ቌ෍࢘ࢇ
ࢉ࢟ࢉ

ቍ

૛

+ ૛෍࢘࢈࢘ࢇ
ࢉ࢟ࢉ

= ૛࢙૛ −
(૝ࡾ + ࢘)૛

૛  

We need to prove, ૛࢙૛ − (૝ࡾା࢘)૛

૛
≥ ૢ૚࢘૛ି૚૟ࡾ૛

૛
⇔ ࢙૛ ≥ ૛૜࢘૛ + ૛࢘ࡾ 

We know, ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  we need to prove, ૚૟࢘ࡾ − ૞࢘૛ ≥ ૛૜࢘૛ + ૛࢘ࡾ 

⇔ ૚૝ࡾ)ࡾ − ૛࢘) ≥ ૙, which is true. Hence proved 

 

1027. In ઢ࡯࡮࡭, ࡵ࡭ ,incentre – ࡵ = ࡵ࡮,࢞ = ࡵ࡯,࢟ =   ࢠ

the following relationship holds: 

૛࢘૜

૛ૠ
(࢞ + ࢟ + ૜(ࢠ + ࢘૛(࢞૝ + ࢟૝ + (૝ࢠ ≥ ࢞૛࢟૛ࢠ૛ 

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution 1 by Soumava Chakraborty-Kolkata-India 

࢘૛෍ࡵ࡭૝ = ࢘૟෍
૚

૝ܖܑܛ ૛࡭
= ࢘૟෍

࢙)૛ࢉ૛࢈ − ૛(ࢇ

(࢙ − ࢙)૛(࢈ − −࢙)૛(ࢉ ૛(ࢇ = 

= ቆ
࢘૟

࢘૝࢙૛ቇ
ቀ෍࢈૛ࢉ૛(࢙ − ૛ቁ(ࢇ =

(૚) ࢘૛∑࢈૛ࢉ૛(࢙૛ − ૛࢙ࢇ + (૛ࢇ
࢙૛  

Now, ∑࢈૛ࢉ૛ ൫࢙૛ − ૛࢙ࢇ+ ૛൯ࢇ = ࢙૛ൣ(∑࢈ࢇ)૛ − ૛ࢉ࢈ࢇ(૛࢙)൧ − ૛࢙(࢈ࢇ∑)ࢉ࢈ࢇ + ૜൫૚૟ࡾ૛࢘૛࢙૛൯ 

= ࢙૛(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૡ࢙࢘ࡾ૛(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૟࢙࢘ࡾ૝ + ૝ૡࡾ૛࢘૛࢙૛ 

= ࢙૛(࢙૛ + ૝࢘ࡾ+ ࢘૛)(࢙૛ − ૝࢘ࡾ + ࢘૛) − ૚૟࢙࢘ࡾ૝ + ૝ૡࡾ૛࢘૛࢙૛ 

= ࢙૛[(࢙૛ + ࢘૛)૛ − ૚૟ࡾ૛࢘૛ − ૚૟࢙࢘ࡾ૛ + ૝ૡࡾ૛࢘૛] 

=
(૛)

࢙૛(࢙૝ + ࢘૝ + ૛࢙૛࢘૛ − ૚૟࢙࢘ࡾ૛ + ૜૛ࡾ૛࢘૛) 

(1), (2)⇒ ࢘૛∑ࡵ࡭૝ =
(૜)

࢘૛(࢙૝ + ࢘૝ + ૛࢙૛࢘૛ − ૚૟࢙࢘ࡾ૛ + ૜૛ࡾ૛࢘૛) 

Now, ૛࢘
૜

૛ૠ
૜(ࡵ࡭∑) ≥

ࡳି࡭
૛࢘૜(∏ࡵ࡭) = ૛࢘૟

࢘
૝ࡾ

= ૡ࢘ࡾ૞ ⇒ ૛࢘૜

૛ૠ
૜(ࡵ࡭∑) ≥

(૝)
ૡ࢘ࡾ૞ 

(3)+(4)⇒ ࡿࡴࡸ ≥ ૡ࢘ࡾ૞ + ࢘૛(࢙૝ + ࢘૝ + ૛࢙૛࢘૛ − ૚૟࢙࢘ࡾ૛ + ૜૛ࡾ૛࢘૛) ≥
?

 ૛(ࡵ࡭∏)
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⇔ ૡ࢘ࡾ૞ + ࢘૛(࢙૝ + ࢘૝ + ૛࢙૛࢘૛ − ૚૟࢙࢘ࡾ૛ + ૜૛ࡾ૛࢘૛) ≥
?
ቌ
࢘૜
࢘
૝ࡾ

ቍ

૛

= ૚૟ࡾ૛࢘૝ 

⇔ ࢘૛(࢙૝ − ࢙૛(૚૟࢘ࡾ − ૛࢘૛) + ૚૟ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ࢘૝) ≥
?
૙ 

⇔ ࢙૝ − ࢙૛(૚૟࢘ࡾ − ૛࢘૛) + ૚૟ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ࢘૝ ≥
?
૙ 

⇔ ࢙૝ − ࢙૛(૚૟࢘ࡾ − ૛࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥
(૞)	

?
૙ 

Now, RHS of (5) ≥
࢚ࢎࢉ࢛࢘ࢀ

࢙૝ − ࢙૛(૚૟࢘ࡾ − ૛࢘૛) + ૜࢘૛࢙૛ = ࢙૛(࢙૛ − ૚૟࢘ࡾ + ૛࢘૛ + ૜࢘૛) 

= ࢙૛ ቀ࢙૛ − (૚૟࢘ࡾ − ૞࢘૛)ቁ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૙ ⇒ (5) is true (proved) 

Solution 2 by Marian Ursărescu-Romania 

We must show: ૛࢘
૜

૛ૠ
ࡵ࡭) + ࡵ࡮ + ૜(ࡵ࡯ + ࢘૛(ࡵ࡭૝ + ૝ࡵ࡮ + (૝ࡵ࡯ ≥ ࡵ࡭) ⋅ ࡵ࡮ ⋅ ૛(ࡵ࡯    (1) 

But ࡵ࡭ = ࢘

૛࡭ܖܑܛ
 and ࡵ࡭ ⋅ ࡵ࡮ ⋅ ࡵ࡯ = ૝࢘ࡾ૛  (2) 

From (1)+(2) we must show: ૛࢘
૜

૛ૠ
ࡵ࡭) + ࡵ࡮ + ૜(ࡵ࡯ + ࢘૛(ࡵ࡭૝ + ૝ࡵ࡮ + (૝ࡵ࡯ ≥ ૚૟ࡾ૛࢘૝ ⇔ 

૛࢘
૛ૠ

+ࡵ࡭) ࡵ࡮ + ૜(ࡵ࡯ + ૝ࡵ࡭) + ૝ࡵ࡮ + (૝ࡵ࡯ ≥ ૚૟ࡾ૛࢘૛ (3) 

ࡵ࡭ + ࡵ࡮ + ࡵ࡯ ≥ ૜√ࡵ࡭ ⋅ ࡵ࡮ ⋅ ૜ࡵ࡯    (4) 

From (3)+ (4) we must show: ૛࢘ ⋅ ࡵ࡭ ⋅ ࡵ࡮ ⋅ ࡵ࡯ + ૝ࡵ࡭) + ૝ࡵ࡮ + (૝ࡵ࡯ ≥ ૚૟ࡾ૛࢘૛ ⇔
(૛)

 

૝ࡵ࡭ + ૝ࡵ࡮ + ૝ࡵ࡯ ≥ ૡ࢘ࡾ૛(૛ࡾ − ࢘) (5) 

From Cauchy’s inequality: ࡵ࡭૝ + ૝ࡵ࡮ + ૝ࡵ࡯ ≥ ൫ࡵ࡭૛ାࡵ࡮૛ାࡵ࡯૛൯
૛

૜
 and   

૛ࡵ࡭ + ૛ࡵ࡮ + ૛ࡵ࡯ = ࢙૛ + ࢘૛ − ૡ࢘ࡾ ⇒ 

૝ࡵ࡭ + ૝ࡵ࡮ + ૝ࡵ࡯ ≥ ൫࢙૛ା࢘૛ିૡ࢘ࡾ൯
૛

૜
   (6) 

From (5)+(6) we must show: (࢙૛ + ࢘૛ − ૡ࢘ࡾ)૛ ≥ ૛૝࢘ࡾ૛(૛ࡾ− ࢘)  (7) 

From Gerretsen’s inequality we have: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛   (8) 

From (7)+(8): (ૡ࢘ࡾ − ૝࢘૛)૛ ≥ ૛૝࢘ࡾ૛(૛ࡾ− ࢘) ⇔ ࡾ ≥ ૛࢘ true. 
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Solution 3 by Tran Hong-Vietnam 

࢞ = ࡵ࡭ = ࢘

૛࡭ܖܑܛ
;࢟ = ࢘

૛࡮ܖܑܛ
; ࢠ = ࢘

૛࡯ܖܑܛ
;Hence, inequality ⇔ 

૛࢘૜

૛ૠ
ቌ࢘෍

૚

ܖܑܛ ૛࡭
ቍ

૜

+ ࢘૛࢘૝෍ቌ
૚

ܖܑܛ ૛࡭
ቍ

૝

≥ ࢘૟ቌ
૚

ܖܑܛ ૛࡭ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛
ቍ

૛

 

⇔ ૛
૛ૠ
ቆ∑ ૚

૛࡭ܖܑܛ
ቇ
૜

+ ∑ቆ ૚

૛࡭ܖܑܛ
ቇ
૝

≥ ቆ ૚

૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛
ቇ
૛

   (*) 

Let ࢇ = ૚

૛࡭ܖܑܛ
࢈; = ૚

૛࡮ܖܑܛ
; ࢉ = ૚

૛࡯ܖܑܛ
 then ࢉ࢈ࢇ = ૝ ⋅ ࡾ

࢘
૛ࢇ	; + ૛࢈ + ૛ࢉ = ࢙૛ା࢘૛ିૡ࢘ࡾ

࢘૛
 

Hence (*) becomes: ૛
૛ૠ

ࢇ) + +࢈ ૜(ࢉ + ૝ࢇ) + ૝࢈ + (૝ࢉ ≥ ૛(ࢉ࢈ࢇ) = ૚૟ ૛ࡾ

࢘૛
 

૛
૛ૠ

ࢇ) + ࢈ + ૜(ࢉ ≥
࢟ࢎࢉ࢛ࢇ࡯

૛ ⋅ ૝ ⋅
ࡾ
࢘ = ૡ

ࡾ
࢘  

૝ࢇ + ૝࢈ + ૝ࢉ ≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜ =
(࢙૛ + ࢘૛ − ૡ࢘ࡾ)૛

૜࢘૝  

We must show that: ૡ ࡾ
࢘

+ ൫࢙૛ା࢘૛ିૡ࢘ࡾ൯
૛

૜࢘૝
≥ ૚૟ ૛ࡾ

࢘૛
   (**) 

But ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  

(∗∗)ࡿࡴࡸ ≥ ૡ ⋅
ࡾ
࢘ +

(ૡ࢘ࡾ− ૝࢘૛)૛

૜࢘૝ = ૡ ⋅
ࡾ
࢘ +

૚૟
૜ ൬

૛ࡾ
࢘ − ૚൰

૛

 

Must show: ૡ࢚ + ૚૟
૜

(૛࢚ − ૚)૛ ≥ ૚૟࢘૛ ቀ࢚ = ࡾ
࢘
≥ ૛ቁ 

⇔
૛
૜ ࢚

૛ −
૞
૜࢚ +

૛
૜ ≥ ૙ ⇔ (࢚ − ૛) ൬࢚ −

૚
૛൰ ≥ ૙ 

(true because ࢚ ≥ ૛). Proved. 

 

1028. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓)ࢉ࢓࢈࢓ࢇ࢓ + ࢈࢓ + (ࢉ࢓
૛ࡿૢ

≥ ቆ
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + ࢇ࢓ࢉ࢓
ቇ
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaijan 
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Solution 1 by Bogdan Fustei-Romania 

In ઢ࡯࡮࡭ the following relationship: ࢇ
૛

૛ࢇࡾ
+ ૛࢈

࢈ࡾ
૛ + ૛ࢉ

૛ࢉࡾ
≤ ૡ + ቀ࢈ࢇାࢉ࢈ାࢉࢇ

૛ࢉ૛ା࢈૛ାࢇ
ቁ
૛

 

 (࡮ࡵ࡭ઢ,࡭ࡵ࡯ઢ,࡯ࡵ࡮circumradii ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ;(࡯࡮࡭incenter in ઢ – ࡵ)

Using two additional inequalities: 

ࡾ (1
࢘
≥ ૜ࢉ૜ା࢈૛ାࢇାࢉ࢈ࢇ

૛ࢉ࢈ࢇ
 

2) ࢞,࢟, ࢠ > 0: ࢞
૜ା࢟૜ାࢠ૜

૝࢞࢟ࢠ
+ ૚

૝
≥ ቀ࢞

૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
ቁ
૛

 

From the two inequalities from above we can write the following: 

ࡾ
૛࢘
≥
(૚) ૜ࢉ૜ା࢈૜ାࢇ

૝ࢉ࢈ࢇ
+ ૚

૝
≥
(૛)
	 ቀࢇ

૛ା࢈૛ାࢉ૛

ࢉࢇାࢉ࢈ା࢈ࢇ
ቁ
૛

. So, finally: ࡾ
૛࢘
≥ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢉࢇାࢉ࢈ା࢈ࢇ
ቁ
૛

 

ࢇࡾ = ૛ࡾ ܖܑܛ ࡭
૛

   (and the analogs); ܖܑܛ ࡭
૛

= ට࢘࢘ିࢇ
૝ࡾ

  (and the analogs) 

૛ࢇ = ࢈࢘) + ࢇ࢘)(ࢉ࢘ − ࢘)   (and the analogs) 

⇒ ࢇࡾ = ૛ࡾ ⋅ ට࢘࢘ିࢇ
ࡾ

= ට૝ࡾ૛ (࢘ିࢇ࢘)
૝ࡾ

= ඥࢇ࢘)ࡾ − ࢘) (and the analogs) 

ࢇࡾ
૛ = ࢇ࢘)ࡾ − ࢘) (and the analogs) ⇒ ૛ࢇ

૛ࢇࡾ
= (࢘ିࢇ࢘)(ࢉା࢘࢈࢘)

(࢘ିࢇ࢘)ࡾ
= ࢉା࢘࢈࢘

ࡾ
 

So, ࢇ
૛

૛ࢇࡾ
= ࢉା࢘࢈࢘

ࡾ
  (and the analogs) 

૛ࢇ

ࢇࡾ
૛ +

૛࢈

࢈ࡾ
૛ +

૛ࢉ

ࢉࡾ
૛ =

࢈࢘ + ࢉ࢘
ࡾ +

ࢇ࢘ + ࢉ࢘
ࡾ +

ࢇ࢘ + ࢈࢘
ࡾ =

૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘
ࡾ =

૛(૝ࡾ + ࢘)
ࡾ  

ࢇ࢘) + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘) ⇒
૛ࢇ

ࢇࡾ
૛ +

૛࢈

࢈ࡾ
૛ +

૛ࢉ

ࢉࡾ
૛ =

ૡࡾ + ૛࢘
ࡾ

= ૡ +
૛࢘
ࡾ

 

The inequality from enunciation becomes: ૡ + ૛࢘
ࡾ
≤ ૡ + ቀ࢈ࢇାࢉ࢈ାࢉࢇ

૛ࢉ૛ା࢈૛ାࢇ
ቁ
૛
⇒ 

⇒
ࡾ
૛࢘

≥ ቆ
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + +ࢉ࢈ ࢉࢇ
ቇ 

From the above, the inequality from enunciation is proved. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡾ ≥ ૛࢘ቆ
૛ࢇ∑

ቇ࢈ࢇ∑
૛

⇔ ૛ࡿ)ࡾ + ૝࢘ࡾ+ ࢘૛)૛ ≥ ૡ࢘(ࡿ૛ − ૝࢘ࡾ − ࢘૛)૛  

⇔ ૝ࡿ}ࡾ + ࢘૛(૝ࡾ + ࢘)૛ + ૛ࡿ૛(૝࢘ࡾ+ ࢘૛)} ≥ ૡ࢘{ࡿ૝ + ࢘૛(૝ࡾ + ࢘)૛ − ૛ࡿ૛(૝࢘ࡾ+ ࢘૛)} 

⇔ ࡾ) − ૛࢘)ࡿ૝ + ૛ࡿ૛(૝࢘ࡾ+ ࢘૛)(ࡾ + ૡ࢘) + ࢘૛(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) ≥
(૚)

૟࢙࢘૝ 

Now, LHS of (1) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
	 −ࡾ)૛ࡿ ૛࢘)(૚૟࢘ࡾ − ૞࢘૛) + 

+૛ࡿ૛(૝࢘ࡾ+ ࢘૛)(ࡾ+ ૡ࢘) + ࢘૛(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) 

= ૛ࡾ૛࢘(૛૝ࡿ + ૛ૢ࢘ࡾ + ૛૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) 

& RHS of (1) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૟࢙࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(a), (b)⇒ in order to prove (1), it suffices to prove: 

+࢘ࡾ૛(૞ࡿ ૡ࢘૛) + ࢘(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) ≥
(૛)

૙ 

Now, LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૚૟࢘ࡾ − ૞࢘૛)(૞࢘ࡾ+ ૡ࢘૛) + ࢘(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) ≥
?
૙ 

⇔ ૛࢚૜ − ૞࢚૛ + ૞࢚ − ૟ ≥
?
૙			 ൬࢚ =

ࡾ
࢘൰ 

⇔ (࢚ − ૛){૛࢚(࢚ − ૛) + ૜࢚ + ૜} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ ࡾ ≥ ૛࢘ቆ
૛ࢇ∑

ቇ࢈ࢇ∑
૛

⇒ ࡾ ⋅ ૝࢙࢘૛ ≥ ૡ࢘૛ࡿ૛ ቆ
૛ࢇ∑

ቇ࢈ࢇ∑
૛

⇔
ࢉ࢈ࢇࡿ
ૡࡿ૛ ≥

(૜)
ቆ
૛ࢇ∑

ቇ࢈ࢇ∑
૛

 

Applying (3) on a triangle with sides ૛
૜
,ࢇ࢓ ૛

૜
,࢈࢓ ૛

૜
= whose area will be) ࢉ࢓ ࡿ

૜
), we get, 

ቀ૚૜∑ࢇ࢓ቁ
ૡ
૛ૠࢉ࢓࢈࢓ࢇ࢓

ૡ൬ࡿ
૛

ૢ ൰
≥

ቀ૝ૢቁ
૛

ࢇ࢓∑)
૛)૛

ቀ૝ૢቁ
૛

૛(࢈࢓ࢇ࢓∑)
⇒
(ࢇ࢓∑)ࢉ࢓࢈࢓ࢇ࢓

૛ࡿૢ ≥ ቆ
ࢇ࢓∑

૛

࢈࢓ࢇ࢓∑
ቇ
૛

 

 

1029. If ࡹ ∈  :then (࡯࡮࡭ઢ)࢚࢔ࡵ

૛ૠ ⋅ [࡮࡭ࡹ] ⋅ [࡯࡮ࡹ] ⋅ [࡭࡯ࡹ] ≤  ૜[࡯࡮࡭]

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Mehmet Sahin-Ankara-Turkey 

 
Let (࢞,࢟,ࢠ)  be  the barycentric coordinates of ࡹ. 

࢞ + ࢟ + ࢠ = ૚ and [࡯࡮ࡹ] = ࢞ ⋅ ;[࡯࡮࡭] [࡭࡯ࡹ]	 = ࢟ ⋅ ;[࡯࡮࡭] [࡮࡭ࡹ]	 = ࢠ ⋅  [࡯࡮࡭]

[࡮࡭ࡹ] ⋅ [࡯࡮ࡹ] ⋅ [࡭࡯ࡹ] =  ૜   (1)[࡯࡮࡭]ࢠ࢟࢞

Using Arithmetic and Geometric Mean inequality:  
࢞ା࢟ାࢠ

૜
≥ ඥ࢞࢟ࢠ૜ ⇒ ඥ࢞࢟ࢠ૜ ≤ ૚

૜
⇒ ࢠ࢟࢞ ≤ ૚

૛ૠ
    (2) 

From (1) and (2):  ૛ૠ[࡮࡭ࡹ] ⋅ [࡯࡮ࡹ] ⋅ [࡭࡯ࡹ] ≤  ૜[࡯࡮࡭]

Solution 2 by Ravi Prakash-New Delhi-India 

 

૛ૠ[࡯࡮ࡹ][࡭࡯ࡹ][࡮࡭ࡹ] = ૛ૠ࡭૚࡭૛࡭૜ = ቈ૜࡭૚
૚
૜࡭૛

૚
૜࡭૜

૚
૜቉
૜

≤ ૚࡭) + ૛࡭ + ૜)૜࡭ =  ૜[࡯࡮࡭]
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Solution 3 by Thanasis Gakopoulos-Athens-Greece 

 
PLAGIOGONAL system: ࡯࡮ ≡ ࡭࡮,࢞࡮ =  ࢟࡮

 (૛࢓,૚࢓)ࡹ,(ࢉ,૙)࡭,(૙,ࢇ)࡯,(૙,૙)࡮

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ (࡮࡭ࡹ) =

૚
૛
ቮอ
૚ ૚ ૚
૙ ૚࢓ ૙
૙ ૛࢓ ࢉ

อቮ ⋅ ܖܑܛ ࡮ =
ࢉ૚࢓ ⋅ ܖܑܛ ࡮

૛

(࡯࡮ࡹ) =
૚
૛
ቮอ
૚ ૚ ૚
૙ ૚࢓ ࢇ
૙ ૛࢓ ૙

อቮ ⋅ ܖܑܛ ࡮ =
૛࢓ ⋅ ࢇ ⋅ ܖܑܛ ࡮

૛

(࡯࡮࡭) =
૚
૛
ࢉࢇ ⋅ ࡮ܖܑܛ , (࡭࡯ࡹ) = (࡯࡮࡭) − (࡮࡭ࡹ) − (࡯࡮ࡹ) =

ࢉࢇ) ࢉ૚࢓− ࡮ܖܑܛ(ࢇ૛࢓−
૛

 

AM-GM: (࡮࡭ࡹ)(࡯࡮ࡹ)(࡭࡯ࡹ) ≤ ቂ(࡮࡭ࡹ)ା(࡯࡮ࡹ)ା(࡭࡯ࡹ)
૜

ቃ
૜

= 

=
૚
૛ૠ

ቈ
ࢉ૚࢓ ⋅ ܖܑܛ ࡮

૛
+
࡮ܖܑܛࢇ૛࢓

૛
+

ࢉࢇ) − ࢉ૚࢓ ܖܑܛ(ࢇ૛࢓− ࡮
૛

቉
૜

= 

=
૚
૛ૠ

൬
૚
૛
ࢉࢇ ⋅ ൰࡮ܖܑܛ

૜

=
૚
૛ૠ

૜(࡯࡮࡭) →→ ૛ૠ(࡮࡭ࡹ) ⋅ (࡯࡮ࡹ) ⋅ (࡭࡯ࡹ) ≤  ૜(࡯࡮࡭)

 

1030. In ઢ࡯࡮࡭ the following relationship holds: 

૝(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤
ࢇ࢘

૛ܖܑܛ ૛࡭
+

࢈࢘

૛࡮૛ܖܑܛ
+

ࢉ࢘

૛ܖܑܛ ૛࡯

 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

૝(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤෍
ࢇ࢘

૛ܖܑܛ ૛࡭
 

RHS = ∑ ࢇ࢘
૛࡭ܖܑܛ

= ∑
࢙ ૛࡭ܖ܉ܜ
૛࡭૛ܖܑܛ

= ૛ࡿ∑ ૚
࡭ܖܑܛ

= ૛ࡿ	× ૛ࡾ (࢈ࢇ∑)
ࢉ࢈ࢇ

= ૝ࡾࡿ	×	൫ࡿ૛ା࢘૛ା૝࢘ࡾ൯
૝ࡾ	࢘ࡿ×

= ൫ࡿ૛ା࢘૛ା૝࢘ࡾ൯
࢘
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But ࡿ૛ ≥ ૚૟࢘ࡾ− ࢙࢘૛ 

≥ ൫૚૟࢘ࡿି࢘ࡾ૛ା࢘૛ା૝࢘ࡾ൯
࢘

= ૝(૞ࡾ − ࢘) ≥ ૝(૝ࡾ + ࢘)		(∵ ࡾ ≥ ૛࢘) Euler 

We have to prove: ૝∑ࢇ࢓ ≤૝(૝ࡾ + ࢘) 

ࢇ࢓∑ ≤ (૝ࡾ + ࢘)   (it’s true) (∵ ࢇ࢓∑ ≤ ࢇ࢘∑ = ૝ࡾ + ࢘) 

Solution 2 by Marian Ursărescu-Romania 

In any ઢ࡯࡮࡭ we have: ∑ ࢇ࢘
૛࡭૛ܖܑܛ

= ࢙૛ା࢘૛ା૝࢘ࡾ
࢘

⇒ we must show:  

૝(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤
࢙૛ା࢘૛ା૝࢘ࡾ

࢘
  (1) 

But in any ઢ࡯࡮࡭ we have: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ૝ࡾ + ࢘   (2) 

From (1)+(2) we must show: 

૚૟ࡾ + ૝࢘ ≤ ࢙૛ା࢘૛ା૝࢘ࡾ
࢘

⇔ ૚૟࢘ࡾ+ ૝࢘૛ ≤ ࢙૛ + ࢘૛ + ૝࢘ࡾ ⇔ ࢙૛ ≥ ૚૛࢘ࡾ + ૜࢘૛  (3) 

Form Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (4) 

From (3)+(4) we must show: ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘, 

true (Euler) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

෍࢘ࢇ ૛܋ܛ܋
࡭
૛ = ෍࢘ࢇ ൬૚ + ૛ܜܗ܋

࡭
૛൰ = ෍࢘ࢇ + ෍࢙ܖ܉ܜ

࡭
૛ ܜܗ܋

૛ ࡭
૛ = ෍࢘ࢇ + ෍࢙ܜܗ܋

࡭
૛ 

= ෍࢘ࢇ + ∑ඨ
࢙(࢙ − (ࢇ

(࢙ − −࢙)(࢈ (ࢉ
࢙

= ෍࢘ࢇ + ෍
࢙૛(࢙ − (ࢇ

ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
 

= ෍࢘ࢇ + ෍࢙૛ ቀ
࢙ − ࢇ
ઢ

ቁ = ෍࢘ࢇ = ෍࢙૛ ൬
૚
ࢇ࢘
൰ 

= ෍࢘ࢇ + ࢙૛ ቆ
࢈࢘ࢇ࢘∑
ࢉ࢘࢈࢘ࢇ࢘

ቇ = ෍࢘ࢇ +
૝ࡿ

࢙࢘૛ = ෍࢘ࢇ +
૛ࡿ

࢘  

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૝ࡾ + ࢘ + ૚૟ࡾ − ૞࢘ = ૛૙ࡾ− ૝࢘ 

= ૚૟ࡾ + ૝(ࡾ − ࢘) ≥
࢘ࢋ࢒࢛ࡱ

	૚૟ࡾ + ૝࢘ = ૝(૝ࡾ + ࢘) ≥ ૝෍ࢇ࢓ 
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1031. If in ઢࡲ࡯,ࡱ࡮,ࡰ࡭,࡯࡮࡭ – internal bisectors then: 

ࡲ࡭ ⋅ +࡯࡮ ࡰ࡮ ⋅ ࡯࡭ + ࡱ࡯ ⋅ ࡮࡭ ≥ ૚ૡ࢘૛ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Lahiru Samarakooon-Sri Lanka 

 

Because ࡰ࡭,ࡲ࡯ bisectors: ࡰ࡮
࡯ࡰ

= ࡮࡭
࡯࡭

= ࢉ
࢈
⇒ ࡰ࡮ = ࢉࢇ

ࢉା࢈
. So, ࡰ࡮ ⋅ ࡯࡭ = ࢉࢇ

ࢉା࢈
࢈ = ࢉ࢈ࢇ

ࢉା࢈
 

∴ similarly, for ࡯࡮,ࡲ࡭ and ࡮࡭,ࡱ࡯ set summating LHS = ࡯࡭ࡰ࡮∑ = ∑ࢉ࢈ࢇ ቂ ૚
ࢉା࢈

ቃ 

= ࢉ࢈ࢇ ൤
૚૛
࢈ + ࢉ +

૚૛
+ࢇ ࢉ +

૛
࢈ + ൨ࢉ ≥ ×	ࢉ࢈ࢇ

(૚+ ૚ + ૚)૛

૛(ࢇ+ ࢈ +  (ࢉ

= ૝࢘ࡿࡾ	× ૢ
૝ࡿ
		(∵ ࢇ∑ = ૛࢙) = ࡾ but ,࢘ࡾૢ ≥ ૛࢘. So, ≥ ૚ૡ࢘૛   (proved) 

෍ࡰ࡮ ∙ ࡯࡭ ≥ ૚ૡ࢘૛ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

By angle-bisector theorem, ࡰ࡯
ࡰ࡮

= ࢈
ࢉ
⇒ ࡰ࡮ାࡰ࡯

ࡰ࡮
= ࢉା࢈

ࢉ
 

⇒ ࡰ࡮ =
(૚) ࢉࢇ

ࢉା࢈
. Similarly, ࡲ࡭ =

(૛) ࢉ࢈
࢈ାࢇ

ࡱ࡯ &  =
(૜) ࢈ࢇ

ࢇାࢉ
 

(1), (2), (3) ⇒ ࡿࡴࡸ = ∑ቀࢉ࢈ࢇ ૚
࢈ାࢇ

ቁ = (ࢇାࢉ)(ࢉା࢈)∑ቀࢉ࢈ࢇ
(࢈ାࢇ)∏

ቁ 

= ቆࢉ࢈ࢇ
૛ࢇ∑) + ૛∑࢈ࢇ) + ࢈ࢇ∑
૛ࢉ࢈ࢇ + ૛࢙)࢈ࢇ∑ − (ࢉ ቇ = ቆࢉ࢈ࢇ

૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛

૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૝࢙࢘ࡾቇ 

=
૝࢙࢘ࡾ(૞࢙૛ + ૝࢘ࡾ + ࢘૛)
૛࢙(࢙૛ + ૛࢘ࡾ + ࢘૛) =

૛࢘ࡾ(૞࢙૛ + ૝࢘ࡾ + ࢘૛)
࢙૛ + ૛࢘ࡾ + ࢘૛ ૚ૡ࢘૛ 
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⇔ ૞࢙૛)ࡾ + ૝࢘ࡾ+ ࢘૛) ≥ ૢ࢘(࢙૛ + ૛࢘ࡾ+ ࢘૛) 

⇔ (૞ࡾ − ૢ࢘)࢙૛ + +ࡾ૝)࢘ࡾ ࢘)− ૢ࢘૛(૛ࡾ + ࢘) ≥
(૝)

૙ 

Now, LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૞ࡾ − ૢ࢘)(૚૟࢘ࡾ − ૞࢘૛) + ࡾ૝)࢘ࡾ + ࢘)− ૢ࢘૛(૛ࡾ + ࢘) ≥
?
૙ 

⇔ ૝૛ࡾ૛ − ૢ૜࢘ࡾ + ૚ૡ࢘૛ ≥
?

ࡾ) − ૛࢘)(૝૛ࡾ − ૢ࢘) ≥
?
૙ → true ∵ ࡾ ≥ ૛࢘ 

(Euler) ⇒ (4) is true (proved) 

 

1032. In acute ઢ࡯࡮࡭ the following relationship holds: 

૛√૜
ࡾ

≤
૚

ࢇ ࡭ܛܗ܋
+

૚
࢈ ࡮ܛܗ܋

+
૚

ࢉ ࡯ܛܗ܋
≤

√૜
૝࡭ܛܗ܋ࡾ ࡮ܛܗ܋ ࡯ܛܗ܋

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

Consider, ૛√૜
ࡾ
≤ ∑ ૚

ࢇ ܛܗ܋ ࡭
= ∑ ૚

૛ࡾ ܛܗ܋࡭ܖܑܛ ࡭
∴ we have to prove, ∑ ૚

࡭૛ܖܑܛ
≥ ૛√૜ 

Consider, (࢔)ࢌ = ૚
࢔ܖܑܛ

= ܋ܛ܋ ࢔൫	࢔ ∈ (૙,࣊)൯ ∵   ,acute triangle, so ࡯࡮࡭

૙ < ࡯૛,࡮૛,࡭2 <  ߨ

(࢔)ᇱࢌ = ܋ܛ܋− ࢔ ⋅ ࢔ܜܗ܋ ⇔ (࢔)ᇱᇱࢌ = ૛܋ܛ܋ ܋ܛ܋)	࢔ ࢔ + ܜܗ܋ ࢞) then ࢌᇱᇱ(࢔) ≥ ૙ 

∴ ∑ ૚
ܖܑܛ ૛࡭

≥ ૜ ૚

૜࡯శ૛࡮శ૛࡭ቀ૛ܖܑܛ ቁ
= ૜

ቀ૛࣊૜ܖܑܛ ቁ
= ૜	×	૛

√૜
= ૛√૜ it’s true. 

Consider, ∑ ૚
ࢇ ܛܗ܋ ࡭

≤ √૜
૝ࡾ ܛܗ܋ ܛܗ܋࡭ ࡮ ܛܗ܋ ࡯

. We have to prove,  

ࢉ࢈∑ ⋅ ࡮ܛܗ܋ ⋅ ࡯ܛܗ܋
૝ࡾઢ ⋅ ࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮ ࡯ ≤

√૜
૝ࡾ ܛܗ܋ ࡮ܛܗ܋࡭  ࡯ܛܗ܋

So, we have to prove, ∑ ܛܗ܋⋅࡮ܛܗ܋ ࡯
ܖܑܛ ࡭

≤ √૜
૛
ቀ∵ ૚

૛
ࢉ࢈ ܖܑܛ ࡭ = ઢቁ 

LHS = ૚
૝∏ ࡭ܖܑܛ

࡮૛ܖܑܛ∑ ⋅ ܖܑܛ ૛࡯ 

≤
૚

૝∏ܛܗ܋ ࡭
ܖܑܛ) ૛࡭ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯)૛

૜ 	ቀ∵ ܖܑܛ ૛࡭ , ܖܑܛ ૛࡭ , ܖܑܛ ૛࡯ ≥ ૙
ઢ	ࢋ࢚࢛ࢉࢇ ቁ 

= ૚
૝∏ ࡭ܖܑܛ

	× ૚
૜
	× 	(૝∏࡭ܖܑܛ)૛ = ૝

૜
ܖܑܛ) ࡭ ⋅ ܖܑܛ ࡮ ⋅ ܖܑܛ (࡯ ≤ ૝

૜
× ૜√૜

ૡ
= √૜

૛
 it’s true (Proved) 
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Solution 2 by Marian Ursărescu-Romania 

From AM-GM ⇒ ૚
ࢇ ܛܗ܋ ࡭

+ ૚
࢈ ܛܗ܋ ࡮

+ ૚
ࢉ ܛܗ܋ ࡯

≥ ૜ට ૚
ࢉ࢈ࢇ ࡭ܛܗ܋ ܛܗ܋ ࡮ ܛܗ܋ ࡯

૜ ⇒ 

We must show this: ૜

ࢉ࢈ࢇ√ ܛܗ܋ ܛܗ܋࡭ ܛܗ܋࡮ ૜࡯ ≥ ૛√૜
ࡾ
⇔ 

⇔ ܛܗ܋࢈ࢇ ࡮ܛܗ܋࡭ ܛܗ܋ ࡯
૛ૠ

≤ ૜ࡾ

ૡ⋅૜√૜
⇔ ࢈ࢇ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤ ૜√૜

ૠ
૜ࡾ   (1) 

ࢉ࢈ࢇ	࢚࢛࡮ ≤ ૜√૜ࡾ૜

࡭ܛܗ܋ࢊ࢔ࢇ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤ ૚
ૡ

ቋ ⇒ (1) it’s true. 

Let ࢇ ≤ ࢈ ≤ ࢉ ⇒ ࡭ܛܗ܋ ≥ ࡮ܛܗ܋ ≥ ܛܗ܋  ⇒ From Chebyshev’s inequality .࡯
૚

ࢇ ܛܗ܋ ࡭ +
૚

࢈ ܛܗ܋ ࡮ +
૚

ࢉ ܛܗ܋ ࡯ ≤
૚
૜ ൬

૚
ࢇ +

૚
+࢈

૚
൰ࢉ ൬

૚
ܛܗ܋ ࡭ +

૚
ܛܗ܋ ࡮ +

૚
൰࡯ܛܗ܋ ⇒ 

We must show this: ૚
૜
ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ቀ ૚

ܛܗ܋ ࡭
+ ૚

ܛܗ܋ ࡮
+ ૚

ܛܗ܋ ࡯
ቁ ≤ √૜

૝ࡾ ܛܗ܋ ܛܗ܋࡭ ܛܗ܋࡮ ࡯
 

⇔ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ࡭ܛܗ܋) ܛܗ܋ ࡮ + ܛܗ܋ ܛܗ܋࡭ +࡯ ࡯ܛܗ܋ (࡭ܛܗ܋ ≤ ૜√૜

૝ࡾ
   (2) 

But ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≤ √૜

૛࢘
  (3). From (2)+(3) we must show: 

࡭ܛܗ܋∑ ܛܗ܋ ࡮ ≤ ૜࢘
૛ࡾ

   (4) 

But ∑ܛܗ܋ ܛܗ܋࡭ ࡮ = ࢙૛ା࢘૛ି૝ࡾ૛

૝ࡾ૛
  (5) 

From (4)+(5) we must show: ࢙
૛ା࢘૛ି૝ࡾ૛

૝ࡾ૛
≤ ૜࢘

૛ࡾ
⇔ ࢙૛ + ࢘૛ − ૝ࡾ૛ ≤ ૟(6) ࢘ࡾ 

From Gerretsen’s inequality: 

 ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ⇒ ࢙૛ + ࢘૛ − ૝ࡾ૛ ≤ ૝࢘ࡾ + ૝࢘૛  (7) 

Form (6)+(7) we must show: ૝࢘ࡾ+ ૝࢘૛ ≤ ૟࢘ࡾ ⇔ ૝࢘૛ ≤ ૛࢘ࡾ ⇔ ૛࢘ ≤  (true Euler) ࡾ

 

1033. In acute ઢ࡯࡮࡭ the following relationship holds: 

࡭ܛܗ܋ (࡭ܖܑܛ)ܖܑܛ + ࡮ܛܗ܋ (࡮ܖܑܛ)ܖܑܛ + ࡯ܛܗ܋ (࡯ܖܑܛ)ܖܑܛ ≤
૜
૛ ܖܑܛ ቆ

√૜ࡾ
૝࢘ ቇ 

Proposed by Marian Ursărescu – Romania  
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Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࡯;࡮;࡭ ∈ ቀ૙;
࣊
૛
ቁ 

(࢞)ࢌ = ܛܗ܋ ࢞ ⋅ ܖܑܛ)ܖܑܛ ࢞) 

(࢞)ᇱࢌ = ܖܑܛ− ࢞ ⋅ ܖܑܛ)ܖܑܛ ࢞) + ૛ܛܗ܋ ࢞ ⋅ ܖܑܛ)ܛܗ܋ ࢞) 

(࢞)ᇱᇱࢌ = − ܛܗ܋ ࢞ ⋅ ܖܑܛ)ܖܑܛ ࢞)− ૛ܖܑܛ ࢞ ⋅ ܖܑܛ)ܛܗ܋ ࢞) − ૛ ⋅ ܛܗ܋ ࢞ 

⋅ ܖܑܛ ࢞ ⋅ ܖܑܛ)ܛܗ܋ ࢞)− ૜ܛܗ܋ ࢞ ⋅ ܖܑܛ)ܖܑܛ ࢞) = 

= −ቀ(ܛܗ܋ ࢞ + ૜ܛܗ܋ ࢞) ⋅ ܖܑܛ)ܖܑܛ ࢞) + ૛ܖܑܛ) ࢞ + ૛ ܛܗ܋ ࢞ ⋅ ܖܑܛ ࢞) ⋅ ܖܑܛ)ܛܗ܋ ࢞)ቁ < 0 

(࢞)ᇱᇱࢌ < 0 

෍࡭ܛܗ܋ ⋅ ܖܑܛ)ܖܑܛ (࡭ ≤ ૜ ⋅ ܛܗ܋
࡭ + ࡮ + ࡯

૜ ⋅ ܖܑܛ ൬ܖܑܛ
࡭ + ࡮ + ࡯

૜ ൰ = 

=
૜
૛ ⋅ ܖܑܛ

ቀܖܑܛ
࣊
૜
ቁ =

૜
૛ ܖܑܛ ቆ

√૜
૛ ቇ ≤

ࢋ࢚࢛ࢉ࡭
࢘ࢋ࢒࢛ࡱ ૜

૛ ⋅ ܖܑܛ ቆ
√૜ࡾ
૝࢘ ቇ 

 

1034. If in ઢ	࡯࡮࡭,  :incenter then – ࡵ

൬
ࡵ࡭ + ࡵ࡮
ࡵ࡯

൰
૞

+ ൬
+ࡵ࡮ ࡵ࡯
ࡵ࡭

൰
૞

+ ൬
ࡵ࡯ + ࡵ࡭
ࡵ࡮

൰
૞

> ൬
࡯࡮
ࡵ࡭

൰
૞

+ ൬
࡭࡯
ࡵ࡮

൰
૞

+ ൬
࡮࡭
ࡵ࡯
൰
૞

 

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

 

For ࡵ࡮࡭ triangle, ࡵ࡭ + ࡵ࡮ > ࡵ࡮ାࡵ࡭ቀ .ܤܣ
ࡵ࡯

ቁ > ቀ࡮࡭
ࡵ࡯
ቁ 	(∵ ࡵ࡯ > 0). So, ቀࡵ࡭ାࡵ࡮

ࡵ࡯
ቁ
૞

> ቀ࡮࡭
ࡵ࡯
ቁ
૞
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∴ similarly, from ઢ࡯ࡵ࡮ and ઢ࡯ࡵ࡭, and get summation, 

෍൬
ࡵ࡭ + ࡵ࡮
ࡵ࡯ ൰

૞

> ෍൬
࡯࡮
ࡵ࡭ ൰

૞

 

 

1035. In ઢ࡯࡮࡭ the following relationship holds: 

෍ඨ
ࢇ࢘
ࢉ࢟ࢉࢇ࢓

+ ෍
࢈ࢎ + ࢉࢎ
ࢉ࢟ࢉࢇ࢝

≥ ૟෍ܖܑܛ
࡭
૛

ࢉ࢟ࢉ

 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ࢇ࢓ ≤
ࡾ
૛࢘
∴ ,.etc ࢇࢎ ට

ࢇ࢘
ࢇ࢓

≥ ට૛࢘
ࡾ
⋅ ࢇ࢘
ࢇࢎ

 etc.⇒ ∑ට
ࢇ࢘
ࢇ࢓

≥
(૚)

∑ට૛࢘
ࡾ
⋅ ઢ
ࢇି࢙

⋅ ࢇ
૛ઢ

 

= ෍ට
࢘
ࡾ
ඨ

࢙ࢉ࢈ࢇ
࢙(࢙ − ࢉ࢈(ࢇ = ෍ට

࢘
ࡾ
ඨ ૛࢙ࢇ
૝࢙࢘ࡾ ⋅

૚

ܛܗ܋ ૛࡭
 

= ෍ට
࢘
ࡾ
ඨ ૚
૝࢘ࡾ ⋅

૝ܖܑܛࡾ ૛࡭ ܛܗ܋
࡭
૛

ܛܗ܋ ૛࡭
= ૛෍ܖܑܛ

࡭
૛ 

Now, ࢈ࢎାࢉࢎ
ࢇ࢝

≥ ૝ܖܑܛ ࡭
૛
⇔ ࢈ࢇାࢇࢉ

૛ࡾ
⋅ (ࢉା࢈)

૛ࢉ࢈ ૛࡭ܛܗ܋
≥ ૝ܖܑܛ ࡭

૛
⇔ ࢈)ࢇ + ૛(ࢉ ≥ ቀ૝ࡾ ܖܑܛ ࡭

૛
ܛܗ܋ ࡭

૛
ቁ (૝ࢉ࢈) 

⇔ ࢈)ࢇ + ૛(ࢉ ≥ ૝ࢉ࢈ࢇ ⇔ +࢈) ૛(ࢉ ≥ ૝ࢉ࢈ → true⇒ ࢉࢎା࢈ࢎ
ࢇ࢝

≥
(ࢇ)

૝ ܖܑܛ ࡭
૛

 

Similarly, ࢉࢎାࢇࢎ
࢈࢝

≥
(࢈)

૝ ܖܑܛ ࡮
૛

࢈ࢎାࢇࢎ & 
ࢉࢎ

≥
(ࢉ)
૝ ܖܑܛ ࡯

૛
 

(a)+(b)+(c)⇒ ∑ ࢉࢎା࢈ࢎ
ࢇ࢝

≥
(૛)

૝∑ܖܑܛ ࡭
૛

 

(1)+(2)⇒ ∑ට
ࢇ࢘
ࢇ࢓

+ ∑ ࢉࢎା࢈ࢎ
ࢇ࢝

≥ ૟∑ܖܑܛ ࡭
૛

 

Solution 2 by Tran Hong-Vietnam 

෍ඨ
ࢇ࢘
ࢇ࢓

+ ෍
࢈ࢎ + ࢉࢎ
ࢇ࢝

≥ ૟෍ܖܑܛ
࡭
૛ 
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We have: ૚
ࢇ࢓

≥ ૛࢘
ࡾ
⋅ ૚
ࢇࢎ

= ૛࢘⋅ࢇ
૛࢙࢘⋅ࡾ

= ࢇ
࢙ࡾ
⇒ ∑ට

ࢇ࢘
ࢇ࢓

≥ ∑ට࢙࢘⋅ࢇ
ࢇି࢙

⋅ ࢇ
࢙ࡾ

= ට
ࢇ࢘

(ࢇି࢙)ࡾ
= 

∑ටܖ܉ܜ ࡭
૛
⋅ ૝ ܖܑܛ ࡭

૛
⋅ ܛܗ܋ ࡭

૛
= ૛∑ܖܑܛ ࡭

૛
    (1) 

෍
࢈ࢎ + ࢉࢎ
ࢇ࢝

= ෍
૛ࡿቀ૚࢈ + ૚

ቁࢉ
૛ࢉ࢈
࢈ + ࢉ ܛܗ܋

࡭
૛

= ෍ࡿ ⋅
+࢈) ૛(ࢉ

૛(ࢉ࢈) ⋅
૚

૛࡭ܛܗ܋
 

= ܖܑܛࢉ࢈∑ ࡭
૛
⋅ ܛܗ܋ ࡭

૛
⋅ ૛(ࢉା࢈)

૛(ࢉ࢈)
⋅ ૚

૛࡭ܛܗ܋
= ܖܑܛ∑ ࡭

૛
⋅ ૛(ࢉା࢈)

ࢉ࢈
≥ ૝∑ܖܑܛ ࡭

૛
  (2) 

{∵ +࢈) ૛(ࢉ ≥ ૝ࢉ࢈}. Form (1)+(2)⇒ Proved. 

 

1036. If ࢈,ࢇ and ࢉ are the lengths of the sides of a triangle, then: 

ࢇ
࢈ + ࢉ − +ࢇ

࢈
ࢉ + ࢇ − ࢈ +

ࢉ
+ࢇ ࢈ − ࢉ − ૛ቈ൬

ࢇ − ࢈
+ࢇ ൰࢈

૛

+ ൬
࢈ − ࢉ
+࢈ ൰ࢉ

૛

+ ቀ
ࢉ − ࢇ
ࢉ + ࢇ

ቁ
૛
቉ ≥ ૜ 

Proposed by Titu Zvonaru, Neculai Stanciu-Romania 

Solution 1 by Marian Ursărescu-Romania 
ࢇ

ࢇିࢉା࢈
= ૛ܖܑܛࡾ ࡭

૛ࡾ(࡮ܖܑܛା࡭ܖܑܛି࡯ܖܑܛ)
= ࡭ܖܑܛ

࡭ܖܑܛି࡯ܖܑܛା࡮ܖܑܛ
   (1) 

But if ࡭ + ࡮ + ࡯ = ࣊ then: ܖܑܛ ࡮ + ࡯ܖܑܛ − ܖܑܛ ࡭ = ૝ ܖܑܛ ࡮
૛
ܖܑܛ ࡯

૛
ܛܗ܋ ࡭

૛
 (2) 

From (1)+(2)⇒ ࢇ
ࢇିࢉା࢈

=
૛ ૛࡭ܖܑܛ ܛܗ܋

࡭
૛

૝ ૛࡮ܖܑܛ ܖܑܛ
࡮
૛ ܛܗ܋

࡭
૛

=
૛࡭ܖܑܛ

૛ ૛࡮ܖܑܛ ܖܑܛ
࡯
૛
   (3) 

From (3)⇒ ∑ ࢇ
ࢇିࢉା࢈

= ∑
૛࡭ܖܑܛ

૛ ૛࡮ܖܑܛ ܖܑܛ
࡯
૛

= ૚
૛
∑

∑ ૛࡭૛ܖܑܛ
૛࡭ܖܑܛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛
   (4) 

But ∑ܖܑܛ૛ ࡭
૛

= ૛࢘ିࡾ
૛ࡾ

 and ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ࢘

૝ࡾ
   (5) 

From (4)+(5)⇒ ∑ ࢇ
ࢇିࢉା࢈

= ૛࢘ିࡾ
࢘

= ૛ ࡾ
࢘
− ૚  (6) 

From (6) inequality becomes: ૛ ࡾ
࢘
− ૚ − ૛∑ቀ࢈ିࢇ

࢈ାࢇ
ቁ
૛
≥ ૜ ⇔ 

ࡾ
࢘
− ૛− ∑ቀ࢈ିࢇ

࢈ାࢇ
ቁ
૛
≥ ૙ (7). But (ࢇ + ૛(࢈ ≥ ૝࢈ࢇ ⇒ (7) becomes: 

ࡾ
࢘ − ૛ −෍

ࢇ) − ૛(࢈

૝࢈ࢇ ≥ ૙ ⇔
ࡾ
࢘ − ૛ −෍

૛ࢇ − ૛࢈ࢇ + ૛࢈

࢈ࢇ ≥ ૙ ⇔ 
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⇔
ࡾ
࢘ − ૛ −

૚
૝෍

૛ࢇ + ૛࢈

࢈ࢇ +
૜
૛ ≥ ૙ ⇔

ࡾ
࢘ −

૚
૛ −

૚
૝෍

૛ࢇ + ૛࢈

࢈ࢇ ≥ ૙ ⇔ 

⇔ ૝ࡾ
࢘
− ૛− ∑ ૛࢈૛ାࢇ

࢈ࢇ
≥ ૙   (8) 

But ∑ ૛࢈૛ାࢇ

࢈ࢇ
= ࢙૛ା࢘૛ି૛࢘ࡾ

૛࢘ࡾ
   (9) 

From (8)+(9) we must show this: ૝ ࡾ
࢘
− ૛− ࢙૛ା࢘૛ି૛࢘ࡾ

૛࢘ࡾ
≥ ૙   (10) 

But from Gerretsen ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛  (11) 

From (10)+(11) we must show: ૝ ࡾ
࢘
− ૛ − ૝ࡾ૛ା૛࢘ࡾା૝࢘૛

૛࢘ࡾ
≥ ૙. Let ࡾ

࢘
= ࢞,࢞ ≥ ૛ 

⇒ ૝࢞ − ૛ − ૝࢞૛ା૛࢞ା૝
૛࢞

≥ ૙ ⇔ ૛࢞૛ − ૜࢞ − ૛ ≥ ૙ ⇔ (૛࢞ + ૚)(࢞− ૛) ≥ ૙ true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ઢ࡯࡮࡭,෍
ࢇ

࢈ + ࢉ − ࢇ − ૛෍൬
ࢇ − ࢈
ࢇ + ൰࢈

૛

≥
(૚)

૜ 

(1)⇔ ૜ + ∑ ࢇ
ࢇିࢉା࢈

≥ ૟ + ૛∑ ቀ࢈ିࢇ
࢈ାࢇ

ቁ
૛

 

⇔෍ቀ
ࢇ

࢈ + ࢉ − +ࢇ ૚ቁ ≥ ૛෍ቆ૚ +
ࢇ) − ૛(࢈

+ࢇ) ૛ቇ(࢈ = ෍
૝(ࢇ૛ + (૛࢈

ࢇ) + ૛(࢈  

⇔
૚
૛෍൬

࢈ + ࢉ
࢙ − ൰ࢇ ≥

(૚)
෍

૝(ࢇ૛ + (૛࢈
ࢇ) + ૛(࢈  

∵ +ࢇ) ૛(࢈ ≥ ૝࢈ࢇ, etc., RHS of (1)	≤
(૛)

∑ ૛࢈૛ାࢇ

࢈ࢇ
= ∑ ૛൯࢈૛ାࢇ൫ࢉ

ࢉ࢈ࢇ
= (ࢉ૛࢙ି)࢈ࢇ∑

૝࢙࢘ࡾ
 

=
૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ

૝࢙࢘ࡾ =
࢙૛ − ૛࢘ࡾ + ࢘૛

૛࢘ࡾ  

LHS of (1) = ૚
૛
∑ ቀ૛࢙ିࢇ

ࢇି࢙
ቁ = ૚

૛
∑ቀ૚ + ࢙

ࢇି࢙
ቁ = ૜

૛
+ ࢙

૛
ቀ (ࢉି࢙)(࢈ି࢙)∑

(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)
ቁ 

=
૜
૛ +

࢙
૛࢙࢘૛

(૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛) =
૜
૛ +

૝ࡾ + ࢘
૛࢘ =

(૜) ૛(ࡾ + ࢘)
࢘  

(2), (3) ⇒ it suffices to prove: ૛(ࡾା࢘)
࢘

≥ ࢙૛ି૛࢘ࡾା࢘૛

૛࢘ࡾ
 

⇔ ૝ࡾ)ࡾ + ࢘) + ૛࢘ࡾ − ࢘૛ ≥ ࢙૛ ⇔ ࢙૛ ≤
(૝)

૝ࡾ૛ + ૟࢘ࡾ − ࢘૛ 

Now, Gerretsen ⇒ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤
?
૝ࡾ૛ + ૟࢘ࡾ − ࢘૛ ⇔ ࡾ ≥

?
૛࢘ 

→ true (Euler) ⇒ (4) is true (Proved) 



 
www.ssmrmh.ro 

1037. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢘
࢈࢘ + ࢉ࢘

+
࢈࢘

ࢉ࢘ + ࢈࢘
+

ࢉ࢘
ࢇ࢘ + ࢈࢘

+
૜
૛
≤

૚૛

૟ − ࡾ
࢘

 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ࢘
࢈࢘ + ࢉ࢘

+
࢈࢘

ࢉ࢘ + ࢇ࢘
+

ࢉ࢘
ࢇ࢘ + ࢈࢘

+
૜
૛ ≤

૚૛

૟ − ࡾ
࢘

 

෍൬
ࢇ࢘

࢈࢘ + ࢉ࢘
+ ૚൰ +

૜
૛ − ૜ ≤

૚૛࢘
૟࢘ − ࡾ ; 	෍࢘ࢇ ⋅෍

૚
ࢇ࢘ + ࢈࢘

≤
૚૛࢘

૟࢘ − ࡾ +
૜
૛ =

૝૛࢘ − ૜ࡾ
૛(૟࢘ −  (ࡾ

෍࢘ࢇ ⋅
ࢇ࢘)∑ + ࢈࢘)(࢈࢘ + (ࢉ࢘

ࢇ࢘)∏ + (࢈࢘ ≤
૝૛࢘− ૜ࡾ
૛(૟࢘−  (ࡾ

෍࢘ࢇ ⋅
(∑ ૛(ࢇ࢘ + ࢇ࢘∑ ࢈࢘

∑ ࢇ࢘ ⋅ ∑ ࢇ࢘ ⋅ ࢈࢘ − ࢉ࢘࢈࢘ࢇ࢘
≤
૝૛࢘ − ૜ࡾ
૛(૟࢘ −  (ࡾ

a) ∑ ࢇ࢘ = ૝ࡾ + ࢘ 

b) ∑࢘࢈࢘ࢇ = ࢙૛ 

c) ࢘ࢉ࢘࢈࢘ࢇ = ࢘ ⋅ ࢙૛ 

(૝ࡾ+ ࢘) ቈ
(૝ࡾ+ ࢘)૛ + ࢙૛

(૝ࡾ + ࢘)࢙૛ − ࢙࢘૛቉ = (૝ࡾ + ࢘) ቈ
(૝ࡾ + ࢘)૛ + ࢙૛

૝࢙ࡾ૛ ቉ ≤
૝૛࢘ − ૜ࡾ
૛(૟࢘ −  (ࡾ

(૟࢘ − ࡾ૝)(ࡾ + ࢘)૜ + (૝ࡾ+ ࢘)(૟࢘ − (ࡾ ⋅ ࢙૛ ≤ ૛ࡾ(૝૛࢘ − ૜࢘)࢙ 

(૟࢘ − ࡾ૝)(ࡾ + ࢘)૜ ≤ (૟૚࢘ࡾ− ૛ࡾ૛ − ૟࢘૛)࢙૛ 

૟(࢘ࡾ − ૛࢘૛ − ૟࢘૛) > 0 

(૟࢘ − ࡾ૝)(ࡾ + ࢘)૜ ≤ (૟૚࢘ࡾ − ૛ࡾ૛ − ૟࢘૛)(૚૟࢘ࡾ − ૞࢘૛); 	
ࡾ
૛ = ࢚ 

(૟− ࢚)(૝࢚+ ૚)૜ ≤ (૟૚࢚ − ૛࢚૛ − ૟)(૚૟࢚ − ૞) 

−૟૝࢚૝ + ૜૜૟࢚૜ + ૛ૠ૟࢚૛ + ૠ૚࢚ + ૟ ≤ −૜૛࢚૜ + ૢૡ૟࢚૛ − ૝૚૙࢚ + ૜૙ 

૜૛࢚૝ + ૚ૡ૝࢚૜ + ૜૞૞࢚૛ − ૛૜૟࢚ + ૚૛ ≥ ૙ 

(࢚ − ૛)૛ᇣᇧᇤᇧᇥ
ஹ૙

(૜૛࢚૛ − ૞૟ + ૛)૛ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ஹ૙

≥ ૙ 
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1038. 

  
If in ઢ࡯࡮࡭,࣓ – Brocard angle then: 

࣓ܖܑܛ ≤
ࢇ) + ૛(࢈ + ࢈) + ૛(ࢉ + ࢉ) + ૛(ࢇ

૚૟(ࢇ૛ + ૛࢈ + (૛ࢉ +
ࡿ

૛࢈૛ࢇ√ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ࣓ܖܑܛ = ૛ࡿ
ඥ∑ࢇ૛࢈૛

, ∴ given inequality ⇔ ࡿ
ඥ∑ࢇ૛࢈૛ 	

≤ ૛(࢈ାࢇ)∑

૚૟∑ࢇ૛
⇔ 

⇔ ට෍ࢇ૛࢈૛෍(ࢇ + ૛(࢈ ≥
(૚)

࢙࢘ ⋅ ૚૟෍ࢇ૛ 

Now, LHS of (1) ≥ ඥࢉ࢈ࢇ(૛ࡿ){૛(∑ࢇ૛ +  {(࢈ࢇ∑

= ૝ࡿ√૛࢘ࡾ(૜ࡿ૛ − ૝࢘ࡾ − ࢘૛) ≥
?
૜૛࢙࢘(ࡿ૛ − ૝࢘ࡾ − ࢘૛) 

⇔ ૛࢘ࡾ(૜ࡿ૛ − ૝࢘ࡾ − ࢘૛)૛ ≥
?
૟૝࢘૛(ࡿ૛ − ૝࢘ࡾ − ࢘૛)૛ 

⇔ ૛ࡿ૜)ࡾ − ૝࢘ࡾ − ࢘૛)૛ ≥
?
૜૛࢘(ࡿ૛ − ૝࢘ࡾ − ࢘૛)૛ 

⇔ ૝ࡿૢ}ࡾ + (૝࢘ࡾ + ࢘૛)૛ − ૟ࡿ૛(૝࢘ࡾ+ ࢘૛)} ≥
?
૜૛࢘{ࡿ૝ + (૝࢘ࡾ + ࢘૛)૛ − ૛ࡿ૛(૝࢘ࡾ+ ࢘૛)} 

⇔ ࡾૢ) − ૚ૡ࢘)ࡿ૝ − ૟ࡾ(૝࢘ࡾ+ ࢘૛)ࡿ૛ + ૟૝࢘૛(૝ࡾ + ૛ࡿ(࢘ + 

ࡾ૛(૝࢘ࡾ+ + ࢘)૛ − ૜૛࢘૜(૝ࡾ + ࢘)૛ ≥
(૛)

?
૚૝࢙࢘૝ 
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Now, LHS of (2) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)(ૢࡾ− ૚ૡ࢘)ࡿ૛ − 

−૟ࡾ(૝࢘ࡾ + ࢘૛)ࡿ૛ + ૟૝࢘૛(૝ࡾ + ૛ࡿ(࢘ + +࢘ࡾ૛(૝࢘ࡾ ࢘)૛ − ૜૛࢘૜(૝ࡾ + ࢘)૛ & also,  

RHS of (2) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૚૝࢘ࡿ૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(a), (b)⇒ in order to prove (2), it suffices to prove: 

࢙૛൛൫૚૟࢘ࡾ − ૞࢘૛൯(ૢࡾ− ૚ૡ࢘)− ૟ࡾ൫૝࢘ࡾ+ ࢘૛൯+ ૟૝࢘૛(૝ࡾ + ࢘) − ૚૝࢘൫૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛൯ൟ 

ࡾ૛(૝࢘ࡾ+ + ࢘)૛ − ૜૛࢘૜(૝ࡾ+ ࢘)૛ ≥ ૙ 

⇔ ૛ࡾ૛(૟૝ࡿ − ૚૜ૢ࢘ࡾ+ ૚૚૛࢘૛) + +ࡾ૝)࢘ࡾ ࢘)૛ − ૜૛࢘૛(૝ࡾ + ࢘)૛ ≥
(૜)

૙ 

∵ ૟૝ࡾ૛ − ૚૜ૢ࢘ࡾ+ ૚૚૛࢘૛ 

= ࡾ) − ૛࢘)(૟૝ࡾ− ૚૚࢘) + ૢ૙࢘૛ > 0	 ൬∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘൰ 

∴ LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)(૟૝ࡾ૛ − ૚૜ૢ࢘ࡾ+ ૚૚૛࢘૛) + 

ࡾ૝)࢘ࡾ+ + ࢘)૛ − ૜૛࢘૛(૝ࡾ + ࢘)૛ ≥
?
૙ ⇔ ૚૜૙࢚૜ − ૜ૡ૚࢚૛ + ૛ૠૢ࢚ − ૠ૝ ≥

?
૙	 ൬࢚ =

ࡾ
࢘൰ 

⇔ (࢚ − ૛){૚૜૙࢚(࢚ − ૛) + ૚૜ૢ࢚ + ૜ૠ} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ (Proved) 

Solution 2 by Tran Hong-Vietnam 

࣓ܖܑܛ = ૛ࡿ
ඥ∑ࢇ૛࢈૛

. Inequality ⇔ ࡿ
ඥ∑ࢇ૛࢈૛

≤ ࢈ࢇ∑૛ାࢇ∑
ૡ∑ ૛ࢇ

 

⇔ ૛∑ࢇ૛࢈૛ି∑ࢇ૝

૛࢈૛ࢇ∑
≤ ቀ∑ ࢇ

૛ା∑ ࢈ࢇ
૛ ૛ࢇ∑

ቁ
૛

  (1) 

Let ࢖ = ࢇ∑ ࢗ, = ࢈ࢇ∑ , ࢘ = ࢉ suppose ,ࢉ࢈ࢇ ≤ ࢈ ≤  ࢇ

(1)⇔ {ૡ(ࢗ૛ − ૛࢘࢖) − ૝(࢖૝ − ૝࢖૛ࢗ+ ૛ࢗ૛ + ૝࢖){(࢘࢖૛ − ૛ࢗ)૛ ≤ ૛ࢗ) − ૛࢖)(࢘࢖૛ −  ;૛(ࢗ

⇔ {−૛࢖)࢖૛ − ૛(ࢗ + ૜૛࢖)࢖૛ − ૛ࢗ)૛}࢘ + (ࢗ,࢖)ࢍ ≥ ૙ 

⇔ ૛࢖{૚૟(࢖૛ − ૛ࢗ)૛ − ૛࢖) − ࢘{૛(ࢗ + (ࢗ,࢖)ࢍ ≥ ૙ 

⇔ ૛࢖{૚૞࢖૝ − ૟૛࢖૛ࢗ+ ૟૜ࢗ૛}࢘ + (ࢗ,࢖)ࢍ ≥ ૙ 

Let ࢌ(࢘) = ૛࢖{૚૞࢖૝ − ૟૛࢖૛ࢗ + ૟૜ࢗ૛}࢘ +  (ࢗ,࢖)ࢍ

૚૞࢖૝ − ૟૛࢖૛ࢗ + ૟૜ࢗ૛ = (૜࢖૛ − ૠࢗ)(૞࢖૛ − (ࢗૢ > 0 (because ࢖૛ ≥ ૜ࢗ) 

⇒ The function ࢌ increasing of ࢘ =  :Theorem we just check ࡯࡮࡭ by ,ࢉ࢈ࢇ

∵ ࢉ = ૙,૙ < ܽ ≤ ܾ: 
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(1)⇔ ૛ࢇ૛࢈૛ି൫ࢇ૝ା࢈૝൯
૛

≤ ቀࢇ
૛ା࢈૛ା࢈ࢇ
૛ࢇ૛ା૛࢈૛

ቁ
૛

 

⇔ ૝(ࢇ૝ − ૝)૛࢈ + ૛ࢇ)૛࢈૛ࢇ + +࢈ࢇ ૛)૛࢈ ≥ ૙ (true) 

∵ ࢇ = ,࢈ ࢉ ≤  :ࢇ

(1)⇔ ૝ࢇ૛ࢉ૛ିࢉ૝

૛ࢉ૛ࢇ૝ା૛ࢇ
≤ ቀ૜ࢇ

૛ାࢉ૛ା૛ࢉࢇ
૝ࢇ૛ା૛ࢉ૛

ቁ
૛

 

⇔ ࢇ) − ૟ࢇ૛൫ૢ(ࢉ + ૜૙ࢇ૞ࢉ + ૚૞ࢇ૝ࢉ૛ + ૛ૡࢇ૜ࢉ૜ + ૚૝ࢇ૛ࢉ૝ + ૡࢉࢇ૞ + ૝ࢉ૟൯ ≥ ૙ 

It is true. Proved. Equality ⇔ ࢇ = ࢈ =  .ࢉ

 

1039. In ઢ࡯࡮࡭ the following relationship holds: 

૚૟ቀ෍࢈ࢇ ቁ࡭૛ܖܑܛ ቀ෍ܛܗ܋࢈ࢇ૛࡭ቁ ≤ ૠ૛ૢࡾ૝ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

AM ≥ GM ⇒ ඥ∑࢈ࢇ ૛ܖܑܛ ૛ܛܗ܋࢈ࢇ∑ඥ࡭ ࡭ ≤ ૛ܖܑܛ࢈ࢇ∑ ∑ା࡭ ࢈ࢇ ૛ܛܗ܋ ࡭
૛

 

=
૛ܖܑܛ)࢈ࢇ ࡭ + ૛ܛܗ܋ (࡭ + ૛ܖܑܛ)ࢉ࢈ ࡮ + ૛ܛܗ܋ (࡮ + ૛ܖܑܛ)ࢇࢉ ࡯ + ૛ܛܗ܋ (࡯

૛  

= ࢈ࢇ∑
૛

(∵ ૛ܖܑܛ ࡭ + ૛ܛܗ܋ ࡭ = ૚, .ࢉ࢚ࢋ ) ∴ ૛ܖܑܛ࢈ࢇ∑) ૛ܛܗ܋࢈ࢇ∑)(࡭ (࡭ ≤ ૛(࢈ࢇ∑)

૝
 

⇒ ૚૟ ቀ෍ܖܑܛ࢈ࢇ૛ ቁ࡭ ቀ෍࢈ࢇ ૛ܛܗ܋ ቁ࡭ ≤ ૝ቀ෍࢈ࢇቁ
૛
≤
?
૜૛૝ࡾ૝ 

⇔ ࢈ࢇ∑ ≤ ૛ࡾૢ → true ∵ ࢈ࢇ∑ ≤ ૛ࢇ∑ ≤
ࢠ࢚࢏࢔࢈࢏ࢋࡸ

 ૛ࡾૢ

(Proved) 

 

1040. If in ઢ࡯࡮࡭,  :ᇱ - pedal triangle of incentre then࡯ᇱ࡮ᇱ࡭incentre, ઢ – ࡵ

࡭ࡵ ⋅ ᇱ࡭ࡵ

ࢇ࢝
+
࡮ࡵ ⋅ ᇱ࡮ࡵ

࢈࢝
+
࡯ࡵ ⋅ ᇱ࡯ࡵ

ࢉ࢝
≤
૜√૜
૝ࡿ

⋅ ࡭ࡵ ⋅ ࡮ࡵ ⋅  ࡯ࡵ

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

 

Angle – bisector theorem ⇒ ࡯ᇲ࡭
࡮ᇲ࡭

= ࢈
ࢉ
⇒ ࢇ

࡮ᇲ࡭
= ࢉା࢈

ࢉ
⇒ ࡮ᇱ࡭ =

(૚) ࢉࢇ
ࢉା࢈

 

Angle – bisector on ઢ࡭࡮࡭ᇱ ⇒ ᇲ࡭ࡵ

࡭ࡵ
=

(૚)	࢟࢈ ࢉࢇ
ࢉశ࢈
ࢉ

= ࢇ
ࢉା࢈

⇒ ᇱ࡭ࡵ = ࢇ
ࢉା࢈

࡭ࡵ ⇒ ᇱ࡭ࡵ ⋅ ࡭ࡵ = ࢇ
ࢉା࢈

 ૛࡭ࡵ

=
ࢇ

࢈ + ࢉ ⋅
࢘૛

૛ܖܑܛ ૛࡭
⇒
࡭ࡵ ⋅ ᇱ࡭ࡵ

ࢇ࢝
=

+࢈)ࢉ࢈૛࢘ࢇ (ࢉ

+࢈) ࢙)(ࢉ − ࢙)(࢈ − ࢉ࢈૛(ࢉ ૛࡭ܛܗ܋
 

=
૝ࡾ ܖܑܛ ૛࡭ ܛܗ܋

࡭
૛ ࢘

૛

૛(࢙ − −࢙)(࢈ ૛࡭ܛܗ܋(ࢉ
=

૛࢘ࡾ૛

(࢙ − −࢙)(࢈ (ࢉ
ඨ

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢈  

=
૛࢘ࡾ૛

ඥࢉ࢈(࢙ − ࢙)(࢈ − (ࢉ
=
૛࢘ࡾ૛ඥࢇ(࢙ − (ࢇ
√૝࢙࢘ࡾ ⋅ ࢘૛ࡿ

= ඨ ૝ࡾ૛࢘૝

૝࢘ࡾ૜࢙૛ඥࢇ
(࢙ − (ࢇ =

(ࢇ)
ඨ࢘ࡾ
࢙૛ ඥࢇ

(࢙ −  (ࢇ

Similarly, ࡮ࡵ⋅࡮ࡵ
ᇲ

࢈࢝
=
(࢈)

ට࢘ࡾ
࢙૛
ඥ࢈(࢙ − ࡯ࡵ⋅࡯ࡵ & (࢈

ᇲ

ࢉ࢝
=
(ࢉ)
ට࢘ࡾ
࢙૛
ඥࢉ(࢙ −  (ࢉ

(a)+(b)+(c)⇒ LHS = ට࢘ࡾ
࢙૛
∑ඥࢇ(࢙ −  (ࢇ

≤
ࡿ࡮࡯ ࢘ࡾ√

࢙ √૜ට෍ࢇ (࢙ − (ࢇ =
√૜࢘ࡾ
࢙

ඥ࢙(૛࢙)− ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 

=
(࢏) √૜࢘ࡾ

࢙
ඥ૛(૝࢘ࡾ+ ࢘૛) =

࢘
࢙ඥ૟ࡾ

(૝ࡾ + ࢘) 

Now, RHS = ૜√૜
૝࢙࢘

⋅ ࢘૜

૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛

= ૜√૜࢘૛

࢙ቀ࢘ࡾቁ
=

(࢏࢏) ૜√૜࢘ࡾ
࢙

 

(i), (ii) ⇒ it suffices to prove: ૟ࡾ(૝ࡾ + ࢘) ≤ ૛ૠࡾ૛ ⇔ ૜ࡾ૛ ≥ ૟࢘ࡾ ⇔ ࡾ ≥ ૛࢘ → true 

(Euler) (Proved) 
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1041. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
≥
૚
૛
൬
࢈ࢎ + ࢉࢎ
ࢇࢎ

+
ࢉࢎ + ࢇࢎ
࢈ࢎ

+
ࢇࢎ + ࢈ࢎ
ࢉࢎ

൰ 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

In any ઢࢇ࢓∑,࡯࡮࡭
ࢇࢎ
≥ ૚

૛
∑ቀ࢈ࢎାࢉࢎ

ࢇࢎ
ቁ 

ࡿࡴࡾ =
૚
૛෍

ቌ
ࢇࢉ + ࢈ࢇ
૛ࡾ
ࢉ࢈
૛ࡾ

ቍ =
૚
૛෍൬

ࢇࢉ + ࢈ࢇ
ࢉ࢈ ൰ =

(૚) +࢈૛ࢇ∑ ૛࢈ࢇ∑

૛࢈ࢇ  

ࡿࡴࡸ ≥
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

෍൮
૛࢈ + ૛ࢉ
૝ࡾ
ࢉ࢈
૛ࡾ

൲ =
૚
૛෍ቆ

૛࢈ + ૛ࢉ

ࢉ࢈ ቇ =
࢈૛ࢇ∑ + ૛࢈ࢇ∑

૛࢈ࢇ =
(૚)	࢟࢈

 ࡿࡴࡾ

 

1042. In ઢ࡯࡮࡭ the following relationship holds: 

૚
ࢇ࢓

ܖܑܛ
࡭
૛

+
૚
࢈࢓

ܖܑܛ
࡮
૛

+
૚
ࢉ࢓

ܖܑܛ
࡯
૛
≤
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

૛ࢉ࢓࢈࢓ࢇ࢓
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍
૛࡭ܖܑܛ
ࢇ࢓

=
ࢇ࢓∑

૛

૛ࢉ࢓࢈࢓ࢇ࢓
⇔෍ࢉ࢓࢈࢓ ܖܑܛ

࡭
૛ ≤

(૚) ࢇ࢓∑
૛

૛ =
૜∑ࢇ૛

ૡ  

෍ࢉ࢓࢈࢓ ܖܑܛ
࡭
૛ ≤

ࡿ࡮࡯
ට෍࢈࢓

૛ࢉ࢓
૛ඨ෍ܖܑܛ૛

࡭
૛ = ඨૢ∑ࢇ

૛࢈૛

૚૟
ඨ
∑(૚ − (࡭ܛܗ܋

૛  

= ඨૢ∑ࢇ
૛࢈૛

૚૟
ඨ૛ࡾ− ࢘

૛ࡾ ≤
? ૜∑ࢇ૛

ૡ ⇔
૛࢈૛ࢇ∑ૢ

૚૟ ൬
૛ࡾ − ࢘
૛ࡾ ൰ ≤

? ૢ
૟૝

ቀ෍ࢇ૛ቁ
૛

 

⇔ ૛(૛ࡾ − ࢘)൭ቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)൱ ≤

?
૝ࡾ(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ 

⇔ ૛(૛ࡾ− ࢘)(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૝ࡾ(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ ≤
?
૜૛(૛ࡾ −  ૛࢙࢘ࡾ(࢘
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⇔ ૛ࡾ((࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − (࢙૛ − ૝࢘ࡾ − ࢘૛)૛) ≤
?
૚૟(૛ࡾ − ૛࢙࢘ࡾ(࢘ + ࢘(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ 

⇔ ૛ࡾ(૛࢙૛)(ૡ࢘ࡾ+ ૛࢘૛) ≤
?
૚૟(૛ࡾ− ૛࢙࢘ࡾ(࢘ + ࢘(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ 

⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ + ૛࢙૛(૝࢘ࡾ+ ࢘૛) ≥
(૛)

?
૛૝࢙࢘ࡾ૛ 

Now, LHS of (2) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(૚૟࢘ࡾ − ૞࢘૛) + ࢘૛(૝ࡾ+ ࢘)૛ + ૛࢙૛(૝࢘ࡾ+ ࢘૛) ≥
?
૛૝࢙࢘ࡾ૛ 

⇔ ࢘૛(૝ࡾ+ ࢘)૛ ≥
?
૜࢘૛࢙૛ ⇔ ૝ࡾ + ࢘ ≥

?
√૜࢙ → true (Trucht)⇒ (1) is true (Done). 

 

1043. In ઢࡼ  :࡯࡮࡭ = ା૛࡮ܖܑܛ)(࡮ܖܑܛା૛࡭ܖܑܛ)ࢋ  (࡭ܖܑܛା૛࡯ܖܑܛ)(࡯ܖܑܛ

Find: ࡼܠ܉ܕ 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Sagar Kumar-Patna Bihar-India 

ࡼ = ܖܑܛ)(࡯ܖܑܛା૛࡮ܖܑܛ)(࡮ܖܑܛା૛࡭ܖܑܛ)ࢋ (࡭ܖܑܛା૛࡯ ⇒ ܛܗ܋ ૙ < ܥ,ܤ,ܣ < ߨ ⇒ 

⇒ ܖܑܛ ࡭ , ܖܑܛ ࡮ , ܖܑܛ ࡯ > 0 ⇒ ࡭ܖܑܛ) + ૛ ܖܑܛ ࡮ܖܑܛ)(࡮ + ૛ ࡯ܖܑܛ)(࡯ܖܑܛ + ૛ ܖܑܛ  (࡭

≤ ቆ
૜((࡭)ܖܑܛ + ܖܑܛ ࡮ + ܖܑܛ (࡯

૜ ቇ
૜

 

AM ≥ GM⇒ ࡿࡴࡸ ≤ (࡭)ܖܑܛ) + ࡮ܖܑܛ + ܖܑܛ  ૜(࡯

and we know that in a ઢܖܑܛ :࡯࡮࡭ ࡭ + ࡮ܖܑܛ + ܖܑܛ ࡯ ≤ ૜√૜
૛
⇒ ࡿࡴࡸ ≤ ቀ૜√૜

૛
ቁ
૜

= ૡ૚√૜
ૡ

 

Hence ܠ܉ܕࡼ 	 ≤ ൬ࢋ
ૡ૚√૜
ૡ ൰. Equality holds when ࡭ = ࡮ = ࡯ = ࣊

૜
 

 

1044. In ઢ࡯࡮࡭, ࢇࡾ ,incentre – ࡵ  .࡮ࡵ࡭ઢ,࡭ࡵ࡯ઢ,࡯ࡵ࡮circumradii in ઢ – ࢉࡾ,࢈ࡾ,

Prove that: 

૛ࡾ૛ − ૛࢘ࡾ − ࢘૛ ≤
૚
૝ࡾ૛

൫ࢇࡾ૝ + ૝࢈ࡾ ૝൯ࢉࡾ+ ≤ ૝ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛ 

Proposed by Marian Ursărescu – Romania  

 



 
www.ssmrmh.ro 

Solution 1 by Bogdan Fustei-Romania 

ࢇࡾ = ૛ࡾ ܖܑܛ ࡭
૛
(࢙࢛࢕ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)	

ܖܑܛ ࡭
૛

= ට࢘࢘ିࢇ
૝ࡾ

(࢙࢛࢕ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)	
ංࢇࡾ = ඥࢇ࢘)ࡾ − ࢘) (and analogous) 

૝ࢇࡾ = ࢇ࢘)૛ࡾ − ࢘)૛ (and analogous) ⇒ ૝ࢇࡾ + ࢈ࡾ
૝ + ࢉࡾ

૝ = ૛ࡾ ⋅ ࢇ࢘)∑ − ࢘)૛ 

ࢇࡾ
૝ + ࢈ࡾ

૝ + ࢉࡾ
૝ = ૛ࡾ ቂ෍࢘ࢇ૛ + ૜࢘૛ − ૛࢘(࢘ࢇ + ࢈࢘ +  ቃ(ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢉ࢘ࢇ࢘ = ࢙૛ ⇒෍࢘ࢇ૛ = ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘ − ૛෍࢘࢈࢘ࢇ 

෍࢘ࢇ૛ = ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘ − ૛࢙૛ 

ࢇࡾ
૝ + ࢈ࡾ

૝ + ࢉࡾ
૝ = ࢇ࢘)]૛ࡾ + ࢈࢘ + ૛(ࢉ࢘ − ૛࢙૛ − ૛࢘(࢘ࢇ + ࢈࢘ + (ࢉ࢘ + ૜࢘૛] 

ࢇࡾ
૝ + ࢈ࡾ

૝ + ࢉࡾ
૝ = ࢇࡾ)]૛ࡾ + ࢈ࡾ + ࢇࡾ)(ࢉࡾ + ࢈ࡾ + ࢉࡾ − ૛࢘) − ૛࢙૛ + ૜࢘૛] 

ࢇࡾ
૝ + ࢈ࡾ

૝ + ࢉࡾ
૝ = +ࡾ૛[(૝ࡾ ࢘)(૝ࡾ− ࢘)− ࢙૛ + ૜࢘૛] 

ࢇࡾ
૝ + ૝࢈ࡾ + ࢉࡾ

૝ = ૛ࡾ૛(૚૟ࡾ − ࢘૛ − ૛࢙૛ + ૜࢘૛) = ૛ࡾ૛(ૡࡾ૛ − ࢙૛ + ࢘૛) 

࢈ࡾ૝ାࢇࡾ
૝ାࢉࡾ૝

૝ࡾ૛
= ૛ࡾ૛൫ૡࡾ૛ି࢙૛ା࢘૛൯

૝ࡾ૛
= ૡࡾ૛ି࢙૛ା࢘૛

૛
. The inequality from enunciation becomes: 

૛ࡾ૛ − ૛࢘ࡾ − ࢘૛ ≤
ૡࡾ૛ − ࢙૛ + ࢘૛

૛ ≤ ૝ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛  

૝ࡾ૛ − ૝࢘ࡾ − ૛࢘૛ ≤ ૡࡾ૛ − ࢙૛ + ࢘૛ ⇒ ࢙૛ ≤ ૡࡾ૛ + ࢘૛ − ૝ࡾ૛ + ૝࢘ࡾ+ ૛࢘૛ = 

= ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛   (Gerretsen’s inequality) 

ૡ࢘૛ − ࢙૛ + ࢘૛ ≤ ૡࡾ૛ − ૚૟࢘ࡾ+ ૟࢘૛ ⇒ ૚૟࢘ࡾ− ૞࢘૛ ≤ ࢙૛  (Gerretsen’s inequality) 

From the above the inequality from enunciation is proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛ࡾ૛ − ૛࢘ࡾ − ࢘૛ ≤
(ࢇ) ࢇࡾ∑

૝

૝ࡾ૛ ≤
(࢈)

૝ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛ 

From ઢ࡯ࡵ࡮, ࡯࡮⋅ࡵ࡯⋅ࡵ࡮
૝ࢇࡾ

= ૚
૛
࡯࡮ ⋅ ࢘ ⇒ ࢇࡾ =

࢘૛ ૛࡭ܖܑܛ
૛࢘ ૛࡮ܖܑܛ ܖܑܛ

࡯
૛ ܖܑܛ

࡭
૛

=
࢘ ૛࡭ܖܑܛ
૛ቀ ࢘

૝ࡾቁ
= ૛ࡾ ܖܑܛ ࡭

૛
 

Similarly, ࢈ࡾ = ૛ࡾ ܖܑܛ ࡮
૛

ࢉࡾ &  = ૛ܖܑܛࡾ ࡯
૛

 

∴ ૝ࢇࡾ∑

૝ࡾ૛
=

૚૟ࡾ૝ ૛࡭૝ܖܑܛ∑
૝ࡾ૛

   (using above 3 relations) 
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= ෍ࡾ૛ ൬૛ ૛ܖܑܛ
࡭
૛൰

૛

= ૛෍(૚ࡾ − ܛܗ܋ ૛(࡭ = ૛෍(૚ࡾ + ૚ − ૛ܖܑܛ ࡭ − ૛࡭ܛܗ܋) 

= ૟ࡾ૛ −෍
૛ࢇ ⋅ ૛ࡾ

૝ࡾ૛ − ૛ࡾ૛ ቀ૚ +
࢘
ࡾ
ቁ = ૟ࡾ૛ −

࢙૛ − ૝࢘ࡾ − ࢘૛

૛ − ૛ࡾ)ࡾ + ࢘) 

=
૚૛ࡾ૛ − ࢙૛ + ૝࢘ࡾ+ ࢘૛ − ૝ࡾ૛ − ૝࢘ࡾ

૛ =
(૚) ૡࡾ૛ + ࢘૛ − ࢙૛

૛  

(1) ⇒ (a) ⇔ ૡࡾ૛ + ࢘૛ − ࢙૛ ≥ ૝ࡾ૛ − ૝࢘ࡾ − ૛࢘૛ 

⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ → true by Gerretsen ⇒ (a) is true 

Also, (1) ⇒ (b) ⇔ ૡࡾ૛ + ࢘૛ − ࢙૛ ≤ ૡࡾ૛ − ૚૟࢘ࡾ+ ૟࢘૛ 

⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ → true by Gerretsen ⇒ (b) is true (Done) 

 

1045. In ઢ࡯࡮࡭ the following relationship holds: 

૜ࢇ ࡮ܛܗ܋ +࡯ܛܗ܋ ૜࢈ ࡯ܛܗ܋ ࡭ܛܗ܋ + ૜ࢉ ࡭ܛܗ܋ ࡮ܛܗ܋ ≥
૛ૠࢉ࢈ࢇ

ቀ ૚
ܛܗ܋ ࡭ + ૚

࡮ܛܗ܋ + ૚
ቁ࡯ܛܗ܋

૛ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࢉ࢈ࢇ
૛ࡾ૛෍ࢇ૛ −෍ࢇ૜ ࡭ܛܗ܋ =

૝࢙࢘ࡾ
૛ࡾ (࢙૛ − ૝࢘ࡾ − ࢘૛) −෍ࢇ૜ ቆ

૛࢈ + ૛ࢉ − ૛ࢇ

૛ࢉ࢈ ቇ 

=
૝࢙࢘
ࡾ

(࢙૛ − ૝࢘ࡾ− ࢘૛) −෍
૛࢈)૝ࢇ + ૛ࢉ − (૛ࢇ

૛ࢉ࢈ࢇ  

=
૝࢙࢘(࢙૛ − ૝࢘ࡾ − ࢘૛)

ࡾ −
૛࢈૛ࢇ∑ ૛ࢇ∑) − −(૛ࢉ ૟ࢇ∑

ૡ࢙࢘ࡾ  

=
(૚) ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − (૛ࢇ∑)(૛࢈૛ࢇ∑) + ૜ࢇ૛࢈૛ࢉ૛ + ૟ࢇ∑

ૡ࢙࢘ࡾ  

Numerator = ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − (૛ࢇ∑)(૛࢈૛ࢇ∑) + ૜ࢇ૛࢈૛ࢉ૛ + ૜ࢇ૛࢈૛ࢉ૛ + 

+෍ࢇ૛ ቀ෍ࢇ૝ −෍ࢇ૛࢈૛ቁ = 

= ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૛ቀ෍ࢇ૛࢈૛ቁ ቀ෍ࢇ૛ቁ + ૢ૟ࡾ૛࢘૛࢙૛ + 

+ ቀ෍ࢇ૛ቁ ቊቀ෍ࢇ૛ቁ
૛
− ૛෍ࢇ૛࢈૛ቋ 
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= ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૡቀ෍ࢇ૛࢈૛ቁ (࢙૛ − ૝࢘ࡾ − ࢘૛) + 

+ૢ૟ࡾ૛࢘૛ࡿ૛ + ૡ(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ 

= ૡ(࢙૛ − ૝࢘ࡾ − ࢘૛) ቊ(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ − ቀ෍࢈ࢇቁ
૛

+ ૚૟࢙࢘ࡾ૛ + ૝࢘૛࢙૛ቋ + 

+ૢ૟ࡾ૛࢘૛ࡿ૛ 

= ૡ(࢙૛ − ૝࢘ࡾ − ࢘૛){(૛࢙૛)(−ૡ࢘ࡾ − ૛࢘૛) + ૚૟࢙࢘ࡾ૛ + ૝࢘૛࢙૛ + ૢ૟ࡾ૛࢘૛ࡿ૛} 

=
(૛)

ૢ૟ࡾ૛࢘૛ࡿ૛ 

(1), (2) ⇒ ࢉ࢈ࢇ
૛ࡾ૛

૛ࢇ∑ − ૜ࢇ∑ ܛܗ܋ ࡭ = ૢ૟ࡾ૛࢘૛ࡿ૛

ૡ࢙࢘ࡾ
=
(૜)

૚૛࢙࢘ࡾ 

Now, ∑ࢇ૜ ܛܗ܋ ܛܗ܋࡮ ࡯ = ૚
૛
૜ࢇ∑ (૛࡮ܛܗ܋ (࡯ܛܗ܋ = 

=
૚
૛෍ࢇ૜ ࡮)ܛܗ܋} + (࡯ + −࡮)ܛܗ܋ {(࡯ = 

= −
૚
૛෍ࢇ૜ ܛܗ܋ ࡭ +

૚
૛෍ࢇ૛ ⋅ ૛ࡾ ࡮)ܖܑܛ + (࡯ −࡮)ܛܗ܋  (࡯

= −
૚
૛෍ࢇ૜ ࡭ܛܗ܋ +

ࡾ
૛෍ࢇ૛ ܖܑܛ) ૛࡮ + ૛ ܖܑܛ ૛࡯) 

= −
૚
૛෍ࢇ૜ ܛܗ܋ ࡭ +

ࡾ
૛෍ࢇ૛ ቀ෍ܖܑܛ૛࡭ − ܖܑܛ ૛࡭ቁ 

= −
૚
૛෍ࢇ૜ ܛܗ܋ ࡭ +

ࡾ
૛
ቀ෍ࢇ૛ቁ ൬૝

ࢉ࢈ࢇ
ૡࡾ૜൰ −

ࡾ
૛෍ࢇ૛ ⋅ ૛ ࡭ܖܑܛ ܛܗ܋  ࡭

= −
૚
૛෍ࢇ૜ ࡭ܛܗ܋ +

ࡾ
૛
ቀ෍ࢇ૛ቁ ൬

ࢉ࢈ࢇ
૛ࡾ૜൰ −

૚
૛෍ࢇ૛ ⋅ ࢇ  ࡭ܛܗ܋

= −෍ࢇ૜ ܛܗ܋ ࡭ +
ࢉ࢈ࢇ
૝ࡾ૛ ቀ෍ࢇ૛ቁ 

= ൬
ࢉ࢈ࢇ
૛ࡾ૛ ቀ෍ࢇ૛ቁ −෍ࢇ૜ ܛܗ܋ ൰࡭ −

ࢉ࢈ࢇ
૝ࡾ૛ ቀ෍ࢇ૛ቁ 

=
(૜)	࢟࢈

(૚૛࢙࢘ࡾ)−
૝࢙࢘ࡾ
૝ࡾ૛ ⋅ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) = ૚૛࢙࢘ࡾ −

૛࢙࢘(࢙૛ − ૝࢘ࡾ − ࢘૛)
ࡾ  

=
૚૛ࡾ૛࢙࢘ − ૛࢙࢘(࢙૛ − ૝࢘ࡾ− ࢘૛)

ࡾ =
(૝) ૛࢙࢘(૟ࡾ૛ − ࢙૛ + ૝࢘ࡾ + ࢘૛)

ࡾ  

Now, ૟ࡾ૛ − ࢙૛ + ૝࢘ࡾ+ ࢘૛ > 0 ⇔ ࢙૛ < ૛ࡾ6 + ૝࢘ࡾ+ ࢘૛ 

But, ࢙૛ ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ <
?
૟ࡾ૛ + ૝࢘ࡾ+ ࢘૛ 
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⇔ ࡾ > ݎ → true ∴ ૟ࡾ૛ − ࢙૛ + ૝࢘ࡾ+ ࢘૛ > 0 

(4) ⇒ given inequality ⇔ ૛࢙࢘൫૟ࡾ૛ି࢙૛ା૝࢘ࡾା࢘૛൯
ࡾ

ቀ∑ ૚
ܛܗ܋ ࡭

ቁ
૛
≥
(૞)

૛ૠࢉ࢈ࢇ 

∵ ൬෍
૚

ܛܗ܋ ൰࡭
૛

≥
(૟)

૜෍
૚

ܛܗ܋ ࡭ ܛܗ܋ ࡮ =
૜∑࡭ܛܗ܋
∏ ࡭ܛܗ܋  

=
૜ ቀࡾ + ࢘

ࡾ ቁ
࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛

૝ࡾ૛

=
૚૛ࡾ)ࡾ + ࢘)

࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛, 

∴ (6) ⇒ (5) ⇔ ૚૛(ࡾା࢘)⋅૛࢙࢘൫૟ࡾ૛ି࢙૛ା૝࢘ࡾା࢘૛൯
૛൯࢘ି࢘ࡾ૛ି૝ࡾ൫࢙૛ି૝ࡾ

≥ ૚૙ૡ࢙࢘ࡾ 

⇔ ૛(ࡾ + ࢘)(૟ࡾ૛ − ࢙૛ + ૝࢘ࡾ+ ࢘૛) ≥ ૛࢙)ࡾૢ − ૝ࡾ૛ − ૝࢘ࡾ− ࢘૛) 

⇔ ૛(ࡾ + ࢘)૟ࡾ૛ − ૛(ࡾ+ ࢘)࢙૛ + ૛(ࡾ + ࢘)(૝࢘ࡾ+ ࢘૛) ≥ 

≥ ૛࢙ࡾૢ − ૜૟ࡾ૜ − ࢘ࡾ૝)ࡾૢ + ࢘૛) 

⇔ ૝ૡࡾ૜ + ૚૛ࡾ૛࢘+ (૚૚ࡾ+ ૛࢘)(૝࢘ࡾ+ ࢘૛) ≥
(ૠ)

(૚૚ࡾ + ૛࢘)࢙૛ 

Now, RHS of (7) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૚ࡾ + ૛࢘)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

≤
?
૝ૡࡾ૜ + ૚૛ࡾ૛࢘ + (૝࢘ࡾ+ ࢘૛)(૚૚ࡾ + ૛࢘) ⇔ ૛࢚૜ + ૛࢚૛ − ૚૚࢚ − ૛ ≥

?
૙  (where ࢚ = ࡾ

࢘
) 

⇔ (࢚ − ૛)(૛࢚૛ + ૟࢚ + ૚) ≥
?
૙ → true ࢋ࢙࢛ࢇࢉࢋ࢈	࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ ⇒ (7) is true ⇒ (5) is true 

(Proved) 

 

1046. In ઢ࡯࡮࡭ the following relationship holds: 

൬
ࢉࢎ࢈ࢎ
ࢇࢎ

൰
૛

+ ൬
ࢇࢎࢉࢎ
࢈ࢎ

൰
૛

+ ൬
࢈ࢎࢇࢎ
ࢉࢎ

൰
૛

≥ ൬
૛ࡿ
ࡾ ൰

૛

 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Daniel Sitaru – Romania  

෍൬
ࢉࢎ࢈ࢎ
ࢇࢎ

൰
૛

= ෍ቌ
૛ࡿ
࢈ ∙ ૛ࢉࡿ
૛ࡿ
ࢇ

ቍ

૛

= ૝ࡿ૛෍
૛ࢇ

૛ࢉ૛࢈
ࢉ࢟ࢉ

=
ࢉ࢟ࢉࢉ࢟ࢉ
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= ૝ࡿ૛ ∙
૚

૝ࢇ૛෍ࢉ૛࢈૛ࢇ
ࢉ࢟ࢉ

≥⏞
(૚ૢ૝ૢ)ࡾࡱࡺࡰࡸࡻࡳ ૝ࡿ૛

૛ࢉ૛࢈૛ࢇ ∙ ૚૟ࡿ
૛ =

૝ࡿ૛

૚૟ࡾ૛ࡿ૛ ∙ ૚૟ࡿ
૛ = ൬

૛ࡿ
ࡾ ൰

૛

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍൬
ࢉࢎ࢈ࢎ
ࢇࢎ

൰
૛

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜ ൬෍
ࢉࢎ࢈ࢎ
ࢇࢎ

൰
૛

=
૚
૜ቆ෍

૝ࡿ૛

૛ࡿ ⋅
૛ࢇ

૝࢙࢘ࡾቇ
૛

= 

=
૚
૜ቆ

૛ࢇ∑

૛ࡾ ቇ
૛

≥ ൬
૛ࡿ
ࡾ ൰

૛

⇔
૚
√૜

⋅
૛ࢇ∑

૛ࡾ ≥
૛ࡿ
ࡾ ⇔෍ࢇ૛ ≥ ૝√૜ࡿ 

→ true (Ionescu – Weitzenbock) (Proved) 

 

1047. In acute ઢ࡯࡮࡭ the following relationship holds: 

૚
࡭ܛܗ܋

+
૚

࡮ܛܗ܋
+

૚
࡯ܛܗ܋

> ૛࡭ + ૛࡮ + ૛࡯ + ࡭ܛܗ܋ + ࡮ܛܗ܋ +  ࡯ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍
૚

ܛܗ܋ ࡭ > ෍࡭૛ + ෍࡭ܛܗ܋ ⇔෍൬
૚

ܛܗ܋ ࡭ − ൰࡭ܛܗ܋ > ෍࡭૛ ⇔෍
૛ܖܑܛ ࡭
࡭ܛܗ܋ >

(૚)
෍࡭૛ 

Let ࢌ(࢞) = ૛ܖܑܛ ࢞ − ࢞૛ ܛܗ܋ ࢞ ,∀࢞ ∈ ቂ૙, ࣊
૛
ቁ 

(࢞)ᇱࢌ = ૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ + ࢞૛ ܖܑܛ ࢞ − ૛࢞ ܛܗ܋ ࢞ ≥
(૛)

૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ + ࢞૛ ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ 

ቆ∵ ࢞ ܛܗ܋ ࢞ ≤ ܖܑܛ ࢞ ࢞	࢙ࢇ	 ≤ ࢞ܖ܉ܜ ;∀࢞ ∈ ቂ૙,
࣊
૛
ቁቇ 

= ܖܑܛ ࢞ (૛ ܛܗ܋ ࢞ + ࢞૛ − ૛). Let ࢍ(࢞) = ૛ܛܗ܋ ࢞ + ࢞૛ − ૛	∀࢞ ∈ ቂ૙, ࣊
૛
ቁ 

(࢞)ᇱࢍ = −૛ ܖܑܛ ࢞ + ૛࢞ ≥ ૙ as ∀࢞ ∈ ቂ૙, ࣊
૛
ቁ , ࢞ ≥ ܖܑܛ ࢞ ∴ (࢞)ࢍ >

(૜)
(૙)ࢍ = ૙ 

(2), (3)⇒ (࢞)ᇱࢌ ≥ ૙ ∴ (࢞)ࢌ ≥ (૙)ࢌ = ૙ 

⇒ ∀࢞ ∈ ቂ૙, ࣊
૛
ቁ , ૛ܖܑܛ ࢞ ≥ ࢞૛ ܛܗ܋ ࢞, with equality at ࢞ = ૙ 

∴ ∀࢞ ∈ ቀ૙, ࣊
૛
ቁ , ૛ܖܑܛ ࢞ > ࢞૛ ܛܗ܋ ࢞ ⇒ ૛ܖܑܛ ࢞

ܛܗ܋ ࢞
>
(ࢇ)

࢞૛ ∵ ࡯,࡮,࡭ ∈ ቀ૙, ࣊
૛
ቁ ∴ (a)⇒ ૛ܖܑܛ ࡭

ܛܗ܋ ࡭
>  ૛ etc࡭

⇒ ∑ ૛ܖܑܛ ࡭
ܛܗ܋ ࡭

> ૛࡭∑ ⇒ (1) is true (Proved) 
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1048. In ઢ࡯࡮࡭ the following relationship holds: 

૚૛ࡾ ≤
૛࢈ + ૛ࢉ

ࢇࢎ
+
૛ࢉ + ૛ࢇ

࢈ࢎ
+
૛ࢇ + ૛࢈

ࢉࢎ
≤
ૢ√૜ࡾ૛

ࡿ
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania  

૛࢈ + ૛ࢉ ≥ ૛ࢉ࢈ and ࢇࢎ = ૛ࡿ
ࢇ
⇒ ૛ࢉ૛ା࢈

ࢇࢎ
≥ ࢉ࢈ࢇ

ࡿ
⇒ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≥ ૜ࢉ࢈ࢇ

ࡿ
   (1) 

But ࢉ࢈ࢇ = ૝࢙࢘ࡾ and ࡿ = ࢙࢘ (2). From (1)+(2)⇒ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≥ ૚૛࢙࢘ࡾ

࢙࢘
= ૚૛ࡾ 

Now: ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≥ ૢ√૜ࡾ૜

ࡿ
⇔ ∑ ૛ࢉ૛ା࢈

૛ࡿ
ࢇ

≥ ૢ√૜ࡾ૛

ࡿ
⇔ ૛࢈)ࢇ∑ + (૛ࢉ ≥ ૚ૡ√૜ࡾ૜ ⇔ 

⇔ ૛ࢇ∑ ࢈) + (ࢉ ≥ ૚ૡ√૜ࡾ૜  (3) 

But ∑ࢇ૛ ࢈) + (ࢉ = ૛࢙(࢙૛ + ࢘૛ − ૛(4)  (࢘ࡾ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
૛࢈ + ૛ࢉ

ࢇࢎ
≥

࢓࢕࢚࢙࢘࢘ࢍ࢘ࢋ࡮ (૛∑ࢇ)૛

૛∑ࢇࢎ
=
૝(∑ࢇ)૛ࡾ
࢈ࢇ∑  

≥
࢈ࢇ∑૛ஹ૜(ࢇ∑) (૚૛∑࢈ࢇ)ࡾ

࢈ࢇ∑
= ૚૛ࡾ ⇒ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≥ ૚૛ࡾ. Now, Tereshin ⇒ ૛࢈ + ૛ࢉ ≤ ૝ࢇ࢓ࡾ, etc 

∴ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≤
(૚)

૝ࢇ࢓∑ࡾ
ࢇࢎ

. WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

∴ ࢇ࢓ ≤ ࢈࢓ ≤ ૚ & ࢉ࢓
ࢇࢎ
≥ ૚

࢈ࢎ
≥ ૚

ࢉࢎ
∴ (1) ⇒ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≤

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૝ࡾ
૜

∑ቀ(ࢇ࢓∑) ૚
ࢇࢎ
ቁ 

≤
ା࢘ࡾஸ૝ࢇ࢓∑ ૝ࡾ(૝ࡾ + ࢘)

૜࢘ =
૝࢙ࡾ(૝ࡾ + ࢘)

૜ࡿ ≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૝ࡾ૜√૜ࡾ૛ (૝ࡾ + ࢘)

૜ࡿ  

≤
࢘ࢋ࢒࢛ࡱ ૝ࡾ൬√૜ࡾ૛ ൰ቀૢࡾ૛ ቁ

ࡿ
= ૢ√૜ࡾ૜

ࡿ
⇒ ∑ ૛ࢉ૛ା࢈

ࢇࢎ
≤ ૢ√૜ࡾ૜

ࡿ
 (Done) 

From (3)+(4) we must show: ࢙(࢙૛ + ࢘૛ − ૛࢘ࡾ) ≥ ૢ√૜ࡾ૜   (5) 

But ࢙ ≤ ૜√૜
૛
 (6)  ࡾ

From (5)+(6) we must show ࢙૛ + ࢘૛ − ૛࢘ࡾ ≤ ૟ࡾ૛  (7) 

Form Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ⇒ 
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⇒ ࢙૛ + ࢘૛ − ૛࢘ࡾ ≤ ૝ࡾ૛ + ૛࢘ࡾ + ૝࢘૛ (8) 

From (7)+(8) we must show: ૝ࡾ૛ + ૛࢘ࡾ + ૝࢘૛ ≤ ૟ࡾ૛ ⇔ ࢘ࡾ + ૛࢘૛ ≤  ૛  (9)ࡾ

But from Euler ࢘ ≤ ࡾ
࢘
∧ ࢘૛ ≤ ૛ࡾ

૝
⇒ +࢘ࡾ ૛࢘૛ ≤  .૛ࡾ

 

1049. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ ⋅ ࢇ࢓

૛࡭ܖܑܛ
+
࢈ ⋅ ࢈࢓

૛࡮ܖܑܛ
+
ࢉ ⋅ ࢉ࢓

ܖܑܛ ૛࡯
≥ ૟࢙ࡾ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

ࢇ࢓ࢇ

ܖܑܛ ૛࡭
=
૛ܖܑܛࡾ ࢇ࢓࡭

ܖܑܛ ૛࡭
=
૝ࡾ ܖܑܛ ૛࡭ ܛܗ܋

࡭
૛ ࢇ࢓

ܖܑܛ ૛࡭
= ૝ܛܗ܋ࡾ

࡭
૛ࢇ࢓ ⇒ 

We must show this: ࢇ࢓ ܛܗ܋
࡭
૛

+ ࢈࢓ ܛܗ܋
࡮
૛

+ ࢉ࢓ ܛܗ܋
࡯
૛
≥ ૜

૛
࢙   (1) 

But ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
   (2).  

From (1)+(2) we must show: ∑(࢈ + ૛ܛܗ܋(ࢉ ࡭
૛
≥ ૜࢙   (3) 

But ܛܗ܋૛ ࡭
૛

= (ࢇି࢙)࢙
ࢉ࢈

  (4) 

From (3)+(4) we must show: ∑ (ࢇି࢙)(ࢉା࢈)
ࢉ࢈

≥ ૜ ⇔ ∑ (ࢇିࢉା࢈)(ࢉା࢈)
ࢉ࢈

≥ ૟   (5) 

But ∑ (ࢇିࢉା࢈)(ࢉା࢈)
ࢉ࢈

= ∑ (ࢇିࢉା࢈)(ࢉା࢈)ࢇ
ࢉ࢈ࢇ

= 

=
+࢈)ࢇ∑ ૛(ࢉ ࢈)૛ࢇ∑− + (ࢉ

ࢉ࢈ࢇ =
૛࢈ࢇ)∑ + ૛ࢉࢇ + ૛ࢉ࢈ࢇ)− −࢈૛ࢇ∑ ࢉ૛ࢇ∑

ࢉ࢈ࢇ  

= ࢉ૛ࢇ∑ି࢈૛ࢇ∑ିࢉ࢈ࢇ૛ା૟ࢉࢇ∑૛ା࢈ࢇ∑
ࢉ࢈ࢇ

= ૟ࢉ࢈ࢇ
ࢉ࢈ࢇ

= ૟   (6). From (6) ⇒  it’s true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

LHS = ∑
૝ࡾ ૛࡭ܖܑܛ ܛܗ܋

࡭
૛

૛࡭ܖܑܛ
ࢇ࢓ ≥

ஹࢇ࢓
ࢉశ࢈
૛ ૛࡭ܛܗ܋

∑૝ࡾ ܛܗ܋ ࡭
૛
⋅ ࢉା࢈

૛
ܛܗ܋ ࡭

૛
 

= ૛ࡾ෍(࢈ + (ࢉ ⋅
࢙(࢙ − (ࢇ

ࢉ࢈ =
૛࢙ࡾ
૝࢙࢘ࡾ෍࢈)ࢇ + ࢙)(ࢉ −  (ࢇ
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=
૚
૛࢘෍

ቀ෍࢈ࢇ − ቁࢉ࢈ (࢙ − (ࢇ =
૚
૛࢘	

ቄ෍࢈ࢇ෍(࢙ − (ࢇ −෍ࢉ࢈(࢙ −  ቅ(ࢇ

= ૚
૛࢘

࢈ࢇ∑࢙) − +࢈ࢇ∑࢙ ૚૛࢙࢘ࡾ) = ૟࢙ࡾ (Proved) 

 

1050. In ઢ࡯࡮࡭ the following relationship holds: 

࢈√ + ࢉ
ࢇ࢘

+
ࢉ√ + ࢇ
࢈࢘

+
ࢇ√ + ࢈
ࢉ࢘

≤
૝ࡾ − ૛࢘
࢘ ⋅ √૛ૠ࢘૛૝  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ࢇ ≥ ࢈ ≥ +࢈√ ,Then .ࢉ ࢉ ≤ ࢉ√ + ࢇ ≤ ࢇ√ + ૚ & 	࢈
ࢇ࢘
≤ ૚

࢈࢘
≤ ૚

ࢉ࢘
 

∴ 	ࡿࡴࡸ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ቀ෍√࢈ + ቁࢉ ൬෍

૚
ࢇ࢘
൰ ≤
ࡿ࡮࡯ √૜

૜ √૝࢙ ൬
૚
࢘൰ =

૚
࢘
ඨ૝࢙
૜ ≤

? ૝ࡾ − ૛࢘
࢘√૛ૠ࢘૛૝  

⇔ ૝࢙
૜
≤
? ૝(૛࢘ିࡾ)૛

૜√૜࢘
⇔ ࢙࢘√૜ ≤

(૚)

?
(૛ࡾ− ࢘)૛. Now, LHS of (1) ≤

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૜√૜ࡾ
૛

⋅ ࢘√૜ = ࢘ࡾૢ
૛

 

≤
?

(૛ࡾ − ࢘)૛ ⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ + ૛࢘૛ ≥
?
૙ ⇔ (ૡࡾ − −ࡾ)(࢘ ૛࢘) ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

 

1051. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓) + ࢈࢓ + (ࢉ࢓ ൬
૚
ࢇ࢓

+
૚
࢈࢓

+
૚
ࢉ࢓

൰ +
૛ࡿૢ

ࢇ࢓)ࢉ࢓࢈࢓ࢇ࢓ + ࢈࢓ + (ࢉ࢓
≥ ૚૙ 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Soumava Chakraborty-Kolkata-India 

We shall first prove: (∑ࢇ) ቀ∑ ૚
ࢇ
ቁ + ૚૟ࡿ૛

(ࢇ∑)ࢉ࢈ࢇ
≥ ૚૙ 

⇔ ൬
૛࢙
૝࢙࢘ࡾ൰

(࢙૛ + ૝࢘ࡾ + ࢘૛) +
૚૟࢘૛࢙૛

ૡ࢙࢘ࡾ૛ ≥ ૚૙ ⇔
࢙૛ + ૝࢘ࡾ + ૞࢘૛

૛࢘ࡾ ≥ ૚૙ 

⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ → true (Gerretsen) ∴ (ࢇ∑) ቀ∑ ૚
ࢇ
ቁ + ૚૟ࡿ૛

(ࢇ∑)ࢉ࢈ࢇ
≥
(૚)

૚૙ 

Applying (1) on a triangle with sides ૛ࢇ࢓
૜

, ૛࢈࢓
૜

, ૛ࢉ࢓
૜

 and whose area 
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of course, will be ࡿ
૜
, we get: ቀ૛

૜
ቁࢇ࢓∑ ቀ

૜
૛
∑ ૚

ࢇ࢓
ቁ +

૚૟൬ࡿ
૛

ૢ ൰

ቀ ૡ૛ૠ∏ࢇ࢓ቁቀ
૛
૜∑ࢇ࢓ቁ

≥ ૚૙ 

⇔ (ࢇ࢓∑) ቀ∑ ૚
ࢇ࢓
ቁ + ૛ࡿૢ

(ࢇ࢓∑)(ࢇ࢓∏)
≥ ૚૙ (proved) 

 

1052. In ઢ࡯࡮࡭ the following relationship holds: 

૛ࢇ

૛ࢇࡾ
+
૛࢈

૛࢈ࡾ
+
૛ࢉ

૛ࢉࡾ
≤ ૡ + ൬

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ ൰

૛

 

 (࡮ࡵ࡭ઢ,࡭ࡵ࡯ઢ,࡯ࡵ࡮circumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incentre – ࡵ)

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution 1 by Bogdan Fustei-Romania 

Using two additional inequalities: 1) ࡾ
࢘
≥ ૜ࢉ૜ା࢈૛ାࢇାࢉ࢈ࢇ

૛ࢉ࢈ࢇ
 

2) ࢞,࢟, ࢠ > 0: ࢞
૜ା࢟૜ାࢠ૜

૝࢞࢟ࢠ
+ ૚

૝
≥ ቀ࢞

૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
ቁ
૛

 

From the two inequalities from above we can write the following: 

ࡾ
૛࢘
≥
(૚) ૜ࢉ૜ା࢈૜ାࢇ

૝ࢉ࢈ࢇ
+ ૚

૝
≥
(૛)
	 ቀࢇ

૛ା࢈૛ାࢉ૛

ࢉࢇାࢉ࢈ା࢈ࢇ
ቁ
૛

. So, finally: ࡾ
૛࢘
≥ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢉࢇାࢉ࢈ା࢈ࢇ
ቁ
૛

 

ࢇࡾ = ૛ࡾ ܖܑܛ ࡭
૛

   (and the analogs); ܖܑܛ ࡭
૛

= ට࢘࢘ିࢇ
૝ࡾ

  (and the analogs) 

૛ࢇ = ࢈࢘) + ࢇ࢘)(ࢉ࢘ − ࢘)   (and the analogs) 

⇒ ࢇࡾ = ૛ࡾ ⋅ ට࢘࢘ିࢇ
ࡾ

= ට૝ࡾ૛ (࢘ିࢇ࢘)
૝ࡾ

= ඥࢇ࢘)ࡾ − ࢘) (and the analogs) 

ࢇࡾ
૛ = ࢇ࢘)ࡾ − ࢘) (and the analogs) ⇒ ૛ࢇ

૛ࢇࡾ
= (࢘ିࢇ࢘)(ࢉା࢘࢈࢘)

(࢘ିࢇ࢘)ࡾ
= ࢉା࢘࢈࢘

ࡾ
. So, ࢇ

૛

૛ࢇࡾ
= ࢉା࢘࢈࢘

ࡾ
  (and the 

analogs) ࢇ
૛

૛ࢇࡾ
+ ૛࢈

࢈ࡾ
૛ + ૛ࢉ

૛ࢉࡾ
= ࢉା࢘࢈࢘

ࡾ
+ ࢉା࢘ࢇ࢘

ࡾ
+ ࢈ା࢘ࢇ࢘

ࡾ
= ૛(࢘ࢇା࢘࢈ା࢘ࢉ)

ࡾ
= ૛(૝ࡾା࢘)

ࡾ
 

ࢇ࢘) + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘) ⇒
૛ࢇ

ࢇࡾ
૛ +

૛࢈

࢈ࡾ
૛ +

૛ࢉ

ࢉࡾ
૛ =

ૡࡾ + ૛࢘
ࡾ = ૡ +

૛࢘
ࡾ  

The inequality from enunciation becomes: ૡ + ૛࢘
ࡾ
≤ ૡ + ቀ࢈ࢇାࢉ࢈ାࢉࢇ

૛ࢉ૛ା࢈૛ାࢇ
ቁ
૛
⇒ 
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⇒
ࡾ
૛࢘ ≥ ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + +ࢉ࢈  ቇࢉࢇ

From the above, the inequality from enunciation is proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Area of ઢ࡯ࡵ࡮ = ૚
૛
= also & ࢘ࢇ ࢇ⋅ࡵ࡯⋅ࡵ࡮

૝ࢇࡾ
⇒ ࢘ࢇ

૛
= ࢘૛ࢇ

૛࡮ܖܑܛ ܖܑܛ
࡯
૛⋅૝ࢇࡾ

⇒ ࢇࡾ = ࢘

૛ ૛࡮ܖܑܛ ܖܑܛ
࡯
૛
 

=
૛࢘ ܖܑܛ ૛࡭
૝࣊ܖܑܛ ૛࡭

=
૛࢘ ܖܑܛ ૛࡭

࢘
ࡾ

= ૛ܖܑܛࡾ
࡭
૛ 

⇒ ࢇࡾ = ૛ࡾ ܖܑܛ
࡭
૛ ⇒

૛ࢇ

ࢇࡾ
૛ =

ቀ૝ࡾ ܖܑܛ ૛࡭ ܛܗ܋
࡭
૛ቁ

૛

૝ࡾ૛ ૛ܖܑܛ ૛࡭
=
(૚)

૝ܛܗ܋૛
࡭
૛ 

Similarly, ࢈
૛

࢈ࡾ
૛ =

(૛)
૝ ૛ܛܗ܋ ࡮

૛
ࢉ & 

૛

૛ࢉࡾ
=
(૜)

૝ ૛ܛܗ܋ ࡯
૛

 

(1)+(2)+(3)⇒ ࡿࡴࡸ = ૛ቀ∑૛ ૛ܛܗ܋ ࡭
૛
ቁ = ૛∑(૚+  (࡭ܛܗ܋

= ૛ ቀ૜ + ૚ +
࢘
ࡾ
ቁ =

૛(૝ࡾ + ࢘)
ࡾ ≤ ૡ + ቆ

࢈ࢇ∑
૛ቇࢇ∑

૛

⇔ ࡾ ≥ ૛࢘ቆ
૛ࢇ∑

ቇ࢈ࢇ∑
૛

 

⇔ ૛࢙)ࡾ + ૝࢘ࡾ + ࢘૛)૛ ≥ ૡ࢘(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ 

⇔ −ࡾ) ૛࢘)࢙૝ + ૛࢙૛(૝ࡾ+ ࢘૛)(ࡾ+ ૡ࢘) + ࢘૛(૝ࡾ+ ࢘)૛(ࡾ − ૡ࢘) ≥
(૝)

૟࢙࢘૝ 

Now, ∵ ࡾ) − ૛࢘)࢙૝ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(ࡾ− ૛࢘)(૚૟࢘ࡾ− ૞࢘૛) 

∴ LHS of (4) ≥
(ࢇ)

࢙૛࢘(૛૝ࡾ૛ + ૛ૢ࢘ࡾ+ ૛૟࢘૛) + ࢘૛(૝ࡾ + ࢘)૛(ࡾ − ૡ࢘) 

& RHS of (4) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૟࢙࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(a), (b)⇒ in order to prove (4), it suffices to prove: 

࢙૛(૞࢘ࡾ+ ૡ࢘૛) + ࢘(૝ࡾ+ ࢘)૛(ࡾ− ૡ࢘) ≥
(૞)

૙ 

Now, LHS of (5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)(૞࢘ࡾ+ ૡ࢘૛) + ࢘(૝ࡾ+ ࢘)૛(ࡾ− ૡ࢘) ≥
?
૙ ⇔ 

⇔ (࢚ − ૛){૛࢚(࢚ − ૛) + ૜࢚ + ૜} ≥
?
૙		 ቀ࢚ = ࡾ

࢘
ቁ → true ࢈ ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ (proved). 
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1053. If in ઢࢇ:࡯࡮࡭ ≤ ࢈ ≤  :then ࢉ

ࢉ࢓࢈

࢈࢓ࢉ
+
࢈࢓ࢇ

ࢇ࢓࢈
+
ࢇ࢓ࢉ

ࢉ࢓ࢇ
≥
࢈࢓ࢉ

ࢉ࢓࢈
+
ࢇ࢓࢈

࢈࢓ࢇ
+
ࢉ࢓ࢇ

ࢇ࢓ࢉ
 

Proposed by Daniel Sitaru – Romania  

Solution by Serban George Florin-Romania 

൬
ࢉ࢓࢈

࢈࢓ࢉ
−
࢈࢓ࢉ

ࢉ࢓࢈
൰+ ൬

࢈࢓ࢇ

ࢇ࢓࢈
−
ࢇ࢓࢈

࢈࢓ࢇ
൰+ ൬

ࢇ࢓ࢉ

ࢉ࢓ࢇ
−
ࢉ࢓ࢇ

ࢇ࢓ࢉ
൰ ≥ ૙ 

ࢉ࢓૛࢈
૛ − ࢈࢓૛ࢉ

૛

ࢉ࢓࢈࢓ࢉ࢈
+
࢈࢓૛ࢇ

૛ − ࢇ࢓૛࢈
૛

࢈࢓ࢇ࢓࢈ࢇ
+
ࢇ࢓૛ࢉ

૛ − ࢇ࢓૛ࢇ
૛

ࢉ࢓ࢇ࢓ࢉࢇ
≥ ૙ 

⇒
ቀࢉ࢓
ࢉ ቁ

૛
− ቀ࢈࢓

࢈ ቁ
૛

࢈࢓
࢈ ⋅ ࢉ࢓

ࢉ
+
ቀ࢈࢓
࢈ ቁ

૛
− ቀࢇ࢓

ࢇ ቁ
૛

ࢇ࢓
ࢇ ⋅ ࢈࢓

࢈
+
ቀࢇ࢓
ࢇ ቁ

૛
− ቀࢉ࢓

ࢉ ቁ
૛

ࢇ࢓
ࢇ ⋅ ࢉ࢓

ࢉ
≥ ૙ 

If ࢇ ≤ ࢇ࢓ then ࢈
ࢇ
≥ ࢈࢓

࢈
⇔ ࢇ࢓

૛

૛ࢇ
≥ ࢈࢓

૛

૛࢈
 

૛࢈૛(૛࢈ + ૛ࢉ૛ − (૛ࢇ
૝ ≥

૛ࢇ૛(૛ࢇ + ૛ࢉ૛ − (૛࢈
૝ ,૛࢈૝ + ૛࢈૛ࢉ૛ − ૛࢈૛ࢇ ≥ ૛ࢇ૝ 

+૛ࢇ૛ࢉ૛ − ,૛࢈૛ࢇ ૝࢈) − (૝ࢇ + ૛࢈)૛ࢉ − (૛ࢇ ≥ ૙, ૛࢈) − ૛࢈)(૛ࢇ + (૛ࢇ + ૛࢈)૛ࢉ − (૛ࢇ ≥ ૙ 

૛࢈) − ૛࢈)(૛ࢇ + ૛ࢇ + (૛ࢉ ≥ ૙  (true) ࢈૛ ≥ ૛࢈,૛ࢇ − ૛ࢇ ≥ ૙ 

Note ࢇ࢓
ࢇ

= ࢈࢓,࢞
࢈

= ࢟, ࢉ࢓
ࢉ

= ࢇ,ࢠ ≤ ࢈ ≤ ࢉ ⇒ ࢞ ≥ ࢟ ≥ ࢠ ⇒ ૛ି࢟૛ࢠ

ࢠ࢟
+ ࢟૛ି࢞૛

࢞࢟
+ ࢞૛ିࢠ૛

ࢠ࢞
≥ ૙ 

⇒
࢞૛ − ૛ࢠ

ࢠ࢞ ≥
࢟૛ − ૛ࢠ

ࢠ࢟ +
࢞૛ − ࢟૛

࢞࢟ ,
(࢞૛ − ࢟૛) + (࢟૛ − (૛ࢠ

ࢠ࢞ ≥
࢟૛ − ૛ࢠ

ࢠ࢟ +
࢞૛ − ૛࢈

࢞࢟  

࢞૛ − ࢟૛

ࢠ࢞ +
࢟૛ − ૛ࢠ

ࢠ࢞ ≥
࢟૛ − ૛ࢠ

ࢠ࢟ +
࢞૛ − ࢟૛

࢞࢟ ; 	(࢞૛ − ࢟૛) ൬
૚
ࢠ࢞ −

૚
࢞࢟൰ ≥

(࢟૛ − (૛ࢠ ൬
૚
ࢠ࢟ −

૚
 ൰ࢠ࢞

(࢞ − ࢟)(࢞ + ࢟)(࢟− (ࢠ
ࢠ࢟࢞ ≥

(࢟ − ࢟)(ࢠ + ࢞)(ࢠ − ࢟)
ࢠ࢟࢞  

⇒ (࢞ − ࢟)(࢞+ ࢟)(࢟ − (ࢠ ≥ (࢟ − ࢟)(ࢠ + ࢞)(ࢠ − ࢟) 

⇒ (࢞ − ࢟)(࢞ + ࢟)(࢟− −(ࢠ (࢟− ࢟)(ࢠ + ࢞)(ࢠ − ࢟) ≥ ૙ 

⇒ (࢞− ࢟)(࢟ − +࢞)(ࢠ ࢟ − ࢟ − (ࢠ ≥ ૙, (࢞ − ࢟)(࢟ − ࢞)(ࢠ − (ࢠ ≥ ૙ 

True 

࢞ ≥ ࢟ ⇒ ࢞ − ࢟ ≥ ૙; 	࢟ ≥ ࢠ ⇒ ࢟ − ࢠ ≥ ૙; 	࢞ ≥ ࢠ ⇒ ࢞ − ࢠ ≥ ૙ 
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1054. In acute ઢ࡯࡮࡭ the following relationship holds: 

ෑ൬
ࢇ
ࢉ ࡭ܛܗ܋ +

࢈
ࢉ ࡮ܛܗ܋ − ൰࡯ܛܗ܋ ≤ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ܛܗ܋ࢇ ࡭ ܛܗ܋࢈, ࡮ , ࢉ ܛܗ܋ ࡯ > 0; 	ܽ ܛܗ܋ ࡭ + ࢈ ܛܗ܋ ࡮ − ܛܗ܋ࢉ  ࡯

= ܖܑܛ)ࡾ ૛࡭ + ܖܑܛ ૛࡮) − ૛ࡾ ࡯ܖܑܛ ࡯ܛܗ܋ = ࡾ ⋅ ૛ܖܑܛ ࡯ ࡭)ܛܗ܋ (࡮− − ૛ܖܑܛࡾ ࡯  ࡯ܛܗ܋

= ૛ࡾ ܖܑܛ ࡯ ࡭)ܛܗ܋} (࡮− + ࡭)ܛܗ܋ + {(࡮ = ૛ࡾ ܖܑܛ ࡯ ⋅ ૛ܛܗ܋ ࡭  ࡮ܛܗ܋

= ૝ࡾ ܖܑܛ ࡯ ܛܗ܋ ܛܗ܋࡭ ࡮ > 0		(∵ ࡭ܛܗ܋ ܛܗ܋, ࡮ > 0) 

Similarly, ࢈ ࡮ܛܗ܋ + ࢉ ܛܗ܋ ࡯ − ࡭ܛܗ܋ࢇ > ࢉ & 0 ࡯ܛܗ܋ + ܛܗ܋ࢇ ࡭ − ࡮ܛܗ܋࢈ > 0 

∴ ࢇ ࡭ܛܗ܋ ࢈, ࡮ܛܗ܋ , ࢉ  .are sides of a triangle ࡯ܛܗ܋

Let ࢇ ࡭ܛܗ܋ = ࢈,࢞ ࡮ܛܗ܋ = ࢟, ࢉ ܛܗ܋ ࡯ =  :Then, given inequality becomes .ࢠ

ࢠ࢟࢞ ≥ (࢞ + ࢟ − ࢟)(ࢠ + ࢠ − +ࢠ)(࢞ ࢞ − ࢟), which, of course holds true when ࢞,࢟,  are ࢠ

3 sides of a triangle (proved). 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

Since ࡯,࡮,࡭ are acute – angles. Hence: ܛܗ܋ ࡭ , ࡮ܛܗ܋ ܛܗ܋, ࡯ > 0. Hence: 

 ቀࢇ
ࢉ
࡭ܛܗ܋ + ࢈

ࢉ
࡮ܛܗ܋ − ࢇቁቀ࡯ܛܗ܋

࢈
ܛܗ܋ ࡭ + ࢉ

࢈
ܛܗ܋ ࡮ − ቁ࡮ܛܗ܋ ቀ࢈

ࢇ
࡮ܛܗ܋ + ࢉ

ࢇ
࡯ܛܗ܋ − ܛܗ܋  ቁ࡭

≤ ܛܗ܋ ࡭ ܛܗ܋  ࡯ܛܗ܋࡮

If (ࢇ ࡭ܛܗ܋ + ࢈ ࡮ܛܗ܋ − ܛܗ܋ ܛܗ܋࢈)(࡯ +࡮ ࢉ ࡯ܛܗ܋ − ࢇ)(࡭ܛܗ܋ࢇ ࡭ܛܗ܋ + ࢉ ࡯ܛܗ܋ − ࢈  (࡮ܛܗ܋

≤ ܛܗ܋࢈)(࡭ܛܗ܋ࢇ) ࢉ)(࡮  (࡯ܛܗ܋

Let ࢇ ࡭ܛܗ܋ = ࢈,࢞ ࡮ܛܗ܋ = ࢟, ܛܗ܋ ࢉ = ࢞) If .ࢠ + ࢟ − ࢟)(ࢠ + ࢠ − +ࢠ)(࢞ ࢞࢟) ≤  ࢠ࢟࢞

Let ࢞ + ࢟ − ࢠ = ࢟,࢓ + ࢠ − ࢞ = ,࢔ ࢠ + ࢞ − ࢟ = ࢔ା࢓ .࢖
૛

= ࢟, ࢖ା࢔
૛

= ,ࢠ ࢖ା࢓
ࢠ

= ࢞ 

If ࢖࢔࢓ ≤ ቀ࢓ା࢖
૛
ቁ ቀ࢓ା࢔

૛
ቁ ቀ࢔ା࢖

૛
ቁ and it’s true. Therefore, 

 ቀࢇ
ࢉ
࡭ܛܗ܋ + ࢈

ࢉ
࡮ܛܗ܋ − ࢇቁቀ࡯ܛܗ܋

࢈
ܛܗ܋ ࡭ + ࢉ

࢈
ܛܗ܋ ࡮ − ቁ࡮ܛܗ܋ ቀ࢈

ࢇ
࡮ܛܗ܋ + ࢉ

ࢇ
࡯ܛܗ܋ − ܛܗ܋  ቁ࡭

≤ ܛܗ܋ ܛܗ܋࡭   .࡯ܛܗ܋࡮

It’s true. 
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1055. In acute ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓ࢇ) + ࢈࢓࢈ + ࢇ࢓ࢇ࢙)(ࢉ࢓ࢉ + ࢈࢓࢈࢙ + (ࢉ࢓ࢉ࢙ ≤
૛૝૜√૜ࡾ૝

ૡ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mehmet Sahin-Ankara-Turkey 

ࢇ࢓ࢇ) + ࢈࢓࢈ + ૛(ࢉ࢓ࢉ ≤ ૛ࢇ) + ૛࢈ + ࢇ࢓૛)൫ࢉ
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ 

ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ ≤ ටૢࡾ૛ ⋅ ૜
૝
⋅ ૛ࡾૢ = ૢ√૜ࡾ૜

૛
    (1) 

ࢇ࢙ ≤ ,ࢇ࢓ ࢈࢙ ≤ ,࢈࢓ ࢉ࢙ ≤  ࢉ࢓

ࢇ࢓ࢇ࢙ + ࢈࢓࢈࢙ + ࢉ࢓ࢉ࢙ ≤ ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ = ૜

૝
⋅  ૛   (2)ࡾૢ

From (1) and (2): (ࢇ࢓ࢇ + ࢈࢓࢈ + ࢈࢓ࢇ࢙)(ࢉ࢓ࢉ + ࢈࢓࢈࢙ + (ࢉ࢓ࢉ࢙ ≤ ૢ√૜
૛
⋅ ૛ૠ
૝
૝ࡾ ≤ ૛૝૜√૜

ૡ
 ૝ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

By Tsintsifas, ࢇ࢓ ≤
૛ࢉ૛ା࢈

૛ࢉ࢈
ࢇ࢝ ⇒

૛ࢉ࢈
૛ࢉ૛ା࢈

ࢇ࢓ ≤ ࢇ࢝ ⇒ ࢇ࢙ ≤
(૚)

 ࢇ࢝

Similarly, ࢙࢈ ≤
(૛)

,࢈࢝ ࢉ࢙ ≤
(૜)

 ࢉ࢝

(1), (2), (3)⇒ ࢇ࢓ࢇ࢙∑ ≤ ࢇ࢓ࢇ࢝∑ ≤
ࡿ࡮࡯

ඥ∑࢝ࢇ
૛ ඥ∑ࢇ࢓

૛ 

≤
ࢇ࢝
૛ஸ࢙(࢙ିࢇ),ࢉ࢚ࢋ

ට࢙෍(࢙ − ࢇ࢓ට෍(ࢇ
૛ = ࢙ට෍ࢇ࢓

૛ 

≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૜√૜ࡾ

૛
ට෍ࢇ࢓

૛ ∴෍࢙ࢇ࢓ࢇ ≤
(ࢇ) ૜√૜ࡾ

૛
ට෍ࢇ࢓

૛  

Also, ∑ࢇ࢓ࢇ ≤
ࡿ࡮࡯

ඥ∑ࢇ૛ඥ∑ࢇ࢓
૛ ≤

(࢈)

ࢠ࢚࢏࢔࢈࢏ࢋࡸ
	૜ࡾඥ∑ࢇ࢓

૛ 

(a), (b)⇒ LHS ≤ ૢ√૜ࡾ૛

૛
ࢇ࢓∑)

૛) = ૛ૠ√૜ࡾ૛

ૡ
૛ࢇ∑ ≤

ࢠ࢚࢏࢔࢈࢏ࢋࡸ ૛૝૜√૜࢘૝

ૡ
   (Proved) 

1056. In ઢ࡯࡮࡭ the following relationship holds: 

෍ට૛࢙ − ૛ඥࢇ(૛࢙ − (ࢇ ≥ ൫√૛ − ૚൯൫√ࢇ+ ࢈√ +  ൯ࢉ√

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

෍ට૛࢙ − ૛ඥࢇ(૛࢙ − (ࢇ = ෍ට൫√૛࢙ − ൯ࢇ
૛

+ ൫√ࢇ൯
૛
− ૛ඥࢇ(૛࢙ −  (ࢇ

= ෍ට൫√૛࢙ − ࢇ − ൯ࢇ√
૛

=
(૚)

෍൫√૛࢙ − ࢇ −  ൯ࢇ√

൫∵ √૛࢙ − ࢇ > ૛࢙	࢙ࢇ	ࢇ√ = ࢇ + ࢈ + ࢉ > ࢇ2 ∵ ࢈ + ࢉ > ܽ൯ 

(1) ⇒ it suffices to prove: ∑√࢈ + ࢉ ≥ √૛∑√ࢇ 

⇔෍(࢈ + (ࢉ + ૛෍ඥ(࢈ + +ࢉ)(ࢉ (ࢇ ≥ ૛෍ࢇ+ ૝෍√࢈ࢇ 

⇔෍ඥ(࢈+ ࢉ)(ࢉ + (ࢇ ≥ ૛෍√࢈ࢇ 

⇔෍(࢈+ ࢉ)(ࢉ + (ࢇ + ૛ඥ(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ቀ෍√ࢇ +  ቁ࢈

≥ ૝෍࢈ࢇ + ૡ√ࢉ࢈ࢇቀ෍√ࢇቁ 

⇔෍ࢇ૛ + ૜෍࢈ࢇ + ૛ඥ(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ቀ෍√ࢇ+  ቁ࢈

≥ ૝෍࢈ࢇ + ૡ√ࢉ࢈ࢇቀ෍√ࢇቁ 

⇔෍ࢇ૛ + ૛ඥ(ࢇ + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ቀ෍√ࢇ+ ቁ࢈ ≥
(૛)

෍࢈ࢇ+ ૡ√ࢉ࢈ࢇቀ෍√ࢇቁ 

Let ࢇ + ࢈ = ࢈,࢞ + ࢉ = ࢟, ࢉ + ࢇ =  ࢠ

Then, ࢞ + ࢟ > ,ݖ ݕ + ݖ > ,ݔ ݖ + ݔ > ݕ ⇒ ,ݔ ,ݕ ݖ → sides of a ઢ 

we have √࢞ + ඥ࢟ + ࢠ√ ≥
(ࢇ)

ඥ࢟ + ࢠ − ࢞ + ඥࢠ + ࢞ − ࢟ + ඥ࢞ + ࢟ −  ࢠ

When, ࢞,࢟, ,࢟,࢞ are sides of a triangle, Re-substituting the values of ࢠ  ⇒ (a) ,ࢠ

෍√ࢇ+ ࢈ ≥෍ඥ(࢈ + (ࢉ + ࢉ) + (ࢇ − ࢇ) + (࢈ = ෍√૛ࢉ ⇒෍√ࢇ+ ࢈ ≥
(࢏)
√૛෍√ࢇ 

Also, ૛ඥ(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥
(࢏࢏)

ࡳି࡭
૛√ૡࢉ࢈ࢇ 

(i).(ii)⇒ ૛ඥ(ࢇ + +࢈)(࢈ +ࢉ)(ࢉ ࢇ√∑൫	(ࢇ + ൯࢈ ≥
(࢏࢏࢏)

૛√ૡࢉ࢈ࢇ ⋅ √૛∑√ࢇ = ૡ√ࢉ࢈ࢇ൫∑√ࢇ൯ 

Moreover, ∑ࢇ૛ ≥
(࢜࢏)

 ࢈ࢇ∑

(iii)+(iv)⇒ (2) is true (Hence proved) 
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1057. In ઢ࡯࡮࡭ the following relationship holds: 

ඥࢇࢎ + ࢈ࢎ + ඥ࢈ࢎ + ࢉࢎ + ඥࢉࢎ + ࢇࢎ ≤
ࢇ + ࢈ + ࢉ

ࡾ√
 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Ertan Yildirim-Turkey 

ඥࢇࢎ + ࢈ࢎ + ඥࢇࢎ + ࢉࢎ + ඥ࢈ࢎ + ࢉࢎ ≤
+ࢇ +࢈ ࢉ

ࡾ√
 

ඨࢉ࢈+ ࢉࢇ
૛ࡾ + ඨࢉ࢈+ ࢈ࢇ

૛ࡾ + ඨࢉࢇ + ࢈ࢇ
૛ࡾ ≤

ࢇ + ࢈ + ࢉ
ࡾ√

 

ඥࢇ)ࢉ+ (࢈ + ඥࢇ)࢈ + (ࢉ + ඥ࢈)ࢇ + (ࢉ ≤
?
√૛(ࢇ+ +࢈  (ࢉ

CSE: ൫√ࢉ ⋅ ࢇ√ + +࢈ ࢈√ ⋅ ࢇ√ + ࢉ + ࢇ√ ⋅ +࢈√ ൯ࢉ
૛
≤ 

+ࢉ) ࢈ + 	(ࢇ ⋅ ૛(ࢇ + +࢈ (ࢉ = ૛(ࢇ+ ࢈ +  ૛(ࢉ

⇒ ඥࢇ)ࢉ+ (࢈ + ඥࢇ)࢈+ (ࢉ + ඥ࢈)ࢇ + (ࢉ ≤ √૛(ࢇ+ ࢈ +  (true) (ࢉ

Solution 2 by Marian Ursărescu-Romania 

Inequality ⇔ ൫ඥࢇࢎ + ࢈ࢎ + ඥ࢈ࢎ + ࢉࢎ + ඥࢉࢎ + ൯ࢇࢎ
૛
≤ ૝࢙૛

ࡾ
   (1) 

From Cauchy’s Inequality ⇒ ൫ඥࢇࢎ + ࢈ࢎ + ඥ࢈ࢎ + ࢉࢎ +ඥࢉࢎ + ൯ࢇࢎ
૛
≤ ૟(ࢇࢎ + ࢈ࢎ +  (2)  (ࢉࢎ

From (1)+(2) we must show: ૜(ࢇࢎ + ࢈ࢎ + (ࢉࢎ ≤ ૛࢙૛

ࡾ
   (3) 

But ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢙૛ା࢘૛ା૝࢘ࡾ
૛ࡾ

   (4) From (3)+(4) we must show: 

૜(࢙૛ + ࢘૛ + ૝࢘ࡾ)
૛ࡾ ≤

૛࢙૛

ࡾ ⇔ ૜(࢙૛ + ࢘૛ + ૝࢘ࡾ) ≤ ૝࢙૛ ⇔ 

࢙૛ ≥ ૜࢘૛ + ૚૛(5)  ࢘ࡾ 

From Gerretsen’s inequality we have: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛   (6) 

From (5)+(6) we must show: ૚૟࢘ࡾ− ૞࢘૛ ≥ ૜࢘૛ + ૚૛࢘ࡾ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ 

ࡾ ≥ ૛࢘, true because it’s Euler’s inequality. 
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Solution 3 by Vo Thanh Long-Vietnam 

We have ∑ඥࢇࢎ + ࢈ࢎ = ∑ට૛ࡿ
ࢇ

+ ૛ࡿ
࢈

= ∑ට૛ࡿ(ࢇା࢈)
࢈ࢇ

≤
࢑࢙࢟࢜࢕࢑ࢇ࢏ࢎ࢔࢛࡮

ට૟ࡿ∑ ࢈ାࢇ
࢈ࢇ

 

= ඨ૚૛ࡿ
+࢈ࢇ) ࢉ࢈ + (ࢇࢉ

ࢉ࢈ࢇ ≤ ඨ(ࢇ + +࢈ ૛(ࢉ

ࡾ =
ࢇ + ࢈ + ࢉ

ࡾ√
 

“=” when ઢ࡯࡮࡭ is equilateral triangle. 

 

1058. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢙)ࢇ − (ࢇ ܛܗ܋
࡭
૛

+ ૛࢙)࢈ − (࢈ ܛܗ܋
࡮
૛

+ ૛࢙)ࢉ − (ࢉ ܛܗ܋
࡯
૛
≥ ૜૟√૜࢘૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ࢈)ࢇ + (ࢉ ܛܗ܋ ࡭
૛

+ +ࢇ)࢈ (ࢉ ܛܗ܋ ࡮
૛

+ +ࢇ)ࢉ (࢈ ܛܗ܋ ࡯
૛
≥ ૜૟√૜࢘૛  (1) 

But ࢈)ࢇ+ (ࢉ ܛܗ܋ ࡭
૛

+ࢇ)࢈+ (ࢉ ܛܗ܋ ࡮
૛

+ +ࢇ)ࢉ (࢈ ܛܗ܋ ࡯
૛
≥ ૜ටࢇ)ࢉ࢈ࢇ+ +࢈)(࢈ +ࢇ)(ࢉ (ࢉ ܛܗ܋ ࡭

૛
࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
૜   (2) 

From (1)+(2) we must show: 

ටࢇ)ࢉ࢈ࢇ+ +࢈)(࢈ +ࢇ)(ࢉ ܛܗ܋(ࢉ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
૜ ≥ ૚૛√૜࢘૛   (3) 

But ࢉ࢈ࢇ = ૝࢙ࢇ) ,(4) ࢘ࡾ + +࢈)(࢈ +ࢇ)(ࢉ (ࢉ = ૛࢙(࢙૛ + ࢘૛ + ૛(5)   (࢘ࡾ 

and ܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
= ࢙

૝ࡾ
  (6). From (4)+(5)+(6) we must show: 

ට૝࢙࢘ࡾ ⋅ ૛࢙(࢙૛ + ࢘૛ + ૛࢘ࡾ) ⋅
࢙
૝ࡾ

૜
≥ ૚૛√૜࢘૛ ⇔ 

࢙ඥ૛࢘(࢙૛ + ࢘૛ + ૛࢘ࡾ)૜ ≥ ૚૛√૜࢘૛	(ૠ)
࢙	ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ	࢓࢕࢘ࡲ ≥ ૜√૜࢘	(ૡ)

ቋ we must show 

ඥ૛࢘(࢙૛ + ࢘૛ + ૛࢘ࡾ)૜ ≥ ૝࢘ ⇔ ૛࢘(࢙૛ + ࢘૛ + ૛࢘ࡾ) ≥ ૟૝࢘૜ ⇔ 

࢙૛ + ࢘૛ + ૛࢘ࡾ ≥ ૜૛࢘૛  (9) 

From Gerretsen we have ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (10) 

From (9)+(10) we must show: ૚ૡ࢘ࡾ − ૝࢘૛ ≥ ૜૛࢘૛ ⇔ 

⇔ ૚ૡ࢘ࡾ ≥ ૜૟࢘૛ ⇔ ࡾ ≥ ૛࢘  true (Euler) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

By Bogdan Fustei, ࢈ାࢉ
૛

≥
(૚)

ඥ૛࢘(࢘࢈ + (ࢉ࢘ = ඨ૛࢙࢘ ቆ
૛࡮ܖܑܛ
૛࡮ܛܗ܋

+
૛࡯ܖܑܛ
૛࡯ܛܗ܋

ቇ = ඨ૛࢙࢘ ቆ
૛࡭ܛܗ܋

૛࡮ܛܗ܋ ܛܗ܋
࡯
૛
ቇ 

= ඨ
૛࢙࢘ ૛࡭૛ܛܗ܋

ࡿ
૝ࡾ

= ටૡ࢘ࡾ ૛ܛܗ܋ ࡭
૛

= ૛√૛ܛܗ܋࢘ࡾ ࡭
૛
. Now, ∑ࢇ(૛࢙ − (ࢇ ܛܗ܋ ࡭

૛
= ࢇ∑ +࢈) (ࢉ ܛܗ܋ ࡭

૛
 

≥
(૚)	࢟࢈

෍ࢇ൬૝√૛ܛܗ܋࢘ࡾ૛
࡭
૛
൰ = ૝√૛࢘ࡾ෍ࢇ

࢙(࢙ − (ࢇ
ࢉ࢈

 

=
૝࢙√૛࢘ࡾ
૝࢙࢘ࡾ ෍ࢇ૛(࢙ − (ࢇ =

√૛࢘ࡾ
࢘ࡾ

ቀ࢙෍ࢇ૛ −෍ࢇ૜ቁ 

=
√૛࢘ࡾ
࢘ࡾ

ቄ࢙෍ࢇ૛ − ૜ࢉ࢈ࢇ − ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቅ 

=
√૛࢘ࡾ
࢘ࡾ

ቄ૛࢙ ቀ෍࢈ࢇቁ − ૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૚૛࢙࢘ࡾቅ 

=
૛࢙√૛࢘ࡾ
࢘ࡾ

(࢙૛ + ૝࢘ࡾ + ࢘૛ − ࢙૛ + ૝࢘ࡾ + ࢘૛ − ૟࢘ࡾ) 

=
૛࢙√૛࢘ࡾ
࢘ࡾ

(૛࢘ࡾ+ ૛࢘૛) =
૝࢙√૛ࡾ)࢘ࡾ + ࢘)

ࡾ ≥
?
૜૟√૜࢘૛ ⇔

࢙૛ ⋅ ૛ࡾ)࢘ࡾ + ࢘)૛

૛ࡾ ≥
(૛)

?
૛૝૜࢘૝ 

Now, LHS of (2) ≥
࢙ஹ૜√૜࢘ ૛ૠ⋅૛࢘૜(ࡾା࢘)૛

ࡾ
≥
(૛)

?
૛૝૜࢘૝ 

⇔ ૛(ࡾ+ ࢘)૛ ≥
?
࢘ࡾૢ ⇔ ૛ࡾ૛ − ૞࢘ࡾ + ૛࢘૛ ≥

?
૙ ⇔ ࡾ) − ૛࢘)(૛ࡾ − ࢘) ≥

?
૙ → true  

∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ⇒ (2) is true (Proved) 

 

1059. In ઢ࡯࡮࡭ the following relationship holds: 

൬૚ +
૚

࡭ܖܑܛ +
૚

࡮ܖܑܛ + ࡯ܖܑܛ
൰ ൬૚ +

૚
࡮ܖܑܛ +

૚
࡭ܖܑܛ + ࡯ܖܑܛ

൰ ൬૚ +
૚

࡯ܖܑܛ +
૚

࡭ܖܑܛ + ࡮ܖܑܛ
൰ ≥ ൫૚ + √૜൯

૜
 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

We know, ૜√૜
૛
≥ ∑ ࢉ࢟ࢉ࡭ܖܑܛ  and ૜√૜

ૡ
≥ ∏ ܖܑܛ ࢉ࢟ࢉ࡭  
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ෑ൬૚ +
૚

ܖܑܛ ࡭
+

૚
࡮ܖܑܛ + ܖܑܛ ࡯

൰
ࢉ࢟ࢉ

≥

ࡿᇲࡾࡱࡰࡸࡻࡴ
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ

⎝

⎛૚+
૚

ܖܑܛ√ ࡭ ܖܑܛ ૜࡯ܖܑܛ࡮ +
૚

ට∏ ࡭ܖܑܛ) + ࢉ࢟ࢉ(࡮ܖܑܛ
૜

⎠

⎞

૜

 

≥
ࡱࡿࡾࡱࢂࡱࡾ
ࡹࡳஹࡹ࡭

ቆ૚+
૛
√૜

+
૜

૛∑ ࢉ࢟ࢉ࡭ܖܑܛ
ቇ
૜

≥ ൬૚ +
૛
√૜

+
૜
૜√૜

൰
૜

= ൫૚ + √૜൯
૜

 

(proved) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

In a triangle we have: ܖܑܛ ࡭ + ܖܑܛ ࡮ + ܖܑܛ ࡯ ≤ ૜√૜
૛

 and we get ૚

࡭ܖܑܛ√ ࡮ܖܑܛ ૜࡯ܖܑܛ ≥ ૛
√૜

 

and ૚

ඥ(࡭ܖܑܛା࡮ܖܑܛ)(࡮ܖܑܛା࡯ܖܑܛ)(࡯ܖܑܛା࡭ܖܑܛ)૜ ≥ ૚
√૜

 

Hence ൬૚ + ૚

ܖܑܛ√ ࡮ܖܑܛ࡭ ૜࡯ܖܑܛ + ૚
ඥ(࡭ܖܑܛା࡮ܖܑܛ)(࡮ܖܑܛାܖܑܛ ૜(࡭ܖܑܛା࡯ܖܑܛ)(࡯ ൰ ≥ ૚ + √૜ 

⇒ ቆ૚+
૚

࡭ܖܑܛ√ ܖܑܛ࡮ܖܑܛ ૜࡯ +
૚

ඥ(ܖܑܛ ࡭ + ܖܑܛ ܖܑܛ)(࡮ +࡮ ܖܑܛ)(࡯ܖܑܛ ࡯ + ܖܑܛ ૜(࡭
ቇ
૜

≥ ൫૚ + √૜൯
૜

 

⇒ ൬૚ +
૚

+࡭ܖܑܛ
૚

࡮ܖܑܛ + ࡯ܖܑܛ
൰ ൬૚ +

૚
+࡮ܖܑܛ

૚
+࡯ܖܑܛ ࡭ܖܑܛ

൰൬૚ +
૚

ܖܑܛ +࡯
૚

࡭ܖܑܛ + ܖܑܛ ࡮
൰ ≥ ൫૚+ √૜൯

૜
 

Therefore, it’s true. 

 

1060. If in ઢ࢈ࢇ:࡯࡮࡭ = ૚૛ࡾ૛ ૛ܖܑܛ ࡯
૛
 then:  

࢘ ≤
૜√ࢉ
૟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

࢈ࢇ = ૚૛൬
ࢉ࢈ࢇ
૝ઢ ൰

૛

	×
(࢙ − ࢙)(ࢇ − (࢈

࢈ࢇ ; 	૚૟ઢ૛ = ૚૛ࢉ૛(࢙ − ࢙)(ࢇ −  (࢈

So, ૛ઢ = √૜ࢉඥ(࢙ − ࢙)(ࢇ − ;(࢈ 	√૜ࢉ
૟

= ૛ઢ
૜ඥ(࢙ିࢇ)(࢙ି࢈)

 

but,࢘ = ઢ
࢙
 so, consider √૜ࢉ

૟
− ࢘ = ૛ઢ

૜ඥ(࢙ିࢇ)(࢙ି࢈)	
− ઢ

࢙
= ઢ

૜࢙ඥ(࢙ିࢇ)(࢙ି࢈)
ቂ૛࢙ − ૜ඥ(࢙ − ࢙)(ࢇ −  ቃ(࢈

but, AM ≥ GM: (࢙ିࢇ)ା(࢙ି࢈)
૛

≥ ඥ(࢙ − ࢙)(ࢇ − ࢉ	;(࢈
૛
≥ ඥ(࢙ − ࢙)(ࢇ −  (࢈



 
www.ssmrmh.ro 

So, ઢ
૜࢙ඥ(࢙ିࢇ)(࢙ି࢈)

ቂ૛࢙ − ૜ࢉ
૛
ቃ ; 	 ઢ

૜࢙ඥ(࢙ିࢇ)(࢙ି࢈)ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
(ା)

ቂࢇ + ࢈ − ࢉ
૛
ቃᇣᇧᇧᇤᇧᇧᇥ

(ା)

. So, √૜ࢉ
૟
− ࢘ ≥ ;ࢉ 	࢘ ≤ ૜√ࢉ

૟
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢈ࢇ = ૚૛ࡾ૛ ૛ܖܑܛ
࡯
૛ ⇒ ࢈ࢇ = ૚૛ ൬

ࢉ࢈ࢇ
૝ઢ ൰

૛ (࢙ − ࢙)(ࢇ − (࢈
࢈ࢇ  

⇒ ૛࢈૛ࢇ =
૜
૝ ⋅

࢙)૛ࢉ૛࢈૛ࢇ − ࢙)(ࢇ − (࢈
࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

⇒ ૝࢙(࢙ − (ࢉ = ૜ࢉ૛ ⇒ ࢇ) + +࢈ ࢇ)(ࢉ + ࢈ − (ࢉ = ૜ࢉ૛ 

⇒ +ࢇ) ૛(࢈ − ૛ࢉ = ૜ࢉ૛ ⇒ +ࢇ ࢈ = ૛ࢉ ⇒ ࢇ + +࢈ ࢉ = ૜ࢉ 

⇒ ࢙ = ૜ࢉ
૛

≥
࢙ஹ૜√૜࢘

૜√૜࢘ ⇒ ࢉ ≥ ૛√૜࢘ ⇒ ૜√ࢉ
૟
≥ ࢘ ⇒ ࢘ ≤ ૜√ࢉ

૟
 (proved) 

 

1061. In ઢ࡯࡮࡭ the following relationship holds: 

૛ૠࢇ૛࢈૛ࢉ૛ ≤ (ૡࡾ − ૚૙࢘)૟ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ૜√ࢇ૛࢈૛ࢉ૛૜ ≤ (ૡࡾ − ૚૙࢘)૛   (1) 

But √ࢇ૛࢈૛ࢉ૛૜ ≤ ૛ࢉ૛ା࢈૛ାࢇ

૜
  (2) 

Form (1)+(2) we must show: ࢇ૛ + ૛࢈ + ૛ࢉ ≤ (ૡࡾ − ૚૙࢘)૛    (3) 

But ࢇ૛ + ૛࢈ + ૛ࢉ = ૛(࢙૛ − ࢘૛ − ૝(4)  (࢘ࡾ 

From (3)+(4) we must show: ࢙૛ − ࢘૛ − ૝࢘ࡾ ≤ ૛(૝ࡾ − ૞࢘)૛   (5) 

From Gerretsen’s inequality: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛   (6) 

From (5)+(6) we must show: ૝ࡾ૛ + ૛࢘૛ ≤ ૛(૝ࡾ − ૞࢘)૛ ⇔ 

⇔ ૛ࡾ૛ + ࢘૛ ≤ ૚૟ࡾ૛ − ૝૙࢘ࡾ+ ૛૞࢘૛ ⇔ 

⇔ ૚૝ࡾ૛ − ૝૙࢘ࡾ + ૛૝࢘૛ ≥ ૙ ⇔ ૠࡾ૛ − ૛૙࢘ࡾ+ ૚૛࢘૛ ≥ ૙ 

Which is true because ࡾ ≥ ૛࢘ ⇒ 

ૠࡾ૛ − ૛૙࢘ࡾ+ ૚૛࢘૛ ≥ ૛ૡ࢘૛ − ૝૙࢘૛ + ૚૛࢘૛ = ૙ 

 


