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1001. Prove that: 

° + °
°

=  

Proposed by Alpaslan Ceran-Turkey 

Solution 1 by Avishek Mitra-West Bengal-India 

Let = ⇒ = ⇒ = − ⇒ = −  

⇒ = ⇒ = −  

⇒ − + = ⇒ + − =  

⇒ = ±√ = ±√ ,  = √ =  

= √ − = + √ = ,  = √
√

 

Now, = − = √ ,  = √ − = √  

= √
√

,  = = − √  

Hence = =
√

√
√

√

√
=

√
+

√
√
√

 

=
√ +

+
√ −

⋅
+ √
√

=
√ √ − + + √ √ +

√ ⋅
 

= √
√

= √
√

= √ = √ =     (proved) 

Solution 2 by Nelson Javier Villahererra Lopez-El Salvador 

( °) + ( °)
( °) =

( °) ( °) + ( °) ( °)
( °) ( °) ( °) = 

=
( °)

( °) ( °) =
( °)
( °) =

( °)
( °) =

( °)
( °) = ( °) 

=
− ( °)

=

−
√ +

=
− √

=
+ √

=
+ √

= 
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=
√ +

=
√ +

=  

 

1002. In ,  – Mittenpunkt, , ,  – excenters. Prove that: 

[ ]
=

[ ]
=

[ ]
 

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution by Thanasis Gakopoulos-Athens-Greece 

PLAGIOGONAL system: → , →  

Let = + + − − − , = ( ) , = ( ) 

( , ), = − + + , = −− + +  

( , ), = − +  

( , ), = − + − , = + −  

⎩
⎪
⎨

⎪
⎧[ ] = = (− + + )( + − )

=
( + + )( − + )

,
[ ]

= ⋅ ⋅
⎭
⎪
⎬

⎪
⎫

 

⎩
⎪
⎨

⎪
⎧[ ] = = ⋅ ( − + )(− + + )

=
( + + )( + − )

, ,
[ ]

= ⋅
⎭
⎪
⎬

⎪
⎫

 



 
www.ssmrmh.ro 

⎩
⎪
⎨

⎪
⎧[ ] = = ⋅ ( − + )( + − )

=
( + + )(− + + )

, ,
[ ]

= ⋅
⎭
⎪
⎬

⎪
⎫

 

Finally: [ ] = [ ] = [ ] 

 

1003.  pedal triangle of  incentre in , , ,  – circumradii of 

, , , , ,  – circumradii in 	 , , .  

Prove that: 

⋅ ⋅
⋅ ⋅

= ⋅ ⋅  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

 

From , ⋅ ⋅ ∠ = ⋅ ⋅ ⇒ = ⇒ 

⇒ =
( )

	 . Similarly, =
( )

  & =
( )

 

Now, from , = ⇒ =
( )

 

Also, from , = ⇒ =
( )
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From , = − ( ° − ) = ⇒ =
( )

 

Using (a), (b), (c), from , we get, =
⋅

 

⇒ = ⇒ =
( )

. Similarly, =
( )

 & =
( )

 

(1),(2),(3),(i),(ii),(iii)⇒ 

= ⋅ =
∏

=
∏

∏
=  

 

1004. In ∆  the following relationship holds: 

+ + =
+

+
+

+
+

 

Proposed by Bogdan Fustei-Romania 
Solution by Daniel Sitaru-Romania 

=
∙

∙ −
=

( − )
= 

= = + ∙
+

= 

= ∙
+

= + = + =
+

 

 

1005. In ∆  the following relationship holds: 

( + ) + ( + ) + ( + ) = ( − ) 

Proposed by Bogdan Fustei-Romania 

Solution by Daniel Sitaru-Romania 

( + ) = − ∙ − − + − = 
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= ( − )( − ) ∙
− + −

( − )( − ) = ( − ) ( − ) = 

=
( − )

= ( − ) = ( − + ) = 

= − + = − ( − − ) + = 

= + − + ( − − ) = ( − ) = ( − ) 

 

1006. In ,  – is pedal triangle of  – incenter, , ,  – excenters 

If ⊥ , ⊥ , ⊥ , ∈ ( ), ∈ ( ), ∈ ( ) then: 

⋅
+

⋅
+

⋅
=

[ ]
[ ] ⋅

+ +
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Lahiru-Samarakoon-Sri Lanka 

 

= , From , = .  Similarly, = , =  
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∴ = × =
×

×
=  

LHS = ∑ = × ( + ∑ ) 

= × + + 		 ∵ = + = ⋅ ⋅
( + )

 

But, know that, = . So, LHS = ⋅ ⋅ ⋅ ∑  

∵ = +  

=
[ ]

	× ( ) (∵ = ) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
, , ,  are concyclic as ∠ = ∠ = ° 

∴ ∠ = ∠ = & ∠ = ∠ =  

using ,∠ = & using ,∠ =  
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From , ° − = ⇒ = ⇒ =
( )

 

From , ° − = ⇒ = ⇒ =
( )

 

(1)+(2)⇒ = = =
∏

= ⇒ =
( )

 

Similarly, =
( )

 & =
( )

 

∴ [ ] = ( )( )( ∠ ) 

=    (using (a), (b))= ∏ = =  

⇒ [ ] =
( )

 

= = =  

 

(∵ in radius ⊥ each side of ) ∴  is the circumradius of 	 ∴ ∠ = ∠  

(∵ ∠ at circumference = ∠ at center) 

= ( ° − ) = ° − ∴ = ° − ⇒ =
( )

 

Now, ⋅ ⋅ ( ° − ) = ⋅ = ( )  

⇒ =    (using (x)) 

⇒ =
( )

. Similarly, =
( )

 & =
( )
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(d), (e), (f) ⇒ ∑ = ∑ ⋅  

= = ( + ) = + + =
( + )

 

∴ =
( ) ( + )

 

Using (i), = ⋅ ( ) = ( ) =
	( )

	   (Hence proved) 

Solution 3 by Thanasis Gakopoulos-Athens-Greece 

⋅ +
⋅

+ ⋅ =
( )

⋅
+ +

 

= ⋅ → = ( − ) → = (− + + )( + − )

=
⎭
⎪
⎬

⎪
⎫

→ 

→ =
⋅

(− + + )( + − ) 

Cyclically 
⋅

= ⋅
( )( )

, = ⋅
( )( )

 

= ( − + )( + − ) + (− + + )( + − ) + (− + + )( − + ) → 

= ⋅
( )( )( )

   (1) 

( ) =
( + + )

		 = − + + , = − + , = + −  

=
( + + )

− + + + − + + + − = 

=
⋅
⋅ ⋅

+ + + + − − −
( − − )( + − )( − + ) = 

= ⋅ ⋅
( )( )( )

   (2) 

(1), (2) → = → + = [ ]
[ ]

⋅  
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1007.  

 

 equilateral,  isosceles,  isosceles 

= , = , = , , ,  centroids 

( − − ) = . Calculate (∢ ) 

Proposed by Thanasis Gakopoulos-Athens-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

 

∠ = ° ⇒ ∠ = ∠ = °; 	 = ° ⇒ = ⇒ = =
( )

 

Also, ∠ = ° ⇒ ∠ = ∠ = °; 	 = ° ⇒ = ⇒ = =
( )
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= ° ⇒ =
√

⇒ = = = =
( )

√
 

∵  is also incenter of 	 ∴ ∠ = °   (i) 

Again ∠ = ∠ =
( )

°	 ∴ ∠ = °   (by (i)+(ii)) 

= = × √    (from (1), (3)) =
( )

√
 

Similarly, ∠ = ° & so, = = × √    (from (2), (3)) =
( )

√
 

Now, ∠ = ° − ( ° + °) = ° 

∠ = ( + + °) =
−√ + + + √

+ √ + √ −
 

=
√

√ √
√

√
⋅
√

√
√

√
√

  (using (a), (b))= −√  

= −√
( − − − ) + ( + )
( − − − ) + ( + ) = −

√
(∵ − − − = ) 

⇒ ∠ = °   (Answer) 

1008. If  is pedal triangle of  – incenter in  and 

, ,  are the circumradii of , ,  then: 

+ + =
+ −

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Lahiru Samarakoon-Sri Lanka 
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= , = , =  

∴ ⇒ = ⇒ = ; =  

Similarly, = , =  

= = ( − )( − ) =
[ ∑( )− ]

 

= [ × ( + + ) − × ] =
( + − )

 

 

1009. In ,  is the circumradii of pedal triangle of Lemoine’s point.  

Prove that: 

=
+ +

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Shafiqur Rahman-Bangladesh 

= =
+ +

+ + = + + =
+ +

= ⇒ 

⇒ = , =  and =  

Where , ,  are the feet of perpendiculars from the Lemoine point  to the sides 

, 	 and AB 

Now, = ( ) + ( ) − ⋅ ⋅ ( − ) = 

= + + 	 = √ + − = . Similarly,  

=  and =  

∴ Area of = ( ) × Area of triangle with sides of length ,  and  

= × × Area of = × =  
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Thus = × ×
× 	 	

=
×

∴ =  

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

Let  be the Lemoine’s point &  be the pedal  of . 

We have: =
( )

∑
, =

( )

∑
, =

( )

∑
; 	 =

( )

∑
, =

( )

∑
 & =

( )

∑
 

From quad. ,∠ =
( )

° −  

Similarly, ∠ =
( )

°−  & ∠ =
( )

° −  

∴ ( ) = ( ) + ( ) + ( ) 

= ( ⋅ + ⋅ + ⋅ ) 

(using (7), (8), (9)): =
∑

⋅ +
∑

⋅ +
∑

⋅  

(using (1), (2), (3)) 

= ⋅ (∑ ) =
⋅

(∑ ) = (∑ ) ∴ [ ] =
( )

(∑ )  

Now, = ⋅ ⋅
[ ]

=
∑ ⋅

∑

  (using (4), (5), (6), (10)) 

= ⋅ ∑ = ∑ 		 ∵
∑ =
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1010. In ,  – is pedal triangle of  – incenter 

If ⊥ , ⊥ , ⊥ , ∈ ( ), ∈ ( ), ∈ ( ) then: 

+ + = −  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Lahiru Samarakoon-Sri Lanka 

 

From , = .  Similarly, = , =  

∴ = + + = + + = −  

But, = = − × = −  

Solution 2 by Thanasis Gakopoulos-Athens-Greece 

 

: = → = − → 
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= ⋅ = ( − ) = −
+ −

→ 

= (− + + )( + − )  (1) 

Cyclically: = ( − + )( + − )  (2) 

= (− + + )( − + )   (3) 

+ + =
( ),( )	

( )
− ( )( )( )   (4) 

− = − = − ⋅ → 

→ − = − ( )( )( )    (5) 

(4), (5)→ + + = −  

 

1011. In  the following relationship holds: 

+ + =
+

+
+

+
+

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania 

+ + = + + = ( + + ) = ⋅ =    (1) 

But =  and =   (2) From (1)+(2)⇒ + + =    (3) 

+ + = + + + + +    (4) 

But + + =    (5) 

+ + = − + − + − = − = 

= ⋅ ( ) = = −   (6) 
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Form (4)+(5)+(6)⇒ + + = + − =    (7) 

From (3)+(7) the relationship is true. 

Solution 2 by Thanasis Gakopoulos-Thessaloniki-Greece 

= =
⋅

, =
⋅

, =
⋅

 

+ + = ( + + )   (1) 

+
=

( + )
=

⋅ ( + )
⋅ = + − = 

=
− +
( − ) =

+
( + + )(− + + ) ⇒ 

⎩
⎪⎪
⎨

⎪⎪
⎧

+
= ( + )( − + )( + − )

,
+

= ( + )(− + + )( + − )

+
= ( + )(− + + )( − + )

⎭
⎪⎪
⎬

⎪⎪
⎫

→ 

+
+

+
+

+
= [ ( + + )] = 

+ + = ( + + )	 (2) 

(1), (2)→ + + = + +  

Solution 3 by Bogdan Fustei-Romania 

+ + = + +  

=   (and analogs) = + + = ; 	 + + =  

So, finally we have the identity: + + =  

+
+

+
+

+
= + + + + + = ⋅ + + + = 

= + ∑ ; = ⋅  (and analogs) 
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=    (and analogs)⇒ ∑ =  

+ + = + ; =
+ −

=
−

=
−

 

= ⋅ ; =
−

 

=
−

⇒ =
−

⋅ =
−

 

+
= + = +

−
= + − =  

So, finally we have the following identity: + + = + + =  

Solution 4 by Soumava Chakraborty-Kolkata-India 

+ + =
+

+
+

+
+

 

= , etc, ∴ = ∑ = ∑ =
( )

 

= + = +  

= + = +  

= + ( − ) = + − − = + − =
( )

 

(1), (2) ⇒ =  

 

1012.  – pedal triangle of  – incenter in , 

	  – inradii of , , ,  – excenters 

, ,  – inradii of , , . Prove that: 

+ + =
+ −

 

Proposed by Mehmet Sahin-Ankara-Turkey 
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Solution by Soumava Chakraborty-Kolkata-India 

 
, , ,  are concyclic, as ∠ = ∠ = ° 

∴ ∠ = ∠ =  & ∠ = ∠ =  

Using ,∠ =  & using ,∠ = . Using , =
( )

 & using 

, =
( )

∴ [ ] = ⋅ ⋅  

=
	( ),( )

⋅ = =
( )

 

Let circumradius of =  

= ⋅ ⋅
[ ]

=
⋅

    (using (1), (2), (3))= =
( )

 

Now, = = ⇒ = =
	( )

=
⋅

=
( )
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Similarly, =
( )

	  & =
( )

 

 

 is the circumcenter of , ∠ = ( °− ) = ° −  

∠ = ° −  & ∠ = ° −  

Now, = = = ⇒ =
( )

 

(a), (b), (c), (d) ⇒ ∑ = ⋅ ∑  

= ∑ ( ) = { ( + + ) − } =    (Proved) 

 

1013. If in , , , −	excenters then: 

+ + = − −  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Marian Ursărescu-Romania 
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= . In , by the cosine law ⇒ = + − ⋅ ⇒ 

= + − ⋅ ⇒ = + − ⇒ 

+ + = ∑ + ∑ − ∑    (1) 

But ∑ = + ( )    (2) 

∑ = ( − − )   (3) 

From (1)+(2)+(3)⇒ 

+ + = + + + + − − − = − −  

 

1014. In acute , , ,  – circumcevians. Prove that: 

+ + =  

Proposed by Mustafa Tarek-Cairo-Egipt 

Solution 1 by Thanasis Gakopoulos-Athens-Greece 
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Let = area of ,   =    (1) PLAGIOGONAL system: 
 ≡ , ≡  

( , ), ( , ), ( , ), ( , ), =
( + − )

, =
(− + + )

 

= =    (*) 

: = , : + = → ( , )	
=

⋅ ⋅
+ 			( )

=
⋅ ⋅
+ 			( )

 

= + + ⋅ →
( ),( ),( )

 
→ = ⋅ → =

⋅
   (4) 

Cyclically: =    (5), =
⋅

   (6) 

(4),(5),(6)→ + + = = 

= ( )( )( )( )
⋅

= ⋅
⋅

=    (**) 

(*),(**)→ + + =   

Solution 2 by Tran Hong-Dong Thap-Vietnam  

 

∼ ⇒ = ; 	 = − = −  

= ; 	 = − = − ⇒
−

=
−

=
−
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⇒ − =
−

⇒ = −
−

⇒ =

−
−

=
⋅

⋅ −
⇒ 

⇒ =
	

⋅
  (etc)⇒ ∑ =∑

⋅
 

We must show that: ∑ − − = ⇔ −∑ − = ⇔ = ∑ −   (*) 

∵ = ; (etc)⇒ ∑ −  

= ( ) − = ( )  

= ∑ = = ⋅ = = ⇒(*) true. 

Solution 3 by Adil Abdullayev-Baku-Azerbaijan 
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Von-Aubel theorem: (1) = + ; (2) = = = ; (3) + + =  

= , = , = ; 	 = = =  

(3) ⇒ + + = ⇒ + + = ⇒ + + =  

Solution 4 by Soumava Chakraborty-Kolkata-India 

 
Firstly, ∑ = ∑ = ( + + ) 

= { ( + ) ( − ) + } = { ( − ) − ( + )} 

= = =
( )

 

From , = ⇒ = ⇒ =
( )

 

From , = − = − = ⇒ =
( )

  

 (∵  is acute). Again, from , = ( ° − ) =  

⇒
	( )

− = =
	( )

⇒
−

= ⇒ = −  

= − =
	( )

−  

Similarly, =
( )

− ( ) & =
( )

− ( ) 

(a)+(b)+(c)⇒ + + = − (∑ ) =
	( )

	 −  
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= − = ⇒ + + =   (Done) 

Solution 5 by Mansur Mansurov-Azerbaijan 

 

⋅ ⋅ ( + ) =
⋅ ⋅ ( + ) =
⋅ ⋅ ( + ) =

+→ ⋅ ( + + ) = + +  

=
⋅ ( + + )

→ + + =  

 

1015. Prove that = , = , =  are the roots of 

equation: 

− ( + ) + ( + − ) + ( + ) − =  

Proposed by Marian Ursărescu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

We have: = + ( − ) = +    (*) 

(Because: = ; and = ( − ) ⇔ − = = ) 

More, in any triangle : > 0, > 0.  

Then (*) ⇔ = √ +  
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⇔ = ( − ) +  

⇔ = ( − )( + ) +
+
−  

⇔ √ − = √ + [ ( − ) + ] 

⇔ ( − ) = ( + )[ ( − ) + ]  

⇔ − = ( + ) − + + + −  

⇔ − ( + ) + ( + − ) + ( + ) − =    (2) 

⇒
( )

=  is root of equation: 

− ( + ) + ( + − ) + ( + ) − =    (*) 

Similarly: = , =  are roots of (*) Proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

− ( + ) + ( + − ) + ( + ) − =
( )

 

Let , ,  be the roots of (1). Then, ∑ = ( ) = + = ∑ ⇒ ∑ =
( )

∑  

Again, ∑ = (∑ ) −∑ = − ( − ∑ ) 

=
+

− +
∑

=
+

− +
− −

=
( + ) − + − −

 

= ⇒ ∑ =
( )

. Also, ∑ =
( )

 

(i), (ii) ⇒ ∑ =
( )

∑  

Again, =
( ) ( ) . Also, =

( ) ( )  

(iii), (iv) ⇒ =
( )

 

(a), (b), (c) ⇒ , ,  are roots of (1)  (Proved) 

1016. In ,  – incentre, , ,  – circumradii of , , . 

Prove that: 
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+ + = −  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

=   (etc) 

⇒ =
⋅ ⋅

=

⎝

⎜
⎜
⎜
⎛ ⋅

⎠

⎟
⎟
⎟
⎞

 

= = ⋅
−

= ( − ) 

⇒ = ( − ) = − = − + = −  

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

= = ( − ) ( − )( − ) =
⋅

⋅ ( − ) 

= − =
− +
−  

= − +
∑( − )( − )

⋅ =
−

+ ( − ( + ) + ) 

= − + ( − + + + ) = − +
( + )

=
( − )

 

= −  
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1017. Find ∈ ℝ such that in any scalene  the following relationship 

holds: 

∑
( ) = + ∑ , , ,  – Nagel’s cevians 

Proposed by Bogdan Fustei-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 

By Stewart’s theorem, ( − ) + ( − ) = + ( − )( − ) 

⇒ = ( + − ) + ( + − )− ( + − )( + − ) 

= ( + − − ) + ( + − − ) 

=
( )

( + )( − ) + ( + − − ) 

=
( )

( + − ) 

(1)−(2)⇒ − = ( + )( − ) + ( + − ) 

= ( − ) ( + + ) ⇒
−

( − ) = + +  

⇒
−

( − ) =
+ +

=
( )

+
+

 

Similarly, 
( )

=
( )

+   & 
( )

=
( )

+  

(i)+(ii)+(iii)⇒ ∑
( )

= + ∑  ∴ =    (Answer) 
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Solution 2 by Tran Hong-Dong Thap-Vietnam 

 

In  we have: = ; = ; = ; = − = − − =  

By Stewarts’s theorem: ⋅ + ⋅ = ⋅ ( + ⋅ ) 

⇔
−

+ ⋅ = ( − ) + ⋅
−

 

⇔ ⋅ = ( − ) + ( − ) ⋅
( − )

−
( − )

 

⇔ =
( − )

+
( − )( − )

−
( − )

 

⇒ − =
( − )

− +
( − )( − )

−
( − )

 

=
( − )

⋅ +
( − )( − )

−
( − )

= ( − ) − +
( + − )

 

= ( − )
+ −

− +
( + − )

= ( − )
− −

+
( + − )

 

=
( − )

⋅ [ ( − )− + ( + − )] 

= ( ) [ ( − ) + − ] = ( ) [ + ( + )]  (etc) 

⇒
−

( − ) =
+ ( + )

= +
( + )

= +
+

⇒ =  
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1018. In ,  – circumcenter, , ,  – inradii of , , . 

Prove that: 

( + )
( , , )

= + +  

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania 

 

= , = ; 	
= ⋅ ⋅ =

⇒ = ⇒ 

+ + =
( + )

=
+

= 

= 	 + = ⋅ + − = 

= + = +  

Solution 2 by Soumava Chakraborty-Kolkata-India 
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Let  be the circumradius of .  = ⋅ ⋅

⋅ ⋅
=
( )

 

Again, = ∠ ∠ ∠ = ° −  

=
√

−
√

=
( − )

⇒ = ( − ) 

=
	( ) ( − )

⇒ = ( − ) 

⇒ =
( + )

( − ) =
( + )

=
( )

( + ) 

Similarly, =
( )

( + )  & =
( )

( + ) 

(a)+(b)+(c)⇒ ∑( + ) = + + 	 (proved) 

 

1019. 

 

= , = + , = + , > 0,  – incenter of  

 – Nagel’s point of ,  – inradius of , ∈ ( , ) 

Find: ( ) (area) 

Proposed by Thanasis Gakopoulos-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

= + , = + , = , ∈ ( , ) ( ) =? 
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= ⇒ = ⇒ + − − =  

⇒ ( − )− ( − − ) − =  

⇒ ( ( + + ) − ( − − )− ) =  

⇒ ( + − ) = ⇒ − + = ⇒ =
( )

−  

Now, = ⇒ ( + )( + ) = ( + + + + ) ⇒ =
( ) ( )( ) 

Again, ∑ = + + ⇒ ( + )( + ) + ( + ) + ( + ) 

=
+ + + +

+
( + )( + )

+ +  

⇒ ( + ) = ( + )( + + ) − ( + ) − ( + )( + ) 

⇒ ( + ) = ( − )( + ) ⇒ =
( ) ( − )( + )

( + )  

Plugging (2), (3) in (1): ( ) = ( )( ) − ( )
( )

 

⇒
( + )

=
+ + +

+ ⇒ + − − =  

⇒ ( + )( + )( − ) = ⇒ = ∴ = , = , = ⇒ =  

⇒ ( ) = ( )( − )( − )( − ) = √   (Answer) 

 

1020. URSARESCU’s REFINEMENT OF EULER’S INEQUALITY 

In  the following relationship holds: 

≥
( + − )

+
( + − )

+
( + − )

≥  

Proposed by Marian Ursărescu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

( − )
=

( − )
= ( − ) = 
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⋅ ( − − ) − ( − − )
=

( + )
= ( + ) 

∴
( − )

= ( + ) 

∴ ≥ ∑ ( ) ⇔ ≥ ( + ) ⇔ ≥ → true 

& ∑ ( ) ≥ ⇔ ≥ ⇔ ≥ → true (proved) 

Solution 2 by Tran Hong-Vietnam 

We have: ∑ ( ) = ∑ ( ) = ∑ ( + − ) = ( + + ) 

= + = ( + ) 

≥ ∑ ( ) = ( + ) ⇔ ≥   (true) 

≤ ∑ ( ) = ( + ) ⇔ ≥    (true) 

1021. In  the following relationship holds: 

+
+

+
+

+
> + +  

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

+
>  
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, =  and = . So, to have: + > . So, + >  

( + ) > 3 ;	
+

> (∵ > 0) 

So, similarly, from  and , and by summation: ∑ > ∑  

 

1022. In  the following relationship holds: 

+ + ≤  

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

(1) ⇔ ∑ ≤ ⇔ ≥
( )

( − − ) 

Now, = = 

=
( ) − ∑ + (∑ + ∑ ) +

 

Now, ∑ = (∑ ) − ( + )( + )( + ) = 

= − − − −  

= − − + − = 

=
( )

− +  

Also, ∑ + ∑ = ∑ (∑ − ) =
( )

(∑ )(∑ ) −  

(a), (b), (c) ⇒ = {− (∑ ) + (∑ )(∑ ) − } 

= − ( − − ) + ( − − ){( + + ) − ( )}
−

 

=
( ) − ( − ) − ( + + ) − −

− −
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(d) ⇒ (2) ⇔ − ( − ) − ( + + )− − 

− − − ≥ ( − − ) 

⇔ − ( − ) − ( + + ) − − − − ≥
( )

 

Now, LHS of (3) ≥ ( + ) − ( + + ) − − 

− − − ≥
( )

 

Now, LHS of (4) ≥ {( − )( + ) − ( + + )}− 

− − − − ≥
?

⇔ 

⇔ ( + − )− − − − ≥
?

( )
 

Now, + − ≥ + − > 0 ∴ LHS of (5) 

≥ ( − )( + − ) − − − − ≥
?

 

⇔ − + ≥
?

⇔ ( − )( − ) ≥
?

→ true (Euler) (Proved) 

 

1023. In  the following relationship holds: 

+ + − √ + √ + √ ≥  

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Daniel Sitaru-Romania 

: ( , ) → ℝ, ( ) = ( ) , ( ) = − ( ) − ( ) < 0, 

− concave 

( )
( , , )

+
+ +

≤
+

( , , )

 

√
( , , )

+ ≤
+

( , , )
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√
( , , )

+
√

≤
−

( , , )

 

− √
( , , )( , , )

≥  

Solution 2 by Lahiru Samarakoon-Sri Lanka  

We have to prove, ∑√ + ≤ ∑ . Let’s consider, ( ) = √  

( ) =
√

; 	 ( ) =
√ (− ) −

√ =
−( + )

√
 

Then, ( ) < 0 

√ +
+ +

≤
+

 

∑√ + √ ≤ ∑ ; 	∑ √ + ≤ ∑ ;	(it’s true) 

1024. In acute  ,  – incenter the following relationship holds: 

+ + ≤
+

 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∑ ≤ ∵ ≤ ( + ), etc, ∴ ∑ ≤ ∑
⋅

= ∑ = ∑ ⋅
⋅

= 

= ≤
? +

⇔ ≤
?

+ ⇔ 

⇔ − − ≤
?

+ ⇔ ≤
( )

?
+ +  

Now, LHS of (1) ≤ + + ≤
?

+ + ⇔ ≥
?

⇔ 

⇔ ≥
?

→ true (Euler) (Proved) 
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1025. In  the following relationship holds: 

( + ) ≤ ( + + )  

Proposed by Bogdan Fustei – Romania  

Solution 1 by Marian Ursărescu-Romania 

From Cauchy’s inequality ⇒ ∑ ( + ) ≤ ∑ ( + ) 

⇒ ∑ ( + ) ≤ ∑    (1) 

But ∑ =   (2)  

From (1)+(2)⇒ ∑ ( + ) ≤ √  (3) 

+ + ≥

≥ ( − )
⇒ + + ≥ √ ⇒ 

+ + ≥ √    (4) 

From (3)+(4) we must show: 

√ ⋅ ≥ √ ⇔ ⋅ ≥ ⇔ ≥ ⋅ ⋅ ⇔ ≥    (5) 

From Mitrinovic’s inequality: ≥ ⇒ ≥   (6) 

From (5)+(6) we must show: ≥ ⇔ ≥ , true (Euler) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

( + ) ≤  

( + ) = +  

= =  
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= = √ ≤ √ √ √ = √ ∴ ≤
( )

√  

Again, RHS ≥ ∑ = ∑ ∴ ≥
( ) ∑  

(1), (2) ⇒ it suffices to prove: ∑ ≥ √ ⇔ (∑ ) ≥  

⇔ + ( + ) − ( + ) ≥  

⇔ + ( + ) ≥
( )

( + )  

Now, LHS of (3) ≥ ( − ) + ( + ) ≥
?

( + ) ⇔ 

⇔ ( − ) + ( + ) ≥
( )

?
 

Now, LHS of (4) ≥
( )

( − )( − ) + ( + )  

& RHS of (4) ≤
( )

( + + ) 

(a), (b) ⇒ in order to prove (4), it suffices to prove: 

( − )( − ) + ( + ) ≥ ( + + ) ≥  

⇔ ( − )( − ) ≥ → true ⇒ (4) is true ⇒ (3) is true (Proved) 

 

1026. If , , > 0 then in  the following relationship holds: 

+
⋅ +

+
⋅ +

+
⋅ ≥

−
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know, ∑ = +  and ∑ =  

+ = ( + + )
+ −  
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≥
( + + )

− + = −
( + )

 

We need to prove, − ( ) ≥ ⇔ ≥ +  

We know, ≥ −  we need to prove, − ≥ +  

⇔ ( − ) ≥ , which is true. Hence proved 

 

1027. In ,  – incentre, = , = , =   

the following relationship holds: 

( + + ) + ( + + ) ≥  

Proposed by Mustafa Tarek-Cairo-Egypt 

Solution 1 by Soumava Chakraborty-Kolkata-India 

= =
( − )

( − ) ( − ) ( − ) = 

= ( − ) =
( ) ∑ ( − + )

 

Now, ∑ − + = (∑ ) − ( ) − (∑ ) +  

= ( + + ) − ( + + ) − +  

= ( + + )( − + ) − +  

= [( + ) − − + ] 

=
( )

( + + − + ) 

(1), (2)⇒ ∑ =
( )

( + + − + ) 

Now, (∑ ) ≥ (∏ ) = = ⇒ (∑ ) ≥
( )

 

(3)+(4)⇒ ≥ + ( + + − + ) ≥
?

(∏ )  
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⇔ + ( + + − + ) ≥
?

=  

⇔ ( − ( − ) + + + ) ≥
?

 

⇔ − ( − ) + + + ≥
?

 

⇔ − ( − ) + ( + ) ≥
( )	

?
 

Now, RHS of (5) ≥ − ( − ) + = ( − + + ) 

= − ( − ) ≥ ⇒ (5) is true (proved) 

Solution 2 by Marian Ursărescu-Romania 

We must show: ( + + ) + ( + + ) ≥ ( ⋅ ⋅ )    (1) 

But =  and ⋅ ⋅ =   (2) 

From (1)+(2) we must show: ( + + ) + ( + + ) ≥ ⇔ 

( + + ) + ( + + ) ≥  (3) 

+ + ≥ √ ⋅ ⋅    (4) 

From (3)+ (4) we must show: ⋅ ⋅ ⋅ + ( + + ) ≥ ⇔
( )

 

+ + ≥ ( − ) (5) 

From Cauchy’s inequality: + + ≥  and   

+ + = + − ⇒ 

+ + ≥    (6) 

From (5)+(6) we must show: ( + − ) ≥ ( − )  (7) 

From Gerretsen’s inequality we have: ≥ −    (8) 

From (7)+(8): ( − ) ≥ ( − ) ⇔ ≥  true. 
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Solution 3 by Tran Hong-Vietnam 

= = ; = ; = ;Hence, inequality ⇔ 

+ ≥  

⇔ ∑ + ∑ ≥    (*) 

Let = ; = ; =  then = ⋅ ;	 + + =  

Hence (*) becomes: ( + + ) + ( + + ) ≥ ( ) =  

( + + ) ≥ ⋅ ⋅ =  

+ + ≥
( + + )

=
( + − )

 

We must show that: + ≥    (**) 

But ≥ −  

(∗∗) ≥ ⋅ +
( − )

= ⋅ + −  

Must show: + ( − ) ≥ = ≥  

⇔ − + ≥ ⇔ ( − ) − ≥  

(true because ≥ ). Proved. 

 

1028. In  the following relationship holds: 

( + + )
≥

+ +
+ +

 

Proposed by Adil Abdullayev-Baku-Azerbaijan 
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Solution 1 by Bogdan Fustei-Romania 

In  the following relationship: + + ≤ +  

(  – incenter in ); , ,  – circumradii , , ) 

Using two additional inequalities: 

1) ≥  

2) , , > 0: + ≥  

From the two inequalities from above we can write the following: 

≥
( )

+ ≥
( )
	 . So, finally: ≥  

=    (and the analogs); =   (and the analogs) 

= ( + )( − )   (and the analogs) 

⇒ = ⋅ = ( ) = ( − ) (and the analogs) 

= ( − ) (and the analogs) ⇒ = ( )( )
( )

=  

So, =   (and the analogs) 

+ + =
+

+
+

+
+

=
( + + )

=
( + )

 

( + + = + ) ⇒ + + =
+

= +  

The inequality from enunciation becomes: + ≤ + ⇒ 

⇒ ≥
+ +
+ +

 

From the above, the inequality from enunciation is proved. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

≥
∑
∑ ⇔ ( + + ) ≥ ( − − )  

⇔ { + ( + ) + ( + )} ≥ { + ( + ) − ( + )} 

⇔ ( − ) + ( + )( + ) + ( + ) ( − ) ≥
( )

 

Now, LHS of (1) ≥
( )

	 ( − )( − ) + 

+ ( + )( + ) + ( + ) ( − ) 

= ( + + ) + ( + ) ( − ) 

& RHS of (1) ≤
( )

( + + ) 

(a), (b)⇒ in order to prove (1), it suffices to prove: 

( + ) + ( + ) ( − ) ≥
( )

 

Now, LHS of (2) ≥ 	 ( − )( + ) + ( + ) ( − ) ≥
?

 

⇔ − + − ≥
?

			 =  

⇔ ( − ){ ( − ) + + } ≥
?

→ true ∵ ≥  

⇒ ≥
∑
∑ ⇒ ⋅ ≥

∑
∑ ⇔ ≥

( ) ∑
∑  

Applying (3) on a triangle with sides , ,  (whose area will be = ), we get, 

∑
≥

(∑ )

(∑ )
⇒

(∑ )
≥

∑
∑  

 

1029. If ∈ ( ) then: 

⋅ [ ] ⋅ [ ] ⋅ [ ] ≤ [ ]  

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Mehmet Sahin-Ankara-Turkey 

 
Let ( , , )  be  the barycentric coordinates of . 

+ + =  and [ ] = ⋅ [ ]; 	[ ] = ⋅ [ ]; 	[ ] = ⋅ [ ] 

[ ] ⋅ [ ] ⋅ [ ] = [ ]    (1) 

Using Arithmetic and Geometric Mean inequality:  

≥ ⇒ ≤ ⇒ ≤     (2) 

From (1) and (2):  [ ] ⋅ [ ] ⋅ [ ] ≤ [ ]  

Solution 2 by Ravi Prakash-New Delhi-India 

 

[ ][ ][ ] = = ≤ ( + + ) = [ ]  
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Solution 3 by Thanasis Gakopoulos-Athens-Greece 

 
PLAGIOGONAL system: ≡ , =  

( , ), ( , ), ( , ), ( , ) 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ ( ) = ⋅ =

⋅

( ) = ⋅ =
⋅ ⋅

( ) = ⋅ , ( ) = ( ) − ( ) − ( ) =
( − − )

 

AM-GM: ( )( )( ) ≤ ( ) ( ) ( ) = 

=
⋅

+ +
( − − )

= 

= ⋅ = ( ) →→ ( ) ⋅ ( ) ⋅ ( ) ≤ ( )  

 

1030. In  the following relationship holds: 

( + + ) ≤ + +  

Proposed by Bogdan Fustei – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

( + + ) ≤  

RHS = ∑ = ∑ = ∑ = 	× (∑ ) = 	×	
	×

=  
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But ≥ −  

≥ = ( − ) ≥ ( + )		(∵ ≥ ) Euler 

We have to prove: ∑ ≤ ( + ) 

∑ ≤ ( + )   (it’s true) (∵ ∑ ≤ ∑ = + ) 

Solution 2 by Marian Ursărescu-Romania 

In any  we have: ∑ = ⇒ we must show:  

( + + ) ≤   (1) 

But in any  we have: + + ≤ +    (2) 

From (1)+(2) we must show: 

+ ≤ ⇔ + ≤ + + ⇔ ≥ +   (3) 

Form Gerretsen’s inequality: ≥ −   (4) 

From (3)+(4) we must show: − ≥ + ⇔ ≥ ⇔ ≥ , 

true (Euler) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

= + = + = +  

= + ∑
( − )

( − )( − ) = +
( − )

( − )( − )( − )
 

= +
−

= =  

= +
∑

= + = +  

≥ 	 + + − = −  

= + ( − ) ≥ 	 + = ( + ) ≥  
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1031. If in , , ,  – internal bisectors then: 

⋅ + ⋅ + ⋅ ≥  

Proposed by Marian Ursărescu – Romania  

Solution 1 by Lahiru Samarakooon-Sri Lanka 

 

Because ,  bisectors: = = ⇒ = . So, ⋅ = =  

∴ similarly, for ,  and ,  set summating LHS = ∑ = ∑  

= + + + + + ≥ 	×
( + + )

( + + ) 

= 	× 		(∵ ∑ = ) = , but ≥ . So, ≥    (proved) 

∙ ≥  

Solution 2 by Soumava Chakraborty-Kolkata-India 

By angle-bisector theorem, = ⇒ =  

⇒ =
( )

. Similarly, =
( )

 & =
( )

 

(1), (2), (3) ⇒ = ∑ = ∑( )( )
∏( )

 

=
(∑ + ∑ ) + ∑

+ ∑ ( − ) =
+ + +

( + + ) −  

=
( + + )

( + + ) =
( + + )

+ +  
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⇔ ( + + ) ≥ ( + + ) 

⇔ ( − ) + ( + )− ( + ) ≥
( )

 

Now, LHS of (4) ≥ 	 ( − )( − ) + ( + )− ( + ) ≥
?

 

⇔ − + ≥
?

( − )( − ) ≥
?

→ true ∵ ≥  

(Euler) ⇒ (4) is true (proved) 

 

1032. In acute  the following relationship holds: 

√
≤ + + ≤

√
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

Consider, √ ≤ ∑ = ∑ ∴ we have to prove, ∑ ≥ √  

Consider, ( ) = = 	 ∈ ( , ) ∵  acute triangle, so,  

< 2 , , <  

( ) = − ⋅ ⇔ ( ) = 	( + ) then ( ) ≥  

∴ ∑ ≥ = = 	×	
√

= √  it’s true. 

Consider, ∑ ≤ √ . We have to prove,  

∑ ⋅ ⋅
⋅ ≤

√
 

So, we have to prove, ∑ ⋅ ≤ √ ∵ =  

LHS =
∏

∑ ⋅  

≤ ∏
( + + )

	 ∵ , , ≥
	  

=
∏

	× 	× 	( ∏ ) = ( ⋅ ⋅ ) ≤ × √ = √  it’s true (Proved) 
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Solution 2 by Marian Ursărescu-Romania 

From AM-GM ⇒ + + ≥ ⇒ 

We must show this: 
√

≥ √ ⇔ 

⇔ ≤
⋅ √

⇔ ≤ √   (1) 

	 ≤ √
≤ ⇒ (1) it’s true. 

Let ≤ ≤ ⇒ ≥ ≥ . From Chebyshev’s inequality ⇒ 

+ + ≤ + + + + ⇒ 

We must show this: + + + + ≤ √  

⇔ + + ( + + ) ≤ √    (2) 

But + + ≤ √   (3). From (2)+(3) we must show: 

∑ ≤    (4) 

But ∑ =   (5) 

From (4)+(5) we must show: ≤ ⇔ + − ≤  (6) 

From Gerretsen’s inequality: 

 ≤ + + ⇒ + − ≤ +   (7) 

Form (6)+(7) we must show: + ≤ ⇔ ≤ ⇔ ≤  (true Euler) 

 

1033. In acute  the following relationship holds: 

( ) + ( ) + ( ) ≤
√

 

Proposed by Marian Ursărescu – Romania  
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Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

; ; ∈ ;  

( ) = ⋅ ( ) 

( ) = − ⋅ ( ) + ⋅ ( ) 

( ) = − ⋅ ( )− ⋅ ( ) − ⋅  

⋅ ⋅ ( )− ⋅ ( ) = 

= − ( + ) ⋅ ( ) + ( + ⋅ ) ⋅ ( ) < 0 

( ) < 0 

⋅ ( ) ≤ ⋅
+ +

⋅
+ +

= 

= ⋅ =
√

≤ ⋅
√

 

 

1034. If in 	 ,  – incenter then: 

+
+

+
+

+
> + +  

Proposed by Daniel Sitaru – Romania  

Solution by Lahiru Samarakoon-Sri Lanka 

 

For  triangle, + > . > 	(∵ > 0). So, >  
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∴ similarly, from  and , and get summation, 

+
>  

 

1035. In  the following relationship holds: 

+
+

≥  

Proposed by Bogdan Fustei – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ≤  etc., ∴ ≥ ⋅  etc.⇒ ∑ ≥
( )

∑ ⋅ ⋅  

= ( − ) = ⋅  

= ⋅ =  

Now, ≥ ⇔ ⋅ ( ) ≥ ⇔ ( + ) ≥ ( ) 

⇔ ( + ) ≥ ⇔ ( + ) ≥ → true⇒ ≥
( )

 

Similarly, ≥
( )

 & ≥
( )

 

(a)+(b)+(c)⇒ ∑ ≥
( )

∑  

(1)+(2)⇒ ∑ + ∑ ≥ ∑  

Solution 2 by Tran Hong-Vietnam 

+
+

≥  
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We have: ≥ ⋅ = ⋅
⋅

= ⇒ ∑ ≥ ∑ ⋅ ⋅ =
( )

= 

∑ ⋅ ⋅ = ∑     (1) 

+
=

+

+
= ⋅

( + )
( ) ⋅  

= ∑ ⋅ ⋅ ( )
( )

⋅ = ∑ ⋅ ( ) ≥ ∑   (2) 

{∵ ( + ) ≥ }. Form (1)+(2)⇒ Proved. 

 

1036. If ,  and  are the lengths of the sides of a triangle, then: 

+ − + + − + + − −
−
+ +

−
+ +

−
+ ≥  

Proposed by Titu Zvonaru, Neculai Stanciu-Romania 

Solution 1 by Marian Ursărescu-Romania 

=
( )

=    (1) 

But if + + =  then: + − =  (2) 

From (1)+(2)⇒ = =    (3) 

From (3)⇒ ∑ = ∑ = ∑
∑

   (4) 

But ∑ =  and =    (5) 

From (4)+(5)⇒ ∑ = = −   (6) 

From (6) inequality becomes: − − ∑ ≥ ⇔ 

− − ∑ ≥  (7). But ( + ) ≥ ⇒ (7) becomes: 

− −
( − )

≥ ⇔ − −
− +

≥ ⇔ 
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⇔ − −
+

+ ≥ ⇔ − −
+

≥ ⇔ 

⇔ − − ∑ ≥    (8) 

But ∑ =    (9) 

From (8)+(9) we must show this: − − ≥    (10) 

But from Gerretsen ≤ + +   (11) 

From (10)+(11) we must show: − − ≥ . Let = , ≥  

⇒ − − ≥ ⇔ − − ≥ ⇔ ( + )( − ) ≥  true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

, + − −
−
+ ≥

( )
 

(1)⇔ + ∑ ≥ + ∑  

⇔ + − + ≥ +
( − )
( + ) =

( + )
( + )  

⇔
+
− ≥

( ) ( + )
( + )  

∵ ( + ) ≥ , etc., RHS of (1)	≤
( )

∑ = ∑ = ∑ ( ) 

=
( + + ) −

=
− +

 

LHS of (1) = ∑ = ∑ + = + ∑( )( )
( )( )( )

 

= + ( − + + + ) = +
+

=
( ) ( + )

 

(2), (3) ⇒ it suffices to prove: ( ) ≥  

⇔ ( + ) + − ≥ ⇔ ≤
( )

+ −  

Now, Gerretsen ⇒ ≤ + + ≤
?

+ − ⇔ ≥
?

 

→ true (Euler) ⇒ (4) is true (Proved) 
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1037. In  the following relationship holds: 

+
+

+
+

+
+ ≤

−
 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

+ + + + + + ≤
−

 

+ + + − ≤ − ; 	 ⋅ + ≤ − + =
−

( − ) 

⋅
∑( + )( + )

∏( + ) ≤
−

( − ) 

⋅
(∑ ) + ∑

∑ ⋅ ∑ ⋅ − ≤
−

( − ) 

a) ∑ = +  

b) ∑ =  

c) = ⋅  

( + )
( + ) +

( + ) − = ( + )
( + ) +

≤
−

( − ) 

( − )( + ) + ( + )( − ) ⋅ ≤ ( − )  

( − )( + ) ≤ ( − − )  

( − − ) > 0 

( − )( + ) ≤ ( − − )( − ); 	 =  

( − )( + ) ≤ ( − − )( − ) 

− + + + + ≤ − + − +  

+ + − + ≥  

( − ) ( − + ) ≥  
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1038. 

  
If in ,  – Brocard angle then: 

≤
( + ) + ( + ) + ( + )

( + + ) +
√ + +

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ =
∑

, ∴ given inequality ⇔
∑ 	

≤ ∑( )
∑

⇔ 

⇔ ( + ) ≥
( )

⋅  

Now, LHS of (1) ≥ ( ){ (∑ + ∑ )} 

= √ ( − − ) ≥
?

( − − ) 

⇔ ( − − ) ≥
?

( − − )  

⇔ ( − − ) ≥
?

( − − )  

⇔ { + ( + ) − ( + )} ≥
?

{ + ( + ) − ( + )} 

⇔ ( − ) − ( + ) + ( + ) + 

+ ( + ) − ( + ) ≥
( )

?
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Now, LHS of (2) ≥
( )

( − )( − ) − 

− ( + ) + ( + ) + ( + ) − ( + )  & also,  

RHS of (2) ≤
( )

( + + ) 

(a), (b)⇒ in order to prove (2), it suffices to prove: 

− ( − )− + + ( + ) − + +  

+ ( + ) − ( + ) ≥  

⇔ ( − + ) + ( + ) − ( + ) ≥
( )

 

∵ − +  

= ( − )( − ) + > 0	 ∵ ≥  

∴ LHS of (3) ≥ ( − )( − + ) + 

+ ( + ) − ( + ) ≥
?

⇔ − + − ≥
?

	 =  

⇔ ( − ){ ( − ) + + } ≥
?

→ true ∵ ≥  (Proved) 

Solution 2 by Tran Hong-Vietnam 

=
∑

. Inequality ⇔
∑

≤ ∑ ∑
∑

 

⇔ ∑ ∑
∑

≤ ∑ ∑
∑

  (1) 

Let = ∑ , = ∑ , = , suppose ≤ ≤  

(1)⇔ { ( − ) − ( − + + )}( − ) ≤ ( − )( − ) ; 

⇔ {− ( − ) + ( − ) } + ( , ) ≥  

⇔ { ( − ) − ( − ) } + ( , ) ≥  

⇔ { − + } + ( , ) ≥  

Let ( ) = { − + } + ( , ) 

− + = ( − )( − ) > 0 (because ≥ ) 

⇒ The function  increasing of = , by  Theorem we just check: 

∵ = , < ≤ : 
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(1)⇔ ≤  

⇔ ( − ) + ( + + ) ≥  (true) 

∵ = , ≤ : 

(1)⇔ ≤  

⇔ ( − ) + + + + + + ≥  

It is true. Proved. Equality ⇔ = = . 

 

1039. In  the following relationship holds: 

≤  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

AM ≥ GM ⇒ ∑ ∑ ≤ ∑ ∑  

=
( + ) + ( + ) + ( + )

 

= ∑ (∵ + = , . ) ∴ (∑ )(∑ ) ≤ (∑ )  

⇒ ≤ ≤
?

 

⇔ ∑ ≤ → true ∵ ∑ ≤ ∑ ≤  

(Proved) 

 

1040. If in ,  – incentre,  - pedal triangle of incentre then: 

⋅
+

⋅
+

⋅
≤

√
⋅ ⋅ ⋅  

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

 

Angle – bisector theorem ⇒ = ⇒ = ⇒ =
( )

 

Angle – bisector on ⇒ =
	( )

= ⇒ = ⇒ ⋅ =  

= + ⋅ ⇒
⋅

=
( + )

( + )( − )( − )
 

=
( − )( − )

= ( − )( − )
( − )( − )

 

=
( − )( − )

=
( − )

√ ⋅
= ( − ) =

( )
( − ) 

Similarly, ⋅ =
( )

( − ) & ⋅ =
( )

( − ) 

(a)+(b)+(c)⇒ LHS = ∑ ( − ) 

≤
√

√ ( − ) =
√ ( )− ( − − ) 

=
( ) √ ( + ) = ( + ) 

Now, RHS = √ ⋅ = √ =
( ) √  

(i), (ii) ⇒ it suffices to prove: ( + ) ≤ ⇔ ≥ ⇔ ≥ → true 

(Euler) (Proved) 
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1041. In  the following relationship holds: 

+ + ≥
+

+
+

+
+

 

Proposed by Bogdan Fustei – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

In any ,∑ ≥ ∑  

=
+

=
+

=
( ) ∑ + ∑

 

≥
+

=
+

=
∑ + ∑

=
	( )

 

 

1042. In  the following relationship holds: 

+ + ≤
+ +

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

=
∑

⇔ ≤
( ) ∑

=
∑

 

≤ =
∑ ∑( − )

 

=
∑ −

≤
? ∑

⇔
∑ −

≤
?

 

⇔ ( − ) − ( ) ≤
?

( − − )  

⇔ ( − )( + + ) − ( − − ) ≤
?

( − )  
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⇔ (( + + ) − ( − − ) ) ≤
?

( − ) + ( + + )  

⇔ ( )( + ) ≤
?

( − ) + ( + + )  

⇔ + ( + ) + ( + ) ≥
( )

?
 

Now, LHS of (2) ≤ ( − ) + ( + ) + ( + ) ≥
?

 

⇔ ( + ) ≥
?

⇔ + ≥
?
√ → true (Trucht)⇒ (1) is true (Done). 

 

1043. In :  = ( )( )( ) 

Find:  

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Sagar Kumar-Patna Bihar-India 

= ( )( )( ) ⇒ < , , < ⇒ 

⇒ , , > 0 ⇒ ( + )( + )( + ) 

≤
( ( ) + + )

 

AM ≥ GM⇒ ≤ ( ( ) + + )  

and we know that in a : + + ≤ √ ⇒ ≤ √ = √  

Hence 	 ≤
√

. Equality holds when = = =  

 

1044. In ,  – incentre, , ,  – circumradii in , , . 

Prove that: 

− − ≤ + + ≤ − +  

Proposed by Marian Ursărescu – Romania  
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Solution 1 by Bogdan Fustei-Romania 

= 	( 	 )

= 	( 	 )
= ( − ) (and analogous) 

= ( − )  (and analogous) ⇒ + + = ⋅ ∑( − )  

+ + = + − ( + + )  

+ + = ⇒ = ( + + ) −  

= ( + + ) −  

+ + = [( + + ) − − ( + + ) + ] 

+ + = [( + + )( + + − ) − + ] 

+ + = [( + )( − )− + ] 

+ + = ( − − + ) = ( − + ) 

= = . The inequality from enunciation becomes: 

− − ≤
− +

≤ − +  

− − ≤ − + ⇒ ≤ + − + + = 

= + +    (Gerretsen’s inequality) 

− + ≤ − + ⇒ − ≤   (Gerretsen’s inequality) 

From the above the inequality from enunciation is proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

− − ≤
( ) ∑

≤
( )

− +  

From , ⋅ ⋅ = ⋅ ⇒ = = =  

Similarly, =  & =  

∴ ∑ =
∑

   (using above 3 relations) 
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= = ( − ) = ( + − − ) 

= −
⋅

− + = −
− −

− ( + ) 

=
− + + − −

=
( ) + −

 

(1) ⇒ (a) ⇔ + − ≥ − −  

⇔ ≤ + + → true by Gerretsen ⇒ (a) is true 

Also, (1) ⇒ (b) ⇔ + − ≤ − +  

⇔ ≥ − → true by Gerretsen ⇒ (b) is true (Done) 

 

1045. In  the following relationship holds: 

+ + ≥
+ +

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

− = ( − − ) −
+ −

 

= ( − − ) −
( + − )

 

=
( − − )

−
∑ (∑ − )− ∑

 

=
( ) ( − − ) − (∑ )(∑ ) + + ∑

 

Numerator = ( − − ) − (∑ )(∑ ) + + + 

+ − = 

= ( − − ) − + + 

+ −  
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= ( − − ) − ( − − ) + 

+ + ( − − )  

= ( − − ) ( − − ) − + + + 

+  

= ( − − ){( )(− − ) + + + } 

=
( )

 

(1), (2) ⇒ ∑ − ∑ = =
( )

 

Now, ∑ = ∑ ( ) = 

= { ( + ) + ( − )} = 

= − + ⋅ ( + ) ( − ) 

= − + ( + ) 

= − + −  

= − + − ⋅  

= − + − ⋅  

= − +  

= − −  

=
	( )

( )− ⋅ ( − − ) = −
( − − )

 

=
− ( − − )

=
( ) ( − + + )

 

Now, − + + > 0 ⇔ < 6 + +  

But, ≤ + + <
?

+ +  
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⇔ > → true ∴ − + + > 0 

(4) ⇒ given inequality ⇔ ∑ ≥
( )

 

∵ ≥
( )

=
∑
∏  

=
+

− − − =
( + )

− − − , 

∴ (6) ⇒ (5) ⇔ ( )⋅ ≥  

⇔ ( + )( − + + ) ≥ ( − − − ) 

⇔ ( + ) − ( + ) + ( + )( + ) ≥ 

≥ − − ( + ) 

⇔ + + ( + )( + ) ≥
( )

( + )  

Now, RHS of (7) ≤ ( + )( + + ) 

≤
?

+ + ( + )( + ) ⇔ + − − ≥
?

  (where = ) 

⇔ ( − )( + + ) ≥
?

→ true 	 ≥  ⇒ (7) is true ⇒ (5) is true 

(Proved) 

 

1046. In  the following relationship holds: 

+ + ≥  

Proposed by Bogdan Fustei – Romania  

Solution 1 by Daniel Sitaru – Romania  

=
∙

= = 
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= ∙ ≥⏞
( )

∙ = ∙ =  

Solution 2 by Soumava Chakraborty-Kolkata-India 

≥ = ⋅ = 

=
∑

≥ ⇔
√

⋅
∑

≥ ⇔ ≥ √  

→ true (Ionescu – Weitzenbock) (Proved) 

 

1047. In acute  the following relationship holds: 

+ + > + + + + +  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

> + ⇔ − > ⇔ >
( )

 

Let ( ) = − ,∀ ∈ ,  

( ) = + − ≥
( )

+ −  

∵ ≤ 	 	 ≤ ;∀ ∈ ,  

= ( + − ). Let ( ) = + − 	∀ ∈ ,  

( ) = − + ≥  as ∀ ∈ , , ≥ ∴ ( ) >
( )

( ) =  

(2), (3)⇒ ( ) ≥ ∴ ( ) ≥ ( ) =  

⇒ ∀ ∈ , , ≥ , with equality at =  

∴ ∀ ∈ , , > ⇒ >
( )

∵ , , ∈ , ∴ (a)⇒ >  etc 

⇒ ∑ > ∑ ⇒ (1) is true (Proved) 
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1048. In  the following relationship holds: 

≤
+

+
+

+
+

≤
√

 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Marian Ursărescu-Romania  

+ ≥  and = ⇒ ≥ ⇒ ∑ ≥    (1) 

But =  and =  (2). From (1)+(2)⇒ ∑ ≥ =  

Now: ∑ ≥ √ ⇔ ∑ ≥ √ ⇔ ∑ ( + ) ≥ √ ⇔ 

⇔ ∑ ( + ) ≥ √   (3) 

But ∑ ( + ) = ( + − )  (4) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

+
≥

( ∑ )
∑ =

(∑ )
∑  

≥
(∑ ) ∑ ( ∑ )

∑
= ⇒ ∑ ≥ . Now, Tereshin ⇒ + ≤ , etc 

∴ ∑ ≤
( )

∑ . WLOG, we may assume ≥ ≥  

∴ ≤ ≤  & ≥ ≥ ∴ (1) ⇒ ∑ ≤ (∑ ) ∑  

≤
∑ ( + )

=
( + )

≤
√ ( + )

 

≤
√

= √ ⇒ ∑ ≤ √  (Done) 

From (3)+(4) we must show: ( + − ) ≥ √    (5) 

But ≤ √   (6) 

From (5)+(6) we must show + − ≤   (7) 

Form Gerretsen’s inequality ≤ + + ⇒ 
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⇒ + − ≤ + +  (8) 

From (7)+(8) we must show: + + ≤ ⇔ + ≤   (9) 

But from Euler ≤ ∧ ≤ ⇒ + ≤ . 

 

1049. In  the following relationship holds: 

⋅
+

⋅
+

⋅
≥  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

= = = ⇒ 

We must show this: + + ≥    (1) 

But ≥    (2).  

From (1)+(2) we must show: ∑( + ) ≥    (3) 

But = ( )  (4) 

From (3)+(4) we must show: ∑ ( )( ) ≥ ⇔ ∑ ( )( ) ≥    (5) 

But ∑ ( )( ) = ∑ ( )( ) = 

=
∑ ( + ) −∑ ( + )

=
∑( + + )− ∑ − ∑

 

= ∑ ∑ ∑ ∑ = =    (6). From (6) ⇒  it’s true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

LHS = ∑ ≥ ∑ ⋅  

= ( + ) ⋅
( − )

= ( + )( − ) 
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= − ( − ) = 	 ( − ) − ( − )  

= ( ∑ − ∑ + ) =  (Proved) 

 

1050. In  the following relationship holds: 

√ +
+
√ +

+
√ +

≤
−

⋅ √
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ≥ ≥ . Then, √ + ≤ √ + ≤ √ + 	 & ≤ ≤  

∴ 	 ≤ √ + ≤
√

√ = ≤
? −

√
 

⇔ ≤
? ( )

√
⇔ √ ≤

( )

?
( − ) . Now, LHS of (1) ≤ √ ⋅ √ =  

≤
?

( − ) ⇔ − + ≥
?

⇔ ( − )( − ) ≥
?

→ true ∵ ≥  

 

1051. In  the following relationship holds: 

( + + ) + + + ( + + ) ≥  

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Soumava Chakraborty-Kolkata-India 

We shall first prove: (∑ ) ∑ +
(∑ )

≥  

⇔ ( + + ) + ≥ ⇔
+ +

≥  

⇔ ≥ − → true (Gerretsen) ∴ (∑ ) ∑ +
(∑ )

≥
( )

 

Applying (1) on a triangle with sides , ,  and whose area 
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of course, will be , we get: ∑ ∑ +
∏ ∑

≥  

⇔ (∑ ) ∑ +
(∏ )(∑ )

≥  (proved) 

 

1052. In  the following relationship holds: 

+ + ≤ +
+ +
+ +  

(  – incentre, , ,  – circumradii of , , ) 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution 1 by Bogdan Fustei-Romania 

Using two additional inequalities: 1) ≥  

2) , , > 0: + ≥  

From the two inequalities from above we can write the following: 

≥
( )

+ ≥
( )
	 . So, finally: ≥  

=    (and the analogs); =   (and the analogs) 

= ( + )( − )   (and the analogs) 

⇒ = ⋅ = ( ) = ( − ) (and the analogs) 

= ( − ) (and the analogs) ⇒ = ( )( )
( )

= . So, =   (and the 

analogs) + + = + + = ( ) = ( ) 

( + + = + ) ⇒ + + =
+

= +  

The inequality from enunciation becomes: + ≤ + ⇒ 
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⇒ ≥
+ +
+ +  

From the above, the inequality from enunciation is proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Area of =  & also = ⋅ ⋅ ⇒ =
⋅

⇒ =  

= = =  

⇒ = ⇒ = =
( )

 

Similarly, =
( )

 & =
( )

 

(1)+(2)+(3)⇒ = ∑ = ∑( + ) 

= + + =
( + )

≤ +
∑
∑ ⇔ ≥

∑
∑  

⇔ ( + + ) ≥ ( − − )  

⇔ ( − ) + ( + )( + ) + ( + ) ( − ) ≥
( )

 

Now, ∵ ( − ) ≥ ( − )( − ) 

∴ LHS of (4) ≥
( )

( + + ) + ( + ) ( − ) 

& RHS of (4) ≤
( )

( + + ) 

(a), (b)⇒ in order to prove (4), it suffices to prove: 

( + ) + ( + ) ( − ) ≥
( )

 

Now, LHS of (5) ≥ ( − )( + ) + ( + ) ( − ) ≥
?

⇔ 

⇔ ( − ){ ( − ) + + } ≥
?

		 = → true ∵ ≥  (proved). 
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1053. If in : ≤ ≤  then: 

+ + ≥ + +  

Proposed by Daniel Sitaru – Romania  

Solution by Serban George Florin-Romania 

− + − + − ≥  

−
+

−
+

−
≥  

⇒
−

⋅
+

−

⋅
+

−

⋅
≥  

If ≤  then ≥ ⇔ ≥  

( + − )
≥

( + − )
, + − ≥  

+ − , ( − ) + ( − ) ≥ , ( − )( + ) + ( − ) ≥  

( − )( + + ) ≥   (true) ≥ , − ≥  

Note = , = , = , ≤ ≤ ⇒ ≥ ≥ ⇒ + + ≥  

⇒
−

≥
−

+
−

,
( − ) + ( − )

≥
−

+
−

 

−
+

−
≥

−
+

−
; 	( − ) − ≥ ( − ) −  

( − )( + )( − )
≥

( − )( + )( − )
 

⇒ ( − )( + )( − ) ≥ ( − )( + )( − ) 

⇒ ( − )( + )( − )− ( − )( + )( − ) ≥  

⇒ ( − )( − )( + − − ) ≥ , ( − )( − )( − ) ≥  

True 

≥ ⇒ − ≥ ; 	 ≥ ⇒ − ≥ ; 	 ≥ ⇒ − ≥  
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1054. In acute  the following relationship holds: 

+ − ≤  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

, , > 0; 	 + −  

= ( + ) − = ⋅ ( − ) −  

= { ( − ) + ( + )} = ⋅  

= > 0		(∵ , > 0) 

Similarly, + − > 0 & + − > 0 

∴ , ,  are sides of a triangle. 

Let = , = , = . Then, given inequality becomes: 

≥ ( + − )( + − )( + − ), which, of course holds true when , ,  are 

3 sides of a triangle (proved). 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

Since , ,  are acute – angles. Hence: , , > 0. Hence: 

 + − + − + −  

≤  

If ( + − )( + − )( + − ) 

≤ ( )( )( ) 

Let = , = , = . If ( + − )( + − )( + ) ≤  

Let + − = , + − = , + − = . = , = , =  

If ≤  and it’s true. Therefore, 

 + − + − + −  

≤ .  

It’s true. 
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1055. In acute  the following relationship holds: 

( + + )( + + ) ≤
√

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mehmet Sahin-Ankara-Turkey 

( + + ) ≤ ( + + ) + +  

+ + ≤ ⋅ ⋅ = √     (1) 

≤ , ≤ , ≤  

+ + ≤ + + = ⋅    (2) 

From (1) and (2): ( + + )( + + ) ≤ √ ⋅ ≤ √  

Solution 2 by Soumava Chakraborty-Kolkata-India 

By Tsintsifas, ≤ ⇒ ≤ ⇒ ≤
( )

 

Similarly, ≤
( )

, ≤
( )

 

(1), (2), (3)⇒ ∑ ≤ ∑ ≤ ∑ ∑  

≤
( ),

( − ) =  

≤
√

∴ ≤
( ) √

 

Also, ∑ ≤ ∑ ∑ ≤
( )

	 ∑  

(a), (b)⇒ LHS ≤ √ (∑ ) = √ ∑ ≤ √    (Proved) 

1056. In  the following relationship holds: 

− ( − ) ≥ √ − √ + √ + √  

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

− ( − ) = √ − + √ − ( − ) 

= √ − − √ =
( )

√ − − √  

∵ √ − > √ 	 	 = + + > 2 ∵ + >  

(1) ⇒ it suffices to prove: ∑√ + ≥ √ ∑√  

⇔ ( + ) + ( + )( + ) ≥ + √  

⇔ ( + )( + ) ≥ √  

⇔ ( + )( + ) + ( + )( + )( + ) √ +  

≥ + √ √  

⇔ + + ( + )( + )( + ) √ +  

≥ + √ √  

⇔ + ( + )( + )( + ) √ + ≥
( )

+ √ √  

Let + = , + = , + =  

Then, + > , + > , + > ⇒ , , → sides of a  

we have √ + + √ ≥
( )

+ − + + − + + −  

When, , ,  are sides of a triangle, Re-substituting the values of , , , (a) ⇒ 

√ + ≥ ( + ) + ( + ) − ( + ) = √ ⇒ √ + ≥
( )
√ √  

Also, ( + )( + )( + ) ≥
( )

√  

(i).(ii)⇒ ( + )( + )( + )	 ∑√ + ≥
( )

√ ⋅ √ ∑√ = √ ∑√  

Moreover, ∑ ≥
( )

∑  

(iii)+(iv)⇒ (2) is true (Hence proved) 
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1057. In  the following relationship holds: 

+ + + + + ≤
+ +
√

 

Proposed by Bogdan Fustei – Romania  

Solution 1 by Ertan Yildirim-Turkey 

+ + + + + ≤
+ +
√

 

+
+

+
+

+
≤

+ +
√

 

( + ) + ( + ) + ( + ) ≤
?
√ ( + + ) 

CSE: √ ⋅ √ + + √ ⋅ √ + + √ ⋅ √ + ≤ 

( + + )	 ⋅ ( + + ) = ( + + )  

⇒ ( + ) + ( + ) + ( + ) ≤ √ ( + + ) (true) 

Solution 2 by Marian Ursărescu-Romania 

Inequality ⇔ + + + + + ≤    (1) 

From Cauchy’s Inequality ⇒ + + + + + ≤ ( + + )  (2) 

From (1)+(2) we must show: ( + + ) ≤    (3) 

But + + =    (4) From (3)+(4) we must show: 

( + + )
≤ ⇔ ( + + ) ≤ ⇔ 

≥ +   (5) 

From Gerretsen’s inequality we have: ≥ −    (6) 

From (5)+(6) we must show: − ≥ + ⇔ ≥ ⇔ 

≥ , true because it’s Euler’s inequality. 

 

 



 
www.ssmrmh.ro 

Solution 3 by Vo Thanh Long-Vietnam 

We have ∑ + = ∑ + = ∑ ( ) ≤ ∑  

=
( + + )

≤
( + + )

=
+ +
√

 

“=” when  is equilateral triangle. 

 

1058. In  the following relationship holds: 

( − ) + ( − ) + ( − ) ≥ √  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: ( + ) + ( + ) + ( + ) ≥ √   (1) 

But ( + ) + ( + ) + ( + ) ≥ ( + )( + )( + )   (2) 

From (1)+(2) we must show: 

( + )( + )( + ) ≥ √    (3) 

But =  (4), ( + )( + )( + ) = ( + + )   (5) 

and =   (6). From (4)+(5)+(6) we must show: 

⋅ ( + + ) ⋅ ≥ √ ⇔ 

( + + ) ≥ √ 	( )
	 	 ≥ √ 	( )

 we must show 

( + + ) ≥ ⇔ ( + + ) ≥ ⇔ 

+ + ≥   (9) 

From Gerretsen we have ≥ −   (10) 

From (9)+(10) we must show: − ≥ ⇔ 

⇔ ≥ ⇔ ≥   true (Euler) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

By Bogdan Fustei, ≥
( )

( + ) = + =  

= = = √ . Now, ∑ ( − ) = ∑ ( + )  

≥
	( )

√ = √
( − )

 

=
√ ( − ) =

√
−  

=
√

− − −  

=
√

− ( − − ) −  

=
√ ( + + − + + − ) 

=
√ ( + ) =

√ ( + )
≥
?

√ ⇔
⋅ ( + )

≥
( )

?
 

Now, LHS of (2) ≥
√ ⋅ ( ) ≥

( )

?
 

⇔ ( + ) ≥
?

⇔ − + ≥
?

⇔ ( − )( − ) ≥
?

→ true  

∵ ≥ ⇒ (2) is true (Proved) 

 

1059. In  the following relationship holds: 

+ + + + + + + + + ≥ + √  

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

We know, √ ≥ ∑  and √ ≥ ∏  
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+ +
+

≥

⎝

⎛ +
√

+
∏ ( + )

⎠

⎞  

≥ +
√

+ ∑ ≥ +
√

+
√

= + √  

(proved) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

In a triangle we have: + + ≤ √  and we get 
√

≥
√

 

and 
( )( )( )

≥
√

 

Hence +
√

+
( )( )( )

≥ + √  

⇒ +
√

+
( + )( + )( + )

≥ + √  

⇒ + + + + + + + + + ≥ + √  

Therefore, it’s true. 

 

1060. If in : =  then:  

≤
√

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

= 	×
( − )( − )

; 	 = ( − )( − ) 

So, = √ ( − )( − ); 	√ =
( )( )

 

but, =  so, consider √ − =
( )( )	

− =
( )( )

− ( − )( − )  

but, AM ≥ GM: ( ) ( ) ≥ ( − )( − );	 ≥ ( − )( − ) 
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So, 
( )( )

− ; 	
( )( )

( )

+ −
( )

. So, √ − ≥ ; 	 ≤ √  

Solution 2 by Soumava Chakraborty-Kolkata-India 

= ⇒ =
( − )( − )

 

⇒ = ⋅
( − )( − )

( − )( − )( − ) 

⇒ ( − ) = ⇒ ( + + )( + − ) =  

⇒ ( + ) − = ⇒ + = ⇒ + + =  

⇒ = ≥
√

√ ⇒ ≥ √ ⇒ √ ≥ ⇒ ≤ √  (proved) 

 

1061. In  the following relationship holds: 

≤ ( − )  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: √ ≤ ( − )    (1) 

But √ ≤   (2) 

Form (1)+(2) we must show: + + ≤ ( − )    (3) 

But + + = ( − − )  (4) 

From (3)+(4) we must show: − − ≤ ( − )    (5) 

From Gerretsen’s inequality: ≤ + +    (6) 

From (5)+(6) we must show: + ≤ ( − ) ⇔ 

⇔ + ≤ − + ⇔ 

⇔ − + ≥ ⇔ − + ≥  

Which is true because ≥ ⇒ 

− + ≥ − + =  

 


