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1) In AABC the following relationship holds:
s2 —r2 _ 3r
e

s2 412 R

Proposed by Daniel Sitaru - Romania

Proof.
Lemma.
2) In AABC:
2 _ .2
282 U
s24r2 R
Proof.
A 1—tan®4 r
Usi =stan —,cos A= —— 2 cosA=1+ —, btain:
sing o = stan 1+tan2é Z 7 e obtain
2,2 2 _ 24,2 A 2 A
s°—r s% — s“tan” 5 1 —tan” 5 r
a _ - 2 - 2 — cosA=1+ —.
Sy S aa= 1

Back to the main problem:

Using Lemma we write the inequality:
r 3r . .
1+ —= > — < R >2r (Euler’s inequality).
R™ R
Equality holds if and only if the triangle is equilateral.

Remark.

Let’s find an inequality having an opposite sense:

3) In AABC:
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Proof.
Using Lemma we write the inequality:
1+ % < g < R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
4) In AABC:
3r s2—r2 3
= < Z
R ~ s24+7r2 2
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
O
Remark.

In the same class of inequalities we can propose:
5) In acute-angled AABC:

Proposed by Marin Chirciu - Romania

Proof.
Lemma.
6) In acute-angled AABC:

ZSQ—H“,% s +r% —4Rr

sz —r2 52— (2R +7)2

Proof.

' A 1—tan® 4 1 s +r2 —4Rr .
Using r, = stan g,cosA =7 o %,Z S cos A = GRT we obtain:
2524—7"2_282-1-32‘53112% _Zl+tan2g _Z I s2+ 72 — ARy

s2—r2 s2 — s2tan 4 1—tan?4 cos A 82— (2Rr +1r)?’

U

Back to the main problem:
Using Lemma we write the inequality:
s2+1r2 —4Rr
s2 — (2R +1?)

Gerretsen’s inequality: s> < 4R + 4Rr + 3r2.
It remains to prove that:
5(4R% + 4Rr + 3r%) < 20R? + 24Rr + 7r® & R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.

> 6 < 5s? < 20R% + 24Rr + 7r2, which follows from
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O
7) In AABC:
2 _ 12
s —hy 3R
s24+h2 T 4r
Proposed by Marin Chirciu - Romania
Proof.
Lemma.
8) In AABC:

s24+h2 st 4 s2(4R2 — 8Rr + 10r2) + r2(16 R2 — 24Rr + 9r2)

Z s2—h?2  s* 4+ s%(12R? — 8Rr — 61r%) 4+ r2(16 R? + 40Rr — 39r?)

Proof.
2
Using h, = —S, we obtain:
a
$2— hi 52— %j a?s? — 1242 a? — 4r?
Zs2+h§ :Zs2+5—§ :Za252+r232 :Za2+4r2'
Z a? — 4r? B So(a? — 4r2)(b% + 4r2) (e + 4r?) B
a? +4r2 [1(a? + 412) N
_ s* 4+ s2(12R? — 8Rr — 6r%) + r?(16 R? 4+ 40Rr — 39r?)
s+ 52(4R? — 8Rr + 10r2) + r2(16 R2 — 24Rr + 9r?)
> (0 —4r?) (0P +4r%)(? +4r%) = 4r?[s*+5%(12R* —8Rr—6r®)+r*(16 R +-40Rr—39r7))|

[1(a® + 4r®) = 47°[s* + s*(4AR* — 8Rr + 10r) + r*(16R* — 24Rr + 9r?)]

O

Back to the main problem:
Using Lemma we write the inequality:
st + s2(12R? — 8Rr — 6r?) + r?(16 R? + 40Rr — 39r?) 3R o
s* + s2(4R? — 8Rr 4+ 10r2) + r2(16R? — 24Rr + 9r2) — 4r
s2[s%(3R—4r)+2(6 R®—36 R*r+31Rr?+12r3)|+r2 (48R~ 136 R*r—133Rr?+15613) > 0
which follows from Gerretsen’s inequality s*> > 16 Rrr — 5r2.

It remains to prove that:

(16 Rr — 5r®)[(16 Rr — 5r2)(3R — 4r) + 2(6R® — 36 R*r + 31Rr? + 12r)]+
+72(48R® — 136 R?r — 133Rr? + 1561r°) > 0 <
48R*—99R3r—T2R*r?+164Rr®—16r* > 0 < (R—2r)(48R*~3R*r—T8Rr*+8r%) > 0
obviously from FEuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

9) In AABC:
Z s+ h2  s*—s?(12R* 4+ 8Rr — 10r?) 4+ r?(16R* — 24Rr — 55r%)

s2—h2  s* — s2(4R2 + 8Rr + 6r2) + r2(16 R2 4+ 40Rr + 25r2)
Proposed by Marin Chirciu - Romania
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Proof.
28
Using h, = —, we obtain:
a
52+ h2 B s?+ % B a%s® +r?s? - a® + 4r?
232—/12 7232—5—2 *Zazsz_rzsz 7Za2—4r2'
Z a? +4r?  S(a® +4r?)(b* — 4r?) (2 — 4r?)
aZ —4r2 [1(a? —4r2) B

_ s* — s*(12R? + 8Rr — 10r%) + r?(16 R — 24Rr — 551?)
s* — s2(4R? + 8Rr + 6r2) + r2(16 R? + 40Rr 4 25r2)
Z(a2+4r2)(b2—4r2)(c2—47“2) = 4r?[—s*+52(12R*+8Rr—10r?) +1? (=16 R 424 Rr+5512))

l—I(a2 — 4r?) = 4r*[—s* + s*(4R? + 8Rr + 61%) — r*(16 R? 4 40Rr + 25r?)]

]
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1) In AABC:
Z(l n 1) hg < 9R
b c’/rq — 28
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
Lemma.
2) In AABC:
1 1\h, s —72—4Rr
S
b c/ rq Rrs
Proof.
Using h, = e and rg = i we obtain:
1 1\ hg b+c 2 2 2 s
—+-)— — 2 =—) (b —a) = -2(s*—r“—4Rr) =
Z(b+c) Tq be % abc Z( +e)(s—a) 4Rrs (=7 Br)
s2 —r2 —4Rr 9 9 9
= because Z(b+ c)(s—a)= Za =2(s* —r° —4Rr)

Let’s pass to solving the inequality from enunciation.
Using the Lemma the inequality can be written:
Lot AR OB oo gR? 4 8R4 202,

Rrs 2rs

which follows from Gerretsen’s inequality: s*> < 4AR* + 4Rr + 3r°.

It remains to prove that:

2(4R*+4Rr+3r?) < 9R*+8Rr+2r% < R? > 4r?%, obviously form Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
|
Remark.

Let’s find an inequality having an opposite sense for:
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3) In AABC:
Z(l " l)ha > 187
b c/’rq ~ Rs
Proposed by Marin Chirciu - Romania

Proof.
Using Lemma the inequality can be written:
52_7;774:% Z%@s > 4Rr + 1912,
which follows from Gerretsen’s inequality: s* > 16 Rr — 5r2.
It remains to prove that:
16Rr — 512 > 4Rr + 197> & R > 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the double inequality:
4) In AABC:
18r IR
il R i
‘Rs — Z( ) Ta 28 °
Proof.
See inequalities 1 and 3.
Equality holds if and only if the triangle is equilateral.
O
Remark.
Changing between them h, with r, we propose:
5) In AABC:
Ta 9RS3
— <
28 — Z( ) — 8Sr?
Proposed by Marin Chirciu - Romania
Proof.
Lemma.
6). In AABC:
Z(l n 1) ro 8°(2R—r)—7?(4R+ )
b ¢/ h, 4sRr2
Proof.
Using hy = — and r, = we obtain:
s—a
Z(l 1)7;“_ b—|—c % a(b+c¢) 1 s*(2R—r) —r*(4R+ 1)
b ¢/h, 7 be(s —a) 2 2sRr? n
s2(2R—1) —7"2(4R+ r) alb+c) s2(2R—r1)—r*(4R+7)
= b =
4sRr? coause Z be(s — a) 2sRr?
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Let’s pass to solving the inequality from enunciation.

Using Lemma the inequality from the right can be written.

s2(2R—7r)—7r%(4R+7r) _ 9R? 5 4 3 4
< — <
ASRr? < 358 < 25°r(2R —r) < 9R* + 8Rr° + 2r%,

which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r2.
It remains to prove that:
2(4R?*+4Rr+3r?)r(2R—r) < 9R*4+8Rr3+2r* & 9R*—16 R3*r—8R*r?+4Rr3+8r* > 0 &
& (R—2r)(9R*4+-2R%*r—4Rr* —4r3) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral

Using Lemma the inequality from the left can be written:

s?2R—71) —r*(4R+7r) _ 9R 5 5 5
> — —r) >
NS 255 @8 (2R—r) > r(18R* +4Rr +r°),

which follows from Gerretsen’s inequality: s> > 16Rr — 5r2.
It remains to prove that:
(16Rr — 5r*)(2R — r) > r(18R* + 4Rr 4+ 1) & TR* — 15Rr + 2r* > 0 &
< (R—2r)(TR—r) > 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark.
Linking the sums Z(% + %) % and Z(% + %) ;—a

we can write the sequence of inequalities:

7) In AABC:

18 1 1\h, _9R 1 1\r, _ 9R3
fzﬁz(g+g)*§gfz(g+;)%fssﬂ

Ta

Proposed by Mehmet Sahin - Turkey and Marin Chirciu - Romania

Proof.
See 4) and 5).

Equality holds if and only if the triangle is equilateral.



[9]
[10]

(11]

(12]

MARIN CHIRCIU

REFERENCES

Mihaly Bencze, Daniel Sitaru, Marian Ursarescu, Olympic Mathematical Energy. Studis Pub-
lishing House, lagi, 2018.

Daniel Sitaru, Algebraic Phenomenon. Paralela 45 Publishing House, Pitesti, 2017, ISBN
978-973-47-2523-6

Daniel Sitaru, Murray Klamkin’s Duality Principle for Triangle Inequalities. The Pentagon
Journal-Volume 75 NO 2, Spring 2016.

Daniel Sitaru, Claudia Nanuti, Generating Inequalities using Schweitzer’s Theorem. CRUX
MATHEMATICORUM, Volume 42, NO. 1, January 2016.

Daniel Sitaru, Claudia Nanuti, A “probabilistic” method for proving inequalities. CRUX
MATHEMATICORUM, Volume 43, NO. 7, September 2017.

Daniel Sitaru, Mihaly Bencze, 699 Olympic Mathematical Challenges. Studis Publishing
House, Iasi, 2017.

Daniel Sitaru, Analytical Phenomenon. Cartea Roméaneasca Publishing House, Pitegti, 2018.
Daniel Sitaru, George Apostolopoulos, The Olympic Mathematical Marathon. Cartea
Romaneasca Publishing House, Pitesti, 2018.

Daniel Sitaru, Contest Problems. Cartea Roméaneasca Publishing House, Pitegti, 2018.
Mihély Bencze, Daniel Sitaru, Quantum Mathematical Power. Studis Publishing House, lasi,
2018.

Daniel Sitaru, A Class of Inequalities in triangles with Cevians. The Pentagon Journal,
Volume 77 NO. 2, Fall 2017

Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNoMIC COLLEGE, DROBETA

TURNU - SEVERIN, ROMANTA.

Email address: dansitaru63@yahoo.com



Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
The Author: This article is published with open access.

878 INEQUALITY IN TRIANGLE
ROMANIAN MATHEMATICAL MAGAZINE
2018

MARIN CHIRCIU

1) In AABC:
a 2R —7r
> g S
Ty 412 S

Proposed by Mehmet Sahin - Ankara - Turkey

Proof.
We prove the following lemma:
Lemma.
2) In AABC:
Z a _ 2(2R-r)
Tore S

Proof.

S
Using ro = ——, Z arqg =28(2R — 1), rqTpre = rs? we obtain:
s—a

e TaTbTe rs2 S

a ar, 2s(2R-—r 2Q2R —r
3 _ > ara _ 2s( ) _ 2 )

Let’s get back to the main problem:

Using ri + 12 > 2rbr. and Lemma we obtain:

Z a Z a 1 22R-r) 2R-r
- < = — . =
rE4+r2 T 2rpre 2 S S

Equality holds if and only if the triangle is equilateral.

Remark.
If we replace r, with h, we obtain:
3) In AABC:

a 3R

Z 2 < oo

hy + h2 25
Proposed by Marin Chirciu - Romania

1
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Proof.
We prove the following lemma:
Lemma.
4) In AABC
I
hyhe S~
Proof.
. 25 252 .
Using h, = - Zaha =65, hohphe = 3 we obtain:
Z a - Zaha o 65 - ﬁ
hyhe — hohyhe % I
|
Let’s get back to the main problem:
Using hi 4+ h% > 2hyh,. and Lemma we obtain:
1 3R 3R
S <Y -t 2 -
hi + h?2 2hph. 2 S 28
Equality holds if and only if the triangle is equilateral.
O
Remark.
Between the sums Z h:hc and Z T;"c we can write the relationship:
5) In AABC:
a a
<
Do S
Proof.
3R 2(2R —
Using the sums Z hbahc =g and rjrc = % we write the inequality:
3R 2(2R -
< < % < R > 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.
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1) In AABC:
a2
> e
hb + hc
Proposed by Seyran Ibrahimov - Azerbaijan
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
Z a? S 4R(s? — r? — Rr)
hy+h. — s24+7r24+2Rr
Proof.
25
Using h, = — we obtain:
a
Z a Z a® abe a  4RS 2(s*—r?*—Rr) 4R(s* —r®— Rr)
hy + he %Jr%_QS b+c¢ 25 $24+r242Rr  s24+r242Rr
. a 2(s> —r? — Rr)
which follows from Z TP S B e

Let’s get back to the main problem:
Using the Lemma the inequality can be written:
4R(s* —r? — Rr)
s2+7r2+42Rr

which follows from Gerretsen’s inequality: s> > 16Rr — 5r2.

> 6r < s2(2R — 3r) > (2R + 8Rr + 3r?),

It remains to prove that:
(16 Rr—5r?)(2R—3r) > r(2R?*+8Rr+3r?) < 5R*~11Rr+6r* > 0 < (R—2r)(5R—7) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.

Let’s emphasises an inequality having an opposite sense.

3) In AABC:
a? 3R2
> <
hb -|— hc 27

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma the inequality can be written:
4R(s* —r? — Rr) < ﬁ
s2+7r24+2Rr — 2r
We distinguish the following cases:
Case 1). If (3R — 8r) > 0, the inequality is obviously.
Case 2). If (3R — 8r) < 0, we rewrite the inequality:
r(6R* + 11Rr + 8r%) > s*(8r — 3r)
which follows from Gerretsen’s inequality: s> < 4AR* + 4Rr + 3r°.
It remains to prove that:
r(6R?+11Rr+8r%) > (4R?*+4Rr+3r2)(8r—3R) < 6R*~TR?*r—6R*r—6Rr*—8r> > 0
& (R —2r)(6R? 4+ 5Rr + 4r?) > 0, obviously, from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

& s%(3R —8r) +r(6R* + 11Rr +8r?) > 0

O
Remark.
We can write the double inequality:
4) In AABC:
2 3R2
6r <Y g <
hb —+ hc 27
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
|
Remark.
If we replace hy with r, we propose:
5) In AABC
2 3R2
br<d o<
ry + Te 2r
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma.
6) In AABC:

2

>

=2(2R — 7).
Ty + Te ( ")
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Proof.

S
Using r, = we obtain:
s—a

a2 a2
Z :Z :%Za(s—b)(s—c):$'25r(2R—r):2(2R—r),

which follows from Z a(s —b)(s —c¢) =2sr(2R — ).

O
Let’s get back to the main problem:
The left side inequality:
Using the Lemma the left side inequality can be written:
2(2R —r) > 6r & R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
The right hand inequality:
Using the Lemma the right hand inequality:
3R?
212R —r) < ors & 3R —8Rr+4r* >0 (R—2r)(3R—2r) >0,
obviously from Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O

Remark.

2
Between the sums Z ﬁ and Z — the relationship can be written:
7) In AABC:
2 2
S S
hb + hc - Ty + Te
Proposed by Marin Chirciu - Romania
Proof.

2 AR(s2 — 12 2
_ 4R(s* —r* — Rr) . Z a _92(2R—7)

. a
Using the sums Z et h. - 21121 2R
4R(s®> —r* — Rr)
s2+ 12+ 2Rr
which follows from Gerretsen’s inequality s*> < 4R + 4Rr + 3r2.

Ty + Te

the inequality can be written: <2(2R-7) & s* < s* <6R*+2Rr—1r*

It remains to prove that:
AR? 4+ 4Rr +3r* <6R*+2Rr — 1 & R* —Rr —2r*>0< (R—2r)(R+71) >0
obviously from FEuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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1) In AABC:
2 2 2
Mot T Me op_,
Ta+7T6+7c
Proposed by Dan Seclaman - Romania
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
m2 + m? + m? B 3(s2 —r2 — 4Rr)
To + 76 +Te 2(4Rr + 1)
Proof.

Using Zmi = ZZaQ,ZaQ =2(s% — 12 —4Rr),2ra =4R+r.

Let’s get back to the main problem.
Using the Lemma we write the inequality:
3(s2 — 12 —4Rr)
2(4R+ )
which follows from Gerretsen’s inequality: s*> < 4AR* + 4Rr + 3r°.
It remains to prove that:
3(4R? +4Rr +3r* ) < 4R+ 7)* © R*—~Rr—2r >0 (R—2r)(2R+71) > 0,

obviously from Fuler’s inequality R > 2r.

<2R —r & 3s* < (4R +1)?

Equality holds if and only if the triangle is equilateral.

Remark.
Let’s emphasises an inequality having an opposite sense.

3) In AABC:
mﬁ + mg + mg

Ta + To+ Tc

> 3r.

1
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Proof.
Using the Lemma the inequality can be written:
3(s> —r2 —4Rr) 5 9
> 3r & s° > 12Rr + 3r7,
QAR+ r) - T =y
which follows from Gerretsen’s inequality: s*> > 16 Rr — 5r2.
It remains to prove that:
16Rr — 512 > 12Rr + 3r? < R > 2r (Buler’s inequality).
Equality holds if and only if the triangle is equilateral.
O
Remark.

We can write the double inequality:

4) In AABC:
2 2 2
gr< MatT Mt M op
Ta + 7o+ Te
Proof.
See inequalities 1) and 8).
Equality holds if and only if the triangle is equilateral.
O
Remark.

Replacing the sum ro, + 1y + re with hq + hy + he we propose:
5) In AABC:
mi + mg + mz 3R2
he +hy+he. — 4r
Proposed by Marin Chirciu - Romania

<

3R
2

Proof.
We prove the following lemma:
Lemma.
6) In AABC
mi—i—m%—i—mg_ s2 —r2 — 4Rr
ho + hy + he s2 4+ 12+ 4Rr
Proof.
3 s+ 1?2+ 4Rr
- 2 _ 2 2 o2 2 _
Using Zma = ZZ& ,Za =2(s*—r —4R7‘),Zha =——Sp
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Let’s get back to the main problem:
The left side inequality:
Using the Lemma the inequality from the left side can be written:
33-% > ? & 82> 12Rr + 3
which follows from Gerretsen’s inequality: s> > 16Rr — 5r2.
It remains to prove that:
16Rr — 512 > 12Rr 4 3r> & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.
The inequality from the right:
. % < % & s*(R—4r) +r(4R* + 17Rr +4r%) > 0
We distinguish the following cases:
Case 1) If (R — 4r) > 0, the inequality is obviously.
Case 2) If (R — 4r) < 0, the inequality can be rewritten:
r(4R? + 17TRr + 4r%) > s*(4r — R)
which follows from Gerretsen’s inequality: s> < 4AR* + 4Rr + 3r°.

3R

It remains to prove that:
r(4R* + 17Rr 4 4r?) > (4R? + 4Rr 4 3r?)(4r — R) & R®* —2R*r + Rr? —2r> > 0
& (R —2r)(R%* +1?) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
2 2 2 2 2 2
Between the sums ¢ +mp e and e e we can write the relationship:
e + 75+ 7 ha+hb+hc
7) In AABC:
my +mg +m; _ mg +mp +m
ra+rb+rc - ha+hb+hc
Proof.
The inequality is equivalent with:
1 1 5%+ 1%+ 4Rr
< S hothpthe <retrptre s ————— <4R+r &
Ta+7b+7Tc ~ ha+hy+ he b b 2R

52 < 8R?*—2Rr—r2, which follows from Gerretsen’s inequality: s> < 4AR*+4Rr—+3r>.
It remains to prove that:
4R? +4Rr+3r* <8R?* —2Rr —1* < 2R* —3Rr —2r* > 0 < (R—2r)(2R+7r) > 0,
obviously from FEuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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1) In AABC:
lpl. hyh,
Z b > b
lo — hg
Proposed by Hoang Le Nhat Tung - Hanot - Vietnam
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
Z lble 258?(2R+7)+ 2r?(4R 4 )
lo. s24+r2 4+ 2Rr
3) In AABC:
Z hyh. . s2 —r2 —4Rr
hae R
Proof.
) 2bc A 25
Using l, = bre cos ) and ha?

Let’s get back to the main problem.
Using Lemma the inequality can be written:
252(2R+71) + 2r2(4R + 1) S s2 — 12 —4Rr
s2+ 12+ 2Rr - R
We distinguish the following cases:
Case 1). If (4R* + 4Rr — %) > 0, the inequality is obvious.
Case 2). If (AR* + 4Rr — s*) < 0, we rewrite the inequality:
r2(4R + 1) > s%(s* — 4R* — 4Rr), which follows from Blundon-Gerretsen:
o< RUR+1)?
2(2R —)
R(4R +1)?
2(2R )
Equality holds if and only if the triangle is equilateral.

& s2(AR*+4Rr—s*)+r*(4Rr+1)* > 0

< 4R% + 4Rr + 3r%. It remains to prove that:

r2(4R+7r)? > (AR*+4Rr+3r*—4R?—4Rr) < 2(2R—r) > 3R < R > 2r.

O
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Remark.
If hy with r, we propose:
4) In AABC:
lblc TbTc
<
DS
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma.
5) In AABC:
Z rore 82 —2r? — 8Rr
rea r
Proof.
Using rq =
—a

Let’s get back to the main problem.

Using the Lemma the inequality can be written:
2s2(2R+ 1) 4+ 2r2(4R + 1) - 52 —2r? —8Rr
s2+r2+2Rr - r

which follows from Gerretsen’s inequality: s* > 16 Rr — 5r2.

& s%(s>=3r>—10Rr) > 4r?(4R?>4+5Rr+1?)

It remains to prove that:
(16 Rr—5r2) (16 Rr—5r? —3r—10Rr) > 4r?(4R*+5Rr+r?) < 40R*—89Rr+18r* > 0 <
< (R —2r)(40R — 9r) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

6) In AABC:

Z h’l;f:c < Z TpTec

Ta

Proof.
Using the Lemma the inequality can be written:

52—r2—8Rr< s> —r2 —8Rr

" " & s%(R—r) > r(8R* - 2Rr — %),

which follows from Gerretsen’s inequality: s* > 16 Rr — 512
It remains to prove that:
(16Rr — 5r*)(R —r) > 7(8R* — 2Rr — r?) & 8R? — 19Rr + 61> > 0 <
< (R—2r)(8R —3r) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
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Remark.

Between the sums Z lole fivhe and Z "¢ e following inequalities hold:

I, hy, ra g q .
7) In AABC:

TbTe Ipl, hph,
> >
DI D D e
Proposed by Marin Chirciu - Romania

Proof.

See inequalities 1), 4) and 5).
Equality holds if and only if the triangle is equilateral.

O
Remark.
For the sums Z lole ol and Z ToTe we can write the relationships:
lo 2=, T b
8) In AABC:
lblc
3(R < <8R-T7
(min <y <on o
Proposed by Marin Chirciu - Romania
Proof.

Using Lemma 2) we write the inequality:
252(2R+ 1) + 2r2(4R + 1)
s2+ 12+ 2Rr
The left hand inequality can be written:
s*(R—r) > r(6R*+ Rr +r?)

which follows from Gerretsen’s inequality: s> > 16 Rr — 512

<8R -Tr

3(R+r) <

It remains to prove that:
(16Rr — 5r2)(R —r) > r(6R?> + Rr + %) © 5R> —11Rr + 2> > 0 =
< (R—2r)(5R — 1) >0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

The right hand inequality can be written:

s%(4Rr — 9r) + r(16R* — 14Rr — 9r*) > 0

We distinguish the following cases:
Case 1). If (AR — 9r) > 0 the inequality is obvious.
Case 2). If (AR — 9r) < 0, the inequality can be written:
r(16R? — 14Rr — 9r%) > s%(9r — 4R), which follows from Gerretsen’s inequality:
s2 < 4R? + 4Ry + 3r2. It remains to prove that:
r(16R*—14Rr—9r?) > (4R*+4Rr+3r%)(9r—4R) < 8R*—2R*r—19Rr*—18r* > 0
& (R —2r)(8R? + 14Rr + 9r%) > 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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9) In AABC:
or <y Pohe 4R+
T r
S hy =
Proposed by Marin Chirciu - Romania
Proof.

Using Lemma 8) the inequality can be written:
s2 — 12 — 4Ry

9T§T§4R+r

The left hand inequality can be written: s> > 13Rr + r2, which follows from
Gerretsen’s inequality: s> > 16Rr — 512 and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
The right hand inequality can be written: s*> < 4R* + 5Rr + r?
which follows from Gerretsen’s inequality: s> < AR*+4Rr+3r® and Euler’s inequality: R > 2R.

Equality holds if and only if the triangle is equilateral.
O

10) In AABC:
(2R —r)?
<

TpTe
S8R—Tr<y —
'ra

Proposed by Marin Chirciu - Romania

T

Proof.

s2 —2r2 — 8Rr < (2R —r)?

Using Lemma 8) we write the inequality: 8R—Tr <
r r

The left hand inequality can be written: s*> > 16Rr — 512 (Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.
The right hand inequality can be written: s* < AR*+4Rr+3r?, (Gerretsen’s inequality).

Equality holds if and only if the triangle is equilateral.
O

Remark.
We can write the sequence of inequalities:

11) In AABC:
hyh, lple

9r <3 e <> L <8R-Tr <>

e 2R —r)?
THT S( T)

Ta r

Proof.
See inequalities 9), 1), 8) and 10).

Equality holds if and only if the triangle is equilateral.
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1) In AABC:
ha + hb T
2T o1+ —
2 Ta T ( - R)
Proposed by Bogdan Fustei - Romania
Proof.

25 S
Using h, = — and r, = —— we obtain:
a

he +h —+ 2 ,
Zﬁ_z b _%Z(a+b)(s—a)(s—b):2<l+§>

which follows from: abc = 4srR and Z(a +b)(s—a)(s—b) =4sr(R+T)
U

Remark.

Let’s emphasises a double inequality with the above sum:

2) In AABC
hg +hb

ra+rb -

Gyt

Proof.

6
Using identity 1) the inequality can be written: Er < 2(1 + %) <3,

which follows from Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.

Reversing the fraction from the above sum we propose:

3) In AABC:

3<ZL+TC < 3R
- hb—|—hc_2T

Proposed by Marin Chirciu - Romania
1
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Proof.
We prove the following lemma:
Lemma.
4) In AABC:
ry + Te . R s2+45r2+ 8Rr
Zhb—i-hc T s2 4+ r2 4+ 2Rr
Proof.

2
Using h, = 25 and rq = S we obtain:
a

St _yeaatae ey ! R £ 5 Shr
hy +he 25425 2 (b+c)(s—b)(s—c) r s2+7r2+2Rr

1 s + 572 + 8Rr

which follows from: abc = 4srR and Z IR = 3725(s2 + 12 £ 20

(]

Let’s get back to the main problem.
The left side inequality:
Using the Lemma, the left side inequality can be written:

R 5%+ 5r% +8Rr ) , ,
- - > . N B N
r s24+1r2+2Rr 23 s(R—3r)+r(8R" — Rr—3r") 20

We distinguish the following cases:
Case 1). If (R — 3r) > 0, the inequality is obvious.
Case 2). If (R—3r) < 0, we rewrite the inequality: r(8R*>— Rr—3r?) > s*(3r—R),
which follows from Gerretsen’s inequality: s*> < 4R* + 4Rr + 3r°.
It remains to prove that:
r(8R* — Rr — 3r%) > (4R* + 4Rr + 3r*)(3r — R) & 2R* — 5Rr* — 61> > 0
< (R —2r)(2R? 4+ 4Rr + 3r?) > 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
The right hand inequality:

Using Lemma the right hand inequality can be written:

R s>+5r2+8Rr 3R 9 9
- < — &5 <12R 3
r  s24+r242Rr — 2r 5= o,

which follows from Gerretsen’s inequality: s> > 16Rr — 5r.
It remains to prove that:
16Rr — 512 > 12Rr + 3r? < R > 2r (Buler’s inequality).
Equality holds if and only if the triangle is equilateral.
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Remark.
hy + he Te . . .
Between the sums Z rl; I - Z i + the relationship can be written:

5) In AABC:

h h. c

Z b+ < Z T+ T

Ty + Tc hy + hc

Proof.

hb+hc:2(1+£> . dzrb+rc R s*45r° +8Rr

Using th Ty 24121 9Rr
sing esumszrb_'_rc hy +he 1 s24+712+2Rr

R s?+5r2+8R
we write the inequality: 2(1 + %) < o %

& s%(R* — 2Rr — 2r*) + r(8R® + R*r — 6Rr* — 213) > 0
We distinguish the following cases:

Case 1) If (R* — 2Rr — 2r%) > 0, the inequality is obviously.
Case 2). If (R? — 2Rr — 2r?) < 0, inequality can be written:
r(8R? + R*r — 6Rr* — 2r®) > s%(2r* + 2Rr — 1?),
which follows from Gerretsen’s inequality: s*> < 4R* + 4Rr + 3r2.
It remains to prove that:
r(8R® + R?r — 6Rr? — 2r%) > (4R* + 4Rr + 3r*)(2r? + 2Rr — R?) &
S R* 4+ R —3R>? —5RP —2' >0 (R—2r)(R+7)3>0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
The sequence of inequalities can be written:
6) In AABC:
hao +h c _3R
<y tathe th 5« 3 rotre SR
Ta+ 7o he +he = 27
Proposed by Marin Chirciu - Romania
Proof.

See inequalities 2) and 3).

Equality holds if and only if the triangle is equilateral.
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1. In AABC: 1

1
Zmb-l—mc Z

Proposed by Marian Ursarescu - Romania

IA

Proof.

[t

1 .
(7 7> x,y > 0, we obtain:
x
1 1
ro 2

1 1

U th lity —— < -

sing the inequality Tty =1
1 1

1 1 1 1 1 1 1
DD Db Cretred Bk m7§§zh7a 2
1

@

mp + M
We took into account that m, > h, and Z T
Equality holds if and only if the triangle is equilateral.

Remark.
Let’s emphasise an inequality having an opposite sense.

2) In AABC:
1 1

Zmb—l-mczﬁ

Proof.
Using Bergstrom’s inequality, we obtain:

1 9 9 1
> = > —, where the last i lity foll
Z ety S Sy 25 ma © R where the last inequality follows from

Equality holds if and only if the triangle is equilateral.

Remark.
We can write the double inequality:

3) In AABC:
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Proof.
See inequalities 1) and 2).
Equality holds if and only if the triangle is equilateral.
Remark.
In the same class of inequalities we can propose:

4) In AABC:

1 1 1

—>) < .

R — lb + lc - 2r
Proof.

Analogous 1) and 2). Using Zla < ?

Equality holds if and only if the triangle is equilateral.

5) In AABC:
1 1

1
*SZ*S*
R hy + h. 27

Proof.
We prove using the following lemma:
Lemma.
6) In AABC:
Z 1 _ s* 4+ s2(16 Rr + 272) + r2(4R + r)?
hy + he 4rs?(s2 + r2 4+ 2Rr)
Proof.

2
We use hy = 25
a

Back to the main problem:

Using the Lemma the inequality from the left side can be written:

st + s2(16Rr + 2r2) + r2(4R +r)? < 1

4rs2(s? +r2 + 2Rr) ~R

s*[s*(R — 4r) + r(16R* — 6Rr — 47*)] + Rr*(4R+1)? > 0
We distinguish the following cases:
Case 1). If (R —4r) > 0, the inequality is obvious.
Case 2). If (R —4r) < 0, the inequality can be written:

Rr2(4R +r)? > s?[s*(4r — R) + r(4r* + 6Rr — 16R?)] which follows from
R(4R +1)?
2(2R )

It remains to prove that:

=

Blundon - Gerretsen’s inequality s* < < 4R? + 4Rr + 3r%.
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RU4R+ 1)
2(2R — )

& AR +4R*r — 15Rr* — 18 > 0 & (R — 2r)(R® + 12Rr + 9r%) > 0

obuviously, from FEuler’s inequality R > 2r.

Rr2(4R +7)? > [(4R? +4Rr + 3r?)(4r — R) +r(47* + 6Rr — 16R?)] <

Equality holds if and only if the triangle is equilateral.
Inequality from the right side can be proven in the same manner with 1).

Analogous with the left side inequality.

O
7) In AABC:
1 1 1
T
R ey +7Te T 27
Proof.
We prove using the following lemma:
Lemma.
8) In AABC:
1 1 4R + r\2
St = el
Ty + Te 4R S
Proof.
We use ry = ——
s—a
O
Back to the main problem:
Using the Lemma the left side inequality can be written:
1 4R 2 1
iR [1—|—( +T) } > = & (4R +1)? > 352, which follows from Gerretsen’s
inequality: s*> < AR? 4+ ARr + 312 and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
The right side inequality can be proven in the same manner as 1).
Analogous, the left side inequality.
O

Remark.

1 1
Between the sums Z T and Z - the following relationship can be written:
b c b Tc

9) In AABC:
1 1

Zhb'l'hczzrb'l'rc

Proposed by Marin Chirciu - Romania
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Proof.

Using the sums from the above lemmas the inequality can be written:

4 2 2 2 2 2
s* 4+ s*(16Rr + 2r°) + r*(4R + 1) ZL{1+(4R+7‘>}®
4rs?(s? +r2 4+ 2Rr) 4R

& 2[s2(R—71) — 2r?(4R +7)] > r?(4R + 7)*(R + r) which follows
from Gerretsen’s inequality: s*> > 16Rr — 5r2. It remains to prove that:
(16Rr — 5r?)[(16Rr — 5r2)(R —7) — 2r2(4R + )] > r*(4R+r)*(R+r) &
30R® — T1R*r + 23Rr? — 2r® > 0 < (R — 2r)(30R? — 11Rr +72) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark.
We can write the sequence of inequalities:
10) In AABC:
1 1 1 1
ley ooy oL
R — Ty +Te T hy +h. — 2r
Proof.

See inequalities 7), 9) and 5).

Equality holds if and only if the triangle is equilateral.

11) In AABC:
1

RS2

1

mp + me

<Z ! <Z 1
= Iy +1. — hy + he — 27

Proof.
See inequalities 2), 5) and hy <1, < mg.

Equality holds if and only if the triangle is equilateral.
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1) In AABC:
> ra(he + he)? > 12Ss
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
r
— 2 _
ZT’ahth = 2s r(2 R)
Proof.
2
Using rq = 5 yhe = —S we obtain:
s—a a
S 25 28 1 r
— R o2 - _9g2 - —
ZTGhbhc Zs—a b ¢ S Zbc(sfa) 2 T(Q R)

1 2R —
which follows from Z (s —a) = 2]]%%7"2;

Back to the main problem:
Using (hy + he)? > 4hyh. and the Lemma we obtain:

Z ra(hp + hc)2 >4 Z rohyhe = 4025%(2 — %) > 12s2r where the last inequality
is equivalent with R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
O

Remark.
If we interchange r, with h, we propose:

1) In AABC:
> ha(ry +7e)? > 1285

Proposed by Marin Chirciu - Romania

1
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Proof.
We prove the following lemma:
Lemma.
2) In AABC:
Z B _ 82(s>4+r? — 8Rr)
aTbTe = 2R
Proof.
Using r, = 5 yhe = 25 we obtain:
s—a a
28 S S 1 s2(s®> +r%2 —8Rr)
h = _ . = 2 3 =
Z alble a s—b s—c Sza(s—b)(s—c) 2R
. 1 s2+r2—8Rr
which follows from Z D=0 s

Back to the main problem:

Using (ry +10)% > 4ryr. and Lemma we obtain:

s2(s®> +1r2 —8Rr
Zha(rb+rc)2z4zharbrc:4' ( 2R )

inequality is equivalent with s*> > 14Rr — 2, which follows from Gerretsen’s

> 12s%r, where the last

inequality: s*> > 16Rr — 5r%. It remains to prove that:
16Rr — 5r%g > 14Rr — 2 & R > 2r (Buler’s inequality).
Equality holds if and only if the triangle is equilateral.

Remark.
Between the sums Zrahbhc and Zharbrc the following relationship can be written:
3) In AABC:

Z rahohe < Z RaTbTe.

Proof.

s2(s?> + 1% — 8Rr)
2R

Using the sums Zrahbhc = 232r(2 — %) and Z haTpTe =

s>+ 12 —8Rr)
2R

2
the inequality can be written: 252r<27%) < gl & 52 > 16Rr—5r?

(Gerretsen’s inequality)

Equality holds if and only if the triangle is equilateral.
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1) In AABC
h, R
2 i S o
hbhc 2r2
Proposed by Bogdan Fustei - Romania
Proof.
We prove the following lemma:
Lemma.
2) In AABC
Z ho  s*4s*(2r? —8Rr) 4+ r?*(4R+r)?
hyhe 8s2r2R
Proof.

25
Using hy = —, we obtain:
a

Z ha Z % 1 Z be  s*+s%(2r —8Rr) +r?(4R +1)?
hohe % . % 28 a 8s2r2R ’
which follows from:
be  s*+s2(2r* —8Rr) +r2(4R +1)?
Z a 4srR

Back to the main problem:

Using the Lemma the inequality can be written:

st 4+ s2(2r?2 — 8Rr) + r2(4R +r?) R 2 o 5 o 9 9
S22R < 52 8 (4R*+8Rr—2r“—s°) > r*(4R+r)

which follows from Gerretsen’s inequality 16Rr — 5r% < s* < AR? + 4Rr + 3r2.
It remains to prove that:
(16 Rr — 5r)(4R* + 8Rr — 2r* —4R* — 4Rr — 3r*) > r*(4R +r)* &
SAR? —9Rr +2r* >0 (R—2r)(R—7) >0

obviously form Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.

Let’s emphasise an inequality having an opposite sense.

3) In AABC:
hg 1

Zhbhc 2 r

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we can write:

4 222_ 24 2 1
S s@rT Z8R) + AR AT L 22 02 16Rr) 4 12(4R 4 1)2 > 0
8s2r2R r

We distinguish the following cases:
Case 1). If (s> + 2r* — 16Rr) > 0, the inequality is obvious.
Case 2). If (s> 4+ 2r? — 16Rr) < 0, the inequality can be rewritten:
r2(4R +1)? > s*(16Rr — 2r® — s%), which follows from Blundon-Gerretsen’s

R(4R +r)?
2(2R—)

It remains to prove that:

inequality: 16Rr — 5r? < §% <

4 2
r?(4R+7)* > Im(lfiRr—Qrz—lGRr—‘—&“z) < R > 2r (Euler’s inequality).
—-r
Equality holds if and only if the triangle is equilateral.
O
Remark.
The double inequality can be written:
4) In AABC:
1 h, R
< Z <
r hyh, — 272
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
|
Remark.
h . Ta
If we replace with we propose:
hbhc TpTe
5) In AABC:
2 a 1/R
(I L
T R TpTe r\r

Proposed by Marin Chirciu - Romania
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Proof.
We prove the following lemma:
Lemma.
6) In AABC:
Z Ta _1[<4R+T’)2 2}
TeTe T s
Proof.

Using rq = , USING:
s—a

Ta a1 (s—b)(s—c) 1 (4R+7)?—2s> 1r/4R+1)\>2
ZTb?"c_Z(S .(S‘_gz 5—a T s s _;[( s >_2}
which follows from:

Z (s—b)(s—c) (4R+7)?—2s°
s—a N S
Back to the main problem.

O
Using the Lemma the inequality can be written:
2 1r/4 2 1
7<1 — i) < - [( R+T> — 2} < 7(5 — 1), which follows from
r R r s r\r
4 2 4 2
Blundon-Gerretsen’s inequality: % <s2< m
Equality holds if and only if the triangle is equilateral.
O

Remark.

h(l a . . .
Between the sums g N and E ! the following relationship holds:
blle

h TTe
7) In AABC:
h, 27\ 2 a
Y 2(R) X
hbhc R TpTc
Proposed by Marin Chirciu - Romania
Proof.

Using the identities 2) and 6) the inequality can be written:
st 4+ s2(2r? — 8Rr) + r2(4R +1r)? >(2l)2 (4R +1)% — 25° o
8s212R “\R rs?
& s?[Rs® 4+ 2r(32r% + Rr — 4R?)] > r*(4R + 7)?(32r — R),

which follows from Gerretsen’s inequality s> > 16Rr — 5r2.

It remains to prove that:

(16Rr — 5r?)[R(16 Rr — 5r2) 4 2r(32r% + Rr — 4R?)] > r*(4R 4+ r)?(32r — R) <
& 9R® — 3TR?*r +49Rr? — 2213 > 0 < (R — 2r)(9R? — 19Rr +117%) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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1) In AABC the following relationship holds:
2 A 2 B n B n C n C n
tan 3 + tan 5 tan 5 + tan 5 tan 5 + tan

tan™t2 % + tan™t2 % tan™t2 % + tan™t2 % tan™t2 % + tan™t2 g -

(JFS

4R
<14 —neN,n>1.
T
Proposed by Marian Ursarescu - Romania

Proof.

We prove the following lemma:
Lemma.
2) If ,y > 0 then:
" m 1
+vy < =
mn+2 _+_ yn+2 — Ty

Proof.
Inequality is equivalent with (x — y)(z" T — ™) >0, true because the factors

(x —y) and (2" —y™ 1) have the same sign.

O
Back to the main problem:
Using the Lemma we obtain:
tan” £ + tan" § 1 B C 4R
- 2 _ < =) cot—cot—=1+—
Z tan"t2 & 4+ tann+2 <~ Z tan 2 tan & Z 2 2 r
Equality holds if and only if the triangle is equilateral.
O
Remark.
In the same class of problems we can propose:
3) In AABC the following relationship holds:
cot™ g + cot™ g cot™ % + cot™ % cot™ % + cot™ % “lneN

+ <
cot™t2 g + cot™t2 g cot™t2 g + cot™t2 % cot™t2 % + cot™t2 %

Proposed by Marin Chirciu - Romania
1
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Proof.
Using the Lemma we obtain:
cot™ B + cot™ &
2 2 < tan — tan —=1
Z cot™ 12 g + cot™t2 % - Z cot L cot C Z
Equality holds if and only if the trzangle is equilateral.
O

4) In AABC the following relationship holds

sin"%—i—sin"% 4 sin"%—i—sinn% sin"g—l-sin"% < %'neN

n+2 % + sin™ 12 % sin™ 12 % + sin™ 12 % sin™ 12 C + sin™ 12 ‘3 - ’
Proposed by Marin Ch'w'czu - Romania

sin

Proof.
Using the Lemma we obtain:
_Zsng 5 _6R

T

Z sin™ 2 +51n 2 <
n"t2 B +2 C Z B c in A =
+sin""* 5 51n sin 5 [Isin 5 1 r

)

which follows from:

A 3 A r
7<7 .—:7
Est_ZCLnd”st 1

Equality holds if and only if the triangle is equilateral.
O

5) In AABC the following relationship holds

sin™ % + sin"™ % sin™ E + sin” 5
n+2 B + sin”

n"t? % + sin™1? %
Proposed by Marin Chzrczu - Romania

sin™ Q +sin™ 4 6R
2C +2c nrea < snEN
< sin + sin”™ 3

Q
N

Proof.
Using the Lemma we obtain:
Z cos™ 5 + cos™ 5 <Z 1 _Zcos2< g _6\/§R
nt+2 B nt2 C — B [ A= s =
cos 5 + cos 5 COS 5 COS 5 [Icos 3 in s

which follows from

Zcos—<— dHcos§ —

Equality holds if and only if the triangle is equzlateml
O

6) In AABC the following relationship holds
a”™ + +c c+a < ‘nEN
cnt2 | gnt2 2Rr

an+2 + bn+2

bn+2 + cn+2
Proposed by Marin Chirciu - Romania
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Proof.
Using the Lemma we obtain:

2s 1
Z bnt2 + c"+2 Z be Ha = 4Rrs  2Rr
Equality holds if and only if the triangle is equilateral.

7) In AABC the following relationship holds:
h? + hy hy + h7 h? + h7 1 n e N
R R LN e AR

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:
Z hy + he Z Z ha 7§2+T22g4RT _ s24+1r2 +4Rr
hg+2 + h?+2 hbh 2s;r2 - 45272

which follows from:

Zh_s —l—?“ —|—4Rr dHh

2 4R 1
It remains to prove that M < -— o s2>12Rr+ 3r2, true from
45292 3r2

Gerretsen’s inequality s> > 16Rr — 5r° and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

8) In AABC the following relationship holds:
o+ Ty Ty + Ty T+ Ty neN
gt g e e e = a2

Proposed by Marin Chirciu - Romania
Proof.
Using the Lemma we obtain:

Z Ty 4 <Z 1 >rq 4R+r

rlv)l+2 +T,1g+2 —

rre  [lrea  s2r ]
which follows from

Zha = AR +r and Hra = s%r.
4R 1
It remains to prove that 2+ " < 3,2 & 52 > 12Rr + 3r? , true from
s2r
Gerretsen’s inequality s> > 16Rr — 5r° and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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9) In AABC the following relationship holds:

m7 + my my + mp my +my
2 n+2 n+42 2 n+42 n4+2 — 2’
mnt2 4 my my T 4+ mnt mnt2 + mn 3r

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we obtain:

n n

S et <X o = fime <
mp T+ me mpme [ ma s2r
which follows from

Zma <4R+ 1 and Hra = s2r.
4R 1
# <5 5@ s2 > 12Rr + 37"2, true from

s4r 3r

Gerretsen’s inequality s2 > 16Rr — 5% and Euler’s inequality R > 2r.

)

It remains to prove that

Equality holds if and only if the triangle is equilateral.

O
10) In AABC the following relationship holds:
wl + wy wy + wl wl + wy 4R + r
n+2 n+2 2 2 S 3N € N.
wnt?2 4w, wy T w2 w2 4wl t 27r

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:
wy +w? 1 w 4R+ 1r
Z wg”r% + wZLH = Z wpwe %w: = 27r3
which follows from
Zwa < Zmu <4R+r and Hwa > 2773,
Equality holds if and only if the triangle is equilateral.
([
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1) In AABC:

(a +b+c)(a?+b*+c?) > 2Z(b—|— c)h?
Proposed by Nguyen Viet Hung - Hanot - Vietnam

Proof.
We prove the following lemmas:
Lemma 1.
2) In AABC:
Z(b L on? = s[s* + s%2(2r%2 — 10Rr) + r2(4R + r)(2R + )]
a 2R2
Proof.

S
Using hy, = —, Z b2c*(b+c) = 2s[s* +5%(2r* — 10Rr) +r?(4R+7)(2R+7)] and
a

Z b+c  s'45%(2r? —10Rr) +r?(4R+7)(2R + 1)
a? 8sr2R?

We prove the following lemma:

Lemma 2.
3) In AABC:

s* —252(2R> + 10Rr — r®) +r(4R+7)3* <0

Proof.
Using Blundon’s inequality:

2R*+10Rr—1*—2(R—2r)y/ R? — 2Rr < s* < 2R*+10Rr—r*+2(R—2r)\/ R? — 2Rr
0
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Back to the main problem:

Using the Lemma 1 we write the inequality:
s[s* + s2(2r2 — 10Rr) + r2(4R + ) (2R + )]
<~
2R2
& s —25*(2R? + 5Rr — r?) + r(16R® + 12R’r + 6Rr® +1°) <0

2s-2(s* —r? —4Rr) > 2-

Using Lemma 2 it suffices to prove that:
25%(2R?*4+10Rr—r?)—r(4R+r)? < 25*(2R*+5Rr—r?)—r(16 R*+12R*r+6 Rr?4+1°%) <
& 55% < 24R? 4 18Rr + 3r2, which follows from Gerretsen’s inequality:
s? < AR? + 4Rr + 3r2. It remains to prove that:
5(4R?+4Rr+3r%) < 24R?*+18Rr+3r? < 2R>~Rr—6r> > 0 & (R—2r)(2R+3r) >0
obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
For Z(b + ¢)h? the double inequality can be written:
4) In AABC:
36sr? < Z(b + c)h2 < 9sR?
Proof.
See 1), 2) Gerretsen’s inequality: 16Rr — 512 < s* < 4R? + 4Rr + 312
and Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
|
Remark.
Replacing h, with r4 we propose:
5) In AABC:
(a+b+c)a®+b%>+c%) < 2Z(b+ c)r?
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 3.
6) In AABC:

Z(b +c)r? = 25(8R? + 6Rr + r? — s?)
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Proof.

Using rq = i, Z(b +¢)(s — b)*(s — ¢)? = 257*(8R* + 6Rr + r? — 5?) and
s—a

Z b+c 2(8R% + 6Rr + 1% — 5%)
( 2

s—a) B sr2

Back to the main problem.
Using Lemma 1 the inequality can be written:
25-2(s* —r* —4Rr) < 2-25(8R* + 6Rr +1* — s*) & s* <4R? + 5Rr + 12,
which follows from Gerretsen’s inequality: s> < AR*+4Rr+3r? and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

|
Remark.
For Z(b + ¢)r? the double inequality can be written:
7) In AABC:
4s(2R* 4+ r?) < Z(b + c)r2 < 4s(4R? — Tr?)
Proof.
See 6), Gerretsen’s inequality: 16Rr — 572 < s2 < 4R? + 4Rr + 3r?
and FEuler’s inequality R > 2r
Equality holds if and only if the triangle is equilateral.
O
Remark.

Between the sums Z(b + ¢)h? and Z(b + ¢)r? the following relationship holds:

8) In AABC:
d (b4 )2 <D (b+o)r?.

Proof.
See inequalities 1) and 4).
Equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 6) can be refined:
9) In AABC:

Z(b-{—c)hz < %(a—l— b+c)a?+b*+c?) < Z(b—i—c)rﬁ
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Proof.
See inequalities 1) and 4).
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the sequence of inequalities:
10) In AABC:

1
36sr? < Z(b—i—c)hi < 5(a+b+c)(a2+b2+c2) < Z(b-i—c)ri < 4s5(4R*—7r?)

Proof.
See inequalities 4), 9), and 7).
Equality holds if and only if the triangle is equilateral.
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1) In AABC
h
ST
2 -
Proposed by Hoang Le Nhat Tung - Hanot - Vietnam
Proof.
We prove the following lemma:
Lemma.
2) In AABC
Z hora _ 8R2 + 8Rr + 3r2 — s2
2z 4Rr
Proof.
25 S 2b
Usingha:—,ra:s_a and l, = ¢

T cos 3 we obtain:
Z hara _ Z % ’ % r

B Z(b+c)2_8R2+8Rr+3r2—s2
2 2 7 QR —a)2
12 ( szicc cos %) 8R (s —a) ARy

2 2 2.2
which follows from: Z (b+c) = 2(8R® + 8Rr + 3r° — 5%)

(s —a)?

r2

Let’s get back to the main problem:

Using the Lemma we write the inequality:
8R? +8Rr + 3r? — 52
4Rr

> 3o 52 < 8RZ—4Rr+3r% which follows from Gerretsen’s
inequality: s2 < 4R? + 4Rr + 3r2.
It remains to prove that: 4R*4+4Rr+3r? < 8R*—4Rr+3r*> < R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.

O
1
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Remark.
The inequality can be strengthened:
3) In AABC:
Z hore > 94 R
2 - 2r°
Proof.

Using the Lemma we write the inequality:

SR2 + S8Ry + 312 — s2
+ Sy + or S>£+2@32§6R2+3r2

4Rr - 2r
4 2
which follows from Blundon-Gerretsen inequality: s> < m
2(2R —)
R(4R 2
It remains to prove that: 2((2R+r)) < 6R?+3r? & 8SR*—20R*r+11Rr*—61° > 0 &
—r

& (R —2r)(8R? — 4r + 3r?) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 3) is stronger than inequality 1):
4) In AABC
S hata S 5 B5g
2z - 2r —
Proof.
See inequality 3) and Euler’s inequality R > 2r.
O
Remark.

Let’s emphasise an inequality having an opposite sense:

5) In AABC':
hora R T
2 2 = 2(7 TR 1)

Proof.
Using the Lemma the inequality can be written:

8R? + 8Rr + 3r? — 2 R
+ 4T +or 5 < 2(*4-1 —1) & 2 > 16Rr—5r2 (Gerretsen’s inequality).
Rr r R

Equality holds if and only if the triangle is equilateral.

]

Remark.
We can write the double inequality:
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6) In AABC
R hara R r
24+ — < <2(—4+—=-1
+2r_zl§ - <’I"+R )
Proposed by Marin Chirciu - Romania
Proof.

See inequalities 3) and 5).
Equality holds if and only if the triangle is equilateral.
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1) In AABC
> a’hphe < 4(R+1)*
Proposed by Marian Ursarescu - Romania
Proof.
We prove the following lemma:
Lemma.
In AABC: 9
Zazhbhc = —Tsz(sz — 3r> —6Rr)
R
Proof.
2
Using h, = —S, we obtain:
a
25 28 a®> 2
2 _ 2 20 A9 42 a _ 22 o2
Za hphe = Za o 45 Z e = RS (s —3r“ —6Rr)
. a® s —3r? —6Rr
which follows from: Z Yo e—

Let’s get back to the main problem:

Using the Lemma the inequality can be written:
2 2R
%82(82 —3r? —6Rr) <4(R+71)* & s*(s*> = 3r? —6Rr) < —(R+r)*
T

We have: s*(s*> — 3r? — 6Rr) = s* — s%(3r? + 6Rr) and we use 1) and 2):

1): s < s?(4R* + 20Rr — 2r?) — r(4R + )3, ture from:
2R*+10Rr—12—2(R—2r)y/ R2 — 2Rr < s> < 2R*+10Rr—r*+2(R—2r)\/ R? — 2Rr,
Bloundon-Rouche’s inequality,

R(4R +1)?
2): Blundon-Gerretsen: 2 < 2((2R—7"))
We obtain:
s%(s*—3r2—6Rr) = s*—s*(3r+6Rr) < s*(4R*+20Rr—2r?)—r(4R+r)>—s*(3r*+6Rr) =
R(4R +1)?
2(2R — 1)
1

= s?(4R*+14Rr—5r%) —r(4R+7r)® < (4R*+14Rr—5r) —r(4R+1)* =
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2 4R3 — 2R%*r — Rr? 4 2r®
2(2R —)

It remains to prove that:

4R® —2R*r — Rr® + 213 2R
2 < 4
) 2Br = 1) <R+t e

& 8R% — 36R°r + 32R*r? + 36R*r® — 30R** — 19Rr° —2r° > 0 &
& (R—2r)(8R°—20R*r—8R3*r*4+-20R*r3+10Rr*4-1°) > 0, obuviously from Euler R > 2r.
Equality holds if and only if the triangle is equilateral.

=A4R+r)

AR +r

O

Remark.

Let’s emphasise an inequality having an opposite sense:

3) In AABC:
> a’hph. > 324r*
Proposed by Marin Chirciu - Romania
Proof.
Using the Lemma we write the inequality:
2r 4

ES (s — 3r% — 6Rr) > 324r*, which follows from Gerretsen’s inequality:

s2 > 16Rr — 5r2. It remains to prove that:
2
ET(IGRT — 5r2)(16Rr — 5% — 3r2 — 6Rr) > 324r* = 8R* — 1TRr + 2r2 > 0 &

< (R—2r)(8R —r) > 0, obviously from Euler’s inequality: R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the double inequality:
4) In AABC:
324r* <) a’hpyhe. < 4(R+ 1)
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
O
Remark.
If we replace hyh, with ryr. we propose:
5) In AABC:

12s%r2 < Zazrbrc < 6s’Rr

Proposed by Marin Chirciu - Romania
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Proof.
We prove the following lemma:
Lemma.
6) In AABC:
Z a’ryr. = 4s*r(R+ 1)
Proof.

S
Using ro, = ——, we obtain:
s—a

Zazrr:2a2~ 5 . 5 :5227(12 =45*r(R+7)
bre s—b s—c (s —b)(s—c¢)

a? _ 4R+r)
(s=b)(s—c) r

which follows from: Z

Let’s get back to the main problem:
Using the Lemma the inequality holds:
125%r% < 45*r(R+r) < 6s*Rr < 6r < 2(R+r) < 3R, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
|
Remark.

Between the sums ZGthhc and ZaQTbrc the following relationship exists:
7) In acute-angled AABC:
Z a’rpre < Z a’hph.
Proposed by Marin Chirciu - Romania

Proof.
Using the identities 2) and 6) we write the inequality:

2
45°r(R+7) < %52(52—37"2—61%7") & 5% > 2R?* 4+ 8Rr+3r2, (Walker’s inequality).

true only for the acute-angled triangle.

Equality holds if and only if the triangle is equilateral.

Remark.
We can write the sequence of inequalities:

1) In acute-angled AABC:
324r* < 1282 < Za2rbrc < Z a’hph. < 4(R + 1)4.
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Proof.

[
[2
3
[4
5
6

[7
B

[9
10

[11

[12
[13
[14
[15
[16

Tu

See inequalities 1), 5), 7) and Mitrinovi¢’s inequality s> > 27r>.
Equality holds if and only if the triangle is equilateral.
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1) In AABC:

hyh.
4Zmbmc—4RZ ;; §s2+1‘(4R—|—r)
a

Proposed by Bogdan Fustei - Romania

Proof.
We prove the following lemmas:
Lemma 1.
2) In AABC:
Z hyh. s> —r(4R+r)
ha R
Proof.
285
Using hg = - ve obtain:
hyhe 25.25 a s2—r(AR+r) s*—r(4R+r)
= c = 25 —_— = 2 . =
2 PH 2 0= T 3R R
2 r(4R
which follows from: Z% = %
|
Lemma 2.
3) In AABC:
552 — 3r(4R + )
Z mpme < .
4
Proof.

Using 4mym. < 2a*+bc, Z a? = 252 —2r(4R+r) and Z be = s +r(4R+r) we obtain:

4Z:mbmC < 42(2a2 +bc) = 8Za2—|—42bc: 55 — 3r(4R + ).
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Back to the main problem.

Using Lemma 1 and Lemma 2 it suffices to prove that:

s2 —r(4R+7r)
R

Equality holds if and only if the triangle is equilateral.

55 —3r(4R+7r) — 4R - < 5?2+ r(4R+ 1), obviously with equality.

O
Remark.
hbhc . TpTc
If we replace " with we propose:
1) In AABC:
4Zm m —47'2% < g2 +5r(4R+ 1)
bilte T =
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 3.
2) In AABC:
Z Tore 8% —2r(4R471)
Ta - R
Proof.

S
Using r, = ——, we obtain:
s—a

2 2
TyTc P a‘S_ s—a 87 =2r(4R+7r) s —2r(4R+r)
Zra 72 Zs—b s—c)im. r2s B T ’

s2 —2r(4R+7r)
r2s

which follows from: Z (s _sb)—<8a_ J) =

Back to the main problem:

Using Lemma 1 and Lemma 3 it suffices to prove that:

52 —2r(4R+r)

55% —3r(4R+r) —4r- .

< s>+ 5r(4R+ 1), obviously, with equality.

Equality holds if and only if the triangle is equilateral.
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1. In AABC
a
Y ——— >2Rs
hb + hc
Proposed by Seyran Ibrahimov - Azerbaijan
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
Z a®  4Rs(s®> —37% —4Rr)
hy + he s24+r2 4+ 2Rr
Proof.

25
Using h, = — we obtain:
a

a® Y a*(hg+he)(he +he)  4Rs(s* —3r? —4ARr)
Zhb+hc N [1(hy + he) T 24724 2Rr
which follows from:
_ 4rs®(s* —3r? — ARr)

Zag(ha+hb)(ha+hc) = R and H(hb+hc) =

rs?(s2 + 12+ 2Rr)
R2

O

Let’s get back to the main problem:
Using the Lemma the inequality can be written:
4Rs(s? — 3r? — 4Rr)

Ry e > 2Rs < 52 > 10Rr+7r2, which follows from Gerretsen’s inequlaity:

s2 > 16Rr — 5r2. It remains to prove that:
16Rr — 572 > 16Rr — 5> & R > 2r (Euler’s inequality).
FEquality holds if and only if the triangle is equilateral. O

Remark.
Let’s emphasise an inequality having an opposite sense:
3) In AABC:
a® R2s
> <
hy + he T

1
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Proof.
Using the Lemma the inequality can be written:
4Rs(s®> —3r? —4Rr) _ R%s 9 9 9
< /= —4 2 1 12r°) >
221 2 < < s (R—4r)+r(2R* 4+ 17Rr +12r°) > 0
We distinguish the following cases:
Case 1). If (R —4r) > 0, the inequality is obvious.

Case 2) If (R — 4r) < 0, the inequality can be rewritten:

r(2R% + 17TRr + 12r%) > s?(4r — R), which follows from Gerretsen’s inequality:
s2 < 4R? + 4Rr + 3r?
It remains to prove that:
r(2R? + 17Rr 4+ 12r?) > (4R* + 4Rr 4+ 3r*)(4r — R) & 2R*> —5Rr + 21> > 0 &
< (R—2r)(2R — 1) > 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the double inequality:
4) In AABC:
3 R2
2Rs <y 2 <=°
hy + h. r
Proposed by Marin Chirciu - Romania
Proof.

See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.

O
Remark.
If we interchange h, with r, we propose:
5) In AABC:
3 RZ
2Rs <y —— <%
Ty + Te T
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma.
6) In AABC:

3

a
=4 —-7r).
Z To + Tec s(R—r)
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Proof.

S
Using r, = —— we obtain:
S

3 3
Z a _ 2. a”(ra + 1) (ra +7e) = 4s(R — r), which follows from:
ry + 7o [1(rs +re)

ZGB(% + 1) (ra +7¢) = 16s°R(R — 1) and H(rb +r.) = 4s°R.

Let’s get back to the main problem.

Using the Lemma the inequality can be written:
RQ
2Rs <4s(R—1r) < XS < 2Rr <4r(R—r) < R?, which follows from Euler’s
r
inequality: R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
hq Ta ‘ . ‘ ‘
Between the sums and ——— we can write the following relationship:
Z Ty + Te Z hb + hc f g P
7) In AABC:
3 3
YooY —
hb + hc Ty + Te
Proposed by Marin Chirciu - Romania
Proof.

Using Lemma 2) and Lemma 3) we write the following inequality:
4Rs(s? — 3r? — 4Rr)
s2+1r2+42Rr
Gerretsen’s inequality s> < AR? + 4Rr + 3r2. It remains to prove that:
AR? +4Rr +3r* <6R*+2Rr —1* & R —~Rr —2r* >0 (R—2r)(R+71) >0,

obviously, from Euler’s inequality: R > 2r.

<4s(R—r) < 5?2 < 6R% + 2Rr — r?, which follows from

Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the sequence of inequalities:
1) In AABC:
a® a’ R2s
2Rs < — < < .
_Zhb+hc _Zrb+7'c N
Proof.

See inequalities 1), 7) and 5).
Equality holds if and only if the triangle is equilateral.
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1) In AABC:
32 1 1 4R
ST+ Y
27TR2r — ry T/ — 27Tr4
Proposed by Adil Abdullayev - Baku - Azerbaijan
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
H( 1 n 1 ) . 4R
ry 1./  82r2
Proof.

S
Using r, = ——, we obtain:
s—a

1 1 s—b s—c a abc 4Rrs 4R
MG +0) -5 +5)-lls-5 -5 2=

O
Back to the main problem:
Using the Lemma we write the inequality:
32 4R _ 4R 27R?
5 2y < 2,2 < 57 which follows from Mitrinovié’s inequality: 27r* < s* <
and FEuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O
Remark.
The inequality can be strengthened:
3) In AABC:

16 < H( 1 n 1 ) < 8
27TRr2 — ry 1T/ T 27Tr3
Proposed by Marin Chirciu - Romania

1
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Proof.
Using the Lemma we write the inequality:
1 4
27];2 < 82152 < 278r3, which follows from Mitrinovié’s inequality:
2
2T < §2 < 27
Equality holds if and only if the triangle is equilateral.
|
Remark.
Inequality 8) is stronger than inequality 1).
4) In AABC:
32 16 1 1 8 4R
< < H(* + 7) < <
27TR2r — 2TRr2 — ry T/ T 27Tr3 — 27r4
Proof.
See inequality 3) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O
Remark.
1 1 1 1
If we replace — + — with — + — we propose:
b Te hb hc
5) In AABC
16 1 1 8
s < T ) <
27TRr2 — H hy + h./ — 27r3
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma.
6) In AABC:

hy = he

H(l 1) s2 4+ 724 2Rr

45273

Proposed by Marin Chirciu - Romania
25
Using h, = —, we obtain:
a

Lo (e _qpete_MG+e) _ 2s(s>+r*+2Rr) s>+ +2Rr
H(hib—i_hic) o H(%_Fﬁ) - H 28 883 85313 B 45273

O
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Let’s get back to the main problem:
16 s>+ 1?2+ 2Rr 8
27Rr? — 4523 - 273
The left hand inequality:
16 s> +r2+2Rr
27TRr? — 45213
We distinguish the following cases:
Case 1). If (2TR — 64r) > 0, the inequality is obvious.
Case 2). If (2TR — 64r) < 0, the inequality can be rewritten:
2TRr(2R +r) > s2(64r — 27TR), which follows from Gerretsen’s inequality:
5?2 < AR? + 4Rr + 3r%. It remains to prove that:
27Rr(2R+71) > (4R*+4Rr+3r?)(64r—27R) < 54R3—4TR*r—148Rr*— 961> > 0 <
& (R —2r)(54R? + 61Rr + 48r) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Using the Lemma we write the inequality:

& s%(2TR — 64r) + 2TRr(2R+1r) > 0

The right hand inequality:
s +r2+2Rr 8
4523 - 273
inequality: s*> > 16Rr — 5r%. It remains to prove that:
5(16Rr — 51) > 54Rr + 27r* < R > 2r (Eulers’s inequality).

Equality holds if and only if the triangle is equilateral.

& 552 > 54Rr + 272, which follows from Gerretsen’s

Remark.
Between the products H(l—i—i) and H(i—i—i) the following relationship holds:
P Ty Tc hb hc g b ’

7) In AABC:

1 1 1 1

~ 1)< i

H(rb + rc) - H(hb + hc)
Proposed by Marin Chirciu - Romania

Proof.

Using identities 2) and 6) the inequality can be written:
AR _ s2 4+ 12+ 2Rr
2,2 = 45273
inequality s*> > 16Rr — 5r2. It remains to prove that:
16Rr — 5r% > 14Rr — r? & R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.

& 52 > 14Rr — r2, which follows from Gerretsen’s
s

Remark.
The following sequence of inequalities can be written:
8) In AABC:
16 1 1 1 1 8
<IG +5) <1l +7.) <
27Rr2 _H rb+rc _H hb+hc - 27r3

Proposed by Marin Chirciu - Romania
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Proof.
See inequalities 3), 5) and 7).
Equality holds if and only if the triangle is equilateral.
O
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2018

MARIN CHIRCIU

1) In AABC:
3s?2(R—2
Z(rb —1r)? < u
T

Proposed by Adil Abdullayev - Baku - Azerbaijan
Proof.

We prove the following lemma:
Lemma.
2) In AABC:

> (o — 7e)® = 2(4R +7)? — 652

Proof.

S
Using r, = ——, we obtain:
s—a

D(r—re? =23 ri—2) e = 2(2%>2 —6) _rore =2(4R+1)* - 65
which follows from: Zra = 4R+ 7 and Zrbrc — 2
O

Getting back to the main problem:

Using the Lemma we write the inequality:

3s%(R —2r)

2(4R 4 1)* — 652 < & 2r(4R +r)? < 35*R, which follows from

r(4R +1)?

Gerretsen’s inequality s2 > 16Rr — 512 >
R+r

. It remains to prove that:

r(4R +1r)?
R+
Equality holds if and only if the triangle is equilateral.

2r(4R+7)* < 3R- < R > 2r (Euler’s inequality).

Remark.

Let’s emphasise an inequality having an opposite sense:
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3) In AABC:
3s%2(R — 2r)
2
— ) > "
D T
Proposed by Marin Chirciu - Romania
Proof.

Using the Lemma we write the inequality:

3s2(R—2
2A4R + 1) — 652 > % & 2(2R — r)(AR +1)? > 3s*(5R — 4r)
R(4R 2
which follows from Blundon-Gerretsen’s inequality s> < w
2(2R —)
It remains to prove that:
R(4R 2
202R —r)(4R+7)* >3- w(SR —4r) & (R—2r)* >0, obvious.
2(2R —)
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
4) In AABC:
3s%2(R — 2r) 3s%2(R — 2r)
N T« _ 2~ =7
2R—r Z(rb re)” < T
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
O
5) In AABC:

2 4R — 37
2R—2r)— < S (hy — he)® < $2(R — 2r)——°".
s T)2R2(R—r)_z( b= he)” < 8% ") 2Re

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In AABC:

Z(hb bl = s* 4+ s2(2r2 — 16Rr) + r2(4R + r)?

2R?2
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Proof.
Using h, = %, we obtain:
2,2 2
S Un—he? =23 1223 huhe=2( 3 ha)zfﬁz hohe =2(° + "2]; 4R7’)2—62;r -

44 g2(9p2 2 §
_st+s (2r — 16Rr) + r°(4R + 1) , which follows from:

2R?
s>+ 1?2 +4Rr 25%r
Zha’:T and Zhbhcz ?

Let’s get back to the main problem:

Using the Lemma we write the inequality:

252(R—2r)(R—r) 9 _ o 4R — 3r
=2 <Y (= he)* <s (R—2r)—

The left side inequality: Z(hb — he)? > s*(R —2r)

7A2
2R2(R —r)
S (hhe)? s* 4+ 52(2r2 — 16Rr) + r2(4R +7)?  s%(s>+2r2 — 16Rr) + r2(4R +r)?
b~ e =

it follows from:

Y

B 2R? B 2R?
S s2(s? +2r? — 16Rr) + r? - 35> _ s2(s? + 512 — 16Rr) -

- 2R? 2R? -
S(16Rr — 572 4 “UR=20) | 52 _16Rr) r?
= 2R? =5 (B =25y
which follows from Yang Xue Zhi’s inequality:

r?(R — 2r)
R—1r

s2 > 16Rr — 512 +

Note.
Yang Xue Zhi’s inequality:
Y(R-2 2(R—2
16Rr—5r2—|—M < $2 <AR?>+ 4Rr + 31% — u,
R—r R—r
strengthen Gerretsen’s inequality:
16Rr — 5r% < 52 < 4R% + 4Rr + 3r2.

AR —
Right hand inequality: Z(hb —he)? < s*(R—2r) R s

2R?
s+ s2(2r2 — 16Rr) + 72 (4R + 1)? 4R — 3r o
2R? 2R?
& r2(4R+71)% < s?(AR?*+5Rr+412—s), which follows from Gerretsen’s inequality:
r(4R +r)?
R+r

is equivalent with:

< s*(R—2r)

< 16Rr — 5r% < s> <4R® + 4Rr + 3r%.
It remains to prove that:

4R 2

r?(4R+7)? < rR+r)”

- R+4r
Equality holds if and only if the triangle is equilateral.

(4R?*4+5Rr+4r2—4R*—4Rr—3r?), obviously, with equality.
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Remark.

4 2092 2 2
o 8T+ 8%(2r° —16Rr) +r*(4R 1)
Between the sums E (hy — he)* = 5 R? and

Z(rb —re)? =2(4R +1)? — 652 the following relationship exist:
7) In AABC
Z(h’b - hc)2 S Z(rb - ,’,,C)Z

Proof.

Using the identities 2) and 6) the inequality can be written:

st 4+ s2(2r? — 16Rr) + r2(4R +1r)?
2R?

<2(4R+7)? —65° &

& s%(s® +2r? — 16Rr + 12R?) < (4R + r)%(4R? — r?), which follows from

R(AR + )2

< 4R?>+4 2,
2R —1) = R“+4Rr 4+ 3r

Blundon-Gerretsen’s inequality: s* <

It remains to prove that:

R(4R +r)?

2(2R ) (4R2+4R7’+3r2+2r2716RT+12R2)S(4R+r)2(4R27T2)<:>
- T

& 4R?*—9Rr+2r? > 0 & (R—2r)(4R—r) > 0, obviously, from Buler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the following sequence of inequalities:
8) In AABC:
2
2 2 2 2

R—2r). — < hy — he)* < —re)* < R—2r)-—
PR =2r) - s <3 (= ko) < 3 (= 1) < 5(R—2)
Proof.

See inequalities 1), 5) and 7).

Equality holds if and only if the triangle is equilateral.
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MARIN CHIRCIU

1) In AABC
5 (Ta +76)(Ta + 7¢) >0
bc
Proposed by Panagiote Ligouras - Italy
Proof.
We prove the following lemma:
Lemma.
2) In AABC
Z (ra +7p)(Ta +7c) 4R+
bc - T
Proof.
: S ‘
Using 1o, = —— we obtain:
s—a
s S S s c . b
> (ra +7o)(ra +re) _ > (Z+:5)G5 155 e S EEn GaEh
be be be
:SQZ 1 _ r?s? Z 1 :T252'4R—|—T:4R+T
(s=a)[[(s—a) [l(s—a) s—a r’s rs r

Let’s get back to the main problem.
4R+

Using the Lemma the inequality can be written: >9 & R > 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.
O
Remark.
Let’s find an inequality having an opposite sense.

3) In AABC

Z (ra + rb)(ra + 'rc) < %
bec — 2r
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Proof.

4R+r _ 9R

Using the Lemma the inequality can be written: < > < R > 2r (Euler’s inequality).
r

Equality holds if and only if the triangle is equilateral.

|
Remark.
The double inequality can be written:
4) In AABC
9<Y (ra +10)(ra +7c) _ 9B
- bc - 2r
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
O
Remark.
Replacing h, with r, we propose:
5) In AABC
ar r (hg + hp)(ha + he) r
4 —) < < 2(4 —)
R ( + R/ — Z bc - + R
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma.
6) In AABC
Z (ha + hp)(ha + he) 58+ 1?4 4Rr
be B AR?
Proof.
2
Using h, = —S we obtain:
a
ha + 1) (ha + he 28 4 29y(28 4 28 ath . etc
Z( +b)( + ):Z(a b)(a 0)24522 ab ac_ _
be be bc

452 42 5? 9 o 5s% + 12 + 4Rr
== -2 4 S A Nl
PR Z(a +b)(a+c) T6RE 242 (58 +r° +4Rr) 1R

which follows from Z(a +b)(a+c) =5s>+ 712 +4Rr.
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Let’s get back to the main problem.
Left hand inequality.
Using the Lemma we write the inequality:
2,2
W > %(4+%) & 52> 12Rr + 372
which follows from Gerretsen’s inequality: s> > 16 Rr — 5r2
It remains to prove that: 16Rr — 51> > 12Rr + 3r? & R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
The right hand inequality.
Using the Lemma the inequality can be written:
5582 + 12 + 4Rr
4R?
which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r2.
It remains to prove that: 5(4R? + 4Rr + 3r?) < 32R* + 4Rr —r* &
& 3R —4Rr —4r*>0< (R—2r)(3R+2r) >0
obviously from Fuler’s inequality R > 2r.

§2<4+%) & 552 < 32R? + ARy — 12

Equality holds if and only if the triangle is equilateral.

O
Remark. , i .
Between the sums Z (ha + bl))i athe) and
Z (ra + 'l"bl))(ra + Tc) the followlng znequallty hOldS
c
7) In AABC:
Z (ha + o) (ha + he) < Z (ra +75)(Ta + 7c)
bC bC
Proposed by Marin Chirciu - Romania
Proof.

Using identities 2) and 6) the inequality can be written:
5s% + 12 + 4Rr AR+
4R? - 7
which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r2.
It remains to prove that: 5r(4R* + 4Rr + 3r%) < (AR + r)(4R* — r?) &
< 2R —2R%*r —3Rr? — 213 > 0 < (R—2r)(2R? + 2Rr +1%) > 0
obviously from FEuler’s inequality R > 2r.

& 55%r < (AR +7)(4R* — 1?)

Equality holds if and only if the triangle is equilateral.

Remarak.
The sequence of inequalities can be written:
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8) In AABC:
£<4 n 1) <y (ha + ho) (ha + he) _ 3 (ra +75)(ra +7c) _ 9R
R R/ — bc - bc - 2r
Proposed by Marin Chirciu - Romania
Proof.
See inequalities 3), 5) and 7).
Equality holds if and only if the triangle is equilateral.
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MARIN CHIRCIU

1) In AABC
12 R\ 2
> S(5) -
hbhc r
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
We prove the following lemma:
Lemma.
2) In AABC
Zs(s—a) _ s>+ 7r?>—8Rr
hohe 4r2
Proof.
Using hy, = § we obtain:
a
s(s—a) s(s—a) s s2+7r2—8Rr ,
Z b % 35 < 152 Zbc(s—a) =z which follows from:
c

Z be(s —a) = s(s> + 1% — 8Rr)

Let’s get back to the main problem.

Using 12 < s(s — a) and Lemma we obtain:

12 s(s—a) s*4+r>—8Rr _/R\?2
2 Tyl = 2 hyhe 42 S(?) -

where the last inequality is equivalent with: s* < AR* + 8Rr — 5r?

which follows from Gerretsen’s inequality: s> < 4R + 4Rr + 3r>
and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.
The inequality can be strengthened:
3) In AABC:
2 R\2 R
<l—)] ——+1
Z hyh. _( r ) r +
Proof.

Using 12 < s(s — a) and Lemma, we obtain:

12 s(s—a) s*4+r?—8Rr (R\2 R
D S T T 4w <(3) -

where the last inequality is equivalent with:

s2 <4R% + 4Rr + 3r* (Gerretsen’s inequality).
Equality holds if and only if the triangle is equilateral.

Remark.
Inequality 8) is stronger then inequality 1):
4) In AABC:
12 R\2 R RN\2
e (V1< ()~
Zhbhc_(r) r+ _(r)
Proof.

See inequality 3) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
Let’s find an inequality having an opposite sense:
Lemma.
5) In AABC
la
Yy
hph,
Proof.
Using l, > h dzh‘% > 3, which follows fi Zh3>(2h“)2>3
sin, an which follows from: = .
Il =t hyhe = hohe = > hohe =

Above we have used Bergstrém’s inequality and the following inequality:
(z+y+2)* > 3(zy +yz + 22)
Equality holds if and only if the triangle is equilateral.
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Remark.
We can write the following sequence of inequalities:
6) In AABC:
12 R\2 R RN\ 2
s< 3B (M gy
hyh, r r r
Proof.

See inequalities 8) and 5).
Equality holds if and only if the triangle is equilateral.

O
Remark.
Regarding the above Lemma we propose:
7Y AABC
3R — R\2 R
7gzs(s a) S(*) _R
2r hyh, T r
Proposed by Marin Chirciu - Romania
Proof.

Using the Lemvma and Gerretsen’s inequality 16Rr — 5r% < s < AR? + 4Rr + 312

See inequalities 8) and 5).
Equality holds if and only if the triangle is equilateral.

O
Remark.
Replacing h, with r,, we propose:
8) In AABC:
— 3R
3 < Z s(s —a) < 3R
TpTe 2r
Proof.
We use Z s(s —a) = 3 and Fuler’s inequality R > 2r.
TpTc
Equality holds if and only if the triangle is equilateral.
O
Remark.

s(s —a) s(s —a) , ‘ ‘ )
Between the sums ———= and , we can write the following relationship:
Z ToTe Z hyh. [ g D

9) In AABC

s(s —a) s(s —a)
2 <2 Th

TbTc
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Proof.

— — 2 28R
Using the sums Z M =3 and Z s(s—a) =2 tr ! we write the
TpTc

following inequality: 3 <

hyhe 472

2 .2
s —8hr & 52 > 8Rr + 1172, which follows from

4r2
Gerretsen’s inequality s> > 16Rr — 512 and Euler’s inequality R > 2r.
O
Remark.
We can write the sequence of inequalities:
10) In AABC
s(s—a 3R s(s—a R\2 R R\2
3y oA R ghsloa) By R (B
TpTe 2r hyh, T T T
Proposed by Marin Chirciu - Romania
Proof.
See inequalities 7) and 8).
Equality holds if and only if the triangle is equilateral.
|
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