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1) In ∆ABC the following relationship holds:∑ s2 − r2a
s2 + r2a

≥
3r

R

Proposed by Daniel Sitaru - Romania

Proof.
Lemma.
2) In ∆ABC: ∑ s2 − r2a

s2 + r2a
= 1 +

r

R

Proof.

Using ra = s tan
A

2
, cosA =

1− tan2 A
2

1 + tan2 A
2

,
∑

cosA = 1 +
r

R
, we obtain:

∑ s2 − r2a
s2 + r2a

=
∑ s2 − s2 tan2 A

2

s2 + s2 tan2 A
2

=
∑ 1− tan2 A

2

1 + tan2 A
2

=
∑

cosA = 1 +
r

R
.

�

Back to the main problem:

Using Lemma we write the inequality:

1 +
r

R
≥ 3r

R
⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s find an inequality having an opposite sense:

3) In ∆ABC: ∑ s2 − r2a
s2 + r2a

≤ 3

2
1
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Proof.
Using Lemma we write the inequality:

1 +
r

R
≤ 3

2
⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the double inequality:

4) In ∆ABC:
3r

R
≤

∑ s2 − r2a
s2 + r2a

≤ 3

2

Proof.
See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

In the same class of inequalities we can propose:

5) In acute-angled ∆ABC: ∑ s2 + r2a
s2 − r2a

≥ 6

Proposed by Marin Chirciu - Romania

Proof.
Lemma.
6) In acute-angled ∆ABC:∑ s2 + r2a

s2 − r2a
=

s2 + r2 − 4Rr

s2 − (2R+ r)2

Proof.

Using ra = s tan
A

2
, cosA =

1− tan2 A
2

1 + tan2 A
2

,
∑ 1∑

cosA
=

s2 + r2 − 4Rr

s2 − (2R+ r)2
, we obtain:

∑ s2 + r2a
s2 − r2a

=
∑ s2 + s2 tan2 A

2

s2 − s2 tan2 A
2

=
∑ 1 + tan2 A

2

1− tan2 A
2

=
∑ 1

cosA
=

s2 + r2 − 4Rr

s2 − (2Rr + r)2
.

�

Back to the main problem:

Using Lemma we write the inequality:

s2 + r2 − 4Rr

s2 − (2R+ r2)
≥ 6⇔ 5s2 ≤ 20R2 + 24Rr + 7r2, which follows from

Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

5(4R2 + 4Rr + 3r2) ≤ 20R2 + 24Rr + 7r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.
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�

7) In ∆ABC: ∑ s2 − h2
a

s2 + h2
a

≤ 3R

4r

Proposed by Marin Chirciu - Romania

Proof.
Lemma.
8) In ∆ABC:∑ s2 − h2

a

s2 + h2
a

=
s4 + s2(12R2 − 8Rr − 6r2) + r2(16R2 + 40Rr − 39r2)

s4 + s2(4R2 − 8Rr + 10r2) + r2(16R2 − 24Rr + 9r2)
.

Proof.

Using ha =
2S

a
, we obtain:∑ s2 − h2

a

s2 + h2
a

=
∑ s2 − S2

a2

s2 + S2

a2

=
∑ a2s2 − r2s2

a2s2 + r2s2
=

∑ a2 − 4r2

a2 + 4r2
.

∑ a2 − 4r2

a2 + 4r2
=

∑
(a2 − 4r2)(b2 + 4r2)(c2 + 4r2)∏

(a2 + 4r2)
=

=
s4 + s2(12R2 − 8Rr − 6r2) + r2(16R2 + 40Rr − 39r2)

s4 + s2(4R2 − 8Rr + 10r2) + r2(16R2 − 24Rr + 9r2)∑
(a2−4r2)(b2+4r2)(c2+4r2) = 4r2[s4+s2(12R2−8Rr−6r2)+r2(16R2+40Rr−39r2)]∏

(a2 + 4r2) = 4r2[s4 + s2(4R2 − 8Rr + 10r2) + r2(16R2 − 24Rr + 9r2)]

�

Back to the main problem:

Using Lemma we write the inequality:

s4 + s2(12R2 − 8Rr − 6r2) + r2(16R2 + 40Rr − 39r2)

s4 + s2(4R2 − 8Rr + 10r2) + r2(16R2 − 24Rr + 9r2)
≤ 3R

4r
⇔

s2[s2(3R−4r)+2(6R3−36R2r+31Rr2+12r3)]+r2(48R3−136R2r−133Rr2+156r3) ≥ 0

which follows from Gerretsen’s inequality s2 ≥ 16Rr − 5r2.

It remains to prove that:

(16Rr − 5r2)[(16Rr − 5r2)(3R− 4r) + 2(6R3 − 36R2r + 31Rr2 + 12r3)]+

+r2(48R3 − 136R2r − 133Rr2 + 156r3) ≥ 0⇔
48R4−99R3r−72R2r2+164Rr3−16r4 ≥ 0⇔ (R−2r)(48R3−3R2r−78Rr2+8r3) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

9) In ∆ABC:∑ s2 + h2
a

s2 − h2
a

=
s4 − s2(12R2 + 8Rr − 10r2) + r2(16R2 − 24Rr − 55r2)

s4 − s2(4R2 + 8Rr + 6r2) + r2(16R2 + 40Rr + 25r2)

Proposed by Marin Chirciu - Romania
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Proof.

Using ha =
2S

a
, we obtain:∑ s2 + h2

a

s2 − h2
a

=
∑ s2 + S2

a2

s2 − S2

a2

=
∑ a2s2 + r2s2

a2s2 − r2s2
=

∑ a2 + 4r2

a2 − 4r2
.

∑ a2 + 4r2

a2 − 4r2
=

∑
(a2 + 4r2)(b2 − 4r2)(c2 − 4r2)∏

(a2 − 4r2)
=

=
s4 − s2(12R2 + 8Rr − 10r2) + r2(16R2 − 24Rr − 55r2)

s4 − s2(4R2 + 8Rr + 6r2) + r2(16R2 + 40Rr + 25r2)∑
(a2+4r2)(b2−4r2)(c2−4r2) = 4r2[−s4+s2(12R2+8Rr−10r2)+r2(−16R2+24Rr+55r2)]∏

(a2 − 4r2) = 4r2[−s4 + s2(4R2 + 8Rr + 6r2)− r2(16R2 + 40Rr + 25r2)]

�
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[10] Mihály Bencze, Daniel Sitaru, Quantum Mathematical Power. Studis Publishing House, Iaşi,
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1) In ∆ABC: ∑(1

b
+

1

c

)ha

ra
≤

9R

2S
Proposed by Mehmet Şahin - Ankara - Turkey

Proof.
Lemma.
2) In ∆ABC: ∑(1

b
+

1

c

)ha

ra
=

s2 − r2 − 4Rr

Rrs

Proof.

Using ha =
2S

a
and ra =

S

s− a
we obtain:∑(1

b
+
1

c

)ha

ra
=
∑ b+ c

bc
·

2S
a
S

s−a

=
2

abc

∑
(b+c)(s−a) = 2

4Rrs
·2(s2−r2−4Rr) =

=
s2 − r2 − 4Rr

Rrs
because

∑
(b+ c)(s− a) =

∑
a2 = 2(s2 − r2 − 4Rr)

�

Let’s pass to solving the inequality from enunciation.

Using the Lemma the inequality can be written:

s2 − r2 − 4Rr

Rrs
≤ 9R

2rs
⇔ 2s2 ≤ 9R2 + 8Rr + 2r2,

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

2(4R2+4Rr+3r2) ≤ 9R2+8Rr+2r2 ⇔ R2 ≥ 4r2, obviously form Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s find an inequality having an opposite sense for:

1



2 MARIN CHIRCIU

3) In ∆ABC: ∑(1

b
+

1

c

)ha

ra
≥

18r

Rs
Proposed by Marin Chirciu - Romania

Proof.
Using Lemma the inequality can be written:

s2 − r2 − 4Rr

Rrs
≥ 18r

Rs
⇔ s2 ≥ 4Rr + 19r2,

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

16Rr − 5r2 ≥ 4Rr + 19r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the double inequality:

4) In ∆ABC:
18r

Rs
≤
∑(1

b
+

1

c

)ha

ra
≤

9R

2S
.

Proof.
See inequalities 1 and 3.

Equality holds if and only if the triangle is equilateral.

�

Remark.
Changing between them ha with ra we propose:

5) In ∆ABC:
9R

2S
≤
∑(1

b
+

1

c

) ra
ha

≤
9R3

8Sr2

Proposed by Marin Chirciu - Romania

Proof.
Lemma.
6). In ∆ABC:∑(1

b
+

1

c

) ra
ha

=
s2(2R − r) − r2(4R + r)

4sRr2

Proof.

Using ha =
2S

a
and ra =

S

s− a
we obtain:∑(1

b
+
1

c

) ra
ha

=
∑ b+ c

bc
·

S
s−a
2S
a

=
1

2

∑ a(b+ c)

bc(s− a)
=

1

2
· s

2(2R− r)− r2(4R+ r)

2sRr2
=

=
s2(2R− r)− r2(4R+ r)

4sRr2
because

∑ a(b+ c)

bc(s− a)
=

s2(2R− r)− r2(4R+ r)

2sRr2

�
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Let’s pass to solving the inequality from enunciation.

Using Lemma the inequality from the right can be written.

s2(2R− r)− r2(4R+ r)

4sRr2
≤ 9R3

8sr3
⇔ 2s2r(2R− r) ≤ 9R4 + 8Rr3 + 2r4,

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

2(4R2+4Rr+3r2)r(2R−r) ≤ 9R4+8Rr3+2r4 ⇔ 9R4−16R3r−8R2r2+4Rr3+8r4 ≥ 0⇔

⇔ (R−2r)(9R3+2R2r−4Rr2−4r3) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral

Using Lemma the inequality from the left can be written:

s2(2R− r)− r2(4R+ r)

4sRr2
≥ 9R

2S
⇔ s2(2R− r) ≥ r(18R2 + 4Rr + r2),

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

(16Rr − 5r2)(2R− r) ≥ r(18R2 + 4Rr + r2)⇔ 7R2 − 15Rr + 2r2 ≥ 0⇔

⇔ (R− 2r)(7R− r) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Linking the sums
∑(1

b
+

1

c

)ha

ra
and

∑(1
b
+

1

c

) ra
ha

we can write the sequence of inequalities:

7) In ∆ABC:

18r

Rs
≤
∑(1

b
+

1

c

)ha

ra
≤

9R

2S
≤
∑(1

b
+

1

c

) ra
ha

≤
9R3

8Sr2
.

Proposed by Mehmet Şahin - Turkey and Marin Chirciu - Romania

Proof.

See 4) and 5).

Equality holds if and only if the triangle is equilateral.

�
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House, Iaşi, 2017.
[7] Daniel Sitaru, Analytical Phenomenon. Cartea Românească Publishing House, Piteşti, 2018.
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[9] Daniel Sitaru, Contest Problems. Cartea Românească Publishing House, Piteşti, 2018.
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1) In ∆ABC: ∑ a

r2b + r2c
≤

2R − r

S

Proposed by Mehmet Şahin - Ankara - Turkey

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC: ∑ a

rbrc
=

2(2R− r)

S

Proof.

Using ra =
S

s− a
,
∑

ara = 2s(2R− r), rarbrc = rs2 we obtain:

∑ a

rbrc
=

∑
ara

rarbrc
=

2s(2R− r)

rs2
=

2(2R− r)

S

�

Let’s get back to the main problem:

Using r2b + r2c ≥ 2rbrc and Lemma we obtain:∑ a

r2b + r2c
≤

∑ a

2rbrc
=

1

2
· 2(2R− r)

S
=

2R− r

S

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we replace ra with ha we obtain:

3) In ∆ABC: ∑ a

h2
b + h2

c

≤
3R

2S

Proposed by Marin Chirciu - Romania
1
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Proof.

We prove the following lemma:

Lemma.
4) In ∆ABC ∑ a

hbhc

=
3R

S
.

Proof.

Using ha =
2S

a
,
∑

aha = 6S, hahbhc =
2S2

R
we obtain:

∑ a

hbhc
=

∑
aha

hahbhc
=

6S
2S2

R

=
3R

S
.

�

Let’s get back to the main problem:

Using h2
b + h2

c ≥ 2hbhc and Lemma we obtain:∑ a

h2
b + h2

c

≤
∑ a

2hbhc
=

1

2
· 3R
S

=
3R

2S

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ a

hbhc
and

∑ a

rbrc
we can write the relationship:

5) In ∆ABC: ∑ a

hbhc

≤
∑ a

rbrc

Proof.

Using the sums
∑ a

hbhc
=

3R

S
and

∑ a

rbrc
=

2(2R− r)

S
we write the inequality:

3R

S
≤ 2(2R− r)

S
⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC: ∑ a2

hb + hc

≥ 6r

Proposed by Seyran Ibrahimov - Azerbaijan

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC: ∑ a2

hb + hc

≥
4R(s2 − r2 − Rr)

s2 + r2 + 2Rr

Proof.

Using ha =
2S

a
we obtain:∑ a2

hb + hc
=

∑ a2

2S
b + 2S

c

=
abc

2S

∑ a

b+ c
=

4RS

2S
·2(s

2 − r2 −Rr)

s2 + r2 + 2Rr
=

4R(s2 − r2 −Rr)

s2 + r2 + 2Rr
,

which follows from
∑ a

b+ c
=

2(s2 − r2 −Rr)

s2 + r2 + 2Rr
�

Let’s get back to the main problem:

Using the Lemma the inequality can be written:

4R(s2 − r2 −Rr)

s2 + r2 + 2Rr
≥ 6r ⇔ s2(2R− 3r) ≥ r(2R2 + 8Rr + 3r2),

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

(16Rr−5r2)(2R−3r) ≥ r(2R2+8Rr+3r2)⇔ 5R2−11Rr+6r2 ≥ 0⇔ (R−2r)(5R−r) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
1
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Remark.

Let’s emphasises an inequality having an opposite sense.

3) In ∆ABC: ∑ a2

hb + hc

≤
3R2

2r
Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma the inequality can be written:

4R(s2 − r2 −Rr)

s2 + r2 + 2Rr
≤ 3R2

2r
⇔ s2(3R− 8r) + r(6R2 + 11Rr + 8r2) ≥ 0

We distinguish the following cases:

Case 1). If (3R− 8r) ≥ 0, the inequality is obviously.

Case 2). If (3R− 8r) < 0, we rewrite the inequality:

r(6R2 + 11Rr + 8r2) ≥ s2(8r − 3r)

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

r(6R2+11Rr+8r2) ≥ (4R2+4Rr+3r2)(8r−3R)⇔ 6R3−7R2r−6R2r−6Rr2−8r3 ≥ 0

⇔ (R− 2r)(6R2 + 5Rr + 4r2) ≥ 0, obviously, from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the double inequality:

4) In ∆ABC:

6r ≤
∑ a2

hb + hc

≤
3R2

2r

Proof.
See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.
If we replace ha with ra we propose:

5) In ∆ABC

6r ≤
∑ a2

rb + rc
≤

3R2

2r
Proposed by Marin Chirciu - Romania

Proof.
We prove the following lemma:

Lemma.
6) In ∆ABC: ∑ a2

rb + rc
= 2(2R − r).
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Proof.

Using ra =
S

s− a
we obtain:∑ a2

rb + rc
=

∑ a2

S
s−b +

S
s−c

=
1

S

∑
a(s−b)(s−c) =

1

sr
·2sr(2R−r) = 2(2R−r),

which follows from
∑

a(s− b)(s− c) = 2sr(2R− r).

�

Let’s get back to the main problem:

The left side inequality:

Using the Lemma the left side inequality can be written:

2(2R− r) ≥ 6r ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

The right hand inequality:

Using the Lemma the right hand inequality:

2(2R− r) ≤ 3R2

2r
⇔ 3R2 − 8Rr + 4r2 ≥ 0⇔ (R− 2r)(3R− 2r) ≥ 0,

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ a2

hb + hc
and

∑ a2

rb + rc
the relationship can be written:

7) In ∆ABC: ∑ a2

hb + hc

≤
∑ a2

rb + rc
Proposed by Marin Chirciu - Romania

Proof.

Using the sums
∑ a2

hb + hc
=

4R(s2 − r2 −Rr)

s2 + r2 + 2Rr
and

∑ a2

rb + rc
= 2(2R− r)

the inequality can be written:
4R(s2 − r2 −Rr)

s2 + r2 + 2Rr
≤ 2(2R−r)⇔ s2 ≤ s2 ≤ 6R2+2Rr−r2

which follows from Gerretsen’s inequality s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

4R2 + 4Rr + 3r2 ≤ 6R2 + 2Rr − r2 ⇔ R2 −Rr − 2r2 ≥ 0⇔ (R− 2r)(R+ r) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC:
m2

a + m2
b + m2

c

ra + rb + rc
≤ 2R − r

Proposed by Dan Seclaman - Romania

Proof.
We prove the following lemma:

Lemma.
2) In ∆ABC:

m2
a + m2

b + m2
c

ra + rb + rc
=

3(s2 − r2 − 4Rr)

2(4Rr + r)

Proof.

Using
∑

m2
a =

3

4

∑
a2,

∑
a2 = 2(s2 − r2 − 4Rr),

∑
ra = 4R+ r.

�

Let’s get back to the main problem.

Using the Lemma we write the inequality:

3(s2 − r2 − 4Rr)

2(4R+ r)
≤ 2R− r ⇔ 3s2 ≤ (4R+ r)2

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

3(4R2 + 4Rr + 3r2) ≤ (4R+ r)2 ⇔ R2 −Rr − 2r2 ≥ 0⇔ (R− 2r)(2R+ r) ≥ 0,

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s emphasises an inequality having an opposite sense.

3) In ∆ABC:
m2

a + m2
b + m2

c

ra + rb + rc
≥ 3r.

1
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Proof.

Using the Lemma the inequality can be written:

3(s2 − r2 − 4Rr)

2(4R+ r)
≥ 3r ⇔ s2 ≥ 12Rr + 3r2,

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

16Rr − 5r2 ≥ 12Rr + 3r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the double inequality:

4) In ∆ABC:

3r ≤
m2

a + m2
b + m2

c

ra + rb + rc
≤ 2R − r.

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Replacing the sum ra + rb + rc with ha + hb + hc we propose:

5) In ∆ABC:

3R

2
≤

m2
a + m2

b + m2
c

ha + hb + hc

≤
3R2

4r

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC

m2
a + m2

b + m2
c

ha + hb + hc

= 3R ·
s2 − r2 − 4Rr

s2 + r2 + 4Rr

Proof.

Using
∑

m2
a =

3

4

∑
a2,

∑
a2 = 2(s2 − r2 − 4Rr),

∑
ha =

s2 + r2 + 4Rr

2R

�
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Let’s get back to the main problem:

The left side inequality:

Using the Lemma the inequality from the left side can be written:

3R · s
2 − r2 − 4Rr

s2 + r2 + 4Rr
≥ 3R

2
⇔ s2 ≥ 12Rr + 3r2

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

16Rr − 5r2 ≥ 12Rr + 3r2 ⇔ R ≥ 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.

The inequality from the right:

3R · s
2 − r2 − 4Rr

s2 + r2 + 4Rr
≤ 3R2

4r
⇔ s2(R− 4r) + r(4R2 + 17Rr + 4r2) ≥ 0

We distinguish the following cases:

Case 1) If (R− 4r) ≥ 0, the inequality is obviously.

Case 2) If (R− 4r) < 0, the inequality can be rewritten:

r(4R2 + 17Rr + 4r2) ≥ s2(4r −R)

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

r(4R2 + 17Rr + 4r2) ≥ (4R2 + 4Rr + 3r2)(4r −R)⇔ R3 − 2R2r +Rr2 − 2r3 ≥ 0

⇔ (R− 2r)(R2 + r2) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
m2

a +m2
b +m2

c

ra + rb + rc
and

m2
a +m2

b +m2
c

ha + hb + hc
we can write the relationship:

7) In ∆ABC:
m2

a + m2
b + m2

c

ra + rb + rc
≤

m2
a + m2

b + m2
c

ha + hb + hc

Proof.

The inequality is equivalent with:

1

ra + rb + rc
≤ 1

ha + hb + hc
⇔ ha+hb+hc ≤ ra+rb+rc ⇔

s2 + r2 + 4Rr

2R
≤ 4R+r ⇔

s2 ≤ 8R2−2Rr−r2, which follows from Gerretsen’s inequality: s2 ≤ 4R2+4Rr+3r2.

It remains to prove that:

4R2+4Rr+3r2 ≤ 8R2−2Rr− r2 ⇔ 2R2−3Rr−2r2 ≥ 0 ≤ (R−2r)(2R+ r) ≥ 0,

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
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[6] Daniel Sitaru, Mihály Bencze, 699 Olympic Mathematical Challenges. Studis Publishing

House, Iaşi, 2017.
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1) In ∆ABC: ∑ lblc

la
≥

∑ hbhc

ha

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

Proof.
We prove the following lemma:

Lemma.
2) In ∆ABC: ∑ lblc

la
=

2s2(2R + r) + 2r2(4R + r)

s2 + r2 + 2Rr

3) In ∆ABC: ∑ hbhc

ha

=
s2 − r2 − 4Rr

R

Proof.

Using la =
2bc

b+ c
cos

A

2
and ha

2S

a
�

Let’s get back to the main problem.

Using Lemma the inequality can be written:

2s2(2R+ r) + 2r2(4R+ r)

s2 + r2 + 2Rr
≥ s2 − r2 − 4Rr

R
⇔ s2(4R2+4Rr−s2)+r2(4Rr+r)2 ≥ 0

We distinguish the following cases:

Case 1). If (4R2 + 4Rr − s2) ≥ 0, the inequality is obvious.

Case 2). If (4R2 + 4Rr − s2) < 0, we rewrite the inequality:

r2(4R+ r)2 ≥ s2(s2 − 4R2 − 4Rr), which follows from Blundon-Gerretsen:

s2 ≤ R(4R+ r)2

2(2R− r)
≤ 4R2 + 4Rr + 3r2. It remains to prove that:

r2(4R+r)2 ≥ R(4R+ r)2

2(2R− r)
(4R2+4Rr+3r2−4R2−4Rr)⇔ 2(2R−r) ≥ 3R⇔ R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
1
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Remark.

If ha with ra we propose:

4) In ∆ABC: ∑ lblc

la
≤

∑ rbrc

ra
Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
5) In ∆ABC: ∑ rbrc

ra
=

s2 − 2r2 − 8Rr

r

Proof.

Using ra =
S

s− a
�

Let’s get back to the main problem.

Using the Lemma the inequality can be written:

2s2(2R+ r) + 2r2(4R+ r)

s2 + r2 + 2Rr
≤ s2 − 2r2 − 8Rr

r
⇔ s2(s2−3r2−10Rr) ≥ 4r2(4R2+5Rr+r2)

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2.

It remains to prove that:

(16Rr−5r2)(16Rr−5r2−3r2−10Rr) ≥ 4r2(4R2+5Rr+r2)⇔ 40R2−89Rr+18r2 ≥ 0⇔
⇔ (R− 2r)(40R− 9r) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

6) In ∆ABC: ∑ hbhc

ha

≤
∑ rbrc

ra

Proof.

Using the Lemma the inequality can be written:

s2 − r2 − 8Rr

r
≤ s2 − r2 − 8Rr

r
⇔ s2(R− r) ≥ r(8R2 − 2Rr − r2),

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2

It remains to prove that:

(16Rr − 5r2)(R− r) ≥ r(8R2 − 2Rr − r2)⇔ 8R2 − 19Rr + 6r2 ≥ 0⇔
⇔ (R− 2r)(8R− 3r) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
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Remark.

Between the sums
∑ lblc

la
,
∑ hbhc

ha
and

∑ rbrc
ra

the following inequalities hold:

7) In ∆ABC: ∑ rbrc

ra
≥

∑ lblc

la
≥

∑ hbhc

ha

Proposed by Marin Chirciu - Romania

Proof.

See inequalities 1), 4) and 5).

Equality holds if and only if the triangle is equilateral.

�

Remark.

For the sums
∑ lblc

la
,
∑ hbhc

ha
and

∑ rbrc
ra

we can write the relationships:

8) In ∆ABC:

3(R + r) ≤
∑ lblc

la
≤ 8R − 7r

Proposed by Marin Chirciu - Romania

Proof.

Using Lemma 2) we write the inequality:

3(R+ r) ≤ 2s2(2R+ r) + 2r2(4R+ r)

s2 + r2 + 2Rr
≤ 8R− 7r

The left hand inequality can be written:

s2(R− r) ≥ r(6R2 +Rr + r2)

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2

It remains to prove that:

(16Rr − 5r2)(R− r) ≥ r(6R2 +Rr + r2)⇔ 5R2 − 11Rr + 2r2 ≥ 0⇔
⇔ (R− 2r)(5R− r) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

The right hand inequality can be written:

s2(4Rr − 9r) + r(16R2 − 14Rr − 9r2) ≥ 0

We distinguish the following cases:

Case 1). If (4R− 9r) ≥ 0 the inequality is obvious.

Case 2). If (4R− 9r) < 0, the inequality can be written:

r(16R2 − 14Rr − 9r2) ≥ s2(9r − 4R), which follows from Gerretsen’s inequality:

s2 ≤ 4R2 + 4Rr + 3r2. It remains to prove that:

r(16R2−14Rr−9r2) ≥ (4R2+4Rr+3r2)(9r−4R)⇔ 8R3−2R2r−19Rr2−18r3 ≥ 0

⇔ (R− 2r)(8R2 + 14Rr + 9r2) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
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9) In ∆ABC:

9r ≤
∑ hbhc

ha

≤ 4R + r

Proposed by Marin Chirciu - Romania

Proof.

Using Lemma 3) the inequality can be written:

9r ≤ s2 − r2 − 4Rr

R
≤ 4R+ r

The left hand inequality can be written: s2 ≥ 13Rr + r2, which follows from

Gerretsen’s inequality: s2 ≥ 16Rr − 5r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

The right hand inequality can be written: s2 ≤ 4R2 + 5Rr + r2

which follows from Gerretsen’s inequality: s2 ≤ 4R2+4Rr+3r2 and Euler’s inequality: R ≥ 2R.

Equality holds if and only if the triangle is equilateral.

�

10) In ∆ABC:

8R − 7r ≤
∑ rbrc

ra
≤

(2R − r)2

r

Proposed by Marin Chirciu - Romania

Proof.

Using Lemma 3) we write the inequality: 8R−7r ≤ s2 − 2r2 − 8Rr

r
≤ (2R− r)2

r

The left hand inequality can be written: s2 ≥ 16Rr − 5r2 (Gerretsen’s inequality)

Equality holds if and only if the triangle is equilateral.

The right hand inequality can be written: s2 ≤ 4R2+4Rr+3r2, (Gerretsen’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the sequence of inequalities:

11) In ∆ABC:

9r ≤
∑ hbhc

ha

≤
∑ lblc

la
≤ 8R − 7r ≤

∑ rbrc

ra
≤

(2R − r)2

r

Proof.

See inequalities 9), 1), 8) and 10).

Equality holds if and only if the triangle is equilateral.

�
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[1] Mihály Bencze, Daniel Sitaru, Marian Ursărescu, Olympic Mathematical Energy. Studis Pub-
lishing House, Iaşi, 2018.
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1) In ∆ABC: ∑ ha + hb

ra + rb
= 2

(
1 +

r

R

)
Proposed by Bogdan Fustei - Romania

Proof.

Using ha =
2S

a
and ra =

S

s− a
we obtain:

∑ ha + hb

ra + rb
=
∑ 2S

a + 2S
b

S
s−a + S

s−b

=
2

abc

∑
(a+ b)(s− a)(s− b) = 2

(
1 +

r

R

)
which follows from: abc = 4srR and

∑
(a+ b)(s− a)(s− b) = 4sr(R+ r)

�

Remark.

Let’s emphasises a double inequality with the above sum:

2) In ∆ABC
6r

R
≤
∑ ha + hb

ra + rb
≤ 3

Proof.

Using identity 1) the inequality can be written:
6r

R
≤ 2
(
1 +

r

R

)
≤ 3,

which follows from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Reversing the fraction from the above sum we propose:

3) In ∆ABC:

3 ≤
∑ rb + rc

hb + hc

≤
3R

2r

Proposed by Marin Chirciu - Romania
1
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Proof.

We prove the following lemma:

Lemma.
4) In ∆ABC: ∑ rb + rc

hb + hc

=
R

r
·
s2 + 5r2 + 8Rr

s2 + r2 + 2Rr

Proof.

Using ha =
2S

a
and ra =

S

s− a
we obtain:

∑ rb + rc
hb + hc

=
∑ S

s−b +
S

s−c
2S
b + 2S

c

=
abc

2

∑ 1

(b+ c)(s− b)(s− c)
=

R

r
· s

2 + 5r2 + 8Rr

s2 + r2 + 2Rr

which follows from: abc = 4srR and
∑ 1

(b+ c)(s− b)(s− c)
=

s2 + 5r2 + 8Rr

2r2s(s2 + r2 + 2Rr)

�

Let’s get back to the main problem.

The left side inequality:

Using the Lemma, the left side inequality can be written:

R

r
· s

2 + 5r2 + 8Rr

s2 + r2 + 2Rr
≥ 3⇔ s2(R− 3r) + r(8R2 −Rr − 3r2) ≥ 0

We distinguish the following cases:

Case 1). If (R− 3r) ≥ 0, the inequality is obvious.

Case 2). If (R−3r) < 0, we rewrite the inequality: r(8R2−Rr−3r2) ≥ s2(3r−R),

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

r(8R2 −Rr − 3r2) ≥ (4R2 + 4Rr + 3r2)(3r −R)⇔ 2R3 − 5Rr2 − 6r3 ≥ 0

⇔ (R− 2r)(2R2 + 4Rr + 3r2) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

The right hand inequality:

Using Lemma the right hand inequality can be written:

R

r
· s

2 + 5r2 + 8Rr

s2 + r2 + 2Rr
≤ 3R

2r
⇔ s2 ≤ 12Rr + 3r2,

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r.

It remains to prove that:

16Rr − 5r2 ≥ 12Rr + 3r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�
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Remark.

Between the sums
∑ hb + hc

rb + rc
and

∑ rb + rc
hb + hc

the relationship can be written:

5) In ∆ABC: ∑ hb + hc

rb + rc
≤
∑ rb + rc

hb + hc

Proof.

Using the sums
∑ hb + hc

rb + rc
= 2
(
1 +

r

R

)
and

∑ rb + rc
hb + hc

=
R

r
· s

2 + 5r2 + 8Rr

s2 + r2 + 2Rr

we write the inequality: 2
(
1 +

r

R

)
≤ R

r
· s

2 + 5r2 + 8Rr

s2 + r2 + 2Rr
⇔

⇔ s2(R2 − 2Rr − 2r2) + r(8R3 +R2r − 6Rr2 − 2r3) ≥ 0

We distinguish the following cases:

Case 1) If (R2 − 2Rr − 2r2) ≥ 0, the inequality is obviously.

Case 2). If (R2 − 2Rr − 2r2) < 0, inequality can be written:

r(8R3 +R2r − 6Rr2 − 2r3) ≥ s2(2r2 + 2Rr − r2),

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

r(8R3 +R2r − 6Rr2 − 2r2) ≥ (4R2 + 4Rr + 3r2)(2r2 + 2Rr −R2)⇔

⇔ R4 +R3r − 3R2r2 − 5Rr3 − 2r4 ≥ 0⇔ (R− 2r)(R+ r)3 ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

The sequence of inequalities can be written:

6) In ∆ABC:

6r

R
≤
∑ ha + hb

ra + rb
≤ 3 ≤

∑ rb + rc

hb + hc

≤
3R

2r

Proposed by Marin Chirciu - Romania

Proof.

See inequalities 2) and 3).

Equality holds if and only if the triangle is equilateral.

�
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[4] Daniel Sitaru, Claudia Nănuţi, Generating Inequalities using Schweitzer’s Theorem. CRUX
MATHEMATICORUM, Volume 42, NO. 1, January 2016.
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[10] Mihály Bencze, Daniel Sitaru, Quantum Mathematical Power. Studis Publishing House, Iaşi,
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1. In ∆ABC: ∑ 1

mb + mc

≤
1

2r
Proposed by Marian Ursărescu - Romania

Proof.

Using the inequality
1

x+ y
≤ 1

4

( 1
x
+

1

y

)
, x, y > 0, we obtain:∑ 1

mb +mc
≤
∑ 1

4

( 1

mb
+

1

mc

)
=

1

2

∑ 1

ma
≤ 1

2

∑ 1

ha
=

1

2
· 1
r
=

1

2r

We took into account that ma ≥ ha and
∑ 1

ha
=

1

r
Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s emphasise an inequality having an opposite sense.

2) In ∆ABC: ∑ 1

mb + mc

≥
1

R

Proof.
Using Bergström’s inequality, we obtain:∑ 1

ma +mb
≥ 9∑

(mb +mc)
=

9

2
∑

ma
≥ 1

R
, where the last inequality follows from∑

ma ≤
9R

2
Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the double inequality:

3) In ∆ABC:
1

R
≤
∑ 1

mb + mc

≤
1

2r
.

1
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Proof.
See inequalities 1) and 2).

Equality holds if and only if the triangle is equilateral.

�

Remark.

In the same class of inequalities we can propose:

4) In ∆ABC:
1

R
≥
∑ 1

lb + lc
≤

1

2r
.

Proof.

Analogous 1) and 2). Using
∑

la ≤
9R

2
.

Equality holds if and only if the triangle is equilateral.

�

5) In ∆ABC:
1

R
≤
∑ 1

hb + hc

≤
1

2r

Proof.
We prove using the following lemma:

Lemma.
6) In ∆ABC:∑ 1

hb + hc

=
s4 + s2(16Rr + 2r2) + r2(4R + r)2

4rs2(s2 + r2 + 2Rr)

Proof.

We use ha =
2S

a
�

Back to the main problem:

Using the Lemma the inequality from the left side can be written:

s4 + s2(16Rr + 2r2) + r2(4R+ r)2

4rs2(s2 + r2 + 2Rr)
≥ 1

R
⇔

s2[s2(R− 4r) + r(16R2 − 6Rr − 4r2)] +Rr2(4R+ r)2 ≥ 0

We distinguish the following cases:

Case 1). If (R− 4r) ≥ 0, the inequality is obvious.

Case 2). If (R− 4r) < 0, the inequality can be written:

Rr2(4R+ r)2 ≥ s2[s2(4r −R) + r(4r2 + 6Rr − 16R2)] which follows from

Blundon - Gerretsen’s inequality s2 ≤ R(4R+ r)2

2(2R− r)
≤ 4R2 + 4Rr + 3r2.

It remains to prove that:
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Rr2(4R+ r)2 ≥ R(4R+ r)2

2(2R− r)
[(4R2 + 4Rr+ 3r2)(4r−R) + r(4r2 + 6Rr− 16R2)]⇔

⇔ 4R3 + 4R2r − 15Rr2 − 18r3 ≥ 0⇔ (R− 2r)(R2 + 12Rr + 9r2) ≥ 0

obviously, from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

Inequality from the right side can be proven in the same manner with 1).

Analogous with the left side inequality.

�

7) In ∆ABC:
1

R

∑ 1

rb + rc
≤

1

2r

Proof.

We prove using the following lemma:

Lemma.
8) In ∆ABC: ∑ 1

rb + rc
=

1

4R

[
1+
(4R + r

s

)2]
Proof.

We use ra =
S

s− a
�

Back to the main problem:

Using the Lemma the left side inequality can be written:

1

4R

[
1+
(4R+ r

s

)2]
≥ 1

R
⇔ (4R+ r)2 ≥ 3s2, which follows from Gerretsen’s

inequality: s2 ≤ 4R2 + 4Rr + 3r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

The right side inequality can be proven in the same manner as 1).

Analogous, the left side inequality.

�

Remark.

Between the sums
∑ 1

hb + hc
and

∑ 1

rb + rc
the following relationship can be written:

9) In ∆ABC: ∑ 1

hb + hc

≥
∑ 1

rb + rc
Proposed by Marin Chirciu - Romania
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Proof.

Using the sums from the above lemmas the inequality can be written:

s4 + s2(16Rr + 2r2) + r2(4R+ r)2

4rs2(s2 + r2 + 2Rr)
≥ 1

4R

[
1+
(4R+ r

s

)2]
⇔

⇔ s2[s2(R− r)− 2r2(4R+ r)] ≥ r2(4R+ r)2(R+ r) which follows

from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2. It remains to prove that:

(16Rr − 5r2)[(16Rr − 5r2)(R− r)− 2r2(4R+ r)] ≥ r2(4R+ r)2(R+ r)⇔

30R3 − 71R2r + 23Rr2 − 2r3 ≥ 0⇔ (R− 2r)(30R2 − 11Rr + r2) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the sequence of inequalities:

10) In ∆ABC:

1

R
≤
∑ 1

rb + rc
≤
∑ 1

hb + hc

≤
1

2r

Proof.

See inequalities 7), 9) and 5).

Equality holds if and only if the triangle is equilateral.

�

11) In ∆ABC:

1

R
≤
∑ 1

mb + mc

≤
∑ 1

lb + lc
≤
∑ 1

hb + hc

≤
1

2r
.

Proof.

See inequalities 2), 5) and ha ≤ la ≤ ma.

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC: ∑
ra(hb + hc)

2 ≥ 12Ss

Proposed by Mehmet Şahin - Ankara - Turkey

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC: ∑

rahbhc = 2s2r
(
2 −

r

R

)
Proof.

Using ra =
S

s− a
, ha =

2S

a
we obtain:∑

rahbhc =
∑ S

s− a
· 2S
b
· 2S
c

= 4S3
∑ 1

bc(s− a)
= 2s2r

(
2− r

R

)
which follows from

∑ 1

bc(s− a)
=

2R− r

2Rr2s
.

�

Back to the main problem:

Using (hb + hc)
2 ≥ 4hbhc and the Lemma we obtain:∑

ra(hb+hc)
2 ≥ 4

∑
rahbhc = 4 ·2s2r

(
2− r

R

)
≥ 12s2r where the last inequality

is equivalent with R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we interchange ra with ha we propose:

1) In ∆ABC: ∑
ha(rb + rc)

2 ≥ 12Ss

Proposed by Marin Chirciu - Romania
1
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Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC: ∑

harbrc =
s2(s2 + r2 − 8Rr)

2R

Proof.

Using ra =
S

s− a
, ha =

2S

a
we obtain:

∑
harbrc =

∑ 2S

a
· S

s− b
· S

s− c
= 2S3

∑ 1

a(s− b)(s− c)
=

s2(s2 + r2 − 8Rr)

2R

which follows from
∑ 1

a(s− b)(s− c)
=

s2 + r2 − 8Rr

4sRr3

�

Back to the main problem:

Using (rb + rc)
2 ≥ 4rbrc and Lemma we obtain:∑

ha(rb + rc)
2 ≥ 4

∑
harbrc = 4 · s

2(s2 + r2 − 8Rr)

2R
≥ 12s2r, where the last

inequality is equivalent with s2 ≥ 14Rr − r2, which follows from Gerretsen’s

inequality: s2 ≥ 16Rr − 5r2. It remains to prove that:

16Rr − 5r2g ≥ 14Rr − r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑

rahbhc and
∑

harbrc the following relationship can be written:

3) In ∆ABC: ∑
rahbhc ≤

∑
harbrc.

Proof.

Using the sums
∑

rahbhc = 2s2r
(
2− r

R

)
and

∑
harbrc =

s2(s2 + r2 − 8Rr)

2R

the inequality can be written: 2s2r
(
2− r

R

)
≤ s2(s2 + r2 − 8Rr)

2R
⇔ s2 ≥ 16Rr−5r2

(Gerretsen’s inequality)

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC ∑ ha

hbhc

≤
R

2r2

Proposed by Bogdan Fustei - Romania

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC∑ ha

hbhc

=
s4 + s2(2r2 − 8Rr) + r2(4R + r)2

8s2r2R

Proof.

Using ha =
2S

a
, we obtain:∑ ha

hbhc
=
∑ 2S

a
2S
b ·

2S
c

=
1

2S

∑ bc

a
=

s4 + s2(2r2 − 8Rr) + r2(4R+ r)2

8s2r2R
,

which follows from:∑ bc

a
=

s4 + s2(2r2 − 8Rr) + r2(4R+ r)2

4srR
�

Back to the main problem:

Using the Lemma the inequality can be written:

s4 + s2(2r2 − 8Rr) + r2(4R+ r2)

8s2r2R
≤ R

2r2
⇔ s2(4R2+8Rr−2r2−s2) ≥ r2(4R+r)2

which follows from Gerretsen’s inequality 16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

(16Rr − 5r2)(4R2 + 8Rr − 2r2 − 4R2 − 4Rr − 3r2) ≥ r2(4R+ r)2 ⇔
⇔ 4R2 − 9Rr + 2r2 ≥ 0⇔ (R− 2r)(R− r) ≥ 0

obviously form Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
1
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Remark.

Let’s emphasise an inequality having an opposite sense.

3) In ∆ABC: ∑ ha

hbhc

≥
1

r

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we can write:

s4 + s2(2r2 − 8Rr) + r2(4Rr + r)2

8s2r2R
≥ 1

r
⇔ s2(s2 + 2r2 − 16Rr) + r2(4R+ r)2 ≥ 0

We distinguish the following cases:

Case 1). If (s2 + 2r2 − 16Rr) ≥ 0, the inequality is obvious.

Case 2). If (s2 + 2r2 − 16Rr) < 0, the inequality can be rewritten:

r2(4R+ r)2 ≥ s2(16Rr − 2r2 − s2), which follows from Blundon-Gerretsen’s

inequality: 16Rr − 5r2 ≤ s2 ≤ R(4R+ r)2

2(2R− r)

It remains to prove that:

r2(4R+r)2 ≥ R(4R+ r)2

2(2R− r)
(16Rr−2r2−16Rr+5r2)⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

The double inequality can be written:

4) In ∆ABC:
1

r
≤
∑ ha

hbhc

≤
R

2r2

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we replace
ha

hbhc
with

ra
rbrc

we propose:

5) In ∆ABC:
2

r

(
1 −

r

R

)
≤
∑ ra

rbrc
≤

1

r

(R
r

− 1
)

Proposed by Marin Chirciu - Romania
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Proof.
We prove the following lemma:

Lemma.
6) In ∆ABC: ∑ ra

rbrc
=

1

r

[(4R + r

s

)2
− 2

]
Proof.

Using ra =
S

s− a
, using:∑ ra

rbrc
=
∑ S

s−a
S

s−b ·
S

s−c

=
1

S

∑ (s− b)(s− c)

s− a
=

1

rs
· (4R+ r)2 − 2s2

s
=

1

r

[(4R+ r

s

)2
−2
]

which follows from:∑ (s− b)(s− c)

s− a
=

(4R+ r)2 − 2s2

s
Back to the main problem.

�

Using the Lemma the inequality can be written:
2

r

(
1− r

R

)
≤ 1

r

[(4R+ r

s

)2
− 2
]
≤ 1

r

(R
r
− 1
)
, which follows from

Blundon-Gerretsen’s inequality:
r(4R+ r)2

R+ r
≤ s2 ≤ R(4R+ r)2

2(2R− r)

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ ha

hbhc
and

∑ ra
rbrc

the following relationship holds:

7) In ∆ABC: ∑ ha

hbhc

≥
(2r

R

)2∑ ra

rbrc
Proposed by Marin Chirciu - Romania

Proof.

Using the identities 2) and 6) the inequality can be written:

s4 + s2(2r2 − 8Rr) + r2(4R+ r)2

8s2r2R
≥
(2r
R

)2
· (4R+ r)2 − 2s2

rs2
⇔

⇔ s2[Rs2 + 2r(32r2 +Rr − 4R2)] ≥ r2(4R+ r)2(32r −R),

which follows from Gerretsen’s inequality s2 ≥ 16Rr − 5r2.

It remains to prove that:

(16Rr − 5r2)[R(16Rr − 5r2) + 2r(32r2 +Rr − 4R2)] ≥ r2(4R+ r)2(32r −R)⇔
⇔ 9R3 − 37R2r + 49Rr2 − 22r3 ≥ 0⇔ (R− 2r)(9R2 − 19Rr + 11r2) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.
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Românească Publishing House, Piteşti, 2018.
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1) In ∆ABC the following relationship holds:

tan2 A
2

+ tan2 B
2

tann+2 A
2

+ tann+2 B
2

+
tann B

2
+ tann C

2

tann+2 B
2

+ tann+2 C
2

+
tann C

2
+ tann A

2

tann+2 C
2

+ tann+2 A
2

≤

≤ 1 +
4R

r
;n ∈ N, n ≥ 1.

Proposed by Marian Ursărescu - Romania

Proof.

We prove the following lemma:

Lemma.
2) If x, y > 0 then:

xn + yn

xn+2 + yn+2
≤

1

xy

Proof.

Inequality is equivalent with (x− y)(xn+1 − yn+1) ≥ 0, true because the factors

(x− y) and (xn+1 − yn+1) have the same sign.

�

Back to the main problem:

Using the Lemma we obtain:∑ tann B
2 + tann C

2

tann+2 B
2 + tann+2 C

2

≤
∑ 1

tan B
2 tan C

2

=
∑

cot
B

2
cot

C

2
= 1 +

4R

r

Equality holds if and only if the triangle is equilateral.

�

Remark.
In the same class of problems we can propose:

3) In ∆ABC the following relationship holds:

cotn A
2 + cotn B

2

cotn+2 A
2 + cotn+2 B

2

+
cotn B

2 + cotn C
2

cotn+2 B
2 + cotn+2 C

2

+
cotn C

2 + cotn A
2

cotn+2 C
2 + cotn+2 A

2

≤ 1;n ∈ N

Proposed by Marin Chirciu - Romania
1
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Proof.

Using the Lemma we obtain:∑ cotn B
2 + cotn C

2

cotn+2 B
2 + cotn+2 C

2

≤
∑ 1

cot B
2 cot C

2

=
∑

tan
B

2
tan

C

2
= 1

Equality holds if and only if the triangle is equilateral.

�

4) In ∆ABC the following relationship holds:

sinn A
2

+ sinn B
2

sinn+2 A
2

+ sinn+2 B
2

+
sinn B

2
+ sinn C

2

sinn+2 B
2

+ sinn+2 C
2

+
sinn C

2
+ sinn A

2

sinn+2 C
2

+ sinn+2 A
2

≤
6R

r
;n ∈ N

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we obtain:∑ sinn B
2 + sinn C

2

sinn+2 B
2 + sinn+2 C

2

≤
∑ 1

sin B
2 sin C

2

=

∑
sin A

2∏
sin A

2

≤
3
2
r
4R

=
6R

r
,

which follows from:∑
sin

A

2
≤ 3

2
and

∏
sin

A

2
=

r

4R

Equality holds if and only if the triangle is equilateral.

�

5) In ∆ABC the following relationship holds:

sinn A
2

+ sinn B
2

sinn+2 A
2

+ sinn+2 B
2

+
sinn B

2
+ sinn C

2

sinn+2 B
2

+ sinn+2 C
2

+
sinn C

2
+ sinn A

2

sinn+2 C
2

+ sinn+2 A
2

≤
6R

r
;n ∈ N

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we obtain:∑ cosn B
2 + cosn C

2

cosn+2 B
2 + cosn+2 C

2

≤
∑ 1

cos B
2 cos C

2

=

∑
cos A

2∏
cos A

2

≤
3
√
3

2
s
4R

=
6
√
3R

s

which follows from∑
cos

A

2
≤ 3
√
3

2
and

∏
cos

A

2
=

s

4R

Equality holds if and only if the triangle is equilateral.

�

6) In ∆ABC the following relationship holds:

an + bn

an+2 + bn+2
+

bn + cn

bn+2 + cn+2
+

cn + an

cn+2 + an+2
≤

1

2Rr
;n ∈ N

Proposed by Marin Chirciu - Romania
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Proof.
Using the Lemma we obtain:∑ bn + cn

bn+2 + cn+2
≤

∑ 1

bc
=

∑
a∏
a
≤ 2s

4Rrs
=

1

2Rr

Equality holds if and only if the triangle is equilateral.

�

7) In ∆ABC the following relationship holds:

hn
a + hn

b

hn+2
a + hn+2

b

+
hn
b + hn

c

hn+2
b + hn+2

c

+
hn
c + hn

a

hn+2
c + hn+2

a

≤
1

3r2
;n ∈ N.

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:∑ hn

b + hn
c

hn+2
b + hn+2

c

≤
∑ 1

hbhc
=

∑
ha∏
ha

=
s2+r2+4Rr

2R
2s2r2

R

=
s2 + r2 + 4Rr

4s2r2

which follows from:∑
ha =

s2 + r2 + 4Rr

2R
and

∏
ha =

2s2r2

R

It remains to prove that
s2 + r2 + 4Rr

4s2r2
≤ 1

3r2
⇔ s2 ≥ 12Rr + 3r2, true from

Gerretsen’s inequality s2 ≥ 16Rr − 5r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

8) In ∆ABC the following relationship holds:

rna + rnb

rn+2
a + rn+2

b

+
rnb + rnc

rn+2
b + rn+2

c

+
rnc + rna

rn+2
c + rn+2

a

≤
1

3r2
;n ∈ N

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:∑ rnb + rnc

rn+2
b + rn+2

c

≤
∑ 1

rbrc
=

∑
ra∏
ra

=
4R+ r

s2r
,

which follows from∑
ha = 4R+ r and

∏
ra = s2r.

It remains to prove that
4R+ r

s2r
≤ 1

3r2
⇔ s2 ≥ 12Rr + 3r2, true from

Gerretsen’s inequality s2 ≥ 16Rr − 5r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
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9) In ∆ABC the following relationship holds:

mn
a + mn

b

mn+2
a + mn+2

b

+
mn

b + mn
c

mn+2
b + mn+2

c

+
mn

c + mn
a

mn+2
c + mn+2

a

≤
1

3r2
;n ∈ N.

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:∑ mn

b +mn
c

mn+2
b +mn+2

c

≤
∑ 1

mbmc
=

∑
ma∏
ma
≤ 4R+ r

s2r
,

which follows from∑
ma ≤ 4R+ r and

∏
ra = s2r.

It remains to prove that
4R+ r

s2r
≤ 1

3r2
⇔ s2 ≥ 12Rr + 3r2, true from

Gerretsen’s inequality s2 ≥ 16Rr − 5r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

10) In ∆ABC the following relationship holds:

wn
a + wn

b

wn+2
a + wn+2

b

+
wn

b + wn
c

wn+2
b + wn+2

c

+
wn

c + wn
a

wn+2
c + wn+2

a

≤
4R + r

27r3
;n ∈ N.

Proposed by Marin Chirciu - Romania

Proof.
Using the Lemma we obtain:∑ wn

b + wn
c

wn+2
b + wn+2

c

≤
∑ 1

wbwc
=

∑
wa∏
wa
≤ 4R+ r

27r3

which follows from∑
wa ≤

∑
ma ≤ 4R+ r and

∏
wa ≥ 27r3.

Equality holds if and only if the triangle is equilateral.

�

References
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2018.

[11] Daniel Sitaru, A Class of Inequalities in triangles with Cevians. The Pentagon Journal,
Volume 77 NO. 2, Fall 2017

[12] Marin Chirciu, Geometrical Inequalities. Paralela 45 Publishing House, Piteşti, 2015
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1) In ∆ABC:

(a + b + c)(a2 + b2 + c2) ≥ 2
∑

(b + c)h2
a

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

Proof.

We prove the following lemmas:

Lemma 1.
2) In ∆ABC:∑

(b + c)h2
a =

s[s4 + s2(2r2 − 10Rr) + r2(4R + r)(2R + r)]

2R2

Proof.

Using ha =
2S

a
,
∑

b2c2(b+ c) = 2s[s4+ s2(2r2− 10Rr)+ r2(4R+ r)(2R+ r)] and

∑ b+ c

a2
=

s4 + s2(2r2 − 10Rr) + r2(4R+ r)(2R+ r)

8sr2R2

�

We prove the following lemma:

Lemma 2.
3) In ∆ABC:

s4 − 2s2(2R2 + 10Rr − r2) + r(4R + r)3 ≤ 0

Proof.

Using Blundon’s inequality:

2R2+10Rr−r2−2(R−2r)
√
R2 − 2Rr ≤ s2 ≤ 2R2+10Rr−r2+2(R−2r)

√
R2 − 2Rr

�
1
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Back to the main problem:

Using the Lemma 1 we write the inequality:

2s · 2(s2 − r2 − 4Rr) ≥ 2 · s[s
4 + s2(2r2 − 10Rr) + r2(4R+ r)(2R+ r)]

2R2
⇔

⇔ s4 − 2s2(2R2 + 5Rr − r2) + r(16R3 + 12R2r + 6Rr2 + r3) ≤ 0

Using Lemma 2 it suffices to prove that:

2s2(2R2+10Rr−r2)−r(4R+r)3 ≤ 2s2(2R2+5Rr−r2)−r(16R3+12R2r+6Rr2+r3)⇔

⇔ 5s2 ≤ 24R2 + 18Rr + 3r2, which follows from Gerretsen’s inequality:

s2 ≤ 4R2 + 4Rr + 3r2. It remains to prove that:

5(4R2+4Rr+3r2) ≤ 24R2+18Rr+3r2 ⇔ 2R2−Rr−6r2 ≥ 0⇔ (R−2r)(2R+3r) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

For
∑

(b+ c)h2
a the double inequality can be written:

4) In ∆ABC:

36sr2 ≤
∑

(b + c)h2
a ≤ 9sR2

Proof.

See 1), 2) Gerretsen’s inequality: 16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2

and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Replacing ha with ra we propose:

5) In ∆ABC:

(a + b + c)(a2 + b2 + c2) ≤ 2
∑

(b + c)r2a

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma 3.
6) In ∆ABC: ∑

(b + c)r2a = 2s(8R2 + 6Rr + r2 − s2)
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Proof.

Using ra =
S

s− a
,
∑

(b+ c)(s− b)2(s− c)2 = 2sr2(8R2 + 6Rr + r2 − s2) and

∑ b+ c

(s− a)2
=

2(8R2 + 6Rr + r2 − s2)

sr2

�

Back to the main problem.

Using Lemma 1 the inequality can be written:

2s · 2(s2 − r2 − 4Rr) ≤ 2 · 2s(8R2 + 6Rr + r2 − s2)⇔ s2 ≤ 4R2 + 5Rr + r2,

which follows from Gerretsen’s inequality: s2 ≤ 4R2+4Rr+3r2 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

For
∑

(b+ c)r2a the double inequality can be written:

7) In ∆ABC:

4s(2R2 + r2) ≤
∑

(b + c)r2a ≤ 4s(4R2 − 7r2)

Proof.

See 6), Gerretsen’s inequality: 16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2

and Euler’s inequality R ≥ 2r

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑

(b+ c)h2
a and

∑
(b+ c)r2a the following relationship holds:

8) In ∆ABC: ∑
(b + c)h2

a ≤
∑

(b + c)r2a.

Proof.

See inequalities 1) and 4).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Inequality 6) can be refined:

9) In ∆ABC:∑
(b + c)h2

a ≤
1

2
(a + b + c)(a2 + b2 + c2) ≤

∑
(b + c)r2a
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Proof.
See inequalities 1) and 4).

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the sequence of inequalities:

10) In ∆ABC:

36sr2 ≤
∑

(b+c)h2
a ≤

1

2
(a+b+c)(a2+b2+c2) ≤

∑
(b+c)r2a ≤ 4s(4R2−7r2)

Proof.
See inequalities 4), 9), and 7).

Equality holds if and only if the triangle is equilateral.

�
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978-973-47-2523-6

[3] Daniel Sitaru, Murray Klamkin’s Duality Principle for Triangle Inequalities. The Pentagon
Journal-Volume 75 NO 2, Spring 2016.
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1) In ∆ABC ∑ hara

l2a
≥ 3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC ∑ hara

l2a
=

8R2 + 8Rr + 3r2 − s2

4Rr

Proof.

Using ha =
2S

a
, ra =

S

s− a
and la =

2bc

b+ c
cos

A

2
we obtain:

∑ hara
l2a

=
∑ 2S

a ·
S

s−a(
2bc
b+c cos

A
2

)2 =
r

8R

∑ (b+ c)2

(s− a)2
=

8R2 + 8Rr + 3r2 − s2

4Rr

which follows from:
∑ (b+ c)2

(s− a)2
=

2(8R2 + 8Rr + 3r2 − s2)

r2

�

Let’s get back to the main problem:

Using the Lemma we write the inequality:

8R2 + 8Rr + 3r2 − s2

4Rr
≥ 3⇔ s2 ≤ 8R2−4Rr+3r2 which follows from Gerretsen’s

inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that: 4R2+4Rr+3r2 ≤ 8R2−4Rr+3r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�
1
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Remark.
The inequality can be strengthened:

3) In ∆ABC: ∑ hara

l2a
≥ 2 +

R

2r
.

Proof.
Using the Lemma we write the inequality:

8R2 + 8Rr + 3r2 − s2

4Rr
≥ R

2r
+ 2⇔ s2 ≤ 6R2 + 3r2

which follows from Blundon-Gerretsen inequality: s2 ≤ R(4R+ r)2

2(2R− r)

It remains to prove that:
R(4R+ r)2

2(2R− r)
≤ 6R2+3r2 ⇔ 8R3−20R2r+11Rr2−6r3 ≥ 0⇔

⇔ (R− 2r)(8R2 − 4r + 3r2) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.
Inequality 3) is stronger than inequality 1):

4) In ∆ABC ∑ hara

l2a
≥ 2 +

R

2r
≥ 3.

Proof.
See inequality 3) and Euler’s inequality R ≥ 2r.

�

Remark.

Let’s emphasise an inequality having an opposite sense:

5) In ∆ABC : ∑ hara

l2a
≤ 2

(R
r

+
r

R
− 1

)
Proof.

Using the Lemma the inequality can be written:

8R2 + 8Rr + 3r2 − s2

4Rr
≤ 2
(R
r
+

r

R
−1
)
⇔ s2 ≥ 16Rr−5r2 (Gerretsen’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the double inequality:
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6) In ∆ABC

2 +
R

2r
≤
∑ hara

l2a
≤ 2

(R
r

+
r

R
− 1

)
Proposed by Marin Chirciu - Romania

Proof.
See inequalities 3) and 5).

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC ∑
a2hbhc ≤ 4(R + r)4

Proposed by Marian Ursărescu - Romania

Proof.
We prove the following lemma:

Lemma.
In ∆ABC: ∑

a2hbhc =
2r

R
s2(s2 − 3r2 − 6Rr)

Proof.

Using ha =
2S

a
, we obtain:∑

a2hbhc =
∑

a2 · 2S
b
· 2S
c

= 4S2
∑ a2

bc
=

2r

R
s2(s2 − 3r2 − 6Rr)

which follows from:
∑ a2

bc
=

s2 − 3r2 − 6Rr

2Rr
.

�

Let’s get back to the main problem:

Using the Lemma the inequality can be written:

2r

R
s2(s2 − 3r2 − 6Rr) ≤ 4(R+ r)4 ⇔ s2(s2 − 3r2 − 6Rr) ≤ 2R

r
(R+ r)4

We have: s2(s2 − 3r2 − 6Rr) = s4 − s2(3r2 + 6Rr) and we use 1) and 2):

1): s4 ≤ s2(4R2 + 20Rr − 2r2)− r(4R+ r)3, ture from:

2R2+10Rr−r2−2(R−2r)
√
R2 − 2Rr ≤ s2 ≤ 2R2+10Rr−r2+2(R−2r)

√
R2 − 2Rr,

Bloundon-Rouche’s inequality,

2): Blundon-Gerretsen: s2 ≤ R(4R+ r)2

2(2R− r)

We obtain:

s2(s2−3r2−6Rr) = s4−s2(3r2+6Rr) ≤ s2(4R2+20Rr−2r2)−r(4R+r)3−s2(3r2+6Rr) =

= s2(4R2+14Rr−5r2)−r(4R+r)3 ≤ R(4R+ r)2

2(2R− r)
(4R2+14Rr−5r2)−r(4R+r)3 =

1
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= (4R+ r)2
4R3 − 2R2r −Rr2 + 2r3

2(2R− r)
.

It remains to prove that:

(4R+ r)2
4R3 − 2R2r −Rr2 + 2r3

2(Rr − r)
≤ 2R

r
(R+ r)4 ⇔

⇔ 8R6 − 36R5r + 32R4r2 + 36R3r3 − 30R2r4 − 19Rr5 − 2r6 ≥ 0⇔
⇔ (R−2r)(8R5−20R4r−8R3r2+20R2r3+10Rr4+r5) ≥ 0, obviously from Euler R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s emphasise an inequality having an opposite sense:

3) In ∆ABC: ∑
a2hbhc ≥ 324r4

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we write the inequality:

2r

R
s2(s2 − 3r2 − 6Rr) ≥ 324r4, which follows from Gerretsen’s inequality:

s2 ≥ 16Rr − 5r2. It remains to prove that:

2r

R
(16Rr − 5r2)(16Rr − 5r2 − 3r2 − 6Rr) ≥ 324r4 ⇔ 8R2 − 17Rr + 2r2 ≥ 0⇔

⇔ (R− 2r)(8R− r) ≥ 0, obviously from Euler’s inequality: R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the double inequality:

4) In ∆ABC:

324r4 ≤
∑

a2hbhc ≤ 4(R + r)4.

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we replace hbhc with rbrc we propose:

5) In ∆ABC:

12s2r2 ≤
∑

a2rbrc ≤ 6s2Rr

Proposed by Marin Chirciu - Romania
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Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC: ∑

a2rbrc = 4s2r(R + r)

Proof.

Using ra =
S

s− a
, we obtain:

∑
a2rbrc =

∑
a2 · S

s− b
· S

s− c
= S2

∑ a2

(s− b)(s− c)
= 4s2r(R+ r)

which follows from:
∑ a2

(s− b)(s− c)
=

4(R+ r)

r
.

�

Let’s get back to the main problem:

Using the Lemma the inequality holds:

12s2r2 ≤ 4s2r(R+r) ≤ 6s2Rr ⇔ 6r ≤ 2(R+r) ≤ 3R, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑

a2hbhc and
∑

a2rbrc the following relationship exists:

7) In acute-angled ∆ABC:∑
a2rbrc ≤

∑
a2hbhc

Proposed by Marin Chirciu - Romania

Proof.

Using the identities 2) and 6) we write the inequality:

4s2r(R+r) ≤ 2r

R
s2(s2−3r2−6Rr)⇔ s2 ≥ 2R2+8Rr+3r2, (Walker’s inequality).

true only for the acute-angled triangle.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the sequence of inequalities:

1) In acute-angled ∆ABC:

324r4 ≤ 12S2 ≤
∑

a2rbrc ≤
∑

a2hbhc ≤ 4(R + r)4.
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Proof.

See inequalities 1), 5), 7) and Mitrinovic̈’s inequality s2 ≥ 27r2.

Equality holds if and only if the triangle is equilateral.

�

References
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[8] Daniel Sitaru, George Apostolopoulos, The Olympic Mathematical Marathon. Cartea
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1) In ∆ABC:

4
∑

mbmc − 4R
∑ hbhc

ha

≤ s2 + r(4R + r)

Proposed by Bogdan Fustei - Romania

Proof.

We prove the following lemmas:

Lemma 1.
2) In ∆ABC: ∑ hbhc

ha

=
s2 − r(4R + r)

R

Proof.

Using ha =
2S

a
, we obtain:

∑ hbhc

ha
=

∑ 2S
b · 2S

c
2S
a

= 2S
∑ a

bc
= 2rs · s

2 − r(4R+ r)

2Rrs
=

s2 − r(4R+ r)

R

which follows from:
∑ a

bc
=

s2 − r(4R+ r)

2Rrs
�

Lemma 2.
3) In ∆ABC: ∑

mbmc ≤
5s2 − 3r(4R + r)

4
.

Proof.

Using 4mbmc ≤ 2a2+bc,
∑

a2 = 2s2−2r(4R+r) and
∑

bc = s2+r(4R+r) we obtain:

4
∑

mbmc ≤ 4
∑

(2a2 + bc) = 8
∑

a2 + 4
∑

bc = 5s2 − 3r(4R+ r).

�
1
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Back to the main problem.

Using Lemma 1 and Lemma 2 it suffices to prove that:

5s2 − 3r(4R+ r)− 4R · s
2 − r(4R+ r)

R
≤ s2 + r(4R+ r), obviously with equality.

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we replace
hbhc

ha
with

rbrc
ra

we propose:

1) In ∆ABC:

4
∑

mbmc − 4r
∑ rbrc

ra
≤ s2 + 5r(4R + r)

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma 3.
2) In ∆ABC: ∑ rbrc

ra
=

s2 − 2r(4R + r)

R

Proof.

Using ra =
S

s− a
, we obtain:

∑ rbrc
ra

=
∑ S

s−a · S
s−c

S
s−a

= S
∑ s− a

(s− b)(s− c)
= rs·s

2 − 2r(4R+ r)

r2s
=

s2 − 2r(4R+ r)

r
,

which follows from:
∑ (s− b)(s− c)

s− a
=

s2 − 2r(4R+ r)

r2s

�

Back to the main problem:

�

Using Lemma 1 and Lemma 3 it suffices to prove that:

5s2 − 3r(4R+ r)− 4r · s
2 − 2r(4R+ r)

r
≤ s2 +5r(4R+ r), obviously, with equality.

Equality holds if and only if the triangle is equilateral.
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[14] Marin Chirciu, Trigonometric Inequalities. Paralela 45 Publishing House, Piteşti, 2015
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1. In ∆ABC ∑ a3

hb + hc

≥ 2Rs

Proposed by Seyran Ibrahimov - Azerbaijan

Proof.
We prove the following lemma:

Lemma.
2) In ∆ABC: ∑ a3

hb + hc

=
4Rs(s2 − 3r2 − 4Rr)

s2 + r2 + 2Rr

Proof.

Using ha =
2S

a
we obtain:∑ a3

hb + hc
=

∑
a3(ha + hb)(ha + hc)∏

(hb + hc)
=

4Rs(s2 − 3r2 − 4Rr)

s2 + r2 + 2Rr

which follows from:∑
a3(ha+hb)(ha+hc) =

4rs3(s2 − 3r2 − 4Rr)

R
and

∏
(hb+hc) =

rs2(s2 + r2 + 2Rr)

R2

�

Let’s get back to the main problem:

Using the Lemma the inequality can be written:

4Rs(s2 − 3r2 − 4Rr)

s2 + r2 + 2Rr
≥ 2Rs⇔ s2 ≥ 10Rr+7r2, which follows from Gerretsen’s inequlaity:

s2 ≥ 16Rr − 5r2. It remains to prove that:

16Rr − 5r2 ≥ 16Rr − 5r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral. �

Remark.
Let’s emphasise an inequality having an opposite sense:
3) In ∆ABC: ∑ a3

hb + hc

≤
R2s

r

1
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Proof.

Using the Lemma the inequality can be written:

4Rs(s2 − 3r2 − 4Rr)

s2 + r2 + 2Rr
≤ R2s

r
⇔ s2(R− 4r) + r(2R2 + 17Rr + 12r2) ≥ 0

We distinguish the following cases:

Case 1). If (R− 4r) ≥ 0, the inequality is obvious.

Case 2) If (R− 4r) < 0, the inequality can be rewritten:

r(2R2 + 17Rr + 12r2) ≥ s2(4r −R), which follows from Gerretsen’s inequality:

s2 ≤ 4R2 + 4Rr + 3r2

It remains to prove that:

r(2R2 + 17Rr + 12r2) ≥ (4R2 + 4Rr + 3r2)(4r −R)⇔ 2R2 − 5Rr + 2r2 ≥ 0⇔

⇔ (R− 2r)(2R− r) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the double inequality:

4) In ∆ABC:

2Rs ≤
∑ a3

hb + hc

≤
R2s

r

Proposed by Marin Chirciu - Romania

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we interchange ha with ra we propose:

5) In ∆ABC:

2Rs ≤
∑ a3

rb + rc
≤

R2s

r

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC: ∑ a3

rb + rc
= 4s(R − r).



WWW.SSMRMH.RO 3

Proof.

Using ra =
S

s− a
we obtain:∑ a3

rb + rc
=

∑
a3(ra + rb)(ra + rc)∏

(rb + rc)
= 4s(R− r), which follows from:∑

a3(ra + rb)(ra + rc) = 16s3R(R− r) and
∏

(rb + rc) = 4s2R.

�

Let’s get back to the main problem.

Using the Lemma the inequality can be written:

2Rs ≤ 4s(R− r) ≤ R2s

r
⇔ 2Rr ≤ 4r(R− r) ≤ R2, which follows from Euler’s

inequality: R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ ha

rb + rc
and

∑ ra
hb + hc

we can write the following relationship:

7) In ∆ABC: ∑ a3

hb + hc

≤
∑ a3

rb + rc
Proposed by Marin Chirciu - Romania

Proof.

Using Lemma 2) and Lemma 3) we write the following inequality:

4Rs(s2 − 3r2 − 4Rr)

s2 + r2 + 2Rr
≤ 4s(R− r)⇔ s2 ≤ 6R2 + 2Rr − r2, which follows from

Gerretsen’s inequality s2 ≤ 4R2 + 4Rr + 3r2. It remains to prove that:

4R2 + 4Rr + 3r2 ≤ 6R2 + 2Rr − r2 ⇔ R2 −Rr − 2r2 ≥ 0⇔ (R− 2r)(R+ r) ≥ 0,

obviously, from Euler’s inequality: R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.
We can write the sequence of inequalities:

1) In ∆ABC:

2Rs ≤
∑ a3

hb + hc

≤
∑ a3

rb + rc
≤

R2s

r
.

Proof.
See inequalities 1), 7) and 5).

Equality holds if and only if the triangle is equilateral.

�
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1) In ∆ABC:
32

27R2r
≤
∏( 1

rb
+

1

rc

)
≤

4R

27r4

Proposed by Adil Abdullayev - Baku - Azerbaijan

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC: ∏( 1

rb
+

1

rc

)
=

4R

s2r2

Proof.

Using ra =
S

s− a
, we obtain:∏( 1

rb
+

1

rc

)
=
∏(s− b

S
+

s− c

S

)
=
∏ a

S
=

abc

S3
=

4Rrs

s3r3
=

4R

s2r2

�

Back to the main problem:

Using the Lemma we write the inequality:

32

27R2r
≤ 4R

s2r2
≤ 4R

27r4
, which follows from Mitrinovic̈’s inequality: 27r2 ≤ s2 ≤ 27R2

4

and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

The inequality can be strengthened:

3) In ∆ABC:
16

27Rr2
≤
∏( 1

rb
+

1

rc

)
≤

8

27r3

Proposed by Marin Chirciu - Romania
1
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Proof.

Using the Lemma we write the inequality:

16

27Rr2
≤ 4R

s2r2
≤ 8

27r3
, which follows from Mitrinovic̈’s inequality:

27r2 ≤ s2 ≤ 27R2

4

Equality holds if and only if the triangle is equilateral.

�

Remark.

Inequality 3) is stronger than inequality 1).

4) In ∆ABC:

32

27R2r
≤

16

27Rr2
≤
∏( 1

rb
+

1

rc

)
≤

8

27r3
≤

4R

27r4

Proof.

See inequality 3) and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

If we replace
1

rb
+

1

rc
with

1

hb
+

1

hc
we propose:

5) In ∆ABC

16

27Rr2
≤
∏( 1

hb

+
1

hc

)
≤

8

27r3

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC: ∏( 1

hb

+
1

hc

)
=

s2 + r2 + 2Rr

4s2r3

Proposed by Marin Chirciu - Romania

Using ha =
2S

a
, we obtain:

∏( 1

hb
+

1

hc

)
=
∏( b

2S
+

c

2S

)
=
∏ b+ c

2S
=

∏
(b+ c)

8S3
=

2s(s2 + r2 + 2Rr)

8s3r3
=

s2 + r2 + 2Rr

4s2r3

�
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Let’s get back to the main problem:

Using the Lemma we write the inequality:
16

27Rr2
≤ s2 + r2 + 2Rr

4s2r3
≤ 8

27r3

The left hand inequality:

16

27Rr2
≤ s2 + r2 + 2Rr

4s2r3
⇔ s2(27R− 64r) + 27Rr(2R+ r) ≥ 0

We distinguish the following cases:

Case 1). If (27R− 64r) ≥ 0, the inequality is obvious.

Case 2). If (27R− 64r) < 0, the inequality can be rewritten:

27Rr(2R+ r) ≥ s2(64r − 27R), which follows from Gerretsen’s inequality:

s2 ≤ 4R2 + 4Rr + 3r2. It remains to prove that:

27Rr(2R+r) ≥ (4R2+4Rr+3r2)(64r−27R)⇔ 54R3−47R2r−148Rr2−96r3 ≥ 0⇔
⇔ (R− 2r)(54R2 + 61Rr + 48r2) ≥ 0, obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

The right hand inequality:

s2 + r2 + 2Rr

4s2r3
≤ 8

27r3
⇔ 5s2 ≥ 54Rr + 27r2, which follows from Gerretsen’s

inequality: s2 ≥ 16Rr − 5r2. It remains to prove that:

5(16Rr − 5r2) ≥ 54Rr + 27r2 ⇔ R ≥ 2r (Eulers’s inequality).

Equality holds if and only if the triangle is equilateral.

Remark.

Between the products
∏( 1

rb
+

1

rc

)
and

∏( 1

hb
+

1

hc

)
the following relationship holds:

7) In ∆ABC: ∏( 1

rb
+

1

rc

)
≤
∏( 1

hb

+
1

hc

)
Proposed by Marin Chirciu - Romania

Proof.

Using identities 2) and 6) the inequality can be written:

4R

s2r2
≤ s2 + r2 + 2Rr

4s2r3
⇔ s2 ≥ 14Rr − r2, which follows from Gerretsen’s

inequality s2 ≥ 16Rr − 5r2. It remains to prove that:

16Rr − 5r2 ≥ 14Rr − r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

The following sequence of inequalities can be written:

8) In ∆ABC:

16

27Rr2
≤
∏( 1

rb
+

1

rc

)
≤
∏( 1

hb

+
1

hc

)
≤

8

27r3

Proposed by Marin Chirciu - Romania



4 MARIN CHIRCIU

Proof.
See inequalities 3), 5) and 7).

Equality holds if and only if the triangle is equilateral.

�
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Românească Publishing House, Piteşti, 2018.
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Iaşi, 2019
[16] Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

Mathematics Department, ”Theodor Costescu” National Economic College, Drobeta

Turnu - Severin, ROMANIA.
Email address: dansitaru63@yahoo.com



Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
The Author: This article is published with open access.

INEQUALITY IN TRIANGLE 949

ROMANIAN MATHEMATICAL MAGAZINE

2018

MARIN CHIRCIU

1) In ∆ABC: ∑
(rb − rc)

2 ≤
3s2(R − 2r)

r
Proposed by Adil Abdullayev - Baku - Azerbaijan

Proof.
We prove the following lemma:

Lemma.
2) In ∆ABC: ∑

(rb − rc)
2 = 2(4R + r)2 − 6s2.

Proof.

Using ra =
S

s− a
, we obtain:∑

(rb − rc)
2 = 2

∑
r2a − 2

∑
rbrc = 2

(∑
ra

)2
− 6

∑
rbrc = 2(4R+ r)2 − 6s2

which follows from:
∑

ra = 4R+ r and
∑

rbrc = s2.

�

Getting back to the main problem:

Using the Lemma we write the inequality:

2(4R+ r)2 − 6s2 ≤ 3s2(R− 2r)

r
⇔ 2r(4R+ r)2 ≤ 3s2R, which follows from

Gerretsen’s inequality s2 ≥ 16Rr − 5r2 ≥ r(4R+ r)2

R+ r
. It remains to prove that:

2r(4R+ r)2 ≤ 3R · r(4R+ r)2

R+ r
⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s emphasise an inequality having an opposite sense:

1
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3) In ∆ABC: ∑
(rb − rc)

2 ≥
3s2(R − 2r)

2R − r

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma we write the inequality:

2(4R+ r)2 − 6s2 ≥ 3s2(R− 2r)

2R− r
⇔ 2(2R− r)(4R+ r)2 ≥ 3s2(5R− 4r)

which follows from Blundon-Gerretsen’s inequality s2 ≤ R(4R+ r)2

2(2R− r)

It remains to prove that:

2(2R− r)(4R+ r)2 ≥ 3 · R(4R+ r)2

2(2R− r)
(5R− 4r)⇔ (R− 2r)2 ≥ 0, obvious.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the double inequality:

4) In ∆ABC:

3s2(R − 2r)

2R − r
≤
∑

(rb − rc)
2 ≤

3s2(R − 2r)

r

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

5) In ∆ABC:

s2(R − 2r)
r2

2R2(R − r)
≤
∑

(hb − hc)
2 ≤ s2(R − 2r)

4R − 3r

2R2
.

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC:∑

(hb − hc)
2 =

s4 + s2(2r2 − 16Rr) + r2(4R + r)2

2R2
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Proof.

Using ha =
2S

a
, we obtain:∑

(hb−hc)
2 = 2

∑
h2
a−2

∑
hbhc = 2

(∑
ha

)2
−6
∑

hbhc = 2
(s2 + r2 + 4Rr

2R

)2
−62s

2r

R
=

=
s4 + s2(2r2 − 16Rr) + r2(4R+ r)2

2R2
, which follows from:∑

ha =
s2 + r2 + 4Rr

2R
and

∑
hbhc =

2s2r

R
�

Let’s get back to the main problem:

Using the Lemma we write the inequality:

2s2(R− 2r)(R− r)

R2
≤
∑

(hb − hc)
2 ≤ s2(R− 2r)

4R− 3r

2R2
.

The left side inequality:
∑

(hb − hc)
2 ≥ s2(R− 2r)

r2

2R2(R− r)
it follows from:∑

(hb−hc)
2 =

s4 + s2(2r2 − 16Rr) + r2(4R+ r)2

2R2
=

s2(s2 + 2r2 − 16Rr) + r2(4R+ r)2

2R2
≥

≥ s2(s2 + 2r2 − 16Rr) + r2 · 3s2

2R2
=

s2(s2 + 5r2 − 16Rr)

2R2
≥

≥
s2(16Rr − 5r2 + r2(R−2r)

R−r + 5r2 − 16Rr)

2R2
= s2(R− 2r)

r2

2R2(R− r)

which follows from Yang Xue Zhi’s inequality:

s2 ≥ 16Rr − 5r2 +
r2(R− 2r)

R− r
�

Note.
Yang Xue Zhi’s inequality:

16Rr − 5r2 +
r2(R− 2r)

R− r
≤ s2 ≤ 4R2 + 4Rr + 3r2 − r2(R− 2r)

R− r
,

strengthen Gerretsen’s inequality:

16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2.

Right hand inequality:
∑

(hb − hc)
2 ≤ s2(R− 2r)

4R− 3r

2R2
is equivalent with:

s4 + s2(2r2 − 16Rr) + r2(4R+ r)2

2R2
≤ s2(R− 2r)

4R− 3r

2R2
⇔

⇔ r2(4R+r)2 ≤ s2(4R2+5Rr+4r2−s2), which follows from Gerretsen’s inequality:

r(4R+ r)2

R+ r
≤ 16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

r2(4R+r)2 ≤ r(4R+ r)2

R+ r
(4R2+5Rr+4r2−4R2−4Rr−3r2), obviously, with equality.

Equality holds if and only if the triangle is equilateral.
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Remark.

Between the sums
∑

(hb − hc)
2 =

s4 + s2(2r2 − 16Rr) + r2(4R+ r)2

2R2
and

∑
(rb − rc)

2 = 2(4R+ r)2 − 6s2 the following relationship exist:

7) In ∆ABC ∑
(hb − hc)

2 ≤
∑

(rb − rc)
2

Proof.

Using the identities 2) and 6) the inequality can be written:

s4 + s2(2r2 − 16Rr) + r2(4R+ r)2

2R2
≤ 2(4R+ r)2 − 6s2 ⇔

⇔ s2(s2 + 2r2 − 16Rr + 12R2) ≤ (4R+ r)2(4R2 − r2), which follows from

Blundon-Gerretsen’s inequality: s2 ≤ R(4R+ r)2

2(2R− r)
≤ 4R2 + 4Rr + 3r2.

It remains to prove that:

R(4R+ r)2

2(2R− r)
(4R2 + 4Rr + 3r2 + 2r2 − 16Rr + 12R2) ≤ (4R+ r)2(4R2 − r2)⇔

⇔ 4R2−9Rr+2r2 ≥ 0⇔ (R−2r)(4R−r) ≥ 0, obviously, from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

We can write the following sequence of inequalities:

8) In ∆ABC:

s2(R− 2r) ·
r2

2R2(R − r)
≤
∑

(hb − hc)
2 ≤

∑
(rb − rc)

2 ≤ s2(R− 2r) ·
3

r

Proof.

See inequalities 1), 5) and 7).

Equality holds if and only if the triangle is equilateral.

�
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[4] Daniel Sitaru, Claudia Nănuţi, Generating Inequalities using Schweitzer’s Theorem. CRUX
MATHEMATICORUM, Volume 42, NO. 1, January 2016.
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1) In ∆ABC ∑ (ra + rb)(ra + rc)

bc
≥ 9

Proposed by Panagiote Ligouras - Italy

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC ∑ (ra + rb)(ra + rc)

bc
=

4R + r

r

Proof.

Using ra =
S

s− a
we obtain:

∑ (ra + rb)(ra + rc)

bc
=
∑ ( S

s−a + S
s−b )(

S
s−a + S

s−a )

bc
= S2

∑ c
(s−a)(s−b) ·

b
(s−a)(s−b)

bc
=

= S2
∑ 1

(s− a)
∏
(s− a)

=
r2s2∏
(s− a)

∑ 1

s− a
=

r2s2

r2s
· 4R+ r

rs
=

4R+ r

r

�

Let’s get back to the main problem.

Using the Lemma the inequality can be written:
4R+ r

r
≥ 9⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s find an inequality having an opposite sense.

3) In ∆ABC ∑ (ra + rb)(ra + rc)

bc
≤

9R

2r
.

1
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Proof.

Using the Lemma the inequality can be written:
4R+ r

r
≤ 9R

2r
⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

The double inequality can be written:

4) In ∆ABC

9 ≤
∑ (ra + rb)(ra + rc)

bc
≤

9R

2r

Proof.

See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Replacing ha with ra we propose:

5) In ∆ABC

4r

R

(
4 +

r

R

)
≤
∑ (ha + hb)(ha + hc)

bc
≤ 2

(
4 +

r

R

)
Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:

Lemma.
6) In ∆ABC ∑ (ha + hb)(ha + hc)

bc
=

5s2 + r2 + 4Rr

4R2

Proof.

Using ha =
2S

a
we obtain:

∑ (ha + hb)(ha + hc)

bc
=
∑ ( 2Sa + 2S

b )( 2Sa + 2S
c )

bc
= 4S2

∑ a+b
ab ·

a+c
ac

bc
=

=
4S2

a2b2c2

∑
(a+ b)(a+ c) =

4r2s2

16R2r2s2
· (5s2 + r2 + 4Rr) =

5s2 + r2 + 4Rr

4R2

which follows from
∑

(a+ b)(a+ c) = 5s2 + r2 + 4Rr.

�
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Let’s get back to the main problem.

Left hand inequality.

Using the Lemma we write the inequality:

5s2 + r2 + 4Rr

4R2
≥ 4r

R

(
4 +

r

R

)
⇔ s2 ≥ 12Rr + 3r2

which follows from Gerretsen’s inequality: s2 ≥ 16Rr − 5r2

It remains to prove that: 16Rr − 5r2 ≥ 12Rr + 3r2 ⇔ R ≥ 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

The right hand inequality.

Using the Lemma the inequality can be written:

5s2 + r2 + 4Rr

4R2
≤ 2
(
4 +

r

R

)
⇔ 5s2 ≤ 32R2 + 4Rr − r2

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that: 5(4R2 + 4Rr + 3r2) ≤ 32R2 + 4Rr − r2 ⇔
⇔ 3R2 − 4Rr − 4r2 ≥ 0⇔ (R− 2r)(3R+ 2r) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ (ha + hb)(ha + hc)

bc
and∑ (ra + rb)(ra + rc)

bc
the following inequality holds:

7) In ∆ABC:∑ (ha + hb)(ha + hc)

bc
≤
∑ (ra + rb)(ra + rc)

bc
Proposed by Marin Chirciu - Romania

Proof.
Using identities 2) and 6) the inequality can be written:

5s2 + r2 + 4Rr

4R2
≤ 4R+ r

r
⇔ 5s2r ≤ (4R+ r)(4R2 − r2)

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2.

It remains to prove that: 5r(4R2 + 4Rr + 3r2) ≤ (4R+ r)(4R2 − r2)⇔
⇔ 2R3 − 2R2r − 3Rr2 − 2r3 ≥ 0⇔ (R− 2r)(2R2 + 2Rr + r2) ≥ 0

obviously from Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remarak.
The sequence of inequalities can be written:
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8) In ∆ABC:

4r

R

(
4 +

r

R

)
≤
∑ (ha + hb)(ha + hc)

bc
≤
∑ (ra + rb)(ra + rc)

bc
≤

9R

2r
Proposed by Marin Chirciu - Romania

Proof.
See inequalities 3), 5) and 7).

Equality holds if and only if the triangle is equilateral.

�
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[4] Daniel Sitaru, Claudia Nănuţi, Generating Inequalities using Schweitzer’s Theorem. CRUX
MATHEMATICORUM, Volume 42, NO. 1, January 2016.
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[15] Daniel Sitaru, Marian Ursărescu, Ice Math - Contest Problems. Studis Publishing House,
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1) In ∆ABC ∑ l2a
hbhc

≤
(R
r

)2
− 1

Proposed by Mehmet Şahin - Ankara - Turkey

Proof.

We prove the following lemma:

Lemma.
2) In ∆ABC ∑ s(s − a)

hbhc

=
s2 + r2 − 8Rr

4r2

Proof.

Using ha =
2S

a
we obtain:

∑ s(s− a)

hbhc
=
∑ s(s− a)

2S
b ·

2S
c

=
s

4S2

∑
bc(s−a) = s2 + r2 − 8Rr

4r2
, which follows from:

∑
bc(s− a) = s(s2 + r2 − 8Rr)

�

Let’s get back to the main problem.

Using l2a ≤ s(s− a) and Lemma we obtain:∑ l2a
hbhc

≤
∑ s(s− a)

hbhc
=

s2 + r2 − 8Rr

4r2
≤
(R
r

)2
− 1

where the last inequality is equivalent with: s2 ≤ 4R2 + 8Rr − 5r2

which follows from Gerretsen’s inequality: s2 ≤ 4R2 + 4Rr + 3r2

and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�
1
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Remark.

The inequality can be strengthened:

3) In ∆ABC: ∑ l2a
hbhc

≤
(R
r

)2
−

R

r
+ 1

Proof.

Using l2a ≤ s(s− a) and Lemma, we obtain:∑ l2a
hbhc

≤
∑ s(s− a)

hbhc
=

s2 + r2 − 8Rr

4r2
≤
(R
r

)2
− R

r
+ 1

where the last inequality is equivalent with:

s2 ≤ 4R2 + 4Rr + 3r2 (Gerretsen’s inequality).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Inequality 3) is stronger then inequality 1):

4) In ∆ABC: ∑ l2a
hbhc

≤
(R
r

)2
−

R

r
+ 1 ≤

(R
r

)2
− 1

Proof.

See inequality 3) and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Let’s find an inequality having an opposite sense:

Lemma.
5) In ∆ABC ∑ l2a

hbhc

≥ 3.

Proof.

Using la ≥ ha and
∑ h2

a

hbhc
≥ 3, which follows from:

∑ h2
a

hbhc
≥ (
∑

ha)
2∑

hbhc
≥ 3.

Above we have used Bergström’s inequality and the following inequality:

(x+ y + z)2 ≥ 3(xy + yz + zx)

Equality holds if and only if the triangle is equilateral.

�
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Remark.

We can write the following sequence of inequalities:

6) In ∆ABC:

3 ≤
∑ l2a

hbhc

≤
(R
r

)2
−

R

r
+ 1 ≤

(R
r

)2
− 1

Proof.

See inequalities 3) and 5).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Regarding the above Lemma we propose:

7) ∆ABC
3R

2r
≤
∑ s(s − a)

hbhc

≤
(R
r

)2
−

R

r
+ 1

Proposed by Marin Chirciu - Romania

Proof.

Using the Lemma and Gerretsen’s inequality 16Rr − 5r2 ≤ s2 ≤ 4R2 + 4Rr + 3r2

See inequalities 3) and 5).

Equality holds if and only if the triangle is equilateral.

�

Remark.

Replacing ha with ra, we propose:

8) In ∆ABC:

3 ≤
∑ s(s − a)

rbrc
≤

3R

2r

Proof.

We use
∑ s(s− a)

rbrc
= 3 and Euler’s inequality R ≥ 2r.

Equality holds if and only if the triangle is equilateral.

�

Remark.

Between the sums
∑ s(s− a)

rbrc
and

∑ s(s− a)

hbhc
, we can write the following relationship:

9) In ∆ABC ∑ s(s − a)

rbrc
≤
∑ s(s − a)

hbhc
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Proof.

Using the sums
∑ s(s− a)

rbrc
= 3 and

∑ s(s− a)

hbhc
=

s2 + r2 − 8Rr

4r2
we write the

following inequality: 3 ≤ s2 + r2 − 8Rr

4r2
⇔ s2 ≥ 8Rr + 11r2, which follows from

Gerretsen’s inequality s2 ≥ 16Rr − 5r2 and Euler’s inequality R ≥ 2r.

�

Remark.
We can write the sequence of inequalities:

10) In ∆ABC

3 ≤
∑ s(s − a)

rbrc
≤

3R

2r
≤
∑ s(s − a)

hbhc

≤
(R
r

)2
−

R

r
+ 1 ≤

(R
r

)2
− 1

Proposed by Marin Chirciu - Romania

Proof.
See inequalities 7) and 8).

Equality holds if and only if the triangle is equilateral.

�
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House, Iaşi, 2017.

[7] Daniel Sitaru, Analytical Phenomenon. Cartea Românească Publishing House, Piteşti, 2018.
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