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1) In AABC
12 R\ 2
> S(5) -
hbhc r
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
We prove the following lemma:
Lemma.
2) In AABC
Zs(s—a) _ s>+ 7r?>—8Rr
hohe 4r2
Proof.
Using hy, = § we obtain:
a
s(s—a) s(s—a) s s2+7r2—8Rr ,
Z b % 35 < 152 Zbc(s—a) =z which follows from:
c

Z be(s —a) = s(s> + 1% — 8Rr)

Let’s get back to the main problem.

Using 12 < s(s — a) and Lemma we obtain:

12 s(s—a) s*4+r>—8Rr _/R\?2
2 Tyl = 2 hyhe 42 S(?) -

where the last inequality is equivalent with: s* < AR* + 8Rr — 5r?

which follows from Gerretsen’s inequality: s> < 4R + 4Rr + 3r>
and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.
The inequality can be strengthened:
3) In AABC:
2 R\2 R
<l—)] ——+1
Z hyh. _( r ) r +
Proof.

Using 12 < s(s — a) and Lemma, we obtain:

12 s(s—a) s*4+r?—8Rr (R\2 R
D S T T 4w <(3) -

where the last inequality is equivalent with:

s2 <4R% + 4Rr + 3r* (Gerretsen’s inequality).
Equality holds if and only if the triangle is equilateral.

Remark.
Inequality 8) is stronger then inequality 1):
4) In AABC:
12 R\2 R RN\2
e (V1< ()~
Zhbhc_(r) r+ _(r)
Proof.

See inequality 3) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
Let’s find an inequality having an opposite sense:
Lemma.
5) In AABC
la
Yy
hph,
Proof.
Using l, > h dzh‘% > 3, which follows fi Zh3>(2h“)2>3
sin, an which follows from: = .
Il =t hyhe = hohe = > hohe =

Above we have used Bergstrém’s inequality and the following inequality:
(z+y+2)* > 3(zy +yz + 22)
Equality holds if and only if the triangle is equilateral.
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Remark.
We can write the following sequence of inequalities:
6) In AABC:
12 R\2 R RN\ 2
s< 3B (M gy
hyh, r r r
Proof.

See inequalities 8) and 5).
Equality holds if and only if the triangle is equilateral.

O
Remark.
Regarding the above Lemma we propose:
7Y AABC
3R — R\2 R
7gzs(s a) S(*) _R
2r hyh, T r
Proposed by Marin Chirciu - Romania
Proof.

Using the Lemvma and Gerretsen’s inequality 16Rr — 5r% < s < AR? + 4Rr + 312

See inequalities 8) and 5).
Equality holds if and only if the triangle is equilateral.

O
Remark.
Replacing h, with r,, we propose:
8) In AABC:
— 3R
3 < Z s(s —a) < 3R
TpTe 2r
Proof.
We use Z s(s —a) = 3 and Fuler’s inequality R > 2r.
TpTc
Equality holds if and only if the triangle is equilateral.
O
Remark.

s(s —a) s(s —a) , ‘ ‘ )
Between the sums ———= and , we can write the following relationship:
Z ToTe Z hyh. [ g D

9) In AABC

s(s —a) s(s —a)
2 <2 Th

TbTc
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Proof.

— — 2 28R
Using the sums Z M =3 and Z s(s—a) =2 tr ! we write the
TpTc

following inequality: 3 <

hyhe 472

2 .2
s —8hr & 52 > 8Rr + 1172, which follows from

4r2
Gerretsen’s inequality s> > 16Rr — 512 and Euler’s inequality R > 2r.
O
Remark.
We can write the sequence of inequalities:
10) In AABC
s(s—a 3R s(s—a R\2 R R\2
3y oA R ghsloa) By R (B
TpTe 2r hyh, T T T
Proposed by Marin Chirciu - Romania
Proof.
See inequalities 7) and 8).
Equality holds if and only if the triangle is equilateral.
|
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