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1) In AABC
g Mammyme (a+b+c)d
hgohph, - 3abc
Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.
We prove the following Lemma
Lemma
2) In AABC
MaMpM, R
_— >
hohyhe — 2r
Proof.
25 252
From mg > /p(p —a) and h, = - we have mqempm. > Sp and hohyhe = =
M MpMe R
h —_— > .
wherefrom Touhe = 2
|

Let’s pass to solving the inequality from enunciation.
Using the Lemma and a + b+ ¢ = 2p, abc = 4Rrp it suffices to prove that:
8p? AR+ - 2p?

8 £+1> &
2r ~ 3-4Rrp r — 3Rr

which follows from Gerretsen’s inequality: p*> < 4AR*4+4Rr+3r%. It remains to prove that:
2(4R* 4+ 4Rr +3r?) < 3R(4R+71) < 4R?> —5Rr —6r> >0 < (R—2r)(4R+3r) > 0
obviously from FEuler’s inequality R > 2r.

< 2p® <3R(4R+ 1),

The equality holds if and only if the triangle is equilateral.

Remark 1.

The inequality can be developed:



2 MARIN CHIRCIU

3) In AABC
b 3 16
JMameme oy (@t bdo)r e 16
hohph, 3abc 3
Proposed by Marin Chirciu - Romania
Proof.

Using Lemma and a + b+ ¢ = 2p,abc = 4Rrp it suffices to prove that:

R 8p? AR+ (18 = 2\)r _ 2p? 9 5
A — —A> > — < d4p° <3) 4 — 6\
o TS S Ry © 2 Z 3gy O S AR+ (54— 6A) Rr

which follows from Gerretsen’s inequality: p*> < 4R*4+4Rr—+3r%. It remains to prove that:
4(AR*+4Rr+3r?) < 3AR?+(54—6\)Rr < (3A—16)R?+(38—6\)Rr—12r* > 0 <
(R —2r)[(B\— 16)R + 6r] > 0, obviously from Euler’s inequality R > 2r
and the condition 3\ — 16 > 0.

Equality holds if and only if the triangle is equilateral.

|
Note
For A = 8 we obtain inequality 1.
Remark 2.
The best inequality having the form of 8) is:
4) In AABC
g Maememe L (et bt o)
hahchc - abce
Proof.
(a+b+c)® 16 11 AL
a c MeMpMe MaMpMc
We have ~—— < — . 22 <L "<\ 2219 )\
R TR e T3 halwhe 3 = 0 Thawhe T
16 , 16 16
where (1) (:)()\_?)% > /\—g, obviously from \ > 3 is % > 1.
Equality holds if and only if the triangle is equilateral.
O
Remark 3.
In the same way we can propose:
5) In AABC
" . 3 1 p3 3 4
)\.w%_l_)\zw,where)\zf.
hahbhc 3abc 3

Proposed by Marin Chirciu - Romania
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Proof.
Using the Lemma and a®>+b°+c = 2p(p?—3r2—6Rr), abc = 4Rrp it suffices to prove that:
R 2p(p? — 3r2 — 6Rr AR+ (2—2N)r _ p> —3r2 —6Rr
A'§+1_)\Z ( 3-4Rrp )(:) (2r : = 6Rr <
& p? < 3AR% + (12 — 6\)Rr + 32, which follows from Gerretsen’s inequality:
p? < AR? 4+ ARr + 3r2. It remains to prove that:
4R? + 4Rr + 3r2 < 3AR? + (12 — 6\)Rr + 3r? & (3\ — 4)R%* > (6A — 8)Rr
(3A\—4)(R—2r) > 0, obviously from Euler’s inequality R > 2r and the condition 3A—4 > 0.
Equality holds if and only if the triangle is equilateral.

O
Remark 4.
The best inequality having the form of & is:
6) In AABC
MaMpMe a® + b3+ 8
hohphe = abe
Proof.
See solution from Remark 2.
O
7) In AABC
b 2 4
P LU S C . ) S A
hohphe 3(ab + bc + ca) 9
Proposed by Marin Chirciu - Romania
Proof.
Using Lemma and a+b+c = 2p, ab+be+ca = p>+r>+4Rr it suffices to prove that:
R 4p? AR+ (2 —2)\)r 4p?
Ar—4+1-A> & > &
2r * ~ 3(p2+r2+4Rr) 2r ~ 3(p?+r2+4Rr)

& 8rp? < (p? + 12 +4Rr)[3AR + (6 — 6)\)r]

& p*[AAR — (6X 4 2)r] + (4R + 7)[3AR + (6 — 6)\)r] > 0.
We distinguish the cases:
Case 1). If 3AR — (6 + 2)r > 0 the inequality is obvious.
Case 2). If 3AR — (6A + 2)r < 0 the inequality can be rewritten
P2[(6A +2)r — 3AR] < r(4R + 7)[3AR + (6 — 6))r],
which follows from Gerretsen’s inequality: p* < 4AR?*4+4Rr+3r%. It remains to prove that:
(4R% 4 4Rr + 3r)[(6A + 2)r — 3AR] < 7(4R 4 r)[3AR + (6 — 6)\)r]
& 3A\R? —2R*r + (4 — 9NRr? —6M3 > 0 &
& (R—2r)[3AR? + (6A — 2)Rr + 3\%] > 0

obviously from Fuler’s inequality R > 2r and the condition n >

[SUNRTN

Equality holds if and only if the triangle is equilateral.
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Remark 5.
The best inequality having the form of 7) is:
8) In AABC
M MpMe, S 3(a+b+c)?
hgohph, — ab+ be+ ca
Proof.
See solution from Remark 2.
|
9) In AABC
" . 2 4 p2 2 4
-m+1—)\2w,where)\2—
hohyh, ab 4+ be + ca 9
Proposed by Marin Chirciu - Romania
Proof.

Using the Lemma and a®> +b*>+c* = 2(p2 —r?— 4Rr),ab+bc+ca = p?+r2+4Rr

it suffices to prove that:
R 2p*> =12 —Rr) AR+ (2-2\)r _ 2(p* —r*—Rr)
Am b1 A> >
27“+ ~ p*+r2+Rr < 2r ~ p2 +r2+Rr
< P?[AR — (2\ + 2)r] + 7[AAR? 4 (24 — TA)Rr + (6 — 20\)7?] > 0

We distinguish the cases:

Case 1). If AR—(2M+2)r > 0 we use Gerretsen’s inequality. It remains to prove that:
(16Rr — 5r*)[AR — (2A + 2)7] + r[4AAR* + (24 — TA)Rr + (6 — 2\)7%] > 0
& 5AR? — (1IN +2)Rr + A+ 4)r2 >0 < (R—2r)[BAR — (A +2)r] > 0
2
obviously from Euler’s inequality R > 2r and the condition n > 7
Case 2). If AR — (2\ + 2)r < 0 we rewrite the inequality
P2\ + 2)r — AR] < r[4AR? + (24 — TA)Rr + (6 — 2\)r?],
which follows from Gerretsen’s inequality: p*> < 4AR*4+4Rr—+3r%. It remains to prove that:
(4R% + 4Rr + 3rH)[(2\ + 2)r — AR] < r[4AR? + (24 — TA)Rr + (6 — 2)\)r?]
S AR —2R*r + (4 — 3N Rr? — A\r® > 0 (R — 2r)[AR* 4+ (2\ — 2)Rr + A\r?] > 0
4
obviously from Fuler’s inequality R > 2r and the condition n > 9

Equality holds if and only if the triangle is equilateral.

Remark 5.
The best inequality having the form of 9) is:
10) In AABC
MaMpMe 9(a? + b2 + ¢?)
m — ab+bc+ ca
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Proof.
See solution from Remark 2.
|
11) In AABC
3(a? +b*+ 2 1
JMaMeme oy 3@ 04T et
hohphe (a4 b+ c)? 3
Proposed by Marin Chirciu - Romania
Proof.

Using the Lemma and a* +b* + ¢ = 2(p> — > —4Rr),a+b+c=2p

it suffices to prove that:
R 6(p? —r? — Rr) AR+ (2—=2\)r _ 3(p*> =72 — Rr)
A — > >
A o +1-X> 172 & or > 502 &
< p?[AR — (2A + 1)r] + 3r2(4R + 1) > 0.

We distinguish the cases:
Case 1). If \R — (2A 4 1)r > 0 obviously inequality.
Case 2). If AR — (A + 1)r < 0 we rewrite the inequality
P2 [(2X\ + 1)r — AR] < 3r2(4R + 1), which follows from Gerretsen’s inequality:
p? < 4R% + 4Rr + 3r%. It remains to prove that:
(4R%* 4+ 4Rr + 3rY)[(2A + 1)r — AR] < 3r?(4R+ 1) &
S AARP— (40N +4)R*r+(8—5N)Rr?—6Ar3 > 0 & (R—2r)[A\R*+(4\—4)Rr+3)\r%] > 0

1
obviously from Euler’s inequality R > 2r and the condition n > 3

Equality holds if and only if the triangle is equilateral.

O
Remark 5.
The best inequality having the form 11) is:
12) In AABC
" . 9(a? L b2 2
Mo Mpm 2> (a* + b* 4+ ¢?)
hohyhe (a+ b+ c)?
Proof.
See the solution from Remark 2.
O
13) In AABC
3 b 8
Mameme oy VBadbte) L eas S,
hahbhc hu. + hb + hc 5

Proposed by Marin Chirciu - Romania
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Proof.
2 2 AR
Using the Lemma and a+b+c = 2p, hy+hy+h, = % it suffices to prove that:
R -2p-2 4-2 4R -
VB Lo s V3-2p-2R AR+ ( Nr R-pV3
2r p2 + 12+ 4Rr 2r 2p?

< p* AR — 2\ + 1)r] + 3r2(4R +7) > 0.
We distinguish the cases:
Case 1). If \R — (2XA + 1)r > 0 the inequality is obvious.
Case 2). If AR — (2\ + 1)r < 0 we rewrite the inequality
P2[(2A + 1)r — AR] < 3r2(4R + 1), which follows from Gerretsen’s inequality:
p? < 4R% + 4Rr + 3r%. It remains to prove that:
(4R* + 4Rr + 3r*)[2\ + 1)r — AR] < 3r*(4R + 1) &
S AR —(4MH4) R2r+(8—5N) Rr? =6 1 > 0 < (R—2r)[AAR*+(4\—4)Rr+3)\%] > 0

1
obviously from Fuler’s inequality R > 2r and the condition n > 3

Equality holds if and only if the triangle is equilateral.

O
Remark 5.
The best inequality having the form of 11) is:
14) In AABC
MaMpMe 9(a? + b2 + ¢?)
hohphe. ~— (a+b+0)?
Proof.
See the solution from Remark 2.
O

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNOMIC COLLEGE, DROBETA
TurNU - SEVERIN, MEHEDINTI.

E-mail address: dansitaru63@yahoo.com
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1) In AABC
2p%(p? — 3r2 — 12R
Zra(rb—rc)zz p?(p r )
4R + r

Proposed by Mihdly Bencze - Romania

Proof.
We prove the following lemma:
Lemma 1.
2) In AABC
Zra(rb —7r.)? = 4p*(R — 2r7).
Proof.

We have
Z ra(ry — rc)z = Z ra(rg + rf —2rpre) = Zra(rg + 7’3) — 6ryrpTe =

2.,.2.,,2 .2
= Zm(ru +ry s —rs) — 6rerpre =

= Z Ta Z 7“2—2 r3—6r,ryre = (AR+T) [(4R+r)2—2p2] — {(4R—|—7’)3—12Rrp2 = 4p*(R—2r)
t

Let’s solve the inequality in the statement.

Using Lemma 1 the inequality can be written:
2p?(p? — 3r2 — 12Rr)
4R+ r
which follows from Gerretsen’s inequality: p? < 4AR*+4Rr+3r%. It remains to prove that:

4R? +4Rr+3r* <8R? —2Rr —r? & 2R* - 3Rr —2r* > 0 < (R—2r)2R+7) >0

4p*(R —2r) > < p? <8R? —2Rr —r?

obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark 1.
The inequality can be developed:
3) In AABC
?(p* —3r? —12R
Zra(rb — 'rc)z > np”(p r T), where n < 4.
4R + r
Proof.

If n <0 the inequality is immediate because p*> — 3r2 — 12Rr > 0
true from Gerretsen’s inequality: p°> > 16Rr — 512 and Euler’s inequality R > 2r.
Next we consider n > 0.
Using Lemma 1 we write the inequality:
np?(p* — 3r2 — 12Rr)
4R+
which follows from Gerretsen’s inequality: p? < 4AR?>4+4Rr+3r% and the condition n > 0.
It remains to prove that:
n(4R?*+4Rr+3r?) < 16 R*+(12n—28) Rr+(3n—8)r? < (4—n)R*+(2n—T)Rr—2r* > 0.
< (R—-2r)|(4—n)R+ r] > 0 obviously from Euler’s inequality R > 2r

4p*(R — 2r) > & np? <16R? + (12n — 28)Rr + (3n — 8)r?

and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

Note
For n = 2 we obtain inequality 1).
Remark 2.

The best inequality having the form of 8) it’s obtained for n = 4:

4) In AABC
5 _ 4p*(p* — 3r* — 12Rr) _ np?*(p? — 3r2 — 12Rr)

Z T‘a(’l“b - TC) > >
4R + r 4R + r

Proof.

4p?(p* — 3r? — 12Rr) < np?(p? — 3r% — 12Rr)
AR+ r - AR+ ’

true from 102 —3r2 —12Rr > 0 and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

We use inequality 8) for n = 4 and

O
Remark 3.
Inequality 8) can also be developed:
5) In AABC
2(p>+ (2X —27)r2 — AR
Zra(rb—rc)z > np”(p” + ( ) r), where n < 4 and A\ > 11.

4R + r
Proposed by Marin Chirciu - Romania
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Proof.
If n < 0 the inequality is immediate because p* + (2\ — 27)r* — ARr > 0
true from Gerretsen’s inequality: p*> > 16Rr — 512, Euler’s inequality R > 2r
and the condition X > 11.
Next we consider n > 0.
Using Lemma 1 we write the inequality:
np?(p* + (2X — 27)r? — ARr)
4R +r <
= 4(R—2r) (4R + 1) > n(p® + (2X — 27)r% — ARr)
which follows from Gerretsen’s inequality: p* < 4R*4+4Rr+3r% and the condition n > 0.

4p*(R —2r) >

It remains to prove that:
4(R —2r)(4R +71) > n(4R* + 4Rr + 3r* + (2\ — 27)r* — \Rr) &
& (16 — 4n)R* + (An — 4n — 28)Rr + (24 — 2\n — 8)r* > 0 &
< (R—2r) [(16—4n)R+(4+/\n—12n)r} > 0 obviously from Euler’s inequality R > 2r
and the conditions n < 4, \ > 11.
Equality holds if and only if the triangle is equilateral.

Note
Forn =2 and A = 12 we obtain inequality 1), and for A = 16 we obtain inequality 5).
Remark 4.
The best inequality having the form of 5) we obtain for n =4 and A = 11:
6) In AABC

> ralre—re)® >
where n < 4 and A > 11.
Proof.

4p?(p? — 572 — 11Rr) S np?(p? + (2 — 27)r% — ARr)
4R +r - 4R+ r

We use inequality 5) for n =4 and A = 11 and
4p?(p? — 5r? — 11Rr) - np?(p? + (2X — 27)r? — ARr)
4R+ r - 4R+ r
and p* — 57 — 11Rr > p* + (2A = 27)r? = ARr & (A — 11)(R — 2r) > 0,
and the condition A > 11.
Equality holds if and only if the triangle is equilateral.

is true from the condition n < 4

Remark 5.
In the same way we can propose:

7) In AABC
Za(b —¢)? > nS(R — 2r), where n < 4.

Proposed by Marin Chirciu - Romania
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Proof.
We prove the following lemma:
Lemma 2
8) In AABC
z a(b— c)? = 2p(p® + r? — 14Rr).
Proof.

We have
Z a(b—c)* = Z a(b*+c*—2bc) = Z a(b*+c?*)—6abc = Z a(a®+b*+c*—a*)—6abe =
= ZaZaZfZaB—Gabc = 2p-2(p? —1r? —4Rr) —2p(p® — 32 —6Rr) —6-4Rrp =

= 2p(p® +r* — 14Rr).
(]

Let’s solve the proposed inequality.
Using Lemma 2 we write the inequality:
2p(p>+1r2—14Rr) > nrp(R—2r), which follows from Gerretsen’s inequality: p* > 16 Rr—5r>
It remains to prove that:
4r(R—2r) > nr(R—2r) & (4—n)(R—2r) > 0, obviously from Euler’s inequality R > 2r
and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

Remark 6.
The best inequality having the form of 7) it’s obtained forn =4 :

9) In AABC
Za(b —¢)? > 4S(R — 2r) > nS(R — 2r), where n < 4.

Proof.
See inequality 7) for n =4, and 4S(R—2r) > nS(R—2r) < (4—n)(R—2r) >0,
obviously from n < 4 and R > 2r.

Equality holds if and only if the triangle is equilateral.

10) In AABC
nS2(R — 27r)
R2
Proposed by Marin Chirciu - Romania

, where n < 2.

> ha(hy — he)? >
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Proof.
We prove the followin lemma:

Lemma 3.
11) In AABC
rp?(p? + r? — 14Rr)
R2

> ha(hs — he)® =

Proof.
We have:

Z ha(hy — he)? = Z ha(h2 + h? — 2hyh.) = Z ha(h? + h?) — 6hohyh, =
= ha(hZ + hi + h? — h?) — 6abe =

, 2(p2 412 — 14
=3 ha Y125 W3 —6hahyh. = 2 (p” + ;2 Br) the tast equality follows from:

S by = 7%;4%2@ ~(ha) 23 ke, 3 o = 2292
3
th _ (Zha> —3H(hb —f—hc)’H(hb +hc) _ TpQ(pQ —|—R7422 —|—4RT)

Let’s solve the proposed inequality.
Using Lemma 3 we write the inequality:
rp?(p* +r? — 14Rr) S nr?p?(R — 2r)
R? - R?
which follows from Gerretsen’s inequality: p?> > 16Rr—5r2. It remains to prove that:
16Rr—5r2+r2—14Rr > nr(R—2r) < 2r(R—2r) > nr(R—2r) < (2—n)(R—2r) > 0,
obviously from Fuler’s inequality R > 2r and the condition n < 2.

& p? 412 — 14Rr > nr(R — 2r)

Equality holds if and only if the triangle is equilateral.

Remark 7.
The best inequality having the form of 10) it’s obtained for n =2 :
12. In AABC
25%(R — 2 S?(R -2
S ha(hy — hey? > 25 B =2r) o nS(R = 2r)
R? R?

, where n < 4.

Proof.
25%(R—2r) _ nS*(R—2r)
>
R2 - R2
obviously from n < 2 and R > 2r.

See inequality 10) for n =2, and < (2—n)(R-2r) > 0,

Equality holds if and only if the triangle is equilateral.
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MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoONOMIC COLLEGE, DROBETA
TURNU - SEVERIN, MEHEDINTI.
E-mail address: dansitaru63@yahoo.com
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Problem PP 26038 Octogon Mathematical Magazine
1) In AABC

1
> (Ma + mp)(mp + me) < 5(11192 —9r2 — 36Rr).
Proposed by Mihdly Bencze - Romania

Proof.
3
Using Zmi =1 Z a’, 4mym,. < 2a* + be, Z(f =2(p* —r? —4Rr) and

Z be = p? 4+ 12 + 4Rr we obtain:

Z(ma+mb mp+m,) Zm +3Zmbmc < 42@ +4 Z 2a +bc) = 32& +Zbc

3 3
=2 [6(p2 — 12 —ARF) +p? 412 + 4Rr} = $(7p* = 502 = 20Rr).

The inequality we have to prove can be written:

3 1
1(7])2 —5r? —20Rr) < 5(11})2 —9r? —36Rr) < p* > 3r(4R + 1)

which follows from Gerretsen’s inequality: p*> > 16Rr — 5r2
It remains to prove that: 16Rr — 572 > 3r(4R+r) < R > 2r,
obviously from Fuler’s inequality.

Equality holds if and only if the triangle is equilateral.

Remark 1.

Inequality 1) can be developed:
2) In AABC

3" (ma + M) (i + Ame) < 24 L[5+ 6)p7 — (A +2) - 3r(4R + )]

where X\ € R.

Proposed by Marin Chirciu - Romania
1
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Proof.
> (ma + M) (mp + Ame) =AY m2 4+ (A +A+1) Y mpm, <

sA~%Zau(vuﬂ)&z(zaubq:
:i[(Z/\?—I—F))\—s—Z)ZaQ—&-()\Q+/\+1)Zbc] =

{(2)? +5A+2)-2(p* — 12 —4ARr) + (N A+ D) (P* + 2 + 4Rr)} =

>~

1
=3 [(5)\2 F1IA+5)p% — (A2 43X+ 1) - 3r(4R + r)} .
The inequality we have to prove can be written:
{(5)\2 + 1A+ 5)p* — (A2 + 31+ 1)-3r(4R + r)} <

< % (53602~ (A +2) - 3r(4R +7)] &

s p? > 3r(4R+r), which follows from p? > 16Rr—5r% (Gerretsen) and R > 2r (Euler).
Equality holds if and only if the triangle is equilateral.

I

O
Note

For A =1 we obtain inequality 1).
Problem PP 26039 Octogon Mathematical Magazine

3) In AABC
Z 1 > 18
(mgq + mp)2 = 11p2 — 9r2 — 36Rr
Proposed by Mihdly Bencze - Romania
Proof.
‘ P S 1 1
We use the inequality x°+y~+2° > xy+yz+zx, for x = Y = ,
Mg + My my + Mme
1
2= ———— and inequality 1). We obtain:

Me + Mg

1 1 9
2 w2 2 G T ¥ ) 2 S T ) ) 2
9 18

> .
~ 1(11p? —9r2 —36Rr)  11p? — 972 — 36Rr
Equality holds if and only if the triangle is equilateral.

O
Remark 2.
Inequality 8) can be developed:
4) In AABC
1 36

2 (- Ams)2 = A+ DIGA T 6)p2 — (A1 2) - 3r@R 1 )]’ e A=

Proposed by Marin Chirciu - Romania
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Proof.
We use the inequality 2* + y* + 22 > xy + yz + 2z,
1 1 1
or x = Y = ,2 = and inequality 2). We obtain:
f Me + Ay Y my + A, Me + Ay 1 v2)

1 1 9

> > >

Z (Mg + Amp)2 — Z (Mg + dmp)(mp + Ame) — Y (ma + Amp)(mp + Ame) —
9 36

> .
TARGA 6P — (A +2)-3r(@R+ 7)) A+ DIBA+6)p* — (A +2) - 3r(4R + 1)
Equality holds if and only if the triangle is equilateral.

]

Note
For A =1 we obtain inequality 3).

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcONOMIC COLLEGE, DROBETA
TURNU - SEVERIN, MEHEDINTI.
E-mail address: dansitaru63@yahoo.com
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1) In AABC
3 3 3 2 IR\ 3
43 408 4 24rp 3(7)
Proposed by Daniel Sitaru - Romania
Proof.

Using the known identity in triangle v3 + 13 + 13 = (4R + ) — 12Rp?

. 3
the desired inequality can be written: (4R + )3 — 12Rp* + 24rp? < (?) &
. 9RN 3
< (4R +7)% < 12p%*(R — 27")+(?>
which follows from Gerretsen’s inequality: p° > 16 Rr—5r% and the observation that R—2r > 0

It remains to prove that:

3
(4R+7)? < 12(16Rr—5r2)(R—2r)+<?) o 217R%+1152R%r—3648Rr2 19521 > 0 &

(R —2r)(217R? + 1586 Rr — 4761r%) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O

Remark.
The inequality can be developed:

2) In AABC
3R\3
rg +rg’ —|—rg' + nrp? < (n—|—3)(7) , where 16 < n < 24

Proposed by Marin Chirciu - Romania

Proof.
Using the known identity in triangle: v3 + 3 + 12 = (4R +r)® — 12Rp?

3R\3
the requested inequality can be written: (4R—|—T)3—12RpQ—|—m°p2 < (n+3) (7) &

& (4R +1)® < p*(12R —nr) + (n + 3) (?)3,

which follows from Gerretsen’s inequality: p*> > 16Rr—5r% and the observation that
12R — nr > 0, true for n < 24.
It remains to prove that:

(4R + 1) < (16Rr — 57°)(12R — nr) + (n + 3) (?f
1
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& (27Tn — 431)R? + 1152R%*r — (128n 4 576)Rr?® + (40n — 8)r® > 0 &
& (R—2r)[(27Tn — 431)R? + (54n 4 290)Rr + (4 — 20n)r%] > 0
obviously from Euler’s inequality R > 2r and the condition 27n — 431 > 0
checked by n > 6.

Equality holds if and only if the triangle is equilateral.

Note.
For n = 24 we obtain inequality 1).

Remark.

Taking into account that roryre = rp* inequality 2) can be reformulated:
3) In AABC

3 3 3 3R\3
.+ 71, + 1.+ nrerere < (n+ 3) (7) , where 16 < n < 24.
MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNnoMIC COLLEGE, DROBETA

TURNU - SEVERIN, MEHEDINTI.
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1) In AABC
2 A 2 B 2C
cos 5+cos §+cos 2 S 1
r2 r? r2  ~ 2Rr
Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.
We prove the following lemma:
Lemma 1.
2) In AABC
2 A 2 B 2 C
cos? 5 n cos? 5 + cos® 3 _ i_ 1 <4R+r)2.
r2 r? r2 r2  2Rr p
Proof.
A — S
Using the following formulas cos® — = IM and r, = —— we obtain:
2 be p—a
Zcoszé -y i 2y (p—a) p Yap—a)P®

r2 (pfz.)? 52 be r2p2 abc

_ 1 ARrp* =2r*(AR+7r)* 11 <4R+r>2

Cr2p 4Rrp 72 2Rr D '

Let’s prove inequality 1).
Using Lemma 1 inequality 1) becomes:
1 1 /4 2 1
ol TM( Rp+ T) > Shr < p*(2R —r) > (4R + )2, which is true from

Gerretsen’s inequality p*> > 16Rr — 5r%. It remains to prove that
(16Rr —5r?)(2R—7r) > r(4R+7)*> & 8R* —1TRr+2r* > 0 < (R—2r)(8R—7r) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.
Let’s find an inequality having an opposite sense:
3) In AABC
cos? % cos? g cos? % 1 12
red g ()
r2 r? r2 T\R r
Proposed by Marin Chirciu - Romania
Proof.
Using Lemma 1 inequality 3) can be written:
1 1 (4R+r>2<<1 1)2 2<R(4R+7ﬂ)2
r2  2Rr D “\R r ~ 2(2R-r)
(Blundon - Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.
O
Remark.
The double inequality can be written:
4. In AABC
1 cos? % cos? % cos? % 1 1\2
comd ot g (2
2Rr r2 Ty T2 R r
Proof.
See inequalities 1) and 3).
|
Remark.
In the same way we can propose:
5) In AABC
1 sin? % sin? % sin? % 1
< +—=+ <
R2%p r2 g r2 4r2p
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.
6) In AABC
sin? g sin? % sin? % 1
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Proof.
A —b)(p-—
Using the following formulas sin? — = w and rq = we obtain:
2 be p—a
. —b)(p—c
ZSIH2%:Z(p {),Ep ):H(p_a) i:r2p&:1 2p _ 1
r2 (pEYZ)Z S2 bc r2p2 abc p 4Rrp 2Rrp’
|

Let’s prove the double inequality 5).
Using Lemma 2 double inequality 5) can be written:
Lo 1.
R2p — 2Rrp — 4r?p
Equality holds if and only if the triangle is equilateral.

& 4r? < 2Rr < R? & 2r < R (Buler’s inequality).

|
7) In AABC
4 tan? g tan? g tan? % 1
+ < —
9R2 — 2 r? r2 T 9r2
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 3.
8) In AABC
tan? % n tan? % n tan? % _ 3
r2 r? r2 p?
Proof.
A —b)(p—
Using the following formulas tan® — = w and r, = we obtain:
2 p(p —a) p—a
A (p—b)(p—c)
Ztan25 _y ew H(p*a)zlz r’p .3
72 52 S2p 7293 P2

(p—a)

Let’s prove the double inequality 7).
Using Lemma 3 the double inequality 7) can be written:
4 3 1 27R?
R < Iﬁ < 9,2 & 2Tr? < p? < 1 (Mitrinovié’s inequality).

Equality holds if and only if the triangle is equilateral.
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9) In AABC
1 _ cot? 4 N cot? 2 cot? $ < 4R? —10Rr + 5r°
r2 = r2 r? rz - rd
Proposed by Marin Chirciu - Romania
Proof.
We prove the following Lemma:
10) In AABC
cot? 2 N cot? 2 n cot> S  p* — 16Rrp® + 2r2(4R + r)?
r2 2 r2 - rdp2
a b c p
Proof.
A — S
Using the following formulas cot®> = = M and r, = —— we obtain:
2 (p=blp—o p—a
A _plp—a) .
> cot? § N bpe) _ 5 p-ap® _p  Ne-at
e ey 2= p=bp-c P p—a)p-b)p-0c

1 Yp-a)' 1 p'—16Rrp* +2r*(4R+7)> _ p' —16Rrp® + 2r*(4R +1)*

r’p [Ilp—a) r?p r2p rip?

O

Let’s prove the double inequality 9.
Using Lemma 3 the double inequality 9) can be written:
1 < pt —16Rrp® + 2r2(4R + 1) < 4R? — 10Rr + 572

rip2 4
The first inequality can be transformed equivalently:
1 < p* —16rp® + 2r2(4R + 1)
2 = rip2
& p?(p® — 16Rr — r?) + 2r°(4R + 1) > 0.
We distinguish the following cases:
Case 1). If p> — 16Rr — 12 > 0, the inequality is equivalent.
Case 2). If p*> — 16Rr — 12 < 0, the inequality can be rewritten:
p?(16Rr 4 12 — p?) < 2r2(4R + 1)?, which follows from Gerretsen’s inequality:

16Rr — 5r% < p? < 4R% + 4Rr + 3r%. It remains to prove that:

(4R?4+4Rr +3r*)(16Rr +1° —16Rr 4+ 5r%) < 2r?(4R+7)> © R*—Rr—2r* > 0 &
< (R—2r)(R+r) >0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

r2

o pt —16Rrp?> + 2r°(4R +7)2 > r3p? &

Let’s prove the second inequality.

4 — 16Rrp® + 2r2(4 2 2r%(4 §
We have 2 6Rrp j;ﬂ(R—H“) :j{pQ—lﬁRr—ijﬂ}é
rep r p
. ) w2(4R+r)2| 1., )
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4R? — 10Rr + 512
= i ror , where, above were used inequalities p* < AR*+4Rr+4r? and
r
P> r(4R +1)?
R+r
Equality holds if and only if the triangle is equilateral.

, true from Gerretsen’s inequality.

O
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1) In AABC
be ca ab 2r
+- 2 >5-2
TeTe TeTa  TaTb R
Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.
We prove the following lemma:
Lemma 1.
2) In AABC
be ca ab 4R + r\ 2
- (At
TpTe TcTa TaTbh b
Proof.
) S .
Using the formula r, = H we obtain:
be be 1 1 55 9 4R +1r\?2
) e 2 S5 @Zbe(l’—b)(p—@ = W AR)T] = 1+( ; )
O

Let’s prove inequality 1).
Using Lemma 1 inequality 1) can be written:

4R 4 1r\2 2r 5 _ RAR+71)?
>5-2 < T
1+ ) zs-pers (2R — 1)

, which is Blundon-Gerretsen’s inequality.

p
Equality holds if and only if the triangle is equilateral.
O
Remark.
Let’s find an inequality having on opposite sense:
3) In AABC

bc ca ab R

S

TeTe  Tela  TaTh T

Proposed by Marin Chirciu - Romania
1
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Proof.
Using Lemma 1 inequality 3) can be written:
4 2 4 2
1+( R+r> < 2+§ TS r(4R +r)
D r R+r
which follows from Gerretsen’s inequality p*> > 16Rr — 5r>.
Equality holds if and only if the triangle is equilateral.
O
Remark.
The double inequality can be written:
4) In AABC
2r bc ca ab R
5—— < + + <2+ —.
R TTe TeTa  TaTb T
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
O
Remark.
In the same way we can propose:
5) In AABC
bc ca ab R\2 3 R 3
4< + + <a(Z) -2+
~— hpyh. hchg  hghy — T 4 r 2
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.
6) In AABC
be L ab  p*4p?(2r> —8Rr) + r?(4R +1)?
hohe = hchg — hohy 4r2p2
Proof.

28
Using the formula h, = - e obtain:

be be 1 20 1 4, 2002 2 21 _
Z hbhc = Z @ = r‘gQ Zb c = 4’["2p2 [p +p (27‘ 8RT)+7' (4R+T> ] =
B pt 4+ p%(2r? — 8Rr) + r?(4R + r)?

4r2p2
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Let’s prove the double inequality 5).

Using Lemma 2 the left inequality from 5) can be written:
< At ii;)2+ PR+ )" & p*p?(2r—8Rr)+r?(4R+7)% > 16r%p* <
pt — p?(14r% + 8Rr) + r> (4R +7)? > 0 & p*(p? — 1472 — 8Rr) + (4R + )% > 0.

We distinguish the following cases:
Case 1). If p*> — 14r% — 8Rr > 0, the inequality is obvious.
Case 2). If p? — 1412 — 8Rr < 0, inequality can be rewritten:
p?(8Rr + 1412 — p?) < r*(4R + 1), which follows from Gerretsen’s inequality

16Rr — 512 < 102 < AR? + 4Rr + 3r%. It remains to prove that:

(4R? 4+ 4Rr + 3r®)(8Rr + 14r* — 16Rr + 5r?) < r?(4R +r)* &

& (AR*+4Rr+3r?)(19r —8R) < r(4R+7)? © 8R* —7TR*r —11Rr* —14r® > 0 &
< (R—2r)(8R? +9Rr + 7r?) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Let’s prove the right inequality from 5):

4

We have
be R ab  p*+p*(2r? —8Rr) +r*(4R+r)?
hohe — heha  hahy 4r2p? B
1 75 409 r?(4R +1)? 1 5 9 oo r?(4R +r)?
_ 472[19 +or —8Rr+T] < o3 [ARHARMA3 4 2?8 R+ e | =
R+r
1 4R? — 3Rr + 612 RN2 3 R 3
= —(4R? -4 2 - :4(f) _2 a2
47“2( R Rr+5r°+r(R+7)) 2 . 1Ty
4 2
In the above inequality we’ve used p> < 4R* + 4Rr + 3r% and p* > %
r
which follows from Gerretsen’s inequality.
Equality holds if and only if the triangle is equilateral.
O
7) In AABC
2+<7’)2<hbhc+hcha+hahb <3’r(2 ’I")
R/ — bc ca ab T R
Proposed by Marin Chirciu - Romania
Proof.
Let’s prove the following lemma:
Lemma 3.
8) In AABC

hyh. hchg  hohy  p?2 — 7% — 4Ry
+ + = .
be ca ab 2R2
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4
Proof.
. 285 .
Using the formula h, = — we obtain:
a
hyhe % 2 2 1 22 20
= c - 45 _— = 4 . =
be Z be Z b2¢? TP e
_ a2yt 2(p? —r? —4Rr) _ p?> —r2 —4Rr
16 R?r2p? 2R?
|
Let’s prove the double inequality 7).
Using Lemma 3 the double inequality 7) can be written:
r\2 _p?>—1r2—4Rr _3r r
(5 < <o)
+ R/ — 2R? R R
which follows from Gerretsen’s inequality 16Rr — 5r* < p*> < 4R? + 4Rr 4 3r%.
Equality holds if and only if the triangle is equilateral.
O
9) In AABC
9r < TpTe " TeTa n TaTh < 9
2R — bc ca ab — 4
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 4.
10) In AABC
TpTe + TcTq " Talb _ 2+
bc ca ab 2R
Proof.
Using the formula r, = i we obtain:
p—
s s
e p—b  p—c 9 1 9 o 4R+7r AR+
= — =5 _— = . = .
be Z be Z be(p —b)(p—¢) np 2Rr2p? 2R
|

Let’s prove the double inequality 9).
Using Lemma 4 the double inequality 9) can be written:

9 9

é <24+ é < 1 < 2r < R (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
O
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1) In AABC
a®b® + b3c® + c2a’ > 648 R3r3.

Proposed by Seyram Ibrahimov - Maasilli - Azerbaidian

Proof.
We prove the following lemma:

Lemma 1.
2) In AABC

a3b® + b3c3 + 2a® = pb + 194(37'2 — 12Rr) + 3p2rt + 1'3(4R + r)3.

Proof.
Using the identity Z b2 Z be = Z b33 + abc( Z a Z bc — abc)
and the known relationships in triangle: Z a = 2p, Z be = p? + 1% + 4R,
Z b2c? = p* + p?(2r? — 8Rr) + r?(4R + 7)? and abc = 4Rrp we obtain

Z b3ed = p® 4+ p*(3r2 — 12Rr) + 3p*r* + r3(4R + 1),

Lemma 2.
3) In AABC

a®b® + b3c 4 c3a® > 1673 (68R® — 69R?*r + 30Rr? — 4r®).

Proof.
Using Lemma 1 we have

PS4+t (3r2 —12Rr)+3p*rt 413 (4R+7)® = p* (p* +3r2 —12Rr)+3p*r +1r3 (4R+71)3 >
> (16Rr — 5r%)%(16Rr — 512 4+ 3r2 — 12Rr) + 3(16Rr — 5r3)r* + 3 (4R +r)3 =
= r*[(16 R—57)?(4R—2r)+3r* (16 R—5r)+(4R+7)?] = 167* (68 R*—69R*r+30Rr* —4r3).
O
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Let’s pass to solving inequality 1).
Using Lemma 2 it suffices to prove that:

1673 (68R> —69R*r+30Rr> —4r3) > 648R3r3 < 55R3 —138R?r+60Rr>—8r° > 0 &
& (R—2r)(55R* — 28Rr + 4r%) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
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1) In AABC
cotA cotB cotC < 1 R —2r
p—a p—b p—c " r 2Rr
Proposed by Adil Abdullayev - Baku - Azerbaidian

Proof.
Let’s prove the following lemma:
Lemma 1.
2) In AABC
cotA cotB cotC 5p? — (4R+r)?
+ J’- = .
p—a p—b p-—c 27rp?
Proof.
We have:
PR = gl il A
p—a p—a p—a ~ abc p—a N
R 10p* —2(4R+7r)>  5p*— (4R+7)?
~ 4Rrp D N 2rp? '
O
Let’s pass to solving inequality 1).
5p2 —(4R+r)> 1 R-2
Using Lemma 1 the inequality can be written u < - — ! &
2rp? r 2Rr
R(4R 2
sp? < &, which is Blundon’s-Gerretsen’s inequality.
2(2R —r)
Equality holds if and only if the triangle is equilateral.
|
Remark.
Let’s find an inequality having an opposite sense:
3) In AABC

cot A cot B cot C 4r — R
+ + > :
p—a p—b p-—c 272

1
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Proof.
Using Lemma 1 the inequality can be written:
2 2 _ 2
5p* — (4R + ) >47" R(:) 2>r(4R+r)
2rp? - 2r2 -~ R+r
which follows from Gerretsen’s inequality p*> > 16Rr — 5r2.
Equality holds if and only if the triangle is equilateral.
O
Remark.
The double inequality can be written:
4) In AABC
4r — R cot A cot B cot C R+ 2r
< + + <
2r2 ~“p—a p—-b p—c~ 2Rr
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
|
Remark.
In the same way we can propose:
5) In AABC
1 50 4R cosA cosB cosC 1 T
L Or ARy ; Log T,
P R r/ " p—a p—b p—c  p R
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.
6) In AABC
cosA cosB cosC p?— Rr—4R?
+ + =
p—a p—b p-—c Rrp
Proof.
2 2 2
cos A b4c—a b2 +c?2—a®> p?>—Rr—4R?
¢ avezp_a Z p—a Z 2(p — a)bc Rrp
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Let’s pass to solve the double inequality 5).

Using Lemma 2 the double inequality 5) can be written
2 po 4,2
1(15,5771,@) §w§1(1+£),
Rrp D R
which follows from Gerretsen’s inequality 16Rr — 5r* < p> < 4R?* + 4Rr + 3r%.

Equality holds if and only if the triangle is equilateral.

O
7) In AABC
5 1 csc A csc B csc C 1 R
51 <l B
2r R™ p—a p—b p—c™ 2r T

Proposed by Marin Chirciu - Romania

Proof.
We prove the following lemma:
Lemma 3.
8) In AABC
csc A csc B cscC 1 4R 4+ r\2
+ + = J1+( )
p—a p—b p-—c 2r p
Proof.
We have:
csc A ! 2R 1 p? + (4R +7)?
frd sin frg = 2R _— 2R - —_— . —
pra Zp—a Zp—a Za(pfa) 4Rrp?
1 4 2
_ L 1—1—( R+ r)
2r D

Let’s pass to solve the double inequality 7).

Using Lemma 3 the double inequality 7) can be written

3_l< ! [1+(4Rp+r)2 <i(2+§)

2r R” 2r - 2r
2 2
r(4R+r) << R(AR+ ) .
R+ 22R—r)
Equality holds if and only if the triangle is equilateral.

which follows from Blundon’s Gerretsen’s inequality

O

9) In AABC
12 csc2 A csc? B csc2 C 1 ,2R? 5R 3

p _ p—a p—>b p—c — p\ r2 4r 2/"

Proposed by Marin Chirciu - Romania
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Proof.

We prove the following lemma:
Lemma 4
10) In AABC

csc2A  csc?B " csc?C _ p*+p*(2r? —4Rr) +r(4R 4+ 7)°

p—a p—>b p—c 4r2p3
Proof.
We have
csc? A %A AR? 1
=) = 4Ry ———— =
yoetd_yah y ey L
_ g2 APt —ARr) 4 r(4R+ )Y pt 4 p(2r? —4Rr) + (4R 4 1)
16 R%r2p3 Ar2p3 :

O

Let’s pass to solve the double inequality 9).
Using Lemma 4 the double inequality 7) can be written
12 p*+p*(2r? —4Rr) + r(4R +1)3 <2R2 N 5R 3)

1
e 2 =p\E Ty o)
The left inequality is equivalent with:
p* 4+ p%(2r® —4ARr) +r(4R+ 1) > 48r%p? < p?(p® — 4612 —4Rr) +r(4R+1)* > 0.
We distinguish the following cases:
Case 1). If p* — 46r® — 4Rr > 0, the inequality becomes obviously.
Case 2). If p* — 461> — 4Rr < 0, the inequality can be rewritten:
p2(4612 + 4Rr — p*) < r(4R +1)? it follows from Blundon-Gerretsen’s inequality
16Rr — 512 < p2 < ]m It remains to prove that:

m -(467° +4Rr — 16 Rr 4+ 5r%) < r(4R+1)% < 28R* —55Rr —2r* > 0 &
< (R —2r)(28R+1) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Let’s solve the inequality from the right:
p* +p?(2r2 — 4Rr) +r(4R +1)3 1
4r2p3 - 4r2p

4 3
We have w

p

p?+2r —4Rr+ <

1

r(4R +r)3
< s AR?4+-ARr+3r*+2r° —4Rr+ aRL) | = [AR*+5r* +(4R+7)(R+r)] =

. _
e 4r2p

1<2R2 SR 3)

_ SR? + 5Rr + 612 _
4r2p D

AT

r(4R +1)? < p?
R+4+r —

it follows from Gerretsen’s inequality 16Rr — 5r% < p.

Equality holds if and only if the triangle is equilateral.

In the above inequality we’ve used p*> < 4R + 4Rr + 3r? and
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1) In AABC
YE L FHT o Tty o m
T Y z
where, x,y,z > 0.
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Proof.
Using the means inequality we obtain

P22y 20 T 2o (L2 Tp2) 4 (212 4 L) 1 (S 4 2a2) >
x y z x y y z z x

22\/ya2~xb2+2\/zb20y02+21/x02~Za22(ab+bc+ca) >8V3-8
x oy y oz z

where the last inequality is true from ab+bc+ca > 43S < p?+r2+4Rr > 4v/3rp

which follows from Gerretsen’s inequality p*> > 16Rr — 512 and Doucet’s inequality
4R+ 1r > p\/g. It remains to prove that:
16Rr — 512 + 12 + 4Rr > 4r(4R+ 1) < R > 2r (Buler’s inequality).
Equality holds if and only if the triangle is equilateral and T =y = z.

O
Remark.
The inequality can be developed:
2) In AABC
ﬂ.a4+ﬂ.b4+m.c4 > 3252,
T Y z
Proof.

Using the means inequality we obtain:

Y2 24T g0 2TV 4 :(ga4+ §b4)+(fb4+ yc4)+(fc4+ fa“) >
x Yy z x y Y z z x

> 2\/ya4 : xb4+2\/zb4 ey [T 2t = 2022 +02c +c2a?) > 2-1652 = 3252
T Y Y z z T

where the last inequality is true from a*b>*+b*c?+c?a® > 165 (F. Goldner’s inequality, 1949)
1
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Proof.
We use the formulas a®b® + b*c? + c?a® = p* + p?(2r* — 8Rr) + r*(4R + 1)?
and S? = r2p?. We write the inequality:
pt+p2(2r° —8Rr) + 12 (4R+7)? > 16r2p* < p*(p® — 14r* —8Rr) +r2(4R+7)> > 0
We distinguish the cases:
Case 1). If p* — 141> — 8Rr > 0, the inequality is obvious.
Case 2). If p* — 14r® — 8Rr < 0, the inequality can be rewritten
p*(8Rr + 14r% — p?) < r2(4R 4 1)? which follows from Gerretsen’s inequality
16Rr — 5r2 < p2 < 4R? + 4Rr + 3r%. It remains to prove that:
(4R? 4+ 4Rr + 3r*)(8Rr + 147> — 16Rr + 5r?) < r?(4R +7r)* &

& (4R? +4Rr +3r*)(19r —8R) < r(4R+7)* & 8R* —TR*r —11Rr* —14r* > 0 &
& (R —2r)(8R? 4+ 9Rr + 7r?) > 0, obviously from Euler’s inequality R > 2r.
Equality, for Goldner’s inequality holds if and only if the triangle is equilateral.
Equality in 2) holds if and only if the triangle is equilateral and x =y = z.

O
O
Remark.
The inequality can be generalized:
3) In AABC
Ytz gon  FHT o THY .cznzﬁ(ﬁ)”
T y z V3
where n € N.
Proposed by Marin Chirciu - Romania
Proof.

Using means inequality we obtain

y+Z'a2n+Z+fE'b2n+I’+y.62n :(ga2n+£b2n)+(Eb2n+g62n)+(£62n+fa2n) >
x i z x i Yy z z x

> 2 ga2n . Ean +2 ib2n . yc2n +2 ECQn . ia2n —
\ = Y Vy z V 2z T

(ab + be + ca)™ (44/35)" 45\n
o (8
3n—1 3n—1 \/g
where the penultimate inequality follows from Holder’s inequality,
xm oy zn _ (X4+Y+2)"

ST
At BT e 3ArB0)

and the last inequality is true from ab+ bc 4+ ca > 4v/38
see the solution from inequality 1) from above.

FEquality holds if and only if the triangle is equilateral and x =y = z, for n > 1.

For n =0 we obtain the known inequality y+z + it + Ty > 6.
x Y z

=2(a"b" +b"c" + c"a") > 2-

X, Y, Z,A,B,C >0,neN,n>2

For n =1 we obtain inequality 1).
For n =2 we obtain inequality 2).



WWW.SSMRMH.RO 3

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNoMIC COLLEGE, DROBETA
TURNU - SEVERIN, MEHEDINTTI.
E-mail address: dansitaru63@yahoo.com



Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
The Author: This article is published with open access.

SOLUTION
PROBLEM JP104 WINTER 2017
ROMANIAN MATHEMATICAL MAGAZINE 2017

MARIN CHIRCIU

1) In AABC
7"2 Tf Tz 5472
+

hym, hem., homp — p2 —1r2 —4Rr

Proposed by D.M. Batinetu-Giurgiu - Romania, Martin Lukarevski - Skopje
Proof.
We prove the following lemma:
Lemma 1.

2) In AABC
r2 2 N r2 S 4(4R +1)?
hyme  hemg  hgmy — 5p% —3r(4R+ 1)
Proposed by Marin Chirciu - Romania

Proof.

Using the fact that hg < mg and Bergstrom inequality we obtain:

2 2 2 2 2
Z Ta Z Z Ty Z (Z Ta) 2 . (4R + 7’) _ 4(4R + 7") _
hyme myme Y mpme 3> (2a%24+be) 2 a*+ ) be
4(4R +1)? 4(4R +1)?

- 2-2(p? —1r2 —4Rr) +p?> +r2 +4Rr ~ 5p? —3r(4R+r)
Equality holds if and only if the triangle is equilateral.

Let’s pass to solving the inequality from the enunciation.
4(4R +1)? S 5412
5p2 — 3r(4R+r) — p?> —r2 —4Rr’
This inequality can be transformed equivalently:
2(4R + 1) (p* — r® — 4Rr) > 27 (5p* — 3r* — 12Rr) &
& p?(32R? + 16Rr — 133r2) > 2r(4R +7)® — 8173 (4R + )
which follows from Gerretsen’s inequality p*> > 16Rr — 512
and from the observation that 32R*+16Rr—133r% > 0 (see Euler’s inequality R > 2r).
It remains to prove that:
(16Rr — 5r?)(32R? + 16 Rr — 133r2) > 2r(4R + 7)® — 81r*(4R + 1) &
< 32R* — 159Rr? +62r® > 0 < (R — 2r)(32R? + 64Rr — 317%) > 0

obviously from FEuler’s inequality.
1

Using Lemma 1 it’s enough to prove that




2 MARIN CHIRCIU

Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 1) can be rewritten:
1) In AABC
ri rg n rf 10872
hym., hem, hemp — a2 + b2 + ¢2
Proof.

Using Lemma 1 and the identity ab+bc+ca = p>+r2+4ARr it suffices to prove that
4(4R +1)? S 10872
5p? —3r(4R+7r) — p>+r2+4Rr
This inequality transformed equivalently:
(4R + )2 (p* +r* + 4Rr) > 27r*(5p* — 3r* — 12Rr) &
& p?(16R* + 8Rr 4+ 12 — 135r) + r(4R +7)> + 81r*(4R+7) > 0 &
& p*(8R? + 4Rr — 67r?) + 32R3r 4 24R*r? + 168Rr> + 4171 > 0

We distinguish the following cases:
Case 1). If SR? + 4Rr — 67r% > 0, the inequality is obvious.
Case 2). If S8R? + 4Rr — 67r% < 0, the inequality can be rewritten:

32R3r + 24R?*r? + 168Rr> + 417* > p*(67r% — 4Rr — 8r2)

which follows from Gerretsen’s inequality p* < AR*+ARr+3r2. It remains to prove that:
32R%r + 24R*r? + 168Rr® + 41r* > (4R? 4+ 4Rr + 3r?)(67r* — 4Rr — 8R?) &
& 8R*20R3r—51R*r? —22Rr3—40r* > 0 & (R—2r)(SR*+36 R*r+21 Rr?+20r°%) > 0,
obviously from Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
5. In AABC
r2 + r? + r? 10812 10872
hyme. hemg hemy — ab+bc+ca = a2 + b2 + 2’

Proof.
We use inequality 4) and inequality a? + b+ > ab+ be+ ca.

Equality holds if and only if the triangle is equilateral.
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Remark.
Inequality 4) can also be strengthened:
6) In AABC
r2 r? r? S 9r/3
hym. homg, hempy = p
Proof.

AR +71)? 9IrV/3

Using L 14t t that
sing Lemma 1 it suffices to prove tha 5p2 —3r(AR+r) = p

This inequality can be transformed equivalently:

4p(4R+1)2 > 9rV/3(5p?—3r> —12Rr), which follows from Mitrinovié’s inequality p > 3rV/3.

It suffices to prove that
4-3rvV3(AR +7)? > 9rV3(5p? — 3r2 —12Rr) < 4(4R+1r)? > 15p> —9r(4R+7) &
S 4(AR+7)2 + 9r(4R + 1) > 15p?, true from Gerretsen’s inequality

p? < AR? 4+ ARr + 3r2. It remains to prove that:

4(AR+7)249r(AR+7r) > 15(4R*+4Rr+3r?) & R?2+2Rr—8r? > 0 < (R—2r)(R+4r) > 0

obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

([l
Remark.
Inequality 6) is stronger than inequality 4).
7) In AABC
’I“i rlf n rz > 973 > 10872
hym, h.mg, homy — p — ab+bc+ ca
Proof.

We use inequality 6) and the known inequality in triangle ab + bc + ca > 44/38
|

Remark.

Inequality 6) can also be strengthened:
8) In AABC

r2 r? r? S 2pV3
hym, h.mg homy — 3R



4 MARIN CHIRCIU

Proof.

44R+1)° V3
5p? —=3r(4R+r) — 3R’

Using Lemma 1 it suffices to prove that

This inequality can be transformed equivalently:
6R(4R +1)? > p\/§(5p2 — 3r2 —12Rr), which follows from Doucet’s inequality
4R+ r > pV3. It remains to prove that
6R(4R +1)? > (4R +r)(5p* — 3r® — 12Rr) < 6R(4R + 1) > 5p® — 3r® — 12Rr
true from Gerretsen’s inequality p*> < 4R? 4+ 4Rr + 3r2. It remains to prove that:
6R(4R+r) > 5(4R*+4Rr+3r*)—3r*—12Rr < 2R*~Rr—6r* > 0 < (R—7)(2R+3r) > 0
obviously from Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 8) is stronger than inequality 6).
9) In AABC
r2 r? r? S 2pV3 S 9r/3
hym. hcmg hemy — 3R — p
Remark.

We use inequality 8) and the known inequality in triangle 2p? > 27Rr

(true from Gerretsen’s inequality p? > 16Rr — 5r% and Euler’s inequality R > 2r).

Remark.
We can write the following inequalities:
10) In AABC
r2 r2 + r2 4(4R + r)? 9rv/3 S 10872 S 5472
hym. hcmg, homp — 5p2 —3r(4R+7r) — p ~— p?+4+r24+4Rr — p?2 —r2 —4Rr
Proof.
We use Lemma 1 and the above inequalities.
Equality holds if and only if the triangle is equilateral.
O
Remark.
Let’s find an inequality having an apposite sense:
11) In AABC
rg rf rg R\2 3 R 1
+ <(Z) -3=+5
hym, h.mg hgomyg r 4 r 2
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Proof.
Let’s prove the following lemma:
Lemma 2.
12) In AABC
r2 r? r? < p%(r — 8R) + (4R + )3
hym. hemg  hemy — 4rp?
Proposed by Marin Chirciu - Romania
Proof.
Using the fact that hy < m, we obtain:
2
r2 r2 a2 1 be 1 p?(r—8R)+ (4R+r)3
a < a = = — —_— = — d t
Zhbmc _ZhbhC 25.25 4Z(p—a)2 19 rp?
_ p*(r—8R)+ (4R +1)?
N 4rp?
The equality holds if and only if the triangle is equilateral.
|
Let’s pass to solving inequality 11).

2(r—8R 4R 3 RN2 3 R 1

Using Lemma 2 it suffices to prove that P )+ (4R + 1) S(*) ———tc
4rp? r 4 r 2

This inequality can be transformed equivalently:
p*(r —8R) + (4R +7)* < p*(4R* — 3Rr + 2r%) < p*(4R? + 5Rr +1%) > r(4R +r)?
r(4R +r)?
"R
(true from Gerretsen’s inequality p? > 16Rr — 5r% and Euler’s inequality R > 2r).

which follows from inequality p* >

The equality holds if and only if the triangle is equilateral.

O
Remark.
The double inequality can be written:
1) In AABC
4(4R + 7)? < r2 r? N r2 < p?(r —8R) + (4R +r)3
5p2 —3r(4R+r) — hym. hcm, hgmp — 4rp?
Proof.
See Lemma 1 and Lemma 2
The equality holds if and only if the triangle is equilateral.

|
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PROBLEM 584 - INEQUALITY IN TRIANGLE
ROMANIAN MATHEMATICAL MAGAZINE 2017

MARIN CHIRCIU

1) In AABC
4 4 4
mg my me 3.2, 2
+ + > - +r“ +4Rr).
Fohe oy " hahy = 47 )
Proposed by Boris Colakovic - Belgrade - Serbia
Proof.

Using Bergstrom inequality we obtain:
s (Tmi? (T (S0 RS
hyhe

- 2rp2 2rp2 - 2
> hphe - e 32rp

9R(p* + 12 +4Rr)* _ 3
_ 9K 7 )21(p2+r2+4Rr)

where the last inequality is equivalent with.:
3R(p? + 12 +4Rr) > 8rp? < p?(3R — 8r) + 3Rr(4R + 1) > 0.
We distinguish the cases:
Case 1). If 3R — 8r > 0, the inequality is obvious.
Case 2). If 3BR—8r < 0, the inequality can be rewritten 3Rr(4R-+r) > p?(8r —3R)

which is true from Gerretsen’s inequality p*> > 16Rr—>5r. It remains to prove that:
3Rr(4R+7) > (16Rr — 5r?)(8r — 3R) < 3R* — 2R*r —5Rr* — 61> > 0 &
& (R —2r)(3R? 4+ 4Rr + 3r?) > 0 obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 1) can be written:
2) In AABC
4 4 4
m, my m, 3
> —(ab+b .

hohe | hoha T hahy = 200 Tt ca)

Proof.

We use the identity ab + bc + ca = p* + r* 4+ 4Rr.
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Remark.
Inequality 2) can be strengthened:
3) In AABC
m? my m? 3
a c > (12 b2 CZ
hyh, + h.h, + hohy — 4( +oi+ )
Proof.

Using Bergstrom’s inequality, we obtain:

Z 3 Zm2)2 (%Za2)2 B %(ZGQ)Q - 9R(Za2)2 3
hphe

Z hyhe g ot T 32rp? = > a?
where the last inequality is equivalent with:
BRZ a? > 8rp? < 3R - 2(p* —r? — 4Rr) > 8rp® & p*(3R — 4r) > 3Rr(4Rr +7)
which is true from Gerretsen’s inequality p*> > 16 Rr—5r2. It remains to prove that:
(16 Rr—5r2)(3R—4r) > 3Rr(4R+r) < 18R*~41Rr+10r* > 0 < (R—2r)(18R—5r) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 8) is stronger than inequality 2):
4) In AABC
4 4 4
m, my m. 3 2 2 3
- b > —(ab+b .
hohe T hoh T Rty 2 2@ H ) 2 glabtbe st ca)
Proof.
See inequality 8) and a* + b* + ¢* > ab + be + ca.
Equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 8) can be also strengthened:
5) In AABC
mi_'_mg +m‘cl 9 a3 +b34+c8
hyh. hchg  hghy — 4 a+b+c
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemmas:
Lemma 1.
6) In AABC
m? n my 4 m,  2p® — p*(23Rr + 2r?) + p?(10R?*r? — 19Rr® — 27*) 4 2r°(4R 4 7)°

hyhe hchg hohy 8r2p2?
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Proof.
3 32 1 202 +2¢2 — g2\ 2 1
Zf:hczz(gzn-zf:wzbc< T =) = iz D be(E —3a%) =

~ 2p% — p*(23Rr 4 2r%) + p?(10R?*r? — 19Rr® — 2r*) + 2r3(4R + r)3

, where E = 22&2.

8r2p?
O
Lemma 2.

7) In AABC

m? m‘; m? 77TR3 — 112R?r + 25Rr2 — 298

2+ + < > .

hbhc hcha hahb - 4R

Proof.

Using Lemma 1 we obtain:

mi n my n mg  2p° — p*(23Rr + 2r?) + p?(10R*r? — 19Rr® — 2r*) + 2r3(4Rr +1)3

hohe  hoha | hahy 822
23 (4R + 1)
= Ll p2@3Rr 4 2%) 4 10R%2 — 10Rr gyt 4 2CURTIT
8r2 p2
1 : 2r3(4 3
= o3 [P — 23R —2r°) £ 10R*? — 10R® — 20" ¢ LR D N
T
1 2r3(4R +1)3
> | (16Rr—51) (2(16Rr—5r2)—23Rr—2r2)+1OR27‘2—19R7“3—2T4+7M -
2(2R—r)

_ TTR® — 112R%*r 4 25Rr? — 2r3
B 4R

, where the last inequality follows from
R(4R +1r)?
22R-r)
O

Gerretsen’s inequality p? > 16 Rr — 5r% and Blundon’s inequality p* <

Let’s pass to solving inequality 5).
Using Lemma 2 and the identities a>+b*4c* = 2p(p*>—3r*—6Rr) and a+b+c = 2p
TTR® — 112R?*r + 25Rr? — 2r3 S 2.210(102 —3r?2 —6Rr) o
4R 4 2p
TTR® — 112R?r + 25Rr? — 213 > 9R(p* — 31> — 6Rr)

which follows from Gerretsen’s inequality p* < AR*+4ARr+3r2. It remains to prove that:

TTR® — 112R?r + 25Rr? — 21 > 9R(4R? + 4Rr + 3r® — 3r® — 6Rr) &

41R? — 94R*r + 25Rr* — 21 > 0 < (R — 2r)(41R* — 12Rr +7%) > 0

obviously from Fuler’s inequality R > 2r.

It suffices to prove that

Equality holds if and only if the triangle is equilateral.
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Remark.
Inequality 5) is stronger than inequality 3):
8) In AABC
m? mi m? 9 a®+b3+c3_ 3
= + > 4 ° Z*'LZ*(az-i-bz-i-cz)'
hyhe hchy  hghy — 4 a+b+c 4
Proof.
See inequality 5) and
9 a®+b3 33 1
Y % > Z(aQ—i—bQ—i—cQ) sd+P+P > g(a+b+c)(a2+b2+02)
true from Chebysev’s inequality.
Equality holds if and only if the triangle is equilateral.
([l
Remark.
The following inequalities can be written:
9. In AABC
mg " mﬁ n mg > 77TR3 — 112R?r + 25Rr?2 — 298 > 2‘a3 + b3 + 3 >
hyh. hchg  hohy — 4R —4 a+b+ec —
3 3
> Z(a2 +b% + cz) > Z(ab + bc + ca)
Proof.
See inequalities 7), 8), and 4).
Equality holds if and only if the triangle is equilateral.
O
Remark.
Let’s find an inequality having an apposite sense.
10) In AABC
mi mg mg 4R* — 37r%
ey < :
hyhe hchy  hphg 72
Proof.
Using Lemma 1 we obtain:
ma n my N mg  2p° — p*(23Rr + 2r?) + p?(10R?*r? — 19Rr® — 2r*) + 2r3(4R 4+ r)?
hyhe  hehg  hohy 8r2p2 N
213 (4 3
= L opt 23R 4 202) + 10R5? — 19Rr — 9t 4 2 GRETTH
8r2 p?
2r3(4R 4 1)3
=53 [p2(2p2 23R - 2%) + 10R? — 19ReS — 2t 2R AT
T p

<7
— 8r2

(AR?+ARr+3r2) (2(4R2—|—4Rr+3r2)—23Rr—2r2) F10R%r2—19Rr3 251 ¢

2r3(AR+r)? |

r(4R+r)?
R+r



WWW.SSMRMH.RO

_ 16R* — 14R3r — R?>r?2 — 19Rr3 + 674 < 4R* — 37rt

12 < 5 where the last inequality follows from
r r

Euler’s inequality R > 2r and the penultimate from Gerretsen’s inequality

4R 2
p? < AR? + 4Rr + 3r? and p* > u
R+r
true from Gerretsen’s inequality p*> > 16Rr — 512,

Equality holds if and only if the triangle is equilateral.

Remark.

The double inequality can be written:
11) In AABC

21R3 + 4873 ma my m A4R* — 37r?
< —+ + < .
4R hohe  hcha  hohp 2

Proposed by Marin Chirciu - Romania
Proof.

See inequalities 10), 7) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
(]
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PROBLEM 573
ROMANIAN MATHEMATICAL MAGAZINE 2017

MARIN CHIRCIU

1) In AABC
Z(i+i>>2j _r
b2 2/ T 2 1241242

Proposed by Seyran Ibrahimov - Maasilli - Azerbaidian

Remark.
Inequality can be strengthened:
2) In AABC
1 1 27 1
Sd)= 2
b2 2/ T 2 rary + TrpTe + ToTq
Proof.
We prove the following lemma:
Lemma.
3) In AABC
Z(l 1) _ p*+p?(2r? —8Rr) + r?’(4R 4 r)?
b2 2/ 8p2 R2r2 )
Proof.
1 1 1 23 0% 2[pt+p*(2r? — 8Rr) + r?(4R +1)?
We have Z(ﬁ+§) - ZZ 2 a2 16p2 R2r? -
_ p*+p*(2r® —8Rr) + r*(4R 4 r)?
- 8p2 R2r2 :

Let’s pass to solving inequality 2).
Using Lemma and the known identity in triangle rory + rpre + rerq = p2
pt + p?(2r? — 8Rr) + r?(4R +1)? S 27 o
8p2R2r2 = 2p?
< p' +p*(2r® — 8Rr) + 7%(4R +1)? > 108R*r? &
& p*(p?+2r2—8Rr)+1r2(4R+r)? < 108R%r2, which follows from Gerretsen’s inequality
p? > 16Rr — 5r% and from the observation that p* + 2r* — 8Rr > 0.
It suffices to prove that: (16 Rr—5r?)(16 Rr—5r2+2r* —8Rr)+r?(4R+r)? > 108R*r? &
< 9R? —20Rr + 4> >0 (R—2r)(9R—2r) >0
1

we write the inequality
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obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 2) is stronger than inequality 1):
4) In AABC
1 1 27 1 27 1
S(Lel)s7. S
b2 = c? 2 7raTy + TeTe + TeTq 2 r24ri4r2
Proof.
See inequality 2) and rz + rg + 7"3 > raty + TpTe + Telq-
Equality holds if and only if the triangle is equilateral.
O

Inequality 2) can be strengthened:
5) In AABC

1 1 8R? + Rr — 2r2
Y(pte) 2T s
Proof.

Using Lemma the inequality can be written

p* 4+ p%(2r? — 8Rr) + r?(4R + 1)? S 8R? + Rr — 212

which follows from

8p2R?r? - 8R3r
p* 4+ p*(2r? — 8Rr) + r?(4Rr +1r)? _ 1 p2+2r2—8Rr+r2(4R +7)? > 8R? + R[r — 272
8p2 R?r? 8R2r? p? 8R3r
where the last inequality follows from Gerretsen’s inequality p* > 16 Rrr — 5r>
R(4R 2
and Blundon’s inequality p* < 2((2R+7;’))
Equality holds if and only if the triangle is equilateral.
([l
Remark.
Inequality 5) is stronger than inequality 2):
6) In AABC
Z(l 1)>8R2—|—R’r—2r2>27 1
b2 2/ — S8R3r T 2 paTp + TeTe + TeTq
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Proof.

8R? + Rr —2r® _ 2T
8R3r — 2p?

which follows from Gerretsen’s inequality p*> > 16 Rr—5r2. It remains to prove that:
TAR® — 14R%*r — 37TRr? 4 10r® > 0 & (R — 2r)(20R? 4 16Rr — 5r%) > 0

obviously from Fuler’s inequality R > 2r.

See inequality 5), identity rqory + rpre + 1t = p2 and

Equality holds if and only if the triangle is equilateral.

We can write the following inequalities:

7) In AABC
1 1 8R? 4+ Rr — 2r2 1 27 1
S(z+3)2 > > >
b2 2 8R3r 2Rr 2 reTp + TeTe + TeTq
17TR — 2r 2 27 1
>t s 20
— 8R3 T R2T 2 r24r240r2
Proof.

See inequalities 5), Buler’s inequality 2p* > 27Rr and Gerretsen’s inequality p* > 16 Rr—5r2.
Equality holds if and only if the triangle is equilateral.

O
Remark.
Let’s find an inequality having an opposite sense:

8) In AABC

1 1 4R? — 3Rr + 672

S+ 3 s -

b2 c? 8R2r2

Proof.

Using Lemma the inequality can be be written:
p* 4+ p*(2r? — 8Rr) + 1r?(4R + r)? < 4R% — 3Rr + 612

, which follows from writing:

8p2 R2r?2 - SR2r2
p'+p*(2r* —8Rr)+r*(4R+7)* 1 [ 2,02 _gpr o URT 7“)2}
8p2R2T2 - SR2y2 b pz
r(4R +1r)?

and the Gerretsen’s inequality: < 16Rr —5r* < p2 < AR? + 4Ry + 3r2.

Equality holds if and only if the triangle is equilateral.
O

Remark.
We can write the double inequality:
9) In AABC
8R? + Rr — 2r? 1 1 4R? — 3Rr + 672
< —+ =)<
SR3r —Z(b2+ 2) S8R2p2

C
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Proposed by Marin Chirciu - Romania

Proof.
See inequalities 5) and 8).
Equality holds if and only if the triangle is equilateral.
O
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1) In AABC
r2 r? r? 9(a? + b% + ¢?)
B o] C A A B =
tan 5 tan 3 tan 3 tan 5 tan 5 tan 3 4
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
Proof.
We prove the following lemma:
Lemma:
2) In AABC
r2 + r? r2 _ (4R +r)® — 12Rp?
B o] (o] A A B —
tan 5 tan 3 tan 5 tan 5 tan 5 tan 3 T
Proof.
S B C -
Using rq = and = tan = = > we obtain:
s—a 2 2
r2 T 52)2 1 (4R +1)% — 12Rs?
a — s—a — 52 o 52 . . _ =
Ztangtan% Z = sz(sfa)i” s S3

(4R +1)% — 12Rs?
T

Back to the main problem:
Using the Lemma and a® + b* + ¢ = 2(52 —r? = 4Rr) we write the inequality:

AR + 1) — 12Rs? _ 9
UR+r) ° > 125> —r? —dRr) & 2(4R+1)*+9r*(4R-+7) = 35> (8R+3r)

r
which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r2.
It remains to prove that:
2(4R+7)3+9r2(4R+r) > 3(4R*+4Rr+3r%)(8R+3r) < SR3*—9R*r—12Rr*—4r> > 0 &
& (R —2r)(8R? + TRr + 2r?) > 0 obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.



2 MARIN CHIRCIU

Remark.
Inequality can be strengthened:

3) In AABC

r2 4 r? + r? 27 a®+b%4+c8

B C C A A B = 4 °

tan 5 tan 3 tan 3 tan 5 tan 3 tan 5 4 a+b+c
Proposed by Marin Chirciu - Romania

Proof.

Using Lemma and a® + b + ¢3 = 25(32 —3r? - 6Rr) the inequality can be written:

(4R +1)3 — 12Rs? S 27 25(s? — 3r2 — 6Rr)
r — 4 2s

> 352(16R+9r) which follows from Gerrentsen’s inequality: s* < 4R*+4Rr+3r%.

& 4(4R +7)% + 27r*(6R + 3r) >

It remains to prove that:
4(4R +7)® 4+ 27r*(6R + 3r) > 3(4R? + 4Rr + 3r?)(16R + 9r) <
& 32R® — 54R*r — 21Rr* + 213 > 0 & (R — 2r)(32R* + 10Rr — %) > 0
obviously from FEuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 3) is stronger then inequality 1):
4) In AABC:
r2 r2 r? 27 a® + b3+ 3 9
B, C A A, B2 5 o > —(a?+b%4-c?).
tan 5 tan 3 tan 5 tan <y  tan 5 tan 35 4 a+b+c 4

Proof.

We use inequality 3) and:
27 a*+0+c3 _ 9
T % > Z(aQ—i—bQ—&—cg) 3@+ 4+ > (atbte)(a® +0? +P) <
& QZa?’ > Zab(a—l—b), which follows from a®+b® > ab(a+b) < (a+b)(a—b)* >0

and the analogs. The equality holds if and only if the triangle is equilateral.

[l
Remark.
Let’s obtain an inequality of opposite sense:
5) In AABC:
2 2 2
T T T 81R
5. G cb A i B S (9r% — 32r?)
tan 5 tan 5 tan 5 tan 5 tan 5 tan 3 8r

Proposed by Marin Chirciu - Romania
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Proof.
Using the Lemma we write the inequality:

4 3 _12Rs? 1
(4R +7) Rs < 88—]%(9}32 — 32r2), which follows from Euler’s inequality
T

r
r< 3 and Mitrinovié’s inequality: s* > 27r?.
Equality holds if and only if the triangle is equilateral.
|
Remark.
We can write the double inequality:
6) In AABC:
27 r2 r2 r2 81R
—(5Rr—4r?) < a + b € < 9R?—32r?
2( )_tangtan% tan%tan% tan%tang_ 87 ( )

Proposed by Marin Chirciu - Romania

Proof.
We use 3), 5) and Gerretsen’s inequality s> > 16 Rr — 5r.
Equality holds if and only if the triangle is equilateral.
O
Remark.
In the same way we can propose:
7) In AABC:
2 2 2
Ta Ty Tc
=r(4Rr +r
cot % cot % cot % cot % cot g cot % ( )
Proof.
S B
Using r, = and cot —cot — = we obtain:
s—a 2 2 s—a
2 o L S 4R
Ty G-a)? 1 4R+ r
—a __ =2 =2 . — r(4R + 1).
Zcotgcot% Z e s Zs—a s S r(dR+7)
O
8) In AABC:
r2 r2 r2 9Rr
9r* < e A i B =
cot 5 cot = cot 5 cot 5 cot 5 cot & 2
Proposed by Marin Chirciu - Romania
Proof.
2

Using the inequality Z =r(4R+ ) and Euler’s inequality R > 2.

B C
cot 5 cot 5

Equality holds if and only if the triangle is equilateral.
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9) In AABC:

2 2 2
Ta Ty Te 2
+ + =3s
2 A 2 B 2 C
tan® 5 tan® = tan® %
Proof.
A —b)(s —
Using rq = and tan® = = (s=b)(s—c) we obtain
- s(s —a)
2 = 1 3
Ta (s—a)? 2 2.3 2
_ — 9% =rs’. — =3s
Z tan? 2 Z (S;(Z)ES(SC) Z (s—a)(s—b)(s—c) rZs
O
10) In AABC:
81p? < r2 + r? r? < 81R2
r
~ tan? % tan? g tan? % - 4
Proposed by Marin Chirciu - Romania
Proof.
. . . T¢21 2 o sy . 2 2 27R?
Using the identity Z 51 = 3p~ and Mitrinovic’s inequality 27r" < s* < ——.
tan 3

Equality holds if and only if the triangle is equilateral.

([
11) In AABC:
r2 r? 4 r2 25" —16s’R(4R+7) + (4R +1)*
A B c ~
cot? £ cot’ 2 cot? 5 s2
Proof.
IS _
Using rq = and cot’? = = M we obtain:
s—a 2 (s=b)(s—¢)
52
3 ra 3 Tz P (s—b)(s—c)
2A T s(s—a - e — )3 -
2 e I (s=a)
12?25 —16s°R(AR+7) + (4R+r)*  2s* —16s°R(4R+r) + (4R +1)*
s r2s3 N 52 '
([
12) In AABC:
r2 4 r? + r2 S 9Rr
cot? % cot? g cot? % - 2

Proposed by Marin Chirciu - Romania
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Proof.

ra rh 2 _ 25 — 165’ R(AR+ 1) + (4R +r)*

cot? % cot? £ cot? % 52

we write the inequality:

4 2 4

R(4R +7)?
22R—r)

Using the identity

S

which follows from Blundon-Gerretsen inequality 16Rr — 5r? < s <

It remains to prove that:
R(4R +1r)?
2(2R — )
< (R—2R)(23R +2r) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

2(4R+r)* > [128 R?+41Rr—4(16 Rr—5r?)] < 23R*—44Rr—4r* > 0 &

O
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1. In AABC the following relationship holds:

a2+b2+c2+2r>4
bc ca ab R —
Proposed by Marian Ursarescu - Romania

Proof.

a? Y a®  2s(s>—3r? —6Rr) s —3r?—6Rr
W h - = = =
¢ have Z be abc 4Rrs 2Rr

s2—3r2 —6Rr 2r
4T >4 2> 14Rr — 12
SRy +R_ & 87> r—r

which follows from Gerretsen’s inequality: s* > 16Rr — 5r?
It remains to prove that: 16Rr — 512 > 14Rr —r? < R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.

The inequality can be written:

O
Remark.
The inequality can be extended:
2) In AABC:
a® v 2 r n
B -— >34 —,wh <4.
bc+ca+ab+n R~ +2’W eren =
Proposed by Marin Chirciu - Romania
Proof.
2 b2 2
If n < 0, the inequality is banal, because e +—+ s > 3, from means inequality,
c  ca a

andn - % > g < R > 2r (Euler’s inequality). Next, we use n > 0.

2 2 2

—3r* —6R
Using the following identity: g Z— = #, we write the inequality:
&

2Rr
2 _ 9.2
% + % > nto & 5% > Rr(n+12) + r%(3 — 2n) which follows from
r
Gerretsen’s inequality: s> > 16Rr — 5r2. It remains to prove that:
16Rr — 5r% > Rr(n+12) + 7%(3 — 2n) <

& 16Rr — 512 > Rr(n+12) +7%(3 — 2n) < R(4 —n) > 2r(4 — n),

1
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true from Euler’s inequality R > 2r and the condition from hypothesis n < 4
Equality holds if and only if the triangle is equilateral.

O
Remark.
For n =2 we obtain Problem X.31 from RMM 21/2018.
Remark.
In the same way we can propose:
3) In AABC:
E—&—%—i—a—b—i—n £>3—i—E helren<§
2 2 rR="T2" =5
Proposed by Marin Chirciu - Romania
Proof.
. o bc ca ab . )
If n <0, the inequality is banal, because — + 72 + — = 3, from means inequality,
a c
and n - % > g < R > 2r (Euler’s inequality). Next we use n > 0.
We have Z be _ S (be)3 _ s8 + s%(3r2 —12Rr) + 3s%r* + r}(4R + 1)?
a?  (abc)? (4Rrs)?
, , ) be  s®+s*(3r% — 12Rr) + 3%t + r3(4Rr + )3
Using the identity Z P (AFrs)?
6 4 2 _ 12 2,4 3 4 3
we write the inequality: oo+ (@ R(Z)Rtj; rA ARt +% > z ;_ 0

s2[s? 4+ s%(3r* — 12Rr) + 3r* 4+ 16nRr® — (8n + 48)R*r?| + r*(4R +1)3 > 0
We distinguish the following cases:
Case 1). If [s* + s*(3r? — 12Rr) + 3r* + 16nRr® — (8n + 48) R*r?] > 0,
the inequality is obvious.
Case 2). If [s* + s*(3r% — 12Rr) + 3r* + 16nRr> — (8n + 48) R*r?] < 0,
The inequality can be rewritten:
r3(4R +7)® > s%[(8n + 48) R*r? — 16nRr® — 3r* + s?(12Rr — 3r? — s?)],
which follows from Blundon-Gerretsen’s inequality: 16 Rr—5r2 < s? < M
2(2Rr — )
and the observation that: 12Rr—3r*—s* < 0. It remains to prove that: v3(4R+r)> >

2
> }m[(8n+48)R2r2—16nRr3—3r4+(16Rr—5r2)(12Rr—3r2—(16Rr—5r2))]

& 2r(4R +1)(2R — r) > R[R*(8n — 16) + Rr(52 — 16n) — 13r?] <
& R3(16—8n)+R?r(16n—36)+9Rr*—2r® > 0 < (R—2r)[R?(16—8n)—4Rr+r?] > 0,

true from Euler’s inequality R > 2r and the condition from hypothesis n <

ot| co

Equality holds if and only if the triangle is equilateral.
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4) In AABC:
g+é_~_£+ L>3+ﬁ her <g
b TR=CT VIS
Proposed by Marin Chirciu - Romania

Proof.

b
If n < 0, the inequality is banal, because % + -+ ¢ > 3, from means inequality
c a

and n - % > g < R > 2r(Euler’s inequality). Next, we use n > 0.
Using Bergstrom’s inequality, we obtain:
Zgzzﬁz(@+b+0)2: 482 -
b ab —ab+bc+ca s2+r244Rr
It suffices to prove that:
452 nr n+6

m‘i’f > = 52[(27n)R+2m’] > RZT(4TL+24)+RT’(6*7TL)72T3,

which follows from Gerretsen’s inequality: s*> > 16Rr — 5r% and the remark that
2 —n > 0. It remains to prove that:
(16Rr — 5r)[(2 — n)R + 2nr] > R*r(4n + 24) + Rr(6 — Tn) — 2r° <
R%*(2 — 5n) + Rr(11n — 4) — 2nr2 > 0 & (R — 2r)[R(2 — 5n) + nr] > 0,

2
true from Euler’s inequality R > 2r and the condition from hypothesis n < 5

Equality holds if and only if the triangle is equilateral.

5) In AABC:

a n b n c n r> +n b <1
n.— > -4+ — eren < —.
b+c c+a a+bd R~ 2 Z’W -3

Proposed by Marin Chirciu - Romania

Proof.

b 3
If n <0, the inequality is banal, because 2 _T_ C—l—c n a+a j_ ; > >

(Nesbitt’s inequality),

and n - % > g < R > 2r (Euler’s inequality). Next, we use n > 0.

2(s2 —r? — Rr)
s2 4+ 72+ 2Rr

, we write the inequality:

a
Using the identity Z e
2(s2—12 - Rr) nr S n+3
s$24r2+2Rr R — 2
which follows from Gerretsen’s inequality: s*> > 16 Rr—5r2. It remains to prove that:
(16Rr — 5r?)[R(1 — n) + 2nr] > 7[(2n + 10)R? + (7 — 3n)Rr — 2nr?] <
(3 —9n)R* + (20n — 6)Rr — 4nr* > 0 < (R — 2r)[R(3 — 9n) + 2nr] > 0,

& s%[R(1—n)+2nr] > r[(2n+10) R*+(7—3n) Rr—2nr?],

1
true, from Euler’s inequality R > 2r and the condition from hypothesis n < 3

Equality holds if and only if the triangle is equilateral.
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6) Prove that in any triangle ABC the following inequality holds:

( a )2+( b )2—1—( ¢ )2+ni>§+ﬂ wheren<g
b+c c+a a+b R~ 4 2 - 10

Proposed by Marin Chirciu - Romania

Proof.
. o a \2 b \2 c \2_ 3
If n <0, the inequality is banal, because (b+ c) —|—(CJr a) +<a+ b) > e from
the mequalityxz—i-yz—i—zzzw, where x = a Y = b , 2= ¢
b+c c+a a+b
b c

and Nesbitt’s inequality b i p + —, andn- r > g S R>2r

+ 25
c+a a+b " 2 R
(Euler’s inequality). Next, we use n > 0. We have:
a \2 Y a*(a+b)?(a+c)?
Z(b—FC) B [1(b+¢)? '

Using > a*(a+b)*(a+c)? = 85%[s" — s*(4Rr + 6r%) + r*(6R* + 4Rr + 1?)] and

H(b +¢) = 2s(s* + 72 + 2Rr), we have:
a \2 2[s*—s%(4Rr + 6r?) + r2(6R? + 4Rr + r?))
Z(b—i—c) - (s2 4+ 12 + 2Rr)? )
The inequality is written:
2[s* — s2(4Rr + 612) + r?(6 R? + 4Rr + r?)] >
(s2+ 712+ 2Rr)? R~
& 8R[s* —s?(4Rr +67r%) +1r% (6 R2+4Rr+12)] > ((2n+3)R—4nr)(s* +r*+2Rr)? &
< 8%[((5 —2n)R + 4nr)s® — (8n + 44)R%*r + (12n — 54)Rr? + 8nr®]+
+72[(36 — 8n)R® + (8n + 20)R*r + (14n + 5)Rr? + 4nr3] > 0
We distinguish the following cases:
Case 1). If ((5—2n)R + 4nr)s® — (8n + 44)R*r + (12n — 54)Rr? + 8nr® > 0,
the inequality is obvious.
Case 2). If ((5— 2n)R + 4nr)s® — (8n + 44)R*r + (12n — 54)Rr? + 8nr® < 0,
the inequality is written:
r2[(36 — 8n)R> + (8n + 20)R?*r + (14n + 5)Rr? + 4nr®] >
> s2[(8n + 44)R*r + (54 — 12n)Rr? — 8nr® — ((5 — 2n) R + 4nr)s?
resulting from Gerretsen’s inequality 16Rr — 512 < s < 4R?* + 4Rr + 3r2.

n
+5e

= W
[\

It remains to show that:
r2[(36 — 8n)R® + (8n 4 20)R?*r + (14n + 5)Rr? + 4nr3] >

> (4R*4+4Rr+3r?)[(8n+44) R*r+(54—12n) Rr? —8nr3 —((5—2n) R+4nr) (16 Rr—51r?))

& (144—160n) R*+(176n—136) R3r+(184n—188) R?r?4-(224n—232) Rr® —32nr* > 0

& (36 — 40n)R* + (44 — 34)R3r + (461 — 47)R?r? + (56n — 58)Rr® — 8nrt > 0 &

(R —27)[(36 — 40n)R® + (38 — 36n)R*r + (29 — 26n)Rr?® 4 4nr®] > 0

true from Euler’s inequality. Equality holds if and only if the triangle is equilateral.

O
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MARIN CHIRCIU

1. Let ABC be a triangle, hg, hp, h, denote the lengths of altitudes,
la,lp, . denote the lengths of inner bisectors, and r,, 7y, 7. be its exradii.
Prove that:

hara hbT‘b hcrc >3
i 5 Z -

Proposed by Hoang Le Nhat Tung - Hanot - Vietnam

Proof.
We prove the following lemma:
Lemma.
2) In AABC:
hara n hory  here 8R? + 8Rr +3r2 — 52
12 12 2z 4Ry
Proof.
2 S 2b A A —
Using h, = 7,7“,1 == b+cc cos 5,0082 2= S(Sbc a); we obtain:
Zhara_z ¥.s§a _ 252 Z(b+c)2_
2 (szbi cos 4)2 ~ dabcs (s—a)?
T 2(8R? +8Rr +3r* —s?)  8R?+8Rr+3r? — 52
-8R 72 B 4Rr

Let’s return to the main problem:

S8R? + 8Rr + 3r2 — 52
4Rr

which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r>

The inequality we have to prove: >3 < 5?2 <8R?—4Rr+3r?

It remains to prove that:

4R? +4ARr + 3r* < 8R?* —4Rr + 3r® & 4R* > 8Rr < R > 2r (Euler’s inequality).
O
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Remark.

The inequality can be strengthened.
3) In AABC':
hore  hpry  here - R
>—+1
zZ T T et
Proposed by Marin Chirciu - Romania
Proof.

Using Lemma and Gerretsen’s inequality: s*> < 4R* + 4Rr + 3r® we obtain:

Z hata SR?>+8Rr+3r2 —s2 S SR?2 + 8Rr + 3r2 —AR? — 4Rr — 312

12 4Rr 4Rr
4R? +4Rr R
4Rr r
Equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 3) is stronger than inequality 1):
4) In AABC:
hara hbrb hCTC R
>—+1>3.
g T tE ey
Proof.
) , R , .
See inequality 8) is — + 1> 3 < R > 2r (Euler’s inequality).
r
Equality holds if and only if the triangle is equilateral.
([l

Remark.

Let’s emphasises an inequality having an opposite sense:

5) In AABC':

hara hyry here < (E _ L)
lg lg lg - 2 R
Proof.

Using Lemma and Gerretsen’s inequality: s*> > 16Rr — 5r% we obtain:

Z hata  8R?+8Rr+3r? — 2 - 8R2 4+ 8Rr + 3r2 — 16Rr + 512

12 4Rr 4Rr

_ 8R?*—8Rr+8r? 2(R?>— Rr+1r?) - 2(R? —r?) 72<§7 ﬁ)
N 4Rr N Rr - Rr N

r R/’
Equality holds if and only if the triangle is equilateral.
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Remark.
We can write the double inequality:

6) In AABC:

R hara  hory  here R r

fos S(2-5)

FisTE vt s R

Proposed by Marin Chirciu - Romania

Proof.

See inequalities 3) and 5).
Equality holds if and only if the triangle is equilateral.
(Il
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TURNU - SEVERIN, ROMANTA.
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INEQUALITY IN TRIANGLE 867
ROMANIAN MATHEMATICAL MAGAZINE

MARIN CHIRCIU

1. Let ABC be a triangle. Prove that:
> ra(hs + he)® > 12s8.
Proposed by Mehmet Sahin - Ankara - Turkey

Proof.
We prove the following lemma:
Lemma 1. 5 .
2) In AABC : Y rq(hy + he)? = 2870,
Proof.

S 28
Using rq = and h, = — we obtain:
s—a a

Zra(hb+hc)2:z 5 (?4'%)2:4532@(()4_76)2:47“333'@:

s—a c (s —a) 4sRr3

_ s2(s% — 3r?)

R
b 2 2 _ 9.2

In the above equality we’ve used: Z bZ( 2?_ ) ] = 84 R?)Z , which follows from:
c(s—a sRr

ZaQ(b +¢)%(s = b)(s — ¢) = 45> Rr(s*> — 3r?), abc = 4Rrs and H(s —a) =72s.
([

Let’s get back to the main problem:

Using Lemma 1 the inequality can be written:
52(s% — 3r?)

7 > 12rs% < 52 > 12Rr+3r2, which follows from Gerretsen’s inequality

s2 > 16Rr — 5r? and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark.

Let’s emphasises an inequality having an opposite sense.
3) In AABC : Y r4(hy + h.)? < 6Rs?

Proposed by Marin Chirciu - Romania
1
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Proof.
Using Lemma 1 we write the inequality:

s2(s* = 3r?) 2 2 2 2 . re s :
——— < 6Rs” & s* < 6R* + 3r*, which follows from Gerretsen’s inequality

R
5?2 < 4R% + 4Rr + 3r% and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
4) In AABC : 12rs®> < Y rq(hy + he)? < 6Rs2.
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
|
Remark.

Changing r, with hy we can build inequalities similar to those above.
5) In AABC : Y ho(re + 1c)% > 1288
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.

6) In AABC : Y hg(rp +7.)% = 452(2R — 7).
Proof.

S 28
Using rq = and h, = — we obtain:
s—a a

s 28/ S 5\ a —
Yohatrotr? =3 (T4 ) = e

_ 933 22R—r)

= 45*(2R —r)

a ~_ 2(2R-—r)
s—0)2(s—c)2 sr3

which follows from: Z a(s —a)? =2sr(2R — ) and H(s —a) =r%s.

In the above inequality we’ve used: Z (

Let’s get back to the main problem:
Using Lemma 2 we write the inequality:
482(2R —r)> 12rs®> < R > 2r (Euler’s inequality R > 2r).
Equality holds if and only if the triangle is equilateral.
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Remark.

Let’s emphasises an inequality having an opposite sense.

7) In AABC : Y ho(ry +70)? < 2R(4R + 7)2.

Proposed by Marin Chirciu - Romania

Proof.
Using Lemma 2 we write the inequality:
R(4R 2
45%(2R—r) < 2R(4R+7)? & 5% < 2((2R+7°))7 which is Blundon-Gerretsen’s inequality.
—r
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
8) In AABC : 12rs? < > ha(rp + 7c)2 < 2R(4R + 1r)2.
Proof.
See inequalities 5) and 7).
Equality holds if and only if the triangle is equilateral.
O

9) In AABC : 32413 < Y ra(rp + 7.)? < Slz—Rs
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:

Lemma 3.
10) In AABC : > ro(rp +7c)% = 4s2(R + 7).

Proof.

S
Using r, = —— we obtain:

S S S 2 1 a2
Zra(rb+rc)2zzs_a(s_b+S_C) :S3zs_a'(s_b)2(s—c)2 -

S3 a? r3s3 4R+ ) 2
e P . = 4 .
H(S—G)Z(S—b)(s_c) r2g T s“(R+r)
2
In the above inequalily we’ve used: Z = b()l(s =0 = 4(R:— 0

which follows from: Z a2(s —a)=2sr(R+7r) and H(s —a)= r’s.
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Let’s get back to the main problem:

Using Lemma 3 the double inequality can be written:

3

81R
324r® < 4s*(R+7r) < , which follows from Gerretsen’s inequality:

16Rr — 5r% < s < 4R% + 4Rr + 372 and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

11) In AABC : 4852 - T < Y hg(hy + he)? < 12527

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:
Lemma 4.
12) In AABC : Y ho(hy + he)? = §z - s?(s®> +r? + 10Rr).
Proof.

28
Using h, = — we obtain:
a

S halhythot =30 25 (25 28y gy L0 S5 s (b el

b a b2c? ‘abc be

8r3s%  s? + 1?2 + 10Rr r
= 1Rrs SRy :?~82(52+T2+10R7‘).

b 2 24+ 724+ 10R
In the above equality we’ve used: Z ( ZCC) -2 T2RJ; :

which follows from: Z a(b+c)? = 2s(s> + r*> + 10Rr) and abc = 4Rrs.

Let’s get back to the main problem:

Using Lemma 4 the double inequality can be written:
3
4852-% < %~52(52+7‘2+10R7’) < 12s%r, which follows from Gerretsen’s inequality
16Rr — 512 < s> < 4R? 4+ ARr + 3r% and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

13) In AABC : )" r2(hy + h.)? > 3652

Proposed by Marin Chirciu - Romania
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Proof.
With means inequality we have:
8r
1) D 12 +he)> = vl dhyhe =4 r2hyh, = = s*(8R* + 2Rr — s?)
2
which follows from: Z r2hphe = ET - 5%(8R? + 2Rr — s?), because:

S \2 28 28 1
Zrihbh022(87a) .7-7:4S4Zm’

1 ~ Ya(s—b)*(s —c¢)?
Z be(s —a)2  abe[[(s —a)
Za(s —b)2(s —¢)? = 2sr*(8R? 4+ 2Rr — 5°), abc = 4Rrs, H(s —a) = sr.

In order to prove Zrz(hb + he)? > 3652 using (1) it suffices to prove that:
8r

R
Gerretsen’s inequality s> < 4R? 4+ 4Rr + 3r* and Euler’s inequality R > 2r.

-52(8R? + 2Rr — s°) > 365% & 2s? < 16R? — 5Rr, true from

Equality holds if and only if the triangle is equilateral.
O

14) In AABC : Y h2(rp + r.)? > 3652

Proposed by Marin Chirciu - Romania

Proof.
With means inequality we have:

(1)
2
Z h2 (ry4re)? > Z h2-4ryr, = 4 Z hiryr. = %-[84+82(2r2—12Rr)+T3(4RT+7‘)]
2

which follows from: Z hiryr. = 4S—RQ - [s* +5%(2r® — 12Rr) + r* (4R +7)], because

25\2 S S 1
Zh?ﬂ‘b""c:z<;) 'S_b's_c:4542m’
Z 1 S b%c?(s — a)

a?(

s—b)(s—c) (abc)?[](s—a)’
Z b2c?(s—a) = s[s* +5%(2r — 12Rr) +r3(4Rr + 1)), abc = 4Rrs, H(s —a) = sr?.

In order to prove Z h2(ry 4 7.)?* > 3652 using (1) it suffices to prove that:
2

% [+ s%(2r — 12Rr) + 3 (4R + 1)) > 365% <

s+ s%(2R? — 12Rr) +r3(4R + 1) > 36R*r?, true from Gerretsen’s inequality
s2 > 16Rr — 512 and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

15) In AABC : Y r2(rp, + r.)? > 365712,
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Proof.
With means inequality we have:
Zri(rb—&—rc)Q > Zr§~4rbrc = A4r,rpre Zru = 4~32r(4R—|—r) > 4-8%r-9r = 36572,
Equality holds if and only if the triangle is equilateral.
O

2
10 10 AABC 5+ 1 2 (55

Proof.

With means inequality we have:
s2r?  s24+r2 +4Rr .

2 2 2 _ _
D halho+he)? = Y he - Ahphe = dhahphe Y ha =4 — " >
2r2 3602 B 144852%r2 _(125r)2
R 2R R \ R '
Equality holds if and only if the triangle is equilateral.

>4q. 2

]
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1. In AABC the following relationship holds:

m§+m§+mﬁ>2+ r
be ca ab — 2R

Proposed by Adil Abdullayev - Baku - Azerbaijan

Proof.
We prove the following lemma:
Lemma.
2) In AABC:
m2 2 2 2 + 5 2 + 2R
ma ,mi o me 84507+ 2R
be ca ab 8Rr
Proof.
2b2 2 2 2
Using m2 = # we obtain:
Zﬂi B 2b2+24627a2 B EZ 2b2—|—262 —a2 B 82 +5T2 + 2Rr because
be be 4 be - 8Rr ’
2b2 2 2 _ 2 2b2 2 2 2
3 +bz o _ 2l ;Lbcc ) and > a(2b® +2¢° —a?) =

:2Za22a—32a3,2a:25,2a2 =2(s*> —r? —4Rr),

Z a® = 2s(s* — 3r® — 6Rr), abc = 4Rrs.

Let’s return to the main problem:
Using Lemma the inequality that we have to prove can be written:
5% +5r2 +2Rr S
8Rr -
inequality: s*> > 16Rr — 5r%. It remains to prove that: 16Rr — 5r® > 14Rr — 1r? &

2+ % & 52 > 14Rr — 12, which follows from Gerretsen’s

< R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.



MARIN CHIRCIU

Remark.
The inequality can be strengthened:
3) In AABC:
i mi om0
be ca ab — 4
Proof.

Using Lemma we write the inequality:

24502+ 2Rr _ 9
% 2 1 & 5% > 16Rr — 5r% (Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 8) is stronger than inequality 1):
4) In AABC:
m7<21+m7f2>+m3 >g>2+L
bc ca ab — 4 2R
Proof.
See 3) and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
([

Let’s emphasises an inequality having an opposite sense:

5) In AABC:
a e
be * ab — 8r
Proposed by Marin Chirciu - Romania

2 2 2
m; mb me _ IR IR

Using Lemma the inequality we have to prove can be written:

24512+ 2R IR
5o+ 2l < o2 <9R?—9Rr — 5r2, which follows from Gerretsen’s
S8Rr 8r
inequality: s*> < 4R% + ARr + 3r2. It remains to prove that:

4R? +4Rr+3r* <9R?>—2Rr—5r? & 5R*—6Rr—8r2 > 0 < (R—2r)(5R+4r) > 0,
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark.
6) In AABC:
g < m7€21 4 mb 4 3 %
4~ bec ca ab ~ 8
Proof.

See inequalities 3) and 5).
Equality holds if and only if the triangle is equilateral.
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1. In AABC:
bc_i_ca,_i_ab<9R2
al, bl cl, — 28
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
2b A
Using l, = Fcc cos B we obtain:

1 1 _ b+e _2R(SinB—|—sinC)_R~2SinB%CcosBch_
ale  a- bzicc cos 4  2abc - cos 4 ~ 2abc - cos 4 B 4RS - 4 B
R-2cos 4 cos B¢ cos B2C bc be - cos B¢
_ 2 2 _ 2 h e _ 2
4RS - cosg 25 ¥ erefrom alg 28

<1 and Zbc < Za2 < 9R? (Leibniz’s inequality), it follows:

be be - cos B=< be 9R?
2, cX a5 <235 95

Equality holds if and only if the triangle is equilateral.

Because cos

Remark.

Let’s emphasises an inequality having an opposite sense.
2) In AABC:
bc ca  ab 18r
oy T s
al, bly c. ~ s
Proposed by Marin Chirciu - Romania

Proof.
be b cos B5E
Using aTCa = % we obtain
be bc - cos —B;C 1 B-C
(1) Zaila:272s :gaC'COS 5
B-C 2424 2R
With means inequality and abc = 4R.S, Hcos 5 = St ;R—; i we obtain:

B-C 3 B-C 5 B-C
. > g/ } Y 2 —
E bc - cos 5 _3\/Hbc cos — 3\/(abc) Hcos 5

1
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(2)

: 24+r2+2R
= 3{/(4RS>2 % 3\/25 r2(s2 +r2 + 2Rr) > 3\3/(127,2)3 — 31272 — 3672

Weve used above s*> > 16Rr — 512 (Gerretsen) s > 3rv/3 (Mitrinovic)
and R > 2r (Euler). From (1) and (2) it follows the conclusion.
Equality holds if and only if the triangle is equilateral.

Remark.
We can write the double inequality:
3) In AABC:
18 bc oo, ab 9R
s “al, bly .~ 28
Proof.
See inequalities 1) and 2).
Equality holds if and only if the triangle is equilateral.
Remark.
The double inequality can be strengthened:
4) In AABC:
2V/3 < ca ab _2(R+r)?

— 4+ =<
+blb+clc_ S

Proposed by Marin Chirciu - Romania

Proof.

b
Inequality from the left side: Tc + % + T > 2v/3 it follows from:
b c

(1) The proof of 2) implies Z ci)l 2 55 \/28 r2(s%2 +r2 + 2Rr)

(2) Then % {/252r2(s2 + 12 + 2Rr) > 2V/3

& 33/252r2(s2 +r2 + 2Rr) > 4rsV/3 &

& 27-25%%(s2 + r2 + 2Rr) > 647°5° - 3v3 = 9(s® + r2 + 2Rr) > 32rsV/3
which follows from Doucet’s inequality 4R + 1 > sV/3. It remains to prove that:
9(s* + 72 + 2Rr) > 32r(4R + 1) < 9s* > 110Rr + 2312,
true from Gerretsen’s inequality: s> > 16Rr — 512 and Euler’s inequality R > 2r.
It suffices to prove that:

9(16Rr — 5r?) > 110Rr + 2312 & R > 2r
be
From (1) and (2) we obtain . + % l > 2V/3.
b c

be b 2(R 2
Inequality from the right side: — + «“ + d < M

alg bl cle S

The proof of 1) implies:
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be be - cos B5¢ be
1 - = - " 2 <« -
M) DT a5 =233
With identity Zbc = 412 +4Rr and Gerretsen’s inequality s> < 4AR?*+4Rr+3r% we have:

(2)
> be=s"+1* +4Rr <AR®+4Rr+3r° 41> +4Rr = AR* + 8Rr+4r° = 4(R+7)’

bc ca ab 1 2(R+r)?
F 1 2 — <—-4 Ly
rom (1) and (2) it follows — ol + i + — 4 =35 (R+7) 5
O
Equality holds if and only if the triangle is equilateral. O
Remark.
The double inequality 4) is stronger than 3).
5) In AABC:
18r ca ab _2(R+r)® _9R?
<3< — 4y DT o7
<2v3 al Tw, a7 s S8

Proposed by Mehmet Sahin - Turkey, Marin Chirciu - Romania
Proof.
See 4), Euler’s inequality R > 2r and Mitrinovic’s inequality s > 3rv/3.

Equality holds if and only if the triangle is equilateral.
O
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1. In AABC

4(ma + mp + m,) ZZ:GJF

" (he + he).
-7

Proposed by Bogdan Fustei - Romania

Proof.
We prove the following lemma:
Lemma.
1) In AABC
To 41T 352 —r2 —4Rr
2y h) =
Z Tq — r( b+ he) R

S 25
Using rq = , 7= — and h, = — we obtain:
s—a s a

s 48
ZL—l_:(hb—&-hc): %(éJrﬁ) _ 2 S+ =

" b ¢/ abe

_ 352 —r2 —4Rr
2R R

Let’s get back to the main problem:
2 4 2

—a S

-2(3s> =12 —4Rr) =

we obtain:

With Tereshin’s inequality mg >

Zma22b2+02 B 25" a? B 2(s% — 1% — 4Rr) _ 52—7"2—4er

4R 4R 2R R
s2 — 12 —4Rr
Using L d > —
sing Lemma an Zm > 7
It suffices to prove that:
2 _ .2 2 _p2 _
4.5 r 4Rr>3s r 4Rr<:>32212R7"+3r2,

R - R
which follows from Gerretsen’s inequality: s*> > 16Rr—5r% and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O

Remark.
Let’s emphasises an inequality having an opposite sense.
2) In AABC:

A(ha +hy+he) <Y
1

Tq + 7T
hae + he).
ra—r( + )
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Proof.
2 2 4R
Using Lemma and Zh‘l = % we write the inequality:
2,2 2_ .2 _
4.3 +r +4RT<3S r 4Rr(:)(922121%4_&27

2R - R
which follows from Gerretsen’s inequality: s> > 16Rr—5r2 and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark.
We can write the double inequality:
3) In AABC:
ro + T
A(ha +hy+he) <Y T: —(hn + he) < 4(ma +my +me).
Proof.
See inequalities 1) and 2).
Equality holds if and only if the triangle is equilateral.

O
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