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1. In AABC
R 3p?
>
2r (4R +r)?
Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.

Using Gerretsen’s inequality p*> > 16Rr — 5r2, it’s enough to prove that:
R 3(16Rr — 5r2)
2r (4R +r)?
& (R —2r)(16R% — 24Rr + 17r%) > 0, obviously from Buler’s inequality R > 2r.

>< 16R3 — 56 R%r + 65Rr%2 — 34Rr? > 0 <

The equality holds if and only if the triangle is equilateral.

O
Remark
The inequality can be developed:
2. In AABC
B P ot B where 150 > 26 > 0
n-— e n + —, where 15n .
r (4R +7r)% — 3’ - -
Proposed by Marin Chirciu - Romania
Proof.

Using Gerretsen’s inequality p* > 16Rr — 5r? and the conditions n > 0,k > 0 it’s
enough to prove that:

n.§+k.M>2n+ﬁ@
r (A4R+1r)? — 3
48nR* — (72n + 16k) R?r + (40k — 45n)Rr? — (6n + 18k)r® > 0
& (R—2r)(48nR?*+(24n—16k) Rr+(3n+8k)r?) > 0, obviously from Euler’s inequality
R > 2rand the observation that 48nR2+(24n—16k)Rr+(3n—|—8k)r2 >0 for 15n > 2k > 0.

The equality holds if and only if the triangle is equilateral or n =k = 0.
O
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Remark
The inequality can be reformulated:
3. In AABC
Biai P 5042 Ghereo<a<
r (4R +7)2 — 3’ -7 =27
Proof.

In 2. we divide with n and we denote E =\
n

The equality holds if and only if the triangle is equilateral.
For A = 6 we obtain inequality 1.

O
Remark
The inequality can be reformulated:
4. In AABC
VEL P oo ias 2
r  (4R4+7r)2 ~ 3’7~ 15’
Proof.
In 2. we divide with k and we denote % =\
The equality holds if and only if the triangle is equilateral.
1
For \ = 5 we obtain inequality 1.
O
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1. In AABC

Z(b +c—a)m? > 18pr(R —r).

Proposed by Abdikadir Altintas — Afyon — Turkey
Proof.

Using the known identity in triangle Z(p —a)m? = p(p* —4r* — TRr)
the inequality that we have to prove can be written:
2p(p® — 4r® — TRr) > 18pr(R — 1) < p* > 16Rr — 512 (Gerretsen’s inequality)
The equality holds if and only if the triangle is equilateral.

O
Remark

The inequality can be developed:
2. In AABC

Z(b +c— na)mi > 9pr [(3 —n)R — 27'] , where n < 5.

Proof.

1
Using the known identity in triangle Z am? = 3 -p(p* + 5r% 4+ 2Rr), we obtain:

Z(b—&—c—na)mg 22{21)—(n—i—l)a}mi:QpZmi—(n—&—l)Zami:

1
ST (1) S a2 =

1
22(p” =7 —ARr) = (n+1) - 5 - p(p” + 507 + 2Rr) =
= 25— mp* = (5n+ 11)r2 — (20 + 26) Br].
the inequality that we have to prove can be written:

g [(5 —n)p? — (5bn 4+ 11)r* — (2n + 26)Rr] > 9pr [(3 —n)R— 27‘] &=

:2p~

> w

(5—n)p? — (5n + 11)r2 — (2n + 26)Rr > 187 [(3 — )R — 2@ ,
which follows from Gerretsen’s inequality p*> > 16Rr—5r% and the condition 5—n > 0.

The equality holds if and only if the triangle is equilateral.
1
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Let’s obtain an inequality that have an opposite sense.
3. In AABC

Z(b—i—c—na)mi < p{(10—2n)R2—(3n+3)Rr—{—(2—4n)r2} , where n < 5.

Proof.
Using the above proved inequality:

Z(b + ¢ —na)m? = g [(5 —n)p? — (5n + 11)r? — (2n + 26)Rr}
Gerretsen’s inequality p? < AR*+4Rr+3r? and the condition 5—n > 0, we obtain:
S b+~ naym? < g [(5 — n)(4R? + 4Rr + 3r2) — (5n+ 11)r2 — (2n + 26)Rr] -

= p[(m —2n)R* — (3n+3)Rr + (2 — 4n)r2} .
The equality holds if and only if the triangle is equilateral.

We can write the following double inequality:
4. In AABC

9pr [(3—n)R—2r} < Z(b—l—c—na)mi < p[(10—2n)R2—(3n+3)Rr—+—(2—4n)r2}, n<b5
Proposed by Marin Chirciu - Romania
Proof.
See inequalities 2. and 3.

The equality holds if and only if the triangle is equilateral.
O
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1. In AABC
Z a > 1872
(b+ce)(b+c—a) = abc
Proposed by Panagiote Ligouras - Florence - Italy
Proof.
We prove the following lemma:
Lemma
2. In AABC
Z a _2p*(R—r)+ Rr(4R+ )
(b+c)b+c—a) pr(p? 4+ r2 4+ 2Rr)
We have

a 1 1 1 1
Z b+c)b+c—a) :Z<b+c—a B b+c) :Zb—i—c—a _Zb—i—c -
4R+ 5p? +r2 +4Rr
~2pr 2p(P®+12+2Rr)
_ 2p*(R—r)+ Rr(4R+7)
~ pr(p®+r2+2Rr)
Let’s pass to solving the problem from the enunciation.

Using the Lemma, the inequality that we have to prove can be written:
2p*(R — 1) + Rr(4R + 1) < 1872 o 2p?(R—1) + Rr(4R + 1) < 1872 o
pr(p? + 2+ 2Rr) ~ abc pr(p? +r2 + 2Rr) ~ 4pRr
P*(4R* —4Rr — 9r®) + r(8R® + 2R*r — 18Rr? — 9r°) > 0
We distinguish the following cases:
1. If 4R?> — 4Rr — 972 > 0, the inequality is obvious.
2. If 4R? — 4Rr — 972 < 0, the inequality can be rewritten:

p?(9r® + 4Rr — 4R?) < r(8R® + 2R*r — 18Rr? — 973).

Using Gerretsen’s inequality p® < 4R? + 4Rr + 3r% it is enough to prove that:
(4R? + 4Rr + 3r?)(97® + 4Rr — 4R?) < r(8R® + 2R*r — 18Rr?* — 9r%) &
& SRUHAR3r—19R?*r?* —33Rr3—18r" > 0 & (R—2r)(8R*+20R?*r4+-21Rr?4+913) > 0

which is obviously from Fuler’s inequality R > 2r.
1
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The equality holds if and only if the triangle is equilateral.

Remark
Inequality 1. can be strengthened:

3. In AABC
a 9Rr

Z(b—l—c)(b—l—c—a) = abc

Proof. Using the Lemma the inequality can be written:
2p?(R—1) + Rr(4R+ 1) - 9Rr o 2p?(R—1) + Rr(4R+ 1) S 9Rr o
pr(p? +r2 4+ 2Rr) ~ abc pr(p? + 2 + 2Rr) ~ 4pRr

p?(8R —17r) + r(16R* — 14Rr — 9r°) > 0.
We distinguish the cases:

1. If S8R — 17r > 0, the inequality is obvious.
2. If 8R — 17r < 0, the inequality can be rewritten:

p?(17r — 8R) < (16 R® — 14Rr — 97?).
Using Gerretsen’s inequality p*> < 4R* + 4Rr + 312 it suffices to prove that:
(4R? +4Rr + 3r*)(17r — 8R) < r(16R* — 14Rr — 9r%) &
& 16R? — 10R?r — 29Rr* — 30r® > 0 < (R — 2r)(16R? + 22Rr + 15r%) > 0,
which is obvious from FEuler’s inequality R > 2r.

The inequality holds if and only if the triangle is equilateral.

Remark.
Inequality 3. is stronger than inequality 1.
4. In AABC
a 9Rr _ 1872
2. > e 2 abe
(b+c)(b+c—a) abe abc
Proof.

See inequality 3. and Fuler’s inequality R > 2r.
The inequality holds if and only if the triangle is equilateral.

Remark.
Also inequality 3. can be developed:

5. In AABC
a 9R?

Z(b—i—c)(b—l—c—a) = 2abc
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Proof.

Using the Lemma, the inequality that we have to prove can be written:

2p*(R—r)+ Rr(4R+ ) S 9R?  2p*(R—r)+ Rr(4R+) < 9R? o
pr(p2 +r2+2Rr) T 2abc pr(p*+r?+2Rr)  ~ 9pRr

p*(TR — 167) + Rr(14R —r) > 0.
We distinguish the cases:

1. If TR — 16r > 0, the inequality is obvious.
2. If TR — 16r < 0, the inequality can be rewritten:

p?(16r — TR) < Rr(14R — r).
Using Gerretsen’s inequality p?> < 4R* + 4Rr + 312 it suffices to prove that:
(4R? + 4Rr + 3r°)(16r — 7TR) < Rr(14R—r) &
& 14R* — 11R*r — 22Rr? — 241 > 0 & (R — 2r)(14R* + 17Rr 4 12r%) > 0,
which is obvious from Euler’s inequality R > 2r.

The inequality holds if and only if the triangle is equilateral.

Remark.
Inequality 5. is stronger than inequality 3.
6. In AABC
a 9R?2 _ 9Rr
2 2 20t 2
(b+c)(b+c—a) ~ 2abc ~ abc
Proof.

See inequality 5. and Euler’s inequality R > 2r.

The inequality holds if and only if the triangle is equilateral.

Remark.
The inequalities can be written:
7. In AABC
a 9R?> _ 9Rr _ 1872
> > > >
(b+¢c)(b+c—a) ~ 2abc ~ abc abc
Remark.

Let’s obtain an inequality having an opposite sense.

8. In AABC
a 9IR?

Z b+c)b+c—a) = 16Sr
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Proof.

Using the Lemma, the inequality that we have to prove can be written:
20 (R—r)+ Rr(4R+ 1) - 9R?  2p>(R—7)+ Rr(4R+7) - 9R? -
pr(p? + 12+ 2Rr) ~ 16Sr pr(p? + 12+ 2Rr) ~ 1672p
p?(9R? — 32Rr + 32r%) + Rr(18R* — 55Rr — 1672) > 0.

Because 9R? — 32Rr + 32r? > 0(A < 0, for the trinomial 92% — 32z + 32), using

Gerretsen’s inequality p*> > 16Rr — 512 is suffices to prove that:
(16 Rr — 5r2)(9R? — 32Rr + 32r%) + Rr(18R* — 55Rr — 16r%) > 0 <

< 81R? — 306R*r + 328Rr® — 80r® > 0 < (R — 2r)(80R? — 144Rr + 40r?) > 0,
which is obviously from Euler’s R > 2r.

The inequality holds if and only if the triangle is equilateral.

|
Remark.
We can write the double inequality:
9. In AABC R R2
9 9
=<y @ < .
8§ — b+c)(b+c—a) ~ 16Sr
Proposed by Marin Chirciu - Romania
Proof.

See inequalities 2. and 8.
The inequality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.
O
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1. In AABC
c 9rv/3
macosg—i-mbcosg—i—mccosgz 5
Proposed by Kevin Soto Palacios - Huarmey - Peru
Remark.
The inequality can be strengthened:
2. In AABC

A+ B+ C>3p
m, COS — myp COS — m,. COS — _—
a™ P e®P g =g

Proposed by Marin Chirciu - Romania

Proof.
A
We use the remarkable inequality mg > cos )
We obtain:
A 5 A b+c pp—a) p alb+c)(p—a)
S S I
_p 12pRr _ 3p
2 4pRr 2
The equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 2. is stronger then Inequality 1.:
3. In AABC
A C 3p 9r/3
mg COs — + myp cos — + m,cos — > — > .
g Trmecosy t 2= 2 = 2
Proof.

See inequality 2. and Mitrinovié’s inequality: p > 3rv/3.
The equality holds if and only if the triangle is equilateral.
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In the same mode can be proposed:

4. In AABC

A . B . C ab + bc + ca
mg sin — + mp sin — + mesin — > —
2 2 2 4R

Proof.

A
Using the remarkable inequality mq > € cos o we obtain:

A b+c A A 1 ) 1 a ab+ bc+ ca
Zma51n§ > Z 5 cos o sing = ZZUH—C) sin A = ZZ(b—&—c)ﬁ =—r

The equality holds if and only if the triangle is equilateral.

d
5. In AABC
masinE +mbsin5 —{—mcsing > S\ng
Proof.
See 4. and the remarkable inequality ab + be + ca > 45V/3.
The equality holds if and only if the triangle is equilateral.
d
6. In AABC
. A . B . C _r(5R—1)
masmg +mbsmE —|—mcsm5 > — R
Proof.
See 4., the identity ab+ be + ca = p> + r> + 4Rr and Gerretsen’s inequality
p? > 16Rr — 5.
The equality holds if and only if the triangle is equilateral.
O

The following inequalities can be written:

7. In AABC

p2+T2+4Rr>r(5R—r)>S\/§>97r2
4R - R - R T R

Proposed by Marin Chirciu - Romania

A sin B sin & >
Mg SIN — 1T Mp SIN — T M S1IN —
a 2 b 2 c 9 =
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Proof.

See 4. the identity ab + bc + ca = p? + r? + 4Rr , Gerretsen’s inequality

p? > 16Rr — 5r, Doucet’s inequality 4R + 7 > p\/3 and Mitrinovié’s inequality:
p > 3r/3.

The equality holds if and only if the triangle is equilateral.
O
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1. In AABC

Ta Ty Te 2r

—+—+—+ =>4

Tb c a

Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.
Bergstrom (1)
r r? = ret+re+re 2 4R+71)? = r

Wehave Sk = Do 27 pheiinas = GRS B where (1)
follows from Blundon - Gerretsen’s inequality p? < % (true from Gergonne’s

identity: HI? = 4R? {1 — % ,I' is Gergonne’s point, namely the lines in-
tersections AAy, BB1,CC1, where A1, B1,Cy are the tangent point of incircle in

AABC with the sides BC,CA, AB).
The equality holds if and only if the triangle is equilateral.

|
Remark.
The inequality can be developed:
2. In AABC
T Tb Te T n
—+ — 4+ —4+n:-— >3+ —, wheren < 2.
Th Te Ta R 2
Proposed by Marin Chirciu - Romania
Proof.
Bergstrom (1)
o et (ra+rotre)? (4R+4r)% 71
We have 37 1o =37 ;ran - > reribiiel o = S50 > 3+ 5 — ', where

(1) follows from Blundon-Gerretsen’s inequality p? < %ﬁ?j (true from

Gergonne’s identity: HI'? = 4R? [1 — %] , ' is Gergonne’s point, namely the
intersection lines AAy, BB1,CCq, where A1, B1,C1 are the tangent points of the

incircle in AABC with the sides BC,C'A, AB).
It remains to prove that:

1)
(4R+7‘)2//>\3 n nr 4R-—2r m“>n+6
war? = T3 TR TR TR 2
2(2R—r)

s 2-n)(R-2r)>0
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obviously from Fuler’s inequality R > 2r and the condition 2 —n > 0.
The equality holds if and only if the triangle is equilateral.

Remark.
For n = 2 we obtain inequality 1.

For n =0 we obtain the well known inequality Ta + T + Te > 3.
Ty Te Ta
2r

T T
For n = —2 we obtain the known inequality — + UL Te >24+ —.

Ty Te Tq R
Let’s notice that for n < 0 the obtained inequalities are very weak, the inequality is

interesting for n > 0, being the strongest for n = 2.
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1. In AABC
r2 + r? + r2 >
<4+ 2+ -= .
hea hy he ™
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
We prove the following lemma:
Lemma.
2. In AABC ) ) ) ( ) 5
ra h T 2R(4R+ 1) —p
—a 4 by — .
ha hb hc T
Proof.
r2 (pfa)z S a rp 4R(AR+ 1) —2p*  2R(4R+71) — p?
We have Zh—azz 35 :Ez(p,a)zzi' = — .
O

Let’s prove inequality 1.
Using the Lemma, inequality 1, can be written:
2R(4R — p?
“r+r) —p > 9r < p? < 2R(4R+71)—9r2, which follows from Gerretsen’s inequality:
,
p? < 4AR? + ARr + 3r?
It remains to prove that:
4R?+4Rr+3r? <2R(4R+7)—9r* & 2R>—Rr—6r> > 0 & (R—2r)(2R+3r) > 0,
obviously from Fuler’s inequality: R > 2r.
The equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 1. can be strengthened:
3. In AABC ) 5 5
9
Ta Te Te OR
h, hy h,

2
Proposed by Marin Chirciu - Romania
1
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Proof.

Using the Lemma, inequality 3 can be written:
2R(4R + 1) — p?

. > 5 ®© 2p* < 2R(4R+1)—9Rr, which follows from Gerretsen’s inequality:
p? <4R* + 4Rr + 3r°.
It remains to prove that:
2(4R*+4Rr+3r?) < 2R(4R+r)—9Rr < 8R?*—13Rr—6r> > 0 < (R—2r)(8R+3r) > 0,
obviously from FEuler’s inequality: R > 2r.
The equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 3. is stronger than inequality 1.
4. In AABC
r§+r§+rg >9R>9
—“ 4+ 2+ -=>— .
hea hy h.— 2 —
Proof.
See inequality 3. and Euler’s inequality.
The equality holds if and only if the triangle is equilateral.
O
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1. In AABC

a
Y >4svE
b+c—a

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

Proof.
We prove that following lemma:

Lemma.
2. In AABC
a3 _ P’(2R—3r)+r?(4R+ )
Z b+c—a o r )
Proof.
a* 1 Z a®* _12p°(R—3r) +2r*(4R+r) _ p*2R—3r) + (4R + 1)
b+c—a 2 p—a 2 r r '

O

Let’s pass to solving the problem from enunciation.
Base on the Lemma we write the following inequality:
p?(2R —3r) +r2(4R+ )
T
which follows from Gerretsen’s inequality p*> > 16Rr—5r% and Doucet’s inequality 4R+r > pV/3
It remains to prove that:
(16Rr — 5r?)(2R — 3r) + r*(4R+7) > 4r - (AR + 1) < 16R* — 35Rr + 6r°> > 0 &
< (R—2r)(16R — 3r) > 0, obuviously from Euler’s inequality R > 2.
Equality holds if and only if the triangle is equilateral.

> 4rpV3 < p?(2R — 3r) + r2(4R +7) > 4r - pV/3

Remark.
Inequality 1. can be strengthened:

3. In AABC
3 4 2

a P
Zb—i—c—az?.

1
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Proof.
Base on the Lemma the inequality can be written:

p?(2R —3r) + r2(4R + 1) - 47192
r 3

& p*(6R —13r) + 3r?(4R+7) >0

We distinguish the cases:

1. If 6R — 13r > 0, the inequality is obvious.
2. If 6R — 13r < 0, inequality can be rewritten:

p?(13r — 6R) < 3r2(4R + 1)

which follows from Gerretsen’s inequality p* < 4R* + 4Rr + 3r2.
It remains to prove that:
(4R* +4Rr +3r%)(13r —6R) < 3r?(4R+7r) < 12R* —14R*r — 11Rr? — 18 > 0 &
& (R—2r)(12R* + 10Rr + 97%) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 3. is stronger than inequality 1.
4. In AABC 5 )
a 4
PN
b+c—a 3
Proof.
See inequality 3. and Mitrinovic’s inequality p > 3rv/3.
The equality holds if and only if the triangle is equilateral.
|
Inequality 3. can be also strengthened:
5. In AABC 5
a
—— >2RpV3
Z b+c—a — b
Proposed by Marin Chirciu - Romania
Proof.

Base on the Lemma we write the inequality:
p*(2R —3r) + r*(4R+ 1)
T
which follows from Gerretsen’s inequality p° > 16Rr—5r% and Doucet’s inequality 4R+r > pV/3.

> 2RpV3 < p*(2R — 3r) + r* (4R + 1) > 2R - pV/3

It remains to prove that:
(16Rr — 5r*)(2R — 3r) + r*(4R+7) > 2R- (4R+7) © 3R* —TRr + 2r* > 0 &
< (R—2r)(3R —1) > 0, obviously from FEuler’s inequality R > 2.
The equality holds if and only if the triangle is equilateral.
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Remark.
Inequality 5. is stronger than inequality 3.:
6. In AABC 5 )
a 4
S %  >orpv3> 2
b+c—a 3
Proof.
3RV3
See inequality 5. and Mitrinovié’s inequality p < 2\[
The equality holds if and only if the triangle is equilateral.
O
Remark.
We write the following inequalities:
7. In AABC
a3 4p?
S SorpvE> P >usv3E
b+c—a 3
Proof.
3RV3
See inequality 5. and Mitrinovié’s inequality 3Irv3<p< 2\f
The equality holds if and only if the triangle is equilateral.
O
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1. Let be a,b,c € (0,00). Prove that
a®? b 2 30abc

tatea™t (a+b)(b+ c)(c+a)

b2 c2

27
> —.
— 4

Proposed by Costel Anghel — Romania
Proof.

(SR~

a c
Denoting 7= T, - =1y, o= z, we have x,y,z >0 and zyz = 1.

We write abe = 1 = 1
(a+b)b+c)(cta) (4)(HE)(E2)  (@+ D+ D(z+1)

C

We reformulate the problem:
30 27

G D+t = 4
(z+y+2)> :ﬁ

If x,y,2 > 0 and xyz = 1, prove that 22 +y2 4224

Denoting x 4+ 1y + z = t, we have t > 3¥xyz = 3;2° +9° + 2° >

3 3
t2 t3
(x+y+2)? > 3(zy+yz+z2) = rytyz+zr < 3 (x4y+2)% > 2Twyz = ayz < 77
3 t2
We have (x+1)(y+1)(z+1) = zyz+aytyz+za+ax+y+z+1< E+§+t+1'

It suffices to prove that:
? N 30 IR ? N 810 2
3 48 4t+1 4 3 B34+92 427427 4
A2 (13 + Ot% 4 27t 4 27) + 9720 > 81(t3 + 9% + 27t + 27) &
45436114273 — 62112 —2187t+ 7533 > 0 < (t—3) (462 +48t3+171t>—108t—2511) > 0,
Which follows from t —3 > 0 and 4t* 4 48t + 171t* — 108t — 2511 > 324 > 0.

Equality holds for x =y =z =1, namely fora =b=c.

O

Remark.
The inequality can be devoloped:

2. Let be a,b,c € (0,00) and n < 32. Prove that

a2+b2+cz+ abc >3+n
o 4T . bt
b2 2 a? (a+b)(b+c)(c+a) — 8

Proposed by Marin Chirciu - Romania
1
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Proof.

ol

a c
Denoting 3= x, - =vy,— =z, we have x,y,z > 0 and zyz = 1.
a

We write abe = ! = 1
(@+b)b+o)(ct+a) () () (@+D+D(+1)

a

The problem can be reformulated:

n n
If ,y, 2 > 0 and zyz = 1, prove that > +y? + 2> + >34+ —.
foy 4 P Y S ECE S
2 tQ
Denoting x +y + z = t, we have t > 3xyz = 3;2° +y> + 22 > W =3
t2 t3
(x+y+2)? > 3(zy+yz+z2) = rytyz+ze < 3 (x4y+2)% > 2Twyz = ayz < 77
3¢
We have (x+1)(y+1)(z+1) =zyz+azy+yz+ze+a+y+z+1< 2—7+§+t+1.
It suffices to prove that:
12 n n 12 2Tn n+24
—F 23+ - & - >
3 +§;+%+t+1 ST ST DRV G Y A

8% (12 4 9t? + 27t + 27) + 648n > (3n + 72)(t* + 9% 4 27t + 27) &
8t° + 72t* + (144 — 3n)t® — (27n + 432)t% — (81n + 1944)t + 567n — 1944 > 0
& (t—3)(8t* + 96t + (432 — 3n)t? + (864 — 36n)t + 648 — 189) > 0,
Which follows from t—3 > 0 and 8t*+96t3+(432—3n)t>+(864—36n)t+648—189n > 0,
forn < 32.
The equality holds for x =y = z =1, namely fora =b=c.

|
We can formulate the following problem:
3. Let be a,b,c € (0,00). Prove that
a? N b? 4 c? + 32abc >
b2 2 a2 (a+b)(b+c)(ct+a) T
Proof 1.
. a b c
Denoting 7= T, - =y,— =z, we have x,y,z > 0 and zyz = 1.
c a
W y abc 1 1
e write = = .
(at+d)(btc)cta) (FH(EEE)(£2) @+ Dy +1(z+1)
The problem can be reformulated:
30 27
Ifx,y,2 >0 and xyz = 1, prove that % + y? + 2> + > —.
fay rEb Y Cr D +0z+1) -~ 4

2 t2
Denoting x4+ 1y + z = t, we have t > 3Yxyz = 3; 22 + 3> + 2% > W =3
t2 t3
(x+y+2)? > 3(zy+yz+22) = zytyz+ze < 3 (x4y+2)% > 2Twyz = ayz < 775
3 42

t t
We have (x+1)(y+1)(2+1) =2zyz+ay+yz+za+r+y+z+1< 2—7+§+t+1
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It suffices to prove that:
t2 32 t? 864
> T — >7 e
3+;i‘7+§+t+1— 3 T By o retiar
t2(t3 4+ 9t2 + 27t + 27) + 2592 > 21 (3 + 912 + 27t + 27) &
54+ 9t + 61> — 162t — 567t + 2025 > 0 < (t — 3)(t* + 12t% + 42* — 36t — 675) > 0,
Which follows from t —3 > 0 and t* + 12t> 4 42t> — 36t — 675 > 0.

The equality holds for x =y =z =1, namely for a =b = c.

Proof 2.
We put n = 32 in 2.
O
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ROMANIAN MATHEMATICAL MAGAZINE
2017

MARIN CHIRCIU

1. In AABC
mﬁ + m% + mz p2
memp + mpme + mem,  p?+r(R—2r) —

Proposed by Adil Abdullayev - Baku - Azerbaidian

Proof.
We prove the following lemma:
Lemma.
2. In AABC
mi + mg + mg S 6(p% — r%2 — 4Rr)
memp + mpyme + memg — 5p%2 — 3r2 — 12Rr
Proof.

ng Za Z.2(p* —r* —4Rr) = 2(102—7“2—4]%7")

Using the known mequalzty in triangle 4mbmc < 2a® + be, wherefrom:

Zmbmc <= Z (2a®+bc) = ( Za +Z bc) = —(p*—r?—4Rr)+- (p +r24+4Rr) =

1
= Z(5p2 —3r% — 12Rr).
2 2 2 3(h2 _ 2 AR 2 .2 4
We obtain — et mhtme o a”—r Z4RY) Gt - - 4l
mamy +myme +mema 3 (5p% —3r2 —12Rr)  5p? — 3r? — 12Rr

O

Let’s pass to solving the problem from enuntiation.
Based on Lemma it is enough to prove that:
6(p? — r2 — 4Rr) p?
5p2 —3r2 —12Rr  p?+r(R—2r)
which is Gerretsen’s inequality.

> 2 & pt45p?r?—16p°Rr > 0 < p? > 16Rr—512

The equality holds if and only if the triangle is equilateral.

Remark.
Inequality 1. can be devoloped:
1
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3. In AABC

m2 + m?2 4+ m?2
o T M +n- P >n+1, wheren <1
MmeMp + Mmpme + memg p?+r(R—2r)

2

Proposed by Marin Chirciu - Romania

Base on Lemmea it is enough to prove that:
6(p? — 12 — 4Rr) np?
5p2 —3r2 —12Rr  p?+r(R—2r)

pi4p? [(10n—5)r2—(5n+11)Rr] +(12n—12)R*r24+(21—21n) R34+ (6—6n)r* > 0 <

>n+1l1e

’ {p2+(10n—5)r2—(5n+11)Rr} +(12n—12)R%2 + (21— 21n) Rr® + (6— 6n)r? > 0.
We have p*+(10n—5)r*—(5n+11)Rr > 0, for n < 1, because using Gerretsen’s inequality
p2 > 16Rr — 5r2, we obtain:
p? + (10n — 5)r? — (5n + 11)Rr > 16Rr — 5r% + (10n — 5)r* — (5n + 11)Rr =
= (5=5n)Rr+(10n—10)r? = 5(1—n)r(R—2r) > 0, obviously from R—2r >0 and 1—n > 0.
It suffices to prove that:
(16Rr —5r%)5(1 —n)r(R—2r) + (12n — 12) R*r? + (21 — 21n)Rr* 4 (6 — 6n)r* > 0 <
(1—n) (16R—5r)5(R—27“)+12R2—21Rr—6r2] >< (1-n)(R—2r)(1TR—"Tr) > 0,
obviously from FEuler’s inequality and condition n < 1.
Equality holds if and only if the triangle is equilateral.
O
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1. In AABC

mg +mb me 3> 27(a 4+ b)(b+ ¢)(c + a)
hg hy he B 8abc

Proposed by Abdullayev - Baku - Azerbaidian

Remark.
The inequality can be strengthened:
2. In AABC
3
mg myp me 2])2
<ha + hb + hc> - R’I"
Marin Chirciu - Romania
Proof.
We prove that following Lemma.
Lemma 1.
3. In AABC
Ma | Mo | Me o PEA T = 2Ry
ha hb hc 4R’I"
Proof.
2, .2

, formula h, = ;—; and the known

Using Teresin’s inequality mg >

b + 2 _p2+r2—2Rr
be 2Rr

inequality in triangle Z , we obtain:

2 52
Z%>Zb:}% :lzb2+c2:p2+7’2—2RT
ha — Qb—lc% 2 be 4Ry

Equality holds if and only if the triangle is equilateral.
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Remark.
We can write the inequalities:
4. In AABC
a c 2+r2-2R TR —2
ma  my me pPtri-2Rr TR—2r
hg hy he — 4Rr - 2R
Proof.

The first inequality is Lemma 1, the second inequality follows from
Gerretsen’s inequality p?> > 16 Rr — 512, and the third inequality follows from Euler’s
inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Lemma 2.
5. In AABC
2
Mg mp Me 2p2
AL
h, hy h. 3Rr
Proof.
2412 —2Rr\2 _ 2p?
Using Lemma 1, is enough to prove that: (%) > BTZ;?" &
3p*+p? (612 —44Rr)+12R*r? —12Rr*+-3r* > 0 < p?(3p*+-6r°* —44Rr)+3r*(2R—7)? > 0
O

We distinguish the cases:
1) If 3p? 4+ 6172 — 44Rr > 0, the inequality is obvious.
2) If 3p? + 672 — 44Rr < 0, inequality we can rewrite:

p*(44Rr — 6r% — 3p*) < 3r%(2R — )2, true from Gerretsen’s inequality:
(4R? + 4Rr + 3r2) [4437« — 6r2 — 3(16Rr — 57“2)} <322R—1)? &
S 4R? — 2R*r — 9Rr? — 6r® > 0 < (R — 2r)(4R* + 6Rr 4+ 3r%) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
Remark 2.

We can rewrite the inequalities:

6. In AABC
2
2
(ma " mp n mc> S 2p S 9(a+b)(b+c)(c+ a) > 0.

— 3Rr — 8abc
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Proof.
First inequality is Lemma 2.
Let’s prove the second inequality.
Using the known identities in triangle: (a + b)(b+ c)(c + a) = 2p(p® 4+ r* + 2Rr)
and abc = 4Rrp, the second inequality:
2p? .9 2p(p? + 72 + 2Rr)
3Rr — 8-4Rrp
which follows from Gerretsen’s inequality: p*> > 16 Rr—5r%and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

& 32p2 > 27(p? + 1% + 2Rr) < 5p® > 27(r* + 2Rr)

O

The third inequality is the well known inequality (a+b)(b+c)(c+a) > 8abe (Cesaro)

m m m
We’ve obtained a strengthened inequality in triangle h—a + h—b + h—c > 3.
a b c

Moy I ey, 207

Let’s pass to solving inquality 2:(

he "y he) T Rr
Base on Lemma 2 and the the last inequality from Remark 1 we obtain:
(fhe . @)L(w my &)z.(&+@+&) LW W
hq hy  he hq hy — he he hy he 3Rr Rr
Equality holds if and only if the triangle is equilateral.

Remark 3.
Inequality 2 is stronger then inequality 1:
7. In AABC
3 _2p% _ 27 b)(b
(&+@+E) > 27 2@+ b)(b+o)(c+a)
ha hb hc T 8abc
Proof.

The first inequality is 6.
Let’s prove the second inequality.

Using the known identities in triangle: (a + b)(b+ c)(c+ a) = 2p(p® +r* + 2Rr)

and abc = 4Rrp, the second inequality:
2p? L2 2p(p? + 12 + 2Rr)

Rr — 8-4Rrp

which follows from Gerretsen’s inequality: p*> > 16Rr—5r% and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

& 32p% > 27(p* + % + 2Rr) & 5p? > 27(r + 2Rr)

O

Remark 4.
We can write the inequalities:
8. In AABC

2
<ma mp mc)3 > 2p* > 27(a+b)(b+ ¢c)(c+ a)
T 8abc

h, +Tb+ h.

> 27
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Proof.
See 7 and Cesaro’s inequality (a + b)(b+ ¢)(c + a) > 8abe
Remark 5.
Inequality 2 can also be strengthened:
9. In AABC
Mg My Me\3 p? 2r
te g 0, e s 7=
(ha+hb+hc) _3Rr( R)
Proof.

Base on Lemma 2 and on the second inequality from Remark 1 we obtain:

ha by ko) T\ hy R b Thy
Equality holds if and only if the triangle is equilateral.

(ma me mc)3_(ma mp mc)2 (ma mp mc)>2p2 TR—2r

— 3Rr 2R

Remark 6.
Inequality 9. is stronger then inequality 2.:
10. In AABC
3 2 2 2 2
(Mo g Moy Moyt B 2y W
hg hy h. 3Rr Rr
Proof.

See inequality 9. and Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark 7.

We can write the inequalities:

11. In AABC

(ma mp mc)3 S P ( 21’) > 2p* > 27(a+b)(b+ c)(c+ a) >

e The T he " 8abe

Proof.
See 10. and 8.

Equality holds if and only if the triangle is equilateral.

p2

3Rr

(

2r
72
R

7.

)
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We’ve obtained again a strengthening of the well known inequality in triangle

— +—+—2>3
ha + hy + he —
Finally we can propose a development of inequality 2.:
12. In AABC
m m M\ 2p?
(—a—l——b—i-—c) 23"_3-L, where n > 2.
h, hy h. Rr

Proof.

Base on Lemma 2 and the last inequality from Remark 1 we obtain:
- 2 2
Ma M %)” :(% my @)2.(@ my @)" 22207 gna_gnos 207
(haJrh;g,thc hathbJrhc haJrhbJrhC ~ 3Rr Rr’
Equality holds if and only if the triangle is equilateral.

O
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1. In AABC
1 N 1 N 11
a(p—a) bp—>b) c(p—c)  2Rr

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

We prove the following lemma:

Lemma
2. In AABC
1 4 1 n 1 _ p’+ (4R +1r)?
a(p—a) blp—b) clp—c) 4Rrp?
Proof.
L Ybelp=blp—c P+ @R+’  p*+ (4R +71)?
We have Z a(p—a) abc(p—a)(p—0b)(p—c) 4Rrp - r2p - 4Rrp?

O

Let’s pass to solving the inequality from enuntiation.

Using the Lemma we write the inequality:

2 2

p*+ (4R + 1) 1 9 9

——— > — & 3p° > 4R+
4Rrp>? ~ 2Rr = )

(Doucet’s inequality, which follows from Gerretsen’s inequality p? > 16Rr — 512
and Euler’s inequality R > 2r).

The equality holds if and only if the triangle is equilateral.
Remark 1.

The inequality can be strengthened
3. In AABC
1 1 1 5R — 2r
+ + >
a(p—a) bp—b) c(p—c) 4R2?r

1
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Proof.
Using the Lemma we write the inequality:

p? + (4R +7)? S 5R —2r 2 R(4R +1r)?

iRrp?  © 4Rz P S T3pR 1)
(Blundon-Gerretsen’s inequality, which follows from Gergonne’s identity
2p%(2R —
HT? = 4R?*|1 — M , where Dis Gergonne’s point).
The equality holds if and only if the triangle is equilateral.
O
Remark 2.
Inequality 3. is stronger then inequality 1.:
4. In AABC
1 1 1 5R — 2r 1
+ + > >
a(p—a) b(p—b) c(p—c)~ 4R?r ~ 2Rr
Proof.
The first inequality is inequality 3.
The second inequality is equivalent with R > 2r (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.
|
Remark 3.
Let’s find an inequality having an opposite sense.
5. In AABC
1 n 1 n 1 1
a(p—a) bp—>b) c(p—c) ~ 2r2
Proof.

Using the Lemma we write the inequality:

YW < % & p*(2R—7) > r(4R+1)?
which follows from Gerretsen’s inequality p*> > 16Rr — 5r2.
It remains to prove that:
(16Rr—5r?)(2R—r) > r(4R+7r)* & 16R*—17Rr+2r> > 0 < (R—2r)(8R—7) > 0,
obviously form Euler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.
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Remark 6.
The double inequality take place:
6. In AABC
5R — 2r 1 1 1 1
< + + <
4R?2r ~a(p—a) b(p—>b) c(p—c) T 2r2

Marin Chirciu - Romania

Proof.
See inequalities 3. and 5.

The equality holds if and only if the triangle is equilateral.
O
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1. In AABC
2M g MpMe L1 (ra + 76 + 1)
hahbhc TaTh + TpTe + TeTa
Proposed by Adil Abdullayev - Baku - Azerbaidian
We prove the following lemmas:
Lemma 1.
2. In AABC
MgMpMe R
_— > .
hohpyh, — 2r
Proof.
(1) From mq > \/p(p — a) = mamym, > pS = rp?
25 2r2p?
2 d he = — = hohphe =
(2) and from . b 7
2
. MgMpMe rp R
From (1) and (2) it follows hihbhcc > 270;1)2 =5
O
Lemma 2.
3. In AABC
2 r(4R + )2
- R+r
Proof.
2(R—2
Using Yang Xue Zhi’s inequality p* > 16 Rr — 512 + %
—-r

(stronger inequality then Gerretsen’s inequality p? > 16Rr—5r2), it remains to prove that:
2(p _ 2 2 _ 2 2
r*(R —2r) S r(4R +r) - r(16R* — 20Rr + 3r°) < r(4R+r) N
R—r — R+r R—r - R+
2R*-5Rr+2r* > 0 & (R—2r)(2R—7r) > 0, obviously from Euler’s inequality R > 2r.
O

16Rr — 5r% +
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Let’s pass to solving the inequality from enunciation.

Using Lemma 1 and the known identities in triangle
Ta + 7o+ 71 =4R+ 71 and rory + rpre + 1erq = p2 it suffices to prove that

R > (4R—|2—7")2 s> r(4R +1)?

r D R+1r

Equality holds if and only if the triangle is equilateral.

(Lemma 2).

Remark.
Inequality can be devoloped:
4. In AABC
2
mempm r T T
A ebTe L3 A > (ra + 75+ ) , where A > 2.
hahbhc TaTb + TpTc + TcTa
Proof.
MaMpMe MaMpMe (ra + 1 +7e)?
We have \+ ————+3 - ——+ 1>
¢ nave hahbhc * hahbhc = TaTb + ToTc + Tela
where the first inequality is equivalent with (A — 2) (% — 1) >0
altbllc
. MeagMpMme L. . . .. .
obviously from T > 1 and the condition A > 2, and the second inequality is inequality 1.
althllc

Equality holds if and only if the triangle is equilateral.
O

Remark.

For \ = 2 in inequality 4. we obtain inequality 1.
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1. AABC
a?sin? A 9
Yo A e,
sin Bsin C
Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

We prove the following lemma:

Lemma.
2. In AABC
a*  p*—10p*(r? + Rr) + 5r%(r? 4+ 6Rr + 8R?)
bc 2Rr
Proof.
a* Y a®  2plp* —10p*(r? + Rr) + 5r%(r® + 6Rr + 8R?)]
bc  abc 4Rrp -
p* —10p*(r? + Rr) + 5r%(r* + 6Rr + 8R?)
B 2Rr

Let’s pass to solving the inequality from enuntiation.
Using the sines theorem and the Lemma above, the inequality from enunciation can be written:
pt —10p2(r? + Rr) + 5r2(r? + 6Rr + 8R?)
2Rr
20,2 2 2k, .2 2
< p°(p® — 10r° — 10Rr) + r*(5r* — 42Rr + 40R*) > 0
We distinguish the following cases:

1. If p? —10r2 —10Rr > 0, the inequality is obviously.

2. If p?>—10r%2 — 10Rr < 0, the inequality can be rewritten:

p?(10Rr + 10r? — p?) < r2(5r2 — 42Rr + 40R?) , which follows from Gerretsen’s
inequality: 16Rr — 5r% < p? < 4R? 4+ 4Rr + 3r% . It remains to prove that:

(4R? +4Rr + 3r*)(10Rr 4 10r* — 16Rr + 5r%) < r?(5r% — 42Rr + 40R?) <
6R> + R?r —21Rr? — 10r® > 0 & (R — 2r)(6R? 4+ 13Rr + 5r%) > 0

obviously from Fuler’s inequality R > 2r.

> 3612 <

The inequality holds if and only if the triangle is equilateral.

Remark.
Inequality can be strengthened:
1
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3. In AABC
a?sin® A
Z ——— .~ = 18Rr.
sin B sin C
Marin Chirciu - Romania

Proof. Using the sines theorem and the Lemma above, the inequality from enun-
ciation can be written:

p? —10p(r? + Rr) + 5r2(r? + 6 Rr + 8R?)
2Rr
& p*(p® — 10r* — 10Rr) + r*(5r* + 30Rr + 4R?) > 0.
We distinguish the following cases:

1. If p?> —10r2 — 10Rr > 0, the inequality is obviously.
2. If p?> —10r%2 — 10Rr < 0, inequality can be rewritten:
p?(10Rr + 1072 — p?) < 72(5r% + 30Rr + 4R?) , which follows from Gerretsen’s
inequality: 16Rr — 5r? < p? < 4R? 4+ 4Rr + 3r% . It remains to prove that:

(4R? 4+ 4Rr + 3r®)(10Rr 4+ 10r* — 16 Rr 4 5r%) < r*(5r* + 30Rr + 4R?) <
6R*—8R*r—3Rr*—10r® > 0 < (R—2r)(6R*—4Rr+5r?) > 0, obviously form Euler’s inequality R > 2r.
The inequality holds if and only if the triangle is equilateral.

> 18Rr &

O
Remark.
Inequality 3. is stronger then inequality 1.:
4. In AABC
a?sin? A 2
Y ————— >18Rr > 36r°.
sin BsinC

Proof. The first inequality is inequality 3., and the second inequality is equivalent
with R > 2r (Euler’s inequality).
Equality holds if and only if the triangle is equilateral. O
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1. In AABC
aVbe + bvca + cVab > 4r(4R +r)
Proposed by Kevin Soto Palacios - Huarmey - Peru
Proof.

Using the means inequality we obtain:
av'be + by/ca + evVab > 33/ (abe)? = 3/ (4Rrp)2 > 4r(4R + 1),
where the last inequality is equivalent with:

27 - (4Rrp)? > 64r3(4Rr 4+ 1)% < 2TR%*p* > 4r(4R + r)?

which follows from Gerretsen’s inequality p> > 16Rr—5r2. It remains to prove that:
27TR%*(16Rr — 5r%) > 4r(4R + )3 < 176R® — 327R?*r — 48Rr? — 413 > 0 &

& (R —2r)(176 R? 4 25Rr + 2r?) > 0, obviously from Euler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.

O
Remark.
Inequality 1. can be strengthened:
2. In ABC
avbc + byv/ca+ cvab > 18Rr.
Proof.

Using means inequality we obtain:
aVbe 4 by/ca + evVab > 33/ (abe)? = 3/ (4Rrp)? > 18Rr,
where the last inequality is equivalent with:

(4Rrp)? > (6Rr)® & 16R*r?p* > 216R%r® < 2p* > 2TRr

which follows from Gerretsen’s inequality p*> > 16Rr—5r2. It remains to prove that:
2(16Rr — 5r%) > 27Rr < R > 2r (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.
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Remark 2.
Inequality 1. is stronger then inequality 2.:
3. In AABC
avbc + byvca + cvVab > 18Rr > 4r(4R + 1)
Proof.

See inequality 2. and FEuler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

Remark 3.
Inequality 1. can be developed:

4. In AABC
aVvbc+ by/ca+cvab>r [nR + (36 — 2n)r} , where n < 19
Proposed by Marin Chirciu - Romania

Proof.
Using the means inequality we obtain:

aV'be + by/ca + evVab > 33/ (abe)? = 33/(4Rrp)? > r[nR + (36 — 2n)r},

where the last inequality is equivalent with:

3 3
27 (4Rrp)? > 1° [nRJr (36 — 2n)r} & 27 16Rr?p? > 64r° {nR + (36— 2n)r} P

3
432R%p? > 1 [nR + (36— 2n)r}
which follows from Gerretsen’s inequality p*> > 16Rr—5r%. It remains to prove that:

3 3
432R2(16Rr—5r2)24[nR+(36—2n)7“} @432R2(16R—5r)2[nR+(36—2n)r} .

6912R3—2160R%r > (nR)*+3-(nR)?-(36—2n)r+3(nR) [(36—2n)rr+ [(36—271)@3 s
(6912 — n®)R® + (6n° — 108n? — 2160) R?r + (—12n> + 432n? — 3888n)Rr?+
+(8n3 — 43202 4 7T76n — 46656)r° > 0 <
< (R-2r) (6912—n3)R2+(4n3—108n2—|—11664)Rr+(—4n3+216n2+23328)r2} >0
obviously from Fuler’s inequality R > 2r and the condition n > 19

which assures the positivity of the right parenthesis.

The equality holds if and only if the triangle is equilateral.

Note.
For n =16 we obtain inequality 1., and for n = 18 we obtain inequality 2.

Let’s find an inequality having an opposite sense.

5. In AABC
aV’be + by/ca + cVab < 4(R + 1),
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Proof.
Using inequality xy~+yz+zx < z?4+y>+22 for z = \/%, Yy =+ca,z = Vab we obtain:
avVbetby/cat+cVab < ab+betca = pPP+r2+4Rr < AR*+ARr+3r2+r2+4Rr = 4(R+r)2.

where the last inequality follows from Gerretsen’s inequality p*> < 4R* 4+ 4Rr + 3r2.
The equality holds if and only if the triangle is equilateral.

O
We can write the double inequality:
6. In AABC
18Rr < aVbc + bv/ca + cvVab < 4(R + r)2
Proof.
See inequalities 2. and 5.
The equality holds if and only if the triangle is equilateral.

O
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MARIN CHIRCIU

1. Prove that in any triangle ABC,

240%24¢%2, 1 1 1
A .

)22\@

a+b+c \m, myp me
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
Proof.
We use the following lemma:

Lemma 1.
In AABC

( 1 1 1 )2 > 108

mg, mp me/  5p?2 —3r2 — 12Rr
Proof.
. . . 9 ) 1 1 1 _
Using the inequality (x+y+2)° > 3(xy+yz+zx), with e = —,y = —, 2 = — we obtain
Mg mp me

—~

1)
(1+1+1>2>3( 1 n 1 n 1 )/-;\3( 4 n 4 n 4 )>
mg My Me/ — \mgmpy MpMe Memg/ 202 +bec 2b24+ca 2c2+ab/) —

Bergstrom
b 9 B 108 B
- 2a2 +bc+ 202 +ca+2c2 +ab  2(a?+ b2 +c2) +ab+bc+ca
108 108

- 2-2(p2 =12 —4Rr)+p?> +r2+4Rr - 5p2 — 3r2 — 12Rr
where inequality (1) follows from 4mym. < 2a® 4 be and analogs.
Equality holds if and only if the triangle is equilateral.

Let’s pass to solving the inequality from enuntiation.
Using Lemma 1 and Za = 2p, Za2 = 2(p2—r2—4Rr) it 1s enough to prove that

2(p? —r? — 4Rr) 108 5 o 9 9, 5 oo
. > 12 & 9(p*—r“—4Rr)* > p*(5bp*—3r°—12R
< 2 57 32 12k = 12 O ARy = i (5pn =3 r) &
& p*(4p® — 15r(4R + 7)) + 9r? (4R 4 2)* > 0. We distinguish the cases:
Case 1. If 4p* — 15r(4R + 1) > 0 the inequality is obvious.
Case 2. If 4p* — 157(4R + 1) < 0 we write the inequality
1
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p? (157 (4R + 1) — 4p?) < 9r2(4R + r)?, which follows from Gerretsen’s inequality
16Rr — 5r2 < p? < 4R? + 4Rr + 3r2. It remains to prove that:
(4R* + 4Rr + 3r*)(15r(4R + 1) — 4(16Rr — 5r°)) < r*(4R +1)* &

& (4R*+4Rr+3r%)(—4Rr+35r2) < 9r2(4R+1)* < 4R*+5R*r—14Rr* 241 > 0 &
& (R —2r)(4R? + 13Rr + 12r?) > 0, obviously from Euler’s inequality R > 2r
Equality holds if and only if the triangle is equilateral.

O

Remark 1.
Inequality 1 can be developed:

3. In AABC
a2+b2—+—c2( 1 1 1
a+b+c

) >3

ma+mb+mb+mc+mc+ma

Proof.
Using the following lemma:

Lemma 2.
4. In AABC
1 1 1 2 36
( ) > )
— 7p? — 5r2 — 20Rr

Mg +Mp Mp+Me Me+ Mg

Proof.
Using the inequality (z +y + 2)* > 3(xy + yz + zx),
1

1
with x = NTES ,z = we obtain
Mg + My my + Me Me + Mg

Bergstrom

1 ? 1 9
(Zmﬁmc)23<Z<ma+mb><ma+mc>> 2 S+ ) ma £ )

&
27 27 = 27
>

o (m2 + mamy + mpme + memy) B S mZ + 3> mpme 3502 + 33 (2a2 + be)
36 B 36 B 36
3. a2+ > bc  3-2(p2—12—4Rr)+p2+12+4Rr  Tp? —5r2 — 20Rr

where inequality (1) follows from 4mym. < 2a® 4 be and analogs.

N2

Equality holds if and only if the triangle is equilateral.

Let’s pass to solving inequality 3.

Using Lemma 2 and Za = 2p, ZaQ = 2(p*—r®—4Rr) it is enough to prove that

2
2(172 —r?— 4R7’)2 36 2 .2 2 2/ 2 2
. >3 12(p°—r“—4Rr)* > Tp=—5r“—20Rr) &
( 2p 7p? —5r2 —20Rr — (b= r) 2 p (TS r)

o p?(5p% —197(4R + 7)) + 12r2(4R + )2 > 0. We distinguish the following cases:
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Case 1. If 5p* —19r(4R + 1) > 0 inequality is obvious.
Case 2. If 5p> —19r(4R + 1) < 0 inequality can be rewritten
p>(19r(4R + 1) — 4p*) < 12r2(4R + 7)?, which follows from Gerretsen’s inequality
16Rr — 512 < p2 < 4R? + 4Rr + 3r%. It remains to prove that:
(AR* + 4Rr + 3r*)(19r(4R + r) — 5(16 Rr — 5r?)) < 9r?(4R+r)* &
& (4R?44Rr+3r?)(—4Rr+44r%) < 12r%(4R+7)? © 4R34+8R*r—17TRr*—30r > 0 &
& (R —2R)(4R* + 16Rr + 151%) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark 2.
Inequality 3. can be developed:
5. In AABC
2402+ 2 1 1 3
a”+ +c( + + )2 , where A > 0
a+b+c \mg+Amp mp+Am. me+ Amg, 1+ X
Proposed by Marin Chirciu - Romania
Proof.
We use the following lemmas:
Lemma 3.

6. In AABC, for A > 0,

1 1 1 2
(ma —+ Amy + mp + Ame. + me +)\ma) 2
> 108
T (BAZ 4+ 11X 4+ 5)p% — (BAZ +9A + 3)r2 — (12A2 + 36\ + 12)Rr

Proof.
Using the inequality (z +y + 2)* > 3(xy + yz + zx),
1 1

with x = = ,zZ = we obtain
ma+/\mb’y mp + A¢ Mme + Amyg

1 2 1 Bergstrom 9
— | >3 > 3- =
<Z my + /\mc> - (Z (mg + Amp)(Amg + mc)> - > (ma + Amy) (Amg + me)
1)

(
27 27 ~ N
= >

S (m2 + N2mgmy + dmpme + memy,) D) SmZ+ (A2 +A+1)> mpme
(1

N2

~ 27 _ 108 B
TR a2 4 RIS 962 4 be)  (2A245A+2)2 a0 + (A2 + A+ 1) be
- 108 B
(22024 5A+2)-2(p2 — 12 —4ARr) + (A2 + A+ 1)(p2 +r2 +4Rr)
108

(5A2 4+ 11A +5)p2 — (3A2 + 9A + 3)r2 — (12A2 4 36A + 12)Rr
where inequality (1) follows from 4mym. < 2a® 4 be and analogs.

Equality holds if and only if the triangle is equilateral.
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Let’s pass to solve inequality 5.
Using Lemma 3 and Za = 2p, ZaQ = 2(p?*—r?—4Rr) it is enough to prove that

2(p* —r? — 4Rr) 108 S 12
2p (A2 + 11X +5)p2 — (BA2 4+ 9N +3)r2 — (12A2 + 36\ + 12)Rr — 1+ A
= 92 (P2 —r2—4Rr)? > p?(BA2H1IA+5)p? — (36 A2 +9A+3)r? — (122024367 +12))
S P (AN + A+ )P = 30N + 9N+ 5)r(4Rr + 7)) + 9N+ 1)*r?(4R+1)2 > 0
We distinguish the following cases:

Case 1. If (4N +TA+4)p? —3(5A%2 + 9N+ 5)r(4R+ 1) > 0 inequality is obvious.
Case 2. If (4X2 +TA+4)p* —3(5A2 +9A +5)r(4R + 1) < 0 we write the following
inequality:

P2(B(5A2 + 9N+ 5)r(AR + 1) — (4AN2 + T+ 4)p?) <9I\ + 1)?r2(4R +1)?

R(4R 2
which follows from Blundon-Gerretsen’s inequality 16Rr — 5r? < p* < 2((2R+r))
—r

It remains to prove that:
R(4R +r)?
22R—r)
S (AN +AA+ DR+ (A2 +10A + 1)Rr — (18X2 + 361 + 18)r° > 0 =
& (R—2r)((AN2 +4X+4) R+ (9N 4+ 18X\ +9)r) > 0, obuviously from R > 2r (Euler).
Equality holds if and only if the triangle is equialteral.

(BN HIN5) T (AR+7) — (AN +TA+4)p?) <IAN+1)*r2(4R+7)* &

O
Note.

For A =0 in inequality 5. we obtain inequality 1., and for the case A = 1 we obtain 3.

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNoMIC COLLEGE, DROBETA
TurNU - SEVERIN, MEHEDINTI.
E-mail address: dansitaru63@yahoo.com
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1. Let ABC be an acute triangle. Prove that

: - 3 /3
Z\/cosAsmBsmC < s\ 3

Proposed by George Apostolopoulos - Messolonghi - Greece

Proof.
Using CBS inequality we obtain

2 2
2472 +4R 39 3 /3
(Z \/cosA-sinB-sinC’) < ZcosA-ZsinBsinC’ :(1—1—%)-% < 21 (2 2) ,
where the last inequality follows from:
1)1+ 4 <2< R>2r (Euler’s inequality).
2) p2+r2+4Rr < 9

TR <ie p? < 9R? — 4Rr — 12 | true from Gerretsen’s inequality

p? <4R? +4Rr + 3r? . It remains to prove that:
AR*+4Rr+3r? <9R?*—4Rr—1* & 5R*—8Rr—4r* > 0 & (R—2r)(5R+2r) > 0,

obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Remark.
In the same way it can be proposed:
2. In AABC
3 3
Z\/sinAcosBcosC’ < > \g_
Proposed by Marin Chirciu
Proof.

Using CBS inequality we obtain

2
2 2 2
- . _rpp+r—4R 3\/33_3 V312
(E \/SlnA-cosBcosC> §E smA-E COSBCOSC—TRQ- 1R < 3 Z—(f —)

where the last inequality follows from:
1) 35 < %g S p < 3R*V3 , true from Mitrinovié’s inequality p < % and

2R2 4r
Euler’s inequality R > 2r

1
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2) % < % < p? <TR? —r? | true from Gerretsen’s inequality
p? < 4R? + 4Rr + 3r2. It remains to prove that:
AR? +4Rr +3r* <TR? — 1> © 3R> —4Rr — 4> >0 (R—2r)(3R+2r) >0
obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O
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1. In AABC

(4 ) (0 ) () = (10 )
Proposed by George Apostolopoulos - Messolonghi - Greece

Proof.
Using Huygens’ inequality we obtain

1 1 1 [ 1 3 2\3
(1+—)(1+—)(1+—) 2(1+ Y 7> 2(1+—) ;
Mg mp me MMy 3R

where the last inequality is equivalent with:

ST L2 L2 (P
mempm. 3R MeMpMe  \3T alltbfle =\ 79
9R
which follows from means inequality and the known inequality in triangle Z me < 4R+1r < 7;

mq + my + mc>3 <<4R+r)3 <(ﬁ>3.
3 - 3 —\2
Equality holds if and only if the triangle is equilateral.

ndeed: mgmpm, §(

|
Remark.
In the same way it can be proposed:
2. In AABC
1 1 1 1\3
() ) (U ) 20+ 331)

Proof.
Using Huygens’ inequality we obtain

(H_ma i mb) (H_mb Jlr mc) (H_mc Jlr ma) Z(H_i/(ma + my) (my, Jlrmc)(mC + ma))3 Z(H_%)g

where the last inequality is equivalent with:

1 1 143
: > — o >(:5) =
\/(ma + my) (my + me)(me + my) — 3R (mq + myp)(mp + me)(me +mg) — 3R>
(ma +myp) (my +me)(me +mq) < (3R)°?
which follows from means inequality and the known inequality in triangle
1
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Zma <4R+1r < ?; indeed:

(-t ma)om ) e+ mg) < (2 T E e )P (2AET)

Equality holds if and only if the triangle is equilateral.

) < @Ry?

(]
3. In AABC

(1+ma -:)\mb) (1+mb -I-l)\mc) (l—i-mc —i—l)\ma) Z(1+:3()\42—1)12)3’ where A > 0

Proposed by Marin Chirciu - Romania

Proof.
Using Huygens’ inequality we obtain

(1+ma —&—1)\mb) (1+mb —i—lx\mc) (1+mc —&—1)\ma> = (H_i/(ma + Amy) (myp —l—lAmc)(mc + )\ma))3 =

9 3
>(14 )
>(1+ 300+ DR
where the last inequality is equivalent with:

\3/ 1 NI 1 >< 2 )3 -
(mg + Amp)(mp + Ame)(me + Amg) — 3R (mg + Amy)(mp + Ame) (me + Amg) “\3(A+1)R
3\ + 1)R)3

2
which follows from means inequality and the known inequality in triangle

IR
Zma <4R+r < 7; mndeed:

(Ma+Amy) (my+Ame) (met-Amy) S((1 + /\)(ma;— mp + mc))?) S((l + )\)glR + r))S S(3()\ ~¢2- I)R)s

Equality holds if and only if the triangle is equilateral.

(i M) (s + Ame) (me + M) <

O
Note

For A =0 we obtain inequality 1., and for A = 1 we obtain inequality 2.
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1. Let ABC be an acute triangle. Prove that

Mg Mg, Me 3
— .cos A+ ccosB+ — -cosC > —
hg h. h. 2

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

Proof.
TOOf - >b2+02h_ﬁ J A_b2+02_a2
sing meg > —r he=3g and cos A = —ope
" b2 2 b2 2 2
we obtainm—~cosAZ( + A"+ —af)

hq 4b2¢c2?
2 2V(h2 2 2 2002 1 2V(B2 1 o2 _ o2 272 2
It follows Z%'COSAZZU) + ) (b* + ¢ —a?) :Za (b* +c*)(b* +c* —a”)  6a’b’c 3

4b2c? 4a2b?c? T 4a202c2 2

Equality holds if and only if the triangle is equilateral.

O
Note.
From the above proof the condition of acute-angled triangle is not necessary.
Remark.
In the same way it can be proposed:
2. In AABC
mg me Mme 2R
—+(cosB+cosC)+—:(cosC+cos A)+ —:(cos A4+cosB) < — —1
hq hy h. r
Proposed by Marin Chirciu - Romania
Proof.

We have

Mg Mg Mg Mg
Z h—a-(cos B+cosC) = Z h—a-(cos A+cos B+cos C—cos A) = Z I Z cos A—Z R cos A <

() S I ) () - 2

where we ve used:

% ccos A > % (inequality 1.), Z cosA=1+ % < g (Euler’s inequality) and

a

4R
% < 3:— T, which follows from Cebyshev’s inequality:
1 1 1 1
The triplets (mg, my, me) and (h—a, T hi) are reversed ordered, and E m, < 4R+r and E e =

1

1
r
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1 4R
wherefrom — < - g Mg Yy — < —-(4R+r)- 73+ !
r r

The equalzty holds if and only ’Lf the tmangle 18 equilateral.
O
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1. Prove that in any triangle ABC
1+ cos Acos BcosC > P
sin AsinBsinC  — 3r
Proposed by Martin Lukarevski - Skopje - Macedonia

Proof.
2 2R 2
Using the known identities known in triangle: H cos A = % and
. p
H sin A = 2Rz
p’—(2R+7)* 2_ .2
—pr —r®—A4R
We write the inequality T—4Rz > b & L ——i > 2 & p? > 12Rr+3r2,
P} 3r 2rp 3r

2R?
which follows from Gerretsen’s inequality p?> > 16Rr — 5r? . It remains to prove
that: 16Rr — 5r% > 12Rr + 3r? < R > 2r (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.

|
Remark 1.
Inequality 1. can be strengthened:
2. In AABC
1—|—cosAcosBcosC> p + p(l 27’)
sin AsinBsinC = 3r 24 \r R
Proof.
2 _ 2R 2
Using the known identities in triangle: HCOSA = % and
. rp
H Sin A= TR2
We write the inequality:
1+ 7”2_%2“)2 p  pys1 2r p?P—r>—4Rr _p py/1 2r
e R L
by 3r 24\r R 2rp 3r 24\r R

2R?
< p*(3R+ 2r) > 12Rr(4R + 1), which follows from Gerretsen’s inequality
p? > 16Rr — 5r2.
It remains to prove that:
1
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(16Rr — 5r*)(3R 4+ 2) > 12Rr(4R +r) < R > 2r (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.

O
Remark 2.
Inequality 2. is stronger then inequality 1.:
3. In AABC
1 A B c 1 2
+ cos A cos B cos >£+£(,_l)>£.
sin AsinBsinC — 3r 24 \r R/ = 3r
Proof.
See inequality 2. and Fuler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.
O
Remark 3.
Inequality 2. can be developed
4. In AABC
1+ cos A cos BcosC P 1 2r 1
T > o+ (5 - ), where A<
sin A sin Bsin C 3r r R 24
Proposed by Marin Chirciu - Romania
Proof.
2 2R 2
Using the known identities in triangle: HCOSA = % and
H sin A = %
We write the inequality:
2 2
1+ pi_f}gw) D 1 2r p?—r?—4Rr _ p 1 2r
e R E T Y
S *3r+pr R 2rp *3r+pr R

p? {(1 —6MR + 12)\7"] > 3Rr(4R + r), which follows from Gerretsen’s inequality
p? > 16Rr — 5r? and the condition 1 — 6\ > 0 . It remains to prove that:

(16Rr—5r2) [(1—6)\)R+12)\r} > 3Rr(4R+7) & (2—48\)R2+(111A—4) Rr—30Ar% > 0
< (R—2r) {(2 —48\)R + 15)\7‘} >0, obuviously from Euler’s inequality R > 2r and
the condition 2 — 48\ > 0 O

The equality holds if and only if the triangle is equialateral.
Remark 4.

For A > 0 wnequality 4. is stronger then inequality 1.:

5. In AABC
1+ cos Acos BcosC 1) 1 2r p 1
— > 4+ ap(S - ) > o, where 0 <A<
sin A sin B sin C 3r T R 3r 24
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Proof.
See inequality 4., Fuler’s inequality R > 2r and the condition A > 0.

Note.

1
In inequality 4. for A =0 we obtain inequality 1, and for A\ = 21 we obtain 2.

Remark.
1+ cos Acos BeosC' a? + b2+ 2
sin Asin BsinC' 48
inequalities 1., 2., 8., 4., 5. can be reformulated
l.a. In AABC

Taking into account that

2.a. In AABC

3.a. In AABC

4.a. In AABC

a?+b%+c? 1 r 1
a” O et > P —|—)\p(f — —), where A < —.
4S5 3 24
5.a. In AABC
a? +b% +c? 1 2r 1
L > a —|—)\p(f - —), where A < —.
4S5 T T R 24
Remark 5.
Inequality 1. can be developed also in the following way:
6. In AABC,
A B c 8 1 25
n—l—-cos .cos-cos Z(n—{— )p’ where 1 <n < 2>
sin A sin Bsin C 27r 16
Proposed by Marin Chirciu - Romania
Proof.
2 2 2
Using the known identities in triangle: HCOSA = % and
H sin A = %
p’—(2R+r)* 2., .2 2
—pr 8 1 4nR — (2R 8 1
We write the inequality TP4R2 > (8n + )p & nit p (2R +7) > (8n+1)p =
SR 27r 2rp 27r

108nR?4+27p* —27(2R+7)? > (16n+2)p* < p?(25—16n) > 27(2R+7r)* —108nR?,
which follows from Gerretsen’s inequality p*> > 16Rr — 5r2 and the condition
25—16n >0

It remains to prove that:
(16 Rr—5r2)(25—16n) > 27(2Rr+r)?—108nR? < (27n—27) R*+(73—64n) Rr+(38—20n) > 0
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< (R—2r) [(27n—27)R—|—(10n—19)r} > 0, obviously from Euler’s inequality R > 2r
and the condition 27n — 27 > 0.
The equality holds if and only if the triangle is equilateral.

O
Note.
For n =1 we obtain inequality 1. from enunciation.
Remark 6.
Inequality 5. can be reformulated:
7. In AABC,
1+ kcos Acos BcosC kE+8 16
+_ - - 2(+)p,where—§k:§1.
sin A sin Bsin C 27r 25
Proof.
1
In inequality 6. we put n = z
The equality holds if and only if the triangle is equilateral.
O
Note.

For k =1 we obtain inequality 1. from enunciation.
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1. In AABC
RZ(b +c—2a)®> <4(R - 2r) Zaz
Proposed by Daniel Sitaru - Romania
Proof.
Avem Z(b+c—2a)2 = 2:(2]7—3602 = Z(4p2—12pa—|—9a2) = 12p2—12p2a+92 a’ =
=12p°> —12p-2p+9-2(p*> — r* — 4Rr) = 6p*> — 18> — T2Rr
Using the identities Za(b+c—2a)2 = 6p*>—18r*—~T2Rr and Zaz = 2(p*—r*—4Rr)
inequality that we have to prove:
R - (6p® — 18r% — T2Rr) < 4(R — 2r) - 2(p* — r* — 4Rr)
& (R —8r)p* +r(20R* + 37Rr +8r%) > 0
Distinguish the cases:

Case 1. If R —8r >0 inequality is obviously.

Case 2. If R —8r <0 inequality can be rewritten

(8 — R)p? < r(20R% + 37Rr + 8r%) which follows from Gerretsen’s inequality:
p? < 4R? + 4Rr + 3r2. It remains to prove that:

(8r —R)(4R*4+4Rr+3r%) < r(20R?>+37Rr+8r%) & R*—2R*r +2Rr* — 413 > 0 &
& (R —2r)(R%* +12) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark. 1 Inequality can be developed:
2. In AABC

RZ(b +c—2a)? <n(R-—2r) Zaz, where n > 3.
Proposed by Marin Chirciu - Romania
Proof.
Using the identities Z(b+c—2a)2 = 6p>—18r2—T2Rr and Za2 = 2(p*—r*—4Rr)
inequality that we have to prove can be written:
R- (6p2 — 1872 —72Rr) < n(R—2r)- 2(p2 —r? 4Rr)

& {(n —3)R — 2m"}p2 +r {(36 —4n)R%* + (Tn + 9)Rr + 2nr2} >0
1
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We distinguish the cases:

Case 1. If (n—3)R —2nr > 0 we use Gerretsen’s inequality p*> > 16Rr — 5r2. It
remains to prove that:

&= [(n —3)R— Qnr} (16Rr — 512) +r [(36 —4n)R* + (Tn 4+ 9)Rr + 2nr?| > 0 &
= (2n—2)R2+(4—5n)Rr+2nr2 > 0, obviously from Euler’s inequality R > 2r and n > 3.
Case 2. If (n — 3)R — 2nr < 0 inequality can be rewritten
[2nr+(3—n)R]p2 < r[(36—4n)R2+(7n+9)Rr+2nr2} , which follows from Gerretsen’s inequality:
p? < AR? 4+ ARr + 3r2. It remains to prove that:
[2nr 4+ (3 — n)R](4R* + 4Rr + 3r%) < r [(36 —4n)R? + (Tn+ 9)Rr + 2nr?| &
& (2n —6)R® + (12 —4n)R*r +nRr? —4nr®* > 0 &
< (R—2r) {(Qn —6)R? + nrz} >0
obviously from Fuler’s inequality R > 2r and the condition n > 3.
Equality holds if and only if the triangle is equialteral.

O
Note.
For n = 4 we obtain inequality 1.
Remark 2.
In the same way we can propose:
3. In AABC
Za(b + ¢ — 2a)? < nV3(R — 2r)R2%, where n > 21.
Proposed by Marin Chirciu - Romania
Proof.

We have
Z a(b+c—2a)* = Z a(2p—3a)? = Z a(4p®—12pa+9a?) = 4p* Z a—lQpZ a’+9 Z a® =
=4p* - 2p —12p-2(p® — r? — 4Rr) + 9 - 2p(p* — r* — 6Rr) = 2p(p* — 157> — 6Rr).
Inequality that we have to prove can be written:
2p(p? — 1512 — 6Rr) < nV3(R — 2r)R? < 2pV/3(p* — 15r2 — 6Rr) < 3n(R — 2r) R,
which follows from Doucet’s inequality pv/3 < AR + r
and Gerretsen’s inequality p* < 4R* + 4Rr + 3r%. It remains to prove that:
2(4R 4+ 1) (4R* + 4Rr + 3r* — 157 — 6Rr) < 3n(R — 2r)R* &
& (3n — 32)R® 4 (8 — 6n)R*r 4+ 100Rr? 4 241° > 0 &
& (R—2r)[(3n—32) R2—56 Rr—12r?%] > 0, obviously from Buler’s inequality R > 2r and
the condition n > 21, which assures the positivity of the right parentheses.

The equality holds if and only if the triangle is equilateral.
O
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