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COMMENTED SOLUTION

DANIEL SITARU

ABSTRACT. In this article we comment problem nr.22972 from GM3/1994,
which represents a good opportunity for a lesson synthesis for the class or for
the circle of students.

In GM3/1994 Rézvan Satnoianu proposes the following problem:
22972: Let A, B € M,(R) be invertible, having the property A=! + B~! = I,,.
Prove that:

det [In — A2mAl gl (ARt > 0 (W)m e N

We will comment the author’s solution (published in GM1/1995):
Using the simplification rules on the left and on the right the author processes the
relationship from the hypothesis like this

A7+ B =1,]- A
AA ' +B HY=AI,=1,+AB ' = A
AP+ Bl =1, A
(A '+ B YA=I,=>1,+B A=A
From I, + AB™! = Asi I, + B~'A = A we obtain
I,+AB '=1,+B A= AB '=B"'4
We repeat the procedure processing the relationship from the hypothesis by multi-
plying on the left and on the right with AB.
A '+ B '=1, -AB
AB(A™' 4+ B™') = (AB)I,, = ABA™' + A= AB
(A”'+ B"YAB=1,(AB)= B+ B 'AB = AB

We deduce ABA™! + A = B~'AB + B. We use the relationship AB~! = B~14
that we’ve obtained previously and it follows:

ABA '+ A=AB'B+B

(0.1) ABA™'+A=A+B
ABA ' =B
ABA™' + B 'AB = AB
ABA '+ AB™'B = AB
(0.2) ABA™' + A= AB
From 0.1 si 0.2 we deduce:

A+B=AB= I, = (I, — A)(I, — B)
1
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Remark:
In the following reasoning the author uses the relationship:

At _p2ntl — (A — B)(A*" + A" 'B+ ...+ B*")
A, B e M,(R); AB=BA
Using this relationship:
I, — A*™ T = (I, — A)(I, + A+ ...+ A*™)

I, - B*"*' = (I, - B)(I, + B+ ...+ B*™)
By multiplying:
(I, — A2m+1)(1n . Bzm+1) _
=T, — A, +A+ ...+ A*™)(I, - B)(I,+B+...+ B*™) =
=, +A+...+ A’ (I, +B+...+ B™)
On the other hand:
(I, — A2m+1)(In . BQm+1) — [, — A2+l _ gImtl | p2mtl p2mel

(0.3) = I, — A2l _ g2mtl | (gp)2mtl

Remark:
The following results appeals to:
- the some of some terms in geometric progression:

2m+1 1
l4a+.. . 4a2m=" "=
z—1
- the factors decomposition formula of the polynoms:
l4+z+.. . +a®=(z—e)(x—e2) ... (x—com)

2m—+1

where €1, €9, ..., &9, are the solution of the equation: x — 1 =0 except 1.

- the determinant of two matrixes product:
det(AB) = det A -det B; A, B € M, (R)
- complex numbers property:
z-Z=2]*(¥)zeC
The ”2m + 1”7 squares having the order ”2m + 1”7 of the unit are:

2k tisi 2km ke 0 om
= cos sin ————; m
ok om+1 Moyt
1—|—a:+...+x2m:(x—al)(x—82)~...-(x—€2m)

On the other hand &; = e9,,—4;7 € {1,2,...,m}
In matrix writing:

Li+X+. . X=X - l)(X —ely) ... (X — camly)

and passing to determinants:

2m
det(I, + X 4+ ...+ X?™) = H det(X — e I,) =
k=1

= ] det(X — e I,,) det(X — &1,,) =
k=1
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I
=

det(X —epl,) - det(X —erl,) =

>
Il
—

|det(X — ex1,)? > 0; (V)m € R.

I
=

—

k
We replace X with A si B we consider 0.3. It follows:

det(In _ A2m+1 _ B2m+1 4 (AB)2m+1) >0
Remark:
The problem is particularly complex because it requires various knowledge about
complex numbers, polynomials, matrix calculus and determinants. The links that

can be made with previous chapters, are making from this problem a very good
end point to a recap and systematisation lesson or to circles of students.
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COMMENTED PROBLEM - 3

MARIN CHIRCIU - ROMANIA

In Mathematical Gazette nr. 11/2016, problem 27298 has the following content:
Prove that in any triangle AABC we have

ZIH-C R_2

Florin Stanescu, Gaesti, Dambovita

)Y pi + 5 <2

Mathematical Reflections 4/2016, Florin Stanescu, Gaesti, Romania

Solution:

Using the known identity in triangle > 7% = 2p" 1" Fr)

b+c — p>+r2+42Rr °
2(p* —r? — Rr) )
—_ 4+ — <2 2 —re— 2R — 2
P>+ 12+ 2Rr +R_ © 2R(p —r* = Rr) < (2R = r)(p* +1° + 2Rr)

we write the inequality

& p? < 6R? + 2Rr — 12, which follows from Gerresten’s inequality
< p? < 4R?+4Rr+3r%. It remains to prove that < 4R?+4Rr+3r? < 6R*+2Rr—r>
& R*—Rr—2r® > 0 < (R—2r)(R+r) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

The article proposes to strengthen this inequality, and developments of some in-
equalities with sums having the form »_ - O

b+c*
) Z b+c 2R+2r S 2.

Solution:

2 2
Using the known identity in triangle > ;% = W
2(p* —r? — Rr) 3r
p>+7r2+2Rr 2R+ 2r
which follows from Gerretsen’s inequality < p* < 4R? + 4Rr + 3r%.

It remains to prove that < 3(4R* + 4Rr + 3r?) < 12R* + 14Rr + 5r? & R > 2r
obviously from Euler’s inequality.

, we write the inequality

< 2« 3p® < 12R%* + 14Rr + 512,

The equality holds if and only if the triangle is equilateral. O
)X+ RS Uit <2
Solution:

The first inequality is equivalent with Euler’s inequality R > 2r, the second is b).

Obviously b) is stronger than a).

The equality holds if and only if the triangle is equilateral. O
1
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d)zbic-l-n'%ﬁ%”,wherenzl.

Solution:
Wi o _ 20" ~Rr) Gorretsen’s inequalit
€ use Z btc — p2irZi2Rr 0 erretsen’'s mequality.

16Rr — 5r2 < p2 < 4R? + 4Rr + 3r?and Euler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral. O

_a_ 4 3n _r n+3
)X sk tS e <" unden > 1.

Solution:

Analogous d).
The equality holds if and only if the triangle is equilateral. ([

3 +3
f)zbic+n-§§2bic+7"-3fﬁS"T,Wherenzl.

Developments, M. Chirciu
Solution:
Analogous ¢).
The equality holds if and only if the triangle is equilateral. O

a 2(}7277“271%7‘) 3
g 2 b+c = p?+ri4+2Rr Z 5

Solution:

Z a  Yala+b)(a+c) SaP+>ad be  2p(p* —3r* —6Rr) +2p(p® + r? + 4Rr)
bd+c B N

[1(b+¢) [1(b+¢) 2p(p? + 12 + 2Rr)
2(p? —r? — Rr)
p? 4+ 712 +2Rr
2(p* —r? — Rr)

3
The inequality m > 3 is equivalent with p? > 10Rr+7r2, which follows
from Gerretsen’s inequality p*> > 16 Rr — 512 and Euler’s inequalityR > 2r.

The equality holds if and only if the triangle is equilateral.
Its Nesbitt’s inequality in triangle. O

a 11p2715r276037‘ 3
h) Z b+c —  6p2—672—24Rr 2 2°

Mathematical Recreations 2/2009, Marius Olteanu, Rm. Valcea

Solutions:

See g). O

: a 4p*>—6Rr 3
> bic = 3,7 75Rr = 2°
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Solution:

2 2
We use ) 4 = %, Gerretsen’s inequality
p? > 16Rr — 5r2 and Euler’s inequality R > 2.

It is a strengthening of Nesbitt’s inequality in triangle.

The equality holds if and only if the triangle is equilateral. ([l
. a? r a
N gte 22— 52 5 25

Solution:

For the first inequality we use Bergstrom, Gerretsen and Euler.

‘We obtain

DRGSR O Dl [2(p? — 1% — 4Ry)J? N
b2 + 2 a?b? +a?c? T 25 b%c2 2[p* — 2p%2(4Rr — r2)+r2(4R+1)?] T

>2— %, the last inequality is equivalent to p* +p*(2r2 — 16 Rr) +r2(4R+1)? > 0,

which follows from Gerretsen’s inequality.

2(p> - — R
For the second inequality we use Z 5 j_ i ]g)-l- rg ; R:) and Gerretsen.
The equality holds if and only if the triangle is equilateral. ([
k) Eﬁ—‘rﬁllg:r < g
Solution:
2(p? —r? — Rr)

and Gerretsen.

a
We us =

eusezb+c p2+ 712+ 2Rr

The equality holds if and only if the triangle is equilateral. |

a nr 3 n 9
1)Zm+4R+T§§+§,unden2§.

Solution: ,
2(p* —r*— R
We use Z 5 i o= 1512) n rg T QR:) and Gerretsen.
The equality holds if and only if the triangle is equilateral. O
a 3abc

m) 32 55+ sShere 2 2
Solution:
We sez a 20p* — 1" — Rr) Zb(b+) 2p(p*+r?—2Rr) and Gerretse

us = c(b+c) = r“—2Rr) an rretsen.
b+c p2+r2+2Rr’ PP

The equality holds if and only if the triangle is equilateral. ]

n) Zﬁ+n-% > 249 where n < 3.
Solution:
Analogous m). O

0) g t4ll ¢ > 2.
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Solution:
a 2(p* —r? — Rr) a 2Rr
We us = = d Gerretsen.
e use Zb+c p2+r2+2Rr’Hb+c D L ohr and Gerretsen
The equality holds if and only if the triangle is equilateral. O

p) Y tn- Il 2 "212,wheren§4.

Solution:

Analogous o).
IneMath 10/2016, M. Chirciu
]

Other inequalities with sums having the form 3

a
c"

b+

)

)

) 3Z2bic zlza-z bic > 9.

a“-> =5 >6 a_

)§+b2+§ a22 Z¢z:b+c

)a§+bg+cg 2§2%>1'

6)m222b%23.
)
)
)
0

abc

S4b2+c° 2 3
u—i—nzg(n—ﬁ—Z)Zﬁ,wherengz.

abce
>a- ﬁ262ﬁ29-

a (a+b+c)2
22 b+c 2 ab+bc+ca 2 3

IR D

)
11)2%_22:&23;]3)21726—2 4 >6n— 3, where n > 1.
) C 5t + armtiaera = %
13) Y g4+ (a+b)(§fc>(c+a) > 2412 where n < 4.
10 5k +a. s <
15)Zi+n'w§n+%,wherenzl.
)
)
)
)

b+c a2+b2+c2
16) 5 gt +4- Skt > a s
17 Zﬁ+n~% Zn—i—%,whereng%.
18) Yo gt +3- s > 5

a . abtbctca 3
e T e >n+3, where n > 3.

IneMath 11/2016, M. Chirciu

Solution:

We use the known identities in triangle:

b+c p*+r?—2Rr 1 5p? + 12 + 4Rr 9 9 g
Sl DE 3 =2

a 2Rr - 2p(p? + 12 + 2Rr
1 p®—2p*(4Rr —r?®) + r*(4R + 1)? 2, .2
Z o= 6R22,2 ; Z bc = p° + r“ + 4Rr; abc = 4Rrp;
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2 —r2 —4Rr 1 p?>4+r24+4Rr
3 _9p(p? — 32 — . R e 1 _p o ahr
Za p(p” = 31" = 6Rr); Z be 2Rrp ’Z a 4Rrp

H(b +¢) = 2p(p* + r* + 2R).
Then we use like the proves before:
Gerresten’s inequality: 16Rr — 5r% < p? < 4R? + 4Rr + 3r2.
Euler’s inequality: R > 2r.
To each proposed inequalities, the equality is realised if and only if the triangle is
equilateral. |
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REGARDING PROBLEM S:L16.284 FROM SGM 11/2016
METHODS OF SOLVING AN INEQUALITY

MARIN CHIRCIU

In Mathematical Gazette Supplement nr. 11/2016 the following problem is pro-
posed:

Let be n € N,n > 2. Prove that for ai,as,...,a, 6(0, \/ﬁ], with
a1 + as + ...a, = n, the following inequality holds:
1 1 1
2 + 2 —+...+ 5
ai+ (ax+az+...+a,) a5+ (a1 +az+...+a,) aZ+ (a1 +az+...+an_1)
Andra - Malina Cardag, student, Botogani

<1

The article presents a methodical treatment of this problem, descending it first to
three variable, developing then this result and finishing with the developing of the
general case.

Proof.

Case n = 3.

If a,b,¢ > 0 with a + b + ¢ = 3, prove that <1. O

1 1
a?+b+c + b2+c+a + c2+a+b -

Proof Because a + b+ ¢ = 3, we have b+ ¢ = 3 — a and we write the inequality
Ymam <L

In order to obtain this result we look for an inequality having the following form:
< z-a+vy (Tangent Line Method) and we determine = and y such that the

a3 <

attached equation in the variable ”a” to have double root on 1. We obtain z = 71
_ 4

and y = 3.

We have QQ%M < 35% & (a—1)%(3 —a) > 0, obviously from a,b,c > 0 and

a+ b+ ¢ =3, with equality if and only if a = 1.
We obtain 3 L <3450 = 225 =0 =128
The equality holds if and only ifa = b =c=1.

Development.
If a,b,c > 0 with a + b+ ¢ = 3, prove that

1
<
a?+k(b+c) +b2+k(c—|—a) +c2+k(a+b) ~2k+1’

where 1 < k < 2.

Proof. Because a + b+ ¢ = 3, we have b+ ¢ = 3 — a and we write the inequality

Z 1 < 3
a?+k(B—a) = 2k+1

We look for an inequality having the form < z-a+ y and we determine

1
a?+k(3—a)
x and y such that the attached equation the variable ”a” to have double root on 1.

1
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. _ k—2 _ k+3
We obtain z = Chr1)2 and y = @k+1)2"

We have a2+k1(37a) < k'g:(fl_)f)a & (a—1)? {(k —2)a—k*+5k — 1} > 0, obviously
from a,b,c > 0 with a+b+c= 3 and 1 < k < 2, with equality if and only if a = 1.
We obtain

Z 1 <Zk+3+(k72)a:3(k+3)+(k—2)2a:
a?+k(B—a) ~ (2k +1)2 (2k +1)2
_3(k+3)+(k—-2)3 3
B (2k +1)2 2k +1
The equality holds if and only if a =b=c=1. (I

Solving the general case.
Let be n € N,n > 2. Prove that for ay,as,...,a, >0, with ay +as+...+a, =n,
then
1 1 1
<1

3 +— oot <
ai+ (az+az+...+a,) a5+ (a1 +az+...+ay) a2+ (a1 +as+...+ap-1)

Proof. Because a1 +as+ ...+ a, =n, we have as +az+...+a, =n—a; and we
write the inequality

n
1
Sl
i —aitn
We look an inequality having the form ﬁ < z-a+y, and we determine x and

y such that the attached equation in variable ”a” to have double root on 1.

We obtain = =% and y = 2L,
n n

We have L — < 2120 o (g; — 1)2(n — a;) > 0, obviously from Y ; a; = 1

a?—ayn —
and a; > 0,7 = 1,n, with equality if and only if a; = 1,7 = 1, n.

. n 1 n  nt+l—a; _ nn+l)—n _
‘We obtain ZiZI Aa?—ai-i-n S Zi:1 n2 - n2 =1.

The equality holds if and only if a; = a2 = ... =a, = 1.
O
Observation.
The condition aq,as,...,a, e(O, \/ﬁ} is not necessary. It is sufficient to have
a1,a2,...,0y > 0.
Development.

Let be n € N,n > 2. Prove that for ay,as,...,a, >0, witha; +as+...+a, =n
holds the following inequality:

1 1
a%—&—kz(ag—l—ag—i—...—&—an)Jra%—l—k(al—&—ag—i—...—l—an)
n 1 < n
a2 +k(ar+as+...+an-1) ~ 1+k(n—-1)
where 1 < k < 2.

+...+

Proof. Because a1 +as+ ...+ a, =n, we have as +az+...+a, =n—a; and we
write the inequality

= 1 3
> » < :
~ a; +k(n—a;) ~ 14+k(n—-1)
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We look for an inequality having the form m < z-a+y and we determine
x and y such that the attached equation in variable "a” to have double root on 1.
We obtain

. k-2 iy BT R(—2)
Ttk MY T Tk
We have a?Jrk(lnfa.;) < k""'[f‘;]?(k;jlfif)m A (ai - 1)2 |:(k - 2)al + kn — (k - 1)2 >0,

obviously from Y ;a;, = 1 and a; > 0,4 = 1,n, with inequality if and only if
a; = 1,i = 1, n.

. n 1 n  kn+3—-2k+(2—k)a; n(kn+3—-2k)+(k—2)n __
‘We obtain Zi:l 7af+k(nfai) S Zi:l [+k(n—1)2 S O+k(n—D)]2
= 1+k(nn—1)'
The equality holds if and only if a1 = a2 = ... =a, = 1. O
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SOLUTION TO THE PROBLEM UP.052 FROM
ROMANIAN MATHEMATICAL MAGAZINE
NUMBER 4, SPRING 2017

MARIN CHIRCIU

UP.052. Let a, b, c be positive real numbers such that a+b+c = 3. Prove that:

ab b8 c8

a2+b+b2+c+c2+a
Proposed by George Apostolopoulos, Messolonghi, Greece

3
> —.
-2

Proof.

A3 B3 (B A+ B+ 0)?
With Hélder’s inequality we have —+——+— > (A+B+0C)

WMEB5 ) A B,CX,Y,Z>0.
X v Z7 Zsxev iz BOXYZ>0

, a’ (a?)? (> a?)? t? 3 2
We obtain E 2 g b3S (4D 3(t+3)_2,where E a“,

and the last inequality is equivalent with
AP >9(t+3) =23 -9t —21>0e (t—3) (22 +6t+9) >0t >3,
(a+b+c)?

3
The equality holds if and only ifa =b=c=1.

obviously from a® + b* + ¢* >

O

The problem can be developed:
Let a,b, c be positive real numbers such that a + b + ¢ = 3. Prove that:

a® b2 c8

+ + >
a2+nb b24+nc c2+ na n+1
Marin Chirciu - Romania

, where n > 0.

Proof.

A3 B3 (O3 A+B+0)3
With Holder’s inequality we have Y—&—?—i—? > Z§(X++Y++;)

6 (a2)? (3 a?)3 /3 3
We obtai = > = > here t = 2
¢ oo S b Za2+nb_32(a2+nb) 3(t+3n)_n+17wer€ Za,

and the last inequality is equivalent with

(n+t)t* > 9(t+3n) & (n+1)t*—9t—27n > 0 & (t—3) (n+1)t2+3(n+1)t+9n} >0

\VA,B,C,X.,Y,Z > 0.

(a+0b+c)?

3
The equality holds if and only ifa =b=c=1.

t > 3, obviously from a’+ b+ >
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SOLUTION TO PROBLEM UP.048 FROM
ROMANIAN MATHEMATICAL MAGAZINE
NUMBER 4, SPRING 2017

MARIN CHIRCIU

UP.048. Let a,b,c be non-negative real numbers such that a+b+c = 1. Prove that:
a4+b4—|—c4—{—26abc§ 1
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

Proof.
Homogenising the inequality we obtain

a* +b* + ¢ + 26abc(a +b+c¢) < (a+ b+ )
As (a+btc)t = Z at+4 Z be(b*+c*)+-6 Z b2 +12abc(a+bt-c), the above inequality
can be written:
Za4+42bc(b2+c2) +6Zb202 +12abc(a+b+c) > Za4+26abc(a+b+c) &
2 Z be(b? +c*) +3 Z b2c? > Tabe(a + b+ c), which follows from means inequality
and the inequality 2* + y* + 22 > xy + yz + zx, with x = be,y = ca, z = ab.
Indeed:

2 Z be(b*+c*)+3 Z bic? > 4 Z b 243 Z b2t =17 Z bie? > 7 Z be-ca = Tabe(a+b+c).
1
The equality holds if and only if a =b=c=

g.
O
The problem can be developed:
4,34, 4 A+1
If a,b,c > 0,a+b+c+1 then a®+b*+c*+ Aabc < o7 where \ > 26.

Proposed by Marin Chirciu - Romania

Proof.
Homogenising the inequality we obtain:

ab+b4+c4+)\abc(a+b+c)§

A+1 4
57 (a+b+c).
As (a+b+c)t = Z a* +4 Z be(b? +¢*) 46 Z b?c? + 12abc(a + b+ c), the above
inequality can be written:
1
/\T—;. [Z a'+4 Z be(b*+¢*)+6 Z b202+12abc(a+b+c)} > Z a*+ X abc(a+b+c) &
(A=26)> " a*+(8A+8) > be(b?+c*)+(6A+6) Y _b%c* > (15> A—12)abe(a+b+c)

which follows from the condition A > 26, means inequality and the inequality
1
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2?2 +y2+22 > xy+yz+ 2z, with x = a®,y = b?, 2z = 2, then x = be,y = ca, z = ab.
Indeed:
(0 —=26) ) a*+ (4A+4) ) be(b® +¢*) + (6A+6) > _b°c* >
> (A=26)> 5%+ (BA+8) > b7+ (6A+6) > b’ =
= (15A—12) > b%c® > (15A—12) > bc-ca
= (15X — 12)abc(a + b+ ¢).
The equality holds if and only ifa =b=c= %
O
MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL ECONOMIC COLLEGE, DROBETA

TURNU - SEVERIN, MEHEDINTI.
E-mail address: dansitaru63@yahoo.com
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SOLUTION TO PROBLEM JP.060. FROM
ROMANIAN MATHEMATICAL MAGAZINE
NUMBER 4, SPRING 2017

MARIN CHIRCIU

JP.060. Let a,b,c be the lengths of the sides of a triangle with circumradius R.

Prove that

ab ab ab 3v3

< R.
a+b+a+b+a+b_ 2

Proposed by George Apostolopoulos - Messolonghi - Greece

Proof.

be b+c 3V3 . .
< =p < —
We have E e s 1 p < 5 R, where the last inequality is

Mitrinovicé’s inequality.

The equality holds if and only if the triangle is equilateral.

The inequality can be strengthened:
1. Let a,b,c be the lengths of the sides of a triangle with circumradius R.

Prove that
ab ab ab

a—l—b+a+b+a—{—

be b+c
< =
b+c™ Z 4 P
The equality holds if and only if the triangle is equilateral.
Inequality 1. is stronger then JP.060.

<p.
b_P

Proof.

2. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that
b b b 3v3
ab_, ab | ab _ V3,
a+b a+b a+bd 2

1
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Proof.

b b
We have Z 5 —fc < Z IC =< 37\/313, where the last inequality

18 Mitrinonvicé’s inequality.
The equality holds if and only if the triangle is equilateral.

Inequality 1. can also be strengthened:
3. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that
ab n ab " ab 3(ab + bc + ca)
a+b a+b a+b~ 2(a+b+c)

Proof 1.
We use the known identities in triangle
4 2 2 3
MR o T s
We write the inequality:
pt+2p*(8R +1?) + (4R + 1)3 < 3(p? + 12 + 4Rr)
2p(p? + r2 + 2Rr) - 2-2p
p*(p® — 14Rr + 2r?) > r?(8R? — 2Rr — r?).
As (p2 — 14Rr + 2r2) > 0, see Gerretsen’s inquality p> > 16Rr — 512, using again
Gerretsen’s inequality it suffices to prove that
(16Rr — 5r2)(16Rr — 5r* — 14Rr + 2r%) > r*(8R* — 2r — 1?) &
(16R—57)(2R—3r) > r2(8R*~2Rr—r?) < 3R*~TRr4+2r°> > 0 < (R—2r)(3R—r) > 0.
obviously from Fuler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Proof 2.

b b
The triplets (a + b, b+ ¢,c + a) and( a4 , c ) “
a+b b+c ct+a

With Chebyshev’s inequality we obtain:

) are ordered the same.

ab be ca
+—t
a+b b+c c+a

ab be ca
D) —— - (bte) —— .
(a+b) a+b+( +e) b+c+(c+a) c+a

> %[(a+b)+(b+c)+(c+a)}

< (ab+ be + ca) >

ab be ca
.9 b .
(a+btc) (a—i—bJr b—i—cJr c+a) <
ab ab ab 3(ab+ be + ca)
<
< a+b+ a+b+ a+b~ 2(a+b+c)
The equality holds if and only if the triangle is equilateral.

Inequality 3. is stronger then Inequality 1.:

Wl =




4. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that
ab ab ab < 3(ab + bc + ca)

a+b+a+b+a+b_ 2(a+b+c) =P

Proof.
We use inequality 3. and
3(ab + be + ca) <po 3(ab + be + ca) < a+b+ec
2(a+b+c¢) 2(a+b+c) 2
The equality holds if and only if the triangle is equilateral.

& (a+b+c)? > 3(ab+bc+ca).

O

We can write the series of inequalities:
5. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that
2 2 2
ab n ab " ab S3(ab—|—bc—+—ca)Sa—l—b—l—cg3(a + b2 + ¢?)
a+b a+b a+b 2(a+b+c) 2 2(a+b+c)

Proof.
a+b+ec _ 3(a®+b2+c?)

2,12, .2
b > ab-+b .
5 S atbto S a”+b"+c” > ab+be+ca

We use inequality 4. and

]

6. Let a,b,c be the lengths of the sides of a triangle with circumradius R.

Prove that
ab n ab n ab < 3(ab + bc + ca) <p< 3\/§R.
a+b a+b a+bdb 2(a+b+c) 2

Proof.
We use inequality 4. and Mitrinovic’s inequality.

The equality holds if and only if the triangle is equilateral.
O
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SOLUTION TO PROBLEM SP.055. FROM
ROMANIAN MATHEMATICAL MAGAZINE
NUMBER 4, SPRING 2017

MARIN CHIRCIU

SP.055. Let m,, mp, m. be the lengths of medians of a triangle ABC
with inradius r. Prove that
Mg + Mp + M
. 2 . o ) > 4r.
sin® A + sin“ B + sin“ C
Proposed by George Apostolopoulos - Messolonghi - Greece

Proof.
With sine theorem we write the inequality:

Mg + My + Mg r r 2
e Rl SO DUIES -AD DL

2 2

We use the known inequality Mg > it follows:

b? + 2 2> a
2mazd iR = Z

1$ equivalent with R > 2r, namely Euler’s inequality.

> é-ZaQ, where the last inequality
The equality holds if and only if the triangle is equilateral

The inequality can be strengthened:
1. Let mg, mp, m. be the lengths of medians of a triangle ABC with inradius r.

Prove that
m m m
— a +. 2b + (f - Z 2R.
sin“ A + sin“ B + sin“ C

Proof.
With sine theorem we write the inequality'

Mg + My + mc
—— 55— = a =
2+ + 2 —zR 2 ma > 2R 2"
. . . br+
Using the known inequality mq, > IR it follows:

b2+ 2 a* 1
Zma>z c = 4ZR‘1 :E-Zcﬂ

Equality holds if and only if the triangle is equilateral.
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Inequality 1. is stronger then SP.055.
2. Let a, b, c be the lengths of the sides of a triangle with circumradius R.
Prove that
Mg + My + Me

— — —— > 2R > 4r.
sin“ A + sin® B 4+ sin“ C

Proof.
We use Inequality 1. and Euler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.
O
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SOLUTION TO THE PROBLEM 82
MATH ADEVENTURES
ON
CUTTHEKNOTMATH
51-100
BY ALEXANDER BOGOMOLNY AND DANIEL SITARU
ROMANIAN MATHEMATICAL MAGAZINE

MARIN CHIRCIU

1. Prove that in triangle ABC, with angles A; B; C side lengths a; b; ¢
the following inequality holds:
a(b+c) b(c+ a) c(a+b) S8

bc - cos? % ca - cos? % ab - cos? % -

Proposed by Daniel Sitaru - Romania

Proof.
We have
a(b+c) a(b+c) a(b+c) a2p—a)(p—b)(p—c) 4R
ZbacosQ% Zbc.% Zp(p—a) Z p(p—a)(p—"b)(p—c) r
where the last inequality follows from Euler’s inequality R > 2r.

The equality holds if and only if a = b= c.

b
Next, are proposed inequalities for sums having the form Z ;LC('J;'—(IZ))’ where f
s one of the trigonometric functions.

2. Prove that in any triangle ABC, with angles A; B;C side lengths

a; b; ¢ the following inequality holds:
a(b+c b(c+a cla+b
(b+e) | bleta)  cla+b) _

. 2 . 2 . 2 =
be - sin % ca - sin g ab - sin %

Proposed by Marin Chirciu - Romania

Proof.
We have

alb+c alb+c alb+c a(2p—a)(p—a 12R
s olbro) s~ alb+d Y (b+0) =Z(p(p p-a) _12R_,

be - sin® 4 be . =b=c) — £ (p—b)(p—¢) —a)lp-b)lp—c) r

where the last inequality follows from Euler’s inequality R > 2r.

The equality holds if and only if a = b= c.
1
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d

3. Prove that in triangle ABC, with angles A; B; C side lengths a; b; ¢
the following inequality holds:

a(b+ ¢) b(c+ a) c(a+b)

) ) . 2 Z 8.
bc-sin“A  ca-sin“B  ab-sin“C
Proof 1.
We have
a(b+c) a(b+ c) 4R? 4R? 4R
Zbc sin? A Zbc abc Z( +o) 4pRr r =
where the last mequalzty follows from Euler’s inequality R > 2r.
The equality holds if and only if a = b= c.

O

Proof 2.

We add the inequalities 1. and 2.

O

4. Prove that in triangle ABC, with angles A; B; C side lengths a; b; c
the following inequality holds:
b b b
a(b+ c) (c+a) c(a+b) > 4v3.
bc-sinA  cd-sinB  ab-sinC —

Proof.
We have
a(b+c) (b+c) 2R ZZb p? + 12 +4Rr =43

= — b
be-sin A be - " abe a(btc)

where the last mequalzty follows from Gerretsens mequalzty p? > 16Rr — 512,
Doucet’s inequality pV3 < AR+ r and Euler’s inequality R > 2r.
The equality holds if and only if a = b = c.
|
5. Prove that in triangle ABC, with angles A; B; C side lengths a; b; c
the following inequality holds:
b b b 16
a(b+e) | ble+a) | clath)

be - sin® A ca - sin® B ab-sin®C — V3

Proof.
We have
Z a(b+c) _Za(b+c) _ @Zb—&—c _ 8R3 p*+7r?—2Rr  R(p*+1r*—2Rr) - 16
be-sin® A be - % ~ abe a  4pRr 2Rr B pr? V3

where the last inequality follows from Gerretsen’s inequality p*> > 16 Rr — 512,
Doucet’s inequality pv/3 < 4R+ r and Euler’s inequality R > 2r.
The equality holds if and only if a = b = c.



3

6. Prove that in triangle ABC, with angles A; B; C side lengths a; b; c
the following inequality holds:
a(b+ ) b(c+ a) c(a+0b) N 32
bc-sin*A  ca-sin®B  ab-sin*C T 3°
Proposed by Marin Chirciu - Romania

Proof.
We have
ab+c) a(b+c) 16R* b+c
Zbc~sin4A _Zbc- 1(‘51;4 ~ abe Z az
_ 16R* p*+p?(2r? —10Rr) +r*(4R+7)(2R+ 1)
~ 4pRr 8pR2r2 B

32
4200 2 2

= — — >
o2 [p +p“(2r° —10Rr) +r (4R—|—T)(2R+T)} 23

where the last inequality holds if
3R[p* + p*(2r* — 10Rr) + r*(4R + 1) (2R + 7)] > 64p*r® <
p*(3Rp* — 30R?*r + 6Rr?* — 64r) + 3Rr*(8R* + 6Rr + 1) > 0.
We distinguish the cases:
1. If 3Rp*> — 30R?*r + 6Rr? — 61> > 0, the inequality is equivalent.

2. If 3Rp? — 30R*r 4+ 6Rr? — 641> < 0, we rewrite the inequality:
p?(30R%*r — 6Rr? + 64r° — 3Rp*) < 3Rr*(8R? + 6Rr + r?), which follows from
Gerretsen’s inequality 16Rr—5r? < p® < AR?>+4Rr+3r%. It remains to prove that:
(4R?+4Rr+3r?)[30R*r —6 Rr* +-64r° —3R(16 Rr —5r°)] < 3Rr*(8R*+6Rr+1?) <
& 18R* + 15R*r — 55R*r? — T0Rr® — 487" > 0 &

& (R—2r)(18R3*+51R*r+47Rr?+2413) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if a =b = c.
O
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ROMANIAN MATHEMATICAL MAGAZINE
TRIANGLE MARATHON 101 - 200
PROBLEM 177

MARIN CHIRCIU

1. In AABC

sf a e b +3/ c <ﬁ
b+c—a c+a—2> a+b—c_2r'

Proposed by George Apostolopoulos - Messolonghi - Grece

Proof.
Using Holder’s inequality, we obtain

3
5 a +3/ b L c <
b+c—a c+a—> a+b—c)| —

1 1

1
<(ath ( )1 1+1) =
S Ol rmyni ey T ey el (LR h I
4 4 3
— 9. R+r .3 = 3(1+ —R) < (@) , where the last inequality is equivalent with
2pr r 2r

IR® > 8r?(4R+r) & 9R® — 32Rr* — 8r* > 0 < (R — 2r)(9R* + 18Rr + 4r?) > 0
true from Euler’s inequality: R > 2r.

The equality holds for an equilateral triangle.

Remark
Inequality 1. can be strengthened:

2. In AABC

3#4_3#_{_ 3;<1+E
Vb+c—a c+a—> \/a—i-b—c_ r

Proposed by Marin Chirciu - Romania

Proof.
Using Holder’s inequality we obtain

3
5/ a N b 5 c <
( b+c—a+ c+a—b+ at+b—c)| —
1 n 1 n 1
b+c—a c+a—-b a+b-—c

S(a+b+c)(

4R+ r
2pr

Ja+141) =

4R R\3 . I ) .
3= 3(1+—) < (lJrf) , where the last inequality is equivalent with
r r

1
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(R+7)* >3r*(4R+r) & RP*+3R*r —9Rr* - 213 > 0 = (R—2r)(R*+5r+1r%) > 0
true from Euler’s inequality: R > 2r.
The equality holds for an equilateral triangle.

O
Remark
Inequality 2. is stronger the inequality 1
3. In AABC
. a I b 4 c <14 R < 3R
b+c—a c+a—b> a+b—a — r = 29
Proof.
) ) R 3R ‘ ,
See inequality 2. and 1 + — < 5 < R > 2r (Euler’s inequality)
r r
FEquality holds for an equilateral triangle.
O
Inequality 2 can be developed
4. In AABC
. a 4o b 4a c <14
b+c—a c+a—2> a+b—c —
Proof.
Using Holder’s inequality we obtain
(\/b+c—a \/c—i—a— \/a—i—b—c)
<(a+b ( ) Q+1+1)1+1+1)=
<(a+b+c) P e +c+a_b+a+b_ +1+1)(1+1+1)
4R 4R R\4
= 2p- + T-3-3 = 9(1+—) S(l—l——) , where the last inequality 1s equivalent with
2pr r r
(R+7)*>9r°(4R+7) & R* + 4R*r + 6R*r*> — 32Rr® — &' > 0 &
& (R—2r)(R* 4+ 6R%* + 18Rr? + 4r3) > 0
which is true form Fuler’s inequality: R > 2r
The equality holds for an equilateral triangle.
O
5. In AABC
4 a + 4 b + & ¢ <1 + E < ﬁ
b+c—a c+a—2> a+b—c — r = 29
Proof.

See 4. and Fuler’s inequality R > 2r.



Let’s generalise inequality 1.
6. In AABC

/ a L b n i c <3R h EN.m > 2
Y _ Y —, where n n
b+c—a c+a—2> a—|—b—c_2r’ =

Proposed by Marin Chirciu - Romania

Proof.
Using Holder’s inequality we obtain
<T\L/T+n/ b +F>"<
b+c—a ct+a—>b a+b—c) —
§(a+b+c)( @« L b 4 ¢ )(1+1+1)...(1+1+1)
b+c—a c+a—-b a+b-c

4R 4R 3R\"™
= 2p~72 + 7ﬂ~3"72 = 3”72~(1+—) 3(—2 ) , where the last inequality is equivalent with
pr r r

9R™ > 2nypn1 <4R ) & 9R™ — 2nF2RpTL _gnpn > )

R
Denoting — =t > 2 it remains to prove that
r

9" 2" 212" > 0 & (t—2) (9" 49-2¢"7249.22.4" 3 | 49277324 9.2" 2 on ) >
Obuviously because t > 2.

The equality holds for an equilateral triangle.
O
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INEQUALITY IN TRIANGLE - 242

MARIN CHIRCIU

Prove that in any triangle:

R > Tq n Ty 4 Te + 1
T Tp+Te TetTa TatTe 2
Proposed by Adil Abdulallayev - Baku - Azerbaidian,

Marian Ursarescu - Romania

Proof.
, S ‘ Ta (p—b)(p—c) (AR+r)®>—p*(8R—7)
.= — bt = =
Using r p_aweo ain Zm—&—m Z alp— ) 2R
(4R+71)3 —p*(8R—71) 1 9, 9 3
R ty 0P (AR*+6Rr—r=) > r(4R+r)°,
which follows from Gerretsen’s inequality p*> > 16Rr—5r2. It remains to prove that
& (16Rr — 5r?)(4R* + 6Rr — r?) > r(4R +r)® < 14R* — 29Rr + 2r* > 0 <
(R—2r)(14R — r) > 0, obuiously from Euler’s inequality: R > 2r.
The equality holds for an equilateral triangle

R
We write the inequality — >
r

Remark
The inequality can be devoloped

Prove that in any triangle:

R Ta Ty Te 4 —3n
—Zn( + ) , where 0 < n < 1.
T Th+7Tc Tet+Ta Ta+Th 2
Proposed by Marin Chirciu - Romania
Proof.

: Ta (P—b)p—c) _(4R+71)°—p*(8R—71)
we obtain Zrb—H"C :Z alp—a) = 2R
We write the inequality:
(4R +7)> —p*(8R—) +4 —3n
4p?°R 2
which follows from Gerretsen’s inequality p*> > 16Rr — 5r2.

S
Using rqy = ——
p—a

>n- & p*(4R?*+14nRr—8Rr—nr?) > nr(4R+r)?

B
.

It remains to prove that:
& (16Rr — 5r?)(4R? 4 14nRr — 8Rr — nr?®) > nr(4R + )3
& (32— 32n)R? + (88n — T4)R?*r + (20 — 49n)Rr? + 2012 > 0 &
& (R —2r)[(32 — 32n)R? 4 (24n — 10)Rr — nr?] > 0,
obviously from Euler’s inequality: R > 2r and the condition from the hypothesis 0 <n <1
1
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The equality holds for an equilateral triangle.

Remark
Forn =1 we obtain INEQUALITY IN TRIANGLE - 242.
MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcoNOMIC COLLEGE, DROBETA

TURNU - SEVERIN, MEHEDINTTI.
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PROBLEM 175 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU

(12r)4

1. In AABC
1
Z sin* g = Yat
Proposed by George Apostolopoulos - Messolonghi - Greece

Inequality 1 can be strengthened:
(72Rr)?

Y
sin® % - Y a*
Proposed by Marin Chirciu - Romania

Remark
2. In AABC

In order to prove this inequality we will first present two additional results.

Proof.
Lemma 1
3. In ABC
Z 1 p*4p?(2r® — 16Rr) 4+ 32R?*r? + r*
sin? % B rt
Proof.
b2c? Y (p—a)?  p®+p*(2r? — 16Rr) + p*(32R%*r? + 1r*)
- Ie—-a? p*rt
O

._
Il

: : 4 A
S11 b3
7"4

2 (p=0)*(p =)
_ p*+p*(2r* — 16Rr) + 32R*r% + 4

Lamma 2
4. In AABC
Yo—aa >
5 ,r‘

Using Lemma 1 the inequality to prove can be written:
2
& p*4p?(2r =16 Rr)+32R*r?+r* > 12R*r?

Proof.
12R
> 2

p* 4+ p?(2r? — 16Rr) + 32R?r% + 4
o
& p(p* +2r% — 16Rr) + 20R*r* 41 > 0.
We distinguish the following cases:
Case 1. If p?> 4+ 2r> — 16Rr > 0, the inequality is obvious.

1
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Case 2. If p* + 2r* — 16Rr < 0, the inequality can be rewritten:
p2(16Rr . p2) < 20R%r? + r*, which follows form Gerretsen’s inequality:
16Rr — 5r2 < 102 < 4R? + 4Rr + 3r%. It remains to prove that:
(4R*4+4Rr+3r?) (16 Rr—2r> —16 Rr+51r2) < 20R*r?41* < 3(4R?+4Rr+3r%) < 20R* 412
& 2R?-3Rr—-2r> >0 < (R—2r)(2R+r) > 0, which is obvious from Euler’s inequality: R > 2r.
The equality holds for an equilateral triangle.

O
Let’s pass to solving inequality 2.
In AABC X (12Rr)?
Z 4 A 2 4 "
sin® >a
Inequality 2. is equivalent with:
1
4 . . . . . .
a* , which follows from using the known identity in triangle
202 sin! 4 > (72Rr)? f f g Y g

1
4 4 2 2 2 2 . .
:2{ —2p°(4Rr+3r*)+r“(4R+ } d th lit A A _ 19pZ
E a D p”(4Rr+3r°)+r°(4R+7)*| an e inequality Zsin4%2 13};2

which we’ve proved in Lemma 2.

It is enough to prove that:
2

12
2 [p4 — 2p2(4Rr + 3r2) + r2(4R + r)ﬂ . R > (72Rr)2 &

r2 =
pt—2p2(4Rr+3r?)+r%(4R+7)? > 216r* < p?(p*> —8Rr—6r)+r2(4R+r)? > 216r*
which follows from Gerretsen’s inequality p*> > 16 Rr—5r2 and the remark that p>—8Rr—6r? > 0.
It remains to prove that:
(16Rr — 5r2)(16Rr — 5r% — 8Rr — 612) + r2(4R + )2 > 2161t <
(16Rr — 5r)(8Rr — 117%) + r*(4R 4+ r)? > 216r* &
(16R — 5r)(8R — 11r) + (4R +r)? > 216r? & 9R*> — 13Rr — 101> > 0 &
< (R—2r)(9R + 5r) > 0, obvious from Euler’s inequality: R > 2r.

The inequality holds for an equilateral triangle.

Remark
Inequality 2. is stronger than inequality 1.:
O
5. In AABC
1 (72Rr)? _ (12r)*
Z 4 A Z 4 Z
sin® & >a > at
Proof.

See inequality 2. and Fuler’s inequality R > 2r.

The inequality holds for an equilateral triangle.
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6. If a,b,c > 0 and ab + bc 4+ ca = 3 prove that
a® 4+ b3
PPN
a? 4+ ab + b2
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

Remark
The inequality can be developed:

If a,b,c > 0 and ab + bc + ca = 3 prove that
a® + b3 6
Z > , where n > 0.
a? 4+ nab + b2 n+2
Proposed by Marin Chirciu - Romania

Proof.

We have a® —ab+ b > ! & (n+1)(a—b)? > 0, obvious, with equality for a = b
a?+nab+b ~ n+2 - ’ quanty T

b)(a? — ab + b? 1 2
We obtain Z (a ZQ)j—anabj—b—g ) > Z(aer)-n ) = n%-:; > o _?_ 5 wherefrom the last inequality

is equivalent with Z a>3s (Z a)2 > 9, which is true from
(a4+b+c)? > 3(ab+ bc+ ca) = 9.
The equality holds if and only ifa =b=c=1.

Remark
For n =1 we obtain Problem 171 from TRIANGLE MARATHON 101 -200,

proposed by Nguyen Viet Hung - Hanoi - Vietnam
7. In AABC

bt 4 ¢t 2
Z tan? B —|—tan2 < 2 4857
2 2

Proposed by George Apostolopoulos - Messolonghi - Greece

Remark
The inequality can be developed:
In AABC
bt + nct 9
Z =B > o = 485%, where n > 0.
tan 5 + ntan 5
Proposed by Marin Chirciu - Romania
Proof.
We have a® > 4(p—b)(p—c) < a* > (a+b—c)(a+c—b) & a® > a®*—(b—c)? & (b—c)* > 0
We obtain:
b +nct > 16(p—a)*(p—c)?+n-16(p—a)*(p—b)*> = 16(p—a)® [(P—C)2+n(p—b)2};
B ¢_—alp-co, (@-alp-—b p—a
tan? —+ntan® — = +n- = p—c)?+n(p—b)?
2 2 p(p —b) p(p—c) p(p—b)(p—c) [( Fanlp=b) }

It follows
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bt 4+ net o 16(p — a)?[(p — ©)* + n(p — b)*]

2C = = 16p(p—a)(p—b)(p—c) = 165>

—a

m[(p - 0)2 + TL(p _ b)Q]

b* 4+ nct
> ) 165% = 4852.
tan? % + ntan? % B Z

tan? £ + n tan

We deduce that Z
The equality holds for an equilateral triangle.
O
Remark
For n =1 we obtain Problem 137 from TRIANGLE MARATHON 101 - 200,
proposed by George Apostolopoulos - Messolonghi - Greece.
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PROBLEM 135 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU

1. In AABC
aVvb + by/c + cv/a < 3R\/2p

Proposed by Daniel Sitaru - Romania
Remark
2. In AABC

a\/l_)—l-b\/z—i-c\/a < 2(R+r)\/ﬂ

Proposed by Marin Chirciu - Romania

Proof.

Using the CBS inequality, we have:

2 2 Gerretsen
=
<Za\/g> =<Z\/&\/CE> §2a~2ab:2p-(p2+r2+4Rr) <
<2p-(4R? +4Rr 4+ 3r*> +r* + 4Rr) =
= 2p - 4(R +7)?, wherefrom Z aVb < 2(R+r)\/2p
The equality holds if and only if the triangle is equilateral.

Remark

We can write the double inequality:

3. In AABC
avb + by + eva < 2(R+71)/2p < 3R\/2p

Proof.
Taking into account Euler’s inequality we obtain 2(R 4 r)y/2p < SR\/QTD.
The equality holds if and only if the triangle is equilateral.

Remark.
In the same note we can propose:

4. In AABC
avb+c+bvet+ta+ceya+b<4(R+7r)y/P < 6R.\/pD
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Proof.
Using CBS inequality we have:

2 Gerretsen

2
<Z av'b+ c) <Z Vvay/a(b+ c)) sz%c = 4p-(p*>+7r°+4Rr) ?

4p-(AR*+ARr+-3r°+r> +4Rr) = 4p-4(R+7r)?, wherefrom Z av'b+ ¢ < 4(R+r)/p.
Taking into account Euler’s inequality we obtain 4(R + r)\/p < 6R+/p.
The equality holds if and only if the triangle is equilateral.

Remark

The inequality can be strengthened
5. In AABC

av/b+ ne+bve + na+cv/a + nb < 2(R+r)\/2(n + 1)p < 3R\/2(n + 1)p, where n > 0.
Proposed by Marin Chirciu - Romania

Proof.
Using CBS inequality we have:

2 2 Gerretsen
—~
<Z av'b+ nc) = <Z Vay/a(b+ nc)) < Z a-Z(n—H)bc =2(n+1)p-(p*+r°+4Rr) " <
=2(n+1)p- (4R* + 4Rr + 3r* + 2 + 4Rr) = 2(n + 1)p - 4(R + r)?, wherefrom
Z avb+nc <2(R+r)v/2(n+ 1)p.
Taking into account Euler’s inequality we obtain 2(R+1)\/2(n+ 1)p < 3R+/2(n + 1)p.
([l

Remark

For n =0 in 5. we obtain 3., and for n =1 in 5. we obtain 4.
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PROBLEM 175 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU

1. In AABC
Z 1 (127)4
sin? % = Yat’
Proposed by George Apostolopoulos - Messolonghi - Greece
Remark

Inequality 1. can be strengthened:

2. In AABC
Z 1 (72Rr)?
sin? % - Yat -’
Proposed by Marin Chirciu - Romania

Proof.
In order to prove this inequality we will first present two additional results.

Lemma 1
3. In AABC
Z 1 _ p* + p?(2r2 — 16 Rr) + 32R?r? 4 r4
sin? g o r4 ’
Proof.
Z 1 Z b2c? Y P (p—a)®  pS+p*(2r2 — 16Rr) + p*(32R%r? + 1)
sin 2~ (p-b2(p-0?  Illp-a)? p*ri
p* +p?(2r? — 16Rr) + 32R?*r? 4 14
= /,14 .
|
Lemma 2
4. In AABC
Z 1 12R?
sin? % = 27
Proof.
Using Lemma 1 the inequality we have to prove can be written:
- & p'+p?(2r*—16Rr)+32R*r*+r* > 12R*?

p'+p*(2r® — 16Rr) + 32R%? + 1 _ 1212
4 ~or
& p?(p? +2r2 — 16Rr) + 20R*r? +1* > 0
1

r



MARIN CHIRCIU

We distinguish the cases:
Case 1. If p?> + 21 — 16Rr > 0, the inequality is obvious.

Case 2. If p* + 2r* — 16Rr < 0, the inequality can be rewritten:
p2(16R7’ . p2) < 20R2%r? + r*, which follows from Gerretsen’s inequality:

16Rr — 5r% < p? < 4R? + 4Rr + 3r%. It remains to prove that:
(4R*+4Rr+3r?)(16 Rr—2r* —16 Rr+-5r2) < 20R*r?4+r* & 3(4R*4+4Rr+3r%) < 20R* 412
& 2R?-3Rr—2r*> > 0 < (R—2r)(2R+7) > 0, obvious from Euler’s inequality: R > 2r.
O

The equality holds for an equilateral triangle.

Let’s pass to solving inequality 2.
In AABC
1 (72Rr)?
Z ind A > 4
sin® >a

Inequality 2. is equivalent with:
> (7T2Rr)?, which follows from using the known identity in triangle.
2
1 S 12R

r2

sin®

ol

o

1
4
a .
PIL Do
Za4 =2[p* —2p*(4Rr+3r?) +72(4R+r)?] and the inequality Z
which we have proved it in Lemma 2.

It is enough to prove that:
12R?
5 2 (72Rr)? &

2[p* — 2p*(4Rr + 3r?) + r2(4R +1)?] -
p*—2p? (ARr+3r?)+r2(4R+7)? > 216r* < p?(p?—8Rr—6r?)+r2(4R+r)* > 2161,
which follows from Gerretsen’s inequality p*> > 16Rr—5r% and the remark that p>—8Rr—6r2 > 0.

It remains to prove that:
(16 Rr — 5r2)(16Rr — 5r% — 8Rr — 6r2) + r2(4R +1)? > 216! &
(16Rr — 5r2)(8Rr — 117%) + r*(4R 4+ r)? > 216r* &
(16R — 57)(8R — 117) + (4R + r)* > 216r* & 9R? — 13Rr — 107> > 0 &
< (R—2r)(9R + 5r) > 0, obvious from Euler’s inequality: R > 2r.
The equality holds for an equilateral triangle.

Inequality 2. is stronger than inequality 1.:

Remark
5. In AABC
Z 1 (72Rr)? S (12r)
sin4% ~ Ya*t T Yat’
Proof.
See inequality 2. and Euler’s inequality R > 2r
The equality holds for an equilateral triangle.
O
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PROBLEM 127 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU

1. In AABC
C R 2R

t A+t B—i—t < 1
an — an — an — < —}/— —
2 2 2 7 2rV r

Proposed by George Apostolopoulos - Messolonghi - Greece
Proof.

A 4R
3= i we write the inequality:
p

s g e () () (F) s prenn 2 atany

which follows from Gerretsen’s inequality p> > 16Rr—5r2. It remains to prove that:

& (16R—5r%)-R*(2R—7) > 4r®(4R+7)? & 34R* 26 R*r—59R*r* —32Rr3 —4r* > 0 &

& (R—2r)(32R3+38Rr*+17Rr?+2r®) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

Using the known identity in triangle Ztan

O
Remark
The inequality can be developed:
2. In AABC
A B
tan — + tan — —l—tang < E nE —2n + §, where n > 0.
2 2 2 T T
Proposed by Marin Chirciu - Romania
Proof.
A 4R
Using the known identity in triangle Ztan 2= tr we write the inequality:
p
4R 4 2 2
tr < B n-E—Qn—&—%@( R—l—r) S(R) (n~§—2n+§) &
p r r 4 r r 4

& p?R? [4nR—|—(3—8n)7‘} > 4r3(4R+7r)?, which follows from Gerretsen’s inequality:
p? > 16Rr — 5r°. It remains to prove that:
& (16Rr — 512) - R? [4nR +(3- 8n)r] > 4r3(4R + 1)
& 64nR* + (48 — 148n)R3r + (40n — T9)R*r? — 32Rr® —4R* > 0 &
& (R—2r) [64nR3 + (48 — 20n)Rr? + 17Rr? + 2r3} >0

obviously from Euler’s inequality R > 2r.
1
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The equality holds if and only if the triangle is equilateral.

|
Remark
1
Forn = 3 i inequality 2. we obtain inequality 1., meaning Problem 127
from TRIANGLE MARATHON 101-200
proposed by George Apostolopoulos - Messolonghi - Greece.
Remark
We can write the double inequality:
3. In AABC
A B C R R 3
\/ggtan——ktan——ktan— < —\/n-— —2n+ —, where n > 0.
2 2 2 r r 4
Proof.
A 4R
The first inequality follows from the identity Ztan 3= tr and Doucet’s inequality
p
4R+ r > p\/g, the second inequality is 2.
The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.
O
Remark
We can propose inequalities in the same format:
4. In AABC
1< tan® > 4tan? D 4 ¢ 2C<(R)2
an® — an® — an® — —
- 2 2 2 T \2r
Proof.

(4R +1)% — 2p?

A
The first inequality follows from the identity Ztan2 — = 5

2 p
and from Doucet’s inequality: (4R +1)* > 3p>.
The second inequality, taking into account the above identity, can be written:
(4R +1)% — 2p? <<£
p2 —\2r
Which follows from Gerretsen’s inequality: p* > 16Rr—5r2. It remains to prove that:
(16Rr — 572)(R? + 8r2) > 4r*(4R 4+ 7)? < 16R® — 69R*r + 96Rr* — 4413 > 0 &
(r — 2r)(16R? — 37Rr 4 221%) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

2
) & dr?(AR+1)?=8r°p* > p*R® & p*(R*+8r%) 2 4r?(4R+7)°,

We'’ve obtained a refinement of Euler’s inequality.

O
5. In AABC:
3 A B C 3R /3R\2
°r < tan® — + tan® — + tan® — < 7[<7> _8}'
p 2 2 2 2p L\ 27
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Proposed by Marin Chirciu - Romania

Proof.

First we prove the following identity:
Lemma
6. In AABC

3 A  (4R+1r)® —12p°’R
Ztan — =
2 p3

Proof.

We use the identity (x +y +2)> =2® +* + 22 + 3(x + y)(y + 2)(z + )

A B C )
we put x = tan —,y = tan —, z = tan 5 and then we take into account that

2 2
A 4R+
= t _—=
T+y+z E an o ;

p
B C 4R
(x+y)y+2)(z+z) = H(tani +tan§) =—.
Let’s pass to solving the double inequality 5.:
We write the first inequality:

(4R+ 1) —12p°R _ 3r

P > ry which follows from Doucet’s inequality: (4R+7r)* > 3p?.
4R 3 _12p°R 4R -3p%2 —12p>R 3
We obtain (4R +7) 3 P > (4R + 1) f Pt _ O
p p p
We write the second inequality:
4R 3 _12p°R _3R|/3R\2
( +r)p3 r-< o (g) —8]@8r2(43+r)3—96p23r2 < 3p*R(9R’—3212) o

27p° R? > 8r2(4R+r)3, which follows from Gerretsen’s inequality: p* > 16 Rr—5r2.
It remains to prove that:
27(16 Rr—5r?)R? > 8r2(4R+71)% < 432R*—647R3r —384R*r? —96Rr*—8r* > 0 &
(R—2r)(432R3+217R*r+50Rr*+4r3) > 0, obviously from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.
We'’ve obtained a refinement of Euler’s inequality.

(I
([l
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PROBLEM 125 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU

1. In AABC
a? + b2 + 2 > 8r

2412412 ~ 3R
Proposed by George Apostolopoulos — Messolonghi — Greece
Proof.

Using the known identity in triangle Za2 =2(p* —r? —4Rr) and the remarkable

inequality le < p?, which follows from l, < \/p(p — a), we obtain
2 b2 2 2 2 .2 AR 8
(;g j_ 2 —tlcg > (p ;2 r) > é, where the last inequality is equivalent with:
3R(p*—r*—4Rr) > p*r < p*(3R—4r) > 3R(r*+4Rr), true from Gerretsen’s inequality
p? > 16Rr — 5r%. It remains to prove that:
(16 Rr—5r2)(3R—4r) > 3R(r*4+4Rr) < 18R*—41Rr+10r* > 0 & (R—2r)(18R—5r) > 0,

obviously from Fuler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.

O
Remark
The inequality can be strengthened:
2. In AABC
a? + b2 4 ¢ > 18Rr
2412412 = p?
Proof.

Using the known identity in triangle Z a’ = 2(p2—7"2—4Rr), and the remarkable

mequality Zli < p?, which follows from l, < \/p(p — a), we obtain
a? + b + 2 S 2(p* —r? — 4Rr) S 18Rr
Z+2+12 p? = p?’

where the last inequality is equivalent with: p*> > r? + 13Rr, true from Gerretsen’s
inequality p*> > 16Rr — 512,
It remains to prove that:
16Rr —5r2 >r?> +13Rr < 3Rr > 6r> & R > 2r, (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.




2 MARIN CHIRCIU

Remark
Inequality 2. is stronger then inequality 1.:
3. In AABC , ) ,
b 18R 8
a“+b°+c > T > 8r
12412412 — p?> ~ 3R
Proof.

2

See inequality 2. and Mitrinovié’s inequality: p* <

The equality holds if and only if the triangle is equilateral.

O
Remark
Also, inequality 2. can be strengthened:
4. In AABC
a? + b2 4+ ¢ S 4
2+12+12 — 3
Proof.

Using the known identity known in triangle Z a® = 2(p* — r* — 4Rr) and the

remarkable inequality Zli < p?, which follows from l, < \/p(p — a), we obtain
a? 4+ b* + ¢? S 2(p* —r? —4Rr)
Z+r+12 ~ p?

4
> 3 where the last inequality is equivalent with:

3(p* —r? —4Rr) > 2p* & p? > 3r® + 12Rr,
true from Gerretsen’s inequality p*> > 16Rr — 5r2.
It remains to prove that:
16Rr — 5r% > 3r® + 12Rr < 4Rr > 8% & R > 2r, (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.

O
Remark
Inequality 4. is stronger than inequality 2.:
5. In AABC ) ) ,
b 4 18R
a”+b"+c” > 2> T
2412412 — 3~ p?
Proposed by Marin Chirciu - Romania
Proof.

See inequality 4. and inequality: 2p° > 27Rr, true from Gerretsen’s inequality
p? > 16Rr—5r2. It remains to prove that: 2(16R7‘75T2) > 27TRr < 5Rr > 10r2 & R > 2r.
Equality holds if and only if the triangle is equilateral.
O
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We can write the triple inequality:

6. In AABC

a? + b2 + ¢ 218Rr287r

4
- > =
24+12+12 =3 p? 3R

Proof.
See inequality 5. and inequality 3.

Equality holds if and only if the triangle is equilateral.
O
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INEQUALITY IN TRIANGLE 295

MARIN CHIRCIU

1. Prove that in any triangle ABC

1 1 1
2 2 Gy S

Proposed by Daniel Sitaru - Romania

Proof.

A A
Using the formulas 11, = 4R sin X IyI. = 4R cos 3 and the known identities in triangle:

> 1 7p2+7"2—8R7“Z 1 P>+ (4R +7)?

= = , we obtain:
gin? g r2 cos? % p?
1 2+ r2 -8R 1 2+ (4R 2
Z _ptr Tcmdz _p + (4R +7)
(I1,)2 16R2r2 (I,1.)2 16R2p?

We write the inequality:

2 .2 2 2

p*+r*—8Rr p°+ (4R+7) 1 9, 1o 5 o 5 5
< — & 4R Rr —2r® — > 4R

16 R2r2 16 R2p? — 42 P +8Rr—2r" —p7) 2 (4R + 1),

which follows from Gerretsen’s inequality 16Rr — 5r% < p* < 4R? + 4Rr + 3r2.
It remains to prove that:
(16Rr — 5r?)(4R? + 8Rr — 2r? —4R? —4Rr — 3r®) > r?(4R+1)? &
& (16R—57)(4R—51) > (4R+7)? & 4R*—9Rr+2r> > 0 < (R—2r)(4R—7) >0
obviously from FEuler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.

Remark.
It can also be shown an inequality having an opposite sense for the above sum:

2. Prove that in any triangle ABC

1 1 1
NS ARNTTAES

Proposed by Marin Chirciu - Romania
1
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Proof.
1 24+ 12 —8Rr 1 2 4R + 1)?
Using the above identities Z TIAE =P —g6R2r2 and Z (L)’ -P JrléRsz; ) ;
We obtain:
Z 1 _p2—|—r2—8Rr 16Rr—5r2+r2—8Rr_8R7“—4r2_
(I1,)? 16 R?r? - 16 R?r? 16 R?r?
_2R-—r S 3r 3

T 4R’ T AR AR?
where the first inequality follows from Gerretsen’s inequality p*> > 16 Rr — 512,
and the second from Fuler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.
We’ve obtained the helpful result:

Lemma 1.
Prove that in any triangle ABC
1 3
S a2
(I1,)? — 4R?
1 2+ (4R 2 2+ 3p? 1
Thenz :p—l-( +7) 2p+p:77
(Ip1.)? 16 R?p? 16 R2p? 4R?

which follows from Doucet’s inequality: (4R +r)? > 3p>.
The equality holds if and only if the triangle is equilateral.
We've obtained the following helpful result:
Lemma 2.
Prove that in any triangle ABC
1 1
DR
(IpI.)? 4R?

Adding the inequality obtained from Lemma 1 and Lemma 2 we obtain conclusion 2.

O
Remark.
Finally it can be written the double inequality:
Prove that in any triangle ABC
1 1 1 1
2 S Y Gy
R? (I1,)? (IpI.)? 472
Proof.
See 1 and 2.
The equality holds if and only if the triangle is equilateral.
We'’ve obtained a refinement of Euler’s inequality.
|
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134 INEQUALITY IN TRIANGLE
MATH ADVENTURES ON CUTTHEKNOT MATH 101-150

MARIN CHIRCIU

1. Prove that in any acute triangle the following relationship holds
a? b2 c?
+ +
tanB +tanC tanC +tan A tan A + tan

Proposed by Daniel Sitaru - Romania

< pR.
B_p

Proof.

We have
2 2

a a a? cos B cos C a? cos B cos C
Z tan B +tanC Z sin(B+C) Z sin A a Z a -

cos B cos C 2R
Euler
pr ~
=2R B C=2R-— =2 < pR.
Z acos B cos 7 pr < p

From the above proof it follows that the relationship holds for any non-right angled
triangle.
The equality holds if and only if the triangle is equilateral.

Remark.
In the same way we can propose the following:
2. Prove that in any triangle the following relationship holds:

a? b2 c?

< 3pR
cotB+c0tC+c0tC—|—cotA+cotA—|—cotB =P

Proposed by Marin Chirciu - Romania

Proof.
a? a? a?sin Bsin C a?. . b
h _— = L —— il & "3R 3R
We have Z cot B + cot C' Z sin(B+C) Z sin A Z 5h
sin Bsin C
1 1 1 FEuler
= ﬁZabc: IR - 3abe = IR 12pRr = 6pr < 3pR.

The equality holds if and only if the triangle is equilateral.
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Remark.
Adding the two inequalities we obtain:
3. Prove that in any triangle the following relationship holds:
Z a?cos(B — C)
sin A
Proposed by Danziel Sitaru - Romania and Marin Chirciu - Romania

Proof 1.

< 4pR.

a? a? a?cos BecosC'  a’sin BsinC  a?cos(B — O)
We have + = - + - = 2
tanB +tanC cot B +cot C sin A sin A sin A
a? a?
Th — =25 and _ = 6S.
en ZtanB+tanC’ an ZcotB+cotC’

(B
It follows Z %AC) = 8S.

We write the inequality 8S < 4pR < 8pr < 4pR < 2r < R (Euler’s Inequality).
The equality holds if and only if the triangle is equilateral.

(]
Proof 2.
a?cos(B — C) a®cos(B — O) dpr
h =2 B—C)=2R—
We have Z A Z - RZCOS( C) =2R- 7
= 8pr < 4pR.

From the above proof it follows that the inequality from 3. is true in any triangle.

(]
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PROBLEM 120
RMM TRIANGLE MARATHON
101-200

MARIN CHIRCIU

1. In AABC
1 1 1 7 2
> _Z
Te—T Tp—T Te—T R 7
Proposed by Mehmet Sahin - Ankara - Turkey
Remark.
Inequality 1 can be developed:
2. In AABC
1 1 1 a B
+ > — — —,where o — 28 =3 and 8 > —2.
Tq — T Ty, — T Te —T R

Proposed by Marin Chirciu - Romania

Proof.
S .
and r = — we obtain

Using the forumulas r, =
p—a
11 p—a 1 p*+r*—8Rr p*4r?>—8Rr
Zra—r_;z a r 4Rr N 4Rr?
The inequality can be written
M o B & p? + 12 — 8Rr > 4r(ar — BR), which follows from

4Rr2 TR
Gerretsen’s inequality p*> > 16Rr — 5r2. It remains to prove that:

16Rr — 512 412 — 8Rr > 4r(ar — BR) & (B+2)R > (a+ 1)r & R > 2r,
because a« — 23 = 3 and f > —2.
The equality holds if and only if the triangle is equilateral.
For a =7 and [ =2 we obtain inequality 1, namely Problem 120 from RMM
Triangle Marathon 101-200, proposed by Mehmet Sahin - Ankara - Turkey.

O

Remark.
Inequality 1 can be strengthened:

3. In AABC
1 " 1 + 1 > 9
Tq — T T, — T rc—r_4R—2r'

Proposed by George Apostolopoulos - Messolonghi - Greece
1
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Proof.

_ p? +12 —8Rr
ro 4Rr?

1
Using the proven inequality at 2:2 , inequality can be written:
Tq —

p?> + 12 —8Rr S 9
4Rr? T 4R - 27’
It remains to prove that: L6Rr —5r° + 1% — 8Rr > 9 & 2B - r > 9 =4
4Rr? “ 4R -—2r Rr —4R-2r
& 8r?—17Rr+2r> > 0 & (R—2r)(8R—r) > 0, obviously from Buler’s inequality: R > 2r.

The equality holds if and only if the triangle is equilateral.

which follows from Gerretsen’s inequality p* > 16 Rr—5r2.

O
Remark.
Inequality 3. s stronger then inequality 1.:
4. In AABC
1 1 1 9 7 2
+ > > — — -
T — T T, — T re—rT 4R —2r T R r
Proof.
The first inequality is 3., and the second inequality is equivalent with:
9 r—2R 9 9
> -2 14r° > -2 — >
"o > <8R 3Rr+14r* >0< (R—2r)(8R—"Tr) > 0,
obviously from Fuler’s inequality: R > 2r.
The equality holds if and only if the triangle is equilateral.
|
Remark.
Inequality 3. can be developed:
5. In AABC
1 1 1 1 2
+ + > , where 2x —y = — and x > 0.
Te—T To—T Te—T xR—yr 3

Proposed by Marin Chirciu - Romania

Proof.

1 *+r* -8R
Using the proven identity at 2.: Z _ T 7" the inequality can be written:

Ta—T 4ARr?
p? +1r2 —8Rr 1
4Rr? — R —

, which follows from Gerretsen’s inequality p*> > 16Rr—5r? and
,

2
the observation that xR — yr > 0, for 2z —y = 3 and x > 0.

I et that 16Rr—5r2+r2—8Rr> 1L _2R—r_ 1
remains to prove that:
P 4Rr? ~xzR—yr Rr — xR-—yr

& (2R—r)(xR—yr) > Rr < 2eR*—(24+2y+1)Rr+yr® > 0 < (R—2r)(4zR—yr) > 0,

2
obviously from Euler’s inequality: R > 2r and 2x —y = 3 x> 0.

The equality holds if and only if the triangle is equilateral.
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For x = % and y = % we obtain inequality 3. proposed by

George Apostolopoulos - Messolonghi - Greece

O
Remark.
Inequality 5. is stronger than inequality 2.:
6. In AABC
1 1 1 1 a B
+ + > > = -2,
Tq — T ry, — T Te—T R — yr R r
2
where2w—y=g,wZOanda—2B:3,ﬁZO.
Proof.
First inequality is 5., and the second inequality is equivalent with:
1
Py R— > %—; & Rr > (xR—yr)(ar—BR) < BrR*+(1—azx—pBy)Rr+ayr? > 0 <

2
< (R—2r)(2BxR—ayr) > 0, obviously from Euler’s inequality: R > 2r and 2x—y = 3
x>0, and o — 28 = 3,8 > 0, which lead to (2x — y)(a — 28) = 2, wherefrom
—ay — 40z = 2(1 — ax — By), thus motivating the last inequality.
The equality holds if and only if the triangle is equilateral.

4 2
For x = §,y =3 a =7 and f =2 its obtained the double inequality 4.

Remark.

n
We can propose inequalities with sums having the form Z

, where n =1,2,3,4,5.

Tq —
7. In AABC R
3v3<y — % <3v3.
Tq —T 2r
Proof.
1
Using the formulas r, = and r = — we obtain Z @ _Z (p—a) ==
p—a D Tg—T T

33

The double inequality follows from Mitrinovié’s inequalities: 3vV/3-1 < p < T.R'
The equality holds if and only if the triangle is equilateral.
O
8. In AABC

a2
< 9R.
Tq — T

18rgz
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Proof.

Using the formulas r, = and r = — we obtain

a? 1
S - -0

The double inequality follows from FEuler’s inequality R > 2r.

= |

p—a

1
—2r(4dR+r
r

~

=2(4R + ).

The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.

9. In AABC

a
12pr§2r .
o —

< 6pR.

Proof.
S

S
Using the formulas r, = —— and r = — we obtain
p—a

Z o’ :%ZaQ(p—a):%~4pr(R+r):4p(R+r).

Tq —T

The double inequality follows from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

We’ve obtained a refinement of Fuler’s inequality.

10. In AABC

6 <> - < @sR)".

Tq —T

Proof.

S S
Using the formulas v, = and r = — we obtain
p—a

Z a! = %Z a®(p—a) = %27" [p2(2R+3r)—7“(4R+r)2} = 2% (2R+3r)—2r(4R+r)>.

Tq—T
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain 2p*(2R + 3r) — 2r(4R +1)? > 2(16Rr — 5r%)(2R + 3r) — 2r(4R +1r)* =
= 4r(8R? + 15Rr — 8r%) > 4r - 54r? = 216r% = (61)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? 4+ ARr + 3r% and Euler’s inequality: R > 2r.
We obtain 2p*(2R+3r) —2r(4R+7)* < 2(4R*+4Rr+3r*)(2R+3r) —2r(4R+7)* =
= 16R? + 8R?*r + 20Rr? + 1613 < 16R® + 4R® + 5R® + 2R3 = 27R® = (3R)%.
The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.
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11. In AABC

a5

18p- (2r)* < > < 18p- R®.

Proposed by Marin Chirciu - Romania

Taq —T

Proof.
S

S
Using the formulas r, = —— and r = — we obtain
p—a r

a’ 1 4 1 2 2 2
Z :;'Za(pfa):;ﬁlpr[p (R+2r)—r(12R* + 11Rr + 2r )}:

Tq—T
= 4p [p2(R +2r) — r(12R2 + 11Rr + 2r2)]|.
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and FEuler’s inequality: R > 2r.
We obtain
4p p2(R+27’)fr(12R2+11R7’+27’2)} > 4pr{(IGRr75r2)(R+27’)77’(12R2+11R7‘+2r2)]
= 16pr(R*4+-4Rr —3r%) > 16pr- (4r* +8r% —3r?) = 16pr-9r? = 144pr® = 18p-(2r)3.
= 47(8R? + 15Rr — 8r2) > 4r - 54r? = 21613 = (67)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? + 4Rr + 312 and Euler’s inequality: R > 2r.
We obtain
4p p2(R+2r)fr(12R2+11R7’+27’2)} < 4p {(4R2+4R7’+37’2)(R+2T)—r(12R2+11RT+2r2)} -
R3
= 16p(R? + %) < 16p- (R3 + 3) —18p. R®
The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.

O

Remark.

n b
We can propose inequalities with sums having the form E w, where n = 1,2, 3, 4.
Tq—T

12. In AABC b+
a c
6 2< — < (3R 2‘
(6r)* <) ——— - <BR)
Proof.
Using the formulas r, = —— and r = — we obtain
p—a P
alb+c) 1 1, 2(p? — 12 — ARr)
2 Ta =T :?Z(M’C)(p_a):;'?(p —1r* —4Rr) = - .

The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain

2 .2
ry alb+c) _ 20" —r—4Rr) _ 2(p?—r?—4Rr) > 2(16 Rr —5r2 —r> —4Rr) =
Tq—T r
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=12r(2R —r) > 12R - 3r = (6r)%

For the second inequality we use the above identity, Gerretsen’s inequality:
p? < AR? + 4Rr + 312 and Euler’s inequality: R > 2r.
We obtain
b 2(p? —r? — 4R
TZ a(b+¢) =7 (P —r r) = 2(p2—7°2—4Rr) > 2(4R2—|—4Rr+3r2—r2—4RT) =
To—T r
= 8R? + 4r? <9R? = (3R)%.
The equality holds if and only if the triangle is equilateral.

We’ve obtained a refinement of Euler’s inequality.

O
13. In AABC
b
36v/3 - Rr <Za( *9) < 18v3. B2
Tq — T
Proof.
S
Using the formulas v, = and r = — we obtain
p—a p
2(b 1 1
ZM = fZa(b—i—c)(p—a) = — - 12pRr = 12pR.
Tq—T r r
The double inequality follows from Mitrinovié’s inequalities: 3v/3-1 < p < —— R
The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.
O
14. In AABC
a®(b+c
6t <35 “ T gpya,
Tq — T
Proof.
Using the formulas rq = and r = § we obtain
b—a p
*(b+c¢) 1 2 2 2 2] _
Z py— Za b+c)(p—a)= -[2p (2Rr +1%) 4+ 2r (4R+r)}—
p?(2Rr +12) + 2r2(4R + 1)?
" .
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain
32 3b+c) p2(2Rr+r2) +2r2(4R +1)? >3 2(16 Rr — 5r2)(2Rr +1r2) + 2r2(4R +1)?
Tq — 7T r - r

= 34r (24R2+7Rr—2r2) > 12r%(24-4r2+7r-2r—2r%) = 121210872 = 1296r* = (67)*.

For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? + 4Rr + 3r2 and Euler’s inequality: R > 2r.
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We obtain

2(4R% + 4Rr + 3r%)(2Rr + %) 4+ 2r2(4R + r)?

32 3(b+c) _ p2(2Rr+r2)+27"2(4R+7")2 <3

Tq —T T T
= 3-r(16 R*+56 R*r+36 Rr2+8r%) < 3r(16R3+28R*+9R3*+R?) < ?541%3 = 81R* = (3R)*

The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.

15. In AABC

p(127)3 < 62 a’(b —|—rc) < p(6R)3.

Pmposed by Marin Chirciu - Romania

Proof.

S
Using the formulas r, = and r = — we obtain

p—a
1
Z Tq—T Za (b+c)(p—a) '{4p3(Rr+r2)+4p(*4R2T2+3Rr3+T4)] -

= 4p*(R+7) + 4p(—4AR*r + 3Rr? +r%).
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain

4(b
6 Z +9) =6 [4p3(R+r)+4p(—4R2r+3Rr2+r3)} = 24p [pz(R+r)—4R2r+3Rr2+r3

> 24p[(16Rr — 5r2)(R + 1) — 4R%r + 3Rr? + 7’3] — 48pr(12R® + 14Rr — 4r%) >
> 48pr (2472 + 14r? — 2r%) = 48pr - 3612 = 1728pr® = p(12r)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4R? + 4Rr + 3r? and Euler’s inequality: R > 2r.
We obtain
6 Z Ho+o) =6 [4p3(R+r)+4p(—4R2r+3Rr2+r3)} = 24p [p2(R+r)—4R2T+3Rr2+r3

Tq —T

< 24p[(4R2+4Rr+3r2)(R+7’)—4R2r+3RT2+r3] — 12p-(SR*+8R%r+20Rr2+81%) <

< 12p(8R® + 4R* + 5R® + R®) = 12p - 18R? = 216pR> = p(6R)>.
The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Fuler’s inequality.
O
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1. In acute-angled AABC

A B o
2 cot; —|—cot§ —|—cot§ + tan A tan B tan C > 9v/3.

Proposed by Daniel Sitaru - Romania

Proof.
Using the known identities in triangle Zcot 4 =2 and HtanA = .
2 r p? — (2R +1r)?’
the inequality we have to prove can be written: 2 - b + # > 9v/3.
r  p>2—(2R+r)?

Using Mitrinovié’s inequality p > 3v/3 - 1 we have b > 3v/3 and pr > 3V3 -2
r
it’s enough to prove that
2r2
p*—(2R+r)?
The inequality holds if and only if the triangle is equilateral.

> 1< p? <4R? 4+ 4Rr + 3r? (Gerretsen’s inequality).

Remark.
The inequality can be developed:
2. In acute-angled AABC

A B C
n| cot E—I_COt E+C0t o + tan A tan B tan C > (n+1)-3\/§, where n > 0.

Proof.
2pr

A
We use the known inequalities in triangle Zcot 7= g and HtanA = m

We have
A
(i) Z cot 3 >33 p >3V3ep>3V3r (Mitrinovié’s inequality);
r
(ii)

2
I | tan A > 3V3 e . > 3\/3, which follows from pr > 3vV3-r? and
p?>— (2R +71)?

1
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2 2
m > 1< p® <4R? +4Rr + 3r® (Gerretsen’s inequality).

From (i), (ii) and n > 0 the conclusion is obtained.
The inequality holds if and only if the triangle is equilateral.
|

3. In acute-angled AABC

A B C
n| cot E+C0t E—+—c0t o +ktan A tan B tan C > (n+k)-3v/3, where n > 0,k > 0.

Proof.
We use the known identities in triangle Zcot é =2 and HtanA = W
2 p? — (2R +1r)?’
We have
A
(i) Zcot 3 >3vV3el>3v3e p > 3V3 -7 (Mitrinovié’s inequality);
r
(i)
2
HtanA >33 — 1> 3V/3, which follows from pr > 3vV/3-r? and
p?> — (2R +71)?
2 2
m > 1 p® <AR? +4Rr + 3r? (Gerretsen’s inequality)

From (i), (ii) and n > 0,k > 0 the conclusion is obtained.
The inequality holds if and only if the triangle is equilateral or n =k = 0.
O
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1. In AABC
1 1 1 3

AI? + BI? + CI?2 — 2Rr’

Proposed by Rovsen Pirguliev - Sumgait - Azerbaidian

Proof.
T _ 1 sin? 4 1 .2 A
We have AI = siné' We obtain Zﬁ :ZT = ﬁZsm 3=
1 2R—r 2R-r
2 2R 2Rr2°
The inequality we have to prove can be written
2R — 3
Wr;ﬂ > R < R > 2r (Euler’s inequality).
The equality holds if and only if the triangle is equilateral.
|
Remark.
The inequality can be strengthened:
2. In AABC
1 n 1 I 1 3
AI? = BI?  CI? = 4r?
Proposed by Marin Chirciu - Romania
Proof.
1 2R —
We use the identity Z yiehe Wr;’ the inequality can be written
2R — 3
Wr; > 2 < R > 2r, obviously from Euler’s inequality.
The equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 2. is stronger than inequality 1.
3. In AABC

1+1+1 >3 3
AI?2  BI?2 CI? =~ 4r2 = 2Rr’

1
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Proof.
See inequality 2 and Fuler’s inequality.

The equality holds if and only if the triangle is equilateral.

Remark.
The following inequality holds:

4. In AABC

1+1+1>3>
4r2 —

3 81 3
AIZ2  BI2 CI? — ’

Proof.

The first inequality is 2, the second follows from Fuler’s inequality, the third is
equivalent with 2p? > 27Rr , which follows from Gerretsen’s inequality
p? > 16Rr — 512 and Euler’s inequality R > 2r and the forth is Mitrinovié’s

2
ineuality p? < %.

Now, let’s find an inequality having an opposite sense.
5. In AABC

1 1 1 3R
<

A "B o S

Proof.

2R —r

EITR the inequality can be written
r

1
Using the identity Z yiche
2R—r _ 3R 9 9 9
TR < = < 4r(2R—r) < 3R* < 3R*—8Rr+4r° > 0 < (R—2r)(3R—2r) > 0,
obviously from Fuler’s inequality R > 2r.

The equality holds if and only if the triangle is equilateral.

The following double inequality can be written:

6. In AABC
3 < 1 4 1 I 1 < 3R
4r2 = AI2  BI?  CI? — 8r3’
Proposed by Marin Chirciu - Romania
Proof.

See inequalities 2 and 5.

The equality holds if and only if the triangle is equilateral.
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