SOME LIMITS OF TRAIAN LALESCU TYPE (II)

D.M. BATINETU-GIURGIU, MIHALY BENCZE, DANIEL SITARU, NECULAI STANCIU

ABSTRACT. In this paper we present some limits of Lalescu type.
Theorem 1. Let f,g: R} — R be functions such that

lim, oo (f(z + 1) — f(z) = a € RY, lim,_oo gﬂgal)) = b € RY and there exists
f=)

1
2 and limg o0 %. For t € R, then:

limg 00

. cos? t sin? ¢ sin? ¢ (ZCOS2 t. bSin2 t . 9
lim (f(z)) (g(x)) =1 —(g(x)) = |= ——=— -sin“t

Proof.
o 1) S0 es T ) = f) _ ) =
B T S T e et =e

By Cauchy-D’Alembert we have:

T—00 x n—r 00 n n—oo nm n—oo

. (g(z)= g (g9(n))= . nlg(n) coa L gln+1) nn
lim —~— = lim —%*— = lim =~ =" lim ((n+1)n+1 g(n))

2

()™ = L So. tim () ((0(a) 25 (o)) =

~ lim g(n+1)
= ( ng(n)

n—o00 e T—00
o flz)\eos™t (9(37))% sin® ¢ sin? t+cos2t _
=i (57) () e et
] bsith -1 1 $1 sin® ¢
_ et ~— - lim (M ~1n(u(x))75> where, u(x) :<M>
esin’t z—oo\ Inu(x) (9(x))=
-1
with lim u(z) =1, so, lim ule) — 1 = 1. We also have:
z—00 z—oo Inu(z)
1)) 74T y sin? ¢ 1 1 sin? ¢
lim (u(2))” = lim (M) ~ lm (9(»’6+ ) )
200 =00 9(x) e=oo\ g(z)  (g(x+1))7H
1 1 sin? ¢ sin? ¢ X
= lim (g(m—i— ) T+ — z > :<b,f,1> :651n2t'
voo\ zg(x)  (g(z+1))71 2+ b

24 sin? ¢ sin2 ¢ a6052 t. bsin2 t ey
Therefore: lim (f(@))**"" ((9(2)) ¥ = (9(a)) " ) = “—7— e " =
aC082 t, bsin2 t

= Qs sin2 t.
esin t
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Theorem 2. Let f,g: R% — R¥ such that: lim, oo (f(z+1)— f(z)) = a € RY,
)=

limg oo ggg”g”(tcl)) = b € R’ and there is lim,_, f(;c),limggﬁOO M% For t € R,
then:
.2 2
] sin?t M %Qt B asin t ,bcos t 5
lim (F2)™"((9(2) 55" = (9(2)) ™5 ) = T - cos”t
Proof. By Cesaro-Stolz theorem we have:
N 1) —
lim f@) = lim fn) = lim fin+1) = f(n) = lim (f(n+1)— f(n)) =a
T—00 I ZE)I\?Q n n— o0 ('n, + 1) —-n n—00

and by Cauchy-D’Alembert theorem we deduce that:

1 1

: B n DA . 1 n
hmM:hmM:hm g(n)ch hm(g(n+ ) n ):
e nge o n e Vo T aSs T g(n)

— i (BB ()™ = 2o, i (7)™ (a0 B (o(0) ")

r—00
T f({L‘) sin® ¢ : (g(.%‘))% cos” t sin? t4cos®t __
=t () J:H;O(T) (1) 1) et =
. cos? t 11 s2 ¢
_ gt b - lim ( ute) - ln(u(x))w), where u(x) :((g(:v . 1))14+1 )CO
e°s*t  w—oo\ Inu(z) g(x))=
-1
with li_>m u(xz) =1, then lim ul(x)() = 1. We have:
T— 00 z—oo Inul(x
fim (u(o)? =t (LEEDVTIY gy (glo D) Ly
200 T—00 g(x) 00 g(m) ( (m+1))r+1

cos?t
1 1 cos? ¢ 2
= lim <g(x+ ) w4l e ) :<b'%1> _ geos?t

i cos? t cos? sin® ¢ pcos™ ¢
Therefore: lim (£(2)" ¢ ((g(e) 25 — (g() ) = LDy oot =
asin2 t, b0052 t

= ————— -cos’t, and we are done.

ecos? t
O
Theorem 3.
. h2 ¢ b]Ilh _ sinh?¢ inh? t . 19
li)m x® (T(x+ 1))~ — ((D(x+2))” =+ =¥ ¥ ginh” ¢
where ¢ € R and I is the Gamma function (Euler integral of second kind).
Proof.
r 1))+ r 1)) Yl I
We have: lim M = lim M = lim AL lim { oA
T—00 €T n—ro00 n n—soo N n—oo nm

= lim (((n—l—l)'r::‘): lim( " )n:é. Let
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_ cosh?t _ sinh2t _ sinh2¢ . cosh? ¢ _ sinh2¢
T(z+1 s (D(z42))” T = — D(z+1 , —1

fla) == T(z+1))" = —=(T(2+2)) =-u T(z+1))" = (u(z)-1)
T inh? ¢

- (2P
where v : R} — R, u(x) —(W)

1N\ — sinh? ¢ 1 —sinh? ¢
s ) =(S-e1) =1

. We deduce that:

(F(x+2))ri1. x

z+1 (1"(33—1—1))% T

-1
We have, lim % = 1. Also, we have:
z—oo Inwu(x)

lim w(z) = lim
r—r00 r—00

1 —sinh?¢
. v gy (Lt 2)mrymesmte o (T@+2) 1 _
Aim (u(w)) _xinio( (C(z+1))* ) _1:1~>OO<F<$+1) (F(erg))zil) B

1 —sinh? ¢
<H> — ¢~ sinh*t Therefore:
(I(

= lim T
. i g (CEED)E N ) -1
i, fle) = J:%(m = IO

Inu

= — lim
Tr—r 00

((M) —sinh2t . peosh® t—sinh® ¢ u(x)(x)l . lnu(x)> =

L 19 s 12 s 12
_esmh t~1~ln e~ sinh®¢ _ esmh t'Sth2t

zLH;o In u(x) T—>00
O

SO g Lt u(a)?) -

Theorem 4.
. o2 cos?t cos2 ¢ 2 5
lim (:vsm t (((F(m +2)) =1 —(T(x+1)) = )): e . cos? t

T—00

where ¢t € R and I is the Gamma function (Euler integral of the second kind).

Proof.

D(z+41))= D(n+ 1)) /nl | oo
We have: lim M = lim M — lim Y2 = jm §/ L oDA
T—00 €T n—00 n n—oo N n— oo nm
neN
1! n no 1
= lim (w . n—) = lim ( i ) = —. We denote:
n—oo\(n 4+ 1)"+t1  nl n—oo\n + 1 e
sin?t cos?t cos?t sinZ ¢ cos?t
fa) = (O +2) 55— ([ + 1)) =2 (0o + 1)) "5 (u(x) ~ 1)

cos?t
T 2))®
W) . We deduce that:

1 cos?t 2

z+1 1 cos“t

Lz +2)=7 x 1_x+ :(l-e-1> _q
TR ER

-1
U(L =1 and als we have:
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x cos? t cos? t
lim (u(z))® = lim M = lim Mw+2) ! =
2500 s=oo\ (T(z + 1)) w00\ D(z +1) (D(z 4 2)) 7+
cos?t
= lim 1 — "t Therefore:

% cos?t 1
L H&( ( ) e '1““<x>> -

1 cos? t
T 1= -1
— hm ( (.’17 + xsm t+cos t . ’u’(m) A lnu(m) _
T—00 x Inu(z)

‘ -1 , ‘ ,
=t Jim ulw) =1, In( lim (u(x))®) = e ] In et = 2"t cog?t,
T—00 ln U(JZ) T—r00

_ ()t
Theorem 5. Let {g,}n>0 be a sequence defined by g, = W,x be a real

cos? z)

number and the sequence {G,,(z)},>1, defined by G, (z) = nsin’® I(gfﬁflw gs
then

. 2
lim G, (z) = cos®x - e ~.
n—oo

Proof. We have that:

G _ 1—cos®z coszz cos? z _ @ cos —1) =

o2
:<gl)coszxun_1lnun: (n2)Hheos’s gy, ol =

n In u, "opeos?r(p 4 1)ncos?r Ingq,

2 (n+1) cos® z 1 cos? x n— 1
(1) :(n+ ) (n—|— ) 4 Inuy,¥n € N*

n+1 n In u,,

gn+1>C°SQ” :((n +3)" (n+1)" )‘“’S” Ve N,

where we denote u, :( (n+ 2)nt1 ' (n+ 2)n+1

In
S2
n+2 1\ 1 cos? x
Therefore, lim u, = lim (n + 3) (n + ) :(e . 7) =1, so
n— o0 n— o0 n-+2 n-+2 e
n— 1
lim & =1

n—oo In U,

(7’L+3)n+2 (n—|—1)" ncoszrc_ i (7’L+1)(’n—|—3) ntl 43 ncos®

lim w), = lim (

n—oo n— oo n— oo

n? 4 4n + 3\ (W®+n)cos’z n 4+ 3\ ncos’x 2 5 cos? )
:hm(i) .hm( ) — e CosTx 2costx _ cosTw
n?+4n+4 n—oo\n + 1
Taking limit in (1) with n — oo we obtain that:

n—oo

2 2 2 2
lim Gp(z) =€ % 1-1-In( lim u?) = e * . Ine® * = cos? z - e *
n— oo n—oo
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Observation. For x = 0, yields that: lim, . G,(0) = lim, . G, = e, ie.
the limit of the sequences of Mihail Ghermanescu.

n+41
Theorem 6. For {a,}n>0,a, = %“@ € (—00,00), {bn(2) }n>1,
bn(l‘) = ’I’LSin2 x(a%"ji” — a%osz x), then lim,,_, oo bn(a';) = cos? - 60052 T

Proof. We have that:

COoS™ T
ba(@) = n' = 20T — ) = () (- 1) =

n
an, cos2mun -1 n (n + 2)(n+1)0032w Uy — 1 .
:<7) lnun = 2 2. : lnun =
n Inu, neos”T(n 4 1)neos” 2z Inu,

(n + 2)(n+1)c052x<n + 1)cos2xun _

1
Inuy,¥n € N*
n+1 In u,,

(1)

n

Qn

3 n+2 1I\" cos?x 1 cos®x
Therefore, lim u, = lim ((n + ) (n a ) ) :(e . 7> =1, so,
n—00 n—oo \\n + 2 n+2 e

cos? z nt2 n A\ COSZ T
where we denote u, :(M) =(§Ziggn+1 : (,(fg)liﬂ) ;vn € N.

2

(n+3)"*2 (n+1)" )"""S”: im (((n+1)(n+3)>"+1.n+3)mos = _

lim ), = lim (

n—o0 n—oo\ (n + 2)7+1 . (n+2)ntt n—o0 (n+2)2 n+1
— lim (M)(nz-i-n) cos® z - lim (’n, =+ 3)"cos2x e cos? z ' 6260321 _ ecos2a:

Taking the limit in (1) with n — co we obtain that:
lim b,(z) = e In( lim uﬁ) = T e T = cog? - € 7
n—oo n—oo

O

Theorem 7. Let the sequence (an)n>1, (bn)n>1,n, by € RY,Vn € N* such that

b
lim (ap41 —an) =a € R} and lim o _pe R% . For z € R, then
n—oo n—oo N n

.12 T
2 —sinh” z — sinh 2 . g .2
lim (aZOSh ® (( Y/ bn+1> —( L bn) )) = —qoosh zp=sinh @ sinh e i p2 o

n—oo

Proof. By Cesaro - Stolz lemma we have:

. Qp, . Ap4+1 — Ap . ’

lim — = lim ——— = lim (an+1 — an) = @ and by Cauchy-D’Alembert
n—o00 7 n— 00 (n + ]_) —-n n—00

n/ n
theorem we have: lim bn = lim { bn = lim (b"i'Irl . n—) =
n—oo N n—00 nmn n—00 (n + 1)"+1 by,

bn, n+1 b
i (e (1YY b,
n—oo\ nb, \n+1 e
—sinh?z —sinh? z
hm (af;)Sth(( n+1 /bn+1) 7( n bn) )) —_

n—oo

~ lim <<an)cosh2 z( n/bn)—sinh2 mnCOShZ 2 —sinh2 'L(’U,n _ 1)> _

n—00 n n



6 D.M. BATINETU—GIURGIU, MIHALY BENCZE, DANIEL SITARU, NECULAI STANCIU

2 2 L2 . Up — 1 n+1b+1 —sinh?2
_ acosh Ty~ sin zesmh T 1im ( n hlUZ), where Up, :(7\/717) ,V’I’L >2
n—oo\ Inu, Vbn
1 . ) n+m —nsinh®z
=1and u;, = lim ( ———
Vbn

. . Un
We have: lim u, =1, lim
n—o0 n—oo Inu, n—00

ntl/p n\ —nsinh? z
:( lim (7 V"“) )
i

1 —sinh?z —sinh?z .
:< lim bn+1 : ne - ) :(b~ 6.1) :e_SmhzﬂC. So

nooo nby  /bpiy nA+1
. 2 —sinh? & 2, a2 . Lo .
— lim <azosh x(( n+1/bn+1) )) _ aCOSh zy) sinh a:esmh z 1. 1n( lim u:zl) _

n—00 n—oo

n— oo

)

2 n2 k2 ih2 2 - .12
_ — _ .12
acosh zp—sin xesmh T 1. ln(e sinh ac) acosh z, sinh xesmh % ginh? ¢

and we are done. O
Theorem 8. Let z € R, and (L, (z))n>2, given by
2

Ly(x) = neos’ (( " (n + 1)!) —( v n!) ), then lim L,(x)= Sm2x
n—oo

eblﬂ x

Proof. We have:
(1)

i sin? z sin?
Late) = (YT ()™ ) = ()™ 1) =
:( W)sinz mnsin2 z+cos? . Un — 1 . u? :< v n!)sinzxn . Up — 1

In “lnwyy,
n In u,, n In u,

where

n+l 1! sin® x n+l 1)! 1 sin x 1 sin® x
(DN g gy (S 0 oAyt 1y

Yn n—soo n+1 Yl on e
So, lim Un— 2 1. Also, we have:
n—oo nun
n . n+1 (TL+ ]_)l nsin? z . (n+1)l 1 sin? x
Jim o =l (=) = i (P ees) T =

1 sin® x -
= lim (L) — "% then by (1) we obtain:

Observation. If z = § , then sinz =1,cosx =0 and

Ly, (g) = "/(n+1)! — ¥/n!, i.e. we obtain the sequence of Traian Lalescu.

lim Ln(ﬁ) — lim L, = .
n—00 2 n—00 (&

Theorem 9. Let (zn)n>1, (Yn)n>1,2n € RY,y € R such that
limy oo (Tns1 — 2n) = ¢ € RY limy 00 Y =y € R and

limy, 00 (Y, — y)n) = z € R*. Then lim,, o0 (Tn11y — Tnyn) = z(y — 2)
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Proof. Let
(1)

(Un)nZDUn = Tn41Y—TnYn = l'n+1y_xny_$n(yn_y) = y(anrl_xn)_‘rn(yn_y)avn e N~

We have:

. :En_ . $n+1_mn_ . _ _
@ e Tk Tk D mn Tt T ) =7
then:
T
lim u, =y lim (2,41 —2,) — lim == lim (n(y, —y)) = yr — 22 = 2(y — 2).
n—oo n— 00 n—,oo N n— 00
O
Theorem 10. Let (2,)n>1, (Yn)n>1, Tn, ¥n € RY, such that
limy, o %2 = asme R and limy, o0 (Yn+1 — yn) =y € R, Then
lim,, s o0 (—y;;*l) = e,
Proof. We have that:
lim 2% — fim It " Yn o (Yns1 — Yn) =y
Zn(Yn4+1—Yn)
Ty _ yn_ Yn
lim (yn+1) — lim <<1+ Yn+1 yn>yn+1 yn _
— 61imn~>oc %'ﬁ(y71+1_yn) — e$~§'y = ez_
O

Theorem 11. For m a positive integer
m 1 n+k 9
me
I > (14 -_n°
k=1
n+k
Proof. Denote e, (k) :(1 + %) and then we have to calculate:
. - Lyt -
(1) nhHH;O <n<me;(1+ ﬁ) >> ];nhﬁngo(n(efen(k))

1\ 1\ %k
We have: lim (n(e—en(k)) = lim (n(e—enuy)), where e, :(1+7) ) Un :(1+7) where
n n

n— oo n— oo
-1 1\ kn
lim e, =e, lim u, =1, lim tn =1, lim wu;, = lim (1—1——) =", lim (n(e—ey)) = <
n—00 n—00 n—oo Inwu, n—00 n—00 n n—00 2
Therefore:
nh_}rrolo(n(e —en(k))) = nh_{r;o(n(e —eply)) = nli)ngo(n((e —en)ten —epuy)) =

= nlgrgo(n(e —en)) — nhﬁngo en(n(u, — 1)) = c_ enILI&(n(un —-1)) =

(2) zg—enlirrgounun nlergolnuZ:g—e-l-lnnlirr;OuZ:g—e'lnekzg—ke
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By (1) and (2) it follows that:

i e 350 1)) )= 32 e ) = 325 k) -

k=1

gzm:1—2k (m—z-m(m“Ll)):—me,

=1
and we are done. O

Theorem 12. Let (xn)n>1 be a sequence which satisfy
—In(mn+z,)+Y 0 k = v, where m is positive integer and v is Euler-Mascheroni’s

constant, then lim,, o z, = 3.

Proof. 1t is well-known that lim, ooy, =7 and v, = —Inn+ >} _, % Hence,
mn mn
—In(mn + x,,) —&-; =~ & —In(mn + z,) + In(mn) — In(mn) +Zk
e :vﬁvmn—vzln(lJr"T—”) ST 1=
mn mn mn
e'YnLn*’Y — 1
S x,=mn(e T —1)=mn- ———— (Vi — )5
TYmn — 7
So, we obtain that:
. . eYmn—=7 _ ] . . 1
lim z, =m- lim —— - lim (n(Ymn — 7)) = lim (mn(ymn — 7)) = =.
n—00 n—=00  Ypp — Y n—00 n—00 2
We prove that: limy, oo (Mmn(Vin — 7)) = % Indeed, by Young’s inequalities we
have that:
< <1<:> mn < mn( )<1VEN*
_ — mn — —.,V¥n
2(mn + 1) Tmn TS o 2(mn + 1) Tmn TS o ’

where by taking to limit with n — oo we deduce that

limy, o0 (MM (Y — 7)) = % |
Observation. The limit of the sequence (z,,)n>1 is independent of m € N*

Theorem 13. Let {x,},>1 defined by —In(m(n + z,)) + > 1 + = 'y,Vn € N*

where m € N* and ~ is Euler-Mascheroni’s constant, then lim,, ., x, = ﬁ.

Proof. Tt is well-known that lim, ,o v, =7 and 7y, = —Ilnn + 22:1 % Therefore
we have that:

- 1n(m(n—|—xn))+z % =v&e - ln(m(n+xn))+ln(mn)—ln(mn)—kz Z % =7&
k=

k=1
m(n+x T T
@-hlu-f-’ymn=’7¢>’ymn—"/=1n(l+l> ST _1=" &
mn n n
- 1 e'Yrvln_’Y_l
Sa,=n(em" = 1) = ———  n(Vnn — 7)-

TYmn — Y
So, we obtain that:

(1) lim z, = lim Tmn " i (n(Ymn —7)) = lIm (n(ymn — 1))
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By Young’s inequalities we have that:

— < < ! PR < mn( ) < L VYn € N*
mn mn(Ymn — PERAL ’
2(mn+1) R 7S omn 2(mn+1) 7 R
from where taking limit with n — oo we deduce that:
. 1
(2) S (mn(ymn — 7)) = 5

From (1) and (2) it follows that:

1
lim z, = 5y M e N*.
m

n—oo
O
Theorem 14. Let (a,),>1 be an arithmetic progression and m € N*, then:
. “ 1\ ntak me
nh_)rr;()((Z (1 + ﬁ) - me) n) = 7(6“ +am, —1)
k=1
1 n4+ag 1 ag 1 n
Proof. We denote e, (ay) :(1 + 5) = en-(l + 5) where e, :(1 + E)
lim,, - e, = e. We have to calculate:
(1) lim_ (Z enlar) - m) n) =3 tim ((enlar) — o))
k=1 k=1
1\¢@ —1
We denote u,,(ax) :(1 + f) k, then lim w,(a;) =1 and lim M =1
n n—oo n—oo Inu,(ag)

1\ na
lim w;(ax) = lim (1 + —) fo et Vk=1
n—oo n— 00 n

i ((en(ai) —€)n) = Tim (en -t (ax) —e)n) = lim ((en(un(ar) ~1)+en—e)n) =

e lim ((un(ak)—1)n)+nli_>ngo((en—e)n) =e lim (M-lnuﬁ(ak))—i— lim ((e,—e)n) =

n— 00 n—oo\ In un(ak) n—00
(2) =e-1-lne™ + lim ((e, —e)n) = are + lim ((e, — e)n)
n— o0 n—00

We know that: 555 <e—ep < 5757, Vn € N* (Polya - Szeg inequalities). So,

anj_ 5 < n(e —en) < %,Vn € N* therefore
: e
2 Ji (nlen =) = =5

By (2) and (3) we deduce that:

(4) lim ((en(ar) — e)n) = agxe — g = g(Qak —1),Vk=T,m
n— o0

By (1) and (4) we obtain that:

. - € - me (a1 +az)m me
lim ((I;en(ak)—me> ): 3 Z(Zak—l) =e) o me——p s =

n—oo
k=1 k=1
me
= 7(@1 + am — ].)
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Theorem 15. Let (ay)n>1, (bn)n>1, be real sequences with a,, # an41,
by, # bpy1, such that lim, o ap = a € R, limy, 00 b, = b € R|
lim, oo (P(@pt1 — an)) = ¢ € R limy, 00 (n(bpy1 —bn)) =d €R. Let f,g: R—R
be differentiable functions with continuous derivatives on R, then:

lim (1- (f(an+19(ns1) — F(an)g(an)) = ¢ f'(a) - g(b) + d - f(a) - o (b)

n—

Proof. Applying Lagrange’s theorem, for the function f on each interval [ay,, an41]
yields that there exists x, between a,, and a,41 such that:

(1) flant1) = flan) = (ant1 — an)f/(xn)avn € N

Since z,, is between a,, and a,41,Vn € N* and lim,,_, o, a, = lim,,_, o a1 = a we
have that lim, . x, = a. By (1) we have:
n(f(ant1) — flan)) =nlans1 — an)f'(x,),¥n € N* so we deduce that:

(2) nlingo(n(f(an+l — flan)) = CnILH;o fl(xn) = Cf/(nlingo zn) =c- f'(a)
Analogously we deduce that:
(3) lim (n(g(bnt1) = 9(bn))) = d - g'(0)

n—oQ

Also, we have that:
n(f(ant1)g(0nt1)—f(an)g(bn)) = n((f(ant1—F(an))g(bni1)+f(an)(g(bns1—9(bn))),

hence taking to limit with n — oo and taking into account by (2), (3) we obtain:
i (0 (f(@n2)g(busr) — Flan)glan)) = c- /(a) - g(b) +d- [(a) - (b),
which should be calculated, and we are done. ([l

Theorem 16. Let e, :(1 + %) ,n € N* and {z, }nen- defined by

(n+1)? n? -1
Y Tni1  YEa )

Tp=(n!)-(e1-ex-... ey),n € N* then limn_,oo<

Proof. We have:
(n+1)? n? n? no ou,—1

- = Up — 1) = ——
"/ Tp41 V/Tn V/ In( ) V/Tn In uy,
2 n,
where u, :("—H) LV oy, > 2. We have:

B, =

‘Inwup,Vn e N* — {1},

3 CES Ve
n 1 n+1 1
lim n_o_ lim » n_ lim (M@): lim (en.M):
n—oo {L/ﬂ n—00 Tn n—00 Tp41 nn n—00 Tn+1
! 1 1 1
=e- lim nl(n+1Derez...en —e- lim —e-==1.
n—oo (n+ 1)lejes...epenyr n—00 €511 e
Also, we have that:
n+1\2 Yx n+1 n
limunzlim( +)~lim( noontl ):1-1~1-1=1
n—o0o n—oo n n—oo n ﬂ+,1/$n+1 n+ 1
Uy —

and then lim =1, so,

n—oo Inu,

. n . 2 . 2 . nty Tn+1 2 1

lim «” = lim e2 - lim -ty =e - lim ————— =¢e“ - - —=e.
n n +

n—o00 n—o00 n—00 Ty 41 n—o00 (’/l —+ 1)6n+1 e
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—1
Hence: lim B, = lim % lim I» In( lim w)) =1-1lne = 1, and we are done.
n—o0 n—oo /T, n—oo Inu, n—o0

(]
Theorem 17. Let a,b € Ry, v,(a,b) = —In(n + a) + ZZ—1 k%_b with

lim ~v,(a,b) = ~v(a,b) € R, then lim ( (a,b) ) = ebmaty = bma /e,
n—o00 n—o00

Proof.

We have: nh_}n;(}( ia kz )) = nlgr;o(l + vn(a,b) —v(a,b))

: Sty (v (a,b) = (a.b)) lim;, — oo (R(yn (a,0) —7v(a,b))
= m + — n(a,b)—v(a,b)
n1_>1 c:(l ’yn(a,b) 'y(a, b))W v €

We calculate (with Cesaro-Stolz’s theorem and then the theorem of L’Hospital):

. T ’Vn(av b) 7 7(0’7 b) C-S
Jim (n(yn(a,b) — y(a,b))) = lim_ I N

n

. Tn a,b — Yn aab .
= i 20D 00D iy (02 ), (0,8) = A (a,b) =
n+1 n

= lim (n +n)(Yn(a,b)—vny1(a,b) = lim (n2+n)(—ln(n+a)+ln(n+1+a)—%l+b) —

n—oo n—oo
1 1 "H (oo 1
= lim (n+n) (1n ntlta L7H{co-0) b—a+— and by (1) we obtain that:
n—o00 n+a n+1+b z=21 2-0,5>0 2
: € En 1 " _ b—a+i _ b—a
nlgr;o(lnn—i—a—’_k_ k+b 'y(a,b)) - PtV

(]
Theorem 18. Let a € (0,00) and e(x) :(1 + %)z, for any = € (0, 00), then:
) , T\2 [ ae
i (2" (3t 000 et ) ) =
Proof. First we prove that:
-
(1) lim (2(e(z + a) — ez + b)) = w,va,bem,wb
T—r00

For this we consider the function f : [z +b,2 +a] — R, f(x) = e(z) and for this we

apply the theorem of Lagrange on [x + b,z + a]. Yields exists c¢(z) € (x + b,z + a)

such that:

(2) f(eta)— fz+b) = (a—b)e'(e(x) = (a—ble(e(w)) (14 =)~ )
c(x)/  1+c(x)

Since ¢(z) € (z + b,z + a) we have: x—l—b<c( J<z+ael+lc % <1+4,

c(x)

S0, limg_, o = 1. Denoting t = ﬁ we have t — 0 and by (2) follows that:

i (o (e(+a)—e(o+1) = T (o (e a-bietele)) (1n(1+5) L)) =
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C In(l+) - = Sl s i
:(a_b)le}%t—2:(a—b)e.}l_%T:
(a=b) . t+l1-1_(a=ble . 1 (a —b)e
= . 1 .1 —
®) 2 it 1)2 2 0 (t+1)? 2
If b = 0 then we have:
. 2 . _%
(@) Jim (@ (el +a) = e(a))) =

We deduce that:
(5)

JLH;O((Z e(z+ka)—ne ) ) ZIILI& e(z+ka)—e(z))) = % - %Jrl)

k=1 k=1
Hence,
n

i (i () (S eteohornee))) = Jm, D0t et —e(o) =

aen(n+1) ae

= lim ——~ = —
n—»o00 4n? 4
a
Theorem 19. Let (z,),>1, be a positive real sequence, such that
A - _ . (n+)any1 NTy _ ze
iy o0 (Fn 41 = #n) = 2 > 0, then hm"%‘”< "/ n ! V(zn—l)!!) 2
Proof. Let (Yn)n>1,
(n+ Dapi nT, nT,
= - = Uy — 1) =
Yn R/2n+ DI /-1 /(2 — 1)!!( » 1)
n n -1 *
= - . ‘Inup,¥n € N* — {1}, where
V(@2n— 1) Inu,
n+1l z,01 ¥(@2n-1N Torr n (m+1)2 /(2n— 1)
Uy, = . . = —_ . .
n Tn  "R/(2n+ 1IN n+l oz, n? "R/ (2n + D!
We have lim In _ lim x”“ = and
A=)t o/ (2n —1)! (2n + )N n'
lim ——— = ( . ) —
n—00 n n—>oo n e (n Jr ntt (2n— 1!
2n +1
= lim ( )
n—oo n+1 \n+1
1 2 e LU, —1
Therefore lim uw, =2-—-1-—-==1,s0, lim = 1. We have:
n—o0 e 2 n—oo In Unp,
. no_ 1 n—l—l) (JJ.,.) i 2n-DN T
=t WE& v ) Gy V@I
n(xpy1—2n)
ntl — Tn\ Tt o . "R/(2 Hl! . 2n — 1!
= e lim (l—l—u) . . lim & =e-e lim 7 w —

_ 2 (2n+ 1! .(2n—1)”>_ 2 (2n—1)”_ > 1 _
- nlinéo((2n+1)n+1 o) = g yr) T e
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Therefore,
. . Tn . Up — : ny __
U = e o e T, ) =

. L . n xe
= lim —- lim ———— -lne==2x - 1 = —, and we are done.

e
n—oo 1, = n—o0o ",//(277/ _ 1)” 5 . 2

Theorem 20. Let f : (0,00) — (0,00) be a function with
limy 00 @ =a € (0,00) and ¢t € R then

lim ((n1) SEWF). . Fn) 4 1)) tmpin . ,\L/f(l)f@).“f(n))m%):(a)msu

n—00 &

Proof.

n

We denote: f(n)! = H f(k), and

k=1
Bn _ (n+1)5in2t "“/(f(n + 1)!)6052 t,nSiHQt "/(f(n)!)coszt _ ncos2t "/(f(n)!)cosz t(vnfl) —

cos? t
I\ cos? _ sin2 ntl [ F o L 1N
:(M) t.Ll.lnv:f,VneN*—{l}, where vn—<n+1) t( f(n+1).> )

n Inwv, - n vV f(n)!

Vn € N*—{1}. We have: lim fn)

n—oo N

. n . n"_ CcDA ((n + 1)ntt f(n)!) i i n+1 e
1m = lim ¢ = 1m . = lim e, - lim ———— = —
n—00 "/f(n)l n— 00 f(n)' n—00 f(n + ]_)' nmn n—00 4500 f(n + ]_) a
1\
where e,, :(1 + 7) ,Vn € N* with lim e, = e. Also, we have that:
n n—00

COS2
(n+1)sin2t. lim (”*Mf(n—kl)!) t:
n—oo

= a, and by Cauchy-D’Alembert criteria we deduce that

lim v, = lim

cos? t
L "t/ f(n+1)! n n+1 (e a 1)6052’5 )
— . 1m . . — — . — . —
n— oo n+1 o f(n)' n a e ’
ncos?t
n — 1 1 nsin? t ntl 1)!
So, lim ““—~ —1. Yields that: lim v" = lim (”+ ) i [ VS E D! _
n—oo Inw, n—oo n—=00 n n—roo A f(n)'
sin®t 7 f(n + 1)' 1 cos” ¢ sin?t 1 f(?’l + 1) cos” ¢
=e -hm( . ) —¢ . lim (7) -
n—oo\  f(n)! "R/f(n+1)! n—oo\ "R/ F(n 4 1)!
sin?t 1 f(n + 1) n+1 cos® ¢ sin? ¢ € cos” ¢ sin?t _cos®t
=e - lim ( . ) =e -(a-f) =e -e =1
s\ T R/ D) “

a cos?t a cos? t
Therefore: lim B, :(7) -1-Ine :(7)
n—00 e &
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