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Abstract. In this paper we present some limits of Lalescu type.

Theorem 1. Let f, g : R∗+ → R∗+ be functions such that

limx→∞(f(x + 1) − f(x)) = a ∈ R∗+, limx→∞
g(x+1)
xg(x) = b ∈ R∗+ and there exists

limx→∞
f(x)
x and limx→∞

(g(x))
1
x

x . For t ∈ R, then:

lim
x→∞

(f(x))cos2 t

(
(g(x))

sin2 t
x+1 − (g(x))

sin2 t
x

)
=
acos2 t · bsin2 t

esin2 t
· sin2 t

Proof.

lim
x→∞

f(x)

x
= lim
n→∞
n∈N∗

f(n)

n

C-S
= lim

n→∞

f(n+ 1)− f(n)

(n+ 1)− n
= lim
n→∞

(f(n+ 1)− f(n)) = a.

By Cauchy-D’Alembert we have:

lim
x→∞

(g(x))
1
x

x
= lim
n→∞
n∈N∗

(g(n))
1
n

n
= lim
n→∞

n

√
g(n)

nn
C-D’A

= lim
n→∞

( g(n+ 1)

(n+ 1)n+1
· n

n

g(n)

)
=

= lim
n→∞

(g(n+ 1)

ng(n)

( n

n+ 1

)n+1)
=
b

e
. So, lim

x→∞
(f(x))cos2 t

(
(g(x))

sin2 t
x+1 −(g(x))

sin2 t
x

)
=

= lim
x→∞

(f(x)

x

)cos2 t

lim
x→∞

( (g(x))
1
x

x

)sin2 t

(u(x)− 1)xsin2 t+cos2 t =

= acos2 t · b
sin2 t

esin2 t
· lim
x→∞

(u(x)− 1

lnu(x)
· ln(u(x))x

)
where, u(x) =

( (g(x+ 1))
1
x+1

(g(x))
1
x

)sin2 t

with lim
x→∞

u(x) = 1, so, lim
x→∞

u(x)− 1

lnu(x)
= 1. We also have:

lim
x→∞

(u(x))x = lim
x→∞

( (g(x+ 1))
x
x+1

g(x)

)sin2 t

= lim
x→∞

(g(x+ 1)

g(x)
· 1

(g(x+ 1))
1
x+1

)sin2 t

=

= lim
x→∞

(g(x+ 1)

xg(x)
· x+ 1

(g(x+ 1))
1
x+1

· x

x+ 1

)sin2 t

=
(
b · e
b
· 1
)sin2 t

= esin2 t.

Therefore: lim
x→∞

(f(x))cos2 t
(

(g(x))
sin2 t
x+1 − (g(x))

sin2 t
x

)
=
acos2 t · bsin2 t

esin2 t
· ln esin2 t =

=
acos2 t · bsin2 t

esin2 t
· sin2 t.

�
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Theorem 2. Let f, g : R∗+ → R∗+ such that: limx→∞(f(x+1)−f(x)) = a ∈ R∗+,

limx→∞
g(x+1)
xg(x) = b ∈ R∗+ and there is limx→∞

f(x)
x , limx→∞

(g(x))
1
x

x . For t ∈ R,

then:

lim
x→∞

(f(x))sin2 t
(

(g(x))
cos2 t
x+1 − (g(x))

cos2 t
x

)
=
asin2 t · bcos2 t

ecos2 t
· cos2 t

Proof. By Cesaro-Stolz theorem we have:

lim
x→∞

f(x)

x
= lim
n→∞
n∈N∗

f(n)

n

C-S
= lim

n→∞

f(n+ 1)− f(n)

(n+ 1)− n
= lim
n→∞

(f(n+ 1)− f(n)) = a

and by Cauchy-D’Alembert theorem we deduce that:

lim
x→∞

(g(x))
1
x

x
= lim
n→∞
n∈N∗

(g(n))
1
n

n
= lim
n→∞

n

√
g(n)

nn
C-D’A

= lim
n→∞

( g(n+ 1)

(n+ 1)n+1
· n

n

g(n)

)
=

= lim
n→∞

(g(n+ 1)

ng(n)

( n

n+ 1

)n+1)
=
b

e
. So, lim

x→∞
(f(x))sin2 t

(
(g(x))

cos2 t
x+1 −(g(x))

cos2 t
x

)
=

= lim
x→∞

(f(x)

x

)sin2 t

lim
x→∞

( (g(x))
1
x

x

)cos2 t

(u(x)− 1)xsin2 t+cos2 t =

= asin2 t · b
cos2 t

ecos2 t
· lim
x→∞

(u(x)− 1

lnu(x)
· ln(u(x))x

)
, where u(x) =

( (g(x+ 1))
1
x+1

(g(x))
1
x

)cos2 t

with lim
x→∞

u(x) = 1, then lim
x→∞

u(x)− 1

lnu(x)
= 1. We have:

lim
x→∞

(u(x))x = lim
x→∞

( (g(x+ 1))
x
x+1

g(x)

)cos2 t

= lim
x→∞

(g(x+ 1)

g(x)
· 1

(g(x+ 1))
1
x+1

)cos2 t

=

= lim
x→∞

(
g(x+ 1)

xg(x)
· x+ 1

(g(x+ 1))
1
x+1

· x

x+ 1

)cos2 t

=
(
b · e
b
· 1
)cos2 t

= ecos2 t.

Therefore: lim
x→∞

(f(x))sin2 t
(

(g(x))
cos2 t
x+1 − (g(x))

cos2 t
x

)
=
asin2 t · bcos2 t

ecos2 t
· ln ecos2 t =

=
asin2 t · bcos2 t

ecos2 t
· cos2 t, and we are done.

�

Theorem 3.

lim
x→∞

(
xcosh2 t

(
((Γ(x+ 1))−

sinh2 t
x − ((Γ(x+ 2))−

sinh2 t
x+1

))
= esinh2 t · sinh2 t

where t ∈ R and Γ is the Gamma function (Euler integral of second kind).

Proof.

We have: lim
x→∞

(Γ(x+ 1))
1
x

x
= lim
n→∞
n∈N∗

(Γ(n+ 1))
1
n

n
= lim
n→∞

n
√
n!

n
= lim
n→∞

n

√
n!

nn
C-D’A

=

= lim
n→∞

( (n+ 1)!

(n+ 1)n+1
· n

n

n!

)
= lim
n→∞

( n

n+ 1

)n
=

1

e
. Let
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f(x) = xcosh2 t
(

(Γ(x+1))−
sinh2 t
x −(Γ(x+2))−

sinh2 t
x+1 = −xcosh2 t(Γ(x+1))−

sinh2 t
x (u(x)−1)

where u : R∗+ → R, u(x) =
( (Γ(x+ 2))

1
x+1

(Γ(x+ 1))
1
x

)− sinh2 t

. We deduce that:

lim
x→∞

u(x) = lim
x→∞

(Γ(x+ 2))
1
x+1

x+ 1
· x

(Γ(x+ 1))
1
x

·x+ 1

x

)− sinh2 t

=
(1

e
·e·1

)− sinh2 t

= 1.

We have, lim
x→∞

u(x)− 1

lnu(x)
= 1. Also, we have:

lim
x→∞

(u(x))x = lim
x→∞

( (Γ(x+ 2))
1
x+1

(Γ(x+ 1))
1
x

)−x sinh2 t

= lim
x→∞

(
Γ(x+ 2)

Γ(x+ 1)
· 1

(Γ(x+ 2))
1
x+1

)− sinh2 t

=

= lim
x→∞

(
x+ 1

(Γ(x+ 2))
1
x+1

)− sinh2 t

= e− sinh2 t. Therefore:

lim
x→∞

f(x) = − lim
x→∞

(
xcosh2 t

( (Γ(x+ 1))
1
x

x
· x
)− sinh2 t

· u(x)− 1

lnu(x)
· lnu(x)

)
=

= − lim
x→∞

((Γ(x+ 1)
1
x

x

)− sinh2 t

· xcosh2 t−sinh2 t · u(x)− 1

lnu(x)
· lnu(x)

)
=

= −
(1

e

)− sinh2 t

lim
x→∞

u(x)− 1

lnu(x)
·ln( lim

x→∞
(u(x))x) = −esinh2 t·1·ln e− sinh2 t = esinh2 t·sinh2 t

�

Theorem 4.

lim
x→∞

(
xsin2 t

(
((Γ(x+ 2))

cos2 t
x+1 − ((Γ(x+ 1))

cos2 t
x

))
= ecos2 t · cos2 t

where t ∈ R and Γ is the Gamma function (Euler integral of the second kind).

Proof.

We have: lim
x→∞

(Γ(x+ 1))
1
x

x
= lim
n→∞
n∈N∗

(Γ(n+ 1))
1
n

n
= lim
n→∞

n
√
n!

n
= lim
n→∞

n

√
n!

nn
C-D’A

=

= lim
n→∞

( (n+ 1)!

(n+ 1)n+1
· n

n

n!

)
= lim
n→∞

( n

n+ 1

)n
=

1

e
. We denote:

f(x) = xsin2 t
(

(Γ(x+ 2))
cos2 t
x+1 − (Γ(x+ 1))

cos2 t
x

)
= xsin2 t(Γ(x+ 1))

cos2 t
x (u(x)− 1)

where u : R∗+ → R, u(x) =

(
(Γ(x+ 2))

1
x+1

(Γ(x+ 1))
1
x

)cos2 t

. We deduce that:

lim
x→∞

u(x) = lim
x→∞

(
(Γ(x+ 2))

1
x+1

x+ 1
· x

(Γ(x+ 1))
1
x

· x+ 1

x

)cos2 t

=
(1

e
· e · 1

)cos2 t

= 1

We have, lim
x→∞

u(x)− 1

lnu(x)
= 1 and als we have:
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lim
x→∞

(u(x))x = lim
x→∞

(
(Γ(x+ 2))

1
x+1

(Γ(x+ 1))
1
x

)x cos2 t

= lim
x→∞

(
Γ(x+ 2)

Γ(x+ 1)
· 1

(Γ(x+ 2))
1
x+1

)cos2 t

=

= lim
x→∞

(
x+ 1

(Γ(x+ 2))
1
x+1

)cos2 t

= ecos2 t. Therefore:

lim
x→∞

f(x) = − lim
x→∞

(
xsin2 t

(
(Γ(x+ 1))

1
x

x
· x

)cos2 t

·u(x)− 1

lnu(x)
· lnu(x)

)
=

= − lim
x→∞

((
(Γ(x+ 1)

1
x

x

)cos2 t

·xsin2 t+cos2 t · u(x)− 1

lnu(x)
· lnu(x)

)
=

= ecos2 t lim
x→∞

u(x)− 1

lnu(x)
· ln( lim

x→∞
(u(x))x) = ecos2 t · 1 · ln ecos2 t = ecos2 t · cos2 t.

�

Theorem 5. Let {gn}n≥0 be a sequence defined by gn = (n+2)n+1

(n+1)n , x be a real

number and the sequence {Gn(x)}x≥1, defined by Gn(x) = nsin2 x(gcos2 x
n+1 − gcos2 x

n )
then

lim
n→∞

Gn(x) = cos2 x · ecos2 x.

Proof. We have that:

Gn(x) = n1−cos2 x(gcos2 x
n+1 − gcos2 x

n ) = n·
(gn
n

)cos2 x

(un − 1) =

=
(gn
n

)cos2 xun − 1

lnun
lnunn =

(n+ 2)(n+1) cos2 x

ncos2 x(n+ 1)n cos2 x
· un − 1

lnun
· lnunn =

(1) =
(n+ 2

n+ 1

)(n+1) cos2 x(n+ 1

n

)cos2 xun − 1

lnun
lnunn,∀n ∈ N∗

where we denote un =
(gn+1

gn

)cos2 x

=
( (n+ 3)n+2

(n+ 2)n+1
· (n+ 1)n

(n+ 2)n+1

)cos2 x

,∀n ∈ N.

Therefore, lim
n→∞

un = lim
n→∞

((n+ 3

n+ 2

)n+2(n+ 1

n+ 2

)n)cos2 x

=
(
e · 1

e

)cos2 x

= 1, so

lim
n→∞

un − 1

lnun
= 1.

lim
n→∞

unn = lim
n→∞

( (n+ 3)n+2

(n+ 2)n+1
· (n+ 1)n

(n+ 2)n+1

)n cos2 x

= lim
n→∞

(( (n+ 1)(n+ 3)

(n+ 2)2

)n+1

·n+ 3

n+ 1

)n cos2 x

=

= lim
n→∞

(n2 + 4n+ 3

n2 + 4n+ 4

)(n2+n) cos2 x

· lim
n→∞

(n+ 3

n+ 1

)n cos2 x

= e− cos2 x · e2 cos2 x = ecos2 x

Taking limit in (1) with n→∞ we obtain that:

lim
n→∞

Gn(x) = ecos2 x · 1 · 1 · ln( lim
n→∞

unn) = ecos2 x · ln ecos2 x = cos2 x · ecos2 x

�
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Observation. For x = 0, yields that: limn→∞Gn(0) = limn→∞Gn = e, i.e.
the limit of the sequences of Mihail Ghermănescu.

Theorem 6. For {an}n≥0, an = (n+2)n+1

(n+1)n , x ∈ (−∞,∞), {bn(x)}n≥1,

bn(x) = nsin2 x(acos2 x
n+1 − acos2 x

n ), then limn→∞ bn(x) = cos2 x · ecos2 x.

Proof. We have that:

bn(x) = n1−cos2 x(acos2 x
n+1 − acos2 x

n ) = n·
(an
n

)cos2 x

(un − 1) =

=
(an
n

)cos2 xun − 1

lnun
lnunn =

(n+ 2)(n+1) cos2 x

ncos2 x(n+ 1)n cos2 x
· un − 1

lnun
· lnunn =

(1) =
(n+ 2

n+ 1

)(n+1) cos2 x(n+ 1

n

)cos2 xun − 1

lnun
lnunn,∀n ∈ N∗

where we denote un =
(
an+1

an

)cos2 x

=
(

(n+3)n+2

(n+2)n+1 · (n+1)n

(n+2)n+1

)cos2 x

,∀n ∈ N.

Therefore, lim
n→∞

un = lim
n→∞

((n+ 3

n+ 2

)n+2(n+ 1

n+ 2

)n)cos2 x

=
(
e · 1

e

)cos2 x

= 1, so,

lim
n→∞

un − 1

lnun
= 1.

lim
n→∞

unn = lim
n→∞

( (n+ 3)n+2

(n+ 2)n+1
· (n+ 1)n

(n+ 2)n+1

)n cos2 x

= lim
n→∞

(( (n+ 1)(n+ 3)

(n+ 2)2

)n+1

·n+ 3

n+ 1

)n cos2 x

=

= lim
n→∞

(n2 + 4n+ 3

n2 + 4n+ 4

)(n2+n) cos2 x

· lim
n→∞

(n+ 3

n+ 1

)n cos2 x

= e− cos2 x · e2 cos2 x = ecos2 x

Taking the limit in (1) with n→∞ we obtain that:

lim
n→∞

bn(x) = ecos2 x · 1 · 1 · ln( lim
n→∞

unn

)
= ecos2 x · ln ecos2 x = cos2 x · ecos2 x

�

Theorem 7. Let the sequence (an)n≥1, (bn)n≥1, an, bn ∈ R∗+,∀n ∈ N∗ such that

lim
n→∞

(an+1 − an) = a ∈ R∗+ and lim
n→∞

bn+1

nbn
= b ∈ R∗+. For x ∈ R, then

lim
n→∞

(
acosh2 x
n

((
n+1
√
bn+1

)− sinh2 x

−
(
n
√
bn

)− sinhx))
= −acosh2 xb− sinh2 xesinh2 x sinh2 x

Proof. By Cesaro - Stolz lemma we have:

lim
n→∞

an
n

= lim
n→∞

an+1 − an
(n+ 1)− n

= lim
n→∞

(an+1 − an) = a and by Cauchy-D’Alembert

theorem we have: lim
n→∞

n
√
bn
n

= lim
n→∞

n

√
bn
nn

= lim
n→∞

( bn+1

(n+ 1)n+1
· n

n

bn

)
=

= lim
n→∞

(bn+1

nbn

( n

n+ 1

)n+1)
=
b

e
. So,

lim
n→∞

(
acosh2 x
n

((
n+1
√
bn+1

)− sinh2 x

−
(
n
√
bn

)− sinh2 x))
=

= lim
n→∞

((an
n

)cosh2 x( n
√
bn
n

)− sinh2 x

ncosh2 x−sinh2 x(un − 1)

)
=
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= acosh2 xb− sin2 xesinh2 x lim
n→∞

(un − 1

lnun
lnunn

)
, where un =

( n+1
√
bn+1

n
√
bn

)− sinh2 x

,∀n ≥ 2

We have: lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1 and unn = lim

n→∞

( n+1
√
bn+1

n
√
bn

)−n sinh2 x

=

=
(

lim
n→∞

( n+1
√
bn+1

n
√
bn

)n)−n sinh2 x

=

=
(

lim
n→∞

bn+1

nbn
· n+ 1
n+1
√
bn+1

· n

n+ 1

)− sinh2 x

=
(
b · e
b
· 1
)− sinh2 x

= e− sinh2 x. So,

= lim
n→∞

(
acosh2 x
n

((
n+1
√
bn+1

)− sinh2 x))
= acosh2 xb− sinh2 xesinh2 x · 1 · ln( lim

n→∞
unn) =

= acosh2 xb− sin2 xesinh2 x · 1 · ln(e− sinh2 x) = −acosh2 xb− sinh2 xesinh2 x sinh2 x

and we are done. �

Theorem 8. Let x ∈ R, and (Ln(x))n≥2, given by

Ln(x) = ncos2 x
((

n+1
√

(n+ 1)!
)sin2 x

−
(
n
√
n!
)sin2 x)

, then lim
n→∞

Ln(x) =
sin2 x

esin2 x
.

Proof. We have:
(1)

Ln(x) = ncos2 x
((

n+1
√

(n+ 1)!
sin2 x

−
(
n
√
n!
)sin2 x)

= ncos2 x
(
n
√
n!
)sin2 x

(un − 1) =

=
( n
√
n!

n

)sin2 x

nsin2 x+cos2 x · un − 1

lnun
· lnunn =

( n
√
n!

n

)sin2 x

n · un − 1

lnun
· lnunn,

where

un =
( n+1

√
(n+ 1)!
n
√
n

)sin2 x

, and lim
n→∞

( n+1
√

(n+ 1)!

n+ 1
· n
n
√
n!
·n+ 1

n

)sin2 x

=
(1

e
·e·1
)sin2 x

= 1.

So, lim
n→∞

un − 1

lnun
= 1. Also, we have:

lim
n→∞

unn = lim
n→∞

( n+1
√

(n+ 1)!
n
√
n!

)n sin2 x

= lim
n→∞

( (n+ 1)!

n!
· 1
n+1
√

(n+ 1)!

)sin2 x

=

= lim
n→∞

( n+ 1
n+1
√

(n+ 1)!

)sin2 x

= esin2 x, then by (1) we obtain:

lim
n→∞

Ln(x) =
( 1

x

)sin2 x

· 1 · ln esin2 x =
sin2 x

esin2 x
.

�

Observation. If x = π
2 , then sinx = 1, cosx = 0 and

Ln

(
π
2

)
= n+1

√
(n+ 1)!− n

√
n!, i.e. we obtain the sequence of Traian Lalescu.

lim
n→∞

Ln

(π
2

)
= lim
n→∞

Ln =
1

e
.

Theorem 9. Let (xn)n≥1, (yn)n≥1, xn ∈ R∗+, y ∈ R such that
limn→∞(xn+1 − xn) = x ∈ R∗+, limn→∞ yn = y ∈ R and
limn→∞((yn − y)n) = z ∈ R∗. Then limn→∞(xn+1y − xnyn) = x(y − z)
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Proof. Let
(1)
(un)n≥1, un = xn+1y−xnyn = xn+1y−xny−xn(yn−y) = y(xn+1−xn)−xn(yn−y),∀n ∈ N∗

We have:

(2) lim
n→∞

xn
n

= lim
n→∞

xn+1 − xn
(n+ 1)− n

= lim
n→∞

(xn+1 − xn) = x

then:

lim
n→∞

un = y lim
n→∞

(xn+1 − xn)− lim
n→∞

xn
n
· lim
n→∞

(n(yn − y)) = yx− xz = x(y − z).

�

Theorem 10. Let (xn)n≥1, (yn)n≥1, xn, yn ∈ R∗+, such that
limn→∞

xn
n = x ∈ R∗+ and limn→∞(yn+1 − yn) = y ∈ R∗+. Then

limn→∞

(
yn+1

yn

)xn
= ex.

Proof. We have that:

lim
n→∞

yn
n

= lim
n→∞

yn+1 − yn
(n+ 1)− n

= lim
n→∞

(yn+1 − yn) = y.

lim
n→∞

(yn+1

yn

)xn
= lim
n→∞

((
1 +

yn+1 − yn
yn

) yn
yn+1−yn

) xn(yn+1−yn)

yn

=

= elimn→∞
xn
n ·

n
yn

(yn+1−yn) = ex·
1
y ·y = ex.

�

Theorem 11. For m a positive integer

lim
n→∞

(
n

(
me−

m∑
k=1

(
1 +

1

n

)n+k)
= −m

2e

2

Proof. Denote en(k) =
(

1 + 1
n

)n+k

and then we have to calculate:

(1) lim
n→∞

(
n

(
me−

m∑
k=1

(
1 +

1

n

)n+k
))

=

m∑
k=1

lim
n→∞

(n(e− en(k))

We have: lim
n→∞

(n(e−en(k)) = lim
n→∞

(n(e−enun)), where en =
(

1+
1

n

)n
, un =

(
1+

1

n

)k
where

lim
n→∞

en = e, lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1, lim

n→∞
unn = lim

n→∞

(
1+

1

n

)kn
= ek, lim

n→∞
(n(e−en)) =

e

2
.

Therefore:

lim
n→∞

(n(e− en(k))) = lim
n→∞

(n(e− enun)) = lim
n→∞

(n((e− en) + en − enun)) =

= lim
n→∞

(n(e− en))− lim
n→∞

en(n(un − 1)) =
e

2
− e lim

n→∞
(n(un − 1)) =

(2) =
e

2
− e lim

n→∞

un − 1

lnun
lim
n→∞

lnunn =
e

2
− e · 1 · ln lim

n→∞
unn =

e

2
− e · ln ek =

e

2
− ke
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By (1) and (2) it follows that:

lim
n→∞

(
n

(
me−

m∑
k=1

(
1 +

1

n

)n+k))
=

m∑
k=1

lim
n→∞

(n(e− en(k))) =

m∑
k=1

(e
2
− ke

)
=

=
e

2

m∑
k=1

(1− 2k) =
e

2

(
m− 2 · m(m+ 1)

2

)
= −m

2e

2
,

and we are done. �

Theorem 12. Let (xn)n≥1 be a sequence which satisfy
− ln(mn+xn)+

∑mn
k=1

1
k = γ, wherem is positive integer and γ is Euler-Mascheroni’s

constant, then limn→∞ xn = 1
2 .

Proof. It is well-known that limn→∞ γn = γ and γn = − lnn+
∑n
k=1

1
k . Hence,

− ln(mn+ xn) +

mn∑
k=1

1

k
= γ ⇔ − ln(mn+ xn) + ln(mn)− ln(mn) +

mn∑
k=1

1

k
= γ ⇔

⇔ − ln
mn− xn
mn

+ γmn = γ ⇔ γmn − γ = ln
(

1 +
xn
mn

)
⇔ eγmn−γ − 1 =

xn
mn
⇔

⇔ xn = mn(eγmn−γ − 1) = mn · e
γmn−γ − 1

γmn − γ
· (γmn − γ),

So, we obtain that:

lim
n→∞

xn = m · lim
n→∞

eγmn−γ − 1

γmn − γ
· lim
n→∞

(n(γmn − γ)) = lim
n→∞

(mn(γmn − γ)) =
1

2
.

We prove that: limn→∞(mn(γmn − γ)) = 1
2 . Indeed, by Young’s inequalities we

have that:

1

2(mn+ 1)
< γmn − γ <

1

2mn
⇔ mn

2(mn+ 1)
< mn(γmn − γ) <

1

2
,∀n ∈ N∗,

where by taking to limit with n→∞ we deduce that
limn→∞(mn(γmn − γ)) = 1

2 . �

Observation. The limit of the sequence (xn)n≥1 is independent of m ∈ N∗
Theorem 13. Let {xn}n≥1 defined by − ln(m(n + xn)) +

∑mn
k=1

1
k = γ,∀n ∈ N∗

where m ∈ N∗ and γ is Euler-Mascheroni’s constant, then limn→∞ xn = 1
2m .

Proof. It is well-known that limn→∞ γn = γ and γn = − lnn+
∑n
k=1

1
k . Therefore

we have that:

− ln(m(n+xn))+

mn∑
k=1

1

k
= γ ⇔ − ln(m(n+xn))+ln(mn)−ln(mn)+

∑ mn∑
k=1

1

k
= γ ⇔

⇔ − ln
m(n+ xn)

mn
+ γmn = γ ⇔ γmn − γ = ln

(
1 +

xn
n

)
⇔ eγmn−γ − 1 =

xn
n
⇔

⇔ xn = n(eγmn−1 − 1) =
eγmn−γ − 1

γmn − γ
· n(γmn − γ).

So, we obtain that:

(1) lim
n→∞

xn = lim
n→∞

γmn − 1

γmn − γ
· lim
n→∞

(n(γmn − γ)) = lim
n→∞

(n(γmn − 1))
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By Young’s inequalities we have that:

1

2(mn+ 1)
< γmn − γ <

1

2mn
⇔ mn

2(mn+ 1)
< mn(γmn − γ) <

1

2
,∀n ∈ N∗,

from where taking limit with n→∞ we deduce that:

(2) lim
n→∞

(mn(γmn − γ)) =
1

2

From (1) and (2) it follows that:

lim
n→∞

xn =
1

2m
,m ∈ N∗.

�

Theorem 14. Let (an)n≥1 be an arithmetic progression and m ∈ N∗, then:

lim
n→∞

((
m∑
k=1

(
1 +

1

n

)n+ak
−me

)
·n

)
=
me

2
(a1 + am − 1)

Proof. We denote en(ak) =
(

1 + 1
n

)n+ak
= en·

(
1 + 1

n

)ak
where en =

(
1 + 1

n

)n
limn→∞ en = e. We have to calculate:

(1) lim
n→∞

(
m∑
k=1

en(ak)−me

)
n

)
=

m∑
k=1

lim
n→∞

((en(ak)− e)n)

We denote un(ak) =
(

1 +
1

n

)ak
, then lim

n→∞
un(ak) = 1 and lim

n→∞

un(ak)− 1

lnun(ak)
= 1

lim
n→∞

unn(ak) = lim
n→∞

(
1 +

1

n

)nak
= eak ,∀k = 1,m.

lim
n→∞

((en(ak)−e)n) = lim
n→∞

((en ·un(ak)−e)n) = lim
n→∞

((en(un(ak)−1)+en−e)n) =

e lim
n→∞

((un(ak)−1)n)+ lim
n→∞

((en−e)n) = e lim
n→∞

(un(ak)− 1

lnun(ak)
·lnunn(ak)

)
+ lim
n→∞

((en−e)n) =

(2) = e · 1 · ln eak + lim
n→∞

((en − e)n) = ake+ lim
n→∞

((en − e)n)

We know that: e
2n+2 < e− en < e

2n+1 ,∀n ∈ N∗ (Polya - Szegö inequalities). So,

ne

2n+ 2
< n(e− en) <

ne

2n = 1
,∀n ∈ N∗ therefore

(3) lim
n→∞

(n(en − e)) = −e
2

By (2) and (3) we deduce that:

(4) lim
n→∞

((en(ak)− e)n) = ake−
e

2
=
e

2
(2ak − 1),∀k = 1,m

By (1) and (4) we obtain that:

lim
n→∞

((
m∑
k=1

en(ak)−me

)
n

)
=
e

2

m∑
k=1

(2ak−1) = e

m∑
k=1

ak−
me

2
= e· (a1 + a2)m

2
−me

2
=

=
me

2
(a1 + am − 1).

�
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Theorem 15. Let (an)n≥1, (bn)n≥1, be real sequences with an 6= an+1,
bn 6= bn+1, such that limn→∞ an = a ∈ R, limn→∞ bn = b ∈ R,
limn→∞(n(an+1 − an)) = c ∈ R, limn→∞(n(bn+1 − bn)) = d ∈ R. Let f, g : R→ R
be differentiable functions with continuous derivatives on R, then:

lim
n→∞

(n · (f(an+1g(bn+1)− f(an)g(an))) = c · f ′(a) · g(b) + d · f(a) · g′(b).

Proof. Applying Lagrange’s theorem, for the function f on each interval [an, an+1]
yields that there exists xn between an and an+1 such that:

(1) f(an+1)− f(an) = (an+1 − an)f ′(xn),∀n ∈ N∗

Since xn is between an and an+1,∀n ∈ N∗ and limn→∞ an = limn→∞ an+1 = a we
have that limn→∞ xn = a. By (1) we have:
n(f(an+1)− f(an)) = n(an+1 − an)f ′(xn),∀n ∈ N∗ so we deduce that:

(2) lim
n→∞

(n(f(an+1 − f(an)) = c lim
n→∞

f ′(xn) = cf ′( lim
n→∞

xn) = c · f ′(a)

Analogously we deduce that:

(3) lim
n→∞

(n(g(bn+1)− g(bn))) = d · g′(b)

Also, we have that:

n(f(an+1)g(bn+1)−f(an)g(bn)) = n((f(an+1−f(an))g(bn+1)+f(an)(g(bn+1−g(bn))),

hence taking to limit with n→∞ and taking into account by (2), (3) we obtain:

lim
n→∞

(n · (f(an+1)g(bn+1)− f(an)g(an)) = c · f ′(a) · g(b) + d · f(a) · g′(b),

which should be calculated, and we are done. �

Theorem 16. Let en =
(

1 + 1
n

)n
, n ∈ N∗ and {xn}n∈N∗ defined by

xn = (n!) · (e1 · e2 · . . . · en), n ∈ N∗, then limn→∞

(
(n+1)2

n+1
√
xn+1

− n2

n
√
xn

)
= 1.

Proof. We have:

Bn =
(n+ 1)2

n+1
√
xn+1

− n2

n
√
xn

=
n2

n
√
xn

(un − 1) =
n

n
√
xn
· un − 1

lnun
· lnunn,∀n ∈ N∗ − {1},

where un =
(
n+1
n

)2

·
n
√
xn

n+1
√
xn+1

,∀n ≥ 2. We have:

lim
n→∞

n
n
√
xn

= lim
n→∞

n

√
nn

xn
= lim
n→∞

( (n+ 1)n+1

xn+1
· xn
nn

)
= lim
n→∞

(
en ·

(n+ 1)xn
xn+1

)
=

= e · lim
n→∞

n!(n+ 1)e1e2 . . . en
(n+ 1)!e1e2 . . . enen+1

= e · lim
n→∞

1

en+1
= e · 1

e
= 1.

Also, we have that:

lim
n→∞

un = lim
n→∞

(n+ 1

n

)2

· lim
n→∞

( n
√
xn
n
· n+ 1
n+1
√
xn+1

· n

n+ 1

)
= 1 · 1 · 1 · 1 = 1

and then lim
n→∞

un − 1

lnun
= 1, so,

lim
n→∞

unn = lim
n→∞

e2
n · lim

n→∞

xn
xn+1

· n+1
√
xn+1 = e2 · lim

n→∞

n+1
√
xn+1

(n+ 1)en+1
= e2 · 1

e
= e.
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Hence: lim
n→∞

Bn = lim
n→∞

n
n
√
xn
· lim
n→∞

un − 1

lnun
·ln( lim

n→∞
unn) = 1·1·ln e = 1, and we are done.

�

Theorem 17. Let a, b ∈ R+, γn(a, b) = − ln(n+ a) +
∑n
k=1

1
k+b with

lim
n→∞

γn(a, b) = γ(a, b) ∈ R, then lim
n→∞

(
ln

e

n+ a
+

n∑
k=1

1

k + b
−γ(a, b)

)n
= eb−a+ 1

2 = eb−a·
√
e.

Proof.

We have: lim
n→∞

(
ln

e

n+ a
+

n∑
k=1

1

k + b
− γ(a, b)

)n
= lim
n→∞

(1 + γn(a, b)− γ(a, b))n =

(1)

= lim
n→∞

(1 + γn(a, b)− γ(a, b))
1

γn(a,b)−γ(a,b) ·n(γn(a,b)−γ(a,b)) = elimn→∞(n(γn(a,b)−γ(a,b))

We calculate (with Cesaro-Stolz’s theorem and then the theorem of L’Hospital):

lim
n→∞

(n(γn(a, b)− γ(a, b))) = lim
n→∞

γn(a, b)− γ(a, b)
1
n

C-S
=
0
0

= lim
n→∞

γn+1(a, b)− γn(a, b)
1

n+1 −
1
n

= lim
n→∞

(n2 + n)(γn(a, b)− γn+1(a, b)) =

= lim
n→∞

(n2+n)(γn(a, b)−γn+1(a, b) = lim
n→∞

(n2+n)
(
−ln(n+a)+ln(n+1+a)− 1

n+ 1 + b

)
=

= lim
n→∞

(n2+n)
(

ln
n+ 1 + a

n+ a
− 1

n+ 1 + b

L’H(∞·0)
=

x= 1
n ,x→0,x>0

b−a+
1

2
and by (1) we obtain that:

lim
n→∞

(
ln

e

n+ a
+

n∑
k=1

1

k + b
− γ(a, b)

)n
= eb−a+ 1

2 = eb−a ·
√
e.

�

Theorem 18. Let a ∈ (0,∞) and e(x) =
(

1 + 1
x

)x
, for any x ∈ (0,∞), then:

lim
n→∞

(
lim
x→∞

((x
n

)2( n∑
k=1

e(x+ ka)− ne(x)
)))

=
ae

4
.

Proof. First we prove that:

(1) lim
x→∞

(x2(e(x+ a)− e(x+ b))) =
(a− b)e

2
,∀a, b ∈ R+, a > b

For this we consider the function f : [x+ b, x+ a]→ R, f(x) = e(x) and for this we
apply the theorem of Lagrange on [x+ b, x+ a]. Yields exists c(x) ∈ (x+ b, x+ a)
such that:

(2) f(x+a)−f(x+b) = (a−b)e′(c(x)) = (a−b)e(c(x))
(

ln
(

1+
1

c(x)

)
− 1

1 + c(x)

)
Since c(x) ∈ (x+ b, x+ a) we have: x+ b < c(x) < x+ a⇔ 1 + b

x <
c(x)
x < 1 + a

x ,

so, limx→∞
c(x)
x = 1. Denoting t = 1

c(x) , we have t→ 0 and by (2) follows that:

lim
x→∞

(x2(e(x+a)−e(x+b))) = lim
x→∞

( x

c(x)
· x
c(x)

(c(x))2(a−b)e(c(x))
(

ln
(

1+
1

c(x)

)
− 1

c(x) + 1

))
=
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= (a− b) · 1 · e · lim
t→0

ln(1 + t)− 1
1+t

t2
L’H
= (a− b) · e · lim

t→0

1
t+1 −

1
(t+1)2

2t
=

(3) =
(a− b)

2
· e · lim

t→0

t+ 1− 1

t(t+ 1)2
=

(a− b)e
2

· lim
t→0

1

(t+ 1)2
=

(a− b)e
2

If b = 0 then we have:

(4) lim
x→∞

(x2(e(x+ a)− e(x))) =
ae

2

We deduce that:
(5)

lim
x→∞

((
n∑
k=1

e(x+ka)−ne(x)

)
x2

)
=

n∑
k=1

lim
x→∞

(x2(e(x+ka)−e(x))) =

n∑
k=1

kae

2
=
aen(n+ 1)

4

Hence,

lim
n→∞

(
lim
x→∞

((x
n

)2( n∑
k=1

e(x+ka)−ne(x)
)))

= lim
n→∞

1

n2
·
n∑
k=1

( lim
x→∞

(x2(e(x+ka)−e(x)))) =

= lim
n→∞

aen(n+ 1)

4n2
=
ae

4
�

Theorem 19. Let (xn)n≥1, be a positive real sequence, such that

limn→∞(xn+1 − xn) = x > 0, then limn→∞

(
(n+1)xn+1

n+1
√

(2n+1)!!
− nxn

n
√

(2n−1)!!

)
= xe

2 .

Proof. Let (yn)n≥1,

yn =
(n+ 1)xn+1

n+1
√

(2n+ 1)!!
− nxn

n
√

(2n− 1)!!
=

nxn
n
√

(2n− 1)!!
(un − 1) =

=
xn

n
√

(2n− 1)!!
· un − 1

lnun
· lnunn,∀n ∈ N∗ − {1}, where

un =
n+ 1

n
· xn+1

xn
·

n
√

(2n− 1)!!
n+1
√

(2n+ 1)!!
=
xn+1

n+ 1
· n
xn
· (n+ 1)2

n2
·

n
√

(2n− 1)!!
n+1
√

(2n+ 1)!!
.

We have lim
n→∞

xn
n

= lim
n→∞

xn+1 − xn
(n+ 1)− n

= x and

lim
n→∞

n
√

(2n− 1)!!

n
= lim
n→∞

n

√
(2n− 1)!

nn
= lim
n→∞

( (2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!

)
=

= lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2

e

Therefore lim
n→∞

un = x · 1

x
· 1 · 2

e
· e

2
= 1, so, lim

n→∞

un − 1

lnun
= 1. We have:

lim
n→∞

unn = lim
n→∞

(n+ 1

n

)n
· lim
n→∞

(xn+1

xn

)n
· lim
n→∞

(2n− 1)!!

(2n+ 1)!!
n+1
√

(2n+ 1)!! =

= e· lim
n→∞

((
1+

xn+1 − xn
xn

) xn
xn+1−xn

)n(xn+1−xn)

xn

· lim
n→∞

n+1
√

(2n+ 1)!!

2n+ 1
= e·e· lim

n→∞
n

√
(2n− 1)!!

(2n− 1)n
=

= e2 · lim
n→∞

( (2n+ 1)!!

(2n+ 1)n+1
· (2n− 1)n

(2n− 1)!!

)
= e2 · lim

n→∞

(2n− 1

2n+ 1

)n
= e2 · e−1 = e.
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Therefore,

lim
n→∞

yn = lim
n→∞

xn
n
√

(2n− 1)!!
· lim
n→∞

un − 1

lnun
· ln( lim

n→∞
unn) =

= lim
n→∞

xn
n
· lim
n→∞

n
n
√

(2n− 1)!!
· ln e = x · e

2
· 1 =

xe

2
, and we are done.

�

Theorem 20. Let f : (0,∞)→ (0,∞) be a function with

limx→∞
f(x)
x = a ∈ (0,∞) and t ∈ R then

lim
n→∞

(
(n+1)sin2 t· n+1

√
(f(1)f(2) . . . f(n)f(n+ 1))cos2 t−nsin2 t· n

√
f(1)f(2) . . . f(n))cos2 t

)
=
(a
e

)cos2 t

Proof.

We denote: f(n)! =

n∏
k=1

f(k), and

Bn = (n+1)sin2 t n+1

√
(f(n+ 1)!)cos2 t−nsin2 t n

√
(f(n)!)cos2 t = ncos2 t n

√
(f(n)!)cos2 t(vn−1) =

=
(f(n)!

n

)cos2 t

·vn − 1

ln vn
·ln vnn ,∀n ∈ N∗−{1}, where vn =

(n+ 1

n

)sin2 t
(

n+1
√
f(n+ 1)!
n
√
f(n)!

)cos2 t

,

∀n ∈ N∗−{1}. We have: lim
n→∞

f(n)

n
= a, and by Cauchy-D’Alembert criteria we deduce that

lim
n→∞

n
n
√
f(n)!

= lim
n→∞

n

√
nn

f(n)!

C-D’A
= lim

n→∞

( (n+ 1)n+1

f(n+ 1)!
·f(n)!

nn

)
= lim
n→∞

en· lim
n↔∞

n+ 1

f(n+ 1)
=
e

a

where en =
(

1 +
1

n

)n
,∀n ∈ N∗ with lim

n→∞
en = e. Also, we have that:

lim
n→∞

vn = lim
n→∞

(n+ 1

n

)sin2 t

· lim
n→∞

(
n+1
√
f(n+ 1)!
n
√
f(n)!

)cos2 t

=

= 1 · lim
n→∞

(
n+1
√
f(n+ 1)!

n+ 1
· n
n
√
f(n)!

· n+ 1

n

)cos2 t

=
( e
a
· a
e
· 1
)cos2 t

= 1,

So, lim
n→∞

vn − 1

ln vn
= 1. Yields that: lim

n→∞
vnn = lim

n→∞

(n+ 1

n

)n sin2 t

· lim
n→∞

(
n+1
√
f(n+ 1)!
n
√
f(n)!

)n cos2 t

=

= esin2 t· lim
n→∞

(f(n+ 1)!

f(n)!
· 1
n+1
√
f(n+ 1)!

)cos2 t

= esin2 t· lim
n→∞

( f(n+ 1)
n+1
√
f(n+ 1)!

)cos2 t

=

= esin2 t· lim
n→∞

(f(n+ 1)

n+ 1
· n+ 1
n+1
√
f(n+ 1)!

)cos2 t

= esin2 t·
(
a· e
a

)cos2 t

= esin2 t·ecos2 t = 1.

Therefore: lim
n→∞

Bn =
(a
e

)cos2 t

· 1 · ln e =
(a
e

)cos2 t

�
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[4] Mihály Bencze, Daniel Sitaru, 699 Olympic Mathematical Challenges. Studis Publishing
House, Iaşi 2017.
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