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Abstract. In this paper we present some inequalities with Fibbonaci numbers

and Lucas numbers.

Fibonacci sequence: (Fn)n≥0, F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn,∀n ∈ N.
Lucas sequence: (Ln)n≥0, L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln,∀n ∈ N.

Theorem 1. Let k be a positive integer E =

(
1 1
1 1

)
and A(k) =

(
Fk+1 Fk
Fk Fk+1

)
.

Then,
n∏
k=1

A(k) =

(
n∏
k=2

Fk+2

)
E

Proof. If E =

(
1 1
1 1

)
, then for any matrix B =

(
a b
b a

)
, a, b ∈ R∗

+ we have

EB =

(
1 1
1 1

)(
a b
b a

)
=

(
a+ b b+ a
a+ b b+ a

)
= (a+ b)E

So, A(1) =

(
F2 F1

F1 F2

)
=

(
1 1
1 1

)
= E, and we deduce that

A(1)A(2) = E

(
F3 F2

F2 F3

)
= (F2 + F3)E = F4E;

A(1)A(k) =

(
1 1
1 1

)(
Fk+1 Fk
Fk Fk+1

)
= (Fk + Fk+1)E = Fk+2E.

Therefore, A(1)A(2) = F4E,A(1)A(2)A(3) = F4EA(3) = F4F5E and by induction
we obtain

n∏
k=1

A(k) = F4F5 . . . FnFn+1Fn+2E =

(
n∏
k=2

Fk+2

)
E.

�

Theorem 2. Let k be a positive integer, E =

(
1 1
1 1

)
andB(k) =

(
F 2
k F 2

k+1

F 2
k+1 F 2

k

)
.

Then,
n∏
k=1

B(k) =

(
n∏
k=2

F2k+1

)
E

Proof. If E =

(
1 1
1 1

)
, then for any matrix B =

(
a b
b a

)
, a, b ∈ R∗

+ we have �
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EB =

(
1 1
1 1

)(
a b
b a

)
=

(
a+ b b+ a
a+ b b+ a

)
= (a+ b)E

So, B(1) =

(
1 1
1 1

)
= E, and we deduce that:

EB(k) = B(1)B(k) =

(
1 1
1 1

)(
F 2
k F 2

k+1

F 2
k+1 F 2

k

)
= (F 2

k + F 2
k+1)E = F2k+1E

Therefore, B(1)B(2) = F5E,B(1)B(2)B(3) = F4EB(3) = F5F7E and by induction
we obtain:

n∏
k=1

B(k) = F5F7 . . . F2n+1E =

(
n∏
k=2

F2k+1

)
E.

Theorem 3. Let k be a positive integer, E =

(
1 1
1 1

)
and C(k) =

(
Fk Fk+1

Fk+1 Fk

)(
Lk Lk+1

Lk+1 Lk

)
Then,

n∏
k=1

C(k) =

(
n∏
k=1

Lk+2

)(
n∏
k=2

Fk+2

)
E

Proof. If E =

(
1 1
1 1

)
, U =

(
a b
b a

)
, V =

(
c d
d c

)
, a, b, c, d ∈ R∗

+. We have

EU = (a+ b)E and EUV = (a+ b)(c+ d)E. Then,

C(1) =

(
F1 F2

F2 F1

)(
L1 L2

L2 L1

)
=

(
1 1
1 1

)(
L1 L2

L2 L1

)
= (L1 + L2)E = L3E;

EC(k) =

(
1 1
1 1

)(
Fk Fk+1

Fk+1 Fk

)(
Lk Lk+1

Lk+1 Lk

)
= (Fk+Fk+1)(Lk+Lk+1)E = Fk+2Lk+2E.

We obtain C(1) = L3E,C(1)C(2) = L3EC(2) = L3(EC(2)) = L3F4L4E;
C(1)C(2)C(3) = L3F4L4EC(3) = L3F4L4F5L5E, and by induction we deduce
that:

n∏
k=1

C(k) =

(
n∏
k=1

Lk+2

)(
n∏
k=2

Fk+2

)
E.

�

Theorem 4. Let k be a positive integer, E =

(
1 1
1 1

)
andD(k) =

(
Fk Fk+1

Fk+1 Fk

)(
Fk Fk
Fk+2 Fk+2

)
Then,

n∏
k=1

D(k) = L2

(
n∏
k=2

Fk+2Lk+1

)
E.

Proof. We have

D(1) =

(
F1 F2

F2 F1

)(
F1 F1

F3 F3

)
=

(
1 1
1 1

)(
F1 F1

F3 F3

)
= (F1 + F3)E = L2E and

we’ve used the well-known fact that F1 + F3 = L2. Also, we have:

ED(k) =

(
1 1
1 1

)(
Fk Fk+1

Fk+1 Fk

)(
Fk Fk
Fk+2 Fk+2

)
= (Fk+Fk+1)(Fk+Fk+2)E = Fk+2Lk+1E
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where, we’ve used the well-known fact that: Fk + Fk+2 = Lk+1. We obtain:

n∏
k=1

D(k) = D(1)

n∏
k=2

D(k) = L2E

n∏
k=2

D(k) = L2

(
n∏
k=2

Fk+2Lk+1

)
E.

�

Theorem 5. Let k be a positive integer, E =

(
1 1
1 1

)
and E(k) =

(
Fk Fk+1

Fk+1 Fk

)(
Lk+2 Lk
Lk Lk+2

)
Then,

n∏
k=1

E(k) = 5n ·
n∏
k=1

Fk+1 ·
n∏
k+2

Fk+2 · E

Proof. We have

E(1) =

(
F1 F2

F2 F1

)(
L3 L1

L1 L3

)
=

(
1 1
1 1

)(
L3 L1

L1 L3

)
= (L1+L3)E = 5F2 ·E, where

we’ve used the fact that L1 + L3 = 5F2. Also, we have:

E·E(k) =

(
1 1
1 1

)(
Fk Fk+1

Fk+1 Fk

)(
Lk+2 Lk
Lk Lk+2

)
= (Fk+Fk+1)(Lk+Lk+2)E = Fk+2·5Fk+1E

where we’ve used the well-known fact that Lk + Lk+2 = 5Fk+1. Therefore,
n∏
k=1

E(k) = E(1)

n∏
k=2

E(k) = . . . = 5F2(5F3F4)(5F4F5) · . . . · (5Fn+1Fn+2)E =

= 5n ·
n∏
k=1

Fk+1 ·
n∏
k=2

Fk+2 · E.

�

Theorem 6. Let k be a positive integer,

E =

(
1 1
1 1

)
and F (k) =

(
F 2
k F 2

k+1

F 2
k+1 F 2

k

)(
Lk+1 Lk
Lk Lk+1

)
. Then,

n∏
k=1

F (k) = L3 ·
n+2∏
k=3

Lk ·
n∏
k=2

F2k+1 · E

Proof. We have F (1) =

(
1 1
1 1

)(
L2 L1

L1 L2

)
= (L1 +L2)E = L3 ·E. Also, we have:

E·F (k) =
(
1 1
1 1

)(
F 2
k F 2

k+1

F 2
k+1 F 2

k

)(
Lk+1 Lk
Lk Lk+1

)
= (F 2

k+F
2
k+1)(Lk+Lk+1)E = F2k+1Lk+2E

where we’ve used the well-known fact that F 2
k + F 2

k+1 = F2k+1. Therefore,

n∏
k=1

F (k) = F (1)

n∏
k=2

F (k) = L3 · (E · F (2)) · F (3) · . . . · F (n) =

= L3·F5·L3·(E·F (3))·F (4)·F (5)·. . .·F (n) = . . . = L3F5L3F7L5F9L7·. . .·(EF (n−1))F (n) =
= L3F5L3F7L5F9L7 . . . Ln+1F2n−1EF (n) = L3F5L3F7L5F9 . . . Ln+1F2n−1F2n+1Ln+2 =

= L3 ·
n+2∏
k=3

Lk ·
n∏
k=2

F2k+1 · E.

�
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Theorem 7. Let (Fk)k≥0, F0 = 0, F1 = 1, Fk+2 = Fk + Fk+1,∀k ∈ N;
A = (aij)1≤i≤m

1≤j≤n
, B = (bik) 1≤j≤n

1≤k≤m
, C = (crs)1≤r,s≤m, aij = Fj · bjk = Fj ,

crs = F 2
m−r+1,∀i, k = 1,m,∀j = 1, n and E = (ers)1≤r,s≤m, ers = 1,∀r, s = 1,m.

For p, q positive integers, then (A ·B)p · Cq = mp−1F pnF
q
mF

p+1
n+1F

q+1
m+1,∀p, q ∈ N∗.

Proof. We have:

A =


F1 F2 . . . Fn
F1 F2 . . . Fn
. . . . . . . . . . . .
F1 F2 . . . Fn

 , B =


F1 F1 . . . F1

F2 F2 . . . F2

. . . . . . . . . . . .
Fn Fn . . . Fn

 , C =


F 2
m F 2

m . . . F 2
m

F 2
m−1 F 2

m−1 . . . F 2
m−1

. . . . . . . . . . . .
F 2

1 F 2
1 . . . F 2

1


Then, A ·B =

(∑n
k=1 F

2
k

)
E = FnFn+1E, so,

(1) (A ·B)p = F pnF
p
n+1E

p = mp−1F pnF
p
n+1E

Also, we have E · C =

(∑m
k=1 F

2
k

)
E = FmFm+1E, so

(2)
ECq = (EC)Cq−1 = FmFm+1EC

q−1 = FmFm+1(EC)C
q−2 = F 2

mF
2
m+1EC

q−2 = . . . = F qmF
q
m+1E

By (1) and (2) yields that (A ·B)p · Cq = mp−1F pnF
q
mF

p+1
n+1F

q+1
m+1E,∀p, q ∈ N∗. �

Theorem 8. Let (Fk)k≥0, F0 = 0, F1 = 1, Fk+2 = Fk + Fk+1, A = (aij)1≤i,j≤n,
B = (bij)1≤i,j≤n, C = (cij)1≤i,j≤n, aij = Fj , bij = Fi, cij = F 2

σ(i),∀i, j = 1, n and σ

is a permutation of the set 1, 2, . . . , n. For m,n positive integers and
E = (eij)1≤i,j≤n, eij = 1,∀i, j = 1, n, then

(A ·B)m · Cp = nm−1Fm+p
n Fm+p

n+1 E,∀m, p ∈ N∗.

Proof. We have:

A =


F1 F2 . . . Fn
F1 F2 . . . Fn
. . . . . . . . . . . .
F1 F2 . . . Fn

 , B =


F1 F1 . . . F1

F2 F2 . . . F2

. . . . . . . . . . . .
Fn Fn . . . Fn



C =


F 2
σ(1) F 2

σ(1) . . . F 2
σ(1)

F 2
σ(2) F 2

σ(2) . . . F 2
σ(2)

. . . . . . . . . . . .
F 2
σ(n) F 2

σ(n) . . . F 2
σ(n)


Then A ·B = (

∑n
k=1 F

2
k )E = FnFn+1E, so,

(1) (A ·B)m = Fmn F
m
n+1E

m = nm−1Fmn F
m
n+1E

Also, we have E · C = (
∑n
k=1 F

2
k )E = FnFn+1E, so,

(2)
ECp = (EC)Cp−1 = FnFn+1EC

p−1 = FnFn+1(EC)C
p−2 = F 2

nF
2
n+1EC

p−2 = . . . = F pnF
p
n+1E

By (1) and (2) yields that (A ·B)m · Cp = nm−1Fm+p
n Fm+p

n+1 E,∀m, p ∈ N∗ �
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Theorem 10. Let (Fk)k≥0, F0 = 0, F1 = 1, Fk+2 = Fk + Fk+1,∀k ∈ N and
A = (aij)1≤i,j≤n, B = (bij)1≤i,j≤n, C = (cij)1≤i,j≤n, aij = Fj , bij = Fi,
cij = F 2

n−i+1,∀i, j = 1, n. For m,n positive integers and E = (eij)1≤i,j≤n then

(A ·B)m · Cp = nm−1Fm+p
n Fm+p

n+1 E,∀m,n ∈ p ∈ N∗.

Proof. We have:

A =


F1 F2 . . . Fn
F1 F2 . . . Fn
. . . . . . . . . . . .
F1 F2 . . . Fn

 , B =


F1 F1 . . . F1

F2 F2 . . . F2

. . . . . . . . . . . .
Fn Fn . . . Fn



C =


F 2
n F 2

n . . . F 2
n

F 2
n−1 F 2

n−1 . . . F 2
n−1

. . . . . . . . . . . .
F 2
n−1 F 2

n−1 . . . F 2
n−1


Then, A ·B =

(∑n
k=1 F

2
k

)
E = FnFn+1E, so,

(1) (A ·B)m = Fmn F
m
n+1E

m = nm−1Fmn F
m
n+1E

Also, we have E · C =

(∑n
k=1 F

2
k

)
E = FnFn+1E, so,

(2)
ECp = (EC)Cp−1 = FnFn+1EC

p−1 = FnFn+1(EC)C
p−2 = F 2

nF
2
n+1EC

p−2 = . . . = F pnF
p
n+1E

By (1) and (2) yields that (A ·B)m · Cp = nm−1Fm+p
n Fm+p

n+1 E,∀m, p ∈ N∗. �

Theorem 11. Let (Fk)k≥0, F0 = 0, F1 = 1, Fk+2 = Fk + Fk+1,∀k ∈ N and
A = (aij)1≤i,j≤n, B = (bij)1≤i,j≤n, C = (cij)1≤i,j≤n, aij = Fj , bij = Fi,
cij = F 2

n−i+1,∀i, j = 1, n. For m positive integers and E = (eij)1≤i,j≤n,

eij = 1,∀i, j = 1, n, then (A ·B)m · C = nm−1Fm+1
n Fm+1

n+1 E,∀m, p ∈ N∗.

Proof. We have:

A =


F1 F2 . . . Fn
F1 F2 . . . Fn
. . . . . . . . . . . .
F1 F2 . . . Fn

 , B =


F1 F1 . . . F1

F2 F2 . . . F2

. . . . . . . . . . . .
Fn Fn . . . Fn



C =


F 2
n F 2

n . . . F 2
n

F 2
n−1 F 2

n−1 . . . F 2
n−1

. . . . . . . . . . . .
F 2
n−1 F 2

n−1 . . . F 2
n−1


Then, A · B =

(∑n
k=1 F

2
k

)
E = FnFn+1E, where we’ve used the well-known∑n

k=1 F
2
k = FnFn+1, so

(1) (A ·B)m = Fmn F
m
n+1E

m = nm−1Fmn F
m
n+1E

(2) Also, we have E · C =

(
n∑
k=1

F 2
k

)
E = FnFn+1E
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By (1) and (2) yields that (A ·B)m · C = nm−1Fm+1
n Fm+1

n+1 E,∀m, p ∈ N∗. �

Theorem 12. Let (Fk)k≥0, F0 = 0, F1 = 1, Fk+2 = Fk + Fk+1,∀k ∈ N and
A = (aij)1≤i,j≤n, B = (bij)1≤i,j≤n, C = (cij)1≤i,j≤n, aij = Fj , bij = Fi,
cij = F2i−1,∀i, j = 1, n. For m, p positive integers and
E = (eij)1≤i,j≤n, eij = 1,∀i, j = 1, n, then
(A ·B)M · Cp = nm−1FMn Fmn+1F

p
2nE,∀m, p ∈ N∗.

Proof. We have:

A =


F1 F2 . . . Fn
F1 F2 . . . Fn
. . . . . . . . . . . .
F1 F1 . . . Fn

 , B =


F1 F1 . . . F1

F2 F2 . . . F2

. . . . . . . . . . . .
Fn Fn . . . Fn



C =


F1 F1 . . . F1

F3 F3 . . . F3

. . . . . . . . . . . .
F2n−1 F2n−1 . . . F2n−1


Then, A ·B =

(∑n
k=1 F

2
k

)
E = FnFn+1E, so,

(1) (A ·B)m = Fmn F
m
n+1E

m = nm−1Fmn F
m
n+1E

Also, we have E · C =

(∑n
k=1 F2k−1

)
E = F2nE, so,

(2) ECp = (EC)Cp−1 = F2nEC
p−1 = . . . F p2nE

By (1) and (2) yields that (A ·B)m · Cp = nm−1Fmn F
m
n+1F

p
2nE,∀m, p ∈ N∗. �
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[5] Mihály Bencze, Daniel Sitaru, Quantum Mathematical Power. Studis Publishing House, Iaşi
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