SOME MATRICES IDENTITIES WITH FIBONACCI NUMBERS
AND LUCAS NUMBERS
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ABSTRACT. In this paper we present some inequalities with Fibbonaci numbers
and Lucas numbers.

Fibonacci sequence: (Fy,)n>0,Fo=0,F1 =1,F, 40 =F,11+ F,,VneN.
Lucas sequence: (Ly)p>0,Lo =2,L1 =1,Ly19 = Lyy1 + L,,Vn € N.

Theorem 1. Let k be a positive integer F = (1 1) and A(k) = (F]H'l F )

11 F,  Fin
Then,
HA(k)z( Fk+2>E
k=1 k=2
Proof. E = (1 1) then f mix B= (% %), abeR: weh
T00f. =|; 1) thenlorany matrix B={, | a % we have

(1 1\ (a b\ (a+bdb b+a\ _
EB_(l 1) <b a>_<a+b b+a>_(a+b)E
So, A(1) = (Ilj:i ?;) = (1 1) = E, and we deduce that

AAR) = E (1% l;;) — (Fy+ Fy)E = FyF;

1 1\ (F F

Therefore, A(1)A(2) = F4E, A(1)A(2)A(3) = F4EA(3) = F4F5E and by induction

we obtain

[[ A®k) = FiFs ... FoFpy1 FooE = (H Fk+2> E.
k=1 k=2

O
e 11 F} F?,
Theorem 2. Let k be a positive integer, E = and B(k) = [ o 3.
L1 Fen
Then,
II Bk = (H F2k+1>E
k=1 k=2
1 1 . a b N
Proof. If E = 1 1) then for any matrix B = b oo ® b € R% we have O
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(1 1\ (a b\ (a+bd b+a) _
EB_(l 1) (b a>_<a—|—b b—|—a>_(a+b)E
So, B(1) = (1 1) = F, and we deduce that:

11 F? F?
EB(k) = B(1)B(k) = (1 1) (szil 11%1) = (F + F}\\)E = Fop 1 E

Therefore, B(1)B(2) = F5E, B(1)B(2)B(3) = F4EB(3) = F5F;E and by induction

we obtain:
[ B(k) = F5F: .. Fon E = (H ngH)E
k=1 k=2

Theorem 3. Let k be a positive integer, E = (1 1) and C(k) = (F];il F;—]:l) (If;kH Lzzl)
Then,

(i) i)

k=1

1 1 a b c d N
Proof. If E = (1 1),U = (b a V. = (d C),a,b,c,d € R}. We have

EU = (a+b)FE and EUV = (a+ b)(c+ d)E. Then,

N
c) = %) (é; ﬁj) = G }) (ﬁ; éi) = (L, + Ly)E = L3E;
EC(k) = G D n )
) (

F
We obtain C(1) = LsE,C(1)C
C(H)CQR)CB) = LsFuL EC(3

G

Fk Fk+1 Lk Lk+1
Lyt
) = L3F4L4F5LsE, and by induction we deduce

that:
[[ck = <H Lk+2> (H FHQ) E
k=1 k=1 k=2
[
Theorem 4. Let k be a positive integer, £ = ( ) and D(k (Ffjl F}:1> (FfiQ F§i2>
Then,

f[ D(k) (H Fk+2Lk+1>

k=1
Proof. We have
(R B\ (R R\ (1 1\ (K F\ _ .
by = (5 BY (5 B) = (1) (B B) s ok - 18 wa

we’ve used the well-known fact that F| + F3 = Lo. Also, we have:

(1 1 Fir  Fyi Fy EF, \ _
ED(]C) = (1 ) (Fk+1 Fk Fk+2 Fk+2 - (Fk+Fk+1)(Fk+Fk+2)E - Fk+2Lk+1E
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where, we’ve used the well-known fact that: Fj, 4+ Fj42 = Liy1. We obtain:

n

ﬁ D(k) = D(1) H D(k) = Ly E ﬁ D(k) = Lo (ﬁ Fk+2Lk+1> E.
k=2

k=1 k=2 k=2
(I
o (11 [ F. Fun) (Lese Li
Theorem 5. Let k be a positive integer, E = (1 1) and E(k) = (Fk+1 F, ) < Le  Liso

Then,
n n n
[1E®) =5"-T] Frsr- ] Frso-E
k=1 k=1

k+2
Proof. We have

(B OB\ (Ls L\ (1 1\ (Ls L\ _ L
E<1)_<Fg F1> <L1 L3>_<1 1) (Ll L3>_(L1+L3)E_5F2 B where

we’ve used the fact that Ly + L3 = 5F5. Also, we have:

11 F, K L L
pe0= () (W)L 2lh) =GR etus = Ruasnas

where we’ve used the well-known fact that Ly + Lx4o = 5F)4+1. Therefore,

[[E®) =EQ) [ E(k) =... = 5F2(5FsFy)(5F4Fs) - ...« (5Fn 1 F,12)E =
k=1 k=2
:5n'HFk+l'HFk+2'E-
k=1 k=2

Theorem 6. Let k be a positive integer,

_ (11 _ (B R (Len Lk
E = <1 1) and F(k) = (F2 F? Le  Lin) Then,

k+1
n n+2 n
[[F®) =Ls-I] Lr- ][] Fotsr- E
k=1 k=3 k=2

Proof. We have F(1) = (1 }) <§2 §1> = (L1 + L3)E = L3 - E. Also, we have:
1 Lo

11 F2 F? L L
E-F(k) = (1 1) (F;?il ?§1> < ﬂl L;:H) = (FP4+F2) (Lt Li1)E = Fopi1 Lo E

where we’ve used the well-known fact that F; ,f + F ,f 1 = Fopy1. Therefore,

[[Fk)=FQ) [[Fk)=Ls-(E-F(2))-F(3)-...- F(n) =
k=1 k=2

= L3F5L3F7LsFyLy ... Lyi1Fon 1 EF(n) = L3F5L3F7LsFy ... Lyy1Fop 1Fopi1lnio =
n—+2 n

=Ls- [[ Lr- [] Porsr- E.
k=3 k=2
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Theorem 7. Let (Fk)kZO,FO =0, =1,Fiyo=F;+ Fry+1,Vk €N;

A= (aij)1<i<m, B = (bir) 1<j<n , C = (Crs)1<rs<m, @ij = Fj - bjr = F,

1<j<n 1<k<m o
ers = F2_ 1 ,Vi,k=1,m,Yj =1,n and E = (ers)1<r,s<m, €rs = 1,Vr,s = 1,m.
For p, ¢ positive integers, then (A - B)? - C? = mp*IFﬁFﬁngilngﬁll,Vp, q € N*,

Proof. We have:

F, F, ... F, F F ... F F2 F2 ... F2
AP B R, |B R B o |FAL Fi, F2_,
F, F, ... F, F, F, ... F, F2 F?2 ... F?

Then, A- B = (ZZ_1 F,?)E = F,F,1E, so,

(1) (A-B)Y = FPFY | EP = mP 'FPFY | F

n* ntl
Also, we have E-C = (Z?_l F,f) E=F,F,1E, so
(2)

ECY = (EC)CT ' = FyFp1 ECT ! = F,Frp 1 (EC)CT % = F2F \ECT? = ... = FLF!

m=- m—+1

By (1) and (2) yields that (A - B)? - 04 = mP~ ' FPFS FPH I B ovp g e N*. O

m

Theorem 8. Let (Fk)kZO,FO =0,F = 1,Fk+2 = Fp + Fk+1,A = (aij)1§i7j§n,
B = (bij)i<ij<n, C = (Cij)i<ij<n, aij = Fj,bij = Fiyciy = FJ ), Vi, j = Tn and o
is a permutation of the set 1,2,...,n. For m,n positive integers and
E= (eij)lgi,jgn»eij = ].,VZ,] = ].777117 then

(A-B)™.CP =n™ 'FPETAPE Y, p € N*.

Proof. We have:

P F
P F

R ]
F, B ... K

&=
=

A:
R F ... F, F, F, ... F,

2
c— | foe
o »
F2. F2.. ... FZ,

o(n)

Then A-B = (Y}_, F})E = F,,F, 11 E, so,
(1) (A-B)" = F'F\ E™ =n™ "' F'F L E

Also, we have E-C = (}.}_, FZ)E = F,,F, 11 E, so,

(2)
EC? = (EC)CP™! = F,F,, (1 ECP™! = F,F,, 11 (EC)CP™? = F'F2 |ECP™* = ... = FPF?

n*ntl

By (1) and (2) yields that (A - B)™ - CP = n™ L F*PF" PE ¥Ym,p € N* O

E

E
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Theorem 10. Let (Fy)g>0,Fo = 0,F1 = 1,Fyro = Fj, + Fy41,Yk € N and
A = (aij)1<ij<n: B = (bij)i<ij<n, C = (¢ij)i<ij<n, aij = Fj, bij = Fi,
cij = F2_;,1,Vi,j = 1,n. For m,n positive integers and E = (e;;)1<i j<n then
(A-B)™-CP =nm L EM+PEAPE Ym,n € p € N*.

Proof. We have:

Fl F2 Fn Fl F1 . Fl
A— F F F, B_ FR B ... F
F, F, ... F, F, F, ... F,
7R F
C = Fn—l Fn—l Fn—l
Fry Fi, Fry
Then, A- B = (ZZ_I FkQ)E = F,F,1E, so,
(1) (A-B)" =FlEl E™ =n™"'F"E"E
Also, we have E - C = (EZ—1 Fg) E=F,F,1E, so,
(2)
EC? = (EC)CP™' = FF,, (1 ECP™" = F\, Fo (EC)CP? = FLF2 \ECP > = ... =FlFY | E
By (1) and (2) yields that (A- B)™ - C? = n™ ' FP*PF" PE ¥m,p € N*. O

Theorem 11. Let (Fk)kszO =0,F = 1,Fk+2 = I+ Fk+1,Vk € N and
A = (aij)i<ij<n: B = (bij)i<ij<n, C = (cij)i<ij<n, aij = Fj, bij = Fi,
cij = F2_, 1,Vi,j =1,n. For m positive integers and E = (€;;)1<; j<n,
eij =1,Yi,j =1,n, then (A-B)"-C = nm_lF;”‘HFgfllE,Vm,p e N*,

Proof. We have:

F, F, ... F, P B ... F
A— F, F ... F, B= Fr ... F
R F .. F, F, F, ... F,

F2  F2 ... F?

O AP

P2, OFR, L EE

Then, A- B = <Z:1 F,?)E = F,F,11FE, where we've used the well-known
Zlekz :FnFn-‘rla S0

(1) (A-B)™ = FI'FI E™ = 0" ' F L E

(2) Also, we have E-C = <Z F,f) E=F,F, E
k=1
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By (1) and (2) yields that (4-B)™ - C = ™ 'F I E B Ym, p € N*. O

Theorem 12. Let (Fi)g>o0,Fo = 0,Fy = 1, Fyyo = Fj, + Fry1,Vk € N and
A= (aij)1<ij<ns B = (bij)i<ij<n, C = (Cij)i<ij<n, aij = Fj, bij = Fy,
¢ij = Fpi_1,Vi,j = 1,n. For m,p positive integers and
E = (eij)lgi’jgn,eij = ].,Vl,j = 1,7, then
(A-BM.CP =nmtFME™  F}) E.Vm,p e N*.

Proof. We have:

F F, ... F, P F ... Fi
A F, Fy ... F, B F, Fy ... I
F F .. F, F, F, .. F,
Fi Fi Fi
C = 3 F Fs
Fon1 Fon1 oo Fopa
Then, A-B=(>)_, F? |E = F,,F,,11 E, so,
(1) (A-B)" =FE'F) \[E™ =n™ 'F"F" | E

Also, we have E - C = <22—1 Fop—1 | E = Fon E, so,
P

(2) ECP = (EC)CP™' = Iy, ECP™' = ... F}) E
By (1) and (2) yields that (A-B)™-CP =n™ 'F™F™  F) E,Vm,p € N*. O
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