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1. In AABC:
bc_i_ca,_i_ab<9R2
al, bl cl, — 28
Proposed by Mehmet Sahin - Ankara - Turkey
Proof.
2b A
Using l, = Fcc cos B we obtain:

1 1 _ b+e _2R(SinB—|—sinC)_R~2SinB%CcosBch_
ale  a- bzicc cos 4  2abc - cos 4 ~ 2abc - cos 4 B 4RS - 4 B
R-2cos 4 cos B¢ cos B2C bc be - cos B¢
_ 2 2 _ 2 h e _ 2
4RS - cosg 25 ¥ erefrom alg 28

<1 and Zbc < Za2 < 9R? (Leibniz’s inequality), it follows:

be be - cos B=< be 9R?
2, cX a5 <235 95

Equality holds if and only if the triangle is equilateral.

Because cos

Remark.

Let’s emphasises an inequality having an opposite sense.
2) In AABC:
bc ca  ab 18r
oy T s
al, bly c. ~ s
Proposed by Marin Chirciu - Romania

Proof.
be b cos B5E
Using aTCa = % we obtain
be bc - cos —B;C 1 B-C
(1) Zaila:272s :gaC'COS 5
B-C 2424 2R
With means inequality and abc = 4R.S, Hcos 5 = St ;R—; i we obtain:

B-C 3 B-C 5 B-C
. > g/ } Y 2 —
E bc - cos 5 _3\/Hbc cos — 3\/(abc) Hcos 5
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(2)

: 24+r2+2R
= 3{/(4RS>2 % 3\/25 r2(s2 +r2 + 2Rr) > 3\3/(127,2)3 — 31272 — 3672

Weve used above s*> > 16Rr — 512 (Gerretsen) s > 3rv/3 (Mitrinovic)
and R > 2r (Euler). From (1) and (2) it follows the conclusion.
Equality holds if and only if the triangle is equilateral.

Remark.
We can write the double inequality:
3) In AABC:
18 bc oo, ab 9R
s “al, bly .~ 28
Proof.
See inequalities 1) and 2).
Equality holds if and only if the triangle is equilateral.
Remark.
The double inequality can be strengthened:
4) In AABC:
2V/3 < ca ab _2(R+r)?

— 4+ =<
+blb+clc_ S

Proposed by Marin Chirciu - Romania

Proof.

b
Inequality from the left side: Tc + % + T > 2v/3 it follows from:
b c

(1) The proof of 2) implies Z ci)l 2 55 \/28 r2(s%2 +r2 + 2Rr)

(2) Then % {/252r2(s2 + 12 + 2Rr) > 2V/3

& 33/252r2(s2 +r2 + 2Rr) > 4rsV/3 &

& 27-25%%(s2 + r2 + 2Rr) > 647°5° - 3v3 = 9(s® + r2 + 2Rr) > 32rsV/3
which follows from Doucet’s inequality 4R + 1 > sV/3. It remains to prove that:
9(s* + 72 + 2Rr) > 32r(4R + 1) < 9s* > 110Rr + 2312,
true from Gerretsen’s inequality: s> > 16Rr — 512 and Euler’s inequality R > 2r.
It suffices to prove that:

9(16Rr — 5r?) > 110Rr + 2312 & R > 2r
be
From (1) and (2) we obtain . + % l > 2V/3.
b c

be b 2(R 2
Inequality from the right side: — + «“ + d < M

alg bl cle S

The proof of 1) implies:
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be be - cos B5¢ be
1 - = - " 2 <« -
M) DT a5 =233
With identity Zbc = 412 +4Rr and Gerretsen’s inequality s> < 4AR?*+4Rr+3r% we have:

(2)
> be=s"+1* +4Rr <AR®+4Rr+3r° 41> +4Rr = AR* + 8Rr+4r° = 4(R+7)’

bc ca ab 1 2(R+r)?
F 1 2 — <—-4 Ly
rom (1) and (2) it follows — ol + i + — 4 =35 (R+7) 5
O
Equality holds if and only if the triangle is equilateral. O
Remark.
The double inequality 4) is stronger than 3).
5) In AABC:
18r ca ab _2(R+r)® _9R?
<3< — 4y DT o7
<2v3 al Tw, a7 s S8

Proposed by Mehmet Sahin - Turkey, Marin Chirciu - Romania
Proof.
See 4), Euler’s inequality R > 2r and Mitrinovic’s inequality s > 3rv/3.

Equality holds if and only if the triangle is equilateral.
O
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