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SP.157. Let ࢌ: [૙, +∞) → [૙, +∞) a derivable function and ࢇ > 1. If  

(࢞)ࢌ)(࢞)ᇱࢌ + ૛࢞ + ૛࢞ + (ࢇ = ૚,∀࢞ ≥ ૙ then: ࢞ܕܑܔ→ஶ  exists and it is (࢞)ࢌ

finite. 

Proposed by Marian Ursărescu – Romania  

Solution by Tran Hong-Vietnam 

(࢞)ࢌ)(࢞)ᇱࢌ + ૛࢞ + ૛࢞ + (ࢇ = ૚ 

⇒ (࢞)ᇱࢌ > ݔ∀	0 ≥ 0  (because (࢞)ࢌ ≥ ૙	∀࢞ ≥ ૙,ࢇ > 1) 

⇒ (࢞)ࢌ ↗ on [૙, +∞) 

⇒ ାஶ→࢞ܕܑܔ (࢞)ࢌ = ࢒ ∈ [૙, +∞) or ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞. 

If ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞ ⇒ ାஶ→࢞ܕܑܔ (࢞)ᇱࢌ = ାஶ→࢞ܕܑܔ
૚

ࢇା࢞૛ା૛࢞ା(࢞)ࢌ
= ૙ 

⇒ ࢻ∃ > 0: 0 < (࢞)ᇱࢌ ≤
૚

૛࢞ + ૚	
࢞∀) ≥  (ࢻ

⇒ ૙ < නࢌᇱ(࢚)
࢞

૙

࢚ࢊ ≤ න
૚

૛࢚ + ૚

࢞

૙

 ࢚ࢊ

⇒ ૙ < −(࢞)݂ (ࢻ)ࢌ ≤ −(࢞)૚ିܖ܉ܜ  (ࢻ)૚ିܖ܉ܜ

⇒ (࢞)ࢌ ≤ (࢞)૚ିܖ܉ܜ + (ࢻ)ࢌ −  (ࢻ)૚ିܖ܉ܜ

⇒ ܕܑܔ
ାஶ→࢞

(࢞)ࢌ ≤
࣊
૛ + −(ࢻ)ࢌ  (ࢻ)૚ିܖ܉ܜ
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which is contrary with ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞. 

So, we have ࢞ܕܑܔ→ାஶ (࢞)ࢌ = ࢒ ∈ [૙, +∞). Proved. 

 


