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1 Introduction
One way to describe a sequence is to list a few terms and to specify a rule
to construct the other terms of the sequence. For example the sequence (xn)
defined by xn = n for each n can be given by x1 = 1 and for each n ≥ 1 define
xn+1 = xn + 1. Of course one can give a trivial rule such as am+1 is the term
succeeding am in the sequence (an), but that’s useless and doesn’t carry any
sense. It is more interesting (and often very challenging1) to find such a non
trivial rule. Such a rule of giving the next terms of a sequence in terms of the
earlier terms is called a recursive definition of the sequence.
In this paper, we shall discuss about the Fibonacci sequences which is a particu-
larly interesting example of linear recursive sequences.
A sequence (an) is said to satisfy the linear recurrence with coefficients ck, ..., c0
if

ckan+k + ck−1an+k−1 + ...+ c0an = 0

for each n for which the above terms make sense.
If ck 6= 0 and c0 6= 0 then the sequence (an) (as above) is called a linear recursive
sequence.
And the number k is called order of the linear recurrence.
The Fibonacci recursion is given by fn+2 − fn+1 − fn = 0 for each positive
integer n.

2 Fibonacci Recursion
A sequence (fn) is said to satisfy the Fibonacci recursion if

fn+2 = fn + fn+1

1For instance a non trivial rule to construct the sequence of prime numbers from just
a few prime numbers is yet to be found, and this is one of the main problems on which
mathematicians are working for more than a century but the results developed till now are far
from being sufficient to resolve this problem.
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for each n for which the above terms make sense.
Note that, if (fn) satisfies the Fibonacci recurrence then it is uniquely determined
by the values of f1, f2.
One can extend the sequence to include the terms f0, f−1, f−2, ... by defining
them to be such that the Fibonacci recursion is satisfied.
The Fibonacci sequence is the sequence (Fn) defined by F1 = 1, F2 = 1 and
Fn+2 = Fn + Fn+1 for each n.

Note that if, (fn) and (gn) be sequences which satisfy the Fibonacci recur-
rence then for each real number a, b the sequence (afn + bgn) also satisfies the
Fibonacci sequence.
Further note that, if any sequence (qn) satisfies the Fibonacci recurrence then,

qn+2 = qn + qn+1 for each n

and thus q = 0 or q2 − q − 1 = 0.
The latter yields,

q ∈ { 1+
√

5
2 , 1−

√
5

2 }

The number 1+
√

5
2 is called the “Golden Ratio” and denoted by φ.

If we denote 1−
√

5
2 by ψ then, it follows that, for all real numbers a, b the sequence

(aφn + bψn) satisfies the Fibonacci recurrence equation.

Let us see for what values (if any) values of a, b we get the Fibonacci sequence.
From F1 = 1, F2 = 1 it follows that a = 1√

5 and b = − 1√
5 .

This gives us the Euler-Binet’s formula for the Fibonacci numbers as : Fn = φn−ψn

√
5 .

Now, here is an interesting property of Fibonacci sequences (which applies
to a much general class of linear recursive sequences).

Theorem: Let (fn) be a sequence that satisfies the Fibonacci recurrence equa-
tion and let a, b be integers with b > 0 such that for some n we have
fn ≡ a (mod b). Then there must be infinitely many m for which
fm ≡ a (mod b).
Proof: If we extend the sequence (fn) indefinitely modulo any non zero number
b, then we just get a sequence that consists of a finite sequence repeated again
and again. Hence, since fn ≡ a (mod b), we have a m > n for which
fm ≡ a (mod b). Thus we end up with infinitely many such m ’s. �

Exercise
Show that there are infinitely many Fibonacci numbers that end with 9999.
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3 Fibonacci Counting
The Fibonacci recursion appears as a useful tool in dealing with combinatorial
problems too. This is best illustrated by an example.

Problem
Alison is a big fan of chocolates. On her birthday she is given n bags each
containing one fruit and nut chocolate and one dark chocolate. She picks up
chocolates at random from each bag. Find the probability that she does not pick
dark chocolates from any two consecutive bags.

Solution :
First note that the total number of ways to draw one chocolate from each bag is
2n.
Now, call a sequence of k choices “good” if it does not contain any two consecu-
tive dark chocolates. So basically we need to find the number of good sequences
of length n. Let for each k we denote the number of good sequences of length k
by xk.
Note that, if the last chocolate in a good sequence of length n is a dark chocolate
then, the second last one must be a fruit and nut chocolate and the remaining
n− 2 length sequence has to be a good sequence of length n− 2. And if the last
chocolate in a good sequence of length n is a fruit and nut chocolate then the
remaining n− 1 length sequence has to be a good sequence of length n− 1.
This gives us, xn = xn−1 + xn−2 for each n ≥ 2.
This is the famous Fibonacci recurrence equation.
Further we notice that, x2 = 3 and x3 = 5.
This gives us, xn = Fn+2 for each positive integer n. Here, Fn denotes the n
-th Fibonacci number.
So, the required probability is

Fn+2

2n .

This completes the solution � .
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