The beauty inside of Inequality

Preface:

Inequality is one of the nicest and hardest major parts of Mathematics, because of its
appearance in Math contests; and also it requires a solid knowledge to solve a inequality
problem. But because of the elegance, Inequality attracts lots of student generations
joining in solving and creating more. To maintain the passion and creativeness, many
sites and forums nowadays have shared lots of topics and documents of inequality for
everybody, but it’s still intricate and not arranged entiringly.

Maybe many people will consider that studying Inequality is boring, since its large
amount of knowledges and complex presentation of that amount of knowledges,
especially upper secondary high school and higher. But | will demonstrate carefully and
clearly for everyone through this document file, so everyone can realize how beautiful
inequality is and its application.

This file that | make is based on documents of many teacher in Vietham and around the
world, such as: Tran Quoc Anh, Nguyen Van Mau, Pham Kim Hung, Vo Quoc Ba Can,
Vasile Cirtoaje,... | spent lots of time to complie the file so if there's a mistake, hope
everybody can understand and give me a feedback because my knowledge is limited. All
feedbacks can be sent to the following email: thinh06032001 @gmail.com or Facebook.

Thank you very much! :)

--- Do Huu Duc Thinh ---


mailto:thinh06032001@gmail.com

Season 1: Some old and modern techniques of Inequalities in Math contests

In this season, | will state again some inequalities and basic techniques that are useful to
find the solution of proving the inequality and solving Min-Max problems. Also | will add
more lemmas with inferences and developments (specifically the pink one) so everyone,
especially students, can find a nice way to solve the inequality.

I. Inequalities can be proved by equivalence:

2
1) a’+b’ Z@ >2ab (Basic BCS inequality for 2 numbers)

2 2
a +b Za+bz\/—22ab 2

- a = (Basic RMS - AM - GM - HM inequality for a,b >0)
2 2 a+b l_l_l
a b
2 2
- ath @ +b <a+b- with a,b >0 such that a +b >0

2 2 a+b

(a+b+c)

2)a> +b* +c° = >ab+bc +ca

*3(a’b® +b’c* +c*a’) =(ab +bc +ca)’ >3abc(a+b +c¢)

H
*E+ﬁ+a_b 2\/3(a2 +b*+c*) =a+b+c 2\/3(ab +bc +ca) for a,b,c >0
c

3)a* +b* +c* =2ab +2ac- 2bc

N a’ +b’ +c’ =3abc Va,b,c such that a+b+c =0 (special case: a,b,c =0 - Cauchy's inequality for 3
non - negative numbers)

5)(a®> +b*)(c* +d*) =(ac +bd)* (Basic Bunyakovsky's inequality)

6)a’ +b’ >ab(a +b) Va,b such that a+b >0

— 4’ +b’) =(a+b)’ =4ab(a+b) for a+b >0

a’+b’ 2ab

=a+b-
a+b a+b

N 2(a® +b* - ab)’ =a* +b* >2ab(2a’ - 3ab+2b*)Va,b— \a’ - ab+b* > with a+b #0

T Zarh) with real numbers a,b such that ab >0 (special case: a,b>0)
a a+

b 3
9) - +—5 > with a,b,c >0 (Nesbitt's inequality) — This is even true for real numbers a;b;c
b+c c+a a+b

such that ab +bc +ca > 0.

10)(a +b)(b +c)(c +a) Zg(a +b+c)(ab+bc +ca) =8abc for a,b,c =0.

xabc >(b+c- a)(c+a-b)a+b- c) for a,b,c are sides of a triangle.
H
x(a+b+c) =27abc for a,b,c =0 (Cauchy's inequality for 3 non - negative variables)
2 2 2
1y Ll larh)
X oy x+y

with x,y >0 (Basic Bunyakovsky Cauchy - Schwarz inequality)

2 2

* Also, from this inequality we have the chain :%+b— >\2(a’ +b*) =a +b >2+ab for a,b >0.
a

<* 2(ax +by) =(a +b)(x + y) =2(ay +bx) with a =b, x >y (Basic Chebyshev's inequality)

*3(ax+by+cz) =(a+b+c)(x+y+z)=3(az+by+cx) with a>=b >c, x >y >z
13) a’b+b°c+c’a =ab® +bc” +ca® with a >b >c
xMore general : a"b+b"c+c"a =ab" +bc" +ca" for a=b>c >0, ne”Z”
14)2(a" +b") =(a* +b")(a” +b”) with a,b>0; x,y,n€Z" : x+y=n—- a"" +b"" =a".b" +a".b" for a,b >0, m,n€Z"”
% ! with real numbers a,b: a*> +b*> > 0.

16) \/a2 +b’ +\/c2 +d’ Z\/(a +c¢)’ +(b+d)* (Basic Minkovsky's inequality)

17%) 12+ 122
(a+1)” (b+1)" ab+1

15) a® +ab + b 2%(a+b)2; a*- ab+b’ 2%(a+b}2 Va,h — 3>

(Y
w

with a,b >0 (The equality happens iff a =b =1)



N
+a> 1+b° l+ab

18) Consider f(a;b) 21 with a,b > 0. If ab =1 then f(a;b) =0; if ab <l then f(a;b) <0.

1 N 1 -
at-1 b*-1 ab-1

20)(a’> +b* +c*)a+b+c) =3.max| a’b+b’c+c’a; ab® +bc’ +ca2} with a,b,c >0

21 (a* +b° +c*) =(a+b+c)a’b+b’c+c’a) Va,b,c>0

22) i~ b +-C 232 b +— S v itha=b>c>0
a+b b+c c+a 2 a+b b+c c+a

23*)(a’ +b° + %)’ 23(a’b+b’c+c’a) (Vasile's inequality)
Lot X ithx=0- s L s b 23 v pe20:avb4e =3

1+x 2 l+a” 1+b° 1+c 2

25)(a+b+c)’ =a’ +b’ +¢’ +24abc Va,b,c >0

19) with a,b >1

24)

Il. Some familiar Inequalities, lemmas and techniques: (ascending by higher level)

a) For junior - early-senior:

2 2 2
a’ +a,+..+a. _a +a,+..+a n , ,
1), [——2 no>1 72 L >ilaa,...a, = with a, >0 Vi =1;2;..;n and n€Z"*, n =2
n n LI
a a a
1 2

(RMS - AM - GM - HM inequality for n positive numbers)

— If x;x,;...;x, are positive real numbers that x, +x, +...+x, =1 then with same condition for a, we have:

n

ax, +a,x, +..+a,x, =a,".a;’...a,” (Weighted AM - GM inequality)
2) For real numbers a; b, (i =1;2;...;n) we have:(al2 +a; +...+a}f)(b12 +b; +...+bf) >(a,b, +a,b, +...+anbn)2

2 i (a+a,+.+a)

2
(Cauchy - Schwarz inequality) — Q% s

Vb, >0
b b, b, b+b,+...+b,
X, x) X2, x
i e I e 2\/71()612 +Xx; +...+x§) >x, +x,+..+x, Vx>0
X X Xy 4
xIf b, =zb, =...2b, then:n(ab, +a,b,+..+ab )=(a +a,+..+a )b +b,+...+b))
3)Let a, za, =... 2a,.
xIf b <b, <...<b, then:n(ab +ab,+..+ab ) =<(a +a,+..+a )b +b,+..+b )

(Chebyshev's inequality)
4 If x;; =20 (i =1;2;...;n, j =1;2;...;m) then we have:

m
(X X, ot ), F X, +o+ X)) (X, +X,, ..+, ) Z( r\"/xl.lxz.l"'xm.l +r\”/x1.2x2.2'"xm.2 +"’+<1/xl.nx2.n"'xm.n )

(Holder's inequality)
2
Ex:x(a+b)(c+d) >(Nac +vbd) Va,b,c,d >0

3
*(a+b+c)(m+n+p)x+y+z) Z(Q/amx +i/bny +i/cpz) Ya,b,c,m,n, p,x,y,z =0

m m m
*a—1m+a—2m+...+a—”m Zﬂ+a—2+...+a—” for a.>0( =1;2;..;n); m€Z", m =2
a, 4, a 4, 4, a,
a' +a,+..+a _a +a,+..+a
— *’\l/ L2 = n > 1 32 " n with same condition (Power Mean Inequality)
n n
11 1 n’ 11 1 n""!
XK—+—+.+—= = for a, >0 (@ =12,.;n)—> —+—+..+—2= -
a, a a, (a +a,+..+a)) a, a, a (a,+a,+..+a))

— Let a, and b, >0 (i =1;2;...;n) and real p,q >0 such that p+q = pq. Then we have:
1 1
(af’ +a; +...+a,f)P .(bl" +b] +...+bnq)‘1 >ab, +a,b, +...+ab, (General Holder's inequality)

5)Let a,, b, >0 (i =1;2;..;n) and any k >1. Then we have: (a +b)(a5 +b})...(a" +b") Z’{/(a1 +a,+..+a) +(b +b, +..+b )"
(Minkovsky's inequality) — similarly for 3 variables a,,b,,c, > 0.
*(1+x)" =1+xr for r 21 and r <0 o .
6) For any x >-1 we have: (Bernoulli's inequality)
*(1+x)" <l+xr for 0 <r <1
7) For any positive integer m and a,b,c >0 we have:a" (a- b)(a- c)+b"(b- c)(b- a)+c"(c- a)(c- b) =0
(Schur's inequality) — This is also true for real m =1 and equality happens iff a =b =c or (a;b;c) ~ (0;k; k) with k > 0.



A Case m =1 - Schur deg 3: All forms: (p,q,r will be discussed in later part)
xa’ +b’ +c +3abc >ab(a+b)+bc(b+c)+ca(c+a)— (a+b+c)’ +9abc >4(a+b+c)(ab +bc +ca)
9abc

a+b+c
* abc >(b+c- a)(c+a- b)a+b- c) Well - known result)

*x(b-c)(b+c-a)+(c- a)’(c+a- b)+(a- b)Y (a+b- c)=0

>0<3(a3 +b’ +c3) Z(cz+b+c)[2(az+b2 +c2)- ab- bc- ca

—a +b+c* +

>2(ab +bc+ca)— (a+b+c)(a® +b* +c* +ab+be +ca) =3[ ab(a+b) +be(b +c) +ca(c +a)|

*x4(a’ +b> +c’)+15abc =(a+b+c)
a_ ., b c dabc

* + + >2
b+c c+a a+b (a+b)b+c)(c+a)
*ﬁ+é+£+3 2a+b+c+l+l+l for a,b,c >0:abc =1.
c a a b c

* (azb+bzc+cza)(ab2 +bc? +ca2) Z(a2b2 +bc? +cza2)(ab +bc +ca)

A Case m =2 - Schur deg 4: All forms:

xa*+b*+c* +abc(a+b+c)=ab(a’ +b*)+bc(b® +c*)+ca(c’ +a*)— a* +b* +c* +2abc(a+b+c) =(a’ +b* +c*)(ab +bc +ca)
6abc(a+b+c) _ 9abc

a’*+b*+c* +ab+bc+ca a+b+c

*| (b= ¢)b+c- a)]” +](c- a)c+a- b)| +[(a- b)a+b- ¢)|’ =0
— Let a,b,c,x,y,z 20. Then we have:x(a- b)a-c)+y(b-c)b- a)+z(c- a)(c- b) =0 iff a=b=>c and :
xx>y' z=y * ax +cz =by

X x+z=y *\/;+\/;Z\/;

x ax >by" cz =by

*x 2(ab+bc+ca)- (a° +b° +c*) <

(General Vornicu - Schur inequality)
1 1 1 9
2 + 2 + 2 =
(a+b)” (b+c)” (c+a) 4(ab+bc+ca)

9) (a” +b*> +c°)’ 23(a’b+b’c+c’a) (Vasile's inequality) — The equality happens iff a =b =c and also for

for a,b,c =0, no 2 of which are 0. (Iran 96 inequality)

., 4 .22 :
(a;b;c) =| k.sin’ Tﬂ;k.sm2 Tﬂ;k.sng or any cyclic permutation.

10) Let a, and b, (i =1;2;...;n) such that

x a, =2a, 2...za, =20, b, =b, =... =2b, =0

x a, =b;a +a, =b +b,;..;a, +a,+...+a,_, =b +b, +..+b |
x a,+a,+..+a _,+a =b +b, +..+b _ +b

For x, 20 we have:Zlexgz...xZ” ZZxﬁlef...xZ”, where (t;t,;...;t,) are all the permutations of (1;2;...;n)

sym sym

(Muirhead's inequality)
Eg:a’ +b’ =ab(a+b)— a’b’ +b’a’ >a’b' +4'b’
a’+b>+c> 2ab+bc+ca— a’b’ +b’c” +c*a’ =a'b' +b'c' +c'd
a*+b* +c* zabc(a+b+c)— a'b’c’ +b*c’a’ +c*a’b’ =a’b'c' +b’c'a' +cfa'd!
b) For senior and higher classes: (it's very hard to express the real form of these inequalities so | will
try my best.)

1) xIf G 2y ... 24, b 2b, .. 2b, and (k;;k,;...;k,) is an arbitrary permutation of (1;2;...;n)
a, <a, <...<a,; b <b, <...<b, !
then:ab +a,b, +...+a,b, za,b, +a,b_+...+a,b, .

xIf a, >a, >...>a, and b <b, <...<b, then:ab, +a,b, +...+ab, <ab, +c1215k2 +..+a,b ;
nlab +ab, +..+ab,) <(a +a,+..+a,)(b +b, +..+b,)
(Rearrangement inequality)
2) xConvex function: If a,b =0 such that a +b =1 then f(x) is called a convex function on I(a;b) < R iff Vx;x, €1
we have: f(ax, +bx,) <a.f(x,) +b.f (x,)

*Concave function If a,b =0 such that a +b =1 then f(x) is called a concave function on I(a;b) < R iff Vx;x, €l

we have: f(ax, +bx,) =a.f (x,) +b.f (x,)



xIf f(x)is a convex function on interval I < R then for any x, €1 (i =1;2;..;n) we have:

+ +..+
Sf(xl) f(xz) f(x”) (Classic Jensen's inequality)
n

X, 4 X, X

f

n

xIf f(x)is a convex function on interval I < R then for any x, €1 (i =1;2;..;n) and p, >0 we have:
plf(xl) +p2f(x2) +"'+pnf(‘xn) > | PPNt DX,

ptp,+..+p, B ptp,t...+tp,
And if f(x)is a concave function then the inequality is reversed. (General Jensen's inequality)

— xIf f(x)is a convex and continuous function on interval I < R then for any x, €1 (i =1;2;..;n)

and p,€(0;1) such that p,+p,+...+ p, =1 we have:p,f(x,)+p,f(x,)+..+p f(x ) =f(px +px,+..+px )
And if f(x)is a concave function then the inequality is reversed.
*The classic inequality is a special case from the general one with p, =p, =...=p
xLet a, and b, (i =1;2;...;n) €1 (I < R)such that :

a, za, =...za,; b =b, >... b,

a, =2b; a +a, b +b,;...;a,+a, +..+a,, =b +b,+..+b |

n

_ata,+.+a _,+a =b +b,+..+b _ +b

If f(x)is a convex function on I then we have:f(al) +f(a2) +...+f(an) Zf(b]) +f(b2) +...+f(bn)
(Karamata's inequality)

xIf f(x)is a convex function on I C R then for a,€1 (i =1;2;..;n) we have:

a +a,+..+a,

fla)+f(a,)+..+ fla,)+n(n-2)f

>(n- D[ f(B)+ /(b)) +...+ £(b,)]

_a,+a,+..+a,

i

n-l_ n-1

where b, + (i =1;2;..;n) (Popoviciu's inequality)

3) Define p =a+b+c, g =ab +bc +ca, r =abc with a,b,c are any real numbers. If k =/ p” - 3q then we have:
p’-3pk’- 2k - <p3- 3pk® +2k°

= =

27 27
— The minimum and maximum happens iff 2 of 3 variables a;b;c are equal.

4) x Let f(a;b;c) be a symmetric polynomial of degree 3 with a,b,c =0. Then: f(a;b;c) >0 <
f(L1;1); £(1;1;,0); £(1;0;0) =0 (SD3 theorem)
*xLet f(a;b;c) be a cyclic homogeneous polynomial of degree 3 with a,b,c >0. Then: f(a;b;c) =0
< f(1;1;1) =0; f(a;b;0) =0 (CD3 theorem)
— Let f,(a;b;c) be a cyclic homogeneous polynomial of degree n (n =3;4;5) with a,b,c >0. Then
filab;e) 20 & £ (a;1;1) 20 and f,(0;b;c) =0.
5)(S.0.S technique) Define S =S,.(b- c)> +S,.(c- a)’ +S_.(a- b)*, where S ;S,;S. are functions with variables a;b;c.
Then S =0 iff :
*S;58,;S8 =0
xa=bz=c S, 20;§,+§, =0;S, +S, =0
xa=bz=>c; S, =0;S, =0; S, +2§, =0;S,+2S5, =0
xa>b>c; S, >0;S >0;a.S, +b°.S, >0
xS +S5,+S 20,5, +S,5.+S5.5, =0
— Consider f(a;b;c) =P(a- b)*+Q(a- c)(b- c) >0 (¥)
xIf f(a;b;c) is symmetric then to prove (*) is true, we assume that a >b >c or c Zmin{ a;b;c} or ¢ Zmax{ a;b;c}

and prove that P,Q >0.
[

xIf f(a;b;c) is cyclic then to prove (*) is true, we assume that ¢ =min| a;b;c} or ¢ =max a;b;c} and prove that P,Q >0.

(S.S technique)
c) Some identities:

(*) Some useful identities in inequality that can be proved by S.0.S, S.S technique:




2.4 b _(a-b)2
ab

) a®>+b*- 2ab =(a- b)*;—

Y (a-a)

I<i<j=<n

\/n(af vai+.+a’) +(a, +a, +..+a)

— \/n(af+a22+...+aj) -(a,+a,+..+a) =

For n=2:\2(a> +b") - (a+b):\/z(2(7:f))i +b
a a

(a- b)Y’ +(b- )’ +(c- a)’ , (a- b)’ +(a- c)(b- c)
\/3(a2+b2+cz)+(a+b+c) \/3(a2+b2+cz)+(a+b+c)
9:(a-b)2_|_(b-c)2_|_(c-a) _2a- b)

ab bc ca ab

For n=3:\J3(a’ +b* +c*) - (a+b+c) =

1 1 1
_+_+_ -
a b c

(a c)(b- c)

— (a+b+c)

ClC
2)(a+b+c)’ - 3(ab+bc+ca) =a* +b> +c* - (ab +bc +ca) :%[(a- by’ +(b- )’ +(c- a)’| =(a- b)’ +(a- c)(b- c)

3)a’ +b’ - ab(a+b) =(a+b)(a- b)’

a , b ¢ 3_ (- c)’ L (e a)’ L la- b)? _ (a- b)*  la+b+2c)a- c)(b- o)
b+c c+a a+b 2 2a+b)a+c) 20b+c)b+a) 2c+a)c+b) (c+a)c+b) 2a+b)b+c)(c+a)
— 3@ +b +c)- (a+b+c)a’ +b* +c®) =(a+b)a- b))’ +(b+c)b- c) +(c+a)(c- a)’
=2(a+b)(a- b)>+(a+b+2c)(a- c)(b- ¢)
4)(a+b+c)(ab+bc+ca)- 9abc =(a+b)(b+c)(c+a)- 8abc =a(b- c)* +b(c- a)’ +c(a- b)’
=2c(a- b)* +(a+b)(a- c)b- c)

-

5)a® +b +¢ - 3abe :l(a+b+c)[(a- by’ +(b- ¢) +(c- a)’| =(a+b+c)|(a- b) +(a- c)(b- o]

6)%+§+2-3 6abc[(a bY'(Ge+a- b)+(b- )’ Ba+b- c)+(c- a)’(3b+c- a)] (“abb) ("'Czib"')
DTS rprg D O L b 2 e o
c a b c a a

8)a’ +b’ +c’ +3abc- ab(a+b)- be(b+c)- ca(c+a) Z%[(b+c- a)b-c) +(c+a- b)c-a)’ +(a+b- c)a- b)z]

=(a+b- c)a- b)Y +c(a- c)b- c)

a b

l

9)E a+£- (a+b+c) = Sy cl(b c)’ [(b+c)2+a2]+(c-a)z[(c+a)2+b2]+(a-b)2[(a+b)2+czh
:(a+b) +c° (a- b) + _+(a+c)(b+c) (a- c)(b- o)
abc c abc
a b ) 1 , [b 1 Covalell 0
10)?+?+;-(a +bh* +c%) = Z+E (a- b)" + z+§ (b-c) + Z+§ (c- a)

1) a* +b* +c* +a’b> +b*c* +ca’ - a(b’ +c°)- b(c’ +a’)- c(a’ +b°) 2%[(612 +b°)a- b)Y +(b” +c*)b-c)’ +(c* +a’)(c- a)z]
=(a’ +b*)a- b)Y’ +(a’ +ab+b* +c*)a- c)(b- c)

(**) More identities: Actually the first nine identities are rare, so just consider the identity 10 onwards:

a+bc b+ca b+ca c+ab c+ab a+bc )
+ + =a+b+c-1 with a #b #c

1) x

b-¢ ¢c-a c¢-a a-b a-b b-c

a- bc b-CG+b'Ca c-ab+c-ab a- be =-a-b- c-1with a #b #c

b-c¢ c¢c-a c¢-a a-b a-b b-c
a-b+b-c+c-a_(a-b)(b-c)(a-c)
a+b b+c c+a (a+b)b+c)a+c)

a+b+b+c+c+a _a(b- ¢)’ +b(c- a)’ +c(a- b)’

2) *

_ with a #b #c
a-b b-c c-a (a-b)b-c)a- )
3)*a+b'b+c_|_b+c.c+a_i_c+a"""b =-1 with a #b #c
a-b b-c¢c b-cc-a c-aa-b
- b-c+b'C c-a c-a a-b - [a(b-c)2+b(c- a)2+c(a-b)z]

a+b b+c b+c cta c+a a+b (a+b)b+c)(c+a)



a’+bc b*+ca b*+ca ¢*+ab c*+ab a’+bc  , .,
4) x : + } + . =a +b +c
b+c c+a c+a a+b a+b b+c
a’-bc b*-ca b*-ca ¢*-ab c¢*-ab a*- be
X . + . + .
b-c¢ c¢c-a c-a a-b a-b b-c
5)(a” - be)(b+c)+(b* - ca)(c+a)+(c’ - ab)(a+b) =0
(a2 +bc)(b- ¢) +(b2 +ca)(c- a) +(c2 +ab)(a- b) =-2(a- b)(b- c)(c- a)
(b+e)' , (c+a)  (a+b)
(a-b)a-c) (b-c)b-a) (c-a)c-Db)
1- ab 1-bc+1-bc 1- ca+1-ca 1- ab
a-b b-¢c b-c c-a c-a a-b
a’ +bc b2+ca+b2+ca cz+ab+cz+ab a’ +bc

=-(a+b+c)’ with a #b #c

=1 with a #b #c

6)

7) =- 1 with a #b #c

8)* =a’ +b* +c” with a #b #c

b-c¢ c¢-a c-a a-b a-b  b-c
a’ - bc bz-ca_l_bz-ca cz-ab_l_cz-ab a’- bc
b+c c+a c+a a+b a+b b+c
a’+bc b*+ca b*+ca cz+ab+cz+ab a’+bc _
a’-bc b*-ca b*-ca ¢*-ab ¢ -ab a’- bc
10)(a+b+c) =a’ +b’ +c’ +3(a+b)(b+c)(c+a)
11)2(a’b’> +b°c® +c’a’)- (a* +b* +c*)=(a+b+c)b+c- a)c+a- b)a+b- ¢)
12)(ab" +bc" +ca’) - (a’b+b"c +c"a) =(a- b)(b- ¢)(c- a) Y a’b'c” with p,q,r €N and n =2 such that p+q+r =n- 2 (?)
sym

E.g: for n =2:(ab* +bc* +ca’) - (a’h +b’c +c*a) =(a- b)(b- c)(c- a)
n :3:(azb3 +bc’ +ca3)- (a3b+b3c+c3a) =(a- b)(b- c)(c- a)a+b+c)

n :4:(ab3 +bc’ +ca3)- (a3b+b3c+03a) =(a- b)(b- c)(c- a)(a’ +b*> +c” +ab +bc +ca)

—- (a+b+c)[ab(a' b)* +bc(b- c)’ +cal(c- a)z]

9)

13)a"(a- b)(a- ¢)+b"(b- c)(b- a)+c"(c- a)(c- b) 2%[(a" +b" - ") (a- b} +(b"+c" - a") (b- ) +(c" +a"- ") (c- a)z]

14)If a,b,c #0 such that abc =1 then : 1 + ! + 1 =1
ab+b+1 bc+c+l ca+a+l
15)d® + b7 +C* +abc =4 & 2a+bc =J(4- *)(4- b), etc & Jatbe | 2b¥ca | 2ctab
2+b)2+c) (2+c)2+a) (2+a)2+Db)
:(2-b)(2-c)+(2-c)(2-a)+(2-a)(2-b): a__ . b L C bc L_ca ab _
2a +bc 2b+ca 2c+ab 2a+bc 2b+ca 2c+ab 2a+bc 2b+ca 2c+ab

Lo, bt o b arb¥er2 L ibae- 2 =2- a)2- B)2- o)
2a+bc 2b+ca 2c+ab a+b+c-2 2ab+bc+ca)- abe

— From the identity, there exists x,y,z >0 such that : a 22\/ ald 0 b :2\/ Yz ;C 22\/ = .
(z+x)(z+y) (x+y)(x+z) (y+z)(y+x)

And there exists triangle ABC such that :a =2cos A; b =2cos B; ¢ =2cosC.

a+bc . b+ca N c+ab _
A+b)1+c) (A+c)1+a) (A+a)l+b)
(1-b)(1-c)+(l-c)(l-a)_l_(l-a)(l-b):l@ a_ ., b L€ _H

16)a” +b*> +¢* +2abc =1 © a+bc :\/(1- a’)1- b*), etc &

a+bc b+ca c+ab a+bc b+ca c+ab
o be e pab U U L L 2 arbEerl L bae- 1 =231- a)i- bY(- o)
a+bc b+ca c+ab a+bc b+ca c+ab a+b+c-1 ab+bc+ca- abe
—>Ifwesubstitutea—>%;b—>g;c—>§we will get identity 15, so:

From the identity, there exists x,y,z >0 such that : a :\/ ald ) :\/ Yz ; C 2\/ = .
(z+x)(z+y) (x+y)(x+z) (y+2z)(y+x)

And there exists triangle ABC such that :a =cos A; b =cos B; ¢ =cosC.
® Also if we let a® =yz; b> =zx; ¢* =xy with x,y,z >0 then abc =xyz, so we have 2 identities 17- 18
1 1 1 X Y z Jx \/; Jz xyz
+ + = + + =le + + =
X+2 p+2 z4+2 x+2 y+2 z+2 2¢x 24y 2+z Jxy+yz+zx-2

1 1 1 X y+z @\/;_'_\/;4_\/;_ 2\/xyz

17)xy+yz+zx+xyz =4 <

18)xy+yz+zx+2xyz =l & + + =2 e + =1 =
) g x+1 py+1 z+1 x+1 y+1 z+1 I+x 1+y I+z (Jxy+yz++zx-1
S : 2m 2n 2p .. o
— From identity 17, there also exists m,n, p >0 such that x = ;Y = ;Z = , Similarly for identity 18.

- 9
n+p p+m m+n



19)x(x+xy+17) +p( 12 +yz+22) 4 z2(Z2 4 ox+x?) =p( P+ +1?) 4217 +yz+ 22 )+ x(Z 4 zv+x2) =(x+y+2) (P +)7 +2
2+ x4z +22) + p( 2+ 2x+37) =(x+y +2) (0 + vz +2x)
20) (x> +xy+1°) (12 + vz +22) (22 +2x+x7) =p° + pg +q>, where p =x’y + V' z +2°x; ¢ =xp” + yz° +2x°.
=3(x?y + 2z +22x) (07 + 322 +2x) +] (- »)(v- 2)(z- 0)
3 » 1 2
:Z{xy(x+y)+yz(y+z)+zx(z+x)} +Z[(x- W= 2)(z- x)
=%[(x+y+z)2(x2y2+y222+sz2)+(xy+yz+zx)2(x2+y2+22)]
Oy +yz+20) (57 437 +27) =57 +2y2)(p7 +220) (27 +2xp) +| (x- P)(y- 2)(z- X))
B *(x+y+2)2 (72 + 3727 +22x7) =207 + y2)(2p7 +20)(227 + ) +| (x- Y)(v- 2)(z- )
21)2(x% +3)(3* +2°)(22 +x7) = xp(x + y) + yz(y +2) +2x(z +x) - 2yz]” + (x- (- 2)(z- x)]
22)2[2(y- 2 #3220+ 220 '] =[x(- 27 43z 0+ 200 9]+ - 0= e )
a’ b c’ 3 ’

+ + ==
a’+bc b +ca c+ab 2

ab+bc+ca
a+b+c

2 2 2
=abc © a° =bc or b° =ca or ¢- =ab

23)

d) Useful lemmas: In above parts, I've showed some of it. In this part | will state more lemmas, maybe
a lot but worth it :)

¢ Inequalities with condition about p,q,r (denote p = a+b+c; q = ab+bc+ca; r = abc) - part 1: In this
part, | will state lemma with familiar conditions, about the “unusual”’ conditions, | will show in
later seasons.

d. 1) If a,b,c >0 such that abc =1 then :
Da™ +b" +c" =a" +b" +c" (m,n€Z”; m>n)
a b c¢c_1 1 1 a b ¢ 1

2)£+é+£2a+b+c;—+—+—Z—+—+——>—+—+—Z§(a+b+c-1)—>£+é+£+32a+b+c+l+l+—
c a b ¢ a a b ¢ b ¢ a 2 b ¢ a a b c
1 N 1 N 1
a*+d"+1 P+ 41 A +cf+1
1 N 1 N 1
a* +b" +1 b 441 F+at 41
5) x ! + ! + ! Zi
a(b+1) b(c+1l) c(a+l) 2
* : + 1 + ! Zé—> 1 + ! - 1 > . with m,n >0 (*)
aa+b) bb+c) c(c+a) 2 a(ma+nb) b(mb+nc) c(mc+na) m+n
1 1 1 1
2 2 - 2 +— 2 ==
a +2b°+3 b " +2c"+3 ¢ +2a +3 2
ab bc ca
5 5 + 5 5 + 5 5 Sl
a+b’+ab b +c+bc c+a+ca
8)Let p =a+b+c; g =ab+bc +ca then:

> with ke Z”

3)

<lwithkeZ”

=~

p+324
*p° +3 >4q— 7 *xpqg =5p- 6
3 q
p+—=4.—
q p
a b c a b c a b c 1 1 1
+ + >]— + + > + -+ >1> + +
b+c+1l c+a+l a+b+1 b+c+1 c+a+l a+b+1 a+2 b+2 c+?2 a+?2 b+2 c+2
1 1 1 1 1 1 1 1 1 3 1 1 1
— + + >] > + + Extra: + + >— > + +
2a+1 2b+1 2c+1 a+2 b+2 c+2 3a+1 3b+1 3c+1 4 a+3 b+3 c+3

10) (a® +1)(b*> +1)(c* +1) =(a +b) (b +c)(c +a) =(a +1)(b+1)(c+1) =8
122 - Da® +1++J(n* - Db +1+J(n* - 1)¢* +1 <n(a+b +c) with a+b+c =ab+bc+ca

1 1 1
— Special case:a+b+c =—+Z+— and without condition abc =1.
a c



1 1 1
2) 2+ 2+ 2
(a+1)" (b+1)° (c+])
13)(a+b+c)’ =81(a> +b* +¢?)
d.2) If a,b,c>0 such that a+b+c =3 then:
a®> +b*> +c* =23 >ab+bc+ca
2)a" +b" +c" =3 for meZ”

a" b" "
+—+— 23 for m,n€Z" such that m =n

3
>
4

3)

n n

c

1 1 1
f—+—+—2a’+b" +¢’
a- b° ¢
n n n n n n
) ) L4 oa"+b" b"+c" "+a )
S)a" b e < + + <a"+b"+c" withall neZzZ”
a+b b+c cta

6) ! + ! + ! < e with all n =2

2 . 12 2 . 2 2 2
a +b"+n b °+c +n c"+a +n n+2

am bm cm 3 . .
NN———t——+t———=—withm,n€Z" such that m>n
b"+c" c¢"+ad" a"+b

8)abc(a2+b2+c2)S3—>(abc)".(a2+b2+cz)s3 with nEZ"—>L2+L2+L22L+L+L2az+b2+c2
a b° ¢ ab bc ca
1 1 1
2 2+ 2 2+ 2 2
a +ab+b” b +bc+c® ¢ +ca+a
10)a’b +b°c +c*a +abc <4

11) @’ +b° +c* =a’b+b’c+c’a

s L B S R
b"+pc ¢ +pa a +pb 1+p
d.3) If a,b,c>0:ab+bc+ca =3 then:

Da+b+c >3abc— (a+b+c) >243abc

>1

2) ﬁ+é+£ >a+b+c
c da

1 1 1 3 1 1 1
+ + > - + +
a’+1 b +1 c*+1 2 (a+l)’ (b+1) (c+1)
Na’h+b’c+c’a <a’+b* +c’
5) 12 + 12 + 12 < . with m >2
(a+b)y +m (b+c) +m (c+a) +m 4+m
1 1 1

3
- + + < with x,y >0 and m =2(x* - xy +y*) (?
(xa+yb)Y’ +m (xb+yc)’ +m (xc+ya) +m (x+y) +m Y ( yry )()

1 1 1 3 i
+ + < with k >1
a+b*+k b*+ct+k A +at+k 2+k
1 N 1 N 1
a+2 b +2 +2
Q* I + ! + ! <1
a+b+1 b+c+l c+a+l

d.4) If a,b,c >0 such that a’ +b* +c* =3 then:

l)a+b+02ab+bc+ca—>Q/g+’\’/g+’\’/22ab+bc+cawithn62+
mﬁ+9+ﬁz 0
b ¢ a a+b+c
a b c a b c
+ + <I; + +
b+2 c¢+2 a+2 b+l c+1 a+l

NHa’b+b’c+c’a <3

3)

3
>_
4

<l

7)

— (a+b+c) =9(ab +bc +ca)

3
>
2

a=b=c=1
5)a’b+b’c+c’a <2+abc — In case a,b,c >0: the equality happens iff
a 2\/5; b =1; ¢ =0 or any cyclic permutation

d.5) If a,b,c >0 such that a+b+c =ab+bc+ca then:
1 1 1
+ + <1
l+a+b 1+b+c l+c+a
xa+b+c+1=4abc

2)a+b+c+abc =24 —
*(a+D)(b+1)(c+1) =8



1 1 1 3
3) + + <—

a+b b+c c+a 2

) (a+b)(b+c)c+a) =8

2 2 2 2 2 2
5)a_+b_+c_2a2+b2+cz—>a—+b—+c—+%23+nwithns3.

c a b ¢ a a +b +c
6)a+b+c =abc+?2

d.6) If a,b,c >0 such that ab+bc +ca+ abc =4 then:

) a+b+c>=ab+bc+ca >3- 4 b 4+ Za+b+c
b+c c+a a+b 2

a b c
- —+—+—>a+b+c

b ¢ a

a+b+c 1 1 1 3 a+b+c 1 1 1
2) > + + >=— > + +

2 a+l b+1 c+1 2 2 a+b b+c c+a

3) 1 . 1 . 1 1

a+2 b+2 ’+2
4)ab +Jbc +Jea <3
5)l+l+12a+b+c
a b c
6)a’b+b’c+c’a <a’ +b’ +c’
d.NIf a,b,c >0 such that a* +b* +c* +abc =4 then :
1) ab+bc+ca <a+b+c <3— ab+bc+ca <abc+2 <a+b+c <3
1 1 1 9
+ + <
a+b b+c c+a 2(ab+bc+ca)
3)a(b® +c*)+b(c* +a*) +c(a’ +b*) <6

3
2)— <
)2

4)%+ﬂ+@ sy bea ab s oy s
a

c a b c
2

S)a+bc <a+ <2; etc

6)a’ +b> +c”* +ab+bc+ca >2(a+b+c)— a+b+c >Ja ++/b +~Jc =ab+bc +ca

d.8)If a,b,c>0 such that a> +b*> +c* =2(ab +bc + ca) then: ¢ +§ e >3/2abc
— the equality happens iff (a;b;c) ~ (k;k;4k) with k >0.

d9)If a,b,c >0 such that ab+bc +ca =abc +?2 then :

1) Assume that (b- 1)(c- 1)>0 then: c+ab >2— a’ +b* +c’ +abc >4

2) Max[ ab;bc; ca} >1; Max[ a;b;c} >1

¢ |nequalities with classic condition (like a,b,c >0,...) - part 1:

d.10)If a,b,c >0 then:%+9+£>“+b+c

c a Jabc

d.11)If a;a,;..;a, >0 then: ! + ! +..+ ! > "
l+a’' 1+a; l+a’ 1+aa,..aqa,
d.12)If a,b,c =0, no 2 of which are 0 then: 2 b +b R b te with Y\ne Z*
a+b b+c c+a a+b+c
1 @ +b*+¢? a b c a’+b*> +¢’
> + >

d.13)If a,b,c >0 then:—+ > + >
2 ab+bc+ca b+c c+a a+b 2(ab+bc+ca)

b c 3 a+b+c 9
+ + > >
(b+c)* (c+a)> (a+b) 4 ab+bc+ca 4(a+b+c)
d15)If a,b,c,x,y,z>0 then:a(y+z)+b(z+x)+c(x+y) 22\/(ab +bc +ca)(xy + yz + zx)
d.16)If a,b,c,d =0 then:a* +b* +c* +d* +2abcd >a’bh* +a’c® +a’d’ +b°c’> +b*d’* +c*d” (Turkevich's inequality)
— The equality happens iff a =b =c =d and a =b =c =k >0, d =0 or any cyclic permutation.

d14)If a,b,c >0 then:

d.17)lfa,b,c>0then:a+b+b+c+c+a24 a_, b L C

c a b b+c c+a a+b

d.18)If a,b,c are sides of a triangle then:\/3(a+b+c) >Ja +\b+Je =Vb+c-a+e+a-b+Ja+b- ¢




d19)If a,b,c >0 then:

a’ N b’ N ¢’ >az+b2+c2 >cz+b+c
b>+bc+c? P Hca+a’ a*+ab+b? a+b+c 3
a’ N b’ N c’ gt 3(ab +bc +ca)
2 2 2 2 2 2 =d ¢ =
b -bc+c® c¢c -cat+ra a -ab+b a+b+c
a b c a+b+c a b c
d.20)If a,b,c >0 then: + + > > + +

b>+bc+c? cC+ca+a’ at+ab+b* ab+bc+ca a’+2bc b*+2ca ¢ +2ab

2 2 2
d21)If a,b,c >Othen:£+é+£ 23\/u
b ¢ a ab +bc +ca

d22)If a,b,x,y,z >0 then:—>—+—2 z_ 3
ay+bz az+bx ax+by a+b

2 n
d.23*)If x =0 then:e" Zl+x+x7 Sl+x— e > 1+
n
i ’ +a, +..+
d24)If a,>0 Yi=1;2;..;n then: Y ——— >0 7% Y (q . =a)
i= 4; ta,.aq,,ta, 3

d.25)If a,b,c >0 then:——+ 04 €, 200
b+c c+a a+b (a+b)

d.26) If a,b,c>0 then: a> +b*> +c* +2abc+1>2(ab+bc+ca)— a’ +b° +c* +abc+5 >3(a+b+c)
d.27%) If a,b,c are sides of a triangle then: a’b(a- b)+b°c(b- c¢)+c’a(c- a) =0 (IMO 1983)

m m m m-1 m-1 m-1 3 3 3
a b c a b c a b ¢
d.28)1If a,b,c >0 and meZ" then: + + > + + > . >—+—+—

bm-l Cm-l am-l bm-Z m-2 m-2 2

2 2 2
a
>—+—+—>a+b+c
b ¢ a

1.2 2
c a b~ ¢ a
a b c

d. b : B
DI b favbxare) brfbrabra  crfieractd)

1

d.30)1fa,b,c>0then:\/ ¢ +\/ b +\/ ¢ 3
a+b b+c c+a \/5

d31)If a,b,c are sides of a triangle then:a* +b* +c* SZ(aZb2 +b°c’ +cza2) (the equality happens iff a,b,c

are sides of a degenerate triangle.)

d.32*)1fa,b,c>oandkz()then:ﬁ+é+ﬁzk“+b+kb+c+kc+a
b ¢ a ka+c kb+a kc+b

d33) If a.bc>0 then: 242 4S5 Babe >4
b ¢ a (a+b)b+c)(c+a)

2 2 2
d.34) If a,b,c =20, no 2 of which are O then: @ *b *e + Babe >2 (Jack Garfunkel's inequality)
ab+bc+ca (a+b)b+c)c+a)

® |nequalities with classic condition - part 2: In this part | will show some inequalities about

variables p,q,r (denote p = a+b+c; q = ab+bc+ca; r = abc), even Schur’s inequality.
Firstly, we have some identities about p,q,r:

Da’>+b>+c” =p° - 2¢

2)a’h® +b°c’* +c’a’ =q° - 2pr

N(a+b)(b+c)c+a)=pqg-r— ab(a+b)+bc(b+c)+ca(c+a)=pq-3r

H(a+b)a+c)+(b+c)b+a)+(c+a)c+b) =p*+q

5)a’+b’ +c’ =p’ - 3pg+3r

6)a’h’ +b’c’ +c’a’ =q° - 3pgr +3r’

Ta* +b*+c* =p* - 4p’q+2q° +4pr

8)ab(a®> +b*) +bc(b* +c*)+ca(c’> +a’) =p’q- 2q° - pr

9) Denote S =-4p’r+ p°q* +18pqr- 4q° - 277, then

x| (a- b)(b- o)c-a)|” =S

x a’b+bic+ciq =PL” 32”' Js if (a- b)(b- c)(c- a)<0; £L° 32”ﬁ if (a- b)(b- ¢)(c- a) =0

2 _ 2_ _ 2 _ 2_
xa'b+bo+cia =L9" 24 zpr PNS i (4= bYb- Y- a)<0: 29724 2pr+p\/§if(a-b)(b-c)(c-a) >0

10) a’b*(a® +b*)+b*c*(b* +c*) +c’a’(c* +a’) =-2p’r + p°q” +4pqr- 2q° - 3r°
1) ab(a* +b*) +be(b* +c*)+ca(c* +a*) =p*q- p'r- 4pq> +Tpgr +2q° - 3r°

12)a® +b° +c° =p°- 6p'q+6p°r+9p°q* - 12pgr- 2¢° +3r°



« Some inequalities about the relation of p,q,r:

1) p* =3¢; ¢* =3pr
2) pq =9r

2

- p’ Z%(pq- r) =3 pq 29% >27r

3)p' +9r =4pg— r Z—p(4q9- P )—> r >max{ —p(4q9 P )}
H2p’ +9r >7 pq
5)p°q +3pr =4q°
6)p* +4q” +6pr =5p°q

- 2 2_ -—
7y 2B PP D) s d, B P (P’ -q)

6p 6p

8) <54 pz); L P -1pq+13q

18 9p

_ 2 4 _ 2 2 _
Combining inequality 3, 6, 8 and we get:min{p(sq p).p - 7pg+liq } >r >max{ pdq- p ) (4q- P )p” Q)}

18 9p 9 6p
3 3
9>|<)9pq- 2p’ - 2kJk - S9pq- 2p +2kJk

27 27
S =-4p’r+ p*q> +18pqr- 4q° - 27r* =0 with variable r. — From this result, by AM - GM we have :
2p* - 39)(p” - 29)\/p* (P - 3q)
p(p’- 29)

, with k =p* - 3q. This result comes from solving the inequality

*27r >9pg- 2p° - 2kk =9pq-2p’-

p’Oq-2p)p*-29)- (p*- 361)[(192 -2¢)"+ p*( p?- 3q)} (P 29)(-3p* +14p%q - 647) - p(p* - 39)°

- p(p’* - 29) p(p* - 29)
(49- p)4p*- 10p’q +34%)
p(p* - 29)
3
2(p* - 3q)[ 2(1]\/19 - 3¢)
* 27r S9pq-2p3+2k\/% =9pq-2p’ + 3
plr 30
< (207 3) PRI
p9pq-2p°)(2p* - 3q) +2(p* - 3¢) [pz-q +p'\p*-3q 2
) 2 (2p*-3¢)[20pg- 2p") +(p* - 39)2p - 39)| +4p* (p* - 3¢)
N p(2p*- 3q) 2p(2p* - 3q)
(2p7- 3¢)(-2p* +9p’q +9¢*) +4p* (p* - 6p°q+9¢°) 2742 (p* - ¢)
2p(2p%- 3¢) 2p(2p - 3¢)
2 2(p2 . 4q- p*)4p* - 10p°q +34%)
So we have the chain: 31— >4 (P - q) >r > _( q- PP 5 rar , more interesting, the third inequality is stronger than
3p 2p(2p*- 3q) 27p(p” - 29)

Schur deg 3 and 4, since:
(49- P)4p* - 10p°4+3¢°)  pag- p*) _(4g- p")p"- 39)(p - 9)

>0 in case 4q > p°

27p(p* - 29) 9  27p(p’-29)
2 4 2 2
(4g- P)4p'- 100’4 +3¢°) (4q- p')(p*- g) _(Gq-p)y (-39
27p(p* - 2q) 6p 54p(p’ - 2q)
4g- pH)(4p*-10pq +3¢%)
Hence we can also conclude that : r >=max ;( 7 ) r 5 p 1
27p(p” - 29)
3 _ 3.
Further more, we can write inequality 9 as : P - 3p 57 2k\/z <r Sp 3p;€7+ Zk\/z
2 2
(p+\/%) (p-2\/%) (p-\/z) (p+2\/%)
= <r <
27 27

For my thinking, the p,q,r technique is one of the nicest and hardest techniques to use, due to long
calculations, time loss and it requires carefulness in calculation. But the nice thing to say is its benefit
in solving hard inequalty about symmetric and cyclic expressions. There is a similar technique to p,q.r,
that is u,v,w technique (can be found and search in inequality sites and forums)



