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801.InAABC,a< b,b=c,R=6,r=2.Finda,b,c.
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
InAABC,a<b,b=cR=6r=2,a,b,c=?
A ABC is isosceles with AB = AC (-~ b = ¢)
- the altitude from A to BC bisects BC = h, = m, = h%2 = m?

b%c* 2b?%+ 2c¢?—a? b4_ . g
:>4RZ 2 36 4b* —a*(+R=6and b =c) >

by (1) 3./
a 2 EVIag— B2 Now, A = 2 P20 IR 6oy p = g = g (2220)

4R (2) 144 2

by (1) b 3)b
(wr=2) = 2b + /144 - b? (:)3(12 +\/144—b2)

144-b?

2),.3)= (12 ++144 — b?) = V144 — b2(b* — 24) = 288
= (- 24)2(144 — x) = 288%(x = b?) = x? — 192x + 7488 = 0

:>x=96+24\/§0r,x=96—24\/§':bZa.'.bZZ\/144—bZ:>bZ=x2108

2x=b2=96+24V3>b=2 /24+6\/§

Using (1) and b = 2 24+6ﬁ,wegeta:—'2880_1152‘/§:4\/5—2\/§:>

6

=>a=4/5-2V3:a=4/5-2V3 b=c=2y/24+ 63 (answer)

802.
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.52 _
Prove that: i (0]

Proposed by Muhammad Ozcelik-Turkey

Solution by Serban George Florin-Romania

AC-MC -sin30° 1 )
S, > . Ac-5; AC B sin 42°
S§; MC-BC-min12° " BC-sin12° 2-BC-sin12° 2sin96°-sin12°
2
AABC, sine theorem = ,AC = ‘,BC , ,AC = ,BC ,EZS?MZ
sin42 sinA4 'sin42 sin96 ' BC sin 96
S, sin 42° cos 48° 1

S, 2sin96° sin12° 2 2sin48°cos48°sin12° 4 sin48°sin 12°
x =18°,5x =90° 2x = 90° — 3x,sin 2x = sin(90° — 3x), sin 2x = cos 3x
2sinxcosx =4cos®x —3cosx,cosx(2sinx—4cos’2x+3)=0
cosx #0=2sinx —4(1—-sin?x)+3 =0,4sin?x+2sinx—-1=0>

1++/5 1-2V/5+5
= sin 18°,co0s? 18° = 1 —sin? 18° = 1—T

sin 48° = sin(30° + 18°) = sin 30° cos 18° + sin 18°cos 30° =
\/10+2\/§+—1 +vV5 V3 J10+ 2\/§+\/15—\/18

= sind = —

8 4 2 8 8
V10 + 25 15-+v3
sin 12° = sin(30° — 18°) = sin 30° cos 18° — sin 18° cos 30° = 3 Vs — \/_8 V3
_ _ 10+2V5 (VI5-+3) 10+2V5-18+2V45 -8+85
sin 48°sin 12° = — = = =
64 64 64 64
1++/5 -1++/5
=— ,4sin48°sin 12° = ——
8 2
Sa 1 1 2 2(5+1) 2(V5+1) V5+1_
S, 4sin48°sin12° _1+5 -1++45 5-1 4 2 T

2
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803.

Ma

If R — circumradius of ABC, r —inradius of ABC, M ,, M}, M. — mid-points of

$1+S2+S3 _ R 1
S - r

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey

arcs then:

Solution by Marian Ursarescu-Romania

Ma

Let M,D L BC. Because m(A) = >m(BC) = m(COD) = m(A) =

0D A
= cosA =5 OD =RcosA=>R—h; =RcosA= h;=R(1—cosA) = ZRstE

h oA i . 2B . 2 C
=85 = % = Ra sin? > Similarly: s, = RastE,S3 =R, stE =

. 24 .. 2B . 2C
S1+S2+S3 _ R(asm E+bsm Ztesin E) (1)
3 N
s(R-1)

Butinany AABC = Zasinzg == 2

S$1+S,+S3 _ s(R-r) _ s(R-r) _ R-r _ R 1

S S ST c r

From (1) + (2)=
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804.

I —incenter of ABC,0 - center of circle passing through B,I and C
P and Q tangency points of incircle. Prove: zZBPO = 2£0QC
Designed by Abdilkadir Altintas-Afyonkarshisar-Turkey
Solution by Omran Kouba-Damascus-Syria

Clearly, we have £BOI = 22BCI = £BCA, and £C0OI = 24CBI = £CBA hence
24B0OC = £BCA + £CBA =t — £BAC
Thus, 0 belongs to the circumcircle w of ABC, and to the perpendicular bisector of
the segment BC, so O is the midpoint of the arc opposit A on w. This proves that A0
is the angle bisector of ZBAC, and in particular, 4,1 and O are collinear.
Now, triangles A AOP and A AOQ are congruent (SAS) which implies that

2£APO = £AQO, and the desired conclusion follows.

805.
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I,,1,,1.—excentersof ABC, H,, H,,H. — orthocenters of I,BC,1,CA,I_AB

[AH.BH,CHyA] _ r

r, R inradius and circumradius respectively. Prove:
[IaIbIc] R

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey

Solution by Marian Ursarescu-Romania

.a

™

AAI,C ~ ACI, B ~ ABI;A ~ Al I, I, with angles: Z — ‘E‘g— Br_ ¢t

2
AllaBC] _ (1aC\?
AllgIpl] (Ialc) )

IIZICC = cos(lﬁ,?C) = cos (g — g) = sing (2)

1.C LI,0, =

From (1)+(2)= All,BC] = All 1,1 ]sin? 3

similarly: A[I,AC] = Al I,I]sin?2 (3), AlI.AB] = All I,1] - sin?%

From (3) = All1,1.] = AIABC] + AlL 1, 1] (sin?2 + sin? 2 + sin? )

A B C
= Al I,1.] (1 — sin? > sin? 5~ sin? E) = A[ABC] =S =
— N _ 28
= A[IaIbIC] - 1—sinzg—sinzg+sinzg " cos A+cos B+cos C—1 (4)

But in any AABC we have: cos A + cos B+ cosC =1 + % (5)
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From (4)+(5) = Alllyl] = 7 = === 25 = 2Rs = AllIyl.] = 2Rs (6)
R

Now, we have: m(H,BC) = gm(ﬁB) = gand m(BH,C) =7+ g, butin ABCI

(I = incenter), we have m(If?\C) = g,m(IZ'\B) = g,m(B/I\C) = §+ g =

ar

= A[BH_.C] = > and similarly we have
br cr =
A[HBAC] = 71A[AHCB] = 7

A[H.BC] + A[H,AC] + A[AH:B] = sr (7)

From (7) = A[AH.BH,CH,A] = S + sr = 2sr (8)

A[AH.BH,CHLA] _ 2sr _ r
Al Ip1,] 2Rs R

From (6) + (8) =

806.

My, M,, M5 - midpoints of sides, P — any point on circle centered at € and
passes through A. Prove: ¢? = a? — 3b? = z? = x? + y?
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
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Solution by Marian Ursarescu-Romania

2(PB?+PA%)—c? __ 2(PB%+PC?)-a? __2(PA%2+PC?)-b?
APBTHPAT)=C” 2 = 2BSHPCT)ma” o  ZBATHPCT)TDT

From median theorem = z? = " , " , "

2(PB%+PA%)-c? _ 2(PB%+P(?)-a? + 2(PA%+P(C?)-b?
4 4 4

2PB? + 2PA%* — ¢®> = 2PB% + 2P(C? — a* + 2PA* + 2PC* - b* &
© —c2=4PC* —a?> - b>* © 4PC* =a’>+b* - c* (1)
But ¢ = a%? —3b% (2)
From (1) + (2) we must show: 4PC? = 4b?> & PC = b, true because PC =R = b.

= we must show this:

807.

Prove that: j—; = ¢ (Golden ratio)

Proposed by Muhammed Ozcelik-Turkey
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Solution by Daniel Sitaru-Romania

BE - sin9° o .
AE _ BE EC _ BE N E_C _ T Sin66° _ sin9° - sin99 _
sin6°® sin99° 'sin9° sin66° AE BE-sin6° sin6°-sin66°
sin99°
1 o o V5 -1
_ 7(cos90 —05108°) _ 0+sin18° _ ) _V5-1_
%(cos60° — c0s72°) %— sin1g8> 1_ v5-1 3-+5
2 4
_(\/3—1)(3+\/§)_3\/§+5—3—\/§_1+\/§_¢

9-5 4 2

808. In AABC the following relationship holds:

" 7

Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania
S
s —_—

r,+r, —b+%_ (s—b+s—-c)(s—a) _ a(s—a)
z Ta _z S _z (s=b)(s—c) B (s—b)(s—c)
s—a

_as(s—a)* _ s . a a

=3
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809. Ifin A ABC,M € (BC),N € (CA).P € (AB),% = x—j = % = 3 then

find:
_ AM? + BN* + CP?
 a’?+b%+c?

3z M X

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Let E’,B, ¢ be position vectors of A4, B, C respectively. Then position vectors of M is

- 2
b gl =L|(-a)+3G-a) =

~ (b + 3¢). Now, AM? =
4 16

:1—16[|B—a|2 +9|¢—d|2+6(b—d) - (E’—Zi)] :1—16[ABZ +9AC? + 6AB - AC]
similarly, BN? = — [BC? + 9AB* + 6BC - BA]; CP? = —_[AC? + 9BC? + 6CA - CB| =

10 6
= AM? + BN? + CP? = — (AB? + BC? + CA?) + —E
16 16
WhereE:ﬁ-R+ﬁ-ﬁ+ﬁ-ﬁ:—(ﬁ-fﬁ#ﬁ-ﬁl#ﬁ-ﬁ)

AIso,A_B'+B_C'+E4':5:>A_B'Z+R"Z+E71'2—2E:O:E:%(ABZ+BCZ+CAZ)

10 3
» AM? + BN? + CP?2 = E(ABZ + BC? + CA?) + E(ABZ + BC? + CA?) =

AM? + BN* + CP* 13
a?+b2+c*2 16

13
= E(ABZ + BC* + CA?) =
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Solution 2 by Ravi Prakash - New Delhi-India

3x M x

Let MC = x,NA=y,PB = z.
Then MB = 3x,NC =3y & PA=3z&BC =4x,AC=4y &

AB = 4z. Stewart’s theorem with cevian AM gives
1)
16z%x + 16y?3x = 4x(AM? + 3x?) > AM? = 4z% + 12y? — 3x?
Similarly, Stewart’s theorem with cevian

BN = 16z% - 3y + 16x%y = 4y(BN? + 3y?%) >
2
o BN 2 1222 +ax? - 3y? & Stewart’s theorem: with cevian CP =

3
16y?z + 16x? - 3z = 4z(CP? + 3z%) = CP? @ 4y% + 12x% — 322

AM?+BN?+CP? _
aZ+b%+c2

(D)+(2)+@3) > AM? + BN? + CP?> = 13(x*> + y* + z?) >

13(x%+y%+22 13
= Byz) - 13 (Angwer)
16(x2+y2+22) 16

810.
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BC = x =?
Proposed by Murat Oz-Turkey

Solution 1 by Omran Kouba-Damascus-Syria

_ a
(a+2)sin20°  sin 60°"

From the sine law we have

Thus a(a + 2) = S2EX29 — 4 4 2 cos 40°

sin 20°

So, (a+ 1)?> = 2 + 2 cos 40° = 4 cos? 20°, and consequently

X a

a=2cos20°— 1= 4cos?10° — 3. Again, from the sine law we have: — - = —
sin100 sin 60

acos10° _ (4cos?10°-3)cos10° _ 4cos>10°-3 cos 10° _

_ cos(3x10°) __
Thus, x = - = =

0s 30° cos 30° cos 30° cos 30°

1.

Solution 2 by Soumava Chakraborty-Kolkata-India

2 o_ 1 _ 1 _ V3
m, tan 30 _—(a+2)t_\/§:>t_

©v
|
=
w
(=]
o
[l
N R
U
]
[l

Using Stewart’s theorem, a? - 2 4+ om= (m + L) {L + Z—m} =
a+2  (a+2)2 a+2/ (a+2)2  a+2

@ —3+/4a2(a+2)2 -3

2 2 —a? 2=
>m2(a+2)2+3m(a+2)+3—-a?(a+2)2=0=>m 2(a+2)

; . @) + 3) V3(m+
Again,—™ =% =24 =sin10° = ™ Also, ™™ =% cos10° = L
sin10° sin150° 2a sin100° sin 60° 2a

2m V3(m+n) :\/§m(m+n)

~ sin20° — 2sin 10°cos 10° = 2a >a P

= sin(30° — 10°) =

3m(m+n 3m(m+n
= M = sin 30°cos 10° — cos 30° sin 10° = M =
2a? 2a?

cos10° +/3sin10° _ v3m(m+n) V3(m+n) m _ 3 .
2T T T 2 T T @ T 24 \/55 3 (m +n) (using (2), (3))
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n _m(m+n)

S o s a, =2m(m+n)>2m?*+2mn—a, =0
2 \? 2 2
n?Z+2a, —n \/(a+2) +2a(a+2)_a+2 9
- =S 2 (+n=232)

2
_2J1+a(a+2) —2by(1)J4a2(a+2)2 -3 -3
B 2(a+2) @ 2(a+2)

Putting a(a + 2) = a, (4) becomes: 2v1+a+1=vV4a? -3 =
241+a)+1+4/1+a=4a*?-3=>Vi+a=a*—-a-2=(a-2)(a+1) =
>21=(a-2)(a+1)=(@*+2a-2)(a+1)?=(a*+2a-2)(a+1)=1>

>a*+3a’?-3=0>a?(a+3)=3=>a’(a+3)(a+1)=3(a+1) >

>a*{(a+2)?-1}=3(a+1)=>a*(@a+2)>-3=3a+a?=4a*(a+2)>*-12 =

(5) [2aZ 2_
=12a+4a% = 4a%(a +2)? — 3 = (2a+ 3)2 Now, m +n = V2 (@¥27=3 , 4 _
2(a+2) 2(a+2)

_ Jaa2(a+2)?-3+1 b¥(5) 2a+3+41 (using (1)

2(a+2) T 2(a+2) 1=>x=m+n=1 (Answer)

811. In AABC the following relationship holds:

E+Q+E: SZ+(Ta+rb+TC)2]
a b ¢ 2[1,1,1_.]

Al 1,1, — excentral triangle

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Daniel Sitaru-Romania

zra zbcra_ z be 1 _s2+(4R+r)Z_
abc abcl.s—a abc s N
S

1 24+ (rg+rp+1)?
1 abcrs 1 -

2'7 r2s

_s2+(ra+rb+rc)2_s2+(ra+rb+rc)Z

z.abcs B 2[IaIbI(:]
2ris
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812. In AABC the following relationship holds:
2 b2 c2

+ + = 4R - 2r
rb+rc rc+ra ra+rb

a

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Daniel Sitaru-Romania

Zrb"'r 5 +_ SZ s—b+s—c Z—Za(s—b)(s—c)_

s—c¢ (s—b)(s—¢)

1
=—-2rs(2R—1) = 4R - 2r
rs

813. In AABC the following relationship holds:

a b c 2(rp+ry+1,)
+ + =
r,+r, r.+r, r,+tr, a+b+c

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

1
Zrb+r S SZ S—b+s—c:E (s=b)(s—c)=
+S—C (s—b)(s—c)

1 _2(ra+rb+rc)
a+b+c(r“+r”+r0)_ a+b+c
2

1
=—1(4R+1) =
rs

814. In AABC the following relationship holds:

Ty, + 71, +rc + T, +ra + 7Ty _ 2[IaIbIc]

T T r— " taBq % Alallc—excentraltriangle

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by Daniel Sitaru-Romania

S S
zrb+rc_zm+m_ a(s — a) _zas(s—a)z_
r, S N (s—b)(s—c) S2 N
s—a
S 4sR 2S
= — —_— Z = — —_ = — —_ == —
5z z a(s —a) 2rs(2R—1) (2 T) 5 5
2abc _abcS
_2r _,_" 2r’s _, _ 2[1,1,1,]
S S [ABC]

815. In AABC the following relationship holds:

r+ra+r+rb+r+rc_[1a1blc]
h, hy, h.  [ABC]'

Proposed by Mehmet Sahin-Ankara-Turkey

Al 1,1, — excentral triangle

Solution by Daniel Sitaru-Romania

S S

zr+ra ZE“LH 1za 1 a 2s 1 2(2R-71)

= _— = - —_ 4 — = 04— =

h, 25 24us 2Lus—a 2s 2 T
a
abc

_1+2R—r_2R_2RS_2R'ﬁ_1 abcS 1 abcS _ [1,1,1]
B r r S§ S S 2rS S 2r’s [ABC]

816. In AABC the following relationship holds:

1.1y, 1y 1 1 s
r“(b c) rb(c a) rc(a b>_r

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

1 1 S b+c 2s—a S as +a(s —a)
2relGre)= 2= ) =S ) -
b c s—a bc bc(s—a) abc s—a

sS a S sS /4R — 2r sS 4R s
St el ) s

= + . s = — —_-— = _
abc s—a abc abc r 4RS r r
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817. In AABC the following relationship holds:
3 b3 3

C
+ + =2, 1,1.| —4S
rb+rc rc+ra ra+rb [abc]

a

Al 1,1, — excentral triangle
Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Daniel Sitaru-Romania

a*(s—b)(s—¢) _
Z:rb+rc 5 _|__ SZ s—c+s—b

s—C

:%z a*(s—b)(s—c¢) :%'4TSZ(R—r) = 45(R— 1) = 4sR — 45 =

4Rrs 4RS abcS
= 48

- — - S S$=2- 212 = 2[IaIbI(:] -4
818. In AABC the following relationship holds:
R+ra+R+rb+R+rc_i_i

bc ca ab  2r 2R
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

R+ra_ z +z
bc

1
R.a 2s_|_SZ:bc(s—cl)_

S Z(ZR—r)_ s +ZR—r_

3RS ° aRs L.s—a 25 4Rs r " 2rs  2Rr
+2R—r R+2R—r 3 1
~2r  2Rr 2Rr  2r 2R
819. In AABC the following relationship holds:
2 2 2

s T} T r

=1—-—
ri+s? ri+sz ri+s? 2R

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution by Daniel Sitaru-Romania

SZ
z r2 _z (s—a)Z z (s—=b)(s—c) z(s—b)(s—c)
r2+s2 (s—=b)(s—c)+s(s—a)
(S— a)Z
1 b+c 2s3 1 s2
=3+s2 ) ——5 =3+ —2sZ—=3+ (s +712 +4Rr) =
bc bc 4RtTSs a 2Rr 4Rrs
_ay s2 s2 r A r
B 2Rr 2Rr 2R 2R

820. In AABC ,K — Lemoine’s point, KD 1 BC,KE 1 CA KF 1 AB,
KD = x,KE = y,KF = z. Prove that:
xh,m?2 + yhym? + zh,m? = 35>
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

x z denote
] 4 - ~
K — Lemoine s point > —=—-=—- =
a b c
ax+by+cz ¢q z 2 , 2§
- = a“ - a“ = —
2 q
cyc(a,b,c) cyc(a,b,c)
28
S anmi= Y wniezsa Y -
cyc(a,b,c) cyc(a,b,c) cyc(a,b.c)
cyc(xy.z)
3s S
= qu — a? = q = 382

821. In AABC the following relationship holds:
2R—71r, 2R-1, 2R-T71,
- + =
ha hb hc
Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by Daniel Sitaru-Romania

S
2R—ra_2R 1 _ZRZ _
h, h, B
R 2Rs 1 2(2R - r) 2R 2R
et e A
S s—a 2 r r r

822.In A ABC the following relationship holds:
1 B R N 1
bcosB+ccosC—acosA 2ScosAcosBcosC acosA+bcosB+ ccosC

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

z acosA = Z(ZR sinA4 cos A) = R(sin2A4 + sin 2B + sin 2C) =

= R{2sin C cos(4 — B) + 2 sin C cos C} = 2R sin C {cos(4 — B) — cos(4 + B)}
abc (1) abc
8R3 ~ 2R2
Now, b cos B + ccos C — acos A = R(sin 2B + sin 2C — sin 24) =
= R{2sinAcos(B—C)+2sinAcos(B+C)}=2RsinA-2cosBcosC =

[1cos A> 1
=

=2RsinC-2sinAsin B = 4R

=4RsinAcosBcosC = 2a<

cos A bcosB +ccosC—acosA
1 A 1 b2+c2-a?\ (@) p2+c2—a?
= (cos ) = ( =2 ) =22 (wherep =[] cos A)
2 cos Acos Bcos C a 2cosAcos BcosC 2abc 4abcp
.- 1 (B) ¢24q2-p2 1 (©) aZ+b2-c2
Similarly, = =
ccosC+acosA-bcos B 4abcp acos A+b cos B—ccos C 4abcp
by (1) 2 2 2_ap2
1 1 y Ya 2R Y a*-8R*p
=+ + =3 — = —_— = -
(a) (b) (C) Z bcosB+ccosC—acosA Y acosA 4abcp abc 4pabc
2 2 2
2 _ap2(S- —4R°—4Rr —r
_La*-—8R ( AR _ 2(s2 —4Rr—12) —2(s? — 4R® — 4Rr —12) _
4pabc B 4pabc B
8R> R _ R 1

= = = = =
4p -4RS 2Sp 2ScosAcosBcosC bcosB +ccosC—acosA
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R

L (Proved)

= +
25([IcosA) YacosA

823.

m(<xA) = 90°, the drawn circle has center in I — incenter of AABC and radii
Al. Prove that H is orthocenter of AAEF.
Proposed by Rahul Sethi-India

Solution by Apostolis Manoloudis-Greece

XBAC = 90°,I = incentre, thecircle (I,14), H = DC N BG =
H = orthocenter of A AEF
IsIK =IL = DA =EFand BK = BL. Is <DAI = 45° = xIDA =
JAID = 90° = <AIG =
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= %EIF. But <AEF + <DFE = <g + 4% = W‘”;ﬂ = 90°.S0, DF 1 AE. Similar

EG 1L AF > H = orthocenter of A AEF.

824. A DEF - pedal triangle of I — incenter of acute 4ABC,
hy, hy, h; —altitudesin 4 DEF

C
COSi+C037+C037:ra+rb+rc
h, h, hs S

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Soumava Chakraborty-Kolkata-India

1)
From A FIE, FE? = 2r% — 212 cos(it — A) = 41?2 cos? 2 = FE = 2r cos 2
2 2

o (2) 3) . . .
Similarly, DE = Zrcosg&FB = Zrcosg. Also, r is the circumradius of A DEF.

DE. 8r3(> .
#>FE-hy =772 (= ar (ADEF)) = ;2rcos - hy = # (using (1), (2), (3))
A A B B c c
_rs cos; (l) 2R coszi o cos; (E) 2R cosZE cos; (i) 2R coszz
= by = 2R cosg = hy s Slmllarly, hy S & hy s

@)+(b)+(c) = LHS = T3(1 + cos A) =2 (3 + 1+1)

__4R+r _ Y1
=== (Proved)
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825. In AABC the following relationship holds:
a’? b* c?

m§+z+z+22ab+bc+ca

Proposed by Seyran Ibrahimov-Maasili-Azerbaidian

Solution by Daniel Sitaru-Romania

3 (i) 05 +5)-Soreor-

=a’?+b* +c?>ab+ bc+ca

826. In 4 ABC the following relationship holds:
a’m, + b>my, + c*m, > bch, + cahy, + abh,
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India
Y Mmg = M, etc (Tereshin),

a (b +c2) Za b2

LHS > ) =Y ab- ——Zabh = bch, + cah, + abh,

(proved)

827.In A ABC the following relationship holds:

r\/_(w—a+ﬁ Wc>>3\/1_[(h —27)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
n(a + b) = 2abc + Z ab(2s —¢)

(1)
= 2s(s? + 4Rr + %) — 4Rrs = 2s(s? + 2Rr + 1?)
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hg _bc  b+tc @ 1 b+c
Also,—* = —- = =
Wq 2R 2bc cos;, 4R  cos>

N

4-G 3 by (1) () _2s(s?+2Rr+12)-4R
Now, LHS =" 3rVr I1(%e) 313 \/ e

a s

3r\/_

\/R(sZ + 2Rr +12)

2rs s — 2r
RHS =3 n(——Zr —3J8r3 1_[ T 3
(3), (4) = it suffices to prove:

/R(sz+2Rr+r2

Gerretsen

2 2
LHSof (5) >  47%(9R —2r)? > 512Rr3 & (R — 27)(81R — 2r) = 0 - true

Euler

“R = 2r

Z o (s + 2Rr +1%)?% > 512Rr3 (5)

(proved)

3 |2r2s2 1

') R ' \/s(s—a)s(s—b)s(s—c) =

3 ZrzsZ 3|2r
=3rr |—— = 3rvr ’f
3 2rs s—a 2r
RHS = 1_[ ——Zr \]8r31_[ T F

- - 2r 2 2r 3
(1), (2) = it suffices to show: (?) > (?) © R > 2r - true (Euler)

(Proved)

A-G was<s(s—a)etc
LHS > 3ryr g—v’i 3r \/

828. In 4 ABC the following relationship holds:

b+ c
JR(ry+r,) > —— = Var(ry,+r,)

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India
@ b+ ¢ )

VR, +1.) = > J2r(ry, +r,)

sinE sinE SIn(B+C) s cosZé s cosZé
— 2 2| — 2 — 2 — 2 —
r,+r.=s t—c)=sl_F.c|= = —2=4Rcos*= —> (1)

A
2 2 11 cos;, IR

()by(l) AR? ZA>b+c 2R si (B+C) B-C

[=—1 — =

a cos 525 sin > cos > =
A —C B-C

—g < ¥< g 20< cos%g 1= (a;) = (a) istrue
y (1) A abc\ (S\ (s(s—a)\ @
2r(r, + rc) & 8Rrcos?— 5 =8 (E) (;) < e > a(b+c—a)

(b)@(bH) >alb+c)—-a? e b+c)’+a’—4a(b+c)=>0

& (b+c—2a)? >0 - true = (b) is true (Done)

829. In AABC the following relationship holds:

b
| - +, + | © >3v2
s—a s—b s—¢C

Proposed by Bogdan Fustei-Romania

Solution by Daniel Sitaru-Romania

a=y+zb=z+xc=x+y
3
1/nyz = \/8x3 373 = -3 x2y?z? - 8xyz <
1/ 1/ 1/xyz

CESARO
pri 3

\/x_yz- Vxzy2z2 - (y+2)(z + x)(x +y) =

GM-AM
1

1 3 -
= Tos 3\]\/y2(y+2) Jzx(z +x) - Jxy(x+y) < Tiye z\/yZ(y +z)=
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3 ey e e i

830. In AABC the following relationship holds:

(m, + my +m.)? < 4s® — 16Rr + 512
Proposed by X.G. Chu, X.Z Yang — China
Solution by Bogdan Fustei-Romania
Jack Garfunkel inequality: any AABC:m, + 1, + h, < ? (a+b+c)= ? . 2p = pV3;

x=p—-a>0y=p—->b>0z=p—c>0=>a=y+z;b=z+x;c=x+Yy,;

1 1
m, ZE\/Z(bZ +c2) — a? ZE\/Z(x+z)Z +2(x +y)2+ (y + z)?

1 + 72
:E\/4x2+4x(y+z)+y2—2yz+zz:\/(x+y2 ) —-yz
+ +
-1 3(x+ 22— yz) (x+ 2 7)< 1 3(x+ 5557 (555 )
_ﬁxz\/ﬁxz\/y_z)—\/i' 2
2x+y+z— [yz
B V3
2+vac
by =—-Vp®—b) <\plp—b) = ylx+y+2)
2Vab
le=—7P-c<Vpp-0)=Vzlx +y +2)
:ma+lb+lCS2x+y\7§z—\/E+ —x+y+z(\/;+\/5)§2x+y;§z_\/ﬁ+

2 3 1
+§\/x+—y+z-§(\/}+\/§)gﬁzx+y+z—\/ﬁ+x+y+z+2(\/§+\/§)zg

1 1 3
Sﬁ[B(x+y+z)—(ﬁ_ﬁ)2]35.3(x+y+z)g§(a+b+c)

=>ma+l,,+lcs?(a+b+c) (@)
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V3
:>ma+l,,+hcs7(a+b+c)

Take into account: mg + I + I, < ?(a + b + ¢) = pv/3 (and the analogs)

Zma+Zla+Zla:Zma+ZZlas3x/§ps\/4p2—16Rr+5r2+

+2,/4p? — 16Rr + 512
L+l +1. <pV3=>2(,+1,+1)<2V3p

pV3 < /4p? — 16Rr + 512 = 3p? < 4p? — 16Rr + 512 > 16Rr — 512 < p? =

= Gerretsen’s inequality

= Zma < /4p? — 16Rr + 512 = (m, + my, + m.)? < 4p® — 16Rr + 512

Q.ED.

831. In AABC the following relationship holds:

Wa Wi we

1
<—(h,+hy,+h,)
rp+T, To+Tg Te+r, 2 ¢ b 7¢

Proposed by Bogdan Fustei-Romania
Solution by Daniel Sitaru-Romania

Z:rb+rc 5 _|__ SZ (s_b)(s_C)

s—C

s(s—a)(s—b)(s—c) Si 1 ab + bc+ ca
—sz s

s a abc
_g s +1r? +4Rr_1 s2+r2+4Rr_1(h thy+h)
- ARS T2 2R I

832.In A ABC:

93
ncos——OHZasm A>Tr

Proposed by Daniel Sitaru — Romania
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Solution by Rajsekhar Azaad-India

I1 cos% = 0 = Any one angle of triangle isg

b 4 b2+c —a?

=|

id il 2 2 _pr— 2 (i
LetA =7 = cos; e = b+ c*—bc =a" (i)
Yad _ ad+b3+c3 a3+(b+c)(b2—bc+c2) 3+a (b+c)
Now, ¥ asin? A = R i e {from (i)}
2
a? V3
= . = . ein?2 - . ein?2 - -
iRZ 25 =25 -sin“A = 2S -sin“ A4 25( > >
= % > ; 3V3r = 9‘“ (proved)

833. In 4 ABC the following relationship holds:

4s% (2 a b [ 3R

SRR, Jr Y

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Soumava Chakraborty-Kolkata-India

4s2 |2 (a) a b c (b) 3R

NN NI
Se-YaltrEye

Now, Z% = %Z a(s—a) = %{s(Zs) —-Ya’}= %{ZsZ —2(s> —4Rr —

(2)

s

“ (1), @)=Y Jir_ < J2@R+1)-2=2 /M B, /% = % = (b) is true
2 452

a2 Bergstrom 4s CBS

Now >
O’Z Z = Zxﬂ/ﬂ(g)\ﬁm

Zar“:Z(asfa):Azas_j:s:A(_3)+(s—a)(sA—b)(s—c)Z(s_b)(s_c)

4R +r) _ <4R — Zr)
r

S 4)
= A[—3 +m(332 —4s% + s + 4Rr + rz)] = A<—3 + -rs = s(4R - 2r)
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— 3 —
3). @)= z > m f & 9RVE > 25VAR — 2r < B1R > 8(2R —r)s?

retsen

Now, RHS of (5) rs 8(2R — r)(4R? + 4Rr + 31?) 5 81R3

R
o173 —32t2 —16t+24 >0 (t=7)<:)

Euler

e (t-2){17t+36)(t—2)+60}=>0—>true~t = 2> (a)istrue
(Done)
Solution by Soumitra Mandal-Chandar Nagore-India
YeyeTa = 4R+ 1,y Ty = s> and [[oyc 1o = s?r

leta>b>cthent<l<l

.
LS s

cyc

INEQUALITY 1
2 =

CHEBYSHEV'S
cyc (

CAUCHY

z z a’ (a + b+ ¢)? SCHWARZ 452
CJ’C cy a\/_ chc a\/_ \](chc a )(chc ra

- 452 B 452 1 f
= 2 " 3R VAR+r 3R 9R R
VORZ(4R + 1) ViR+T /4R+_

(proved)

834. In A ABC the following relationship holds:

(hb + hc>2 . (hc + ha)z . (ha + hc>2 _ 8(2R—-1)

m, my, m, R
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

b+ A
T mg = 2 cos= etc,
a 2 2
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ZA 2A
LSS z{( )(b+c)cos } 216A2

B 1 bc _ 16A% _ 16A*{Y a(s — b)(s — c)}
B z [16AZ b2c? s(s — a)] ) z bc(s —a) abcs(s—a)(s—b)(s—c)

2
c —
be(b + ¢) cos';l

16A?
= 2 _
~ 4RrsA? z{“(s s(b+c) + be}
4 8(2Rr—12) 8(2R -
= —{s2(2s) — 2s(s* + 4Rr + r?) + 12Rrs} = (2Rr —17) = ( r)
Rrs Rr R
(proved)
835. In AABC the following relationship holds:
b
;+c+ >9 2(wahb+wbh +w a)

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian

Solution by Daniel Sitaru-Romania

s =242, b g pyg 4 z hy < <
b ¢ a ~ bca °' " 9R2 W“b_9RZzwawb_

4 AM,I\GM4S s—a+s—b 452
S—gRZz\/s(s—a)-s(s—b) < 9RZZ > 9R2_

MITRINOVIC
g 4 27R?

< _— = >3>
< omE 1 "3 LHS=3=RHS

836. In 4 ABC the following relationship holds:
(sa +my, + hc)(ma + hb + Sc)(ha +5p Tt mc) = 7291"3
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

? ?
v My =S, = hgetc, » LHS > (Y h,)3 > 7293 © Y h, = 9r
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? ?
@ZabElBRr@sZZPLRr—rZ

Gerretsen

? ? ?
Now,s? > 16Rr—5r?>14Rr —r* © 2Rr > 41> & R > 2r - true

(Euler) (Proved)

837.In 4 ABC the following relationship holds:

3
3 /w%lw%,w% <s?’< J3(m3 +mj +m)

Proposed by Daniel Sitaru — Romania

Solution 1 by Alexandru Capmare-Romania
1) 3° wiZwiw? < sZ but 33/w§w12,wZ < w2 + w? + w? so we have:
w2 +ws +w? <s?

_ 2bc s(s—a)Z
Yae=hie bc |

. 4(bo)? (a+g+c)(a+b+c—2a)

) 2
*~(b+c)? bc
_bel(b +c)* — a?] be[(b+c¢)?—a?] (a+b+c)?
Wi = T (h o) ). Gb+roZ - &

4

)[(b+c)2—a2] < (a+b+c)? | .

(b+c)? (b+c
but be < " > 4102 <

:>Z(b+c)2—a2s(a+b+c)2

Za2+22abs(a+b+c)z

(a+b+c)><(a+b+c) true (1)

b+c)? 212 22 212 2,2 22
2) —(‘”4“) s\]B(mg+m‘;+m§) but (ml“) +(mf) +(m1c) > (ma 2 ™) 5o we have =
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< m?Z +mj + m?

(a+ b+ c)? (m§+mlz,+m§)Z (a+ b + c)?
>—g =% 3 ~—

(a+b+c)Z 22(b2+c2) a? >(a+b+c)2I

m2 +mb+m =

ZZ(bZ+cZ) a’?>(a+b+c)? 32 Z>Z:a +22ab Zz Z>22ab

Ya*>Yab true (2)

(1), @)= 3" [wawiw? < 8? < [3mt 4 mi -+ m)

Solution 2 by Rajsekhar Azaad-India

4bc
w

= (b+c)?

Now, 3 - ’wzwbw <wi+wi+w? (GM<AM)

<Ys(s—a) from (1)
=s(3s—2s)=5s% (2)

2 — Z(b2+c2) —a?
4

s(s—a)<s(s—a) (1

Again, mg >s(s—a)

Now, Js(mg +mi+md)>ymi [+ (Za)? <3%a’]

> Y s(s — a) = s? (3).From (2) and (3) our inequality proved.

838. In 4 ABC the following relationship holds:

Y frez3{ 2 fre ) (2t

Proposed by Bodgan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

> =Y e s o
s—a ZA s—a
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A 2A  2A
hb + h, mazg “cosy Z 5t ZAZ (b+c> bc
b+c s— (b+c¢) |s(s—a)

4A hy, + h,
- ﬁz \/bc(s —a) \/sabcz \/f z Crh <z \/?) sab
Also, 3 \F JEm, \/Zi et fame

1 1 [4R+r_4rs 1 (4R+1) (161252
(1), (2), (3) = it suffices to prove: 7% Tameez > ( " )(4Rrsz)

& 9R = 2(4R +1r) © R = 2r — true (Euler) (Proved)

839. In 4 ABC the following relationship holds:

VTarp + YTpre+ Yrera = 31/9r2

Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Daniel Sitaru-Romania
s _ 3 S2 _ 3[s(s—a)(s—b)(s—c) _
Zvr“rb _z\[(s—a)(s—b)_z\[ G-a)s—b)
=5y ez 5[ [VEe =3 Y- oG- hG -0 =

= 33/5252 = 33/ s%r2 MITRIZNOVIC 39/ (3\/§r)4r2 = 33/(9r2)3 = 31/9r2

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

(s—a)s—b)(s—c) < (1) (True)

A3 2743
(1) = (s—a)(s—b)(s—c) = s3

=T rpre = 2713

YTarp + YTprc + 31T AM=GM
3 >

3/ (rorp)(rpr)(r.ry) = W



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

840. If x, y, z are the distances from I — incenter to BC, CA respectively AB in
A ABC then:

r r r

.| — B —C
r sm2 r sm2 r sm2

xsmz ySan zsmz

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

T

S A-G 3 3 1 sin%
CX=y=zZ= >
x=y=z=r,~LH 2 11 - Sin%, )

T

. . . . xresy 1 @ Zrcscé
By weighted GM — weighted HM inequality: § = [1{ —= > 13
ZsmE » ><Zsm—

smf
2

A
Y ¢SC 5 Jensen 3 €SC
— 2 > ( 6
6 6

A+B+ C)
— 6 x
( flx) = cscE,Vx €(0,mis convex) =1

r

sing(z)
:>lnS>0:>‘Ercsc )lnS>0:>lnSZ”SCZ>0:>|| Y >1
Zsm2

(1),(2)=> LHS = 3 (proved)

841. In A ABC the following relationship holds:

m, m ,r Te+Tr rp+r r.+7T
a+ b+ > (a + b + c )
W, Wy 2R\r,—1r T1p—T T.—T

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India
A

A
Zr +7r ST Zb+c Zab(Zs—c)
ra—r_ A A A abc

s—a s
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_ 2s5(s*+ 4Rr +r%) — 12Rrs (1) s* — 2Rr +r?

4Rrs 2Rr
(2) 4 2 2, 2
b+c A m (b+c) cos (b+c) (b+c¢) Y a(b*+c?+2bc)
> — = Ly == > 2, = =
m, = =~ Cos; etc, Zwa = X 2 Zbccosg X 4bc 4abc

_Yab(2s—c)+6abc _ 2s(s*+4Rr +r?) + 12Rrs _ s*+ 10Rr + r?
B 4abc B 16Rrs B 8Rr
(1), (2) > it suffices to prove: R(s? + 10Rr + r?)? > 8r(s? — 2Rr + r?)?

& R[s* +r>(10R + r)? + 2s2(10RTr + 1%)] > 8r[s* + r>(2QR — 1)? — 252(2Rr — 1?)]

3)
< (R —2r)s* + 2s2R(10Rr + 12) + 16s*r(2Rr — %) + Rr2(10R + r)?> — 8r3(2R — r)? > 6rs*

erretsen

G
LHS of (3) (% s2(R — 2r)(16Rr — 51%) + 2s>R(10Rr + 12) +

+16s%r(2Rr — r?) + Rr>(10R + r)? — 81r3(2R — 1)?

erretsen

G
RHS of (3) (% 61s2(4R% + 4Rr + 31?)

(4), (5) = in order to prove (3), it suffices to show
s?{(R — 2r)(16R — 51) + 2R(10R + r) + 16(2Rr — r?) — 6(4R? + 4Rr + 3r?)} +
+Rr(10R +1)2 — 8r2(2R + )2 > 0 & s2(12R%? — 27Rr — 24712?) + Rr(10R + )% —

®
—8r2(2R-1)? > 0 & s%(12R* — 27Rr + 61%) + Rr(10R +1)? — 8r2(2R — 1)? > 30r%s?
=(12R-3r)(R-271)=0

Gerretsen
LHS of (6) = (16Rr — 57%)(12R? — 27Rr + 61%) + Rr(10R +1)* — 8r2(2R — 1)?

Gerretsen

& RHS of (6) (%) 307r%(4R? + 4Rr + 31?%)

(7), (8) = in order to prove (6), it suffices to show:
(16R — 51)(12R* — 27Rr + 61%) + R(10R +r)* — 8r(2R — 1) —
—307r(4R?> + 4Rr +31%) > 0 & (t — 2){(t — 2)(73t + 136) + 288} > 0 — true

(t = g) it 2 (proved)
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842.In A ABC the following relationship holds:

T w w
—+ b —C + b_ 4 < )
hy h, rb+r re+r, r,tr,

Proposed by Bogdan Fustei — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

We know, abc = 8(s — a)(s — b)(s — ¢) now,

cyc cyc cyc

zzrb +ar AMZGM. z z\/L 3\/s(s—a)(z—b)(s_c)
-b s—c

a AM=GM. 33 abc 3
2 —_ >
Z(S - a) 8 Hcyc(s - a)
z T_a > 2 z W,
ha Ty + 7
cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

A . A A A
T, stanf 4Rsm7cosftan7 2R . zA r, [2R _ A
— = = = — _ . |—= = [— —
h, 2rs 2r r o h, r o
a
.. 2) |2r B r. 3) 2R c
h 2 2R B L e
Slmllarly,\/:b / —sin > &\/’: / —sin;
(1)+(2)+(3) = LHS = / zsm‘—‘ > 3/ / n?=3 / ’”/r >3

@(E)g(—) >1<:>R>2r - true

r 4R
~ LHS >3 (3)
Now Wag _  wqg _ wg(s=b)(s—c) _ wa((s—b)(s—c))2 G;A Wa(#) _
" rp+re - $+£c - A(2s—b-c) - a/s(s—a)(s-b)(s—c) ~— a.s(s—a) o
1 Wa Wa<./s(s—a) 1. . Wy (5) 1 w, (6) 1
- E ' Js(s—a) (%) E Slmllalry’ Te+rg s E &ra+rb s E
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(4)+(5)+(6)=> RHS < 2-7=3

(3),(7)= LHS = RHS (Proved)

843. In AABC the following relationship holds:

4cot? % cot? g cot? g
<1

9 (cot2g+ cot2g+ cot? g) +27 -

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Daniel Sitaru-Romania

A2 5\2 4s?
24 s 25
4(Mcor’y) _ +(3) -
2 _ 922 _ 2 2 _
9Zcot2g+ 27 9.5 21‘2 8Rr_|_2.7 9s +9rZ 72Rr
T T
452

= 9525 9,2 _72Rrs 1 o 552 > 72Rr — 9r?

GERRETSEN EULER
"

552 S 5(16Rr—5r2)>72Rr—9r* > 8Rr>16r2 <R S 2r

844.

If HM = x, HK = y, HL = z then:
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a b ¢ 438 RS
—+-+->—-andxyz < —
X y z R 4S

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Soumava Ckakraborty-Kolkata-India

A

> D
r 4
D

K

a+b+c(;)4\/§S& (Z)R5
X y z  R? XVZ=4s
HM AH (+ AHM ~ AADE) x 2R|cos A| 4R?%c|cos Al|cos B
— = (= ~ = = =>x= =
BD AD c|cos B| bc bc
2R
__ 4R?|cos Acos B| x __ 2R|cos Acos B| a (l) sinAsin B . b (E) sinB sin C
= =" - = ————— Similarly,- = ———
2R sinB 3RsinAsinB x |cos A cos B| y |cos B cos C|
c @3 sinCsin A
z |cosCcosA|
a b ¢ _ o sindsinB 476 _3/sin2Asin2Bsin2C _
(1) + (2) + (3) = x + ; +; - Z [cosAcosB| — \/coszAcoschoszc -

3 SZ
e @ — 2 s . ;
\/4R4(cos A cos B cos C)? (+'§ = 2R"sin Asin B sin C)
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1
[Tcos Asg 33 S2 64 Mitrinovic 33 1653 Euler 3s 16 353 _64
> o > _ > T o e ma
4R* +..(3V3R 4+ (RY(3Y3R 3V3R°
r\— R (_) 2

~

2

34§ 4+/3S . (ZRlcosA cos Bl) 8R3(cos A cos B cos C)?
e i . = = <

AR R (a) is proved. Also, xyz =[] s 2be <

8R3
1
[TcosAsg 641;r6~6i4 RS )
_ = =
< ims — as (b) is proved (Done)

845. In 4 ABC the following relationship holds:
1 1 1 2R —r
+ + <
hawama hbwbmb hcwcmc SZ

Proposed by Bogdan Fustei — Romania

Solution 1 by Marian Ursdrescu — Romania

1 1

mew, ~ s(s—a)’

D e = 256 = 03556 =
= =
h,w,m, ~ Lus(s—a)h, 28s(s —a)

We knowm,w, > s(s—a) = Inequality becomes:

2R-r

We must show this: Z—;SZ —< 5
ILETT O
Buty - =228 ()
From (1)+(2)= % D % Z(Zl:_r) = Z(Zi_r) = (1) its true.

Solution 2 by Soumava Chakraborty-Kolkata-India

b+ A
m, = 2 cos= etc,
a 2 2

. B >b+c A 2bc A ZS_b s(s—a) 2rs _2rs*(s—a)
T MaWalla = =508 5 ¢ %2 0 =7 be a a

S m e () a5 2
= = = — =
myw,h, ~ 2rs?/.s—a 2rs? s—a 2rs? Sls—a
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1 1
= {—3 +— (352 —4s*+ s>+ 4Rr + rz)} =
2rs? 12

1 4R+T1 4R-2r 2R-r
= —3 4+ = =
2rs? ( 3 ) 2r2s2 s2 (pl"OVGd)

r

846.

R - circumradius of ABC, r —inradius of ABC, D, E, F midpoints of sides
h,, h,, h; perpendiculars from midpoints to circumcircle
Prove: h? + h3 + h% > 3r?
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
Solution by Mehmet Sahin-Ankara-Turkey

h3

sin(90° — A) = -

R—hy
R

:>cosA=1—%,cosB=1—%2,cosC=1—
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1+2=3—(hy+hy+hy) o, hy+hy+hy=2R—7
Using Cauchy-Schwarz’s inequality: (hy + h, + h3)? < 3(h% + h3 + h})
(2R —1)? < 3(h%+ h3 + h3) and
R>2r=3(hi+h3+h3)>2R-1)2>@Br) =>hi+h3+h>3r?-

847.In A ABC the following relationship holds:

+h)(r,+71)
T,—T

h
4(ma+mb+mc)zz( d

Proposed by Bogdan Fustei — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

G2+ 2)(2+8) :
(hy +h)ra+1) _ B+ )5=a™s (b+c)(b+ oL 1_2A(b+c)* _
Tq—T A _A 4RA
s—a s
Reverse
(b + C)Z Chebyshev Z(bz + CZ) 4-(b2 + CZ) Tereshin
= = = <  4m,
2R 2R 4R @D
(2 ) 3)
Similarly, ettd@otn) o 4y, g (athp)etn) oy,
Tp—T Tre—T

(D+2)+(3)= 4(Em,) 2 ¥ w (proved)
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

AABC:4Ym, > ¥ Wthdatn) )

TYq—T
a)hy+h.=25(3+3) =2 (b+c) =2 (p+c) =sinA(b+ ) (*)
_ S S b+c _
ratr=2+1=5(755) =0+ tang (%)

s s
byro—-r=—-=-=a- tan *x
Yro—r=--2 *)
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b%+c? b2+c% _ (b+c)?
(1):><ma2 = 4m, > ¢ 5 (b+o)
4R R 2R

(True)

(b + c)?

> 7
T z z( )? z (b + c)?

(a+ c)? b+c sinA(b+c

> = _— =

<4-me 2R =4 m, = 2R a

(a + b)?
k4mc2 >R

B z sinA(b+c)(b+c) tan2 (:(+#) z (hy +h )(r +7)
(***)

A
atan2

848. In A4 ABC the following relationship holds:

Proposed by Bodgan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

Ty stang 4R singcos%
Yo =Y. z
h, 2rs

2 b+c ) z b+ ) Z ab
g > cos sm = c 2 R Rr
RHS = (6+ ZA s — ) Rr 6 Zzs— (642 Y ab 6 Rr
a A B S4Rrs 2

Z

mgy=

(Z) Yab
2Rr

> ab Rr
2Rr

(1) (2) = it suffices to prove: > = © 1 >1 - true (Proved)
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849.

B

Inacute AABC,DD' = x,EE’' = y,FF' = z. Prove that:

3+v/3R?
64

and§+g+§28(1+%)

Xyz <

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Marian Ursarescu-Romania

m(DCH) =7 — B =

sin(g—B)Z%

ch = x = b cos B cos C and similarly: y = ccos C cos A,
cosC == CD =bcosC

Z=acosAcosB
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xyz < iR:‘ & abc(cosAcosBcos C)? < 43 R3 (1)

But cosAcosBcosC < ¢ (in acute A) (2)
(1)+(2)= we must show: abc < 3v/3R? < 8R3sin Asin Bsin C < 3V/3R? &

& sinAsinBsin € < % (true)

+ b + c > 8(R+r1) PN 1 1 + 1 > 8(R+1) (3)
z x y R cosAcos B cosBcosC cosCcosA R
1 4R(R+T1) 4R(R+T1) 8(R+T1)
= . : = =
But Z cosAcos B s2—(2R+1)? (4) We must show s2—(2R+1)2 — R

© R? > 25?2 - 2(2R +1)? © 25% < 2(2R + r)? true, because is Carlitz inequality.

850. If in 4 ABC, I — incenter then:

m m m
AI+BI+CIS4r( @ b ¢ )

+ +
hb+hc hc+ha ha+hb
Proposed by Bogdan Fustei — Romania

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Al = r_. €
I——A,BI, T..

sinf
A A b+c A
2cosy cos> 2——cosy
NI L B L M e s
sm 2 sin7 cos 7 sin A sinA (b + ¢)
b+c
g _0s3 cos
=4r -
2R(b+c) hb+h

851. In AABC the following relationship holds:

((s —a)(s — b))3 + ((s —b)(s — c))3 + ((s —c)(s— a))3 < (@r,+rr,+rr.)3
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
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Solution 1 by Soumava Chakraborty-Kolkata-India

A AN (s —a)(s — b)(s — ©))° 3
rus=(Y 2. A) :{2” s~ )G C} 2N (s - b)s - )

Let(s—a)(s—b)=x,(s—b)(s—c)=y,(s—c)(s—a) =1z

Then, using (1), given inequality becomes: ¥ x> < & x)3,vx,y,z2> 0
which is true (Hence proved)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

MO ) TET Y ) = Sy
3
XB+y2+83<(x+y+z)3 o ZA:(rrc)3 < (Z rrc>

A

852. In 4 ABC the following relationship holds:

(Wa+wb+wc)2
D ma 5
m, +m,+m,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

wqe<s(s—a)etc
w, < my, etC'ZwasZma:RHS<\/ZZwa < V2sYVs—a <
v sy (s —a) =/6s - RHS< V6s = cos— etc,

z<>Fz{<> /F}
_z{(b+c)\/£} \/i(ZZ;lb) 4112 (s + 4Rr +1?2)
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LHS DL (s 4R 2
> |— + +
= r(s r+71?%)

(1), (2) = it suffices to prove

: ‘L—;r(sZ + 4Rr +12) > /65 © (s2 + 4Rr +12)? > 24Rrs?

3)
& s*+ 12+ (4R +1)? + 252(4Rr + 1r?) — 24Rrs? > 0. Now,

erretsen

G
LHSof (1) >  s?(16Rr —5r%) +r?(4R + r)? + 2s?(4Rr + 1%) — 24Rrs? =

Trucht
=12(4R +1)? — 31r%s?2 = r2((4R + r)? — 3s?) rlg 0 = (3) is true (Proved)

853. In 4 ABC the following relationship holds:

a b c 2s
+ + =
R+r, R+7r, R+r., 3R-71T

Proposed by Mehmet Sahin-Ankara-Turkey
Solution 1 by Marian Ursarescu-Romania

a b c a? b? c?
+ + = + + =
R+r, R+r, R+r. aR+ar, bR+br, cR+cr,

(a+b+c)?
~ R(a+b+c)+arg+bry+cr,

(from Cauchy’s inequality) =

a 452
>
= Z R+r, = 2Rs+arg+brp+cr, (1)

But ar, =2s(2R—-1r) (2)

From (1)+(2)=> ¥ — > 4" L N
R+ry, — 2Rs+2s(2R-r) R+ry, — 2s(R+2R-r1)

a A
= > —
z:R+ra ~ 3R-r (done)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Z(s —a)(s—b) =r(4R +7)

cyc
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z a z a? - (a+ b+ c)? 452
R+r, aR+ar, R(a+b+c)+3¥car, 2SR+Y.ar,
cyc cyc
452 2
S 2 S
2SR+Ycycarq 3R-

we need to prove, - 2s(3R—1) 225R+ Y ar, ©

s—(s—a 1
C)ZS(ZR—T)ZAZ#C}ZS(ZR—T)+3AZASZ =

s—a
cyc cyc
= szrzcyi_ijyc_(:)_(sa)_ b) o s(A4R+1) > ZZT:Z(S —a)(s—b) &

cyc

© 1r(4R + 1) = ¥ (s — a)(s — b). Which is true Hence Proved

854. Ifin A ABC, N —ninepoint center, I — incenter, I, I,, I . — excenters then:

NI, + NI, + NI, _6r
Al, -1, +BI, -1, +CI,-1I, ~ R?

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

. A
. C BI r 1) r r rsin
sin-=—=——-—-5>sIl, = ———— -~ Al, = + =

. . . . A . A
smi-IIa sins sin5 siny  msiny
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@T (sin g sin g + sin %) by ().(2) T (n’ sing + sin? %)

A ~Al, - 11, Az
sy (n’smi)
2 T 224 224
:r 4R+r sin > (2)4Rr+16R sin >
T2 1
16R?

- ® ©
Similarly, BI, - II, = 4Rr + 16R?sin?Z & CI, - I, = 4Rr + 16R? sin®
(@)+(b)+(c)=> L Al, - II, = 12Rr + BR*Y(1— cos A) = 12Rr + 8R2 (3 - 1-1) =

3)
= 12Rr + 8R(2R — 1) = 16R? + 4Rr

- the three excircles touch the nine-pointcircle, .. NI, = r, + g,NIb =r,+ ;

R 3R 3R (4) 11R + 2r
NIC:1'C+E.'.Z:N1a:Z:ra+7:4.R+r+7 :72

11R+2r EWler g2.i9¢ 24r _ 2r
2(16RZ+4Rr) ~ 32R%2+4R?Z  36R%2  3RZ2

(3),(4)=> LHS = (Proved)
855. In A ABC the following relationship holds:

m, - h, N my, - h,, N m, - h, - 9r?
(b+¢c)2 (c+a)? (a+b)2~ 4R?
Proposed by Mehmet Sahin-Ankara-Turkey
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Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

=l )
4bcs(s—a)  (b+c)?

b+c

be m,=>— cos—
(*) Z mahawa _ Z ma'ﬁ'W§ — i . Z ma~w§ > 2 >
4bcs(s—a) 4bcs(s—a) 8sR s—a __ 2vbc/s(s-a) _ 2bc A
Wa = b+c - b+ccos 2
b+c A 2bc
—5 ' C0S3 - b+ cos2 bc - cos? Wa
= 8sR z 8sR z B
T son_ TR Z b=
~ B8R s(s— e bc  8R L"*Z B8R 16R2 ab =
R=2r
s23V3r 1 1 92
= TeRZ (s2+4Rr+71%) > 16R? 2712 +8r?2 +r?) = 16R? 3612 = 1R?

Solution 2 by Soumava Chakraborty-Kolkata-India

A
b+c E . cos; _
m, = 2 COS , e1c -~ Z (b+ )2 = Z <a(b+c)> SZ <a2R(sinB+sinC)>

A
_ COSE
—SZ _ B+C B— 4RZ =

4Rasin > cos acos

(a)
mghg S 1 4 B-C 4
=) bio)? = 4R§ < cosBZC> O0<B<mand—-m<-C<O0-. 5 5 ;>

=>0< cos% < 1.Similarly, 0 < cos% <land0< cos% < 1. Using the last

three inequalities and (a), y e

S (Z 1) __ rs(s?+4Rr+r%) _ s?+4Rr+r? 972

= — s
(b+c)2 ~ 4R 4R-4Rrs 16R2 — 4R?

Gerretsen

? ?
& s?+4Rr +1? (% 3612 Now, LHSof (1) = 20Rr—4r’=36r’e

?
20Rr > 4072 - true (Euler) (Proved)
Solution 3 by Marian Ursarescu-Romania

b%+c? b+c)?
© smy =" 8;) (b":—‘c‘)z > ﬁ = we must show this:

In any AABC we have m, >

18r2

(h +hb+hc)> @h +h,+hc 2= 1)
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s®+r2+4Rr

Butha+hb+hc=T (2)

2.2 2
s“+r“+4Rr 18r
=
2R

& s?+ 4Rr > 3512 (3)

From (1) + (2) we must show: ©s?+r?+4Rr>3r* &

s2>2+1r?

But
R > 2r

} = s? + 4Rr > 357r? = (3) its true

856. In A ABC the following relationship holds:
a’sinAsinC 2r 1 ,r\?
> =73 @
a? + b2 R 2 \R
Proposed by Marian Ursdrescu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

LHS = 1 z aic >4Rr+rZ
" 4R?2/.a?+b%2 ™ 2R?

3
Y- >8Rr+2r2 (1)

al+p2 —

ac+ac) Zac( )+Zab=—2 ach? +Yab

a’+bp2

a“c
NOWZ a? b2_2(2+b2

A G ach?
—z Zab———Zbc+Zab— Zab>8Rr+2r

& s +4Rr+r2216Rr+4r

2b2

”
& s2 > 12Rr + 3r? (2)

Gerretsen

?
Now,LHSof (2) > 16Rr —5r% > 12Rr + 3r?

? ?
& 4Rr > 8r% & R > 2r — true (Euler) = (2) is true (proved)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

a? sin Asin C 2 c— b? sin Asin C
D g =) SmAsme- ) =

cyc cyc cyc

AM;GMlzbleC 1zb 1zb
Z 1Rz a > sin A4 sin = 1R a YT a

cyc cyc cyc cyc
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__ab+bc+ca ab+bc+ca _ 2r 1 (r)z
B R

agz_ Weneed toprove, — —2>—+-
& ab+ bc+ca> 16Rr + 4r* © s> + 4Rr +r? > 16Rr + 41?
& s? > 12Rr + 3r?% again we know s > 16Rr — 572 hence we need to show
16Rr — 51% > 12Rr + 3r? © 12Rr + 3r* © 4Rr > 8r? & R > 2r whichis true
Hence proved

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
s2 > 12Rr + 31?2 (True) © s2 + 4Rr +r?2 > 16Rr + 4r* © Y ab > 16Rr + 4r?
2(2r  1(r)? o Zab 2r | 1(r)?
© Xab >8R (R +Z(R) )@ 8R? 2 R +Z(R) )

- Yab _abc Yab _S 1 _S (l_i):
():>8R2 4RZ 2abc R ZZa R Z a 2a

22l < rlla i) "2 2w

S a?
==.y

R b(a2+b2) - R 2R smB(a2+b2)

_ 2R% sin A sin B sin C Z _ ZazsmAsmC

a+b2

857. In A ABC the following relationship holds:
3(h, — 2r)w, +3(hy — 2r)wy, +3(h, —2r) =71 (zz my + z Wa)

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

R SUCR My SR M
= Sr{zz(sf‘_a)wa} = Sr(zb_l_‘cli_awa) = Zer:cwa—SrZWa
r(ZZma+2wa)@32b:cwa(¥4 wa+22ma
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Now, (3 ma)Z 4s —16Rr + 5r*(X.G.Chu,X. Z. Yang)\
6 wa) (4R + r) C h,) (Bogdan Fustei), L Now,

|

2 (b+c) w, 2 253 (Bogdan Fustei) J

2Yw, <2y /s(s—a) C_g_s 2v/3/s/s = 24/3s ys(C) Y (%) w, =

@ b+c
:ZZWa_z< )wa

(i) = in order to prove (1), it suffices to prove: 2 Zﬂwa >2)w,+2)ym, &

PN Z”_“wa (2 Y w, + Y m,. Now, LHS of (2) \/_\/(Z wo)? + (X mg)?

+ 4s2 —16Rr + 512 =

by (Zm) \/ (4R + r)(s%2 + 4Rr + 1r2)
= 2R

_ \[(4R +1)(s?2 + 4Rr + 1r2) + 2R(4s% — 16Rr + 512)
B R

. by (c)
Again, LHSof (2) < 2sV3

(m), (n) = in order to prove (2), it suffices to prove:

(12ZR+1r)s?2 +r(4R +1r)2 — 2R(16Rr — 512)
2sV3 =
) :

& 12Rs? > 12Rs? +rs? +r(4R +1r)? —2R(16Rr — 51%) &

3)
< r{2R(16R —5r) — (4R +1)?} > rs? & s> < 16R?> — 18Rr — r?

Gerretsen

?
Now,LHSof (3) <  4R?+4Rr+3r? <16R? — 18Rr — r?

Euler

& 6R? — 11Rr — 212 > 0= (R-2r)(6R+1)? > 0->true~R > 2r
= (3) istrue = (2) is true (Proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

858. In AABC the following relationship holds:
(@ +wg)? + (b +wp)? + (c+wy)? < (s+3R)?
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

Z:(a+wa)Z 22a2+22awa+zw33
Cészaz+2\/zazzwé+zwﬁSzaz+2J2a22s(s—a)+2s(s—a):

LEIBNIZ

=2(s2—r2—4Rr)+2s/Z:az+sZ 2 2(s’—71%2—4Rr) + 25\J9RZ + 52 =

GERRETSEN
=3s2—2r2—8Rr+6sR <  s2+2(4R?>+ 4Rr + 3r2) — 2r2 — 8Rr + 6sR =

EUﬂl:\ER R?
=s2+8R*+4r*+6sR < sZ+8RZ+4--T+6SR=sZ+6sR+9RZ=(s+3R)Z

859. In AABC the following relationship holds:

2 2 2 2 2 2

s“—ry Ss°—ry, s“°—r; 3r

+ >
s?2+ry s2+r2 s +r2 R
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

A s2_p2 s2—s2 tana 1-tan?4 1-tan?2
¥ T = stanZ, etc, ) “=Z<—2 =) 7] =2 | =
2 2

a
s2+13 52452 tanzz

Euler
A . 54 2 3
ZZ(cosZE—stE) =Y cosA =1+£ > = %z?r(Proved)

860. If in A ABC, I — incenter then:

m, m, mc>ha+hb+hc
Al BI CI 2r
Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

. A
>b+c A.ma(;)b+c Ax51n§_b+c(_ A)_b+c a a(b+c)
Ma =" €08y =2 O " T4 WM 4r 2R 8Rr
) 3)
. my b(c+a) , m, c(a+b)
Slmllarly,— > e & > Ry
(1)+(2)+(3)=> LHS = ZZR'ib ~ (Zz%b) :ZZ—'; ( h, = etc) (Proved)

861. In A ABC the following relationship holds:
8 cos(11m — 324) cos(11mw — 32B) cos(11m — 32C) <1
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India
Given inequality © cos(11m — 324) cos(11m — 32B) cos(11m — 324) < %. Now
wx < |x| « cos(11m — 32A4) cos(11m — 32B) cos(11m — 324) <

< |cos(11m — 32A4) cos(11m — 32B) cos(11m — 324)| =

? 1
= |(-c0s324)(—cos 32B)(— cos 32C)| = |cos 324||cos 32B||cos 32C| < 8

? ?
& In(|cos 324]|cos 32B||cos32C|]) <-3In2 & z In|cos 324]| (%— 3In2

Let f(x) = In|cos 32x| Vx € (0,7) = f'(x) = —1024sec?(32x) <0

~ f(x) is concave =

Jensen 321 1 1
= 21n|c0532A| < 3In |cosT| = 31n|—§ = SInE =-3In2=>

= Y, In|cos324| < —31In2 = (1) is true (Proved)

862. In A ABC the following relationship holds:

3vV3r < 3\/§R

TS

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution 1 by Marian Ursarescu-Romania
S mepy/s—a myvs—b m/s
= + +
s—a VS VS \/§
emy/s—a+myVs—b+mo/s—c=>3V3s-r (1)

Butin any A ABC we have: m, > %- cosg =

m, > Vbc- S(S LN my > +/s(s—a) (2)

From (1)+(2) we must show:
Vs(s—a+s—b+s—c)>3/3sr © s>3/3r (true)

Now,leta<bhb <c=>m,>m, >m andr, < r, < r.. From Cebyshev inequality =

= ‘s3vire

% \7—% \75 2(n,+m, +m, )(\/_ = J_) = we must show this:
9\/—R

But from Cauchy S lnequallty =

9
ma+mb+mcs\]3(mﬁ+mﬁ+m§)s\/Z(a2+b2+c2):>

le

mg,+my,+m, < Z+b2+c2<— 9RZ=—R 4)

1

1
RSP ER ©
From (4) + (5) = (3) itstrue.

Solution 2 by Soumava Chakraborty-Kolkata-India

m A G m, mg= s(s a) STs s233r
Z a 3’“ 3’ =3%|svr 2 3.[3V3rvr = 3V3VF = 3V3r
T'S
mg C-B-S 2 1 _ 3 2 1 Leibnitz Z7R2 3\/—R
AISO’ZJT_a < JrXm? /ZE_ /ZZa (;) < o = 2 (Done)
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863.

Prove that:
a-RA-QA+b-RB-QB+c-RC-QC > 24373
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

.. B . C
. . AR _ AB __ csing .. _ b-sin;
For sine law we have: — = (AR B AR = —23< similarly, AQ = ——=~ (1)

ing tn(%5)’ )
sm3 3 sin 3 sm( 3
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B C
SlIl3 sm > 24\/——7' (2)

From (1) we must show this: abc}; W
sin T -Sin

B c
But abc > 24+/37r% (3). From (2)+(3) we must show: ZW >1 (4)
3 sin 3

BUt Y, sin2- smg S 33\[ _SmZg Sln2§ sanC )
sm( 3 )sin("T) sin2(¥)~sin2(¥) sin ( )
singsingsing - i (6)

~3v3

From (4)+(5) we must show: —z=r——Fropr——n=c
sm(T)sm(T)sm(T)

. A
sin 1 . A . A . A _ 3 A 1, A
ButTEA_—because@\/Ssm—Zsm(z——)@\/SSln—Z—cos———sm—@
sin(T) 3 3 3 3 2 3

= sm( 3 ) > 0 true = (6) its true.

864. In AABC the following relationship holds:

h,
2(ymghy + ymyhy + \Jmch) < R<6+—+—+—
Tq Tp T¢

Proposed by Bogdan Fustei

hb h )
—Romania

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

hgsmg

2% Jm, h, < 2Y¥m,<2@R+7) (1)LHS
26+r—-2r)=2(5R-1r) =

Euler

2)2(4R+71)=2(5R+r—-R) <
16Rr — 51% + 4Rr + r? GERRETSEN s% + 4Rr + r?

< - 0=

_4r(5R—7r) 20Rr —4r* _
N 2r N 2r N 2r - 2r

_Yab _ xab xab s\ s—ay
o 2r _ZRS.4er_2RS.abc_R(ZZE)_R(6+ZZ a )_
< h, h, h, )
crafle-benty
r, L re

1)2'ZA\/mahaSZZmaszzra (1)
R(6+2%) =12 (2)
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Zab

1):;@)=>2xr, <
:Ya*>Yab; —ZaZS—Zab (TRUE)
—Ya*+2Yab <Yab (¥
-Ya*+2Yab=4Y(s—a)(s—b) (*)
(*; () 4X(s—a)(s—b) <Xab
2
42 s(sA— c) = z ab

Zab

(K) (ASSURE)

= I <Yab>2%r <22 (K)

Solution 2 by Soumava Chakraborty-KoIkata—Indla

RHS=R{6+Z(2aA i )} 6+Zzs_ R(6+2s2%—6)=

2sYab (1) Y. ab
4Rrs  2r

o2 2 [ [T £ s 222 4T (57) 552

? ?
& RY ab (2) 8r2(3 m,). Now, RHS of () < 8r?(4R + r) < R(s* + 4Rr + 1?)
a

Gerretsen

”
< Rs?+ (Rr —81r%)(4R + 1) (%) 0.Now, LHSof (b)) > R(16Rr —5r%) +

? ? ?
+(Rr—8r2)(4R+1r)>05r2 —9Rr—-2r2>0< (5R+r)(R-2r) >0

Euler
—true+ R > 2r (Proved)

865. In AABC the following relationship holds:

ha hb hc < hb hc hcha hahb >

<25 Tzt 2
m, m, m, hi +h? hZ+h3 h2+h;

Proposed by Bogdan Fustei-Romania
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Solution by Daniel Sitaru-Romania

TERESHIN

Do © Zb2+z—8RSsz ~2abe) ey~

hbhc hcha hahb
=2 E E + +
b2 +c? cZ 452 452 h,Z, +h2 h*+hZ hZ+h2

866.In A ABC,AA’'B'C' the following relationship holds:
cva'b’ + c'vab
<2
(a+b)(a' +b')

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

LHS = z cva'b’ . c'\ab A;G
~ Li(a+b)(a +b') (a+b)(a +b') @

a'b’
8 (a+b)(2\/ab’) Z(Z\/_)(a+b) zza+b 2Lia +b

1gv ¢ _ 1 Y c(b+c)(c+a) 1 X ab)C a)+Y a3
Now, Z T2 (a+b)(b+c)(c+a) Z Zabc+2ab(Zs c)

ZSZ ab+3abc+Zs(Z a?-y ab) _
Zs(sz+4Rr+r2) -

_1
2

1 2s5(2s* —8Rr—2r*) +12Rrs 1 2s*—2Rr—2r* s> —Rr—r?

2 2s(s2 + 2Rr +12) ~2 "S2+2Rr+12 s2+2Rr+12
s+ 2Rr +r? — 3Rr — 2r? 3Rr + 2r?
= = [ A
s2+ 2Rr +1r? S2 4+ 2Rr + 12 2Z.a+b

Similarly,%Z Y < 1; (1), (2),(3) = LHS < 2 (Proved)

867.1fin A ABC, O — circumcenter, I —incenter then:

JmZ —w2+ |[m2 —w?+m2—w?<2V3.0I
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Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Soumava Chakraborty-Kolkata-India

2(b2+c%2)—a? bc((b+c)?—a?) b2 +c2 a2 a? - bc Mg=Mq
> - =) S be+r e <
- 4 (b + ¢)? - 2 4 (b + ¢)?

b2+ c2 a2 b az(b + c)? b2 + ¢ b a? a? cBs
< ———bc+—— = —bc——+— <
—ZA: 2 4 T aror ZA: 2 T2 S

gJs(zaZ—Zab)=\/3(2s2—8Rr—2r2—sZ—4Rr—r2):

GERRETSEN

=/3(s2—12Rr—3r2) <  /3(4R?—8Rr) = 2V3,/R(R—2r) =23 0I

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

@
Jmz — w2 + /mﬁ —wi +,/m2 —w? < 2V30I

2b* +2c* —a* 4b*c®* s(s—a) 2b*+2c*-a?

mg —w; =

4 “+c)? bc 4
be(b+c+a)(b+c—a) 2b*+2c? —a? be{(b + ¢)? — a?} _2b*+2c*—a?
B (b +c)? - 4  (b+c)? - 4 B

a’bc 2(b — ¢)? — a? a’bc (b —c)? 1 bc
—bc + = + = — a? {_ — } =
(b + ¢)? 4 (b +c)? 2 4 (b+c)?
(b —c)? a? (b-—c)? a*(b—c)*® (b—c)?
= — + 2 _ = = <
2 2b+ )7 b+ )" —dbc} 2 a(b+c)2 = 2
Z(b_ )2 : : (Z)( _ )2 (3) ( _b)Z
( i(b+c§2 > 0). Similarly, m? —w? < % &m?Z—w? <

2 o2y D i@n)? _ o,  CBS
(D+(2)+(3)= L(m% —w}) < =——=3%a®—Yab. Now, LHS of (i) <

<43 /Z(mﬁ—wﬁ)bys(a) ﬁ\]ZaZ—Zang\EOIZZ\Em@

0] @)
& s2 —12Rr — 3r% < 4R(R - 2r) © s* < 4R? + 4Rr + 3% > true

(Gerretsen) (Proved)
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868. In A ABC the following relationship holds

sv2r(h, + hy +h_ )(r,+r, +r
Zmaramz (a b c)( a b c)

m, +my,+m,

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

- b+c ®
By Bogdan Fustei, — > J2r(r, +r.).

inf  sin® 24
Proof of (1): 2r(r, +1r.) = 2rs <Sm§ + Sch) = 2rs— 2 = 8Rr cos?
COSE C()S2 TL'COSE
Using (a), (1) &
b+ c)? A (b+c)? bc A -
<:>( 2 28chosz—(:>( ) > g c._.s(s a)=2a(s—a)=a(b+c—a)
4 4A s bc
& (b+c—2a)?> >0 -true> (1) istrue
by (1)

b+ a
m, = TC cos -, etc, -

by(a)
ym, = Y. J2r(r,+r, cos—

Y. |8Rr cosz? cos =

_Z\/m(1+cosA)=\/m(3+1+%):\/m(4R+r

(2) ’Zr
R ):> m, = F(Zr“)
m,g%cosg,etc b+c A A
Zmara,/rb+rc > z > -stanE 4RcosZE=
b+c) a
— VRs (b+c)

2> ab
> 2R =+VRs

Y ab bc
AR —\/1_35< > \/_S(z a)(':EZha,etc)
:Zmara Jr+re 2 S\/_ Zh
(2), () = (Emgrayfry + 1) Emy) = sV2rC h) X ry) =

Ymr, Ty + 1= % (Proved)
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869. In AABC the following relationship holds:

s’r R

- @ S -

momym, 2r
Proposed by Seyran Ibrahimov-Maasili-Azerbaijan

Solution by Daniel Sitaru-Romania

m, > \/s(s—a) nm nmzsszszr

1 1 sr sr
< - <
momym, - s:r mymym,~ Sr 2r

870. In A ABC the following relationship holds:

z(r +rb)(r +rc) a®+b3+¢c3
ab+bc+ca

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Soumava Chakraborty-Kolkata-India
z a® = 3abc + 2s (z a? — z ab) = 12Rrs + 2s(s?> — 12Rr — 31r?%) @

= 2s(s*> — 6Rr — 31?)

Z(Ta+rb)(ra+rc)ZZ(séa+séb)(séa+séc):
a

a

B AZZ bc B rzszz bc s z b?c?
B a(s—a)2(s—b)(s—c) 1r2s a(s—a) 4Rrsl.s—a

sergsrom (Sab)? _ (Sab)* 7 $a?
- 4RrY(s—a) 4Rrs ~ Yab

2 2
& (sZ +1r(4R + r)) > 8Rrs?(s? — 6Rr — 3r?) (using (1))
2
& s®+1r3(4R+1)3 + 3s*r(4R + 1) + 3s*r2(4R + r)? > 8Rrs?%(s? — 6Rr — 312)

2
& s+ 3s*r(dR+ 1) + r3(4R +1r)® > s’r(8R(s?> — 6Rr — 31%) — 3r(4R + 1)?)
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?
© s°+ 3s*r(4R + 1) — 8Rrs* + r3(4R +1)% + s?r(8R(6Rr + 31%) + 3r(4R+1)?) = 0

”
& s+ s*(4Rr + 31r%) +r3(4R + 1)3 + s?2r(8R(6Rr + 31%) + 3r(4R + 1)?) (% 0

tsen

G
Now, LHS of (2) errﬁ s*(20Rr —2r?) +r3(4R+1)3 +
2
+s2r(8R(6Rr + 31?) +3r(4R+1)?) > 0
2
& s*(20R —2r) + (4R + 1)3 + s2(8R(6Rr + 31r%) + 3r(4R + 1)?) (% 0

erretsen

G
Now, LHSof (3) >  s%*(16Rr —57r?)(20R — 2r) +r?>(4R +1)3 +
? ?
+s2(8R(6Rr + 31%) + 3r(4R +1)?) > 0 © s?(416R — 84Rr + 137%) +r(4R +1)3 20

erretsen

G ?
Now, LHSof (4) >  (16Rr — 5r2)(416R? — 84Rr + 13r2) +r(4R+71)3 > 0

? ?
© 42083 — 2112 + 40t — 4 > 0 © (t — 2)(420¢t> + 629t + 1298) + 2592 > 0
— true  t > 2 (Euler) (Proved)

871. In AABC the following relationship holds:
(1 1) h, (1 1) hy (1 1) h. O9R
—_—t =) —+ (=) —F || —< —
b c/r, c al/ry a b/r. S
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

b ¢ bc abc T a
s—a

2 1 1
_ 2 _ 2y — 2 _ o2 § 2) = = . o(e2 _ 42 _
= 1RS E (252 —3as + a?) 2RS(6S 6s% + a) SRS 2(s2—1%>—4Rr) <

2
GERRETSEN AR? + 272 EULER 4R? + 2 (g) 9R

2 —_—(4R*+ +3r2 —r2— = - < — & 7
< RS(4R 4Rr +3r?> — 1% — 4R7) RS < RS S
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872. In A ABC the following relationship holds:

Tq rp r¢ (ha+hb+hc)(ra+rb+rc)
Ma [ F ™M [ e |32
a b c m, +m, +m,

Proposed by Bogdan Fustei — Romania
Solution by Soumava Chakraborty-Kolkata-India

B . £
By Bogdan Fustei, E > J2r@r, +r.). Proof of (1): 2r(ry, + 1) = 2rs <S"‘ sin >

2 4 72 —
osg COS;
2A
_ cos ( A (b+c) 2 A (b+c)2 8abc A s(s—a)
= ZrSHCOSg 8Rr cos? Usmg (@), (1) ©——=8Rrcos* S & ——=>——-<-——
=2a(s—a)=a(b+c—a) © (b+c—2a)?> >0 -true> (1) istrue
bY(l) by (a)
Mg = %cosg etc, ~m V2r(ry +r, cos— = /8Rr cos? gcosg =

® (ii)
=+v2Rr(1+ cosA) > m, = V2Rr(1 + cos A). Similarly, m;, > v2Rr(1 + cos B)
(iii)

&m, > V2Rr(1+ cosC); (i)+(ii)+(iii))> Y m, > \/ﬁ(:; 1+ ) \/ﬁ(4R+r) _

Zr(4R+r):>Zma > \/7(4R+r) Now, Zma\/7 ym, stang a

A

P A b+c
_z 4R sin Ema—z>c°s b+c A _ zb+c ind =
=) m, o > > coszsm Zr_ oy sinA =
b+c a 2Y ab R bc
2rz 2R /21«( 4R > /_(zh“)('ﬁ_h“’etc)ﬁ
(3)
:’zma h, 2r

@@ Cm) (Sm, [2) = [ @r) J%(z ha) = Er)(Ehe) =

=3 ma\/: > Eh)C.7a) hz“)n(lzr“) (Hence proved)




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

873.In A ABC:

1 1 1 2
m,+m,+m,+ + + C<<3 +;>max(a,b,c)

sins sins sins
2 2

2
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

WLOG, we may assume max(a,b,c) =a .~.a>b,a>c>

1) 2s b+c
3a>a+b+c:>3a>Zs:>max(abc)>? m, < 7

4s 2s by (1) ()
Zma < > =2s=3 iy < 3 max(ab,c) > Zma < 3 max(a,b,c)

1 bc _ bc(s — a) 1 CBS
Z—é_z m_z\/(s—a)(s—b)(s—c)_r\/;zVbc(s_a s

sin

\/Zab \/BZab \/(Za)z 2s _2s \/_ 4s
\/zab\]z(s a)_ \/_r \/§r \/_r 3 r 31‘

2s 3) 2
3= ;max(abc):z < max(abc)

2
T
sm2

(2)+(3)= LHS < (3 + %) max(a, b, ¢) (Proved)

874. In A ABC the following relationship holds:

Jmogmymw,wyw, < abc
Proposed by Bodgan Fustei — Romania

Solution Soumava Chakraborty-Kolkata-India

1) 16R%r2s ) 23
E [1(a+b) . _ (Z_bc é) — 8-16R“r s & 32Rr*s
mg < etc = [[m, < : pWe = I1 bre 0572 Ml(a+b) 4R _ T[l(a+b)

? ? ?
1), (2) > mmymwwyw, < 4Rr*s3 < 16R?*r?s? © s < 4R © s?> < 16R?

But s% < ﬂ £ 16R? © 64 > 27 — true (proved)
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875. In A ABC the following relationship holds:

(1 1 1) ( ab bc ca ) 9
—+ -+ — + + >
a b c¢c/\rb+4Rc rc+4Ra ra+ 4Rb T, +1r,+r,

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

ab . bc L _ a’b? . b%c? . ca?
r,+4Rc rc+4Ra ra+4Rb rab?+ 4Rabc rbc?+ 4Rabc rc’a+ 4Rabc
Bergstrom G ab)z Y ab®<y ad 6 ab)z

> >
- rQab?)+12R-4Rrs @ 1 a3)+48R%rs

2
Now, Y. a® = 3abc + 2s(3 a? — Y, ab) = 12Rrs + 2s(s?> — 12Rr — 3r2) @
= 2s(s*> — 6Rr — 31?)

3)

ab (X ab)? _ (X ab)?
D.@=x rb+4Rc — 2rs(s2-6Rr-3r2)+48R2rs  2rs(24R2—6Rr-3r2+s?)
(T ab)® ? 9
(@) =LHS= 8R1252(s2+24R2—6Rr—312) — 4R+r <

”
& (s2+4Rr +1r%)3(4R + 1) (% 72R1r%s%(s? + 24R? — 6Rr — 31?)

erretsen

G
LHSof (4) = (20Rr — 41*)(4R + 1)
”
(s4 +12(4R +1r)? + 2s%(4Rr + rz)) > 72Rr*s?(s? + 24R?> — 6Rr — 31%) &
& s*(20R? —17Rr — r?) + s?r{2(4R + r)>(5R — ) — 18R(24R? — 6Rr — 31r?)} +

2
+12(4R + 1)3(5R — r)(20R% — 17Rr — 1?) (%) 0. Now, LHS of (5) > s?*r(16R — 57) +

2
+s2r{2(4R + r)>(5R — r) — 18R(24R? — 6Rr — 312)} + r2(4R+1r)*(5R—-1) >0
2
& s?2(48R3 — 216R*’r + 117Rr* +3r3) + rAR + 1) (5R—-1) >0

”
& s?(48R3* + 117Rr* + 31r3) +r(4R +1r)3(5R — 1) (%) 216R?rs?

errets

G en
LHS of (6) (2) (16Rr — 512)(48R3> + 117Rr?> + 31r®) + r(AR +r)3(5R—-1r) &
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Gerreten
RHS of (6) 2 216R%r(4R? + 4Rr + 31?)

(a), (b) = in order to prove (6), it suffices to prove:
(16R — 57)(48R3 + 117Rr? + 31r3) +
+(4R +1)3(5R—1) = 216R%(4R% + 4Rt + 312)

R
© 56t —232t3 +309t2 —136t—4>0 (t = 7) o

Euler

e (t-2)[(t-2){(t—-2)(56t+104) + 261} +108] > 0 >true~t > 2 (proved)

876. In A ABC the following relationship holds:
(Bh, —7r)w,+ (Bhy — 7r)wy + Bh, — 7r)w, = 2r(m, + m, + m,)
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

6A 6A
Z(Bha—7r)waZZ(Bha—6r)wa—r2waZZ(———)W —rZw =
6rs b+c—a
—z—(s—a)wa—rZWa—Brz —rZwa—
b+c b+c (6)]
=3rz p wa—4r2wa22r(2ma)@32 p w, = 4 wa+22ma

2 (a)
Now, (z ma) < 4s* — 16Rr + 51* (X.G.Chu, X.Z.Yang)

v~

2 (b)
(z Wa) < (4R + r) ha) (Bogdan Fustei),

b+ c (c)
z ( " ) < 2svV3 (Bogdan Fustei)

Now,2¥w, <2Y./s(s—a) 2\/_\/_\/__

by (c) b+c (l) b+c
=2V3s < ( )w :>ZZW ( )wa

(i) = in order to prove (1), it suffices to prove: 2 ZTwa >2)wa+2)ym, &
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@Zﬂwa 2 2w, + Y, m,. Now, LHS of (2)

CBS by (a).(b) 2 2
< VZ/Ew )P+ (Tmy)?: < V2 \/(4’””(‘2;4’"” ) + 452 — 16Rr + 512
m

— 16Rr + 512%)

_ \[(4R + 1)(s% + 4Rr + 12) + 2R(4s?
B R

by (c)
Again, LHS of (2) 2s5v/3; (M), (n) = in order to prove (2), it suffices to prove

25V > \/(12R +71)s2+1r(4R +1)?

— 2R(16Rr — 512)
=3

R

& 12Rs? > 12Rs? +rs? +r(4R +1r)? —2R(16Rr — 51%) &

© r{2R(16R —51r) — (4R +1)?} >rs?> © s* < 16R> —18Rr—r

Gerretsen ?)
Now,LHSof (3) < 4R?>+4Rr+3r? <16R*-18Rr -1’ &
Euler

11Rr—2r2>0<:)(R 2r)(6R+r)>0—>true R > 2r=>

& 6R? —
= (3) istrue = (2) is true (proved)

877.In A ABC the following relationship holds:

a’> h%\/b®> h? h?
<— + ) < + ) < —”) > 64h,hy,h,
4r 4r r

4r
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

at? 4a®? 1(a® 45? 1/a* 45% 45% 452 1 +/a2 43 .56
—_—t = —+— ===+ + + >4 |— —
4r r r\ 4 a? r\4 3a? 3a? 3a? r 4 27ab

4r
a? ha) b?> | hZ (2 h%)
s> (422 +2) (= +
From (1) (4r r 4r r 4r r Z7abcr3

From (2) we must show:

TS5 BT (1)
2756 (2)
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835+ 4 8s3  sV27s2
W:l 2752 > 64hahbhc [=—1 4\/ 27 - SZ >

S = >
27abcr3 abc 27r3

& SV2752 > 3313 o §4.275% > 312712 & §6 > 39512 & § > 34/372

1e

2
Which its true, because § > 3\/§j—2 os2>3/3sost>2782 o

& s3>27(s—a)(s—b)(s—c)=s> Bi/(s —a)(s—b)(s —c) true

878. In AABC the following relationship holds:

a b c 2R—r
+ + <

24,2 2492 2 =

ri+r: ri+r; ri+rg S

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Daniel Sitaru-Romania

a a 1 a
ZZ :z 2 z:_zz —p)2 PRy M
S ) T e
1

_ a(s—b)?(s—c)> MM 1 Cals-b)?(s—c)? 1 ~
" SrsZu(s—b)?2 + (s —c)? Srs 2(s—b)(s—c) ZSrs.er(ZR_r) -

2R —r1
S

879.1fin A ABC, K — Lemoine’s point then:

abc(a+ b + ¢)

2 2 2 S
AK® + BK? + CK* 2 ————

Proposed by Marian Ursdrescu — Romania
Solution by Soumava Chakraborty-Kolkata-India

2
Let AK , be the symmedian from A to BC. Now, -2

TR (Honsberger) =

2 2

2 2 1) /p24c2 ]
SRR ET e L L K:(b“)AKA.Agaln,%—C—:E:C—

AK T b2+¢2 T AK ~ b2Z+c2 S a2 CKq, b2 n b2
where m = BK,4,n = CK,4. Stewart’s theorem with cevian

2) 2
AK, = b>m + c?>n = a(d? + mn) (where d = AK,) '-'%Z%&m+n=a
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2 -
b L L = s 5 Using (@), (b), (2) becomes:

b%ac?* + c*ab* _ 2, a’b?c? 2b%c? _ (d*(b® + c?) + a®b*c?
b2 + 2 a (b2 + 2)2 b x (b2 + c2)2

. m+tn _ b%+c? a _ b%+c? (l) ab? (E)

= 2b%c?(b? + c?) = d*(b? + cz)z +a?b?c? = b?c*(2b? + 2¢? — a?) = d*(b? + cz)z =

4p?%c? <2bZ +2c¢% — a2> _ 4b3c? 3) 2bc
(

2 — 2 — = )
=>d = BT+ ) 2 = bz_l_cz)zmaznl—AKA—bz_|_cZ m,

@ ap2c?

2bc
SzMa = AK? =

( i) 4c%q?
imilarly, BK? = 2
(Za )2 ma S a y, (Z az)z mb &

(iii) 442p2 i B 4 m2zs(s—a),etc
= (;az)z mé; () HID+(iiD= TAK? = o Tb*eimy >

> (21752)22 b%c?(s—a) = (Ztlisz)z{sz a’b? — abc (z ab)} >

4sabc

= (Z Z)Z (T a?)?

_ abc(a+b+c){2(sz—4Rr—r2)} _ abc(a+b+c)(2 az) abc(a+b+c)
- (za?)” - e sa?

1), (3) = AK =

————{sabc(2s) — abc(s* + 4Rr + r?)} = (2s2 —s2—4Rr —1r?) =

(proved)

880. In 4 ABC the following relationship holds:

a* + b* + c*
2r

> 5+ hq + hy | he
W WpW, ( . T_b T_c>
Proposed by Bogdan Fustei — Romania

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Chebyshev
1) LHS: 4+b:+ ct > (a +b+c)(6a:+b3+c3) — 452(52—66:21'—31'2) Zsz(s —6Rr-3r ) (*)
h, 2(s—a) _
2)]_[wa(5+ZE) s (5+2% )—s-S-(5—6+2sZE)—

2s b
:S'S'< Za _1>:
abc

2+ 2Rr+1? 24+2Rr+1?%) _ 52 2R
-S(S+ r+r):r.sz.(s+ r+r) (s+ r+r) (**)
2Rr 2Rr
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Zsz(sz—6Rr—3r2) sz(sz+ZRr+r2

(4); (%) = ZEORIr) 5 SR (ASSURE)

4R(s%? — 6Rr — 31%) > 3r(s* + 2Rr + 1?)
(4R — 31r)s? — 24R*r —18Rr* =313 > 0 = 16Rr — 5r* < s*
(4R — 3r)(16Rr — 51%) — 24R*r — 18Rr?2 — 313 > 0
(4R — 3r)(16R — 51r) — 24R?> —18Rr — 31?2 >0
64R? — 68Rr + 1512 — 24R?> — 18Rr — 312 > 0
40R* — 86Rr + 12r% > 0; 20R> — 43Rr+ 612 >0
(20R 3r)- (R—2r)=0

=Euler

881. In A ABC the following relationship holds:
ro(hy + h)?* +1y(he + he)? +1(hy + hy)* > 1258
Proposed by Mehmet Sahin-Ankara-Turkey
Solution 1 by Marian Ursarescu-Romania
(hy, + h.)? = 4hyh, = r,(hy + h)? = 4r,h,h, = We must show this:
4 rohyh, > 12sS
& YTk > 355 & hohyh, - N1 ¢ >35S (1)

a
s

But hohyh, = 220 (2)aner“— sa:_z__l 22R-r) _ 2R-T (g

r r

a

25212 ZR r

From (1)+(2)+(3) we must show: >3ssro2(2R-1r)>3R &
©4R—-2r 23RS R = 2r (true from Euler)

Solution 2 by Soumava Chakraborty-Kolkata-India

. 1)
Firstly,> a® = 3abc + 2s(} a®? — Y ab) = 12Rrs + 2s(s* — 12Rr — 3r?%) =

—Bb)(s— 2_ 2_ 4.2, 2 2
_ ZS(SZ — 6Rr — 312. Also, Zﬁ — Z(=b)(s—0) _ %(s%—s(b+c)+bc) _ 3s*-4s?+s*+4Rr+r? _

sr2 sr2 sr2

) 4R + 1

ST
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¥ o= 3 (2 e ) =) (D) -
) (D) - ) R e,
B O VL

523+Ssz , by (D z("')"'
a2 L% T 2R? - 4R2 a*S)ITyRe

6Ss 2Ss by(2) 5rs* (4R + r)s4
+—4RZ (s? —4Rr—r2)——(s — 6Rr — 31?) 1R + iR? +
rs? (R —-1r)s* rs
rs- _ a2 _ a2 \w=r)s o2 _ —
+ 2R? (3(s 4Rr — r?) — (s> — 6Rr — 3r )) R? (s 3Rr) =
_ (R—r)s*+rs*(s? —3Rr) _ s*(s*—-3r?)

>12sS© s2—3r2>12Rr &

RZ

(3) Gerretsen

? ?
& s > 12Rr +3r%. Now, LHSof (3) >  16Rr —5r? > 12Rr + 3r* & 4Rr > 817

— true (Euler) (proved)

882. In A ABC the following relationship holds:

W +wp+w, <J(rg+rp+r)(h, +hy+h.)
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

ZWa— 2bc cosgz 2C Js(s—a) )Cg_ 2\/_/ bc ’Z(b—i_—f)z_
s Y [ L [ L
_ \/ﬁ\/s(h) — Z(ZZR:, 4Rr —1?%) _ \/ﬁ\[ﬂ;; r_ \[ch;b\/ﬁ _
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=X h)Xr,) ( % = h,, etc) (proved)

883. In A ABC the following relationship holds:

h h h
T, /m—a+rb ’m—:+rc ’#S\/ZLIRZ — 1572
a (4

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Soumava Chakraborty-Kolkata-India
? ?
“mg>hgetc, . LHS <Yr,=4R+1r <V24R2-15r2 o R*-Rr-2r’>0 &

?
S (R—2r)(R+1) = 0 - true (Euler) (proved)

884. In A ABC the following relationship holds:

a b c r

—+ —+—>8V3 (=

Sa Sp S¢ V3 (R)
Proposed by Mehmet Sahin-Ankara-Turkey

2

Solution 1 by Marian Ursarescu-Romania

1 1
Inany A ABC we have: s, < m, = — = — > wemust show:
a a

a b c r 2
etz 8V3(5) @
b c a? b2 c (a+b+c)? L. .
— > —————— (2) (from Bergrtrom inequality).

a —
But—+—+—= >
m, mp Mm, am, bmy cm, amg+bmp+cm,

From Cauchy’s inequality we have: (am, + bm, + cm.)? <

< (a® + b + ¢*)(m2 +mi + m2) = (am, + bmy, + cm,/)? < 2 (a? + b2 +c2)2 >

1 2 1
pre————y I (3). From (1) +(2)+(3)

2 2
8p >8V3Z

we must show: m = R
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a?+b%+c?

© p*R? > 3r%(a? + b? + ¢?) (4).Butp? >27r* and R? >
P

= p%R? > 3r%(a? + b? + c?) = (4) its true.
Solution 2 by Soumava Chakraborty-Kolkata-India

Z a _Z a Za(b2+cz) Z 2(b2+cz)_ 1 az(b2+cz)_
Sa 2bc ~2 bcm, 2 abcm, Zabcz m, B

b2 + ¢

c? Bergstrom 2 (Z ab)z Y mgs4R+r (Z ab)z Gordon
> — L >
~ 2abc z mg z = (2abc> ym, - 4RS(4R+71)

4V3s(X ab) _ \/_ 3(Xab) >
>
~4RS(4R +71) R(4R +7r)

8\/_( ) & R(s? +4Rr+r2) 8r2(4R+r)

Gerretsen

2 ?
Now, LHSof (1) >  R(20Rr —41%) > 8r’(4R+1r) ©5R>*—9Rr-2r* >0

?
& (R—2r)(5R+1) =0 - true (Euler) > (1) istrue (proved)

885. In 4 ABC the following relationship holds:

2 2 2 3
m; m; m: 2r |[((rpo+ry,+r.)

a b c> a b c
w, w, w., R | hy+h,+h,

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

- b+c ®
By Bogdan Fustei, - 2 J2r(ry, +r.).

Proofof (1): 2r(r, + r,) = 2rs (tang + tan g) —

. B . C . (B+C 2 A 2 A
siny  siny sin (T) 2rscos®s  2rs cos? 7 (@) ,A
=2rs + =2rs o 1 - 5 = 8Rr cos? 7
cos, Cosy Cos 5 COS 5 I1 cos» 4R
(b+c) 24 (b+c)? 8abc A s(s—a) _ 2a(s-a)
Using (a), (1) & 28Rrcos* s & ——=2—— -~ —=— — &

@(b+c)224a(b+c—a)=4a(b+c)—4a2@(b+c)2+4a2—4a(b+c)<:>

& (b+c—2a)? =0 - true = (1) istrue. Now, =~ m, = w,, etc, LHS of (i)>
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COS .etc
b+c A by 1 A by (a)
>Zm > > cos— zw/Zr(rb+r cos— =" ZVBchos 7
4R +
= Z VZRr (1 + cos A) = VZRr {2(1 +cosA)} = V2Rr (3 +1 +E) = \/ZRr( r)
? 2r [(4R+7)32R . ? 4r(4R+T1)
2? S ab (RHS of (I))C) 4R+ 1 > (4-R+r) ZraRrrZ

? ?
s>+ 4Rr +r* > 16Rr + 41? & s Z 12Rr + 3r2.
ii
Gerretsen

?
Now, LHSof (ii) =  16Rr —5r% > 12Rr + 3r?
? ?
& 4Rr > 8r* © R > 2r - true (proved)
886. In AABC the following relationship holds:
h,h, hyh. h:h
ma+mb+mc> ab+ bc+ c'ta

B hc ha hb

Proposed by Bogdan Fustei-Romania

Solution by Daniel Sitaru-Romania

z TERE'.:>;\S'HIN b2+c z Z_ Z_ZSZ -
Ma = 4R 4R 4RS abc . T
zs
= zsz - z =\ ke
B bc § B h,
a

887.In 4 ABC the following relationship holds:
2 2 2

mg M, M - r

bc ca ab 2R

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Bogdan Fustei-Romania

m2 4R +r
ZR Zh Zbc_ :Z—>4R+r—ra+rb+rc
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2 _ Z(b2+c2)—a2

m; Z (and analogs)
, _ 2(b*+c?) —a*+4bc—4bc _ (b*+ c?® + 2bc) + (b? + ¢ + 2bc) — a® — 4bc
m; = =
4 4
+c)t—a’]l]+b+c)>—4bc (a+b+c)(b+c—a)+ +c¢? —2bc
, [(b+c)?—a*l+(b+c)>—4abc_(a+b+c)b ) + (b% + ¢ — 2bc)
m; = =
4 4
mﬁzwzp(p—a)+@ (and analogs)
me _plp-a) ®b-0* pp-a)_aplp-a) _alp-a)p

h, 4h, ' h, ah, 2s

h,
zp(p—a) _zap(p—a) _zapz—azp_pz(a+b+C)—p(aZ+bZ+cZ)
h, 2s B 2s B 2s

z p(p—a) 2p*—-2p(p*—r>+4Rr)
h,

s ca? +b*+c?=2(p*—-1r*—4Rr)

p(p-a) _ Zp(pz—p2+r2+4Rr) __ 1r(4R+r) _ i m_ﬁ _ wpp-a) 1 (b—c)?
X he 2sr T or —4R+r,So,Zha—Z hq +4Z hq

D @ = 4R + r, from the proven above the problem is proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

mg=/s(s—a) s

LHS >  s¥*t=—Ya(s—a)= 4—;{s(25) —2(s?2 — 4Rr —12)} =

__ 4R+r
2R

- r
=2+ (Done)

888. In 4 ABC the following relationship holds:
A-B _B-C = C-A4_1
cos 2 cos 2 cos 2 2(

Proposed by Bogdan Fustei — Romania

hb+hc+hc+ha+ha+hb)
a b c

Solution by Soumava Chakraborty-Kolkata-India

_ w1l /(cat+ab) _ 1 _2¥a_ s _Ya __ . _1 . . _
RHS_ZE(zRa)_EZ(b_'_c)_F_E_E_ZSIHA_EZ(SlnA+SlnB)_

_122 . A+B A—B_z C A—B<z A—B(“ Cc ¢ <1)
=3 sin——cos——= oS5 Co0s—— < cos—; v Cos o etc <

(proved)
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889. In 4 ABC the following relationship holds:

Wy +wy+w, </(rg+rp,+r)(h, +hy+h)
Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

ZW = 2be cosé— 2Cmcg SZ\/_ bc ’ (If—:c)z_
szaszz;,:‘=ﬁJﬁ i
_ \/ﬁ\/s(h) — Z(ZZR:, 4Rr —1?%) _ \/ﬁ\/“;; r_ \/Z;;b\/? _

=JEh)XET14) ( % = h,, etc) (proved)

890. In 4 ABC the following relationship holds:

bc > w3<1+ (bf-c)2>

Proposed by Bogdan Fustei — Romania

Solution 1 by Radu Butelca-Romania

2bc A
w, = =——cos=
b+c 2 2 _ be[(b+c)?-a?]

cos?d = ’S(S—a) = Wa = (b+c)? 1)
2 bc

, [(b+c)? +a®| @ bel(b+ c)? — a?][(b + c)* + az]
M CENE ]‘ b+ o) =0e

[(B+c)?—a?l[(b+c)2+a?]l<(b+c) e (b+c)*—a* < (b+ )

& a* > 0, which is true because a is lenght of a triangle.

Solution 2 by Rajsekhar Azaad-India

wZ=bC[1—a72]:>wZ-<1+a72>:bc[1_ a? H1+ a? ]:
“ (b + c)? “ (b + c)? (b + c)? (b + c)?
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_ a4 . 2 aZ
= bc [1 — (b+c)4] < bc .= bc > w; (1 + (b+c)2) (proved)

891. In 4 ABC the following relationship holds:
1572 + 1072 + 7r2 > 270r?
Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu — Romania

2
From Cauchy’s inequality = 1572 + 1072 + 7r% > (‘/ﬁr“”l—:r”ﬁ”) (1)

From (1) the inequality becomes: (V15r, + V1071, + \/7rc)Z >3.270r2 &
& V151, + V101, +V7r, > 9V10r (2)
Wehave: r, = stang andr = stangtangtang 3)
From (2)+(3) we must show this:

A B Cc A B Cc
\/15stanE + v10stanE + ﬁstani > 9v10stanEtanEtanE =

V15 tan§+ v10tan§+ ﬁtang > 9/10 tangtangtang 4)

Butv15 tang ++/10 tang + ﬁtang > 33\]5\/42 tangtangtang (5)

From (4)+(5) we must show:

3 A B Cc A B Cc
3\[5\/42 tanEtanEtanE > 9v10tanEtanEtanE =

3
— — —_> —
< (5442 tan > tan > tan > 3v10tan > tan > >

\/ A B c A B c
—tan—-— &
A B c A B c
5vV42 tan—tanitani > 3v/3-10V10 tan3Etan3Etan3 2 o
c

A B c A B
— _ —_> 3" 3" 3"
\/7tan2tan2tan2 6v5tan 2tan 2tan 2 =

4 B c
& tan?Ztan?-tan?-
2 2 2  6V5
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Butin any A ABC we have relation: ), tangtang =1=

1= E tan-tan—- = 33 tan? —tan? —tan? -
=3 = =

= eanz A tanz Bran € < L o tan? Aeanz B ranzC < L o tan A tan B tan € <
anzanzan2_3 anzanzan2_27 anzanzanz_
1 V7
<—<—=(20<21)
3V3 65
a+b+c

6 its true. Remark: s = 5

Solution 2 by Soumava Chakraborty-Kolkata-India

15 10 7 } 270s> 15 10 7 (1)270

- - - Z —_—
Given inequality © s {(s-a)z + Gob)Z + Goo? 2z < G-a)? + G-b)2 + (5—0)? o2

3 2 2 3
(as), (o) | ()" Radon (V1531037 g 2
(s—a)2  (s-b)?  (s—c)? {Z(s-a)}? 52 52

= (1) is true (Proved)

Now, LHS of (1) =

892. In acute 4 ABC the following relationship holds:

) ) ) 6cosAcosBcosC
a“ + b” + c* > 6abc

a? + b? + c?

Proposed by Daniel Sitaru — Romania

Solution 1 by Serban George Florin-Romania

2

6cosAcosBcosC
a? +b? + c?

a2+b2+c226abc\/

62a%b?c? - 6 cos Acos BcosC
a? +b? + c?

(a? + b? + ¢?)3 > 63a?b*c* cos Acos B cos C

(a®? + b2+ c?)? >

Maz=Mg 3
3
(a? + b%2 +c2)3 > (3 azbzcz) = 33a?b?c? > 63a?b*c? cos A cos B cos C
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1, 1
:>cosAcosBcosCSg,\/cosAcosBcosCSE

If AABC is obtuse triangle = cos Acos BcosC < 0 < % (A)

If A ABC is acute-angled.

5 (MgsMa) cos A+ cosB+cosC 1 3
VcosAcosBcosC < 3 SE:cosA+cosB+cosCSE:>

1w asinAanBanC o3 and B € 1
SIHZSIHZSIHZ_Z Sln281n281n2_8

. A a . A a _ 1

sing < o Msing <Ilz7m==5 A

Solution 2 by Marian Ursarescu-Romania

Inequality < /(a? + b2 + ¢2)3 > 6abcV6 cos Acos B cos C <
(a? + b* + ¢*)3 > 6% - a*b?*c* - cosAcos BcosC (1)
a? + b% + c¢? = 2(s> —r? — 4Rr) (2) abc = 4sRr (3)

2 2 2 2 2
s“—(2R+r s“—4R“—4Rr-r
cos A cos B cos € = 5 Y = > 4
4R 4R

From (1) + (2) + (3) + (4) we must show:
s> —4R? — 4Rr —1*
8(s? — 1?2 —4Rr)® > 63 - 16s*R*r? . iR’ o

& (s> —1r? — 4Rr)3 > 108s%r?(s* — 4R* — 4Rr — 1%) (5)

Now, use the Gerretsen inequality =
16Rr — 51% < s2 < 4R?> + 4Rr + 3r? (6)
From (5) + (6) we must show: (2R — 1)3 > s?r (7)

R(4R+1)?2
2(2R-T1) (8)

Now, from Gergonne's inequality: s? <

From (7) + (8) we must show:

)3 R(4R+1)?2

_ _ 4 Rr 2
(2R-1)3 > 2GR S 2R-1)*=—@AR+1)* (9

2
From Euler R = 2r (10). From (9) + (10)© 2R-1r)* >r?(4R+ 1)’ &
© (2Rr—1)2>1r(4R+71) © R > 2r (true)

Solution 3 by Soumava Chakraborty-Kolkata-India
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1 3 ! 2 ZZ? 2p2 .2 3
.,.ncosAS§,.-.RHSs6abc 4Zazsza @(za) > 36a’b?c .m@

e (X a?)3 = 27a%b?*c? - true (AM-GM) (Done)
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

m, = /s(s—a),m, >./s(s—b)andm, = /s(s — c¢) and abc = 4Rrs then

ma>33 mambmc>33 SA _33 SZT >33 1 [R>2 ]
bc = "\ a?b%c2 = 7 |16R%r2s2~  |16R%r2s2~ " [8RZ-R ' "~ r

= % (proved)

cyc

Solution 5 by Soumitra Mandal-Chandar Nagore-India

6cosAcosBcosC
a? + b? + ¢?

a2+b2+c226abc\/

(a? + b2 + ¢%)3 = 27a%b*c? (true)
27a’b?%c?
a? +b? + c?

EE 5.3
2 2 2 — |27 \2)
a“ + b% + c“ > 3abc Zr bl 2 6abc 2 b+ 2

Euler

> 6abc

(a? + b2 + %)% >

= 6abc ——f =
a? + b? + ¢?

a? + b? + ¢?

cos A + cos B + cos C\°
6( ) MazMg 6cosAcosBcosC
3 6abc

= 6abc =
a? + b?% + ¢?

a? + b? + c?

cosA+cosB+cosC=1+ - Euler

N | =

=

==

=
Solution 6 by Sanong Huayrerai-Nakon Pathom-Thailand

a? = b%? + ¢? — 2bccosA
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b? = c¢* + a? — 2cacosB

c? = a? + b? — 2abcosC

a? + b% + ¢ = 2(bccosA + cacosB + abcosC)
4 AM-GM
(a? + b% + ¢*)3 = (2(bccosA + cacosB + abcos()) S

> 8- 27abc - abccosAcosBcosC = 63(abc)?cosAcosBcosC

63(abc)*cosAcosBcosC
a? +b? + c?

(a? + b? + c?)? >

6cosAcosBcosC
a? + b? + ¢?

a2+b2+c226abc\/

893. In 4 ABC the following relationship holds:

h, . hy . h, >1(wa Wy wc)
h,+h. h.+h, h,+h, 2

Proposed by Bogdan Fustei — Romania

Solution by Serban George Florin — Romania
h 25 b
_ e N _a ' 9C
Linn 275,55 Laweo
2b b cos 2
zwa _ z CCOS z COSZ
2 a(b + c) a(b +c)

bccos bc h,
Zz Za(b+c) Za(b+c)_2hb+hc
c
(cosE,cosE,cosE < 1) true

894. If m > 0 then in AABC the following relationship holds:

A B C m+3
cotmt1 > + cot™t1— + cot™mt1 > > 372

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

é RADON

A B C Cotm+1 D
cot™ 1=+ cot™1— + cot™1 - = 27 >
2 2 2 1m -

1
(Z cotg)m JENSEN (3cot 6)"”1 gm+1 (\/——)m+1
= 3m 2 3m 3m

m+1
_ 3m.3.3 2

31".

= BMTH ((f:(0,) - R, f(x) = cot%,f— convexe)

895. In AABC the following relationship holds:

bc ca ab 9R?
+ + <

aw, bw, cw, 2§

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru-Romania

B—-C B-C
1 1 1 2Rcos > cos— 1
= = = = < — (1)
aw, 2abc A bc bc 28 28
b+c 2 B-C
2Rcos >
bC LEIBNIZng
Z 25 = zsz
. , , , 1
896. If in AABC ,sinAsinBsinC = el then:
10
ab bc ca a+b+c
5 5 z vt 75 5 2zt 5 5 7 = ( )
a’> + b> +c b> +c’>+a c>’+a’>+b>b 3

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Daniel Sitaru-Romania

1 ab AM-GM ab
AsinBsinC = — bc=1; z— = z—:
sinAsinBsin gR3 _ avc as + b5 + ¢2 33/as5h5c2
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AM-GM

1 ab 1 310 /3 107
I R A AL A

10
a+b+c>

3

897. In AABC the following relationship holds:
a? b? c?
+ + > 6r
hb+hc hc+ha ha+hb

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian

Solution by Daniel Sitaru-Romania

z a®>  AR(s®> —r? — Rr) “"FRIISEN AR(16Rr — 5% — 12 —Rr) _
h,+h, s?2+712+2Rr - 4R? + 4Rr + 3r2 +r2 + 2Rr

R
_ 4R(15Rr — 61?) E”,>€ER 4R(15Rr—6r %)  48Rr _

- 2 2 = 2 2
4R2 + 6RT + 47 4RZ+6R-§+4-RT 8R

898. In 4 ABC the following relationship holds:

6r

m, N m, m, 3
bc ca ab 2R
Proposed by Daniel Sitaru — Romania
Solution 1 by Bogdan Fustei-Romania

bc = 2Rh, (and the analogs); The inequality from enunciation becomes:

+ —+—
ha hb hc

%(ma my mc)> 3 $ﬂ+ﬂ+mc

> —<>3
2R h, h, h,

m, > h, (and the analogs) = > > 1 (and the analogs) so, 2 + =2 + = > 3 true
a a b c

and the inequality from enuciation is proved

Solution 2 by Mehmet Sahin-Ankara-Turkey

m m m amg+bmp+cm
—p 2yt —a b < |etT = am, + bmy, + cm,;T > 33/abc - m,;m,m and
bc ca ab abc

m, =>.s(s—a);T > 33\/4-RA\/S(S— a) Js(s—a) s(s—a);T> 33Y4RA - sA
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T>3%Y2 2 —ers—L_ 0% _6_3.
= TereSrereS =TS e~ 2RA 4R 2R

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

mg i
Zﬁ = 7R o)

b%+c? .
m, > =~ (Tereshin)

bZ +CZ AM;GM 1

1 _ 3
1)= EZ 6=_ (proved)

bc E

899.If M € Int(AABC),AM = x,BM = y,CM = z then:

ax by cz - 3
+ +
ax+ by +98cz by+cz+98ax cz+ ax+ 98by 100

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India
ax =u,by=v,cz=w

The inequality to prove can be written:

u 3
= +w+ +u+ > +v+
Z T+ r98w>100°" 1002 u@+w+98u)(w+u+98v) > 3 H(u v+ 98w)

9506 z u3 + 931491 z uv > 2794764uvw + 9409 z uv? (a)

AM—GM
wW+vd+v3 S 3uv?
AM—GM
V+wd+wd S 3uw?
AM—GM
wi+uwd+ud S 3wul

Zu3 > Z:uvZ - 95062 ud > 95062 uv? (1)

AM-GM
972:1”7Z S 291uvw (2)

AM-GM
931491zu2v S 2794473uvw (3)
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By adding (1), (2),(3) - (a)
900. In 4 ABC the following relationship holds:

\/5(1 A+1 B+1 C>< (1+1+1> 1+1+1
COSZ bCOSZ bCOSZ - sa b c wﬁ wg w%

Proposed by Bogdan Fustei — Romania

Solution by Soumava Chakraborty-Kolkata-India

2y js<zz><zw%>

w2 = s(s-a)

1 (1)12 1 Y(s—b)(s—c) 3s*—s(4s)+s®+4Rr +r?

2 < s(s—a),etc, . etc.

wZ “slis—a r2s2 B r2s2
4R+ T
T st
. (Zl) (zi) by>(1) Yab 4R +r (Zab)(4R+r)
N = 4Rrs rs? 4Rr?s3

(a)
= RHS = / — X / ZT;:(:TT) Now, LHS ‘< \/_ / ’Z cosZ
Goldétone (1 A) 3+1 + ) 4R +r
+ _
o) 4r2 Z cos 4R1?

Zab
4Rr2 = 4Rrs?

(proved)

o Yab > s? < 4Rr+1r? > 0 > true

(a), (b) = it suffices to prove:
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



