ROMANIAN MATHEMATICAL MAGAZINE

F.ounding Editor
- DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



RMM
CALCULUS
MARATHON
301 -400



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by

Daniel Sitaru — Romania
Nguyen Van Nho-Nghe An-Vietnam
Marian Ursdrescu — Romania
Shafiqur Rahman-Bangladesh
Ibrahim Abdulazeez-Zaria-Nigeria
Amit Dutta-Jamshedpur-india
K.Srinivasa Raghava-AIRMC-India
Nawar Alasadi-Babylon-Iraq
Vural Ozap-Turkey
Mihaly Bencze — Romania
Sagar Kumar-Kolkata-India
D.M.Batinetu-Giurgiu-Romania
Neculai Stanciu-Romania

Zaharia Burghelea-Romania



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solutions by

Daniel Sitaru — Romania
Ravi Prakash-New Delhi-India, Serban George Florin-Romania
Omran Kouba-Damascus-Syria, Andrew Okukura-Romania, Marian Ursdrescu
— Romania, Srinivasa Raghava-AIRMC-India
Amit Dutta-Jamshedpur-india, Sagar Kumar-Kolkata-India
Abdallah El Farissi-Bechar-Algerie, Togrul Ehmedov-Baku-Azerbaidian
Yen Tung Chung-Taichung-Taiwan, Soumitra Mandal-Chandar Nagore-india
Tobi Joshua-Lagos-Nigeria, Kartick Chandra Betal-India
Hasan Bostanlik-Sarkisla-Turkey, Shivam Sharma-New Delhi-India
Ibrahim Abdulazeez-Zaria-Nigeria, Sameer Shihab-Saudi Arabia
Chris Kyriazis-Athens-Greece, Kartick Chandra Betal-India
Rovsen Pirguliyev-Sumgait-Azerbaidian
Lazaros Zachariadis-Thessaloniki-Greece, Soumava Chakraboty-Kolkata-India
Sanong Huayrerai-Nakon Pathom-Thailand, Artan Ajredini-Presheva-Serbie
Myagmarsuren Yadamsuren-Darkhan-Mongolia
Abdallah Almalih-Damascus-Syria, Shafiqur Rahman-Bangladesh

Radu Butelca — Romania



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

301. For z4, z, € C, satisfy: |z + z,| = |z4| + |z,|. Prove:
|2y — z5| = max{|z4]; |z;|} — min{|z,|; |z, |}
Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution by Ravi Prakash-New Delhi-India

|z, + z,| = |2z4]| + |z,| = 2z, = kz, for some k > 0. Now,
|zy — 23] = |(k = 1)z,| = [(k—1)z,|
Ifk > 1, then |z,| = k|z,| = |z,|,
and |z, — z;| = (k — 1)|z;| = k|z;| — |z;| = |z4]| — |2,]
= max({|z,|,|z;|} — min{|z,], |z,[}
If0 <k <1,z = klz;| < |z,| and
12y — 23| = |k = 1]|zz| = (1 — K)|z3| = |z, — klz,|

= |zy| — |z4| = max{|z4],1z;|} — min{|z,], |z, [}

302.1f z € C,a = 2 then:

a
|Rez|® + |[Imz|* > 2172 - |z|®
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Daniel Sitaru-Romania

1 1 POWER MEANS , 1
ElRez|“+E|Imz|“ > EIRezI2 +E|Imz|2,(a2 2)

1
—~|Rez|* + = |Imz|* > — (|Rez|? + |Imz|*)* = — |z|*
2 2 27 27

1 1 1 L
—|Rez|* + = |Imz|* > — |z|* - |Rez|* + |Imz|* > 2" 2|z|%
2 2 s
303.1f A € M,(R) then:
det(A? + 2A + 21,) > (2 + Tr A)?

Proposed by Marian Ursarescu-Romania
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Solution 1 by Serban George Florin-Romania

-2+2i
2

det(4? + 24 + 21,) = det(4 — x.1,) - det(4 — x,1,)

P(x) = det(4 — xI,) = x* — (Tr A)x + detA
det(4% + 24 + 21,) = P(xy) - P(x3) = [(-1+i)?> — (Tr A)(—1 + i) + detA] -
J(-1-i)? - (TrA(-1—-i)+detd] = (-2i+TrA—iTrA+ detA) -
-(2i+TrA+iTrA+detd) = (TrA+detd)? — Ri+iTr A)? =
=Tr’A+2TrAdetA+det?A+4+4TrA+Tr?A=
=2Tr?A+2Tr AdetA+det? A+ 4TrA+4 =

=(TrA+2)?>+Tr?A+2Tr AdetA + det? 4

=(TrA+2)?>+ (Tr A+ detd)? > (Tr A + 2)?, true.

Solution 2 by Ravi Prakash-New Delhi-India

LetA = (‘; Z

= (A+IZ + iIz)(A"‘IZ + llz)
det(4?2 + 24+ 2I,) =det(A+ (1 + DI,) (A+ (A +VI,) =

x2+2x+2=0A=4-8=-4<0,x; =

= —14ix,=—1-i

),a,b,c,de R

=det(A+ (1 +iDI)det(A+ (A +0)I,) =|det(A+ (1 +i)I,)|*> =
2
= |1+ )%+ (a+d)(1+i) +ad — be|*

|a+(1+i) b |
c d+(1+1i)

=|(a+d+ad—bc)+2+a+d)il?>(2+@+d)’ =2+ tr A)?

304.A,B € M;(R),det A + 0,det B + 0,Tr(AB™1) = det(AB™ 1) =1
Find: 2 = det(I, + A™1B)

Proposed by Marian Ursarescu-Romania
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Solution by Ravi Prakash-New Delhi-India

LetX = AB L. Astr(X) = 1, we take X = (‘C‘ ) b a)
1 =det(X) =a(l—a)— bc
det(I+ AB™ 1) =det(I +X) = |a1— 1 9 E a| =(a+1)(2—-a)—bc
=2+a—a?—-bc=3.Nowdet(I + A" 'B) = det{A 1 (AB"1 + DB} =
= det(4A 1det(AB~! + I)) det(B) = (det(4)) 1(det B) det(X)

= [det(4) (det(B))~']7(3) = (det(AB~1))"'(3) = (D(3) =3

305. If A, B € M5(R), A3 + 715 = A% B3 + 91 = B? then:
det(AB) > 0
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India
A polynomial satisfied by A is g(t) = t3 — t* + 7. Graph of g(t) is as follows:

2+ g

/ o
This shows g(t) has a negative root and two imaginary roots
Let a be negative root and B + iy, B — iy, 8, Y € R be imaginary roots.
Note tat a, B + iy, B — iy are distinct eigen values of A.
Also, g(t) = (t — a)(a — B — iy)(t — B + iy) is minimal polynomial of A.
As minimal polynomial and characteristic polynomials have same zeros, and k is

real or k = a(B + iy)*(B — iy)? < 0.Also, det(4) = k
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~ det(A4) < 0 Similarly det(B) < 0 = det(AB) = det(A) det(B) > 0.
Solution 2 by Marian Ursarescu-Romania

A% — A3 =715 > det[A%(I5 — A)] = det(7I5s) = (detA)? - det(Is —A) =7°> #0=>detA+0 (1)
B? — B3 =9I = det[B*(Is — B)] = det(915) = (detB)? - det(Is —B) = 95 # 0 = detB # 0 (2)
Now, A3 =A% — 7132 A*=A3—-TA=2A*=A2 -7l —TA=>A*=A%2 - 7A-7I5 =
SAS=A3-7A2-T7A=A*-T7I;-7A>-7A>

=A% =—-64%2-7A-7I;= A% = -6 A2+ZA+ZI =
5 6 6 5

7 7
7 7 (detA)®> = (—6)° - det (AZ + gA +315)
detA> = det [—6 (AZ +gA+ 515>] = . = =
But det (AZ +-A+ —15) >0
6 6
= (detA)> <0>detA<0 (3). Now, B3 =B?>-9I;=>B*=B3—-9B >
(B> =B*—-9B?) B*=B?-9B—9I;= B> =B%-9B? - 9B = B2 - 9]; — 9B? — 9B

9 9
=>Bs=—832—9B—915=>BS=—8(BZ+§B+§IS)=>

9 9
= det(B5) = det [—8 (32 +2B+ §15)] >

(det B)S = (—8)% det (B2 + 3B +:15) ]
det(BZ+gB+215)20 = (detB)> < 0> (detB) <0 (4)
8 8
From (1)+(2)+(3)+(4) = det A < 0 and det B < 0 = det(AB) > 0.
Observation: A € M,,(R),p € (0,4) = det(4*> + pA+pl,) >0
because < det (AZ + pA + %In — %In + pln) =

2
2 _n2 2 —_ N2
=detl(A+£In) +L4p1nl=det (A+§1n) + —“4pp> 2| =

2 4 2

2 2

L
2 —_ N2
= det (A+Bln) — 2 (—“4""> ]

= det > > >

4p — 2 4p — 2
<A+gln+i#1n)<A+£+l#1n>]20
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306.1f A, B € Ms(R), A3 — 215 = A% B3 — 315 = B? then:
det(AB) > 0
Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursarescu-Romania
A3 A2 =2l A%(A—-15) =215 >
= (detd)?-det(A—1I5) =25 = detA#0 (1)
A3 = A% + 215 > det A® = det(A4? + 215) (det A)3 = det(A + V2ils) (A — V2ils) =

(det4)? = det(A + V2il5) - det(4 +V2u5) =0 (2)
From (1)+(2)= detA > 0 (3)
B3 —B%? =315 = B*(B—1I5) =315 >
= (detB)? -det(B—15) =3°>=>detB+0 (4)
B3 = B%? + 315 = det B3 = det(B? + 3I5) >
= (detB)? = det(B + V3il;s) (B — V3il;5) =

= (det B)® = det(B + V3il5) - det(B + V3us5) = 0 (5)
From (4)+(5)= det(B) > 0 (6)
From (3)+(6) = det(4AB) > 0
Solution 2 by Ravi Prakash-New Delhi-India
A3 =A% + 21 = (A—V2iI)(A +z2il)

= det(A%) = det(A — VZil) det(A + V2il) = det (A + V2u ) det(4 + V2il)

= det(4 + V2u) det(A + V2il)

(det(A))? = |det(4 + vZiI)|" = 0
= det(4) >0 (1)
Also A3 — A%2 =21 = A%2(A—1) = 21 = det(A%) det(A — 1) = det(2]) =25 >0
= (det(A))?det(A—1) > 0 = det(4) #0 (2)
Inview of (1), (2) det(4) > 0
Similarly, det(B) > 0. Thus, det(AB) = det(A) det(B) > 0.
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307. Find A, B € M,(R) such that:
detA < 0,det(A—B) > 0,det(A+ B) <0,det(2A+B) >0
Proposed by Marian Ursarescu-Romania
Solution by Omran Kouba-Damascus-Syria

Suppose that A and B satisfy the proposed conditions. Let C = A~1B and let
x(A) = det(AI, — C) = 22 — tr (A)A + det(C)

be the characteristic polynomial of C. The proposed inequalities yields

det(4 — B)
x() = detA <0
4(-1) = det(—A — B) _ det(4 + B)
detA detA
4(=2) = det(—2A — B) _ det(24 + B)
detA detA

But x(A) is positive for large | 1|, so the above conditions imply the second degree

polynomial y has at least 4 zeros and this is absurd. Thus, no such matrices exist.

308.1f A€ My(C),det A + 0,Tr A = 0 then:
Tr (A%) = 3(det A)(Tr A™1)
Proposed by Marian Ursarescu-Romania

Solution 1 by Andrew Okukura-Romania
If A4, A;, 43, A4 are the eigenvalues of A we have:
TrA=4+4+ 3+, =05x,+tx,=—(A3+4,) &
© 23 +3222, +320,22+23 = (23 + 3234, + 32525+ 2}) &
SAB+B3+23+23 =-3[24,A1 + 23) + 132,(A5 + Ay)] =
=3[214,(A3 + Ay) + A34,(A1 + 2). ButTr(A3) =23 + 23+ 23+ 23 >
= Tr(A3) = 3[414; (A3 + 4) + 434, (44 + 1)] (1)
detA = A,,2314 (2)
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TrA™) =+, +,+,03)
(2) A (3) = 3(det A)(Tr A1) = 3A4,4,A54, ( += + + 14)
= 3201443 + 341454, + 3414344 + 34,434, = 3[A;4,(43 + /14) + /13/14(/11 +2,)] (4)
(1) + (4) = conclusion
Solution 2 by Ravi Prakash-New Delhi-India
Let A= (ay), , € M4(C) and Tr (A) = 0,det(4) # 0.

Let f(t) = t* — at3 + Bt* — yt + & be the characteristic polynomial of A.
Thena = Tr (A) = 0 and § = det(4) = 0. . f(t) = t* + Bt?> — yt + 6. We have
A= —BA% + yA - 51, (1)
>A3=—-BA—yI-5A1
Tr (43) = —BTr(A) + 4y — 6Tr (A1) =4y — 6Tr(4™Y) (1)

Let A4, 2;, A3, 4, be eigen values of A, then . 4; = 0, A;A; = B
Let A be an eigenvalue of A = Ja x # 0 such that Ax = Ax =
= A%(x) = A(Ax) = A(Ax) = 24x = A(Ax) = 2%x
Similarly, A3 = 23x = A3 is an eigenvalue of A3. If A! exists, then
A7 1(Ax) = A"1(Ax) > A71x = A 1x . 27 Vis an eigenvalue of A~1.

If 21, 4;, A3, A4 eigenvalues of A, then A; + A, + A3 + A, =Tr (A) = 0.
Now, Tr(A3) =23 + 23+ 23+ 23 = (A4, + 25)3 —34,4,(A; + A5) + (A5 + 44)% —
—32344(A3 + 24) = (=23 — 44)% + 3412, (A3 + A4) + (A3 + 44)® + 3434, (4 + 43)
[“ A1+, + 23+ 2, =0]

1 1
- 3/11/12/13/14( b r— g ) — 3det(4) Tr (A1)

L1 1 1 1
[ A Ay2324 = det(4) and Tr(A™1) = 7 + 5 + % +— iy

Zlil'lk =Y 11121314 = 8. Note
Y= s(h +o 4 + ) det(4) Tr (A1) (2)

From (1), (2): Tr(A3) =3det(A)Tr (A1)
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309. If A, B € M5(R), A3 — 215 = A% B3 — 315 = B? then:
det(AB) > 0
Proposed by Daniel Sitaru — Romania
Solution by Marian Ursarescu-Romania
A3 A2 =2l A%(A—-15) =215 >
(detA)? - det(A —Is) = 2> > detA =0 (1)
A3 = A% + 215 > det A® = det(A4? + 215) (det A)3 = det(A + V2ils) (A — V2ils) =

(det4)? = det(A + V2il5) - det(4 +V2u5) =0 (2)
From (1)+(2)= detA > 0 (3)
B3 —B%? =315 = B*(B—1I5) =315 >
(detB)?-det(B—1I5) = 3°> > detB #0 (4)
B3 = B%? + 315 = det B3 = det(B? + 3I5) >
(detB)® = det(B + V3il5) (B —V3il;) =

(detB)? = det(B + V3ils) - det(B + V31V5) = 0 (5)
From (4)+(5)= det(B) > 0 (6)
From (3)+(6)= det(AB) > 0

310.1f A,B € M,(C),det(A + B) = 1 then
det(A-detB + B -detA) = det(AB)
Proposed by Marian Ursarescu-Romania
Solution 1 by Omran Kouba-Damascus-Syria

The polynomial P(X,Y) = det(XA + YB) is homogenous of degree 2, so it has the
form P(X,Y) = aX? + bXY + cY? Testing (X,Y) € {(1,0),(0,1),(1,1)} and using the
hypothesis det(A + B) = 1 we see taht a = det(A) = B,b = 1 — a — B. It follows that

det(BA+aB)=P(B,a) =af?+(1—a—Bap + Ba* = aff = det(ABC)
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Solution 2 by Serban George Florin-Romania
IfdetB=0=>detA=1=>det(A-0+B) =detA-detB>detB=1-0,detB =0,
true. Because detB + 0,detA # 0,det(4 + detB + B - detA) = detA - detB

detA
= det (detB . (A + — B)) =detA - -detB
detB

det’B - d t(A+de“l B)—d tA-detB|:detB detd _
¢ ¢ detB - de etB|:de ‘detB

det(A+k-B) =k =k?detB+a-k+detd

detA det?4A detB + detA + det A
detB det’B °¢ “ detB "€

detA = det?A + adetA + detA - detB |:det A
1=detA+a+detB=>a=1—-detA—detB
Fromk=1>det(A+B) =1=detB+ a+detd (A)

det(A+B)=1>

Solution 3 by Ravi Prakash-New Delhi-India
If det(A) = 0 or det(B) = 0, then det(det(4)B + det(B)A) = 0 = det(A) det(B).

Suppose det(A) + 0,det(B) # 0. Let A = (a1 bl) ,B = (az bz)
¢ dy c; d,

Let a = detA, B = det(B). Now, I = det(4A + B) = det[A(B~1 + A"1)B] =
= det(A) det(B)det(B~1 +471) (1)

But A-! = 1( dy —b1> B-1— 1( d, —bz)

a\—Cq aq B\—Cy a,
[ 41, _ (ﬁ 4 ﬁ)]
-'-B_1+A_1:| a ﬁ a B |
(C1 + Cz) a; a
a B B
Hes nel
Now, note det(B~1 + A1) = det
G, d 4
a B a B

. -1 -1y _ 1 1
~det(B~1+A )—det(aA+BB) 2)

Thus, from (1), (2): 1 = af det (- A + %B) = ﬁdet %4+ “’7"3]
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[+ A, Bare2x 2matrices| = det(BA + ap) = af
ordet[(detB)A + (detA)B] = detAdetB = det(4B)

311.If A € M,(R), B € M3(R),C € M4(R),
A2 —A=1,B*—-B =15,C?—C=1, then: |det A + detB + det C| < 28
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursarescu — Romania

Letf(x) =x> —x—1,f(x) = 0= x1, = %\@ Now the own values for Ais 11,1, =
from McCoy theorem = 4,1, € {1_7\@1";@} = 4] < 1+2\[§,i =12>=

e~
|det Al = 1412z] = |44] - 1221 < (B52) (1)
Let A4, A5, A3 the own values for B = from McCoy theorem = {A,,2,,A3} € {1—7\/3 1+2\/§}
++5
> |4l <—5—,i=123>
/53
|det B| = |24112,1125] < (222) )
Let A4, A,, A3, A4 the own values for C = {11,45,3,1,} € {ﬂﬂz—ﬁ} = 4] < 1+T\/§
. vt
i=1,23,4> |detC| = |A] - 1] |21 144 < (22) 3)

From (1)+(2)+(3)= |detA + det B + detC| < |detA| + |detB| + |detC| <
1+v5\° [1+v5\" /1++5
2 + 2 + 2

<

4
> =7+3V5<28

312.1f A,B,C,D € M,,(C),n € N,n = 2,det(ABCD) # 0 then:

1
. . = _1 _1 _1 _1
rank(AB - det(CD) + CD - det(AB)) rank(—det caeip® A Y Zeraaetg? € )

Proposed by Daniel Sitaru — Romania
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Solution by Marian Ursarescu — Romania

We use two properties: (1) rank (a - A) = rank A,Va + 0 (obvious)
(2) rank (A) = rank (A - B~1),VB = invertible (from Sylvester)
rank (AB - det(CD) + CD - det(AB)) = rank(B det(CD) + A~1C - D det(4AB)) =
= rank (det(CD) I,, + B~'A'C - D det(4AB)) = rank(det(CD) D~' + B~'A"1Cdet(4B)) =
= rank(det(CD)D~1-C 1+ B 1471 .det(4B)) =
=rank(detD - D 1detC-C ' +detB!1-detd-471)

1 a— 1 —1 =
B A1+ _—_—p-ic1)
det C-det D det A-detB

= rank (D*C* + B*A*) (3). Now, rank (

1 1
= rank (detA detB dethetDB A"+ detAdetB dethetDD ¢ ) -

= rank(B*A* + D*C*) (4). From (3) + (4) = relation from hypothesis.

313.I1f A,B € M,(C),det(A + B) = 1 then:
det(A-detB + B -detA) = det(AB)
Proposed by Marian Ursarescu — Romania

Solution 1 by Omran Kouba-Damascus-Syria
The polynomial P(X,Y) = det(XA + YB) is homogenous of degree 2,
so it has the form P(X,Y) = aX? + bXY + cY?2 Testing (X,Y) € {(1,0),(0,1),(1,1)}
and using the hypothesis
det(4 + B) = 1 we see that a = det(A) 2 a,c = det(B) 2 B,b = 1 — a — B. It follows
that det(BA + aB) = P(B,a) = af?+ (1 —a — Bap + Ba? = aff = det(AB)
Solution 2 by Ravi Prakash-New Delhi-India
Ifdet(A) = 0 or det(B) = 0, then det(det(A) B + det(B)A) = 0 = det(A4) det(B)

Suppose det(A) # 0,det(B) # 0. Let A = (al bl) ,B = (az bz)
c; dy c, d,

Let a = det(4), B = det(B). Now, I = det(A + B) = det[A(B™! + A™1)B]
= det(4) det(B)det(B~ 1 +471) (1)
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But A-1 = 1( d, —b1) B-1= 1( d, —bz)
a ’ B

—Cq a a2

[ ﬂ_l_% _(ﬁ+&)—|

B—1+A‘1=I @« B « B/

| 2,7 2, |

1"\ B a P |

UrE M
Now, note det(B~! + A™1) = det 1,6 d dy
a B «a B

~det(B1+A™ 1) = det( A+ B) (2)

Thus, from (1), (2): 1 = aff det (iA + %B) = Edet [%A + %ﬁB]

[ A ,Bare2 X 2 matrices] = det(fA + aB) = af
or det[(detB)A + (det A)B] = detAdet B = det(4AB)

314.A € M,(R),det A #0,a € (-1,1),A> +A 2 =a(A+A471)
Find: |det A|
Proposed by Marian Ursdrescu — Romania

Solution by Omran Kouba-Damascus-Syria

Let A € M,,(R) be an invertible matrix with
A2+ A %2 =a(A+ A1), forsomea € (—1,1) (H)
Find |det(A)|
Step 1. If ¢ € (—1, 1) then all the complex roots of the polynomial
P(x) = X* — aX?® — aX + 1 belong to the unit circle. Indeed, P(z) = 0 is equivalent to
(1-a?)(1-1z|?)

|z—a|?

-1=

Y
1= &1| and consequently

-1
73 =2 thus |z|° -
Z—a Z—a

(212 = |1~ |z + |z/* + 125 | = 0. Thus, |2| = 1

—af 2

positive
Step 2 |det A| = 1. Consider A as a complex matrix. If A € C is an eigenvalue of A then

according to (H), A satisfies
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A% + %2 =a (A + %) Equivalently P(A) = 0, hence |A| = 1 according to Step 1. But

det A is the product of all the eigenvalues of A, (each one is repeated according to its

multiplicity), so |det A| = 1.

315. Solve for real numbers:

1 3+ sinx 2+ 3sinx 2sinx
1 2+sinx+cosx 2 sin x + sin x cos x sin 2x
1 14+sinx+cosx sinx+cosx+sinxcosx sinxcosx|
1 3+ cosx 2+ 3cosx 2cosx

Proposed by Daniel Sitaru — Romania

Solution by Srinivasa Raghava-AIRMC-India

Solve

3 +sinx 2+ 3sinx 2sinx
2+sinx+cosx 2sinx+sinxcosx+ 2cosx sin 2x
1+sinx+ cosx sinx 4+ cos x + sinx cos x sinx cos x

3+ cosx 2+ 3cosx 2cosx

det

[N

After simplification we have:

1 sinx + 3 3sinx+ 2 2sinx
1 cosx+sinx+2 sinxcosx+ 2cosx+ 2sinx sin 2x
1
1

cosx +sinx+1 sinxcosx + cosx + sinx sinxcosx
cosx+ 3 3cosx+ 2 2cosx

—i(sinx —2)(sinx + cos x — 1)?(4 sinx + cos 2x — 2(sinx + 2) cos x + 1). Solve

for x:

1
—Z(sinx —2)(—1+ cosx + sinx)?(1 + cos2x + 4sinx —2cosx)(sinx +2) =0

Multiply both sides by a constant to simplify the equation. Multiply both sides by —4:
(sinx — 2)(—1 + cos x + sinx)?(1 + cos 2x + 4sinx — 2 cosx)(sinx + 2) = 0
Find the roots of each term in the product separately. Split into three equations:
sinx —2=0o0r(—1+cosx+sinx)? =0 or
1+ cos2x+4sinx—2cosx(sinx+2)=0

Isolate terms with x to the left hand side. Add 2 to both sides: sin x = 2 or
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(-1 + cosx +sinx)? =0o0r1+ cos2x + 4sinx — 2 cos x (sin x + 2) = 0. After

solving each equation separately and some calculations we have the following

. n T T 3
solutlonsx=1t(T); X =2nn; x=21tn+5; x=21tn+z; X = Zn'n—T

x =2nn — 2itanh™1 = 2nn + 2itanh™? =2nn+m—sin 12

1 1
— X —; X
V3 V3

316.1f A,B,C € M,(Z),n > 3,(A"B*)" = BA,(B*C*)* = CB then:

detA + detB + detC < V10
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

IfdetA = 0 ordetB = 0 or detC = 0 obvious. Let det A # 0,detB # 0,detC # 0.
Lemma 1: (AB)* = B*A* (1)
Lemma 2: (A*)* = (detA)" 24 (2)

(2
From (A°B*)* = BA® = ((BA)") = BA =
-2 _
(detB/!)n BA = BA} S (detBA)™? = 1 =
BA invertible

detBA = +1 = detA4A:-detB = +1
butdetA4 anddetB € Z

Similarly: detB ,detC € {—1,1} (4)

} = detA,detB € {-1,1} (3)

From (3)+(4)= detA + detB + detC < 3 <10

317.f X, Y, Z e M,,(R),n=>2,n €N, XY =YX, YZ = ZY,ZX = XZ then:
det(9X? + 5Y% + 5Z% + 12XY + 6YZ + 12ZX) = 0
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India

We have: 9X% + 5Y2 + 5Z%2 + 12XY + 6YZ + 12ZX =
=BX+RQR+DY+RR-DZIBX+R2-DY+2+iZ]=>
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= det(9X? + 5Y%2 + 5Z% + 12XY + 6YZ + 12ZX) =
=det[BX+2+iD)Y+R2-D2)BX+R2-i)Y+ 2+i)Z)]
=det[BX+ 2+)DY+2-D2)BX+2+)Y+(2-02)| =

= (det[3X + (2 + DY + (2 — DZ]) (det (3X T2 +DY+(2- i)z))

=(det3X+ 2+ )Y+ (2—-i)Z))det(3X+ 2+ )Y +(2-1)2)
=|detBx+ 2+ DY+ (2 -i)Z|>?=0
Solution 2 by Marian Ursdrescu — Romania
We use: det(A-A) > 0,vA € M,,(R) (1)
Because XY =YX, YZ = ZY and ZX = XZ we can make algebraic calculus:

det|34+ 2+ DB+ 2-DO)(3A+(2+1B+2-10)|20 (2)
(From (1))
Butdet[(34+ (2+)B+(2-i)C)BA+2+1)B+(2-00)] =
=det[BA+(2+i)B+(2-1D0)BA+2—-i)B+(2+1i)0)] =
= det(9X2 + 5Y? + 5Z% + 12XY + 6YZ + 12ZX) (3)
From (2)+(3)= det(9X? + 5Y? + 5Z% + 12XY + 6YZ + 12XZ) > 0

318.4,B € M,(R), Tr((AB)?) = Tr(4*?B?),n € N,n > 2. Find:
Q =Tr[(AB — BA)"]
Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India

If X and Y are two n X n matrices, then: Tr(XY) = Tr(YX)
Tr(X+Y) = Tr(X) + Tr(Y). We are given: Tr((AB)?) = Tr(4?B?) =
= Tr{ABAB — AABB} = 0 = Tr{A(BA— AB)B} =0 >
= Tr{BA(BA—AB)} =0 (1)
= Tr((BA)?) = Tr(BA%*B) = Tr(BBA?) = Tr(B?*A?%) >
= Tr{BABA — BBAA} = 0 = Tr{B(AB — BA)A} = 0 >
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= Tr{AB(AB — BA)} =0 (2)
Now, Tr{(AB — BA)?} = Tr{AB(AB — BA) + BA(BA — AB)} =
= Tr(AB(AB — BA)) + Tr(BA(BA — AB)) = 0 + 0 = 0 [from (1), (2)]
Let x = AB — BA, thenTr(x) = Tr(AB) — Tr(BA) = 0.

Also, Tr(X?) = 0 [Prove above]. Let X = (‘cl —ba) [+ Tr(X) = 0]
2
X2=(“ +be 0 ); Tr(X?)=0=2(a’?+bc)=0=>a’+bc=0
0 a“+ bc

. 2 _ 00 ny —
..x_(o 0)=>Tr(X)—OVn22

319. Find (a,,) c N such that:
n
;ak(Z)(ZI D=@+(*)nen

Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India

(n+1)! +1 ! +1
(ZID:(k+111)!(n—k)!::+1'k'(nn—k)v::+1(Z) (Z)(Zii):
1 n
“or 0 (=Y a0 Y
We know (2:)= ’,:20(2)2
Zak ',:j:} (n+1)(2n):>(n+1)zk+1 —(n+1)z

k=0

Thus a possible sequenceis a;, = k+ 1,Vk € N.

320. Solve for real numbers:
(x + sinx + cosx)?® = (x + sinx — cos x)3 + (x + cosx — sinx)3 + (sinx + cos x — 3)3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Amit Dutta-Jamshedpur-India
Let (x + sinx — cosx) = a; (x + cosx —sinx) = b; (sinx + cosx —x) = ¢
Hence, given equation reducesto (a+ b +c¢)3 =a3+ b3 + 2 >
s@+b+c)*-a*-b*-c2=0=>3@@+b)(b+c)(c+a)=0
Putting the values of a, b, c: 3(2x)(2 cos x)(2sinx) = 0

cosx=0

x=0 sinx=0
B x=02n+1)=| x=mn

cosx =0 2
nel mel

Real solutions are x = 0,x = (2n + 1)12—t;x =mn

Solution 2 by Sagar Kumar-Kolkata-Iindia

(x + sinx + cosx)3 = (x + sinx — cos x)3 + (x + cos x — sinx)3 + (sinx + cos x — x)3

(x+y+2z)3—-x3—-y3-22=3(x+y)(y+2)(z+x) = 3(x)(cosx)(sinx) =0

2n+1 . .
x=0x=nmn, @ Combining these values: x = %,m el

321. Solve for real numbers:

1 1 1 3

+ + -
1+8* 1+4+27*% 1+64* 1+ 24~
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Daniel Sitaru-Romania(using a result of Omran Kouba-Damascus-

Syria)

1
1+er’

f'(x) = 8(1(:.«:;)13) > 0, f — convexe

Letbe f:[0,0) - R, f(x) =

Ifu,v,w > 0 then by Jensen’s inequality: f ("H:W) < %(f w+fw) +fw))

u1+,,+w_1< 1u 11, 1W).Denotea=e",b=e”,c=e“’
14e 3 3 \1+e 1+e 1+e
1 1/ 1 1 1
I T S T
1+¥Yabc 3\14+a 1+b 1+c

1 1 1 3
B
1+a 1+b 1+c 1+ Y abc

. Equality holds if a = b = c. Denote a = 8%, b = 27%,c = 64*
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1 1 1 3 3
+ + < — =
1+8* 1+27* 1+64*  1+4+3/8*-27*-64* 1+ 24F
Equality holds for 8* = 27* = 64* > x =0

322. Find all continuous functions:

FRORFEE)—FOD) =& +xy+y-)f(x—y),vx,y €ER
Proposed by Marian Ursdrescu — Romania

Solution by Omran Kouba-Damascus-Syria

Consider a continuous function f satisfying the proposed property. Let P(x,y) be the
property f(x3) — f(y3) = (x? + xy + y?)f(x — y). From P(1, 1) we conclude that
f£(0) = 0. From P(x,0) we conclude that f (x3) = x*f(x) for every x
From P(tx, x) for x + 0 we get
efx) - fx) = @+t +Df(E-Dx) (1)

Which is also true when x = 0 according to the first point. Setting t = 0 in (1) we
conclude that f is odd. Setting t = 2 in (1) we conclude that f(2x) = 2f(x) for all x.
Now suppose that f(nx) = nf(x) for some positive integer n and for all x. Applying
(1) witht = n + 1 we get
(m+ D2 f((n+ Dx) = f(x) + % + 3n+ 3)nf(x) = (n + 1)3f(x)
thatis f ((n + 1)x) = (n + 1)f(x) for all x. Thus, since f is odd, we have proved that
vx € R,Vvn € Z, f(nx) = nf(x) (2)

Applying (2) with positive n and % instead of x we get also

vieRVReN,f(3)=1f@) (3)

n

Combining (2) and (3) we get for n € N*, m € Z and x € R the following
F(Zx)=2fmxn) =2fx) @

n n
Thus f(r) = f(1)r for all r € Q. Now, the continuity of f shows that f(x) = f(1)x for
all real x. Conversely, any function of the form x — ax satisfies the proposed

functional equation.
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323. Find all continuous functions f: R — (0, o) such that:
fOf2x)f(4x) =2*X,Vx€ER
Proposed by Marian Ursdrescu — Romania
Solution 1 by Abdallah El Farissi-Bechar-Algerie
We put x = 0in f(x)f(2x)f(4x) = 2*, we get f3(0) = 1 then f(0) = 1.

We have ! G) fOOf (2x) = 22 it follows that f(4x) = ZJZ_Cf (g) then f(x) = 2§f (g) by
fOf(2x)f(4x) = 2*

{(1‘(8)n)
x X X 8
induction we get f(x) = 28282 ... 287 f (Bin) =2 8/ f (%)for all n € N then

£<1_(%)n>
8 1 X X X
fG)=lim f(x)= lim 2 \ '8 f(35) = 27f(0) = 27

Solution 2 by Ravi Prakash-New Delhi-India
fOf2x)f(4x) =2*,vx e R
f 2x)f(4x)f (8x) 22x
f (Of20f(4x) — 2%

:”f(x)=2%f(£):zg.zgizf(%)22§+8—2+8_3f(%)

fQ2x)f(4x)f(8x) = =2* = f(8x) = 2°f(x) >

L

f(x) =28"82783 '8'f (8") = 27(1 (1)") f (Bin) Taking limit as n — o we get
fx) = 27f (0) [ f is continuous].

Also, f(X)f(2x)f(4x) = 2% = £(0)f(0)f(0) = 1 = f(0) = 1. Thus, f(x) = 27
324.

11
lenl"(x+y+1)dxdy
00

Proposed by Shafiqur Rahman-Bangladesh
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Solution by Togrul Ehmedov-Baku-Azerbaidian

1 x+2

11
ffln[‘(x+y+1)dxdy=j J InT (u) dudx
00

0 x+1

x+2 1 2 1
= lx j lnI‘(u)du] —Ofxlnigii;dx=JlnI‘(u)du—Jxln(x+1)dx

x+1 0 0

a+1

I, = jlnI‘(u) du; I,(a) = j InT(u) du

1 a
Ii(a) =InT(a+ 1) —InT(a) =Ina, I,(a) =alna—a+C

1
11(0)=flnr‘(u)du=ln(\/ﬁ) =C, Il(a)zalna—a+ln(\/ﬁ)
0

1

1
IL=-1+In(vV2r), I,= fxln(x+ 1)dx = 3

0

1= %+ In(vV2m)

325. Find:

L3

2
sm7x T
0 = f dx,0<a<—
smx 2
a

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

For0<a<xsg

sin7x sin7x —sin5x + sin5x — sin3x + sin 3x — sinx + sinx

sin x sinx
2cos6xsinx +2cos4xsinx + 2cos2xsinx + sinx
sinx
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=2cos6x+2cos4x+2cos2x+1

sin 7x\2 ) ) )

:(sinx) =4cos“6x+4cos“4x +4cos“2x+1+8cos6xcosdx +
+8cos6xcos2x +4cos6x +8cos4xcos2x +4cos4dx +4cos2x
=2(1—-cos12x)+2(1+ cos8x) +2(1+ cos4x) +1 + 4(cos 10x + cos 2x) +
+4(cos 8x + cos4x) + 4 (cos 6x + cos 2x) + 4 cos 6x + 4 cos 4x + 4 cos 2x

=74+12cos2x+ 10cos4x+8cos6x + 6c0os8x +4cos10x+ 2cos12x

T T
2 2
j(sin7x>2 dx=j(7+12 cos2x + 10 cos 4x + 8 cos 6x +) dx
sinx +6cos8x +4cos10x + 2cos12x
a a
n
) 5 . 4 . 3 . 2 . 1 . 2
= 7x—6sm2x——sm4x——sm6x——sm8x——sm10x——sm12x]
3 4 5 6 «

ys ) 5 . 4 . 3 . 2 . 1 .
=7(5)+6sm2a+Esm4a+§sm6a+Zsm8a+§sm10a+gsm12a—7a

326. Evaluate:

[ 1
J (1 +y@mH)(1 + y?)

dy,n e N

where “!!” means double factorial

Proposed by Ibrahim Abdulazeez-Zaria-Nigeria
Solution by Yen Tung Chung-Taichung-Taiwan

f 1 d —fl 1 d +f 1 d
J A+ yHa+y?) y‘o A+y0a+y2) " ) A+yHa+y) Y

let y=%=>dy=—xi2dx

0

1
:f(1+ k)1(1+ Z)d“f 11 1'<__2dx)
y AT (L))
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xk

=J(1+yk)(1+y2)dy+bf(xk+ D+ D™

1

_j 1 d "'f yk dx 1+ yk
“laeyma+yn Y JOFFDOPE DT T ) ARy dy

— (1 g, — 1)1 o 1 _n
=Jo 1+y2 dy - (tan y)lO - 1 -Sol fo (1+y(20n)!!)(1+y2) dy = 2

327. Prove that:

! p-1 q-1
xP7H(1 —x) v B, q)
(a + bx)P*+a al(a + b)P+4

Proposed by Amit Dutta-Jamshedpur-india

Solution 1 by Soumitra Mandal-Chandar Nagore-india

1
0 xp‘l(l—x)q‘ld let ¢ bx at
= = —— = [
(a + bx)P*4 * e a(l1—x) x at+b
dx = —Zdtwhenx—Ot—Owhenx—lt—mo
(at+b)
w/ at P71 at \171
0 = (at+b) (1_at+b) _ab .
abt \P*1 (at + b)?
0 (a+at+b

) 1’1

b 7!
ab at + b (at ¥ b) o dt
~ apta )”*" (at + b)?

0 t+b

[oe)

f -1 1 tp—l

=— dt = dt
q p+q qbpf ptq
at) (b+t(a+ b)) a 0(1+a-gb_t)

1 b, (L)p_l Jy L P [we putz = ibt] =_L®D _ oroved)

" alb? a+b \a+b (1+z)P*4 b al(a+b)P+d
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Solution 2 by Tobi Joshua-Lagos-Nigeria

_ 1 1 _ 1 _ o) xm—l
We know that B(m,n) = [, x™ 1 (1 —x)"ldx = | (mymen 4%

dy
(1+y)?

—1/q_ g1
Then Let I = [ =0

, 1
0 (@bt dx. Putting x = Ty dx = —

0 q—1 1 r-1
f 1 + y (1 + y) _—dy
p+q 1+ )2
= (arr(dy)

yi ldy ( ya 1
|

%(1 +9)2 0((a +b) + ay)

8

I = p+q dy

o (a+ ay+ b)rta

L -1qy ay ady

1= Y . Putu =—,du=—
0 a p+q 4

(a+b)p+q(1+( -I?’b)) a+b a+b

1 (a + bc)971ya-1 (a+b)

T (a+bpti) ari@+wptd Mg
0

_ (a+Db)? [ et s (q + bc)? f 4
“la+brtia) ] A +wrra ™M T aa(a+ byt ) 1+ uyrra
0 0

_ oo B
“a’(a+ b)) (1+u)rta ai(a + b)P
0

Q.ED.
328. For any complex number m & Re(m) > —%

N j Zm _ x  dx
m—% dm In(x) 1+x
0

H,=H

Where H,,, — Harmonic Number.

Proposed by K.Srinivasa Raghava-AIRMC-India
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Solution by Kartick Chandra Betal-India

2
- d x*m—x dx “H 4 dj 1 Jm vdv | d
m—3 " dm Inx 1+x) ‘m-iTam)1+x\] T |
0 0 1

2m 1

d xY xtm
1t mf (1+xdx>dy m—%+ J1+xdx

N

(1+x)(1— x)

-
of

dn+2j
0

329. Find:

dx

0= jx(tanx+ 2tan2x + 4tan4x)
B cot x — 8 cot 8x

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania

We know tan x = cot x — 2 cot 2x (easy to prove) =

tanx = cot2x — 2 cot 2x
2tan2x = 2cot2x — 4 cotdx; >
4tan4x = 4 cot4x — 8 cot8x
2
X
tanx+2tan2x+4tan4x=coth—8cot8x:>.Q=fxdxz;—l—c

Solution 2 by Ravi Prakash-New Delhi-India

cotx — (tanx + 2tan2x + 4tan4x) = (cotx —tanx) — 2 tan2x — 4 tan 4x
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1 —tan?x
—— | —2tan2x —4tan4x = 2cot2x — 2tan2x — 4 tan4x
2tanx
= 2(cot2x —tan2x) —4tan4x = (2)(2cot4x) — 4 tan4x =
= 4(cot4x —tan4x) = (4)(2 cot8x) = 8 cot8x = cotx — 8 cot8x =

x(cotx — 8 cot 8x)
cotx — 8cot8x

1
=tanx+2tan2x+4tan4x.'.ﬂ=j dx=dex=§x2+c

Solution 3 by Hasan Bostanlik-Sarkisla-Turkey

sin8x = 2sin4x —cos4x =4 -sin2xcos2xcos4 = 8 -sinxcosx - cos2x — cos4x

8cot8x =cotx—tanx — 2tan2x — 4 tan4x

2

X
cotx —8cot8x =tanx + 2tan2x +4tan4x; Q = J.xdx=>3+c

Solution 4 by Soumitra Mandal-Chandar Nagore-india

8cot8x +4tan4x + 2tan2x + tanx = +4tan4x + 2tan2x + tanx

tan 8x
4(1 — tan? 4x)
= +4tan4dx + 2tan2x + tan x = + 2tan 2x + tan x
tan 4-x tan4x
2(1 — tan? 2x) 2 1 —tan?x
= +2tan2x + tanx = +tanx =—+ tanx
tan 2x tan 2x tanx

x(tan x+2 tan 2x+4 tan 4x
= cot x then [ X ) dx

x2
=[xdx==+c
cot x—8 cot 8x 2

330. Evaluate:

tanx + In(1 — x)n*
j dx

X

Proposed by Nawar Alasadi-Babylon-Iraq

Solution by Shivam Sharma-New Delhi-India

As we know, the series representation of tan(x).

_ . (_1)11—12211(2211_1)an 2n-1
tan(x) = )04 s xv1 (1)
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= —ta';(x) dx + [ In(x)In2-x) l:(Z—x) dx. Using (1), we get,

2 (—1)n-122n(92n _ 1)B N
:Z( ) ( ) anxZn—zdx+Jz - In(x)dx =
n=1

(2n)!

n=1

o (D122 (22— DB, [ 21| o1 [
:Z @) IZn—ll_ZEJx IIn(x)dx =

]
|
=
1]
[S

- = Y ([ o)

n=1 n=1
oo

(_1)n—122n(22n _ 1)Ban2n—1
=z Z 2n)! (2n—-1) B

n=1 n=1

oo (_1)n—122n(22n _ 1)anx2n -1 i (xn) N
C

4 2n)!'2n-1) P n3
(OR)
® -1 n—122n 22n —1)B n 2n—-1
=) <( ) (2n§!(2n—)1)2 - >+Li3(x)+c
n=1
(Answer)

331. Find:
(4
N = f tan? x (tanx +2tan2x + 4tan4x + 8 cot 8x)dx, x € (0, E)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania

Because for any x € R we have: tan x = cotx — 2 cot2x =

tanx = cotx — 2 cot2x
2tan2x = 2cot2x —4cot4x; > tanx + 2tan2x +4tan4x + 8cot8x = cotx =
4tan4x = 4 cot4x — 8 cot8x

:>Q=ftanzx-cotxdxzftanxdxz—lnIcosx|+C
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Solution 2 by Ravi Prakash-New Delhi-India

cotx —{tanx + 2tan2x + 4tan4x} = (cotx —tanx) — 2tan 2x — 4 tan 4x

(1 —tan? x

)—2tan2x—4tan4x =2cot2x —2tan2x —4tan4x =
2tanx

= 2(cot2x —tan2x) —4tan4x = (2)(2cot4x) — 4 tan4x =
= 4(cot4x — tan4x) = (4)(2 cot8x) = 8 cot 8x
~tanx +2tan2x + 4tan4x + 8 cot8x = cotx
Thus, @ = [ tan? x cot x dx = log|secx| + C

Solution 3 by Soumitra Mandal-Chandar Nagore-india

1 — tan? 4x
8cot8x +4tan4x + 2tan2x + tanx = 4W+4tan4x+2tan2x+tanx
1 — tan?2x
= +2tan2x+tanx=2——— + 2tan2x + tanx = + tan x
tan 4x tan2x tan 2x

1 —tan?x
=——  +tanx =cotx
tan x

ftanzx(8c0t8x+4tan4x+2tan2x+tanx) dx = J.tanxdxz log|secx| + C

Solution 4 by Amit Dutta-Jamshedpur-India

tanx +2tan2x +4tan4dx + 8cot8x = tanx + 2tan2x + 4tan4x +

tan 8x

8(1-tan? 4x)
2 tan 4x

2tan 6
1-tanZ @

Usingtan20=( ):>tanx+2tan2x+4tan4x+

4(1 — tan? 4x)
> tanx + 2tan2x + 4tan4x + tandx > tanx +2tan2x + 4tan4x +

4(1 — tan? 2x)

—4tan4x = tanx + 2tan2x +

tan4x 2tan2x
2(1 —tan?x)
= tanx + 2tan 2x + —2tan2x=>tanx+ ———
tan 2x 2tan x
1 1
>tanx+———tanx =—— = cotx
tan x tan

Q= ftanz x (cotx)dx = ftanxdx = —In|cosx| + C



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

332. Find:

0 f tanh? x + tanh? x (1 + tanh? x)? dx xR
B (1 + tanh? x)? X

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India

Q- j tanh? x + tanh? x (1 + tanh? x)? 4
N (1 4 tanh? x)2 x

Q= t2+t2(1+t2)2 dt
- f 22 1-¢2
(1+¢2)

where t = tanh x. To split into partial fractions, put t> = y
y+y(1+y)? A B
=-1 = 1 Z =
1+y)?2(1-y) Tty tasy 1oy y+yd+y)
=-1-»A+y)?*+AQ+y)A-y)+BA-y)+C(1+y)°
Puty—l1+22=C(1+1)2:>C=§.Puty=—1- 1=-2B=B=-Puty=0

=2

0=—14+A+B+C>A=1-B—-C=1-3=-2.Thus
1 1 5

T f 1+t2 E'(1+t2)2 2 1t2

dt=—t—2tan"l¢+2 11+— ~In |i+:|+c

. 2.1_
where I, = fﬁdt. Letl, = fliiz = 1+tt2 f(lijzt)z = 1+tt2 + 2f€1::2); dt =
_ t _ -1 t
1+t2+212—211:>—211——12—1+t2——tan t_1+t2
~ Q= —t—2tan‘1t—1tan‘1t—1 t Eln 1+t +C= —t—gtan‘lt—
4 4 1+t2 4 1-1t 4
1

- m+ l |1+t|+theret—tanhx

Solution 2 by Ibrahim Abdulazeez-Zaria-Nigeria
tanh? x
dt; Q =

@ :f (1 + tanh? x)?2 dx +

1
+jtanh2xdx=1_ftanh2 2xdx + (x — tanh x) =§(2x—tanh2x)+x—tanhx+C

tanh? x

N tanh?
(1 + tanh? x)2

5x
Q=Z+x—tanh2x—tanhx+C; ().:T—tanhx—tanth+C
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333. Find:

dx

T
6
0 f tan* x (tan’? x — 2)
B (1 — tan? x)2
0

Proposed by Daniel Sitaru — Romania

Solution by Omran Kouba-Damascus-Syria

4 2, tan? x( (tan? x—1)%-1 2
Note that (a0 x22) == A{(tan? x 2) ) =tan?x — —22* _— tan?x — 2tan? 2x
(1-tanZ x) (1-tanZx) (1-tan? x) 4
1 3 1 3x\’
=(1+tan’x) — Z(tan2 2x+1) 1= (tanx - gtaan _T)
So, O = [tanx—ltaan—s—x]g =8 B _x_53 =
8 4alg” 3 8 8 24 8
334. Find:

tan®x - tan*x - tan®x - tan®x - ...- tan®*"x

0 =f - - > dx
sinzx\/l — tann tntly — \/1 — tanntntly — coszx\/l — tann tntly

Proposed by Vural Ozap-Turkey
Solution by Daniel Sitaru-Romania

2_n(n+1) )
tan® 2 (tanx)'tan™ *"x
Q= dx = dx =
—2cos?xy1 — tan™*+1+1x _2v/1 — tan®*+n+1y
!
1 (1 — tan™ +"+1y) 1

dx \/1 — tanW iy 4 C

n“+n+1 2\/1—tan"2+"+1x n“+n+1
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335.1f 0 < a < b <1then:

1 2 2(Inb —Ilna)

Z-I_a+b< b—a +b—ajln(1—x)
a

Proposed by Daniel Sitaru — Romania
Solution by Soumitra Mandal-Chandar Nagore-india
Let f(x) =x—1In(1—x) forall x € (0,1) then f'(x) =1 + ﬁ >0

hence f is increasing on (0,1) then f(x) > f(0) = 0= x > In(1 — x)

b

f +2(lnb—lna) 1 jdx 2 dx_ 3 dx
b—a) In(1-x) b—a b—al) x — x b-al) x
a a a a

1

6 — is convex then applying

>
a+b

Hermite Hadamard Inequality
Weneedtoprove, >—+— n>%®2>a+b

Which is true since 1 > a > b. Hence true.

336. Prove that:

3 3 5
eX +e¥ —
ff dxdy > 32
xy—
2 2

Proposed by Sameer Shihab-Saudi Arabia

Solution by Daniel Sitaru-Romania
AM—-GM

ef+ed—4>2x+1+y+1-—-4 > 2 xy—2

3 3 33
ef+e’—4 e*+e’—4
=1 = ff dxdnyfBdedyzBZ
VXY 2 2 2 2
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337.1f 0 < a < b < 1 then:

b
2(1nb—lna)+ 1 j dx 14 1
b—a b—a) In(1-x) vab
a

Proposed by Daniel Sitaru — Romania

Solution by Chris Kyriazis-Athens-Greece
We know that:Inx < x —1,Vvx > 0
Setting x — % > 0, we have that, Inx > %1 Vx>0 (1)

So, setting x - 1 — x > 0, we have that

X 1 x—1 1 1
-

—x) > — < =1-
0>In(1-x)> 1—x=>ln(1—x)_ x =>ln(1—&'€)_1 X

b
=>f 1 ax<b (Inb —Ina)
ln(l—x) X < a n na

a

b
lnb—lna_l_ 1 f 1 d <lnb—lna+
b—a b—a) In(1-x) = b—a

a

b—a
Inb-Ina

Inb-Ina
b—a

So, it suffices to prove that +1<1+ \/% orvab < which holds as a

fundamental property of the Lograrithmic Mean!

338.1f 0 < a < b then:

fb 1 tan‘l(ebz) — tan_l(eaz)

dx >
1 + e2x? beb?
a

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India

For0<a<x<b= xe” < be’. Now,
b 2 b 2
be® xe*
2 [ x>z [ dx = tan (o)) = tan () — tan (e)

a a
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b -1(,b%) _ -1( ,a?

:zf deZtan (e?) :an (e*")
1+e2x beb

a

Solution 2 by Kartick Chandra Betal-India

b 2
2f1+e2"2 =J1+e2x2'< )dx=
a
b b
*2x
T e"2 1+ erZ . e”2 asb>a
a a
> 1 —1(2\1P ~1(ep? -1( pa®
Z o [tan~1(e )]a = bebz [tan~1(eb? ) — tan~1(e®)]

I
< exzfora<x&b =>a

[tan(e?” ) — tan~1(e")]

b
1 - 1
2f1+esz dx_be”2
a

339. Prove that:

35 3
Inxin(x* —1)dx < 5t lni

Proposed by Mihaly Bencze — Romania

Solution by Tobi Joshua-Lagos-Nigeria
1= flogxlog(xz —1)dx

(Zx) (x log X — x)
-1

I= [(log(x —1) (xlogx — x)] —
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3
) (x*)(logx — 1) dx

I = [(log(8) (310g3 — 3)) — (log(3) (2log 2 — 2))] - 1

3
2 _ a2
I = [21og(3) + log(2) (71og3) - 9)] — 2 [ & l;’zgf)l X dx

2

I =[2log(3) +1og(2) (710g(3) —9)] —

3

xlox

( g) +2J
2

3 3 3
1 d
I =1[21og(3) +log(2) (71log(3) —9)] — 2 f logxdx — Zf - d dx +2 f dx + Zf ad
2 2 2

21

3 3
1
= [210g(3) + log(2) (710g(3) — 9)] — 2[xlogx — x]3 — j xO_gﬁi dx + f dx + [log| ”
2 2 2
3l 3]
=[210g(3) + log(2) (710g(3) — 9)] — 2[xlogx — 2]3 — jxo_gi dx +f 08X log| | - log| ”
2 2

3 logx

LetA = | cdx; A=[- Li,(1 —x) +cl]3; A= —Li,(-2) + Li,(—1)

2
A= —Liy,(-2) —"— =~ 0.614279 (1)

log x llogx k1 )P
,fx dx—Z( 1)"f x*logxdx; B = Z( 1)"[ GiD _(k“"l)zL

2 2

_ 3(3¥log3) 3(3%) 2(2*log2) 2(2%)
B—ZH)"[ k+1D G+D?  (k+tD +(k+1)Zl

o[ w2
— _1\k — —
B=-) ¢ 1)[ R G R (32

B = —[log3 Li;(—3) — Li,(—3) —log 2 Li; (—2) + Li,(—2)]
B = [Li,(—3) — Li,(—2) + log(2) log(3)] = 0.258871 (2)

2
= I=[2log(3) +log(2) (710g(3) — 9)] — 2[xlog x — x]3 — < Li,(—2) — 111_2> +

+([Liz(~3) — Lip(~2) + log(2) log(3)]) + [l"g |%| ~log E”
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=>I1=[21log(3) +1og(2) (71og(3) —9)] —2[3log3 —3 —2log2 + 2] —

2
— (—Liz (=2) - %) + ([Li;(=3) — Liy(—2) + log(2) + log(2)log(3)]) +

+[1og]3] ~t0g5]
og |5 og|3
=>I1=[21log(3) +1log(2) (710og(3) —9)] —2[3log3 —3 —2log2 + 2] —

. m’ : , 3
(~bia2) - )+ (Wia-3) - Lia-2) + log(2) tog(@)) + [tog 3

= I =[21log(3) + log(2) (710g(3) —9)] — 2 [log (24—7> — 1] —(0.614279) + (0.258871) + [log E”

9 27 3 35 3
= I = log (E) + 7(log2log3) — 2log (T) + log (E) +1.644592 < i + log (E)

340.1f a, b, c € (0, %) then:

2a 2b

2c
bj' 15x+2d N f15x+2d N f15x+2d <(atbh+o)in2
363 +1°° 7€) 363 +1 7T ez 1= c)in
a

a a

Proposed by Daniel Sitaru — Romania

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian
2a

2b 2c
bj‘ 15x+2d N f15x+2d N J‘15x+2d <(a+b+0)In2
3603 +1°7°7¢) 363 +1 7T ez 17X = c)in
a

a a

Since 36x3 + 1 > 15x2 + 2x © (3x — 1)2(4x + 1) > 0. We have: =5

<1
36x3+1 — x

2a 2b 2¢
1 1 1
LHSSbf;dx+cf ;dx+af ;dxzb-ln|§“+clnx|§b+alnx|§c
a a a

=(@a+b+c)In2 (qed)
Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

()_15x2+2x E(O 1)
J) =331 %€\03
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(30x +2)(36x% +1) — (15x2 + 2x) - 108x?

(36x3 +1)2
B 1080x* + 30x + 72x3 + 2 — 1620x* — 216x3 B —540x* — 144x3 + 30x + 2
a (36x3 + 1)2 B (36x3 +1)2

f(x) =

—-2(3x—1)(90x3 + 54x* + 18x + 1)

(36x3 +1)2
X 1 1
0 3 2
-(3x—-1) +++++++++0—-————————

= f'(x) =

1+90x3+54x*+18x | ++++++++++++++++++

f'(x) FF++++++H+0—————————
f(x) —p

I
—

15 30+12

thusf(x)zf(s)—lf()—E%: 8 1227 _

= 18-63
27

x(15x + 2) x>0 15x+2 1
f)<1e——=-<

1o <
3623 + 1 36x° + 1
2a
be 15x+2 , f Zd Zb(l )Za—Zbl —(b+c+a)ln2
36x3+1 X = nx n = C a)in
cyc cyc a cyc cyc

Solution 3 by Ravi Prakash-New Delhi-India
Let f(x) = (15x +2)x — (36x3 + 1) = —(4x+ 1)(9x%? — 6x + 1)

=—(“4x+1)3x—1)2<0 forallx > 0 - 31:x_3++21 = forx >0

2a
j‘ 15x + 2

mdx < lnx],Z,“ = an,Va> 0

a

2a 15x+2 2b 15x+2 2c¢ 15x+2
Thus b dx + c dx + a
fa 36x3+1 fa 36x3+1 fa 36x3+1

<(bb+c+a)ln2=(a+b+c)ln2
Solution 4 by Soumitra Mandal-Chandar Nagore-india

Let f(x) = 36x3 — 15x% —2x + 1 forall x € (0%)
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f'(x) =108x* —30x—2=2(6x+1)3x—1). Let f'(a) = 0 thena = %ora = —%

but we will rejective value hence a = %
f"(a) = 216x — 30 = 42 > 0 hence the function f attains minimum value at

x=a=§€(O,l)so,f(x)zf(§)>0

2a

2a
f 15x+2 Jd—Zb(lz 1 )—IZZ
3607 +1° x peamma=me A
a

a cyc cyc

proved

341.1f 0 < a < b then:
b
.[ e*’dx < (1 — ab + b?) e’

a

(1+ab — a?)e®” < ——
b—a

Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Athens-Greece
fx) = e"z,x € [a,b],a = 0; f'(x) = 2xe*’ > 0,Vx € [a, b]
f(x) = 2e** (1 + 2x2) > 0, Vx € [a, b]

So, f' is strictly increasing in [a, b]. Using the mean value theorem, we have that:

f(f)—M 0<x<bfe€(ax)

So,f>a=>f(f)>f(a)=> % > 2ae” = fx) > f(a) + Zae“z(x— a) =

b b b
ff(x)dx>f(a)fdx+2ae“2f(x—a)dx:>

(x — a)?
2

b
ff(x) > f(a)(b—a) + 2ae®

a
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b b
jf(x)dx>e“z(b—a)+ae“2(b—a)2 :»ff(x)dx>e“z(b—a)(1+ab—a2)

and we are done!. We can work exactly the same way for the R.H.S.
a<x<b>f(x)<f(b)=--
Solution 2 by Ravi Prakash-New Delhi-India
Let f(x) = e*’ — [1+ 2a(x— a)]e“z,a <x<ba>0
f(x) = 2xe*’ — 2ae®
Ifx >0, et > e? = 2xe*’ > 2ae? - ff(x) >0 for0<x<b=

= f(x) increaseson [a,b] = f(x) > f(a) =0fora<x <b =

b
= f[exa —[1+2a(x - a)]e“z] dx > 0>

b
= f e dx > e® (b — a) + 2ae® (b — a)?
a

= b—iaf: e“dx>[1+ab—a)le? (1)
Let g(x) = [1+2b(b—x)]e** —e*,a<x<b
g'(x) = —2be?* —2xe** <0 [+ 0<a<x<b]
= g(x) is strictly decreasing on [a, b]. As g(b) = eb’ —eb’ = 0, we get

gx)>gb)=0fora<x<b=[1+2b(b-x)]eb? > e*’
b b
= f[l +2b(b — x)] e?’dx > f e*’ dx

b
= f e’ dx < [x — b(b — x)%]e?’]t = [(b — @) + b(a — b)?]e?” =

= (b — a)[1 + ab — b*]e*’
=L [Te’dx < (1+ab—b*)e” (2)

From (1), (2) we get the desired inequality.
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Solution 3 by Soumitra Mandal-Chandar Nagore-india

Let f(x) = e*’ forallx = 0, f'(x) = 2xe*’

f(x) = 2 + 4x%e* > 0 for all x > 0, hence f is convex

2 2

(@2 _ 1 b s e +ed
Applying Hermite - Hadamard Inequality e\ 2/ < ba fa e¥ dx < S we will

(%57) -a? (ﬂ)z-az b
prove, e\ 2 >1+a(a—b) & e\ 2 > e®@b)[em > 1 + m]

a+ b\?
( : )—azZaz—ab@b2+6ab—7a220@(b—a)(b+7a)20

a’

bZ
Which is true. Again, we will prove, ¢ te

<e’*(1+bb-a) o
e P r1<24 2b(b—a) 1< ebz—a2(1 +2b(b — a)), which is true.

Since, b > a > 0 hence (1 + a® — ab)e® < ﬁf: e*’ dx < e’ (1 + b? — ab)

32.If 0 < a < gthen:

T
2
sinx
an+1tj dx>(m—-2)1+a-sina)
a

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraboty-Kolkata-India

T asx < g ~0<x< E ( a > 0). By Jordan’s inequality, Vx € (0' g];

T T
2 2
sinx 2 1nx 2
>Zon —dx = __a)—n 2a= LHS > am + 1 — 2a
T Tl,'
a a

) ?
>1t+a1r—1rsina—2—2a+2sina<:>1rsina+2(% 2sina

v 2> 2sina,~ wsina+2 > 2sina (~sina > 0) = (1) is true (proved)
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Solution 2 by Srinivasa Raghava-AIRMC-India

<a1t+1t faZ s“;(x) x)

Let f(a) = — + sin(a) provided 0 < a < gthen we have
. n'(a—Si(a)+Si(g)) . i . _
f(a) = sin(a) + — if we see the series expansion at a = 0,
fla) = ( ) ta+Z g3 4 0(a®) and numerically we have

9:(n— )

i) (xs) .
= 3.77225 .. & = 0.0137812 ... approximately.

m—

N

Clearly the higher power coeffs tends to zero, so we can justify that

f(a) ~a+3.7725 = f(a) < a + 4, hence, f(a) > a+ k fork =0,1,2,3.

343.

1
n

a,b,ce N*, 2(a) =limn

n—eo f (x + m)“ dx
0

Prove that:
1+mb2(a) + 1+ m)2(b) + (1 +m)2(c) =3
Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-india

1 1 1 1 1 1

1>2x>0
. 7 e (x+1t)a_(1+n')a n”’ (x+1r)” 1+ m)P

1

1,1 1 Q()—l'fxnd>1l'f"d
kA A+ e Game T T A meane )
0 0
n 1
— li n+1]x=1 _
(1+n)anl—l>?on+1[x =07 (1 +m)e
(1 + m)b am=cm
1 boa) > ) ——— 3
D asmia@z ) G s
cyc cyc

(proved)
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344.If a,b,c > 0
2a 2a

B (x+y)2+1
.(l(a)—f J xy+(x+y)\/§dxdy=>.Q(a)+.(2(b)+.()(c)2ab+bc+ca

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

(x+y)2+1 t%+1
xy+(x+y)V3 §+\/§t

2
xyS@ &x,y=a,b,c>0;-

t=x+y)

2
>1e4t?2+4>22+4V3t o3t +4-4V3t>2 0o (V3t-2) >0

(x+y)2+1

- true . i3 (1)
W 2a 2a 2a 2a 2a 2a
-'-Q(a)szdxdy=fa fdx dy=fady=afdy=a2
a a a a a a

iii)

(ii) (
Similarly, Q(b) > b* & Q(c?) > c?
()+(ii)+(iii) = Q(a) + Q(b) + Q(c) = Y a? > Y ab (Proved)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Because for all x,y,z > 0

%(x+y)+ 2\/§:>%(x+y)2+12\/§(x+y):>

(x+y)

Sx2+xy+y2+12V3(x+y) > 22 +2xy+y* +1>2xy+V3(x+y) =
x+y)?2+1

xy+V3(x+y)

f2a (x+y)%+1
a xy+(x+y)V/3

= (2a — a)(2a — a) = a?. Similarly Q(b) > b* and Q(c) > c?
Hence Q(a) + Q(b) + Q(c) = a? + b?> + ¢ > ab + bc + ca

Hence Q(a) = faza dx dy > fazafazal dx dy = xy|3°|3° =

Therefore it is to be true
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345.If f:[0,a] — [0,),a = 0, f — continuous then:

| [VP@+ro axdy + | [ V2F@f0) dxdy < 2avZ | £G0) dx
00 00 0

Proposed by Daniel Sitaru — Romania

Solution by Chris Kyriazis-Athens-Greece

Using Cauchy - Schwarz inequality, we have that:

JP@+ P0) + V20 <2 - [(VP@ +P0)) + (V@ 270))

V2P + PO) T 2f D 0) = VE- [(F@) + F))’ =

integrate

=V2(f) +f») =

in [0,a] X [0,a)

ff\/fz(x)+f2(}’)dxdy+j}f\/2f(x)f(y) < \/Eff(f(x)+f(y))
00 00 o

=\/i-2aff(x)dx
0

346.f0<a<bh< gthen:

dr > ¢ _1( sinb — sina )
x = tan

1+sina-sinb

b
f cos x - sin®(sin x)
sin? x

a

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-india

T b cos x-sin?(sin x sin b sin?
0<a<bh<Znow [ ©xswGny g, _ ¢ 2 dy
2 a sin“ x sina y
2
. . 1
Where 1 > y > 0, we need to prove, sin? y > 1_};},2 orsin?y + oy 120
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2y
(1+y2)°
2

Now we know, sin 2y > 2y —*2-. So, we will prove, 2y - 4L = (1 2yz)
+y

e (1+y2)2(3 -2y%) =0 < y*(4 — y* — 2y*) > 0, which is true

[since, 1>y >0=4>3>y%+2yY]

] 2y ) sin? y 1
sm2y—(1+—yz)220=>f(}’)20=>f()’)2f(0) =0> )2 > 11y
sinb g sin b d
sin™y y P 1/s
> = —

f v dy > j 1752 tan !(sinb) — tan " (sin a)

sina sina
_ —1 ( sinb-sina
= tan (1+sin a«sinb) (pI'OVEd)

347.For 0 < a < b. Prove:
b
jsin(i'/?) dx < (b—a)Vb
a

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Amit Dutta-Jamshedpur-India
 sin ((x)%> < (x)%
f: sin ((x)%) dx < f:(x)% dx < G) (bg — ag) (1)

4
Let b(x) = x3. By Lagrange’s mean value theorem, "2~>® = _b @ _ b'(c)

4
3 1 1 1

1
“’22 fl‘;) (c)s (b)3 — ()3 = g(b —a)(c)i.Buta<c<b=ai<ci<bhi>

S (b)3 — ()3 < (b - a)bs (2).From (1) & (2):

1 1
sin ((x)§> dx < (b—a)(b)3

9\’@
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Solution 2 by Chris Kyriazis-Athens-Greece
The function g(x) = /x is strictly increasing in [a, b], a > 0. (easy to check). So, it’s
well known that sin x < x, for x > 0, so getting x — /x we have that:

sin ¥x < ¥x < /b for every x € [a, b], a > 0. Integrate this inequality we have
1

1
fsin(%?) dx < %j dx = Vb(b — a)
0 0
Solution 3 by Soumitra Mandal-Chandar Nagore-india

2 5

Letf(x) = VJ_CforaIIx > O;f,(X) — %,fn(x) — _2;:')3

< 0, f is a concave function,

Applying Hermite - Hadamard,

ﬁf:%dxg 3[(%”) < Vb, since 0 < a < b,f:WdXS (b - a)Vb

b b
f sin(/x) dx < f Vxdx < (b-a)¥Vb
348.
a
Fla) - cos’ x dr e [0 n]
v = (cos 6x + 6 cos 4x + 15 cos 2x + 10) xa '2
0
Prove that:

F(a)F(b)F(c)[F(a) + F(b) + F(¢)] < 27%2%(a* + b* + ¢*)
Proposed by Daniel Sitaru-Romania

Solution 1 by Amit Dutta-Jamshedpur-India

cos6x + 6 cos4x + 15cos2x+ 10 = (1 + cos6x) + 9(1 + cos 2x) + 6(cos 2x + cos 4x)
= 2cos?3x + 18 cos? x + 12 cos x cos 3x = 2{cos? 3x + 9 cos? x + 6 cos x cos 3x}

= 2(cos3x + 3 cosx)? = 2(4 cos® x)?2 = 32cos®x {- cos3x =4 cos®x — 3 cos x}
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a

Fla) = cos’ x
Y= ] B2cosbn)
0
1 a 1 - - b -
sina sin sinc
- — = —|g] a = = =
F(a)_32](cosx)dx s lsinalg = F@) = "28 Fb) = 27 F(o) =
0

LHS = F(a)F(b)F(c)[F(a) + F(b) + F(c)]

(sina)(sin b)(sinc) [sina + sinb + sinc
LHS = 215 25 ]
sina<a
= T
v sinb <c¢ { ab,ce [0, —]}
. 2
sinc<c
abc
LHS < 2W(a +b+c)<22abc(a+ b+ c)

LHS <27 2abc(a+ b +c) <272(a* + b* + ¢*)
Hence, we have to prove: (a* + b* + ¢*) > abc(a+ b+ ¢) (1)
We have, a*? + b* + ¢?> > ab + bc + ac = a* + b* + ¢* > a?b? + b%*c? + a*c* (2)
From (1) & (2), we need to prove only =
a’b? + b*c? + c*a? > abc(a+ b + ¢)
a’b? + b%*c? + c?a? = a’*bc + ab*c + abc?
Putab = u,bc = v,ac = w = u? + v?> + w? > uv + vw + uw - true. Hence:
a* + b* + c* > abc(a* + b* + ¢*) = 272%(a* + b* + ¢*) > 27 2%abc(a+ b + ¢)
= [F(a) + F(b) + F(c)]F(a)F(b)F(c) < 27%2%(a* + b* + ¢*) (proved)
Solution 2 by Marian Ursarescu-Romania

a

F( )_f cos’ x dx
4= ) Cos6x+6cosdx +15cos2x+ 10~
0

a

_j‘ cos’ x 4
"~ ) 4cos32x —3cos2x + 6(2cos?22x —1) +15cos2x + 10 =
0

a a

j cos’ x p 1f cos’ x
= X =
4 cos32x+12cos?22x+12cos2x + 4 4) cos32x+3cos?2x+3cos2x+1
0 0
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a a
1] cos’ x d 1f cos’ x d
= —dadx=—| —mm—dx =
4) (1+ cos?x)3 4 ) (2cos?2x)3
0 0
Z%f:cosxdx=issinx|g=zissina (1)

But sina < a,Va € [0, ] (2). From (1)+(2)=> F(a) <35 a (3).

a+b+c
25

From (3) we must show: —abc( ) 220 —@+prt+ct) e

o abc(a+b+c)<a*+b*+ct (4)
But a* + b* + ¢* > a?b? + b%*c? + a*c? = abc(a + b + ¢) = (4) its true.

349.If a, b, c = 1 then:

ab c
z
fff 4 t )dxdydz—ln\/l_[a(b 1)(c-1)
x2+yz y2+zx 22+ xy
11

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

X Y oz X +
x2+yz y +zx z2+xy T 2/x?yz 2\[y?zx 2./z%xy

Zz - CBSl\/S\/Sy 2

(1):>LHss§f1“f1”ff(§ +2) dxdydz = ff(Cd"+(l+§)>dydz:

y

=%ff<lnc+ (c—1)>dydz f

:—f[(b—l)lnc+(b_l)(c_1)+(c—1)lnb
2 z

b b b
(lnc)fdy+;(c—l)fdy+(c—1)f% dz =
1 1 1

dz =

=%[(b—1)lncfdz+(b—1)(c—1)f%+(c—1)lnbfdz

1 1 1
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=%[(a—1)(b—1)lnc+(b—1)(c—1)lna+(c—1)(a—1)lnb]

= % [In c(@ D@D 4 | gb-D(eD 4 p ple-D(a-D] = % [In[]a®-DeD] = In,/[[a®- DD
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Since for x,y,z > 0

1,1 1_1,1 1 __1 1, 1 1 1 1 1 1 1
B e T S T T T W s> =t =+ =
Dt et a2t n S i gt Tt e T =
x y z__ 1 1 /.1
2) xZ+yz + y2+zx + 72 +xy Jc+E + +% + +7y = 2 (\/y_z + Vzx \[_)
a cb c1( 1 1 1
Hence [, [, f x2+y t e 22+xy) dxdydz < f f J; E(F = J__y) dxdydz <

c

b
1 bc
E,fff + + dxdydz——(yzlnx+leny+xylnz)|1| |1
11

= %((b —1)(c—1)(Ina—1n 1)) +(c—1)(a—1)(nb—-In1)+(a—1)(b—1)(Inc—1n1)

= L (1n @D 4 1 ple-@D) 4 1y la-Db-0) = L1y g6-00-D @1 la-b-1)
2 2

1
= 1n(a(b—1)(c—1)b(c—l)(a—l)e(a—l)(b—l))i = ]n\/a(b—l)(c—l)b(c—l)(a—l)e(a—l)(b—l)

Therefore it is to be true.

350.f0<a<b<1lneNn=>2

= j j j(l +x7)(1+x3) ... (1 + x3)dx,dx;, ... dx,

a

bb b
= f f f(l —x71)(1—x3)..(1 — x3)dx,dx, ...dx,

2(b-a)

then: "\/Q; + 2, +- < 1+

Proposed by Daniel Sitaru — Romania
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Solution by Chris Kyriazis-Athens-Greece

This solution is dedicated to: Lazaros (Kardasi) and Dan!

b " bs_asn
Q= f(1+x2)dx =lb—a+

a

and

b " bs_asn
Q, = j(l—xz)dx =lb—a— 3

a

b3 — a3 bs_asn
Q,+Q,<|2(b—a)+ 3 "3 =2"(b— a)"

[Because of x™ + y™ < (x + y)™ for positive x,y]
n
<

So,Ql+QZ<[2(b—a)]”=[1-1-1-...-1-2(b—a)

"n—1" times

<“1+1+1+ +1+[2(b—a )]H [n 1+2(b-a)|"
AM

n n

n-1 2(b-—a 2(b—a
S < +(n) e, <124 209

n
«/91 +Q, + <l+——— Z(b % and we are done!

351. If a > 0 then:

2a 2a 1

%Ofaofa(x+y)4dxdyslJl(tx+(1—t)y)4dtdydx

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India
2a

/

HS =

Sgg

1 2a 2a

[tx+(1—t¢
ftx+(1—t)y4dzdydx— ff ( )y l dy dx
0 a a 0
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2a 2a

1 x° —y° 1 4 3 2.2 3 4

Ejj prgupe dydx—gff[x + x°y + x°y* + xy° + y*|dydx
a a a a

2a 2a 2a 2a 2a 2a
lffx dydx+fjxydydx+Jszyzdydx+
1
=§ 2a 2a 2a 2a =
+ffxy3dydx+jjy4dydx
a a a a

; [5 (2a)% - a%)a + 155 (@) —ahH(Ba?) + %((2@3 — a3)?

1[62 = 45 4a] 6 5237 5
==-|—+—4+—|a’ = a 1
5 + + 5 x180 1)

LHS——ff(x+y)4dydx— 6f[%(x+y)5]:dx=
0

1
- 6 _ ,6]a _
16 x5 x6 *ta)® —x°lg

U1|b-\

a
1
_6 f(x+a)5—x5]dx—
0

= —[(2a)* —a - a’| = >-a’ (2)

5237 ¢ .. 31 _ 5237
& —<—
5 x180 240 900

Itis clearly true as LHS < 1 and RHS > 1.

We wish to show a < —

352.If a € (—1,1] then:

n
—1)k . cos(kcos™la
lim (1) ( ) < log(V2e?)
e k

Proposed by Daniel Sitaru — Romania

Solution by Omran Kouba-Damascus-Syria

(_l)k—lzk
k

For a complex z such that |z| < 1,z # —1 we have log(1 + z) = )}/,

(_l)k—leika

Hence for 0 € (—m, ™) we have log(l + e"’) = Yhe1 "
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. _1\k—-1
Taking real parts we get log|1 + €| = Y7, w Finally, for 0 € (—m, m)

k-1
Pl IM log(Z + 2 cos(0)). Or, for a € (—1,1], we have

k-1
¥ 1( D) C"Sk(ka““’s @) =logVv2 + 2a < logv2e® Because 1 + a < e® Done.

353. Prove that:

N vt
N A

2

Vsin x (X)de < ?

12\/—

Proposed by Sagar Kumar-Kolkata-India

Solution by Soumitra Mandal-Chandar Nagore-india
2

Let f(x) = Vsinx forall x € |0,2|, f'(x) = ——=; f"(x) = —/sinx - — 25 =
f f [ 2] f — f 2(sinx)%

sin” x+1 3 < 0 forall x € [0 ], hence f is concave, by Hermite - Hadamard Inequality

/sm 4+ v/sin 0 Tl'

>_
z_f\/smxdx > 4

2(sin x)Z

T T T
2 CAUCHY / 7 \ / 2 \
3 SCHWARZ
f f sinx dx f x3dx | =

Vsinx - x2dx < \ /
0

T T T

2 CHEBYSHEV'S 2 2
3 INEQUALITY ¢ 3

fo\/sinxdx > (E—O)fxzdx-f\/sinxdx

0 0 0

5 5 5
P
2
™ o2 Wthh is true

T w2
>Z. ™ .2 we need to prove, = >
=2 10v2 4 p 7’8 10vZ — 12\/’
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354. If a > 0 then:

2a 2a 2a
f f f Vaz + 4x2 + \/a? + 4y?
a a a

z\/a? + (x + y)?

dxdydz > 2a*log?2

Proposed by Daniel Sitaru — Romania

Solution 1 by Amit Dutta-Jamshedpur-India

We use a fundamental inequality: \/x? + y> + Va2 + b > \/(x + a)? + (y + b)?> (1)

Let’s prove it. On Squaring both sides, we get:

x2+y2+a?+b?+2x2 +y%JaZ + b2 > (x+a)? + (y + b)? >

= 2./x% + y2/a? + b? > 2ax + 2by = \/x% + y2Ja% + b? > ax + by
Again, squaring both sides, we get: (x* + y*)(a? + b?) > (ax + by)? >
= x%a® + b?x? + a*y? + b*y? > a*x* + b?>y?* + 2axby = (ax — by)? > 0 which is

true and the inequality in equation (1) is true. Using the inequality in equation (1)

Vaz +4x? +.Ja? + 4y? = \/2a)? + Qx+2y)2 = 2Ja? + (x + )% >

2 4 4x2 2 4 4y2
:>\/a +4x2 +\/a% + 4y -
Jaz + (x +y)?

a 2a 2a 2a 2a 2a 2a

a? + 4x% + \/a? + 4y? )
f dxdydz>ffj dxdydz>ff 2Inz|;%*dxdy

2a

/

N

Q\

J z\/a? + (x + y)? g
2a 2a 2a 2a
ff(ZIOgZ)dxdy>(Zlog2)f dxf dy >2log2(a-a) = 2a*log2

2a

a 2a

2
f f Va? + 4x% + \/a? + 4y?

> 2a’log2

z/a% + (x + y)?

a

(proved)
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Solution 2 by Serban George Florin-Romania

\/a2+4x2—x-# 2. 2 .2
x) = \/aZ + 4_x2 x) = "(x) = Ja2+4x2 —4. a“+4x°“—4x ]
1 0= G [0 =4 e
2
frix) =—22 . >0; fcovexe:»f( )<f(x)+f(” 2 fa2+4(x+b) <

(aZ+4x2)2

<Va? + 4x? + Va2 + 4b? (Jensen) = Va? + 4x% + Va? + 4b% > 2\/a? + (x + b)?

va? + 4x2 + Va2 + 4b? -
\/a2 + (x + b)?

2a 2a 2a 2a 2a 2a 2a 2a

va?+ 4x? + .\ a? + 4y? 1 )
f f dxdydzzf f f ;dzdydx:f f(lnlzl) dxdy =
a a

z-Ja% + (xyz)?

a a a a a

a
2a 2a 2a 2a

=f f((ana)—(lna))-dedy=f f(21n2)dxdy=2(ln2)-2-a=2a21n2

355. Prove:

T
jz < 9sinx 16sinx zssinx >3 1593
0

4sinx 4 gsinx + 3sinx 4 gsinx + 3sinx 4 gsinx - 8In60

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Sagar Kumar-Kolkata-India

3

. . T gsinx 165inx 25sinx
- |2 >
Applylng BerStrom' f() (4sinx+5sinx 3sinx_gsinx 3sinx+4sinx) dx -
b4 b4 b4
2 2 2
(gsmx _|_4_Slnx + 55mx)3 AM>GM 27 . 27 .
X = —_— X = —_— cosxax
d > 8 605 dx > 3 60)sinx d
0 0 0

. Y
27 60)SInx - 27%x60 27 x 51 405 1593
> —(g) 2 > 27X60 5 Z7 x5, >

8 In60 0 81n 60 8In60 2In60 81n 60

(proved)
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Solution 2 by Soumitra Mandal-Chandar Nagore-india

T T
Z 3 3 3
gsinx BERGSTROM (chc 3smx
j 4Slnx + SSlnx J 351nx =
0 \cyc 0
T T T
2 2 2
1 3 27 . 27 .
51(35"” + 4sinx 4 SSmx) dx > ?j 605"M*dx > ?J 605X . cosxdx =
0 0 0
27 [605in* x=3 27-59 1593
T8 [log60]x=0 ~ 8log60  8log60 (proved)
356. If a > 0 then:
2a 2a 2a
4 16 2
2. \e% < j j VeCt3 dxydy < a - .f e dx
a a a

Proposed by Daniel Sitaru — Romania

Solution by Artan Ajredini-Presheva-Serbie

Since e* is a convex function we apply the Hermite - Hadamard inequality for double

2
3a, 9

2 2 3a\2
integroll:a_lzfa2 : faz W c@+3n? dx dy > e< * ) —el3) = Ved? =
:>f f We@+39? dx dy > a?y/ e9*
a a

2a 2a

w3 g 5 3
3 vex w ve: <- ~eY. u :
Also, since e* is convex we have e( 4 ) < 4ex +4e3’ Consequentl

2a 2a 2a 2a 2a 2a

fflﬁx/e(x+3y)2dxdy£%ffexzdx+%ffey2dy:

2a 2a

2a
a a
=Zfe dx+—fey dy = 4fe dx+—fe dx—af e dx
a

a a
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357.Forn € N* An > 2. Prove:

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece

1
Jensen x+x3 44 To>x+1
j(e"+e +o+ e )dx > Jn-e n dx >

1
f <x+x+ e i ) f x+--+x"+n
n- n- dx =
0 0

v

1 3 xn+1
f(x+x + - +x"+n)dx—[—+—+ -+ +1+nx =
0

1+1+ 4 1 4 \/1 1 1 4 1 N
== —+n=n- T Tn=mn- - 1 n
2 3 n+1 23 " n+1 [(n+ DI

Solution 2 by Sagar Kumar-Kolkata-Iindia

E[(i:e")dx>_Ol.i:(1+x")dx>Z:(1+F11)2n+§:ﬁ

k=1 k=1 k=1 k=1

bt 2 " (Gom)
— >
Now, k=137 =1 (n+1)!

[(3e)ersnon(in)

0 ‘k=1

Solution 3 by Soumitra Mandal-Chandar Nagore-india

1
n

e™>1+m forallm = 0, now, ).} _, ex > Zﬁ=1(1 + x") =n+Xr_;xk

n

1 n 1 n
1 . 1 AM=6M
f(Zex>dx2nfdx+zkadx=n+z— >
=1 0 0

k=1
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358.
(log(1 )
0 +acosx
—1<a,b,c<1,ﬂ(a):j & dx
CcCoS X
0
Prove that:

1
— (ﬂz (a) + Q%(b) + Q? (c)) > Z:(sin‘1 a-sin~1b)
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

1
1+acosx

Let f(a) = @ is a continuous functionin a = Q'(a) = fo

X 2
Let taniz t=>x=2arctant = dx = 1+ tzdt}:ﬂ’(a)

x=0=>t=0x=nm>t=c

o)

_f 1 2 it
N 1—¢t2 1+t

—Zf 1 dt =2 1 dt = 2 f 1 dt =
B 1+t2+a—at: 1-a)t2+14+a 1-—a 27
0 0 0 24 1+a
1—-a
2 1 t 0 yi4
= . arctan |O= =
1-a [1+a 1+a 1— a?
1—a 1—a
Qa) ==« —da—narcsma+c
(@) f\/ }::»ﬂ(a)=1rarcsina:>wemustshow:
Butﬂ(a)—0:>c=0

Y (arcsin @)? > Y arcsin a - arcsin b, which its true because Y, x* > ¥, xy
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359.If a, b, c € N,

(00)

1
Q(a) = ;n(n+ Dn+2) ..-(n+a)

then:

bQ(a) + cQ(b) + aQ2(c) atbte - 1
< a+b+c > —ab-bc-c-(a)?- (b)) (chH?

Proposed by Daniel Sitaru — Romania

Solution by Shivam Sharma-New Delhi-India

1

1 1 1
Let, S n 1 (n(n+1)(n+2)«...«(n+a)) = a (n(n+1)...(n+a—1) (n+1)...(n+a))

= i (Sa—l — D= (;)) Replace n+1 =k =

=1\ (n+1)..(n+a)

( (3 G —ra=)- _)>:,(_)

k=1
1
(OR) Sa = H' NOW, ﬂ(a) = Sa =

a-a!

Now, applying this initial problem, and applying A.M.-G.M., we get,

bQ(a) + cQ(b) + aQ(c) _ (b (a 1a') tc (b 11,1) +a (c 1C|)>a+b+c AM~-GM

>
a+b+c at+b+c

1
= abpcce(ah)b (b)) (e

bQ(a) + cQ(b) + aQ(c)\*"*¢ N 1
a+b+c ~ abbcca(a)b (b)) (c!)

Hence,

(proved)
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360.
1
Q(n) = fxlog(l +n3) dx,n € N*
-1

Prove that:

9(1+V2+V3+- 4+ \/ﬁ)z > 420 (1 + M)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania

1
)
Q(n) = fxln(1+n3x) dx }:
21
x=—t|’=>dx=—dtx=—1=>t=1-x=1=>t=—1)

-1

Q(n)zf —tln(1+n73) (—dt) = — ftln(1+— dt = — ftln( 3t+1>dt=
-1

1 21
1 1 1
- ftln(l +n3t)dt + ftlnn“dt =20(n) = thZ Indt = 2Q(n) =t31nn |_11 =
1 1 1

= Q(n) = Inn. We must show this: 9(1 +V2 44+ \/ﬁ)z >4n’(n+1) ©

2
<:>1+\/E+~--+\/H>T,Vn21

\/_

P(1):1>%22 o 3> 2v2 true.

Now: P(k):1 + 2 + - +\/_>2’“"+

2(k+ 1)VEk+2
3

Plk+1):14+V2+-+Vk+1>

From P(k) = 1+ V2 + -+ Vk+VEk+ 1 > 222 4 VE+ 1

2kVk+1 +\/m > 2(k+13)\/k+2

2k+3>2/(k+1)(k+2) ©4k* + 12k +9 > 4k? + 12k + 8 & 9 > 8 true.

We must show this:
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Solution 2 by Amit Dutta-Jamshedpur-india

1

Q(n) = jxlog(l +n3%) dx

-1

Using foa F(x)dx = an Fla—x)dx = Q(n) = f_ll —xlog(1 +n=3%) dx
1
Q(n) = j —x[log(1 + n3*) — log(n3*)] dx
1

1 1

Qn) = - jxlog(l + n3) dx + jxlog(n”) dx

-1 -1

1

J. x*(logn) dx

-1

1
Q@) = —0(n) + f (3x2) log(n) dx; 20(n) = 3
-1

1

1
2Q(n) = (3logn) fxz dx; 2Q(n) = (3logn) x 2 J.xz dx

-1 -1

1
Q(n) =3logn X -= Q(n) =

3 log. n

2
The inequality is: 9(1 + V2 + V3 + -+ Vn)" > 4e**™(1 + ™), j.e, we have to
2
prove9(1+ V2 + V3 + - +n)" > 4e?m"(1 + ")
2
9(1+vV2+V3+-+vn) >4n’(n+1)

or(1+vV2+V3+--++vn)> (Zm/:?) (1)

Using, AM of m*h power > mth power of AM
ai' + ay' + -+ ay < (a1+a2+-~-+an

m
vm e (0,1
: ) vme©D

Using this (1+2+3T.l+---+n)% > (1+\/7+\/3+-~-+\/H) N [n(::l)]% > (1+\/7+\/f+---+\/ﬁ) > 2\/?

1
= ["(';1) 252 ;Hl = "\gl 2 “'3”1 = 3 > 2v2 - which is true. Hence the inequality

in (1) is true.
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361. If f: R — (0, ), f continuous then:

a

5
> dxdydz > azjfs(x) dx
0

fﬁﬂﬂm+ﬂ@+ﬂ@
I 30+ 30+ 3 (2)

Proposed by Daniel Sitaru — Romania
Solution by Omran Kouba-Damascus-Syria
Let P(x) = 5(x* — x3) — x° + 1. Clearly we have P(1) = P'(1) = 0, so P(x) is
divisible by (x — 1)?%. An easy calculation shows that:
P(x) = (x — 1)?(x*(3 — x) + 2x + 1). Thus, for

x € [0,3] we have P(x) = 0. Consider, positive numbers t,u, v and define

V3t V3u V3v
X = = Z =

ly J
Vo +uws+v5~ YS+uS+v5 Y5 +uS +0°

These numbers belong to [0, 3]. From P(x) + P(y) + P(z) = 0 we conclude that

0 ttrutert % t3+ud+v3

3s =3 3 Equivalently(

It follows that for f:[0,a] — (0, +o) we have

5
trrut+vt 1/ .5 5 5
> -
t3+u3+v3) > (65 +u® +v°)

a aa

aaa 5
fff<f4(2)+f4(y)+f4(2)> axaydaz= [ [ [3(rP+£0)+ FFw) axdyaz
000 000

PO+ +r3 @

a

= aszs(x) dx

0

362.If a, b, c > 0 then:

2a 2b 2c

2x+y)2y+2)(2z + x)
2| | (x+y+2)?

dxdydz < 3abc(a+ b + c)

a a a

Proposed by Daniel Sitaru — Romania
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Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian

Itis known that 2x + y)(2y+z) < (x +y+2)?> (1)
Similarly 2y + z2)(2z+ x) < (x +y + 2)? (2)
Q2x+y)(x+22) < (x+y+2)?

(1)x (2)x (3)= 2x+y)2y +2)(2z + x) < (x + y + z)3 then we have

2a 2b 2c

LHSSZf f f(x+y+z)dxdydz=2<

a a a

3a’bc N 3ab?c N 3abc?
2 2 2

= 3abc(a+ b + ¢)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
2¢ 2b 2a (B(x +y+ z))

2;[;[;[(2x+3(’1(i3’y++zz))(222+x)d fff (x+y+2)>? drdydz =

—fof(x+y+z)dxdydz— ff( +(y+z)x>2a

dydz =
3a?
=2 ff —+a(y+z) dydz =2 J.J. ay+T+az dydz =
2b

2 2
— 2 f v (3, dz =2 f 3ab” L (3% az)-b)az =
= 2 2 az |y zZ = 2 2 az zZ =
¢ b

c

2c
5 j‘ b +3ab2+3a2b Qg =2 abzz_l_ 3azb+3ab2
- avzT— 2 |74\ 2 2 2 )?
c

3abc* [3a’b 3ab?
= 2 + 2 + > c|=3abc(a+b+c)

2c

c

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Since 2x +y)(2y + z2)(2z + x) < (x + y + z)3. Hence
2a 2b 2c 2a 2b 2c

szf(2x+y)(2y+z)(22+x)d 4 dz<szf(x+y+z)3d xdydz =

(x+y+2)? (x+y+2)?

a a a
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2a 2b 2c 2 2 3
x°yz xy*z xyz
=jjjz(x+y+z)dxdydz=2< Zy + J; + J; >=
a a a

2 |2a|2b |2c _
a

= x?yz + xy?z + xyz

= ((2a)? — a®)((2b) — b)((2¢) — ¢) + ((2a) — a)((2b)? — (b)®)((2¢) — ¢) +
+2(2a —a)(2b — b)((2¢)? — ¢?) = 3a®bc + 3ab?*c + 3abc? = 3abc(a+ b + ¢)

Therefore it is to be true.

363.If 0 <a < gthen:

2a 2
) 3a o 4x + 3y
a“ cot (7> < j j cot (T) dxdy <log(2cosa)?

Proposed by Daniel Sitaru — Romania

Soumitra Mandal-Chandar Nagore-India

Let f(x) = cotx forall x € [O,Z] then f'(x) = —csc? x; f"(x) = 2 csc? x cotx > 0

4x+3y

forall x € [0, %], hence f is convex cot ( ) < ;cotx + gcoty =

f2af2ac0 (4x+3y) dxdy <
4 2a 2a 2a 2a
S;j- f cotxdxdy + = ffcotydxdy——f cotxdx+—f cotydy =

sin 2a
- x= Za — =
|log(sm x)|%z + |log(sm }’)| = alog ( sina

) =alog(2cosx) =

= log(2 cos x)*. AppIying Hermite - Hadamard for Double Integral;

2a 2a 2a+a 2a+a
ff t4x+3y>d 4y > cot 4 (579 +3- (59 _
(2a — a)(Za a) o ray =co

7
4x + 3y 3a
:>ffcot( - )dxdy2a2c0t<7)
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2a 2a

acot ffCO
a

a

3
= y) dx dy < log(2 cos a)®

(proved)

364.If a, b, c > 0 then:

2a 2b 2c

—_—

c

Proposed by Daniel Sitaru — Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

ey ) (4 30 2) = o+ (G20 2) 4 (202

>3(x+y+2). Hence3x(x+yy+§) <xy+yz+zx=>w_xy+yz+zx=>
oty x2+y2+z
3(x+y+z) < xy+yz+zx 1,1, l Hence
x2+y2 422 xyz x y z
2a 2b 2c 2a 2b 2c
x+y+z 3(x+y+2z)
3 5 5 dedde— 5 > dxdydz <
) ) x +y2+z (x + y% + z2)
a c

2a 2b 2c
1 1 1 _ 2a|2b|2c _
Sfff(;+;+E>dxdydz—xylnz+yzlnx+leny|a|b| =
a b ¢

= [abIn(2c) + bcIn(2a) + caln(2b)] — [ablnc + bclna + caln b] =

=[abln2 + bcln2 +caln2 +ablnc + bclna + caln b]
—[abInc + bclna + caln b]
=abln2 + bcln2 + caln2 = (ab + bc + ca) In 2. Therefore it is to be true.
Solution 2 by Soumitra Mandal-Chandar Nagore-india

2a 2b 2c

+y+
32 2>(x+y+z)2fff xryrve dxdydzg

cyc



M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2c

2b
S »j
b

c

2c

2a 2a 2a
9 dx
j—dxdyszfof—=anZab
X+y+z x
a b a

cyc ¢ cyc

(proved)
Solution 3 by Nguyen Van Nho-Nghe An-Vietnam

Cauchy 1
We have: 3 Y x*> > (3 x)? - % < % < (xyz)7s.So:
2a 2b 2c ) 3 2 2a
LHS < 3f f f(xyz)_§dxdydz = 31_[<Ex§ ] > =
a b ¢
3 2 Cauchy

2
= % (25 — 1) (abc)3s < (ab+ bc+ ca)ln2 (Done)

365.If f:[0,1] — (0, ), f — continuous, fol f(x) dx = 1 then:

11 1
[ [reroraxay < [ o ax
00 0

Proposed by Daniel Sitaru — Romania
Solution by Chris Kyriazis-Athens-Greece

Using Holder’s inequality, for p = 10,q = 19—0, we have that:
1 9 1

1 1 oo/t 10 1 10
1= fx)dx<| | f1O (x)dx) : ( 19 dx) = ( f1o (x)dx) =
frows( o] ([ <

0
> [, f20dx=1 (1)

So,
1

fff(x)f(y)dxd}'=flf(x)dxff(y)dy: 1(2ff1°(x)dx
00 H

0 0
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366. Let be Q: (0, g) SR,

sin
t

t
dt

X
Q(x) = lim j
-0

&>0 ¢
Prove that:
a? + b% + ¢
a+b+c

(a+ b+ c)ﬂ( > > aQ(a) + bQ(b) + cQ(c)

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-india

Q = lim :L:'t dt then Q' (x) = Si:x,
>0

cos x

Q' (x) = (x—tanx) <0

x2

since, sin x < x < tan x for all x > 0, hence Q is concave so, from the definition of

concave function

za+‘;+c“(“)39<z(a+zﬂ)'“>

cyc cyc

a+b+c

Zaﬂ(a)s (a+b+c)9.<

cyc

a? + b? +c2>

367. If0<a$b<§then:
b b b

(x+y)* O +2)° (z + %)
f f f <(y + z)sin(z + x) e x)sin(x + y) e y)sin(y + z)) dxdydz > 3(b - a)®

Proposed by Nguyen Van Nho-Nghe An-Vietnam
Solution 1 by Daniel Sitaru-Romania
U=x+y,v=y+zw=z+x
2 sinw<w

(x +y)? _ u I
Z (y + z)sin(z + x) z vosinw

cyc(xy.z) cyc(u,v,w)
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BERGSTROM
u? BERGSTROM "4y 4 v + w)?
> — = =
vw uv + vw + wu
cyc(u,v,w)

(u+v+w)?=3uv+vw+ wu)

b b b ( N )2 b b b
X y ;
= = -
a a a cyc(xy.z) P4

Solution 2 by Serban George Florin-Romania

(x + y)? (x + y)? '
(y + z)sin(z + x) = (y+2)(z+x)’ (sint<t)
(x+9)?  _|x+9 O+ a?
O+DE+x " [@+y 20+ +0?
bbb (x4 9y b b b
fff (y+z)si:(z+x) dxdydz = 3fffdxdydzz 3(b—a)®

368.1f0 < a,b,c,d,e, f,x,y,z <1 then:

111
3abcdefxyz — 1)dxdyd
108JJJ ( fxyz — 1)dxdydz 1
(a
000

<
24 b2+ x243)(c2+d>+y?+3)(e2+f2+22+3) "
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
va,b,c,d e f,x,y,z<1.12>a*b* ct d* e [ xt y, z*

cal+bt+x2+3=a’?+b*+x?+1+1+1=>a?+b>+x*+a*+b*+x*>

A-G D

> 6abx = a* + b?> + x? + 3 > 6abx. Again,
A-G
c+d®+y*+3=c*+d*+y*+1+1+1>2+d*+y* +ct+d* +y* =
(2)
> 6cdy = ¢* + d? + y* + 3 > 6cdy. Also,

A-G
e’ +fi+z2+3=e*+f2+z22+1+1+12e*+f2+22+e* +f*+2* >
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3)
>6efz> e+ f2+22+3 > 6efz

(1).2).(3)> (a®> +b* + x> +3)(c* + d* +y* +3)(e? + f2 + 2* + 3) (g 216abcdefxyz
Case 1: 3abcdefxyz—1<0
Then, LHS < f01 f01 f01 0dxdydz = 0 < 1 = given inequality is true
Case 2: 3abcdefxyz—1>0

D4 11 13m-1 _
(@)= LHS <[ [, [, —dx dy dz, where m = abcdefxyz
(1))
3m-1 1 o 1,101 ,
“m<1- ":n =3-—<2-(i) (i) > LHS < Jo Jo Jo dxdydz = 1 = given
inequality is true (Hence proved)
369. Find:

(p+n)! " .
+ ---+T,p € N*, p —fixed

L=1lim" p! + (p+1)! n (p+2)!

n—>0co 1! 2!
Proposed by Marian Ursarescu-Romania
Solution by Ravi Prakash-New Delhi-India

+(p+1)!+(p+2)!+m+(p+n)!:p! 1_I_(p+1)!_|_(p+2)!_|_m+(p+n)!

p! 1! 2! n! p'1! p'2! p'n!

= p! [P*1Cy + P*1Cy + PY2C, 4+ PP3C3 + - 4+ PTC,] = p! [PT2Cy + PT2C, + -+ + PITC, ]
= p! [P*3C, +P*3C5 + ---+ PtC, | = p! [P*C3 + -+ PTC,] = -

I
— p! p+n+1cn = Mpl
(p+1D!n!
+n+DPp+n).n+1 n*t1 1 2 +1
(p Jp+n)..(n+1) _ (1+_>(1+_>_._(1+B)<1+p_)
p+1 p+1) n n n n
1\P+1 1 1 1
e ("") 1\n 2\n p% p+ 1\n
L—llm—1 1+£ 1+; (1+E) 1+—n
n—oo =
p+1)
:18'32'33' -.ep+1:ew
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1 % .
370. (X)) 150, X0 > 0,X,,41 = X, + =, P €N, p—fixed

Find:
X1+ X+ o+ x
Q = lim =2 "
n—oo n' Vn

Proposed by Marian Ursarescu-Romania

Solution by Soumitra Mandal-Chandar Nagore-india

1+w)"-1

We know, lim
u-0 u

=T NOW X1 — Xy, = xlp > 0foralln e N
n
Hence the sequence is increasing, implying its bounded

thenletlimx, =1l=>1=1+ lll’ = | — oo, which is a contradiction

n—->oo

. . Xptxp4e+x . h_1X . 1
~ limx, = oo let L = lim =——7—" = (llm M) (llm pT)
n—-oo n—-oo n" Vn n—oo n n—-oo Vn

Caesaro

Stol n+1 n
rg\z - k=1 xk - Zkzlxk . 1 . xn+1
= lim lim——) =1lim-——

n-oo n+1—n n-oo p+% n-oo p+w
Caesaro
p+1  Stolz xp+1 _ LPt1 . .
. . . + +
= [P = lim 2 2 lim 22" = im (oGP, — 2P
n-o N no n+1—n nooos N n
p+1
1+-1) -1
1 p+1 xp+1
— 1; D o ¥ T n+1
= 1111_1)210 <xn+1 +— ) Xppq( = lim 1
x n—->oo
n+1 W
n+1
p+1
1+—1) -1
xp+1
- 1 p+1
= lim e =p+1=>L=""/p+1
Xn4+1—>®© 1 p p
p+1

n+1
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371. Find:

3p-1

n n
_ﬁi’?o( Zk4p+k21’+1> PEN

Proposed by Marian Ursarescu-Romania

Solution by Ravi Prakash-New Delhi-India
KW+ k% + 1= (k2P +1)° — k2P = (k2P — kP + 1)(K?P + kP + 1)
. kP 1 [ 1 1 ]
kW 4k +1 2|k —KkP+1 KPP+ kP +1

DK = Tl
= —_—— = — —
k" + kP41 2 k?» —kP +1 Kk?P + kP +1
k=1 k=1

1
—[1——]
2 nP +nf +1
n3r-1

n n3p—1
 wray) D)
2 K% + k2P +1 +k21’ +1 B 2(n?? +nP +1)

_ [(1 ~ 1 )—(2n2P+2nl’+1)]m herem _( n3p-1 )

2(n2P+nP +1) 2n2P+2nP+1

Asn—-oom->—-o0.Q=e =0

372. x9 > 0,x,,,1 = xn+xi,a > 0,n € N*

n

Proposed by Marian Ursarescu-Romania

Solution by Soumitra Mandal-Chandar Nagore-india

1+u)"-1

Weknowlin(} =rand x,,1 — X, =xi> 0 foralln € N
u— n

hence the sequence is increasing, implying is bounded let
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lim x, =lthenl =1 + = | — oo which is a contradiction

n—oo
. . Zij=1xixj
~ lim x,, = © now, Q = lim —=——
n—oo n—oo n
1(,, (g+xp+-+x)%  x54+x5++x2) Li—L,
= —1lim — lim =
2 (n-oo n3 n—-oo n3 2
X1+ Xp + 4 x,)? X1+ 2+ +x
L1=111i_)12)(1 Zn3 n) :\/L—1=1lll_)rg) 1 23 n
nz
CAESARO
ST.-O»-\LZ . Xn+1 . Xns1 . 1 2 . Xn+1
= lim 3 3 = (llm ) lim 3 = §ll
1+3) -1
n
1
n
CAESARO
2 X2, STgLZ a \2 )
-5 Jim e TET S G =) =3t { (s + 1) -2
n
2
2 |, (1+x_n> -1 22a 8a
= —_— = :> [ —
3 [xanb 1 3 1
x;
, CAESARO ) ) I/ \I
T 1]:.:1 Xk STﬂgLZ Xn+1 . Xng1 )| . 1 |
L, = lim 3 = lim 3 7 = | lim—— ]| lim 3 |
n—oo n n—oo (n + 1) —-_n n-oo N | n-oo 1 |
(1+45) -1
n
\ 1)
n
CAESARO
STQ\LZ 1 Xn+2 Xn+1
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CAESARO
STOLZ

= 6n 11m{(xn+3 121+2) - (x121+2 - x121+1)} =0

Zl] 1 lx]

~ Ly = 0 then llm = (Ans:)

373. Find:

0= rlli_)rglo(n+ 1)!(6—2%)

k=0

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Ravi Prakash-New Delhi-India

(n+1)! 1 1
Fork > 2, "(n+k)!  (n+k)(n+k-1)..(n+2) = (n+2)k-1
n [°9) [ee)
Z 1 Z 1 1 N 1 1 14 (n+1)!
S e — —_—= —_— — = _—
1 1 1 1 I I
— k! e n kil (n+1)! ~ n+k) @m+1) ~ (n+ k)!
[ee] (o] 1
1 1 1 (n+2)
<—0I Z—:> 1)! —2—31 =1+——0
CY T (n+2)"‘1] (n+Dile k! +1 1 thT1
k=2 k=0 (n+ 2)

AIso,e—Z,"f:O% =>1<(m+1)! [e—Zk ok.]<1+

(n+1)'

Taking limit and using sandwich theorem, we get lim (n + 1)! [e - Z,‘f:(,%] =1
n—oo !

Solution 2 by Marian Ursarescu-Romania

(1+l|+~-+ll)
Using Cesaro - Stolz from : Q= lim #

n-o D]

. Then:

1 1
Letanze—(1+;+~~-+5),bn—( O

a)lima, =limb, =0
n—>oo n—>oo
b) b,, is strict decreasing

1 1 1 1
C) lim — lim e—(1+ﬁ+...+(n;—1)!)—¢i+(1+ﬁ+...+E) _

n—00 On+1™%n Mo @+2)! (n+1)!

An+1—0n
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1
i R VI —(n+2)! T G .
s M+t D —m+2)! nosm+D)(A-n-2) nos—(mn+1)

n+1)!'(n+2)!

From Cesaro - Stolz=> Q = 1.

374.
1 1 1
a, =1+ \/—_ + \/—5 e o \/_ﬁ
Find:
n
2 = lim+n (1 - ! )
A U AN =

Proposed by Marian Ursarescu-Romania

Solution 1 by Omran Kouba-Damascus-Syria

— Ym0 = 1 n __ 1
Leta, =1+ + +ﬁ-Fmd-ﬂ—,llng\/5Hk=1(1 ak+1\/m)

The answer is Q = % First note that

2 1 !
——z(v \/—)_\/— nti+vn (\/—Jﬂ/_)\/_ 0(2)

and since the series Z is convergent we conlude that there exists a real number £
nZ

such that lim (a,, — 2v/n'+ 1) = #. In particular,
n—oo

lim 2 =2 (1)

_ 1 1 _ 1 _ag
On the other hand, 1 PN == i (ak+1 _—k+1) =

Thus
VAl (1- ) = Vil e =22 ()

ak+1 An+1

.. _ 1 __ 1 _\_1
Combining (1) and (2) we get @ = lim Vnlli-, (1 ak“m) =
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Solution 2 by Soumitra Mandal-Chandar Nagore-india

k
1+1+1+ + ! ! 1
a = e — e — —_— o a —_——_— = — =a; =
e N ARE VE+1 Y Vk+1 z N

n

1 a 1 ar
=>1-— = Q = limvn < —>=lim\/ﬁ
a1Vk+1 ak+1 noe 4 a1Vk+1 noe 4 1 Gkt
CESARO
. \/T_lal . \/171 STOLZ . Vn+1—\/ﬁ . \/n+1—\/ﬁ
= lim = lim = lim——— = lim —
n-o @y, q n-o Ay, q n->00 Apio — Apyq n-o
Vn+2
= lim -2 = lim JH% =1 (Ans:)
- n-ooo Vn+1+vn - n—oco 2 "

1+= +1

375. Compute:

S

lim Yn! | ((k + 1)4 — k4>

Proposed by Mihaly Bencze-Romania
Solution by Marian Ursarescu-Romania
= VT2 all, (VO 17 - V@) = [, [VE (VO D7 - ViE) | @)

Letf:[k,k+1] - R, f(x) = Va3
From Lagrange Theorem = 3c; € (k,k + 1) such that

f+1)—f(k) 3 1
= fa) = Y+ 1)3 - Vﬁ:;% (2)

Butce(k,k+1):>k<c<k+1:>‘§/E<‘{/E<4\/k+1:>i]§<1 (3)

3) 4

From(Z):>‘{/E(‘i/(k+1)3-‘§/ﬁ)=%f< 4)

From (1)+(4)=» 0< a, < G)n = (lim G)n = O) ,ima, =0

n—oo n—-oo
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376. Find:

0=l z k* +k
noen(mn+ 1) n(n+ 1) stn nZ+n

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-india

[ f@dx=lim S, fE) (x —x1) where$, € (x,-1,x,)

—Xxr-1|-0
LetS,=1+2+--+n n(n;l), considering a partition
P = (ﬁ,ﬁ,...,l)now Sp _Srtf - 2" L gagsnm— o
Sn’' Sn Sn Sn n(n+1)

i i K%+ k
nl—glon(n+ 1) kesin n+n

|

. (S, 1 . 1—-cosl
) (—) =—fsmxdx=—

s.) 2 2
0
377. Find:
n
1 k(k+1)(2k+1
0= lim Z k% tan™? ( ) )
noen(n+1)2n+1) & nn+1)2n+ 1)

Proposed by Daniel Sitaru — Romania

Solution 1 by Omran Kouba-Damascus-Syria

LetS, =Y1_1k* = w. Define x\ = i—" for 1 < k < n, and consider the

subdivision o = (O, xi"),xg"), (")) of the interval [0, 1] with step

1 6n -
(n) (n) 2 _
hn _1@11)51( kT k- 1) S, ln<llfl<nk T (n+1D)2n+ 1)n—>°°0'

It follows that



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

n

R(arctan,o,) = Z(xgcn) x;(n)l) arctan(xgcn))
k=1

Is the Riemann sum of the function arctan corresponding to the subdivision &,, of

[0, 1]. The fact that the step of this subdivision tends to zero implies that

1 1
lim R(arct )—f t dx = t ]1—Jﬂ—f—112
nl_)l'{)lo arctan, o, ) = arctan x dx = [y arc anxo 1+x2—4 2 n
0 0
But
n
6 k(k+1)(2k+ 1)
— 2
R(arctan, o) = nn+12n+1) kZI k” arctan <n(n +1)2n+1)
Thus
" zkz ¢ k(k+1)(2k+1) T 1 In2.
T n(n + 1)(2n 1) arcan |+ D2n+1)) 24 12"

Solution 2 by Soumitra Mandal-Chandar Nagore-india

b .
We know fa f(x)dx = x _l;mlH) X f(&) (x, — x,._1) where §,. € (x,_4,x,)

n(n+1)(2n+1)

LetS, =" ,r*= e considering a partition
$1 S Sy Sy 612
P=(—1,—2,...,1)now—r— L g s 0asn - o
Sn Sn Sn Sn n(n+1)(2n+1)

i 1 O (k+ D@+ 1)
ne nn+1)2n+1) Z tan (n(n +1)(2n+ 1))
_r Sr 1‘ Z(

1
1 1
= gf tan lxdx = 5 [xtan~1 x]*Z3 —
0
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378.

V(3
)

Q, = f(4x2 —1tx +4n?)In(1 + tanx) dx,n € N*
0

Find:

Q=i Q,
Tt 1+2+3++n

Proposed by Daniel Sitaru — Romania

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece

T T
OSXSZ@—TS—TDCSO
2
OstE@0s4ﬂsf¥(ﬂ
4 4
2 2

b T
—— < 4x?% - <— (1
g S -mxs< (1)
T tan x
OSxSZ?0Stanx£1<:1§tanx+1£2

1
%f 0<In(1+tanx)<In2 (2)

@ 2 n’ 2 2 2 m*
- _4n —Ts4x —7ntx+4n° < 4n +T

2 2
T /5
£ <4n2 - T) In(1 + tanx) < (4x? — wx + 4n?)In(1 + tanx) < (4112 + T) In(1 + tan x)

LA T

n
4 4

2

1
, T 2,
= (4n 1 In(1+tanx)dx < | f(x)dx < |4n* + 1 In(1 + tanx) dx
0 0 0

T

1 T

f041n(1+tan x)dx=gIn2 ) 2\ mwln2 ) w2\ 1T

= n°——»- <0, <|4n“+— | -ZIn2
easy integrate by parts 4 8
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nmln2 w? n’mln2 =3
2 32__n __2 32
1+-4+n ~1+-n" 1+-+n
3 3
e e S L -
= lim 5 llm—" < lim >
n—oo (n?2 +n) nsol+ 4N noow n“+n
2 2
n? mwin2 n? - mw-In2
= lim + <lim(..) < lim 22
n—oo n_ n—oo n_
2 2
wln2 <lim(..) <w7ln2 = lim =1'tln2

n-c 1+ -
Solution 2 by Shivam Sharma-New Delhi-India

As we know, the following lemma, If f(x) is a continuous function on [0, a]

E!-f(x)dx=E!-f(a—x)dx

Using the following above lemma, we get,

In:f( (-2 - n(G-x)+ant)n (14 tan (- 2)) ax

4
4(11!—Z+x2—2(;)) —n;+n'x+4n2 ln(1+tan(g—2))dx

tan (Z) — tan(x)

1+ tan (%) tan(x)

Y3

4

f(4x —nx+4n®)In| 1+ dx
0

T
H 2
2 _ 2 2 _ 2 _
:>f(4x 1rx+4n)ln(l_I_tan(x))dx::»ln(z)f(tlx x +4n°)dx —1I,
0 0

20, = | In(2) (4x? — x + 4n?)dx

S ——ai3
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n

)
In(2
n( )f(4x2 —x + 4n?) dx

_n=

T
Tx? 4 1n(2) T [ 1? T
- x| > —2-(=)-Z(= an? (-
"TT2 |3z Y T2 < > 2<16>+"(4)l
In(2) [ =3 /5 ln(Z)
— | ——— 4+ 4n?% (= -
2 |28 3zt (4) 48 32+’m
3
ln(Z)[ —4+mn ](OR)Q = ln(Z) :—6]
In(2) 2 3 In(2) 2 3
s Q, . ™ _ﬁ] . 2 | _%]
Now, @ = lim (i=2e—0) = LL%( NG ) - ,EL“O‘O( "D ) -
3 1 (m?
5. [ E
/A 73
= In(2) lim % | In(2) lim n®\96
n—oo nZ +n n—-oo 1+ 1
n

(OR) Q@ = w1In(2) (Answer)

Solution 3 by Marian Ursarescu-Romania

i |
=f(4x2—1tx+4n2)ln(1+tanx)dx }:)
0
I >dx=—-dy;x=0> —n/\ _n:> |
X=,-Y x=—-dy;x= y=4Ax=7
0
T T
__ — R 2 R _
f[ y n(4 y)+4n ln(1+tan(4 y))( dy)

T

4

s

4

f 2y -4yt -ty 44 1(1+1_tany)d
my - 4y* 4 Y n* |In 1+tany Y

0

7
= f(4y2 —my+4n?)(In2 — In(1 + tany))dy =
0
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n
4

Y3
4
= ln2j(4-y2 — 1y + 4n?) dy — f(4y2 —my +4n?)In(1 + tany) dy =
0 0

3 . yz s

Y a1 7 2014
|0—1t?|0+4ny|0 -Q,=

Q=In2{4—
n2 (4

20 124n3””2+42”
= ———— — =
n=IME\3 64 216 T 0

0 _In2 3 1t3+ 5 o _Im2/ 3
n=> |1g 3zt V'™ >Q, = n’nm
In2/, n°
Q = lim 2 \" " 96
T oo nn+1)
2

=mln2

379. If a, B and y are three distinct real values such that

sina+sinf+siny _ cosa+cosf+cosy
sin(a+p+y) cos(a+pB+y)

cos(a+ B) + cos(B +y) + cos(a + y) = a. Then find the value of

= 2 and

im
x~a+x —a++vVx—+a

Proposed by Amit Dutta — Jamshedpur — Jharkhand — India

Solution by Marian Ursdrescu — Romania

sina +sinB + siny = 2sin(a + g +y)
cosa+cosB+cosy=2cos(a+B+7y) (1)
Letz, =cosa +isina,z, =cosfB +isinfi,z3; = cosy +isiny,zq,z,,2z; € Cwith
|z4] = |z] = |z3] =1
From (1) = z, + 2z, + 23 = 2(cos(a + B +y) +isin(a+ B +y)) (1)
Butz,-z,-z3 =cos(a+ B +y)+isin(a+p+vy) (2)
From (1)+(2)= z1 + 2z, + 23 = 221 -2y - 23 (3)

But|z,|=1>|z,|*?=1>2,-2;=1,2,Z; = 1,23Z5 = 1
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From (3) => z1 + 2y + 23 = 2212223 > Z1 + Z3 + Z3 = 221223 =

t, .1 2 + + 2
>—4+ —4+—= = Z12Z YAXA Z1Zq = =
Z4 Z, Z3 212,23 142 243 143

cos(a + B) + cos(B +y) + cos(y + @) + i(sin(a + B) + sin(B + y) + sin(y + a)) = 2

> cos(a+B)+cos(B+y)+cos(y+a)=2
Butcos(a+ B) +cos(B+y)+cos(y+a) =a

I Vx% — a? i x:—4

im im

ayx—a+Vx—va 2Vx—-2+Vx—+2
Vx—-2=tt>0=>x—-2=t*)=>x=1t*+2,t > 0 because x > 2

~lim \/(t2+2)2 i Vet + 42 + 4 — 4(t + V2 + 2 +2)
= 1m
£30 ¢ 1 VeZ 1 \/_ 20 24 24VE2 4242 +2-2

t>0 t>0

}=>a=2

i \/t4+4+2(t+\/t2+2+\/§) i tVtt +4(t +Ve2 +2+V2) 242 )
t>0 2t(t +Vez +2) £>0 2t(t+ V2 +2) V2

380. Find:

— llm— Z /eZna+(l+])b a, b>0

n—oo nZ
1<i<jsn

Proposed by Daniel Sitaru — Romania

Solution 1 by Abdallah Almalih-Damascus-Syria

We know that:
n
D faN= D fap+ Y faD+ Y faD
1<i<jsn 1<i<jsn i=1 n2i>j=1

Butif f(i,j) = f(j,i) (symmetric) then

> fap=2 f(l/)+Zf(l])

1<ij<n 1<i<jsn

So, 21<l<]<nf(l ]) = {Z1<”<nf(l ]) Z lf(l ])}
Now, let f(i,j) = \/ e2na+(i+j)b
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L. n L 2 ﬂb 2 lb ib .. . .
f(i,j) = Ve?an . eli+))b = g2 . g0 ” = 2@ . en” - en’, s0 f(i,j) = f(j,i) and

Y fap=em Y e:;b.e:;b=32a<ie;b>2

1<ijs<n 1<ijsn
b(n+1) b\ 2 2
n -\ 2 n —en b b 2
bt e e eb.en_en 2b eb—l
2a = 2n 2a 2a 575
en =e =e —_— = e en
b b_, b
i=1 en—1 en en—1
: 2b b 2b 2b
2b\ ! —(n+1) _ 2 2b
en en e“Y.en —en
and S, £(1,]) = Tiey eter’ = e S, (e ‘[ 3 lz < m )
en—1 en

b 2b _
z £(i,)) = eZae%< - ) Z £(i0) = e¥en <—32b 1)
n — en —1

1s<i<jsn
> fap =

|
g
—~
-~
<.
p—
M
—~
-~
=

1<i<jsn 1<i<jsn
2
1, 2ffeb—1 e?’ —1
2% "\ e ) _<e2b—1>
n
Letx =el,y = egfor more easy writing then (;%1)2 — (x _1) ( ) — = %
x—-1|{x-1Dy+1)-&x+1D)y—-1)] x—-1/2x-2y
Ty—1 y:—1 :y—1<y2—1)
b
-G - 2
b

b b
e’ —en

So, the limit which we need to calculate it is

2b

e 2b(eb—1\[el —en
Z ﬂij):?‘”( b 2b 2=(e"-1) 2b e’ten
. = <eﬁ—1) (eT—l)
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b
1 2b el —en
lim — (e’ — 1)e?%en - =

oo 12 b 2b
e (-1)(en-1)
2b b
en (eb — eﬁ) 1
— 1 b 2
—llm(e —l)e“- 3 .

n—-oo o b
(en + 1) n? (eﬁ - 1)

1
. e 1
Let’s calculate lim — = Putx = ~ S0 x- Oasn— o

n—->oo

2

n2( en—1
. x? _ 1 1
im————— =lim——— = —
x-0 (ebx —1)2  x-0 bx _ 1 N X
b2 (£
bx
b 2 2b b b
—1)e2n - 2
So. lim (e=1)e en<e en) 1 _ (eP-1)e?®e%(eP-1) 1 _ (eP-1)"e?@
7 0o b b \2 2 b2~ 2p?
en+l n2<e5—1>

Solution 2 by Ravi Prakash-New Delhi-India
Case 1. When b = 0,

1 —
lim l Z (eZna+(i+]')b)ﬁ = lim l Z e2% = lim leZa . M — leza

n—-oo nZ n—oo ‘n2 n—-oo nZ 2 2
1<i<jsn 1<i<jsn
Case2.b > 0
1 b\ itJ
z (eZna+(i+j)b)n = e2a Z (eﬁ> = e2a Z ait/
1<i<jsn 1<i<jsn 1<i<jsn

b
where a = en. But

n-1 n n-1 ,
- . . (a*(a™ 1 -1)
a'tl = al a = al
a—1
1<i<j<n i=1  j=i+1 j=1
n-1 a1 — gitl 1 =
— ot — Z[an+1al _ a21+1] —
a—1 a—1
i=1 i=1
an+1 a(an—l _ 1) a3 (aZn—Z _ 1) 1 ) (a2n+1 _ a3)
— _ — n+1 __ an+2 _
a—-1 a—1 az—-1 (ax—1)2 a+1

|
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1 2 2n+1 2 n+1 1 2 2n+1 2
2 1 eﬁ+1

1 b b 1 b 3b
=— e?ben — ePen — 5 {e“’-en—en}
Thus,
1 1
lim — Z (eZna+(i+j)b)n —
n—-oo nZ
1<i<jsn
2
1 2 b b 1 b 3b
= e2®lim |— - [ & e’ben — eb . en — e?hen —en
n—ow | b2 b_4 b
en en+1

eZa 1 e2a
=— I(l)Z (eZb —eb — 2 (e?r — 1))] = 5p7 [2€2b — 2P — 2P + 1]

e??(eb — 1)2
B 2b?
Solution 3 by Marian Ursarescu-Romania

Ifa = 0 its easy = Q = e?*

1 2na+(i+j)b 2a (i+j)b 2 bi bi
Q= %Ln(}oﬁzlskjsn e = = lim = Zl<l<]<ne e n “lim — 21<t<]<n en-en (1)

n-oon n-oon

2
bi bj bk
Butllm Z1<z<,<nen en —2<11m (Zk 1en)> ——Zk 1en 2)

n—oo n2

tim (Axper) = (e ar) = (S1) - (%) @

2bi 2bi
llm S Xk=1€1n —11m ( Dk 1en) VE)]

n—oo

2bi
Because - Zk 1 e+ itsan convergent sequence.

Form (1) + (2) + (3) + (4) = Q = e*@ % (ebb_1)2
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381.

1\" 1 1 1 1 1 1
xn=(1+;> In=1+gto+t Sz =1+o+o++——lnn,
n € N*

Find:

. [2x,+3y,+5z,\"
Q = lim ( )
n—oo 5(+7vy)

Proposed by Daniel Sitaru — Romania
Solution by Marian Ursarescu — Romania

 (2x,+ 3y, +52,\"
Q= lim ( ) =
n—oo 5(e+7y)

n—->oo

— lim (1 n an+3yn+52n—5(e+y))

lim n[2(x,—e)+3(yn—e)+5(z,—V)]
(e ) n—oc0
5(e+y) = esterr (1)
1\" 1\*
_ . Xy —e (147) e wens  (1+5) e
limn[2(x,—e)]=2lim———=2 lim———— = " 2lim =
n n X
1 1
. A+t -—e ] e 1 1 1
=2lim——— = 21lim (1+—> [—— Inl+t)+—-—-——
n-o t n-oo t t t+1
. 1\ [-(t+DIn(t+1)+¢t N[ Int+1)-1+1
=211m(1+—> —21m<1+ ) - =
n-co t 3+ t? n—oo t 3t2 + 2t
o 0N\ -+ L, (1)
=2 1111_{2) (1 + ?) t(2+3t) Z-e ( ) e (2)
Now, using Cesaro - Stolz for —~
1
e —-e—y,t+e 1
lim n[3(yn—e)] =3 lim Yn =€ _ 3)im P2 Yn =3 lim _m+ !
1 n—co 1 1 n-co 1
n n+1 n nn+1)

. 1
- 31111_)123 N (n-1)! =0 (2)
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z, — Zpy1— VY —Z, +
lim n[5(z,, — y)] = 5lim n1 y=51im ntl 1)/ ; Y_
n—oo n—oo 4 n—oo 1
n n+1 n
1
=51imn—+1—ln(n+1)+lnn
n—oo _ 1
nn+1)
1 n+1 1
———In(——— 1-(n+1)In(1+=
=51imn+1 1( n )=51im < ( n)
n—oo _ n—>oo _ =
nn+1) n
1—(x+1)ln(1+%) 1—(%+1)ln(1+t)
=51im = 51lim
n-oo _1 n-oo —t
X
L t—(1+tIn(1+7¢) o 1-In(1+¢t) -1
= 5lim 5 = 51lim
t—0 —t t—-0 -2t
_ . ln(1+t)_§
—51111_)1210 2t 2 )

5

From (1)+(2)+(3)> Q = e!i(e;ﬂr)(_ﬁi)

382.Ifa, b € N then:

n-ocoNn
k

(Va +B)Vab < tim> Y kb ¥ < (Va +VB)’
=1

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-india

Leta > b = 1 now

(Va+Vb)Yab < lim > Yakbr* < (Va +b)
k=1

n

k 2

a\ .(a 2 a\n a

— — < lim — —) < -

@<1+ /b> /b_T!an;nk_l(b) _<1+ /b>
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@<1+\/g>4\/§szj(g)xdxs<1+[%>z@<1+\/g>‘:/észlo%g_(%)s(1+\/g)

2_
@(1+m)ﬁ§1;7"1§(1+m)2 wherem=\[g

2

Let f(m) = \/n_t—\/%—logmforallm >1

2
1 1 1 m-2ym+1 (Vm-1
f’(m)zﬁ-l- 3—az 3 =( 3) >0
m  2m2 2mz2 2mz2
m? -1
Sfm)=>f1)=0=>1+m)Vm<

logm

1 2 m?+1

>0

m-1 1 _
Let o(m) = logm — — forallm = 1,¢'(m) = — DI mmi1)?

2

fp(m) = (1) =02 T — < (1+m)?

logm
(Hence proved)
Solution 2 by Sagar Kumar-Kolkata-Iindia

n k

.2 Qa\n
$ =£L‘?o;k=1 (E)n”

ay 1 a_
S =2k f01 (%)y dy = 2b(3)13 G- 2b(3-1)  2(a-b) g = _2ab) where f(x) =

" In(@)-In¥ °  In(a)-In(b) In(a)-In(bY =~ fla)-f(b)
Inx
By LMVT
S=2c (1) -ce(a,b),S<2b
RHS

(Va+Vb) = ((Va-vb) +4Vab)
Clearly it is minimum when va = Vb = (Va + \/3)2 > 4+/ab

2
(Va++Vb) . =4b=>S<4b
LHS
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)1- ﬁ+\/§ > (ab)% (AM > GM)

(Va + vb)(ab)%;
2 2
= (Va+ \/l;)(ab)% < (a J;‘@ < (a _2\/5) +2Vab
when
Hence LHS < S < RHS = (Va ++/b)Vab < }llrgizzzl Vak - bk < (Va+b)
(proved)
383.

6
L. I T I (VW)
lim I 1 =10,a,>0neNn=>2
n=0 Apyq  Apys

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania
We use Cesaro - Stolz =

ln a, Ina, Ina —Ina
. n+1 n
InQ=1In 1/ = lim —— 7 = lim 7y T =
n-o n-oo M noo (n+1)*—n
InZntl Infntl 3
n
= lim ——2—— = lim —=2-. 1
nooo 4n3+6n2+4n+1 pooo nd 4n3+6n2+4n+1 (1)
n"nt1 n+1 lnan+2_lnan+1 ln“n'zun+2 ln‘ln'“n+2
- _ An+1 A _ i T+l — 1i s
111Ln30 n 111—>oo (n+1)3-n3 1lll_>r<r>lo 3nZ2+3n+1 ,lll_fg n2 3n2+3n+1 2
3
In Ina, -ay,, In Ani1 " Any3 | In ap - Apy2 In Ani1 " Any3
2 2 2 3
. Ani1 —1; Ani2 Ant1 . i T
lim > = lim 5 5 = lim
n—-oo n n—-oo (n + 1) —n n— oo 2n+1
a3 “a a3 “a a6 ‘aAn-a
In. n+2 %n+4 In n+13n+3 In nzZ n4n+4—
= lim —2 8 ey _ s g 3
n—oo (2n+3)-(2n+1) n—oo 2 2
5

From (1)+(2)+(3)= limInQ = =~ = lim Q = ez = Yes
n—oo
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Solution 2 by Soumitra Mandal-Chandar Nagore -India

CESARO
_ In a,, STOLZ LEMMA Ina,,; —Ina,
Q=lim" an = InQ = lim — = lim 7 2
n—-oo n-o N n—oo (‘n + 1) —-n

( \

(.. Inay —Ina, I 1 I 1 li Ina,,;1 —Ina,
- 1lll—>rg n3 I l—) 1 I 4-111—)00 ‘n3
| ™ H ~1 |
L
n
CESARO STOLZ
LE},EI:HMA 1 lim (Ina,,; —Inay,,) —(nay,; —Ina,)
4 n->o0 (1+n)3—n3
_11_ Ina,,, —Ina?,; +Ina, _ 1
= —lim 5 - lim 3
4 n—oo n n—oo (1 1) _1
n
1
n
CESARO STOLZ ) )
LEMMA 1 lim (Inap;3 —Ina?,, +Ina,;) — (Ina,,, —Ina?,; +Ina,)
12n-0 (n+1)? — n?
1 Ina,z—Ina,, +Ina),; —Ina, 1
=1z lim - - lim Iz
n—-oo n—->oo
(1+3) -1
1
n
CESARO STOLZ
LEMMA 1 lim (Inap,s —Inad,;+nad,, —Ina,,;) — (Ina,;3 —Ina,, +nad,; —Ina,)
24 n->o n+1—n
e (an+4a2+zan> _In10
n-oo Qi3 24
Q = “Vel0 = Ve (4ns:)
384. Find:
1 . 3i\ 3j\ . 3k
2 =lim— Z sin|2 +—)sm 2+—]sin(2+—
n-oon n n n
1<i<j<ksn

Proposed by Daniel Sitaru — Romania



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution by Marian Ursarescu-Romania
We use this:
Chorar)® =Xio1 a5 + 3 Y1<icjen 020 + 3 Y1cicjen a;a; + 6 Y1<icjck<n @0y (1)
.1 . 30\ . 35\ . 3k
From (1) = 1111_)1?0 §Z1si<j<k5n sin (2 + ;) sin (2 + I) sin (2 + 7)
1 . 3k\\ 1 . 3k
| & (Stasin(z +2))' A o (242)

= lim 1 3 3i 3i 3 3i 3i
— 2 Sicicjensin? (2+ 2 sin (2 +2) + 23, jepsin (2 + 2 sin? (2 + 2)

n—co 6

(2)

New: 1111_)1210 :—3( k=1 Sin (2 + %))3 =
1 3

3
1% 3k

lim —Z sin (2 +—> = fsin(2+3x) dx| =

n-w \ N n

k=1 0
_ (_ cos(23+3x) (1))3 _ (_ cos 5;c052)3 3)

1O, 3ky . 1(1 O ., 3k
llm—32s1n <2+—>=llm—2 —-Zsm (2+—)
n—-oo N n n—»oné\n n

k=1

.1 . 3k 1, .
But 11;12;2’,::1 sin?3 (2 + 7) = fo sin3(2 + 3x)dx € R
.1 . 3k
= 1111&1052',::1 sin3 (2 + 7) =0 (4)

lim %leiqsn sin? (2 + %) - sin (2 + %) =0 (5) because

n—->oo

1 i 3i\ . 3i 1 . 3i ) 3i
—3 Z sin (2 +—>sm<2 +—> <— Z |sm (2+—)||sm<2+—)|£
n . n n n n n

1<i<jsn 1<i<jsn

< ¥i, (sin (2 + %)) (6)

1we 3ky,  1(1w 3k \)
llm—3z:s1n<2+—>=llm—2 —Zsm<2+—)
n-on n n—»on¢\n n

=

1
1% 3k
butlim — ) sin (2 + —) = f sin(2 + 3x) dx
n—)oonk=1 n . )

fim 5 Tz [sin (2 + ) = 0 )
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From (6) + (7) = (5) its true. Similarly,

llm Z1<1<]<n sin (2 + ) sin? (3 + %) =0 (8)

cos 2—cos 5) 3

From (2) + (3) + (4) + (5) + (8) > @ = 1 (222

385. Find:

=l T D +1)Z(" k) 2n+1)

Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

N . @n+1!
RZO(" — 0" = Z(" W) o 2 kT D

n—-1

B " 2n+1)(2n)! B
- kZO("— ) Gn 2 Zn—2k—DICkT Dl -

n—1
2n+1 2n+1
= 2 z C%rl?l - (CZn + C2n + -t sz_l) =
k=0
2n+1

.22l = (2n+1) - 22772 (1)

@n+n-222 o o 5, 1
From(l):>ﬂ—ln£10—22n( o =2-27" =3
386. Find:
1 1 1 1
Q:lim(n 1) - —+(n 2) - (n =)t (gt ety
n-oo (n+1)3_n3

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

Numerator = (n—1)%+(n—z)(%+ﬁ)+...+(;+n_+...+_) —
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Dt M-t U (- 2) + (= 3) 4+ 1] +
n n—-1

+—[M=3)+ -+ 1]+ -+ (1)

1 n(n—1)+ 1 (n—l)(n—2)+ 1 (n—Z)(n—3)+ +1 3x2 1
n 2 n—1 2 n—2 2 3 2 2
1 1 1 1 1
=Sm-D+Z-2) +5n-3)+ 5 (@) 4=
=%[(n—1)+(n—2)+---+1]=n(nT_1).AIso,(n+1)3—n3=3n2+3n+1

1 1
PO 1 N (1-7) | 1 1-0 1
. _nl—>%3n2+3n+1_nl—>rg43+3(1)+i “4'31r0+0 12
n n2
387. Find:

. 5n+5 [ 5n T
Q = lim ((n+1)- \/(5n+5)cos -—n- f5ncos—>
n—oo n+1 n

Proposed by Daniel Sitaru — Romania
Solution by Marian Ursdrescu — Romania

1

Letf:[nn+1] - R, f(x) = x(5x cos g)a

From Lagrange theorem = 3c € (n,n+ 1) then: f(n+ 1) — f(n) = f'(c) =

(n+1)""°|(5n+5) cosi —n™[5n cosg =f'(c) >

lim [(n +1) smre (5n + 5) cos — — ns'l/Sn cos E] = lim f'(c¢) (1)
n-oo n+1 4 n-oo

Because c € (n,n + 1) and n — « we can assume, WLOG,
lim f'(c¢) = lim f'(n) (2)
n—-o0o n—>oo
LS

/2 % T % 1 T 1 5cosg+5xsinx 5

'(x) =(5xcos—) +x(5xcos—) |-—=In(5xcos—)+—- X
T
. x 52 x/  5x 5xCOS —
x
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T

: 1 [1 ln(chos:) + 1 5cos +5 sin ;;] 3)

5x 5 chos;
From (1)+(2)+(3) =
- 5n ln(anOSSn) E,M
Q= 1111—2310 (511 cos ) [1 - 5n + 5 Sncosn l 4

li 5 Ei 1 5 T 1' M 1 (5
lim (Sncos 7)™ = |lim " [5n cosT = "|lim == 1 (5)

T T
~In (Sn cos %) . In ((Sn + 5) cos m) —1In (Sn cos 5)
lim = lim =
n—oo 5n n-oo 5n+5—-5n
T ] (5n+5) cos Ll nl=0 (6
N nl—g!; n( 5n cos ) o ( )
li 5cosn+5co gg _
nl—r>£lo 5n cos— - =0 (7)

From (4)+(5)+(6)+(7)= Q= 1.

388.

1

sin(nx)),n € N*

Q(x) = xnl+z (n tan™!(nx) —
k=1

Find:
Q =1im Q(x)
x—0

k=1

Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India
Forx + 0, |x| < ,tan lx=x—- x3 +%x5 —-~-;sinx=x—;x +o X7 =

~Forx #0,|x| < %,1 <k <mntan 1(kx) = kx — §k3x3 +§k5 5.

1 1
: Ly _ 13,3 5.5 ...
sin(kx) = kx 6kx +120kx
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n n
1 1
= ntan‘l(kx) = 1_[ [kx - Ek?’x3 + §k5x5 ]
k=1 k=1
. 1 1 1. %
= n!x"l_[[l—gkzx2 +§k4 4—---] = n!x"[1—§x22k2 +0(x4)] =
k=1 k=1

nn+12n+1)
6

0(x4)l =

=nlx 1__2
n!'x [ 3%

=nlx" [1 — %szn(n +1)2n+1) + O(x“)]. Similarly,

n

1_[ sin(kx) = n!x™ [1 - %xzn(n +1)2n+1) + 0(x4)]
k=1

Thus,

n

l_[tan‘l(kx) — 1_[ sin(kx) = n!x [ 3e* nn+1)R2n+1) + 0(x4)]

k=1 k=1

~ Forx # 0, |x| <1 o n1+2[ ®_,tan"1(kx) — [If_; sin(kx)] =

- gn! n(n+ 1)(2n + 1) + 0(x?). Taking limit as x - 0%, we get

1
— _ | 2
Q= 36(n+1).(2n +n)

389.

x" larcsinxdx;neNn>1

N H\ N|§|

L
7}
Q, = f x™ 1sin® dx +
L
6

Find:
lim (n%Q,)
n—oo

Proposed by Daniel Sitaru — Romania
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Solution 1 by Amit Dutta-Jamshedpur-india
VZ

2

1

T
4
Q, = fx"‘l sin® xdx + J x" larcsin"xdx,neN;n>1
n
6 2
Find: lim (n*Q,,)
n—-oo

T

Q, =1, + I, wherel, = [ x" 'sin" xdx,I = [,
6

=
Q)

x™ 1arcsin(sin™ x) dx

N

I, x™ 1 (sin~1 x)"dx

Il
NIH\E}’H

Putsin"lx =t = x = sint;dx = (cos t)dt

s

4

I, = | (sint)™ 1 t"(cost)dt; I, = f(sin x)" 1 x"(cos x)dx

6

N — &Iy

ﬂn211+12

T
4
Q, = f{x“‘1 sin™ x + (sin x)" 1x™ cos x} dx
T
6

n
)
Q, = f x" 1sin™ 1 x {x cos x + sin x}dx
n
6

Put x sin x = u; (x cos x + sin x)dx = du
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- n n _ _12
—ig?o{;—n/b },a,b>1,a——,b——
1\ " 1\
I nn nn
e\ a ] T\p
1
Letl = lim n»
n—o0o
1 n
 Im(m) 1 . [nn ("
Inl=1lim =11m<—>=0:>l=1=>llm — =11m(—) =0a>1
n—-oo n n-o \Nn n—-oo a n-oo \A
1\ n
. . nn\ . 1\" _
Similarly, 1111_1)210 <7> —1111_)1?o (Z) =0,b>1
1\ " 1\ "
nn nn
AT 2 T = 1=
Famee) =lmal ) T\

lim(n?Q,) =0
n—-0o

Solution 2 by Marian Ursarescu-Romania

x" larcsin®xdx = | sin® 1t -t" - costdt = arcsinx =t = x =sint =

SaantSN
c\I:\N:‘

=>d tdt 1:>t —A —2
= . = — = =
X = COS P X 2 e X >

n

Y3

Z = !

sin"t 1

= ( )t“dtz—-sm"t-t"

J n n
6

NERNE

T
6
sin™t ’
— -nt"tdt
T
6

T

_ 1((@ @ E)") — fEsin"¢- e lde (1)

n\\2 2 2 6
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From (1) = 2, =2 [(Z)" - (2)"] = lim n2 @, = lim n[ (2)" - (2)"] = 0

8 12 n—-oo n—oo 8 12

because limn®*a™ = 0,a > 1,n € N5;a € (-1,1)

n—oo

390. Find:

.1 1 1 1 1 1 1 1
Q= llm—(tan‘ n+Etan‘ (n—1)+§tan_ (n—2)+---+;tan‘ 1)

n-ocon

Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

Leta, = i(arctan n+ %arctan(n -1 +-+ %arctan 1)

1 1 1
la,| = ;|arctann + —arctan(n—1) + -+ ;arctan 1| <

2
1+1+...+l
Iarctannl + = Iarctan(n D+ +- Iarctan 1] < g—( = ) (1)
ot €S
But lim = lim— =0 2)
n—-oo n n-oo n+1

From (1) + (2)=> Q=0.

391. Find:

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

k
4 1+—5
Leta, = [I}-, (1 + %) "

n n

k* k* k*
loga, = Z <1 +$>log<1 +$> = z (1 +$>
k=1

kKt (kY\°1
E‘(E) 2t
k=1
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Skt 1o k8

We know lim %Z;‘:l k* = iand ifr = 2, then

n
1 k4r 1
4\ — m = =
rlz"?onSr 2 :(k )’ = 1111—>00nr 1 Zn‘"” © )<4r+ 1) B

b

5]

1
Thus, lim log a,, = %+ 0= é = lima, =es
n—>oo

n—oo

Solution 2 by Marian Ursarescu-Romania
k4

Leta, =[]} (1 + :—2)1+"_5 = Ina, = (1 + )ln (1 + :_:) Now we show:

xS(1+x)ln(1+x)Sx+x7,Vx20 (1)

2
FO =1 +x)In(1+x) —x —%;f: [0, +o0] - R; f'(x) = In(1 + %) — x,

f'(x) = % <0,f'(0)=0,f(0)=0= f(x) <0,Vx = 0. Similarly for left side. From
W=5<(1+5)m(1+5) <5+ L=
o= 1_<lnan<2k 1 5+ Y 1,% (2)
But lim S}, & = tim A7, ()f )

CS. .. n+1® (n+1)

8
lim = lim =
n—-oo Zk 1 10 n-ooo (n+1)10-,10 n—oco n9+--

;=0 (4)

1

From (2)+(3)+(4)= limIna, = % =>Q=I1lima, =e5
n—->oo

n—-oo

392. Find:

k

n
Q:rlg'olo n+1 Z k+1 )Z(llc)

i=1

Proposed by Marian Ursdrescu — Romania
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Solution 1 by Ravi Prakash-New Delhi-India

i (,lc) = (11‘) + (IZ() + -+ (k ; 1) + (i) = 1 [rest are zeros]

n n

OO @ - ) -

k=0 i=1 k=0 k=

1 1 =1 ;
="—+1(2n+1_1)$"+1+;k+1(1’3 Z(llc) =2

n k . % 1
N A SRR

Solution 2 by Sagar Kumar-Kolkata-Iindia

0 for n<y
1 forn=y

n n
Q l. 1 +Z 1 Z.
—1 =
noves \ 1+ 1 & o+ 1 L e

i=1

asncy={ =Yk i, =1

Sim

9_,11L‘£‘0(F+2k °k+1) 1)

We know that (1 + x)" = Y} _onc, (x)*

Integrating both sides from 0 to 1

= ok+1 2)

from (2)

2n+1 1

n+1

1 1 1

1 2n+l _ 1\n 2n+l \n n+1 1 n
Q = lim + ; Q= 1im ;Q=1lim2n (—)
nbo\n+1 n+1 n-ooo \n+1 n—oo n+1

—log(n+ 1)
n

S|=

. 1 .
lim <?> = S; log(s) = 'lll_>n010

n-o \Nn

1,01
log(S) = 0; S = 1; @ = lim 2'*n (n )" =2

n—->oo
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393. Find:

n—oo

Q=1lim(n!' | |(tan Y (k+ 1) —tan! k))
(1]

Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India

For1<k<n;tan"'(k+ 1) —tan (k) = tan™! (_"+1"‘ ) _

1+(k+Dk/

- _1( 1 )< 1 < 1
R C Ty 1+k+k2 k2
n 2
-1 -1
+ | [itan-1te - 1) — tan (k)]<| |k2 () =
k=1
n

= 0<nl ﬂ[tan—l(k 1) - tan ()] <
) .

As llm = 0, by the sandwich theorem, we get:

n-oon

n—oo

lim |n!| |(tan"'(k+ 1) —tan1(k))[=0
]

394. Find:

: Z": (k +n)®
= lim
n-oo £y 7 +tan"1(k +n) + (k + n)®
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

_ (k+n) _ E E
Leta, =Y}_4 T rarctan(kem) (ke Because , <arctanx <-,Vx € R =
(k+n)5 (k+n)>
= Li= 1742 5+ (k+n)6 < @y < Xj= 17- +(k+n)6 &)

(k+n)>

ar(ktn)o | nath k= 1(k+ ) (2),va >0

Now we want to show this: lim }}_,
n—>oo
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. (k+n)5 1 (k+n)0—a—(k+n)®
2) = 11113310 Li=1 [a+(k+n)6 (k+n)] 0= llm Zk 1 [(a+(k+n)6)(k+n)] <
. on 1 _ , , ,
= Tllg?o “Zk=1—(a+ DO d 0, which, obvious its true. But
s 1 1 1_
llmzk 1k —111112)11 f dx—ln(1+x)|0—ln2 (3)
From (1)+[2)+[3):» Q=1In2.
395. Find:
~ In(1+sinh™x) — In"(1 + sinh x)
2, =1lim ,NMENn=>2

Proposed by Marian Ursarescu — Romania

Solution by Ravi Prakash-New Delhi-India

2
For|x| <1, In(1+x) = x—x7+ .-+, Also,
3 _1 X —-X 3 ny — 1 X —-X " 1(1 X —-X n
sinhx = (e* — e™) = In(1+(sinh x)") = (7 (e" —e™™) ) —Z|;(e"—e™)] +--

= (% (e* — e"‘)) [1 ——( (e* — )n + ] and In(1 + sinh x) = %(ex —e™) —

2
1 %(e" - e"‘)] + - = <% (e* — e‘x)> [1 - %(%(e" - e‘x)> + l =

= (In(1 + sinh x))" = (% (e* — e"‘)) [1 — %(% (e* — e-x)> + l -

1 n
— X _ p—X\n — (X — p—%
—zn(e e [1 4(e e™)+ ]
For, sufficiently small x

~In(1 + (sinhx)®) — (In(1 + sinh x))" = — (e* —e™™)%m 4

22n+1

+(e* — e™*)" and higher power +— (e* — e”)"*' + (e* — e™*)"*? and higher

In(1+(sinhx)™)—(In(1+sinhx))"
1 -

power =.. for x # 0, x sufficiently small,
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1 eF—e~¥\2M n [fe¥—e~*\"t1 eX—e~¥\N+2 .. .
= —( ) x4 ( " ) +( . ) x and similar expressions.

T 22n+1 x on+2
But lim &—°— = lim |“—% + & _1] =1+1=2
-0 X x-0L x (=)
. y:... In[1+(sinhx)"]-(In(1+sinhx))" n 1_m .
!cl—l;!(} e =0+ 2l =—ifn>1

396. Find:

Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

. (k . (k . (k
L
5 <5 <= WVk=1n>= - <= <= =
Vn7+n VYn7+k Vn7+1 Vn7+n Vn7+k Vn7 +1
k k k
n sin(;) n sin(;) n Sin(ﬁ)
= LT S B S e ()
im>” o im S L in® = lim " Iy gin (%) =
Butlim 3oy == = lim Doy 72 o siN D = lim 72 0 k=ls“‘(n)_
=folsinxdx=—cos|(1)=1—cosl (2)

. (k
1."51“(,) 1." n_ 1 k_ . m 12".k
1m — = 11Im - —SIN—= 1IN - — Sin —
"—’°°k2=17\/n7+1 nﬁookz=17\/n7+1 noon o weelp7ig ngon

= folsinxdx =1-cos1 (3)

From (1) + (2)+ (3)= Q=1 —cos 1.
397. Find:

n-co N n

1 1
sinn T\ T\
.Q=llm <1+T> +<1——>

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ravi Prakash-New Delhi-India

1 1
1<<1+"—")=1+ 1152and<1—ﬂ>s1
n 1— n

n n
1 1
I\n 1\ n
n nn
1<(1+—| +|1-—] <3
1 1
INn £
Also, sinn € [-1,1] ~ —3 < (sinn) <1.|.’;_"> +<1_’:1_"> <3
[ ~
nn
=>-=<

1
1 1\
3 sinnl nn |

H1+— ] +{1-——] |
n n | n |

n—->oo

As lim (— E) =lim 3 =o0. By the Sandwich theorem
n—-oo n n

1 1

[ 1\n 1 n]

~ sinn| nn nn\ |
lim | +{1—-——] =0

n—-oo n I n Jl

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian

1 1
We prove that: (n+ '{/ﬁ)5+ (n— ’{/5)5 <2 -n% (*)
1 1
Prove:(n+3n) =k, (n—-Vn) =m=>n+Vn=k"n-Yn=m">

1
k™ +m"

k™ + m™\n 1
>k"+m"=2n-> > :n:><—)

2 = nn

" k+m n (k" +mn , on: .. .
Then (*) = > = 5 the function y = x" is convex (geometric interpretation)

, , k+m\"*1 K*+m"™ k+m
by induction: (— < —
2 2 2

kK"+m" k+m k™1 4+ mnt?

sinn
> > < 2 > ((k"-m")(k—m) >0; Q< 2lim =0

n—-oo n
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Solution 3 by Sagar Kumar-Kolkata-Iindia

S )
\ )

1
n 1
Also, by using m*h power theorem: <1 + & ) + <1 - 7) < (2)n

1
as;zmasm—>ooasn—>oo:>me(0,1)

1 1

a 1\
lim <<1 + —“”") + (1 - ﬂ) )S"‘” <1lim ™™ <0 (2)
n—-oo n n n—-oo

From (1) and (2) Q = 0 (Answer)

398. Find:

Z 16"(2n +1)3 (Zn)

Proposed by Zaharia Burghelea-Romania
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Solution by Shafiqur Rahman-Bangladesh

0 o0 1
Zn _1 1 2n 2 2 _
Zl6"(2n+ 1)3 )_22)1_6“(11)<an111 xdx | =
n=

n=0 0

1
Elnzx[

Vs
0 1 3
zl 1] lnzxd[ Z_x] lle(Z'x)d
J— — — - —_ = — —
4n dx > \/7 x|x sinz| =2 | In®(2sinz ) dx
o 1-% 0

n=0
i Zn) _ 7
4 6"(2n + 1)3 - 216

1 a a® at
3 4
399.If a,b,c,d > 0, are different in pairs, 4 = 1 b b b then
1 ¢ & ¢t
1 d da® at

84
(a-b)a-c)(a-—d)(b—c)(b—-d)(c—d)

Proposed by Daniel Sitaru — Romania

<3(a+b+c+d)?

Solution by Radu Butelca — Romania

0 a-b a®>-b® a*-b* 3
0 b—c b*-c® b*-c*
0 c—d c3-d® c*-ad*
1 d d? d*

a—b (a-—b)(a®+ab+b?) (a-b)(a*+ b*)(a+b)
b—c (b-—c)b*+bc+c*) Bb-c)B*>+c*)(b+c)|=
c—d (c—-d)(c2+cd+d?) (c—d)(c®+d*)(c+d)

1 a’+ab+b*> (a’?+b*)(a+Db)
1 b +bc+c? (B*+cAH)b+o)| (1)
1 2+cd+d? (?+d*)(c+d)
1 a%+ab+b*> a®+ b%a+ a’b+ b3

1 b +bc+c® b3+b*c+bc*+c3|=

1 2+cd+d?* c2+c*d+d?c+d?

=—(a-b)(b—c)(c—d)-

A =
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0 a’+ab—bc—c* a®+b*a+a*b—bc—bc?-c3
0 b?+bc—cd—a* b3+ b*c+bc?—c*d—cd? + b3
1 c? +cd+ d? A+ c?d+ d*c+ad

a’+ab —bc—c* a®+b%*a+ a’b — b*c— bc? -3
b%? + bc —cd — d* b3 + b%*c+ bc? — c?d — cd? — d3
a3 — c3 + b*a + a’b — b*>c = (a — c)(a? + ac + ¢?) + b(ab + a? — bc — ¢?) =
=(a-c)@*+ac+c*)+bl[la-c)la+c)+bla—c)] =(a—-c)a®+ac+c?) +

+b(a+ b+ c)(a—c) = (a—c)a? + ac + c? + ab + b? + ¢?)

_|a=c)a+b+c¢) (a—c)(a?+b*>+c*+ab+bc+ca)|
(b-—d)(a+c+a) (b—d)(b*+c?+d?+ bc+ cd+ db)
2 2 2
(o _ b_d|a+b+c a’+b*+c*+ab+bctcal _ . _ pyp—d) -
@=-b-d| i d i +d+bctcd+apl - G DE-D
| a—d a*+ab+cd—-d*—cd—db|_
b+c+d b*+c?2+d*+bc+cd+db
=(a—c)(b—d)| a—d (a—d)(a+b+c+d)
b+c+d b*+c*+d?>+bc+cd+db

e B _ 1 a+b+c+d _
=(@-ob-da d)|b+c+d b2+c2+d2+bc+cd+db|_

(2)

:(a—c)(b—d)(a—d)[b2+c2+d2+bc+cd+db—(a+b+c+d)+b+c+a)]}:>
€}
>A=(a—-b)(b—c)(a—d)(b—c)(b—d)(c—d)(ab + ac + ad + bc + cd + db)

So, we need to prove that 8(ab + ac + ad + bc + cd + db) < 3(3 a)?
& 2(ab +ac + ad + bc + cd + db) < 3(a? + b?> +c* + d?)

<:>2(ab+bc+ca)+2(ad+cd+db)SZ(az+b2+cz)+a2+b2+c2+3d2}:>
But ab + bc + ca < a? + b? + ¢? = 2(ab + bc + ca) < (a®? + b? + ¢?)

= We need to prove that 2ad + 2cd + 2db < a? + b? + c¢? + 3d?
d? + a? > 2ad
b? + d? > 2bd
2 +d*>2cd
2(ad + bd + cd) < 3d? + a® + b% + ¢2
(proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

400. Solve for real positive numbers:

f 2 XV (v D\ (24t 3
27 (x +?)(y +Z—2)(z +x—2)=8(x+y+z)

1
\ x+y+z——xyz

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1 1 1\
27 j(xu?)(yuz_z) (24 2) Qo sy

(2)
X+y+z= x;Z,' LHS of (1) = %\/(xzy2 +1)(y222 + 1)(2%2x% + 1)
(@ 27
< x—yz\/{xzy2 +xyz(x+y+ z2)H{y?z2 + xyz(x + y + 2) {z?>x? + xyz(x + y + 2)}

( 1=xyz(x+y+ z))
Now, x*y* + xyz(x + y + z) = xy(xy + zx + yz + z?) @ xy(y +2z)(z + x)
Similarly, y*z? + xyz(x + y + z) © yz(x +y)(z+x) &
2?x* +xyz(x +y + z) w zx(x+y)(y + 2z)

(@), (b), (), (d) = LHS 2 27(x + y)(y + 2)(z + x)

Now,Zx=%{(x+y) +(y+2)+ (z+x)} A;G;i/(x+y)(y+z)(z+x)

3 (i)

N (zzx)3 >27(x+ Yy + 2)(z + %) = 3(2 x) =27+ Y@+ 2+

(i), (ii) = RHS of (1) = LHS of (1), with equality occuring whenx =y = z.
But LHS of (1) = RHS of (1)
SX = y =7

> x=

W=

- using (2), 3x = x% = xt =

&l
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.. only possible solution is: (x,y,z) = ( ,%,%) (answer)

&l
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



