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301. For 𝒛𝟏, 𝒛𝟐 ∈ ℂ, satisfy: |𝒛𝟏 + 𝒛𝟐| = |𝒛𝟏| + |𝒛𝟐|. Prove: 

|𝒛𝟏 − 𝒛𝟐| = 𝒎𝒂𝒙{|𝒛𝟏|; |𝒛𝟐|} − 𝒎𝒊𝒏{|𝒛𝟏|; |𝒛𝟐|} 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

|𝒛𝟏 + 𝒛𝟐| = |𝒛𝟏| + |𝒛𝟐| ⇒ 𝒛𝟏 = 𝒌𝒛𝟐 for some 𝒌 ≥ 𝟎. Now,  

|𝒛𝟏 − 𝒛𝟐| = |(𝒌 − 𝟏)𝒛𝟐| = |(𝒌 − 𝟏)𝒛𝟐| 

If 𝒌 ≥ 𝟏, then |𝒛𝟏| = 𝒌|𝒛𝟐| ≥ |𝒛𝟐|,  

and |𝒛𝟏 − 𝒛𝟐| = (𝒌 − 𝟏)|𝒛𝟐| = 𝒌|𝒛𝟐| − |𝒛𝟐| = |𝒛𝟏| − |𝒛𝟐| 

= 𝐦𝐚𝐱{|𝒛𝟏|, |𝒛𝟐|} − 𝐦𝐢𝐧{|𝒛𝟏|, |𝒛𝟐|} 

If 𝟎 ≤ 𝒌 < 1, |𝒛𝟏| = 𝒌|𝒛𝟐| < |𝒛𝟐| and 

 |𝒛𝟏 − 𝒛𝟐| = |𝒌 − 𝟏||𝒛𝟐| = (𝟏 − 𝒌)|𝒛𝟐| = |𝒛𝟐| − 𝒌|𝒛𝟐| 

= |𝒛𝟐| − |𝒛𝟏| = 𝐦𝐚𝐱{|𝒛𝟏|, |𝒛𝟐|} − 𝐦𝐢𝐧{|𝒛𝟏|, |𝒛𝟐|} 

 

302. If 𝒛 ∈ ℂ , 𝜶 ≥ 𝟐 then: 

|𝑹𝒆𝒛|𝜶 + |𝑰𝒎𝒛|𝜶 ≥ 𝟐𝟏−
𝜶
𝟐 ∙ |𝒛|𝜶 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Daniel Sitaru-Romania 

√
𝟏

𝟐
|𝑹𝒆𝒛|𝜶 +

𝟏

𝟐
|𝑰𝒎𝒛|𝜶 ≥⏞

𝑷𝑶𝑾𝑬𝑹 𝑴𝑬𝑨𝑵𝑺

√
𝟏

𝟐
|𝑹𝒆𝒛|𝟐 +

𝟏

𝟐
|𝑰𝒎𝒛|𝟐

𝜶

 , (𝜶 ≥ 𝟐) 

𝟏

𝟐
|𝑹𝒆𝒛|𝜶 +

𝟏

𝟐
|𝑰𝒎𝒛|𝜶 ≥

𝟏

𝟐
𝜶
𝟐

(|𝑹𝒆𝒛|𝟐 + |𝑰𝒎𝒛|𝟐)𝜶 =
𝟏

𝟐
𝜶
𝟐

|𝒛|𝜶 

𝟏

𝟐
|𝑹𝒆𝒛|𝜶 +

𝟏

𝟐
|𝑰𝒎𝒛|𝜶 ≥

𝟏

𝟐
𝜶
𝟐

|𝒛|𝜶 → |𝑹𝒆𝒛|𝜶 + |𝑰𝒎𝒛|𝜶 ≥ 𝟐𝟏−
𝜶
𝟐|𝒛|𝜶 

 

303. If 𝑨 ∈ 𝑴𝟐(ℝ) then: 

𝒅𝒆𝒕(𝑨𝟐 + 𝟐𝑨 + 𝟐𝑰𝟐) ≥ (𝟐 + 𝑻𝒓 𝑨)
𝟐 

Proposed by Marian Ursarescu-Romania 
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Solution 1 by Serban George Florin-Romania 

𝒙𝟐 + 𝟐𝒙+ 𝟐 = 𝟎,𝚫 = 𝟒 − 𝟖 = −𝟒 < 0, 𝒙𝟏 =
−𝟐 + 𝟐𝒊

𝟐
= −𝟏 + 𝒊, 𝒙𝟐 = −𝟏 − 𝒊 

𝐝𝐞𝐭(𝑨𝟐 + 𝟐𝑨 + 𝟐𝑰𝟐) = 𝐝𝐞𝐭(𝑨 − 𝒙𝟏𝑰𝟏) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒙𝟐𝑰𝟐) 

𝑷(𝒙) = 𝐝𝐞𝐭(𝑨 − 𝒙𝑰𝟐) = 𝒙
𝟐 − (𝑻𝒓 𝑨)𝒙 + 𝐝𝐞𝐭𝑨 

𝐝𝐞𝐭(𝑨𝟐 + 𝟐𝑨 + 𝟐𝑰𝟐) = 𝑷(𝒙𝟏) ⋅ 𝑷(𝒙𝟐) = [(−𝟏 + 𝒊)
𝟐 − (𝑻𝒓 𝑨)(−𝟏 + 𝒊) + 𝐝𝐞𝐭 𝑨] ⋅ 

⋅ [(−𝟏 − 𝒊)𝟐 − (𝑻𝒓 𝑨)(−𝟏 − 𝒊) + 𝐝𝐞𝐭𝑨] = (−𝟐𝒊 + 𝑻𝒓 𝑨 − 𝒊 𝑻𝒓𝑨+ 𝐝𝐞𝐭𝑨) ⋅ 

⋅ (𝟐𝒊 + 𝑻𝒓 𝑨 + 𝒊 𝑻𝒓 𝑨 + 𝐝𝐞𝐭𝑨) = (𝑻𝒓 𝑨 + 𝐝𝐞𝐭𝑨)𝟐 − (𝟐𝒊 + 𝒊 𝑻𝒓 𝑨)𝟐 = 

= 𝑻𝒓𝟐 𝑨 + 𝟐 𝑻𝒓 𝑨 𝐝𝐞𝐭𝑨 + 𝐝𝐞𝐭𝟐 𝑨 + 𝟒 + 𝟒 𝑻𝒓 𝑨 + 𝑻𝒓𝟐𝑨 = 

= 𝟐𝑻𝒓𝟐𝑨 + 𝟐𝑻𝒓 𝑨 𝐝𝐞𝐭𝑨 + 𝐝𝐞𝐭𝟐 𝑨 + 𝟒 𝑻𝒓 𝑨 + 𝟒 = 

= (𝑻𝒓 𝑨 + 𝟐)𝟐 + 𝑻𝒓𝟐𝑨 + 𝟐 𝑻𝒓 𝑨𝐝𝐞𝐭 𝑨 + 𝐝𝐞𝐭𝟐 𝑨  

= (𝑻𝒓 𝑨 + 𝟐)𝟐 + (𝑻𝒓 𝑨 + 𝐝𝐞𝐭𝑨)𝟐 ≥ (𝑻𝒓 𝑨 + 𝟐)𝟐, true. 

Solution 2 by Ravi Prakash-New Delhi-India 

Let 𝑨 = (
𝒂 𝒃
𝒄 𝒅

) , 𝒂, 𝒃, 𝒄, 𝒅 ∈ ℝ 

𝑨𝟐 + 𝟐𝑨 + 𝟐𝑰𝟐 = (𝑨 + 𝑰𝟐)
𝟐 + 𝑰𝟐 = (𝑨 + 𝑰𝟐 + 𝒊𝑰𝟐)(𝑨 + 𝑰𝟐 − 𝒊𝑰𝟐) 

= (𝑨 + 𝑰𝟐 + 𝒊𝑰𝟐)(𝑨 + 𝑰𝟐 + 𝒊𝑰𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) 

𝐝𝐞𝐭(𝑨𝟐 + 𝟐𝑨 + 𝟐𝑰𝟐) = 𝐝𝐞𝐭(𝑨 + (𝟏 + 𝒊)𝑰𝟐) (𝑨 + (𝟏 + 𝒊)𝑰𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) = 

= 𝐝𝐞𝐭(𝑨 + (𝟏 + 𝒊)𝑰𝟐) 𝐝𝐞𝐭(𝑨 + (𝟏 + 𝒊)𝑰𝟐)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = |𝐝𝐞𝐭(𝑨 + (𝟏 + 𝒊)𝑰𝟐)|
𝟐 = 

= ||
𝒂 + (𝟏 + 𝒊) 𝒃

𝒄 𝒅 + (𝟏 + 𝒊)
||

𝟐

= |(𝟏 + 𝒊)𝟐 + (𝒂 + 𝒅)(𝟏 + 𝒊) + 𝒂𝒅 − 𝒃𝒄|
𝟐
 

= |(𝒂 + 𝒅 + 𝒂𝒅 − 𝒃𝒄) + (𝟐 + 𝒂 + 𝒅)𝒊|𝟐 ≥ (𝟐 + (𝒂 + 𝒅))
𝟐
= (𝟐 + 𝒕𝒓 𝑨)𝟐 

 

304. 𝑨, 𝑩 ∈ 𝑴𝟐(ℝ), 𝒅𝒆𝒕 𝑨 ≠ 𝟎, 𝒅𝒆𝒕 𝑩 ≠ 𝟎, 𝑻𝒓(𝑨𝑩
−𝟏) = 𝒅𝒆𝒕(𝑨𝑩−𝟏) = 𝟏 

Find: 𝜴 = 𝒅𝒆𝒕(𝑰𝟐 + 𝑨
−𝟏𝑩) 

Proposed by Marian Ursarescu-Romania 
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Solution by Ravi Prakash-New Delhi-India 

Let 𝑿 = 𝑨𝑩−𝟏. As 𝒕𝒓(𝑿) = 𝟏, we take 𝑿 = (
𝒂 𝒃
𝒄 𝟏 − 𝒂

) 

𝟏 = 𝐝𝐞𝐭(𝑿) = 𝒂(𝟏 − 𝒂) − 𝒃𝒄 

𝐝𝐞𝐭(𝑰 + 𝑨𝑩−𝟏) = 𝐝𝐞𝐭(𝑰 + 𝑿) = |
𝒂 + 𝟏 𝒃
𝒄 𝟐 − 𝒂

| = (𝒂 + 𝟏)(𝟐 − 𝒂) − 𝒃𝒄 

= 𝟐 + 𝒂 − 𝒂𝟐 − 𝒃𝒄 = 𝟑. Now 𝐝𝐞𝐭(𝑰 + 𝑨−𝟏𝑩) = 𝐝𝐞𝐭{𝑨−𝟏(𝑨𝑩−𝟏 + 𝑰)𝑩} = 

= 𝐝𝐞𝐭(𝑨−𝟏 𝐝𝐞𝐭(𝑨𝑩−𝟏 + 𝑰))𝐝𝐞𝐭(𝑩) = (𝐝𝐞𝐭(𝑨))−𝟏(𝐝𝐞𝐭𝑩)𝐝𝐞𝐭(𝑿) 

= [𝐝𝐞𝐭(𝑨) (𝐝𝐞𝐭(𝑩))−𝟏]−𝟏(𝟑) = (𝐝𝐞𝐭(𝑨𝑩−𝟏))−𝟏(𝟑) = (𝟏)(𝟑) = 𝟑 

 

305. If 𝑨, 𝑩 ∈ 𝑴𝟓(ℝ), 𝑨
𝟑 + 𝟕𝑰𝟓 = 𝑨

𝟐, 𝑩𝟑 + 𝟗𝑰𝟓 = 𝑩
𝟐 then: 

𝒅𝒆𝒕(𝑨𝑩) > 0 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

A polynomial satisfied by 𝑨 is 𝒈(𝒕) = 𝒕𝟑 − 𝒕𝟐 + 𝟕. Graph of 𝒈(𝒕) is as follows: 

 

This shows 𝒈(𝒕) has a negative root and two imaginary roots 

Let 𝜶 be negative root and 𝜷 + 𝒊𝜸, 𝜷 − 𝒊𝜸,𝜷, 𝜸 ∈ ℝ be imaginary roots. 

Note tat 𝜶,𝜷 + 𝒊𝜸,𝜷 − 𝒊𝜸 are distinct eigen values of 𝑨. 

Also, 𝒈(𝒕) = (𝒕 − 𝜶)(𝜶− 𝜷 − 𝒊𝜸)(𝒕 − 𝜷 + 𝒊𝜸) is minimal polynomial of 𝑨. 

As minimal polynomial and characteristic polynomials have same zeros, and 𝒌 is 

real or 𝒌 = 𝜶(𝜷+ 𝒊𝜸)𝟐(𝜷 − 𝒊𝜸)𝟐 < 0 . Also, 𝐝𝐞𝐭(𝑨) = 𝒌 
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∴ 𝐝𝐞𝐭(𝑨) < 0 Similarly 𝐝𝐞𝐭(𝑩) < 0 ⇒ 𝐝𝐞𝐭(𝑨𝑩) = 𝐝𝐞𝐭(𝑨)𝐝𝐞𝐭(𝑩) > 0. 

Solution 2 by Marian Ursarescu-Romania 

𝑨𝟐 −𝑨𝟑 = 𝟕𝑰𝟓 ⇒ 𝐝𝐞𝐭[𝑨𝟐(𝑰𝟓 − 𝑨)] = 𝐝𝐞𝐭(𝟕𝑰𝟓) ⇒ (𝐝𝐞𝐭𝑨)𝟐 ⋅ 𝐝𝐞𝐭(𝑰𝟓 −𝑨) = 𝟕
𝟓 ≠ 𝟎 ⇒ 𝐝𝐞𝐭𝑨 ≠ 𝟎   (1) 

𝑩𝟐 −𝑩𝟑 = 𝟗𝑰𝟓 ⇒ 𝐝𝐞𝐭[𝑩𝟐(𝑰𝟓 −𝑩)] = 𝐝𝐞𝐭(𝟗𝑰𝟓) ⇒ (𝐝𝐞𝐭𝑩)𝟐 ⋅ 𝐝𝐞𝐭(𝑰𝟓 −𝑩) = 𝟗
𝟓 ≠ 𝟎 ⇒ 𝐝𝐞𝐭𝑩 ≠ 𝟎   (2) 

Now, 𝑨𝟑 = 𝑨𝟐 − 𝟕𝑰𝟓 ⇒ 𝑨𝟒 = 𝑨𝟑 − 𝟕𝑨 ⇒ 𝑨𝟒 = 𝑨𝟐 − 𝟕𝑰𝟓 − 𝟕𝑨 ⇒ 𝑨𝟒 = 𝑨𝟐 − 𝟕𝑨 − 𝟕𝑰𝟓 ⇒ 

⇒ 𝑨𝟓 = 𝑨𝟑 − 𝟕𝑨𝟐 − 𝟕𝑨 = 𝑨𝟐 − 𝟕𝑰𝟓 − 𝟕𝑨
𝟐 − 𝟕𝑨 ⇒ 

⇒ 𝑨𝟓 = −𝟔𝑨𝟐 − 𝟕𝑨 − 𝟕𝑰𝟓 ⇒ 𝑨𝟓 = −𝟔 (𝑨𝟐 +
𝟕

𝟔
𝑨 +

𝟕

𝟔
𝑰𝟓) ⇒ 

𝐝𝐞𝐭𝑨𝟓 = 𝐝𝐞𝐭 [−𝟔(𝑨𝟐 +
𝟕

𝟔
𝑨 +

𝟕

𝟔
𝑰𝟓)] ⇒

(𝐝𝐞𝐭𝑨)𝟓 = (−𝟔)𝟓 ⋅ 𝐝𝐞𝐭 (𝑨𝟐 +
𝟕

𝟔
𝑨 +

𝟕

𝟔
𝑰𝟓)

𝑩𝒖𝒕𝐝𝐞𝐭 (𝑨𝟐 +
𝟕

𝟔
𝑨 +

𝟕

𝟔
𝑰𝟓) ≥ 𝟎

} ⇒ 

⇒ (𝐝𝐞𝐭𝑨)𝟓 ≤ 𝟎 ⇒ 𝐝𝐞𝐭 𝑨 ≤ 𝟎   (3).  Now, 𝑩𝟑 = 𝑩𝟐 − 𝟗𝑰𝟓 ⇒ 𝑩𝟒 = 𝑩𝟑 − 𝟗𝑩 ⇒ 

(𝑩𝟓 = 𝑩𝟒 − 𝟗𝑩𝟐)   𝑩𝟒 = 𝑩𝟐 − 𝟗𝑩− 𝟗𝑰𝟓 ⇒ 𝑩𝟓 = 𝑩𝟑 − 𝟗𝑩𝟐 − 𝟗𝑩 = 𝑩𝟐 − 𝟗𝑰𝟓 − 𝟗𝑩
𝟐 − 𝟗𝑩 

⇒ 𝑩𝟓 = −𝟖𝑩𝟐 − 𝟗𝑩 − 𝟗𝑰𝟓 ⇒ 𝑩𝟓 = −𝟖 (𝑩𝟐 +
𝟗

𝟖
𝑩 +

𝟗

𝟖
𝑰𝟓) ⇒ 

⇒ 𝐝𝐞𝐭(𝑩𝟓) = 𝐝𝐞𝐭 [−𝟖(𝑩𝟐 +
𝟗

𝟖
𝑩 +

𝟗

𝟖
𝑰𝟓)] ⇒ 

(𝐝𝐞𝐭𝑩)𝟓 = (−𝟖)𝟓 𝐝𝐞𝐭 (𝑩𝟐 +
𝟗

𝟖
𝑩+

𝟗

𝟖
𝑰𝟓)

𝐝𝐞𝐭 (𝑩𝟐 +
𝟗

𝟖
𝑩 +

𝟗

𝟖
𝑰𝟓) ≥ 𝟎

} ⇒ (𝐝𝐞𝐭𝑩)𝟓 ≤ 𝟎 ⇒ (𝐝𝐞𝐭𝑩) ≤ 𝟎  (4) 

From (1)+(2)+(3)+(4) ⇒ 𝐝𝐞𝐭 𝑨 < 0 and 𝐝𝐞𝐭𝑩 < 0 ⇒ 𝐝𝐞𝐭(𝑨𝑩) > 0. 

Observation: 𝑨 ∈ 𝑴𝒏(ℝ), 𝒑 ∈ (𝟎, 𝟒) ⇒ 𝐝𝐞𝐭(𝑨𝟐 + 𝒑𝑨 + 𝒑𝑰𝒏) ≥ 𝟎 

because ⇔ 𝐝𝐞𝐭 (𝑨𝟐 + 𝒑𝑨 +
𝒑𝟐

𝟒
𝑰𝒏 −

𝒑𝟐

𝟒
𝑰𝒏 + 𝒑𝑰𝒏) = 

= 𝐝𝐞𝐭 [(𝑨 +
𝒑

𝟐
𝑰𝒏)

𝟐

+
−𝒑𝟐 + 𝟒𝒑

𝟒
𝑰𝒏] = 𝐝𝐞𝐭 [(𝑨 +

𝒑

𝟐
𝑰𝒏)

𝟐

+ (
√𝟒𝒑 − 𝒑𝟐

𝟐
)

𝟐

𝑰𝒏
𝟐] = 

= 𝐝𝐞𝐭 [(𝑨 +
𝒑

𝟐
𝑰𝒏)

𝟐

− 𝒊𝟐 (
√𝟒𝒑 − 𝒑𝟐

𝟐
)

𝟐

𝑰𝒏
𝟐] = 

= 𝐝𝐞𝐭 [(𝑨 +
𝒑

𝟐
𝑰𝒏 + 𝒊

√𝟒𝒑 − 𝒑𝟐

𝟐
𝑰𝒏)(𝑨 +

𝒑

𝟐
+ 𝒊

√𝟒𝒑 − 𝒑𝟐

𝟐

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑰𝒏)] ≥ 𝟎 
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306. If 𝑨, 𝑩 ∈ 𝑴𝟓(ℝ), 𝑨
𝟑 − 𝟐𝑰𝟓 = 𝑨

𝟐, 𝑩𝟑 − 𝟑𝑰𝟓 = 𝑩
𝟐 then: 

𝒅𝒆𝒕(𝑨𝑩) > 0 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

𝑨𝟑 ⋅ 𝑨𝟐 = 𝟐𝑰𝟓 ⇒ 𝑨𝟐(𝑨 − 𝑰𝟓) = 𝟐𝑰𝟓 ⇒ 

⇒ (𝐝𝐞𝐭𝑨)𝟐 ⋅ 𝐝𝐞𝐭(𝑨 − 𝑰𝟓) = 𝟐
𝟓 ⇒ 𝐝𝐞𝐭𝑨 ≠ 𝟎   (1) 

𝑨𝟑 = 𝑨𝟐 + 𝟐𝑰𝟓 ⇒ 𝐝𝐞𝐭𝑨𝟑 = 𝐝𝐞𝐭(𝑨𝟐 + 𝟐𝑰𝟓) (𝐝𝐞𝐭𝑨)
𝟑 = 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓) (𝑨 − √𝟐𝒊𝑰𝟓) ⇒ 

(𝐝𝐞𝐭𝑨)𝟑 = 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓) ⋅ 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ≥ 𝟎   (2) 

From (1)+(2)⇒ 𝐝𝐞𝐭𝑨 > 0  (3) 

𝑩𝟑 − 𝑩𝟐 = 𝟑𝑰𝟓 ⇒ 𝑩𝟐(𝑩 − 𝑰𝟓) = 𝟑𝑰𝟓 ⇒ 

⇒ (𝐝𝐞𝐭𝑩)𝟐 ⋅ 𝐝𝐞𝐭(𝑩 − 𝑰𝟓) = 𝟑
𝟓 ⇒ 𝐝𝐞𝐭𝑩 ≠ 𝟎   (4) 

𝑩𝟑 = 𝑩𝟐 + 𝟑𝑰𝟓 ⇒ 𝐝𝐞𝐭𝑩𝟑 = 𝐝𝐞𝐭(𝑩𝟐 + 𝟑𝑰𝟓) ⇒ 

⇒ (𝐝𝐞𝐭𝑩)𝟑 = 𝐝𝐞𝐭(𝑩 + √𝟑𝒊𝑰𝟓) (𝑩 − √𝟑𝒊𝑰𝟓) ⇒ 

⇒ (𝐝𝐞𝐭𝑩)𝟑 = 𝐝𝐞𝐭(𝑩 + √𝟑𝒊𝑰𝟓) ⋅ 𝐝𝐞𝐭(𝑩 + √𝟑𝒊𝑰𝟓)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ≥ 𝟎   (5) 

From (4)+(5)⇒ 𝐝𝐞𝐭(𝑩) > 0   (6) 

From (3)+(6) ⇒ 𝐝𝐞𝐭(𝑨𝑩) > 0 

Solution 2 by Ravi Prakash-New Delhi-India 

𝑨𝟑 = 𝑨𝟐 + 𝟐𝑰 = (𝑨 − √𝟐𝒊𝑰)(𝑨 + √𝟐𝒊𝑰) 

⇒ 𝐝𝐞𝐭(𝑨𝟑) = 𝐝𝐞𝐭(𝑨 − √𝟐𝒊𝑰)𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰) = 𝐝𝐞𝐭 (𝑨 + √𝟐𝒊𝑰̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰) 

= 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰) 

(𝐝𝐞𝐭(𝑨))𝟑 = |𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰)|
𝟐
≥ 𝟎 

⇒ 𝐝𝐞𝐭(𝑨) ≥ 𝟎    (1) 

Also 𝑨𝟑 − 𝑨𝟐 = 𝟐𝑰 ⇒ 𝑨𝟐(𝑨 − 𝑰) = 𝟐𝑰 ⇒ 𝐝𝐞𝐭(𝑨𝟐) 𝐝𝐞𝐭(𝑨 − 𝑰) = 𝐝𝐞𝐭(𝟐𝑰) = 𝟐𝟓 > 0 

⇒ (𝐝𝐞𝐭(𝑨))𝟐 𝐝𝐞𝐭(𝑨 − 𝑰) > 0 ⇒ 𝐝𝐞𝐭(𝑨) ≠ 𝟎   (2) 

In view of (1), (2) 𝐝𝐞𝐭(𝑨) > 0 

Similarly, 𝐝𝐞𝐭(𝑩) > 0. Thus, 𝐝𝐞𝐭(𝑨𝑩) = 𝐝𝐞𝐭(𝑨) 𝐝𝐞𝐭(𝑩) > 0. 
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307. Find 𝑨, 𝑩 ∈ 𝑴𝟐(ℝ) such that: 

𝒅𝒆𝒕 𝑨 < 0, 𝒅𝒆𝒕(𝑨 − 𝑩) > 0,𝒅𝒆𝒕(𝑨 + 𝑩) < 0,𝒅𝒆𝒕(𝟐𝑨 + 𝑩) > 0 

Proposed by Marian Ursarescu-Romania 

Solution by Omran Kouba-Damascus-Syria 

Suppose that 𝑨 and 𝑩 satisfy the proposed conditions. Let 𝑪 = 𝑨−𝟏𝑩 and let 

𝝌(𝝀) = 𝐝𝐞𝐭(𝝀𝑰𝟐 − 𝑪) = 𝝀
𝟐 − 𝒕𝒓 (𝑨)𝝀 + 𝐝𝐞𝐭(𝑪) 

be the characteristic polynomial of 𝑪. The proposed inequalities yields 

𝝌(𝟏) =
𝐝𝐞𝐭(𝑨 − 𝑩)

𝐝𝐞𝐭𝑨
< 0 

𝝌(−𝟏) =
𝐝𝐞𝐭(−𝑨 − 𝑩)

𝐝𝐞𝐭𝑨
=
𝐝𝐞𝐭(𝑨 + 𝑩)

𝐝𝐞𝐭𝑨
> 0 

𝝌(−𝟐) =
𝐝𝐞𝐭(−𝟐𝑨 − 𝑩)

𝐝𝐞𝐭𝑨
=
𝐝𝐞𝐭(𝟐𝑨 + 𝑩)

𝐝𝐞𝐭𝑨
< 0 

But 𝝌(𝝀) is positive for large |𝝀|, so the above conditions imply the second degree 

polynomial 𝝌 has at least 𝟒 zeros and this is absurd. Thus, no such matrices exist. 

 

308. If 𝑨 ∈ 𝑴𝟒(ℂ), 𝒅𝒆𝒕 𝑨 ≠ 𝟎, 𝑻𝒓 𝑨 = 𝟎 then: 

𝑻𝒓 (𝑨𝟑) = 𝟑(𝒅𝒆𝒕 𝑨)(𝑻𝒓 𝑨−𝟏) 

Proposed by Marian Ursarescu-Romania 

Solution 1 by Andrew Okukura-Romania 

If 𝝀𝟏, 𝝀𝟐 , 𝝀𝟑, 𝝀𝟒 are the eigenvalues of 𝑨 we have: 

𝑻𝒓 𝑨 = 𝝀𝟏 + 𝝀𝟐 + 𝝀𝟑 + 𝝀𝟒 = 𝟎 ⇔ 𝒙𝟏 + 𝒙𝟐 = −(𝝀𝟑 + 𝝀𝟒) ⇔ 

⇔ 𝝀𝟏
𝟑 + 𝟑𝝀𝟏

𝟐𝝀𝟐 + 𝟑𝝀𝟏𝝀𝟐
𝟐 + 𝝀𝟐

𝟑 = −(𝝀𝟑
𝟑 + 𝟑𝝀𝟑

𝟐𝝀𝟒 + 𝟑𝝀𝟑𝝀𝟒
𝟐 + 𝝀𝟒

𝟑) ⇔ 

⇔ 𝝀𝟏
𝟑 + 𝝀𝟐

𝟑 + 𝝀𝟑
𝟑 + 𝝀𝟒

𝟑 = −𝟑[𝝀𝟏𝝀𝟐(𝝀𝟏 + 𝝀𝟐) + 𝝀𝟑𝝀𝟒(𝝀𝟑 + 𝝀𝟒)] = 

= 𝟑[𝝀𝟏𝝀𝟐(𝝀𝟑 + 𝝀𝟒) + 𝝀𝟑𝝀𝟒(𝝀𝟏 + 𝝀𝟐)]. But 𝑻𝒓(𝑨𝟑) = 𝝀𝟏
𝟑 + 𝝀𝟐

𝟑 + 𝝀𝟑
𝟑 + 𝝀𝟒

𝟑 ⇒ 

⇒ 𝑻𝒓(𝑨𝟑) = 𝟑[𝝀𝟏𝝀𝟐(𝝀𝟑 + 𝝀𝟒) + 𝝀𝟑𝝀𝟒(𝝀𝟏 + 𝝀𝟐)] (1) 

𝐝𝐞𝐭𝑨 = 𝝀𝟏𝝀𝟐𝝀𝟑𝝀𝟒 (2) 
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𝑻𝒓(𝑨−𝟏) =
𝟏

𝝀𝟏
+

𝟏

𝝀𝟐
+

𝟏

𝝀𝟑
+

𝟏

𝝀𝟒
 (3) 

(2) ∧ (3) ⇒ 𝟑(𝐝𝐞𝐭𝑨)(𝑻𝒓 𝑨−𝟏) = 𝟑𝝀𝟏𝝀𝟐𝝀𝟑𝝀𝟒 (
𝟏

𝝀𝟏
+

𝟏

𝝀𝟐
+

𝟏

𝝀𝟑
+

𝟏

𝝀𝟒
) = 

= 𝟑𝝀𝟏𝝀𝟐𝝀𝟑 + 𝟑𝝀𝟏𝝀𝟐𝝀𝟒 + 𝟑𝝀𝟏𝝀𝟑𝝀𝟒 + 𝟑𝝀𝟐𝝀𝟑𝝀𝟒 = 𝟑[𝝀𝟏𝝀𝟐(𝝀𝟑 + 𝝀𝟒) + 𝝀𝟑𝝀𝟒(𝝀𝟏 + 𝝀𝟐)]  (4) 

(1) + (4) ⇒ conclusion 

Solution 2 by Ravi Prakash-New Delhi-India 

Let 𝑨 = (𝒂𝒊𝒋)𝟒×𝟒 ∈ 𝑴𝟒(ℂ) and 𝑻𝒓 (𝑨) = 𝟎, 𝐝𝐞𝐭(𝑨) ≠ 𝟎. 

Let 𝒇(𝒕) = 𝒕𝟒 − 𝜶𝒕𝟑 + 𝜷𝒕𝟐 − 𝜸𝒕 + 𝜹 be the characteristic polynomial of 𝑨.  

Then 𝜶 = 𝑻𝒓 (𝑨) = 𝟎 and 𝜹 = 𝐝𝐞𝐭(𝑨) ≠ 𝟎. ∴ 𝒇(𝒕) = 𝒕𝟒 + 𝜷𝒕𝟐 − 𝜸𝒕 + 𝜹. We have 

𝑨𝟒 = −𝜷𝑨𝟐 + 𝜸𝑨 − 𝜹𝑰𝟒  (1) 

⇒ 𝑨𝟑 = −𝜷𝑨 − 𝜸𝑰 − 𝜹𝑨−𝟏 

𝑻𝒓 (𝑨𝟑) = −𝜷𝑻𝒓(𝑨) + 𝟒𝜸 − 𝜹𝑻𝒓 (𝑨−𝟏) = 𝟒𝜸 − 𝜹𝑻𝒓(𝑨−𝟏)  (1) 

Let 𝝀𝟏, 𝝀𝟐, 𝝀𝟑, 𝝀𝟒 be eigen values of 𝑨, then ∑𝝀𝒊 = 𝟎,∑ 𝝀𝒊𝝀𝒋 = 𝑩 

Let 𝝀 be an eigenvalue of 𝑨 ⇒ ∃𝒂 𝒙 ≠ 𝟎 such that 𝑨𝒙 = 𝝀𝒙 ⇒ 

⇒ 𝑨𝟐(𝒙) = 𝑨(𝑨𝒙) = 𝑨(𝝀𝒙) = 𝝀𝑨𝒙 = 𝝀(𝝀𝒙) = 𝝀𝟐𝒙 

Similarly, 𝑨𝟑 = 𝝀𝟑𝒙 ⇒ 𝝀𝟑 is an eigenvalue of 𝑨𝟑. If 𝑨−𝟏 exists, then 

𝑨−𝟏(𝑨𝒙) = 𝑨−𝟏(𝝀𝒙) ⇒ 𝝀−𝟏𝒙 = 𝑨−𝟏𝒙 ∴ 𝝀−𝟏 is an eigenvalue of 𝑨−𝟏. 

If 𝝀𝟏, 𝝀𝟐, 𝝀𝟑, 𝝀𝟒 eigenvalues of 𝑨, then 𝝀𝟏 + 𝝀𝟐 + 𝝀𝟑 + 𝝀𝟒 = 𝑻𝒓 (𝑨) = 𝟎. 

Now, 𝑻𝒓(𝑨𝟑) = 𝝀𝟏
𝟑 + 𝝀𝟐

𝟑 + 𝝀𝟑
𝟑 + 𝝀𝟒

𝟑 = (𝝀𝟏 + 𝝀𝟐)
𝟑 − 𝟑𝝀𝟏𝝀𝟐(𝝀𝟏 + 𝝀𝟐) + (𝝀𝟑 + 𝝀𝟒)

𝟑 − 

−𝟑𝝀𝟑𝝀𝟒(𝝀𝟑 + 𝝀𝟒) = (−𝝀𝟑 − 𝝀𝟒)
𝟑 + 𝟑𝝀𝟏𝝀𝟐(𝝀𝟑 + 𝝀𝟒) + (𝝀𝟑 + 𝝀𝟒)

𝟑 + 𝟑𝝀𝟑𝝀𝟒(𝝀𝟏 + 𝝀𝟐) 

[∵ 𝝀𝟏 + 𝝀𝟐 + 𝝀𝟑 + 𝝀𝟒 = 𝟎] 

= 𝟑𝝀𝟏𝝀𝟐𝝀𝟑𝝀𝟒 (
𝟏

𝝀𝟏
+
𝟏

𝝀𝟐
+
𝟏

𝝀𝟑
+
𝟏

𝝀𝟒
) = 𝟑𝐝𝐞𝐭(𝑨)𝑻𝒓 (𝑨−𝟏) 

[∵ 𝝀𝟏𝝀𝟐𝝀𝟑𝝀𝟒 = 𝐝𝐞𝐭(𝑨)  𝒂𝒏𝒅 𝑻𝒓(𝑨
−𝟏) =

𝟏

𝝀𝟏
+
𝟏

𝝀𝟐
+
𝟏

𝝀𝟑
+
𝟏

𝝀𝟒
] 

∑𝝀𝒊𝝀𝒋𝝀𝒌 = 𝜸; 𝝀𝟏𝝀𝟐𝝀𝟑𝝀𝟒 = 𝜹. Note  

𝜸 = 𝜹 (
𝟏

𝝀𝟏
+

𝟏

𝝀𝟐
+

𝟏

𝝀𝟑
+

𝟏

𝝀𝟒
) = 𝐝𝐞𝐭(𝑨)𝑻𝒓 (𝑨−𝟏)  (2) 

From (1), (2): 𝑻𝒓(𝑨𝟑) = 𝟑 𝐝𝐞𝐭(𝑨)𝑻𝒓 (𝑨−𝟏) 
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309. If 𝑨, 𝑩 ∈ 𝑴𝟓(ℝ), 𝑨
𝟑 − 𝟐𝑰𝟓 = 𝑨

𝟐, 𝑩𝟑 − 𝟑𝑰𝟓 = 𝑩
𝟐 then: 

𝒅𝒆𝒕(𝑨𝑩) > 0 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursarescu-Romania 

𝑨𝟑 ⋅ 𝑨𝟐 = 𝟐𝑰𝟓 ⇒ 𝑨𝟐(𝑨 − 𝑰𝟓) = 𝟐𝑰𝟓 ⇒ 

(𝐝𝐞𝐭𝑨)𝟐 ⋅ 𝐝𝐞𝐭(𝑨 − 𝑰𝟓) = 𝟐
𝟓 ⇒ 𝐝𝐞𝐭𝑨 ≠ 𝟎   (1) 

𝑨𝟑 = 𝑨𝟐 + 𝟐𝑰𝟓 ⇒ 𝐝𝐞𝐭𝑨𝟑 = 𝐝𝐞𝐭(𝑨𝟐 + 𝟐𝑰𝟓) (𝐝𝐞𝐭𝑨)
𝟑 = 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓) (𝑨 − √𝟐𝒊𝑰𝟓) ⇒ 

(𝐝𝐞𝐭𝑨)𝟑 = 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓) ⋅ 𝐝𝐞𝐭(𝑨 + √𝟐𝒊𝑰𝟓)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ≥ 𝟎   (2) 

From (1)+(2)⇒ 𝐝𝐞𝐭𝑨 > 0 (3) 

𝑩𝟑 − 𝑩𝟐 = 𝟑𝑰𝟓 ⇒ 𝑩𝟐(𝑩 − 𝑰𝟓) = 𝟑𝑰𝟓 ⇒ 

(𝐝𝐞𝐭𝑩)𝟐 ⋅ 𝐝𝐞𝐭(𝑩 − 𝑰𝟓) = 𝟑
𝟓 ⇒ 𝐝𝐞𝐭𝑩 ≠ 𝟎   (4) 

𝑩𝟑 = 𝑩𝟐 + 𝟑𝑰𝟓 ⇒ 𝐝𝐞𝐭𝑩𝟑 = 𝐝𝐞𝐭(𝑩𝟐 + 𝟑𝑰𝟓) ⇒ 

(𝐝𝐞𝐭𝑩)𝟑 = 𝐝𝐞𝐭(𝑩 + √𝟑𝒊𝑰𝟓) (𝑩 − √𝟑𝒊𝑰𝟓) ⇒ 

(𝐝𝐞𝐭𝑩)𝟑 = 𝐝𝐞𝐭(𝑩 + √𝟑𝒊𝑰𝟓) ⋅ 𝐝𝐞𝐭(𝑩 + √𝟑𝒊√𝟓)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≥ 𝟎   (5) 

From (4)+(5)⇒ 𝐝𝐞𝐭(𝑩) > 0  (6) 

From (3)+(6)⇒ 𝐝𝐞𝐭(𝑨𝑩) > 0 

 

310. If 𝑨, 𝑩 ∈ 𝑴𝟐(ℂ), 𝒅𝒆𝒕(𝑨 + 𝑩) = 𝟏 then 

𝒅𝒆𝒕(𝑨 ⋅ 𝒅𝒆𝒕 𝑩 + 𝑩 ⋅ 𝒅𝒆𝒕 𝑨) = 𝒅𝒆𝒕(𝑨𝑩) 

Proposed by Marian Ursarescu-Romania 

Solution 1 by Omran Kouba-Damascus-Syria 

The polynomial  𝑷(𝑿,𝒀) = 𝐝𝐞𝐭(𝑿𝑨 + 𝒀𝑩) is homogenous of degree 𝟐, so it has the 

form 𝑷(𝑿,𝒀) = 𝒂𝑿𝟐 + 𝒃𝑿𝒀+ 𝒄𝒀𝟐. Testing (𝑿, 𝒀) ∈ {(𝟏, 𝟎), (𝟎, 𝟏), (𝟏, 𝟏)} and using the 

hypothesis 𝐝𝐞𝐭(𝑨 + 𝑩) = 𝟏 we see taht 𝒂 = 𝐝𝐞𝐭(𝑨) ≜ 𝜷, 𝒃 = 𝟏 − 𝜶− 𝜷. It follows that 

𝐝𝐞𝐭(𝜷𝑨 + 𝜶𝑩) = 𝑷(𝜷,𝜶) = 𝜶𝜷𝟐 + (𝟏 − 𝜶− 𝜷)𝜶𝜷+ 𝜷𝜶𝟐 = 𝜶𝜷 = 𝐝𝐞𝐭(𝑨𝑩𝑪) 

 



 
www.ssmrmh.ro 

 

Solution 2 by Serban George Florin-Romania 

If 𝐝𝐞𝐭𝑩 = 𝟎 ⇒ 𝐝𝐞𝐭𝑨 = 𝟏 ⇒ 𝐝𝐞𝐭(𝑨 ⋅ 𝟎 + 𝑩) = 𝐝𝐞𝐭 𝑨 ⋅ 𝐝𝐞𝐭𝑩 ⇒ 𝐝𝐞𝐭𝑩 = 𝟏 ⋅ 𝟎, 𝐝𝐞𝐭𝑩 = 𝟎, 

true. Because 𝐝𝐞𝐭𝑩 ≠ 𝟎, 𝐝𝐞𝐭𝑨 ≠ 𝟎, 𝐝𝐞𝐭(𝑨 + 𝐝𝐞𝐭𝑩 + 𝑩 ⋅ 𝐝𝐞𝐭𝑨) = 𝐝𝐞𝐭𝑨 ⋅ 𝐝𝐞𝐭𝑩 

⇒ 𝐝𝐞𝐭 (𝐝𝐞𝐭𝑩 ⋅ (𝑨 +
𝐝𝐞𝐭𝑨

𝐝𝐞𝐭𝑩
⋅ 𝑩)) = 𝐝𝐞𝐭𝑨 ⋅ 𝐝𝐞𝐭𝑩 

𝐝𝐞𝐭𝟐𝑩 ⋅ 𝐝𝐞𝐭 (𝑨 +
𝐝𝐞𝐭𝑨

𝐝𝐞𝐭 𝑩
⋅ 𝑩) = 𝐝𝐞𝐭𝑨 ⋅ 𝐝𝐞𝐭𝑩 |: 𝐝𝐞𝐭𝑩 ,

𝐝𝐞𝐭𝑨

𝐝𝐞𝐭𝑩
= 𝒌 

𝐝𝐞𝐭(𝑨 + 𝒌 ⋅ 𝑩) = 𝒌 = 𝒌𝟐 𝐝𝐞𝐭𝑩 + 𝜶 ⋅ 𝒌 + 𝐝𝐞𝐭𝑨 

𝐝𝐞𝐭(𝑨 + 𝑩) = 𝟏 ⇒
𝐝𝐞𝐭𝑨

𝐝𝐞𝐭𝑩
=
𝐝𝐞𝐭𝟐𝑨

𝐝𝐞𝐭𝟐𝑩
⋅ 𝐝𝐞𝐭 𝑩 + 𝜶 ⋅

𝐝𝐞𝐭𝑨

𝐝𝐞𝐭𝑩
+ 𝐝𝐞𝐭𝑨 

𝐝𝐞𝐭𝑨 = 𝐝𝐞𝐭𝟐𝑨 + 𝜶𝐝𝐞𝐭 𝑨 + 𝐝𝐞𝐭𝑨 ⋅ 𝐝𝐞𝐭𝑩 |: 𝐝𝐞𝐭𝑨 

𝟏 = 𝐝𝐞𝐭𝑨 + 𝜶 + 𝐝𝐞𝐭𝑩 ⇒ 𝜶 = 𝟏 − 𝐝𝐞𝐭𝑨 − 𝐝𝐞𝐭𝑩 

From 𝒌 = 𝟏 ⇒ 𝐝𝐞𝐭(𝑨 + 𝑩) = 𝟏 = 𝐝𝐞𝐭𝑩 + 𝜶 + 𝐝𝐞𝐭𝑨  (A) 

Solution 3 by Ravi Prakash-New Delhi-India 

If 𝐝𝐞𝐭(𝑨) = 𝟎 or 𝐝𝐞𝐭(𝑩) = 𝟎, then 𝐝𝐞𝐭(𝐝𝐞𝐭(𝑨)𝑩 + 𝐝𝐞𝐭(𝑩)𝑨) = 𝟎 = 𝐝𝐞𝐭(𝑨) 𝐝𝐞𝐭(𝑩).  

Suppose 𝐝𝐞𝐭(𝑨) ≠ 𝟎, 𝐝𝐞𝐭(𝑩) ≠ 𝟎. Let 𝑨 = (
𝒂𝟏 𝒃𝟏
𝒄𝟏 𝒅𝟏

) ,𝑩 = (
𝒂𝟐 𝒃𝟐
𝒄𝟐 𝒅𝟐

) 

Let 𝜶 = 𝐝𝐞𝐭 𝑨 , 𝜷 = 𝐝𝐞𝐭(𝑩). Now, 𝑰 = 𝐝𝐞𝐭(𝑨 + 𝑩) = 𝐝𝐞𝐭[𝑨(𝑩−𝟏 + 𝑨−𝟏)𝑩] = 

= 𝐝𝐞𝐭(𝑨) 𝐝𝐞𝐭(𝑩)𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏)   (1) 

But 𝑨−𝟏 =
𝟏

𝜶
(
𝒅𝟏 −𝒃𝟏
−𝒄𝟏 𝒂𝟏

) ,𝑩−𝟏 =
𝟏

𝜷
(
𝒅𝟐 −𝒃𝟐
−𝒄𝟐 𝒂𝟐

) 

∴ 𝑩−𝟏 + 𝑨−𝟏 =

[
 
 
 
𝒅𝟏
𝜶
+
𝒅𝟐
𝜷

−(
𝒃𝟏
𝜶
+
𝒃𝟐
𝜷
)

−(
𝒄𝟏
𝜶
+
𝒄𝟐
𝜷
)

𝒂𝟏
𝜶
+
𝒂𝟐
𝜷 ]

 
 
 

 

Now, note 𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏) = 𝐝𝐞𝐭 [

𝒂𝟏

𝜶
+
𝒂𝟐

𝜷

𝒃𝟏

𝜶
+
𝒃𝟐

𝜷

𝒄𝟏

𝜶
+
𝒄𝟐

𝜷

𝒅𝟏

𝜶
+
𝒅𝟐

𝜷

] 

∴ 𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏) = 𝐝𝐞𝐭 (
𝟏

𝜶
𝑨 +

𝟏

𝜷
𝑩)   (2) 

Thus, from (1), (2): 𝟏 = 𝜶𝜷𝐝𝐞𝐭 (
𝟏

𝜶
𝑨 +

𝟏

𝜷
𝑩) =

𝟏

𝜶𝜷
𝐝𝐞𝐭 [

𝜶𝜷

𝜶
𝑨 +

𝜶𝜷

𝜷
𝑩] 
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[∵ 𝑨, 𝑩 𝒂𝒓𝒆 𝟐 ×  𝟐 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔] ⇒ 𝐝𝐞𝐭(𝜷𝑨 + 𝜶𝜷) = 𝜶𝜷 

or 𝐝𝐞𝐭[(𝐝𝐞𝐭𝑩)𝑨 + (𝐝𝐞𝐭𝑨)𝑩] = 𝐝𝐞𝐭𝑨 𝐝𝐞𝐭𝑩 = 𝐝𝐞𝐭(𝑨𝑩) 

 

311. If 𝑨 ∈ 𝑴𝟐(ℝ), 𝑩 ∈ 𝑴𝟑(ℝ), 𝑪 ∈ 𝑴𝟒(ℝ), 

𝑨𝟐 − 𝑨 = 𝑰𝟐, 𝑩
𝟐 −𝑩 = 𝑰𝟑, 𝑪

𝟐 − 𝑪 = 𝑰𝟒  then: |𝒅𝒆𝒕 𝑨 + 𝒅𝒆𝒕 𝑩 + 𝒅𝒆𝒕𝑪| < 28 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

Let 𝒇(𝒙) = 𝒙𝟐 − 𝒙 − 𝟏, 𝒇(𝒙) = 𝟎 ⇒ 𝒙𝟏,𝟐 =
𝟏±√𝟓

𝟐
. Now the own values for 𝑨 is 𝝀𝟏, 𝝀𝟐 ⇒ 

from McCoy theorem ⇒ 𝝀𝟏, 𝝀𝟐 ∈ {
𝟏−√𝟓

𝟐
,
𝟏+√𝟓

𝟐
} ⇒ |𝝀𝒊| ≤

𝟏+√𝟓

𝟐
, 𝒊 = 𝟏, 𝟐 ⇒ 

|𝐝𝐞𝐭𝑨| = |𝝀𝟏𝝀𝟐| = |𝝀𝟏| ⋅ |𝝀𝟐| ≤ (
𝟏+√𝟓

𝟐
)
𝟐

   (1) 

Let 𝝀𝟏, 𝝀𝟐, 𝝀𝟑 the own values for 𝑩 ⇒ from McCoy theorem ⇒ {𝝀𝟏, 𝝀𝟐, 𝝀𝟑} ∈ {
𝟏−√𝟓

𝟐
,
𝟏+√𝟓

𝟐
} 

⇒ |𝝀𝒊| ≤
𝟏 + √𝟓

𝟐
, 𝒊 = 𝟏, 𝟐, 𝟑 ⇒ 

|𝐝𝐞𝐭𝑩| = |𝝀𝟏||𝝀𝟐||𝝀𝟑| ≤ (
𝟏+√𝟓

𝟐
)
𝟑

  (2) 

Let 𝝀𝟏, 𝝀𝟐, 𝝀𝟑, 𝝀𝟒 the own values for 𝑪 ⇒ {𝝀𝟏, 𝝀𝟐 , 𝝀𝟑, 𝝀𝟒} ∈ {
𝟏−√𝟓

𝟐
,
𝟏+√𝟓

𝟐
} ⇒ |𝝀𝒊| ≤

𝟏+√𝟓

𝟐
,  

𝒊 = 𝟏, 𝟐, 𝟑, 𝟒 ⇒ |𝐝𝐞𝐭𝑪| = |𝝀𝟏| ⋅ |𝝀𝟐| ⋅ |𝝀𝟑| ⋅ |𝝀𝟒| ≤ (
𝟏+√𝟓

𝟐
)
𝟒

   (3) 

From (1)+(2)+(3)⇒ |𝐝𝐞𝐭𝑨 + 𝐝𝐞𝐭 𝑩 + 𝐝𝐞𝐭𝑪| ≤ |𝐝𝐞𝐭𝑨| + |𝐝𝐞𝐭𝑩| + |𝐝𝐞𝐭𝑪| ≤ 

≤ (
𝟏 + √𝟓

𝟐
)

𝟐

+ (
𝟏 + √𝟓

𝟐
)

𝟑

+ (
𝟏 + √𝟓

𝟐
)

𝟒

= 𝟕 + 𝟑√𝟓 < 28 

 

312. If 𝑨, 𝑩, 𝑪, 𝑫 ∈ 𝑴𝒏(ℂ), 𝒏 ∈ ℕ, 𝒏 ≥ 𝟐,𝒅𝒆𝒕(𝑨𝑩𝑪𝑫) ≠ 𝟎 then: 

𝒓𝒂𝒏𝒌(𝑨𝑩 ⋅ 𝒅𝒆𝒕(𝑪𝑫) + 𝑪𝑫 ⋅ 𝒅𝒆𝒕(𝑨𝑩)) = 𝒓𝒂𝒏𝒌(
𝟏

𝒅𝒆𝒕𝑪 ⋅ 𝒅𝒆𝒕𝑫
𝑩−𝟏𝑨−𝟏 +

𝟏

𝒅𝒆𝒕𝑨 ⋅ 𝒅𝒆𝒕𝑩
𝑫−𝟏𝑪−𝟏) 

Proposed by Daniel Sitaru – Romania  
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Solution by Marian Ursărescu – Romania  

We use two properties: (1) 𝒓𝒂𝒏𝒌 (𝜶 ⋅ 𝑨) = 𝒓𝒂𝒏𝒌 𝑨, ∀𝜶 ≠ 𝟎  (obvious) 

(2) 𝒓𝒂𝒏𝒌 (𝑨) = 𝒓𝒂𝒏𝒌 (𝑨 ⋅ 𝑩−𝟏), ∀𝑩 = invertible (from Sylvester) 

rank (𝑨𝑩 ⋅ 𝐝𝐞𝐭(𝑪𝑫) + 𝑪𝑫 ⋅ 𝐝𝐞𝐭(𝑨𝑩)) = 𝒓𝒂𝒏𝒌(𝑩𝐝𝐞𝐭(𝑪𝑫) + 𝑨−𝟏𝑪 ⋅ 𝑫𝐝𝐞𝐭(𝑨𝑩)) = 

= 𝒓𝒂𝒏𝒌 (𝐝𝐞𝐭(𝑪𝑫) 𝑰𝒏 +𝑩
−𝟏𝑨−𝟏𝑪 ⋅ 𝑫𝐝𝐞𝐭(𝑨𝑩)) = 𝒓𝒂𝒏𝒌(𝐝𝐞𝐭(𝑪𝑫)𝑫−𝟏 +𝑩−𝟏𝑨−𝟏𝑪𝐝𝐞𝐭(𝑨𝑩)) = 

= 𝒓𝒂𝒏𝒌(𝐝𝐞𝐭(𝑪𝑫)𝑫−𝟏 ⋅ 𝑪−𝟏 +𝑩−𝟏𝑨−𝟏 ⋅ 𝐝𝐞𝐭(𝑨𝑩)) = 

= 𝒓𝒂𝒏𝒌(𝐝𝐞𝐭𝑫 ⋅ 𝑫−𝟏 𝐝𝐞𝐭 𝑪 ⋅ 𝑪−𝟏 +𝐝𝐞𝐭𝑩−𝟏 ⋅ 𝐝𝐞𝐭𝑨 ⋅ 𝑨−𝟏) 

= 𝒓𝒂𝒏𝒌 (𝑫∗𝑪∗ + 𝑩∗𝑨∗)  (3). Now, 𝒓𝒂𝒏𝒌 (
𝟏

𝐝𝐞𝐭 𝑪⋅𝐝𝐞𝐭 𝑫
𝑩−𝟏𝑨−𝟏 +

𝟏

𝐝𝐞𝐭 𝑨⋅𝐝𝐞𝐭 𝑩
𝑫−𝟏𝑪−𝟏) 

= 𝒓𝒂𝒏𝒌 (
𝟏

𝐝𝐞𝐭𝑨 𝐝𝐞𝐭𝑩𝐝𝐞𝐭𝑪𝐝𝐞𝐭𝑫
𝑩∗𝑨∗ +

𝟏

𝐝𝐞𝐭𝑨𝐝𝐞𝐭𝑩𝐝𝐞𝐭𝑪𝐝𝐞𝐭𝑫
𝑫∗𝑪∗) = 

= 𝒓𝒂𝒏𝒌(𝑩∗𝑨∗ +𝑫∗𝑪∗)  (4). From (3) + (4) ⇒ relation from hypothesis. 

 

313. If 𝑨, 𝑩 ∈ 𝑴𝟐(ℂ), 𝒅𝒆𝒕(𝑨 + 𝑩) = 𝟏 then: 

𝒅𝒆𝒕(𝑨 ⋅ 𝒅𝒆𝒕 𝑩 + 𝑩 ⋅ 𝒅𝒆𝒕 𝑨) = 𝒅𝒆𝒕(𝑨𝑩) 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Omran Kouba-Damascus-Syria 

The polynomial 𝑷(𝑿,𝒀) = 𝐝𝐞𝐭(𝑿𝑨 + 𝒀𝑩)  is homogenous of degree 𝟐,  

so it has the form  𝑷(𝑿,𝒀) = 𝒂𝑿𝟐 + 𝒃𝑿𝒀 + 𝒄𝒀𝟐. Testing (𝑿,𝒀) ∈ {(𝟏, 𝟎), (𝟎, 𝟏), (𝟏, 𝟏)} 

and using the hypothesis 

𝐝𝐞𝐭(𝑨 + 𝑩) = 𝟏 we see that 𝒂 = 𝐝𝐞𝐭(𝑨) ≜ 𝜶, 𝒄 = 𝐝𝐞𝐭(𝑩) ≜ 𝜷,𝒃 = 𝟏 − 𝜶 − 𝜷. It follows 

that 𝐝𝐞𝐭(𝜷𝑨 + 𝜶𝑩) = 𝑷(𝜷,𝜶) = 𝜶𝜷𝟐 + (𝟏 − 𝜶 − 𝜷)𝜶𝜷+ 𝜷𝜶𝟐 = 𝜶𝜷 = 𝐝𝐞𝐭(𝑨𝑩) 

Solution 2 by Ravi Prakash-New Delhi-India 

If 𝐝𝐞𝐭(𝑨) = 𝟎 or 𝐝𝐞𝐭(𝑩) = 𝟎, then 𝐝𝐞𝐭(𝐝𝐞𝐭(𝑨)𝑩 + 𝐝𝐞𝐭(𝑩)𝑨) = 𝟎 = 𝐝𝐞𝐭(𝑨) 𝐝𝐞𝐭(𝑩) 

Suppose 𝐝𝐞𝐭(𝑨) ≠ 𝟎, 𝐝𝐞𝐭(𝑩) ≠ 𝟎. Let 𝑨 = (
𝒂𝟏 𝒃𝟏
𝒄𝟏 𝒅𝟏

) ,𝑩 = (
𝒂𝟐 𝒃𝟐
𝒄𝟐 𝒅𝟐

) 

Let 𝜶 = 𝐝𝐞𝐭(𝑨) , 𝜷 = 𝐝𝐞𝐭(𝑩). Now, 𝑰 = 𝐝𝐞𝐭(𝑨 + 𝑩) = 𝐝𝐞𝐭[𝑨(𝑩−𝟏 + 𝑨−𝟏)𝑩] 

= 𝐝𝐞𝐭(𝑨) 𝐝𝐞𝐭(𝑩)𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏)   (1) 



 
www.ssmrmh.ro 

 

But 𝑨−𝟏 =
𝟏

𝜶
(
𝒅𝟏 −𝒃𝟏
−𝒄𝟏 𝒂𝟏

) ,𝑩−𝟏 =
𝟏

𝜷
(
𝒅𝟐 −𝒃𝟐
−𝒄𝟐 𝒂𝟐

) 

∴ 𝑩−𝟏 + 𝑨−𝟏 =

[
 
 
 
𝒅𝟏
𝜶
+
𝒅𝟐
𝜷

−(
𝒃𝟏
𝜶
+
𝒃𝟐
𝜷
)

−(
𝒄𝟏
𝜶
+
𝒄𝟐
𝜷
)

𝒂𝟏
𝜶
+
𝒂𝟐
𝜷 ]

 
 
 

 

Now, note 𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏) = 𝐝𝐞𝐭 [

𝒂𝟏

𝜶
+
𝒂𝟐

𝜷

𝒃𝟏

𝜶
+
𝒃𝟐

𝜷

𝒄𝟏

𝜶
+
𝒄𝟐

𝜷

𝒅𝟏

𝜶
+
𝒅𝟐

𝜷

] 

∴ 𝐝𝐞𝐭(𝑩−𝟏 + 𝑨−𝟏) = 𝐝𝐞𝐭 (
𝟏

𝜶
𝑨 +

𝟏

𝜷
𝑩)  (2) 

Thus, from (1), (2): 𝑰 = 𝜶𝜷𝐝𝐞𝐭 (
𝟏

𝜶
𝑨 +

𝟏

𝜷
𝑩) =

𝟏

𝜶𝜷
𝐝𝐞𝐭 [

𝜶𝜷

𝜶
𝑨 +

𝜶𝜷

𝜷
𝑩] 

[∵ 𝑨,𝑩 are 𝟐 ×  𝟐 matrices] ⇒ 𝐝𝐞𝐭(𝜷𝑨+ 𝜶𝑩) = 𝜶𝜷 

or 𝐝𝐞𝐭[(𝐝𝐞𝐭𝑩)𝑨 + (𝐝𝐞𝐭𝑨)𝑩] = 𝐝𝐞𝐭𝑨 𝐝𝐞𝐭𝑩 = 𝐝𝐞𝐭(𝑨𝑩) 

 

314. 𝑨 ∈ 𝑴𝒏(ℝ), 𝒅𝒆𝒕 𝑨 ≠ 𝟎, 𝜶 ∈ (−𝟏, 𝟏), 𝑨
𝟐 + 𝑨−𝟐 = 𝜶(𝑨 + 𝑨−𝟏) 

Find: |𝒅𝒆𝒕 𝑨| 

Proposed by Marian Ursărescu – Romania  

Solution by Omran Kouba-Damascus-Syria 

Let 𝑨 ∈ 𝑴𝒏(ℝ) be an invertible matrix with 

𝑨𝟐 + 𝑨−𝟐 = 𝜶(𝑨 + 𝑨−𝟏), for some 𝜶 ∈ (−𝟏, 𝟏)         (H) 

Find |𝐝𝐞𝐭(𝑨)| 

Step 1. If 𝜶 ∈ (−𝟏, 𝟏) then all the complex roots of the polynomial 

𝑷(𝒙) = 𝑿𝟒 − 𝜶𝑿𝟑 − 𝜶𝑿 + 𝟏 belong to the unit circle. Indeed, 𝑷(𝒛) = 𝟎 is equivalent to 

𝒛𝟑 =
𝒂𝒛−𝟏

𝒛−𝜶
 thus |𝒛|𝟔 − 𝟏 = |

𝒂𝒛−𝟏

𝒛−𝜶
|
𝟐

− 𝟏 =
(𝟏−𝜶𝟐)(𝟏−|𝒛|𝟐)

|𝒛−𝜶|𝟐
 and consequently 

(|𝒛|𝟐 − 𝟏) [𝟏 − |𝒛|𝟐 + |𝒛|𝟒 +
𝟏−𝜶𝟐

|𝒛−𝜶|𝟐
 ]

⏟                
𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆

= 𝟎. Thus, |𝒛| = 𝟏 

Step 2 |𝐝𝐞𝐭𝑨| = 𝟏. Consider 𝑨 as a complex matrix. If 𝝀 ∈ ℂ is an eigenvalue of 𝑨 then 

according to (𝑯), 𝝀 satisfies  
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𝝀𝟐 +
𝟏

𝝀𝟐
= 𝜶(𝝀 +

𝟏

𝝀
). Equivalently 𝑷(𝝀) = 𝟎, hence |𝝀| = 𝟏 according to Step 1. But 

𝐝𝐞𝐭𝑨 is the product of all the eigenvalues of 𝑨, (each one is repeated according to its 

multiplicity), so |𝐝𝐞𝐭𝑨| = 𝟏. 

 

315. Solve for real numbers: 

|

𝟏 𝟑 + 𝐬𝐢𝐧 𝒙 𝟐 + 𝟑 𝐬𝐢𝐧 𝒙 𝟐 𝐬𝐢𝐧 𝒙
𝟏 𝟐 + 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 𝟐 𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝟐𝒙
𝟏 𝟏 + 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙
𝟏 𝟑 + 𝐜𝐨𝐬 𝒙 𝟐 + 𝟑𝐜𝐨𝐬 𝒙 𝟐 𝐜𝐨𝐬 𝒙

| = 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution by Srinivasa Raghava-AIRMC-India 

Solve 

𝐝𝐞𝐭 [(

𝟏 𝟑 + 𝐬𝐢𝐧𝒙 𝟐 + 𝟑𝐬𝐢𝐧 𝒙 𝟐 𝐬𝐢𝐧 𝒙
𝟏 𝟐 + 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 𝟐 𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙 + 𝟐𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝟐𝒙
𝟏 𝟏 + 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙
𝟏 𝟑 + 𝐜𝐨𝐬 𝒙 𝟐 + 𝟑𝐜𝐨𝐬 𝒙 𝟐 𝐜𝐨𝐬 𝒙

)] = 𝟎 

After simplification we have: 

|(

𝟏 𝐬𝐢𝐧𝒙 + 𝟑 𝟑𝐬𝐢𝐧 𝒙 + 𝟐 𝟐 𝐬𝐢𝐧𝒙
𝟏 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙 + 𝟐 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙 + 𝟐𝐜𝐨𝐬 𝒙 + 𝟐𝐬𝐢𝐧𝒙 𝐬𝐢𝐧𝟐𝒙
𝟏 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙 + 𝟏 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙 + 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙
𝟏 𝐜𝐨𝐬 𝒙 + 𝟑 𝟑𝐜𝐨𝐬 𝒙 + 𝟐 𝟐 𝐜𝐨𝐬 𝒙

)| = 

−
𝟏

𝟒
(𝐬𝐢𝐧 𝒙 − 𝟐)(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 − 𝟏)𝟐(𝟒 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝟐𝒙 − 𝟐(𝐬𝐢𝐧 𝒙 + 𝟐) 𝐜𝐨𝐬 𝒙 + 𝟏). Solve 

for 𝒙:  

−
𝟏

𝟒
(𝐬𝐢𝐧𝒙 − 𝟐)(−𝟏+ 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙)𝟐(𝟏 + 𝐜𝐨𝐬𝟐𝒙 + 𝟒𝐬𝐢𝐧𝒙 − 𝟐𝐜𝐨𝐬 𝒙)(𝐬𝐢𝐧 𝒙 + 𝟐) = 𝟎 

Multiply both sides by a constant to simplify the equation. Multiply both sides by −𝟒: 

(𝐬𝐢𝐧 𝒙 − 𝟐)(−𝟏+ 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙)𝟐(𝟏 + 𝐜𝐨𝐬𝟐𝒙 + 𝟒𝐬𝐢𝐧𝒙 − 𝟐𝐜𝐨𝐬 𝒙)(𝐬𝐢𝐧 𝒙 + 𝟐) = 𝟎 

Find the roots of each term in the product separately. Split into three equations:  

𝐬𝐢𝐧𝒙 − 𝟐 = 𝟎 or (−𝟏 + 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙)𝟐 = 𝟎 or  

𝟏 + 𝐜𝐨𝐬𝟐𝒙 + 𝟒𝐬𝐢𝐧 𝒙 − 𝟐𝐜𝐨𝐬 𝒙 (𝐬𝐢𝐧𝒙 + 𝟐) = 𝟎 

Isolate terms with 𝒙 to the left hand side. Add 𝟐 to both sides: 𝐬𝐢𝐧 𝒙 = 𝟐 or 
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(−𝟏 + 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝒙)𝟐 = 𝟎 or 𝟏 + 𝐜𝐨𝐬𝟐𝒙 + 𝟒𝐬𝐢𝐧𝒙 − 𝟐𝐜𝐨𝐬 𝒙 (𝐬𝐢𝐧 𝒙 + 𝟐) = 𝟎. After 

solving each equation separately and some calculations we have the following 

solutions 𝒙 = 𝝅(
𝒏−𝟕

𝟒
) ;  𝒙 = 𝟐𝝅𝒏;  𝒙 = 𝟐𝝅𝒏 +

𝝅

𝟐
;  𝒙 = 𝟐𝝅𝒏 +

𝝅

𝟒
;  𝒙 = 𝟐𝝅𝒏 −

𝟑𝝅

𝟒
 

𝒙 = 𝟐𝝅𝒏 − 𝟐𝒊 𝐭𝐚𝐧𝐡−𝟏
𝟏

√𝟑
;  𝒙 = 𝟐𝝅𝒏 + 𝟐𝒊 𝐭𝐚𝐧𝐡−𝟏

𝟏

√𝟑
;  𝒙 = 𝟐𝝅𝒏 + 𝝅− 𝐬𝐢𝐧−𝟏 𝟐 

 

316. If 𝑨, 𝑩, 𝑪 ∈ 𝑴𝒏(ℤ), 𝒏 ≥ 𝟑, (𝑨
∗𝑩∗)∗ = 𝑩𝑨, (𝑩∗𝑪∗)∗ = 𝑪𝑩 then: 

𝐝𝐞𝐭 𝑨 + 𝐝𝐞𝐭 𝑩 + 𝐝𝐞𝐭 𝑪 < √𝟏𝟎 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

If 𝐝𝐞𝐭𝑨 = 𝟎 or 𝐝𝐞𝐭𝑩 = 𝟎 or 𝐝𝐞𝐭 𝑪 = 𝟎 obvious. Let 𝐝𝐞𝐭𝑨 ≠ 𝟎, 𝐝𝐞𝐭𝑩 ≠ 𝟎, 𝐝𝐞𝐭𝑪 ≠ 𝟎. 

Lemma 1: (𝑨𝑩)∗ = 𝑩∗𝑨∗   (1) 

Lemma 2: (𝑨∗)∗ = (𝐝𝐞𝐭𝑨)𝒏−𝟐𝑨   (2) 

From (𝑨∗𝑩∗)∗ = 𝑩𝑨(𝟏) ⇒ ((𝑩𝑨)∗)∗ = 𝑩𝑨 ⇒
(𝟐)

 

(𝐝𝐞𝐭𝑩𝑨)𝒏−𝟐𝑩𝑨 = 𝑩𝑨
𝑩𝑨 𝒊𝒏𝒗𝒆𝒓𝒕𝒊𝒃𝒍𝒆

} ⇒ (𝐝𝐞𝐭𝑩𝑨)𝒏−𝟐 = 𝟏 ⇒ 

⇒
𝐝𝐞𝐭𝑩𝑨 = ±𝟏 ⇒ 𝐝𝐞𝐭𝑨 ⋅ 𝐝𝐞𝐭𝑩 = ±𝟏

𝒃𝒖𝒕 𝐝𝐞𝐭𝑨  𝒂𝒏𝒅𝐝𝐞𝐭𝑩 ∈ ℤ
} ⇒ 𝐝𝐞𝐭𝑨 , 𝐝𝐞𝐭𝑩 ∈ {−𝟏, 𝟏}   (3) 

Similarly: 𝐝𝐞𝐭𝑩 , 𝐝𝐞𝐭 𝑪 ∈ {−𝟏, 𝟏}   (4) 

From (3)+(4)⇒ 𝐝𝐞𝐭𝑨 + 𝐝𝐞𝐭𝑩 + 𝐝𝐞𝐭𝑪 ≤ 𝟑 < √𝟏𝟎 

 

317. If 𝑿, 𝒀, 𝒁 ∈ 𝑴𝒏(ℝ), 𝒏 ≥ 𝟐, 𝒏 ∈ ℕ, 𝑿𝒀 = 𝒀𝑿,𝒀𝒁 = 𝒁𝒀, 𝒁𝑿 = 𝑿𝒁 then: 

𝐝𝐞𝐭(𝟗𝑿𝟐 + 𝟓𝒀𝟐 + 𝟓𝒁𝟐 + 𝟏𝟐𝑿𝒀 + 𝟔𝒀𝒁 + 𝟏𝟐𝒁𝑿) ≥ 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

We have: 𝟗𝑿𝟐 + 𝟓𝒀𝟐 + 𝟓𝒁𝟐 + 𝟏𝟐𝑿𝒀 + 𝟔𝒀𝒁 + 𝟏𝟐𝒁𝑿 = 

= [𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁][𝟑𝑿+ (𝟐 − 𝒊)𝒀 + (𝟐 + 𝒊)𝒁] ⇒ 
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⇒ 𝐝𝐞𝐭(𝟗𝑿𝟐 + 𝟓𝒀𝟐 + 𝟓𝒁𝟐 + 𝟏𝟐𝑿𝒀 + 𝟔𝒀𝒁 + 𝟏𝟐𝒁𝑿) = 

= 𝐝𝐞𝐭[(𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁)(𝟑𝑿 + (𝟐 − 𝒊)𝒀 + (𝟐 + 𝒊)𝒁)] 

= 𝐝𝐞𝐭[(𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁)(𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅] = 

= (𝐝𝐞𝐭[𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁]) (𝐝𝐞𝐭 (𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁)) 

= (𝐝𝐞𝐭(𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁))𝐝𝐞𝐭(𝟑𝑿 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

= |𝐝𝐞𝐭(𝟑𝒙 + (𝟐 + 𝒊)𝒀 + (𝟐 − 𝒊)𝒁|𝟐 ≥ 𝟎 

Solution 2 by Marian Ursărescu – Romania  

We use: 𝐝𝐞𝐭(𝑨 ⋅ �̅�) ≥ 𝟎, ∀𝑨 ∈ 𝑴𝒏(𝑹)  (1) 

Because 𝑿𝒀 = 𝒀𝑿,𝒀𝒁 = 𝒁𝒀 and 𝒁𝑿 = 𝑿𝒁 we can make algebraic calculus: 

𝐝𝐞𝐭 [(𝟑𝑨 + (𝟐 + 𝒊)𝑩 + (𝟐 − 𝒊)𝑪)(𝟑𝑨 + (𝟐 + 𝒊𝑩 + (𝟐 − 𝒊)𝑪))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ] ≥ 𝟎   (2) 

(From (1)) 

But 𝐝𝐞𝐭[(𝟑𝑨+ (𝟐 + 𝒊)𝑩+ (𝟐 − 𝒊)𝑪)(𝟑𝑨+ (𝟐 + 𝒊)𝑩 + (𝟐 − 𝒊)𝑪)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ] = 

= 𝐝𝐞𝐭[(𝟑𝑨+ (𝟐 + 𝒊)𝑩+ (𝟐 − 𝒊)𝑪)(𝟑𝑨+ (𝟐 − 𝒊)𝑩 + (𝟐 + 𝒊)𝑪)] = 

= 𝐝𝐞𝐭(𝟗𝑿𝟐 + 𝟓𝒀𝟐 + 𝟓𝒁𝟐 + 𝟏𝟐𝑿𝒀+ 𝟔𝒀𝒁 + 𝟏𝟐𝒁𝑿)  (3) 

From (2)+(3)⇒ 𝐝𝐞𝐭(𝟗𝑿𝟐 + 𝟓𝒀𝟐 + 𝟓𝒁𝟐 + 𝟏𝟐𝑿𝒀+ 𝟔𝒀𝒁 + 𝟏𝟐𝑿𝒁) ≥ 𝟎 

 

318. 𝑨, 𝑩 ∈ 𝑴𝟐(ℝ), 𝑻𝒓((𝑨𝑩)
𝟐) = 𝑻𝒓(𝑨𝟐𝑩𝟐), 𝒏 ∈ ℕ, 𝒏 ≥ 𝟐. Find: 

𝛀 = 𝑻𝒓[(𝑨𝑩 − 𝑩𝑨)𝒏] 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

If 𝑿 and 𝒀 are two 𝒏 × 𝒏 matrices, then: 𝑻𝒓(𝑿𝒀) = 𝑻𝒓(𝒀𝑿) 

𝑻𝒓(𝑿 ± 𝒀) = 𝑻𝒓(𝑿) ± 𝑻𝒓(𝒀). We are given: 𝑻𝒓((𝑨𝑩)𝟐) = 𝑻𝒓(𝑨𝟐𝑩𝟐) ⇒ 

⇒ 𝑻𝒓{𝑨𝑩𝑨𝑩 − 𝑨𝑨𝑩𝑩} = 𝟎 ⇒ 𝑻𝒓{𝑨(𝑩𝑨 − 𝑨𝑩)𝑩} = 𝟎 ⇒ 

⇒ 𝑻𝒓{𝑩𝑨(𝑩𝑨 − 𝑨𝑩)} = 𝟎   (1) 

⇒ 𝑻𝒓((𝑩𝑨)𝟐) = 𝑻𝒓(𝑩𝑨𝟐𝑩) = 𝑻𝒓(𝑩𝑩𝑨𝟐) = 𝑻𝒓(𝑩𝟐𝑨𝟐) ⇒ 

⇒ 𝑻𝒓{𝑩𝑨𝑩𝑨 − 𝑩𝑩𝑨𝑨} = 𝟎 ⇒ 𝑻𝒓{𝑩(𝑨𝑩 − 𝑩𝑨)𝑨} = 𝟎 ⇒ 
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⇒ 𝑻𝒓{𝑨𝑩(𝑨𝑩 −𝑩𝑨)} = 𝟎   (2) 

Now, 𝑻𝒓{(𝑨𝑩 − 𝑩𝑨)𝟐} = 𝑻𝒓{𝑨𝑩(𝑨𝑩 − 𝑩𝑨) + 𝑩𝑨(𝑩𝑨 − 𝑨𝑩)} = 

= 𝑻𝒓(𝑨𝑩(𝑨𝑩 − 𝑩𝑨)) + 𝑻𝒓(𝑩𝑨(𝑩𝑨 − 𝑨𝑩)) = 𝟎 + 𝟎 = 𝟎 [from (1), (2)] 

Let 𝒙 = 𝑨𝑩 −𝑩𝑨, then 𝑻𝒓(𝒙) = 𝑻𝒓(𝑨𝑩) − 𝑻𝒓(𝑩𝑨) = 𝟎. 

 Also, 𝑻𝒓(𝑿𝟐) = 𝟎 [Prove above]. Let 𝑿 = (
𝒂 𝒃
𝒄 −𝒂

) [∵ 𝑻𝒓(𝑿) = 𝟎] 

𝑿𝟐 = (𝒂
𝟐 + 𝒃𝒄 𝟎
𝟎 𝒂𝟐 + 𝒃𝒄

) ;  𝑻𝒓(𝑿𝟐) = 𝟎 ⇒ 𝟐(𝒂𝟐 + 𝒃𝒄) = 𝟎 ⇒ 𝒂𝟐 + 𝒃𝒄 = 𝟎 

∴ 𝑿𝟐 = (
𝟎 𝟎
𝟎 𝟎

) ⇒ 𝑻𝒓(𝑿𝒏) = 𝟎  ∀𝒏 ≥ 𝟐 

 

319. Find (𝒂𝒏) ⊂ ℕ such that: 

∑𝒂𝒌 (
𝒏
𝒌
)

𝒏

𝒌=𝟎

(
𝒏 + 𝟏
𝒌 + 𝟏

) = (𝒏 + 𝟏) (
𝟐𝒏
𝒏
) , 𝒏 ∈ ℕ 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

(
𝒏 + 𝟏
𝒌 + 𝟏

) =
(𝒏 + 𝟏)!

(𝒌 + 𝟏)! (𝒏 − 𝒌)!
=
𝒏 + 𝟏

𝒌 + 𝟏
⋅

𝒏!

𝒌! (𝒏 − 𝒌)!
=
𝒏 + 𝟏

𝒌 + 𝟏
(
𝒏
𝒌
) ⇒ (

𝒏
𝒌
)(
𝒏 + 𝟏
𝒌 + 𝟏

) = 

= (𝒏 + 𝟏) ⋅
𝟏

𝒌 + 𝟏
 (
𝒏
𝒌
)(
𝒏
𝒌
) ⇒∑𝒂𝒌 (

𝒏
𝒌
)

𝒏

𝒌=𝟎

(
𝒏 + 𝟏
𝒌 + 𝟏

) = (𝒏 + 𝟏)∑
𝒂𝒌
𝒌 + 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

 

We know (
𝟐𝒏
𝒏
) = ∑ (

𝒏
𝒌
)
𝟐

𝒏
𝒌=𝟎  

∴ ∑𝒂𝒌

𝒏

𝒌=𝟎

(
𝒏
𝒌
)(
𝒏 + 𝟏
𝒌 + 𝟏

) = (𝒏 + 𝟏) (
𝟐𝒏
𝒏
) ⇒ (𝒏 + 𝟏)∑

𝒂𝒌
𝒌 + 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

= (𝒏 + 𝟏)∑(
𝒏
𝒌
)
𝟐

𝒏

𝒌=𝟎

 

Thus a possible sequence is 𝒂𝒌 = 𝒌 + 𝟏,∀𝒌 ∈ ℕ. 

 

320. Solve for real numbers: 

(𝒙 + 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬𝒙)𝟑 = (𝒙 + 𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬 𝒙)𝟑 + (𝒙 + 𝐜𝐨𝐬𝒙 − 𝐬𝐢𝐧𝒙)𝟑 + (𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙 − 𝟑)𝟑 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Amit Dutta-Jamshedpur-India 

Let (𝒙 + 𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬 𝒙) = 𝒂; (𝒙 + 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝒙) = 𝒃; (𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 − 𝒙) = 𝒄 

Hence, given equation reduces to (𝒂 + 𝒃 + 𝒄)𝟑 = 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 ⇒ 

⇒ (𝒂 + 𝒃 + 𝒄)𝟑 − 𝒂𝟑 − 𝒃𝟑 − 𝒄𝟑 = 𝟎 ⇒ 𝟑(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) = 𝟎 

Putting the values of 𝒂, 𝒃, 𝒄: 𝟑(𝟐𝒙)(𝟐𝐜𝐨𝐬 𝒙)(𝟐𝐬𝐢𝐧 𝒙) = 𝟎 

𝒙 = 𝟎
𝒄𝒐𝒔𝒙 = 𝟎

|

𝐜𝐨𝐬 𝒙 = 𝟎

𝒙 = (𝟐𝒏 + 𝟏)
𝝅

𝟐
𝒏 ∈ 𝑰

|
𝐬𝐢𝐧 𝒙 = 𝟎
𝒙 = 𝒎𝝅
𝒎 ∈ 𝑰

 

Real solutions are 𝒙 = 𝟎, 𝒙 = (𝟐𝒏 + 𝟏)
𝝅

𝟐
; 𝒙 = 𝒎𝝅 

Solution 2 by Sagar Kumar-Kolkata-India 

(𝒙 + 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬𝒙)𝟑 = (𝒙 + 𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬𝒙)𝟑 + (𝒙 + 𝐜𝐨𝐬𝒙 − 𝐬𝐢𝐧𝒙)𝟑 + (𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬𝒙 − 𝒙)𝟑 

(𝒙 + 𝒚 + 𝒛)𝟑 − 𝒙𝟑 − 𝒚𝟑 − 𝒛𝟑 = 𝟑(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ⇒ 𝟑(𝒙)(𝐜𝐨𝐬𝒙)(𝐬𝐢𝐧 𝒙) = 𝟎 

𝒙 = 𝟎, 𝒙 = 𝒏𝝅,
(𝟐𝒏+𝟏)𝝅

𝟐
. Combining these values: 𝒙 =

𝒎𝝅

𝟐
,𝒎 ∈ 𝑰 

 

321. Solve for real numbers: 

𝟏

𝟏 + 𝟖𝒙
+

𝟏

𝟏 + 𝟐𝟕𝒙
+

𝟏

𝟏 + 𝟔𝟒𝒙
=

𝟑

𝟏 + 𝟐𝟒𝒙
 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Daniel Sitaru-Romania(using a result of Omran Kouba-Damascus-

Syria) 

Let be 𝒇: [𝟎,∞) → ℝ, 𝒇(𝒙) =
𝟏

𝟏+𝒆𝒙
, 𝒇′′(𝒙) =

𝒆𝒙(𝒆𝒙−𝟏)

(𝟏+𝒆𝒙)𝟑
≥ 𝟎, 𝒇 − 𝒄𝒐𝒏𝒗𝒆𝒙𝒆 

If 𝒖, 𝒗, 𝒘 ≥ 𝟎 then by Jensen’s inequality: 𝒇 (
𝒖+𝒗+𝒘

𝟑
) ≤

𝟏

𝟑
(𝒇(𝒖) + 𝒇(𝒗) + 𝒇(𝒘)) 

𝟏

𝟏+𝒆
𝒖+𝒗+𝒘

𝟑

≤
𝟏

𝟑
(

𝟏

𝟏+𝒆𝒖
+

𝟏

𝟏+𝒆𝒗
+

𝟏

𝟏+𝒆𝒘
). Denote 𝒂 = 𝒆𝒖, 𝒃 = 𝒆𝒗, 𝒄 = 𝒆𝒘  

𝟏

𝟏 + √𝒂𝒃𝒄
𝟑 ≤

𝟏

𝟑
(
𝟏

𝟏 + 𝒂
+

𝟏

𝟏 + 𝒃
+

𝟏

𝟏 + 𝒄
) 

𝟏

𝟏+𝒂
+

𝟏

𝟏+𝒃
+

𝟏

𝟏+𝒄
≤

𝟑

𝟏+ √𝒂𝒃𝒄
𝟑 . Equality holds if 𝒂 = 𝒃 = 𝒄. Denote 𝒂 = 𝟖𝒙, 𝒃 = 𝟐𝟕𝒙, 𝒄 = 𝟔𝟒𝒙 
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𝟏

𝟏 + 𝟖𝒙
+

𝟏

𝟏 + 𝟐𝟕𝒙
+

𝟏

𝟏 + 𝟔𝟒𝒙
≤

𝟑

𝟏 + √𝟖𝒙 ∙ 𝟐𝟕𝒙 ∙ 𝟔𝟒𝒙
𝟑 =

𝟑

𝟏 + 𝟐𝟒𝒙
 

Equality holds for 𝟖𝒙 = 𝟐𝟕𝒙 = 𝟔𝟒𝒙 → 𝒙 = 𝟎 

 

322. Find all continuous functions: 

𝒇:ℝ → ℝ, 𝒇(𝒙𝟑) − 𝒇(𝒚𝟑) = (𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝒇(𝒙 − 𝒚), ∀𝒙, 𝒚 ∈ ℝ 

Proposed by Marian Ursărescu – Romania  

Solution by Omran Kouba-Damascus-Syria 

Consider a continuous function 𝒇 satisfying the proposed property. Let 𝑷(𝒙, 𝒚) be the 

property 𝒇(𝒙𝟑) − 𝒇(𝒚𝟑) = (𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐)𝒇(𝒙 − 𝒚). From 𝑷(𝟏, 𝟏) we conclude that 

𝒇(𝟎) = 𝟎. From 𝑷(𝒙, 𝟎) we conclude that 𝒇(𝒙𝟑) = 𝒙𝟐𝒇(𝒙) for every 𝒙 

From 𝑷(𝒕𝒙, 𝒙) for 𝒙 ≠ 𝟎 we get 

𝒕𝟐𝒇(𝒕𝒙) − 𝒇(𝒙) = (𝒕𝟐 + 𝒕 + 𝟏)𝒇((𝒕 − 𝟏)𝒙)        (1) 

Which is also true when 𝒙 = 𝟎 according to the first point. Setting 𝒕 = 𝟎 in (1) we 

conclude that 𝒇 is odd. Setting 𝒕 = 𝟐 in (1) we conclude that 𝒇(𝟐𝒙) = 𝟐𝒇(𝒙) for all 𝒙. 

Now suppose that 𝒇(𝒏𝒙) = 𝒏𝒇(𝒙) for some positive integer 𝒏 and for all 𝒙. Applying 

(1) with 𝒕 = 𝒏 + 𝟏 we get 

(𝒏 + 𝟏)𝟐𝒇((𝒏 + 𝟏)𝒙) = 𝒇(𝒙) + (𝒏𝟐 + 𝟑𝒏 + 𝟑)𝒏𝒇(𝒙) = (𝒏 + 𝟏)𝟑𝒇(𝒙) 

that is 𝒇((𝒏 + 𝟏)𝒙) = (𝒏 + 𝟏)𝒇(𝒙) for all 𝒙. Thus, since 𝒇 is odd, we have proved that 

∀𝒙 ∈ ℝ, ∀𝒏 ∈ ℤ, 𝒇(𝒏𝒙) = 𝒏𝒇(𝒙)        (2) 

Applying (2) with positive 𝒏 and 
𝒙

𝒏
 instead of 𝒙 we get also 

∀𝒙 ∈ ℝ, ∀𝒏 ∈ ℕ∗, 𝒇 (
𝒙

𝒏
) =

𝟏

𝒏
𝒇(𝒙)     (3) 

Combining (2) and (3) we get for 𝒏 ∈ ℕ∗, 𝒎 ∈ ℤ and 𝒙 ∈ ℝ the following  

𝒇 (
𝒎

𝒏
𝒙) =

𝟏

𝒏
𝒇(𝒎𝒙) =

𝒎

𝒏
𝒇(𝒙)     (4) 

Thus 𝒇(𝒓) = 𝒇(𝟏)𝒓 for all 𝒓 ∈ ℚ. Now, the continuity of 𝒇 shows that 𝒇(𝒙) = 𝒇(𝟏)𝒙 for 

all real 𝒙. Conversely, any function of the form 𝒙 → 𝒂𝒙 satisfies the proposed 

functional equation. 
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323. Find all continuous functions 𝒇:ℝ → (𝟎,∞) such that: 

𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙) = 𝟐𝒙, ∀ 𝒙 ∈ ℝ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Abdallah El Farissi-Bechar-Algerie 

We put 𝒙 = 𝟎 in 𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙) = 𝟐𝒙, we get 𝒇𝟑(𝟎) = 𝟏 then 𝒇(𝟎) = 𝟏. 

We have {
𝒇 (

𝒙

𝟐
) 𝒇(𝒙)𝒇(𝟐𝒙) = 𝟐

𝒙

𝟐

𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙) = 𝟐𝒙
 it follows that 𝒇(𝟒𝒙) = 𝟐

𝒙

𝟐𝒇 (
𝒙

𝟐
) then 𝒇(𝒙) = 𝟐

𝒙

𝟖𝒇 (
𝒙

𝟖
) by 

induction we get 𝒇(𝒙) = 𝟐
𝒙

𝟖𝟐
𝒙

𝟖𝟐⋯𝟐
𝒙

𝟖𝒏𝒇(
𝒙

𝟖𝒏
) = 𝟐

𝒙

𝟖
(
𝟏−(

𝟏
𝟖
)
𝒏

𝟏−
𝟏
𝟖

)

𝒇 (
𝒙

𝟖𝒏
) for all 𝒏 ∈ ℕ then 

𝒇(𝒙) = 𝐥𝐢𝐦
𝒏→+∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒏→+∞

𝟐

𝒙
𝟖
(
𝟏−(

𝟏
𝟖
)
𝒏

𝟏−
𝟏
𝟖

)

𝒇 (
𝒙

𝟖𝒏
) = 𝟐

𝒙
𝟕𝒇(𝟎) = 𝟐

𝒙
𝟕 

Solution 2 by Ravi Prakash-New Delhi-India 

𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙) = 𝟐𝒙, ∀𝒙 ∈ ℝ 

𝒇(𝟐𝒙)𝒇(𝟒𝒙)𝒇(𝟖𝒙) = 𝟐𝟐𝒙 ⇒
𝒇(𝟐𝒙)𝒇(𝟒𝒙)𝒇(𝟖𝒙)

𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙)
=
𝟐𝟐𝒙

𝟐𝒙
= 𝟐𝒙 ⇒ 𝒇(𝟖𝒙) = 𝟐𝒙𝒇(𝒙) ⇒ 

⇒ 𝒇(𝒙) = 𝟐
𝒙
𝟖𝒇 (

𝒙

𝟖
) = 𝟐

𝒙
𝟖 ⋅ 𝟐

𝒙

𝟖𝟐𝒇(
𝒙

𝟖𝟐
) = 𝟐

𝒙
𝟖
+
𝒙

𝟖𝟐
+
𝒙

𝟖𝟑𝒇 (
𝒙

𝟖𝟑
) 

𝒇(𝒙) = 𝟐
𝒙

𝟖
+
𝒙

𝟖𝟐
+
𝒙

𝟖𝟑
+⋯+

𝒙

𝟖𝒏𝒇(
𝒙

𝟖𝒏
) = 𝟐

𝒙

𝟕
(𝟏−(

𝟏

𝟖
)
𝒏
)
𝒇 (

𝒙

𝟖𝒏
). Taking limit as 𝒏 → ∞ we get 

𝒇(𝒙) = 𝟐
𝒙

𝟕𝒇(𝟎) [∵ 𝒇 𝒊𝒔 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔].  

Also, 𝒇(𝒙)𝒇(𝟐𝒙)𝒇(𝟒𝒙) = 𝟐𝒙 ⇒ 𝒇(𝟎)𝒇(𝟎)𝒇(𝟎) = 𝟏 ⇒ 𝒇(𝟎) = 𝟏 . Thus, 𝒇(𝒙) = 𝟐
𝒙

𝟕 

 

324.  

∫∫𝒍𝒏𝜞 (𝒙 + 𝒚 + 𝟏)

𝟏

𝟎

𝒅𝒙

𝟏

𝟎

𝒅𝒚 

Proposed by Shafiqur Rahman-Bangladesh 
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Solution by Togrul Ehmedov-Baku-Azerbaidian 

∫∫𝐥𝐧 𝚪 (𝒙 + 𝒚 + 𝟏)

𝟏

𝟎

𝒅𝒙

𝟏

𝟎

𝒅𝒚 = ∫ ∫ 𝐥𝐧 𝚪 (𝒖)

𝒙+𝟐

𝒙+𝟏

𝒅𝒖

𝟏

𝟎

𝒅𝒙 

= [𝒙 ∫ 𝐥𝐧𝚪(𝒖)

𝒙+𝟐

𝒙+𝟏

𝒅𝒖]

𝟎

𝟏

−∫𝒙 𝐥𝐧
𝚪(𝒙 + 𝟐)

𝚪(𝒙 + 𝟏)

𝟏

𝟎

𝒅𝒙 = ∫ 𝐥𝐧𝚪(𝒖)𝒅𝒖

𝟐

𝟎

−∫𝒙 𝐥𝐧(𝒙 + 𝟏)

𝟏

𝟎

𝒅𝒙 

𝑰𝟏 = ∫ 𝐥𝐧𝚪(𝒖)

𝟐

𝟏

𝒅𝒖; 𝑰𝟏(𝒂) = ∫ 𝐥𝐧𝚪(𝐮)

𝒂+𝟏

𝒂

𝒅𝒖 

𝑰𝟏
′ (𝒂) = 𝐥𝐧𝚪(𝒂 + 𝟏) − 𝐥𝐧𝚪(𝒂) = 𝐥𝐧 𝒂 , 𝑰𝟏(𝒂) = 𝒂 𝐥𝐧 𝒂 − 𝒂 + 𝑪 

𝑰𝟏(𝟎) = ∫𝐥𝐧 𝚪 (𝒖)

𝟏

𝟎

𝒅𝒖 = 𝐥𝐧(√𝟐𝝅) = 𝑪 , 𝑰𝟏(𝒂) = 𝒂 𝐥𝐧𝒂 − 𝒂 + 𝐥𝐧(√𝟐𝝅) 

𝑰𝟏 = −𝟏 + 𝐥𝐧(√𝟐𝝅) , 𝑰𝟐 = ∫𝒙 𝐥𝐧(𝒙 + 𝟏)

𝟏

𝟎

𝒅𝒙 =
𝟏

𝟒
 

𝑰 =
𝟑

𝟒
+ 𝐥𝐧(√𝟐𝝅) 

 

325. Find: 

𝜴 = ∫ (
𝒔𝒊𝒏𝟕𝒙

𝒔𝒊𝒏 𝒙
)
𝟐

𝝅
𝟐

𝒂

𝒅𝒙, 𝟎 < 𝑎 ≤
𝝅

𝟐
 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

For 𝟎 < 𝛼 < 𝑥 ≤
𝝅

𝟐
 

𝐬𝐢𝐧 𝟕𝒙

𝐬𝐢𝐧 𝒙
=
𝐬𝐢𝐧𝟕𝒙 − 𝐬𝐢𝐧 𝟓𝒙 + 𝐬𝐢𝐧𝟓𝒙 − 𝐬𝐢𝐧𝟑𝒙 + 𝐬𝐢𝐧 𝟑𝒙 − 𝐬𝐢𝐧𝒙 + 𝐬𝐢𝐧𝒙

𝐬𝐢𝐧 𝒙
 

=
𝟐𝐜𝐨𝐬 𝟔𝒙 𝐬𝐢𝐧𝒙 + 𝟐 𝐜𝐨𝐬𝟒𝒙 𝐬𝐢𝐧 𝒙 + 𝟐𝐜𝐨𝐬 𝟐𝒙 𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝒙

𝐬𝐢𝐧𝒙
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= 𝟐𝐜𝐨𝐬 𝟔𝒙 + 𝟐𝐜𝐨𝐬𝟒𝒙 + 𝟐𝐜𝐨𝐬𝟐𝒙 + 𝟏 

⇒ (
𝐬𝐢𝐧𝟕𝒙

𝐬𝐢𝐧𝒙
)
𝟐

= 𝟒𝐜𝐨𝐬𝟐 𝟔𝒙 + 𝟒𝐜𝐨𝐬𝟐 𝟒𝒙 + 𝟒𝐜𝐨𝐬𝟐 𝟐𝒙 + 𝟏 + 𝟖𝐜𝐨𝐬 𝟔𝒙 𝐜𝐨𝐬𝟒𝒙 + 

+𝟖 𝐜𝐨𝐬𝟔𝒙 𝐜𝐨𝐬𝟐𝒙 + 𝟒𝐜𝐨𝐬𝟔𝒙 + 𝟖𝐜𝐨𝐬𝟒𝒙 𝐜𝐨𝐬 𝟐𝒙 + 𝟒𝐜𝐨𝐬 𝟒𝒙 + 𝟒𝐜𝐨𝐬 𝟐𝒙 

= 𝟐(𝟏 − 𝐜𝐨𝐬𝟏𝟐𝒙) + 𝟐(𝟏 + 𝐜𝐨𝐬𝟖𝒙) + 𝟐(𝟏 + 𝐜𝐨𝐬𝟒𝒙) + 𝟏 + 𝟒(𝐜𝐨𝐬𝟏𝟎𝒙 + 𝐜𝐨𝐬𝟐𝒙) + 

+𝟒(𝐜𝐨𝐬𝟖𝒙 + 𝐜𝐨𝐬𝟒𝒙) + 𝟒 (𝐜𝐨𝐬 𝟔𝒙 + 𝐜𝐨𝐬𝟐𝒙) + 𝟒𝐜𝐨𝐬 𝟔𝒙 + 𝟒𝐜𝐨𝐬 𝟒𝒙 + 𝟒𝐜𝐨𝐬 𝟐𝒙 

= 𝟕 + 𝟏𝟐𝐜𝐨𝐬𝟐𝒙 + 𝟏𝟎 𝐜𝐨𝐬𝟒𝒙 + 𝟖 𝐜𝐨𝐬𝟔𝒙 + 𝟔 𝐜𝐨𝐬𝟖𝒙 + 𝟒𝐜𝐨𝐬 𝟏𝟎𝒙 + 𝟐𝐜𝐨𝐬 𝟏𝟐𝒙 

∫(
𝐬𝐢𝐧𝟕𝒙

𝐬𝐢𝐧𝒙
)
𝟐

𝝅
𝟐

𝜶

𝒅𝒙 = ∫(
𝟕 + 𝟏𝟐 𝐜𝐨𝐬𝟐𝒙 + 𝟏𝟎𝐜𝐨𝐬 𝟒𝒙 + 𝟖𝐜𝐨𝐬 𝟔𝒙 +
+𝟔𝐜𝐨𝐬𝟖𝒙 + 𝟒𝐜𝐨𝐬𝟏𝟎𝒙 + 𝟐 𝐜𝐨𝐬𝟏𝟐𝒙

)

𝝅
𝟐

𝜶

𝒅𝒙 

= [𝟕𝒙 − 𝟔𝐬𝐢𝐧𝟐𝒙 −
𝟓

𝟐
𝐬𝐢𝐧𝟒𝒙 −

𝟒

𝟑
𝐬𝐢𝐧𝟔𝒙 −

𝟑

𝟒
𝐬𝐢𝐧𝟖𝒙 −

𝟐

𝟓
𝐬𝐢𝐧𝟏𝟎𝒙 −

𝟏

𝟔
𝐬𝐢𝐧𝟏𝟐𝒙]

𝜶

𝝅
𝟐

 

= 𝟕 (
𝝅

𝟐
) + 𝟔𝐬𝐢𝐧𝟐𝜶 +

𝟓

𝟐
𝐬𝐢𝐧 𝟒𝜶 +

𝟒

𝟑
𝐬𝐢𝐧𝟔𝜶 +

𝟑

𝟒
𝐬𝐢𝐧𝟖𝜶 +

𝟐

𝟓
𝐬𝐢𝐧 𝟏𝟎𝜶 +

𝟏

𝟔
𝐬𝐢𝐧 𝟏𝟐𝜶 − 𝟕𝜶 

 

326. Evaluate: 

∫
𝟏

(𝟏 + 𝒚(𝟐𝟎𝒏)‼)(𝟏 + 𝒚𝟐)

∞

𝟎

𝒅𝒚,𝒏 ∈ ℕ 

where “!!” means double factorial 

Proposed by Ibrahim Abdulazeez-Zaria-Nigeria 

Solution by Yen Tung Chung-Taichung-Taiwan 

∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

∞

𝟎

𝒅𝒚 = ∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

𝟏

𝟎

𝒅𝒚 +∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)
𝒅𝒚

∞

𝟏⏟              

𝒍𝒆𝒕 𝒚=
𝟏
𝒙
⇒𝒅𝒚=−

𝟏

𝒙𝟐
𝒅𝒙

 

= ∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

𝟏

𝟎

𝒅𝒚 + ∫
𝟏

(𝟏 +
𝟏
𝒙𝒌
) (𝟏 +

𝟏
𝒙𝟐
)

𝟎

𝟏

⋅ (−
𝟏

𝒙𝟐
𝒅𝒙) 
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= ∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

𝟏

𝟎

𝒅𝒚 +∫
𝒙𝒌

(𝒙𝒌 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 

= ∫
𝟏

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

𝟏

𝟎

𝒅𝒚 + ∫
𝒚𝒌

(𝒚𝒌 + 𝟏)(𝒚𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 = ∫
𝟏 + 𝒚𝒌

(𝟏 + 𝒚𝒌)(𝟏 + 𝒚𝟐)

𝟏

𝟎

𝒅𝒚 

= ∫
𝟏

𝟏+𝒚𝟐

𝟏

𝟎
𝒅𝒚 = (𝐭𝐚𝐧𝟏 𝒚)|𝟎

𝟏 =
𝝅

𝟒
 . So, ∫

𝟏

(𝟏+𝒚(𝟐𝟎𝒏)‼)(𝟏+𝒚𝟐)

∞

𝟎
𝒅𝒚 =

𝝅

𝟒
 

 

327. Prove that: 

∫
𝒙𝒑−𝟏(𝟏 − 𝒙)𝒒−𝟏

(𝒂 + 𝒃𝒙)𝒑+𝒒

𝟏

𝟎

𝒅𝒙 =
𝜷(𝒑, 𝒒)

𝒂𝒒(𝒂 + 𝒃)𝒑+𝒒
 

Proposed by Amit Dutta-Jamshedpur-India 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

𝛀 = ∫
𝒙𝒑−𝟏(𝟏 − 𝒙)𝒒−𝟏

(𝒂 + 𝒃𝒙)𝒑+𝒒

𝟏

𝟎

𝒅𝒙, 𝒍𝒆𝒕 𝒕 =
𝒃𝒙

𝒂(𝟏 − 𝒙)
⇒ 𝒙 =

𝒂𝒕

𝒂𝒕 + 𝒃
 

𝒅𝒙 =
𝒂𝒃

(𝒂𝒕+𝒃)𝟐
𝒅𝒕; when 𝒙 = 𝟎, 𝒕 = 𝟎; when 𝒙 = 𝟏, 𝒕 → ∞ 

𝛀 = ∫
(
𝒂𝒕

𝒂𝒕 + 𝒃)
𝒑−𝟏

(𝟏 −
𝒂𝒕

𝒂𝒕 + 𝒃)
𝒒−𝟏

(𝒂 +
𝒂𝒃𝒕
𝒂𝒕 + 𝒃)

𝒑+𝒒

∞

𝟎

⋅
𝒂𝒃

(𝒂𝒕 + 𝒃)𝟐
𝒅𝒕 = 

=
𝒂𝒃

𝒂𝒑+𝒒
∫
(
𝒂𝒕

𝒂𝒕 + 𝒃)
𝒑−𝟏

(
𝒃

𝒂𝒕 + 𝒃)
𝒒−𝟏

(𝟏 +
𝒃𝒕

𝒂𝒕 + 𝒃)
𝒑+𝒒

∞

𝟎

⋅
𝒅𝒕

(𝒂𝒕 + 𝒃)𝟐
 

=
𝒃𝒒

𝒂𝒒
∫

𝒕𝒑−𝟏

(𝒃 + 𝒕(𝒂 + 𝒃))
𝒑+𝒒

∞

𝟎

𝒅𝒕 =
𝟏

𝒂𝒒𝒃𝒑
∫

𝒕𝒑−𝟏

(𝟏 +
𝒂 + 𝒃
𝒃 ⋅ 𝒕)

𝒑+𝒒

∞

𝟎

𝒅𝒕 

=
𝟏

𝒂𝒒𝒃𝒑
⋅
𝒃

𝒂+𝒃
⋅ (

𝒃

𝒂+𝒃
)
𝒑−𝟏

∫
𝒛𝒑−𝟏

(𝟏+𝒛)𝒑+𝒒

∞

𝟎
𝒅𝒛 [𝒘𝒆 𝒑𝒖𝒕 𝒛 =

𝒂+𝒃

𝒃
𝒕] =

𝜷(𝒑,𝒒)

𝒂𝒒(𝒂+𝒃)𝒑+𝒒
   (proved) 
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Solution 2 by Tobi Joshua-Lagos-Nigeria 

We know that 𝑩(𝒎, 𝒏) = ∫ 𝒙𝒎−𝟏
𝟏

𝟎
(𝟏 − 𝒙)𝒏−𝟏𝒅𝒙 = ∫

𝒙𝒎−𝟏

(𝟏+𝒙)𝒎+𝒏

∞

𝟎
𝒅𝒙 

Then Let 𝑰 = ∫
𝒙𝒑−𝟏(𝟏−𝒙)𝒒−𝟏

(𝒂+𝒃𝒙)𝒑+𝒒

𝟏

𝟎
𝒅𝒙. Putting 𝒙 =

𝟏

𝟏+𝒚
; 𝒅𝒙 = −

𝒅𝒚

(𝟏+𝒚)𝟐
 

𝑰 = ∫
(𝟏 −

𝟏
𝟏 + 𝒚)

𝒒−𝟏

(
𝟏

𝟏 + 𝒚)
𝒑−𝟏

(𝒂 + 𝒃(
𝟏

𝟏 + 𝒚))

𝒑+𝒒

𝟎

∞

⋅
−𝒅𝒚

(𝟏 + 𝒚)𝟐
 

𝑰 = ∫
𝒚𝒒−𝟏𝒅𝒚

(𝒂 + 𝒂𝒚 + 𝒃)𝒑+𝒒
(𝟏 + 𝒚)𝒑+𝒒−𝟐

(𝟏 + 𝒚)𝒑+𝒒
(𝟏 + 𝒚)𝟐

∞

𝟎

⇒ ∫
𝒚𝒒−𝟏

𝟎((𝒂 + 𝒃) + 𝒂𝒚)
𝒑+𝒒

∞

𝟎

𝒅𝒚 

𝑰 = ∫
𝒚𝒒−𝟏𝒅𝒚

(𝒂+𝒃)𝒑+𝒒(𝟏+
𝒂𝒚

(𝒂+𝒃)
)
𝒑+𝒒

∞

𝟎
. Put 𝒖 =

𝒂𝒚

𝒂+𝒃
, 𝒅𝒖 =

𝒂𝒅𝒚

𝒂+𝒃
 

𝑰 =
𝟏

(𝒂 + 𝒃)𝒑+𝒒
∫
(𝒂 + 𝒃𝒄)𝒒−𝟏𝒚𝒒−𝟏

𝒂𝒒−𝟏(𝟏 + 𝒖)𝒑+𝒒

∞

𝟎

⋅ 𝒅𝒖
(𝒂 + 𝒃)

𝒂
 

𝑰 =
(𝒂 + 𝒃)𝒒

(𝒂 + 𝒃)𝒑+𝒒(𝒂𝒒)
∫

𝒖𝒒−𝟏

(𝟏 + 𝒖)𝒑+𝒒

∞

𝟎

𝒅𝒖 ⇒
(𝒒 + 𝒃𝒄)𝒒

𝒂𝒒(𝒂 + 𝒃)𝒑+𝒒
∫

𝒖𝒒−𝟏

(𝟏 + 𝒖𝒊)𝒑+𝒒

∞

𝟎

𝒅𝒖 

𝑰 =
𝟏

𝒂𝟕(𝒂 + 𝒃)𝒑
∫

𝒖𝒒−𝟏

(𝟏 + 𝒖)𝒑+𝒒

∞

𝟎

𝒅𝒖 ⇒
𝑩(𝒑, 𝒒)

𝒂𝒒(𝒂 + 𝒃)𝒑
 

Q.E.D. 

 

328. For any complex number 𝒎 & 𝑹𝒆(𝒎) > −
𝟏

𝟐
 

𝑯𝒎 = 𝑯𝒎−𝟏𝟐
+
𝒅

𝒅𝒎
(∫

𝒙𝟐𝒎 − 𝒙

𝒍𝒏(𝒙)

𝟏

𝟎

−
𝒅𝒙

𝟏 + 𝒙
) 

Where 𝑯𝒎 – Harmonic Number. 

Proposed by K.Srinivasa Raghava-AIRMC-India 
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Solution by Kartick Chandra Betal-India 

𝑯
𝒎−

𝟏
𝟐

+
𝒅

𝒅𝒎
∫(

𝒙𝟐𝒎 − 𝒙

𝐥𝐧 𝒙
⋅
𝒅𝒙

𝟏 + 𝒙
)

𝟏

𝟎

= 𝑯
𝒎−

𝟏
𝟐

+
𝒅

𝒅𝒎
∫

𝟏

𝟏 + 𝒙

𝟏

𝟎

(∫ 𝒙𝒚

𝟐𝒎

𝟏

𝒅𝒚)𝒅𝒙 

= 𝑯
𝒎−

𝟏
𝟐

+
𝒅

𝒅𝒎
∫ (

𝒙𝒚

𝟏 + 𝒙
𝒅𝒙)

𝟐𝒎

𝟏

𝒅𝒚 = 𝑯
𝒎−

𝟏
𝟐

+ 𝟐(∫
𝒙𝟐𝒎

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙) 

= ∫
𝟏 − 𝒙𝒎−

𝟏
𝟐

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 + 𝟐∫
𝒙𝟐𝒎

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒏 = ∫
𝟏 − 𝒙𝟐𝒎−𝟏

𝟏 − 𝒙𝟐

𝟏

𝟎

⋅ 𝟐𝒙𝒅𝒙 + 𝟐∫
𝒙𝟐𝒎

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒏 

= 𝟐∫
𝒙 − 𝒙𝟐𝒎

(𝟏 + 𝒙)(𝟏 − 𝒙)

𝟏

𝟎

𝒅𝒏 + 𝟐∫
𝒙𝟐𝒎

𝟏 + 𝒙

𝟏

𝟎

= 𝟐∫
𝒙 − 𝒙𝟐𝒎 + 𝒙𝟐𝒎(𝟏 − 𝒙)

𝟏 − 𝒙𝟐

𝟏

𝟎

𝒅𝒙

= 𝟐∫
𝒙 − 𝒙𝟐𝒎−𝟏

𝟏 − 𝒙𝟐

𝟏

𝟎

𝒅𝒏 = ∫
𝟏 − 𝒙𝟐𝒎

𝟏 − 𝒙𝟐

𝟏

𝟎

𝒅(𝒙𝟐) = ∫
𝟏 − 𝒙𝒎

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 = 𝑯𝒎 

(proved) 

 

329. Find: 

𝜴 = ∫
𝒙(𝒕𝒂𝒏 𝒙 + 𝟐 𝒕𝒂𝒏𝟐𝒙 + 𝟒 𝒕𝒂𝒏 𝟒𝒙)

𝒄𝒐𝒕 𝒙 − 𝟖 𝒄𝒐𝒕 𝟖𝒙
𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

We know 𝐭𝐚𝐧 𝒙 = 𝐜𝐨𝐭 𝒙 − 𝟐𝐜𝐨𝐭 𝟐𝒙 (easy to prove) ⇒ 

𝐭𝐚𝐧 𝒙 = 𝐜𝐨𝐭 𝟐𝒙 − 𝟐𝐜𝐨𝐭 𝟐𝒙
𝟐 𝐭𝐚𝐧𝟐𝒙 = 𝟐𝐜𝐨𝐭 𝟐𝒙 − 𝟒 𝐜𝐨𝐭𝟒𝒙
𝟒 𝐭𝐚𝐧𝟒𝒙 = 𝟒𝐜𝐨𝐭 𝟒𝒙 − 𝟖 𝐜𝐨𝐭𝟖𝒙

} ⇒ 

𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 = 𝐜𝐨𝐭 𝟐𝒙 − 𝟖𝐜𝐨𝐭 𝟖𝒙 ⇒ 𝛀 = ∫𝒙𝒅𝒙 =
𝒙𝟐

𝟐
+ 𝑪 

Solution 2 by Ravi Prakash-New Delhi-India 

𝐜𝐨𝐭 𝒙 − (𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙) = (𝐜𝐨𝐭 𝒙 − 𝐭𝐚𝐧𝒙) − 𝟐 𝐭𝐚𝐧𝟐𝒙 − 𝟒 𝐭𝐚𝐧 𝟒𝒙 
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= 𝟐(
𝟏− 𝐭𝐚𝐧𝟐 𝒙

𝟐 𝐭𝐚𝐧 𝒙
) − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = 𝟐𝐜𝐨𝐭 𝟐𝒙 − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧𝟒𝒙 

= 𝟐(𝐜𝐨𝐭 𝟐𝒙 − 𝐭𝐚𝐧 𝟐𝒙) − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = (𝟐)(𝟐𝐜𝐨𝐭 𝟒𝒙) − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = 

= 𝟒(𝐜𝐨𝐭 𝟒𝒙 − 𝐭𝐚𝐧 𝟒𝒙) = (𝟒)(𝟐𝐜𝐨𝐭 𝟖𝒙) = 𝟖 𝐜𝐨𝐭𝟖𝒙 ⇒ 𝐜𝐨𝐭 𝒙 − 𝟖𝐜𝐨𝐭 𝟖𝒙 = 

= 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 ∴ 𝛀 = ∫
𝒙(𝐜𝐨𝐭 𝒙 − 𝟖𝐜𝐨𝐭 𝟖𝒙)

𝐜𝐨𝐭 𝒙 − 𝟖𝐜𝐨𝐭 𝟖𝒙
𝒅𝒙 = ∫𝒙𝒅𝒙 =

𝟏

𝟐
𝒙𝟐 + 𝒄 

Solution 3 by Hasan Bostanlik-Sarkisla-Turkey 

𝐬𝐢𝐧𝟖𝒙 = 𝟐𝐬𝐢𝐧𝟒𝒙 − 𝐜𝐨𝐬𝟒𝒙 = 𝟒 ⋅ 𝐬𝐢𝐧 𝟐𝒙 𝐜𝐨𝐬𝟐𝒙 𝐜𝐨𝐬 𝟒 = 𝟖 ⋅ 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙 ⋅ 𝐜𝐨𝐬 𝟐𝒙 − 𝐜𝐨𝐬 𝟒𝒙 

𝟖𝐜𝐨𝐭 𝟖𝒙 = 𝐜𝐨𝐭 𝒙 − 𝐭𝐚𝐧𝒙 − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧 𝟒𝒙 

𝐜𝐨𝐭 𝒙 − 𝟖𝐜𝐨𝐭 𝟖𝒙 = 𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 ;  𝛀 = ∫𝒙𝒅𝒙 ⇒
𝒙𝟐

𝟐
+ 𝒄 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

𝟖 𝐜𝐨𝐭 𝟖𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 + 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝐭𝐚𝐧𝒙 =
𝟖

𝐭𝐚𝐧 𝟖𝒙
+ 𝟒 𝐭𝐚𝐧𝟒𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 

=
𝟒(𝟏 − 𝐭𝐚𝐧𝟐 𝟒𝒙)

𝐭𝐚𝐧 𝟒𝒙
+ 𝟒 𝐭𝐚𝐧𝟒𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 =

𝟒

𝐭𝐚𝐧𝟒𝒙
+ 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 

=
𝟐(𝟏 − 𝐭𝐚𝐧𝟐 𝟐𝒙)

𝐭𝐚𝐧 𝟐𝒙
+ 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝐭𝐚𝐧𝒙 =

𝟐

𝐭𝐚𝐧 𝟐𝒙
+ 𝐭𝐚𝐧 𝒙 =

𝟏 − 𝐭𝐚𝐧𝟐 𝒙

𝐭𝐚𝐧 𝒙
+ 𝐭𝐚𝐧 𝒙 

= 𝐜𝐨𝐭 𝒙 then ∫
𝒙(𝐭𝐚𝐧 𝒙+𝟐 𝐭𝐚𝐧 𝟐𝒙+𝟒 𝐭𝐚𝐧 𝟒𝒙)

𝐜𝐨𝐭 𝒙−𝟖 𝐜𝐨𝐭 𝟖𝒙
𝒅𝒙 = ∫𝒙𝒅𝒙 =

𝒙𝟐

𝟐
+ 𝒄 

 

330. Evaluate: 

∫
𝒕𝒂𝒏𝒙 + 𝒍𝒏(𝟏 − 𝒙)𝒍𝒏𝒙

𝒙
𝒅𝒙 

Proposed by Nawar Alasadi-Babylon-Iraq 

Solution by Shivam Sharma-New Delhi-India 

As we know, the series representation of 𝐭𝐚𝐧(𝒙). 

𝐭𝐚𝐧(𝒙) = ∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏−𝟏)𝑩𝟐𝒏

(𝟐𝒏)!

∞
𝒏=𝟏 𝒙𝟐𝒏−𝟏    (1) 
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⇒ ∫
𝐭𝐚𝐧(𝒙)

𝒙
𝒅𝒙 + ∫

𝐥𝐧(𝒙) 𝐥𝐧(𝟐−𝒙)

𝒙
𝒅𝒙. Using (1), we get,  

⇒∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏

(𝟐𝒏)!

∞

𝒏=𝟏

∫𝒙𝟐𝒏−𝟐 𝒅𝒙 +∫∑
−𝒙𝒏−𝟏

𝒏

∞

𝒏=𝟏

𝐥𝐧(𝒙)𝒅𝒙 ⇒ 

⇒∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏

(𝟐𝒏)!

∞

𝒏=𝟏

[
𝒙𝟐𝒏−𝟏

𝟐𝒏 − 𝟏
] −∑

𝟏

𝒏

∞

𝒏=𝟏

∫𝒙𝒏−𝟏 𝐥𝐧(𝒙) 𝒅𝒙 ⇒ 

⇒∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏𝒙

𝟐𝒏−𝟏

(𝟐𝒏)! (𝟐𝒏 − 𝟏)

∞

𝒏=𝟏

−∑
𝟏

𝒏

∞

𝒏=𝟏

[
𝝏

𝝏𝒏
(∫𝒙𝒏−𝟏𝝏𝒙)] 

⇒∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏𝒙

𝟐𝒏−𝟏

(𝟐𝒏)! (𝟐𝒏 − 𝟏)

∞

𝒏=𝟏

−∑
𝟏

𝒏
[
𝒙𝒏 𝐥𝐧(𝒙)

𝒏
−
𝒙𝒏

𝒏𝟐
]

∞

𝒏=𝟏

+ 𝒄 ⇒ 

⇒ ∑
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏𝒙

𝟐𝒏 − 𝟏

(𝟐𝒏)! (𝟐𝒏 − 𝟏)

∞

𝒏=𝟏

+∑(
𝒙𝒏

𝒏𝟑
)

∞

𝒏=𝟏

+ 𝒄 

(OR) 

𝑰 = ∑(
(−𝟏)𝒏−𝟏𝟐𝟐𝒏(𝟐𝟐𝒏 − 𝟏)𝑩𝟐𝒏𝒙

𝟐𝒏−𝟏

(𝟐𝒏)! (𝟐𝒏 − 𝟏)
)

∞

𝒏=𝟏

+ 𝑳𝒊𝟑(𝒙) + 𝒄 

(Answer) 

 

331. Find: 

𝜴 = ∫𝒕𝒂𝒏𝟐 𝒙 (𝒕𝒂𝒏 𝒙 + 𝟐 𝒕𝒂𝒏 𝟐𝒙 + 𝟒 𝒕𝒂𝒏 𝟒𝒙 + 𝟖 𝒄𝒐𝒕 𝟖𝒙)𝒅𝒙, 𝒙 ∈ (𝟎,
𝝅

𝟐
) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

Because for any 𝒙 ∈ ℝ we have: 𝐭𝐚𝐧𝒙 = 𝐜𝐨𝐭 𝒙 − 𝟐𝐜𝐨𝐭𝟐𝒙 ⇒ 

𝐭𝐚𝐧 𝒙 = 𝐜𝐨𝐭 𝒙 − 𝟐𝐜𝐨𝐭 𝟐𝒙
𝟐 𝐭𝐚𝐧 𝟐𝒙 = 𝟐𝐜𝐨𝐭 𝟐𝒙 − 𝟒 𝐜𝐨𝐭 𝟒𝒙
𝟒 𝐭𝐚𝐧 𝟒𝒙 = 𝟒𝐜𝐨𝐭 𝟒𝒙 − 𝟖 𝐜𝐨𝐭 𝟖𝒙

} ⇒ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧𝟒𝒙 + 𝟖𝐜𝐨𝐭 𝟖𝒙 = 𝐜𝐨𝐭 𝒙 ⇒ 

⇒ 𝛀 = ∫𝐭𝐚𝐧𝟐 𝒙 ⋅ 𝐜𝐨𝐭 𝒙𝒅𝒙 = ∫𝐭𝐚𝐧 𝒙𝒅𝒙 = − 𝐥𝐧|𝐜𝐨𝐬 𝒙| + 𝑪 

 



 
www.ssmrmh.ro 

 

Solution 2 by Ravi Prakash-New Delhi-India 

𝐜𝐨𝐭 𝒙 − {𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙} = (𝐜𝐨𝐭 𝒙 − 𝐭𝐚𝐧 𝒙) − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧𝟒𝒙 

= 𝟐(
𝟏 − 𝐭𝐚𝐧𝟐 𝒙

𝟐 𝐭𝐚𝐧 𝒙
) − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧𝟒𝒙 = 𝟐 𝐜𝐨𝐭𝟐𝒙 − 𝟐 𝐭𝐚𝐧 𝟐𝒙 − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = 

= 𝟐(𝐜𝐨𝐭 𝟐𝒙 − 𝐭𝐚𝐧 𝟐𝒙) − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = (𝟐)(𝟐𝐜𝐨𝐭 𝟒𝒙) − 𝟒 𝐭𝐚𝐧 𝟒𝒙 = 

= 𝟒(𝐜𝐨𝐭 𝟒𝒙 − 𝐭𝐚𝐧𝟒𝒙) = (𝟒)(𝟐 𝐜𝐨𝐭 𝟖𝒙) = 𝟖𝐜𝐨𝐭 𝟖𝒙 

∴ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧𝟒𝒙 + 𝟖𝐜𝐨𝐭 𝟖𝒙 = 𝐜𝐨𝐭 𝒙 

Thus, 𝛀 = ∫𝐭𝐚𝐧𝟐 𝒙 𝐜𝐨𝐭 𝒙𝒅𝒙 = 𝐥𝐨𝐠|𝐬𝐞𝐜𝒙| + 𝑪 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

𝟖 𝐜𝐨𝐭 𝟖𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 = 𝟒
𝟏 − 𝐭𝐚𝐧𝟐 𝟒𝒙

𝐭𝐚𝐧 𝟒𝒙
+ 𝟒 𝐭𝐚𝐧 𝟒𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 

=
𝟒

𝐭𝐚𝐧 𝟒𝒙
+ 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 = 𝟐

𝟏 − 𝐭𝐚𝐧𝟐 𝟐𝒙

𝐭𝐚𝐧𝟐𝒙
+ 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧 𝒙 =

𝟐

𝐭𝐚𝐧 𝟐𝒙
+ 𝐭𝐚𝐧 𝒙 

=
𝟏 − 𝐭𝐚𝐧𝟐 𝒙

𝐭𝐚𝐧 𝒙
+ 𝐭𝐚𝐧𝒙 = 𝐜𝐨𝐭 𝒙 

∫𝐭𝐚𝐧𝟐 𝒙 (𝟖 𝐜𝐨𝐭 𝟖𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝐭𝐚𝐧𝒙)𝒅𝒙 = ∫ 𝐭𝐚𝐧 𝒙𝒅𝒙 = 𝐥𝐨𝐠|𝐬𝐞𝐜 𝒙| + 𝑪 

Solution 4 by Amit Dutta-Jamshedpur-India 

𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧𝟒𝒙 + 𝟖𝐜𝐨𝐭 𝟖𝒙 ⇒ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 +
𝟖

𝐭𝐚𝐧 𝟖𝒙
 

Using 𝐭𝐚𝐧 𝟐𝜽 = (
𝟐 𝐭𝐚𝐧 𝜽

𝟏−𝐭𝐚𝐧𝟐 𝜽
) ⇒ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 +

𝟖(𝟏−𝐭𝐚𝐧𝟐 𝟒𝒙)

𝟐 𝐭𝐚𝐧 𝟒𝒙
⇒ 

⇒ 𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 +
𝟒(𝟏 − 𝐭𝐚𝐧𝟐 𝟒𝒙)

𝐭𝐚𝐧𝟒𝒙
⇒ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧𝟐𝒙 + 𝟒 𝐭𝐚𝐧 𝟒𝒙 + 

+
𝟒

𝐭𝐚𝐧 𝟒𝒙
− 𝟒 𝐭𝐚𝐧 𝟒𝒙 ⇒ 𝐭𝐚𝐧 𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 +

𝟒(𝟏 − 𝐭𝐚𝐧𝟐 𝟐𝒙)

𝟐 𝐭𝐚𝐧 𝟐𝒙
⇒ 

⇒ 𝐭𝐚𝐧𝒙 + 𝟐 𝐭𝐚𝐧 𝟐𝒙 +
𝟐

𝐭𝐚𝐧 𝟐𝒙
− 𝟐 𝐭𝐚𝐧 𝟐𝒙 ⇒ 𝐭𝐚𝐧 𝒙 +

𝟐(𝟏 − 𝐭𝐚𝐧𝟐 𝒙)

𝟐 𝐭𝐚𝐧 𝒙
⇒ 

⇒ 𝐭𝐚𝐧 𝒙 +
𝟏

𝐭𝐚𝐧 𝒙
− 𝐭𝐚𝐧 𝒙 =

𝟏

𝐭𝐚𝐧 𝒙
= 𝐜𝐨𝐭 𝒙 

𝛀 = ∫𝐭𝐚𝐧𝟐 𝒙 (𝐜𝐨𝐭 𝒙)𝒅𝒙 = ∫𝐭𝐚𝐧 𝒙𝒅𝒙 ⇒ − 𝐥𝐧|𝐜𝐨𝐬 𝒙| + 𝑪 



 
www.ssmrmh.ro 

 

332. Find: 

𝜴 = ∫
𝒕𝒂𝒏𝒉𝟐 𝒙 + 𝒕𝒂𝒏𝒉𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝒉𝟐 𝒙)𝟐

(𝟏 + 𝒕𝒂𝒏𝒉𝟐 𝒙)𝟐
𝒅𝒙, 𝒙 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

𝛀 = ∫
𝐭𝐚𝐧𝐡𝟐 𝒙 + 𝐭𝐚𝐧𝐡𝟐 𝒙 (𝟏 + 𝐭𝐚𝐧𝐡𝟐 𝒙)𝟐

(𝟏 + 𝐭𝐚𝐧𝐡𝟐 𝒙)𝟐
𝒅𝒙 

𝛀 = ∫
𝒕𝟐+𝒕𝟐(𝟏+𝒕𝟐)

𝟐

(𝟏+𝒕𝟐)
𝟐 ⋅

𝒅𝒕

𝟏−𝒕𝟐
 where 𝒕 = 𝐭𝐚𝐧𝐡𝒙. To split into partial fractions, put 𝒕𝟐 = 𝒚 

𝒚 + 𝒚(𝟏 + 𝒚)𝟐

(𝟏 + 𝒚)𝟐(𝟏 − 𝒚)
= −𝟏 +

𝑨

𝟏 + 𝒚
+

𝑩

(𝟏 + 𝒚)𝟐
+

𝑪

𝟏 − 𝒚
⇒ 𝒚 + 𝒚(𝟏 + 𝒚)𝟐 = 

= −(𝟏 − 𝒚)(𝟏 + 𝒚)𝟐 + 𝑨(𝟏 + 𝒚)(𝟏 − 𝒚) + 𝑩(𝟏 − 𝒚) + 𝑪(𝟏 + 𝒚)𝟐 

Put 𝒚 = 𝟏; 𝟏 + 𝟐𝟐 = 𝑪(𝟏 + 𝟏)𝟐 ⇒ 𝑪 =
𝟓

𝟐
. Put 𝒚 = −𝟏; −𝟏 = −𝟐𝑩 ⇒ 𝑩 =

𝟏

𝟐
. Put 𝒚 = 𝟎 

𝟎 = −𝟏 + 𝑨 + 𝑩+ 𝑪 ⇒ 𝑨 = 𝟏 −𝑩 − 𝑪 = 𝟏 − 𝟑 = −𝟐. Thus 

, 𝛀 = ∫ [−𝟏 −
𝟐

𝟏+𝒕𝟐
+
𝟏

𝟐
⋅

𝟏

(𝟏+𝒕𝟐)
𝟐 +

𝟓

𝟐
⋅

𝟏

𝟏−𝒕𝟐
] 𝒅𝒕 = −𝒕 − 𝟐 𝐭𝐚𝐧−𝟏 𝒕 +

𝟏

𝟐
𝑰𝟏 +

𝟓

𝟐
⋅
𝟏

𝟐
𝐥𝐧 |

𝟏+𝒕

𝟏−𝒕
| + 𝑪 

where 𝑰𝟏 = ∫
𝟏

(𝟏+𝒕𝟐)
𝟐𝒅𝒕. Let 𝑰𝟐 = ∫

𝒅𝒕

𝟏+𝒕𝟐
=

𝒕

𝟏+𝒕𝟐
+ ∫

𝒕⋅𝟐𝒕

(𝟏+𝒕𝟐)
𝟐 =

𝒕

𝟏+𝒕𝟐
+ 𝟐∫

𝒕𝟐+𝟏−𝟏

(𝟏+𝒕𝟐)
𝟐𝒅𝒕 = 

=
𝒕

𝟏 + 𝒕𝟐
+ 𝟐𝑰𝟐 − 𝟐𝑰𝟏 ⇒ −𝟐𝑰𝟏 = −𝑰𝟐 −

𝒕

𝟏 + 𝒕𝟐
= − 𝐭𝐚𝐧−𝟏 𝒕 −

𝒕

𝟏 + 𝒕𝟐
 

∴ 𝛀 = −𝒕 − 𝟐 𝐭𝐚𝐧−𝟏 𝒕 −
𝟏

𝟒
𝐭𝐚𝐧−𝟏 𝒕 −

𝟏

𝟒
⋅

𝒕

𝟏 + 𝒕𝟐
+
𝟓

𝟒
𝐥𝐧 |
𝟏 + 𝒕

𝟏 − 𝒕
| + 𝑪 = −𝒕 −

𝟗

𝟒
𝐭𝐚𝐧−𝟏 𝒕 − 

−
𝟏

𝟒
⋅

𝒕

𝟏+𝒕𝟐
+
𝟓

𝟒
𝐥𝐧 |

𝟏+𝒕

𝟏−𝒕
| + 𝑪 where 𝒕 = 𝐭𝐚𝐧𝐡𝒙. 

Solution 2 by Ibrahim Abdulazeez-Zaria-Nigeria 

𝛀 = ∫[
𝐭𝐚𝐧𝐡𝟐 𝒙

(𝟏 + 𝐭𝐚𝐧𝐡𝟐 𝒙)𝟐
+
𝐭𝐚𝐧𝐡𝟐 𝒙

𝒙
] 𝒅𝒕;  𝛀 = ∫

𝐭𝐚𝐧𝐡𝟐 𝒙

(𝟏 + 𝐭𝐚𝐧𝐡𝟐 𝒙)𝟐
𝒅𝒙 + 

+∫𝐭𝐚𝐧𝐡𝟐 𝒙𝒅𝒙 =
𝟏

𝟒
∫𝐭𝐚𝐧𝐡𝟐 𝟐𝒙𝒅𝒙 + (𝒙 − 𝐭𝐚𝐧𝐡𝒙) =

𝟏

𝟖
(𝟐𝒙 − 𝐭𝐚𝐧𝐡 𝟐𝒙) + 𝒙 − 𝐭𝐚𝐧𝐡 𝒙 + 𝑪 

𝛀 =
𝒙

𝟒
+ 𝒙 − 𝐭𝐚𝐧𝐡𝟐𝒙 − 𝐭𝐚𝐧𝐡𝒙 + 𝑪;  𝛀 =

𝟓𝒙

𝟒
− 𝐭𝐚𝐧𝐡 𝒙 − 𝐭𝐚𝐧𝐡𝟐𝒙 + 𝑪 
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333. Find: 

𝜴 = ∫
𝒕𝒂𝒏𝟒 𝒙 (𝒕𝒂𝒏𝟐 𝒙 − 𝟐)

(𝟏 − 𝒕𝒂𝒏𝟐 𝒙)𝟐

𝝅
𝟔

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution  by Omran Kouba-Damascus-Syria 

Note that 
𝐭𝐚𝐧𝟒 𝒙(𝐭𝐚𝐧𝟐 𝒙−𝟐)

(𝟏−𝐭𝐚𝐧𝟐 𝒙)
𝟐 =

𝐭𝐚𝐧𝟐 𝒙((𝐭𝐚𝐧𝟐 𝒙−𝟏)
𝟐
−𝟏)

(𝟏−𝐭𝐚𝐧𝟐 𝒙)
𝟐 = 𝐭𝐚𝐧𝟐 𝒙 −

𝐭𝐚𝐧𝟐 𝒙

(𝟏−𝐭𝐚𝐧𝟐 𝒙)
𝟐 = 𝐭𝐚𝐧

𝟐 𝒙 −
𝟏

𝟒
𝐭𝐚𝐧𝟐 𝟐𝒙 

= (𝟏 + 𝐭𝐚𝐧𝟐 𝒙) −
𝟏

𝟒
(𝐭𝐚𝐧𝟐 𝟐𝒙 + 𝟏) −

𝟑

𝟒
= (𝐭𝐚𝐧 𝒙 −

𝟏

𝟖
𝐭𝐚𝐧 𝟐𝒙 −

𝟑𝒙

𝟒
)
′

 

So, 𝛀 = [𝐭𝐚𝐧𝒙 −
𝟏

𝟖
𝐭𝐚𝐧 𝟐𝒙 −

𝟑𝒙

𝟒
]
𝟎

𝝅

𝟔
=
√𝟑

𝟑
−
√𝟑

𝟖
−
𝝅

𝟖
=
𝟓√𝟑

𝟐𝟒
−
𝝅

𝟖
 

 

334. Find: 
 

𝜴 = ∫
𝒕𝒂𝒏𝟐𝒙 ∙ 𝒕𝒂𝒏𝟒𝒙 ∙ 𝒕𝒂𝒏𝟔𝒙 ∙ 𝒕𝒂𝒏𝟖𝒙 ∙ … ∙ 𝒕𝒂𝒏𝟐𝒏𝒙

𝒔𝒊𝒏𝟐𝒙√𝟏 − 𝒕𝒂𝒏𝒏
𝟐+𝒏+𝟏𝒙 − √𝟏 − 𝒕𝒂𝒏𝒏

𝟐+𝒏+𝟏𝒙 − 𝒄𝒐𝒔𝟐𝒙√𝟏 − 𝒕𝒂𝒏𝒏
𝟐+𝒏+𝟏𝒙

𝒅𝒙 

 

Proposed by Vural Ozap-Turkey 
Solution by Daniel Sitaru-Romania 
 

𝛀 = ∫
𝒕𝒂𝒏𝟐∙

𝒏(𝒏+𝟏)
𝟐

−𝟐𝒄𝒐𝒔𝟐𝒙√𝟏 − 𝒕𝒂𝒏𝒏
𝟐+𝒏+𝟏𝒙

𝒅𝒙 = ∫
(𝒕𝒂𝒏𝒙)′𝒕𝒂𝒏𝒏

𝟐+𝒏𝒙

−𝟐√𝟏 − 𝒕𝒂𝒏𝒏
𝟐+𝒏+𝟏𝒙

𝒅𝒙 = 

 

=
𝟏

𝒏𝟐 + 𝒏+ 𝟏
∫
(𝟏 − 𝒕𝒂𝒏𝒏

𝟐+𝒏+𝟏𝒙)
′

𝟐√𝟏 − 𝒕𝒂𝒏𝒏
𝟐+𝒏+𝟏𝒙

𝒅𝒙 =
𝟏

𝒏𝟐 + 𝒏 + 𝟏
√𝟏 − 𝒕𝒂𝒏𝒏

𝟐+𝒏+𝟏𝒙 + ∁ 
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335. If 𝟎 < 𝑎 < 𝑏 < 1 then: 

𝟏

𝟐
+

𝟐

𝒂 + 𝒃
<
𝟐(𝒍𝒏 𝒃 − 𝒍𝒏 𝒂)

𝒃 − 𝒂
+

𝟏

𝒃 − 𝒂
∫

𝒅𝒙

𝒍𝒏(𝟏 − 𝒙)

𝒃

𝒂

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = 𝒙 − 𝐥𝐧(𝟏 − 𝒙) for all 𝒙 ∈ (𝟎, 𝟏) then 𝒇′(𝒙) = 𝟏 +
𝟏

𝟏−𝒙
> 0 

hence 𝒇 is increasing on (𝟎, 𝟏) then 𝒇(𝒙) > 𝑓(𝟎) = 𝟎 ⇒ 𝒙 > 𝐥𝐧(𝟏 − 𝒙) 

𝟏

𝒃 − 𝒂
∫

𝒅𝒙

𝐥𝐧(𝟏 − 𝒙)

𝒃

𝒂

+
𝟐(𝐥𝐧𝒃 − 𝐥𝐧 𝒂)

𝒃 − 𝒂
>

𝟏

𝒃 − 𝒂
∫
𝒅𝒙

𝒙

𝒃

𝒂

+
𝟐

𝒃 − 𝒂
∫
𝒅𝒙

𝒙

𝒃

𝒂

=
𝟑

𝒃 − 𝒂
∫
𝒅𝒙

𝒙

𝒃

𝒂

 

>
𝟔

𝒂 + 𝒃
 [

∵
𝟏

𝒙
 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒙 𝒕𝒉𝒆𝒏 𝒂𝒑𝒑𝒍𝒚𝒊𝒏𝒈

𝑯𝒆𝒓𝒎𝒊𝒕𝒆 𝑯𝒂𝒅𝒂𝒎𝒂𝒓𝒅 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚
] 

We need to prove, 
𝟔

𝒂+𝒃
>

𝟐

𝒂+𝒃
+
𝟏

𝟐
⇔

𝟒

𝒂+𝒃
>
𝟏

𝟐
⇔ 𝟐 > 𝑎 + 𝑏 

Which is true since 𝟏 > 𝑎 > 𝑏. Hence true. 

 

336. Prove that: 

∫∫(
𝒆𝒙 + 𝒆𝒚 − 𝟒

√𝒙𝒚 − 𝟏
)

𝟓

𝒅𝒙𝒅𝒚 ≥ 𝟑𝟐

𝟑

𝟐

𝟑

𝟐

 

Proposed  by Sameer Shihab-Saudi Arabia 
Solution by Daniel Sitaru-Romania 

𝒆𝒙 + 𝒆𝒚 − 𝟒 ≥ 𝒙 + 𝟏 + 𝒚 + 𝟏 − 𝟒 ≥⏞
𝑨𝑴−𝑮𝑴

𝟐√𝒙𝒚− 𝟐 

(
𝒆𝒙 + 𝒆𝒚 − 𝟒

√𝒙𝒚 − 𝟏
)

𝟓

≥ 𝟐𝟓 → ∫∫(
𝒆𝒙 + 𝒆𝒚 − 𝟒

√𝒙𝒚 − 𝟏
)

𝟓

𝒅𝒙𝒅𝒚 ≥ ∫∫𝟑𝟐𝒅𝒙𝒅𝒚 = 𝟑𝟐

𝟑

𝟐

𝟑

𝟐

𝟑

𝟐

𝟑

𝟐
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337. If 𝟎 < 𝑎 < 𝑏 < 1 then: 

𝟐(𝐥𝐧 𝒃 − 𝐥𝐧𝒂)

𝒃 − 𝒂
+

𝟏

𝒃 − 𝒂
∫

𝒅𝒙

𝐥𝐧(𝟏 − 𝒙)

𝒃

𝒂

< 1 +
𝟏

√𝒂𝒃
 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Athens-Greece 

We know that: 𝐥𝐧 𝒙 ≤ 𝒙 − 𝟏,∀𝒙 > 0 

Setting 𝒙 →
𝟏

𝒙
> 0, we have that,  𝐥𝐧 𝒙 ≥

𝒙−𝟏

𝒙
, ∀𝒙 > 0   (1) 

So, setting 𝒙 → 𝟏− 𝒙 > 0, we have that 

𝟎 > 𝐥𝐧(𝟏 − 𝒙) ≥ −
𝒙

𝟏 − 𝒙
⇒

𝟏

𝐥𝐧(𝟏 − 𝒙)
≤
𝒙 − 𝟏

𝒙
⇒

𝟏

𝐥𝐧(𝟏 − 𝒙)
≤ 𝟏 −

𝟏

𝒙
⇒ 

⇒ ∫
𝟏

𝐥𝐧(𝟏 − 𝒙)

𝒃

𝒂

𝒅𝒙 ≤ 𝒃 − 𝒂− (𝐥𝐧𝒃 − 𝐥𝐧𝒂) 

⇒ 𝟐
𝐥𝐧𝒃 − 𝐥𝐧𝒂

𝒃 − 𝒂
+

𝟏

𝒃 − 𝒂
∫

𝟏

𝐥𝐧(𝟏 − 𝒙)

𝒃

𝒂

𝒅𝒙 ≤
𝐥𝐧𝒃 − 𝐥𝐧𝒂

𝒃 − 𝒂
+ 𝟏 

So, it suffices to prove that 
𝐥𝐧 𝒃−𝐥𝐧𝒂

𝒃−𝒂
+ 𝟏 < 1 +

𝟏

√𝒂𝒃
  or √𝒂𝒃 <

𝒃−𝒂

𝐥𝐧𝒃−𝐥𝐧𝒂
 which holds as a 

fundamental property of the Lograrithmic Mean! 

 

338. If 𝟎 < 𝑎 ≤ 𝑏 then: 

𝟐∫
𝟏

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥
𝒕𝒂𝒏−𝟏(𝒆𝒃

𝟐
) − 𝒕𝒂𝒏−𝟏(𝒆𝒂

𝟐
)

𝒃𝒆𝒃
𝟐  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

For 𝟎 < 𝑎 ≤ 𝑥 ≤ 𝑏 ⇒ 𝑥𝒆𝒙
𝟐
≤ 𝒃𝒆𝒃

𝟐
. Now, 

𝟐∫
𝒃𝒆𝒃

𝟐

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ 𝟐∫
𝒙𝒆𝒙

𝟐

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

𝒅𝒙 = 𝐭𝐚𝐧−𝟏(𝒆𝒙
𝟐
)]𝒂
𝒃 = 𝐭𝐚𝐧−𝟏(𝒆𝒃

𝟐
) − 𝐭𝐚𝐧−𝟏(𝒆𝒂

𝟐
) 
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⇒ 𝟐∫
𝒅𝒙

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

≥
𝐭𝐚𝐧−𝟏(𝒆𝒃

𝟐
) − 𝐭𝐚𝐧−𝟏(𝒆𝒂

𝟐
)

𝒃𝒆𝒃
𝟐  

Solution 2 by Kartick Chandra Betal-India 

𝟐∫
𝟏

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

𝒅𝒙 = ∫
𝟐𝒆𝒙

𝟐
𝒙

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

⋅ (
𝒆−𝒙

𝟐

𝒙
)𝒅𝒙 = 

= ∫
𝒆𝒙

𝟐
𝟐𝒙

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

⋅
𝟏

𝒙𝒆𝒙
𝟐 𝒅𝒙 ≥ ∫

𝒆𝒙
𝟐
⋅ 𝟐𝒙

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

⋅
𝟏

𝒃𝒆𝒃
𝟐  𝒂𝒔 𝒃 > 𝑎 

≥
𝟏

𝒃𝒆𝒃
𝟐 [𝐭𝐚𝐧

−𝟏(𝒆𝒙
𝟐
)]
𝒂

𝒃
=

𝟏

𝒃𝒆𝒃
𝟐 [𝐭𝐚𝐧

−𝟏(𝒆𝒃𝟐 ) − 𝐭𝐚𝐧−𝟏(𝒆𝒂
𝟐
)] 

∴
𝟏

𝒃𝒆𝒃
𝟐 ≤

𝟏

𝒙𝒆𝒙
𝟐 ≤

𝑰

𝒂𝒆𝒙
𝟐 for 𝒂 < 𝑥& 𝑏 ≥ 𝑎 

∴ 𝟐∫
𝟏

𝟏 + 𝒆𝟐𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥
𝟏

𝒃𝒆𝒃
𝟐 [𝐭𝐚𝐧(𝒆

𝒃𝟐  ) − 𝐭𝐚𝐧−𝟏(𝒆𝒂
𝟐
)] 

 

339. Prove that: 

∫ 𝒍𝒏 𝒙 𝒍𝒏(𝒙𝟐 − 𝟏)

𝟑

𝟐

𝒅𝒙 <
𝟑𝟓

𝟖
+ 𝒍𝒏

𝟑

𝟐
 

Proposed by Mihály Bencze – Romania  

Solution by Tobi Joshua-Lagos-Nigeria 

𝑰 = ∫ 𝐥𝐨𝐠𝒙

𝟑

𝟐

𝐥𝐨𝐠(𝒙𝟐 − 𝟏)𝒅𝒙 

𝑰 = [(𝐥𝐨𝐠(𝒙𝟐 − 𝟏) (𝒙 𝐥𝐨𝐠 𝒙 − 𝒙))]
𝟐

𝟑

− ∫
(𝟐𝒙)(𝒙 𝐥𝐨𝐠 𝒙 − 𝒙)

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 
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𝑰 = [(𝐥𝐨𝐠(𝟖) (𝟑 𝐥𝐨𝐠𝟑 − 𝟑)) − (𝐥𝐨𝐠(𝟑) (𝟐 𝐥𝐨𝐠 𝟐 − 𝟐))] − 𝟐∫
(𝒙𝟐)(𝐥𝐨𝐠𝒙 − 𝟏)

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 

𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐∫
(𝒙𝟐 𝐥𝐨𝐠𝒙) − 𝒙𝟐

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 

𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐∫
(𝒙𝟐 𝐥𝐨𝐠𝒙)

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 + 𝟐∫
𝒙𝟐

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 

𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐∫ 𝐥𝐨𝐠𝒙

𝟑

𝟐

𝒅𝒙 − 𝟐∫
𝐥𝐨𝐠𝒙

𝒙𝟐 − 𝟏

𝟑

𝟐

𝒅𝒙 + 𝟐∫𝒅𝒙

𝟑

𝟐

+ 𝟐∫
𝒅𝒙

𝒙𝟐 − 𝟏

𝟑

𝟐

 

𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝒙 𝐥𝐨𝐠𝒙 − 𝒙]𝟐
𝟑 −∫

𝐥𝐨𝐠𝒙

𝒙 − 𝟏

𝟑

𝟐

𝒅𝒙 + ∫
𝐥𝐨𝐠𝒙

𝒙 + 𝟏

𝟑

𝟐

𝒅𝒙 + [𝐥𝐨𝐠 |
𝒙 − 𝟏

𝒙 + 𝟏
|]
𝟐

𝟑

 

𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝒙 𝐥𝐨𝐠𝒙 − 𝟐]𝟐
𝟑 −∫

𝐥𝐨𝐠𝒙

𝒙 − 𝟏

𝟑

𝟐

𝒅𝒙 +∫
𝐥𝐨𝐠𝒙

𝒙 + 𝟏

𝟑

𝟐

+ [𝐥𝐨𝐠 |
𝟏

𝟐
| − 𝐥𝐨𝐠 |

𝟏

𝟑
|] 

Let 𝑨 = ∫
𝐥𝐨𝐠 𝒙

𝒙−𝟏

𝟑

𝟐
𝒅𝒙;  𝑨 = [−𝑳𝒊𝟐(𝟏 − 𝒙) + 𝒄]𝟐

𝟑;  𝑨 = −𝑳𝒊𝟐(−𝟐) + 𝑳𝒊𝟐(−𝟏) 

𝑨 = −𝑳𝒊𝟐(−𝟐) −
𝝅𝟐

𝟏𝟐
≅ 𝟎. 𝟔𝟏𝟒𝟐𝟕𝟗    (1) 

𝑩 = ∫
𝐥𝐨𝐠 𝒙

𝒙 + 𝟏

𝟑

𝟐

𝒅𝒙 =∑(−𝟏)𝒌
∞

𝒌=𝟎

∫𝒙𝒌

𝟑

𝟐

𝐥𝐨𝐠 𝒙𝒅𝒙;  𝑩 = ∑(−𝟏)𝒌
∞

𝒌=𝟎

[
𝒙𝒌+𝟏 𝐥𝐨𝐠 𝒙

(𝒙 + 𝟏)
−

𝒙𝒌+𝟏

(𝒌 + 𝟏)𝟐
]
𝟐

𝟑

 

𝑩 =∑(−𝟏)𝒌
∞

𝒌=𝟎

[
𝟑(𝟑𝒌 𝐥𝐨𝐠 𝟑)

(𝒌 + 𝟏)
−

𝟑(𝟑𝒌)

(𝒌 + 𝟏)𝟐
−
𝟐(𝟐𝒌 𝐥𝐨𝐠𝟐)

(𝒌 + 𝟏)
+

𝟐(𝟐𝒌)

(𝒌 + 𝟏)𝟐
] 

𝑩 = −∑(−𝟏)𝒌
∞

𝒌=𝟏

[
(𝟑𝒌 𝐥𝐨𝐠 𝟑)

(𝒌)
−
(𝟑𝒌)

(𝒌)𝟐
−
(𝟐𝒌 𝐥𝐨𝐠𝟐)

(𝒌)
+
(𝟐𝒌)

(𝒌)𝟐
] 

𝑩 = −[𝐥𝐨𝐠𝟑𝑳𝒊𝟏(−𝟑) − 𝑳𝒊𝟐(−𝟑) − 𝐥𝐨𝐠 𝟐𝑳𝒊𝟏(−𝟐) + 𝑳𝒊𝟐(−𝟐)] 

𝑩 = [𝑳𝒊𝟐(−𝟑) − 𝑳𝒊𝟐(−𝟐) + 𝐥𝐨𝐠(𝟐) 𝐥𝐨𝐠(𝟑)] ≅ 𝟎. 𝟐𝟓𝟖𝟖𝟕𝟏    (2) 

⇒ 𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝒙 𝐥𝐨𝐠 𝒙 − 𝒙]𝟐
𝟑 − (−𝑳𝒊𝟐(−𝟐) −

𝝅𝟐

𝟏𝟐
) + 

+([𝑳𝒊𝟐(−𝟑) − 𝑳𝒊𝟐(−𝟐) + 𝐥𝐨𝐠(𝟐) 𝐥𝐨𝐠(𝟑)]) + [𝐥𝐨𝐠 |
𝟏

𝟐
| − 𝐥𝐨𝐠 |

𝟏

𝟑
|] 
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⇒ 𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝟑 𝐥𝐨𝐠𝟑 − 𝟑 − 𝟐 𝐥𝐨𝐠𝟐 + 𝟐] − 

−(−𝑳𝒊𝟐(−𝟐) −
𝝅𝟐

𝟏𝟐
) + ([𝑳𝒊𝟐(−𝟑) − 𝑳𝒊𝟐(−𝟐) + 𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠(𝟐) 𝐥𝐨𝐠(𝟑)]) + 

+[𝐥𝐨𝐠 |
𝟏

𝟐
| − 𝐥𝐨𝐠 |

𝟏

𝟑
|] 

⇒ 𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝟑 𝐥𝐨𝐠𝟑 − 𝟑 − 𝟐 𝐥𝐨𝐠𝟐 + 𝟐] − 

−(−𝑳𝒊𝟐(−𝟐) −
𝝅𝟐

𝟏𝟐
) + ([𝑳𝒊𝟐(−𝟑) − 𝑳𝒊𝟐(−𝟐) + 𝐥𝐨𝐠(𝟐) 𝐥𝐨𝐠(𝟑)]) + [𝐥𝐨𝐠 |

𝟑

𝟐
|] 

⇒ 𝑰 = [𝟐 𝐥𝐨𝐠(𝟑) + 𝐥𝐨𝐠(𝟐) (𝟕 𝐥𝐨𝐠(𝟑) − 𝟗)] − 𝟐[𝐥𝐨𝐠(
𝟐𝟕

𝟒
) − 𝟏] − (𝟎. 𝟔𝟏𝟒𝟐𝟕𝟗) + (𝟎. 𝟐𝟓𝟖𝟖𝟕𝟏) + [𝐥𝐨𝐠 |

𝟑

𝟐
|] 

⇒ 𝑰 = 𝐥𝐨𝐠 (
𝟗

𝟓𝟏𝟐
) + 𝟕(𝐥𝐨𝐠𝟐 𝐥𝐨𝐠 𝟑) − 𝟐 𝐥𝐨𝐠 (

𝟐𝟕

𝟒
) + 𝐥𝐨𝐠 (

𝟑

𝟐
) + 𝟏. 𝟔𝟒𝟒𝟓𝟗𝟐 <

𝟑𝟓

𝟖
+ 𝐥𝐨𝐠 (

𝟑

𝟐
) 

 

340. If 𝒂, 𝒃, 𝒄 ∈ (𝟎,
𝟏

𝟐
) then: 

𝒃∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒂

𝒂

𝒅𝒙 + 𝒄∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒃

𝒂

𝒅𝒙 + 𝒂∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒄

𝒂

𝒅𝒙 ≤ (𝒂 + 𝒃 + 𝒄) 𝒍𝒏 𝟐 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

𝒃∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒂

𝒂

𝒅𝒙 + 𝒄∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒃

𝒂

𝒅𝒙 + 𝒂∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒄

𝒂

𝒅𝒙 ≤ (𝒂 + 𝒃 + 𝒄) 𝐥𝐧 𝟐 

Since 𝟑𝟔𝒙𝟑 + 𝟏 ≥ 𝟏𝟓𝒙𝟐 + 𝟐𝒙 ⇔ (𝟑𝒙 − 𝟏)𝟐(𝟒𝒙 + 𝟏) ≥ 𝟎. We have: 
𝟏𝟓𝒙+𝟐

𝟑𝟔𝒙𝟑+𝟏
≤

𝟏

𝒙
 . 

𝑳𝑯𝑺 ≤ 𝒃∫
𝟏

𝒙

𝟐𝒂

𝒂

𝒅𝒙 + 𝒄∫
𝟏

𝒙

𝟐𝒃

𝒂

𝒅𝒙 + 𝒂∫
𝟏

𝒙

𝟐𝒄

𝒂

𝒅𝒙 = 𝒃 ⋅ 𝐥𝐧 |𝒂
𝟐𝒂 + 𝒄 𝐥𝐧 𝒙 |𝒂

𝟐𝒃 + 𝒂 𝐥𝐧 𝒙 |𝒂
𝟐𝒄 = 

= (𝒂 + 𝒃 + 𝒄) 𝐥𝐧𝟐  (q.e.d.) 

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece 

𝒇(𝒙) =
𝟏𝟓𝒙𝟐 + 𝟐𝒙

𝟑𝟔𝒙𝟑 + 𝟏
, 𝒙 ∈ (𝟎,

𝟏

𝟐
) 
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𝒇′(𝒙) =
(𝟑𝟎𝒙 + 𝟐)(𝟑𝟔𝒙𝟑 + 𝟏) − (𝟏𝟓𝒙𝟐 + 𝟐𝒙) ⋅ 𝟏𝟎𝟖𝒙𝟐

(𝟑𝟔𝒙𝟑 + 𝟏)𝟐
 

=
𝟏𝟎𝟖𝟎𝒙𝟒 + 𝟑𝟎𝒙 + 𝟕𝟐𝒙𝟑 + 𝟐 − 𝟏𝟔𝟐𝟎𝒙𝟒 − 𝟐𝟏𝟔𝒙𝟑

(𝟑𝟔𝒙𝟑 + 𝟏)𝟐
=
−𝟓𝟒𝟎𝒙𝟒 − 𝟏𝟒𝟒𝒙𝟑 + 𝟑𝟎𝒙 + 𝟐

(𝟑𝟔𝒙𝟑 + 𝟏)𝟐
 

⇒ 𝒇′(𝒙) =
−𝟐(𝟑𝒙 − 𝟏)(𝟗𝟎𝒙𝟑 + 𝟓𝟒𝒙𝟐 + 𝟏𝟖𝒙 + 𝟏)

(𝟑𝟔𝒙𝟑 + 𝟏)𝟐
 

𝒙 
𝟎                                   

𝟏

𝟑
                                     

𝟏

𝟐
 

−(𝟑𝒙 − 𝟏) ++ ++ ++ ++ +𝟎 − −−− −− −− − 

𝟏 + 𝟗𝟎𝒙𝟑 + 𝟓𝟒𝒙𝟐 + 𝟏𝟖𝒙 ++ ++ ++ ++ ++ ++ +++ ++ + 

𝒇′(𝒙) ++ ++ ++ ++ +𝟎 − −−− −− −− − 

𝒇(𝒙)  

thus 𝒇(𝒙) ≥ 𝒇 (
𝟏

𝟑
) = 𝟏; 𝒇(

𝟏

𝟑
) =

𝟏𝟓

𝟗
+
𝟐

𝟑
𝟑𝟔

𝟐𝟕
+𝟏
=

𝟑𝟎+𝟏𝟐

𝟏𝟖
𝟔𝟑

𝟐𝟕

=
𝟒𝟐⋅𝟐𝟕

𝟏𝟖⋅𝟔𝟑
= 𝟏 

𝒇(𝒙) ≤ 𝟏 ⇔
𝒙(𝟏𝟓𝒙 + 𝟐)

𝟑𝟔𝒙𝟑 + 𝟏
≤ 𝟏 ⇔

𝒙>0 𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏
≤
𝟏

𝒙
 

∑𝒃

𝒄𝒚𝒄

∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒂

𝒂

𝒅𝒙 ≤∑𝒃

𝒄𝒚𝒄

∫
𝟏

𝒙

𝟐𝒂

𝒂

𝒅𝒙 =∑𝒃

𝒄𝒚𝒄

(𝐥𝐧 𝒙)𝒂
𝟐𝒂 =∑𝒃

𝒄𝒚𝒄

⋅ 𝐥𝐧
𝟐𝒙

𝒂
= (𝒃 + 𝒄 + 𝒂) 𝐥𝐧 𝟐 

Solution 3 by Ravi Prakash-New Delhi-India 

Let 𝒇(𝒙) = (𝟏𝟓𝒙 + 𝟐)𝒙 − (𝟑𝟔𝒙𝟑 + 𝟏) = −(𝟒𝒙 + 𝟏)(𝟗𝒙𝟐 − 𝟔𝒙 + 𝟏) 

= −(𝟒𝒙 + 𝟏)(𝟑𝒙 − 𝟏)𝟐 ≤ 𝟎  for all 𝒙 > 0 ∴
𝟏𝟓𝒙+𝟐

𝟑𝟔𝒙𝟑+𝟏
≤

𝟏

𝒙
   for 𝒙 > 0 

⇒ ∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝜶

𝜶

𝒅𝒙 ≤ 𝐥𝐧 𝒙]𝜶
𝟐𝜶 = 𝐥𝐧 𝟐 , ∀𝜶 > 0 

Thus 𝒃∫
𝟏𝟓𝒙+𝟐

𝟑𝟔𝒙𝟑+𝟏

𝟐𝒂

𝒂
𝒅𝒙 + 𝒄∫

𝟏𝟓𝒙+𝟐

𝟑𝟔𝒙𝟑+𝟏

𝟐𝒃

𝒂
𝒅𝒙 + 𝒂∫

𝟏𝟓𝒙+𝟐

𝟑𝟔𝒙𝟑+𝟏

𝟐𝒄

𝒂
𝒅𝒙 

≤ (𝒃 + 𝒄 + 𝒂) 𝐥𝐧𝟐 = (𝒂 + 𝒃 + 𝒄) 𝐥𝐧𝟐 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = 𝟑𝟔𝒙𝟑 − 𝟏𝟓𝒙𝟐 − 𝟐𝒙 + 𝟏 for all 𝒙 ∈ (𝟎,
𝟏

𝟐
) 
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𝒇′(𝒙) = 𝟏𝟎𝟖𝒙𝟐 − 𝟑𝟎𝒙 − 𝟐 = 𝟐(𝟔𝒙 + 𝟏)(𝟑𝒙 − 𝟏). Let 𝒇′(𝜶) = 𝟎 then 𝜶 =
𝟏

𝟑
 or 𝜶 = −

𝟏

𝟔
 

but we will rejective value hence 𝜶 =
𝟏

𝟑
 

𝒇′′(𝜶) = 𝟐𝟏𝟔𝒙 − 𝟑𝟎 = 𝟒𝟐 > 0 hence the function 𝒇 attains minimum value at 

𝒙 = 𝜶 =
𝟏

𝟑
∈ (𝟎,

𝟏

𝟐
) so, 𝒇(𝒙) ≥ 𝒇(

𝟏

𝟑
) > 0 

∴∑𝒃

𝒄𝒚𝒄

∫
𝟏𝟓𝒙 + 𝟐

𝟑𝟔𝒙𝟑 + 𝟏

𝟐𝒂

𝒂

𝒅𝒙 ≤∑𝒃

𝒄𝒚𝒄

∫
𝒅𝒙

𝒙

𝟐𝒂

𝒂

=∑𝒃(𝐥𝐧 𝟐𝒂 − 𝐥𝐧 𝒂)

𝒄𝒚𝒄

= 𝐥𝐧 𝟐∑𝒂

𝒄𝒚𝒄

 

proved 

 

341. If 𝟎 ≤ 𝒂 < 𝑏 then: 

(𝟏 + 𝒂𝒃 − 𝒂𝟐)𝒆𝒂
𝟐
<

𝟏

𝒃 − 𝒂
∫𝒆𝒙

𝟐
𝒅𝒙 < (𝟏 − 𝒂𝒃 + 𝒃𝟐)

𝒃

𝒂

𝒆𝒃
𝟐
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Athens-Greece 

𝒇(𝒙) = 𝒆𝒙
𝟐
, 𝒙 ∈ [𝒂, 𝒃], 𝒂 ≥ 𝟎; 𝒇′(𝒙) = 𝟐𝒙𝒆𝒙

𝟐
≥ 𝟎, ∀𝒙 ∈ [𝒂, 𝒃] 

𝒇′′(𝒙) = 𝟐𝒆𝒙
𝟐
(𝟏 + 𝟐𝒙𝟐) > 0, ∀𝑥 ∈ [𝒂, 𝒃] 

So, 𝒇′ is strictly increasing in [𝒂, 𝒃]. Using the mean value theorem, we have that: 

𝒇′(𝒇) =
𝒇(𝒙) − 𝒇(𝒂)

𝒙 − 𝒂
, 𝟎 < 𝑥 ≤ 𝑏, 𝑓 ∈ (𝒂, 𝒙) 

So, 𝒇 > 𝑎 ⇒ 𝒇′(𝒇) > 𝒇′(𝒂) ⇒
𝒇(𝒙)−𝒇(𝒂)

𝒙−𝒂
> 2𝒂𝒆𝒂

𝟐
⇒ 𝒇(𝒙) > 𝑓(𝒂) + 𝟐𝒂𝒆𝒂

𝟐
(𝒙 − 𝒂) ⇒ 

∫𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 > 𝑓(𝒂)∫𝒅𝒙

𝒃

𝒂

+ 𝟐𝒂𝒆𝒂
𝟐
∫(𝒙 − 𝒂)𝒅𝒙

𝒃

𝒂

⇒ 

∫𝒇(𝒙)

𝒃

𝒂

> 𝑓(𝒂)(𝒃 − 𝒂) + 𝟐𝒂𝒆𝒂
𝟐
[
(𝒙 − 𝒂)𝟐

𝟐
]
𝒂

𝒃

⇒ 
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∫𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 > 𝒆𝒂
𝟐
(𝒃 − 𝒂) + 𝒂𝒆𝒂

𝟐
(𝒃 − 𝒂)𝟐 ⇒ ∫𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 > 𝒆𝒂
𝟐
(𝒃 − 𝒂)(𝟏 + 𝒂𝒃 − 𝒂𝟐) 

and we are done!. We can work exactly the same way for the R.H.S. 

𝒂 ≤ 𝒙 < 𝑏 ⇒ 𝒇′(𝒙) < 𝒇′(𝒃) ⇒ ⋯ 

Solution 2 by Ravi Prakash-New Delhi-India 

Let 𝒇(𝒙) = 𝒆𝒙
𝟐
− [𝟏 + 𝟐𝒂(𝒙 − 𝒂)]𝒆𝒂

𝟐
, 𝒂 ≤ 𝒙 ≤ 𝒃, 𝒂 > 0 

𝒇′(𝒙) = 𝟐𝒙𝒆𝒙
𝟐
− 𝟐𝒂𝒆𝒂

𝟐
 

If 𝒙 > 0, 𝒆𝒙
𝟐
> 𝒆𝒂

𝟐
⇒ 𝟐𝒙𝒆𝒙

𝟐
> 2𝒂𝒆𝒂

𝟐
∴ 𝒇′(𝒙) > 0  for 𝟎 < 𝑥 < 𝑏 ⇒ 

⇒ 𝒇(𝒙) increases on [𝒂, 𝒃] ⇒ 𝒇(𝒙) > 𝑓(𝒂) = 𝟎 for 𝒂 < 𝑥 ≤ 𝑏 ⇒ 

⇒ ∫[𝒆𝒙
𝒂
− [𝟏 + 𝟐𝒂(𝒙 − 𝒂)]𝒆𝒂

𝟐
]

𝒃

𝒂

𝒅𝒙 > 0 ⇒ 

⇒ ∫𝒆𝒙
𝟐
𝒅𝒙

𝒃

𝒂

> 𝒆𝒂
𝟐
(𝒃 − 𝒂) + 𝟐𝒂𝒆𝒂

𝟐
(𝒃 − 𝒂)𝟐 

⇒
𝟏

𝒃−𝒂
∫ 𝒆𝒙

𝟐
𝒅𝒙

𝒃

𝒂
> [𝟏 + 𝒂(𝒃 − 𝒂)]𝒆𝒂

𝟐
   (1) 

Let 𝒈(𝒙) = [𝟏 + 𝟐𝒃(𝒃 − 𝒙)]𝒆𝒃
𝟐
− 𝒆𝒙

𝟐
, 𝒂 ≤ 𝒙 ≤ 𝒃 

𝒈′(𝒙) = −𝟐𝒃𝒆𝒃
𝟐
− 𝟐𝒙𝒆𝒙

𝟐
< 0  [∵ 𝟎 < 𝑎 ≤ 𝑥 < 𝑏] 

⇒ 𝒈(𝒙) is strictly decreasing on [𝒂, 𝒃]. As 𝒈(𝒃) = 𝒆𝒃
𝟐
− 𝒆𝒃

𝟐
= 𝟎, we get 

𝒈(𝒙) > 𝑔(𝒃) = 𝟎 for 𝒂 ≤ 𝒙 < 𝑏 ⇒ [𝟏 + 𝟐𝒃(𝒃 − 𝒙)]𝒆𝒃𝟐 > 𝒆𝒙
𝟐
 

⇒ ∫[𝟏 + 𝟐𝒃(𝒃 − 𝒙)]

𝒃

𝒂

𝒆𝒃
𝟐
𝒅𝒙 > ∫𝒆𝒙

𝟐

𝒃

𝒂

𝒅𝒙 

⇒ ∫𝒆𝒙
𝟐
𝒅𝒙

𝒃

𝒂

< [𝒙 − 𝒃(𝒃 − 𝒙)𝟐]𝒆𝒃
𝟐
]𝒂
𝒃 = [(𝒃 − 𝒂) + 𝒃(𝒂 − 𝒃)𝟐]𝒆𝒃

𝟐
= 

= (𝒃 − 𝒂)[𝟏 + 𝒂𝒃 − 𝒃𝟐]𝒆𝒃
𝟐
 

⇒
𝟏

𝒃−𝒂
∫ 𝒆𝒙

𝟐
𝒅𝒙

𝒃

𝒂
< (𝟏 + 𝒂𝒃 − 𝒃𝟐)𝒆𝒃

𝟐
  (2) 

From (1), (2) we get the desired inequality. 
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Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = 𝒆𝒙
𝟐
 for all 𝒙 ≥ 𝟎, 𝒇′(𝒙) = 𝟐𝒙𝒆𝒙

𝟐
 

𝒇′′(𝒙) = 𝟐𝒆𝒙
𝟐
+ 𝟒𝒙𝟐𝒆𝒙

𝟐
≥ 𝟎 for all 𝒙 ≥ 𝟎, hence 𝒇 is convex 

Applying Hermite – Hadamard Inequality 𝒆(
𝒂+𝒃

𝟐
)
𝟐

≤
𝟏

𝒃−𝒂
∫ 𝒆𝒙

𝟐𝒃

𝒂
𝒅𝒙 ≤

𝒆𝒃
𝟐
+𝒆𝒂

𝟐

𝟐
, we will 

prove, 𝒆(
𝒂+𝒃

𝟐
)
𝟐
−𝒂𝟐 ≥ 𝟏 + 𝒂(𝒂 − 𝒃) ⇔ 𝒆(

𝒂+𝒃

𝟐
)
𝟐
−𝒂𝟐 ≥ 𝒆𝒂(𝒂−𝒃)[𝒆𝒎 ≥ 𝟏 +𝒎] 

⇔ (
𝒂 + 𝒃

𝟐
)
𝟐

− 𝒂𝟐 ≥ 𝒂𝟐 − 𝒂𝒃 ⇔ 𝒃𝟐 + 𝟔𝒂𝒃 − 𝟕𝒂𝟐 ≥ 𝟎 ⇔ (𝒃 − 𝒂)(𝒃 + 𝟕𝒂) ≥ 𝟎 

Which is true. Again, we will prove, 
𝒆𝒂
𝟐
+𝒆𝒃

𝟐

𝟐
≤ 𝒆𝒃

𝟐
(𝟏 + 𝒃(𝒃 − 𝒂)) ⇔ 

⇔ 𝒆𝒂
𝟐−𝒃𝟐 + 𝟏 ≤ 𝟐 + 𝟐𝒃(𝒃 − 𝒂) ⇔ 𝟏 ≤ 𝒆𝒃

𝟐−𝒂𝟐(𝟏 + 𝟐𝒃(𝒃 − 𝒂)), which is true.  

Since, 𝒃 > 𝑎 ≥ 0 hence (𝟏 + 𝒂𝟐 − 𝒂𝒃)𝒆𝒂
𝟐
≤

𝟏

𝒃−𝒂
∫ 𝒆𝒙

𝟐𝒃

𝒂
𝒅𝒙 ≤ 𝒆𝒃

𝟐
(𝟏 + 𝒃𝟐 − 𝒂𝒃) 

 

342. If 𝟎 < 𝑎 <
𝝅

𝟐
 then: 

𝒂𝝅 + 𝝅∫
𝒔𝒊𝒏𝒙

𝒙

𝝅
𝟐

𝒂

𝒅𝒙 > (𝝅 − 𝟐)(𝟏 + 𝒂 − 𝒔𝒊𝒏𝒂) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraboty-Kolkata-India 

∵ 𝒂 ≤ 𝒙 ≤
𝝅

𝟐
, ∴ 𝟎 < 𝑥 ≤

𝝅

𝟐
  (∵ 𝒂 > 0). By Jordan’s inequality, ∀𝒙 ∈ (𝟎,

𝝅

𝟐
], 

𝐬𝐢𝐧 𝒙

𝒙
≥
𝟐

𝝅
⇒ 𝝅∫

𝐬𝐢𝐧𝒙

𝒙

𝝅
𝟐

𝒂

𝒅𝒙 ≥ 𝝅∫
𝟐

𝝅

𝝅
𝟐

𝒂

𝒅𝒙 = 𝟐(
𝝅

𝟐
− 𝒂) = 𝝅 − 𝟐𝒂 ⇒ 𝑳𝑯𝑺 ≥ 𝒂𝝅 + 𝝅 − 𝟐𝒂 

>
?
𝝅 + 𝒂𝝅 − 𝝅 𝐬𝐢𝐧𝒂 − 𝟐 − 𝟐𝒂 + 𝟐𝐬𝐢𝐧𝒂 ⇔ 𝝅𝐬𝐢𝐧 𝒂 + 𝟐 ≥

(𝟏)

?
𝟐 𝐬𝐢𝐧𝒂 

∵ 𝟐 > 2 𝐬𝐢𝐧𝒂 , ∴ 𝝅𝐬𝐢𝐧 𝒂 + 𝟐 > 2 𝐬𝐢𝐧 𝒂  (∵ 𝐬𝐢𝐧 𝒂 > 0) ⇒ (1) is true (proved) 
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Solution 2 by Srinivasa Raghava-AIRMC-India 

Let 𝒇(𝒂) =
(𝒂𝝅+𝝅∫

𝐬𝐢𝐧(𝒙)

𝒙

𝝅
𝟐
𝒂

𝒅𝒙)

𝝅−𝟐
+ 𝐬𝐢𝐧(𝒂)  provided 𝟎 < 𝑎 <

𝝅

𝟐
 then we have 

𝒇(𝒂) = 𝐬𝐢𝐧(𝒂) +
𝝅(𝒂−𝑺𝒊(𝒂)+𝑺𝒊(

𝝅

𝟐
))

𝝅−𝟐
 if we see the series expansion at 𝒂 = 𝟎, 

𝒇(𝒂) =
𝝅𝑺𝒊(

𝝅

𝟐
)

𝝅−𝟐
+ 𝒂 +

(𝝅−𝟑)

𝟗⋅(𝝅−𝟐)
𝒂𝟑 +𝑶(𝒂𝟓) and numerically we have 

𝝅𝑺𝒊(
𝝅

𝟐
)

𝝅−𝟐
= 𝟑. 𝟕𝟕𝟐𝟐𝟓…&

(𝝅−𝟑)

𝟗(𝝅−𝟐)
= 𝟎. 𝟎𝟏𝟑𝟕𝟖𝟏𝟐  ... approximately. 

Clearly the higher power coeffs tends to zero, so we can justify that 

𝒇(𝒂) ≈ 𝒂 + 𝟑. 𝟕𝟕𝟐𝟓 ⇒ 𝒇(𝒂) < 𝑎 + 4, hence, 𝒇(𝒂) > 𝑎 + 𝑘 for 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑. 

 

343.  

𝒂, 𝒃, 𝒄 ∈ ℕ∗, 𝜴(𝒂) = 𝒍𝒊𝒎
𝒏→∞

𝒏∫
𝒙𝒏

(𝒙 + 𝝅)𝒂

𝟏

𝟎

𝒅𝒙 

Prove that: 

(𝟏 + 𝝅)𝒃𝜴(𝒂) + (𝟏 + 𝝅)𝒄𝜴(𝒃) + (𝟏 + 𝝅)𝒂𝜴(𝒄) ≥ 𝟑 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

𝟏 ≥ 𝒙 ≥ 𝟎 ⇒
𝟏

𝝅𝒂
≥

𝟏

(𝒙 + 𝝅)𝒂
≥

𝟏

(𝟏 + 𝝅)𝒂
,
𝟏

𝝅𝒃
≥

𝟏

(𝒙 + 𝝅)𝒃
≥

𝟏

(𝟏 + 𝝅)𝒃
 

𝟏

𝝅𝒄
≥

𝟏

(𝒙 + 𝝅)𝒄
≥

𝟏

(𝟏 + 𝝅)𝒄
, 𝛀(𝒂) = 𝐥𝐢𝐦

𝒏→∞
𝒏∫

𝒙𝒏

(𝒙 + 𝝅)𝒂

𝟏

𝟎

𝒅𝒙 ≥
𝟏

(𝟏 + 𝝅)𝒂
𝐥𝐢𝐦
𝒏→∞

𝒏∫𝒙𝒏

𝟏

𝟎

𝒅𝒙 

=
𝟏

(𝟏 + 𝝅)𝒂
𝐥𝐢𝐦
𝒏→∞

𝒏

𝒏 + 𝟏
[𝒙𝒏+𝟏]𝒙=𝟎

𝒙=𝟏 =
𝟏

(𝟏 + 𝝅)𝒂
 

∑(𝟏+𝝅)𝒃𝛀(𝒂)

𝒄𝒚𝒄

≥∑
(𝟏 + 𝝅)𝒃

(𝟏 + 𝝅)𝒂
𝒄𝒚𝒄

≥
𝑨𝑴≥𝑮𝑴

𝟑 

(proved) 
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344. If 𝒂, 𝒃, 𝒄 > 0 

𝜴(𝒂) = ∫ ∫
(𝒙 + 𝒚)𝟐 + 𝟏

𝒙𝒚+ (𝒙 + 𝒚)√𝟑

𝟐𝒂

𝒂

𝟐𝒂

𝒂

𝒅𝒙 𝒅𝒚 ⇒ 𝜴(𝒂) + 𝜴(𝒃) + 𝜴(𝒄) ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ 𝒙𝒚 ≤
(𝒙+𝒚)𝟐

𝟒
 & 𝑥, 𝑦 ≥ 𝑎, 𝑏, 𝑐 > 0; ∴

(𝒙+𝒚)𝟐+𝟏

𝒙𝒚+(𝒙+𝒚)√𝟑
≥

𝒕𝟐+𝟏

𝒕𝟐

𝟒
+√𝟑𝒕

   (𝒕 = 𝒙 + 𝒚) 

≥ 𝟏 ⇔ 𝟒𝒕𝟐 + 𝟒 ≥ 𝒕𝟐 + 𝟒√𝟑𝒕 ⇔ 𝟑𝒕𝟐 + 𝟒 − 𝟒√𝟑𝒕 ≥ 𝟎 ⇔ (√𝟑𝒕 − 𝟐)
𝟐
≥ 𝟎 

→ true ∴
(𝒙+𝒚)𝟐+𝟏

𝒙𝒚+(𝒙+𝒚)√𝟑
≥ 𝟏    (1) 

∴ 𝛀(𝒂)  ≥
(𝒊)

∫ ∫ 𝒅𝒙

𝟐𝒂

𝒂

𝟐𝒂

𝒂

𝒅𝒚 = ∫ 𝒂

𝟐𝒂

𝒂

(∫ 𝒅𝒙

𝟐𝒂

𝒂

)𝒅𝒚 = ∫ 𝒂

𝟐𝒂

𝒂

𝒅𝒚 = 𝒂∫ 𝒅𝒚

𝟐𝒂

𝒂

= 𝒂𝟐 

Similarly, 𝛀(𝒃) ≥
(𝒊𝒊)

𝒃𝟐 & 𝛀(𝒄𝟐) ≥
(𝒊𝒊𝒊)

𝒄𝟐 

(i)+(ii)+(iii) ⇒ 𝛀(𝒂) + 𝛀(𝒃) + 𝛀(𝒄) ≥ ∑𝒂𝟐 ≥ ∑𝒂𝒃  (Proved) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

Because for all 𝒙, 𝒚, 𝒛 > 0 

𝟑

𝟒
(𝒙 + 𝒚) +

𝟏

(𝒙 + 𝒚)
≥ √𝟑 ⇒

𝟑

𝟒
(𝒙 + 𝒚)𝟐 + 𝟏 ≥ √𝟑(𝒙 + 𝒚) ⇒ 

⇒ 𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐 + 𝟏 ≥ √𝟑(𝒙 + 𝒚) ⇒ 𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 + 𝟏 ≥ 𝒙𝒚 + √𝟑(𝒙 + 𝒚) ⇒ 

⇒
(𝒙 + 𝒚)𝟐 + 𝟏

𝒙𝒚 + √𝟑(𝒙 + 𝒚)
≥ 𝟏 

Hence 𝛀(𝒂) = ∫ ∫
(𝒙+𝒚)𝟐+𝟏

𝒙𝒚+(𝒙+𝒚)√𝟑

𝟐𝒂

𝒂

𝟐𝒂

𝒂
𝒅𝒙 𝒅𝒚 ≥ ∫ ∫ 𝟏

𝟐𝒂

𝒂

𝟐𝒂

𝒂
𝒅𝒙 𝒅𝒚 = 𝒙𝒚|𝒂

𝟐𝒂|𝒂
𝟐𝒂 = 

= (𝟐𝒂 − 𝒂)(𝟐𝒂 − 𝒂) = 𝒂𝟐. Similarly 𝛀(𝒃) ≥ 𝒃𝟐  and 𝛀(𝒄) ≥ 𝒄𝟐 

Hence 𝛀(𝒂) + 𝛀(𝒃) + 𝛀(𝒄) ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

Therefore it is to be true 
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345. If 𝒇: [𝟎, 𝒂] → [𝟎,∞), 𝒂 ≥ 𝟎, 𝒇 – continuous then: 

∫∫√𝒇𝟐(𝒙) + 𝒇𝟐(𝒚)

𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚 +∫∫√𝟐𝒇(𝒙)𝒇(𝒚)

𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚 ≤ 𝟐𝒂√𝟐∫𝒇(𝒙)

𝒂

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Athens-Greece 

Using Cauchy – Schwarz inequality, we have that: 

√𝒇𝟐(𝒙) + 𝒇𝟐(𝒚) + √𝟐𝒇(𝒙)𝒇(𝒚) ≤ √𝟐 ⋅ √(√𝒇𝟐(𝒙) + 𝒇𝟐(𝒚))
𝟐

+ (√𝟐𝒇(𝒙) + 𝟐𝒇(𝒚))
𝟐

 

= √𝟐 ⋅ √𝒇𝟐(𝒙) + 𝒇𝟐(𝒚) + 𝟐𝒇(𝒙)𝒇(𝒚) = √𝟐 ⋅ √(𝒇(𝒙) + 𝒇(𝒚))
𝟐
= 

= √𝟐(𝒇(𝒙) + 𝒇(𝒚)) ⇒
𝒊𝒏 [𝟎,𝒂] × [𝟎,𝒂)

𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒆

 

∫∫√𝒇𝟐(𝒙) + 𝒇𝟐(𝒚)

𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚 + ∫∫√𝟐𝒇(𝒙)𝒇(𝒚)

𝒂

𝟎

𝒂

𝟎

≤ √𝟐∫∫(𝒇(𝒙) + 𝒇(𝒚))

𝒂

𝟎

𝒂

𝟎

 

= √𝟐 ⋅ 𝟐𝒂∫𝒇(𝒙)

𝒂

𝟎

𝒅𝒙 

 

346. If 𝟎 < 𝑎 ≤ 𝑏 <
𝝅

𝟐
 then: 

∫
𝒄𝒐𝒔 𝒙 ⋅ 𝒔𝒊𝒏𝟐(𝒔𝒊𝒏𝒙)

𝒔𝒊𝒏𝟐 𝒙

𝒃

𝒂

𝒅𝒙 ≥ 𝒕𝒂𝒏−𝟏 (
𝒔𝒊𝒏 𝒃 − 𝒔𝒊𝒏𝒂

𝟏 + 𝒔𝒊𝒏 𝒂 ⋅ 𝒔𝒊𝒏 𝒃
) 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

𝟎 < 𝑎 ≤ 𝑏 <
𝝅

𝟐
  now ∫

𝐜𝐨𝐬 𝒙⋅𝐬𝐢𝐧𝟐(𝐬𝐢𝐧𝒙)

𝐬𝐢𝐧𝟐 𝒙

𝒃

𝒂
𝒅𝒙 = ∫

𝐬𝐢𝐧𝟐 𝒚

𝒚𝟐

𝐬𝐢𝐧𝒃

𝐬𝐢𝐧𝒂
𝒅𝒚 

Where 𝟏 ≥ 𝒚 ≥ 𝟎, we need to prove, 𝐬𝐢𝐧𝟐 𝒚 ≥
𝒚𝟐

𝟏+𝒚𝟐
 or 𝐬𝐢𝐧𝟐 𝒚 +

𝟏

𝟏+𝒚𝟐
− 𝟏 ≥ 𝟎 



 
www.ssmrmh.ro 

 

Let 𝒇(𝒚) = 𝐬𝐢𝐧𝟐 𝒚 +
𝟏

𝟏+𝒚𝟐
− 𝟏 for all 𝟏 ≥ 𝒚 ≥ 𝟎, 𝒇′(𝒚) = 𝐬𝐢𝐧 𝟐𝒚 −

𝟐𝒚

(𝟏+𝒚𝟐)
𝟐 

Now we know, 𝐬𝐢𝐧 𝟐𝒚 ≥ 𝟐𝒚 −
𝟒𝒚𝟑

𝟑
. So, we will prove, 𝟐𝒚 −

𝟒𝒚𝟐

𝟑
≥

𝟐𝒚

(𝟏+𝒚𝟐)
𝟐 

⇔ (𝟏+ 𝒚𝟐)𝟐(𝟑 − 𝟐𝒚𝟐) ≥ 𝟎 ⇔ 𝒚𝟐(𝟒 − 𝒚𝟐 − 𝟐𝒚𝟒) ≥ 𝟎, which is true 

[since, 𝟏 ≥ 𝒚 ≥ 𝟎 ⇒ 𝟒 > 3 ≥ 𝒚𝟐 + 𝟐𝒚𝟒] 

∴ 𝐬𝐢𝐧𝟐𝒚 −
𝟐𝒚

(𝟏 + 𝒚𝟐)𝟐
≥ 𝟎 ⇒ 𝒇′(𝒚) ≥ 𝟎 ⇒ 𝒇(𝒚) ≥ 𝒇(𝟎) = 𝟎 ⇒

𝐬𝐢𝐧𝟐 𝒚

𝒚𝟐
≥

𝟏

𝟏 + 𝒚𝟐
 

⇒ ∫
𝐬𝐢𝐧𝟐 𝒚

𝒚𝟐

𝐬𝐢𝐧𝒃

𝐬𝐢𝐧 𝒂

𝒅𝒚 ≥ ∫
𝒅𝒚

𝟏 + 𝒚𝟐

𝐬𝐢𝐧𝒃

𝐬𝐢𝐧𝒂

= 𝐭𝐚𝐧−𝟏(𝐬𝐢𝐧𝒃) − 𝐭𝐚𝐧−𝟏(𝐬𝐢𝐧𝒂) 

= 𝒕𝒂𝒏−𝟏 (
𝐬𝐢𝐧𝒃−𝐬𝐢𝐧𝒂

𝟏+𝐬𝐢𝐧 𝒂⋅𝐬𝐢𝐧𝒃
) (proved) 

 

347. For 𝟎 < 𝑎 < 𝑏. Prove: 

∫𝒔𝒊𝒏(√𝒙
𝟑
)

𝒃

𝒂

𝒅𝒙 ≤ (𝒃 − 𝒂)√𝒃
𝟑

 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Amit Dutta-Jamshedpur-India 

∵ 𝐬𝐢𝐧 ((𝒙)
𝟏
𝟑) < (𝒙)

𝟏
𝟑 

∫ 𝐬𝐢𝐧 ((𝒙)
𝟏

𝟑)
𝒃

𝒂
𝒅𝒙 < ∫ (𝒙)

𝟏

𝟑
𝒃

𝒂
𝒅𝒙 < (

𝟑

𝟒
) (𝒃

𝟒

𝟑 − 𝒂
𝟒

𝟑)   (1) 

Let 𝒃(𝒙) = 𝒙
𝟒

𝟑. By Lagrange’s mean value theorem, 
𝒃(𝒃)−𝒃(𝒂)

𝒃−𝒂
= 𝒃′(𝒄) 

(𝒃)
𝟒
𝟑−(𝒂)

𝟒
𝟑

(𝒃−𝒂)
=
𝟒

𝟑
(𝒄)

𝟏

𝟑; (𝒃)
𝟒

𝟑 − (𝒂)
𝟒

𝟑 =
𝟒

𝟑
(𝒃 − 𝒂)(𝒄)

𝟏

𝟑. But 𝒂 < 𝒄 < 𝒃 ⇒ 𝒂
𝟏

𝟑 < 𝒄
𝟏

𝟑 < 𝒃
𝟏

𝟑 ⇒ 

⇒ (𝒃)
𝟒

𝟑 − (𝒂)
𝟒

𝟑 <
𝟒

𝟑
(𝒃 − 𝒂)𝒃

𝟏

𝟑   (2) . From (1) & (2): 

∫𝐬𝐢𝐧 ((𝒙)
𝟏
𝟑)

𝒃

𝒂

𝒅𝒙 < (𝒃 − 𝒂)(𝒃)
𝟏
𝟑 
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Solution 2 by Chris Kyriazis-Athens-Greece 

The function 𝒈(𝒙) = √𝒙
𝟑  is strictly increasing in [𝒂, 𝒃], 𝒂 > 0. (easy to check). So, it’s 

well known that 𝐬𝐢𝐧 𝒙 < 𝑥, for 𝒙 > 0, so getting 𝒙 → √𝒙
𝟑  we have that: 

𝐬𝐢𝐧 √𝒙
𝟑 < √𝒙

𝟑 ≤ √𝒃
𝟑

 for every 𝒙 ∈ [𝒂, 𝒃], 𝒂 > 0. Integrate this inequality we have 

∫𝐬𝐢𝐧(√𝒙
𝟑 )

𝟏

𝟎

𝒅𝒙 < √𝒃
𝟑

∫𝒅𝒙

𝟏

𝟎

= √𝒃
𝟑
(𝒃 − 𝒂) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = √𝒙
𝟑  for all 𝒙 ≥ 𝟎, 𝒇′(𝒙) =

𝒙
−
𝟐
𝟑

𝟑
, 𝒇′′(𝒙) = −

𝟐𝒙
−
𝟓
𝟑

𝟗
≤ 𝟎, 𝒇 is a concave function, 

Applying Hermite – Hadamard, 

𝟏

𝒃−𝒂
∫ √𝒙

𝟑 𝒅𝒙
𝒃

𝒂
≤ √(

𝒂+𝒃

𝟐
)

𝟑
≤ √𝒃

𝟑
, since 𝟎 ≤ 𝒂 < 𝑏, ∫ √𝒙

𝟑𝒃

𝒂
𝒅𝒙 ≤ (𝒃 − 𝒂)√𝒃

𝟑
 

∫𝐬𝐢𝐧(√𝒙
𝟑 )

𝒃

𝒂

𝒅𝒙 ≤ ∫ √𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ (𝒃 − 𝒂)√𝒃
𝟑

 

 

348.  

𝑭(𝒂) = ∫
𝒄𝒐𝒔𝟕 𝒙

(𝒄𝒐𝒔 𝟔𝒙 + 𝟔 𝒄𝒐𝒔 𝟒𝒙 + 𝟏𝟓𝒄𝒐𝒔 𝟐𝒙 + 𝟏𝟎)

𝒂

𝟎

𝒅𝒙, 𝒂 ∈ [𝟎,
𝝅

𝟐
] 

Prove that: 

𝑭(𝒂)𝑭(𝒃)𝑭(𝒄)[𝑭(𝒂) + 𝑭(𝒃) + 𝑭(𝒄)] ≤ 𝟐−𝟐𝟎(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Amit Dutta-Jamshedpur-India 

𝐜𝐨𝐬 𝟔𝒙 + 𝟔𝐜𝐨𝐬𝟒𝒙 + 𝟏𝟓𝐜𝐨𝐬 𝟐𝒙 + 𝟏𝟎 = (𝟏 + 𝐜𝐨𝐬𝟔𝒙) + 𝟗(𝟏 + 𝐜𝐨𝐬𝟐𝒙) + 𝟔(𝐜𝐨𝐬𝟐𝒙 + 𝐜𝐨𝐬𝟒𝒙) 

= 𝟐𝐜𝐨𝐬𝟐 𝟑𝒙 + 𝟏𝟖𝐜𝐨𝐬𝟐 𝒙 + 𝟏𝟐𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬𝟑𝒙 = 𝟐{𝐜𝐨𝐬𝟐 𝟑𝒙 + 𝟗𝐜𝐨𝐬𝟐 𝒙 + 𝟔𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬𝟑𝒙} 

= 𝟐(𝐜𝐨𝐬𝟑𝒙 + 𝟑𝐜𝐨𝐬 𝒙)𝟐 = 𝟐(𝟒 𝐜𝐨𝐬𝟑 𝒙)𝟐 = 𝟑𝟐𝐜𝐨𝐬𝟔 𝒙  {∵ 𝐜𝐨𝐬 𝟑𝒙 = 𝟒 𝐜𝐨𝐬𝟑 𝒙 − 𝟑𝐜𝐨𝐬 𝒙} 
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𝑭(𝒂) = ∫
𝐜𝐨𝐬𝟕 𝒙

(𝟑𝟐 𝐜𝐨𝐬𝟔 𝒙)

𝒂

𝟎

𝒅𝒙 

𝑭(𝒂) =
𝟏

𝟑𝟐
∫(𝐜𝐨𝐬 𝒙)

𝒂

𝟎

𝒅𝒙 =
𝟏

𝟑𝟐
[𝐬𝐢𝐧𝒂]𝟎

𝒂 ⇒ 𝑭(𝒂) =
𝐬𝐢𝐧𝒂

𝟑𝟐
,𝑭(𝒃) =

𝐬𝐢𝐧𝒃

𝟑𝟐
, 𝑭(𝒄) =

𝐬𝐢𝐧 𝒄

𝟑𝟐
 

𝑳𝑯𝑺 = 𝑭(𝒂)𝑭(𝒃)𝑭(𝒄)[𝑭(𝒂) + 𝑭(𝒃) + 𝑭(𝒄)] 

𝑳𝑯𝑺 =
(𝐬𝐢𝐧𝒂)(𝐬𝐢𝐧𝒃)(𝐬𝐢𝐧 𝒄)

𝟐𝟏𝟓
[
𝐬𝐢𝐧𝒂 + 𝐬𝐢𝐧𝒃 + 𝐬𝐢𝐧 𝒄

𝟐𝟓
] 

∵
𝐬𝐢𝐧 𝒂 ≤ 𝒂
𝐬𝐢𝐧𝒃 ≤ 𝒄
𝐬𝐢𝐧 𝒄 ≤ 𝒄

  {∵ 𝒂, 𝒃, 𝒄 ∈ [𝟎,
𝝅

𝟐
]} 

𝑳𝑯𝑺 ≤
𝒂𝒃𝒄

𝟐𝟐𝟎
(𝒂 + 𝒃 + 𝒄) ≤ 𝟐−𝟐𝟎𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

𝑳𝑯𝑺 ≤ 𝟐−𝟐𝟎𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≤ 𝟐−𝟐𝟎(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) 

Hence, we have to prove: (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ≥ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)   (1) 

We have,  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄 ⇒ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥ 𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒂𝟐𝒄𝟐   (2) 

From (1) & (2), we need to prove only ⇒ 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≥ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≥ 𝒂𝟐𝒃𝒄 + 𝒂𝒃𝟐𝒄 + 𝒂𝒃𝒄𝟐
 

Put 𝒂𝒃 = 𝒖, 𝒃𝒄 = 𝒗, 𝒂𝒄 = 𝒘 ⇒ 𝒖𝟐 + 𝒗𝟐 + 𝒘𝟐 ≥ 𝒖𝒗 + 𝒗𝒘+ 𝒖𝒘 → true. Hence: 

 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥ 𝒂𝒃𝒄(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ⇒ 𝟐−𝟐𝟎(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ≥ 𝟐−𝟐𝟎𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

⇒ [𝑭(𝒂) + 𝑭(𝒃) + 𝑭(𝒄)]𝑭(𝒂)𝑭(𝒃)𝑭(𝒄) ≤ 𝟐−𝟐𝟎(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) (proved) 

Solution 2 by Marian Ursarescu-Romania 

𝑭(𝒂) = ∫
𝐜𝐨𝐬𝟕 𝒙

𝐜𝐨𝐬 𝟔𝒙 + 𝟔𝐜𝐨𝐬 𝟒𝒙 + 𝟏𝟓𝐜𝐨𝐬 𝟐𝒙 + 𝟏𝟎

𝒂

𝟎

𝒅𝒙 = 

= ∫
𝐜𝐨𝐬𝟕 𝒙

𝟒 𝐜𝐨𝐬𝟑 𝟐𝒙 − 𝟑𝐜𝐨𝐬𝟐𝒙 + 𝟔(𝟐𝐜𝐨𝐬𝟐 𝟐𝒙 − 𝟏) + 𝟏𝟓 𝐜𝐨𝐬 𝟐𝒙 + 𝟏𝟎
𝒅𝒙 =

𝒂

𝟎

 

= ∫
𝐜𝐨𝐬𝟕 𝒙

𝟒 𝐜𝐨𝐬𝟑 𝟐𝒙 + 𝟏𝟐𝐜𝐨𝐬𝟐 𝟐𝒙 + 𝟏𝟐𝐜𝐨𝐬𝟐𝒙 + 𝟒

𝒂

𝟎

𝒅𝒙 =
𝟏

𝟒
∫

𝐜𝐨𝐬𝟕 𝒙

𝐜𝐨𝐬𝟑 𝟐𝒙 + 𝟑𝐜𝐨𝐬𝟐 𝒙 + 𝟑𝐜𝐨𝐬𝟐𝒙 + 𝟏

𝒂

𝟎
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=
𝟏

𝟒
∫

𝐜𝐨𝐬𝟕 𝒙

(𝟏 + 𝐜𝐨𝐬𝟐 𝒙)𝟑

𝒂

𝟎

𝒅𝒙 =
𝟏

𝟒
∫

𝐜𝐨𝐬𝟕 𝒙

(𝟐 𝐜𝐨𝐬𝟐 𝒙)𝟑

𝒂

𝟎

𝒅𝒙 = 

𝟏

𝟐𝟒
∫ 𝐜𝐨𝐬 𝒙 𝒅𝒙
𝒂

𝟎
=

𝟏

𝟐𝟓
𝐬𝐢𝐧 𝒙 |

𝒂
𝟎
=

𝟏

𝟐𝟓
𝐬𝐢𝐧 𝒂   (1) 

But 𝐬𝐢𝐧𝒂 ≤ 𝒂, ∀𝒂 ∈ [𝟎,
𝝅

𝟐
]  (2). From (1)+(2)⇒ 𝑭(𝒂) ≤

𝟏

𝟐𝟓
𝒂  (3).  

From (3) we must show: 
𝟏

𝟐𝟏𝟓
𝒂𝒃𝒄 (

𝒂+𝒃+𝒄

𝟐𝟓
) ≤

𝟏

𝟐𝟐𝟎
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ⇔ 

⇔ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒  (4) 

But 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥ 𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒂𝟐𝒄𝟐 ≥ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ⇒ (4) its true. 

 

349. If 𝒂, 𝒃, 𝒄 ≥ 𝟏 then: 

∫∫∫(
𝒙

𝒙𝟐 + 𝒚𝒛
+

𝒚

𝒚𝟐 + 𝒛𝒙
+

𝒛

𝒛𝟐 + 𝒙𝒚
)

𝒄

𝟏

𝒅𝒙

𝒃

𝟏

𝒅𝒚

𝒂

𝟏

𝒅𝒛 = 𝒍𝒏√∏𝒂(𝒃−𝟏)(𝒄−𝟏) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒙

𝒙𝟐 + 𝒚𝒛
+

𝒚

𝒚𝟐 + 𝒛𝒙
+

𝒛

𝒛𝟐 + 𝒙𝒚
≤
𝑨−𝑮 𝒙

𝟐√𝒙𝟐𝒚𝒛
+

𝒚

𝟐√𝒚𝟐𝒛𝒙
+

𝒛

𝟐√𝒛𝟐𝒙𝒚
 

=
𝟏

𝟐
∑

𝟏

√𝒙𝒚
≤
(𝟏)

𝑪−𝑩−𝑺 𝟏

𝟐
√∑

𝟏

𝒙
√∑

𝟏

𝒚
=
𝟏

𝟐
(∑

𝟏

𝒙
) 

(1) ⇒ LHS ≤
𝟏

𝟐
∫ ∫ ∫ (

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)

𝒄

𝟏

𝒃

𝟏

𝒂

𝟏
𝒅𝒙𝒅𝒚𝒅𝒛 =

𝟏

𝟐
∫ ∫ (∫

𝒅𝒙

𝒙

𝒄

𝟏
+ (

𝟏

𝒚
+
𝟏

𝒛
))𝒅𝒚 𝒅𝒛

𝒃

𝟏

𝒂

𝟏
= 

=
𝟏

𝟐
∫∫(𝐥𝐧𝒄 + (

𝟏

𝒚
+
𝟏

𝒛
) (𝒄 − 𝟏))

𝒃

𝟏

𝒂

𝟏

𝒅𝒚𝒅𝒛 ==
𝟏

𝟐
∫ [(𝐥𝐧𝒄)∫𝒅𝒚

𝒃

𝟏

+
𝟏

𝒛
(𝒄 − 𝟏)∫𝒅𝒚

𝒃

𝟏

+ (𝒄 − 𝟏)∫
𝒅𝒚

𝒚

𝒃

𝟏

]

𝒂

𝟏

𝒅𝒛 = 

=
𝟏

𝟐
∫ [(𝒃 − 𝟏) 𝐥𝐧 𝒄 +

(𝒃 − 𝟏)(𝒄 − 𝟏)

𝒛
+ (𝒄 − 𝟏) 𝐥𝐧 𝒃]

𝒂

𝟏

𝒅𝒛 = 

=
𝟏

𝟐
[(𝒃 − 𝟏) 𝐥𝐧 𝒄∫𝒅𝒛

𝒂

𝟏

+ (𝒃 − 𝟏)(𝒄 − 𝟏)∫
𝒅𝒛

𝒛

𝒂

𝟏

+ (𝒄 − 𝟏) 𝐥𝐧 𝒃∫𝒅𝒛

𝒂

𝟏

] 
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=
𝟏

𝟐
[(𝒂 − 𝟏)(𝒃 − 𝟏) 𝐥𝐧 𝒄 + (𝒃 − 𝟏)(𝒄 − 𝟏) 𝐥𝐧𝒂 + (𝒄 − 𝟏)(𝒂 − 𝟏) 𝐥𝐧 𝒃] 

=
𝟏

𝟐
[𝐥𝐧𝒄(𝒂−𝟏)(𝒃−𝟏) + 𝐥𝐧𝒂(𝒃−𝟏)(𝒄−𝟏) + 𝐥𝐧𝒃(𝒄−𝟏)(𝒂−𝟏)] =

𝟏

𝟐
[𝐥𝐧∏𝒂(𝒃−𝟏)(𝒄−𝟏)] = 𝐥𝐧√∏𝒂(𝒃−𝟏)(𝒄−𝟏)  

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

Since for 𝒙, 𝒚, 𝒛 > 0 

1) 
𝟏

𝒙𝟐
+

𝟏

𝒚𝟐
+

𝟏

𝒛𝟐
≥

𝟏

𝒙𝒚
+

𝟏

𝒚𝒛
+

𝟏

𝒛𝒙
⇒

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+

𝟏

(√𝒙)
𝟐 +

𝟏

(√𝒚)
𝟐 +

𝟏

(√𝒛)
𝟐 ≥

𝟏

√𝒙𝒚
+

𝟏

√𝒚𝒛
+

𝟏

√𝒛𝒙
 

2) 
𝒙

𝒙𝟐+𝒚𝒛
+

𝒚

𝒚𝟐+𝒛𝒙
+

𝒛

𝒛𝟐+𝒙𝒚
=

𝟏

𝒙+
𝒚𝒛

𝒙

+
𝟏

𝒚+
𝒛𝒙

𝒚

+
𝟏

𝒛+
𝒙𝒚

𝒛

≤
𝟏

𝟐
(
𝟏

√𝒚𝒛
+

𝟏

√𝒛𝒙
+

𝟏

√𝒙𝒚
) 

Hence ∫ ∫ ∫ (
𝒙

𝒙𝟐+𝒚𝟐
+

𝒚

𝒚𝟐+𝒛𝒙
+

𝒛

𝒛𝟐+𝒙𝒚
)

𝒄

𝟏

𝒃

𝟏

𝒂

𝟏
𝒅𝒙𝒅𝒚𝒅𝒛 ≤ ∫ ∫ ∫

𝟏

𝟐

𝒄

𝟏

𝒃

𝟏

𝒂

𝟏
(
𝟏

√𝒚𝒛
+

𝟏

√𝒛𝒙
+

𝟏

√𝒙𝒚
)𝒅𝒙𝒅𝒚𝒅𝒛 ≤ 

≤
𝟏

𝟐
∫∫∫(

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)

𝒄

𝟏

𝒃

𝟏

𝒂

𝟏

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝟏

𝟐
(𝒚𝒛 𝐥𝐧 𝒙 + 𝒛𝒙 𝐥𝐧 𝒚 + 𝒙𝒚 𝐥𝐧 𝒛) |

𝒂
𝟏
|𝒃
𝟏
|
𝒄
𝟏

 

=
𝟏

𝟐
((𝒃 − 𝟏)(𝒄 − 𝟏)(𝐥𝐧𝒂 − 𝐥𝐧𝟏)) + (𝒄 − 𝟏)(𝒂 − 𝟏)(𝐥𝐧𝒃 − 𝐥𝐧𝟏) + (𝒂 − 𝟏)(𝒃 − 𝟏)(𝐥𝐧𝒄 − 𝐥𝐧𝟏) 

=
𝟏

𝟐
(𝐥𝐧𝒂(𝒃−𝟏)(𝒄−𝟏) + 𝐥𝐧𝒃(𝒄−𝟏)(𝒂−𝟏) + 𝐥𝐧 𝒄(𝒂−𝟏)(𝒃−𝟏)) =

𝟏

𝟐
𝐥𝐧𝒂(𝒃−𝟏)(𝒄−𝟏) 𝒃(𝒄−𝟏)(𝒂−𝟏)𝒄(𝒂−𝟏)(𝒃−𝟏) 

= 𝐥𝐧(𝒂(𝒃−𝟏)(𝒄−𝟏)𝒃(𝒄−𝟏)(𝒂−𝟏)𝒆(𝒂−𝟏)(𝒃−𝟏))
𝟏
𝟐 = 𝐥𝐧√𝒂(𝒃−𝟏)(𝒄−𝟏)𝒃(𝒄−𝟏)(𝒂−𝟏)𝒆(𝒂−𝟏)(𝒃−𝟏) 

Therefore it is to be true. 

 

350. If 𝟎 ≤ 𝒂 < 𝑏 ≤ 1, 𝑛 ∈ ℕ, 𝒏 ≥ 𝟐 

𝜴𝟏 = ∫∫…

𝒃

𝒂

∫(𝟏 + 𝒙𝟏
𝟐)(𝟏 + 𝒙𝟐

𝟐)

𝒃

𝒂

𝒃

𝒂

… (𝟏 + 𝒙𝒏
𝟐)𝒅𝒙𝟏𝒅𝒙𝟐…𝒅𝒙𝒏 

𝜴𝟐 = ∫∫…

𝒃

𝒂

𝒃

𝒂

∫(𝟏 − 𝒙𝟏
𝟐)(𝟏 − 𝒙𝟐

𝟐)

𝒃

𝒂

… (𝟏 − 𝒙𝒏
𝟐)𝒅𝒙𝟏𝒅𝒙𝟐…𝒅𝒙𝒏 

then: √𝜴𝟏 + 𝜴𝟐
𝒏𝟐 +

𝟏

𝒏
< 1 +

𝟐(𝒃−𝒂)

𝒏
 

Proposed by Daniel Sitaru – Romania  
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Solution by Chris Kyriazis-Athens-Greece 

This solution is dedicated to: Lazaros (Kardasi) and Dan! 

𝛀𝟏 = [∫(𝟏 + 𝒙
𝟐)𝒅𝒙

𝒃

𝒂

]

𝒏

= [𝒃 − 𝒂 +
𝒃𝟑 − 𝒂𝟑

𝟑
]

𝒏

 

and  

𝛀𝟐 = [∫(𝟏 − 𝒙
𝟐)𝒅𝒙

𝒃

𝒂

]

𝒏

= [𝒃 − 𝒂 −
𝒃𝟑 − 𝒂𝟑

𝟑
]

𝒏

 

𝛀𝟐 + 𝛀𝟐 < [𝟐(𝒃 − 𝒂) +
𝒃𝟑 − 𝒂𝟑

𝟑
−
𝒃𝟑 − 𝒂𝟑

𝟑
]

𝒏

= 𝟐𝒏(𝒃 − 𝒂)𝒏 

[Because  of 𝒙𝒏 + 𝒚𝒏 < (𝒙 + 𝒚)𝒏 for positive 𝒙, 𝒚] 

So, 𝛀𝟏 + 𝛀𝟐 < [𝟐(𝒃 − 𝒂)]
𝒏 = [𝟏 ⋅ 𝟏 ⋅ 𝟏 ⋅ … ⋅ 𝟏⏟        

”𝒏−𝟏” 𝒕𝒊𝒎𝒆𝒔

⋅ 𝟐(𝒃 − 𝒂)]

𝒏

≤ 

≤
𝑨𝑴

𝑮𝑴
[[
𝟏 + 𝟏 + 𝟏 + ⋯+ 𝟏 + [𝟐(𝒃− 𝒂)]

𝒏
]

𝒏

]

𝒏

= [
𝒏 − 𝟏 + 𝟐(𝒃 − 𝒂)

𝒏
]

𝒏𝟐

 

⇒ √𝛀𝟏 +𝛀𝟐
𝒏𝟐 <

𝒏− 𝟏

𝒏
+
𝟐(𝒃 − 𝒂)

𝒏
⇒ √𝛀𝟏 +𝛀𝟐

𝒏𝟐 < 1−
𝟏

𝒏
+
𝟐(𝒃 − 𝒂)

𝒏
 

⇒ √𝛀𝟏 +𝛀𝟐
𝒏𝟐 +

𝟏

𝒏
< 1 +

𝟐(𝒃−𝒂)

𝒏
 and we are done! 

 

351. If 𝒂 > 0 then: 

𝟏

𝟏𝟔
∫∫(𝒙 + 𝒚)𝟒𝒅𝒙

𝒂

𝟎

𝒅𝒚

𝒂

𝟎

≤ ∫ ∫ ∫(𝒕𝒙 + (𝟏 − 𝒕)𝒚)𝟒
𝟏

𝟎

𝒅𝒕

𝟐𝒂

𝟎

𝒅𝒚

𝟐𝒂

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

𝑹𝑯𝑺 = ∫ ∫ ∫[𝒕𝒙 + (𝟏 − 𝒕)𝒚]𝟒

𝟏

𝟎

𝒅𝒛

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 =
𝟏

𝟓
∫ ∫

[𝒕𝒙 + (𝟏 − 𝒕)𝒚]𝟓

𝒙 − 𝒚
]
𝟎

𝟏𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 
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=
𝟏

𝟓
∫ ∫

𝒙𝟓 − 𝒚𝟓

𝒙 − 𝒚

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 =
𝟏

𝟓
∫ ∫ [𝒙𝟒 + 𝒙𝟑𝒚 + 𝒙𝟐𝒚𝟐 + 𝒙𝒚𝟑 + 𝒚𝟒]

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 

=
𝟏

𝟓

[
 
 
 
 
 
 
[∫ ∫ 𝒙𝟒

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 +∫ ∫ 𝒙𝟑𝒚

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 +∫ ∫ 𝒙𝟐𝒚𝟐

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 +

+∫ ∫ 𝒙𝒚𝟑

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 +∫ ∫ 𝒚𝟒

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙
]
 
 
 
 
 
 

= 

=
𝟏

𝟓
[
𝒙

𝟓
((𝟐𝒂)𝟓 − 𝒂𝟓)𝒂 +

𝟕

𝟒 ×  𝟐
((𝟐𝒂)𝟒 − 𝒂𝟒)(𝟑𝒂𝟐) +

𝟏

𝟑 × 𝟑
((𝟐𝒂)𝟑 − 𝒂𝟑)𝟐] 

=
𝟏

𝟓
[
𝟔𝟐

𝟓
+
𝟒𝟓

𝟒
+
𝟒𝒂

𝒂
] 𝒂𝟔 =

𝟓𝟐𝟑𝟕

𝟓 ×𝟏𝟖𝟎
𝒂𝟓       (1) 

𝑳𝑯𝑺 =
𝟏

𝟏𝟔
∫∫(𝒙 + 𝒚)𝟒

𝒂

𝟎

𝒅𝒚

𝒂

𝟎

𝒅𝒙 =
𝟏

𝟏𝟔
∫ [
𝟏

𝟓
(𝒙 + 𝒚)𝟓]

𝟎

𝒂
𝒂

𝟎

𝒅𝒙 = 

=
𝟏

𝟏𝟔
 ×
𝟏

𝟓
∫[(𝒙 + 𝒂)𝟓 − 𝒙𝟓]

𝒂

𝟎

𝒅𝒙 =
𝟏

𝟏𝟔 × 𝟓 × 𝟔
[(𝒙 + 𝒂)𝟔 − 𝒙𝟔]𝟎

𝒂 = 

=
𝟏

𝟗𝟔 ×𝟓
[(𝟐𝒂)𝟔 − 𝒂𝟔 − 𝒂𝟔] =

𝟑𝟏

𝟐𝟒𝟎
𝒂𝟔   (2) 

We wish to show: 
𝟑𝟏

𝟐𝟒𝟎
𝒂𝟔 <

𝟓𝟐𝟑𝟕

𝟓 ×𝟏𝟖𝟎
𝒂𝟔 ⇔

𝟑𝟏

𝟐𝟒𝟎
<
𝟓𝟐𝟑𝟕

𝟗𝟎𝟎
 

It is clearly true as 𝑳𝑯𝑺 < 1 and 𝑹𝑯𝑺 > 1. 

 

352. If 𝒂 ∈ (−𝟏, 𝟏] then: 

𝒍𝒊𝒎
𝒏→∞

∑
(−𝟏)𝒌 ⋅ 𝒄𝒐𝒔(𝒌 𝒄𝒐𝒔−𝟏 𝒂)

𝒌

𝒏

𝒌=𝟏

≤ 𝒍𝒐𝒈(√𝟐𝒆𝒂) 

Proposed by Daniel Sitaru – Romania  

Solution by Omran Kouba-Damascus-Syria 

For a complex 𝒛 such that |𝒛| ≤ 𝟏, 𝒛 ≠ −𝟏 we have 𝐥𝐨𝐠(𝟏 + 𝒛) = ∑
(−𝟏)𝒌−𝟏𝒛𝒌

𝒌

∞
𝒌=𝟏  

Hence for 𝜽 ∈ (−𝝅,𝝅) we have 𝐥𝐨𝐠(𝟏 + 𝒆𝒊𝜽) = ∑
(−𝟏)𝒌−𝟏𝒆𝒊𝒌𝜽

𝒌

∞
𝒌=𝟏  
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Taking real parts we get 𝐥𝐨𝐠|𝟏 + 𝒆𝒊𝜽| = ∑
(−𝟏)𝒌−𝟏 𝐜𝐨𝐬(𝒌𝝅)

𝒌

∞
𝒌=𝟏 . Finally, for 𝜽 ∈ (−𝝅, 𝝅) 

∑
(−𝟏)𝒌−𝟏 𝐜𝐨𝐬(𝒌𝜽)

𝒌

∞
𝒌=𝟏 =

𝟏

𝟐
𝐥𝐨𝐠(𝟐 + 𝟐𝐜𝐨𝐬(𝜽)). Or, for 𝒂 ∈ (−𝟏, 𝟏], we have 

∑
(−𝟏)𝒌−𝟏 𝐜𝐨𝐬(𝒌𝐚𝐫𝐜𝐜𝐨𝐬 𝒂)

𝒌

∞
𝒌=𝟏 = 𝐥𝐨𝐠√𝟐 + 𝟐𝒂 ≤ 𝐥𝐨𝐠 √𝟐𝒆𝒂. Because 𝟏 + 𝒂 ≤ 𝒆𝒂. Done. 

 

353. Prove that: 

𝛑
𝟓
𝟐

𝟏𝟐√𝟐
≤ ∫√𝐬𝐢𝐧 𝐱

𝛑
𝟐

𝟎

(𝐱)
𝟑
𝟐𝐝𝐱 ≤

𝛑𝟐

𝟖
 

Proposed by Sagar Kumar-Kolkata-India 

Solution by Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = √𝐬𝐢𝐧 𝒙 for all 𝒙 ∈ [𝟎,
𝝅

𝟐
] , 𝒇′(𝒙) =

𝐜𝐨𝐬 𝒙

√𝐬𝐢𝐧𝒙
; 𝒇′′(𝒙) = −√𝐬𝐢𝐧𝒙 −

𝐜𝐨𝐬𝟐 𝒙

𝟐(𝐬𝐢𝐧𝒙)
𝟑
𝟐

= 

=
𝐬𝐢𝐧𝟐 𝒙+𝟏

𝟐(𝐬𝐢𝐧𝒙)
𝟑
𝟐

≤ 𝟎 for all 𝒙 ∈ [𝟎,
𝝅

𝟐
], hence 𝒇 is concave, by Hermite – Hadamard Inequality 

√𝐬𝐢𝐧(

𝝅
𝟐 + 𝟎

𝟐
) ⋅
𝝅

𝟐
≥ ∫√𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

𝒅𝒙 ≥
𝝅

𝟐
⋅
√𝐬𝐢𝐧

𝝅
𝟐 + √𝐬𝐢𝐧𝟎

𝟐
=
𝝅

𝟒
 

∫√𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

⋅ 𝒙
𝟑
𝟐𝒅𝒙 ≤

𝑪𝑨𝑼𝑪𝑯𝒀
𝑺𝑪𝑯𝑾𝑨𝑹𝒁

√

(

 ∫ 𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

𝒅𝒙

)

 

(

 ∫𝒙𝟑

𝝅
𝟐

𝟎

𝒅𝒙

)

 = √[
𝒙𝟒

𝟒
]
𝒙=𝟎

𝒙=
𝝅
𝟐

=
𝝅𝟐

𝟖
 

∫𝒙
𝟑
𝟐

𝝅
𝟐

𝟎

√𝐬𝐢𝐧𝒙𝒅𝒙 ≥

𝑪𝑯𝑬𝑩𝒀𝑺𝑯𝑬𝑽′𝑺
𝑰𝑵𝑬𝑸𝑼𝑨𝑳𝑰𝑻𝒀

(
𝝅

𝟐
− 𝟎)∫ 𝒙

𝟑
𝟐

𝝅
𝟐

𝟎

𝒅𝒙 ⋅ ∫ √𝐬𝐢𝐧 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

≥
𝝅

𝟐
⋅
𝝅
𝟓
𝟐

𝟏𝟎√𝟐
⋅
𝝅

𝟒
, we need to prove, 

𝝅𝟐

𝟖
⋅
𝝅
𝟓
𝟐

𝟏𝟎√𝟐
≥

𝝅
𝟓
𝟐

𝟏𝟐√𝟐
⇔ 𝝅𝟐 ≥

𝟐𝟎

𝟑
, which is true 
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∴
𝝅
𝟓
𝟐

𝟏𝟐√𝟐
≤ ∫√𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

⋅ 𝒙
𝟑
𝟐 𝒅𝒙 ≤

𝝅𝟐

𝟖
 

 

354. If 𝒂 > 0 then: 

∫ ∫ ∫
√𝒂𝟐 + 𝟒𝒙𝟐 + √𝒂𝟐 + 𝟒𝒚𝟐

𝒛√𝒂𝟐 + (𝒙 + 𝒚)𝟐

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 > 2𝒂𝟐 𝐥𝐨𝐠 𝟐 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Amit Dutta-Jamshedpur-India 

We use a fundamental inequality: √𝒙𝟐 + 𝒚𝟐 + √𝒂𝟐 + 𝒃𝟐 ≥ √(𝒙 + 𝒂)𝟐 + (𝒚 + 𝒃)𝟐   (1) 

Let’s prove it. On Squaring both sides, we get: 

𝒙𝟐 + 𝒚𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝟐√𝒙𝟐 + 𝒚𝟐√𝒂𝟐 + 𝒃𝟐 ≥ (𝒙 + 𝒂)𝟐 + (𝒚 + 𝒃)𝟐 ⇒ 

⇒ 𝟐√𝒙𝟐 + 𝒚𝟐√𝒂𝟐 + 𝒃𝟐 ≥ 𝟐𝒂𝒙 + 𝟐𝒃𝒚 ⇒ √𝒙𝟐 + 𝒚𝟐√𝒂𝟐 + 𝒃𝟐 ≥ 𝒂𝒙 + 𝒃𝒚 

Again, squaring both sides, we get: (𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐) ≥ (𝒂𝒙 + 𝒃𝒚)𝟐 ⇒ 

⇒ 𝒙𝟐𝒂𝟐 + 𝒃𝟐𝒙𝟐 + 𝒂𝟐𝒚𝟐 + 𝒃𝟐𝒚𝟐 ≥ 𝒂𝟐𝒙𝟐 + 𝒃𝟐𝒚𝟐 + 𝟐𝒂𝒙𝒃𝒚 ⇒ (𝒂𝒙 − 𝒃𝒚)𝟐 ≥ 𝟎 which is 

true and the inequality in equation (1) is true. Using the inequality in equation (1) 

√𝒂𝟐 + 𝟒𝒙𝟐 +√𝒂𝟐 + 𝟒𝒚𝟐 ≥ √(𝟐𝒂)𝟐 + (𝟐𝒙 + 𝟐𝒚)𝟐 ≥ 𝟐√𝒂𝟐 + (𝒙 + 𝒚)𝟐 ⇒ 

⇒
√𝒂𝟐 + 𝟒𝒙𝟐 +√𝒂𝟐 + 𝟒𝒚𝟐

√𝒂𝟐 + (𝒙 + 𝒚)𝟐
≥ 𝟐 

∫ ∫ ∫
√𝒂𝟐 + 𝟒𝒙𝟐 +√𝒂𝟐 + 𝟒𝒚𝟐

𝒛√𝒂𝟐 + (𝒙 + 𝒚)𝟐

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≥ ∫ ∫ ∫
𝟐

𝒛

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≥ ∫ ∫ [𝟐 𝐥𝐧 𝒛]𝒂
𝟐𝒂

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 

≥ ∫ ∫ (𝟐 𝐥𝐨𝐠𝟐)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≥ (𝟐 𝐥𝐨𝐠 𝟐)∫ 𝒅𝒙

𝟐𝒂

𝒂

∫ 𝒅𝒚

𝟐𝒂

𝒂

≥ 𝟐 𝐥𝐨𝐠 𝟐 (𝒂 ⋅ 𝒂) ≥ 𝟐𝒂𝟐 𝐥𝐨𝐠𝟐 

∴ ∫ ∫ ∫
√𝒂𝟐 + 𝟒𝒙𝟐 +√𝒂𝟐 + 𝟒𝒚𝟐

𝒛√𝒂𝟐 + (𝒙 + 𝒚)𝟐

𝟐𝒂

𝒂

𝟐𝒂

𝒂

𝟐𝒂

𝒂

≥ 𝟐𝒂𝟐 𝐥𝐨𝐠 𝟐 

(proved) 
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Solution 2 by Serban George Florin-Romania 

𝒇(𝒙) = √𝒂𝟐 + 𝟒𝒙𝟐, 𝒇′(𝒙) =
𝟒𝒙

√𝒂𝟐+𝟒𝒙𝟐
; 𝒇′′(𝒙) = 𝟒

√𝒂𝟐+𝟒𝒙𝟐−𝒙⋅
𝒙

√𝒂𝟐+𝟒𝒙𝟐

𝒂𝟐+𝟒𝒙𝟐
= 𝟒 ⋅

𝒂𝟐+𝟒𝒙𝟐−𝟒𝒙𝟐

(𝒂𝟐+𝟒𝒙𝟐)
𝟑
𝟐

. 

𝒇′′(𝒙) =
𝟒𝒂𝟐

(𝒂𝟐+𝟒𝒙𝟐)
𝟑
𝟐

> 0; 𝑓 covexe ⇒ 𝒇(
𝒙+𝒚

𝟐
) ≤

𝒇(𝒙)+𝒇(𝒚)

𝟐
, 𝟐√𝒂𝟐 + 𝟒(

𝒙+𝒃

𝟐
)
𝟐

≤ 

≤ √𝒂𝟐 + 𝟒𝒙𝟐 + √𝒂𝟐 + 𝟒𝒃𝟐   (Jensen) ⇒ √𝒂𝟐 + 𝟒𝒙𝟐 + √𝒂𝟐 + 𝟒𝒃𝟐 ≥ 𝟐√𝒂𝟐 + (𝒙 + 𝒃)𝟐 

√𝒂𝟐 + 𝟒𝒙𝟐 + √𝒂𝟐 + 𝟒𝒃𝟐

√𝒂𝟐 + (𝒙 + 𝒃)𝟐
≥ 𝟐 

∫ ∫ ∫
√𝒂𝟐 + 𝟒𝒙𝟐 + √𝒂𝟐 + 𝟒𝒚𝟐

𝒛 ⋅ √𝒂𝟐 + (𝒙𝒚𝒛)𝟐

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≥ ∫ ∫ ∫
𝟏

𝒛

𝟐𝒂

𝒂

𝒅𝒛

𝟐𝒂

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒙 = ∫ ∫ (𝐥𝐧|𝒛|)𝟐
𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 = 

= ∫ ∫ ((𝐥𝐧𝟐𝒂) − (𝐥𝐧𝒂))

𝟐𝒂

𝒂

𝟐𝒂

𝒂

⋅ 𝟐𝒅𝒙 𝒅𝒚 = ∫ ∫ (𝟐 𝐥𝐧 𝟐)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 = 𝟐(𝐥𝐧𝟐) ⋅ 𝟐 ⋅ 𝒂 = 𝟐𝒂𝟐 𝐥𝐧 𝟐 

 

355. Prove: 

∫(
𝟗𝐬𝐢𝐧𝒙

𝟒𝐬𝐢𝐧𝒙 + 𝟓𝐬𝐢𝐧𝒙
+

𝟏𝟔𝐬𝐢𝐧𝒙

𝟑𝐬𝐢𝐧𝒙 + 𝟓𝐬𝐢𝐧𝒙
+

𝟐𝟓𝐬𝐢𝐧𝒙

𝟑𝐬𝐢𝐧𝒙 + 𝟒𝐬𝐢𝐧𝒙
)

𝟑

𝒅𝒙

𝝅
𝟐

𝟎

≥
𝟏𝟓𝟗𝟑

𝟖 𝐥𝐧 𝟔𝟎
 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Sagar Kumar-Kolkata-India 

Applying Berström: ∫ (
𝟗𝐬𝐢𝐧 𝒙

𝟒𝐬𝐢𝐧𝒙+𝟓𝐬𝐢𝐧𝒙
+

𝟏𝟔𝐬𝐢𝐧𝒙

𝟑𝐬𝐢𝐧𝒙+𝟓𝐬𝐢𝐧𝒙
+

𝟐𝟓𝐬𝐢𝐧𝒙

𝟑𝐬𝐢𝐧 𝒙+𝟒𝐬𝐢𝐧𝒙
)
𝟑𝝅

𝟐
𝟎

𝒅𝒙 ≥ 

≥ ∫
(𝟑𝐬𝐢𝐧𝒙 + 𝟒𝐬𝐢𝐧𝒙 + 𝟓𝐬𝐢𝐧𝒙)𝟑

𝟖

𝝅
𝟐

𝟎

𝒅𝒙 ≥
𝑨𝑴≥𝑮𝑴

∫
𝟐𝟕

𝟖

𝝅
𝟐

𝟎

(𝟔𝟎𝐬𝐢𝐧𝒙)𝒅𝒙 ≥ ∫
𝟐𝟕

𝟖

𝝅
𝟐

𝟎

(𝟔𝟎)𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙𝒅𝒙 

≥
𝟐𝟕

𝟖
(
(𝟔𝟎)𝐬𝐢𝐧𝒙

𝐥𝐧 𝟔𝟎
) |

𝝅

𝟐

𝟎
≥
𝟐𝟕×𝟔𝟎

𝟖 𝐥𝐧 𝟔𝟎
≥

𝟐𝟕 × 𝟓𝟏

𝟖 𝐥𝐧 𝟔𝟎
≥

𝟒𝟎𝟓

𝟐 𝐥𝐧 𝟔𝟎
≥

𝟏𝟓𝟗𝟑

𝟖 𝐥𝐧 𝟔𝟎
  (proved) 
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Solution 2 by Soumitra Mandal-Chandar Nagore-India 

∫(∑
𝟗𝐬𝐢𝐧𝒙

𝟒𝐬𝐢𝐧𝒙 + 𝟓𝐬𝐢𝐧𝒙
𝒄𝒚𝒄

)

𝟑
𝝅
𝟐

𝟎

𝒅𝒙 ≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 ∫ (
(∑ 𝟑𝐬𝐢𝐧𝒙𝒄𝒚𝒄 )

𝟐

𝟐∑ 𝟑𝐬𝐢𝐧𝒙𝒄𝒚𝒄

)

𝟑
𝝅
𝟐

𝟎

= 

=
𝟏

𝟖
∫(𝟑𝐬𝐢𝐧𝒙 + 𝟒𝐬𝐢𝐧𝒙 + 𝟓𝐬𝐢𝐧𝒙)𝟑

𝝅
𝟐

𝟎

𝒅𝒙 ≥
𝟐𝟕

𝟖
∫𝟔𝟎𝐬𝐢𝐧 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 ≥
𝟐𝟕

𝟖
∫𝟔𝟎𝐬𝐢𝐧𝒙 ⋅ 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 = 

=
𝟐𝟕

𝟖
[
𝟔𝟎𝐬𝐢𝐧𝒙

𝐥𝐨𝐠 𝟔𝟎
]
𝒙=𝟎

𝒙=
𝝅

𝟐
=

𝟐𝟕⋅𝟓𝟗

𝟖 𝐥𝐨𝐠 𝟔𝟎
=

𝟏𝟓𝟗𝟑

𝟖 𝐥𝐨𝐠 𝟔𝟎
 (proved) 

 

356. If 𝒂 > 0 then: 

𝒂𝟐 ⋅ √𝒆𝟗𝒂
𝟐𝟒
< ∫ ∫ √𝒆(𝒙+𝟑𝒚)

𝟐𝟏𝟔

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 < 𝑎 ⋅ ∫ 𝒆𝒙
𝟐

𝟐𝒂

𝒂

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by Artan Ajredini-Presheva-Serbie 

Since 𝒆𝒙 is a convex function we apply the Hermite – Hadamard inequality for double 

integral: 
𝟏

𝒂𝟐
∫ ∫ √𝒄(𝒙+𝟑𝒚)

𝟐𝟏𝟔𝟐𝒂

𝒂
𝒅𝒙

𝟐𝒂

𝒂
𝒅𝒚 ≥ 𝒆

(

𝟑𝒂
𝟐
+
𝟗𝒂
𝟐

𝟒
)

𝟐

= 𝒆(
𝟑𝒂

𝟐
)
𝟐

= √𝒆𝟗𝒂
𝟐𝟒
⇒ 

⇒ ∫ ∫ √𝒆(𝒙+𝟑𝒚)
𝟐𝟏𝟔

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≥ 𝒂𝟐√𝒆𝟗𝒂
𝟐𝟒
 

Also, since 𝒆𝒙 is convex we have: 𝒆(
𝒙+𝟑𝒚

𝟒
)
𝟐

≤
𝟏

𝟒
𝒆𝒙

𝟐
+
𝟑

𝟒
𝒆𝒚

𝟐
. Consequently: 

∫ ∫ √𝒆(𝒙+𝟑𝒚)
𝟐𝟏𝟔

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≤
𝟏

𝟒
∫ ∫ 𝒆𝒙

𝟐

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

+
𝟑

𝟒
∫ ∫ 𝒆𝒚

𝟐

𝟐𝒂

𝒂

𝟐𝒂

𝒂

𝒅𝒚 = 

=
𝒂

𝟒
∫ 𝒆𝒙

𝟐

𝟐𝒂

𝒂

𝒅𝒙 +
𝟑𝒂

𝟒
∫ 𝒆𝒚

𝟐

𝟐𝒂

𝒂

𝒅𝒚 =
𝒂

𝟒
∫ 𝒆𝒙

𝟐

𝟐𝒂

𝒂

𝒅𝒙 +
𝟑𝒂

𝟒
∫ 𝒆𝒙

𝟐

𝟐𝒂

𝒂

𝒅𝒙 = 𝒂∫ 𝒆𝒙
𝟐

𝟐𝒂

𝒂

𝒅𝒙 
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357. For 𝒏 ∈ ℕ∗ ∧ 𝒏 ≥ 𝟐. Prove: 

∫(∑𝒆𝒙
𝒌

𝒏

𝒌=𝟏

)

𝟏

𝟎

𝒅𝒙 > 𝑛 +
𝒏

((𝒏 + 𝟏)!)
𝟏
𝒏

. 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece 

∫(𝒆𝒙 + 𝒆𝒙
𝟐
+⋯+ 𝒆𝒙

𝒏
)

𝟏

𝟎

𝒅𝒙 ≥
𝑱𝒆𝒏𝒔𝒆𝒏

∫𝒏 ⋅ 𝒆
𝒙+𝒙𝟑+⋯+𝒙𝒏

𝒏

𝟏

𝟎

𝒅𝒙 ≥
𝒆𝒙≥𝒙+𝟏

 

≥ ∫𝒏 ⋅ (
𝒙 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏
+ 𝟏)

𝟏

𝟎

𝒅𝒙 = ∫𝒏 ⋅
𝒙 + ⋯+ 𝒙𝒏 + 𝒏

𝒏

𝟏

𝟎

𝒅𝒙 = 

= ∫(𝒙 + 𝒙𝟐 +⋯+ 𝒙𝒏 + 𝒏)

𝟏

𝟎

𝒅𝒙 = [
𝒙𝟐

𝟐
+
𝒙𝟑

𝟑
+⋯+

𝒙𝒏+𝟏

𝒏 + 𝟏
+ 𝒏𝒙]

𝟎

𝟏

= 

=
𝟏

𝟐
+
𝟏

𝟑
+ ⋯+

𝟏

𝒏 + 𝟏
+ 𝒏 ≥ 𝒏 ⋅ √

𝟏

𝟐
⋅
𝟏

𝟑
⋅ … ⋅

𝟏

𝒏 + 𝟏

𝒏

+ 𝒏 = 𝒏 ⋅
𝟏

[(𝒏 + 𝟏)!]
𝟏
𝒏

+ 𝒏 

Solution 2 by Sagar Kumar-Kolkata-India 

∫(∑𝒆𝒙
𝒌

𝒏

𝒌=𝟏

)

𝟏

𝟎

𝒅𝒙 ≥ ∫∑(𝟏 + 𝒙𝒌)

𝒏

𝒌=𝟏

𝟏

𝟎

𝒅𝒙 ≥ ∑(𝟏+
𝟏

𝒌 + 𝟏
)

𝒏

𝒌=𝟏

≥ 𝒏+∑
𝟏

𝒌+ 𝟏

𝒏

𝒌=𝟏

 

Now, ∑
𝟏

𝒌+𝟏

𝒏
𝒌=𝟏 ≥ 𝒏(

𝟏

(𝒏+𝟏)!
)

𝟏

𝒏
 

∫(∑𝒆𝒙
𝒏

𝒌=𝟏

)

𝟏

𝟎

𝒅𝒙 ≥ 𝒏 + 𝒏(
𝟏

(𝒏 + 𝟏)!
)

𝟏
𝒏

 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

𝒆𝒎 ≥ 𝟏 +𝒎 for all 𝒎 ≥ 𝟎, now, ∑ 𝒆𝒙
𝒌𝒏

𝒌=𝟏 ≥ ∑ (𝟏 + 𝒙𝒌)𝒏
𝒌=𝟏 = 𝒏 + ∑ 𝒙𝒌𝒏

𝒌=𝟏  

∫ (∑𝒆𝒙
𝒌

𝒏

𝒌=𝟏

)
𝟏

𝟎

𝒅𝒙 ≥ 𝒏∫𝒅𝒙

𝟏

𝟎

+∑∫𝒙𝒌

𝟏

𝟎

𝒅𝒙

𝒏

𝒌=𝟏

= 𝒏+∑
𝟏

𝒌 + 𝟏

𝒏

𝒌=𝟏

≥
𝑨.𝑴≥𝑮.𝑴
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≥ 𝒏 + 𝒏√∏(
𝟏

𝒌 + 𝟏
)

𝒏

𝒌=𝟏

𝒏

= 𝒏+
𝒏

√(𝒏 + 𝟏)!
𝒏

 

 

358.  

−𝟏 < 𝑎, 𝑏, 𝑐 < 1,𝛀(𝒂) = ∫
𝐥𝐨𝐠(𝟏 + 𝒂 𝐜𝐨𝐬 𝒙)

𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙 

Prove that: 

𝟏

𝝅𝟐
(𝛀𝟐(𝒂) + 𝛀𝟐(𝒃) + 𝛀𝟐(𝒄)) ≥∑(𝐬𝐢𝐧−𝟏 𝒂 ⋅ 𝐬𝐢𝐧−𝟏 𝒃) 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

Let 𝒇(𝒂) =
𝐥𝐧(𝟏+𝒂𝐜𝐨𝐬 𝒙)

𝐜𝐨𝐬 𝒙
 is a continuous function in 𝒂 ⇒ 𝛀′(𝒂) = ∫

𝟏

𝟏+𝒂 𝐜𝐨𝐬 𝒙

𝝅

𝟎
𝒅𝒙 

𝑳𝒆𝒕 𝐭𝐚𝐧
𝒙

𝟐
= 𝒕 ⇒ 𝒙 = 𝟐𝐚𝐫𝐜𝐭𝐚𝐧 𝒕 ⇒ 𝒅𝒙 =

𝟐

𝟏 + 𝒕𝟐
𝒅𝒕

𝒙 = 𝟎 ⇒ 𝒕 = 𝟎; 𝒙 = 𝝅 ⇒ 𝒕 = ∞
} ⇒ 𝛀′(𝒂)

= ∫
𝟏

𝟏 + 𝒂
𝟏 − 𝒕𝟐

𝟏 + 𝒕𝟐

∞

𝟎

⋅
𝟐

𝟏 + 𝒕𝟐
𝒅𝒕 

= 𝟐∫
𝟏

𝟏 + 𝒕𝟐 + 𝒂 − 𝒂𝒕𝟐

∞

𝟎

𝒅𝒕 = 𝟐∫
𝟏

(𝟏 − 𝒂)𝒕𝟐 + 𝟏 + 𝒂

∞

𝟎

𝒅𝒕 =
𝟐

𝟏 − 𝒂
∫

𝟏

𝒕𝟐 + (√
𝟏+ 𝒂
𝟏− 𝒂

)

𝟐

∞

𝟎

𝒅𝒕 = 

=
𝟐

𝟏 − 𝒂
⋅

𝟏

√𝟏 + 𝒂
𝟏 − 𝒂

𝐚𝐫𝐜𝐭𝐚𝐧
𝒕

√𝟏 + 𝒂
𝟏 − 𝒂

|
∞
𝟎
=

𝝅

√𝟏 − 𝒂𝟐
⇒ 

𝛀(𝒂) = 𝝅∫
𝟏

√𝟏−𝒂𝟐
𝒅𝒂 = 𝝅𝐚𝐫𝐜𝐬𝐢𝐧 𝒂 + 𝒄

𝑩𝒖𝒕 𝛀(𝒂) = 𝟎 ⇒ 𝒄 = 𝟎
} ⇒ 𝛀(𝒂) = 𝝅𝐚𝐫𝐜𝐬𝐢𝐧 𝒂 ⇒ we must show: 

∑(𝐚𝐫𝐜𝐬𝐢𝐧 𝒂)𝟐 ≥ ∑𝐚𝐫𝐜𝐬𝐢𝐧 𝒂 ⋅ 𝐚𝐫𝐜𝐬𝐢𝐧 𝒃, which its true because ∑𝒙𝟐 ≥ ∑𝒙𝒚 
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359. If 𝒂, 𝒃, 𝒄 ∈ ℕ∗, 

𝛀(𝒂) = ∑
𝟏

𝒏(𝒏 + 𝟏)(𝒏 + 𝟐) ⋅ … ⋅ (𝒏 + 𝒂)

∞

𝒏=𝟏

 

then: 

(
𝒃𝛀(𝒂) + 𝒄𝛀(𝒃) + 𝒂𝛀(𝒄)

𝒂 + 𝒃 + 𝒄
)

𝒂+𝒃+𝒄

≥
𝟏

𝒂𝒃 ⋅ 𝒃𝒄 ⋅ 𝒄𝒂 ⋅ (𝒂!)𝒃 ⋅ (𝒃!)𝒄 ⋅ (𝒄!)𝒂
 

Proposed by Daniel Sitaru – Romania  

Solution by Shivam Sharma-New Delhi-India 

Let, 𝑺𝒂 = ∑ (
𝟏

𝒏(𝒏+𝟏)(𝒏+𝟐)⋅…⋅(𝒏+𝒂)
)∞

𝒏=𝟏 ⇒
𝟏

𝒂
(

𝟏

𝒏(𝒏+𝟏)…(𝒏+𝒂−𝟏)
−

𝟏

(𝒏+𝟏)…(𝒏+𝒂)
) 

⇒
𝟏

𝒂
(𝑺𝒂−𝟏 −∑ (

𝟏

(𝒏+𝟏)…(𝒏+𝒂)
)∞

𝒏=𝟏 ). Replace, 𝒏 + 𝟏 = 𝒌 ⇒ 

⇒
𝟏

𝒂
(𝑺𝒂−𝟏 − (∑(

𝟏

𝒌(𝒌+ 𝟏) − (𝒌 + 𝒂 − 𝟏)
) −

𝟏

𝒂!

∞

𝒌=𝟏

)) ⇒
𝟏

𝒂
(𝑺𝒂−𝟏 − 𝑺𝒂−𝟏 +

𝟏

𝒂!
) 

(OR) 𝑺𝒂 =
𝟏

𝒂⋅𝒂!
. Now, 𝛀(𝒂) = 𝑺𝒂 =

𝟏

𝒂⋅𝒂!
 

Now, applying this initial problem, and applying A.M.-G.M., we get, 

𝒃𝛀(𝒂) + 𝒄𝛀(𝒃) + 𝒂𝛀(𝒄)

𝒂 + 𝒃 + 𝒄
= (

𝒃(
𝟏

𝒂 ⋅ 𝒂!) + 𝒄(
𝟏

𝒃 ⋅ 𝒃!) + 𝒂 (
𝟏
𝒄 ⋅ 𝒄!)

𝒂 + 𝒃 + 𝒄
)

𝒂+𝒃+𝒄

≥
𝑨𝑴−𝑮𝑴

 

≥
𝟏

𝒂𝒃𝒃𝒄𝒄𝒂(𝒂!)𝒃(𝒃!)𝒄(𝒄!)𝒂
. Hence, 

(
𝒃𝛀(𝒂) + 𝒄𝛀(𝒃) + 𝒂𝛀(𝒄)

𝒂 + 𝒃 + 𝒄
)

𝒂+𝒃+𝒄

≥
𝟏

𝒂𝒃𝒃𝒄𝒄𝒂(𝒂!)𝒃(𝒃!)𝒄(𝒄!)𝒂
 

(proved) 
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360.  

𝛀(𝒏) = ∫𝒙 𝐥𝐨𝐠(𝟏 + 𝒏𝟑𝒙)

𝟏

−𝟏

𝒅𝒙, 𝒏 ∈ ℕ∗ 

Prove that: 

𝟗(𝟏 + √𝟐 + √𝟑 + ⋯+ √𝒏)
𝟐
> 4𝒆𝟐𝛀(𝒏)(𝟏 + 𝒆𝛀(𝒏)) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

𝛀(𝒏) = ∫ 𝒙 𝐥𝐧(𝟏 + 𝒏𝟑𝒙)

𝟏

−𝟏

𝒅𝒙

𝒙 = −𝒕|′ ⇒ 𝒅𝒙 = −𝒅𝒕 𝒙 = −𝟏 ⇒ 𝒕 = 𝟏;  𝒙 = 𝟏 ⇒ 𝒕 = −𝟏}
 

 
⇒ 

𝛀(𝒏) = ∫ −𝒕

−𝟏

𝟏

𝐥𝐧(𝟏 + 𝒏−𝟑𝒕) (−𝒅𝒕) = − ∫𝒕

𝟏

−𝟏

𝐥𝐧 (𝟏 +
𝟏

𝒏𝟑𝒕
) 𝒅𝒕 = − ∫ 𝒕

𝟏

−𝟏

𝐥𝐧 (
𝒏𝟑𝒕 + 𝟏

𝒏𝟑𝒕
)𝒅𝒕 = 

= − ∫𝒕 𝐥𝐧(𝟏 + 𝒏𝟑𝒕)

𝟏

−𝟏

𝒅𝒕 + ∫𝒕 𝐥𝐧𝒏𝟑𝒕
𝟏

−𝟏

𝒅𝒕 ⇒ 𝟐𝛀(𝒏) = ∫𝟑𝒕𝟐 𝐥𝐧𝒅𝒕

𝟏

−𝟏

⇒ 𝟐𝛀(𝒏) = 𝒕𝟑 𝐥𝐧𝒏 |
𝟏
−𝟏

⇒ 

⇒ 𝛀(𝒏) = 𝐥𝐧𝒏. We must show this: 𝟗(𝟏 + √𝟐 +⋯+ √𝒏)
𝟐
> 4𝒏𝟐(𝒏 + 𝟏) ⇔ 

⇔ 𝟏+ √𝟐 +⋯+ √𝒏 >
𝟐𝒏√𝒏 + 𝟏

𝟑
, ∀𝒏 ≥ 𝟏  

𝑷(𝟏): 𝟏 >
𝟐√𝟐

𝟑
⇔ 𝟑 > 2√𝟐  true. 

Now: 𝑷(𝒌):𝟏 + √𝟐 +⋯+ √𝒌 >
𝟐𝒌√𝒌+𝟏

𝟑
 

𝑷(𝒌 + 𝟏): 𝟏 + √𝟐 + ⋯+ √𝒌 + 𝟏 >
𝟐(𝒌 + 𝟏)√𝒌 + 𝟐

𝟑
 

From P(k) ⇒ 𝟏 + √𝟐 +⋯+ √𝒌+ √𝒌+ 𝟏 >
𝟐𝒌√𝒌+𝟏

𝟑
+ √𝒌 + 𝟏 

We must show this: 
𝟐𝒌√𝒌+𝟏

𝟑
+ √𝒌 + 𝟏 >

𝟐(𝒌+𝟏)√𝒌+𝟐

𝟑
 

𝟐𝒌 + 𝟑 > 2√(𝒌 + 𝟏)(𝒌 + 𝟐) ⇔ 𝟒𝒌𝟐 + 𝟏𝟐𝒌 + 𝟗 > 4𝒌𝟐 + 𝟏𝟐𝒌 + 𝟖 ⇔ 𝟗 > 8 true. 
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Solution 2 by Amit Dutta-Jamshedpur-India 

𝛀(𝒏) = ∫𝒙

𝟏

−𝟏

𝐥𝐨𝐠(𝟏 + 𝒏𝟑𝒙) 𝒅𝒙 

Using ∫ 𝑭(𝒙)
𝒂

𝟎
𝒅𝒙 = ∫ 𝑭(𝒂 − 𝒙)

𝒂

𝟎
𝒅𝒙 ⇒ 𝛀(𝒏) = ∫ −𝒙

𝟏

−𝟏
𝐥𝐨𝐠(𝟏 + 𝒏−𝟑𝒙) 𝒅𝒙 

𝛀(𝒏) = ∫−𝒙[𝐥𝐨𝐠(𝟏 + 𝒏𝟑𝒙) − 𝐥𝐨𝐠(𝒏𝟑𝒙)]

𝟏

−𝟏

𝒅𝒙 

𝛀(𝒏) = − ∫𝒙

𝟏

−𝟏

𝐥𝐨𝐠(𝟏 + 𝒏𝟑𝒙) 𝒅𝒙 + ∫𝒙 𝐥𝐨𝐠(𝒏𝟑𝒙)

𝟏

−𝟏

𝒅𝒙 

𝛀(𝒏) = −𝛀(𝒏) + ∫(𝟑𝒙𝟐)

𝟏

−𝟏

𝐥𝐨𝐠(𝒏)𝒅𝒙;  𝟐𝛀(𝒏) = 𝟑 ∫𝒙𝟐(𝐥𝐨𝐠𝒏)

𝟏

−𝟏

𝒅𝒙 

𝟐𝛀(𝒏) = (𝟑 𝐥𝐨𝐠𝒏) ∫𝒙𝟐

𝟏

−𝟏

𝒅𝒙;  𝟐𝛀(𝒏) = (𝟑 𝐥𝐨𝐠𝒏) × 𝟐 ∫𝒙𝟐

𝟏

−𝟏

𝒅𝒙 

𝛀(𝒏) = 𝟑 𝐥𝐨𝐠𝒏 ×
𝟏

𝟑
⇒ 𝛀(𝒏) = 𝐥𝐨𝐠𝒆 𝒏 

The inequality is: 𝟗(𝟏 + √𝟐 + √𝟑 + ⋯+ √𝒏)
𝟐
> 4𝒆𝟐𝛀(𝒏)(𝟏 + 𝒆𝛀(𝒏)). i.e., we have to 

prove 𝟗(𝟏 + √𝟐 + √𝟑 + ⋯+ √𝒏)
𝟐
> 4𝒆𝟐 𝐥𝐧 𝒏(𝟏 + 𝒆𝐥𝐧 𝒏) 

𝟗(𝟏 + √𝟐+ √𝟑 +⋯+ √𝒏)
𝟐
> 4𝒏𝟐(𝒏 + 𝟏) 

or (𝟏 + √𝟐 + √𝟑 +⋯+ √𝒏) > (
𝟐𝒏√𝒏+𝟏

𝟑
)    (1) 

Using, AM of mth power ≥ mth power of AM 

𝒂𝟏
𝒎 + 𝒂𝟐

𝒎 +⋯+ 𝒂𝒏
𝒎

𝒏
≤ (

𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏
𝒏

)
𝒎

 ∀𝒎 ∈ (𝟎, 𝟏) 

Using this (
𝟏+𝟐+𝟑+⋯+𝒏

𝒏
)

𝟏

𝒏
≥ (

𝟏+√𝟐+√𝟑+⋯+√𝒏

𝒏
) ⇒ [

𝒏(𝒏+𝟏)

𝟐𝒏
]

𝟏

𝟐
≥ (

𝟏+√𝟐+√𝟑+⋯+√𝒏

𝒏
) >

𝟐√𝒏+𝟏

𝟑
 

⇒ [
𝒏(𝒏+𝟏)

𝟐𝒏
]

𝟏

𝟐
>

𝟐√𝒏+𝟏

𝟑
⇒

√𝒏+𝟏

√𝟐
>
𝟐√𝒏+𝟏

𝟑
⇒ 𝟑 > 2√𝟐 → which is true. Hence the inequality 

in (1) is true. 
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361. If 𝒇:ℝ → (𝟎,∞), 𝒇 continuous then: 

∫∫∫(
𝒇𝟒(𝒙) + 𝒇𝟒(𝒚) + 𝒇𝟒(𝒛)

𝒇𝟑(𝒙) + 𝒇𝟑(𝒚) + 𝒇𝟑(𝒛)
)

𝟓𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚

𝒂

𝟎

𝒅𝒛 ≥ 𝒂𝟐∫𝒇𝟓(𝒙)

𝒂

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by Omran Kouba-Damascus-Syria 

Let 𝑷(𝒙) = 𝟓(𝒙𝟒 − 𝒙𝟑) − 𝒙𝟓 + 𝟏. Clearly we have 𝑷(𝟏) = 𝑷′(𝟏) = 𝟎, so 𝑷(𝒙) is 

divisible by (𝒙 − 𝟏)𝟐. An easy calculation shows that: 

 𝑷(𝒙) = (𝒙 − 𝟏)𝟐(𝒙𝟐(𝟑 − 𝒙) + 𝟐𝒙 + 𝟏). Thus, for 

𝒙 ∈ [𝟎, 𝟑] we have 𝑷(𝒙) ≥ 𝟎. Consider, positive numbers 𝒕, 𝒖, 𝒗 and define 

𝒙 =
√𝟑
𝟓
𝒕

√𝒕𝟓 + 𝒖𝟓 + 𝒗𝟓
𝟓

, 𝒚 =
√𝟑
𝟓
𝒖

√𝒕𝟓 + 𝒖𝟓 + 𝒗𝟓
𝟓

, 𝒛 =
√𝟑
𝟓
𝒗

√𝒕𝟓 + 𝒖𝟓 + 𝒗𝟓
𝟓

 

These numbers belong to [𝟎, 𝟑]. From 𝑷(𝒙) + 𝑷(𝒚) + 𝑷(𝒛) ≥ 𝟎 we conclude that 

𝟑
𝟒

𝟓 ⋅
𝒕𝟒+𝒖𝟒+𝒗𝟒

( √𝒕𝟓+𝒖𝟓+𝒗𝟓
𝟓

)
𝟒 ≥ 𝟑

𝟑

𝟓 ⋅
𝒕𝟑+𝒖𝟑+𝒗𝟑

( √𝒕𝟓+𝒖𝟓+𝒗𝟓
𝟓

)
𝟑. Equivalently (

𝒕𝟒+𝒖𝟒+𝒗𝟒

𝒕𝟑+𝒖𝟑+𝒗𝟑
)
𝟓

≥
𝟏

𝟑
(𝒕𝟓 + 𝒖𝟓 + 𝒗𝟓) 

It follows that for 𝒇: [𝟎, 𝒂] → (𝟎, +∞) we have 

∫∫∫(
𝒇𝟒(𝒛) + 𝒇𝟒(𝒚) + 𝒇𝟒(𝒛)

𝒇𝟑(𝒙) + 𝒇𝟑(𝒚) + 𝒇𝟑(𝒛)
)

𝟓𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚

𝒂

𝟎

𝒅𝒛 ≥ ∫∫∫
𝟏

𝟑
(𝒇𝟓(𝒙) + 𝒇𝟓(𝒚) + 𝒇𝟓(𝒙))

𝒂

𝟎

𝒅𝒙

𝒂

𝟎

𝒅𝒚

𝒂

𝟎

𝒅𝒛 

= 𝒂𝟐∫𝒇𝟓(𝒙)

𝒂

𝟎

𝒅𝒙 

 

362. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝟐 ⋅ ∫ ∫ ∫
(𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙)

(𝒙 + 𝒚 + 𝒛)𝟐

𝟐𝒄

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≤ 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

It is known that (𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛) ≤ (𝒙 + 𝒚 + 𝒛)𝟐     (1) 

Similarly (𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙) ≤ (𝒙 + 𝒚 + 𝒛)𝟐  (2) 

(𝟐𝒙 + 𝒚)(𝒙 + 𝟐𝒛) ≤ (𝒙 + 𝒚 + 𝒛)𝟐 

(1) ×  (2) ×  (3) ⇒ (𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙) ≤ (𝒙 + 𝒚 + 𝒛)𝟑 then we have 

𝑳𝑯𝑺 ≤ 𝟐∫ ∫ ∫(𝒙 + 𝒚 + 𝒛)

𝟐𝒄

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 = 𝟐(
𝟑𝒂𝟐𝒃𝒄

𝟐
+
𝟑𝒂𝒃𝟐𝒄

𝟐
+
𝟑𝒂𝒃𝒄𝟐

𝟐
) = 

= 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝟐∫ ∫ ∫
(𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙)

(𝒙 + 𝒚 + 𝒛)𝟐

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝟐𝒄

𝒂

≤
𝑴𝑮≤𝑴𝑨

𝟐∫∫∫
(
𝟑(𝒙 + 𝒚 + 𝒛)

𝟑 )
𝟑

(𝒙 + 𝒚 + 𝒛)𝟐
𝒅𝒙𝒅𝒚𝒅𝒛 = 

= 𝟐∫∫∫(𝒙 + 𝒚 + 𝒛)𝒅𝒙𝒅𝒚𝒅𝒛 = 𝟐 ⋅ ∫∫(
𝒙𝟐

𝟐
+ (𝒚 + 𝒛)𝒙)|

𝒂

𝟐𝒂

𝒅𝒚 𝒅𝒛 = 

= 𝟐 ⋅ ∫∫ (
𝟑𝒂𝟐

𝟐
+ 𝒂(𝒚 + 𝒛))

𝟐𝒃

𝒃

𝒅𝒚𝒅𝒛 = 𝟐∫∫ (𝒂𝒚+
𝟑𝒂𝟐

𝟐
+ 𝒂𝒛)𝒅𝒚

𝟐𝒃

𝒃

𝒅𝒛 = 

= 𝟐 ⋅ ∫ (
𝒂𝒚𝟐

𝟐
+ (

𝟑𝒂𝟐

𝟐
+ 𝒂𝒛)𝒚)|

𝟐𝒄

𝒄 𝒃

𝟐𝒃

𝒅𝒛 = 𝟐 ⋅ ∫ (
𝟑𝒂𝒃𝟐

𝟐
+ (

𝟑𝒂𝟐

𝟐
+ 𝒂𝒛) ⋅ 𝒃)

𝟐𝒄

𝒄

𝒅𝒛 = 

= 𝟐 ⋅ ∫ (𝒂𝒃𝒛 +
𝟑𝒂𝒃𝟐

𝟐
+
𝟑𝒂𝟐𝒃

𝟐
)

𝟐𝒄

𝒄

𝒅𝒛 = 𝟐 (
𝒂𝒃𝒛𝟐

𝟐
+ (

𝟑𝒂𝟐𝒃

𝟐
+
𝟑𝒂𝒃𝟐

𝟐
) 𝒛)|

𝒄

𝟐𝒄

= 

= 𝟐(
𝟑𝒂𝒃𝒄𝟐

𝟐
+ (

𝟑𝒂𝟐𝒃

𝟐
+
𝟑𝒂𝒃𝟐

𝟐
) 𝒄) = 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

Since (𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙) ≤ (𝒙 + 𝒚 + 𝒛)𝟑. Hence 

𝟐∫ ∫ ∫
(𝟐𝒙 + 𝒚)(𝟐𝒚 + 𝒛)(𝟐𝒛 + 𝒙)

(𝒙 + 𝒚 + 𝒛)𝟐

𝟐𝒄

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≤ 𝟐∫ ∫ ∫
(𝒙 + 𝒚 + 𝒛)𝟑

(𝒙 + 𝒚 + 𝒛)𝟐

𝟐𝒄

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 = 
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= ∫ ∫ ∫ 𝟐(𝒙 + 𝒚 + 𝒛)

𝟐𝒄

𝒂

𝒅𝒙

𝟐𝒃

𝒂

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 = 𝟐(
𝒙𝟐𝒚𝒛

𝟐
+
𝒙𝒚𝟐𝒛

𝟐
+
𝒙𝒚𝒛𝟑

𝟐
) = 

= 𝒙𝟐𝒚𝒛 + 𝒙𝒚𝟐𝒛 + 𝒙𝒚𝒛𝟐 |
𝟐𝒂
𝒂
|𝟐𝒃
𝒃
|
𝟐𝒄
𝒄
= 

= ((𝟐𝒂)𝟐 − 𝒂𝟐)((𝟐𝒃) − 𝒃)((𝟐𝒄) − 𝒄) + ((𝟐𝒂) − 𝒂)((𝟐𝒃)𝟐 − (𝒃)𝟐)((𝟐𝒄) − 𝒄) + 

+𝟐(𝟐𝒂 − 𝒂)(𝟐𝒃 − 𝒃)((𝟐𝒄)𝟐 − 𝒄𝟐) = 𝟑𝒂𝟐𝒃𝒄 + 𝟑𝒂𝒃𝟐𝒄 + 𝟑𝒂𝒃𝒄𝟐 = 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

Therefore it is to be true. 

 

363. If 𝟎 < 𝑎 <
𝝅

𝟒
 then: 

𝒂𝟐 𝐜𝐨𝐭 (
𝟑𝒂

𝟐
) ≤ ∫ ∫ 𝐜𝐨𝐭 (

𝟒𝒙 + 𝟑𝒚

𝟕
)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≤ 𝐥𝐨𝐠(𝟐 𝐜𝐨𝐬𝒂)𝒂 

Proposed by Daniel Sitaru – Romania  

Soumitra Mandal-Chandar Nagore-India 

Let 𝒇(𝒙) = 𝐜𝐨𝐭 𝒙 for all 𝒙 ∈ [𝟎,
𝝅

𝟒
] then 𝒇′(𝒙) = −𝐜𝐬𝐜𝟐 𝒙 ; 𝒇′′(𝒙) = 𝟐𝐜𝐬𝐜𝟐 𝒙 𝐜𝐨𝐭 𝒙 > 0 

 for all 𝒙 ∈ [𝟎,
𝝅

𝟒
], hence 𝒇 is convex 𝐜𝐨𝐭 (

𝟒𝒙+𝟑𝒚

𝟕
) ≤

𝟒

𝟕
𝐜𝐨𝐭 𝒙 +

𝟑

𝟕
𝐜𝐨𝐭 𝒚 ⇒

∫ ∫ 𝐜𝐨𝐭 (
𝟒𝒙+𝟑𝒚

𝟕
)

𝟐𝒂

𝒂
𝒅𝒙

𝟐𝒂

𝒂
𝒅𝒚 ≤ 

≤
𝟒

𝟕
∫ ∫ 𝐜𝐨𝐭 𝒙

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 +
𝟑

𝟕
∫ ∫ 𝐜𝐨𝐭𝒚

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 =
𝟒𝒂

𝟕
∫ 𝐜𝐨𝐭 𝒙𝒅𝒙

𝟐𝒂

𝒂

+
𝟑𝒂

𝟕
∫ 𝐜𝐨𝐭𝒚 𝒅𝒚

𝟐𝒂

𝒂

= 

=
𝟒𝒂

𝟕
|𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)|𝒙=𝒂

𝒙=𝟐𝒂 +
𝟑𝒂

𝟕
|𝐥𝐨𝐠(𝐬𝐢𝐧𝒚)|𝒚=𝒂

𝒚=𝟐𝒂
= 𝒂 𝐥𝐨𝐠 (

𝐬𝐢𝐧𝟐𝒂

𝐬𝐢𝐧𝒂
) = 𝒂 𝐥𝐨𝐠(𝟐 𝐜𝐨𝐬 𝒙) = 

= 𝐥𝐨𝐠(𝟐 𝐜𝐨𝐬 𝒙)𝒂. Applying Hermite – Hadamard for Double Integral; 

𝟏

(𝟐𝒂 − 𝒂)(𝟐𝒂 − 𝒂)
∫ ∫ 𝐜𝐨𝐭 (

𝟒𝒙 + 𝟑𝒚

𝟕
)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≥ 𝐜𝐨𝐭(
𝟒 ⋅ (

𝟐𝒂 + 𝒂
𝟐 )+ 𝟑 ⋅ (

𝟐𝒂 + 𝒂
𝟐 )

𝟕
) ⇒ 

⇒ ∫ ∫ 𝐜𝐨𝐭 (
𝟒𝒙 + 𝟑𝒚

𝟕
)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≥ 𝒂𝟐 𝐜𝐨𝐭 (
𝟑𝒂

𝟐
) 
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∴ 𝒂𝟐 𝐜𝐨𝐭 (
𝟑𝒂

𝟐
) ≤ ∫ ∫ 𝐜𝐨𝐭 (

𝟒𝒙 + 𝟑𝒚

𝟕
)

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒂

𝒂

𝒅𝒚 ≤ 𝐥𝐨𝐠(𝟐 𝐜𝐨𝐬𝒂)𝒂 

(proved) 

 

364. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝟑∫ ∫ ∫ (
𝒙 + 𝒚 + 𝒛

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
)

𝟐𝒄

𝒄

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≤ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝒍𝒏 𝟐 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

Since (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) (
𝒙

𝒚𝒛
+

𝒚

𝒛𝒙
+

𝒛

𝒙𝒚
) = (𝒙 + 𝒚 + 𝒛) + (

𝒙𝟐

𝒚
+
𝒚𝟐

𝒛
+
𝒛𝟐

𝒙
) + (

𝒙𝟐

𝒛
+
𝒛𝟐

𝒚
+
𝒚𝟐

𝒙
) ≥ 

≥ 𝟑(𝒙 + 𝒚 + 𝒛). Hence 
𝟑(𝒙+𝒚+𝒛)
𝒙

𝒚𝟐
+
𝒚

𝒛𝒙
+
𝒛

𝒙𝒚

≤ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ⇒
𝟑(𝒙𝒚𝒛)(𝒙+𝒚+𝒛)

𝒙𝟐+𝒚𝟐+𝒛𝟐
≤ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ⇒ 

⇒
𝟑(𝒙+𝒚+𝒛)

𝒙𝟐+𝒚𝟐+𝒛𝟐
≤

𝒙𝒚+𝒚𝒛+𝒛𝒙

𝒙𝒚𝒛
=
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
. Hence  

𝟑∫ ∫ ∫
𝒙 + 𝒚 + 𝒛

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝟐𝒄

𝒄

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 = ∫ ∫ ∫
𝟑(𝒙 + 𝒚 + 𝒛)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)

𝟐𝒄

𝒄

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≤ 

≤ ∫ ∫ ∫ (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)𝒅𝒙

𝟐𝒄

𝒄

𝒅𝒚

𝟐𝒃

𝒃

𝒅𝒛

𝟐𝒂

𝒂

= 𝒙𝒚 𝐥𝐧 𝒛 + 𝒚𝒛 𝐥𝐧𝒙 + 𝒛𝒙 𝐥𝐧𝒚 |
𝟐𝒂
𝒂
|𝟐𝒃
𝒃
|
𝟐𝒄
𝒄
= 

= [𝒂𝒃 𝐥𝐧(𝟐𝒄) + 𝒃𝒄 𝐥𝐧(𝟐𝒂) + 𝒄𝒂 𝐥𝐧(𝟐𝒃)] − [𝒂𝒃 𝐥𝐧 𝒄 + 𝒃𝒄 𝐥𝐧𝒂 + 𝒄𝒂 𝐥𝐧𝒃] = 

= [𝒂𝒃 𝐥𝐧𝟐 + 𝒃𝒄 𝐥𝐧𝟐 + 𝒄𝒂 𝐥𝐧 𝟐 + 𝒂𝒃 𝐥𝐧 𝒄 + 𝒃𝒄 𝐥𝐧𝒂 + 𝒄𝒂 𝐥𝐧𝒃]

− [𝒂𝒃 𝐥𝐧 𝒄 + 𝒃𝒄 𝐥𝐧 𝒂 + 𝒄𝒂 𝐥𝐧𝒃] 

= 𝒂𝒃 𝐥𝐧𝟐 + 𝒃𝒄 𝐥𝐧𝟐 + 𝒄𝒂 𝐥𝐧 𝟐 = (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐥𝐧𝟐. Therefore it is to be true. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

𝟑∑𝒙𝟐

𝒄𝒚𝒄

≥ (𝒙 + 𝒚 + 𝒛)𝟐, ∫ ∫ ∫
𝒙 + 𝒚 + 𝒛

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐

𝟐𝒄

𝒄

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 ≤ 
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≤ ∫ ∫ ∫
𝟗

𝒙 + 𝒚 + 𝒛

𝟐𝒂

𝒂

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒄

𝒄

𝒅𝒛 ≤∑∫ ∫ ∫
𝒅𝒙

𝒙

𝟐𝒂

𝒂

𝟐𝒂

𝒃

𝟐𝒄

𝒄𝒄𝒚𝒄

= 𝐥𝐧𝟐∑𝒂𝒃

𝒄𝒚𝒄

 

(proved) 

Solution 3 by Nguyen Van Nho-Nghe An-Vietnam 

We have: 𝟑∑𝒙𝟐 ≥ (∑𝒙)𝟐 →
∑𝒙

∑𝒙𝟐
≤

𝟑

∑𝒙
≤

𝑪𝒂𝒖𝒄𝒉𝒚

(𝒙𝒚𝒛)−
𝟏

𝟑. So: 

𝑳𝑯𝑺 ≤ 𝟑∫ ∫ ∫(𝒙𝒚𝒛)−
𝟏
𝟑

𝟐𝒄

𝒄

𝒅𝒙

𝟐𝒃

𝒃

𝒅𝒚

𝟐𝒂

𝒂

𝒅𝒛 = 𝟑∏(
𝟑

𝟐
𝒙
𝟐
𝟑|
𝒂

𝟐𝒂

) = 

=
𝟖𝟏

𝟖
(𝟐

𝟐

𝟑 − 𝟏)
𝟑

(𝒂𝒃𝒄)
𝟐

𝟑 <
𝑪𝒂𝒖𝒄𝒉𝒚

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐥𝐧𝟐   (Done) 

 

365. If 𝒇: [𝟎, 𝟏] → (𝟎,∞), 𝒇 – continuous, ∫ 𝒇(𝒙)
𝟏

𝟎
𝒅𝒙 = 𝟏 then: 

∫∫𝒇(𝒙)𝒇(𝒚)

𝟏

𝟎

𝒅𝒙

𝟏

𝟎

𝒅𝒚 ≤ ∫𝒇𝟏𝟎(𝒙)

𝟏

𝟎

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Athens-Greece 

Using Hölder’s inequality, for 𝒑 = 𝟏𝟎, 𝒒 =
𝟏𝟎

𝟗
, we have that: 

𝟏 = ∫𝒇(𝒙)

𝟏

𝟎

𝒅𝒙 ≤ (∫𝒇𝟏𝟎

𝟏

𝟎

(𝒙)𝒅𝒙)

𝟏
𝟏𝟎

⋅ (∫𝟏
𝟏𝟎
𝟗

𝟏

𝟎

𝒅𝒙)

𝟗
𝟏𝟎

= (∫𝒇𝟏𝟎

𝟏

𝟎

(𝒙)𝒅𝒙)

𝟏
𝟏𝟎

⇒ 

⇒ ∫ 𝒇𝟏𝟎(𝒙)
𝟏

𝟎
𝒅𝒙 ≥ 𝟏   (1)  

So,  

∫∫𝒇(𝒙)

𝟏

𝟎

𝒇(𝒚)𝒅𝒙

𝟏

𝟎

𝒅𝒚 = ∫𝒇(𝒙)

𝟏

𝟎

𝒅𝒙∫𝒇(𝒚)

𝟏

𝟎

𝒅𝒚 = 𝟏 ≤
(𝟏)

∫𝒇𝟏𝟎(𝒙)

𝟏

𝟎

𝒅𝒙 
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366. Let be 𝛀: (𝟎,
𝝅

𝟐
) → ℝ, 

𝛀(𝒙) = 𝐥𝐢𝐦
𝜺→𝟎
𝜺>0

∫
𝐬𝐢𝐧 𝒕

𝒕

𝒙

𝜺

𝒅𝒕 

Prove that: 

(𝒂 + 𝒃 + 𝒄)𝛀 (
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂 + 𝒃 + 𝒄
) ≥ 𝒂𝛀(𝒂) + 𝒃𝛀(𝒃) + 𝒄𝛀(𝒄) 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

𝛀 = 𝐥𝐢𝐦
𝒙→∞
𝜺>0

∫
𝐬𝐢𝐧 𝒕

𝒕

𝒙

𝜺
𝒅𝒕 then 𝛀′(𝒙) =

𝐬𝐢𝐧𝒙

𝒙
, 𝛀′′(𝒙) =

𝐜𝐨𝐬 𝒙

𝒙𝟐
(𝒙 − 𝐭𝐚𝐧𝒙) ≤ 𝟎 

since, 𝐬𝐢𝐧 𝒙 ≤ 𝒙 ≤ 𝐭𝐚𝐧 𝒙 for all 𝒙 ≥ 𝟎, hence 𝛀 is concave so, from the definition of 

concave function 

∑
𝒂

𝒂+ 𝒃+ 𝒄
𝒄𝒚𝒄

𝛀(𝒂) ≤ 𝛀(∑(
𝒂

𝒂+ 𝒃 + 𝒄
)

𝒄𝒚𝒄

⋅ 𝒂) 

∑𝒂𝛀(𝒂)

𝒄𝒚𝒄

≤ (𝒂 + 𝒃 + 𝒄)𝛀(
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂 + 𝒃 + 𝒄
) 

 

367. If 𝟎 < 𝒂 ≤ 𝒃 <
𝝅

𝟒
 then: 

∫∫∫(
(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)𝐬𝐢𝐧 (𝒛 + 𝒙)
+

(𝒚 + 𝒛)𝟐

(𝒛 + 𝒙)𝐬𝐢𝐧 (𝒙 + 𝒚)
+

(𝒛 + 𝒙)𝟐

(𝒙 + 𝒚)𝐬𝐢𝐧 (𝒚 + 𝒛)
)𝒅𝒙𝒅𝒚𝒅𝒛

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

≥ 𝟑(𝒃− 𝒂)𝟑 

 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 
Solution 1 by Daniel Sitaru-Romania 

𝒖 = 𝒙+ 𝒚, 𝒗 = 𝒚 + 𝒛,𝒘 = 𝒛 + 𝒙 

∑
(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)𝐬𝐢𝐧 (𝒛 + 𝒙)
= ∑

𝒖𝟐

𝒗 ∙ 𝒔𝒊𝒏𝒘
𝒄𝒚𝒄(𝒖,𝒗,𝒘)

>⏞
𝒔𝒊𝒏𝒘<𝑤

𝒄𝒚𝒄(𝒙,𝒚,𝒛)
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> ∑
𝒖𝟐

𝒗𝒘
𝒄𝒚𝒄(𝒖,𝒗,𝒘)

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒖 + 𝒗 + 𝒘)𝟐

𝒖𝒗 + 𝒗𝒘+ 𝒘𝒖
≥ 𝟑 

(𝒖 + 𝒗 +𝒘)𝟐 ≥ 𝟑(𝒖𝒗 + 𝒗𝒘 +𝒘𝒖) 

∫∫∫ ∑
(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)𝐬𝐢𝐧 (𝒛 + 𝒙)
≥

𝒄𝒚𝒄(𝒙,𝒚,𝒛)

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

∫∫∫𝟑𝒅𝒙𝒅𝒚𝒅𝒛

𝒃

𝒂

= 𝟑(𝒃 − 𝒂)𝟑

𝒃

𝒂

𝒃

𝒂

 

Solution 2 by Serban George Florin-Romania 
 

∑
(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)𝐬𝐢𝐧 (𝒛 + 𝒙)
≥∑

(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)(𝒛 + 𝒙)
, (𝒔𝒊𝒏𝒕 ≤ 𝒕) 

∑
(𝒙 + 𝒚)𝟐

(𝒚 + 𝒛)(𝒛 + 𝒙)
≥ √

(𝒙 + 𝒚)𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐

(𝒙 + 𝒚)𝟐(𝒚 + 𝒛)𝟐(𝒛 + 𝒙)𝟐
𝟑

= 𝟑 

∫∫∫∑
(𝒙+ 𝒚)𝟐

(𝒚 + 𝒛)𝐬𝐢𝐧 (𝒛 + 𝒙)
𝒅𝒙𝒅𝒚𝒅𝒛 ≥ 𝟑∫∫∫𝒅𝒙𝒅𝒚𝒅𝒛

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

≥ 𝟑(𝒃 − 𝒂)𝟑

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

 

 

368. If 𝟎 ≤ 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒙, 𝒚, 𝒛 ≤ 𝟏 then: 

𝟏𝟎𝟖∫∫∫
(𝟑𝒂𝒃𝒄𝒅𝒆𝒇𝒙𝒚𝒛 − 𝟏)𝒅𝒙𝒅𝒚𝒅𝒛

(𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝟑)(𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝟑)(𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝟑)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

≤ 𝟏 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∵ 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒙, 𝒚, 𝒛 ≤ 𝟏 ∴ 𝟏 ≥ 𝒂𝟒, 𝒃𝟒, 𝒄𝟒, 𝒅𝟒, 𝒆𝟒, 𝒇𝟒, 𝒙𝟒, 𝒚𝟒, 𝒛𝟒 

∴ 𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝟑 = 𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝟏 + 𝟏 + 𝟏 ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝒂𝟒 + 𝒃𝟒 + 𝒙𝟒 ≥ 

≥
𝑨−𝑮

𝟔𝒂𝒃𝒙 ⇒ 𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝟑 ≥
(𝟏)

𝟔𝒂𝒃𝒙. Again, 

 𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝟑 = 𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝟏 + 𝟏 + 𝟏 ≥ 𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝒄𝟒 + 𝒅𝟒 + 𝒚𝟒 ≥
𝑨−𝑮

 

≥ 𝟔𝒄𝒅𝒚 ⇒ 𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝟑 ≥
(𝟐)

𝟔𝒄𝒅𝒚. Also, 

 𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝟑 = 𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝟏 + 𝟏 + 𝟏 ≥ 𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝒆𝟒 + 𝒇𝟒 + 𝒛𝟒 ≥
𝑨−𝑮
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≥ 𝟔𝒆𝒇𝒛 ⇒ 𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝟑 ≥
(𝟑)

𝟔𝒆𝒇𝒛 

(1).(2).(3) ⇒ (𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐 + 𝟑)(𝒄𝟐 + 𝒅𝟐 + 𝒚𝟐 + 𝟑)(𝒆𝟐 + 𝒇𝟐 + 𝒛𝟐 + 𝟑) ≥
(𝒂)

𝟐𝟏𝟔𝒂𝒃𝒄𝒅𝒆𝒇𝒙𝒚𝒛 

Case 1: 𝟑𝒂𝒃𝒄𝒅𝒆𝒇𝒙𝒚𝒛 − 𝟏 ≤ 𝟎 

Then, 𝑳𝑯𝑺 ≤ ∫ ∫ ∫ 𝟎
𝟏

𝟎
𝒅𝒙

𝟏

𝟎
𝒅𝒚

𝟏

𝟎
𝒅𝒛 = 𝟎 < 1 ⇒ given inequality is true 

Case 2: 𝟑𝒂𝒃𝒄𝒅𝒆𝒇𝒙𝒚𝒛 − 𝟏 > 0 

(a) ⇒ 𝑳𝑯𝑺 ≤
(𝒊)

𝟏

𝟐
∫ ∫ ∫

𝟑𝒎−𝟏

𝒎
𝒅𝒙

𝟏

𝟎
𝒅𝒚

𝟏

𝟎
𝒅𝒛

𝟏

𝟎
, where 𝒎 = 𝒂𝒃𝒄𝒅𝒆𝒇𝒙𝒚𝒛 

∵ 𝒎 ≤ 𝟏 ∴
𝟑𝒎−𝟏

𝒎
= 𝟑 −

𝟏

𝒎
≤
(𝒊𝒊)

𝟐 ∴ (i), (ii) ⇒ 𝑳𝑯𝑺 ≤ ∫ ∫ ∫ 𝒅𝒙
𝟏

𝟎
𝒅𝒚

𝟏

𝟎
𝒅𝒛

𝟏

𝟎
= 𝟏 ⇒ given 

inequality is true (Hence proved) 

 

369. Find: 

𝑳 = 𝒍𝒊𝒎
𝒏→∞

√𝒑! +
(𝒑+𝟏)!

𝟏!
+
(𝒑+𝟐)!

𝟐!
+⋯+

(𝒑+𝒏)!

𝒏!

𝒏
, 𝒑 ∈ ℕ∗, 𝒑 – fixed 

Proposed by Marian Ursarescu-Romania 

Solution by Ravi Prakash-New Delhi-India 

𝒑! +
(𝒑 + 𝟏)!

𝟏!
+
(𝒑 + 𝟐)!

𝟐!
+ ⋯+

(𝒑+ 𝒏)!

𝒏!
= 𝒑! [𝟏 +

(𝒑 + 𝟏)!

𝒑! 𝟏!
+
(𝒑 + 𝟐)!

𝒑! 𝟐!
+ ⋯+

(𝒑 + 𝒏)!

𝒑! 𝒏!
] 

= 𝒑! [ 𝑪𝟎 
𝒑+𝟏 + 𝑪𝟏 

𝒑+𝟏 + 𝑪𝟐 
𝒑+𝟐 + 𝑪𝟑 

𝒑+𝟑 +⋯+ 𝑪𝒏 
𝒑+𝒏 ] = 𝒑! [ 𝑪𝟏 

𝒑+𝟐 + 𝑪𝟐 
𝒑+𝟐 +⋯+ 𝑪𝒏 

𝒑+𝒏 ] 

= 𝒑! [ 𝑪𝟐 
𝒑+𝟑 + 𝑪𝟑 

𝒑+𝟑 +⋯+ 𝑪𝒏 
𝒑+𝒏 ] = 𝒑! [ 𝑪𝟑 

𝒑+𝟒 +⋯+ 𝑪𝒏 
𝒑+𝒏 ] = ⋯ 

= 𝒑! 𝑪𝒏 
𝒑+𝒏+𝟏 =

(𝒑 + 𝒏 + 𝟏)!

(𝒑 + 𝟏)!𝒏!
𝒑! 

(𝒑 + 𝒏 + 𝟏)(𝒑 + 𝒏)… (𝒏 + 𝟏)

𝒑 + 𝟏
=

𝒏𝒏+𝟏

(𝒑 + 𝟏)
(𝟏 +

𝟏

𝒏
) (𝟏 +

𝟐

𝒏
)…(𝟏 +

𝒑

𝒏
) (𝟏 +

𝒑 + 𝟏

𝒏
) 

𝑳 = 𝐥𝐢𝐦
𝒏→∞

(𝒏
𝟏
𝒏)
𝒑+𝟏

(𝒑 + 𝟏)
𝟏
𝒏

(𝟏 +
𝟏

𝒏
)

𝟏
𝒏
(𝟏 +

𝟐

𝒏
)

𝟏
𝒏
…(𝟏+

𝒑

𝒏
)

𝟏
𝒏
(𝟏 +

𝒑 + 𝟏

𝒏
)

𝟏
𝒏

 

=
𝟏

𝟏
𝒆 ⋅ 𝒆𝟐 ⋅ 𝒆𝟑 ⋅ … ⋅ 𝒆𝒑+𝟏 = 𝒆

(𝒑+𝟏)(𝒑+𝟐)
𝟐  
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370. (𝒙𝒏)𝒏≥𝟎, 𝒙𝟎 > 0, 𝒙𝒏+𝟏 = 𝒙𝒏 +
𝟏

𝒙𝒏
𝒑 , 𝒑 ∈ ℕ

∗, 𝒑 – fixed 

Find: 

𝜴 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏 √𝒏
𝒑+𝟏  

Proposed by Marian Ursarescu-Romania 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know, 𝐥𝐢𝐦
𝒖→𝟎

(𝟏+𝒖)𝒓−𝟏

𝒖
= 𝒓 now 𝒙𝒏+𝟏 − 𝒙𝒏 =

𝟏

𝒙𝒏
𝒑 > 0 for all 𝒏 ∈ ℕ 

Hence the sequence is increasing, implying its bounded 

then let 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 = 𝒍 ⇒ 𝒍 = 𝒍 +
𝟏

𝒍𝒑
⇒ 𝒍 → ∞, which is a contradiction 

∴ 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 = ∞ let 𝑳 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝟏+𝒙𝟐+⋯+𝒙𝒏

𝒏 √𝒏
𝒑+𝟏 = (𝐥𝐢𝐦

𝒏→∞

∑ 𝒙𝒌
𝒏
𝒌=𝟏

𝒏
) (𝐥𝐢𝐦

𝒏→∞

𝟏

√𝒏
𝒑+𝟏 ) 

=⏞

𝑪𝒂𝒆𝒔𝒂𝒓𝒐
𝑺𝒕𝒐𝒍𝒛

(𝐥𝐢𝐦
𝒏→∞

∑ 𝒙𝒌
𝒏+𝟏
𝒌=𝟏 − ∑ 𝒙𝒌

𝒏
𝒌=𝟏

𝒏 + 𝟏 − 𝒏
)(𝐥𝐢𝐦

𝒏→∞

𝟏

√𝒏
𝒑+𝟏 ) = 𝐥𝐢𝐦

𝒏→∞

𝒙𝒏+𝟏

√𝒏
𝒑+𝟏  

⇒ 𝑳𝒑+𝟏 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
𝒑+𝟏

𝒏
=⏞

𝑪𝒂𝒆𝒔𝒂𝒓𝒐
𝑺𝒕𝒐𝒍𝒛

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟐
𝒑+𝟏

− 𝒙𝒏+𝟏
𝒑+𝟏

𝒏 + 𝟏 − 𝒏
= 𝐥𝐢𝐦
𝒏→∞

(𝒙𝒏+𝟐
𝒑+𝟏

− 𝒙𝒏+𝟏
𝒑+𝟏) 

= 𝐥𝐢𝐦
𝒏→∞

{(𝒙𝒏+𝟏 +
𝟏

𝒙𝒏+𝟏
𝒑 )

𝒑+𝟏

− 𝒙𝒏+𝟏
𝒑+𝟏
} = 𝐥𝐢𝐦

𝒏→∞

(𝟏 +
𝟏

𝒙𝒏+𝟏
𝒑+𝟏)

𝒑+𝟏

− 𝟏

𝟏

𝒙𝒏+𝟏
𝒑+𝟏

 

= 𝐥𝐢𝐦
𝒙𝒏+𝟏→∞

(𝟏 +
𝟏

𝒙𝒏+𝟏
𝒑+𝟏)

𝒑+𝟏

− 𝟏

𝟏

𝒙𝒏+𝟏
𝒑+𝟏

= 𝒑 + 𝟏 ⇒ 𝑳 = √𝒑 + 𝟏
𝒑+𝟏
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371. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

(
𝟏

𝟐
+∑

𝒌𝒑

𝒌𝟒𝒑 + 𝒌𝟐𝒑 + 𝟏

𝒏

𝒌=𝟏

)

𝒏𝟑𝒑−𝟏

, 𝒑 ∈ ℕ∗ 

Proposed by Marian Ursarescu-Romania 

Solution by Ravi Prakash-New Delhi-India 

𝒌𝟒𝒑 + 𝒌𝟐𝒑 + 𝟏 = (𝒌𝟐𝒑 + 𝟏)
𝟐
− 𝒌𝟐𝒑 = (𝒌𝟐𝒑 − 𝒌𝒑 + 𝟏)(𝒌𝟐𝒑 + 𝒌𝒑 + 𝟏) 

∴
𝒌𝒑

𝒌𝟒𝒑 + 𝒌𝟐𝒑 + 𝟏
=
𝟏

𝟐
[

𝟏

𝒌𝟐𝒑 − 𝒌𝒑 + 𝟏
−

𝟏

𝒌𝟐𝒑 + 𝒌𝒑 + 𝟏
] 

⇒∑
𝒌𝒑

𝒌𝟒𝒑 + 𝒌𝟐𝒑 + 𝟏

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑[

𝟏

𝒌𝟐𝒑 − 𝒌𝒑 + 𝟏
−

𝟏

𝒌𝟐𝒑 + 𝒌𝒑 + 𝟏
]

𝒏

𝒌=𝟏

 

=
𝟏

𝟐
[𝟏 −

𝟏

𝒏𝒑 + 𝒏𝒑 + 𝟏
] 

⇒ (
𝟏

𝟐
+∑

𝒌𝒑

𝒌𝟒𝒑 + 𝒌𝟐𝒑 + 𝟏

𝒏

𝒌=𝟏

)

𝒏𝟑𝒑−𝟏

= (𝟏 −
𝟏

𝟐(𝒏𝟐𝒑 + 𝒏𝒑 + 𝟏)
)
𝒏𝟑𝒑−𝟏

 

= [(𝟏 −
𝟏

𝟐(𝒏𝟐𝒑+𝒏𝒑+𝟏)
)
−(𝟐𝒏𝟐𝒑+𝟐𝒏𝒑+𝟏)

]

𝒎

 where 𝒎 = −(
𝒏𝟑𝒑−𝟏

𝟐𝒏𝟐𝒑+𝟐𝒏𝒑+𝟏
) 

As 𝒏 → ∞,𝒎 → −∞ ∴ 𝛀 = 𝒆−∞ = 𝟎 

 

372. 𝒙𝟎 > 0, 𝒙𝒏+𝟏 = 𝒙𝒏 +
𝒂

𝒙𝒏
, 𝒂 > 0, 𝑛 ∈ ℕ∗ 

Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

∑ 𝒙𝒊𝒙𝒋
𝒏
𝒊,𝒋=𝟏

𝒏𝟑
 

Proposed by Marian Ursarescu-Romania 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know 𝐥𝐢𝐦
𝒖→𝟎

(𝟏+𝒖)𝒓−𝟏

𝒖
= 𝒓 and 𝒙𝒏+𝟏 − 𝒙𝒏 =

𝒂

𝒙𝒏
> 0 for all 𝒏 ∈ ℕ 

hence the sequence is increasing, implying is bounded let 
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𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 = 𝒍 then 𝒍 = 𝒍 +
𝒂

𝒍
⇒ 𝒍 → ∞ which is a contradiction 

∴ 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 = ∞  now,  𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑ 𝒙𝒊𝒙𝒋
𝒏
𝒊,𝒋=𝟏

𝒏𝟑
 

=
𝟏

𝟐
{𝐥𝐢𝐦
𝒏→∞

(𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏)
𝟐

𝒏𝟑
− 𝐥𝐢𝐦
𝒏→∞

𝒙𝟏
𝟐 + 𝒙𝟐

𝟐 +⋯+ 𝒙𝒏
𝟐

𝒏𝟑
} =

𝑳𝟏 − 𝑳𝟐
𝟐

 

𝑳𝟏 = 𝐥𝐢𝐦
𝒏→∞

(𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏)
𝟐

𝒏𝟑
⇒ √𝑳𝟏 = 𝐥𝐢𝐦

𝒏→∞

𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏
𝟑
𝟐

 

=⏞

𝑪𝑨𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏

(𝒏 + 𝟏)
𝟑
𝟐 − 𝒏

𝟑
𝟐

= (𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏

√𝒏
)

(

 
 
 
 
 

𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏)

𝟑
𝟐
− 𝟏

𝟏
𝒏 )

 
 
 
 
 

=
𝟐

𝟑
𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏

√𝒏
 

=
𝟐

𝟑
√𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
𝟐

𝒏
=⏞

𝑪𝑨𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁 𝟐

𝟑
√𝐥𝐢𝐦
𝒏→∞

(𝒙𝒏+𝟐
𝟐 − 𝒙𝒏+𝟏

𝟐 ) =
𝟐

𝟑
√𝐥𝐢𝐦
𝒏→∞

{(𝒙𝒏+𝟏 +
𝒂

𝒙𝒏+𝟏
)
𝟐

− 𝒙𝒏+𝟏
𝟐 } 

=
𝟐

𝟑
√ 𝐥𝐢𝐦
𝒙𝒏→∞

(𝟏 +
𝒂
𝒙𝒏𝟐
)
𝟐

− 𝟏

𝟏
𝒙𝒏𝟐

=
𝟐√𝟐𝒂

𝟑
⇒ 𝑳𝟏 =

𝟖𝒂

𝟗
 

𝑳𝟐 = 𝐥𝐢𝐦
𝒏→∞

∑ 𝒙𝒌
𝟐𝒏

𝒌=𝟏

𝒏𝟑
=⏞

𝑪𝑨𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟏
𝟐

(𝒏 + 𝟏)𝟑 − 𝒏𝟑
= (𝐥𝐢𝐦

𝒏→∞

𝒙𝒏+𝟏
𝟐

𝒏𝟐
)

(

 
 
 
 
 

𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏)

𝟑

− 𝟏

𝟏
𝒏 )

 
 
 
 
 

 

=⏞

𝑪𝑨𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁 𝟏

𝟑
𝐥𝐢𝐦
𝒏→∞

𝒙𝒏+𝟐
𝟐 − 𝒙𝒏+𝟏

𝟐

𝒏
⋅ 𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏)

𝟐

− 𝟏

𝟏
𝒏
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=⏞

𝑪𝑨𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁 𝟏

𝟔
𝐥𝐢𝐦
𝒏→∞

{(𝒙𝒏+𝟑
𝟐 − 𝒙𝒏+𝟐

𝟐 ) − (𝒙𝒏+𝟐
𝟐 − 𝒙𝒏+𝟏

𝟐 )} = 𝟎 

∴ 𝑳𝟐 = 𝟎 then 𝐥𝐢𝐦
𝒏→∞

∑ 𝒙𝒊𝒙𝒋
𝒏
𝒊,𝒋=𝟏

𝒏𝟑
=

𝟒𝒂

𝟗
   (Ans:) 

 

373. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

(𝒏 + 𝟏)! (𝒆 −∑
𝟏

𝒌!

𝒏

𝒌=𝟎

) 

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Ravi Prakash-New Delhi-India 

For 𝒌 ≥ 𝟐,
(𝒏+𝟏)!

(𝒏+𝒌)!
=

𝟏

(𝒏+𝒌)(𝒏+𝒌−𝟏)…(𝒏+𝟐)
≤

𝟏

(𝒏+𝟐)𝒌−𝟏
 

∴ 𝒆 −∑
𝟏

𝒌!

𝒏

𝒌=𝟎

= ∑
𝟏

𝒌!

∞

𝒌=𝒏+𝟏

=
𝟏

(𝒏 + 𝟏)!
+∑

𝟏

(𝒏 + 𝒌)!

∞

𝒌=𝟐

=
𝟏

(𝒏 + 𝟏)!
[𝟏 +∑

(𝒏 + 𝟏)!

(𝒏 + 𝒌)!

∞

𝒌=𝟐

] 

<
𝟏

(𝒏 + 𝟏)!
[𝟏 +∑

𝟏

(𝒏 + 𝟐)𝒌−𝟏

∞

𝒌=𝟐

] ⇒ (𝒏 + 𝟏)! [𝒆 −∑
𝟏

𝒌!

∞

𝒌=𝟎

] ≤ 𝟏 +

𝟏
(𝒏 + 𝟐)

𝟏 −
𝟏

(𝒏 + 𝟐)

= 𝟏 +
𝟏

𝒏 + 𝟏
 

Also, 𝒆 − ∑
𝟏

𝒌!

∞
𝒌=𝟎 >

𝟏

(𝒏+𝟏)!
⇒ 𝟏 < (𝒏 + 𝟏)! [𝒆 − ∑

𝟏

𝒌!

∞
𝒌=𝟎 ] < 1 +

𝟏

𝒏+𝟏
 

Taking limit and using sandwich theorem, we get 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)! [𝒆 − ∑
𝟏

𝒌!

∞
𝒌=𝟎 ] = 𝟏 

Solution 2 by Marian Ursarescu-Romania 

Using Cesaro – Stolz from 
𝟎

𝟎
: 𝛀 = 𝐥𝐢𝐦

𝒏→∞

𝒆−(𝟏+
𝟏

𝟏!
+⋯+

𝟏

𝒏!
)

𝟏

(𝒏+𝟏)!

 

Let 𝒂𝒏 = 𝒆 − (𝟏 +
𝟏

𝟏!
+⋯+

𝟏

𝒏!
) , 𝒃𝒏 =

𝟏

(𝒏+𝟏)!
 . Then:  

a) 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 = 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏 =𝟎 

b) 𝒃𝒏 is strict decreasing 

c) 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏−𝒂𝒏

𝒃𝒏+𝟏−𝒃𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒆−(𝟏+
𝟏

𝟏!
+⋯+

𝟏

(𝒏+𝟏)! 
)−𝒆+(𝟏+

𝟏

𝟏!
+⋯+

𝟏

𝒏!
)

𝟏

(𝒏+𝟐)!
−

𝟏

(𝒏+𝟏)!

= 
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= 𝐥𝐢𝐦
𝒏→∞

−
𝟏

(𝒏 + 𝟏)!
(𝒏 + 𝟏)! − (𝒏 + 𝟐)!
(𝒏 + 𝟏)! (𝒏 + 𝟐)!

= 𝐥𝐢𝐦
𝒏→∞

−(𝒏 + 𝟐)!

(𝒏 + 𝟏)! (𝟏 − 𝒏 − 𝟐)
= 𝐥𝐢𝐦

𝒏→∞

−(𝒏 + 𝟐)

−(𝒏 + 𝟏)
= 𝟏 

From Cesaro – Stolz ⇒ 𝛀 = 𝟏. 

 

374.  

𝒂𝒏 = 𝟏 +
𝟏

√𝟐
+
𝟏

√𝟑
+ ⋯+

𝟏

√𝒏
 

Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

√𝒏∏(𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌 + 𝟏
)

𝒏

𝒌=𝟏

 

Proposed by Marian Ursarescu-Romania 

Solution 1 by Omran Kouba-Damascus-Syria 

Let 𝒂𝒏 = 𝟏 +
𝟏

√𝟐
+⋯+

𝟏

√𝒏
 . Find: 𝛀 = 𝐥𝐢𝐦

𝒏→∞
√𝒏∏ (𝟏 −

𝟏

𝒂𝒌+𝟏√𝒌+𝟏
)𝒏

𝒌=𝟏  

The answer is 𝛀 =
𝟏

𝟐
. First note that 

𝟏

√𝒏
− 𝟐(√𝒏 + 𝟏 − √𝒏) =

𝟏

√𝒏
−

𝟐

√𝒏 + 𝟏 + √𝒏
=

𝟏

(√𝒏 + 𝟏 + √𝒏)
𝟐
√𝒏

= 𝓞(
𝟏

𝒏
𝟑
𝟐

) 

and since the series ∑
𝟏

𝒏
𝟑
𝟐

 is convergent we conlude that there exists a real number 𝓵 

such that 𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏 − 𝟐√𝒏 + 𝟏) = 𝓵. In particular, 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

√𝒏
= 𝟐                         (1) 

On the other hand, 𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌+𝟏
=

𝟏

𝒂𝒌+𝟏
(𝒂𝒌+𝟏 −

𝟏

√𝒌+𝟏
) =

𝒂𝒌

𝒂𝒌+𝟏
 

Thus 

√𝒏∏ (𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌+𝟏
)𝒏

𝒌=𝟏 = √𝒏∏
𝒂𝒌

𝒂𝒌+𝟏

𝒏
𝒌=𝟏 =

𝒂𝟏√𝒏

𝒂𝒏+𝟏
         (2) 

Combining (1) and (2) we get 𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝒏∏ (𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌+𝟏
)𝒏

𝒌=𝟏 =
𝟏

𝟐
. 
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Solution 2 by Soumitra Mandal-Chandar Nagore-India 

𝒂𝒌+𝟏 = 𝟏 +
𝟏

√𝟐
+
𝟏

√𝟑
+ ⋯+

𝟏

√𝒌 + 𝟏
⇒ 𝒂𝒌+𝟏 −

𝟏

√𝒌 + 𝟏
=∑

𝟏

√𝒊

𝒌

𝒊=𝟏

= 𝒂𝒌 ⇒ 

⇒ 𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌 + 𝟏
=

𝒂𝒌
𝒂𝒌+𝟏

∴ 𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝒏∏(𝟏 −
𝟏

𝒂𝒌+𝟏√𝒌 + 𝟏
)

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

√𝒏∏
𝒂𝒌
𝒂𝒌+𝟏

𝒏

𝒌=𝟏

 

= 𝐥𝐢𝐦
𝒏→∞

√𝒏𝒂𝟏
𝒂𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

√𝒏

𝒂𝒏+𝟏
=

𝑪𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

√𝒏 + 𝟏 − √𝒏

𝒂𝒏+𝟐 − 𝒂𝒏+𝟏
= 𝐥𝐢𝐦
𝒏→∞

√𝒏 + 𝟏 − √𝒏

𝟏

√𝒏 + 𝟐

 

= 𝐥𝐢𝐦
𝒏→∞

√𝒏+𝟐

√𝒏+𝟏+√𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝟏+
𝟐

𝒏

√𝟏+
𝟏

𝒏
+𝟏

=
𝟏

𝟐
   (Ans:) 

 

375. Compute: 

𝒍𝒊𝒎
𝒏→∞

√𝒏!
𝟒

∏((𝒌 + 𝟏)
𝟑
𝟒 − 𝒌

𝟑
𝟒)

𝒏

𝒌=𝟏

 

Proposed by Mihály Bencze-Romania 

Solution by Marian Ursarescu-Romania 

𝒂𝒏 = √𝟏 ⋅ 𝟐 ⋅ … ⋅ 𝒏
𝟒 ∏ (√(𝒌 + 𝟏)𝟑

𝟒
− √𝒌𝟑

𝟒
)𝒏

𝒌=𝟏 = ∏ [√𝒌
𝒌

(√(𝒌 + 𝟏)𝟑
𝟒

− √𝒌𝟑
𝒌

)]𝒏
𝒌=𝟏   (1) 

Let 𝒇: [𝒌, 𝒌 + 𝟏] → ℝ, 𝒇(𝒙) = √𝒙𝟑
𝟒

 

From Lagrange Theorem ⇒ ∃𝒄𝒌 ∈ (𝒌,𝒌 + 𝟏) such that 

𝒇(𝒌+𝟏)−𝒇(𝒌)

𝒌+𝟏−𝒌
= 𝒇′(𝒄𝒌) ⇒ √(𝒌 + 𝟏)𝟑

𝟒
− √𝒌𝟑

𝟒
=
𝟑

𝟒
⋅
𝟏

√𝒄
𝟒    (2) 

But 𝒄 ∈ (𝒌, 𝒌 + 𝟏) ⇒ 𝒌 < 𝑐 < 𝑘 + 1 ⇒ √𝒌
𝟒

< √𝒄
𝟒 < √𝒌 + 𝟏

𝟒
⇒ √

𝒌

𝒄

𝟒
< 1   (3) 

From (2) ⇒ √𝒌
𝟒

(√(𝒌 + 𝟏)𝟑
𝟒

⋅ √𝒌𝟑
𝟒

) =
𝟑

𝟒
√
𝒌

𝒄

𝟒
<
(𝟑)

𝟑

𝟒
  (4) 

From (1)+(4)⇒ 𝟎 < 𝒂𝒏 < (
𝟑

𝟒
)
𝒏

⇒ (𝐥𝐢𝐦
𝒏→∞

(
𝟑

𝟒
)
𝒏

= 𝟎)  , 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 = 𝟎 
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376. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

𝟏

𝒏(𝒏 + 𝟏)
∑𝒌𝒔𝒊𝒏(

𝒌𝟐 + 𝒌

𝒏𝟐 + 𝒏
)

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂
= 𝐥𝐢𝐦
|𝒙𝒓−𝒙𝒓−𝟏|→𝟎

∑ 𝒇(𝝃𝒓)
𝒏
𝒓=𝟏 (𝒙𝒓 − 𝒙𝒓−𝟏) where 𝝃𝒓 ∈ (𝒙𝒓−𝟏, 𝒙𝒓) 

Let 𝑺𝒏 = 𝟏 + 𝟐 +⋯+ 𝒏 =
𝒏(𝒏+𝟏)

𝟐
, considering a partition 

𝑷 = (
𝑺𝟏

𝑺𝒏
,
𝑺𝟐

𝑺𝒏
, … , 𝟏) now |

𝑺𝒓

𝑺𝒏
−
𝑺𝒓−𝟏

𝑺𝒏
| =

𝟐𝒓

𝒏(𝒏+𝟏)
→ 𝟎 as 𝒏 → ∞ 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏(𝒏 + 𝟏)
∑𝒌𝐬𝐢𝐧(

𝒌𝟐 + 𝒌

𝒏𝟐 + 𝒏
)

𝒏

𝒌=𝟏

 

=
𝟏

𝟐
𝐥𝐢𝐦

|
𝑺𝒓
𝑺𝒏
−
𝑺𝒓−𝟏
𝑺𝒏

|→𝟎

∑(
𝑺𝒓
𝑺𝒏
−
𝑺𝒓−𝟏
𝑺𝒏

)

𝒏

𝒓=𝟏

𝐬𝐢𝐧 (
𝑺𝒓
𝑺𝒏
) =

𝟏

𝟐
∫𝐬𝐢𝐧 𝒙

𝟏

𝟎

𝒅𝒙 =
𝟏 − 𝐜𝐨𝐬𝟏

𝟐
 

 

377. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

𝟏

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
∑𝒌𝟐 𝒕𝒂𝒏−𝟏 (

𝒌(𝒌 + 𝟏)(𝟐𝒌 + 𝟏)

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
)

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Omran Kouba-Damascus-Syria 

Let 𝑺𝒏 = ∑ 𝒌𝟐𝒏
𝒌=𝟏 =

𝒏(𝒏+𝟏)(𝟐𝒏+𝟏)

𝟔
. Define 𝒙𝒌

(𝒏) =
𝑺𝒌

𝑺𝒏
 for 𝟏 ≤ 𝒌 ≤ 𝒏, and consider the 

subdivision 𝝈 = (𝟎, 𝒙𝟏
(𝒏), 𝒙𝟐

(𝒏), … , 𝒙𝒏
(𝒏)) of the interval [𝟎, 𝟏] with step 

𝒉𝒏 = 𝐦𝐚𝐱
𝟏≤𝒌≤𝒏

(𝒙𝒌
(𝒏) − 𝒙𝒌−𝟏

(𝒏) ) =
𝟏

𝑺𝒏
𝐦𝐚𝐱
𝟏≤𝒌≤𝒏

𝒌𝟐 =
𝟔𝒏

(𝒏 + 𝟏)(𝟐𝒏+ 𝟏)
→

𝒏 → ∞
𝟎. 

It follows that 
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𝑹(𝐚𝐫𝐜𝐭𝐚𝐧, 𝝈𝒏) = ∑(𝒙𝒌
(𝒏) − 𝒙𝒌−𝟏

(𝒏) )

𝒏

𝒌=𝟏

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙𝒌
(𝒏)) 

Is the Riemann sum of the function arctan corresponding to the subdivision 𝝈𝒏 of 

[𝟎, 𝟏]. The fact that the step of this subdivision tends to zero implies that 

𝐥𝐢𝐦
𝒏→∞

𝑹(𝐚𝐫𝐜𝐭𝐚𝐧, 𝝈𝒏) = ∫𝐚𝐫𝐜𝐭𝐚𝐧 𝒙𝒅𝒙

𝟏

𝟎

= [𝝌𝐚𝐫𝐜𝐭𝐚𝐧 𝝌]𝟎
𝟏 −∫

𝒙𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

=
𝝅

𝟒
−
𝟏

𝟐
𝐥𝐧𝟐 

But 

𝑹(𝐚𝐫𝐜𝐭𝐚𝐧, 𝝈𝒏) =
𝟔

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
∑𝒌𝟐
𝒏

𝒌=𝟏

𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒌(𝒌 + 𝟏)(𝟐𝒌 + 𝟏)

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
) 

Thus 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
∑𝒌𝟐
𝒏

𝒌=𝟏

𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒌(𝒌 + 𝟏)(𝟐𝒌 + 𝟏)

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
) =

𝝅

𝟐𝟒
−
𝟏

𝟏𝟐
𝐥𝐧 𝟐. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know ∫ 𝒇(𝒙)
𝒃

𝒂
𝒅𝒙 = 𝐥𝐢𝐦

|𝒙𝒓−𝒙𝒓−𝟏|→𝟎
∑ 𝒇(𝝃𝒓)
𝒏
𝒓=𝟏 (𝒙𝒓 − 𝒙𝒓−𝟏) where 𝝃𝒓 ∈ (𝒙𝒓−𝟏, 𝒙𝒓) 

Let 𝑺𝒏 = ∑ 𝒓𝟐𝒏
𝒓=𝟏 =

𝒏(𝒏+𝟏)(𝟐𝒏+𝟏)

𝟔
, considering a partition 

𝑷 = (
𝑺𝟏

𝑺𝒏
,
𝑺𝟐

𝑺𝒏
, … , 𝟏) now |

𝑺𝒓

𝑺𝒏
−
𝑺𝒓−𝟏

𝑺𝒏
| =

𝟔𝒓𝟐

𝒏(𝒏+𝟏)(𝟐𝒏+𝟏)
→ 𝟎 as 𝒏 → ∞ 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
∑𝐭𝐚𝐧−𝟏 (

𝒌(𝒌 + 𝟏)(𝟐𝒌 + 𝟏)

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)
)

𝒏

𝒌=𝟏

 

=
𝟏

𝟔
𝐥𝐢𝐦

|
𝑺𝒓
𝑺𝒏
−
𝑺𝒓−𝟏
𝑺𝒏

|→𝟎

∑(
𝑺𝒓
𝑺𝒏
−
𝑺𝒓−𝟏
𝑺𝒏

)

𝒏

𝒓=𝟏

𝐭𝐚𝐧−𝟏 (
𝑺𝒓
𝑺𝒏
) 

=
𝟏

𝟔
∫ 𝐭𝐚𝐧−𝟏 𝒙𝒅𝒙

𝟏

𝟎

=
𝟏

𝟔
[𝒙 𝐭𝐚𝐧−𝟏 𝒙]𝒙=𝟎

𝒙=𝟏 −
𝟏

𝟔
∫

𝒙𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

=
𝝅

𝟐𝟒
−
𝐥𝐧𝟐

𝟏𝟐
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378.  

𝛀𝒏 = ∫(𝟒𝒙
𝟐 − 𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙) 𝒅𝒙, 𝒏 ∈ ℕ∗ 

Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝛀𝒏
𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece 

𝟎 ≤ 𝒙 ≤
𝝅

𝟒
⇔ −

𝝅𝟐

𝟒
≤ −𝝅𝒙 ≤ 𝟎 

𝟎 ≤ 𝒙 ≤
𝝅

𝟒
⇔ 𝟎 ≤ 𝟒𝒙𝟐 ≤

𝝅𝟐

𝟒
   (+) 

− −− −− −−− −− −− −− − 

−
𝝅𝟐

𝟒
≤ 𝟒𝒙𝟐 −𝝅𝒙 ≤

𝝅𝟐

𝟒
    (𝟏) 

𝟎 ≤ 𝒙 ≤
𝝅

𝟒
⇔
↗

𝐭𝐚𝐧 𝒙
𝟎 ≤ 𝐭𝐚𝐧 𝒙 ≤ 𝟏 ⇔ 𝟏 ≤ 𝐭𝐚𝐧𝒙 + 𝟏 ≤ 𝟐 

⇔
↗

𝐥𝐧 𝒙
𝟎 ≤ 𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙) ≤ 𝐥𝐧 𝟐   (2) 

→
+𝟒𝒏𝟐

(𝟏)
𝟒𝒏𝟐 −

𝒏𝟐

𝟒
≤ 𝟒𝒙𝟐 −𝝅𝒙 + 𝟒𝒏𝟐 ≤ 𝟒𝒏𝟐 +

𝝅𝟐

𝟒
 

⇔
(𝟐)
(𝟒𝒏𝟐 −

𝝅𝟐

𝟒
) 𝐥𝐧(𝟏 + 𝐭𝐚𝐧𝒙) ≤ (𝟒𝒙𝟐 −𝝅𝒙 + 𝟒𝒏𝟐) 𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙) ≤ (𝟒𝒏𝟐 +

𝝅𝟐

𝟒
) 𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙) 

⇒ (𝟒𝒏𝟐 −
𝝅𝟐

𝟒
)∫ 𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 ≤ ∫ 𝒇(𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 ≤ (𝟒𝒏𝟐 +
𝝅𝟐

𝟒
)∫ 𝐥𝐧(𝟏 + 𝐭𝐚𝐧𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 

⇒
𝒆𝒂𝒔𝒚 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒆 𝒃𝒚 𝒑𝒂𝒓𝒕𝒔

∫ 𝐥𝐧(𝟏+𝐭𝐚𝐧𝒙)

𝝅
𝟒
𝟎

𝒅𝒙=
𝝅
𝟖
𝐥𝐧 𝟐

(𝟒𝒏𝟐 −
𝝅𝟐

𝟒
) ⋅
𝝅 𝐥𝐧𝟐

𝟖
≤ 𝟎𝒏 ≤ (𝟒𝒏

𝟐 +
𝝅𝟐

𝟒
) ⋅
𝝅

𝟖
𝐥𝐧𝟐 
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⇒

𝒏𝟐𝝅 𝐥𝐧𝟐
𝟐 −

𝝅𝟑

𝟑𝟐
𝟏 + ⋯+𝒏

≤
𝟎
𝒏

𝟏 +⋯𝒏
≤

𝒏𝟐𝝅 𝐥𝐧𝟐
𝟐 −

𝝅𝟑

𝟑𝟐
𝟏 +⋯+ 𝒏

 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝒏𝟐 ⋅
𝝅 𝐥𝐧𝟐
𝟐 −

𝝅𝟑

𝟑𝟐
(𝒏𝟐 + 𝒏)

𝟐

≤ 𝐥𝐢𝐦
𝒏→∞

𝟎
𝒏

𝟏 + ⋯+ 𝒏
≤ 𝐥𝐢𝐦
𝒏→∞

𝒏𝟐 ⋅
𝝅 𝐥𝐧𝟐
𝟐 +

𝝅𝟑

𝟑𝟐
𝒏𝟐 + 𝒏
𝟐

 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝒏𝟐 ⋅ 𝝅 𝐥𝐧𝟐
𝟐
𝒏𝟐

𝟐

≤ 𝐥𝐢𝐦(… ) ≤ 𝐥𝐢𝐦
𝒏→∞

𝒏𝟐 ⋅ 𝝅 ⋅ 𝐥𝐧 𝟐
𝟐
𝒏𝟐

𝟐

 

𝝅 𝐥𝐧𝟐 ≤ 𝐥𝐢𝐦(… ) ≤ 𝝅 𝐥𝐧𝟐 ⇒ 𝐥𝐢𝐦
𝒏→∞

𝟎
𝒏

𝟏 + ⋯+ 𝒏
= 𝝅 𝐥𝐧𝟐 

Solution 2 by Shivam Sharma-New Delhi-India 

As we know, the following lemma, If 𝒇(𝒙) is a continuous function on [𝟎, 𝒂] 

∫𝒇(𝒙)

𝒂

𝟎

𝒅𝒙 = ∫𝒇(𝒂 − 𝒙)

𝒂

𝟎

𝒅𝒙 

Using the following above lemma, we get, 

𝑰𝒏 ⇒ ∫(𝟒(
𝝅

𝟒
− 𝒙)

𝟐

− 𝝅(
𝝅

𝟒
− 𝒙) + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧 (𝟏 + 𝐭𝐚𝐧 (
𝝅

𝟒
− 𝟐))𝒅𝒙 

⇒ ∫((𝟒(
𝝅𝟐

𝟏𝟔
+ 𝒙𝟐 − 𝟐(

𝝅

𝒙
))) −

𝝅𝟐

𝟒
+ 𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧 (𝟏 + 𝐭𝐚𝐧 (
𝝅

𝟒
− 𝟐))𝒅𝒙 

⇒ ∫(𝟒𝒙𝟐 − 𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧(𝟏 +
𝐭𝐚𝐧 (

𝝅
𝟒) − 𝐭𝐚𝐧

(𝒙)

𝟏 + 𝐭𝐚𝐧 (
𝝅
𝟒) 𝐭𝐚𝐧

(𝒙)
)𝒅𝒙 

⇒ ∫(𝟒𝒙𝟐 −𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧 (
𝟐

𝟏 + 𝐭𝐚𝐧(𝒙)
)𝒅𝒙 ⇒ 𝐥𝐧(𝟐)∫(𝟒𝒙𝟐 − 𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝒅𝒙 − 𝑰𝒏 

𝟐𝛀𝒏 = ∫ 𝐥𝐧(𝟐)

𝝅
𝟒

𝟎

(𝟒𝒙𝟐 −𝝅𝒙 + 𝟒𝒏𝟐)𝒅𝒙 
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𝛀𝒏 =
𝐥𝐧(𝟐)

𝟐
∫(𝟒𝒙𝟐 − 𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝒅𝒙 

𝛀𝒏 =
𝐥𝐧(𝟐)

𝟐
[
𝟒𝒙𝟑

𝟑
−
𝝅𝒙𝟐

𝟐
+ 𝟒𝒏𝟐𝒙]

𝟎

𝝅
𝟒

⇒
𝐥𝐧(𝟐)

𝟐
[
𝟒

𝟑
(
𝝅𝟑

𝟔𝟒
) −

𝝅

𝟐
(
𝝅𝟐

𝟏𝟔
) + 𝟒𝒏𝟐 (

𝝅

𝟒
)] 

⇒
𝐥𝐧(𝟐)

𝟐
[
𝝅𝟑

𝟒𝟖
−
𝝅𝟑

𝟑𝟐
+ 𝟒𝒏𝟐 (

𝝅

𝟒
)] ⇒

𝐥𝐧(𝟐)

𝟐
[
𝝅𝟑

𝟒𝟖
−
𝝅𝟑

𝟑𝟐
+ 𝝅𝒏𝟐] 

⇒
𝐥𝐧(𝟐)

𝟐
[−

𝝅𝟑

𝟗𝟔
+𝝅𝒏𝟐](OR)𝛀𝒏 =

𝐥𝐧(𝟐)

𝟐
[𝝅𝒏𝟐 −

𝝅𝟑

𝟗𝟔
] 

Now, 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝛀𝒏

𝟏+𝟐+𝟑+⋯+𝒏
) ⇒ 𝐥𝐢𝐦

𝒏→∞
(

𝐥𝐧(𝟐)

𝟐
[𝝅𝒏𝟐−

𝝅𝟑

𝟗𝟔
]

∑ (𝒌)𝒏
𝒌=𝟏

) ⇒ 𝐥𝐢𝐦
𝒏→∞

(

𝐥𝐧(𝟐)

𝟐
[𝝅𝒏𝟐−

𝝅𝟑

𝟗𝟔
]

𝒏(𝒏+𝟏)

𝟐

) ⇒ 

⇒ 𝐥𝐧(𝟐) 𝐥𝐢𝐦
𝒏→∞

(
𝝅𝒏𝟐 −

𝝅𝟑

𝟗𝟔
𝒏𝟐 + 𝒏

) ⇒ 𝐥𝐧(𝟐) 𝐥𝐢𝐦
𝒏→∞

(
𝝅−

𝟏
𝒏𝟐
(
𝝅𝟑

𝟗𝟔)

𝟏 +
𝟏
𝒏

) 

(OR) 𝛀 = 𝝅 𝐥𝐧(𝟐) (Answer) 

Solution 3 by Marian Ursarescu-Romania 

𝛀𝒏 = ∫(𝟒𝒙
𝟐 −𝝅𝒙 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒙)𝒅𝒙

𝒙 =
𝝅

𝟒
− 𝒚 ⇒ 𝒅𝒙 = −𝒅𝒚; 𝒙 = 𝟎 ⇒ 𝒚 =

𝝅

𝟒
∧ 𝒙 =

𝝅

𝟒
⇒ 𝒚 = 𝟎}

 
 

 
 

⇒ 

𝛀𝒏 = ∫[𝟒 (
𝝅

𝟒
− 𝒚)

𝟐

−𝝅(
𝝅

𝟒
− 𝒚) + 𝟒𝒏𝟐]

𝟎

𝝅
𝟒

𝐥𝐧 (𝟏 + 𝐭𝐚𝐧 (
𝝅

𝟒
− 𝒚)) (−𝒅𝒚) 

= ∫(
𝝅𝟐

𝟒
− 𝟐𝝅𝒚 − 𝟒𝒚𝟐 −

𝝅𝟐

𝟒
+ 𝝅𝒚 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧 (𝟏 +
𝟏 − 𝐭𝐚𝐧𝒚

𝟏 + 𝐭𝐚𝐧𝒚
)𝒅𝒚 

= ∫(𝟒𝒚𝟐 −𝝅𝒚 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

(𝐥𝐧𝟐 − 𝐥𝐧(𝟏 + 𝐭𝐚𝐧𝒚))𝒅𝒚 = 
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= 𝐥𝐧 𝟐∫(𝟒𝒚𝟐 − 𝝅𝒚 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝒅𝒚 − ∫(𝟒𝒚𝟐 − 𝝅𝒚 + 𝟒𝒏𝟐)

𝝅
𝟒

𝟎

𝐥𝐧(𝟏 + 𝐭𝐚𝐧 𝒚)𝒅𝒚 ⇒ 

𝛀 = 𝐥𝐧𝟐 (𝟒
𝒚𝟑

𝟑
|
𝟎

𝝅
𝟒 − 𝝅

𝒚𝟐

𝟐
|
𝟎

𝝅
𝟒 + 𝟒𝒏𝟐𝒚|

𝟎

𝝅
𝟒) − 𝛀𝒏 ⇒ 

𝟐𝛀𝒏 = 𝐥𝐧𝟐(
𝟒

𝟑
⋅
𝝅𝟑

𝟔𝟒
−
𝝅

𝟐
⋅
𝝅𝟐

𝟏𝟔
+ 𝟒𝒏𝟐 ⋅

𝝅

𝒏
) ⇒ 

𝛀𝒏 =
𝐥𝐧𝟐

𝟐
(
𝝅𝟑

𝟒𝟖
−
𝝅𝟑

𝟑𝟐
+ 𝒏𝟐𝝅) ⇒ 𝛀𝒏 =

𝐥𝐧 𝟐

𝟐
(𝒏𝟐𝝅 −

𝝅𝟑

𝟗𝟔
) 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝟐
𝟐 (𝒏𝟐𝝅 −

𝝅𝟑

𝟗𝟔)

𝒏(𝒏 + 𝟏)
𝟐

= 𝝅 𝐥𝐧 𝟐 

 

379. If 𝜶, 𝜷 and 𝜸 are three distinct real values such that 

𝒔𝒊𝒏𝜶+𝒔𝒊𝒏𝜷+𝒔𝒊𝒏𝜸

𝒔𝒊𝒏(𝜶+𝜷+𝜸)
=
𝒄𝒐𝒔𝜶+𝒄𝒐𝒔𝜷+𝒄𝒐𝒔𝜸

𝒄𝒐𝒔(𝜶+𝜷+𝜸)
= 𝟐 and  

𝒄𝒐𝒔(𝜶 + 𝜷) + 𝒄𝒐𝒔(𝜷 + 𝜸) + 𝒄𝒐𝒔(𝜶 + 𝜸) = 𝒂. Then find the value of  

𝒍𝒊𝒎
𝒙→𝒂

√𝒙𝟐 − 𝒂𝟐

√𝒙 − 𝒂 + √𝒙 − √𝒂
 

Proposed by Amit Dutta – Jamshedpur – Jharkhand – India  

Solution by Marian Ursărescu – Romania  

𝐬𝐢𝐧𝜶 + 𝐬𝐢𝐧𝜷 + 𝐬𝐢𝐧𝜸 = 𝟐𝐬𝐢𝐧(𝜶 + 𝜷 + 𝜸)

𝐜𝐨𝐬𝜶 + 𝐜𝐨𝐬𝜷 + 𝐜𝐨𝐬 𝜸 = 𝟐𝐜𝐨𝐬(𝜶 + 𝜷 + 𝜸) 
   (1) 

Let 𝒛𝟏 = 𝐜𝐨𝐬𝜶 + 𝒊 𝐬𝐢𝐧 𝜶 , 𝒛𝟐 = 𝐜𝐨𝐬 𝜷 + 𝒊 𝐬𝐢𝐧 𝜷 , 𝒛𝟑 = 𝐜𝐨𝐬𝜸 + 𝒊 𝐬𝐢𝐧𝜸 , 𝒛𝟏, 𝒛𝟐, 𝒛𝟑 ∈ ℂ with 

|𝒛𝟏| = |𝒛𝟐| = |𝒛𝟑| = 𝟏 

From (1) ⇒ 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 = 𝟐(𝐜𝐨𝐬(𝜶 + 𝜷 + 𝜸) + 𝒊 𝐬𝐢𝐧(𝜶 + 𝜷 + 𝜸))   (1) 

But 𝒛𝟏 ⋅ 𝒛𝟐 ⋅ 𝒛𝟑 = 𝐜𝐨𝐬(𝜶 + 𝜷 + 𝜸) + 𝒊 𝐬𝐢𝐧(𝜶 + 𝜷 + 𝜸)  (2) 

From (1)+(2)⇒ 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 = 𝟐𝒛𝟏 ⋅ 𝒛𝟐 ⋅ 𝒛𝟑   (3) 

But |𝒛𝟏| = 𝟏 ⇒ |𝒛𝟏|
𝟐 = 𝟏 ⇒ 𝒛𝟏 ⋅ 𝒛𝟏̅̅ ̅ = 𝟏, 𝒛𝟐𝒛𝟐̅̅ ̅ = 𝟏, 𝒛𝟑𝒛𝟑̅̅ ̅ = 𝟏 
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From (3) ⇒ 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝟐𝒛𝟏𝒛𝟐𝒛𝟑̅̅ ̅̅ ̅̅ ̅̅ ̅ ⇒ 𝒛𝟏̅̅ ̅ + 𝒛𝟐̅̅ ̅ + 𝒛𝟑̅̅ ̅ = 𝟐𝒛𝟏̅̅ ̅𝒛𝟐̅̅ ̅𝒛𝟑̅̅ ̅ ⇒ 

⇒
𝟏

𝒛𝟏
+
𝟏

𝒛𝟐
+
𝟏

𝒛𝟑
=

𝟐

𝒛𝟏𝒛𝟐𝒛𝟑
⇒ 𝒛𝟏𝒛𝟐 + 𝒛𝟐𝒛𝟑 + 𝒛𝟏𝒛𝟑 = 𝟐 ⇒ 

𝐜𝐨𝐬(𝜶 + 𝜷) + 𝐜𝐨𝐬(𝜷 + 𝜸) + 𝐜𝐨𝐬(𝜸 + 𝜶) + 𝒊(𝐬𝐢𝐧(𝜶 + 𝜷) + 𝐬𝐢𝐧(𝜷 + 𝜸) + 𝐬𝐢𝐧(𝜸 + 𝜶)) = 𝟐 

⇒ 𝐜𝐨𝐬(𝜶 + 𝜷) + 𝐜𝐨𝐬(𝜷 + 𝜸) + 𝐜𝐨𝐬(𝜸 + 𝜶) = 𝟐

𝑩𝒖𝒕 𝐜𝐨𝐬(𝜶 + 𝜷) + 𝐜𝐨𝐬(𝜷 + 𝜸) + 𝐜𝐨𝐬(𝜸 + 𝜶) = 𝒂
} ⇒ 𝒂 = 𝟐 

𝐥𝐢𝐦
𝒙→𝒂

√𝒙𝟐 − 𝒂𝟐

√𝒙 − 𝒂 + √𝒙− √𝒂
= 𝐥𝐢𝐦

𝒙→𝟐

√𝒙𝟐 − 𝟒

√𝒙 − 𝟐 + √𝒙 − √𝟐
 

√𝒙 − 𝟐 = 𝒕, 𝒕 ≥ 𝟎 ⇒ 𝒙 − 𝟐 = 𝒕𝟐 ⇒ 𝒙 = 𝒕𝟐 + 𝟐, 𝒕 → 𝟎 because 𝒙 → 𝟐 

= 𝐥𝐢𝐦
𝒕→𝟎
𝒕>0

√(𝒕𝟐 + 𝟐)𝟐 − 𝟒

𝒕 + √𝒕𝟐 + 𝟐 − √𝟐
= 𝐥𝐢𝐦

𝒕→𝟎
𝒕>0

√𝒕𝟒 + 𝟒𝒕𝟐 + 𝟒 − 𝟒(𝒕 + √𝒕𝟐 + 𝟐 + √𝟐)

𝒕𝟐 + 𝟐 + √𝒕𝟐 + 𝟐 + 𝒕𝟐 + 𝟐 − 𝟐
 

= 𝐥𝐢𝐦
𝒕→𝟎
𝒕>0

√𝒕𝟒 + 𝟒 + 𝟐(𝒕 + √𝒕𝟐 + 𝟐 + √𝟐)

𝟐𝒕(𝒕 + √𝒕𝟐 + 𝟐)
= 𝐥𝐢𝐦

𝒕→𝟎
𝒕>0

𝒕√𝒕𝟒 + 𝟒(𝒕 + √𝒕𝟐 + 𝟐 + √𝟐)

𝟐𝒕(𝒕 + √𝒕𝟐 + 𝟐)
=
𝟐 ⋅ √𝟐

𝟐 ⋅ √𝟐
= 𝟐 

 

380. Find:  

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ √𝒆𝟐𝒏𝒂+(𝒊+𝒋)𝒃

𝒏

𝟏≤𝒊<𝑗≤𝑛

, 𝒂, 𝒃 ≥ 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdallah Almalih-Damascus-Syria 

We know that: 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

= ∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

+∑𝒇(𝒊, 𝒊)

𝒏

𝒊=𝟏

+ ∑ 𝒇(𝒊, 𝒋)

𝒏≥𝒊>𝑗≥1

 

But if 𝒇(𝒊, 𝒋) = 𝒇(𝒋, 𝒊)  (symmetric) then 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊,𝒋≤𝒏

= 𝟐 ∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

+∑𝒇(𝒊, 𝒋)

𝒏

𝒊=𝟏

 

So, ∑ 𝒇(𝒊, 𝒋)𝟏≤𝒊<𝑗≤𝑛 =
𝟏

𝟐
{∑ 𝒇(𝒊, 𝒋)𝟏≤𝒊,𝒋≤𝒏 − ∑ 𝒇(𝒊, 𝒋)𝒏

𝒊=𝟏 } 

Now, let 𝒇(𝒊, 𝒋) = √𝒆𝟐𝒏𝒂+(𝒊+𝒋)𝒃
𝟓
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𝒇(𝒊, 𝒋) = √𝒆𝟐𝒂𝒏 ⋅ 𝒆(𝒊+𝒋)𝒃
𝒏

= 𝒆𝟐𝒂 ⋅ 𝒆
𝒊+𝒋

𝒏
𝒃 = 𝒆𝟐𝒂 ⋅ 𝒆

𝟏

𝒏
𝒃 ⋅ 𝒆

𝒋

𝒏
𝒃, so 𝒇(𝒊, 𝒋) = 𝒇(𝒋, 𝒊) and 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊,𝒋≤𝒏

= 𝒆𝟐𝒂 ∑ 𝒆
𝒊
𝒏
𝒃 ⋅ 𝒆

𝒋
𝒏
𝒃

𝟏≤𝒊,𝒋≤𝒏

= 𝒆𝟐𝒂 (∑𝒆
𝒊
𝒏
𝒃

𝒏

𝒊=𝟏

)

𝟐

 

= 𝒆𝟐𝒂 (∑[𝒆
𝒃
𝒏]
𝒊𝒏

𝒊=𝟏

)

𝟐

= 𝒆𝟐𝒏
(𝒆

𝒃(𝒏+𝟏)
𝒏 − 𝒆

𝒃
𝒏)
𝟐

𝒆
𝒃
𝒏 − 𝟏

= 𝒆𝟐𝒂 (
𝒆𝒃 ⋅ 𝒆

𝒃
𝒏 − 𝒆

𝒃
𝒏

𝒆
𝒃
𝒏
−𝟏

)

𝟐

= 𝒆𝟐𝒂𝒆
𝟐𝒃
𝒏 (

𝒆𝒃 − 𝟏

𝒆
𝒃
𝒏 − 𝟏

)

𝟐

 

and ∑ 𝒇(𝒊, 𝒋)𝒏
𝒊=𝟏 = ∑ 𝒆𝟐𝒂𝒆

𝟐𝒊

𝒏
𝒃𝒏

𝒊=𝟏 = 𝒆𝟐𝒂 ∑ (𝒆
𝟐𝒃

𝒏 )
𝒊

𝒏
𝒊=𝟏 = 𝒆𝟐𝒂 [

𝒆
𝟐𝒃
𝒏
(𝒏+𝟏)

−𝒆
𝟐
𝒃
𝒏

𝒆
𝟐𝒃
𝒏 −𝟏

] = 𝒆𝟐𝒂 (
𝒆𝟐𝒃⋅𝒆

𝟐𝒃
𝒏 −𝒆

𝟐𝒃
𝒏

𝒆
𝟐𝒃
𝒏
−𝟏

) 

= 𝒆𝟐𝒂𝒆
𝟐𝒃
𝒏 (

𝒆𝟐𝒃 − 𝟏

𝒆
𝟐𝒃
𝒏 − 𝟏

) 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

= 𝒆𝟐𝒂𝒆
𝟐𝒃
𝒏 (

𝒆𝒃 − 𝟏

𝒆
𝒃
𝒏 − 𝟏

)

𝟐

;∑𝒇(𝒊, 𝒊)

𝒏

𝒊=𝟏

= 𝒆𝟐𝒂𝒆
𝟐𝒃
𝒏 (
𝒆𝟐𝒃 − 𝟏

𝒆
𝟐𝒃
𝒏 − 𝟏

) 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

=
𝟏

𝟐
( ∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

−∑𝒇(𝒊, 𝒊)

𝒏

𝒊=𝟏

) 

=
𝟏

𝟐
𝒆𝟐𝒂𝒆

𝟐𝒃
𝒏 [(

𝒆𝒃 − 𝟏

𝒆𝒃

𝒏 − 𝟏

)

𝟐

− (
𝒆𝟐𝒃 − 𝟏

𝒆𝟐𝒃 − 𝟏
)] 

Let 𝒙 = 𝒆𝒃, 𝒚 = 𝒆
𝒃

𝒏 for more easy writing then (
𝒙−𝟏

𝒚−𝟏
)
𝟐

− (
𝒙𝟐−𝟏

𝒚𝟐−𝟏
) = (

𝒙−𝟏

𝒚−𝟏
) [
𝒙−𝟏

𝒚−𝟏
−
𝒙+𝟏

𝒚+𝟏
] 

=
𝒙 − 𝟏

𝒚 − 𝟏
[
(𝒙 − 𝟏)(𝒚 + 𝟏) − (𝒙 + 𝟏)(𝒚 − 𝟏)

𝒚𝟐 − 𝟏
] =

𝒙 − 𝟏

𝒚 − 𝟏
(
𝟐𝒙 − 𝟐𝒚

𝒚𝟐 − 𝟏
) 

=
𝒙−𝟏

𝒚−𝟏
(
𝒙−𝒚

𝒚𝟐−𝟏
) ⋅ 𝟐 =

𝒆𝒃−𝟏

𝒆
𝒃
𝒏−𝟏

(
𝒆𝒃−𝒆

𝒃
𝒏

𝒆
𝟐𝒃
𝒏 −𝟏

) ⋅ 𝟐, so 

∑ 𝒇(𝒊, 𝒋)

𝟏≤𝒊<𝑗≤𝑛

=
𝒆𝟐𝒂

𝟐
𝒆
𝟐𝒃
𝒏 (

𝒆𝒃 − 𝟏

𝒆
𝒃
𝒏 − 𝟏

)(
𝒆𝒃 − 𝒆

𝒃
𝒏

𝒆
𝟐𝒃
𝒏 − 𝟏

) ⋅ 𝟐 = (𝒆𝒃 − 𝟏) ⋅
𝒆𝒃 − 𝒆

𝒃
𝒏

(𝒆
𝒃
𝒏 − 𝟏) (𝒆

𝟐𝒃
𝒏 − 𝟏)

𝒆𝟐𝒂𝒆
𝟐𝒃
𝒏  

So, the limit which we need to calculate it is 
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𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
(𝒆𝒃 − 𝟏)𝒆𝟐𝒂𝒆

𝟐𝒃
𝒏 ⋅

𝒆𝒃 − 𝒆
𝒃
𝒏

(
𝒆𝒃

𝒏
− 𝟏) (𝒆

𝟐𝒃
𝒏 − 𝟏)

= 

= 𝐥𝐢𝐦
𝒏→∞

(𝒆𝒃 − 𝟏)𝒆𝟐𝒂 ⋅
𝒆
𝟐𝒃
𝒏 (𝒆𝒃 − 𝒆

𝒃
𝒏)

(𝒆
𝒃
𝒏 + 𝟏)

⋅
𝟏

𝒏𝟐 (𝒆
𝒃
𝒏 − 𝟏)

𝟐 

Let’s calculate 𝐥𝐢𝐦
𝒏→∞

𝒆𝟏

𝒏𝟐(𝒆
𝒃
𝒏−𝟏)

𝟐. Put 𝒙 =
𝟏

𝒏
     so    𝒙 → 𝟎 as 𝒏 → ∞ 

𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐

(𝒆𝒃𝒙 − 𝟏)𝟐
= 𝐥𝐢𝐦

𝒙→𝟎

𝟏

𝒃𝟐 (
𝒆𝒃𝒙 − 𝟏
𝒃𝒙

)
𝟐 =

𝟏

𝒃𝟐
 

So, 𝐥𝐢𝐦
𝒏→∞

(𝒆𝒃−𝟏)𝒆𝟐𝒏𝒆
𝟐𝒃
𝒏 (𝒆𝒃−𝒆

𝒃
𝒏)

𝒆
𝒃
𝒏+𝟏

⋅
𝟏

𝒏𝟐(𝒆
𝒃
𝒏−𝟏)

𝟐 =
(𝒆𝒃−𝟏)𝒆𝟐𝒂𝒆𝟎(𝒆𝒃−𝟏)

𝟐
⋅
𝟏

𝒃𝟐
=

(𝒆𝒃−𝟏)
𝟐
𝒆𝟐𝒂

𝟐𝒃𝟐
 

Solution 2 by Ravi Prakash-New Delhi-India 

Case 1. When 𝒃 = 𝟎, 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ (𝒆𝟐𝒏𝒂+(𝒊+𝒋)𝒃)

𝟏
𝒏

𝟏≤𝒊<𝑗≤𝑛

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ 𝒆𝟐𝒂

𝟏≤𝒊<𝑗≤𝑛

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
𝒆𝟐𝒂 ⋅

𝒏(𝒏 − 𝟏)

𝟐
=
𝟏

𝟐
𝒆𝟐𝒂  

Case 2. 𝒃 > 0 

∑ (𝒆𝟐𝒏𝒂+(𝒊+𝒋)𝒃)
𝟏
𝒏

𝟏≤𝒊<𝑗≤𝑛

= 𝒆𝟐𝒂 ∑ (𝒆
𝒃
𝒏)
𝒊+𝒋

𝟏≤𝒊<𝑗≤𝑛

= 𝒆𝟐𝒂 ∑ 𝜶𝒊+𝒋

𝟏≤𝒊<𝑗≤𝑛

 

where 𝜶 = 𝒆
𝒃

𝒏. But 

∑ 𝜶𝒊+𝒋

𝟏≤𝒊<𝑗≤𝑛

= ∑𝜶𝒊
𝒏−𝟏

𝒊=𝟏

∑ 𝜶𝒋
𝒏

𝒋=𝒊+𝟏

= ∑𝜶𝒊
𝒏−𝟏

𝒋=𝟏

{
𝜶𝒊+𝟏(𝜶𝒏−𝟏 − 𝟏)

𝜶 − 𝟏
} 

= ∑𝜶𝒊
𝒏−𝟏

𝒊=𝟏

(
𝜶𝒏+𝟏 − 𝜶𝒊+𝟏

𝜶− 𝟏
) =

𝟏

𝜶 − 𝟏
∑[𝜶𝒏+𝟏𝜶𝒊 − 𝜶𝟐𝒊+𝟏]

𝒏−𝟏

𝒊=𝟏

= 

=
𝜶𝒏+𝟏

𝜶 − 𝟏
[
𝜶(𝜶𝒏−𝟏 − 𝟏)

𝜶 − 𝟏
−
𝜶𝟑(𝜶𝟐𝒏−𝟐 − 𝟏)

𝜶𝟐 − 𝟏
] =

𝟏

(𝜶 − 𝟏)𝟐
[𝜶𝟐𝒏+𝟏 − 𝜶𝒏+𝟐 −

(𝜶𝟐𝒏+𝟏 − 𝜶𝟑)

𝜶 + 𝟏
] 
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=
𝟏

(𝒆
𝒃
𝒏 − 𝟏)

𝟐
[(𝒆

𝒃
𝒏)
𝟐𝒏+𝟏

− (𝒆
𝒃
𝒏)
𝒏+𝟏

] −
𝟏

𝒆
𝒃
𝒏
+𝟏
{(𝒆

𝒃
𝒏)
𝟐𝒏+𝟏

− 𝒆
𝟑𝒃
𝒏 } 

=
𝟏

(𝒆
𝒃
𝒏 − 𝟏)

𝟐
[𝒆𝟐𝒃𝒆

𝒃
𝒏 − 𝒆𝒃𝒆

𝒃
𝒏 −

𝟏

𝒆
𝒃
𝒏 + 𝟏

{𝒆𝟐𝒃 ⋅ 𝒆
𝒃
𝒏 − 𝒆

𝟑𝒃
𝒏 }] 

Thus,  

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ (𝒆𝟐𝒏𝒂+(𝒊+𝒋)𝒃)

𝟏
𝒏

𝟏≤𝒊<𝑗≤𝑛

= 

= 𝒆𝟐𝒂 𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒃𝟐
⋅ (

𝒃
𝒏

𝒆
𝒃
𝒏
−𝟏
)

𝟐

{𝒆𝟐𝒃𝒆
𝒃
𝒏 − 𝒆𝒃 ⋅ 𝒆

𝒃
𝒏 −

𝟏

𝒆
𝒃
𝒏 + 𝟏

{𝒆𝟐𝒃𝒆
𝒃
𝒏 − 𝒆

𝟑𝒃
𝒏 }}] 

=
𝒆𝟐𝒂

𝒃𝟐
[(𝟏)𝟐 (𝒆𝟐𝒃 − 𝒆𝒃 −

𝟏

𝟐
(𝒆𝟐𝒃 − 𝟏))] =

𝒆𝟐𝒂

𝟐𝒃𝟐
[𝟐𝒆𝟐𝒃 − 𝟐𝒆𝒃 − 𝒆𝟐𝒃 + 𝟏] 

=
𝒆𝟐𝒂(𝒆𝒃 − 𝟏)

𝟐

𝟐𝒃𝟐
 

Solution 3 by Marian Ursarescu-Romania 

If 𝒂 = 𝟎 its easy ⇒ 𝛀 = 𝒆𝟐𝒂 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ 𝒆

𝟐𝒏𝒂+(𝒊+𝒋)𝒃

𝒏𝟏≤𝒊<𝑗≤𝑛 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ 𝒆𝟐𝒂𝟏≤𝒊<𝑗≤𝑛 ⋅ 𝒆

(𝒊+𝒋)𝒃

𝒏 = 𝒆𝟐𝒂 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ 𝒆

𝒃𝒊

𝒏 ⋅ 𝒆
𝒃𝒊

𝒏𝟏≤𝒊<𝑗≤𝑛   (1) 

But 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑ 𝒆

𝒃𝒊

𝒏𝟏≤𝒊<𝑗≤𝑛 ⋅ 𝒆
𝒃𝒋

𝒏 =
𝟏

𝟐
(𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
(∑ 𝒆

𝒃𝒌

𝒏
𝒏
𝒌=𝟏 ))

𝟐

−
𝟏

𝒏𝟐
∑ 𝒆

𝟐𝒃𝒋

𝒏
𝒏
𝒌=𝟏    (2) 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏
∑ 𝒆

𝒃𝒌

𝒏
𝒏
𝒌=𝟏 )

𝟐

= (∫ 𝒆𝒃𝒙
𝟏

𝟎
𝒅𝒙)

𝟐

= (
𝒆𝒃𝒙

𝒃
|𝟎
𝟏)
𝟐

= (
𝒆𝒃−𝟏

𝒃
)
𝟐

    (3) 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
⋅ ∑ 𝒆

𝟐𝒃𝒊

𝒏
𝒏
𝒌=𝟏 = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏
(
𝟏

𝒏
∑ 𝒆

𝟐𝒃𝒊

𝒏
𝒏
𝒌=𝟏 ) = 𝟎   (4) 

Because 
𝟏

𝒏
∑ 𝒆

𝟐𝒃𝒊

𝟒
𝒏
𝒌=𝟏  its an convergent sequence. 

Form (1) + (2) + (3) +  (4) ⇒ 𝛀 = 𝒆𝟐𝒂 ⋅
𝟏

𝟐
⋅ (
𝒆𝒃−𝟏

𝒃
)
𝟐
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381.  

𝒙𝒏 = (𝟏 +
𝟏

𝒏
)
𝒏

, 𝒚𝒏 = 𝟏 +
𝟏

𝟏!
+
𝟏

𝟐!
+ ⋯+

𝟏

𝒏!
, 𝒛𝒏 = 𝟏 +

𝟏

𝟐
+
𝟏

𝟑
+⋯+

𝟏

𝒏
− 𝐥𝐧𝒏,  

𝒏 ∈ ℕ∗ 

Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟐𝒙𝒏 + 𝟑𝒚𝒏 + 𝟓𝒛𝒏

𝟓(𝒆 + 𝜸)
)

𝒏

 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟐𝒙𝒏 + 𝟑𝒚𝒏 + 𝟓𝒛𝒏

𝟓(𝒆 + 𝜸)
)

𝒏

= 

= 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟐𝒙𝒏+𝟑𝒚𝒏+𝟓𝒛𝒏−𝟓(𝒆+𝜸)

𝟓(𝒆+𝜸)
)
𝒏

= 𝒆
𝟏

𝟓(𝒆+𝜸)
𝐥𝐢𝐦
𝒏→∞

𝒏[𝟐(𝒙𝒏−𝒆)+𝟑(𝒚𝒏−𝒆)+𝟓(𝒛𝒏−𝜸)]  (1) 

𝐥𝐢𝐦
𝒏→∞

𝒏[𝟐(𝒙𝒏 − 𝒆)] = 𝟐 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 − 𝒆

𝟏
𝒏

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏
𝒏)

𝒏

− 𝒆

𝟏
𝒏

=
(𝑯𝒆𝒊𝒏𝒆)

𝟐 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏
𝒙)

𝒙

− 𝒆

𝟏
𝒙

= 

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝟏 + 𝒕)
𝟏
𝒕 − 𝒆

𝒕
= 𝟐 𝐥𝐢𝐦

𝒏→∞
(𝟏 +

𝟏

𝒕
)

𝟏
𝒕
[−
𝟏

𝒕𝟐
⋅ 𝐥𝐧(𝟏 + 𝒕) +

𝟏

𝒕
⋅
𝟏

𝒕 + 𝟏
] 

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒕
)
𝒕

[
−(𝒕 + 𝟏) 𝐥𝐧(𝒕 + 𝟏) + 𝒕

𝒕𝟑 + 𝒕𝟐
] = 𝟐 𝐥𝐢𝐦

𝒏→∞
(𝟏 +

𝟏

𝒕
)
𝒕

[−
𝐥𝐧(𝒕 + 𝟏) − 𝟏 + 𝟏

𝟑𝒕𝟐 + 𝟐𝒕
] = 

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒕
)
𝒕

⋅
− 𝐥𝐧(𝒕+𝟏)

𝒕(𝟐+𝟑𝒕)
= 𝟐 ⋅ 𝒆 ⋅ (−

𝟏

𝟐
) = −𝒆   (2) 

Now, using Cesaro – Stolz for 
𝟎

𝟎
 

𝐥𝐢𝐦
𝒏→∞

𝒏[𝟑(𝒚𝒏 − 𝒆)] = 𝟑 𝐥𝐢𝐦
𝒏→∞

𝒚𝒏 − 𝒆

𝟏
𝒏

= 𝟑 𝐥𝐢𝐦
𝒏→∞

𝒚𝒏+𝟏 − 𝒆 − 𝒚𝒏 + 𝒆

𝟏
𝒏 + 𝟏 −

𝟏
𝒏

= 𝟑 𝐥𝐢𝐦
𝒏→∞

𝟏
(𝒏 + 𝟏)!

−
𝟏

𝒏(𝒏 + 𝟏)

= 

= 𝟑 𝐥𝐢𝐦
𝒏→∞

−
𝟏

(𝒏−𝟏)!
= 𝟎   (2) 
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𝐥𝐢𝐦
𝒏→∞

𝒏[𝟓(𝒛𝒏 − 𝜸)] = 𝟓 𝐥𝐢𝐦
𝒏→∞

𝒛𝒏 − 𝜸

𝟏
𝒏

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝒛𝒏+𝟏 − 𝜸 − 𝒛𝒏 + 𝜸

𝟏
𝒏 + 𝟏 −

𝟏
𝒏

= 

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝟏
𝒏 + 𝟏 − 𝐥𝐧

(𝒏 + 𝟏) + 𝐥𝐧𝒏

−
𝟏

𝒏(𝒏 + 𝟏)

 

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝟏
𝒏 + 𝟏 − 𝐥𝐧 (

𝒏 + 𝟏
𝒏 )

−
𝟏

𝒏(𝒏 + 𝟏)

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝟏 − (𝒏 + 𝟏) 𝐥𝐧 (𝟏 +
𝟏
𝒏)

−
𝟏
𝒏

 

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝟏 − (𝒙 + 𝟏) 𝐥𝐧 (𝟏 +
𝟏
𝒙)

−
𝟏
𝒙

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝟏 − (
𝟏
𝒕 + 𝟏) 𝐥𝐧

(𝟏 + 𝒕)

−𝒕
 

= 𝟓 𝐥𝐢𝐦
𝒕→𝟎

𝒕 − (𝟏 + 𝒕) 𝐥𝐧(𝟏 + 𝒕)

−𝒕𝟐
= 𝟓 𝐥𝐢𝐦

𝒕→𝟎

𝟏 − 𝐥𝐧(𝟏 + 𝒕) − 𝟏

−𝟐𝒕
 

= 𝟓 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(𝟏+𝒕)

𝟐𝒕
=
𝟓

𝟐
   (3) 

From (1)+(2)+(3)⇒ 𝛀 = 𝒆
𝟏

𝟓(𝒆+𝜸)
(−𝒆+

𝟓

𝟐
)
 

 

382. If 𝒂, 𝒃 ∈ ℕ then: 

(√𝒂 + √𝒃)√𝒂𝒃
𝟒

≤ 𝒍𝒊𝒎
𝒏→∞

𝟐

𝒏
∑ √𝒂𝒌𝒃𝒏−𝒌

𝒏

𝒏

𝒌=𝟏

≤ (√𝒂 + √𝒃)
𝟐

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Let 𝒂 > 𝑏 ≥ 1 now 

(√𝒂 + √𝒃)√𝒂𝒃
𝟒

≤ 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏
∑ √𝒂𝒌𝒃𝒏−𝒌

𝒏

𝒏

𝒌=𝟏

≤ (√𝒂 + √𝒃)
𝟐

 

⇔ (𝟏+ √
𝒂

𝒃
) √

𝒂

𝒃

𝟒
≤ 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏
∑(

𝒂

𝒃
)

𝒌
𝒏

𝒏

𝒌=𝟏

≤ (𝟏+ √
𝒂

𝒃
)

𝟐
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⇔ (𝟏 +√
𝒂

𝒃
) √

𝒂

𝒃

𝟒
≤ 𝟐∫(

𝒂

𝒃
)
𝒙

𝟏

𝟎

𝒅𝒙 ≤ (𝟏 +√
𝒂

𝒃
)

𝟐

⇔ (𝟏 + √
𝒂

𝒃
) √

𝒂

𝒃

𝟒
≤ 𝟐

𝒂
𝒃
− 𝟏

𝐥𝐨𝐠 (
𝒂
𝒃
)
≤ (𝟏 + √

𝒂

𝒃
)

𝟐

 

⇔ (𝟏+𝒎)√𝒎 ≤
𝒎𝟐−𝟏

𝐥𝐨𝐠𝒎
≤ (𝟏 +𝒎)𝟐  where 𝒎 = √

𝒂

𝒃
 

Let 𝒇(𝒎) = √𝒎−
𝟏

√𝒎
− 𝐥𝐨𝐠𝒎 for all 𝒎 ≥ 𝟏 

𝒇′(𝒎) =
𝟏

𝟐√𝒎
+

𝟏

𝟐𝒎
𝟑
𝟐

−
𝟏

𝒎
=
𝒎− 𝟐√𝒎+ 𝟏

𝟐𝒎
𝟑
𝟐

=
(√𝒎− 𝟏)

𝟐

𝟐𝒎
𝟑
𝟐

≥ 𝟎 

∴ 𝒇(𝒎) ≥ 𝒇(𝟏) = 𝟎 ⇒ (𝟏 +𝒎)√𝒎 ≤
𝒎𝟐 − 𝟏

𝐥𝐨𝐠𝒎
 

Let 𝝋(𝒎) = 𝐥𝐨𝐠𝒎 −
𝒎−𝟏

𝒎+𝟏
 for all 𝒎 ≥ 𝟏,𝝋′(𝒎) =

𝟏

𝒎
−

𝟐

(𝒎+𝟏)𝟐
=

𝒎𝟐+𝟏

𝒎(𝒎+𝟏)𝟐
> 0 

∴ 𝝋(𝒎) ≥ 𝝋(𝟏) = 𝟎 ⇒
𝒎𝟐 − 𝟏

𝐥𝐨𝐠𝒎
≤ (𝟏 +𝒎)𝟐 

(Hence proved) 

Solution 2 by Sagar Kumar-Kolkata-India 

𝑺 = 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏
∑(

𝒂

𝒃
)

𝒌
𝒏

𝒏

𝒌=𝟏

𝒃 

𝑺 = 𝟐𝒃∫ (
𝒂

𝒃
)
𝜸𝟏

𝟎
𝒅𝜸 =

𝟐𝒃(
𝒂

𝒃
)|𝟎
𝟏

𝐥𝐧(𝒂)−𝐥𝐧 𝒃
,  𝑺 =

𝟐𝒃(
𝒂

𝒃
−𝟏)

𝐥𝐧(𝒂)−𝐥𝐧(𝒃)
=

𝟐(𝒂−𝒃)

𝐥𝐧(𝒂)−𝐥𝐧(𝒃)
, 𝑺 =

𝟐(𝒂−𝒃)

𝒇(𝒂)−𝒇(𝒃)
 where 𝒇(𝒙) =

𝐥𝐧𝒙 

By LMVT 

𝑺 = 𝟐𝒄   (1)   - 𝒄 ∈ (𝒂, 𝒃), 𝑺 ≤ 𝟐𝒃 

RHS 

(√𝒂 + √𝒃)
𝟐
= ((√𝒂 − √𝒃)

𝟐
+ 𝟒√𝒂𝒃) 

Clearly it is minimum when √𝒂 = √𝒃 ⇒ (√𝒂 + √𝒃)
𝟐
≥ 𝟒√𝒂𝒃 

(√𝒂 + √𝒃)
𝐦𝐢𝐧  

𝟐
= 𝟒𝒃 ⇒ 𝑺 ≤ 𝟒𝒃 

LHS 
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(√𝒂 + √𝒃)(𝒂𝒃)
𝟏
𝟒;  
√𝒂 + √𝒃

𝟐
≥ (𝒂𝒃)

𝟏
𝟒  (𝑨𝑴 ≥ 𝑮𝑴) 

⇒ (√𝒂 + √𝒃)(𝒂𝒃)
𝟏
𝟒⏟          

𝐦𝐚𝐱  =𝟐𝒂

𝒘𝒉𝒆𝒏 √𝒂=√𝒃

≤
(√𝒂 + √𝒃)

𝟐

𝟐
≤
(√𝒂 − √𝒃)

𝟐

𝟐
+ 𝟐√𝒂𝒃 

Hence 𝑳𝑯𝑺 ≤ 𝑺 ≤ 𝑹𝑯𝑺 ⇒ (√𝒂 + √𝒃)√𝒂𝒃
𝟒

≤ 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏
∑ √𝒂𝒌 ⋅ 𝒃𝒏−𝒌

𝒏𝒏
𝒌=𝟏 ≤ (√𝒂 + √𝒃)

𝟐
 

(proved) 

 

383.  

𝒍𝒊𝒎
𝒏→∞

𝒂𝒏 ⋅ 𝒂𝒏+𝟐
𝟔 ⋅ 𝒂𝒏+𝟒

𝒂𝒏+𝟏
𝟒 ⋅ 𝒂𝒏+𝟑

𝟒 = 𝟏𝟎, 𝒂𝒏 > 0, 𝑛 ∈ ℕ, 𝒏 ≥ 𝟐 

Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

√𝒂𝒏
𝒏𝟒  

Proposed by Daniel Sitaru – Romania 

Solution 1 by Marian Ursarescu-Romania 

We use Cesaró – Stolz ⇒ 

𝐥𝐧 𝛀 = 𝐥𝐧 √𝒂𝒏
𝒏𝟒 =

𝐥𝐧 𝒂𝒏
𝒏𝟒

⇒ 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝒂𝒏
𝒏𝟒

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧𝒂𝒏+𝟏 − 𝐥𝐧𝒂𝒏
(𝒏 + 𝟏)𝟒 − 𝒏𝟒

= 

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏+𝟏
𝒂𝒏

𝟒𝒏𝟑+𝟔𝒏𝟐+𝟒𝒏+𝟏
= 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧
𝒂𝒏+𝟏
𝒂𝒏

𝒏𝟑
⋅

𝒏𝟑

𝟒𝒏𝟑+𝟔𝒏𝟐+𝟒𝒏+𝟏
   (1) 

𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏+𝟏
𝒂𝒏

𝒏𝟑
= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏+𝟐
𝒂𝒏+𝟏

−𝐥𝐧
𝒂𝒏+𝟏
𝒂𝒏

(𝒏+𝟏)𝟑−𝒏𝟑
= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏⋅𝒂𝒏+𝟐

𝒂𝒏+𝟏
𝟐

𝟑𝒏𝟐+𝟑𝒏+𝟏
= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏⋅𝒂𝒏+𝟐

𝒂𝒏+𝟏
𝟐

𝒏𝟐
⋅

𝒏𝟐

𝟑𝒏𝟐+𝟑𝒏+𝟏
   (2) 

𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝐥𝐧𝒂𝒏 ⋅ 𝒂𝒏+𝟐

𝒂𝒏+𝟏
𝟐

𝒏𝟐
= 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧
𝒂𝒏+𝟏 ⋅ 𝒂𝒏+𝟑
𝒂𝒏+𝟐
𝟐 ⋅ 𝐥𝐧

𝒂𝒏 ⋅ 𝒂𝒏+𝟐
𝒂𝒏+𝟏
𝟐

(𝒏 + 𝟏)𝟐 − 𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏+𝟏
𝟑 ⋅ 𝒂𝒏+𝟑
𝒂𝒏 ⋅ 𝒂𝒏+𝟐

𝟑

𝟐𝒏 + 𝟏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧
𝒂𝒏+𝟐
𝟑 ⋅𝒂𝒏+𝟒
𝒂𝒏+𝟏⋅𝒂𝒏+𝟑

−𝐥𝐧
𝒂𝒏+𝟏
𝟑 ⋅𝒂𝒏+𝟑

𝒂𝒏⋅𝒂𝒏+𝟐
𝟑

(𝟐𝒏+𝟑)−(𝟐𝒏+𝟏)
= 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧
𝒂𝒏+𝟐
𝟔 ⋅𝒂𝒏⋅𝒂𝒏+𝟒

𝒂𝒏+𝟑
𝟒 ⋅𝒂𝒏+𝟏

𝟒

𝟐
=
𝟏𝟎

𝟐
= 𝟓  (3) 

From (1)+(2)+(3)⇒ 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝛀 =
𝟓

𝟏𝟐
⇒ 𝐥𝐢𝐦

𝒏→∞
𝛀 = 𝒆

𝟓

𝟏𝟐 = √𝒆𝟓
𝟏𝟐
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Solution 2 by Soumitra Mandal-Chandar Nagore -India 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏𝟒 ⇒ 𝐥𝐧𝛀 = 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧𝒂𝒏
𝒏𝟒

=⏞

𝑪𝑬𝑺𝑨𝑹𝑶
𝑺𝑻𝑶𝑳𝒁 𝑳𝑬𝑴𝑴𝑨

𝐥𝐢𝐦
𝒏→∞

𝐥𝐧𝒂𝒏+𝟏 − 𝐥𝐧𝒂𝒏
(𝒏 + 𝟏)𝟒 − 𝒏𝟒

 

= (𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝒂𝒏+𝟏 − 𝐥𝐧𝒂𝒏
𝒏𝟑

)

(

 
 
 
 
 

𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏
)
𝟒

− 𝟏

𝟏
𝒏 )

 
 
 
 
 

=
𝟏

𝟒
𝐥𝐢𝐦
𝒏→∞

𝐥𝐧𝒂𝒏+𝟏 − 𝐥𝐧𝒂𝒏
𝒏𝟑

 

=⏞

𝑪𝑬𝑺𝑨𝑹𝑶 𝑺𝑻𝑶𝑳𝒁
𝑳𝑬𝑴𝑴𝑨 𝟏

𝟒
𝐥𝐢𝐦
𝒏→∞

(𝐥𝐧𝒂𝒏+𝟐 − 𝐥𝐧𝒂𝒏+𝟏) − (𝐥𝐧𝒂𝒏+𝟏 − 𝐥𝐧𝒂𝒏)

(𝟏 + 𝒏)𝟑 − 𝒏𝟑
 

=
𝟏

𝟒
𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝒂𝒏+𝟐 − 𝐥𝐧𝒂𝒏+𝟏
𝟐 + 𝐥𝐧𝒂𝒏

𝒏𝟐
⋅ 𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏+
𝟏
𝒏
)
𝟑

− 𝟏

𝟏
𝒏

 

=⏞

𝑪𝑬𝑺𝑨𝑹𝑶 𝑺𝑻𝑶𝑳𝒁
𝑳𝑬𝑴𝑴𝑨 𝟏

𝟏𝟐
𝐥𝐢𝐦
𝒏→∞

(𝐥𝐧𝒂𝒏+𝟑 − 𝐥𝐧𝒂𝒏+𝟐
𝟐 + 𝐥𝐧𝒂𝒏+𝟏) − (𝐥𝐧𝒂𝒏+𝟐 − 𝐥𝐧𝒂𝒏+𝟏

𝟐 + 𝐥𝐧𝒂𝒏)

(𝒏 + 𝟏)𝟐 − 𝒏𝟐
 

=
𝟏

𝟏𝟐
𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝒂𝒏+𝟑 − 𝐥𝐧𝒂𝒏+𝟐
𝟑 + 𝐥𝐧𝒂𝒏+𝟏

𝟑 − 𝐥𝐧𝒂𝒏
𝒏

⋅ 𝐥𝐢𝐦
𝒏→∞

𝟏

(𝟏 +
𝟏
𝒏
)
𝟐

− 𝟏

𝟏
𝒏

 

=⏞

𝑪𝑬𝑺𝑨𝑹𝑶 𝑺𝑻𝑶𝑳𝒁
𝑳𝑬𝑴𝑴𝑨 𝟏

𝟐𝟒
𝐥𝐢𝐦
𝒏→∞

(𝐥𝐧𝒂𝒏+𝟒 − 𝐥𝐧𝒂𝒏+𝟑
𝟑 + 𝐥𝐧𝒂𝒏+𝟐

𝟑 − 𝐥𝐧𝒂𝒏+𝟏) − (𝐥𝐧𝒂𝒏+𝟑 − 𝐥𝐧𝒂𝒏+𝟐
𝟑 + 𝐥𝐧𝒂𝒏+𝟏

𝟑 − 𝐥𝐧𝒂𝒏)

𝒏 + 𝟏 − 𝒏
 

=
𝟏

𝟐𝟒
𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(
𝒂𝒏+𝟒𝒂𝒏+𝟐

𝟔 𝒂𝒏

𝒂𝒏+𝟑
𝟒 𝒂𝒏+𝟏

𝟒 ) =
𝒍𝒏𝟏𝟎

𝟐𝟒
 

𝛀 = √𝒆𝟏𝟎
𝟐𝟒

= √𝒆𝟓
𝟏𝟐

  (Ans :) 

 

384. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

𝟏

𝒏𝟑
∑ 𝒔𝒊𝒏(𝟐 +

𝟑𝒊

𝒏
)

𝟏≤𝒊<𝑗<𝑘≤𝑛

𝒔𝒊𝒏 (𝟐 +
𝟑𝒋

𝒏
) 𝒔𝒊𝒏 (𝟐 +

𝟑𝒌

𝒏
) 

Proposed by Daniel Sitaru – Romania  
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Solution by Marian Ursarescu-Romania 

We use this:  

(∑ 𝒂𝒌
𝒏
𝒌=𝟏 )𝟑 = ∑ 𝒂𝒌

𝟑𝒏
𝒌=𝟏 + 𝟑∑ 𝒂𝒊

𝟐𝒂𝒋𝟏≤𝒊<𝑗≤𝑛 + 𝟑∑ 𝒂𝒊𝒂𝒋
𝟐

𝟏≤𝒊<𝑗≤𝑛 + 𝟔∑ 𝒂𝒊𝒂𝒋𝒂𝒌𝟏≤𝒊<𝑗<𝑘≤𝑛    (1) 

From (1) ⇒ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒊

𝒏
)𝟏≤𝒊<𝑗<𝑘≤𝑛 𝐬𝐢𝐧 (𝟐 +

𝟑𝒋

𝒏
) 𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
) 

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝟔
[

𝟏

𝒏𝟑
(∑ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)𝒏

𝒌=𝟏 )
𝟑

−
𝟏

𝒏𝟑
∑ 𝐬𝐢𝐧𝟑 (𝟐 +

𝟑𝒌

𝒏
)𝒏

𝒌=𝟏 −

−
𝟑

𝒏𝟑
∑ 𝐬𝐢𝐧𝟐 (𝟐 +

𝟑𝒊

𝒏
)𝟏≤𝒊<𝑗≤𝑛 𝐬𝐢𝐧 (𝟐 +

𝟑𝒊

𝒏
) +

𝟑

𝒏𝟐
∑ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒊

𝒏
)𝟏≤𝒊<𝑗≤𝑛 𝐬𝐢𝐧𝟐 (𝟐 +

𝟑𝒊

𝒏
)
]  (2) 

New: 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
(∑ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)𝒏

𝒌=𝟏 )
𝟑

= 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏
∑𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

)

𝟑

= (∫𝐬𝐢𝐧(𝟐 + 𝟑𝒙)

𝟏

𝟎

𝒅𝒙)

𝟑

= 

= (−
𝐜𝐨𝐬(𝟐+𝟑𝒙)

𝟑
|
𝟏
𝟎
)
𝟑

= (−
𝐜𝐨𝐬 𝟓+𝐜𝐨𝐬 𝟐

𝟑
)
𝟑

   (3) 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑𝐬𝐢𝐧𝟑 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
(
𝟏

𝒏
⋅∑𝐬𝐢𝐧𝟑 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

) 

But 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑ 𝐬𝐢𝐧𝟑 (𝟐 +

𝟑𝒌

𝒏
)𝒏

𝒌=𝟏 = ∫ 𝐬𝐢𝐧𝟑(𝟐 + 𝟑𝒙)
𝟏

𝟎
𝒅𝒙 ∈ ℝ∗ 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑ 𝐬𝐢𝐧𝟑 (𝟐 +

𝟑𝒌

𝒏
)𝒏

𝒌=𝟏 = 𝟎  (4) 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑ 𝐬𝐢𝐧𝟐 (𝟐 +

𝟑𝒊

𝒏
)𝟏≤𝒊<𝑗≤𝑛 ⋅ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒊

𝒏
) = 𝟎   (5) because 

𝟏

𝒏𝟑
| ∑ 𝐬𝐢𝐧𝟐 (𝟐 +

𝟑𝒊

𝒏
)

𝟏≤𝒊<𝑗≤𝑛

𝐬𝐢𝐧 (𝟐 +
𝟑𝒊

𝒏
)| ≤

𝟏

𝒏𝟑
∑ |𝐬𝐢𝐧𝟐 (𝟐 +

𝟑𝒊

𝒏
)|

𝟏≤𝒊<𝑗≤𝑛

|𝐬𝐢𝐧 (𝟐 +
𝟑𝒊

𝒏
)| ≤ 

≤
𝟏

𝒏𝟑
∑ (𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
))𝒏

𝒌=𝟐    (6) 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
(
𝟏

𝒏
∑𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

)

𝒃𝒖𝒕 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)

𝒏

𝒌=𝟏

= ∫𝐬𝐢𝐧(𝟐 + 𝟑𝒙)𝒅𝒙

𝟏

𝟎 }
 
 

 
 

⇒ 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑ |𝐬𝐢𝐧 (𝟐 +

𝟑𝒌

𝒏
)|𝒏

𝒌=𝟐 = 𝟎  (7) 
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From (6) + (7) ⇒ (5) its true. Similarly,  

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑ 𝐬𝐢𝐧 (𝟐 +

𝟑𝒊

𝒏
)𝟏≤𝒊<𝑗≤𝑛 ⋅ 𝐬𝐢𝐧𝟐 (𝟑 +

𝟑𝒊

𝒏
) = 𝟎   (8) 

From (2) + (3) + (4) + (5) + (8) ⇒ 𝛀 =
𝟏

𝟔
(
𝐜𝐨𝐬 𝟐−𝐜𝐨𝐬 𝟓

𝟑
)
𝟑

 

 

385. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

𝟏

𝟐𝟐𝒏(𝒏 + 𝟏)
∑(𝒏 − 𝒌) (

𝟐𝒏 + 𝟏
𝟐𝒏 − 𝟐𝒌

)

𝒏−𝟏

𝒌=𝟎

 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

∑(𝒏− 𝒌)𝑪𝟐𝒏+𝟏
𝟐𝒏−𝟐𝒌

𝒏−𝟏

𝒌=𝟎

= ∑(𝒏− 𝒌)

𝒏−𝟏

𝒌=𝟎

(𝟐𝒏 + 𝟏)!

(𝟐𝒏 − 𝟐𝒌)! (𝟐𝒌 + 𝟏)!
= 

= ∑(𝒏 − 𝒌)

𝒏−𝟏

𝒌=𝟎

⋅
(𝟐𝒏 + 𝟏)(𝟐𝒏)!

(𝟐𝒏 − 𝟐𝒌)(𝟐𝒏− 𝟐𝒌 − 𝟏)! (𝟐𝒌 + 𝟏)!
= 

=
𝟐𝒏 + 𝟏

𝟐
∑𝑪𝟐𝒏

𝟐𝒌+𝟏

𝒏−𝟏

𝒌=𝟎

=
𝟐𝒏 + 𝟏

𝟐
(𝑪𝟐𝒏

𝟏 + 𝑪𝟐𝒏
𝟑 +⋯+ 𝑪𝟐𝒏

𝟐𝒏−𝟏) = 

=
𝟐𝒏+𝟏

𝟐
⋅ 𝟐𝟐𝒏−𝟏 = (𝟐𝒏 + 𝟏) ⋅ 𝟐𝟐𝒏−𝟐   (1) 

From (1) ⇒ 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏+𝟏)⋅𝟐𝟐𝒏−𝟐

𝟐𝟐𝒏(𝒏+𝟏)
= 𝟐 ⋅ 𝟐−𝟐 =

𝟏

𝟐
 

 

386. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒏 − 𝟏) ⋅
𝟏
𝒏 +

(𝒏 − 𝟐) ⋅ (
𝟏
𝒏 +

𝟏
𝒏 − 𝟏) + ⋯+ 𝟏 ⋅ (

𝟏
𝒏 +

𝟏
𝒏 − 𝟏 + ⋯+

𝟏
𝟐)

(𝒏 + 𝟏)𝟑 − 𝒏𝟑
 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

Numerator = (𝒏 − 𝟏)
𝟏

𝒏
+ (𝒏 − 𝟐) (

𝟏

𝒏
+

𝟏

𝒏−𝟏
) + ⋯+ (

𝟏

𝒏
+

𝟏

𝒏−𝟏
+⋯+

𝟏

𝟐
) = 
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=
𝟏

𝒏
[(𝒏− 𝟏) + (𝒏 − 𝟐) +⋯+ 𝟏] +

𝟏

𝒏 − 𝟏
[(𝒏− 𝟐) + (𝒏 − 𝟑) +⋯+ 𝟏] + 

+
𝟏

𝒏−𝟐
[(𝒏 − 𝟑) +⋯+ 𝟏] + ⋯+

𝟏

𝟐
  (1) 

=
𝟏

𝒏
⋅
𝒏(𝒏 − 𝟏)

𝟐
+

𝟏

𝒏 − 𝟏
⋅
(𝒏 − 𝟏)(𝒏− 𝟐)

𝟐
+

𝟏

𝒏 − 𝟐
⋅
(𝒏 − 𝟐)(𝒏 − 𝟑)

𝟐
+ ⋯+

𝟏

𝟑
⋅
𝟑 ×  𝟐

𝟐
+
𝟏

𝟐
 

=
𝟏

𝟐
(𝒏 − 𝟏) +

𝟏

𝟐
(𝒏 − 𝟐) +

𝟏

𝟐
(𝒏 − 𝟑) + ⋯+

𝟏

𝟐
(𝟐) +

𝟏

𝟐
= 

=
𝟏

𝟐
[(𝒏 − 𝟏) + (𝒏 − 𝟐) +⋯+ 𝟏] =

𝒏(𝒏−𝟏)

𝟒
. Also, (𝒏 + 𝟏)𝟑 − 𝒏𝟑 = 𝟑𝒏𝟐 + 𝟑𝒏 + 𝟏 

∴ 𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏
𝟒𝒏
(𝒏 − 𝟏)

𝟑𝒏𝟐 + 𝟑𝒏 + 𝟏
= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝟒
[

(𝟏 −
𝟏
𝒏)

𝟑 + 𝟑(
𝟏
𝒏) +

𝟏
𝒏𝟐

] =
𝟏

𝟒
⋅
𝟏 − 𝟎

𝟑 + 𝟎 + 𝟎
=
𝟏

𝟏𝟐
 

 

387. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏) ⋅ √(𝟓𝒏 + 𝟓) 𝐜𝐨𝐬
𝝅

𝒏 + 𝟏

𝟓𝒏+𝟓
− 𝒏 ⋅ √𝟓𝒏𝐜𝐨𝐬

𝝅

𝒏

𝟓𝒏
) 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

Let 𝒇: [𝒏, 𝒏 + 𝟏] → ℝ, 𝒇(𝒙) = 𝒙 (𝟓𝒙 𝐜𝐨𝐬
𝝅

𝒙
)

𝟏

𝟓𝒙
.  

From Lagrange theorem ⇒ ∃𝒄 ∈ (𝒏, 𝒏 + 𝟏) then: 𝒇(𝒏 + 𝟏) − 𝒇(𝒏) = 𝒇′(𝒄) ⇒

(𝒏 + 𝟏) √(𝟓𝒏+ 𝟓) 𝐜𝐨𝐬
𝝅

𝒂+𝟏

𝟓𝒏+𝟓
− 𝒏 √𝟓𝒏 𝐜𝐨𝐬

𝝅

𝟒

𝟓𝒏
= 𝒇′(𝒄) ⇒ 

𝐥𝐢𝐦
𝒏→∞

[(𝒏 + 𝟏) √(𝟓𝒏 + 𝟓) 𝐜𝐨𝐬
𝝅

𝒏+𝟏

𝟓𝒏+𝟓
− 𝒏 √𝟓𝒏 𝐜𝐨𝐬

𝝅

𝟒

𝟓𝒏
] = 𝐥𝐢𝐦

𝒏→∞
𝒇′(𝒄)   (1) 

Because 𝒄 ∈ (𝒏,𝒏 + 𝟏) and 𝒏 → ∞ we can assume, WLOG,  

𝐥𝐢𝐦
𝒏→∞

𝒇′(𝒄) = 𝐥𝐢𝐦
𝒏→∞

𝒇′(𝒏)   (2) 

𝒇′(𝒙) = (𝟓𝒙𝐜𝐨𝐬
𝝅

𝒙
)

𝟏
𝟓𝒙
+ 𝒙(𝟓𝒙𝐜𝐨𝐬

𝝅

𝒙
)

𝟏
𝟓𝒙
[−

𝟏

𝟓𝒙𝟐
𝐥𝐧 (𝟓𝒙𝐜𝐨𝐬

𝝅

𝒙
) +

𝟏

𝟓𝒙
⋅
𝟓 𝐜𝐨𝐬

𝝅
𝒙 + 𝟓𝒙 𝐬𝐢𝐧

𝝅
𝒙 ⋅

𝝅
𝒙𝟐

𝟓𝒙𝐜𝐨𝐬
𝝅
𝒙

] 
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⇒ 𝒇′(𝒙) = (𝟓𝒙𝐜𝐨𝐬
𝝅

𝒙
)

𝟏

𝟓𝒙
[𝟏 −

𝐥𝐧(𝟓𝒙 𝐜𝐨𝐬
𝝅

𝒙
)

𝟓𝒙
+
𝟏

𝟓
⋅
𝟓 𝐜𝐨𝐬

𝝅

𝒙
+𝟓 𝐬𝐢𝐧

𝝅

𝒙
⋅
𝝅

𝒙

𝟓𝒙 𝐜𝐨𝐬
𝝅

𝒙

]   (3) 

From (1)+(2)+(3) ⇒ 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟓𝒏𝐜𝐨𝐬
𝝅

𝒏
)

𝟏

𝟓𝒏
[𝟏 −

𝐥𝐧(𝟓𝒏 𝐜𝐨𝐬
𝝅

𝟓𝒏
)

𝟓𝒏
+
𝟏

𝟓
⋅
𝟓 𝐜𝐨𝐬

𝝅

𝒏
+𝟓 𝐬𝐢𝐧

𝝅

𝒏
⋅
𝝅

𝒏

𝟓𝒏 𝐜𝐨𝐬
𝝅

𝒏

]   (4) 

𝐥𝐢𝐦
𝒏→∞

(𝟓𝒏𝐜𝐨𝐬
𝝅

𝒏
)

𝟏

𝟓𝒏
= √𝐥𝐢𝐦

𝒏→∞
√𝟓𝒏 𝐜𝐨𝐬

𝝅

𝒏

𝒏𝟓

= √𝐥𝐢𝐦
𝒏→∞

(𝟓𝒏+𝟓) 𝐜𝐨𝐬
𝝅

𝒏+𝟏

𝟓𝒏 𝐜𝐨𝐬
𝝅

𝒏

𝟓

= 𝟏   (5) 

𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 (𝟓𝒏𝐜𝐨𝐬
𝝅
𝟓𝒏)

𝟓𝒏
= 𝐥𝐢𝐦

𝒏→∞

𝐥𝐧 ((𝟓𝒏+ 𝟓) 𝐜𝐨𝐬
𝝅

𝟓𝒏 + 𝟓) − 𝐥𝐧 (𝟓𝒏𝐜𝐨𝐬
𝝅
𝟓𝒏)

𝟓𝒏 + 𝟓 − 𝟓𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 (
(𝟓𝒏+𝟓) 𝐜𝐨𝐬

𝝅

𝒏+𝟏

𝟓𝒏 𝐜𝐨𝐬
𝝅

𝒏

) = 𝐥𝐧𝟏 = 𝟎  (6) 

𝐥𝐢𝐦
𝒏→∞

𝟓𝐜𝐨𝐬
𝝅

𝒏
+𝟓 𝐜𝐨𝐬

𝝅

𝒏
⋅
𝝅

𝒏

𝟓𝒏 𝐜𝐨𝐬
𝝅

𝒏

= 𝟎    (7) 

From (4)+(5)+(6)+(7)⇒ 𝛀 = 𝟏. 

 

388.  

𝛀(𝒙) =
𝟏

𝒙𝒏+𝟐
(∏𝐭𝐚𝐧−𝟏(𝒏𝒙)

𝒏

𝒌=𝟏

−∏𝐬𝐢𝐧(𝒏𝒙)

𝒏

𝒌=𝟏

) , 𝒏 ∈ ℕ∗ 

Find: 

𝛀 = 𝐥𝐢𝐦
𝒙→𝟎

𝛀(𝒙) 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

For 𝒙 ≠ 𝟎, |𝒙| <
𝟏

𝒏
, 𝐭𝐚𝐧−𝟏 𝒙 = 𝒙 −

𝟏

𝟑
𝒙𝟑 +

𝟏

𝟓
𝒙𝟓 −⋯; 𝐬𝐢𝐧𝒙 = 𝒙 −

𝟏

𝟑!
𝒙𝟑 +

𝟏

𝟓!
𝒙𝟓 −⋯ 

∴ For 𝒙 ≠ 𝟎, |𝒙| <
𝟏

𝒏
, 𝟏 ≤ 𝒌 ≤ 𝒏; 𝐭𝐚𝐧−𝟏(𝒌𝒙) = 𝒌𝒙 −

𝟏

𝟑
𝒌𝟑𝒙𝟑 +

𝟏

𝟓
𝒌𝟓𝒙𝟓 −⋯ 

𝐬𝐢𝐧(𝒌𝒙) = 𝒌𝒙 −
𝟏

𝟔
𝒌𝟑𝒙𝟑 +

𝟏

𝟏𝟐𝟎
𝒌𝟓𝒙𝟓 −⋯ 
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⇒∏𝐭𝐚𝐧−𝟏(𝒌𝒙)

𝒏

𝒌=𝟏

=∏[𝒌𝒙 −
𝟏

𝟑
𝒌𝟑𝒙𝟑 +

𝟏

𝟓
𝒌𝟓𝒙𝟓…]

𝒏

𝒌=𝟏

 

= 𝒏! 𝒙𝒏∏[𝟏−
𝟏

𝟑
𝒌𝟐𝒙𝟐 +

𝟏

𝟓
𝒌𝟒𝒙𝟒 −⋯]

𝒏

𝒌=𝟏

= 𝒏! 𝒙𝒏 [𝟏 −
𝟏

𝟑
𝒙𝟐∑𝒌𝟐

𝒏

𝒌=𝟏

+ 𝟎(𝒙𝟒)] = 

= 𝒏!𝒙𝒎 [𝟏 −
𝟏

𝟑
𝒙𝟐 ⋅

𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)

𝟔
+ 𝟎(𝒙𝟒)] = 

= 𝒏!𝒙𝒏 [𝟏 −
𝟏

𝟏𝟖
𝒙𝟐𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏) + 𝟎(𝒙𝟒)]. Similarly, 

∏𝐬𝐢𝐧(𝒌𝒙)

𝒏

𝒌=𝟏

= 𝒏!𝒙𝒏 [𝟏 −
𝟏

𝟑𝟔
𝒙𝟐𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏) + 𝟎(𝒙𝟒)] 

Thus, 

∏𝐭𝐚𝐧−𝟏(𝒌𝒙)

𝒏

𝒌=𝟏

−∏𝐬𝐢𝐧(𝒌𝒙)

𝒏

𝒌=𝟏

= 𝒏!𝒙𝒏 [−
𝟏

𝟑𝟔
𝒙𝟐𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏) + 𝟎(𝒙𝟒)] 

∴ For 𝒙 ≠ 𝟎, |𝒙| <
𝟏

𝒏
;
𝟏

𝒙𝒏+𝟐
[∏ 𝐭𝐚𝐧−𝟏(𝒌𝒙) − ∏ 𝐬𝐢𝐧(𝒌𝒙)𝒏

𝒌=𝟏
𝒏
𝒌=𝟏 ] = 

= −
𝟏

𝟑𝟔
𝒏! 𝒏(𝒏 + 𝟏)(𝟐𝒏+ 𝟏) + 𝟎(𝒙𝟐). Taking limit as 𝒙 → 𝟎+, we get 

𝛀 = −
𝟏

𝟑𝟔
(𝒏 + 𝟏)! (𝟐𝒏𝟐 + 𝒏) 

 

389.  

𝛀𝒏 = ∫𝒙
𝒏−𝟏

𝝅
𝟒

𝝅
𝟔

𝐬𝐢𝐧𝒏 𝒅𝒙 +∫ 𝒙𝒏−𝟏

√𝟐
𝟐

𝟏
𝟐

𝐚𝐫𝐜𝐬𝐢𝐧𝒏 𝒙𝒅𝒙; 𝒏 ∈ ℕ, 𝒏 ≥ 𝟏 

Find: 

𝐥𝐢𝐦
𝒏→∞

(𝒏𝟐𝛀𝒏) 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Amit Dutta-Jamshedpur-India 

𝛀𝒏 = ∫𝒙
𝒏−𝟏

𝝅
𝟒

𝝅
𝟔

𝐬𝐢𝐧𝒏 𝒙𝒅𝒙 + ∫ 𝒙𝒏−𝟏

√𝟐
𝟐

𝟏
𝟐

𝐚𝐫𝐜𝐬𝐢𝐧𝒏 𝒙𝒅𝒙, 𝒏 ∈ ℕ;𝒏 ≥ 𝟏 

Find: 𝐥𝐢𝐦
𝒏→∞

(𝒏𝟐𝛀𝒏) 

𝛀𝒏 = 𝑰𝟏 + 𝑰𝟐 where 𝑰𝟏 = ∫ 𝒙𝒏−𝟏
𝝅

𝟒
𝝅

𝟔

𝐬𝐢𝐧𝒏 𝒙𝒅𝒙, 𝑰 = ∫ 𝒙𝒏−𝟏
√𝟐

𝟐
𝟏

𝟐

𝐚𝐫𝐜𝐬𝐢𝐧(𝐬𝐢𝐧𝒏 𝒙)𝒅𝒙 

𝑰𝟐 = ∫ 𝒙𝒏−𝟏

𝟏

√𝟐

𝟏
𝟐

(𝐬𝐢𝐧−𝟏 𝒙)𝒏𝒅𝒙 

Put 𝐬𝐢𝐧−𝟏 𝒙 = 𝒕 ⇒ 𝒙 = 𝐬𝐢𝐧 𝒕 ; 𝒅𝒙 = (𝐜𝐨𝐬 𝒕)𝒅𝒕 

𝑰𝟐 = ∫(𝐬𝐢𝐧 𝒕)
𝒏−𝟏

𝝅
𝟒

𝝅
𝟔

𝒕𝒏(𝐜𝐨𝐬 𝒕)𝒅𝒕; 𝑰𝟐 = ∫(𝐬𝐢𝐧𝒙)
𝒏−𝟏

𝝅
𝟒

𝝅
𝟔

𝒙𝒏(𝐜𝐨𝐬 𝒙)𝒅𝒙 

𝛀𝒏 = 𝑰𝟏 + 𝑰𝟐 

𝛀𝒏 = ∫{𝒙
𝒏−𝟏 𝐬𝐢𝐧𝒏 𝒙 + (𝐬𝐢𝐧𝒙)𝒏−𝟏𝒙𝒏 𝐜𝐨𝐬 𝒙}

𝝅
𝟒

𝝅
𝟔

𝒅𝒙 

𝛀𝒏 = ∫𝒙
𝒏−𝟏 𝐬𝐢𝐧𝒏−𝟏 𝒙

𝝅
𝟒

𝝅
𝟔

{𝒙 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙}𝒅𝒙 

Put 𝒙 𝐬𝐢𝐧 𝒙 = 𝒖; (𝒙𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝒙)𝒅𝒙 = 𝒅𝒖 

𝛀𝒏 = ∫ 𝒖𝒏−𝟏

𝝅

𝟒√𝟐

𝝅
𝟏𝟐

𝒅𝒖 = [
𝒖𝒏

𝒏
]
𝝅
𝟏𝟐

𝝅

𝟒√𝟐
 

𝛀𝒏 =
𝟏

𝒏
{(

𝝅

𝟒√𝟐
)
𝒏

− (
𝝅

𝟏𝟐
)
𝒏

} 
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𝐥𝐢𝐦
𝒏→∞

(𝒏𝟐𝛀𝒏) = 𝐥𝐢𝐦
𝒏→∞

𝒏 {(
𝝅

𝟒√𝟐
)
𝒏

− (
𝝅

𝟏𝟐
)
𝒏

} = 𝐥𝐢𝐦
𝒏→∞

{
 
 

 
 

𝒏

(
𝟒√𝟐
𝝅 )

𝒏 −
𝒏

(
𝟏𝟐
𝝅 )

𝒏

}
 
 

 
 

= 

= 𝐥𝐢𝐦
𝒏→∞

{
𝒏

𝒂𝒏
− 𝒏/𝒃𝒏} , 𝒂, 𝒃 > 1; 𝑎 =

𝟒√𝟐

𝝅
, 𝒃 =

𝟏𝟐

𝝅
 

= 𝐥𝐢𝐦
𝒏→∞

[(
𝒏
𝟏
𝒏

𝒂
)

𝒏

−(
𝒏
𝟏
𝒏

𝒃
)

𝒏

] 

Let 𝒍 = 𝐥𝐢𝐦
𝒏→∞

𝒏
𝟏

𝒏 

𝐥𝐧 𝒍 = 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧(𝒏)

𝒏
= 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏
) = 𝟎 ⇒ 𝒍 = 𝟏 ⇒ 𝐥𝐢𝐦

𝒏→∞
(
𝒏
𝟏
𝒏

𝒂
)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒂
)
𝒏

= 𝟎;𝒂 > 1 

Similarly, 𝐥𝐢𝐦
𝒏→∞

(
𝒏
𝟏
𝒏

𝒃
)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒃
)
𝒏

= 𝟎 ,𝒃 > 1 

∴ 𝐥𝐢𝐦
𝒏→∞

(𝒏𝟐𝛀𝒏) = 𝐥𝐢𝐦
𝒏→∞

{(
𝒏
𝟏
𝒏

𝒂
)

𝒏

− (
𝒏
𝟏
𝒏

𝒃
)

𝒏

} 

𝐥𝐢𝐦
𝒏→∞

(𝒏𝟐𝛀𝒏) = 𝟎 

Solution 2 by Marian Ursarescu-Romania 

∫ 𝒙𝒏−𝟏 𝐚𝐫𝐜𝐬𝐢𝐧𝒏 𝒙

√𝟐
𝟐

𝟏

𝒅𝒙 = ∫ 𝐬𝐢𝐧𝒏−𝟏 𝒕

𝝅
𝟒

𝝅
𝟔

⋅ 𝒕𝒏 ⋅ 𝐜𝐨𝐬 𝒕𝒅𝒕 = 𝐚𝐫𝐜𝐬𝐢𝐧 𝒙 = 𝒕 ⇒ 𝒙 = 𝐬𝐢𝐧 𝒕 ⇒ 

⇒ 𝒅𝒙 = 𝐜𝐨𝐬 𝒕𝒅𝒕; 𝒙 =
𝟏

𝟐
⇒ 𝒕 =

𝝅

𝟔
∧ 𝒙 =

√𝟐

𝟐
⇒ 𝒕 =

𝝅

𝟒
 

= ∫ (
𝐬𝐢𝐧𝒏 𝒕

𝒏
)
′

𝝅
𝟒

𝝅
𝟔

𝒕𝒏𝒅𝒕 =
𝟏

𝒏
⋅ 𝐬𝐢𝐧𝒏 𝒕 ⋅ 𝒕𝒏 |

𝝅

𝟒
𝝅

𝟔

− ∫
𝐬𝐢𝐧𝒏 𝒕

𝒏

𝝅
𝟔

𝝅
𝟔

⋅ 𝒏𝒕𝒏−𝟏𝒅𝒕 

=
𝟏

𝒏
((
√𝟐

𝟐
⋅
𝝅

𝟒
)
𝒏

− (
𝟏

𝟐
⋅
𝝅

𝟔
)
𝒏

) − ∫ 𝐬𝐢𝐧𝒏 𝒕
𝝅

𝟒
𝝅

𝟔

⋅ 𝒕𝒏−𝟏𝒅𝒕   (1) 
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From (1) ⇒ 𝛀𝒏 =
𝟏

𝒏
[(
√𝟐𝝅

𝟖
)
𝒏

− (
𝝅

𝟏𝟐
)
𝒏

] ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒏𝟐 𝛀𝒏 = 𝐥𝐢𝐦
𝒏→∞

𝒏 [(
√𝟐𝒏

𝟖
)
𝒏

− (
𝝅

𝟏𝟐
)
𝒏

] = 𝟎 

because 𝐥𝐢𝐦
𝒏→∞

𝒏𝜶 𝒂𝒏 = 𝟎, 𝜶 > 1, 𝑛 ∈ ℕ∗; 𝒂 ∈ (−𝟏, 𝟏) 

 

390. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
(𝐭𝐚𝐧−𝟏 𝒏 +

𝟏

𝟐
𝐭𝐚𝐧−𝟏(𝒏 − 𝟏) +

𝟏

𝟑
𝐭𝐚𝐧−𝟏(𝒏 − 𝟐) +⋯+

𝟏

𝒏
𝐭𝐚𝐧−𝟏 𝟏) 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

Let 𝒂𝒏 =
𝟏

𝒏
(𝐚𝐫𝐜𝐭𝐚𝐧 𝒏 +

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(𝒏 − 𝟏) +⋯+

𝟏

𝒏
𝐚𝐫𝐜𝐭𝐚𝐧 𝟏) 

|𝒂𝒏| =
𝟏

𝒏
|𝐚𝐫𝐜𝐭𝐚𝐧 𝒏 +

𝟏

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(𝒏 − 𝟏) +⋯+

𝟏

𝒏
𝐚𝐫𝐜𝐭𝐚𝐧 𝟏| ≤ 

≤
𝟏

𝒏
|𝐚𝐫𝐜𝐭𝐚𝐧 𝒏| +

𝟏

𝟐
|𝐚𝐫𝐜𝐭𝐚𝐧(𝒏 − 𝟏)| +⋯+

𝟏

𝒏
|𝐚𝐫𝐜𝐭𝐚𝐧 𝟏| ≤

𝝅

𝟐

(𝟏+
𝟏

𝟐
+⋯+

𝟏

𝒏
)

𝟐
   (1) 

But 𝐥𝐢𝐦
𝒏→∞

𝟏+
𝟏

𝟐
+⋯+

𝟏

𝒏

𝒏
=
𝑪.𝑺
𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏+𝟏
= 𝟎  (2) 

From (1) + (2) ⇒ 𝛀 = 𝟎. 

 

391. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∏(𝟏 +
𝒌𝟒

𝒏𝟓
)

𝟏+
𝒌𝟒

𝒏𝟓
𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let 𝒂𝒏 = ∏ (𝟏 +
𝒌𝟒

𝒏𝟓
)
𝟏+

𝒌𝟒

𝒏𝟓𝒏
𝒌=𝟏  

𝐥𝐨𝐠𝒂𝒏 =∑(𝟏 +
𝒌𝟒

𝒏𝟓
)

𝒏

𝒌=𝟏

𝐥𝐨𝐠 (𝟏 +
𝒌𝟒

𝒏𝟓
) =∑(𝟏 +

𝒌𝟒

𝒏𝟓
)

𝒏

𝒌=𝟏

[
𝒌𝟒

𝒏𝟓
− (

𝒌𝟒

𝒏𝟓
)

𝟐
𝟏

𝟐
+⋯] = 
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= ∑
𝒌𝟒

𝒏𝟓

𝒏

𝒌=𝟏

+
𝟏

𝟐
∑

𝒌𝟖

𝒏𝟏𝟎

𝒏

𝒌=𝟏

+⋯ 

We know 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟓
∑ 𝒌𝟒𝒏
𝒌=𝟏 =

𝟏

𝟓
 and if 𝒓 ≥ 𝟐, then 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟓𝒓
∑(𝒌𝟒)𝒓
𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝒓−𝟏
⋅ ∑

𝒌𝟒𝒓

𝒏𝟒𝒓+𝟏

𝒏

𝒌=𝟏

= (𝟎) (
𝟏

𝟒𝒓 + 𝟏
) = 𝟎 

Thus, 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠 𝒂𝒏 =
𝟏

𝟓
+ 𝟎 =

𝟏

𝟓
⇒ 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = 𝒆

𝟏

𝟓 

Solution 2 by Marian Ursarescu-Romania 

Let 𝒂𝒏 = ∏ (𝟏+
𝒌𝟒

𝒏𝟓
)
𝟏+

𝒌𝟒

𝒏𝟓𝒏
𝒌 ⇒ 𝐥𝐧𝒂𝒏 = ∑ (𝟏 +

𝒌𝟒

𝒏𝟓
)𝒏

𝒌=𝟏 𝐥𝐧 (𝟏 +
𝒌𝟒

𝒏𝟓
). Now we show: 

𝒙 ≤ (𝟏 + 𝒙) 𝐥𝐧(𝟏 + 𝒙) ≤ 𝒙 +
𝒙𝟐

𝟐
, ∀𝒙 ≥ 𝟎    (1) 

𝒇(𝒙) = (𝟏 + 𝒙) 𝐥𝐧(𝟏 + 𝒙) − 𝒙 −
𝒙𝟐

𝟐
; 𝒇: [𝟎,+∞] → ℝ;𝒇′(𝒙) = 𝐥𝐧(𝟏 + 𝒙) − 𝒙, 

𝒇′′(𝒙) =
−𝒙

𝟏+𝒙
≤ 𝟎, 𝒇′(𝟎) = 𝟎, 𝒇(𝟎) = 𝟎 ⇒ 𝒇(𝒙) ≤ 𝟎, ∀𝒙 ≥ 𝟎. Similarly for left side. From 

(1) ⇒
𝒌𝟒

𝒏𝟓
≤ (𝟏+

𝒌𝟒

𝒏𝟓
) 𝐥𝐧 (𝟏 +

𝒌𝟒

𝒏𝟓
) ≤

𝒌𝟒

𝒏𝟓
+

𝒌𝟖

𝟐𝒏𝟏𝟎
⇒ 

∑
𝒌𝟒

𝒏𝟓
𝒏
𝒌=𝟏 ≤ 𝐥𝐧 𝒂𝒏 ≤ ∑

𝒌𝟒

𝒏𝟓
𝒏
𝒌=𝟏 +

𝟏

𝟐
∑

𝒌𝟖

𝒏𝟏𝟎
𝒏
𝒌=𝟏   (2) 

But 𝐥𝐢𝐦
𝒏→∞

∑
𝒌𝟒

𝒏𝟓
𝒏
𝒌=𝟏 = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏
∑ (

𝒌

𝒏
)
𝟒

𝒏
𝒌=𝟏 = ∫ 𝒙𝟒𝒅𝒙

𝟏

𝟎
=
𝒙𝟓

𝟓
|
𝟎

𝟏

=
𝟏

𝟓
   (3) 

𝐥𝐢𝐦
𝒏→∞

∑
𝒌𝟖

𝒏𝟏𝟎
𝒏
𝒌=𝟏 =

𝑪.𝑺.
𝐥𝐢𝐦
𝒏→∞

(𝒏+𝟏)𝟖

(𝒏+𝟏)𝟏𝟎−𝒏𝟏𝟎
= 𝐥𝐢𝐦
𝒏→∞

(𝒏+𝟏)𝟖

𝒏𝟗+⋯+𝟏
= 𝟎   (4) 

From (2)+(3)+(4)⇒ 𝐥𝐢𝐦
𝒏→∞

𝐥𝐧 𝒂𝒏 =
𝟏

𝟓
⇒ 𝛀 = 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = 𝒆

𝟏

𝟓 

 

392. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√
𝟏

𝒏 + 𝟏
+∑(

𝟏

𝒌 + 𝟏
(
𝒏
𝒌
)∑(

𝒊
𝒌
)

𝒌

𝒊=𝟏

)

𝒏

𝒌=𝟎

𝒏

 

Proposed by Marian Ursărescu – Romania  
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Solution 1 by Ravi Prakash-New Delhi-India 

∑ (
𝒊
𝒌
)𝒌

𝒊=𝒊 = (
𝟏
𝒌
) + (

𝟐
𝒌
) + ⋯+ (

𝒌 − 𝟏
𝒌

) + (
𝒌
𝒌
) = 𝟏 [rest are zeros] 

∴ ∑
𝟏

𝒌+ 𝟏

𝒌

𝒌=𝟎

(
𝒏
𝒌
)(∑(

𝒊
𝒌
)

𝒌

𝒊=𝟏

) =∑
𝟏

𝒌 + 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
) =

𝟏

𝒏 + 𝟏
∑(

𝒏+ 𝟏
𝒌 + 𝟏

)

𝒏

𝒌=𝟎

= 

=
𝟏

𝒏 + 𝟏
(𝟐𝒏+𝟏 − 𝟏) ⇒

𝟏

𝒏 + 𝟏
+∑

𝟏

𝒌+ 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)(∑(

𝒊
𝒌
)

𝒌

𝒊=𝟏

) = 𝟐𝒏+𝟏 ⇒ 

⇒ 𝛀 = 𝐥𝐢𝐦
𝒏→∞

[
𝟏

𝒏 + 𝟏
+∑

𝟏

𝒌 + 𝟏

𝒏

𝒌=𝟎

(∑(
𝒊
𝒌
)(
𝒏
𝒌
)

𝒌

𝒊=𝟏

)]

𝟏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝟏+
𝟏
𝒏 = 𝟐 

Solution 2 by Sagar Kumar-Kolkata-India 

as 𝒏𝑪𝜸 = {
𝟎   𝒇𝒐𝒓  𝒏 < 𝛾
𝟏  𝒇𝒐𝒓  𝒏 = 𝜸

⇒ ∑ 𝒊𝑪𝒌
𝒌
𝒊=𝟏 = 𝟏 ⇒ 

⇒ 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏 + 𝟏
+∑(

𝟏

𝒌 + 𝟏
𝒏𝑪𝑲∑𝒊𝑪𝒌

𝒏

𝒊=𝟏

)

𝒏

𝒌=𝟎

)

𝟏
𝒏

 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏+𝟏
+ ∑

𝒏𝑪𝒌

𝒌+𝟏

𝒏
𝒌=𝟎 )

𝟏

𝒏
   (1) 

We know that (𝟏 + 𝒙)𝒏 = ∑ 𝒏𝑪𝒌(𝒙)
𝒌𝒏

𝒌=𝟎  

Integrating both sides from 𝟎 to 𝟏 

𝟐𝒏+𝟏−𝟏

𝒏+𝟏
= ∑

𝒏𝑪𝒌

𝒌+𝟏

𝒏
𝒌=𝟎    (2) 

from (2) 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏 + 𝟏
+
𝟐𝒏+𝟏 − 𝟏

𝒏 + 𝟏
)

𝟏
𝒏

;  𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟐𝒏+𝟏

𝒏 + 𝟏
)

𝟏
𝒏

;  𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟐
𝒏+𝟏
𝒏 (

𝟏

𝒏 + 𝟏
)

𝟏
𝒏

 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏 + 𝟏
)

𝟏
𝒏
= 𝑺; 𝐥𝐨𝐠(𝑺) = 𝐥𝐢𝐦

𝒏→∞

− 𝐥𝐨𝐠(𝒏 + 𝟏)

𝒏
 

𝐥𝐨𝐠(𝑺) = 𝟎;  𝑺 = 𝟏;  𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟐𝟏+
𝟏
𝒏 (

𝟏

𝒏 + 𝟏
)

𝟏
𝒏
= 𝟐 
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393. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒏! ⋅∏(𝐭𝐚𝐧−𝟏(𝒌 + 𝟏) − 𝐭𝐚𝐧−𝟏 𝒌)

𝒏

𝒌=𝟏

) 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

For 𝟏 ≤ 𝒌 ≤ 𝒏; 𝐭𝐚𝐧−𝟏(𝒌 + 𝟏) − 𝐭𝐚𝐧−𝟏(𝒌) = 𝐭𝐚𝐧−𝟏 (
𝒌+𝟏−𝒌

𝟏+(𝒌+𝟏)𝒌
) = 

= 𝐭𝐚𝐧−𝟏 (
𝟏

𝟏 + 𝒌 + 𝒌𝟐
) <

𝟏

𝟏 + 𝒌 + 𝒌𝟐
<
𝟏

𝒌𝟐
 

∴∏[𝐭𝐚𝐧−𝟏(𝒌 − 𝟏) − 𝐭𝐚𝐧−𝟏(𝒌)]

𝒏

𝒌=𝟏

<∏
𝟏

𝒌𝟐

𝒏

𝒌=𝟏

= (
𝟏

𝒏!
)
𝟐

⇒ 

⇒ 𝟎 < 𝑛!∏[𝐭𝐚𝐧−𝟏(𝒌 + 𝟏) − 𝐭𝐚𝐧−𝟏(𝒌)]

𝒏

𝒌

<
𝟏

𝒏!
 

As 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏!
= 𝟎, by the sandwich theorem, we get: 

𝐥𝐢𝐦
𝒏→∞

[𝒏!∏(𝐭𝐚𝐧−𝟏(𝒌 + 𝟏) − 𝐭𝐚𝐧−𝟏(𝒌))

𝒏

𝒌=𝟏

] = 𝟎 

 

394. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑
(𝒌+ 𝒏)𝟓

𝟕 + 𝐭𝐚𝐧−𝟏(𝒌 + 𝒏) + (𝒌 + 𝒏)𝟔

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

Let 𝒂𝒏 = ∑
(𝒌+𝒏)𝟓

𝟕+𝐚𝐫𝐜𝐭𝐚𝐧(𝒌+𝒏)+(𝒌+𝒏)𝟔
𝒏
𝒌=𝟏 . Because −

𝝅

𝟐
< 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙 <

𝝅

𝟐
, ∀𝒙 ∈ ℝ ⇒ 

⇒ ∑
(𝒌+𝒏)𝟓

𝟕+
𝝅

𝟐
+(𝒌+𝒏)𝟔

𝒏
𝒌=𝟏 < 𝒂𝒏 < ∑

(𝒌+𝒏)𝟓

𝟕−
𝝅

𝟐
+(𝒌+𝒏)𝟔

𝒏
𝒌=𝟏    (1) 

Now we want to show this: 𝐥𝐢𝐦
𝒏→∞

∑
(𝒌+𝒏)𝟓

𝜶+(𝒌+𝒏)𝟔
𝒏
𝒌=𝟏 = 𝐥𝐢𝐦

𝒏→∞
∑

𝟏

(𝒌+𝒏)

𝒏
𝒌=𝟏    (2), ∀𝜶 > 0 
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(2) ⇔ 𝐥𝐢𝐦
𝒏→∞

∑ [
(𝒌+𝒏)𝟓

𝜶+(𝒌+𝒏)𝟔
−

𝟏

(𝒌+𝒏)
]𝒏

𝒌=𝟏 = 𝟎 ⇔ 𝐥𝐢𝐦
𝒏→∞

∑ [
(𝒌+𝒏)𝟔−𝜶−(𝒌+𝒏)𝟔

(𝜶+(𝒌+𝒏)𝟔)(𝒌+𝒏)
]𝒏

𝒌=𝟏 = 𝟎 ⇔ 

⇔ 𝐥𝐢𝐦
𝒏→∞

−𝜶∑
𝟏

(𝜶+(𝒌+𝟏)𝟔)(𝒌+𝒏)

𝒏
𝒌=𝟏 = 𝟎, which, obvious its true. But 

𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒌+𝒏

𝒏
𝒌=𝟏 = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏
∑

𝟏

𝟏+
𝒌

𝒏

𝒏
𝒌=𝟏 = ∫

𝟏

𝟏+𝒙

𝟏

𝟎
𝒅𝒙 = 𝐥𝐧(𝟏 + 𝒙) |

𝟏
𝟎
= 𝐥𝐧𝟐  (3) 

From (1)+(2)+(3)⇒ 𝛀 = 𝐥𝐧𝟐. 

 

395. Find: 

𝜴𝒏 = 𝒍𝒊𝒎
𝒙→𝟎

𝒍𝒏(𝟏 + 𝒔𝒊𝒏𝒉𝒏 𝒙) − 𝒍𝒏𝒏(𝟏 + 𝒔𝒊𝒏𝒉𝒙)

𝒙𝒏+𝟏
, 𝒏 ∈ ℕ,𝒏 ≥ 𝟐 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

For |𝒙| < 1, 𝐥𝐧(𝟏 + 𝒙) = 𝒙 −
𝒙𝟐

𝟐
+⋯ . Also, 

 𝐬𝐢𝐧𝐡 𝒙 =
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙) ⇒ 𝐥𝐧(𝟏+(𝐬𝐢𝐧𝐡 𝒙)𝒏) = (

𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙))

𝒏

−
𝟏

𝟐
(
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙))

𝟐𝒏

+⋯ 

= (
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙))

𝒏

[𝟏 −
𝟏

𝟐
(
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙)

𝒏

+⋯] and 𝐥𝐧(𝟏 + 𝐬𝐢𝐧𝐡 𝒙) =
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙) − 

−
𝟏

𝟐
[
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙)]

𝟐

+⋯ = (
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙)) [𝟏 −

𝟏

𝟐
(
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙)) +⋯] ⇒ 

⇒ (𝐥𝐧(𝟏 + 𝐬𝐢𝐧𝐡𝒙))𝒏 = (
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙))

𝒏

[𝟏 −
𝟏

𝟐
(
𝟏

𝟐
(𝒆𝒙 − 𝒆−𝒙)) +⋯]

𝒏

= 

=
𝟏

𝟐𝒏
(𝒆𝒙 − 𝒆−𝒙)𝒏 [𝟏 −

𝒏

𝟒
(𝒆𝒙 − 𝒆−𝒙) +⋯ ] 

For, sufficiently small 𝒙 

∴ 𝐥𝐧(𝟏 + (𝐬𝐢𝐧𝐡 𝒙)𝒏) − (𝐥𝐧(𝟏 + 𝐬𝐢𝐧𝐡𝒙))𝒏 = −
𝟏

𝟐𝟐𝒏+𝟏
(𝒆𝒙 − 𝒆−𝒙)𝟐𝒏 + 

+(𝒆𝒙 − 𝒆−𝒙)𝟑𝒏  and higher power +
𝒏

𝟐𝒏+𝟐
(𝒆𝒙 − 𝒆−𝒙)𝒏+𝟏 + (𝒆𝒙 − 𝒆−𝒙)𝒏+𝟐 and higher 

power ⇒∴ for 𝒙 ≠ 𝟎, 𝒙 sufficiently small, 
𝐥𝐧(𝟏+(𝐬𝐢𝐧𝐡𝒙)𝒏)−(𝐥𝐧(𝟏+𝐬𝐢𝐧𝐡𝒙))𝒏

𝒙𝒏+𝟏
= 
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= −
𝟏

𝟐𝟐𝒏+𝟏
(
𝒆𝒙−𝒆−𝒙

𝒙
)
𝟐𝒏

𝒙𝒏−𝟏 +
𝒏

𝟐𝒏+𝟐
(
𝒆𝒙−𝒆−𝒙

𝒙
)
𝒏+𝟏

+ (
𝒆𝒙−𝒆−𝒙

𝒙
)
𝒏+𝟐

𝒙 and similar expressions. 

But 𝐥𝐢𝐦
𝒙→𝟎

𝒆𝒙−𝒆−𝒙

𝒙
= 𝐥𝐢𝐦

𝒙→𝟎
[
𝒆𝒙−𝟏

𝒙
+
𝒆−𝒙−𝟏

(−𝒙)
] = 𝟏 + 𝟏 = 𝟐 

∴ 𝐥𝐢𝐦
𝒙→𝟎

𝐥𝐧[𝟏+(𝐬𝐢𝐧𝐡𝒙)𝒏]−(𝐥𝐧(𝟏+𝐬𝐢𝐧𝐡𝒙))𝒏

𝒙𝒏+𝟏
= 𝟎 +

𝒏

𝟐𝒏+𝟐
⋅ 𝟐𝒏+𝟏 =

𝒏

𝟐
  if 𝒏 > 1. 

396. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

∑
𝒔𝒊𝒏 (

𝒌
𝒏
)

√𝒌 + 𝒏𝟕
𝟕

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

𝟏

√𝒏𝟕 + 𝒏
𝟕 ≤

𝟏

√𝒏𝟕 + 𝒌
𝟕 ≤

𝟏

√𝒏𝟕 + 𝟏
𝟕 , ∀𝒌 = 𝟏,𝒏̅̅ ̅̅ ̅ ⇒

𝐬𝐢𝐧 (
𝒌
𝒏)

√𝒏𝟕 + 𝒏
𝟕 ≤

𝐬𝐢𝐧 (
𝒌
𝒏)

√𝒏𝟕 + 𝒌
𝟕 ≤

𝐬𝐢𝐧 (
𝒌
𝒏)

√𝒏𝟕 + 𝟏
𝟕 ⇒ 

⇒ ∑
𝐬𝐢𝐧(

𝒌

𝒏
)

√𝒏𝟕+𝒏
𝟕

𝒏
𝒌=𝟏 ≤ ∑

𝐬𝐢𝐧(
𝒌

𝒏
)

√𝒏𝟕+𝒌
𝟕

𝒏
𝒌=𝟏 ≤ ∑

𝐬𝐢𝐧(
𝒌

𝒏
)

√𝒏𝟕+𝟏
𝟕

𝒏
𝒌=𝟏     (1) 

But 𝐥𝐢𝐦
𝒏→∞

∑
𝐬𝐢𝐧

𝒌

𝒏

√𝒏𝟕+𝒏
𝟕

𝒏
𝒌=𝟏 = 𝐥𝐢𝐦

𝒏→∞
∑

𝒏

√𝒏𝟕+𝒏
𝟕

𝒏
𝒌=𝟏 ⋅

𝟏

𝒏
⋅ 𝐬𝐢𝐧

𝒌

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏𝟕+𝒏
𝟕 ⋅

𝟏

𝒏
∑ 𝐬𝐢𝐧 (

𝒌

𝒏
)𝒏

𝒌=𝟏 = 

= ∫ 𝐬𝐢𝐧𝒙
𝟏

𝟎
𝒅𝒙 = −𝐜𝐨𝐬 |

𝟏
𝟎
= 𝟏 − 𝐜𝐨𝐬 𝟏   (2) 

𝐥𝐢𝐦
𝒏→∞

∑
𝐬𝐢𝐧(

𝒌
𝒏
)

√𝒏𝟕 + 𝟏
𝟕

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

∑
𝒏

√𝒏𝟕 + 𝟏
𝟕

𝒏

𝒌=𝟏

⋅
𝟏

𝒏
⋅ 𝐬𝐢𝐧

𝒌

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏𝟕 + 𝟏
𝟕 ⋅

𝟏

𝒏
∑𝐬𝐢𝐧

𝒌

𝒏

𝒏

𝒌=𝟏

= 

= ∫ 𝐬𝐢𝐧𝒙 𝒅𝒙
𝟏

𝟎
= 𝟏 − 𝐜𝐨𝐬 𝟏  (3) 

From (1) + (2) + (3) ⇒ 𝛀 = 𝟏 − 𝐜𝐨𝐬 𝟏. 

397. Find: 

𝜴 = 𝒍𝒊𝒎
𝒏→∞

𝒔𝒊𝒏 𝒏

𝒏
((𝟏 +

√𝒏
𝒏

𝒏
)

𝟏
𝒏

+ (𝟏 −
√𝒏
𝒏

𝒏
)

𝟏
𝒏

) 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Ravi Prakash-New Delhi-India 

𝟏 < (𝟏 +
𝒏
𝟏
𝒏

𝒏
) = 𝟏 +

𝟏

𝒏
𝟏−
𝟏
𝒏

≤ 𝟐 and (𝟏 −
𝒏
𝟏
𝒏

𝒏
) ≤ 𝟏 

𝟏 < (𝟏 +
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

+ (𝟏 −
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

≤ 𝟑 

Also, 𝐬𝐢𝐧𝒏 ∈ [−𝟏, 𝟏]  ∴  −𝟑 < (𝐬𝐢𝐧𝒏) [(𝟏 +
𝒏
𝟏
𝒏

𝒏
)

𝟏

𝒏

+ (𝟏 −
𝒏
𝟏
𝒏

𝒏
)

𝟏

𝒏

] < 3 

⇒ −
𝟑

𝒏
<
𝐬𝐢𝐧 𝒏

𝒏

[
 
 
 
 

(𝟏 +
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

+ (𝟏 −
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

]
 
 
 
 

<
𝟑

𝒏
 

As 𝐥𝐢𝐦
𝒏→∞

(−
𝟑

𝒏
) = 𝐥𝐢𝐦

𝒏→∞

𝟑

𝒏
= 𝟎. By the Sandwich theorem 

𝐥𝐢𝐦
𝒏→∞

𝐬𝐢𝐧 𝒏

𝒏

[
 
 
 
 

(𝟏 +
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

+(𝟏 −
𝒏
𝟏
𝒏

𝒏
)

𝟏
𝒏

]
 
 
 
 

= 𝟎 

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

We prove that: (𝒏 + √𝒏
𝒏 )

𝟏

𝒏 + (𝒏 − √𝒏
𝒏 )

𝟏

𝒏 ≤ 𝟐 ⋅ 𝒏
𝟏

𝒏   (*) 

Prove: (𝒏 + √𝒏
𝒏 )

𝟏

𝒏 = 𝒌, (𝒏 − √𝒏
𝒏 )

𝟏

𝒏 = 𝒎 ⇒ 𝒏+ √𝒏
𝒏 = 𝒌𝒏, 𝒏 − √𝒏

𝒏 = 𝒎𝒏 ⇒ 

⇒ 𝒌𝒏 +𝒎𝒏 = 𝟐𝒏 ⇒
𝒌𝒏 +𝒎𝒏

𝟐
= 𝒏 ⇒ (

𝒌𝒏 +𝒎𝒏

𝟐
)

𝟏
𝒏

= 𝒏
𝟏
𝒏  

Then (*) ⇒
𝒌+𝒎

𝟐
≤ √

𝒌𝒏+𝒎𝒏

𝟐

𝒏
 the function 𝒚 = 𝒙𝒏 is convex (geometric interpretation) 

by induction: (
𝒌+𝒎

𝟐
)
𝒏+𝟏

≤
𝒌𝒏+𝒎𝒏

𝟐
⋅
𝒌+𝒎

𝟐
, 

𝒌𝒏 +𝒎𝒏

𝟐
⋅
𝒌 +𝒎

𝟐
≤
𝒌𝒏+𝟏 +𝒎𝒏+𝟏

𝟐
⇒ (𝒌𝒏 −𝒎𝒏)(𝒌 −𝒎) > 0;  𝛀 ≤ 𝟐 𝐥𝐢𝐦

𝒏→∞

𝐬𝐢𝐧𝒏

𝒏
= 𝟎 
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Solution 3 by Sagar Kumar-Kolkata-India 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝐬𝐢𝐧(𝒏)

𝒏

(

 
 
(𝟏 +

(𝒏)
𝟏
𝒏

𝒏
)

𝟏
𝒏

+(𝟏 −
(𝒏)

𝟏
𝒏

𝒏
)

𝟏
𝒏

)

 
 

 

𝑨𝑴 ≥ 𝑮𝑴 

⇒ (𝟏 +
(𝒏)

𝟏
𝒏

𝒏
)

𝟏
𝒏

+ (𝟏 −
(𝒏)

𝟏
𝒏

𝒏
)

𝟏
𝒏

≥ 𝟐(𝟏 −
𝒏
𝟐
𝒏

𝒏𝟐
)

𝟏
𝒏

 

⇒ 𝐥𝐢𝐦
𝒏→∞

(

 
 
(𝟏 +

(𝒏)
𝟏
𝒏

𝒏
)

𝟏
𝒏

+(𝟏 −
(𝒏)

𝟏
𝒏

𝒏
)

𝟏
𝒏

)

 
 𝐬𝐢𝐧(𝒏)

𝒏
≥ 

≥ 𝐥𝐢𝐦
𝒏→∞

𝟐𝐬𝐢𝐧𝒏

𝒏
(𝟏 −

𝒏
𝟐
𝒏

𝒏𝟐
)

𝟏

𝒏

≥ 𝟎   (1) 

Also, by using mth power theorem: (𝟏 +
(𝒏)

𝟏
𝒏

𝒏
)

𝟏

𝒏

+ (𝟏−
𝒏
𝟏
𝒏

𝒏
)

𝟏

𝒏

≤ (𝟐)
𝟏

𝒏 

as 
𝟏

𝒏
= 𝒎 as 𝒎 → ∞ as 𝒏 → ∞ ⇒ 𝒎 ∈ (𝟎, 𝟏) 

𝐥𝐢𝐦
𝒏→∞

((𝟏+
(𝒏)

𝟏
𝒏

𝒏
)

𝟏

𝒏

+ (𝟏−
𝒏
𝟏
𝒏

𝒏
)

𝟏

𝒏

)
𝐬𝐢𝐧𝒏

𝒏
≤ 𝐥𝐢𝐦

𝒏→∞

𝐬𝐢𝐧(𝒏)

𝒏
𝟐
𝟏

𝒏 ≤ 𝟎   (2) 

From (1) and (2)  𝛀 = 𝟎   (Answer) 

 

398. Find: 

𝑺 = ∑
𝟏

𝟏𝟔𝒏(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

(
𝟐𝒏
𝒏
) 

Proposed by Zaharia Burghelea-Romania 
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Solution by Shafiqur Rahman-Bangladesh 

∑
𝟏

𝟏𝟔𝒏(𝟐𝒏+ 𝟏)𝟑

∞

𝒏=𝟎

(
𝟐𝒏
𝒏
) =

𝟏

𝟐
∑

𝟏

𝟏𝟔𝒏
(
𝟐𝒏
𝒏
)

∞

𝒏=𝟎

(∫𝒙𝟐𝒏 𝐥𝐧𝟐 𝒙𝒅𝒙

𝟏

𝟎

) = 

=
𝟏

𝟐
𝐥𝐧𝟐 𝒙 [∑

𝟏

𝟒𝒏
(
𝟐𝒏
𝒏
)(
𝒙𝟐

𝟒
)

𝒏∞

𝒏=𝟎

] 𝒅𝒙 =
𝟏

𝟐
∫

𝐥𝐧𝟐 𝒙

√𝟏−
𝒙𝟐

𝟒

𝟏

𝟎

𝒅𝒙[𝒙 → 𝟐𝐬𝐢𝐧
𝒙

𝟐
] =

𝟏

𝟐
∫ 𝐥𝐧𝟐 (𝟐 𝐬𝐢𝐧

𝒙

𝟐
)

𝝅
𝟑

𝟎

𝒅𝒙 

∴ ∑
𝟏

𝟏𝟔𝒏(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

(
𝟐𝒏
𝒏
) =

𝟕𝝅𝟑

𝟐𝟏𝟔
 

 

399. If 𝒂, 𝒃, 𝒄, 𝒅 > 0, are different in pairs, 𝜟 = |

𝟏 𝒂 𝒂𝟑 𝒂𝟒

𝟏 𝒃 𝒃𝟑 𝒃𝟒

𝟏 𝒄 𝒄𝟑 𝒄𝟒

𝟏 𝒅 𝒅𝟑 𝒅𝟒

| then: 

𝟖𝜟

(𝒂 − 𝒃)(𝒂 − 𝒄)(𝒂 − 𝒅)(𝒃 − 𝒄)(𝒃 − 𝒅)(𝒄 − 𝒅)
< 3(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 

Proposed by Daniel Sitaru – Romania  

Solution by Radu Butelca – Romania  

𝚫 = |

𝟎 𝒂 − 𝒃 𝒂𝟑 − 𝒃𝟑 𝒂𝟒 − 𝒃𝟒

𝟎 𝒃 − 𝒄 𝒃𝟑 − 𝒄𝟑 𝒃𝟒 − 𝒄𝟒

𝟎 𝒄 − 𝒅 𝒄𝟑 − 𝒅𝟑 𝒄𝟒 − 𝒅𝟒

𝟏 𝒅 𝒅𝟑 𝒅𝟒

| = − |
𝒂 − 𝒃 𝒂𝟑 − 𝒃𝟑 𝒂𝟒 − 𝒃𝟒

𝒃 − 𝒄 𝒃𝟑 − 𝒄𝟑 𝒃𝟒 − 𝒄𝟒

𝒄 − 𝒅 𝒄𝟑 − 𝒅𝟑 𝒄𝟒 − 𝒅𝟒
| = 

 

= −|

𝒂 − 𝒃 (𝒂 − 𝒃)(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) (𝒂 − 𝒃)(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)

𝒃 − 𝒄 (𝒃 − 𝒄)(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐) (𝒃 − 𝒄)(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)

𝒄 − 𝒅 (𝒄 − 𝒅)(𝒄𝟐 + 𝒄𝒅 + 𝒅𝟐) (𝒄 − 𝒅)(𝒄𝟐 + 𝒅𝟐)(𝒄 + 𝒅)

| = 

= −(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒅) ⋅ |

𝟏 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 (𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)

𝟏 𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 (𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)

𝟏 𝒄𝟐 + 𝒄𝒅 + 𝒅𝟐 (𝒄𝟐 + 𝒅𝟐)(𝒄 + 𝒅)

|   (1) 

𝚫′ = |
𝟏 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 𝒂𝟑 + 𝒃𝟐𝒂 + 𝒂𝟐𝒃 + 𝒃𝟑

𝟏 𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 𝒃𝟑 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟑

𝟏 𝒄𝟐 + 𝒄𝒅 + 𝒅𝟐 𝒄𝟑 + 𝒄𝟐𝒅 + 𝒅𝟐𝒄 + 𝒅𝟑
| = 
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= |
𝟎 𝒂𝟐 + 𝒂𝒃 − 𝒃𝒄 − 𝒄𝟐 𝒂𝟑 + 𝒃𝟐𝒂 + 𝒂𝟐𝒃 − 𝒃𝒄 − 𝒃𝒄𝟐 − 𝒄𝟑

𝟎 𝒃𝟐 + 𝒃𝒄 − 𝒄𝒅 − 𝒂𝟐 𝒃𝟑 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 − 𝒄𝟐𝒅 − 𝒄𝒅𝟐 + 𝒃𝟑

𝟏 𝒄𝟐 + 𝒄𝒅 + 𝒅𝟐 𝒄𝟑 + 𝒄𝟐𝒅 + 𝒅𝟐𝒄 + 𝒂𝟑
| = 

= |𝒂
𝟐 + 𝒂𝒃 − 𝒃𝒄 − 𝒄𝟐 𝒂𝟑 + 𝒃𝟐𝒂 + 𝒂𝟐𝒃 − 𝒃𝟐𝒄 − 𝒃𝒄𝟐 − 𝒄𝟑

𝒃𝟐 + 𝒃𝒄 − 𝒄𝒅 − 𝒅𝟐 𝒃𝟑 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 − 𝒄𝟐𝒅 − 𝒄𝒅𝟐 − 𝒅𝟑
|   (2) 

𝒂𝟑 − 𝒄𝟑 + 𝒃𝟐𝒂 + 𝒂𝟐𝒃 − 𝒃𝟐𝒄 = (𝒂 − 𝒄)(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐) + 𝒃(𝒂𝒃 + 𝒂𝟐 − 𝒃𝒄 − 𝒄𝟐) = 

= (𝒂 − 𝒄)(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐) + 𝒃[(𝒂 − 𝒄)(𝒂 + 𝒄) + 𝒃(𝒂 − 𝒄)] = (𝒂 − 𝒄)(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐) + 

+𝒃(𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒄) = (𝒂 − 𝒄)(𝒂𝟐 + 𝒂𝒄 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝟐 + 𝒄𝟐) 

= |
(𝒂 − 𝒄)(𝒂 + 𝒃 + 𝒄) (𝒂 − 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

(𝒃 − 𝒅)(𝒂 + 𝒄 + 𝒂) (𝒃 − 𝒅)(𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃)
| = 

= (𝒂 − 𝒄)(𝒃 − 𝒅) |𝒂 + 𝒃 + 𝒄 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
𝒃 + 𝒄 + 𝒅 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃

| = (𝒂 − 𝒃)(𝒃 − 𝒅) ⋅ 

⋅ | 𝒂 − 𝒅 𝒂𝟐 + 𝒂𝒃 + 𝒄𝒅 − 𝒅𝟐 − 𝒄𝒅 − 𝒅𝒃
𝒃 + 𝒄 + 𝒅 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃

| = 

= (𝒂 − 𝒄)(𝒃 − 𝒅) |
𝒂 − 𝒅 (𝒂 − 𝒅)(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝒃 + 𝒄 + 𝒅 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃
| 

= (𝒂 − 𝒄)(𝒃 − 𝒅)(𝒂 − 𝒅) |
𝟏 𝒂 + 𝒃 + 𝒄 + 𝒅

𝒃 + 𝒄 + 𝒅 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃
| = 

= (𝒂 − 𝒄)(𝒃 − 𝒅)(𝒂 − 𝒅)[𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃 − (𝒂 + 𝒃 + 𝒄 + 𝒅) + 𝒃 + 𝒄 + 𝒂) ]

(𝟏)
} ⇒ 

⇒ 𝚫 = (𝒂 − 𝒃)(𝒃 − 𝒄)(𝒂 − 𝒅)(𝒃 − 𝒄)(𝒃 − 𝒅)(𝒄 − 𝒅)(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃) 

So, we need to prove that  𝟖(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃) ≤ 𝟑(∑𝒂)𝟐 

⇔ 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒃) ≤ 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐) ⇔ 

⇔ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟐(𝒂𝒅 + 𝒄𝒅 + 𝒅𝒃) ≤ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑𝒅𝟐

𝑩𝒖𝒕 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ⇒ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
} ⇒ 

⇒ We need to prove that 𝟐𝒂𝒅 + 𝟐𝒄𝒅 + 𝟐𝒅𝒃 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑𝒅𝟐 

𝒅𝟐 + 𝒂𝟐 ≥ 𝟐𝒂𝒅 

𝒃𝟐 + 𝒅𝟐 ≥ 𝟐𝒃𝒅 

𝒄𝟐 + 𝒅𝟐 ≥ 𝟐𝒄𝒅 

− −−− −− − 

𝟐(𝒂𝒅 + 𝒃𝒅 + 𝒄𝒅) ≤ 𝟑𝒅𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

 (proved) 
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400. Solve for real positive numbers: 

{
 
 

 
 
𝟐𝟕√(𝒙𝟐 +

𝟏

𝒚𝟐
) (𝒚𝟐 +

𝟏

𝒛𝟐
) (𝒛𝟐 +

𝟏

𝒙𝟐
) = 𝟖(𝒙 + 𝒚 + 𝒛)𝟑

𝒙 + 𝒚 + 𝒛 =
𝟏

𝒙𝒚𝒛

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

𝟐𝟕√(𝒙𝟐 +
𝟏

𝒚𝟐
) (𝒚𝟐 +

𝟏

𝒛𝟐
) (𝒛𝟐 +

𝟏

𝒙𝟐
) =
(𝟏)
𝟖(𝒙 + 𝒚 + 𝒛)𝟑 

𝒙 + 𝒚 + 𝒛 =
(𝟐) 𝟏

𝒙𝒚𝒛
; LHS of (1) =

𝟐𝟕

𝒙𝒚𝒛
√(𝒙𝟐𝒚𝟐 + 𝟏)(𝒚𝟐𝒛𝟐 + 𝟏)(𝒛𝟐𝒙𝟐 + 𝟏) 

=
(𝒂) 𝟐𝟕

𝒙𝒚𝒛
√{𝒙𝟐𝒚𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)}{𝒚𝟐𝒛𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)}{𝒛𝟐𝒙𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)} 

(∵ 𝟏 = 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)) 

Now, 𝒙𝟐𝒚𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) = 𝒙𝒚(𝒙𝒚 + 𝒛𝒙 + 𝒚𝒛 + 𝒛𝟐) =
(𝒃)
𝒙𝒚(𝒚 + 𝒛)(𝒛 + 𝒙) 

Similarly, 𝒚𝟐𝒛𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) =
(𝒄)
𝒚𝒛(𝒙 + 𝒚)(𝒛 + 𝒙) & 

𝒛𝟐𝒙𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) =
(𝒅)
𝒛𝒙(𝒙 + 𝒚)(𝒚 + 𝒛) 

(a), (b), (c), (d) ⇒ 𝑳𝑯𝑺 =
(𝒊)
𝟐𝟕(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) 

Now, ∑𝒙 =
𝟏

𝟐
{(𝒙 + 𝒚) + (𝒚 + 𝒛) + (𝒛 + 𝒙)} =

𝑨−𝑮 𝟑

𝟐
√(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)
𝟑  

⇒ (𝟐∑𝒙)
𝟑

≥ 𝟐𝟕(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ⇒ 𝟖(∑𝒙)
𝟑

≥
(𝒊𝒊)

𝟐𝟕(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) 

(i), (ii) ⇒ RHS of (1) ≥ 𝑳𝑯𝑺 of (1), with equality occuring when 𝒙 = 𝒚 = 𝒛. 

But LHS of (1) = RHS of (1) 

∴ 𝒙 = 𝒚 = 𝒛 

∴ using (2), 𝟑𝒙 =
𝟏

𝒙𝟑
⇒ 𝒙𝟒 =

𝟏

𝟑
⇒ 𝒙 =

𝟏

√√𝟑
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∴ only possible solution is: (𝒙, 𝒚, 𝒛) = (
𝟏

√√𝟑
,
𝟏

√√𝟑
,
𝟏

√√𝟑
)  (answer) 
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Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


