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Prove that: ࢇ૛ + ૛࢈ =  ૛ࢉ

 

Proposed by Mohamed Ozcelic-Turkey 

Solution 1 by Serban George Florin-Romania, Solution 2 by Rovsen Pirguliyev-

Sumgait-Azerbaijan, Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaijan, 

Solution 4 by Soumava Chakraborty-Kolkata-India 

Solution 1 by Serban George Florin-Romania 

ઢ࡯ࡰ࡭, T sin ࢇ
૚ૡܖܑܛ

= ࢈
°૚૞૙ܖܑܛ

, ࢇ
ܖܑܛ ૚ૡ

= ࢈
૚
૛

= ૛(1)  ࢈ 

ઢ࡯࡮࡭, T sin ࢈
࡮ܖܑܛ

= ࢉ
࡯ܖܑܛ

= ࡯࡮
ܖܑܛ ࡭

, ࡯࡮
૞૝ܖܑܛ
⇓

࢈ୀ࡯࡮

= ࢉ
ૠ૛ܖܑܛ

= ࢈
ܖܑܛ ૞૝

   (2) 

૛ࢇ + ૛࢈ =  ૛ࢉ

࢞ = ૚ૡ°,૞࢞ = ૢ૙°,૛࢞ = ૢ૙° − ૜࢞, ܖܑܛ ૛࢞ = −°૙ૢ)ܖܑܛ ૜࢞) , ܖܑܛ ૛࢞ = ܛܗ܋ ૜࢞, 

૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ = ૝ ૜ܛܗ܋ ࢞ − ૜ ܛܗ܋ ࢞ , ܛܗ܋ ࢞ (૛ ܖܑܛ ࢞ − ૝ ૛ܛܗ܋ ࢞ + ૜) = ૙, ܛܗ܋ ࢞ ≠ ૙ 

૛ ܖܑܛ ࢞ − ૝(૚ − ૛ܖܑܛ (࢞ + ૜ = ૙,૝ܖܑܛ૛ ࢞ + ૛ ܖܑܛ ࢞ − ૚ = ૙ 

ܖܑܛ ૚ૡ° =
−૚ + √૞

૜ , ૛ܛܗ܋ ૚ૡ° = ૚ − ૛ܖܑܛ ૚ૡ° =
૞ + √૞
ૡ  

ܛܗ܋ ૚ૡ° =
ඥ૚૙ + ૛√૞

૝ , ܖܑܛ ૠ૛° = −°૙ૢ)ܖܑܛ ૚ૡ°) = ܛܗ܋ ૚ૡ° =
ඥ૚૙ + ૛√૞

૝  

ܛܗ܋ ૜૟° = ૛)ܛܗ܋ ⋅ ૚ૡ°) = ૚ − ૛ ૛ܖܑܛ ૚ૡ° = ૚ − ૛ቆ
√૞− ૚
૝ ቇ

૛

=
√૞ + ૚
૝  
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ܖܑܛ ૞૝° = °૙ૢ)ܖܑܛ − ૜૟°) = ܛܗ܋ ૜૟° =
√૞ + ૚
૝  

From (1) ⇒ ࢇ = ૛ܖܑܛ࢈ ૚ૡ ⇒ ࢇ = ൫ି૚ା√૞൯࢈
૛

, ࢇ
࢈

= ି૚ା√૞
૛

 

From (2) ⇒ ࢉ
ܖܑܛ ૠ૛

= ࢈
ܖܑܛ ૞૝

⇒ ࢉ
࢈

=
ඥ૚૙ା૛√૞

૝
⋅ ૝
√૞ା૚

=
ඥ૚૙ା૛√૞
√૞ା૚

 

૛ࢇ + ૛࢈ = ,૛࢈:|૛ࢉ ቀ
ࢇ
࢈
ቁ
૛

+ ૚ = ቀ
ࢉ
࢈
ቁ
૛
⇒ ቆ

−૚ + √૞
૛ ቇ

૛

+ ૚ = ൭
ඥ૚૙+ ૛√૞
√૞ + ૚

൱

૛

, 

૟ − ૛√૞
૝ + ૚ =

૚૙ + ૛√૞

൫√૞ + ૚൯
૛ ,
૚૙ − ૛√૞

૝ =
૚૙ + ૛√૞

൫√૞ + ૚൯
૛ , ൫૚૙ − ૛√૞൯൫√૞ + ૚൯

૛

= ૝൫૚૙ + ૛√૞൯ ⇒ ൫૚૙ − ૛√૞൯൫૟ + ૛√૞൯ = ૝૙ + ૡ√૞ 

૟૙ + ૛૙√૞ − ૚૛√૞ − ૛૙ = ૝૙ + ૡ√૞ 

૝૙ + ૡ√૞ = ૝૙ + ૡ√૞   true 

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

 

By the sine theorem in ઢ࡯ࡰ࡭ ⇒ ࢇ
ܖܑܛ ૚ૡ°

= ࢈
°૜૙ܖܑܛ

⇒ ࢇ = ܖܑܛ࢈ ૚ૡ°
°૜૙ܖܑܛ

= ૛ܖܑܛ࢈ ૚ૡ°   (1) 

In ઢ	࡯࡮࡭ ⇒ ࢉ
ܖܑܛ ૠ૛°

= ࢈
ܖܑܛ ૞૝°

⇒ ࢉ = ࢈ °ૠ૛ܖܑܛ
ܖܑܛ ૞૝°

 

We verify the equality ࢇ૛ + ૛࢈ =  .૛ࢉ

૝࢈૛ ૛ܖܑܛ ૚ૡ° + ૛࢈ =
૛࢈ ૛ܖܑܛ ૠ૛°
૛ܛܗ܋ ૜૟° ,૝ ૛ܖܑܛ ૚ૡ° + ૚ = ૝ܖܑܛ૛ ૜૟° 

It is known that ܖܑܛ ૚ૡ° = √૞ି૚
૝

, ܖܑܛ ૜૟° =
ඥ૚૙ି૛√૞

૝
,  

we have ൫√૞ − ૚൯
૛

+ ૝ = ૚૙ − ૛√૞. Q.E.D. 



 
www.ssmrmh.ro 

 
Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaijan 

 
࡯࡮ = ࡯࡭ =  ࢈

࡮
ܖܑܛ ૚૞૙

= ࢇ
ܖܑܛ ૚ૡ

⇒ ࢇ = ૛࢈ ⋅ ܖܑܛ ૚ૡ = ࢈ ⋅ √૞ି૚
૛

   (1) 

࢈
૞૝ܖܑܛ

= ࢉ
ૠ૛ܖܑܛ

⇒ ࢉ = ࢈ ૠ૛ܖܑܛ
ܖܑܛ ૞૝

=
ඥ૚૙ା૛√૞
ඥ૟ା૛√૞

 (2)    ࢈

૛ࢇ + ૛࢈ =
(૚) ૟ − ૛√૞

૝ ૛࢈ + ૛࢈ = ૛࢈ ⋅
૚૙ − ૛√૞

૝ =?  ૛ࢉ

૛ࢉ =
(૛)

૛࢈ ⋅
૚૙ + ૛√૞
૟ + ૛√૞

= ૛࢈ ⋅
૚૙ − ૛√૞

૝ 		(=) 

(proved) 

Solution 4 by Soumava Chakraborty-Kolkata-India 

 
ࢇ

ܖܑܛ ૚ૡ =
࢈

ܖܑܛ ૚૞૙ ⇒ ࢈ =
(૚) ࢇ

૛ܖܑܛ ૚ૡ 

ࢉ
ܖܑܛ ૠ૛ =

࢈
ܖܑܛ ૞૝ =

ࢇ
૛ ܖܑܛ ૚ૡ ܖܑܛ ૞૝ ⇒ ࢉ =

(૛) ࢇ ܖܑܛ ૠ૛
૛ ܖܑܛ ૚ૡ ܖܑܛ ૞૝ 

(1), (2) ⇒ ૛ࢉ − ૛࢈ = ૛ࢇ

૝ ૛ܖܑܛ ૚ૡ
ቀܖܑܛ

૛ ૠ૛
૛ܖܑܛ ૞૝

− ૚ቁ = ૛ࢇ

૝ ૛ܖܑܛ ૚ૡ
ቀ૛ ܖܑܛ

૛ ૠ૛ି૛ܖܑܛ૛ ૞૝
૛ ૛ܖܑܛ ૞૝

ቁ 

=
૛ࢇ

૝ ૛ܖܑܛ ૚ૡ ൬
૚ − ૚૝૝ܛܗ܋ − ૚ + ܛܗ܋ ૚૙ૡ

૚ − ૚૙ૡܛܗ܋ ൰ =
૛ࢇ

૝ܖܑܛ૛ ૚ૡ ൬
ܛܗ܋ ૜૟ − ૠ૛ܛܗ܋
૚ + ܛܗ܋ ૠ૛ ൰ = 



 
www.ssmrmh.ro 

 

=
૛ࢇ

૝ ૛ܖܑܛ ૚ૡቆ
૚ − ૛ ૛ܖܑܛ ૚ૡ − ܖܑܛ ૚ૡ

૚ + ܖܑܛ ૚ૡ ቇ =
૛(૚ࢇ − ૛ ܖܑܛ ૚ૡ)(૚+ ܖܑܛ ૚ૡ)

૝ ૛ܖܑܛ ૚ૡ (૚ + ܖܑܛ ૚ૡ)  

=
૛(૚ࢇ − ૛ܖܑܛ ૚ૡ)

૝ ૛ܖܑܛ ૚ૡ =
૛ࢇ ቆ૚ − √૞ − ૚

૛ ቇ

૝
൫√૞ − ૚൯

૛

૚૟

=
૛൫૜ࢇ − √૞൯

૛ 	×
૝

૟ − ૛√૞
=  ૛ࢇ

⇒ ૛ࢇ + ૛࢈ =  ૛   (Proved)ࢉ

 


