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Prove that: a? + b%? = ¢

Proposed by Mohamed Ozcelic-Turkey
Solution 1 by Serban George Florin-Romania, Solution 2 by Rovsen Pirguliyev-
Sumgait-Azerbaijan, Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaijan,
Solution 4 by Soumava Chakraborty-Kolkata-India

Solution 1 by Serban George Florin-Romania
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AADC, T sin—— = — ,—— =
sin18 sin150° "sin 18
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sinB sinC sin A S“h54 sin72 sin 54

BC=b
a’ + b2 = c?
x =18°5x =90° 2x = 90° — 3x,sin 2x = sin(90° — 3x), sin 2x = cos 3x,
2sinxcosx =4cos®>x —3cosx,cosx(2sinx —4cos’?x+3)=0,cosx =0

2sinx —4(1 —sin’x) +3 =0,4sin?x +2sinx—1=0

-1++/5 5++/5
sin18° = ——— c0s?218° =1 —sin%18° =

3 8

10 + 25 V10 + 2+/5

cos18° = T\/_,sin 72° = sin(90° — 18°) = cos 18° = T\/_
2

V5-1 V5+1
c0536°=cos(2-18°)=1—Zsin218°=1—2< 1 >= 1
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VE+1
sin 54° = sin(90° — 36°) = cos 36° = 1
From (1) = a = 2bsin18 = a = 2100) &= A0
c _ b c _V10+2V5 4 _ VJ10+2V5
I:rorn(z):)simz_sins4:>3_ 4 V5+1 5+1
2 2
N c\2 [—1+4/5 10+ 2v/5
Z+b2=c?:b? () +1=(= — | t1l=|———
e (3 1=+ (1) 2= (BT

#g“”:10+2\/§2710_2\/§=10+2\/§z’(10—2\/§)(‘/§+1)2
B+’ (VB
=4(10 +2V5) = (10 — 2V5)(6 + 2V5) = 40 + 8V5
60 + 205 — 12v5 — 20 = 40 + 85
40 + 85 = 40 + 8V5 true

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan
A

» C

. . a b bsin 18° . °
=3 = =3 = =
By the sine theorem in AADC inie — snse = 2T 30 2bsin18° (1)
b bsin72°
INAABC > —=—"_= ¢=22
sin 72° sin 54° sin 54°

We verify the equality a? + b? = ¢2.

) b%sin%?72° )
4b?*sin® 18° + b* = ——————— 4sin”* 18° + 1 = 4sin* 36°
cos- 36

V5-1 _ J10-2V5

Itis known thatsin 18° = T’Sin 36° = PR

we have (V5 — 1) +4 = 10 — 2v5. QED.
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Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaijan

A
B é SN

b

BC=AC=b

B _— e ,=2p-sin18=b -1 (1)
sin 150 sin 18 2

b c __bsin72 _ /10425

sin 54 = sin72 " sin54 6 (2)
+2v5
@ + b2 (é)ﬂgbz+bz:bz.wécz
4 4
2 10 + 25 10 — 2v/5
c2 (:) p2. — p2. (=)
6 + 245 4
(proved)
Solution 4 by Soumava Chakraborty-Kolkata-India
a b R o a
sin18  sin 150 "~ 2sin18
c b a (2) asin 72
= = = =
sin72 sin54 2sin18sin54 ¢ 2 sin 18 sin 54
2 _ p2_ @ sinf72  _\ _  a® 2sin? 72-2sin? 54
(1), @)=c b* = 4sinZ 18 (sin2 54 ) " 4sin218 ( 2 sin2 54 )
_at (1 —cos 144 — 1 + cos 108) _a? (cos 36 — cos 72) B
" 4sin2 18 1—cos 108 " 4sin218\ 1+cos72 /)
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o a? 1—2sin®*18 —sin 18\  a*(1 — 2sin 18)(1 + sin 18)
" 4sin218 1+sin18 " 4sin218(1 + sin 18)

a? 1_E
_a*(1-2sin18) _ 2 :aﬁ(s—\/E)>< L

4sin? 18 (\/— ) 2 6 — 25

= a®+ bZ = ¢? (Proved)



