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PROBLEMS FOR JUNIORS

JP.121. Let ABC be a triangle with inradius r and circumradius
R. Prove that:

Z sin® A + sin® B <(R)2
sin® A +sin® B —
The sum is over all cyclic permutation of (A, B,C).

r
Proposed by George Apostolopoulos - Messolonghi - Greece

JP.122. Prove that in AABC the following relationship holds:

. a b c R a b c
m1n< , , )§2(——1) Smax( s R )
s—a s—b s—c¢ r s—a s—b s—c¢

Proposed by Marian Ursarescu - Romania

JP.123. Solve for real numbers:
log,(b* +a — b) =logy(a® +b—a),b>a>1

Proposed by Marian Ursarescu - Romania

JP.124. Let a,b,c be the lengths of the sides of a triangle ABC
with inradius r. Prove that:

(zr)a—l—b—l—c < AN B\c C\a < \/5 atbtec q2b . p2¢c. o2a
a® b .o —<ta“5) '(ta“E) '(tané) —(%) T 2(atbio)

Proposed by George Apostolopoulos - Messolonghi - Greece
JP.125. Prove that in AABC the following relationship holds:
1
g(ri—l—rg—l—rz) > 4v35 + (a — b)2 + (b— ¢)? + (c — a)?

Proposed by Marian Ursarescu - Romania

JP.126. Let ABC be a triangle with inradius r and circumradius

R. Prove that:
3R
cot A+ cot B+ cotC > o
r

Proposed by George Apostolopoulos - Messolonghi - Greece
1



Romanian Mathematical Magazine Summer Edition 2018

JP.127. In any A ABC non-equilateral the following relationship
holds:

R+ 2r
R — 2r

Proposed by Marian Ursarescu - Romania

tan(;m(QOIH)) <3

JP.128. In AABC the following relationship holds:
1 1 1 1
<

Mg + My mp + Me me +mg ~ 21

Proposed by Marian Ursarescu - Romania

JP.129. Let a,b and c be the lengths of the sides of a triangle
ABC with inradius r and circumradius R. Prove that:

a3 b3 3 3v/3 R(R—7)
a. b24-c2 + c24a? + a?2+4b2 < 2 r

a b c 6R—3r
> Vet e Ve Vo

Proposed by George Apostolopoulos - Messolonghi - Greece

JP.130. Solve the equation in real number:

Jrd+1
3Ya? —z+1+ {2 ; — 2(z* — 3z + 4)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

JP.131. Solve the system of equation in positive real numbers:
3(\/3 2 4+ Yy + v 22) 4+ 21 = 10(zy + y= + z2x)
c+y+z=3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

JP.132. Let z,y 6(0, %) Denote k = 2 — min{sin? z, cos? z}.
Prove that:

sin? cos? x sin? cos? x < w2 cos?zx\k
( )<1—|—c0sy 1—|—siny> _(7 )
Proposed by Mihalcea Andrei Stefan - Romania

1—cosy 1—siny 4 cos?y

JP.133. Let a, b, c be positive real numbers. Prove that:

a8 +b% b8+ g cB 4+ ad 10/ 1 1 1.9
-7 < b T T
\/ 2 +\/ 2 +\/ 2 < (atb+e) <9a+9b+90)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
2 ©Daniel Sitaru, ISSN-L 2501-0099
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JP.134. Let a,b,c > 0 sucht that: a? 4+ b% 4+ ¢ = 3abc. Find the
maximum of the expression:

P ab " bc "
C 2a5 —a®+bt4+aZ4+1 265 — b5 fcrt4b241
ca
+
26 —cd+at+c2+1
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

JP.135. Let x, y, z be positive real numbers such that:
x + y + z = 3. Prove that:

$3y3 y3z3 Z3$3

<
m4+y3—w+2+y4+z3—y+2 +z4—|—w3—z—|—2 -
< zc4+y4—|—z4—{—3wyz
- 6
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

PROBLEMS FOR SENIORS

SP.121. Let x,y, z be a positive real numbers such that:
x + y + z = 3. Prove that:
4 4 4
T y z T+ VY +Vz
I O S A ] >3
5—-3%y 5—3Yz 5-—-3yx 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

SP.122. If z1, z2, 23 € C are different in pairs and
|z1| = |z2| = |z3] = 1 then:

|z1 — 23| + |z2 — 23] < 3+ |21 + 22|

Proposed by Marian Ursarescu - Romania

SP.123. If A € M,,(R),det A # 0, AT = A then:
det(A% + A2 4 2I,,) > 4™

Proposed by Marian Ursarescu - Romania

SP.124. Let a,b,c be the side lengths of a triangle ABC with
inradius r and circumradius R. Prove that:

3 a? b2 c? 2R —1r
- < + + <
2 b24+¢2 24+ a? a2+ b2 2r
Proposed by George Apostolopoulos - Messolonghi - Greece
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.125. Let triangle ABC have exradii ry, 7y, ¢, altitudes hg, hy, he
and a, b, c be the lenghts of the sides. Prove that:
hg 2 hp\ 2 h.\ 2 1,a*+ b bt + ¢t ct + at
G +G) +G) <G+ = =)
2 ct at b
Proposed by George Apostolopoulos - Messolonghi - Greece

Ta Ty Te

SP.126. Let mg, mp, m. the lengths of the medians of a triangle
ABC with circumradius R. Prove that:
1 1 1 3 >

Mg My mpMme MMy memp + mpme + memg —

1 1 1
> 4. ma Vg Tome
B Mg + Mp + Mg
Proposed by George Apostolopoulos - Messolonghi - Greece

SP.127. If A,B € M,(R),n e Nyn > 2,z € Z*,det(AB—BA) # 0,
A2 4+ B2 = 2sin %AB then nz is an even number.
Proposed by Marian Ursarescu - Romania

SP.128. Let x,y, z be positive real numbers such that:
xz + y + z = 3. Find the minimum of the expression:
3 3

x Yy
P =
y(V2@E T D 1 v2)? | 2(V2EE etz |
n 23 n VE+ Yy+ vz
x(/2(x* 4+ y*) + zy)? 27

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

SP.129. Let a, b, c be positive real numbers such that: a+b+c = 3.
Prove that:

a b3 c3
(5% 4 obe) | ({7 4 sea) | ad({5E 4 sab)
ab + be + ca

+2(a2 + b2 4 c2) —
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

4 ©Daniel Sitaru, ISSN-L 2501-0099



Romanian Mathematical Magazine Summer Edition 2018

SP.130. Let a, b, c be positive real numbers such that:
a-+ b+ c = 3. Prove that:

a3 b3 c3
b2(b2 + be + ¢?) + c2(c? + ca + a?) + a?(a? + ab + b2)+
+ab—|—bc—|—ca
a?+b%2+c% —

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

SP.131. Let a,b,c > 0 with sum 1. Prove that:

Zab2 Z(Zab>2 — 102ab+ 12abc

Proposed by Mihalcea Andrei Stefan - Romania

SP.132. Let a,b be two positive numbers. Prove that:
(1 + ab)(ab—a—b—1)
(a? + 1)(62 + 1)
4(a®? +b%> +a +b)

<1
+(2—|—a—|—b)(a2+b2+a—|—b) —2(a+b)2 —
Proposed by Mihalcea Andrei Stefan - Romania

SP.133. Let a,b,c > 0 with sum 1. Show that:

J— a 1+ > a2
2 abczl+a2 SS—{—Zaz

Proposed by Mihalcea Andrei Stefan - Romania

SP.134. Let ABCD be a cyclic quadrilateral with perimeter 2.
Denote AB = a, BC = b,CD = ¢, DA = d. Show that:

4§ZtanA 2(a—{—c)(b—|—d).

2 < VIIA = a)

Proposed by Mihalcea Andrei Stefan - Romania

SP.135. If a,b,c > 1 then:
log, b log, c log.d log, a N 16

a+b+c b4+c+d c+d+a d4+a+b 7~ 3(a+b+c+d)
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

©Daniel Sitaru, ISSN-L 2501-0099 )
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UNDERGRADUATE
PROBLEMS

UP.121. Show that:

/0°° :L'p—1<1 - \/217_1_432)”(133 :(nip>B(n — 2p,p)

Proposed by Shivam Sharma - New Delhi - India

UP.122.

~ 1

- e ()
“n ; "o\t
=1
Find:
fud T\ N
Q= limn a,ﬁi—( )
n—-00 4
Proposed by Marian Ursarescu - Romania

UP.123. Find:

o T (VYT EE+E
2=t 1] Vi + k2 — k

Proposed by Marian Ursarescu - Romania

n— 00
k=1

UP.124. Find all continuous functions such that:

/ F(t)dt = /1 F(t)dt

Proposed by Marian Ursarescu - Romania

UP.125. Prove that:

4im (1 1+ x+ a2 1+\/3/°° (1 + x + z2) In(x)
dx =
V) 1l4+x+x24 234 24 2 oo 1+ x4+ 22 + 23 + 24
Proposed by K. Srinivasa Raghava - AIRMC - India

UP.126. Prove that:

1 lx/m-i—\/@m 7 i )
/0/0 (@ + yva) Ty =T 12v/2) + V2 1In(17 + 12v/2)

—§(1 —3v2 +21In(2))

Proposed by K. Srinivasa Raghava - AIRMC - India
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.127. Prove that:

oo

1 1
dxr =
= /0 (cos(mx)? + ik sin(mwx)?)3 v

=5 (se(3) + 2e(3) ()

Proposed by K. Srinivasa Raghava - AIRMC - India

UP.128. Prove that:
/ arccot(cot(x)%) cot(z)dx = %(4 In(2) — 31In(5) + In(25 + 11/5))
0

Proposed by K. Srinivasa Raghava - AIRMC - India

UP.129. Let ]Rj_ be the set of real positive numbers, let (an)n>1,
(bn)n>1 be two sequences of real positive numbers with
1imn—>oo(a'n+1 - an) = a € Ri,limn—}oo(bn-i-l - bn) =b c Ri’

2 2
let P, = 4/ W and we denote P,! = P\ P,...P,, for any
positive integer n. If u,v € R with v 4+ v = 1. Evaluate:

Jim (bZH "N (Prya) — by W)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

UP.130. If a,b,c,d € [1,00);x € R then:

(ac)sin T, (bd)cos x < 2\/2(log§ a+log2 b+log2 c+log? d)

Proposed by Daniel Sitaru - Romania

UP.131. Prove that in any triangle ABC the following relationship
holds:

L
(vV2)Vv2

Proposed by Daniel Sitaru - Romania

2sinA + 2sinB + 2sinC + 2cosA + 2cosB + 2cosC >

UP.132. If a,b > 0;m,n > 1 then:

b a b m- m—
. . 2n 2m a n
sinxs COS I COS dx |dy < (—)
/0 (/0 (sin x sin y)“"( Y) ) Y < amtn \

Proposed by Daniel Sitaru - Romania
©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.133. Prove that if: 0 < b < a < 7 then:

/“ (/“(Sinz(w + ) —I-.sinz(a: —vy) — 1>dm> dy >
b b 14 2sinxzcosy
> (a — b)(sin?a — sin®’b + b — a)

Proposed by Daniel Sitaru - Romania

UP.134. In AABC the following relationship holds:
a?(mg + mp) " b2 (mp + me) " c?(me + mg) > 8v/3S
hc ha hb
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

UP.135. If a,b,c > 0 then:
a + c2 b+ a? c + b2 > 3 a+b+c

xb 4+ yc zc + ya xa+yb x4y r+y
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

MATHEMATICS DEPARTMENT, ”"THEODOR COSTESCU” NATIONAL Econowmic, COL-
LEGE DROBETA TURNU - SEVERIN, MEHEDINTI, ROMANIA
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