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PROBLEMS FOR JUNIORS

JP.091. Prove that the following inequalities hold for all positive
real numbers

a3 b3 c3 3 a2+ b2+ ¢

a. + + >o. LT Te
ab+c2  bc+a? ca—+ b2 2 at+b+ec

1 1 1 3 a+b+c

b. L
a(b+ c) T b(c+ a) T cla+b) =2 ad+b3+c3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

JP.092.Prove that the following inequalities holds for all positive
real numbers a, b, c

b 3 b

a by o 3latbdo
a2 ' b2 | 2 a2 + b2 + ¢2
SLNEDEG R
a? b2 c2 a+b+c
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

JP.093. Let a, b, c be positive real numbers such that a+b+c = 1.
Prove that

1 n 1 n 1 < 1
a.
a + be b+ ca c+ ab — 4abce
va_ | Vb ve 1

b. +
a++VvVbec b++ca c++Vab T 2vVabe
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

JP.094. Let a, b, c be positive real numbers such that
ab + bc + ca = 1. Prove that

bev/ a2 + 2be + cay/b? + 2ca + aby/c? + 2ab > 1

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

JP.095. Prove that for all positive real numbers a, b, ¢
a(b®+c?)  b(c?+a?) c(a®+b?) S 6abc
2a2 + be 2b2 4 ca 2c2+ab — ab+ bec+ ca

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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JP.096. Let a,b,c positive numbers such that a* + b* 4+ ¢* = 3.
Prove that

3 b3 C3 b3 C3 0,3

a
Grteata)lortrts)2?
Proposed by Nguyen Ngoc Tu - Ha Giang — Vietnam

JP.097. Let a,b,c > 0 such that (a + b)(b+ ¢)(c + a) = 8.

Prove that
a n 2b 4oa 2c <7
a+t+1 b+1 c+1— 2

Proposed by Nguyen Ngoc Tu - Ha Giang — Vietnam

JP.098. Let a, b, and c be the side lengths of a triangle ABC with
incenter I. Prove that
1+1+ >3<1+1+1)
IA2 IB2?2  IC? — \a2? b2 (2
Proposed by George Apostolopoulos — Messolonghi — Greece

JP.099. Find the value of the following expression:
B+ D G D e )
y2 | 22 22 | 2 2 | y2
where = tan 20, y = tan 40, z = tan 80.

Proposed by Kevin Soto Palacios - Huarmey - Peru

JP.100. Let in triangle wg,, wp, w. be the angle bisectors and R, r

the circumradius and inradius respectively. Prove the inequality:
3 < 1 n 1 " 1 < 1
R+r ™~ w, wy We r

Proposed by D.M. Batinetu — Giurgiu — Romania, Martin Lukarevski — Skopje

JP.101. Let z,y, z be positive real numbers with xyz = 1.
Prove that:

VATV L4 VERL
1132—|—y2—|—Z2 —

Proposed by George Apostolopoulos — Messolonghi — Greece

JP.102. Let x,y,z > 0 be positive real numbers. Then
1 1 1 4\/3xyz(x +y + =z

n + S 4VBryz(@tyt2)
r+y y+z zt+z (z+y)(y+2)(z+z)

Proposed by D.M. Batinetu — Giurgiu — Romania, Martin Lukarevski — Skopje
2 ©Daniel Sitaru, ISSN-L 2501-0099
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JP.103. Let x,y,z > 0 be positive real numbers. Then in triangle
ABC with semiperimeter s and inradius r.

Y

5 A
cot® — +
y+z 2
Proposed by D.M. Batinetu — Giurgiu — Romania, Martin Lukarevski — Skopje

JP.104. Let rq, 7, 7 be the exradii, hy, hpy, h the altitudes and
Mg, Mp, M. the medians of a triangle ABC with semiperimeter s,
circumradius R and inradius r. Then

2 2 2 2
s Ty n re 54r

hym. hemg hgmp — s2 —1r2 —4Rr

Proposed by D.M. Batinetu — Giurgiu — Romania, Martin Lukarevski — Skopje

JP.105. Let m > 0 and F be the area of the triangle ABC. Then

am+2 bm+2 cm+2
+ > 2V/3F.

bm+cm cm+am am_|_bm

Proposed by D.M. Batinetu — Giurgiu — Romania, Martin Lukarevski — Skopje

PROBLEMS FOR SENIORS

SP.091. Prove that for all positive real numbers a, b, c, d
a? b? c? d?
>
a+b—|—c+ b—i—c+d+ c—i—d—l—a+d+a—|—b -
S a+b+c+d 4(2a+b—2c—d)?
- 3 27(a+ b+ c+ d)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

SP.092. Prove that for all positive real numbers a, b, c

o a? + b2 + c? 2a—i—b—l—c (b—c)?
a+b b+c cH+a 2 2(a+b+c)

b, a? + b2 + c? Za—l—b—i—c (a +b—2c)?
b+c c¢c+a a-+bd 2 2(a+b+c¢)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

SP.093. Prove that in any triangle ABC the following inequality
holds

(b—l—c)a+ (c—l—a)b+ (a+b)c

2

> 8
m?2 m m?2
a b c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.094. Prove that in any acute triangle ABC the following in-
equality holds

cos BcosC cosC cos A cos A cos B < V3

sin A + sin B sinC = 2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

SP.095. Let a,b,c be the side lengths of a triangle ABC with
inradius r and circumradius R. Prove that

(b* + c*)sin? A + (c¢* + a*) sin? B + (a* + b*) sin?’ C <

81
< Z(3R4 — 167%).

Proposed by George Apostolopoulos — Messolonghi — Greece

SP.096. Let ABC be a triangle and wg,, wp, w. are bisectors of
ABC'. Prove that

1 1 1 1
aw? + bw? + cw? = RA
where R is the circumradius of ABC, A is area of ABC.
Proposed by Mehmet Sahin - Ankara - Turkey

SP.097. Let a,b,c be the side lengths of a triangle ABC with
incentre I, circumradius R and inradius r. Prove that

VAT VBI VOT _V2 VRF%

a b c 2 r

Proposed by George Apostolopoulos — Messolonghi — Greece

SP.098. Let ABC be an acute triangle with orthocenter H. Prove
that

AH-BH +BH -CH +CH - AH < 6Rvr,

where R and r are the circumradius and inradius respectively of
triangle ABC.

Proposed by George Apostolopoulos — Messolonghi — Greece

SP.099. Let a, b, c be non-negative such that a + b + ¢ = 3. Prove

that
@ =)= c)e—a) < 2

Equality occurs when?

Proposed by Nguyen Ngoc Tu - Ha Giang — Vietnam
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.100. Let a,b,c be the lengths of the sides of a triangle with
perimeter 3 and inradius r. Prove that

L@t (ot (et o)
— a? 4+ b2 b2 + c2 c2 + a2

Proposed by George Apostolopoulos — Messolonghi — Greece

28872

IA

2
r2

SP.101. Let a,b and c be the side lengths of a triangle with inra-
dius r. Prove that

. 1 N 1 N 1 < V3 .
at 4+ 2b2¢2 b4 + 2c%2a?2  c* 4+ 2a2b? — 6r
Proposed by George Apostolopoulos — Messolonghi — Greece

SP.102. Let ABC be a triangle with circumradius R and inradius
r. Prove that

A B C 2R
4 < sec? = 4+ sec? — 4+ sec®?— < —.
2 2 2 T

Proposed by George Apostolopoulos — Messolonghi — Greece

SP.103. Let m,n be positive real numbers. Prove that
1 1\-1 < 4034 — 2015m 4034 — 2015n m + n + 2009
<E+5) S Tmta201r T 2017 2
Proposed by Iuliana Trasca - Romania

SP.104. Prove that in any triangle ABC the following relationship
holds:

1 abc 1
r + <6R
Zsin;4 2 Z\/abs(s—c) -
s - semiperimeter; r - inradius; R - circumradius
Proposed by Daniel Sitaru - Romania

SP.105. Let G be the centroid in AABC. Prove that:
cot(@) + cot(G/C\B) + cot(@\C) > cot A+ cot B+ cotC + 3

Proposed by Daniel Sitaru - Romania

©Daniel Sitaru, ISSN-L 2501-0099 )
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UNDERGRADUATE
PROBLEMS

UP.091. Let be a € R*+ and the continuous functions
fsg,h : R — R where f and g are odd and h is even. Prove that:

a

f(z)-In(1+e9®).arctan(h(z))dz = /Oa f(x)g(x) arctan(h(x))dx.

—a

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.092. Calculate:
lim V n2( 30/ (n + 1)1 — W n!).

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.093. Let (an)n>1, (bn)n>1 be positive real sequences such that

. . a. . .
there exists lim,, o n";”‘ and limy, o0 (bp, — u - a,). Find
n

8) 1imp o0 ( "/Bni1 — Vba);
b) Limmn o0 f"{}% - 45

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.094. Let (Sp)n>1,8n = Y p_q 72+ Calculate:

K2
+ m
i . Y [ /N
nhm (sn (n+ 1)! 5 n.).

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.095. Let (sp)n>1,8n = Y p_q 72 and let (an),>1 be a positive

real sequence such that lim,, ‘Z‘a*l =ac¢€ Rj_. Calculate:

2
. iy
dim (on YT = V)
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.096. Let (sn)n>1,8n = Y p_q 72+ Calculate:

lim (sn C R (2n + 1) — 7: . /(2n — 1)!!).

n—oo

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.097. Evaluate I,, = f $n+1+((’;:i)7§2;;1)xn_1 dx, where n € N*,

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.098. Let a,b € R,a < b and f,g : R — R continuous functions
such that

F@)f(a+b—=z)=1,g(x) = g(a+b—z),¥z € K.

Show that . .
g(x) _ 1
/a T4 f(2) @) dr = 5 /a g(x)dx

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

UP.099. In an arbitrary triangle ABC denote by l,, mg, hy re-
spectively the lengths of the internal angle-bisector, the median
and the altitude corresponding to the side a = BC of the triangle.
Prove that:
A I |5 lo .l , 1l

a) Rt Rr T RE 225 R we T L

2
b) T + T+ GE < 2e R et
c) explain why each of a) and b) are equivalent to the fundamental
inequality of the triangle.

Proposed by Vasile Jiglau - Romania

UP.100. In AABC;mg, mp, m. - median’s length. Prove that:
3(a® 4+ b + %) < 4(am + bm, + cmyp)

Proposed by Daniel Sitaru - Romania

UP.101. Prove that if a,b,c € (1,00) then:

a T b ™ ¢ T
3\/§—|—/ x sin dw-l—/ T sin dac—l—/ T sin —dx > \/3 + a? 4+ b2 + ¢2
1 3z 1 3x 1 3z

Proposed by Daniel Sitaru - Romania

UP.102. Solve for real numbers:
nn(:c%—wz) 4 nn(w%—wg) 4.+ nn(mi_l—wn) + nn(w%—wl) — 41:Ln
ne€Nyn > 2

Proposed by Daniel Sitaru - Romania

UP.103. Prove that in any triangle ABC the following relationship

holds:
B-— A
)

| cos A|+| cos B|+|cosC| < Z(\/|cosAcos B|—|—\/‘ cos ¢ sin
- 2 2

Proposed by Daniel Sitaru - Romania
©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.104. Prove that if ; € (0,00);i € 1,n;n € Nyn > 3;

Tpt1 = T1;L1T2 ... Ty = 1, then
n T; Li41
—i- 4 e +1

> nv3

j : Tit1

i=1 \/33? + xixi41 + CC?_H

Proposed by Daniel Sitaru - Romania

UP.105. In ABC}ja,b, ¢ - length sides; s - semiperimeter; A, B,C
- angled’s measures. Prove that:
A2 B® (C3\,A® B? (C3\,A® B3® (3 I8
lal T B Y (Rl B B (e B R B S
< + + )<c+a+b><a+b+c)_21633
Proposed by Daniel Sitaru - Romania

b c a

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL Econowmic, COL-
LEGE DROBETA TURNU - SEVERIN, MEHEDINTI, ROMANIA

8 ©Daniel Sitaru, ISSN-L 2501-0099
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