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1) In AABC
2 A 2 B 2C
cos 5+cos §+cos 2 S 1
r2 r? r2  ~ 2Rr
Proposed by Adil Abdullayev - Baku - Azerbaidian
Proof.
We prove the following lemma:
Lemma 1.
2) In AABC
2 A 2 B 2 C
cos? 5 n cos? 5 + cos® 3 _ i_ 1 <4R+r)2.
r2 r? r2 r2  2Rr p
Proof.
A — S
Using the following formulas cos® — = IM and r, = —— we obtain:
2 be p—a
Zcoszé -y i 2y (p—a) p Yap—a)P®

r2 (pfz.)? 52 be r2p2 abc

_ 1 ARrp* =2r*(AR+7r)* 11 <4R+r>2

Cr2p 4Rrp 72 2Rr D '

Let’s prove inequality 1).
Using Lemma 1 inequality 1) becomes:
1 1 /4 2 1
ol TM( Rp+ T) > Shr < p*(2R —r) > (4R + )2, which is true from

Gerretsen’s inequality p*> > 16Rr — 5r%. It remains to prove that
(16Rr —5r?)(2R—7r) > r(4R+7)*> & 8R* —1TRr+2r* > 0 < (R—2r)(8R—7r) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark.
Let’s find an inequality having an opposite sense:
3) In AABC
cos? % cos? g cos? % 1 12
red g ()
r2 r? r2 T\R r
Proposed by Marin Chirciu - Romania
Proof.
Using Lemma 1 inequality 3) can be written:
1 1 (4R+r>2<<1 1)2 2<R(4R+7ﬂ)2
r2  2Rr D “\R r ~ 2(2R-r)
(Blundon - Gerretsen’s inequality)
Equality holds if and only if the triangle is equilateral.
O
Remark.
The double inequality can be written:
4. In AABC
1 cos? % cos? % cos? % 1 1\2
comd ot g (2
2Rr r2 Ty T2 R r
Proof.
See inequalities 1) and 3).
|
Remark.
In the same way we can propose:
5) In AABC
1 sin? % sin? % sin? % 1
< +—=+ <
R2%p r2 g r2 4r2p
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.
6) In AABC
sin? g sin? % sin? % 1
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Proof.
A —b)(p-—
Using the following formulas sin? — = w and rq = we obtain:
2 be p—a
. —b)(p—c
ZSIH2%:Z(p {),Ep ):H(p_a) i:r2p&:1 2p _ 1
r2 (pEYZ)Z S2 bc r2p2 abc p 4Rrp 2Rrp’
|

Let’s prove the double inequality 5).
Using Lemma 2 double inequality 5) can be written:
Lo 1.
R2p — 2Rrp — 4r?p
Equality holds if and only if the triangle is equilateral.

& 4r? < 2Rr < R? & 2r < R (Buler’s inequality).

|
7) In AABC
4 tan? g tan? g tan? % 1
+ < —
9R2 — 2 r? r2 T 9r2
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 3.
8) In AABC
tan? % n tan? % n tan? % _ 3
r2 r? r2 p?
Proof.
A —b)(p—
Using the following formulas tan® — = w and r, = we obtain:
2 p(p —a) p—a
A (p—b)(p—c)
Ztan25 _y ew H(p*a)zlz r’p .3
72 52 S2p 7293 P2

(p—a)

Let’s prove the double inequality 7).
Using Lemma 3 the double inequality 7) can be written:
4 3 1 27R?
R < Iﬁ < 9,2 & 2Tr? < p? < 1 (Mitrinovié’s inequality).

Equality holds if and only if the triangle is equilateral.
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9) In AABC
1 _ cot? 4 N cot? 2 cot? $ < 4R? —10Rr + 5r°
r2 = r2 r? rz - rd
Proposed by Marin Chirciu - Romania
Proof.
We prove the following Lemma:
10) In AABC
cot? 2 N cot? 2 n cot> S  p* — 16Rrp® + 2r2(4R + r)?
r2 2 r2 - rdp2
a b c p
Proof.
A — S
Using the following formulas cot®> = = M and r, = —— we obtain:
2 (p=blp—o p—a
A _plp—a) .
> cot? § N bpe) _ 5 p-ap® _p  Ne-at
e ey 2= p=bp-c P p—a)p-b)p-0c

1 Yp-a)' 1 p'—16Rrp* +2r*(4R+7)> _ p' —16Rrp® + 2r*(4R +1)*

r’p [Ilp—a) r?p r2p rip?

O

Let’s prove the double inequality 9.
Using Lemma 3 the double inequality 9) can be written:
1 < pt —16Rrp® + 2r2(4R + 1) < 4R? — 10Rr + 572

rip2 4
The first inequality can be transformed equivalently:
1 < p* —16rp® + 2r2(4R + 1)
2 = rip2
& p?(p® — 16Rr — r?) + 2r°(4R + 1) > 0.
We distinguish the following cases:
Case 1). If p> — 16Rr — 12 > 0, the inequality is equivalent.
Case 2). If p*> — 16Rr — 12 < 0, the inequality can be rewritten:
p?(16Rr 4 12 — p?) < 2r2(4R + 1)?, which follows from Gerretsen’s inequality:

16Rr — 5r% < p? < 4R% + 4Rr + 3r%. It remains to prove that:

(4R?4+4Rr +3r*)(16Rr +1° —16Rr 4+ 5r%) < 2r?(4R+7)> © R*—Rr—2r* > 0 &
< (R—2r)(R+r) >0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

r2

o pt —16Rrp?> + 2r°(4R +7)2 > r3p? &

Let’s prove the second inequality.

4 — 16Rrp® + 2r2(4 2 2r%(4 §
We have 2 6Rrp j;ﬂ(R—H“) :j{pQ—lﬁRr—ijﬂ}é
rep r p
. ) w2(4R+r)2| 1., )
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4R? — 10Rr + 512
= i ror , where, above were used inequalities p* < AR*+4Rr+4r? and
r
P> r(4R +1)?
R+r
Equality holds if and only if the triangle is equilateral.

, true from Gerretsen’s inequality.
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