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1) In AABC

1
> (Ma + mp)(mp + me) < 5(11192 —9r2 — 36Rr).
Proposed by Mihdly Bencze - Romania

Proof.
3
Using Zmi =1 Z a’, 4mym,. < 2a* + be, Z(f =2(p* —r? —4Rr) and

Z be = p? 4+ 12 + 4Rr we obtain:

Z(ma+mb mp+m,) Zm +3Zmbmc < 42@ +4 Z 2a +bc) = 32& +Zbc

3 3
=2 [6(p2 — 12 —ARF) +p? 412 + 4Rr} = $(7p* = 502 = 20Rr).

The inequality we have to prove can be written:

3 1
1(7])2 —5r? —20Rr) < 5(11})2 —9r? —36Rr) < p* > 3r(4R + 1)

which follows from Gerretsen’s inequality: p*> > 16Rr — 5r2
It remains to prove that: 16Rr — 572 > 3r(4R+r) < R > 2r,
obviously from Fuler’s inequality.

Equality holds if and only if the triangle is equilateral.

Remark 1.

Inequality 1) can be developed:
2) In AABC

3" (ma + M) (i + Ame) < 24 L[5+ 6)p7 — (A +2) - 3r(4R + )]

where X\ € R.
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Proof.
> (ma + M) (mp + Ame) =AY m2 4+ (A +A+1) Y mpm, <

sA~%Zau(vuﬂ)&z(zaubq:
:i[(Z/\?—I—F))\—s—Z)ZaQ—&-()\Q+/\+1)Zbc] =

{(2)? +5A+2)-2(p* — 12 —4ARr) + (N A+ D) (P* + 2 + 4Rr)} =

>~

1
=3 [(5)\2 F1IA+5)p% — (A2 43X+ 1) - 3r(4R + r)} .
The inequality we have to prove can be written:
{(5)\2 + 1A+ 5)p* — (A2 + 31+ 1)-3r(4R + r)} <

< % (53602~ (A +2) - 3r(4R +7)] &

s p? > 3r(4R+r), which follows from p? > 16Rr—5r% (Gerretsen) and R > 2r (Euler).
Equality holds if and only if the triangle is equilateral.

I

O
Note

For A =1 we obtain inequality 1).
Problem PP 26039 Octogon Mathematical Magazine

3) In AABC
Z 1 > 18
(mgq + mp)2 = 11p2 — 9r2 — 36Rr
Proposed by Mihdly Bencze - Romania
Proof.
‘ P S 1 1
We use the inequality x°+y~+2° > xy+yz+zx, for x = Y = ,
Mg + My my + Mme
1
2= ———— and inequality 1). We obtain:

Me + Mg

1 1 9
2 w2 2 G T ¥ ) 2 S T ) ) 2
9 18

> .
~ 1(11p? —9r2 —36Rr)  11p? — 972 — 36Rr
Equality holds if and only if the triangle is equilateral.

O
Remark 2.
Inequality 8) can be developed:
4) In AABC
1 36

2 (- Ams)2 = A+ DIGA T 6)p2 — (A1 2) - 3r@R 1 )]’ e A=
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Proof.
We use the inequality 2* + y* + 22 > xy + yz + 2z,
1 1 1
or x = Y = ,2 = and inequality 2). We obtain:
f Me + Ay Y my + A, Me + Ay 1 v2)

1 1 9

> > >

Z (Mg + Amp)2 — Z (Mg + dmp)(mp + Ame) — Y (ma + Amp)(mp + Ame) —
9 36

> .
TARGA 6P — (A +2)-3r(@R+ 7)) A+ DIBA+6)p* — (A +2) - 3r(4R + 1)
Equality holds if and only if the triangle is equilateral.

]

Note
For A =1 we obtain inequality 3).

MATHEMATICS DEPARTMENT, ” THEODOR COSTESCU” NATIONAL EcONOMIC COLLEGE, DROBETA
TURNU - SEVERIN, MEHEDINTI.
E-mail address: dansitaru63@yahoo.com



