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1) In ∆ABC∑

(ma +mb)(mb +mc) ≤
1

2
(11p2 − 9r2 − 36Rr).
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Proof.

Using
∑

m2
a =

3

4

∑
a2, 4mbmc ≤ 2a2 + bc,

∑
a2 = 2(p2 − r2 − 4Rr) and∑

bc = p2 + r2 + 4Rr we obtain:∑
(ma+mb)(mb+mc) =

∑
m2
a+3

∑
mbmc ≤

3

4

∑
a2+

3

4

∑
(2a2+bc) =

3

4
(3

∑
a2+

∑
bc) =

=
3

4

[
6(p2 − r2 − 4Rr) + p2 + r2 + 4Rr

]
=

3

4
(7p2 − 5r2 − 20Rr).

The inequality we have to prove can be written:

3

4
(7p2 − 5r2 − 20Rr) ≤ 1

2
(11p2 − 9r2 − 36Rr)⇔ p2 ≥ 3r(4R+ r)

which follows from Gerretsen’s inequality: p2 ≥ 16Rr − 5r2

It remains to prove that: 16Rr − 5r2 ≥ 3r(4R+ r)⇔ R ≥ 2r,

obviously from Euler’s inequality.

Equality holds if and only if the triangle is equilateral.

�

Remark 1.

Inequality 1) can be developed:

2) In ∆ABC∑
(ma + λmb)(mb + λmc) ≤

λ+ 1

4

[
(5λ+ 6)p2 − (λ+ 2) · 3r(4R+ r)

]
where λ ∈ R.
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Proof. ∑
(ma + λmb)(mb + λmc) = λ

∑
m2
a + (λ2 + λ+ 1)

∑
mbmc ≤

≤ λ · 3
4

∑
a2 + (λ2 + λ+ 1) · 1

4

∑
(2a2 + bc) =

=
1

4

[
(2λ2 + 5λ+ 2)

∑
a2 + (λ2 + λ+ 1)

∑
bc
]
=

=
1

4

[
(2λ2 + 5λ+ 2) · 2(p2 − r2 − 4Rr) + (λ2 + λ+ 1)(p2 + r2 + 4Rr)

]
=

=
1

4

[
(5λ2 + 11λ+ 5)p2 − (λ2 + 3λ+ 1) · 3r(4R+ r)

]
.

The inequality we have to prove can be written:
1

4

[
(5λ2 + 11λ+ 5)p2 − (λ2 + 3λ+ 1) · 3r(4R+ r)

]
≤

≤ λ+ 1

4

[
(5λ+ 6)p2 − (λ+ 2) · 3r(4R+ r)

]
⇔

⇔ p2 ≥ 3r(4R+r), which follows from p2 ≥ 16Rr−5r2 (Gerretsen) and R ≥ 2r (Euler).

Equality holds if and only if the triangle is equilateral.

�

Note

For λ = 1 we obtain inequality 1).
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3) In ∆ABC ∑ 1

(ma +mb)2
≥

18

11p2 − 9r2 − 36Rr
.
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Proof.

We use the inequality x2+y2+z2 ≥ xy+yz+zx, for x =
1

ma +mb
, y =

1

mb +mc
,

z =
1

mc +ma
and inequality 1). We obtain:∑ 1

(ma +mb)2
≥

∑ 1

(ma +mb)(mb +mc)
≥ 9∑

(ma +mb)(mb +mc)
≥

≥ 9
1
2 (11p

2 − 9r2 − 36Rr)
=

18

11p2 − 9r2 − 36Rr
.

Equality holds if and only if the triangle is equilateral.

�

Remark 2.
Inequality 3) can be developed:

4) In ∆ABC∑ 1

(ma + λmb)2
≥

36

(λ+ 1)[(5λ+ 6)p2 − (λ+ 2) · 3r(4R+ r)]
, where λ ≥ 0.
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Proof.
We use the inequality x2 + y2 + z2 ≥ xy + yz + zx,

for x =
1

ma + λmb
, y =

1

mb + λmc
, z =

1

mc + λma
and inequality 2). We obtain:∑ 1

(ma + λmb)2
≥

∑ 1

(ma + λmb)(mb + λmc)
≥ 9∑

(ma + λmb)(mb + λmc)
≥

≥ 9
λ+1
4 [(5λ+ 6)p2 − (λ+ 2) · 3r(4R+ r)]

=
36

(λ+ 1)[(5λ+ 6)p2 − (λ+ 2) · 3r(4R+ r)]
.

Equality holds if and only if the triangle is equilateral.

�

Note
For λ = 1 we obtain inequality 3).
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