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1) In AABC
2p%(p? — 3r2 — 12R
Zra(rb—rc)zz p?(p r )
4R + r
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Proof.
We prove the following lemma:
Lemma 1.
2) In AABC
Zra(rb —7r.)? = 4p*(R — 2r7).
Proof.

We have
Z ra(ry — rc)z = Z ra(rg + rf —2rpre) = Zra(rg + 7’3) — 6ryrpTe =

2.,.2.,,2 .2
= Zm(ru +ry s —rs) — 6rerpre =

= Z Ta Z 7“2—2 r3—6r,ryre = (AR+T) [(4R+r)2—2p2] — {(4R—|—7’)3—12Rrp2 = 4p*(R—2r)
t

Let’s solve the inequality in the statement.

Using Lemma 1 the inequality can be written:
2p?(p? — 3r2 — 12Rr)
4R+ r
which follows from Gerretsen’s inequality: p? < 4AR*+4Rr+3r%. It remains to prove that:

4R? +4Rr+3r* <8R? —2Rr —r? & 2R* - 3Rr —2r* > 0 < (R—2r)2R+7) >0

4p*(R —2r) > < p? <8R? —2Rr —r?

obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark 1.
The inequality can be developed:
3) In AABC
?(p* —3r? —12R
Zra(rb — 'rc)z > np”(p r T), where n < 4.
4R + r
Proof.

If n <0 the inequality is immediate because p*> — 3r2 — 12Rr > 0
true from Gerretsen’s inequality: p°> > 16Rr — 512 and Euler’s inequality R > 2r.
Next we consider n > 0.
Using Lemma 1 we write the inequality:
np?(p* — 3r2 — 12Rr)
4R+
which follows from Gerretsen’s inequality: p? < 4AR?>4+4Rr+3r% and the condition n > 0.
It remains to prove that:
n(4R?*+4Rr+3r?) < 16 R*+(12n—28) Rr+(3n—8)r? < (4—n)R*+(2n—T)Rr—2r* > 0.
< (R—-2r)|(4—n)R+ r] > 0 obviously from Euler’s inequality R > 2r

4p*(R — 2r) > & np? <16R? + (12n — 28)Rr + (3n — 8)r?

and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

Note
For n = 2 we obtain inequality 1).
Remark 2.

The best inequality having the form of 8) it’s obtained for n = 4:

4) In AABC
5 _ 4p*(p* — 3r* — 12Rr) _ np?*(p? — 3r2 — 12Rr)

Z T‘a(’l“b - TC) > >
4R + r 4R + r

Proof.

4p?(p* — 3r? — 12Rr) < np?(p? — 3r% — 12Rr)
AR+ r - AR+ ’

true from 102 —3r2 —12Rr > 0 and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

We use inequality 8) for n = 4 and

O
Remark 3.
Inequality 8) can also be developed:
5) In AABC
2(p>+ (2X —27)r2 — AR
Zra(rb—rc)z > np”(p” + ( ) r), where n < 4 and A\ > 11.

4R + r
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Proof.
If n < 0 the inequality is immediate because p* + (2\ — 27)r* — ARr > 0
true from Gerretsen’s inequality: p*> > 16Rr — 512, Euler’s inequality R > 2r
and the condition X > 11.
Next we consider n > 0.
Using Lemma 1 we write the inequality:
np?(p* + (2X — 27)r? — ARr)
4R +r <
= 4(R—2r) (4R + 1) > n(p® + (2X — 27)r% — ARr)
which follows from Gerretsen’s inequality: p* < 4R*4+4Rr+3r% and the condition n > 0.

4p*(R —2r) >

It remains to prove that:
4(R —2r)(4R +71) > n(4R* + 4Rr + 3r* + (2\ — 27)r* — \Rr) &
& (16 — 4n)R* + (An — 4n — 28)Rr + (24 — 2\n — 8)r* > 0 &
< (R—2r) [(16—4n)R+(4+/\n—12n)r} > 0 obviously from Euler’s inequality R > 2r
and the conditions n < 4, \ > 11.
Equality holds if and only if the triangle is equilateral.

Note
Forn =2 and A = 12 we obtain inequality 1), and for A = 16 we obtain inequality 5).
Remark 4.
The best inequality having the form of 5) we obtain for n =4 and A = 11:
6) In AABC

> ralre—re)® >
where n < 4 and A > 11.
Proof.

4p?(p? — 572 — 11Rr) S np?(p? + (2 — 27)r% — ARr)
4R +r - 4R+ r

We use inequality 5) for n =4 and A = 11 and
4p?(p? — 5r? — 11Rr) - np?(p? + (2X — 27)r? — ARr)
4R+ r - 4R+ r
and p* — 57 — 11Rr > p* + (2A = 27)r? = ARr & (A — 11)(R — 2r) > 0,
and the condition A > 11.
Equality holds if and only if the triangle is equilateral.

is true from the condition n < 4

Remark 5.
In the same way we can propose:

7) In AABC
Za(b —¢)? > nS(R — 2r), where n < 4.
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Proof.
We prove the following lemma:
Lemma 2
8) In AABC
z a(b— c)? = 2p(p® + r? — 14Rr).
Proof.

We have
Z a(b—c)* = Z a(b*+c*—2bc) = Z a(b*+c?*)—6abc = Z a(a®+b*+c*—a*)—6abe =
= ZaZaZfZaB—Gabc = 2p-2(p? —1r? —4Rr) —2p(p® — 32 —6Rr) —6-4Rrp =

= 2p(p® +r* — 14Rr).
(]

Let’s solve the proposed inequality.
Using Lemma 2 we write the inequality:
2p(p>+1r2—14Rr) > nrp(R—2r), which follows from Gerretsen’s inequality: p* > 16 Rr—5r>
It remains to prove that:
4r(R—2r) > nr(R—2r) & (4—n)(R—2r) > 0, obviously from Euler’s inequality R > 2r
and the condition n < 4.

Equality holds if and only if the triangle is equilateral.

Remark 6.
The best inequality having the form of 7) it’s obtained forn =4 :

9) In AABC
Za(b —¢)? > 4S(R — 2r) > nS(R — 2r), where n < 4.

Proof.
See inequality 7) for n =4, and 4S(R—2r) > nS(R—2r) < (4—n)(R—2r) >0,
obviously from n < 4 and R > 2r.

Equality holds if and only if the triangle is equilateral.

10) In AABC
nS2(R — 27r)
R2
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, where n < 2.

> ha(hy — he)? >
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Proof.
We prove the followin lemma:

Lemma 3.
11) In AABC
rp?(p? + r? — 14Rr)
R2

> ha(hs — he)® =

Proof.
We have:

Z ha(hy — he)? = Z ha(h2 + h? — 2hyh.) = Z ha(h? + h?) — 6hohyh, =
= ha(hZ + hi + h? — h?) — 6abe =

, 2(p2 412 — 14
=3 ha Y125 W3 —6hahyh. = 2 (p” + ;2 Br) the tast equality follows from:

S by = 7%;4%2@ ~(ha) 23 ke, 3 o = 2292
3
th _ (Zha> —3H(hb —f—hc)’H(hb +hc) _ TpQ(pQ —|—R7422 —|—4RT)

Let’s solve the proposed inequality.
Using Lemma 3 we write the inequality:
rp?(p* +r? — 14Rr) S nr?p?(R — 2r)
R? - R?
which follows from Gerretsen’s inequality: p?> > 16Rr—5r2. It remains to prove that:
16Rr—5r2+r2—14Rr > nr(R—2r) < 2r(R—2r) > nr(R—2r) < (2—n)(R—2r) > 0,
obviously from Fuler’s inequality R > 2r and the condition n < 2.

& p? 412 — 14Rr > nr(R — 2r)

Equality holds if and only if the triangle is equilateral.

Remark 7.
The best inequality having the form of 10) it’s obtained for n =2 :
12. In AABC
25%(R — 2 S?(R -2
S ha(hy — hey? > 25 B =2r) o nS(R = 2r)
R? R?

, where n < 4.

Proof.
25%(R—2r) _ nS*(R—2r)
>
R2 - R2
obviously from n < 2 and R > 2r.

See inequality 10) for n =2, and < (2—n)(R-2r) > 0,

Equality holds if and only if the triangle is equilateral.
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