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151. An Inequality with Two Cyclic Sums
If a,b,c > 0, and abc =1 then

3 1
(a+Va+Va2)>29) —————.
:glc §d1+\/bz+€/5

Proposed by Daniel Sitaru

Solution (by Nguyen Tien Lam).
Let ¢/a =z, Vb =1y, ¢/c = z. Then still zyz = 1,z,y,z > 0.
By the Cauchy - Schwarz inequality,

(T4 +2) (@2 +142) > (x+y+2)2>32=09,

implying ﬁ <a? + 1+ 2z Similarly, 75— <¢* + 1+ and

< 22 4+ 1+ y. Adding the three gives,

1

cycl cycl cycl

<> D> ) a?
cycl cycl cycl
= Z a—+ Z Va+ Z a’
cycl cycl cycl
= Z(a + Vb2 + )
cycl
and this is the required inequality. O
Acknowledgment (by Alexander Bogomolny)
This problem from the Romanian Mathematical Magazine has been kindly
posted at CutTheKnotMath facebook page by Daniel Sitaru. The above solu-
tion is by Nguyen Tien Lam.

9
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152. An Inequality with Constraint in Four Variables IV
If a,b,c,d >0 and a+b+ c+ d =3 then
27 + 3(abc 4 bed + cda + dab) > z a® 4+ 54V abed

cycl
Proposed by Danziel Sitaru

Solution 1 (by Kevin Soto Palacios).
(x+y)® =2°+y* +32y(z +y). With x = a+b and y = ¢+ d we have

3
(Za) = (a+b)3—|—(c+d)3+3(a+b)(c+d)2a(:)

cycl cycl

27 =Y a® + 3ab(a+b) + 3cd(c+ d) + 9(a + b)(c+ d) &

cycl

27 =" a® + 3ab(a+b) + 3cd(c + d) + 9(ac + ad + be + bd) <

cycl

2743 abc=Y a®+3ab) a+3cd» a+9(ac+ad+be+bd) <

cycl cycl cycl cycl



27+32abc=2a3+92ab

cycl cycl all
Suffice it to show that 9 chcl ab > 54V abed. But this is true by the AM-GM
inequality. O

Solution 2 (by Leonard Giugiuc).
Denote s3 = chcl abc and s3 = chcl a® and homogenise using the constraint:

<Z a) +3s3 > S3+ 18 (Z a) vV abed

cycl cycl

Now, recollect one of Newton’s identities:

= () (2 S ()

This leads to an equivalent inequality:

(5) (5 ()-5) ()= ol

This is equivalent to

(g

cycl all cycl
and, finally, to

Z ab > 6Vabed

all
which is true by the AM — GM inequality.
Note the equality is reached fora =b=c=d = % or (3,0,0,0) and
permutations. O

Acknowledgment (by Alexander Bogomolny)

This problem from the Romanian Mathematical Magazine has been kindly
posted by Daniel Sitaru at the CutTheKnotMath facebook page. Solution 1 is
by Kevin Soto Palacios; Solution 2 is by Leo Giugiuc.

153. Dan Sitaru’s Inequality by Induction

Prove that if a,b,c,d > 0 then

3 3 2 1 1 1 1
F——t—— <6+

a+1 b+1 c¢c+1 d+1— a+b+1+a+b+c+1+a+b+c+d+1
Proposed by Daniel Sitaru

Solution (by Daniel Sitaru).
Let P(n) be the statement:
Ifxp, > 1,k=1,...,n, then
T+ T+ ...+, <n—14+xz122...2,

We prove P(n) by induction.
For n =1,z1 > 1 — 1+ 1, which is obviously true.
For n = 2,21 +x2 <2 — 14 2129 is equivalent to (z1 —1)(z2 — 1) >0,



which is true because x1, 1o > 1.
Now assume that for n = k > 2, P(k) is true and let there be numbers
X1y..., Tk, Thr1 > 1. We wish to prove that P(k + 1) is true, i.e.,

r1+ x4 ...+ xp+The1 S k+ 2120 TpTE4
holds. By the inductive assumption.
T1+xo+... .+ <k—-14+xz129...2%

and, therefore,

1+ a2+ ...+ T+ T >k —14+T120. .. Tk + Thop1-
Suffice it to prove that

k—14zxe... 25+ 241 S k+ 2122 ... TpTh41-
ie.,
1T ... T+ Tp+1 <1+ 2122 .. T Tl
But this is equivalent to 0 < x125 ... 2k (241 — 1) — (Tp41 — 1), Lee.,
(x122 ... 2k — 1) (241 — 1) >0,
which is obviously true. This completes the induction.
Now, in particular, for n = 2, 3,4, we have
T+ 22 < 1+ 2120
1+ 22 + w3 < 2+ 217273
T1+ T2+ 23+ 74 <3+ 11727374

By adding:

3r1+3x2 + 223+ x4 <6+ X122 + T1T2T3 + T1T2X3T4
Setting x1 = t*; x5 = t0: xg = t¢ x4 = t¢ leads to

3t 4 3tb +2t¢ td <6+ ta-i-b + ta+b+c + ta+b+c+d.

The inequality is preserved after integration:

1 1 1 1
3/ tadt—i-?)/ tbdt+2/ tht+/ tidt
0 0 0 0

1 1 1
<6+ / ta+bdt + / ta+b+cdt + / ta+b+c+ddt
0 0 0

which is the required inequality
3 3 2 1 1 1 1

<6
a+1+b+1+c+1+d+1 - Jra—i—b—i—l+a—|—b—&-c—i—1+0H—b—i—c—|—d—|—1

|

Acknowledgment (by Alexander Bogomolny)
This problem from the Romanian Mathematical Magazine has been kindly
posted at the CutTheKnotMath facebook page by Daniel Sitaru. He later
mailed his solution in a LaTex file.
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154. Dan Sitaru’s Integral Inequality with Powers of a Function
Assume f:[0,1] — [0,00) is Riemann integrable and bounded. (Then the same
holds for its integer powers.) Assume also that

/: fH(@)de = V2

Prove that

( / f5(rc>dm> ( / f7<w>dw> ( / f9<m)das>z 2

Proposed by Daniel Sitaru

Solution 1(by Daniel Sitaru).
Using repeatedly the Cauchy — Schwarz inequality,

(reoeUre)(f re )(/Jf “)

so that

(
(L) (o)

Equality is attained for f(z) = /2. O
Solution 2(by Chris Kyriazis).
By Hoélder’s inequality,

(/Olfn(x)dx>i</oldx>n%g(/Oldx>n%32/01f3(x)dx\7@’

implying, in particular, .
/ flayde > V2P,
0

1
/ fT(z)dx > V27,
0
1
/ 2(z)dx > V29,
0



Multiplying the three we have

1 5 1 . 1 o " -
( / f (x)dz) ( / f(x)dx> ( / f(a:)dar>z VT — o,

Solution 3(by Amit Itagi).
Consider the convex function g(z) = z* with k > 1. Applying Jensen’s
inequality (noting that powers of f are non-negative and Riemann — integrable),

g( / 1 f3(x)dw> < / 1 9(f(@))dx
< ) f3k
7
37

5 9

Multiplying the inequalities for k = 3, 3, 5 ogether

2= (/01 f3(:c)dx> < (/01 f5(:c)dx> (/01 f7(x)dx> (/01 fg(x)dx>

O
Solution 4 (by N. N. Taleb).
By Holder inequality,
1 »
(/ f?’p(m)dac) (/ 1qdm> / 3z
0
Hence, fo 3P(z)dz > (V/2)P.
Allora, taking p = {é % %} and merging, we get the result.
O

Acknowledgment (by Alexander Bogomolny)
This problem from the Romanian Mathematical Magazine has been kindly
posted at the CutTheKnotMath facebook page by Daniel Sitaru. He later
mailed his solution (Solution 1) in LaTex file, along with a solution (Solution 2) by
Chris Kyriazis (Greece). Solution 3 is by Amit Itagi; Solution 4 is by N. N. Taleb.

155. An Inequality in Three (Or Is It Two) Variables
If x,y > 0;z € R then:
(z +y)?

(z sin® z 4 y cos? z)(x cos? z + y sin? z)
Proposed by Danzel Sitaru

+—+ > 6.

Solution 1 (by Daniel Sitaru).
2

Denote sin® z = a; cos? z = b. Then
x y z
+ + =
ay+bz az+bxr axr+by
2 2 2

x Yy z
- +
axy +brz  ayz+bry azxz+byz
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(z+y+2)°
(zy +yz + zz)(a + D)
3(zy +zz +yz) 3

T (ezyt+yz+zz)(a+d) a+b

Y

so that
(1)
For z =z in :

T y z 3
+ + >
ay+bz az+bxr az+by " a+b

z(ay + by) + x(ay + bx) y 3
(ay + bx)(ax + by) z(a+bd) “a+bd
z(ax + ay + bz + by) Yy S 3
(ay + bx)(ax + by) z(a+b) ~a+bd
2 z(a+b)(x +y) 1 Y 3
(ax +by)(bx +ay) a+b x ~ a+b
Similarly, with z =y in :
3) yla+b)(z+y) 1oz 3
(ax +by)(bx +ay) a+b y ~ a+b
By adding and :
b 2 1
(4) (a+b)(z+y) (f g) > 6
(ax +by)(bx +ay) a+b\y =z a+b
Now, replace back a = sin? z;b = cos? z in ({):
(sin? 2 + cos? 2)(z + )2 LY
(xsin?z + ycos? 2)(xcos? z + ysin®z)  y  x

Equality holds for x = y.
Solution 2(by Alexander Bogomolny).
Let’s prove a little more general result:

Ifv,y,z,b>0anda+b=1:
(z +y)? z

¥
(za+yb)(ab+ya) y =
By the AM-GM inequality ab < i and a? +b% <

> 6.

1(a+b)? = 1. Using that

(za + yb)(xb + ya) = 2%ab + zyb* + xya® + y*ab

1 1 1
(@®+y*) + cay = ~(z+y)°

< Z
— 4 2 4

Thus

<

(z+y)* N

in2 (2 B in2
(rsin®z 4 ycos?z)(zxcos? z+ysin“z) Yy =T
S (ety)? ey
- (129)2 Yy €T

=44+2=6.
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Solution 3(by Ravi Prakash, Kevin Soto Palacios).
Let a = xsin? z + ycos? z,b = ysin® z + xcos? z. Then = +y = a + b and the
inequality to prove becomes

b2
@rbf o, ¥,
ab Yy
This is the same as
b
R A e E S E
b a Yy x

|
Acknowledgment (by Alexander Bogomolny)
This problem from the Romanian Mathematical Magazine has been kindly
posted at the CutTheKnotMath facebook page by Daniel Sitaru. He later
mailed his solution (Solution 1) in a LaTeX file. Solution 3 is by Ravi Prakash and
independently by Kevin Soto Palacios.

156. An Inequality in Four Weighted Variables
Let a,b,c,d > 0. Then:

(a4 )b+ d)¥(c+d)t? < c®d?(a+ b+ c+ d)°te
Proposed by Daniel Sitaru
Solution 1( by Kevin Soto Palacios).

The inequality is equivalent to

a+b+c+d\etd ra+c\c/b+d\d
() =00 ()

&
or,

(M)”d 2(9 n 1>C(§ + 1)d
Now, by the weighted A?\I—éM inequalitcy, !

Bz b (COICESE

ie.,
(a+b+c+d)0+d Z(g +1)C(9 +1>d
c+d c d
QED. O
Solution 2(by Amit Itagi).
Let p =a+ c and ¢ + b + d. Noting that the log function is concave, Jensen’s
inequality implies

—ras(2) + g ron(l) <1os(E )

The arguments lie in the domain of the log function as p > ¢ and g > d.
Applying the monotonically increasing exponential function to both sides,

d

(27 (@7 =)
() (@) <)

c+d

IN
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:>pch(c—|—d)c+d < Ccdd(p+q)c+d
= (a+ )b+ d)¥(c+d)T < cfd¥a+ b+ c+d)H?

|
Solution 3( by Daniel Sitaru).

Define f : (0,00) — R, with f(x) = log(x + 1). We have, f'(z) = -
1) = ik

ez < 0; so that f is concave. By Jensen’s inequality,

clog(1+%)+dlog(1+g):(c—l—d)( ¢ log(1+%)+cidlog(1+g>)

z+17

c+d
S(c—l—d)log(l—&—cj_d-%ﬁ-cid-g)
:(c—i—d)log(l-i-ciid-i-cjd)
=ros(1+ )
Further

log

(149 (14 )| gLt dy

() ooy (et
d c+d c N
(ﬁ) (1+2) - (1+2) =1
(@+e)-(btd)d (c+d) < diatbtetdere.

0
Acknowledgment (by Alexander Bogomolny)

This problem by Daniel Sitaru from the Romanian Mathematical Magazine
has been kindly posted at the CutTheKnotMath facebook page by Kevin Soto

Palacios (Peru), along with his solution. Solution 2 is by Amit Tagi; Solution 3 is
by Daniel Sitaru.

157. An Inequality with Cyclic Sums on Both Sides
Let a,b,c > 0. Then:

a28

a® s
Yz 22 s

cycl cycl

Proposed by Daniel Sitaru
Solution 1( by Ravi Prakash).

Observe that, by the AM-GM inequality,

o? b9 9 36 b9 A \E 028\ L
4 b6¢2 + cba? + abh? Z(b2"*cS D bg2 a6b2) o 6(1)1765) ’
a? bo & p28 |\ 1
b6c2 + 406a2 + abh? — 6(cl7a5> ’
ad bo 9 28\ 1
bc2 + cbq? + 4(1662 = 6(a17b5) '

Adding up and dividing by 6 yields the required inequality.
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Solution 2 (by Kevin Soto Palacios).
The required inequality is equivalent to

> a2

cycl cycl

By the AM-GM inequality,

a® o

b6e2 cﬁa2

By the Cauchy - Schwarz inequality,

2
ad bo 9
(B) 3(@ t 62 c8a? a6b2 - <\/b602 \/06a2 \/a6b2) '

Multiplying and we obtain
2
a® b? c® 8 — d
(b602 ba2 a6b2> 2 Vabe (\/b6 2 \/cﬁa2 \/a6b2>
which is the same as
> i 2 Vabe Yo\ 755

(4) > 3¥abe

cycl cycl
a
Solution 3(by Amit Itagi).
Let a = 2%,b = 4%, ¢ = 2. The inequality can be written as
54 28
x x
> 2 2 i
36,12 = 17,5

cycl y—e cycl vy
This is equivalent to

90,24 64,19

Tz T Y~ 36,3636
> 36,5636 = D e
cycl cycl

Or,

Zx90224 > Z 20419,

cycl cycl
which follows from Muirhead’s inequality. |

Solution 4 (by Nassim Nicolas Taleb).
Rewriting
4315 15 | .4 4 pd .15 218 1L o 4215
a*b a c* 4+ b%c a*b2 +azc”+b°c2
LHS = i 6+ * , RHS= +17 i7 1—7’—
abb0cb asbece

By the power-mean inequality,

5 5 5 2
aAb15 4 1564 4 phels N <a2b17 +taP b%%)
abb8¢6 - 3a8b8¢6
Thus, suffice it to prove that

a?b® 4+ a7 2+ b2 ’ 2p18 | 15 9 | 49 15
a*b? +az2c” +b°cz
3abb0¢6 - a?b?c%
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or that
(a%% +a% 2 + bQC%) ( 2p% +a% 2 4% —3a5 b c %)
3ab06¢6

The latter inequality is equivalent to

> 0.
a?b? +a%c? + b2 >3a%b% o
which is true, since by the AM-GM inequality,
a?b% 4+ a7 2+ b2 5 3
3 >

ol3

19
2

oz

19, 19 19
azbzc bsc

=a

a
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted a problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page. Solution 1 is by
Ravi Prakash (India); Solution 2 is by Kevin Soto Palacios (Peru); Solution 3 is by
Amit Ttagi (USA); Solution 4 is by N. N. Taleb.

158. Inequalities with Double And Triple Integrals
Prove that:

(A) /Og/ogcos(w—i_y

(B) /0’2’ /0; /01 cos(zz + y(1 — z))dxdydz > T

2
Proposed by Danziel Sitaru

)dmdy > g

Solution 1 (by Quang Minh Tran).
For all z € [0,1] and z,y € {0, g}, Jensen’s inequality gives

cos(zz + (1 — 2)y) > zcosz + (1 — z) cosy

/2 /2 cos(zz + (1 — 2)y)dzdy
>z/ / cosdzdy + (1 — 2) / / cos ydxdy

=24 (1=
22+( z)2

We have

Taking z = % solves .
Further, [} fog fog cos(zy + y(1 — z))dexy > [ T = T which solves (B).

Solution 2(by Michel Rebeiz).

/0’5 /0 Cos(x:r y)
_ 2/05 lm(g ;y>—sin(g)]dy
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us + %
= 2| —2cossin 27y +2cos(g)
2 2 0

:4[—Sinz+sinz+cosz—c050] =4 £—i—£—1 —4(\/§—l)>z.
2 4 4 2
This solves . |

Solution 3(same solution by Rozeta Atanasova, Soumitra Mandal, Nassim Nicolas Taleb).

/ / cos
3 3 3 3
:/ cos fdx/ cos fdy 7/ sin Ed:z:/ gdy
0 2 Jo 2 0 2 Jo 2

s T (cos ™~ cos0) = 4(vZ-1) > T
—4<sm 5 <cos4 COSO) )—4(\/5 1)>2

This solves g
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted a problem of his from the Romanian Mathe-

matical Magazine at the CutTheKnotMath facebook page. Solution 1 is

by Quang Minh Tran; Solution 2 is by Michel Rebeiz; Solution 3 is by Rozeta

Atanasova; Diego Alvariz and N. N. Taleb have independently come with Solution

1.

ddy

3

159. Minimum of a Cyclic Sum with Logarithms
Define, for a,b,c > 1,
Qa, b, c) = Z logi b +lloga b-log,c+ logi c
el og, b+ log, c
Find min(a,b,c).
Proposed by Danziel Sitaru
Solution 1 (same solution by Subhajit Chattopadhyay and Geanina Tudose).

Let log,b = z,log,c = y,log.a = 2. Clearly z,y,z = 1. In terms of z,y, z
the function becomes, say,

2 2
Q(a, b, c) = Q/(;[;’y,z) = Z w

cycl Tty

x+y —xy
72 T+y

cycl

x z zx
:2(m+y+z)—( Y + Y + )
+ Yy yt+z z4+zx
Now, by the AM-HM inequality, — :c+y > %, such that

xy Yz 2z
Q(z,y,2) =2z + +zf( + + )
(,y,2) =2z +y + 2) ty gtz 7tz

3
Swty+2)

2
22zty+z) - ztytz) =g
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9 9
ZVmE=y
Since equality is attained for =y = z = 1, min (2, y, 2) = 2, implying
min Q(a,b,c) = 2, attained for a = b =c. O

Solution 2 (by Kevin Soto Palacios).
With the same notation as in Solution 1, and using the AM-GM inequality,

2 2 2
Zz +ay+y ZZ:Z‘}(z+y)
T+y 4(x+y)

cycl cycl

:Z%(x+y):;(:c+y+z)

cycl

>

| ©

9
yamE =,
Equality occurs for x =y =2z = 1. ]
Solution 3 (by Nassim Nicolas Taleb).
log? ay 10gc+log2 c
We expand Q(Cl, b, C) — E log2b ' loga " 10g2 b

cycl logb | loge
Y loga+logb

Now let z = loga,y = logb, z = log c. The function transforms to

Lo+l
O(r,y,2) =Y Fg Tyt

¥ Yy
cycl z + z
zt +y?2? 4 vz
32 + zYy22

By the AM-GM inequality,

4 2.2 y 4 2 2,2
Zm +y“z +mz2331—[x + %Yz +y°z

3 2 4 2
T2z TYyz X TeYz
cycl Ty cycl + Yy

Now, using z* + 22yz + y222 > %(x2 +y2)?,

44 .2 2,2 2 2
33Hx + 22yz + 2z > 35 §(w +yz)

x4 + 12yz - 4 4+ 2%y2
cycl cycl

_9
=1 PR
Now, with the AM-GM inequality,

9 (¥®+22)8 (2% + 2)8 (22 + ay)’ S92 Y2a2)8 (2¢/3%2y)% (2¢/22ay)
4 x%y%z% — 4 xsy%z%

9 2 x%y%z% 9

4 piysli 2

([l
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted a problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page. Solution 1 is by
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Subhajit Chattopadhyay and, independently, by Geanina Tudose; Solution 2 is by
Kevin Soto Palacios; Solution 3 is by N.N. Taleb.

160. A System of Two Equations Replete with Squares
Solve for real numbers:
z® | y?
5t =1 ,
2 2
z? 4 y? z(% + yj)
Proposed by Danziel Sitaru

Solution (by Seyran Ibrahimov).
Let, for simplicity, a = 22, b = y2. The system can be written as

{16a + 25b = 400

_ (4a+5b)>
a+b= "5

The second equation transforms into 400(a + b) = (4a + 5b)%. Replacing 400
from the first equation gives

(16a + 25b)(a + b) = (4a + 5b)?,

ie.,

16a” + 25ab + 16ab + 256 = 16a® + 40ab + 25b°,
which simplifies to ab = 0, same as zy = 0. Note that z,y can’t vanish
simultaneously. Thus two cases: either £ = 0 or y = 0. The first case gives
solutions (0, £4), the second (+5,0). O
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the above problem of his from the Romanian
Mathematical Magazine at the Cut TheKnotMath facebook page, along with
the above solution by Seyran Ibrahimov.

161. Dan Sitaru’s Cyclic Inequality In Three Variables with
Constraints II

Assume x,y,z > 0 and x> + y? + 22 = 12. Prove that

Z+14+ 2
P e ]
= + = -
cycl x Yy
Proposed by Daniel Sitaru
Solution 1 (by Daniel Sitaru).
We first prove that

For z,y > 0,
22 + xy + 12 < 3 [x2 42
x4y -2 2
For a proof, we have a sequence of equivalent inequalities:
(> +ay+9*)? _9, 5, o
——— < (" +
(x+y)? g™ )
8(a? +ay +y?) < 9(a® +y*)(x +y)°
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at 4yt — 6222 + 223y + 2293 > 0
(22 — y*)? 4 223y — 22%y% + 229 — 2222 > 0
(2* —y?)* + 20%y(z —y) — 209*(x —y) 2 0
(@ = y*)® + 2ya(z —y)> > 0
which is true since z,y > 0. Using that and the Cauchy - Schwarz inequality,

e
cycl ;+§ cycl Tty
3 w2 +y? 3 r? +y?
<= < - [(12+12+412
-2 ‘ 2 -2 (1P +1%+ )z:l 2
cyc cyc

O
Solution 2 (by Leonard Giugiuc).
Started with (x — y)?(2? + 42y + y?) we arrive through a chain of equivalent

roy+y® 3 [224y?
z+y — 2 2 ’

cycl

inequalities to proceeding from which we apply Jensen’s

inequality:

O
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the above problem of his from the Romanian
Mathematical Magazine at the CutTheKnotMath facebook page and later
emailed me his solution (Solution 1) of the problem in a LaTex file. Solution 2 is
by Leo Giugiuc.

162. An Inequality for Sides and Area
Prove that in any AABC
(a®? — ab+b%)%2 _ 28
> >
a? + 4ab + b2 V3
Proposed by Danziel Sitaru

cycl

Solution (by Daniel Sitaru).
We shall prove that for positive z, y,

(2 oy +9?)? 1

x?+day+y? T 12
To this end, introduce s = x +y and p = xy. Obviously, 5 > ,/p, implying
£ >4
We have a sequence of equivalent inequalities:

2 2)2

¢ —ay+ 1

(2 Yy yl > L2y

x> +4zy+y 12

(z* +9%).
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12(s? — 3p)? > s* — 4p?
12s* — 725%p + 108p? > s* — 4p?
11s* — 725%p + 112p2 > 0.

Define t = % and note that ¢ > 4. The last inequality reduces to

11¢2 — 72t + 112 > 0 which is the same as (t — 4)(11¢ — 28) > 0, which is true
since t > 4. Returning to the original inequality,
(a> —ab+b?)? _ 1 5 9
—_ > b
Z a?+4ab+b> T 12 Za +

cycl cycl

1,59 5 5 1 28
=—(a"+b"+ > —4 = —
6(a ) 5 V38 73

by Weitzenbock’s inequality. Equality is attained only for equilateral trian-
gles. O
Acknowledgment (by Alexander Bogomolny)

The problem (from the Romanian Mathematical Magazine) has been kindly
posted by Daniel Sitaru at the CutTheKnotMath facebook page, Daniel later
emailed me his solution in a LaTex file.

163. Dan Sitaru’s Amazing, Never Ending Inequality

Assume a,b,c > 0. Prove that

a2 a4 a\ 8 a b b
Y 2G) X6 220)20)Z0)
cycl cycl cycl cycl cycl cycl
Proposed by Daniel Sitaru
Solution (by Daniel Sitaru).

Below, we shall be using repeatedly the inequality

x2+y2+2221y+yz+zz

For example, with x = ¢,y = %,z = <, we get

() =260 -2(0)

Similarly, .
S =G =Xl =G0 -20).
cycl cycl cycl cycl cycl
Y6 =260 X0 =20
Y0 =29 =)
cycl cycl cycl

We now only need to multiply the three inequalities. O
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Extra (by Alexander Bogomolny)
The problem admits multiple variations. For example, from

2 =G

cycl
a\? a c
%(c) Z;(c'b)

=2(5):

cycl

k
we get that, for k > 2 chcl( ) > D ey (%) and thus

1@ o]

By the same token, the original inequality could have been written as

X6 X6) X6 =20 26) 20)

or as

S0 S0 S0 =[x o)]

cycl cycl cycl cycl

(PGSO

k=1 Leycl cycl

and in general

Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted the above problem of his from the Romanian
Mathematical Magazine at the CutTheKnotMath facebook page and later
emailed me his solution of this amazing prolem in a LaTex file.

164. A Cyclic Inequality in Triangle for Integer Powers
a,b,c are the side lengths of AABC;n > 0, an integer. Prove that
n+1
DD =) DL
cycl + c—a cycl
Proposed by Daniel Sitaru

Solution(by Daniel Sitaru).
n+1

gc:lb—i—c—a_;: Z(b—i—c—a n)
o a"t —a"b—a"c+a"t! "(a—b)+a"(a—c)
_% b+c—a _gcl b+c—a

_Zb+ac__ba+2a ob+c—a

cycl
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a"(a —b)
=y ———~ b" (b — —b
I N

cycl

B a(c+a—0)—b"(b+c—a)
—Z(a—b)( (b+c—a)(c+a—0b) )

B Z(a_b)(a"c+a"+1 —a™b— bt —b"c—i—ab")
N (b+c—a)(c+a—0)

a(a™ +b") —b(a™ + b™) + c(a™ + b"))
(b+c—a)(ct+a—1b)

B (a—Db)(a™ +b") + c(a™ — b™)
_Z(a—b)< (b+c—a)(c+a—>b) )

‘We now consider two cases:
n>0

(a—b)(a™ +b") + c(a™ — b™)
Z(a—b)( (b+c—a)(cta—b) )

cycl

) (CL”—I—bn)—‘an;l an—l—kbk
:Z(a—b) ( (b—i—c—a)(kc—i(ia—b) )ZO'

cycl

(a—Db)(a™ +b™) + c(a™ — b™)
Z(a—b)( (b+c—a)(ct+a—1b) >

cycl

- Z(a— b)<(b+c(il ;)?2;1—2(1— b))

cycl

:Z(a_b)Q((bJrcfa)Q(CwLa—b)) =0

cycl

|
Acknowledgment (by Alexander Bogomolny)
The problem (from the Romanian Mathematical Magazine) has been kindly
posted by Daniel Sitaru at the CutTheKnotMath facebook page, Daniel later
emailed me his solution in a LaTeX file.

165. An Inequality with Cyclic Sums on Both Sides II

Let a,b,c > 0. Then:
z v ab2c3 > z N a%p10c11,
cycl cycl

Proposed by Daniel Sitaru
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Solution 1(same solution by Kevin Soto Palacios and Ravi Prakash).
Introduce new variables, with %0 = ab?c?, y°° = bc2a?, 2°° = ca?b?, and
z,y,2 > 0. We have (zyz)%° = (abc)®, i.e., (zyz)'® = abc and

(ry2)'2° = (abc)®. The required inequality is equivalent to

$15 +y15 + 215 > (1,3 +yi’) + zs)(xyz)4
By the AM-GM inequality,
7x0 4yt 4+ 421 > 15 J/(219)7(y15)4(215)4 = 152 y* 24

Ty'® + 421 + 42 > 15 ¥/ (y15)7(212)4(215)4 = 15y 7 24t
721 4 42" 4 4y™ > 15 J/(215)7(215)4 (y15)4 = 1527 aty?
Adding up gives

15(2'° + 91 4 21%) > 1523 + v + 2°) (azy2)* &

1,15 +y15 +2’15 Z (JCB +yS +ZS)(IEyZ)4.
0

Solution 2(by Mohamed Jamal).
Since the inequality is homogeneous, we may assume abc = 1. Then the inequal-

ity becomes
R
b

cycl

By the AM-GM inequality,

2€/E+§/3+€/E+125.30a
b c a b
Gb 6/ C 6 30/ €
24/ -4+ ¢/ —+ +1>5- —
c a b a
c a /b c
20—+ -+ -+1>5- %/ —
a b c a

4Z§/§+325Z3§/§

cycl cycl

| 2

Adding up gives

Thus, suffice it to prove that

1 a a
Zl5 30/2 _ 3> 30/ %
HOMEEE Wi
cycl cycl

e, Y a /5 >3, which is obvious. O
Solution 3(by Nguyen Ngoc Tu).

Take (z,y,2) = (¥/a, Vb, ¥/c).z,y,z > 0. We have to prove

(2y2)P (15910 + 45210 4 25210) > g9y10,11 4 910,11 4 9,10, 11
or, equivalently,

x5y10 +y5210 + 251,10 > (IEyZ)(IIZy2 +y22 +Z.’E2)
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Assume zyz = 1. We have to prove that - ,(zy*)° > 3., #y*, which is

> XP =) X, with (XY, Z) = (zy°,y2%, 22%), X,Y, Z > 0 and XY Z = 1.
cycl cycl

We have
(XP+Y + 29X +Y +2) > (X3+Y3+ 7% =
(XP4+Y3 +2%)?
X+Y+Z
(XPH+Y3+Z)(X+Y +2)> (X2 +Y?+22)?
(X +Y +2)*
> =

X°4+Y°+2°>

- 9
3
X3 —|—Y3 +Z3)2
X5 Y5 Z5 > (
L G
X+Y+2)P
S XYL xiviz
81
a
Solution 4(by Sanong Hauerai).
Set = a®b1%¢!%, y = b%c1%a!%, 2 = °a'%b'5. Then
2%/ + 23y + ¥z > 5y WaTyyz =5 Valopdcll
239y +2%z+ Vx> 5Vblodall
2%z + 2%+ Yy > 5 Vel0al
It follows that
Z Vab2ed > Z Va%blocll,
cycl cycl
|
Solution 5 (by Nassim Nicholas Taleb).
We can rewrite the inequality as Z Vabbl0c1s > Z Va'bl0c!l and
cycl cycl
then use convexity arguments.
In general, for ¢ > p; > ps >0 and n > 0,
Z Vaa—rpibaciter > Z Vaa—r2bacatp2 > 3qn b,
cycl cycl
|

Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted a problem of his from the Romanian Mathemat-
ical Magazine at the CutTheKnotMath facebook page. Solution 1 is by Kevin
Soto Palacios (Peru) and, independently, by Ravi Prakash (India); Solution 2 is by
Mohamed Jamal (Morocco); Solution 3 is by Nguyen Ngoc Tu (Vietnam); Solution
4 is by Sanong Hauerai (Thailand), Solution 5 is by N.N. Taleb (USA/Lebanon).
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166. Another Inequality with Logarithms, But Not Really
Prove that if x,y,z € (0,1) or xz,y,z € (1,00) then:

> 2.

Z logi x + logz Yy

2 2
vl logy z +log, x +logl y
Proposed by Daniel Sitaru

Solution (by Daniel Sitaru).
Let a = log, ;b = log, y;c = log, 2. Since log, z = log, y - log, x = ab, the

inequality reduces to
333
3 B LY
a? + ab + b2

with abc = 1.
To continue,
a®+b*  (a+b)(a® —ab+b?)
a2 +ab+b2 a? + ab + b2
5 @ +0b
- 3
because % > %, which is equivalent to 2(a — b)? > 0.

Thus using the AM-GM inequality,

a® + b2 at+b 2
> = — b
Za2+ab+b2_z 3 3(a+ +C)
AMfGMQ
> §~3v3abc:2.

O
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly reposted the above problem of his from the Romanian
Mathematical Magazine at the CutTheKnotMath facebook page and later
emailed me his solution in a LaTex file.

167. An Inequality in Fractions with Absolute Values
Assume a,b,c € R,a # b # c # a. Define
w =min{|a + b|,|b+ ¢|,|c+ a|} and
Q = max{|al, |b|,|c|}. Prove that
1 ala| — blb
w < 3<(§cl|a|—b| |><29.

Proposed by Daniel Sitaru

Solution (same solution by Soumava Chakraborty and Ravi Prakash).

z|z| — ylyl|
T v

Note that the function f(z,y) = satisfy f(z,y) = f(—z,—y) and so too

fl=w,=y) + f(=y, —2) + f(=2,—2) = f(z,9) + [y, 2) + (2, 2).
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If so, suffice it to consider only two cases: 1) a,b,¢ > 0 and 2) a,b > 0 and ¢ < 0.
In the first case, we can simply remove the absolute values throughout to obtain

. 1 a®? —b?
min{(a +b), (b+c¢),(c+a)} < gz a—b

cycl

= %Z(a +b) < 2max{a, b, c}.

cycl
In the second case, let |¢c| = —c. Then

_ ala| = b[b] | bJb[ —cle| | cle| - alal

fla;0) + f(b¢) + f(c, a)

a—>b b—c c—a
B4 le? |ef? +a?
b+ |c| el +a
<(a+b)+ b+ )+ (Je| + a) < 6 max{|al, |b], ||}

On the other hand, for z,y > 0,2% + y? > [2? — y?| = |z — y| - (x + y), with
equality only when of z,y is zero. Thus, it follows that

=(a+b)+

2 2 . . 2 2 .
b,).j'g‘ > [b— ||| = b+ c| and, similarly, 2 > |a — |¢]| = |c + a|. Adding up
gives

alal = bl , B8] = clel |, clel —alal

(a+b)+|b+c|+|c+al

a—b b—c c—a
> 3min{la + bl, b + cl, e + al}
No two of a, b, c may vanish simultaneously. |

Acknowledgment (by Alexander Bogomolny)
This problem from his book “Algebraic Phenomenon” has been kindly posted at
the CutTheKnotMath facebook page by Daniel Sitaru.
Soumava Chakraborty gave a proof of |z + y| < %Zlyl < |x| + |y| by considering
four cases and a similar proof has been submitted by Ravi Prakash.

168. A Cyclic Inequality of Degree Four
Prove that if a,b,c > 0, then:

a4b+b4c+c4a+2(a+b+c) > \/g(ab—i-bc-{-ca)
Proposed by Danziel Sitaru

Solution (by Daniel Sitaru).
Observe that the inequality is equivalent to

Zb(a4—a\/§+2) > 0.

cycl
But
a* —av3+2a®—1)*+2d®> —aV3+1

=(a® = 1)* + (\/ia—\/§> +g>0~
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Extension (by Alexander Bogomolny)
Note that the original inequality is weak, for example,

a? —avVh+2=(a®-1)2+2a> - aV5+1

2
5 3
= 2—]_2 2_7 =
(a )2+ | V2a 3 +8
>0

Show that »-., ,+2> ., a0 > ﬁzcyd ab is also true which organically
leads to the question of finding the maximum k such that

a’b+ble+ cta+2(a+ b+ c) > k(ab + be + ca)

Simply following the derivation above, the maximal k satisfies, k > ko = 2/2.
But we can do better.

Let f(x) = 2% — 2k + 2. Then f'(z) = 423 — k = 0 leads to # = i/%. Tt is easy to
see that this is a local minimum because f” (i/é) >0.

Now, f(§/§)4 :(5/5)4 - k§/§+2 —o_ 3({/%)4. From this, k; — 4(%)%

Now, this is an improvement since % ~ 1.0434.

0
The graph (courtesy wolframalpha) shows that this may not be the last word:

213/
=

plot  y=x%-—x-4 +2
2v2

¥

I /
26|
241
30\\ (x from -0.04 t0 1.2)
181 \
1.6} T
Lak

i x

0.0 0.2 0.4 06 0.8 10
¥

\ 15

/

/ (x from -19to 1.9)

-15 -10 -035 I 0.5 1.0 1.5
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However, the graph generated by GeoGebra tells us a different story:

2004

100

Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted the above problem of his from the Romanian
Mathematical Magazine at the CutTheKnotMath facebook page and Leo
Giugiuc messaged his solution practically right away.

Jeffrey Samuelson gave an answer to the extended question.

169. A Problem with a Magical Solution from Secrets in
Inequality

Let x,y, zbe positive real numbers satisfying
2xyz = 32 + 4y2 + 522,
Find the minimum of the expression
P=3x+2y—+=z

Proposed by Pham Kim Hung
Solution by author.

Let a =3x,b=2y,c=2. Then P=3x+2y+z=a+b+c and
a? + 3b* 4+ 15¢* = abe.
We’ll make a double application of the weighted AM-GM inequality:

D WkTk s, w
a4 | E

First, with w; = %,wg = %,’LUg = é(uq + wg + w3 = 1),

(1) a+b+c>(2a)2(3b)3(6c)5.

Then, with wy = %7’11)2 = % = %,wg = % = %(wl + we + wy = 1),
2

(2)
= (4a)7 (9b?)3 (36¢2) 2.
Multiplying and ,
(a+ b+ c)(a® 4 3b* + 15¢) > 36abe,

which implies a + b + ¢ > 36, the quantity that is attained for x = y = z = 6,
making it the sought minimum. O
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Aknowledgment (by Alexander Bogomolny)
This problem #81 from Phan Kim Hung’s Secrets in Inequalities, (GIL Publishing
House, 2007). I am grateful to Dan Sitaru who mailed me the problem and helped
understand its solution.

170. An Equation in Factorials
Solve in natural numbers the following equation
12.20 422314 ... +n*(n4+ 1) -2
(n+1)! -

108.

Proposed by Daniel Sitaru

Solution 1 (by Daniel Sitaru).
We'll use the induction in n to prove

12.204 2231+ . 4 n’(n+ 1) —2=(n+2)!(n—1).
The claim-holds for n =1:12(1 +1)! =2 = (1 + 1)(1 +2)(1 — 1).
Assume P(k) =:12 2142231+ ...+ k2(k+ 1)! =2 = (k + 2)!(k — 1) is true,
and let’s prove P(k + 1), i.e.,

122042231+ 4+ B2 (k+ D!+ (k+1)*(k+2)! —2 = (k+ 3)!k.

We have

1220422 31+ .+ KXk + D) + (B + 1) (k+2)! — 2

=(k+2)!(k—1)+ (k+1)*(k +2)!
=(k+2)![(k—1)+ (k+1)% = (k4 2)![k* + 3k] = (k + 3)!k.

as required. Thus we rewrite the original equation:

2)(n—1
(+2n-1) o
(n+1)!
or, n? +n — 110 = 0, giving two roots, n = 10 that solves the problem and a
superfluous one n = —11. O

Solution 2 (by Kunihiko Chikaya).
We'll unfold the telescoping sum:

n

zn:kQ(k + )= [(k+2)% — 4(k + D)](k + 1)!
k=1

k=1

= f:[(k +2)(k+2)! — 4(k + 1)(k + 1)
=1

NE

[(k+3—1)(k+2)! —4(k +2— 1)(k + 1)1]

b
Il
—

[(k+3)! — (k +2)! — 4(k +2)! + 4(k + 1)]]

I
NE

=~
Il
—

- zn:[(k +3)1 = 5(k + 2)! + 4(k + 1)1]
= n+3 n+2 n+1

:Zk!—52k!+42k!
k=4 k=3 k=2
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=+ —4n+2)+2=(n+2)(n—-1)+2.
Thus the equation reduces to (n + 2)(n — 1) = 108 from which n = 10. O
Solution 3 (by Amit Itagi).
Let
122042230+ R+ 1) -2
B (k+1)! '
We can rule out n = 1,2 as solution by observation. Thus, we are guaranteed

to have an S5 and an S3 and verify that both are integers. In general, for some
k>3,

Sk

(k+1D)!S, — k!Sp_1 = K*(k +1)!
= (k+1)Sy — S, =k*(k+1)
By observing this equation, we claim that Siis a quadratic polynomial in k. Let

Sy = ak? +bk + c. Pugging this expression back into the recurrence relation and
evaluating the undetermined coefficients,

(k+1)(ak® + bk +¢) — [a(k — )2 +b(k — 1) + ] = k3 + k?
ak® +bk* + (2a + )k + (b —a) = k* + k?
Thus,a =1,b=1,c=—-2and S, =k*+k — 2.
So, the equation becomes S,, = n? +n — 2 = 108. The two roots are n = 10 and
n = —11. Thus, the only permissible solution in natural numbers is n = 10. O
Solution 4(by Nassim Nicolas Taleb).

n 2
Writing in Gamma functions, the LHS is (n) = —202 i1 F T e have

I'(n+1)

n

> KT(k+2) =nT'(n+3) —T(n+3)+2,

k=1
and conclude ( )
I'(n+3
Solving (2 +n)(n — 1) = 108, we get n = 10. O

Ackowledgment(by Alexander Bogomolny)
Daniel Sitaru has kindly posted at CutTheKnotMath facebook page a problem
of his from the Romanian Mathematical Magazine and later sent me a LaTex
file with his solution (Solution 1). Solution 2 is by Kunihiko Chikaya; Solution 3 is
by Amit Itagi; Solution 4 is by N. N. Taleb.

171. An Inequality with Powers And Logarithm

Prove, for a > b > 0, the following inequality
LT o>t Y o
b b2 b ~a a? ab
Proposed by Daniel Sitaru
Solution (by Daniel Sitaru).
Consider function f : [1,00) = R; f(z) =2 — 2 —2Ina.

1 2 z22-22+1 (x—1)2
f/(x):1+97;: 2 = 5

> 0.

T
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It follows that the function is increasing: f(x) > f(1) = 0, for x > 1. In other
words x — % >2Inx.

We'll use this result with z = 7, ‘;—2, 2—3 to obtain
a b a
@ _%59) (f)
b o= "\b
a® b2

» 6’
Adding up and rearranging we get
a+a2+a3>b b b (a)
b v b T a ’
or,

a o a® b b2 b3

R L

Extra (by Alexander Bogomolny)
I originally misread the problem as

Prove, for a,b > 0, the following inequality

a a2 a3 2 b3

b b
Find a simple argument to show that, as stated, it could not be true.
Aknowledgment( by Alexander Bogomolny)

Daniel Sitaru has kindly posted at CutTheKnotMath facebook page a problem
of his from the Romanian Mathematical Magazine and later sent me a LaTeX
file with his solution.

Concerning Extra (by Alexandewr Bogomolny)

If the left-hand side is denoted f(a,b), the right-hand side becomes f(b,a) and the
misread problem suggests that f(a,b) > f(b,a), for a,b > 0. The problem allows
one to swap variables and claim f(b,a) > f(a,b) which, in combination, leads to
f(a,b) = f(b,a) and this is patently not true.

172. A Cyclic Inequality in Three Variables XXV
Prove that, for a,b,c > 0,
z(a —Vab+b)?. Z(a2 — ab + b*)? > 9a?b?c?
cycl cycl
Proposed by Daniel Sitaru

Solution 1 (same solution by Kevin Soto Palacios and Seyran Ibrahimov).

By the AM-GM inequality, a — Vab + b > ab and a® — ab + b2 > ab.
It thus follows that

Z(a— Vab + b)? - z:(a2 —ab+b?)* > Zab-ZaQbQ.

cycl cycl cycl cycl
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Again, with the AM-GM inequality, >
Doyt 6207 > 3V atbiet so that

Zab ’ Za2b2 > 9vVa2b2c? - Vatbict = 9a2b3 2.

cycl cycl

,ab > 3va2b2¢? and

cyc

O
Solution 2 (same solution by Sanong Hauerai and Abdur Rahman).
With Bergstrom’s inequality,

Z(a—\/@—i—bﬁZ

cycl

(22 .y @ — Vab)®
3

L (T ?
- 3
> Mo 5,

cycl
cycl(a2 —ab+b*)? > > eyel a?b?. Further,

Zab . Za252 > 3Za3b20 > 9vabb%cb = 9a2h2c2.

cycl cycl cycl

and, similarly,

O
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem of his from the Romanian Math-
ematical Magazine at the CutTheKnotMath facebook page and later com-
municated the above proof in a LaTex file. Solution 1 is by Kevin Soto Palacios
and, independently, by Seyran Ibrahimov; Solution 2 is by Sanong Hauerai and a
similar solution by has been posted by Abdur Rahman.

173. An Identity in Triangle with a 135 Degrees Angle
Prove that in AABC

*tT S V2o max{A, B,C} = 135°
R+

where s, R,rare the semiperimeter, the circumradius, the inradius of AABC,

respectively.
Proposed by Mehmet Sahin
Solution (by Daniel Sitaru).
WLOG, assume A = 135° so that, by the Law of Sines, R = - = %‘/5;
[AABC] = %sin 135°; and, by the Law of Cosines,
a? + b2 + 2 + V2be.
Now we have a sequence of equivalent identities:

il S V2R +r(V2—1)r
R+r

ss=a+r(V2-1)r

V2be

sSatbte=2a+2r(V2-1)ebtc—a=(V2-1) 5
s
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s (a+b+e)b+c—a)=(2—V2)be
s b+e)?—a®=(2-V2)bce (b+c)> —b> -2 —V2bc=(2—V2)be
& (2-V2)be = (2 —V2)bc = be < 0 = 0.
O
Acknowledgment (by Alexander Bogomolny)

The problem by Mehmet Sahin has been kindly posted by Daniel Sitaru at the
CutTheKnotMath facebook page, along with a solution of his.

174. Dan Sitaru’s Cyclic Inequality In Three Variables with
Constraints ITI

Let ©,y,z >0 and /2y + /yz + Vzx = 2 then:

z3 x3
12+Z< . >28(:c—|—y+z).
cycl Y Y

Proposed by Danziel Sitaru
Solution 1(by Ravi Prakash).
Let = a%,b = y?,¢c = 22, where a,b,c > 0. Then ab + bc + ca = 2. Now
consider,

3 b3
47 4 6ab— 4a® — 4b?
b3 a
1
= Q—b(a2 — 4a®b + 6ab* — 4ab® + b*)
a

1
=—(a—b)*>0.
ab(a )" 20

By deriving two similar inequalities and summing up we get

a® b 9
6> ab+d (T +=) =8> a
cycl cycl cycl
which is, after a face lift, the required inequality. O
Solution 2(by Kevin Soto Palacios).

62m+z<ﬁ+ ﬁ)zzxZ(:Hy).
cycl cycl cycl

Suffice it to prove that ,/“”—; + 4/ x—; + 6,/zy > 4(x + y) which is equivalent to

22 +y? + 6y > 4 /Ty(r +9), ie. (Vo — \/§)4 > 0. Summing up yields the
required inequality. Equality is achieved for

2
T=y=z=g3
O
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted a problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page. Solution 1 is by
Ravi Prakash (India); Solution 2 is by Kevin Soto Palacios (Peru). Hoang Tung,
Aziz, Sanong Hauerai have independently arrived at variants of those.
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175. An Inequality with Angles and Integers
Prove that for integers k and l, and for any o, 3 6(0, g) the following

inequality holds:
2kl
sin(a + B) — (k? +12) cot(a + B)
Proposed by Daniel Sitaru

k%ana—i—l%anﬁ >

Solution 1(by Daniel Sitaru).
By the AM-GM inequality,
k2 cos? B+ 1% cos® a > 2\/k2l2 cos? o cos? 3
= 2|kl| cos acos B > 2kl cos a cos S.
Thus, we have a sequence of equivalent inequalities:
k% cos® B + 12 cos® a — 2kl cosaccos B > 0
k2 cos? n 12 cos? a 7 2kl cos acos
sin(a + ) cosacos 8 sin(a+ fB)cosacos S sin(a+ B)cosacosf
k2 cos 12 cos o 2k
sin(a+ B)cosa  sin(a+ B)cosf  sin(a+ )
k?cos(a+ B —a) [1?cos(a+ 3 —f) 2kl
- - - = >0
sin(a + ) cos sin(fa + B)cosf sin(a+ )
kQ(sina+09s(a+ﬁ))+12(sin,ﬁ+09s(a+ﬁ)_ . 2kl )ZO
cosa  sin(a+ f) cosf  sin(a+ ) sin(a+5)

E*(tan o 4 cot(a + B)) + I%(tan 8 4 cot(a + B)) > %

— (k* +1?) cot(a + B)

>0

2kl

k>t Ptanf > ———
ana + anﬂ_sin(a—i—ﬁ)

Solution 2 (by Amit Itagi).

2kl
k2 tan o + 2 tan 8 > —

2, g2
mf(k + %) cot(a+ B) &

gsina  ,sinf
(k2222 41

cos 8 cos 3

sin a sin 3

B 12—

( Cos o + cos 8

+(k? +1*)(cos acos B — sin asin ) > 2kl <

kQ(sinz acos 3
cos o

(kg cos 3

Cos &

) sin(a + B) + (k2 + 12) cos(a + B) > 2kl &

)(sina cos 8 + cos asin )

sin? 3 cos a
os 3
)(sin2 a + cos® a)+ (ﬁ@) (sin? B + cos? ) > 2kl &

cos 3
5 €08 3 L pplosa
CoS o cos f3

+cosacosﬁ)+lz< —|—cosacosﬁ>22kl<:>

> 2kl.

Note that cos «, cos § and sin(« + 3) are positive over the domain defined in the
problem. Thus, the last inequality follows from AM-GM and the first inequality
can be derived from the last inequality be reversing all the steps. O
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Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly emailed me a LaTeX file with his solution (Solution 1)
to the above problem, originally from the School Science and Mathematics

Association. The problem is by ARKADY ALT, SAN JOSE, CA. Solution 2 is
by Amit Itagi.

176. An Inequality with Cyclic Sums on Both Sides III
Show that, for positive real numbers x,y and z,
w6z3 _'_y6m3 _|_z6y3 333 +y3 +Z3 +3:l:yz

>
x2y?22 - 2

Proposed by Iuliana Trasca
Solution (by Daniel Sitaru).
By the AM-GM inequality,
2023 + 2023 4+ 823 > 33/21526y6 = 325422,
Similarly,
yO1 + 482 + 2543 > 3224522
2543 4 2893 4 2653 > 3224220
By adding up,
3(252% + 9023 + 2%93) > 3229?22 (23 + o3 + 2P,
ie.,
2823 4 4828 4+ 25y% > 229222 (2 4+ 4B + )
Suffice it to prove that

22?22 (23 + 2 + 23) < 23 4+ 3 + 23 + 3xyz

229222 - 2 ’

or, equivalently,
202 + % + 2%) > 2% + oy + 2% + 3uyz,
ie.,
3 + 3 + 22 > 3ayz,

which is true by the AM-GM inequality: z2 + 32 + 23 > 3¢/a3y323 = 3zyz. O
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly emailed me a LaTex file with his solution to the above
problem, originally from the School Science and Mathematics Association.
The problem is by Tuliana Tragca, Scornicesti, Romania.

177. A Limit with Fractions, Roots, Powers and Series
Find the limat

S
Q= lim o - -
"ot gt gt 3"
Proposed by Daniel Sitaru




Solution 1 (by Daniel Sitaru).
Applying the Stolz-Cesaro theorem,

1 1 1
R R

lim o lim v ”;H 5
n—oo ns n—o00 (n + 1)§ —n3
1 1
= lim = lim

n%OO(Tl—Fl)%-n%[(l—F%)%_l} n%m(1+l)%.%

1 3
_5:7
5 2
Similarly,
1 1 1
S R AR i 1
im : =_.
n— 00 ns 4
Thus
_ i/(1+%ﬁ+%ﬁ+---+%ﬁ)2
Q= lim - - -
YAt sttt )
1 1 1 \—2
_ lim (1+%+%++Tﬁ) 5
2
n—>oo(1+%+5%/§+...+ {’}ﬁ) 3
1+L+L_~_ +L -3 5 -3
— lim Ve Vs Vi) n
00 ns I+ g+ g+ + 3
_2 4
_ Q)3 @G)3
= 1= 2
(375 (33
O
Solution 2 (by Amit Itagi).
For some k > 1, consider the series
1
Sp = .
1+ + 2+ + L
2% 3k nk

This series converges to 0 as n — co. We claim this series approaches 0 with the

leading term as niq for some g < 1. Thus, if we express S,, as

J— Wn
n nq b
then the series W,, has a finite non-zero limit (say x) as n — oco. Thus,
1 1 1
Sn Su1 nt

In the limit as n — oo,

35
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~ an_
For this to be a constant, the leading power of n has to be 0. Thus, ¢ =1 — %
and = = q.
Thus up to the leading term,

1 2
1+ + 2+ 4L 3,8
23 33 n3
1 4

I+ 4+ L+ 4+ spt
25 35 nb

and the limit for the original problem is

N
il

~

I
—
Wl

N
win

—
(S

Solution 3 (by Leonard Giugiuc).
We first prove the following lemma:

If a > —1, then

. (120 e 1
hm( )

n—oo notl

o2ty (1 ke
o () (1352

Indeed,

Now, with a = — ¢

57
. 1425 4--4n5 5
li v ==
n—o00 ns 4
and with o = —%,

142544075 3
lim 5 =-
n— 00 ns 2

B 1 2
n 1 3
2 k=1 E 4
n 1 )3 - Z 3\°
: k=1 Yk e 2
lim - = lim = = =
n—>oo( n L);, n—00 22713%/% 5 (§>3
_ 3 =
k=1 3% SV 1
n3
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Solution 4 (by Nassim Nicolas Taleb).
K
1 5
ap A \s/a u 1
K
1 3
—du=-K
o Va2

for N large, which is what we are looking for. So, as k comes out from

il

W

[

2
)
"mw‘o (NN

2 2

3 5*
a% = 2%;% ~ (0.838945.
a

Added a Mathematica double check and intuition builder:

And a Mathematica double check

HarmonicMumber [n, k1]P 2 4

1 1
/s -[k.l-rg, k2 - =l q-.g}, {n, 1, 1@"-6]]

Plot
[Harmonicﬂumher[n, k219

0.83915 |
0.83810 |
0.83005 |

0.83900 |

200000 400000 600000  BOOODD 4,406

|
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly emailed me a LaTeX file with the above problem and his
solution (Solution 1); the problem has been originally published at the Romanian
Mathematical Magazine. Solution 2 is by Amit Itagi; Solution 3 is by Leo
Giugiuc; Solution 4 is by N. N. Taleb.
178. Four Integrals in One Inequality

If f:la,b] = (0,00), where 0 < a < b, is a continuos increasing function, then

(o) [ ) s 2 )

Proposed by Daniel Sitaru
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Solution (by Leonard Giugiuc).
By Chebysev’s inequality (this is where we need function f(z) to be increasing)

/a:vf( >dx>b_a</ xdx></f >:“”’/f

Similarly,
b 3 2 2 3 b
/x3f(x)da:2a +abl—ab +0b /f(m)dx

By the Cauchy - Schwarz inequality,

b 1 b 2
/a f2<x>dzzb_a< / f(x)dr>

By the AM-GM inequality, ‘%b . w > a?b?. Multiplying the three

inequality yields the required one. O
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted the problem of his from the Romanian Mathe-

matical Magazine at the CutTheKnotMath facebook page. Leonard Giugiuc

has commented with his solution.

179. A Cyclic Inequality in Three or More Variables
Prove that, for a,b,c > 0, subject to

Y53
- =z,
cyda—l—b 9
a-+b 1
—— 4+ 2. —>1.
) e PR D
cycl cycl

Proposed by Danziel Sitaru
Solution 1 (by Leonard Giugiuc).
We start with proving a lemma:
Prove that, for a,b >0,

a+b + 1 n } 9
(a—b)? b= a+b
By cross-multiplying, the above inequahty reduces to
a® — 8a%b + 18a%b? — 8ab® + b* = (a® — 4ab + v*)* > 0.

Equality occurs for a = (2 & v/3)b.
The given inequality is an immediate consequence of the lemma:

Z(a+b Cz: Z{ a—I—b 1+%}

cycl cycl
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A little extra(by Alexander Bogomolny)
The appearance of the above inequality and the proof suggest a little more general
result:

Prove that, for an integer n > 3 and n positive real numbers a,b,c, ..., subject to

1 1
Za+b:§’

cycl

Z(a+b 22 > 1.

cycl c’qcl

It is interesting that by just looking at the constraint and the inequality, it is impos-
sible to ascertain the number of variables involved. The situation changes if we re-
place “cyclic” sums with “symmetric” sums: symmetric in the sense that every vari-
able is paired with any other exactly once. For n = 3 there is not difference, but for
n = 4, the cyclic pairing consists of the four pairs (a,b), (b, ¢), (¢, d), (d, a), whereas
the symmetric pairing consists of six pairs: (a,b), (a,c), (a,d), (b,c), (b,d), (c,d). If
we write the inequality in the lemma for each of the six pairs and, subsequently,
add them all up, we’ll get

a+b 1 1 1 1
Y tilaryrata) =t

sym

_1
provided Zgym e T
In general,

Prove that, for an integer n > 3 and n positive real numbers a,b, c, ..., subject to
>3
a+b 9’
sym
a+b 1
—_— —-1)- —>1.
Z(a_b)2+(n )Za,

sym cycl

It should be noted that the above example, replacing, say, the pair (a,b) with the
pair (b,a) would not change any of the expressions we encountered above, which
allowed us to disregard half of the pairs. In general, a symmetric sum in four
variables of the expressions that depend on only two of them would include twelve
terms, for five variables, twenty.

Solution 2 (by Soumitra Mandal).
Using Bergstrom inequality,

Z(;be +QZ Z““’( by 4ib)

cycl cycl cycl

(1+2)? 1
> - = =
=) (a+b) (a — b)? + 4ab 9§a+b

Acknowledgment(by Alexander Bogomolny)

Daniel Sitaru has kindly posted the problem of his from the Romanian Math-
ematical Magazine at the CutTheMath facebook page. The post has been
commented on by Leonard Giugiuc who supplied the lemma from which the
solution is immediate. Solution 2 is by Soumitra Mandal. g
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180. Same Integral, Three Intervals

Define
I(u,v) = / (arctan(ﬂ) + arctan(ﬂ)>dm
v v+ucosy u+vcosx

™
Let distinct real numbers a, b, c lie in (0, E)

Prove that

2 a? + b?
—I(a,b) > b .
E i ten > B vi e <5Y)

Proposed by Daniel Sitaru
Solution 1 (by Daniel Sitaru).

Let a = arctan( U sin 2 ) + arctan( vsine ) Then

v+u cos T u+v cosx
usin x bsinx
v+u cos u+bcos x
tana = —
wv sin? x

(v+ucosz)(utbcosx)

usinz(u + vcosz) + vsin (v + u cos x)
tana =

(v 4 ucosx)(u+ vcosz) — uvsin® x

(u? + v?)sinz + 2uv sin x cos x
tana =

wv + v2 cos T + u2 cos T + uv cos? T — uv sin’
sinz(u? + v? 4 2uv cos )

= tana
cos x(u? + v?) + uv(l + cos 2z)
sin z(u? + v? + 2uv cos x)
3 5 5~ = tana
cos z(u? + v2) + 2uv cos? x
sinx
=tana = tana =tanxr > a ==
cos T
sin x
=tana = tana =tanr > a ==
cos T
v 2 2 2
e vt —u
I(u,v) = xdx = —| =
; 2 lu 2

Thus we have

2 2
—I(a,b
b—a (a, )+c—

2
bI(b,c) + m[(a,c) =2(a+b+c).

Suffice it to show that

2a+b+c) >Z<\/%+ a2+b2).

2

Let A= “2'2"”2;3 = uv; 2A% = u? 4+ v?; B?> = wv. Further

(u+v)? = u® + 0% + 2uv = 24% + 2B
u+v>A+B<e (ut+v)? > (A+ B)?
242 +2B? > (A+ B)? < (A—-DB)?>0.
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It follows that

2 12
a+b>Vab+ a0

2
b2 2
b—l—cZ\/%—&- —;C
2 2
c+a > ac+ ¢ ;C

and, finally,

2(a+b—|—c)22<\/@+ (12+b2>.

2
]
Solution 2 (by Nassim Nicolas Taleb).
I(u,v) :/ arctan(Lﬂ(v)) + arctan(Ln(v))d:r.
u ucos(v) +v u —+ v cos(v)
We have the following property:
b
arctan(a) + arctan(b) = arctan(laj—ab> + lo<ab<1
(note the mistake in Abramowicz & Stigum, p 80)
b
tan(arctan(a) + arctan(b)) = ot ,
1—ab
™
belo, 7).
a,bel|0 5
Allora
usin(x) vsin(z)
tan( arctan(7> + arctan(i)) = tan(z)
wcos(x) + v u + v cos(x)
Since all variables are in (O, g) ,(u,v) = % - “72, the integrand becomes
mysteriously x, so
I(a,b) + I(c,a) + I(b,c) =2(a+ b+ c)
We can prove that
Vaz +02 Va2 42 Vb2 F 2
+ + +Vab+ ac+ Vbe —2(a+b+c) <0
for a,b,c € [0, g}, with equality fora =b=c=1.
(|

Sidebar (by Alexander Bogomolny)

In the process found a potential scary error in the literature. People seem to

have suspected it on @StackMath
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The identity in Abr and Steg, p 80:
ArcTan[x] + ArcTan[y] = Ar‘cTan[l::—"y ]

fails to work: if both x and v are of the same sign, there is a shift by

x
ArcTan[x] + ArcTan[vy] —ArcTan[l | ] fo {x =54, y 541 // FullSimplify

Bl

ArcTan[x] + ArcTan[y] —ArcTan[ ] fo (X -55, v>541 // FullSimplify

l-xvy

a

ArcTan[x] + ArcTan[vy] —ArcTan[ ] fo (W= -85, v>-541 // FUllSimplify

l-xvy

-

Riemann Surfaces, sort of. Below is the Abr. & Stig. Now used for 50 years! 4.4.34
+
arctan z; & arctan zo = arctan(M)

1 F 2122

Acknowledgment (by Alexander Bogomolny)

This is a Daniel Sitaru’s problem form the Romanian Mathematical Magazine.
Daniel has kindly sent me the problem and his solution on a LaTeX file, as did N.
N. Taleb (Solution 2). I very much appreciate this kind of thoughtfulness.

181. Dan Sitaru’s Inequality with Three Related Integrals and
Derivatives

Let be a > 0; f : [0,a] — R; f(a) = f'(a) =0, f is twice continuously
differentiable on [0,al, i.e., f € C?[0,a]. Prove that

( / :f(w)dw> < 6( [ (m>)2dw> ( / :(f"(w))2dw>-

Proposed by Danzel Sitaru

Solution( same solution by Daniel Sitaru and Amit Itagi).
We shall repeatedly use integration by parts.

/Oaf(x)dx/Oax'f(:n)d:cxf(a:)‘i/oaxf/(x)dm
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Ackonwledgment (by Alexander Bogomolny)
This is a Daniel Sitaru’s problem from the Romanian Mathematical Magazine.
Daniel has kindly sent me the problem and his solution on a LaTeX file. T very

much appreciate this kind of thoughtfulness. Amit Itagi has independently come
up with the same solution.

182. Dan Sitaru’s Cyclic Inequality in Three Variables
Prove that if a,b,c > 0 then
(5a + b)(5b + ¢)(5¢ + a) S 8abc
27(a + 8¢)(b + 8a)(c + 8b) ~ (5a + 4b)(5b + 4¢)(5c + a)
Proposed by Daniel Sitaru

Solution 1 (by Daniel Sitaru).
(a—b)?>0
a?—2ab+b*>0
24a” + 27ab + 3b* < 25a% + 25ab + 42
3(8a” + 8ab + ab + b*) < 25a% + 5ab + 20ab + 4b>

3(8ab+b)(a +b) < (5a + 4b)(5a + b)

AM-GM
5a+ b atb 2~ 2v/ab

3(8a+b) ~ ba+4b —  ba+4b




44

5a + b - 2v/ab

1 .
() 3(8a+b) — ba+ 4b
2
@) 5b+c > Vbe
3(8b+c¢) ~ Bb+4c
2
3) 5c+a S Vea

3(8¢c+a) ~ 5c+4a
By multiplying the relationships 7 , ,
(5a + b)(5b + ¢)(5¢ + a) S 8abe
27(a+ 8¢)(b+ 8a)(c+ 8b) — (5a + b)(5b + ¢)(5c + 4a)

a
Solution 2 (by Leonard Giugiuc).

We have (z — 1)2?(2522 + 22 +4) > 0,z > 0, in particular. This is equivalent to
(522 +4)(52% + 1) > 6x(822 +1).
Letting z = \/% translates into

(5a + 4b)(5a + b) > 6Vab(8a + b).

This shows that for any number of variables,

[[Ga+4b)(5a + ) > 6" [[ a [ [ (8a +b),
cycl cycl cycl
where n is the number of variables. |
Aknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly shared a problem from the Romanian Mathematical
Magazine, with a solution of his mailed on a LaTeX file, which I appreciate greatly.
Solution 2 is by Leo Giugiuc.

183. An Inequality in Two or More Variables
Prove that if a,b,c > 0 and abc =1 then
a b c 7
+ + >
14a (14+a)14+b) @(A4+a)(1+b)(1+c) — 8
Proposed by Daniel Sitaru

Solution 1 (by Daniel Sitaru).
a b c
ta (4014 Tral1hd+o
_a(l+b)(1+c)+b(1+c)+c
B (1+a)(1+0)(1+¢)
(I1+c)at+ab+b+1)—1
1+a)(1+b)(1+c)
I4+co)(1+b(1+c)—1

I+a)(1+b)(1+c¢)

AM-GM
1 =~ 1

D N AN N

=1-
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A little extra(by Alexander Bogomolny)
The above statement and proof extend easily to a number n > 2 of variables:

Prove that if ap, > 0,k =1,2,...,n and Hak =1 then
k=1
n k
1 2" —1
> (Tl )= 25
k_1< 1 1+a; 2
The key is the identity derived in the above proof:

n

oo LU
Z<ak1:[11+ai>1nl+ai'

k=1 i=1

The identity can be established by induction. Let s, = > ;_; <ak Hle H%) and
P,=1-]], +=. Then

i=1 1+a;
Snt1 — Sn = Gny1 H?:ll H%a whereas
n n+1 n
1 1 1 1
Py — Py = - = (1- )
i gl—l-ai gl—i—ai gl+ai 1+an+1

n+1 1

1 Ap+41 )
=a .
111+ai(1+an+1 n+1£[11+ai

The identity holds for n = 3 (and obviously for n = 1 and n = 2) hence, it holds
for any larger n.
Solution 2 (by Amit Itagi).
Multiplying out: abc + (ab+ ¢) + (bc + a) + (ca + b) > 7, i.e.,
1—&—(% + c)—i—(% + a)—f—(% + b) > 7, which follows from the AM-GM inequality

n

applied to each pair of parantheses. O
Solution 3 (by Nassim Nicolas Taleb).
c b a
/= @+ DO+ 0+ @ Do+1) Tat1
By rearranging the terms,
1
e PR RSV Y
—1— 1
1+a+b+c+ab+ bc+ ca+ abe

27

>l—- — .
- (a+b+c+3)3
By the AM-GM inequality,

14+a+b+c+ab+be+ ca+ abe > 8 x Vatbrct = 8.

Can be generalized to n summands. O
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Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath faceboo page. He later mailed

his solution on a LaTeX file — something I appreciate greatly. Solution 2 is by Amit
Itagi; Solution 3 is by N. N. Taleb.

Roland van Gaalen has observed that for a sequence aq, as, ... that satisfy

[1;ai =1, the sum > 77, (ak e, ﬁ) =1

184. Dan Sitaru’s Cyclic Inequality in Three Variables I1
Prove that if a,b,c >0 and a + b+ ¢ =3 then

Z+—+1> i

o] (a+1)2 = 12 — 2(ab+ bc+ ca)

Proposed by Daniel Sitaru
Solution 1 (same solution by Daniel Sitaru and Ravi Prakash).

We prove that \/1 + a% + ﬁ =1+ % — a%rl Indeed, by squaring,

TN SRR S PP S - - 2
a2 (a+1)2 a® (a+1)2 a a+1 ala+1)

0:2(17 o 1 )

a a+1 ala+1)

o= ttl-a=1 _y_y
ala+1)

Z\/ +*+ a+1) _Z(1+i_ai1>
72( a4;1+1>

Bergstrom

1 /= 9
3+Za2+a > 3+7Za2+2a
9
>-a?)—2>"ab+3
9 9

=3+ —F-=-=3 .
+9+3722ab +12—2(ab+bc+ca)

It follows that

=3+

Solution 2 (by Leonard Giugiuc).
We have

a*la+1)?+a*+(a+1)?=d*(a+1)* +2a(a+1)+1

=(a®* +a+1)2
Hence, the required inequality is equivalent to

1 9
>
g;a(a—kl) ~ 12— 2(ab+ be + ca) <
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I e e
a — 12 —2(ab + bc + ca) CyclaJrl'

cycl

‘We’ll show that % > Wﬂwﬂa) which is equivalent to 3 > ab + bc + ca and
the latter is well known consequence of the constraint a+b+c=3.
Thus, suffice it to prove that chcl (11 >3 S+ chcl 237> Which is

ey (152) (s + 1) 2 0

But the functions 1_7“ and m +% are both decreasing, hence, by Chebyshev’s

Z<1;a)(a(a1—|— 1) + %)

cyel
Z%<3_a;b_c><a(al+1) *%) =0
0

Solution 3 (same solution by Nguyen Thanh Nho and Subham Jaiswal).

inequality,

By Minkowski’s inequality,

Sy e () (S a)

cycl

Now note that

IS SO R B

a b ¢ a+b+c 3 7
1 1 1 1 9 3
+ + > =—-==
a+1 b+1 c+1 " a+b+c+3 6 2

Thus,

NJ\@

1 / 9
> 1+ rE Voot g=

cycl
Suffice it to prove that
9
3
12 — 2(ab + bc + ca) *

| ©
Y

or equivalently,

5.9

2 7 12—=2(ab+bc+ca)’
ie.,

36 — 6(ab + be + ca) > 12,
or

ab+ bc+ ca < 3,

which is true because

1 1
ab+ bc+ ca < g(a—i-b—l—c)gz 53223.



48

Solution 4 (by Abdur Rahman).
y = 2~ 2 being a convex function,

14272 Z(1+x)*2’

2 2
ie.,
1 8
14— >_°2
T e A
implying
IR S
2 (1+4x2)2 =~ (1+x)?
Thus
>/ 1+a Tz i
cycl cycl cycl
. . 9
By the AM-HM inequality, chcl T4 2 S = 2 50 that
1 1 9
1 —_ Tt — > > —
W) Z + + (1+a)? ~ SZ a+1~2

cycl cycl

2
Further, >° ., ab < % = 3, such that 12 -23%°_ ,ab > 6 and

9 9 9
(2) — = +3< - 4+3=_.
12722cydab 6 2
Fromand 7
$+3<9< 1+i+#
12-2% ,ab - 2- ot a?  (a+1)?

Solution 5 (by Mike Lawler).

First,
1 1 (a* +a+1)?
1+ -5+ 2= T2 2
a>  (a+1) a?(a+1)
so that
1+i+ 1 :a2+a+1:1+ 1
a2 (a+1)2 a(a+1) ala+1)
Second,
(a+b+c)> =9=0a*+b>+c*+2(ab+ be+ ca)
so that

12 — 2(ab+ be + ca) = a® +b* + 2 + 3.
So, the inequality reduces to

1 9
1 )= 3,
g;l( +a(a+1) —3+a2+b2+c2Jr

which simplifies further to

1 9
> .
%a(cH—l) Ta?+ta+b’+b+c+c
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For simplicity, let z = a(a+1),y = b(b+1), 2 = ¢(c+1). The required inequality

becomes
1 1 1 9
-t -t - .
T Yy z xt+yt+z

Multiplying by (z + y + z) we get
z z
(I L S )
T x oy Yy oz oz

or,
x z T oz
(e D)oY a(De D) 20
Ty y oz z
which is true because, for w > 0, w + i > 2. O

Solution 6 (by Amit Itagi).

2 . .
W1+ a% + ﬁ = ‘Z(tﬁ)l > % (AM-GM to the numerator), implying

LHSZ?)(ailer—&l—lJr 1 )

c+1
S 27
“(a+1)+(b+1)+F(c+1)
9
=3 (AM-HM)
From power-mean inequality,
2
B> 7(”2“) =3,
implying
2(ab+be+ca) = (a+b+c)* — (a* +b* +c*) <32 -3 =6,
and,
9 9
HS < =-.
RHS < 5-6 +3 5
Thus,
LHS > g > RHS.

|
Aknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly shared a problem from his book Math Accent, with a
solution of his (Solution 1) mailed on a LaTeX file, which I appreciate greatly.
He also posted the problem at the CutTheKnotMath facebook page where it
gathered some comments. Solution 2 is by Leo Giugiuc; Solution 3 is by Nguyen
Thanh Nho and independently by Subham Jaiswal. Ravi Prakash came up with a
solution very close to Solution 1. Solution 4 is by Abdur Rahman; Solution 5 is by
Mike Lawler; Solution 6 is by Amit Itagi.

185. An Inequality with Sines But Not in a Triangle
If a,b,c € (4,00) and abc = 2'' then

2 2
H(agsin—ﬂ-—l—(a—i—l)QSin T ) > 216,
a a+1

cycl
Proposed by Danziel Sitaru
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Solution (same solution by Daniel Sitaru and Nassim Nicolas Taleb).
First off, s >4 =z +1>2>4= -4 <1 <1 sothat

41
2 < 2 - 1
z+1 "z 2
And, subsequently,
0< s < 2w < s
x+1 =z 2°
Now, applying Jordan’s inequality,
L2 2 2 4
sin— > — - — = —,
x T T x
implying
2
(1) a? sin aill > 4q
a
and also
) (a+1)2sin—2"— > 4(a+ 1)
a+1~ '

By adding and ,

27( 271
D . 2 .
a~ S1n (a ) Sin

>8a+4

AM—-GM

> 2V8a-4=8v2a.
2
| I(aQSin—ﬂ- —|—(a—|—1)25in7ﬂ) > 8% - 2V abe
a a+1

=27.2.V2.211 =210. 206 = 216,
O
Aknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page and later mailed
me his solution on o LaTeX file which is greatly appreciated. N.N. Taleb has come
independently with the same solution.

186. An Inequality with Arbitrary Roots
If neN,n>2,abc>1,a+b+c=3"11, then

Z(’{/a+ Va+ Va— %) <18

cycl

Proposed by Danzel Sitaru

Solution 1 (by Khanh Hung Vu).
By the AM-GM inequality,

n 1,1, _n=2 (n—1ar +am +a= "5
{a+ a= Va5 ante 7)<
n

Similarly,



so that

(1) T\‘/a+?/5+"a—<~/a§2{‘/a.

On the other hand, again by the AM-GM inequality, {/a(37)n—1 < ¢tn=13"

n

implying
— n _ n
@) a < a+(n—-1)3" a+(n—1)3

N

From and ,

7\’/a+ Ya+ ’\’/a— %§w~

ngn—l
Thus ( Jan
n n 204+ (n—1)3
o —Ya) <y ZF— 7
> (§fa+ va+ ffa- va) <=0
cycl cycl
L 2) qat+ (=13 9 gl g ()3t
n3”_1 n3n—l
1)3n+t 1
_ (13" 94D o
n3n—1 n
O
Solution 2 (by Abdur Rahman).
By the mth power theorem, with m = %, we get
Va+ a+ Ya— /a <(a+ Ya+a— {V&)%
2 2
- va,
so that
Va+ Va+ jfo- va<2va
Summing up,
> (s v+ ifa- v )2y va
cycl cycl
5 1
a\ "
<92.3 cycl
3n+1 %
—6(%—)" =6-3=18
3
O

Solution 3(by Amit Itagi).
From power-mean inequality,

2%/a ><T\L/a+ Va+ V/a— {"/Zz), (and its cyclic variants)
" b "
6\/%:1822(%+ Vo + /).

Putting the two together completes the proof. Note that the first inequality has
> and not > because the two terms in the sum cannot be equal. O

and

9

51
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Solution 4 (by Nassim Nicolas Taleb).
By concavity of ()% with n > 2, by Jensen’s inequality,

1( ;)%_Fl( n L)%< 1
—(a—an —la+an an
2 2 -

n
Since <§ (a% + b + c'rlt)) < i(a+b+c), we have

lhs < 2(@% + b% +c%) < 2(3n713n+1)% — 18

a
Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem of his from the Romanian Math-
ematical Magazine at the CutTheKnotMath facebook page. Solution 1 is
by Khanh Hung Vu; Solution 2 is by Abdur Rahman; Solution 3 is by Amit Itagi;
Solution 4 is by N. N. Taleb.

187. An Inequality with Inradius and Excenters

In AABC,]I is the incenter, 1,, I, I.are the excenters, r is the inradius.

Prove that

Proposed by Danziel Sitaru

Solution 1 (by Kevin Soto Palacios).
We know that (with R the circumradius)

A B
11, = 4Rsin§ I, = 4Rsin§ I, = 4Rsin%

C A B
1,1, = 4R cos 5 Iyl. = 4R cos ) 1.1, = 4Rcos 5

and also _5 + b2 + < 2. The required inequality is equivalent to

16R2 ZCSC 2t 16R2 Zsec 2= 4r2 «

cycl cycl

1 A A 1

W(;(csgzﬂeg 2)>§ e
1 A AN2

16R2 (Z(tan2+wt2) )

cycl

(4csc? A+ 4desc? B +4desc? C) =

1
16 R?
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Solution 2 (by Soumava Chakraborty).
We know that (with R the circumradius)

A A A A A
11, =asec — = 2RsinAsec§ = 4Rsin§cos§sec§

A
= 4Rsin =
sin

A A A A
1,1y = csc — = 2Rsin Acsc 3= 4Rsin§ cos o €s¢ o

A
= 4R cos Bl
It follows that

1 1 1
§m+2112 ~ 16R2 ;(SHIQ’S +C0821§>
1

1
B 16R2 g;l sin 4 cos2 4 gc:l (4Rsin 4 cos 4)2
) e S Ly 0
o (2R sin A)? a? a?b?c?

cycl

AR?s2  4R%® 1

=~ a2b2c?  16R2r2s2  4r2’
where at the penultimate step we used Goldstone ’s inequality:
> eyel a’b? < 4R%s?, with s the semiperimeter of AABC. g
Ackonwledgment (by Alexander Bogomolny)
I am grateful to Daniel Sitaru for kindly posting a problem of his from the Ro-
manian Mathematical Magazine at the CutTheKnotMath facebook page.
Solution 1 is by Kevin Soto Palacios, Solution 2 is by Soumava Chakraborty.

188. Dan Sitaru’s Cyclic Inequality in Three Variables II1
If a,b,c > 1 then

Z(a Iy >v6(10 —a — b —c).

cycl
Proposed by Daniel Sitaru

Solution 1 (by Leonard Giugiuc).
The problem is easily equivalent to

1
4 a+2 >V6(7T—a—b—c),
cycl a
for a,b,c > 0.

Let’s find m, n such that —”;H > mx + n, for x > 0. This is the same as
f(xz) =ma? +nz —vx +1<0. Assuming f(1) = 0 m+n = /2. Assuming
f'(1) = 0,2m + n = v/12v/2, solving which m = _zf and n = 2\7/5.

We shall prove that indeed g~ 9” > 75’\”7257, for z > 0.

fo<z< %, the inequality is equlvalent to (z —1)%(922 — 242 — 8) <0,
442v6 - 7
3 =3

which is true because
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If g > I then, obviously, verl 5 0 > _5’\””/‘%7,

x
Back to the original problem, by Jensen’s inequality,

a+1 Va+1
S 2,
cycl cycl

S 3(7T—a—-b—c)
=T ok
Multiply by 4 to get the required inequality. |

Solution 2 (by Alexander Bogomolny).
This solution is more of an illustration to be first one.

By Jensen’s inequality,
a+1 va+1
D e D
cycl cycl

Thus suffice it to prove that, for > 0, Y2 > 7=32 e can see that

T 2\/5 .
/. T I
( Tl)(l) =2 and (7”;“) (1) = —% which makes _23\“/‘57 tangent to 7\/?‘1
at x = 1.
Vvx+l
plot
7-3x
X¥'= "
23_-2
¥y
I[]:|
:|I
i - —— « from =4.1to 2.4)

The second derivative of ITH is easily seen to be negative, making the function
convex and insuring the inequality

vVe+1 7T—3x
> .
x 2V2
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Extra (by Alexander Bogomolny)

Once we surmised the secret behing the problem design, we may try to modify the

problem. For example, at = 3, the tangent to function f(z) = —”;H is given by

y=—2 + 13, implying

Za—i—lzzx/m

cycl a? cycl a\/g
V3
> — — .
> ST~ 5(a+b+o)]
Vvx+1
Jf" =
X
ot 7-3x
o e
x 13
— _ o (i
2 3/ 12

[ from =4.1to 7.8)
{2 +1 i
— R
=]
__ 7-3Reix
242
— L1 33-5Re(x))
s ]

Solution 3 (by Amit Itagi).
Let x =a—-1,y=5b—-1,and z = ¢ — 1. Thus, x,y,z > 0. Let us rewrite the
inequality as

+(x4+y+z)>T.

t+1  y+1 z+1
4
622 612 622
z+y—+z>3(xyz)s (AM-GM)
and

z+1 y+1 =z+1
4
\/ 622 612 + 622

435G+ 2 +5G ) a3
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1,1 1 1

> 4\/ (—3 + =+ —3) (bracket-wise AM-GM)
3 €Tz y§ zZ2
1

4/ 1 1
> = (fg +—=+ —3) (Jensen’s/ concavity of the square root)
3 xra Yy z4
17
ngj.(mmmw
zyz

Let g = (xyz)% Thus,
1\ 4
()

1 z
LHSZ4()4+{W§—7[ LA
q 1 3

Let x =a—-1,y=5b—-1, and z = ¢ — 1. Thus, x,y,z > 0. Let us rewrite the

7
3
qT > 7 (Young’sinequality).

inequality as

622 612 622
T +y+ 2> 3(xyz)s (AM-GM)

z+1 g+l 241
4¢ 42Ty t(ety+z)>T.

and
t+1 y+1 z+1
4
\/6:102 612 + 622

_,¢%1+1'R%2+1+1)24QLY.MMGM)

Let = (zyz)7. Thus,

> 7 (Young’s inequality).

Solution 4 (by Nassim Nicolas Taleb).
Proof by progressive reduction to one single variable.

Let f = 4\/(0,:11)2 + (bfl)z + (Cfl)Q - \/6(_01 - b - C+ 10)

Let z = (ai1)7y = (bil)’z - (cil)'
Now,

111
f=4v%l+x+f+m+w2+z+v%6;+§+;—7)

1
24\/x2+x+y2+y+z2+z+3\/@3/x—w—7\/6

>vﬁG¢\f¢-+J\F¢ O

Now let X = zyz, X > 0. We can prove that:
4X712 43
37_‘_ —7>0
VX
since it is a single function with one variable and its minimum is 0 for

X=x=y=2z=1.
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Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page. Leo Giugiuc has
commented with his solution (Solution 1). Solution 3 (and its concise version) is
by Amit Itagi; Solution 4 is by N. N. Taleb.

189. Dan Sitaru’s Cyclic Inequality In Three Variables with
Constraints IV

1
Prove that if x z>0;6xyz = ——— then:
f x,y, 3 Yy T+ 2y + 32
(422y? +1)(36y°%22 + 1)(92222 + 1) < 1
23022y222 T (z+2y+32)2

Proposed by Daniel Sitaru
Solution 1 (by Daniel Sitaru).
First of all, we simplify the problem by replacing the variables:
a =z,b=2y,c= 3z, which reduces the problem to
Prove that if a,b, ¢ > 0;abc(a + b+ ¢) = 1 then:
(a?b? +1)(b%c® +1)(c?a® + 1) S 64
a2b?c? “(a+b+c)?

We rewrite the inequality as

(B B )2

Note that ) , )
1 +b+ +b+
a2+ﬁ=a2+%:a2+w
_a®b+a*c+aclb+c)  a*(b+c)+ac(b+c)
b B b
ab+o)leta)
= b )
Similarly bt 4 = w and ¢+ L = clatb)(bte)
C a

By multiplying the three relatlonshlps

(+5) (7 + 2) (2 + )

alb+c)(a+c) -bla+c)(b+a)c-cla+b)(c+Db)
abc
=(a+b)*(b+c)(c+a)?
AM—-GM
= (2vab)? - (2vVhe)? - (2/ac)?
64
(a+b+c)?
The equality holds if a =b=c = %, which follows from
1 s 1 1

1
g ag=—— =" =agt==a=——.
e e ra T T3 @t 3¢ V3

= 64a’b%? =
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The equality in the original relationship holds for
1 1 1

BT T T3

|
Solution 2 (by Amit Itagi).
Using the constraint, the inequality can be written as
(422y* + 1)(36y%22 + 1)(9222% + 1) > 64(6xy2)*
Let,
[ab b /
T = a—,2y= —C,Sz = %.
c a b
Thus, the inequality and the constraint, respectively, become
(a®> +1)(0* + 1)(c* + 1) > 64(abc)?,ab+ bc +ca = 1.

Let p = 3(abc)s. AM-GM gives

1l=ab+bc+ca> 3(abc)% =p.
The inequality can be simplified to

L+ (a® + b+ c2) + (a®b? + b*c* + c*a?) — 63(abc)? > 0.
LHS > 1+ 3(abc)3 + 3(abc)s — 63(abc)®> (AM-GM)
2
p 7 3
= 1 _— = =
+p+ 33 D
1—
= ( 3 p) [7(1 —p)? —20(1 — p) + 16]
(1-p) [ 1072 12
- 1 pVT — —} 2>,

o4 [(1=pVT N

from the constraint. |

Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the above problem of his from the Romanian
Mathematical Magazine at the CutTheKnotMath facebook page and later
emailed me his solution. Solution 2 is by Amit Itagi.

Refinement on Dan Sitaru’s Cyclic Inequality In Three Variables

By Nassim Nicolas Taleb

Preliminaries
An earlier page dealt with a problem by Dan Sitaru:

1
Prove that if x,y,z > 0;6zxyz = ——— then:
fx.y Y T+ 2y + 32

(42%y? + 1)(36y222 + 1)(9222% + 1) 1
230422y222 T (x4 2y+32)2
While solving that problem, N. N. Taleb has observed (How the problem came

about below) the existence of an upper bound on the right-hand side of the in-
equality and suggested a refinement that is the subject of the present page. An
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early attempt of solving the new problem (Solution 1) relied on the graphics pro-
duced by wolframalpha. Leo Giugiuc devised Solution 2, Amit Itagi Solution 3.
Problem

1
Prove that if x,y,z > 0;6zyz = m then
(4a?y? 4+ 1)(36y222 4+ 1)(92222 + 1) 1
>
2304x2y222 3v3

How the problem came about

First of all, we simplify the problem by replacing the variables := x,b = 2y, ¢ = 3z,
which reduces the problem to

Prove that if a,b, ¢ > 0;abc(a + b+ ¢) = 1 then:

(a?b? +1)(b*c® + 1)(c?a® + 1) - 64
a?bh?c? “(a+b+c)?

We start with the constraint by applying the AM-GM inequality:

1
1> (abc)(a + b+ c) > abe - 3V abe = 3(abc)% so that abe < 3T implying a

1

bound for the RHS of the inequality,

2
1 1 1
—(abe)i< | =] = =
(a+b+c)? (abe) _<3Z> 3

Thus, the above problem.

e

Solution 1.
We start with Amit Itagi’s approach for solving the original problem (and copied
from Solution 3 below). Let,

x:\/a—b,Qy:\/%,?)z:,/%.
c a b

Thus, the inequality and the constraint, respectively, become
64abc
3V3
Define p = Vabe. From the constraint, 1 > 3va2b2c2 = 33/p?, implying
;)e{o,géﬁ]. Now, for the left-hand side

(> + 1)+ 1) (2 +1) > ,ab+bc+ ca = 1.

(@ +1)P*+D(+1) =1+ Za2 + Za%2 + a®b*c?

cycl cycl

> 1+ 3Va2b2¢2 + 3V a*bict + a?b2c?
=1+3p° +3p* +p°

We, therefore, define the function

4
=1+3p° +3p* +p° — —=p°.
f(p) 3T e



1

3v3

} if we notice

60
The graph below affirms the inequality f(p) > 0, for p € [O,

that f(%) =0:

O

Solution 2.

The smartest way is the following. Denote 6x%yz = % 122y%2 = %, 182y2? = g
Then a + b + ¢ = 3 and the required inequality becomes

(ab + 3¢)(bc + 3a)(ca + 3b) > 64(abc)%.
Let’s remark that, since abc < 1, (abc)® > (abc)?, for a < 3. By the AM-GM

inequality,
ab+3c=ab+c+c+c> 4(abc3)%
Similarly we obtain two additional inequalities, with the product of the three
(ab 4+ 3¢)(be + 3a)(ca + 3b) > 4° (abc)% > 64(abc)%
O

because % < %
Solution 3.
Using the constraint, the inequality can be written as
64(62yz)>
33

(4x2y2 + 1)(i’>fig/2z2 + 1)(9x2,z2 +1)>

Let,
lab /b /
T = a—,2y= —C,Sz: %.
c a b

Thus, the inequality and the constraint, respectively, become
64abc

2 2 2
a“+ Db+ 1)(c*+1) > ——,ab+bc+ca=1.
(@ + D0+ 1 ) 2 2

=p?orl>np.

Let = v/3(abc)3. AM-GM gives
1 =ab+ bc+ ca > 3(abc)
~ 64abc

3V3

> 0.

The inequality can be simplified to
1+ (@ + 1% + ) + (a®V? +b*c? + *a?) + (abc)?
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) 4
5+ (abe)? — 63\‘%0 (AM-GM)

LHS > 1+3(abc)% + 3(abc)
4 6 3
p~  p° 64p
=1 2 £ 7 T
LR R T T
_ (=D -3)p" +4p° +22p° +12p+9) 0
B 27 -
O

because (p — 1)(p — 3) > 0 due to the constraint 0 < p < 1.

190. Small Triangle from Small Triangle
If0<A<B+4+C,0<B<(C+A0<C<A+B,A+ B+ C = then
H(sinA +sinB —sinC) > 0.

cycl
Proposed by Daniel Sitaru

Solution 1 (by Daniel Sitaru).
Let VXY Z be a tetrahedron as depicted below

\
/|

(]

X

LXVY =2A;/2VY =2CLXVY =2A VX =VY =VZ=1.
XY2=VX24+VY? -2VX -VY -cos(£XVY) =12 +12—-2-1-1-1cos24
=2(1 —cos24) = 2(1 — 1 + 2sin* A) = 4sin® A.
Thus XY = 2sin A. Similarly, XZ = 2sin B,YZ = 2sinC.
In AXYZ XY 4+ XZ >YZ so that 2sin A + 2sin B > 2sinC, i.e.,
sin A 4+ sin B — sin C' > 0. Similarly,
sin B +sinC —sin A > 0 and sinC' + sin A — sin B > 0. Hence,
H(sinA+sinB —sinC) > 0.

cycl
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Solution 2 (by Amit Itagi).
WLOG, let A>B>C.wr > A+ B+C > 2A. Thus, A is acute and so are B and
C. From the ordering of A, B, C' and monotonicity of sin in the first quarter,

sin A > sin B > sin C and, therefore, sin A 4 sin B > sin C.
Additionally,

sinA —sinB = 2sin(A;B> cos(A;B>

. C C .
< 2sm5(zos§ =sinC.
All the angles in the expressions are acute, C' > A — B and sin increases mono-

tonically in the first quarter, A + B > C and cos decreases monotoically in the
first quarter.

LHS = (sinA+sin B —sin C)(sin B + sin C' — sin A)(sin C' + sin A — sin B)

= (sin A +sin B — sin C)[sin® C' — (sin A — sin B)?] > 0,
from the two inequalities already proven. O
Solution 3 (by Leonard Giugiuc).
The numbers A, B,m — A — B are angles of a triangle. Hence, the triangle
inequalities, combined with the Law of Sines, give
sin A +sin B > sin(m — A — B) = sin(A + B).
Suffice it to show that sin(A + B) > sin C which is equivalent to
sin(AHQB_C) COS<A+§+C) > 0, which is true since 0 < W < % and also
A+B+C

T
< —mm< =
2 2

|

Remark (by Alexander Bogomolny)
The three triangle inequalities in the problem inform us that the quantities A, B, C'
may be looked as the side lengths of a triangle. The condition A+ B+ C < 7 tells
us that the triangle is not big.
The conclusion of the problem is equivalent to saying that sin A, sin B, and sin C
also sin C' also form a triangle, whose perimeter does not exceed 3 hence the cap-
tion.
Furthermore, the given triangle is necessarily acute: 0 < A, B,C < 7. This is
because, say, A > § would lead to B+ C' < 7, in contradiction with A < B + C.
We may also claim that the inverse is also true: the angles of an acute triangle
satisfy the three triangles inequalities.
Indeed, from A+ B + C = 7 and, say A < 7, it follows that B+ C > 5 > A.
Thus, a triangle is acute iff its angles can be used as the side lengths of a triangle.

Akcnowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly sent me this problem along with the above solution of his.
Solution 2 is by Amit Itagi; Soution 3 is by Leonard Giugiuc.
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191. An Inequality in Two or More Variables 11
Prove that if a,b,c > 0 then

((1 + 1)a+1 . (b—+— 1)b+1 . (C—|— 1)c+1 S ea+b+c LA /ea2+b2+c2

Proposed by Daniel Sitaru

Solution 1 (by Daniel Sitaru).
Consider function f : [0, 00) — R, defined by

f(x):(z+1)ln(z+1)—x—%2.
fx)=In(z+1)+1-1—-z=h(z+1)—=z
f(z) = 1-i1-$71:71-|-%<0
f'(@) < f(0) = fi(x) < f(0)=0= f(z) <0,(V)z >0
(x+1)1n(x+1)—x—%2§0

2
In(z+1)"™ <o+ =

2

(@ + 1)1 < (V)z > 0
(1) (a+1)Tt < e Vea®
(2) (b+1)PT < b Veb?
(3) (c+ 1) < e Ve

Multiply — to get
(a 4 1)a+1 . (b+ 1)b+1 . (C+ 1)c+1 S ea+b+c . /ea2+b2+c2

Solution 2 (by Nassim Nicolas Taleb).
Let x = a + 1, etc. The inequality becomes:

aTyY2* < e$+y+z—3\/e(az—l)2+(y—1)2+(z—1)27x,y72 >1

Taking logs on both sides:

zlog(z) + ylog(y) + zlog(z) < =(z? +y? + 2% - 3)

N =

Rewritting. We need to minimize
f(z,y,2) = 2 — 2xlog(x) + y° — 2ylog(y) + 2° — 2zlog(z) — 3
which is additively separable into f(z,y,z) = fi(x) + fa(y) + f3(2), with
fi(x) = 22 — 2z log(x) — 1, etc. The minimum for f;(x) is for # = 1, and so on,
hence f(z,y,z) =0 for x = y = z = 1, which corresponds to
a=b=c=0
O
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted the problem of his from the Romanian Mathe-
matical Magazine at the CutTheKnotMath facebook page. He later mailed
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his solution on a LaTex file — something I appreciate greatly. Solution 2 is by

N.N. Taleb. As the solution show, the inequality can be extende to any number of
variable.

192. Inequality 101 from the Cyclic Inequalities Marathon
Let a,b, c be positive real numbers, subject to a + b+ ¢ = 1Prove that

z c® >1

Sa+1)(b+1)~ 144

Proposed by George Apostolopoulos

Solution 1 (by Soumava Chakraborty).
WLOG, a > b > ¢, implying
Chebyshev’s inequality that

1 1 1
(b+1)(c+1) Z (c+1)(a+1) 2 B+ (c+D) * It follows by

1
1 LHS > - ( 7)
(1) ;a Z (b+1)(ct1)
By Chebyshev’s inequality,
1
(2) Z a —_— = —.
cyel chcl )5 81
Further, by Bergstrom’s inqequality,
1 9 9
(3) > -
gcjl(b—l—l)(c—i—l) chclab+2§:cycla+3 chclab+5
9 27
> 16 = TG
3

because chcl ab < %(chcl a)?. With —,
11 271 1

LHS*S 81 16 144

Solution 2 (by Soumitra Mandal).
By Hoélder’s inequality,

=(a+b+c)°

< <Z (b+1 e )(yl S0+ 1)( c+1)>(1+1+1)3.

cycl
It follows that

3>1.
(Z b+1 cr1 > (ab+be+ ca+5)3° >

cycl
The latter implies

(a+b+c)?
(5 )(Z b+1 ))3321'
And, finally,

0 L3 L
g (b+1)(c+1) =33 16 144
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Equality is attained at a =b=c = % |
Remark (by Alexander Bogomolny)
The latter solution appears to equally well tackle another inequality:
a® 1
D
(a+1)(b+1) — 144

cycl

Solution 3 (by Nassim Nicolas Taleb).
We use the inequality variant

1 1
® (5@ +b7+e)" 2(5 +b+c) " p 2 g
Let p=5,q=1:
Vas+b +c5 1
ng(a+b+0)’
S0 .
5 15, 5
b > —
a” +0b" +c 2 31

On the other hand #-(a+b+c+3)* =3 > (a+ 1)(b+1)(c+1)

Expanding the lhs:

Crat PP EES z(iJraGer@#f)
(a+1)(b+1)(c+1) 64

lhs =
i 81
Let p=6,g=11in ,

6 6
a®+ 0%+ 8 2(?)

50 27/ 1 1 1
th > 2155+ 35) ~ 1
O
Aknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly emailed me a copy of the collection RMM CYCLIC
INEQUALITIES MARATHON 101-200. The problem is due to George
Apostolopoulos. T copy two proofs: Solution 1 by Soumava Chakraborty, Solution

2 by Soumitra Mandal. Solution 3 is by N. N. Taleb.

193. Adil Abdulayev’s Inequality With Angles, Medians,
Inradius and Circumradius

In any AABC,

A n B " C < 3m
mg mpy m. 4R+ r
Proposed by Adil Abdullayev

Solution (by Daniel Sitaru).
By Chebyshev’s inequality,

A 1 1 1
POFEEE DORED DI-att D Dt

cycl cycl cycl cycl
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By Bergstrom inequality,

Iy Loz 9 T2
3cycl mg 3chclma — 3 4R+
37
AR+ 7’
due to Leuenberger’s Inequality mg +mp + me < 4R + 1. O

Aknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted this problem by Adil Abdulayev at the CutThe-
KnotMath facebook page, along with his solution. The problem was originally
posted to the Romanian Mathematical Magazine.

194. An Inequality with Sides, Cosines, and Semiperimet
In any AABC,

5 8s3
Za (bcosB + ccosC) < o

cycl
Proposed by Daniel Sitaru

Solution 1 (same solution by Kevin Soto Palacios and Amit Itagi).
The problem is the same as

(a+0b+c)?

Zaz(bcosB—i—ccosC)S 9

cycl

Due to the AM-GM inequality, suffice it to prove that
Z a?(bcos B + ccos C) < 3abe

cycl
We shall show that in fact
Z a*(bcos B + ccos C) = 3abe.

cycl

We'll prove that identity in the form
Z a®(b* 4 ¢*)(2bccos A) = 6a?b*c?. Indeed,

cycl

> @B + ) (2bccos A) = > a* (b + ) (B + ¢ — a?)

cycl cycl
— Z a2(b2 + C2)2 _ Za4(b2 + 02)
cycl cycl
= Z[a2b4 + a?c* + 2a%b%c?) — Z[a4b2 +a*c?] = 6a*b*c?.
cycl cycl
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Solution 2 (by Kevin Soto Palacios).
As in Solution 1, we aim to prove

Z a*(bcos B + ccos C) = 3abe.
cycl
This is equivalent to

2 Z sin? A(sin 2B + sin 2C) = 12sin Asin Bsin C.

cycl

And further,
2 "sin® A(sin 2B +sin2C) = » (1 — sin24)(sin 2B + sin 2C)

cycl cycl
=2 Z sin 24 — Zsin(QB +20)
cycl cycl
=2 sin24+ ) sin24 =3 sin24 = 12sin Asin Bsin C,
cycl cycl cycl
as is well known. O

Acknowledgment (by Alexander Bogomolny)
Daniel Sitaru has kindly posted the problem at the CutTheKnotMath facebook
page. This problem of his was originally published at the Romanian Mathe-
matical Magazine. Solutions 1 and 2 are by Kevin Soto Palacios. Amit Itagi
independently came up with Solution 1.

195. Seyran Ibrahimov’s Inequality
In any AABC,
V3s. Zma < 20R? + r2.
cycl
Proposed by Seyran Ibrahimov

Solution (same solution by Daniel Sitaru and George Apostolopoulos).

We'll emply Leuenberger’s inequality >
equality chcl a < 3V3R:

V35 “mq S\/g'(4R+r)~%3\/§R

cycl

P
cyel Ma < 4R + r and Mitrinovié’s in-

_ 36R*+9Rr
=

Suffice it to prove that w < 20R? 4 r2. The latter is equivalent to

4R? —9Rr = 2r? > 0, i.e., (R — 2r)(4R — r) > 0 which is true due to Euler’s

inequality R > 2r. (|
Acknowledgment (by Alexander Bogomolny)

Daniel Sitaru has kindly posted the problem and his solution at the CutThe-

KnotMath facebook page and helped me out when I lost the link. I am deeply

in Dan’s debt. The problem is by Seyran Ibrahimov. George Apostolopoulos gave
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the same solution. This problem of his was originally published at the Romanian
Mathematical Magazine.

196. An Inequality with Two Pairs of Triplets
If a,b,c,x,y,z € Ry,xyz # 0, then
1 1 1 2(ab+bc+ca)(x+y+ =z
(a2+b2+c2)<—+—+—)+ ( )( )20
x2 oy 22 TY=z
Proposed by Danziel Sitaru

Solution 1 (by Ravi Prakash). Pure algebra

1 1 1 2(ab + b
@402+ 5+ 5+ )+ (ab+be+ca)(@ +y +2)
oy = Yz

a> ¥ 2 2ab 2bc  2ca
:724'72"‘*24‘7“!‘74'7

x Y z Ty yz zx

a> b 2 2ab  2bc  2ca

y2 22 2?2 yz  zx oy

a> vV 2 2ab  2bc  2ca
zx  xy + yz

a b ¢\2 fa b c\2 sa b c\2
Z(f-l-f-&-f) +<7+7+7> +<7+7+*) > 0.
y oz z x oy
|

Solution 2 (by Amit Itagi).

xyz # 0 implies the finiteness of p = %7 q= é, and r = % Thus, the inequality

can be written as

(a® + % + A P* 4+ ¢ + 1) + 2(ab + be + ca)(pg + qr + rp) > 0.

The inequality is trivially satisfied if a® +b% 4+ ¢ = 0 or p? + ¢®> +r? = 0. Let us

consider the case when neither is zero. The inequality is separately homogeneous

in {a,b,c} and {p,q,7}. Thus, WLOG, we can assume a? + b*> + ¢> = 1 and

Pr@tr=1.

Let us find the extrema of ab + bc + ca under the constraint a? + b? + ¢2 = 1

using Lagrange multipliers. The three resulting equations obtained in addition

to the constraint are

b+c—2 a=0
c+a—2Xb=0
a+b—2X =0,

where A is the Lagrange multiplier. Adding the three equations, we have
(a+b+c)(1—=X) =0.
Thus, either a +b+c=0o0r A = 1.

A =1 results in a = b = ¢. The constraint implies a = b = ¢ = i%. Thus,
ab + be+ ca = 1 for this case. If a+ b+ ¢ =0,
b 2 _ 2 bQ 2 1
ab+bc+ca = (a+bto) 2(& 07+ =5

The exact same analysis applies to {p, g, r}.
Thus, the LHS can be written as 1 + 2uv where u € [ — %, 1} and v € [ — %, 1}.



69

This expression will take minimum value when one of {u,v} is most negative

(takes value —1) and the other is most positive (takes value +1). Thus the
O

minimum value of the LHS is 1 + 2( - %)(1) =0.

Acknowledgment (by Alexander Bogomolny)
The problem above was kindly posted to the CutTheKnotMath faceboo page

by Daniel Sitaru, with a solution by Ravi Prakash. Originally, the problem was
published by Daniel at the Romanian Mathematical Magazine. Solution 2 is

by Amit Itagi.
197. An Inequality in Triangle, with Sides and Medians III
In any AABC, with the side lengths a,b,c and then medians mg, mp, M,

_ 3
Z(mb+m° M) 2%(a2+b2+cz).

Mg

cycl
Proposed by Danziel Sitaru

Solution 1 (by Soumitra Mandal).

z:(mb—i—mc—ma)2 :3Zm3—22mamb

cycl cyel cycl
= QZaQ - QZmamb > QZaQ - 1Z(Qaz + be)
4 — 4 2
cycl cycl cycl cycl
> QZQQ— §Za2 = §Za2.
— 4 2 4
cycl cycl cycl
Again,
Zma(mb +mp —my) = QZmamb — Zmi
cycl cycl cycl
< 1Z(2a2 + be) — §Za2 < §Za2 = §Za2.
~ 2 4 cycl T2 cycl 4 cycl

cycl
It follows, by Bergstram’s inequality, that
(my, +me —mg)*

3 e Zma)_ 5
Mg pow Mq(mp + me —my)

2
3(,2 2 2
(Z(a +b +c)) 3,

=Z(a®+ b+ ).
TP r ) A )

cycl

(chcl (mb +me — ma)2

B chcl ma(mb +Mme — ma) N

a

Solution 2 (by Soumava Chakraborty).
Let mp + me — mg = ¢, Mmec + Mg — Mp = Yy, Mg + Mp — M. = 2. Note that
T,Y,2>0,mg+mp+me=x+y+2,m, = y;rz,mb = Z;m,mc = % We thus

have: 5 5 5
2 2 2

LHS = — 4 ¥ =% |

y+z z4+x x+y

3
RHS = §Za222m§

cycl cycl

while
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SN AR PO o

cycl cycl cycl
such that the required inequality reduces to

> 52 i(Se T

cycl cycl cycl

Note that LHS =3, /15 -
r+y>r+z>y+z, 1mp1y1ng
apply Chebysev’s inequality:

WLOG x> y > z, then
Now we are in a position to

y+z — z+r — 't+y

LHS > Z 2
cycl cycl
1 :L‘
2 cycl 2.
R D IEE B DO
cycl Ty + 2 cycl 3 2 ZCZJCZ cycl

Thus, suffice it to prove that

(chcl 442 chcl xy)(chcl x ) > i <Z £C2 + Z l'y) .

6 chcl Ty

lx2 and v =) cyel TYs the inequality rewrites as

cycl cycl

With v =)

cyc
(u+ 2v)u S utv
3v - 27

This is successively equivalent to
& 2u? 4 2uw > 3uv + 3v? & 2u? + uv — 30> >0

< (u—v)(2u+3v) >0
because, as we know, u =73, , 2 > D eyel TY = . O
Solution 3 (by Alexander Bogomolny).

If we take into account the well known expressions for the medians, we shall
reduce the inequality to

Z(mb+mc—ma)3 Zmi‘f'm%‘f'mi-
m

cycl @

For simplicity, let’s use x,y, z for mg,my, m.. Thus the inequality to prove
becomes

_ )3
Z(I+y z) > 2% + 4% + 22
cycl z
From here we follow in the footsteps of Solution 1. On one hand,

Z(w+y—z)2 :3Zx2—22wy2 ZxQ.

cycl cycl cycl cycl

On the other hand,

Zz(x—i—y—z):Zny—ZxQ SZxQ.

cycl cycl cycl cycl
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It follows by Bergstrom inequality that

(r+y—2)° <~ (@t+y—2)°

; z N g; z(x+y—2)
(chcl(m + Yy — 2)2)2 (chcl 1'2)2 o 1’2
chcl Z(ZU + y— Z) 2 chcl xQ a Z .

cycl

Y

O
Acknowledgment (by Alexander Bogomolny)

CutTheKnotMath facebook page. The problem was originally published at
the Romanian Mathematical Magazine. Solution 1 is by Soumitra Mandal ;
Solution 2 is by Soumava Chakraborty.

198. An Inequality with Just Two Variable And an Integer

Prove that, for real a,b > 0 and integer n,

(e ) (5 DG )G9 = (V6 7)
b an b a/\b* a/\a® b/ T b a
Proposed by Danziel Sitaru
Solution (by Daniel Sitaru).
From means the inequality

a b ab
1 —+ — > 2
(1) br + a™ — a™bn

a b a™b
2 — +—=—>2
(2) wt a — bra

" a on
3 — 4= >
3) n T b~ nh
By multiplying the relationship (), (), (3):

bv - an/\b"  a/\a® b/ T \fgn—1.pn—1
We prove that
an 7

5 > n—1 bnfl'
(5) T2t

a" ™ o > 6"+ ab”
a™(a—b)—b"(a—>b) >0
(@—0b)(a" —b") 20
(a—b)2@ ' +a" b4+ +0" 1) >0,
which is true. Now multiply the relationships ,

(55 G+ ) (D () = S

(BT
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O
Acknowledgment (by Alexander Bogomolny)
This problem, along with a solution, was kindly communicated to me by Daniel
Sitaru. Daniel has earlier published the problem at Romanian Mathematical
Magazine.

199. An Universal Inequality for Cevians
Let in A, p = min{a, b, ¢}, ¢ = max{a,b,c}; M € BC,N € AC,P € AB.
Prove that:
3+ 9pgAMs + BN + CP, < (p+q)(1AM + 1BM + 1CP)
Examples: For [, 1y, . the angle bisectors in AABC,

3+ Ipqlag + lop + loe < (p + q)(lla + 1, + HP)

For m,, my, m. the medians in AABC),
3+ 9pgmaa + map +mac < (p+ @) (Img + 1mp + 1me).
Proof.
Naturally, AM, BN,CP € [p,q] so that (p — AM)(¢ — AM) < 0, implying
pq— (p+q)AM + AM> <0,
which is the same as
pgAMs +1 < p+ gAM.
Similar inequalities holds for BN and C'P. Taking the sum of all three gives

3+pgY 1AMy < (p+q)> 1AM.

cyc cyc

By the Harmonic Mean-Arithmetic Mean Inequality,

9> AMy <> 1AM,

cyc cyc
such that
3+9pg Y AMy <3+pg» 1AM,
cyc cyc

By the transitivity of the relation of inequality,
3+ 9pgAMy + BNy + CPy < (p+ q)(1AM + 1BN + 1CP).

Warning;:

The above is a fallacy invented by Daniel Sitaru and Leo Giugiuc and posted
at the CutTheKnotMath facebook page. As a hint of what is wrong with
the proof, note that it would have been nice to mention the applicability of the
inequality to the altitudes hg, hy, he. The omission was deliberate!

Another way to see that there is something wrong with the above is to consider
the most symmetric configuration of an equilateral triangle in which M, N, P
are the midpoints of the corresponding sides. O
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200. An Inequality in Integers

The following inequality, due (1979) to professor Radu Gologan has posted at the

CutTheKnotMath facebook page by Leo Giugiuc along with a solution by

Daniel Sitaru and Leonard Giugiuc. Radu Gologan is the Romanian team leader

for the IMO.

Let a and b be positive integers such that § < V7. Prove that T+ ﬁ < sqrt7.
Solution.

a? < 7b? so that a® < 70> — 1. In Z7,a?® € {0,1,2,4}, making a? = 76> — 1

impossible. Thus, necessarily, a? < 7b?> — 2. But then, again, a®> = 7b> — 2 is also

impossible such that, in fact a? <7h -3, or a < /7b% — 3.

Introduce function f(z) = x4+ % which is monotone increasing for z > 1. It

follows that ) ) 12
(V? =3+ ) 2(a+ )

which is equivalent to

7b2—1+L>( +3)2
we—3-\"T4)"

2
In addition, since b is a positive integer, 1 > ﬁ, such that 76% > (a + é) .

2
In other words, 7 >(% + ﬁ) ,le, §+ ﬁ < /7, as required. O

Its nice to be tmportant but more important its to be nice.
At this paper works a TEADM.

This is RMM TEAM.

To be continued!

Danziel Sitaru
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