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301. If in ࢤ	࡯࡮࡭ the orthocenter lies on the incircle then: 

࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ − ૚ = ૛√࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Si en un ࢤ	࡯࡮࡭ el ortocentro se encuentra en el círculo. Probar 

࡭࢙࢕ࢉ + ࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ − ૚ = ૛√࡭࢙࢕ࢉ ࡮࢙࢕ࢉ  De la condición se .࡯࢙࢕ࢉ

despernde: ࡴࡵ = ࢘. Tener en cuenta las siguientes identidades en un 

࡭࢙࢕ࢉ ;࡯࡮࡭	ࢤ ࡮࢙࢕ࢉ ࡯࢙࢕ࢉ = ࢙૛ି૝ࡾ૛ି૝࢘ି࢘ࡾ૛

૝ࡾ૛
, ࡭࢙࢕ࢉ + ࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ − ૚ = ࢘

ࡾ
 

Además ࡴࡵ૛ = ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ − ࢙૛ ⇔ ࢘૛ = ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ − ࢙૛ 

࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛ = ࢘૛ ⇔
࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛

૝ࡾ૛ =
࢘૛

૝ࡾ૛ 

࡭࢙࢕ࢉ ࡮࢙࢕ࢉ ࡯࢙࢕ࢉ =
૚
૝

࡭࢙࢕ࢉ) + ࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ − ૚)૛ ⇔ ࡮࢙࢕ࢉ࡭࢙࢕ࢉ√  ࡯࢙࢕ࢉ

= ૚
૛

࡭࢙࢕ࢉ) + ࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ − ૚) → ࡭࢙࢕ࢉ + ࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ − ૚ = √૛࡭࢙࢕ࢉ ࡮࢙࢕ࢉ   ࡯࢙࢕ࢉ

 

302. In ࢤ	ࡻ,࡯࡮࡭ − circumcentre, ࡵ − incentre, (࡮∢)࢓ > 90°: 

[࡮ࡻ࡭]
[࡮ࡵ࡭] +

[࡯ࡻ࡮]
[࡯ࡵ࡮] −

[࡭ࡻ࡯]
[࡭ࡵ࡯] =

ࡾ
࢘ + ૚ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Si (࡮∢)࢓ > 90°. Probar en un triángulo [࡮ࡻ࡭] ࡯࡮࡭
[࡮ࡵ࡭] + [࡯ࡻ࡮]

[࡯ࡵ࡮] −
[࡭ࡻ࡯]
[࡭ࡵ࡯] = ࡾ

࢘
+ ૚ 

Siendo ࡻ− circuncentro, ࡵ − incentro, se cumple lo siguiente 

[࡮ࡻ࡭] =
|࡯૛ܖܑܛ|૛ࡾ

૛ , [࡯ࡻ࡮] =
ܖܑܛ|૛ࡾ ૛࡭|

૛ , [࡭ࡻ࡯] =
ܖܑܛ|૛ࡾ ૛࡮|

૛  
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[࡮ࡵ࡭] =
࢘ࢉ
૛ , [࡯ࡵ࡮] =

࢘ࢇ
૛ , [࡭ࡵ࡯] =

࢘࢈
૛  

Como (࡮∢)࢓ > 90° → (࡮∢)࢓,(࡭∢)࢓ < 90 

⇔ [࡮ࡻ࡭] =
૛ࡾ ܖܑܛ ૛࡯

૛ , [࡯ࡻ࡮] =
૛ࡾ ࡭૛ܖܑܛ

૛ , [࡭ࡻ࡯] = −
૛ࡾ ܖܑܛ ૛࡮

૛  

[࡮ࡻ࡭]
[࡮ࡵ࡭] +

[࡯ࡻ࡮]
[࡯ࡵ࡮] −

[࡭ࡻ࡯]
[࡭ࡵ࡯] =

૛ࡾ ܖܑܛ ૛࡯
૛ ⋅

૛
+࢘ࢉ

૛ࡾ ܖܑܛ ૛࡭
૛ ⋅

૛
+࢘ࢇ

૛ࡾ ܖܑܛ ૛࡮
૛ ⋅

૛
࢈  ࢘

[࡮ࡻ࡭]
[࡮ࡵ࡭] +

[࡯ࡻ࡮]
[࡯ࡵ࡮] −

[࡭ࡻ࡯]
[࡭ࡵ࡯] =

૛ࡾ

࢘ ⋅ ൬
ܖܑܛ ૛࡯
ࢉ +

࡭૛ܖܑܛ
ࢇ +

ܖܑܛ ૛࡮
࢈ ൰ = 

=
ࡾ
࢘
൬
ܖܑܛ ૛࡯
૛ ࡯ܖܑܛ

+
࡭૛ܖܑܛ
૛ܖܑܛ ࡭

+
࡮૛ܖܑܛ
૛ ࡮ܖܑܛ

൰ 

[࡮ࡻ࡭]
[࡮ࡵ࡭] +

[࡯ࡻ࡮]
[࡯ࡵ࡮] −

[࡭ࡻ࡯]
[࡭ࡵ࡯] =

ࡾ
࢘

࡯ܛܗ܋) + ࡭ܛܗ܋ + (࡮ܛܗ܋ = 

= ࡯ܛܗ܋) + ࡭ܛܗ܋ + (࡮ܛܗ܋ =
ࡾ
࢘
ቀ૚ +

࢘
ࡾ
ቁ =

ࡾ
࢘

+ ૚ 

303. In ∆۰۱ۯ	۱۱,ʹ۰۰,ʹۯۯ , ʹ Nagel’s Cevians. Prove that: 

૛[ᇱ࡭࡭]૛ࢇ + ૛[ᇱ࡮࡮]૛࢈ + ૛[ᇱ࡯࡯]૛ࢉ ≥ ૝࢙૛࢘(૛ࡾ− ࢘) 

૛[ᇱ࡭࡭]ࢇ + ૛[ᇱ࡮࡮]࢈ + ૛[ᇱ࡯࡯]ࢉ ≥ ૛࢙࢘(ૡࡾ− ૠ࢘) 

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡭࡭ᇱ,࡮࡮ᇱ,࡯࡯ᇱ Nagel’s Cevians. Probar en un triángulo ࡯࡮࡭ 

૛(ᇱ࡭࡭)૛ࢇ + ૛(ᇱ࡮࡮)૛࢈ + ૛(ᇱ࡯࡯)૛ࢉ ≥ ૝࢖૛࢘(૛ࡾ − ࢘) 

Teniendo en cuenta las siguientes notaciones y desigualdad 

૛(ᇱ࡭࡭)૛ࢇ = −
࢖
૛
૛ࢇ)ࢇ − ૛࢈૛ − ૛ࢉ૛ − ࢈ࢇ − ࢉࢇ + ૝ࢉ࢈),	 

૛࢖ + ૞࢘૟૛ ≥ ૚૟࢘ࡾ (Gerretsen’s inequality) 

૛(ᇱ࡮࡮)૛࢈ = −
࢖
૛
૛࢈)࢈ − ૛ࢉ૛ − ૛ࢇ૛ − ࢉ࢈ − ࢇ࢈ + ૝ࢇࢉ), 

૛(ᇱ࡯࡯)૛ࢉ = −
࢖
૛
૛ࢉ)ࢉ − ૛ࢇ૛ − ૛࢈૛ − ࢇࢉ − ࢈ࢉ + ૝࢈ࢇ) 

EL LHS es equivalente 

−
࢖
૛ ቀ෍ࢇ૜ − ૛෍࢈)ࢇ૛ + ࢈)૛ࢇ૛)−෍ࢉ + (ࢉ + ૚૛ࢉ࢈ࢇቁ = 

= −
࢖
૛
ቀ෍ࢇ૜ − ૜෍ࢇ)࢈ࢇ + (࢈ + ૚૛ࢉ࢈ࢇቁ 

= −
࢖
૛

(૛࢖)࢖૛ − ૜࢘૛ − ૟࢘ࡾ) − ૟࢖)࢖૛ − ૛࢘ࡾ+ ࢘૛) + ૝ૡ࢘ࡾ࢖) 

= −
࢖
૛

(−૝࢖૜ − ૚૛࢘࢖૛ + ૝ૡ࢘ࡾ࢖) = ૛࢖૛(࢖૛ + ૜࢘૛ − ૚૛࢘ࡾ) 

Es suficiente probar ૛࢖૛(࢖૛ + ૜࢘૛ − ૚૛࢘ࡾ) ≥ ૝࢙૛࢘(૛ࡾ − ࢘) ⇔ 

⇔ ૛࢖ + ૜࢘૛ − ૚૛࢘ࡾ ≥ ૝࢘ࡾ− ૛࢘૛ ⇔ ૛࢖ + ૞࢘૛ ≥ ૚૟࢘ࡾ (LQQD) 

Siendo ࡭࡭ᇱ,࡮࡮ᇱ,࡯࡯ᇱ Nagel’s Cevians. Probar en un triángulo ࡯࡮࡭ 

૛(ᇱ࡭࡭)ࢇ + ૛(ᇱ࡮࡮)࢈ + ૛(ᇱ࡯࡯)ࢉ ≥ ૛࢘࢖(ૡࡾ − ૠ࢘) 

Teniendo en cuento las siguientes notaciones y desigualdad 

૛(ᇱ࡭࡭)ࢇ = −
࢖
૛

૛ࢇ) − ૛࢈૛ − ૛ࢉ૛ − ࢈ࢇ − ࢉࢇ + ૝ࢉ࢈), 

૛࢖ + ૞࢘૛ ≥ ૚૟࢘ࡾ (Gerretsen’s Inequality)  
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૛(ᇱ࡮࡮)࢈ = −
࢖
૛

૛࢈) − ૛ࢉ૛ − ૛ࢇ૛ − ࢉ࢈ − ࢇ࢈ + ૝ࢇࢉ), 

૛(ᇱ࡯࡯)ࢉ = −
࢖
૛

૛ࢉ) − ૛ࢇ૛ − ૛࢈૛ − ࢇࢉ − ࢈ࢉ + ૝࢈ࢇ) 

EL LHS es equivalente 
− ࢖

૛
൫−૜ࢇ૛ − ૜࢈૛ − ૜ࢉ૛ + ૛࢈ࢇ+ ૛ࢉ࢈ + ૛ࢇࢉ൯ = ࢖

૛
൫૜ࢇ૛ + ૜࢈૛ + ૜ࢉ૛ − ૛࢈ࢇ− ૛ࢉ࢈− ૛ࢇࢉ൯  

⇔
࢖
૛
ቀ૟(࢖૛ − ࢘૛ − ૝࢘ࡾ) − ૛(࢖૛ + ࢘૛ + ૝࢘ࡾ)ቁ =

࢖
૛

(૝࢖૛ − ૡ࢘૛ − ૜૛࢘ࡾ) = 

= ૛࢖૛)࢖ − ૝࢘૛ − ૚૟࢘ࡾ). Es suficiente demostrar lo siguiente 

૛࢖૛)࢖ − ૝࢘૛ − ૚૟࢘ࡾ) ≥ ૛࢘࢖(ૡࡾ− ૠ࢘) ⇔ ૛࢖૛ − ૝࢘૛ − ૚૟࢘ࡾ ≥ ૚૟࢘ࡾ − ૚૝࢘૛ 

⇔ ૛(࢖૛ + ૞࢘૛) ≥ ૜૛࢘ࡾ ⇔ ૛࢖ + ૞࢘૛ ≥ ૚૟࢘ࡾ (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
Let ࡭࡭ᇱ = ᇱ࡮࡮,࢞ = ᇱ࡯࡯,࢟ =   ,By Stewart’s theorem .ࢠ

࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ − (࢈ = ࢇ ቀ࢞૛ + (࢙ − ࢙)(࢈ −  ቁ(ࢉ

⇒ ૛࢞ࢇ = ࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ − (࢈ − ࢙)ࢇ − ࢙)(࢈ −  (ࢉ

= ૛࢈)࢙ + (૛ࢉ − ࢉ૛࢈) + (૛ࢉ࢈ − ૛࢙}ࢇ − ࢙(૛࢙ − (ࢇ +  {ࢉ࢈

= ૛࢈)࢙ + (૛ࢉ − ࢈)ࢉ࢈ + (ࢉ − ࢙(−࢙૛ + ࢙ࢇ +  (ࢉ࢈

= ૛࢈)࢙ + (૛ࢉ − ࢈)ࢉ࢈ + (ࢉ + ૛࢙ࢇ − ૛࢙ࢇ −  ࢉ࢈ࢇ
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⇒ ૛࢞૛ࢇ = ૛࢈ࢇ)࢙ + (૛ࢉࢇ − ࢈)ࢉ࢈ࢇ + (ࢉ + ૛࢙૛ࢇ − ૜࢙ࢇ −  (1)   ࢉ࢈૛ࢇ

Similarly, ࢈૛࢟૛ =
(૛)

૛ࢉ࢈)࢙ + (૛ࢇ࢈ − ࢉ)ࢉ࢈ࢇ + (ࢇ + ૛࢙૛࢈ − ૜࢙࢈ −  ,ࢇࢉ૛࢈

and, ࢉ૛ࢠ૛ =
(૛)

૛ࢇࢉ)࢙ + (૛࢈ࢉ − ࢇ)ࢉ࢈ࢇ + (࢈ + ૛࢙૛ࢉ − ૜࢙ࢉ −  ࢈ࢇ૛ࢉ

(1)+(2)+(3) ⇒ = of ࡿࡴࡸ
(૚)

࢈૛ࢇ∑)࢙ + (૛࢈ࢇ∑ − (૝࢙)ࢉ࢈ࢇ + 

+૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛)− ࢙ ቄ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቅ −  (૛࢙)ࢉ࢈ࢇ

= ࢙ ቂ෍{࢈ࢇ(૛࢙ − ቃ{(ࢉ − ૛૝࢙૛࢘ࡾ + ૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − 

−࢙{૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛)} 

= ࢙{૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ}− ૛૝࢙૛࢘ࡾ + ૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − 

−૛࢙૛(૟࢘ࡾ + ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) 

= ૛࢙૛(࢙૛ + ࢘૛ − ૛࢘ࡾ) − ૛૝࢙૛࢘ࡾ + ૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − 

−૛࢙૛(࢙૛ − ૟࢘ࡾ − ૜࢘૛) 

= ૛࢙૛(࢙૛ + ࢘૛ − ૛࢘ࡾ − ૚૛࢘ࡾ + ࢙૛ − ૝࢘ࡾ− ࢘૛ − ࢙૛ + ૟࢘ࡾ + ૜࢘૛) 

= ૛࢙૛(࢙૛ − ૚૛࢘ࡾ + ૜࢘૛) ≥
?
૝࢙૛࢘(૛ࡾ − ࢘) 

⇔ ࢙૛ − ૚૛࢘ࡾ + ૜࢘૛ ≥
?
૝࢘ࡾ − ૛࢘૛ 

⇔ ࢙૛ ≥
?
૚૟࢘ࡾ − ૞࢘૛ → true by Gerretsen⇒ (1) is proved. We earlier 

proved that: ࢞ࢇ૛ = ૛࢈)࢙ + (૛ࢉ − ࢈)ࢉ࢈ + (ࢉ + ૛࢙ࢇ − ૛࢙ࢇ −  (4)   ࢉ࢈ࢇ

Similarly, ࢟࢈૛ =
(૞)

૛ࢉ)࢙ + (૛ࢇ − ࢉ)ࢇࢉ + (ࢇ + ૛࢙࢈ − ૛࢙࢈ −  ,ࢉ࢈ࢇ

and, ࢠࢉ૛ =
(૟)

૛ࢇ)࢙ + (૛࢈ − ࢇ)࢈ࢇ + (࢈ + ૛࢙ࢉ − ૛࢙ࢉ −  ࢉ࢈ࢇ

(4)+(5)+(6) ⇒ LHS of (2) 

= ૛࢙ ቀ෍ࢇ૛ቁ − ቄ෍࢈ࢇ (૛࢙ − ቅ(ࢉ + ࢙૛(૛࢙)− ࢙ ቀ෍ࢇ૛ቁ − ૚૛࢙࢘ࡾ 
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= ૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૛࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) + ૚૛࢙࢘ࡾ + ૛࢙૛ − ૚૛࢙࢘ࡾ 

= ૛࢙(࢙૛ − ૡ࢘ࡾ− ૛࢘૛) ≥
?
૛࢙࢘(ૡࡾ − ૠ࢘) 

⇔ ࢙૛ ≥
?
૚૟࢘ࡾ − ૞࢘૛ → true by Gerretsen ⇒ (2) is true 

 

304. Prove that in any triangle ࡯࡮࡭ 

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ ≥ ඨ૜

૛ ⋅
૝ࡾ + ࢘
ࡾ  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢘ ࡯࡮࡭
ࢇ

+ ࢈࢘
࢈

+ ࢉ࢘
ࢉ
≥ ට૜

૛
⋅ ቀ૝ࡾା࢘

ࡾ
ቁ 

Es suficiente demostrar lo siguiente ࢘ࢇ
ࢇ
⋅ ࢈࢘
࢈

+ ࢈࢘
࢈
⋅ ࢉ࢘
ࢉ

+ ࢉ࢘
ࢉ
⋅ ࢇ࢘
ࢇ

= ૝ࡾା࢘
૛࢘

 

Tener en cuenta lo siguiente 

ࢇ࢘ = ૝ܖܑܛࡾ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
࢈࢘, = ૝ܖܑܛࡾ ࡮

૛
ܛܗ܋ ࡭

૛
ܛܗ܋ ࡯

૛
, ࢉ࢘ = ૝ܖܑܛࡾ ࡯

૛
ܛܗ܋ ࡭

૛
ܛܗ܋ ࡮

૛
  

࢈࢘ࢇ࢘ = (૛ࡾ (࡮ܖܑܛࡾ૛)(࡭ܖܑܛ ൬ܛܗ܋૛
࡯
૛
൰ ⇔ ࢈࢘ࢇ࢘ =

࢈ࢇ
૛

(૚ +  	,(࡯ܛܗ܋

ࢉ࢘࢈࢘ =
ࢉ࢈
૛

(૚ + ࢇ࢘ࢉ࢘,(ࢇܛܗ܋ =
ࢇࢉ
૛

(૚ +  (࡮ܛܗ܋

⇔
ࢇ࢘
ࢇ ⋅

࢈࢘
࢈ +

࢈࢘
࢈ ⋅

ࢉ࢘
ࢉ +

ࢉ࢘
ࢉ ⋅

ࢇ࢘
ࢇ =

૚ + ࡯ܛܗ܋
૛ +

૚ + ࡭ܛܗ܋
૛ +

૚ + ࡮ܛܗ܋
૛ = 

=
૝ା࢘ࡾ
૛

= ૝ࡾା࢘
૛ࡾ

. Aplicando la siguiente desigualdad para todo ࡾା	࢞,࢟,  se ࢠ

cumple la desigualdad propuesta  

࢞ + ࢟ + ࢠ ≥ ඥ૜(࢞࢟+ ࢠ࢟ + ,(࢞ࢠ ࢞ =
ࢇ࢘
ࢇ

, ࢟ =
࢈࢘
࢈

, ࢠ =
ࢉ࢘
ࢉ
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305. In ࢤ	࡯࡮࡭: 

ࢇ࢝ࢇ࢓ ࢈࢝࢈࢓+ + ࢉ࢝ࢉ࢓ ≥
ࢉࢎ࢈ࢎࢇࢎ

࢘
 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
ࢇ࢝, = ૛ࢉ࢈

ࢉା࢈
࡭ܛܗ܋

૛
ࢉࢎ࢈ࢎࢇࢎ, = ૛࢘૛࢖૛

ࡾ
. 

Lemma 2. ૝࢖૛ ≤ ૛ૠࡾ૛, ܛܗ܋ ࡭
૛
⋅ ܛܗ܋ ࡮

૛
⋅ ܛܗ܋ ࡯

૛
= ࢖

૝ࡾ
 

ࡿࡴࡸ ≥ ࢉ࢈ ⋅ ૛ܛܗ܋
࡭
૛

+ ࢇࢉ ⋅ ૛ܛܗ܋
࡮
૛

+ ࢈ࢇ ⋅ ૛ܛܗ܋
࡯
૛
≥ 

≥ ૜ ⋅ ඨ(ࢉ࢈ࢇ)૛ ⋅ ൬ܛܗ܋
࡭
૛
⋅ ܛܗ܋

࡮
૛
⋅ ܛܗ܋

࡯
૛
൰
૛૜

= 

= ૜ ⋅ ඨ૚૟ࡾ૛࢘૛࢖૛ ⋅
૛࢖

૚૟ࡾ૛
૜

= ૜ ⋅ ඥ࢘૛࢖૝૜ ≥
૛࢘࢖૛

ࡾ
↔ ૛ૠ ⋅ ࢘૛࢖૝ ≥

ૡ࢘૜࢖૟

૜ࡾ
↔ 

↔ ૝࢖૛ ≤ ૛ૠࡾ૜

૛࢘
	. ૝࢖૛ ≤ ૛ૠࡾ૛ ≤ ૛ૠࡾ૜

૛࢘
↔ ࡾ ≥ ૛࢘ (Euler) 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡼ ࡯࡮࡭ = ࢇ࢓ ⋅ ࢇ࢝ ࢈࢓+ ⋅ ࢈࢝ + ࢉ࢓ ⋅ ࢉ࢝ ≥
ࢉࢎ࢈ࢎࢇࢎ

࢘
 

Tener en cuenta las siguientes desigualdades e identidad en un 

triángulo ࢇ࢓ ࡯࡮࡭ ≥ ࢈࢓,ࢇࢎ ≥ ࢉ࢓,࢈ࢎ ≥ ,ࢉࢎ
૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૚
࢘
 

ࢇ࢝ ≥ ࢈࢝,ࢇࢎ ≥ ࢉ࢝,࢈ࢎ ≥  Por la tanto .ࢉࢎ

ࡼ ≥ ૛ࢇࢎ + ૛࢈ࢎ + ૛ࢉࢎ ≥ ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ + ࢈ࢎࢇࢎ = ࢉࢎ࢈ࢎࢇࢎ ቀ
૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ
ቁ = ࢉࢎ࢈ࢎࢇࢎ

࢘
  

(LQQD) 
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306. Let ࡯࡮࡭ be a triangle and ࢉ࢓,࢈࢓,ࢇ࢓ are the medians and ࢉࢎ,࢈ࢎ,ࢇࢎ 

Prove that 

ࢇ࢓
૛

ࢇࢎ
+
࢈࢓

૛

࢈ࢎ
+
ࢉ࢓

૛

ࢉࢎ
≥
૟૜࢘૛ − ࢙૛

૝࢘
 

where ࢘ and ࢙ inradius and semiperimeter of ࡯࡮࡭ respectively. 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Daniel Sitaru – Romania  

෍
ࢇ࢓

૛

ࢇࢎ
≥⏞

ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ቀ∑ඥ࢙(࢙ − ቁ(ࢇ
૛

∑૛ࢇࡿ
=
ቆ∑ ࡿ

ඥ(࢙ − ࢙)(࢈ − (ࢉ
ቇ
૛

૛ࡿ ∑૚ࢇ
≥⏞

ࡹࡳିࡹ࡭

 

≥ ࡿ
૛
⋅
ቀ∑૛

ࢇ
ቁ
૛

∑૚
ࢇ

= ૛ࡿ ⋅ ∑ ૚
ࢇ

= ૛ࡿ ⋅ ࢙
૛ା࢘૛ା૝࢘ࡾ
૝ࡾࡿ

≥ ૟૜࢘૛ି࢙૛

૝࢘
 (to prove) 

૛࢘(࢙૛ + ࢘૛ + ૝࢘ࡾ) ≥ ૟૜࢘૛)ࡾ − ࢙૛) ↔ 

࢙૛(ࡾ + ૛࢘) ≥ ૟૜࢘ࡾ૛ − ૛࢘૛ − ૡ࢘ࡾ૛  (to prove) 

࢙૛(ࡾ + ૛࢘) ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

+ࡾ) ૛࢘)(૚૟࢘ࡾ − ૞࢘૛) ≥ ૟૜࢘ࡾ૛ − ૛࢘૜ − ૡ࢘ࡾ૛ (to prove)  

૝ࡾ૛ − ૠ࢘ࡾ − ૛࢘૛ ≥ ૙ ↔ ࡾ) − ૛࢘)(૝ࡾ + ࢘) ≥ ૙  (Euler) 

 

307. Prove that in any triangle ࡯࡮࡭ 

࢈) + ࢇ࢒ࢇ࢘(ࢉ + ࢉ) + ࢈࢒࢈࢘(ࢇ + ࢇ) + ࢉ࢒ࢉ࢘(࢈ ≤
ૢ
૛ࢉ࢈ࢇ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ la siguiente desigualdad 
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࢈) + ࢇ࢒ࢇ࢘(ࢉ + ࢉ) + ࢈࢒࢈࢘(ࢇ + ࢇ) + ࢉ࢒ࢉ࢘(࢈ ≤
ૢ
૛ࢉ࢈ࢇ 

Teniendo en cuenta las siguientes notaciones y desigualdades en un 

ࢇ࢘ ;࡯࡮࡭	ࢤ = ࢖ ܖ܉ܜ ࡭
૛

, ࢈࢘ = ܖ܉ܜ ࡮
૛

, ࢉ࢘ = ࢖ ܖ܉ܜ ࡯
૛

 

ࢇ࢒ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

, ࢈࢒ =
૛ࢇࢉ
ࢇ + ࢈

ܛܗ܋
࡮
૛

, ࢉ࢒ =
૛࢈ࢇ
ࢇ + ࢈

ܛܗ܋
࡯
૛

 

ܖܑܛ
࡭
૛

+ ܖܑܛ
࡮
૛

+ ܖܑܛ
࡯
૛
≤
૜
૛

, ܖܑܛ
࡭
૛
≤

ࢇ
࢈ + ࢉ

, ܖܑܛ
࡮
૛
≤

࢈
ࢉ + ࢇ

, ܖܑܛ
࡯
૛
≤

ࢉ
ࢇ + ࢈

 

La desigualdad propuesta es equivalente 

⇔ ܖܑܛ࢖
࡭
૛
⋅ ૛ࢉ࢈ + ࢖ ܖܑܛ

࡮
૛
⋅ ૛ࢇࢉ + ࢖ ܖܑܛ

࡯
૛
⋅ ૛࢈ࢇ ≤

ૢ
૛
 ࢉ࢈ࢇ

⇔ ࢇ) + ࢈ + (ࢉ ܖܑܛ
࡭
૛
⋅
૛
ࢇ

+ ࢈) + ࢉ + (ࢇ ܖܑܛ
࡮
૛
⋅
૛
࢈

+ ࢉ) + ࢇ + (࢈ ܖܑܛ
࡯
૛
⋅
૛
ࢉ
≤ ૢ 

⇔ ૛ܖܑܛ ࡭
૛

+ ૛ ܖܑܛ ࡮
૛

+ ૛ܖܑܛ ࡯
૛

+ ૛ܖܑܛ ࡭
૛
⋅ ࢉା࢈

ࢇ
+ ૛ ܖܑܛ ࡮

૛
⋅ ࢇାࢉ

࢈
+ ૛ ܖܑܛ ࡯

૛
⋅ ࢈ାࢇ

ࢉ
≤  

≤ ૛ ⋅ ૜
૛

+ ૛ ⋅ ૜ = ૢ (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢙ ܖ܉ܜ
࡭
૛ = ࢙ඨ

(࢙ − ࢙)(࢈ − (ࢉ
࢙(࢙ − (ࢇ =

ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
࢙ − ࢇ =

ࢤ
࢙ − ࢇ =  ࢇ࢘

∴ ࢈) + ࢇ࢒ࢇ࢘(ࢉ = ࢈) + (ࢉ ൬࢙ ܖ܉ܜ
࡭
૛
൰
૛ࢉ࢈ ૛࡭ܛܗ܋

࢈) + (ࢉ  

= ૛࢙	ࢉ࢈ ܖܑܛ
࡭
૛ = ૛࢙	ࢉ࢈ඨ

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢈ =

(૚)
૛࢙ඥࢉ࢈(࢙ − ࢙)(࢈ −  (ࢉ

Similarly, (ࢉ + ࢈࢒࢈࢘(ࢇ =
(૛)

૛࢙ඥࢇࢉ(࢙ − ࢙)(ࢉ −  ,and ,(ࢇࢉ

ࢇ) + ࢉ࢒ࢉ࢘(࢈ =
(૜)

૛࢙ඥ࢈ࢇ(࢙ − ࢙)(ࢇ −  (࢈
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(1)+(2)+(3)⇒  ࡿࡴࡸ

= ૛࢙ ቄඥࢉ࢈(࢙ − ࢙)(࢈ − (ࢉ + ඥࢇࢉ(࢙ − ࢙)(ࢉ − (ࢇ + ඥ࢈ࢇ(࢙ − ࢙)(ࢇ −  ቅ(࢈

= ૛࢙ ቄඥ࢈(࢙ − ࢙)ࢉඥ(࢈ − (ࢉ + ඥࢉ(࢙ − ࢙)ࢇඥ(ࢉ − (ࢇ + ඥࢇ(࢙ − ࢙)࢈ඥ(ࢇ −  ቅ(࢈

≤
ࡿି࡮ି࡯

૛࢙ඥ࢈(࢙ − (࢈ + ࢙)ࢉ − (ࢉ + ࢙)ࢇ − ࢙)ࢉඥ(ࢇ − (ࢉ + ࢙)ࢇ − (ࢇ + ࢙)࢈ −  (࢈

= ૛࢙ට࢙(૛࢙)−෍ࢇ૛ට࢙(૛࢙)−෍ࢇ૛ = ૛࢙{૛࢙૛ − ૛(࢙૛ − ૝࢘ࡾ − ࢘૛)} 

= ૛࢙(ૡ࢘ࡾ + ૛࢘૛) ≤
? ૢ
૛
⋅ ࢉ࢈ࢇ = ૚ૡ࢙࢘ࡾ  

⇔ ૡࡾ + ૛࢘ ≤
?
ࡾૢ ⇔ ૛࢘ ≤

?
ࡾ → true (Euler) (Proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࢈)∑ (1 + (ࢉ ⋅ ࡿ
ࢇି࢖

⋅ ૛√ࢉ࢈ඥ(ࢇି࢖)⋅࢖
ࢉା࢈

= 

= ෍
૛ ⋅ ࢉ࢈√ ⋅ ࢖)࢖ − (ࢇ ⋅ ඥ(࢖ − (࢈ ⋅ ࢖) − (ࢉ

࢖ − ࢇ = 

= ෍૛√ࢉ࢈ ⋅ ࢖)ඥ࢖ − ࢖)(࢈ − (ࢉ
ࢤ

= ൝
࢖ − ࢇ = ࢞
࢖ − ࢈ = ࢟
࢖ − ࢉ = ࢠ

ൡ = 

= ෍૛ ⋅ ඥ(࢞ + ࢞)(ࢠ + ࢟) ⋅ (࢞ + ࢟ + (ࢠ ⋅ ඥ࢟ࢠ = 

= ૛(࢞ + ࢟ + (ࢠ ⋅෍ඥ࢟(࢞ + (ࢠ ⋅ ඥࢠ(࢞ + ࢟) ≤
ࡿ࡮࡯

 

= ૛ ⋅ (࢞ + ࢟ + (ࢠ ⋅ ට൫࢞(࢟+ (ࢠ + ࢠ)࢟ + ࢞) + ࢞)ࢠ + ࢟)൯
૛

= 

= ૛(࢞ + ࢟ + (ࢠ ⋅ ૛(࢞࢟ + ࢠ࢟ + (࢞ࢠ = 

= ૝ ⋅ ቀ෍(࢞૛࢟ + ࢞࢟૛) + ૜࢞࢟ࢠቁ =  ࡿࡴࡸ

2) ૢ
૛
ࢉ࢈ࢇ = ૢ

૛
⋅ (࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) =  ࡿࡴࡾ
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ࡿࡴࡸ ≤  (ASSURE)   ࡿࡴࡾ

૝ ⋅ ቀ෍(࢞૛࢟ + ࢞࢟૛) + ૜࢞࢟ࢠቁ ≤
ૢ
૛

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) 

ૡ ⋅ ቀ෍(࢞૛࢟ + ࢞࢟૛) + ૜࢞࢟ࢠቁ ≤ ૢ ⋅ ቀ෍(࢞૛࢟+ ࢞࢟૛) + ૛࢞࢟ࢠቁ 

૟࢞࢟ࢠ ≤ ∑(࢞૛࢟ + ࢞࢟૛); ࡹࡳ ≤  ࡹ࡭

 

308. In ࢤ	࡯࡮࡭: 

ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛

+ ࢈࢓
૛ ૛ܖ܉ܜ

࡮
૛

+ ࢉ࢓
૛ ૛ܖ܉ܜ

࡯
૛
≤
࢙૛ − ࢘૛ − ૝࢘ࡾ

૛
 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo no obtusángulo ࢇ ࡯࡮࡭
૛ࢇ࢓

≥ ܖ܉ܜ ࡭
૛

 

Elevando al cuadrado la expresión se tiene lo siguiente 

૛ࢇ

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ
≥

(࢙ − ࢙)(࢈ − (ࢉ
࢙(࢙ − (ࢇ ⇔ 

⇔ ࢈))૛ࢇ + ૛(ࢉ − (૛ࢇ ≥ (૛(࢈૛ + −(૛ࢉ ૛ࢇ)(૛ࢇ − ࢈) −  (૛(ࢉ

Como es un triángulo no obtusángulo → ࡭ܛܗ܋ ≥ ૙ 

⇔ +࢈)૛ࢇ ૛(ࢉ − ૝ࢇ ≥ ૛ࢇ૛(࢈૛ + (૛ࢉ − ૝ࢇ − ૛(࢈૛ + −࢈)(૛ࢉ ૛(ࢉ + −࢈)૛ࢇ  ૛(ࢉ

⇔ ૙ ≥ ૛ࢇ૛(࢈૛ + ૛ࢉ − ૛ࢉ࢈)− ૛(࢈૛ + −࢈)(૛ࢉ ૛(ࢉ ⇔−૛(࢈૛ + ૛ࢉ − −࢈)(૛ࢇ ૛(ࢉ ≤ ૙ 

⇔ ૝࡭ܛܗ܋ࢉ࢈ ࢈) − ૛(ࢉ ≥ ૙. Análogamente para los siguientes términos 
࢈

૛ࢇ࢓
≥ ܖ܉ܜ ࡮

૛
, ࢉ
ࢉ࢓

≥ ܖ܉ܜ ࡯
૛

. Probar en un triágulo ࡯࡮࡭ 

ࡼ = ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛ + ࢈࢓

૛ ૛ܖ܉ܜ
࡮
૛ ࢉ࢓+

૛ ૛ܖ܉ܜ
࡯
૛ ≤

࢙૛ − ࢘૛ − ૝࢘ࡾ
૛  

ࡼ ≤ ૛ࢇ

૝
+ ૛࢈

૝
+ ૛ࢉ

૝
= ࢙૛ି࢘૛ି૝࢘ࡾ

૛
 (LQQD) 



 
www.ssmrmh.ro 

 
Solution 2 by Soumava Chakraborty-Kolkata-India 

Case 1. ࡯࡮࡭ࢤ is acute-angled. 

ࢇ࢓ ≤ ૚)ࡾ + (࡭ܛܗ܋ = ૛ܛܗ܋ࡾ૛
࡭
૛
⇒ ࢇ࢓

૛ ≤ ૝ࡾ૛ ૝ܛܗ܋
࡭
૛

 

∴ ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛ ≤

(૚)
૝ࡾ૛ ૝ܛܗ܋

࡭
૛ ܖ܉ܜ

૛ ࡭
૛ = ૝ࡾ૛ ૛ܖܑܛ

࡭
૛ ܛܗ܋

૛࡭
૛ 

= ൬૛ࡾ ܖܑܛ
࡭
૛ ܛܗ܋

࡭
૛൰

૛

= ૛ࡾ ૛ܖܑܛ ࡭ =
૚
૝

(૛ࡾ ૛(࡭ܖܑܛ =
૛ࢇ

૝  

Similarly, ࢈࢓
૛ ૛ܖ܉ܜ ࡮

૛
≤
(૛) ૛࢈

૝
 and ࢉ࢓

૛ ૛ܖ܉ܜ ࡯
૛
≤
(૜) ૛ࢉ

૝
 

(1)+(2)+(3)⇒ LHS ≤ ૛ࢇ∑

૝
= ࢙૛ି૝࢘ି࢘ࡾ૛

૛
 (Proved) 

Case 2: ࢤ	࡯࡮࡭ is right-angled. WLOG, we may assume (࡯࡭࡮∠)࢓ = ૢ૙° 

ࢇ࢓
૛ =

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ =
૛ࢇ૛ − ૛ࢇ

૝ =
૛ࢇ

૝ ⇒ ࢇ࢓ =
ࢇ
૛ 

∴ ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛
= ૛ࢇ

૝
   (4) 

Also, ∵ ∴ ,are acute ࡯ࡸ∠ and ࡮ࡸ∠ ࢈࢓ ≤ ૚)ࡾ +  etc, which will (࡮ܛܗ܋

ultimately yield ࢈࢓
૛ ૛ܖ܉ܜ ࡮

૛
≤ ૛࢈

૝
  (5) and ࢉ࢓

૛ ૛ܖ܉ܜ ࡯
૛
≤ ૛ࢉ

૝
   (6) 

(4)+(5)+(6)⇒ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
≤ ૛ࢇ∑

૝
= ࢙૛ି૝࢘ି࢘ࡾ૛

૛
 (Proved) 

 

309. Prove that in any triangle ࡯࡮࡭ the following inequality holds 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≤ ૞ +

૛ࡾ
࢘  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ la siguiente desigualdad 
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ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≤ ૞ +

૛ࡾ
࢘  

⇔ ૜ +
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

≤ ૞ +
૛ࡾ
࢘
⇔

૛ࡾ
࢘

+ ૛ ≥
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

 

⇔ ࢉ࢈ࢇ
૛(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ) + ૛ ≥ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
+ ࢈ାࢇ

ࢉ
   (A) 

Siendo ࢈,ࢇ,  los lados de un triángulo realizamos los siguientes ࢉ

cambios ࢞ = ࢙ − ࢇ > ݕ,0 = ݏ − ܾ > 0, ݖ = ݏ − ܿ > 0, 

࢞ + ࢟ = ࢉ > 0, ݕ + ݖ = ܽ > 0, ݖ + ݔ = ܾ > 0. Lo cual tenemos en (A) 

⇔
(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)

૛࢞࢟ࢠ
+ ૛ ≥

࢟ + ࢠ + ૛࢞
࢟ + ࢠ

+
ࢠ + ࢞ + ૛࢟
ࢠ + ࢞

+
࢞ + ࢟ + ૛ࢠ
࢞ + ࢟

 

⇔ ࢞ା࢟
૛ࢠ

+ ࢟ାࢠ
૛࢞

+ ା࢞ࢠ
૛࢟

+ ૜ ≥ ૛࢞
࢟ାࢠ

+ ૛࢟
ࢠାࢠ

+ ૛ࢠ
࢞ା࢟

+ ૜. Por la desigualdad de 

Cauchy ࢞
૛ࢠ

+ ࢞
૛࢟
≥ ૛࢞

࢟ାࢠ
	 (M), ࢟

૛࢞
+ ࢟

૛ࢠ
≥ ૛࢟

ା࢞ࢠ
   (N), ࢠ

૛࢟
+ ࢠ

૛࢞
≥ ૛ࢠ

࢞ା࢟
  (P) 

Sumando (M) + (N) + (P) → ࢞ା࢟
૛ࢠ

+ ࢟ାࢠ
૛࢞

+ ା࢞ࢠ
૛࢟

≥ ૛࢞
࢟ାࢠ

+ ૛࢟
ࢠାࢠ

+ ૛ࢠ
࢞ା࢟

 (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ = (૛࢙)

(࢈ࢇ∑)
૝࢙࢘ࡾ =

(࢈ࢇ∑)
૛࢘ࡾ ≤

૛ࡾ + ૞࢘
࢘  

⇔෍࢈ࢇ ≤ ૛ࡾ(૛ࡾ + ૞࢘) = ૝ࡾ૛ + ૚૙࢘ࡾ ⇔ ࢙૛ + ૝࢘ࡾ + ࢘૛ ≤ 

≤ ૝ࡾ૛ + ૚૙࢘ࡾ ⇔ ࢙૛ ≤ ૝ࡾ૛ + ૟࢘ࡾ − ࢘૛. Now, Gerretsen ⇒ ࢙૛ ≤ ૝ࡾ૛ +

+૝࢘ࡾ+ ૜࢘૛ ∴ it suffices to prove: ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤ ૝ࡾ૛ + ૟࢘ࡾ − ࢘૛ 

⇔ ૛࢘ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘ → true, by Euler (Proved) 

310. In ࢤ	ࡳ,࡯࡮࡭ − centroid, ࡵ − incentre 

ࡳ࡭ ⋅ ࡳ࡮ ⋅ ࡳ࡯ + ࡵ࡭ ⋅ ࡵ࡮ ⋅ ࡵ࡯ ≥
૝ࡾ
૛ૠ࢘

ࢉࢎ࢈ࢎࢇࢎ) + ૛ૠ࢘૜) 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡳ - Centroid, ࡵ – Incentre. Probar en un ࢤ	࡯࡮࡭ la siguiente 

desigualdad ࡭ࡳ ⋅ ࡮ࡳ ⋅ ࡯ࡳ + ࡭ࡵ ⋅ ࡮ࡵ ⋅ ࡯ࡵ ≥ ૝ࡾ
૛ૠ࢘

ࢉࢎ࢈ࢎࢇࢎ) + ૛ૠ࢘૜) 

Tener en cuenta las siguientes identidades y desigualdades en un ࢤ	࡯࡮࡭ 

࡭ࡳ =
૛
૜࡮ࡳ,ࢇ࢓ =

૛
૜࡯ࡳ,࢈࢓ =

૛
૜ࢉ࢓, ࡭ࡵ = ࢘ ܋ܛ܋

࡭
૛ , ࡮ࡵ = ࢘ ܋ܛ܋

࡮
૛ , ࡯ࡵ = ࢘ ܋ܛ܋

࡯
૛ 

ࢇࢎ =
ࢉ࢈
૛ࡾ ࢈ࢎ, =

ࢇࢉ
૛ࡾ ࢉࢎ, =

࢈ࢇ
૛ࡾ ࢉࢎ࢈ࢎࢇࢎ, =

૛ࢉ૛࢈૛ࢇ

ૡࡾ૜ =
૚૟࢙૛࢘૛ࡾ૛

ૡࡾ૜ =
૛࢙૛࢘૛

ࡾ  

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓,(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓,(࢈ ≥ ඥ࢙(࢙ − (ࢉ ࢉ࢓࢈࢓ࢇ࢓⇔ ≥ ࡿ࢙ = ࢙૛࢘ 

Luego ࡭ࡳ ⋅ ࡮ࡳ ⋅ ࡯ࡳ = ૡ
૛ૠ
ࢉ࢓࢈࢓ࢇ࢓ ≥

ૡ
૛ૠ
࢙૛࢘ = ૝ࡾ

૛ૠ࢘
 (A) ࢉࢎ࢈ࢎࢇࢎ

࡭ࡵ ⋅ ࡮ࡵ ⋅ ࡯ࡵ = ࢘ ࡭܋ܛ܋
૛
࢘ ܋ܛ܋ ࡮

૛
࢘ ܋ܛ܋ ࡯

૛
= ࢘૜ ⋅ ૝ࡾ

࢘
= ૝ࡾ

૛ૠ࢘
⋅ ૛ૠ࢘૜   (B) 

Sumando (A) + (B)⇒ ࡭ࡳ ⋅ ࡮ࡳ ⋅ ࡯ࡳ + ࡭ࡵ ⋅ ࡮ࡵ ⋅ ࡯ࡵ ≥ ૝ࡾ
૛ૠ࢘

ࢉࢎ࢈ࢎࢇࢎ) + ૛ૠ࢘૜)     

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
ૡ
૛ૠࢉ࢓࢈࢓ࢇ࢓ + ࢘૜ ܋ܛ܋

࡭
૛ ܋ܛ܋

࡮
૛ ܋ܛ܋

࡯
૛ 

≥
(૚)

(ࢇି࢙)ஹඥ࢙ࢇ࢓
ૡ
૛ૠ
ඥ࢙૜(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ + ࢘૜ට ࢉ࢈

ට(ࢉି࢙)(࢈ି࢙)
ࢇࢉ

(ࢇି࢙)(ࢉି࢙)
ට ࢈ࢇ

(࢈ି࢙)(ࢇି࢙)
  

=
ૡ࢙ ⋅ ࢙࢘
૛ૠ + ࢘૜

ࢉ࢈ࢇ
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =

ૡ࢙૛࢘
૛ૠ + ࢘૜ ቆ

૝࢙࢘ࡾ૛

࢘૛ࡿ૛ ቇ =
ૡ࢙૛࢘
૛ૠ + ૝࢘ࡾ૛ 

ࡿࡴࡾ =
૝ࡾ
૛ૠ࢘ቆ

૛ࢉ૛࢈૛ࢇ

ૡࡾ૜ + ૛ૠ࢘૜ቇ =
૝ࡾ ⋅ ૚૟ࡾ૛࢘૛࢙૛

૛ૠ	 × 	ૡࡾ૜࢘ + ૝࢘ࡾ૛ =
(૛) ૡ࢙૛࢘

૛ૠ + ૝࢘ࡾ૛ 

(1), (2) ⇒ ࡿࡴࡸ ≥  (Proved)  ࡿࡴࡾ

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
࢞ = ࢖ − ࢇ
࢟ = ࢖ − ࢈
ࢠ = ࢖ − ࢉ

   (I) ∏ࡳ࡭ = ∏ ૛
૜
ࢇ࢓ ≥

ૡ
૛ૠ
⋅ ∏ඥ࢖)࢖ − (ࢇ = 
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=
ૡ
૛ૠ ⋅

ඥ࢖૜(࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ =
ૡ
૛ૠ ⋅

(࢞ + ࢟+ (ࢠ ⋅ ඥ࢞࢟ࢠ(࢞ + ࢟ +  (ࢠ

(II) ∏ ࢤࡵ࡭ = ∏ ࢘

૛࡭ܖܑܛ
= ࢘૜

૛࡭ܖܑܛ∏
= ൦

࢘ = ට
ࢠ࢟࢞

࢞ା࢟ାࢠ

∏ ܖܑܛ ࡭
૛ࢤ = ࢠ࢟࢞

∏(࢞ି࢟)

൪ 

ෑࡵ࡭
ࢤ

=
∏(࢞ + ࢟)
࢞ + ࢟ + ࢠ

⋅ ඨ
ࢠ࢟࢞

࢞ + ࢟+ ࢠ
 

(III) ࡿࡴࡸ:∏ ࢤࡳ࡭ + ∏ ࢤࡵ࡭ = ൣૡ⋅(࢞ା࢟ାࢠ)૜ା૛ૠ⋅∏(࢞ା࢟)൧
૛ૠ⋅(࢞ା࢟ାࢠ)ඥ(࢞ା࢟ାࢠ) ⋅ ඥ࢞࢟ࢠ   (*)  

(IV) ࡿࡴࡾ ⇒ ૝
૛ૠ
⋅ ቀࡾ

࢘
⋅ ∏ ࢇࢎ + ૛ૠ࢘ࡾ૛ቁ 

(V) ࡾ
૛
ࢉࢎ࢈ࢎࢇࢎ = ࡾ

૛
⋅ ૡࢤ

૜

ࢉ࢈ࢇ
= ∏(࢞ା࢟)

૝࢞࢟ࢠ
⋅ ૡ࢞࢟ࢠ(࢞ା࢟ାࢠ)ඥ࢞࢟ࢠ⋅(࢞ା࢟ାࢠ)

∏(࢞ା࢟) = 

= ૛ ⋅ (࢞ + ࢟ + (ࢠ ⋅ ඥ࢞࢟ࢠ(࢞ + ࢟ +  (ࢠ

(VI) ૛ૠ࢘ࡾ૛ = ૛ૠ
૝
⋅ ∏(࢞ା࢟)
ඥ࢞࢟ࢠ(࢞ା࢟ାࢠ) ⋅

ࢠ࢟࢞
࢞ା࢟ାࢠ

= ૛ૠ
૝
⋅

∏(࢞ା࢟)ඥ࢞࢟ࢠ
(࢞ା࢟ାࢠ)ඥ࢞ା࢟ାࢠ

 

(VII), (IV); (V), (VI) ⇒ 

⇒ ࡿࡴࡾ =
૝
૛ૠ

⋅ ቆ૛ ⋅ (࢞ + ࢟ + ࢞)ࢠඥ࢞࢟(ࢠ + ࢟ + (ࢠ +
૛ૠ
૝
⋅

∏(࢞+ ࢟)ඥ࢞࢟ࢠ
(࢞ + ࢟ + ඥ࢞(ࢠ + ࢟ + ࢠ

ቇ = 

= ૚
૛ૠ
⋅ ൬ૡ(∑࢞)૜ା૛ૠ∏(࢞ା࢟)

∑࢞ඥ∑࢞
൰ ⋅ ඥ࢞࢟ࢠ   (**) 

ࡿࡴࡸ ≥
(ࢇି࢖)࢖ஹඥࢇ࢓

= (*) ࡿࡴࡸ	  (**) ࡿࡴࡾ

(*) = (**)  

311. In ࢤ	࡯࡮࡭: 

૝
ૢ ൬

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
ࢇ + ൰࢈

૛

≤
ࡾ
૛࢘ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ૝
ૢ
ቀ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

ቁ
૛
≤ ࡾ

૛࢘
 

Recordar las siguientes identidad y desigualdad en un ࢤ	࡯࡮࡭ 

૛ࢇ + ૛࢈ + ૛ࢉ ≤ ૛  (Leibniz), ૚ࡾૢ
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ

= ૚
૛࢘ࡾ

. Lo cual implica, por 

࡭ࡹ ≥ ૚ :ࡳࡹ
૛(࢈ାࢇ) + ૚

૛(ࢉା࢈) + ૚
૛(ࢇାࢉ) ≤

૚
૝࢈ࢇ

+ ૚
૝ࢉ࢈

+ ૚
૝ࢇࢉ

= ૚
ૡ࢘ࡾ

 

Aplicando la desigualdad de Cauchy en la desigualdad propuesta 
૝
ૢ
ቀ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

ቁ
૛
≤ ૝

ૢ
૛ࢇ) + ૛࢈ + (૛ࢉ ቀ ૚

૛(࢈ାࢇ)
+ ૚

૛(ࢉା࢈)
+ ૚

૛(ࢇାࢉ)
ቁ ≤ ૝

ૢ
⋅ ૛ࡾૢ ⋅ ૚

ૡ࢘ࡾ
= ࡾ

૛࢘
  

Por transitividad ⇒ ૝
ૢ
ቀ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

ቁ
૛
≤ ࡾ

૛࢘
 (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ
࢈ + ࢉ

+
࢈

ࢉ + ࢇ
+

ࢉ
ࢇ + ࢈

=
ࢉ)ࢇ}∑ + ࢇ)(ࢇ + {(࢈

࢈) + ࢉ)(ࢉ + ࢇ)(ࢇ + (࢈ =
࢈ࢇ∑)ࢇ}∑ + {(૛ࢇ

૛ࢉ࢈ࢇ + ࢈૛ࢇ∑ + ૛࢈ࢇ∑
 

=
(ࢇ∑)(࢈ࢇ∑) ૜ࢇ∑+

૛ࢉ࢈ࢇ + ࢈ࢇ∑ (૛࢙ − (ࢉ =
૛࢙(∑࢈ࢇ) + ૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛ − (࢈ࢇ∑

૛ࢉ࢈ࢇ + ૛࢙(∑࢈ࢇ)− ૜ࢉ࢈ࢇ
 

=
૚૛࢙࢘ࡾ + ૝࢙(࢙૛ − ૝࢘ࡾ − ࢘૛)
૛࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) − ૝࢙࢘ࡾ

=
૝࢙(࢙૛ − ࢘ࡾ − ࢘૛)
૛࢙(࢙૛ + ࢘૛ + ૛࢘ࡾ) =

(૚) ૛(࢙૛ − ࢘ࡾ − ࢘૛)
࢙૛ + ૛࢘ࡾ+ ࢘૛

 

(1)  ⇒ it suffices to prove:  ࡾ
૛࢘
≥ ૝

ૢ
⋅ ૝൫࢙

૛ି࢘ି࢘ࡾ૛൯
૛

(࢙૛ା૛࢘ࡾା࢘૛)૛ 

⇔ ૛࢙)ࡾૢ + ૛࢘ࡾ + ࢘૛)૛ ≥ ૜૛࢘(࢙૛ − ࢘ࡾ − ࢘૛)૛    (2) 

LHS of (2) ≤
(૜)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૛࢙)ࡾૢ + ૛࢘ࡾ + ࢘૛)(૚ૡ࢘ࡾ − ૝࢘૛) 

Also RHS of (2) ≤
(૝)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૜૛࢘(࢙૛ − ࢘ࡾ − ࢘૛)(૝ࡾ૛ + ૜࢘ࡾ + ૛࢘૛) 

(3), (4) ⇒ it suffices to prove: 

−ࡾૢ)ࡾૢ ૛࢘)(࢙૛ + ૛࢘ࡾ+ ࢘૛) ≥ ૚૟(૝ࡾ૛ + ૜࢘ࡾ + ૛࢘૛) ⋅ (࢙૛ − ࢘ࡾ − ࢘૛) 
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⇔ ࢙૛(૚ૠࡾ૛ − ૟૟࢘ࡾ − ૜૛࢘૛) + ࢘(૛૛૟ࡾ૜ + ૚૞ૠࡾ૛࢘+ ૟૛࢘ࡾ૛ + ૜૛࢘૜) ≥ ૙    (5) 

LHS of (5) ≥ (૚૟࢘ࡾ − ૞࢘૛)(૚ૠࡾ૛ − ૟૟࢘ࡾ − ૜૛࢘૛) + ࢘(૛૛૟ࡾ૜ + ૚૞ૠࡾ૛࢘ + ૟૛࢘ࡾ૛ + ૜૛࢘૜) ≥
?
૙ 

⇔ ૝ૢૡࡾ૜ − ૢૡ૝ࡾ૛࢘ − ૚૛૙࢘ࡾ૛ + ૚ૢ૛࢘૜ ≥
?
૙ 

⇔ ૛૝ૢ࢚૜ − ૝ૢ૛࢚૛ − ૟૙࢚ + ૢ૟ ≥
?
૙ (where ࢚ = ࡾ

࢘
) 

⇔ (࢚ − ૛){(࢚ − ૛)(૛૝ૢ࢚ + ૞૙૝) + ૢ૟૙} ≥
?
૙ → true, ∵ ࢚ = ࡾ

࢘
≥ ૛ (Euler)  

 

312. Prove that in any triangle ࡯࡮࡭ 

ࢇࢎ
࢈࢘ + ࢉ࢘

+
࢈ࢎ

ࢉ࢘ + ࢇ࢘
≤

૛࢈ࢎࢇࢎ
࢈࢘) + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ +

૚
૛

. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇࢎ ࡯࡮࡭
ࢉା࢘࢈࢘

+ ࢈ࢎ
ࢇା࢘ࢉ࢘

≤ ૛࢈ࢎࢇࢎ
(ࢇା࢘ࢉ࢘)(ࢉା࢘࢈࢘) + ૚

૛
.  

La desigualdad es equivalente  
૛ࡿ
ࢇ

૛ࡿ
ା࢈షࢉశࢇ

૛ࡿ
ࢉష࢈శࢇ

+
૛ࡿ
࢈

૛ࡿ
ାࢉష࢈శࢇ

૛ࡿ
ࢇషࢉశ࢈

≤
૛ࡿ
ࢇ

૛ࡿ
ା࢈షࢉశࢇ

૛ࡿ
ࢉష࢈శࢇ

⋅
૛ࡿ
࢈

૛ࡿ
ାࢉష࢈శࢇ

૛ࡿ
ࢇషࢉశ࢈

+ ૚
૛

  

(ࢉି࢈ାࢇ)(࢈ିࢉାࢇ)
૛ࢇ૛

+ (ࢇିࢉା࢈)(ࢉି࢈ାࢇ)
૛࢈૛

≤ (ࢇିࢉା࢈)(࢈ିࢉାࢇ)૛(ࢉି࢈ାࢇ)
૛ࢇ૛࢈૛

+ ૚
૛
   (A) 

Como ࢈,ࢇ,  son lados de un triángulo, defínase lo siguiente ࢉ

࢞ = ࢈ + ࢉ − ࢇ ≥ ૙, ࢟ = ࢇ + ࢉ − ࢈ ≥ ૙, ࢠ = ࢇ + ࢈ − ࢉ ≥ ૙ 

⇔ ࢞ + ࢟ = ૛࢞,࢟ + ࢠ = ૛ࢇ, ࢠ + ࢞ = ૛࢈. Tenemos en (A) 

⇔
૛࢟ࢠ

(࢟ + ૛(ࢠ +
૛࢞ࢠ

ࢠ) + ࢞)૛ ≤
ૡࢠ૛࢞࢟

(࢟ + ࢠ)૛(ࢠ + ࢞)૛ +
૚
૛ ⇔ 

⇔ ૝࢟ࢠ)ࢠ + ࢞)૛ + ૝࢞ࢠ(࢟ + ૛(ࢠ − ૚૟ࢠ૛࢞࢟ ≤ ࢠ) + ࢟)૛(ࢠ + ࢞)૛ 
⇔ ૝ࢠ૜࢟ + ૝࢞૛࢟ࢠ + ૝࢟૛࢞ࢠ + ૝ࢠ૜࢞ = ૝(ࢠ૛ + ࢟ࢠ)(࢟࢞ + (࢞ࢠ ≤ ૛ࢠ) + ࢞࢟ + ࢟ࢠ + ૛(࢞ࢠ = 



 
www.ssmrmh.ro 

 
= +ࢠ) ࢟)૛(ࢠ+ ࢞)૛ ⇔ ࡭ࡹ) ≥  (ࡳࡹ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇࢎ
࢈࢘ + ࢉ࢘

+
࢈ࢎ

ࢉ࢘ + ࢇ࢘
≤
(૚) ૛࢈ࢎࢇࢎ

࢈࢘) + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ +
૚
૛

. 

ࢇࢎ
ࢉା࢘࢈࢘

=
૛ࢤ
ࢇ

ࢤ
࢙ష࢈ା

ࢤ
࢙షࢉ

=
૛
ࢇ
ࢇ

(࢙ష࢈)(࢙షࢉ)
=
(૛) ૛(࢙ି࢈)(࢙ିࢉ)

૛ࢇ
. Similarly, ࢈ࢎ

ࢇା࢘ࢉ࢘
= ૛(࢙ିࢉ)(࢙ିࢇ)

૛࢈
   (3)  

(2), (3) ⇒ (1) ⇔ ૛(࢙ି࢈)(࢙ିࢉ)
૛ࢇ

+ ૛(࢙ିࢉ)(࢙ିࢇ)
૛࢈

≤ ૡ(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)૛

૛࢈૛ࢇ
+ ૚

૛
 

⇔ ૝࢈૛(࢙ − ࢙)(ࢇ − (ࢉ + ૝ࢇ૛(࢙ − ࢙)(ࢉ − (ࢇ ≤
(૝)

૚૟(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ૛(ࢉ +  ૛࢈૛ࢇ

Let 
࢙ − ࢇ = ࢞
࢙ − ࢈ = ࢟
࢙ − ࢉ = ࢠ

ቋ ∴ ࡿ = ࢞ + ࢟ + ࢠ ⇒
ࢇ = ࢟ + ,ࢠ
࢈ = ࢠ + ࢞,
ࢉ = ࢞ + ࢟

 

∴ (4) ⇔ ૚૟࢞࢟ࢠ૛ + (࢟ + ࢠ)૛(ࢠ + ࢞)૛ − ૝(ࢠ + ࢞)૛࢟ࢠ − ૝࢞ࢠ(࢟ + ૛(ࢠ ≥ ૙ 

⇔ ࢞૛࢟૛ + ࢟૛ࢠ૛ + ૛࢞૛ࢠ + ૝ࢠ − ૛࢟૛࢞ࢠ + ૛ࢠ૛࢞࢟ − 

−૛࢞૛࢟ࢠ + ૛ࢠ૛࢞࢟ − ૛ࢠ૜࢟ − ૛ࢠ૜࢞ ≥ ૙ 

⇔ (࢞࢟ − ࢠ࢟ − ࢞ࢠ + ૛)૛ࢠ ≥ ૙ → true (Proved) 

 

313. In ࢤ	࡯࡮࡭,  :incenter - ࡵ

૚
૛ࡵ࡭

+
૚
૛ࡵ࡮

+
૚
૛ࡵ࡯

≥
૜

૛࢘ࡾ
 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. 
૛࡭ܖܑܛ
࢘

= ૚
ࡵ࡭

 

Lemma 2. ࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ = ૚ + ࢘
ࡾ

 

ࡿࡴࡸ =
ܖܑܛ૛ା࡭૛ܖܑܛ

૛࡮
૛ାܖܑܛ

૛࡯
૛

࢘૛
= ૚

࢘૛
⋅ ૜ି(ܛܗ܋ ܛܗ܋ା࡮ܛܗ܋ା࡭ (࡯

૛
=

૛ି࢘ࡾ
૛࢘૛

≥ ૜
૛࢘ࡾ

 ↔ ࡾ ≥ ૛࢘  … (EULER) 
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Solution 2 by Kevin Soto Palacios  - Huarmey – Peru 

Siendo ࡵ – incentro. Probar en triángulo ࡯࡮࡭ ૚
૛ࡵ࡭

+ ૚
૛ࡵ࡮

+ ૚
૛ࡵ࡯

≥ ૜
૛࢘ࡾ

 

Tener en cuenta las siguientes identidades y desigualdades en un ࡯࡮࡭ࢤ 

࡭ࡵ = ࢘ ࡭܋ܛ܋
૛

, ࡮ࡵ = ࢘ ܋ܛ܋ ࡮
૛

, ࡯ࡵ = ࢘ ܋ܛ܋ ࡯
૛

ࡾ, ≥ ૛࢘ (Inequality Euler) 

Coma → ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛

 

૛ܖܑܛ
࡭
૛ + ૛ܖܑܛ

࡮
૛ + ૛ܖܑܛ

࡯
૛ = ૚ − ૛ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ ≥ ૚ −

૚
૝ =

૜
૝ 

LHS es equivalente ૚
૛ࡵ࡭

+ ૚
૛ࡵ࡮

+ ૚
૛ࡵ࡯

=
૛࡭૛ܖܑܛ
࢘૛

+
૛࡮૛ܖܑܛ
࢘૛

+
૛࡯૛ܖܑܛ
࢘૛

≥ ૜
૝࢘૛

≥ ૜
૛࢘⋅૛࢘

≥ ૜
૛࢘ࡾ

 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
૚
࢘૛
෍ܖܑܛ૛

࡭
૛

=
૚
࢘૛
෍

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢈

=
૚
࢘૛
૛࢙)ࢇ}∑ − ࢈)࢙ + (ࢉ + {(ࢉ࢈

ࢉ࢈ࢇ
 

= ૚
૝࢘ࡾ૜ࡿ

{࢙૛(૛࢙) − ૛࢙(∑࢈ࢇ) + ૚૛࢙࢘ࡾ} = ૛࢙૜ି૛࢙൫࢙૛ା૝࢘ࡾା࢘૛൯ା૚૛࢙࢘ࡾ
૝࢘ࡾ૜࢙

  

=
૚૛࢙࢘ࡾ − ૛࢙(૝࢘ࡾ+ ࢘૛)

૝࢘ࡾ૜࢙ =
૛࢙࢘(૟ࡾ − ૝ࡾ − ࢘)

૝࢘ࡾ૜࢙  

= ૛࢘ିࡾ
૛࢘ࡾ૛

≥
? ૜
૛࢘ࡾ

⇔ ૛ࡾ− ࢘ ≥
?
૜࢘ ⇔ ࡾ ≥

?
૛࢘ → true (Euler) (Proved) 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܖܑܛ
࡭
૛

= ඨ
ࢠ࢟

(࢞ + ࢟) ⋅ (࢞ + (ࢠ ; … 

࢘ = ඨ
ࢠ࢟࢞

࢞ + ࢟ + ࢠ ࡾ; =
(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)

૝ඥ࢞࢟ࢠ ⋅ (࢞ + ࢟+ (ࢠ
 

ࡵ࡭ = ඨ
࢞(࢞ + ࢞)(ࢠ + ࢟)

࢞ + ࢟ + ࢠ ; … 



 
www.ssmrmh.ro 

 

෍
૚
૛ࡵ࡭

ࢤ

= (࢞ + ࢟ + (ࢠ ⋅෍
૚

࢞(࢞ + ࢞)(ࢠ + ࢟)
ࢤ

=  ࡿࡴࡸ

:ࡿࡴࡾ ૜
૛ࡾ⋅࢘

= ૟⋅(࢞ା࢟ାࢠ)
(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞) ⇒ ࡿࡴࡸ ≥  (ASSURE) ࡿࡴࡾ

෍
૚
૛ࡵ࡭

= (࢞ + ࢟ + (ࢠ ⋅෍
(࢟ + ࢠ࢟(ࢠ

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = 

= (࢞ + ࢟ + (ࢠ ⋅
∑(࢟ + (ࢠ ⋅ ࢟ࢠ

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = 

= (࢞ + ࢟ + (ࢠ ⋅
[(࢞૛࢟ + ࢞࢟૛) + (࢟૛ࢠ + (૛ࢠ࢟ + ૛࢞ࢠ) + [(૛࢞ࢠ

࢞)(ࢠ࢟࢞) + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) ≥
࢟ࢎࢉ࢛ࢇ࡯

 

=
(࢞ + ࢟+ (ࢠ ⋅ ૟ඥ࢞૟࢟૟ࢠ૟૟

࢞)(ࢠ࢟࢞) + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) =
૟ ⋅ (࢞ + ࢟ + (ࢠ

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) =  ࡿࡴࡾ

Solution 5 by Martin Lukarevski-Stip 

In ࢤ	ࡵ࡭ :࡯࡮࡭૛ = (ࢇି࢙)ࢉ࢈
࢙

 . Hence by ∑ࢇ(࢙ − ࢙)(࢈ − (ࢉ = ૛࢙࢘(૛ࡾ − ࢘) 

૚
૛ࡵ࡭ +

૚
૛ࡵ࡮ +

૚
૛ࡵ࡯ =

࢙
෍ࢉ࢈ࢇ

ࢇ
࢙ − ࢇ =

૚
૛࢘ࡾ ൬

૛ࡾ
࢘ − ૚൰ ≥

૜
૛࢘ࡾ 

 

314. In ࢤ	࡯࡮࡭: 

ૢ࢘૛

૝
ቆ
૛ࢇ

૛࢈
+
૛࢈

૛ࢉ
+
૛ࢉ

૛ࢇ
ቇ ≥ ૛ࡿ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࡯࡮࡭ los lados de un triángulo ࢉ ∧ ࢞,࢟,  se ,ࡾ números ࢠ

cumple (࢟ࢇ૛ + ૛࢈ࢠ + ૛ࢇࢠ)(૛ࢉ࢞ + ૛࢈࢞ + (૛ࢉ࢟ ≥ (࢞࢟ + +ࢠ࢟ ૛࢈૛ࢇ)(࢞ࢠ + ૛ࢉ૛࢈ +   (૛ࢇ૛ࢉ

Solución  

૝ࢇࢠ࢟ + ૛࢈૛ࢇ࢞࢟ + ࢟૛ࢇ૛ࢉ૛ + ૛࢈૛ࢇ૛ࢠ + ૝࢈࢞ࢠ + ૛ࢉ૛࢈࢟ࢠ + ૛ࢉ૛ࢇࢠ࢞ + ࢞૛࢈૛ࢉ૛ + ૝ࢉ࢟࢞ ≥ 
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≥ (࢞࢟ + ࢠ࢟ + ૛࢈૛ࢇ)(࢞ࢠ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ࢞૛࢈૛ࢉ૛ + ࢟૛ࢉ૛ࢇ૛ + ૛࢈૛ࢇ૛ࢠ ≥ ૛࢈)૛ࢇࢠ࢟ + ૛ࢉ − (૛ࢇ + ૛ࢉ)૛࢈࢞ࢠ + ૛ࢇ − (૛࢈ + ૛ࢇ)૛ࢉ࢟࢞ + ૛࢈ −   (૛ࢉ

⇔
࢞૛

૛ࢇ
+
࢟૛

૛࢈
+
૛ࢠ

૛ࢉ
≥
૛࢟ࢉ࢈ࢠ ࡭ܛܗ܋

૛ࢉ૛࢈
+
૛࡮ܛܗ܋ࢇࢉ࢞ࢠ

૛ࢇ૛ࢉ
+
૛࢞࢟࢈ࢇ ࡯ܛܗ܋

૛࢈૛ࢇ
 

⇔ ࢞૛

૛ࢇ
+ ࢟૛

૛࢈
+ ૛ࢠ

૛ࢉ
≥ ૛࢟ࢠ ࡭ܛܗ܋

ࢉ࢈
+ ૛࢞ࢠ ࡮ܛܗ܋

ࢇࢉ
+ ૛࢞࢟ ܛܗ܋ ࡯

࢈ࢇ
 (Lo cual demostraremos) 

Partimos de la siguiente expresión  

ቀ
࢞
ࢇ
−
࢟
࢈
࡯ܛܗ܋ −

ࢠ
ࢉ
ቁ࡮ܛܗ܋

૛
+ ቀ

࢟
࢈
ܖܑܛ ࡯ −

ࢠ
ࢉ
ቁ࡮ܖܑܛ

૛
≥ ૙ 

⇒ ࢞૛

૛ࢇ
+ ࢟૛

૛࢈
૛ܖܑܛ) ࡯ + ૛ܛܗ܋ (࡯ + ૛ࢠ

૛ࢉ
࡮૛ܖܑܛ) + (࡮૛ܛܗ܋ − ૛࢞࢟ ܛܗ܋ ࡯

࢈ࢇ
− ૛࢞ࢠ ࡮ܛܗ܋

ࢇࢉ
−  

−
૛࢟࡯ܛܗ܋࡮ܛܗ܋)ࢠ − ࡮ܖܑܛ (࡯ܖܑܛ

ࢉ࢈
≥ ૙ 

⇒ ࢞૛

૛ࢇ
+ ࢟૛

૛࢈
+ ૛ࢠ

૛ࢉ
≥ ૛࢟ࢠ ܛܗ܋ ࡭

ࢉ࢈
+ ૛࢞ࢠ ࡮ܛܗ܋

ࢇࢉ
+ ૛࢞࢟ ࡯ܛܗ܋

࢈ࢇ
 (LQQD) 

Siendo ࢞ = ૚
૛ࢉ

,࢟ = ૚
૛ࢇ

ࢠ, = ૚
૛࢈

 obtenemos Desigualdad de WALKER 

⇒ ૜ቆ
૛ࢇ

૛࢈ +
૛࢈

૛ࢉ +
૛ࢉ

૛ቇࢇ ≥
૛ࢇ) + ૛࢈ + (૛ࢉ ൬

૚
૛ࢇ +

૚
૛࢈ +

૚
 ૛൰ࢉ

⇒ ૢቆ
૛ࢇ

૛࢈
+
૛࢈

૛ࢉ
+
૛ࢉ

૛ࢇ
ቇ ≥ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ ≥ 

≥ ࢇ) + ࢈ + ૛(ࢉ ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ. Por transitividad 

⇒ ૢቆ
૛ࢇ

૛࢈
+
૛࢈

૛ࢉ
+
૛ࢉ

૛ࢇ
ቇ ≥ ࢇ) + ࢈ + ૛(ࢉ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ =

૝ࡿ૛

࢘૛
൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ 

⇔
ૢ࢘૛

૝
ቆ
૛ࢇ

૛࢈
+
૛࢈

૛ࢉ
+
૛ࢉ

૛ࢇ
ቇ ≥ ૛ࡿ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ 

(LQQD) 
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315. In ࢤ	࡯࡮࡭: 

૛ࢇࢎ ⋅ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ⋅ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ⋅ ܖ܉ܜ
࡯
૛
≤
ૢ√૜
૝

 ૛ࡾ

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en triángulo ࢇࢎ ࡯࡮࡭૛ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ܖ܉ܜ
࡯
૛
≤ ૢ√૜ࡾ૛

૝
   (A) 

Teniendo en cuenta la siguientes desigualdades en un triángulo ࡯࡮࡭ 

૛࢘ ≤ ,ࡾ ૛࢖ ≤ ૜√૜ࡾ, ܖ܉ܜ ࡭
૛

= ൫ࢇା(ࢉି࢈)൯൫ିࢇ(࢈ାࢉ)൯
૝ࡿ

≤ ૛(ࢉି࢈)૛ିࢇ

૝ࡿ
= ૛ࢇ

૝ࡿ
  

Análogamente para los siguientes términos ܖ܉ܜ ࡮
૛
≤ ૛࢈

૝ࡿ
, ܖ܉ܜ ࡯

૛
≤ ૛ࢉ

૝ࡿ
 

Utilizando las desigualdades previas en (A) 

૛ࢇࢎ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ܖ܉ܜ
࡯
૛

=
૝ࡿ૛

૛ࢇ
⋅
૛ࢇ

૝ࡿ
+
૝ࡿ૛

૛࢈
⋅
૛࢈

૝ࡿ
+
૝ࡿ૛

૛ࢉ
⋅
૛ࢉ

૝ࡿ
= ૜ࡿ = 

= ૜࢘࢖ ≤ ૜ ⋅ ૜√૜ࡾ
૛

⋅ ࡾ
૛

= ૢ√૜ࡾ૛

૝
 (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍ࢇࢎ૛ ⋅ ඨ
࢖) − (࢈ ⋅ ࢖) − (ࢉ

࢖ ⋅ ࢖) − (ࢇ = ෍ࢇࢎ૛ ⋅ ඨ
࢖) − ࢖)(࢈ − ࢖)(ࢉ − ࢖)(࢈ − (ࢉ

࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = 

= ෍
૛ࢇࢎ

ࡿ ⋅ ࢖) − ࢖)(࢈ − (ࢉ ≤
࢟ࢎࢉ࢛ࢇ࡯

෍
૛ࢇࢎ

ࡿ ⋅ ൬
࢖ − ࢈ + ࢖ − ࢉ

૛ ൰
૛

= ෍
૛ࢇࢎ

ࡿ ⋅
૛ࢇ

૝ = 

= ෍൬
૛ࡿ
ࢇ ൰

૛

⋅
૚
૝ࡿ ⋅ ࢇ

૛ = ෍
ࡿ
૛ࢇ ⋅ ࢇ

૛ = ૜ࡿ = 

= ૜ ⋅ ࢖ ⋅ ࢘ ≤
࢘ࢋ࢒࢛ࡱ

	૜࢖ ⋅
ࡾ
૛ =

૜ࡾ
૛ ⋅ ൬

ࢇ + ࢈ + ࢉ
૛ ൰ = 

=
૜ࡾ
૛ ⋅ ቆ

૛ࡾ ⋅ ࡭ܖܑܛ) + ࡮ܖܑܛ + (࡯ܖܑܛ
૛ ቇ ≤

ૢ√૜
૝ ⋅  ૛ࡾ

(࢞)ᇱᇱࢌ = ܖܑܛ) ࢞)ᇱᇱ ≤ ૙ 
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316. In ࢤ	࡯࡮࡭: 

૛࡭ܛܗ܋ ⋅ ܛܗ܋
࡮
૛ ⋅ ܛܗ܋

࡯
૛

ቀ૚ − ૛ቁ࡭ܖܑܛ ቀ૚ − ૛ቁ࡮ܖܑܛ ቀ૚ − ૛ቁ࡯ܖܑܛ
≥ ૜√૜ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Daniel Sitaru – Romania  

(࢞)ࢌ = ܏ܗܔ ቀ
࢞ܛܗ܋

૚ − ܖܑܛ ࢞
ቁ , (࢞)ᇱࢌ = −

૚
ܛܗ܋ ࢞

(࢞)ᇱᇱࢌ, = −
ܖܑܛ ࢞
૛ܛܗ܋ ࢞

< 0 

෍ࢌ൬
࡭
૛൰ ≥⏞

ࡺࡱࡿࡺࡱࡶ

૜ࢌ൬
࡭ ࡮+ + ࡯

૟ ൰ = ૜  ૜√܏ܗܔ

෍܏ܗܔቌ
૛࡭ܛܗ܋

૚ − ૛࡭ܖܑܛ
ቍ ≥ ൫√૜൯܏ܗܔ

૜
; 	ෑቌ

૛࡭ܛܗ܋
૚ − ૛࡭ܖܑܛ

ቍ ≥ ૜√૜ 

 

317. In ࢤ	࡯࡮࡭: 

ࢇ࢓

ࢇ࢙
+
࢈࢓

࢈࢙
+
ࢉ࢓

ࢉ࢙
≥ ඨ(ࢇ + ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triángulo ࢇ࢓ ࡯࡮࡭

ࢇ࢙
+ ࢈࢓

࢈࢙
+ ࢉ࢓

ࢉ࢙
≥ ට(ࢇ + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ 

Teniendo en cuenta las relaciones de las medians y simedians 
ࢇ࢓

ࢇ࢙
= ૛ࢉ૛ା࢈

૛ࢉ࢈
࢈࢓, = ૛ࢇ૛ାࢉ

૛ࢇࢉ
ࢉ࢓, = ૛࢈૛ାࢇ

૛࢈ࢇ
. Por lo tanto 

ࢇ࢓

ࢇ࢙
+
࢈࢓

࢈࢙
+
ࢉ࢓

ࢉ࢙
=
૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ +

૚
૛
ቀ
ࢉ
ࢇ

+
ࢇ
ࢉ
ቁ +

૚
૛
൬
ࢇ
࢈

+
࢈
ࢇ
൰ = 
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=
૚
૛
൬
࢈ + ࢉ
ࢇ

+ ૚൰ +
૚
૛
൬
ࢇ + ࢉ
࢈

+ ૚൰+
૚
૛
൬
ࢇ + ࢈
ࢉ

+ ૚൰ −
૜
૛

 

ࢇ࢓

ࢇ࢙
+ ࢈࢓

࢈࢙
+ ࢉ࢓

ࢉ࢙
= ૚

૛
ࢇ) + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ − ૜

૛
. Es necesario demostrar lo 

siguiente ૚
૛

ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ − ૜

૛
≥ ට(ࢇ + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ 

donde ࢞ = ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૢ   (MA ≥ MG) 

࢞ − ૜ ≥ ૛√࢞ ⇔ ൫√࢞ − ૜൯൫√࢞ + ૚൯ ≥ ૙, lo cual es cierto ya que  

√࢞ − ૜ ≥ ૙ ∧ √࢞ + ૚ ≥ ૝ > 0 (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ࢙ =
૛ࢉ࢈ ⋅ ࢇ࢓

૛࢈ + ૛ࢉ ; … 

෍
ࢇ࢓

ࢇ࢙
= ෍

૛࢈ + ૛ࢉ

૛ࢉ࢈
= ෍

૛ࢇ + ૛࢈

૛࢈ࢇ
=

૚
૛ࢉ࢈ࢇ

⋅෍ࢇ૛ࢉ + ࢉ૛࢈ = 

=
૚

૛ࢉ࢈ࢇ
⋅෍(ࢇ૛࢈ + (૛࢈ࢇ =

૚
૛
ቆ

ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ − ૜ࢉ࢈ࢇ
ࢉ࢈ࢇ

ቇ = 

=
૚
૛
⋅ ቆ(ࢇ + ࢈ + (ࢉ ⋅ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૜ቇ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࡿࡴࡸ

≥ ඨ(ࢇ + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰

ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
ࡿࡴࡾ

 

ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ = ࢚ ⇔ ࢚ ≥ ૢ; ૚

૛
(࢚ − ૜) ≥ ࢠ√ ⇒ ࢚૛ − ૟࢚ + ૢ ≥ ૝࢚ 

࢚૛ − ૚૙࢚ + ૢ ≥ ૙; (࢚ − ૢ)ᇣᇧᇤᇧᇥ
ஹ૙

⋅ (࢚ − ૚)ᇣᇧᇤᇧᇥ
૙

≥ ૙ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࢇ࢙ = ૛ࢉ࢈
૛ࢉ૛ା࢈

⋅ ⇒ etc ࢇ࢓ ࢇ࢓

ࢇ࢙
= ૛ࢉ૛ା࢈

૛ࢉ࢈
 etc ∴ ࢇ࢓∑

ࢇ࢙
= ∑ ૛ࢉ૛ା࢈

૛ࢉ࢈
=
(૚) ૛࢈ࢇ∑ା࢈૛ࢇ∑

૛ࢉ࢈ࢇ
 

(1)⇒ it suffices to prove: ൫
૛൯࢈ࢇ∑ା࢈૛ࢇ∑

૛

૝ࢇ૛࢈૛ࢉ૛
≥ (࢈ࢇ∑)(ࢇ∑)

ࢉ࢈ࢇ
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⇔ ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁ
૛
≥ ૝ࢉ࢈ࢇቀ෍ࢇቁ ቀ෍࢈ࢇቁ 

⇔෍ࢇ૝࢈૛ + ෍ࢇ૛࢈૝ + ૛෍ࢇ૜࢈૜ + ૛ࢉ࢈ࢇ ቀ෍ࢇ૜ቁ ≥ 

≥ ૛ࢇ૜࢈૛ࢉ + ૛ࢇ૜ࢉ࢈૛ + ૛ࢇ૛࢈૜ࢉ + ૛ࢇ૛ࢉ࢈૜ + ૜࢈ࢇ૜ࢉ૛ + ૛࢈ࢇ૛ࢉ૜ + ૟ࢇ૛࢈૛ࢉ૛ 

Now, ∑࢞૜ + ૜࢞࢟ࢠ ≥
࢛࢘ࢎࢉࡿ

∑࢞૛࢟ + ∑࢞࢟૛  → (i) 

∑࢞૜ ≥
ࡳି࡭

૜࢞࢟ࢠ    → (ii) 

(i) + (ii) ⇒ ૛∑࢞૜ ≥ ∑࢞૛࢟ = ∑࢞࢟૛  → (iii) 

(iii) → ૛∑ࢇ૜࢈૜ ≥ ࢉ૛࢈૜ࢇ + ૛ࢉ࢈૜ࢇ + ࢉ૜࢈૛ࢇ + ૜ࢉ࢈૛ࢇ + ૛ࢉ૜࢈ࢇ +   ૜, andࢉ૛࢈ࢇ

also ૛∑ࢇ૜ ≥ ࢈૛ࢇ∑ +  ૛࢈ࢇ∑

⇒ ࢉ࢈ࢇ ቀ૛෍ࢇ૜ቁ ≥ ࢉ૛࢈૜ࢇ + ૛ࢉ࢈૜ࢇ + ࢉ૜࢈૛ࢇ + ૜ࢉ࢈૛ࢇ + ૛ࢉ૜࢈ࢇ +  ૜ࢉ૛࢈ࢇ

Also, AM – GM ⇒ ૛࢈૝ࢇ∑ + ૝࢈૛ࢇ∑ ≥ ૟ࢇ૛࢈૛ࢉ૛   (5) 

(3) + (4) + (5) ⇒ (2) is true (Proved) 

 

318. In acute ࢤ	࡯࡮࡭: 

࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ >
૛ࡿ
࢙૛

 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo ࡯࡮࡭ 

࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ >
૛ࡿ
࢙૛

=
૛࢙࢘
࢙૛

=
૛࢘
࢙

= ૛ ܖ܉ܜ
࡭
૛
ܖ܉ܜ

࡮
૛
ܖ܉ܜ

࡯
૛

 

⇔ ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ܖ܉ܜ ࡯ ⋅ ܜܗ܋
࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛

> 2 

Dado que es un triángulo acutángulo ࡭ܛܗ܋ , ࡮ܛܗ܋ , ࡯ܛܗ܋ > 0 
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Además ࢞ + ࢟ + ࢠ = ࢞ donde ,ࢠ࢟࢞ = ࡭ܖ܉ܜ > ݕ,0 = ࡮ܖ܉ܜ > 0, ݖ = ࡯ܖ܉ܜ > 0 

Aplicando MA ≥ MG  

࢞ + ࢟ + ࢠ ≥ ૜ඥ࢞࢟ࢠ૜ ⇔ ૜(ࢠ࢟࢞) ≥ ૛ૠ࢞࢟ࢠ ⇔ ࢠ࢟࢞ ≥ ૜√૜. De manera 

análoga ܜܗ܋ ࡭
૛
࡮ܜܗ܋

૛
ܜܗ܋ ࡯

૛
= ܜܗ܋ ࡭

૛
+ ܜܗ܋ ࡮

૛
+ ܜܗ܋ ࡯

૛
⇔ ܜܗ܋ ࡭

૛
࡮ܜܗ܋

૛
ܜܗ܋ ࡯

૛
≥ ૜√૜ 

Por lo tanto ܖ܉ܜ ࡭ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ ⋅ ܜܗ܋ ࡭
૛
ܜܗ܋ ࡮

૛
ܜܗ܋ ࡯

૛
≥ ૛ૠ > 2 

 Solution 2 by Ravi Prakash-New Delhi-India 

For ૙ < ߠ < ࣊
૛

ࣂܖ܉ܜ ; =
૛ ૛ቁࣂቀܖ܉ܜ

૚ିܖ܉ܜ૛ቀࣂ૛ቁ
⇒ ૛ ܖ܉ܜ ቀࣂ

૛
ቁ = ࣂܖ܉ܜ ቂ૚ − ૛ܖ܉ܜ ࣂ

૛
ቃ <  ࣂܖ܉ܜ

∴ ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ > 8 ܖ܉ܜ ൬
࡭
૛൰ ܖ܉ܜ ൬

࡮
૛൰ ܖ܉ܜ ൬

࡯
૛൰ 

= ૡ ൬
ࢤ

࢙(࢙ − ൰(ࢇ ൬
ࢤ

࢙(࢙ − ൰(࢈ ൬
ࢤ

࢙(࢙ − ൰(ࢉ =
ૡࢤ૜

࢙૛ࢤ
=
ૡࢤ
࢙૛

>
૛ࢤ
࢙૛

 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ ≥ ૜√૜; ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ ≥ ૜√૜ 

૜√૜ > ૛ࡿ
࢙૛

; ૜√૜ࡿ૛ > ;࢘ࡿ2 ࢇ	 = ૜√૜ࡿ > 2࢘ → ૛࢙ ≥ ૜√૜࢘ 

ࢇ ≥ ૜√૜ ⋅ ૜√૜࢘૛
= ૛ૠ࢘

૛
; ૛ૠ > 4 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࡭ܖܑܛ∏
ܛܗ܋∏ ࡭

=
૛ࡿ
૝ࡾ૛

૛(శ࢘ࡾ૛)૛ష࢖

૝ࡾ૛

= ૛ࡿ
∏ ;૛(ା࢘ࡾ૛)૛ି࢖ ܖ܉ܜ ࡭ = ૛ࡿ

 ૛(ା࢘ࡾ૛)૛ି࢖

ࡿࡴࡸ = ૛ࡿ
૛(ା࢘ࡾ૛)૛ି࢖ > ૛ࡿ

૛࢖
૛࢖ ; > ૛࢖ − (૛ࡾ + ࢘)૛ 

Solution 5 by Soumava Chakraborty-Kolkata-India 

ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ ࡯ >
(૚) ૛ࡿ

࢙૛
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(1) ⇔ ܖܑܛ∏ ࡭
࡭ܛܗ܋∏

> ૛⋅૛ࡾ૛(∏࡭ܖܑܛ)
࢙૛

 

⇔ ૚
ܛܗ܋∏ ࡭

> ૝ࡾ૛

࢙૛
⇔ ࡭ܛܗ܋∏ < ࢙૛

૝ࡾ૛
 (2) (∵ ∏ ࡭ܛܗ܋ > 0) 

Now, ∏࡭ܛܗ܋ ≤
(૜) ૚

ૡ
; (2), (3) ⇒ it suffices to show: ૚

ૡ
< ࢙૛

૝ࡾ૛
⇔ ૛࢙૛ >  ૛  (4)ࡾ

In an acute-angled triangle, ࢙ > ࡾ2 + ࢘ 

⇒ ૛࢙૛ > 2(૛ࡾ+ ࢘)૛ > ૛ࡾ ⇒ (4) is true (Proved) 

Solution 6 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. In acute 	࡯࡮࡭ ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ ≥ ࢙
࢘
 . 

Lemma 2. ࢙૛ ≥ ૛ૠ࢘૛. 

ࡿࡴࡸ ≥
࢙
࢘ >

૛ࡿ
࢙૛ ↔ ૛ࡿ > 2࢘૛ ⋅ ࢙૛ ≥ ૛ૠ࢘૛ > 2࢘૛. 

 

319. In ࢤ	࡯࡮࡭: 

ࢇࢎ
ࢇ࢝

+
࢈ࢎ
࢈࢝

+
ࢉࢎ
ࢉ࢝

≥ ૜ ⋅ ඨ
૛࢘
ࡾ

૜

 

Proposed by Adil Abdullayev – Baku – Azerbaidjian  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇࢎ ࡯࡮࡭
ࢇ࢝

+ ࢈ࢎ
࢈࢝

+ ࢉࢎ
ࢉ࢝
≥ ૜ ⋅ ට૛࢘

ࡾ

૜
 

Teniendo en cuenta las siguientes notaciones 

ࢇࢎ =
ࢉ࢈
૛ࡾ

࢈ࢎ, =
ࢇࢉ
૛ࡾ

ࢉࢎ, =
࢈ࢇ
૛ࡾ

࢖, = ૝ܛܗ܋ࡾ
࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛

 

ࢇ࢝ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

࢈࢝, =
૛ࢇࢉ
ࢉ + ࢇ

ܛܗ܋
࡮
૛

ࢉ࢝, =
૛࢈ࢇ
ࢇ + ࢈

ܛܗ܋
࡯
૛

 

Por lo tanto la desigualdad es equivalente 
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ࢉା࢈

૝ࡾ ૛࡭ܛܗ܋
+ ࢇାࢉ

૝ࡾ ૛࡭ܛܗ܋
+ ࢈ାࢇ

૝ࡾ ૛࡯ܛܗ܋
≥ ૜ට ࢘

૛ࡾ
૜ . Aplicando ࡭ࡹ ≥  ࡳࡹ

ࢉା࢈

૝࡭ܛܗ܋ࡾ૛
+ ࢇାࢉ

૝࡮ܛܗ܋૛
+ ࢈ାࢇ

૝ࡾ ૛࡯ܛܗ܋
≥ ૜ට

(࢈ାࢇ)∏
૚૟ࡾ૛࢖

૜ ≥ ૜ට ૡࢉ࢈ࢇ
૚૟ࡾ૛࢖

૜ = ૜ට૜૛࢘ࡾ࢖
૚૟ࡾ૛࢖

૜ = ૜ට૛࢘
ࡾ

૜
  

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇࢎ
ࢇ࢝

=
ࢉ࢈
૛ࡾ

૛ࢉ࢈ ૛࡭ܛܗ܋
࢈ + ࢉ

=
࢈ + ࢉ

૝ࡾ ૛࡭ܛܗ܋
=

࢈) + ࢉ࢈√(ࢉ

૝ࡾඥ࢙(࢙ − (ࢇ
≥
(૚)

ࡳି࡭ ࢉ࢈

૛ࡾඥ࢙(࢙ − (ࢇ
 

Similarly, ࢈ࢎ
࢈࢝

≥
(૛) ࢇࢉ

૛ࡾඥ࢙(࢙ି࢈)
 and, ࢉࢎ

ࢉ࢝
≥
(૜) ࢈ࢇ

૛ࡾඥ࢙(࢙ିࢉ)
 

∴෍
ࢇࢎ
ࢇ࢝

≥
ࡳି࡭ ૜

૛ࡾ ඨ
૛ࢉ૛࢈૛ࢇ

࢙ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
૜

 

(using (1), (2), (3))= ቀ ૜
૛ࡾ
ቁ ට૚૟ࡾ૛࢘૛࢙૛

࢙࢘૛
૜

= ቀ૜
ࡾ
ቁ √૛ࡾ૛࢘૜ = ૜ට૛ࡾ૛࢘

૜ࡾ
૜

= ૜ට૛࢘
ࡾ

૜
 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) ∏ ܖܑܛ ࡭
૛ࢤ = ࢘

૝ࡾ
 

2) ∏ ቀ࢈ାࢉ
ࢇ
ቁࢤ = ା࢘૛࢘ࡾ૛ା૛࢖

૛࢘ࡾ
 

૛࢖ (3 ≥ ૚૟࢘ࡾ − ૞࢘૛ (GERRETSEN) 

෍
ࢇࢎ
ࢇ࢝

= ෍
૛ࡿ
ࢇ
⋅

࢈ + ࢉ

૛√ࢉ࢈ ⋅ ඥ࢖)࢖ − (ࢇ
= ෍ඨ

࢖) − ࢖)(࢈ − (ࢉ
ࢉ࢈

⋅ ൬
࢈ + ࢉ
ࢇ

൰ = 

= ෍ܖܑܛ
࡭
૛ ൬

࢈ + ࢉ
૛ ൰ ≥

࢟ࢎࢉ࢛ࢇ࡯
	૜ ⋅ ඨෑܖܑܛ

࡭
૛

ࢤ

⋅ෑ൬
࢈ + ࢉ
ࢇ ൰૜ = 

= ૜ ⋅ ට ࢘
૝ࡾ
⋅ ࢖

૛ା૛࢘ࡾା࢘૛

૛࢘ࡾ

૜
= ૜ ⋅ ට࢖૛ା૛࢘ࡾା࢘૛

ૡࡾ૛
૜

≥ ૜ට૛࢘
ࡾ

૜
   (ASSURE) 
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૛࢖ + ૛࢘ࡾ + ࢘૛

ૡࡾ૛
≥
૛࢘
ࡾ
⇒ ૛࢖ ≥ ૚૝࢘ࡾ − ࢘૛ ⇒

ࡺࡱࡿࢀࡱࡾࡾࡱࡳ
 

૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૝࢘ࡾ − ࢘૛ ⇔ ࡾ ≥ ૛࢘ (EULER) 

 

320. Let ࡯࡮࡭ be a triangle ࢋࡳ is Gergonne point of ࡯࡮࡭. Contact points of 

incircle are ࡱ,ࡰ and ࡰ .ࡲ ∈ ࡱ,[࡯࡮] ∈ ࡲ,[࡯࡭] ∈  [࡮࡭]

Prove that 

૛|ࡰ࡭| + ૛|ࡱ࡮| + ૛|ࡲ࡯| ≥
ૠ૛࢘૜ − ࢇ࢘)ࡾ࢘ + ࢈࢘ + (ࢉ࢘

ࡾ
 

where ࢘ and ࡾ are inradius and circumradius, ࢘࢈࢘,ࢇ,  .࡯࡮࡭ are exradii of ࢉ࢘

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Daniel Sitaru – Romania  

෍ࡰ࡭૛ ≥෍ࢇࢎ૛ = ૝ࡿ૛෍
૚
૛ࢇ = ૝ࡿ૛ ⋅

࢙૝ − ૛࢙૛࢘(૝ࡾ− ࢘) + ࢘૛(૝ࡾ + ࢘)૛

૚૟ࡾ૛ࡿ૛ = 

= ࢙૝ି૛࢙૛࢘(૝࢘ିࡾ)ା࢘૛(૝ࡾା࢘)૛

૝ࡾ૛
≥ ૠ૛࢘૜ି࢘ࡾ(૝ࡾା࢘)

ࡾ
  (to prove) 

࢙૛ ቀ࢙૛ − ૛࢘(૝ࡾ− ࢘)ቁ ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૚૟࢘ࡾ − ૞࢘૛ − ૡ࢘ࡾ + ૛࢘૛) ≥ 

≥ ૛ૡૡ࢘ࡾ૜ − ૝࢘ࡾ૛(૝࢘ + ࢘) − ࢘૛(૝࢘ࡾ + ࢘)૛   (to prove) 
ࡾ
࢘

= ࢚ ≥ ૛; (૚૟࢚ − ૞)(ૡ࢚ − ૜) ≥ ૛ૡૡ࢚ − ૝࢚૛(૝࢚ + ૚)− (૝࢚ + ૚)૛ 

૝࢚૜ + ૜ૠ࢚૛ − ૢ૛࢚ + ૝ ≥ ૙; (࢚ − ૛)(૝࢚૛ + ૝૞࢚ − ૛) ≥ ૙, ࢚ ≥ ૛ 

321. In acute ࢤ	࡯࡮࡭: 

૚

ට࡭ܖ܉ܜ૛

+
૚

ට࡮ܖ܉ܜ૛

+
૚

ට࡯ܖ܉ܜ૛

≥ ૜ඨ૝ −
૛࢘
ࡾ

૝

 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 
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Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥
(૚)

ࡳି࡭
૜ඩ

૚

ට࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛ ܖ܉ܜ

࡯
૛

૜  

= ૜
ඪ

૚

ඨට(࢙ − ࢙)(࢈ − ࢙)(ࢉ − ࢙)(ࢉ − ࢙)(ࢇ − ࢙)(ࢇ − (࢈
࢙(࢙ − (ࢇ ⋅ ࢙(࢙ − (࢈ ⋅ ࢙(࢙ − (ࢉ

૜  

= ૜
ඪ

૚

ඨ
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

૜ = ૜ඩ
૚

ට࢘
૛࢙૛
࢙૛࢙࢘

૜ = ૜ඨට
࢙
࢘

૜

 

(1)⇒it suffices to prove: ቀ࢙
࢘
ቁ
૚
૟ ≥ ቀ૝ିࡾ૛࢘

ࡾ
ቁ
૚
૝ 

⇔ ቀࡿ
࢘
ቁ
૛
≥ ቀ૝ିࡾ૛࢘

ࡾ
ቁ
૜
⇔ ࢙૛ࡾ૜ ≥ ࢘૛(૝ࡾ − ૛࢘)૜   (2) 

LHS of (2) ≥
(૜)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)ࡾ૜ 

(2), (3) ⇒ it suffices to prove: (૚૟ࡾ − ૞࢘)ࡾ૜ ≥ ૡ࢘(૛ࡾ − ࢘)૜ 

⇔ ૚૟࢘૝ − ૟ૢ࢚૜ + ૢ૟࢚૛ − ૝ૡ࢚ + ૡ ≥ ૙   (where ࢚ = ࡾ
࢘

) 

⇔ (࢚ − ૛){(࢚ − ૛)૛(૚૟࢚ + ૛ૠ) + ૟૟(࢚ − ૛) + ૛૙} ≥ ૙ 

→ true, ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler) (Proved) 

322. In ࢤ	࡯࡮࡭: 

૜√૜
૛

≤
ࢇ࢓

ࢇ
+
࢈࢓

࢈
+
ࢉ࢓

ࢉ
≤
૜√૜
૝

⋅
ࡾ
࢘

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ૜√૜
૛
≤ ࢇ࢓

ࢇ
+ ࢈࢓

࢈
+ ࢉ࢓

ࢉ
≤ ૜√૜ࡾ

૝࢘
 

Aplicando ࡭ࡹ ≥  ࡳࡹ

૝ࢇ࢓
૛ + ૜ࢇ૛ ≥ ૝√૜ࢇ࢓ࢇ ⇔ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૝√૜ࢇ࢓ࢇ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛√૜ࢇ࢓ࢇ 

૝࢈࢓
૛ + ૜࢈૛ ≥ ૝√૜࢈࢓࢈ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛√૜࢈࢓࢈ 

૝ࢉ࢓
૛ + ૜ࢉ૛ ≥ ૝√૜ࢉ࢓ࢉ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛√૜ࢉ࢓ࢉ 

Por lo tanto 

ࢇ࢓

ࢇ +
࢈࢓

࢈ +
ࢉ࢓

ࢉ =
ࢇ࢓

૛

ࢇ࢓ࢇ
+

࢈࢓
૛

࢈࢓࢈
+
ࢉ࢓

૛

ࢉ࢓ࢉ
≥

૛√૜ࢇ࢓
૛

૛ࢇ + ૛࢈ + ૛ࢉ +
૛√૜࢈࢓

૛

૛ࢇ + ૛࢈ + ૛ࢉ +
૛√૜ࢉ࢓

૛

૛ࢇ + ૛࢈ +  ૛ࢉ

⇔
ࢇ࢓

ࢇ +
࢈࢓

࢈ +
ࢉ࢓

ࢉ ≥
૛√૜൫ࢇ࢓

૛ + ࢈࢓
૛ ࢉ࢓+

૛൯
૛ࢇ + ૛࢈ + ૛ࢉ = ૛√૜ ⋅

૜
૝ =

૜√૜
૛  

Teniendo en cuenta las siguientes desigualdades 

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ =

૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≤
૜
૝ ⋅ ࡾૢ

૛ =
૛ૠࡾ૛

૝ ∧
૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≤

૚
૝࢘૛ 

Por la desigualdad de Cauchy 

ࢇ࢓

ࢇ +
࢈࢓

࢈ +
ࢉ࢓

ࢉ ≤ ඨ൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ ൬

૚
૛ࢇ +

૚
૛࢈ +

૚
૛൰ࢉ ≤

ඨ૛ૠࡾ
૛

૝ ⋅
૚
૝࢘૛ =

૜√૜ࡾ
૝࢘  

 

323. In ࢤ	࡯࡮࡭: 

ࢉ࢓࢈࢓ࢇ࢓

ࢉ࢝࢈࢝ࢇ࢝
≥

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ
ૡࢉ࢈ࢇ

 

Proposed by Adil Abdullayev – Baku – Azerbaidjian  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru 

Probar en un triángulo ࢉ࢓࢈࢓ࢇ࢓ ࡯࡮࡭

ࢉ࢒࢈࢒ࢇ࢒
≥ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

ૡࢉ࢈ࢇ
 

Teniendo en cuento las siguientes identidades y desigualdades 
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ࢇ࢒ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

, ࢈࢒ =
૛ࢇࢉ
ࢉ + ࢇ

ܛܗ܋
࡮
૛

, ࢉ࢒ =
૛࢈ࢇ
ࢇ + ࢈

ܛܗ܋
࡯
૛

 

ࢇ࢓ ≥ ඥ࢖)࢖ − ࢈࢓,(ࢇ ≥ ඥ࢖)࢖ − ࢉ࢓,(࢈ ≥ ඥ࢖)࢖ −  (ࢉ

⇒ ࢉ࢓࢈࢓ࢇ࢓ ≥ ඥ࢖૛ ⋅ ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = ࡿ࢖ = ࢉ࢈ࢇ ࡭ܛܗ܋
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
. 

Por lo tanto ⇒ ࢉ࢓࢈࢓ࢇ࢓

ࢉ࢒࢈࢒ࢇ࢒
≥

૛࡭ܛܗ܋ࢉ࢈ࢇ ܛܗ܋
࡮
૛ ܛܗ܋

࡯
૛

૛ࢉ࢈
ࢉశ࢈ ܛܗ܋

࡭
૛⋅
૛ࢇࢉ
ࢇశࢉ ܛܗ܋

࡮
૛⋅
૛࢈ࢇ
࢈శࢇ ܛܗ܋

࡯
૛

= (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
ૡࢉ࢈ࢇ

 (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ࢇ࢓ ≥ ඥ࢘ࢉ࢘࢈,	etc, ∴ ࢇ࢓∏ ≥
(૚)

ࢉ࢘࢈࢘ࢇ࢘ = ࢙࢘૛.  

Again, ૚
ࢉ࢝ࢇ࢝ࢇ࢝

= ࢉା࢈

૛࡭ܛܗ܋ࢉ࢈૛
⋅ ࢇାࢉ

૛ࢇࢉ ૛࡮ܛܗ܋
⋅ ࢈ାࢇ

૛࢈ࢇ ૛࡯ܛܗ܋
 

=
ࢇ)࣊ + (࢈

ૡࢇ૛࢈૛ࢉ૛ ⋅ ࢙ ࡿ
ࢉ࢈ࢇ

=
ࢇ)∏ + (࢈

ૡࢉ࢈ࢇ ⋅ ࢙ ⋅ ࢙࢘
=
(૛)
	
ࢇ)∏ + (࢈
ૡࢉ࢈ࢇ	࢙࢘૛

 

(1), (2) ⇒ ࢇ࢓∏
ࢇ࢝∏

≥ ࢙࢘૛(∏(ࢇା࢈))
ૡࢉ࢈ࢇ(࢙࢘૛) = (࢈ାࢇ)∏

ૡࢉ࢈ࢇ
 (Proved) 

Solution 3 by Martin Lukarevski-Stip 

Tsintsifas inequality: ࢇ࢓

ࢇ࢝
≥ ૛(ࢉା࢈)

૝ࢉ࢈
. Hence 

ࢉ࢓࢈࢓ࢇ࢓

ࢉ࢝࢈࢝ࢇ࢝
≥

ࢇ) + ࢈)૛(࢈ + ࢉ)૛(ࢉ + ૛(ࢇ

૟૝ࢇ૛࢈૛ࢉ૛
≥

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ
ૡࢉ࢈ࢇ

 

 

324. In ࢤ	࡯࡮࡭: 

૛ܖܑܛ ࡭ ⋅ ࡮૛ܖܑܛ
૛ܖܑܛ ࡯

+
࡮૛ܖܑܛ ⋅ ૛ܖܑܛ ࡯

૛ܖܑܛ ࡭
+
૛ܖܑܛ ࡯ ⋅ ૛ܖܑܛ ࡭

࡮૛ܖܑܛ
≥
ૢ
૝

 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo ࡯࡮࡭ 
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૛ܖܑܛ ࡭ ࡮૛ܖܑܛ

૛ܖܑܛ ࡯
+
૛ܖܑܛ࡮૛ܖܑܛ ࡯

૛ܖܑܛ ࡭
+
૛ܖܑܛ ૛ܖܑܛ࡯ ࡭

࡮૛ܖܑܛ
≥
ૢ
૝

 

Iran Inequality 1996.  Siendo ࢞, ࢟, ࢠ > 0. Se cumple la siguiente 

desigualdad (࢞࢟ + ࢠ࢟ + (࢞ࢠ ቀ ૚
(࢞ା࢟)૛ + ૚

(࢟ାࢠ)૛ + ૚
૛ቁ(ା࢞ࢠ) ≥

ૢ
૝

   (A) 

Donde ࢞ = ࡭ܜܗ܋ > ݕ			,0 = ࡮ܜܗ܋ ࢠ				, = ࡯ܜܗ܋ > 0 ⇒ ࢞࢟ + ࢠ࢟ + ࢞ࢠ = ૚ 

࢞ + ࢟ = ܜܗ܋ ࡭ + ࡮ܜܗ܋ =
ܖܑܛ ࡯

ܖܑܛ ࡭ ࡮ܖܑܛ ,࢟ + ࢠ =
࡭ܖܑܛ

ܖܑܛ ࡮ ࡯ܖܑܛ , ࢠ + ࢞ =
ܖܑܛ ࡯

࡭ܖܑܛ  ࡮ܖܑܛ

Por la tanto tenemos en (A) ⇒ ૛ܖܑܛ ࡭ ࡮૛ܖܑܛ
૛ܖܑܛ ࡯

+ ૛ܖܑܛ࡮૛ܖܑܛ ࡯
૛ܖܑܛ ࡭

+ ૛ܖܑܛ ૛ܖܑܛ࡯ ࡭
࡮૛ܖܑܛ

≥ ૢ
૝
 

Solution 2 by Sanong Hauerai-Nakon Pathom-Thailand 

Give ࢞ = ࢟ ;࡭ܖܑܛ = ܖܑܛ ࡮ ; ࢠ	 = ࡯ܖܑܛ ;	we obtain ࢞ + ࢟ + ࢠ ≤ ൫૜√૜൯
૛

 

࢞࢟+ ࢞࢟+ ࢞ࢠ ≤ ૢ
૝

      (࢞࢟)૝ + ⋯+ ૝(࢞ࢠ) ≤ ૜૞

૝૝
 

(ࢠ࢟࢞) ≤ ൫૜√૜൯
ૡ

૛(ࢠ࢟࢞)												 ≤ ૜૜

૝૜
          ૚

૛(ࢠ࢟࢞) ≥
૝૜

૜૜
 

and since ૚
૛(ࢠ࢟࢞) ≥ (࢞࢟)૝ + ⋯+ ૝, hence ቀ࢞࢟(࢞ࢠ)

ࢠ
ቁ
૛

+ ቀ࢟ࢠ
࢞
ቁ
૛

+ ቀ࢞ࢠ
࢟
ቁ
૛

 

= ൫(࢞࢟)૝ା(࢟ࢠ)૝ା(࢞ࢠ)૝൯
૛

૛(ࢠ࢟࢞) ≥ ቀ૜
૞

૝૝
ቁ ቀ૝

૜

૜૜
ቁ = ૜૛

૝
= ૢ

૝
. Because ૙ < ,ݔ ,ݕ ݖ ≤ 1 

 

325. In ࢤ	࡯࡮࡭: 

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ቆ
૜૟࢘૛

࢙
ቇ
૛

 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ෑ(ࢇ + (࢈ = ෍ࢇ ⋅෍࢈ࢇ − ࢉ࢈ࢇ = 
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= ૛࢖ ⋅ ቀ෍࢈ࢇ − ૛࢘ࡾቁ =
૛࢖૝(࢖૛ + ૛࢘ࡾ + ࢘૛)

૜࢖
 

≥ ࢖ ≥ ૜√૜࢘
ࡾ ≥ ૛࢘

ൠ ≥
૛ ⋅ ૛ૠ૛ ⋅ ࢘૝ ⋅ (૛ૠ࢘૛ + ૝࢘૛ + ࢘૛)

૜࢖ = 

=
૛ૠ૛ ⋅ ૟૝ ⋅ ࢘૟

૜࢖
=
૜૟૜ ⋅ ࢘૟

૜࢖
= ቆ

૜૟࢘૛

࢖
ቇ
૜

 

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࡿࡴࡸ ≥ ૡࢉ࢈ࢇ = ૜૛ࡿࡾ = ૜૛࢙࢘ࡾ; ૜૛࢙࢘ࡾ૝ ≥ ૟૟࢘૟ ⇒ ࡾ ≥ ૛࢘ 

૟૝࢙૝ ≥ ૟૟࢘૝; ࢙૝ ≥ ૜૟࢘૝; ࢙ ≥ ૜√૜࢘ (Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

We have, ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ࢘૛ + ૝ࢉ࢈ࢇ,࢘ࡾ = ૝ࡾ,࢖࢘ࡾ ≥ ૛࢘ and ࢖ ≥ ૜√૜࢘ 

ෑ(ࢇ + (࢈
ࢉ࢟ࢉ

= ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ − ࢉ࢈ࢇ = ૛࢖)࢖૛ + ࢘૛ + ૝࢘ࡾ)− ૝࢖࢘ࡾ 

= ૛࢖૟ା૛࢖૝࢘૛ା૝࢖࢘ࡾ૝

૜࢖
≥ ૛⋅૜ૢ࢘૟ା૛⋅૜૟࢘૟ା૝⋅૛࢘⋅࢘⋅૜૟

૜࢖
= ቀ૜૟࢘

૛

࢖
ቁ
૜

 (Proved) 

 

326. In ࢤ	࡯࡮࡭: 

෍
ࢇ࢘
࢈࢘

≥෍
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Si: ࢈,ࢇ, ࢉ > 0. Probar que: ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥ ࢇାࢉ

࢈ାࢉ
+ ࢈ାࢇ

ࢉାࢇ
+ ࢉା࢈

ࢇା࢈
	(A) 

Realizamos los siguientes cambios de variables: 
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ࡼ =
૚ା࢈ࢇ
૛

> 0,ܳ =
૚ାࢉ࢈
૛

> 0,ܴ =
૚ାࢇࢉ
૛

> 0. Por la desigualdad de Holder: 

ૡࡾࡽࡼ = ቀ૚ +
ࢇ
࢈
ቁ ൬૚ +

࢈
ࢉ
൰ ቀ૚+

ࢉ
ࢇ
ቁ ≥ ቌ૚ + ඨࢇ

࢈
⋅
࢈
ࢉ
⋅
ࢉ
ࢇ

૜

ቍ

૜

= ૡ ⇔ ࡾࡽࡼ ≥ ૚ 

La desigualdad es equivalente: 

ቀࢇ
࢈
− ࢇାࢉ

࢈ାࢉ
ቁ + ቀ࢈

ࢉ
− ࢈ାࢇ

ࢉାࢇ
ቁ+ ቀࢉ

ࢇ
− ࢉା࢈

ࢇା࢈
ቁ = (࢈ିࢇ)ࢉ

(࢈ାࢉ)࢈ + (ࢉି࢈)ࢇ
(ࢇାࢉ)ࢉ + (ࢇିࢉ)࢈

(࢈ାࢇ)ࢇ ≥ ૙  

⇒
ࢇ
࢈ − ૚

૚ + ࢈
ࢉ

+
࢈
ࢉ − ૚

૚ + ࢉ
ࢇ

+
ࢉ
ࢇ − ૚

૚ + ࢇ
࢈

=
૛(ࡼ − ૚)

૛ࡽ
+
૛(ࡽ − ૚)

૛ࡾ
+
૛(ࡾ − ૚)

૛ࡼ
≥ ૙ 

⇒ ࡼ
ࡽ

+ ࡽ
ࡾ

+ ࡾ
ࡼ
≥ ૚

ࡽ
+ ૚

ࡾ
+ ૚

ࡼ
 … (Lo cual demostraremos) 

Desde que: ࡾ,ࡽ,ࡼ > 0. Por: MA ≥ MG  

૜∑ ࡼ
ࡽ

= ∑ቀࡼ
ࡽ

+ ࡼ
ࡽ

+ ࡾ
ࡼ
ቁ ≥ ૜ටࡾࡼ

૛ࡽ
૜ = ૜ඥࡾࡽࡼ૜ ∑ ૚

ࡽ
= ૜∑ ૚

ࡽ
 (LQQD) 

Probar en un triángulo ࢇ࢘ ࡯࡮࡭
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥

૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

+
૛࡮૛ܛܗ܋
૛࡯૛ܛܗ܋

+
૛࡯૛ܛܗ܋
૛࡭૛ܛܗ܋

 

La desigualdad es equivalente 
૛࡭ܖ܉ܜ
૛࡮ܖ܉ܜ

+
૛࡮ܖ܉ܜ
૛࡯ܖ܉ܜ

+
૛࡯ܖ܉ܜ
૛࡭ܖ܉ܜ

≥
૛࡮૛܋܍ܛ
૛࡭૛܋܍ܛ

+
૛࡯૛܋܍ܛ
૛࡮૛܋܍ܛ

+
૛࡭૛܋܍ܛ
૛࡯૛܋܍ܛ

 

૛࡭ܖ܉ܜ
૛࡮ܖ܉ܜ

+
૛࡮ܖ܉ܜ
૛࡯ܖ܉ܜ

+
૛࡯ܖ܉ܜ
૛࡭ܖ܉ܜ

≥
૚ାܖ܉ܜ૛࡮૛
૚ାܖ܉ܜ૛࡭૛

+
૚ାܖ܉ܜ૛࡯૛
૚ାܖ܉ܜ૛࡮૛

+
૚ାܖ܉ܜ૛࡭૛
૚ାܖ܉ܜ૛࡯૛

    (A) 

Siendo ࢇ = ܖ܉ܜ ࡭
૛

> ݕ,0 = ܖ܉ܜ ࡮
૛

> ݖ,0 = ܖ܉ܜ ࡯
૛

> 0 

Lo cual implica → ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૚ 

Además → ૚ + ૛࢈ = ࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૛࢈ = ࢈) + ࢈)(ࢇ +  (ࢉ

Análogamente → ૚ + ૛ࢇ = ࢇ) + ࢇ)(࢈ + (ࢉ ∧ ૚ + ૛ࢉ = ࢉ) + ࢉ)(ࢇ +  (࢈

En (A) → ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥ ࢈ାࢉ

ࢇାࢉ
+ ࢉାࢇ

࢈ାࢇ
+ ࢇା࢈

ࢉା࢈
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Sea ࢞ = ࢇ

࢈
> 0, ݕ = ࢈

ࢉ
> 0, ݖ = ࢉ

ࢇ
> 0 ⇔ ࢠ࢟࢞ = ૚ 

La desigualdad es equivalente ࢞ + ࢟ + ࢠ ≥ (ା૚࢟)ࢠ
ା૚ࢠ

+ (ା૚ࢠ)࢞
࢞ା૚

+ ࢟(࢞ା૚)
࢟ା૚

 

⇔ (࢞ + ࢟ + ૚)(ࢠ + ࢞)(૚ + ࢟)(૚ + (ࢠ ≥ ࢟)ࢠ + ૚)૛(࢞ + ૚) + 

ࢠ)࢞+ + ૚)૛(࢟ + ૚) + ࢟(࢞ + ૚)૛(ࢠ + ૚). En el LHS 
(࢞ + ࢟ + +૚)(ࢠ ࢞)(૚ + ࢟)(૚ + (ࢠ = (࢞ + ࢟ + ૚)(ࢠ + ࢞ + ࢟ + ࢠ + ࢞࢟ + ࢠ࢟ + ࢞ࢠ +  (ࢠ࢟࢞

⇒ (࢞+ ࢟ + ૚)(ࢠ + ࢞)(૚ + ࢟)(૚+ (ࢠ = ࢞ + ࢟ + ࢠ + (࢞ + ࢟ + ૛(ࢠ + 

+(࢞ + ࢟ + ࢟࢞)(ࢠ + +ࢠ࢟ (࢞ࢠ + (࢞ + ࢟ +  En el RHS .ࢠ࢟࢞(ࢠ

⇒ ࢟)ࢠ∑ + ૚)૛(࢞ + ૚) = ࢞ࢠ)∑ + ൫࢟૛(ࢠ + ૛࢟ + ૚൯ = ∑൫࢟૛࢞ࢠ+ ૛࢟࢞ࢠ + ࢞ࢠ + ࢟૛ࢠ + ૛࢟ࢠ+   ൯ࢠ

⇒෍ࢠ(࢟ + ૚)૛(࢞+ ૚) = +࢞)ࢠ࢟࢞ ࢟ + (ࢠ + ૜(࢞࢟ + ࢠ࢟ + (࢞ࢠ + ࢟૛ࢠ + +૛࢞ࢠ ࢞૛࢟ + ૟࢞࢟ࢠ + ࢞ + ࢟ +  ࢠ

Es suficiente probar 
(࢞ + ࢟ + ૛(ࢠ + (࢞ + ࢟+ ࢟࢞)(ࢠ + +ࢠ࢟ (࢞ࢠ ≥ ૜(࢞࢟ + ࢠ࢟ + (࢞ࢠ + ࢟૛ࢠ+ ૛࢞ࢠ + ࢞૛࢟ + ૟࢞࢟ࢠ 

Ahora → (࢞ + ࢟ + ૛(ࢠ ≥ ૜(࢞࢟ + +ࢠ࢟  (࢞ࢠ
(࢞+ ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ + (࢞ࢠ = ࢟૛ࢠ + ૛࢞ࢠ + ࢞૛࢟ + ૛࢟ࢠ + ࢞૛ࢠ + ࢟૛࢞+ ૜࢞࢟ࢠ ≥ 

≥ ࢟૛ࢠ + ૛࢞ࢠ + ࢞૛࢟ + ૟࢞࢟ࢠ (Válido por MA ≥ MG) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
ࢇ࢘
࢈࢘

≥
(૚)

෍
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

 

(૚) ⇔
࢙− ࢈
࢙ − ࢇ

+
࢙ − ࢉ
࢙ − ࢈

+
࢙ − ࢇ
࢙ − ࢉ

 

≥
(૛) ࢙(࢙ − (ࢇ

ࢉ࢈ ⋅
ࢇࢉ

࢙(࢙ − (࢈ +
࢙(࢙ − (࢈

ࢇࢉ ⋅
࢈ࢇ

࢙(࢙ − (ࢉ +
࢙(࢙ − (ࢉ
࢈ࢇ ⋅

ࢉ࢈
࢙(࢙ −  (ࢇ

=
࢙)ࢇ − (ࢇ
࢙)࢈ − (࢈ +

࢙)࢈ − (࢈
࢙)ࢉ − (ࢉ +

࢙)ࢉ − (ࢉ
࢙)ࢇ −  (ࢇ

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ = 	ࢠ ∴ ࢙ = ࢞ + ࢟ +  ࢠ

⇒ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟ 
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∴ (૛) ⇔
࢟
࢞

+
ࢠ
࢟

+
࢞
ࢠ
≥

(࢟ + 	࢞(ࢠ
ࢠ) + ࢞)࢟

+
ࢠ) + ࢞)࢟	
(࢞ + ࢠ(࢟

+
(࢞ + ࢠ(࢟
(࢟ + ࢞(ࢠ

 

⇔
࢟૛ࢠ + ૛࢞ࢠ + ࢞૛࢟

ࢠ࢟࢞
≥
࢟)૛࢞ࢠ + ࢞)૛(ࢠ + ࢟) + ࢞࢟૛(ࢠ + ࢞)૛(࢟ + (ࢠ

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) + 

+
࢞)૛ࢠ࢟ + ࢟)૛(ࢠ + ࢞)

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) ⇔
(࢞૛࢟ + ࢟૛ࢠ + ࢞)(૛࢞ࢠ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) 

≥ ࢞࢟૛(࢟ + ࢠ)(ࢠ + ࢞)૛ + ࢠ)૛ࢠ࢟ + ࢞)(࢞ + ࢟)૛ + ࢞)૛࢞ࢠ + ࢟)(࢟ +  ૛(ࢠ

⇔ ࢞૝࢟૛ + ࢟૝ࢠ૛ + ૝࢞૛ࢠ + (૜࢞∑)ࢠ࢟࢞ ≥ ૜࢞૛࢟૛ࢠ૛ +  (3)  (૛࢟࢞∑)ࢠ࢟࢞

Now, ࢞૝࢟૛ + ࢟૝ࢠ૛ + ૝࢞૛ࢠ ≥⏟
(૝)

ࡳି࡭
૜࢞૛࢟૛ࢠ૛ 

Also, 
࢞૜ + ࢟૜ + ࢟૜ ≥

ࡳି࡭
૜࢞࢟૛

࢟૜ + ૜ࢠ + ૜ࢠ ≥
ࡳି࡭

૜࢟ࢠ૛

૜ࢠ + ࢞૜ + ࢞૜ ≥
ࡳି࡭

૜࢞ࢠ૛⎭
⎪
⎬

⎪
⎫ ⇒ ૜(∑࢞૜) ≥ ૜(∑࢞࢟૛)

⇒ ∑࢞૜ ≥ ∑࢞࢟૛

⇒ (૜࢞∑)ࢠ࢟࢞ ≥
(૞)

(૛࢟࢞∑)ࢠ࢟࢞

 

(4) + (5) ⇒ (3) is true  (Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ࢇ࢘ = ࢤ
ࢇି࢖

, ࢈࢘ = ࢤ
࢈ି࢖

 and ࢘ࢉ = ࢤ
ࢉି࢖

 

∴෍
ࢇ࢘
ࢉ࢟ࢉ࢈࢘

= ෍

ࢤ
−࢖ ࢇ
ࢤ

࢖ − ࢉ࢟ࢉ࢈

= ෍
−࢖ ࢈
࢖ − ࢇ

ࢉ࢟ࢉ

= ෍
ࢉ + ࢇ − ࢈
࢈ + ࢉ − ࢇ

ࢉ࢟ࢉ

. 

Again, ∑
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

ࢉ࢟ࢉ = ∑ ૚ା࡭ܛܗ܋
૚ାࢉ࢟ࢉ࡮ܛܗ܋ = ∑

૚ାࢉ
૛శ࢈૛షࢇ૛

૛ࢉ࢈

૚ାࢇ
૛శࢉ૛ష࢈૛

૛ࢇࢉ

ࢉ࢟ࢉ = ∑ ࢇ
࢈
ቀ࢈ାࢇିࢉ
࢈ିࢇାࢉ

ቁࢉ࢟ࢉ  

Applying RAVI TRANSFORMATION, ࢇ = ࢞ + ࢈,࢟ = ࢟ + ࢉ and ࢠ = ࢠ + ࢞ 

∴ ࢇ + ࢈ − ࢉ = ૛࢟,࢈ + ࢉ − ࢇ = ૛ࢠ and ࢉ + ࢇ − ࢈ = ૛࢞. We need to prove, 
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෍
࢞
ࢠ

ࢉ࢟ࢉ

= ෍൬
࢞ + ࢟
࢟ + ൰ࢠ

ࢉ࢟ࢉ

ࢠ
࢞ ⇔෍൬

࢞
ࢠ −

ࢠ࢞ + ࢠ࢟
࢞࢟ + ൰࢞ࢠ

ࢉ࢟ࢉ

≥ ૙ ⇔ 

⇔ (࢞࢟ + ࢠ࢟ + ෍(࢞ࢠ
࢞− ࢠ

࢟)࢞ࢠ + (ࢠ
ࢉ࢟ࢉ

≥ ૙ 

⇔
࢞࢟+ ࢠ࢟ + ࢞ࢠ

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)ቌ෍࢟(࢞ − ࢞)(ࢠ + ࢞)(ࢠ + ࢟)
ࢉ࢟ࢉ

ቍ ≥ ૙ 

⇔
࢞࢟+ ࢠ࢟ + ࢞ࢠ

࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)ቌ෍࢞૜࢟
ࢉ࢟ࢉ

− ෍࢞ࢠ࢟࢞
ࢉ࢟ࢉ

ቍ ≥ ૙ 

⇔
࢞࢟ + ࢠ࢟ + ࢞ࢠ

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)ቌ෍
࢞૛

ࢠ − ࢞ − ࢟ − ࢠ
ࢉ࢟ࢉ

ቍ ≥ ૙, 

which is true ቈ∵ ࢞૛

ࢠ
+ ࢟૛

࢞
+ ૛ࢠ

࢟
≥⏞

ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

࢞ + ࢟ +  ቉ࢠ

∴ ෍
ࢇ࢘
ࢉ࢟ࢉ࢈࢘

≥෍
૛࡭૛ܛܗ܋
ࢉ࢟ࢉ૛࡮૛ܛܗ܋

 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡿࡴࡾ = ෍
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

= ෍
࢖)࢖ − (ࢇ

ࢉ࢈
࢖)࢖ − (࢈

ࢉࢇ

 

= ∑ (ࢇି࢖)ࢇ
(࢈ି࢖)࢈ = ∑

(ࢉష࢖శ࢈ష࢖)(ࢇష࢖)
૛ࡿ

(ࢉష࢖శࢇష࢖)(࢈ష࢖)
૛ࡿ

= ∑
૚
ࢇ࢘
⋅൬ ૚࢘࢈

ା ૚
ࢉ࢘
൰

૚
࢈࢘
⋅ቀ ૚࢘ࢇା

૚
ࢉ࢘
ቁ

= ∑ ࢉା࢘࢈࢘
ࢉା࢘ࢇ࢘

.  

LHS; RHS ⇒ ࢇ࢘ = ࢞, ࢈࢘ = ࢟, ࢉ࢘ =  ࢠ

෍
࢞
࢟
≥෍

࢟ + ࢠ
࢞ + ࢠ

⇔෍൬
࢞
࢟

+ ૚൰ ≥෍
࢟+ ࢠ
࢞ + ࢠ

+
࢞ + ࢟
࢟

+
࢟ + ࢠ
ࢠ

+
ࢠ + ࢞
࢞

≥ 
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≥
࢞ + ࢟
ࢠ + ࢟

+
࢟ + ࢠ
࢞ + ࢠ

+
ࢠ + ࢞
࢟ + ࢞

+ ෍(࢞ + ࢟) ⋅ ൬
૚
࢟
−

૚
ࢠ + ࢟

൰ = ෍
࢞)ࢠ + ࢟)
ࢠ)࢟ + ࢟) ≥

ࡹࡳஹࡹ࡭
 

≥ ૜ ⋅ ටࢠ(࢞ା࢟)
(ା࢟ࢠ)࢟ ⋅

࢞(࢟ାࢠ)
(ࢠା࢞)ࢠ ⋅

࢟(࢞ାࢠ)
࢞(࢟ା࢞)

૜ = ૜. True. 

 

327. In ࢤ	࡯࡮࡭: 

෍൬
ࢇࢎ
ࢇ࢝

൰
࢑

≥ ૜൬ෑ
ࢇࢎ
ࢇ࢝

൰

࢑
૜
≥ ૜൬

૛࢘
ࡾ ൰

࢑
૜

,࢑ > 0 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma. ࢝ࢉ࢝࢈࢝ࢇ ≤ ࢉࢎ࢈ࢎࢇࢎ			.૛࢖࢘ = ૛࢘૛࢖૛

ࡾ
 

࡭ࡹ ≥ ࡳࡹ →෍൬
ࢇࢎ
ࢇ࢝

൰
࢑

≥ ૜൬ෑ
ࢇࢎ
ࢇ࢝

൰

࢑
૜
≥ ૜൮

૛࢘૛࢖૛
ࡾ
૛࢖࢘

൲

࢑
૜

= ૜ ൬
૛࢘
ࡾ
൰
࢑
૜

 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

∑ቀࢇࢎ
ࢇ࢝
ቁ
࢑
≥ ૜ቀ∏ ࢇࢎ

ࢇ࢝
ቁ
࢑
૜ ≥ ૜ቀ૛࢘

ࡾ
ቁ
࢑
૜. Aplicando ࡭ࡹ ≥  ࡳࡹ

෍൬
ࢇࢎ
ࢇ࢝

൰
࢑

= ൬
ࢇࢎ
ࢇ࢝

൰
࢑

+ ൬
࢈ࢎ
࢈࢝

൰
࢑

+ ൬
ࢉࢎ
ࢉ࢝
൰
࢑

≥ ૜ඨ൬
ࢇࢎ
ࢇ࢝

⋅
࢈ࢎ
࢈࢝

⋅
ࢉࢎ
ࢉ࢝
൰
࢑૜

= ૜ ൬ෑ
ࢇࢎ
ࢇ࢝

൰

࢑
૜

 

Ahora bien ࢇࢎ = ࢉ࢈
૛ࡾ

࢈ࢎ, = ࢇࢉ
૛ࡾ

ࢉࢎ, = ࢈ࢇ
૛ࡾ

࢖, = ૝ܛܗ܋ࡾ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
 

ࢇ࢝ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

࢈࢝, =
૛ࢇࢉ
ࢉ + ࢇ

ܛܗ܋
࡮
૛

ࢉ࢝, =
૛࢈ࢇ
ࢇ + ࢈

ܛܗ܋
࡯
૛

 

Por lo tanto, aplicando ࡭ࡹ ≥  ࡳࡹ
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૜ ൬ෑ
ࢇࢎ
ࢇ࢝

൰

࢑
૜

= ૜ቆ
ࢇ)∏ + (࢈
૚૟ࡾ૛࢖ ቇ

࢑
૜
≥ ૜൬

ૡࢉ࢈ࢇ
૚૟ࡾ૛࢖൰

࢑
૜

= ૜ ൬
૜૛࢘ࡾ࢖
૚૟ࡾ૛࢖൰

࢑
૜

= ૜ ൬
૛࢘
ࡾ ൰

࢑
૜

 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡿࡴࡾ = ෍
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

= ෍
࢖)࢖ − (ࢇ

ࢉ࢈
࢖)࢖ − (࢈

ࢉࢇ

= ෍
࢖)ࢇ − (ࢇ
࢖)࢈ − (࢈ = 

= ෍
࢖) − (ࢇ ⋅ ࢖] − ࢈ + ࢖ − [ࢉ ⋅ ૛ࡿ

࢖) − (࢈ ⋅ ࢖] − ࢇ + ࢖ − [ࢉ ⋅ ૛ࡿ
= ෍

૚
ࢇ࢘

⋅ ቂ ૚࢘࢈
+ ૚
ࢉ࢘
ቃ

૚
࢈࢘

⋅ ቂ ૚࢘ࢇ
+ ૚
ࢉ࢘
ቃ

= ෍
࢈࢘ + ࢉ࢘
ࢇ࢘ + ࢉ࢘

 

ࢇ࢘ = ࢞
࢈࢘ = ࢟
ࢉ࢘ = ࢠ

ൡ ⇒
࢞
࢟ +

࢟
ࢠ +

ࢠ
࢞ ≥

࢟ + ࢠ
࢞ + ࢠ +

࢟+ ࢞
ࢠ + ࢞ +

ࢠ + ࢟
࢞ + ࢟ 

෍൬
࢞
࢟
−
࢟ + ࢠ
࢞ + ࢠ

൰ = ෍
࢞૛ + ࢠ࢞ − ࢟૛ − ࢠ࢟

࢟(࢞ + (ࢠ ≥⏞
࢟ࢎࢉ࢛ࢇ࡯

 

≥
૝

(࢞ + ࢟ + ૛(ࢠ ⋅ ቂ෍
(࢞૛ + ࢠ࢞ − ࢟૛ − ቃ(ࢠ࢟ = 

=
૝

(࢞ + ࢟ + ૛(ࢠ ⋅ ቀ(࢞૛ + ࢠ࢞ − ࢟૛ − (ࢠ࢟ + (࢟૛ + ࢟࢞ − ૛ࢠ − (࢞ࢠ + ૛ࢠ) + ࢟ࢠ − ࢞૛ − ࢞࢟)ቁ = 

= ૝
(࢞ା࢟ାࢠ)૛

⋅ ૙ = ૙ ; ∑ቀ࢞
࢟
− ࢟ାࢠ

࢞ାࢠ
ቁ ≥ ૙ 

 

328. In ࢤ	࡯࡮࡭: 

૜ࢇ

࢈ + ࢉ − ࢇ
+

૜࢈

ࢉ + ࢇ − ࢈
+

૜ࢉ

ࢇ + ࢈ − ࢉ
≥ ૝√૜ࡿ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma. ࡿ ≤ ૛࢖

૜√૜
 . 
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Hölder’s inequality → ࡿࡴࡸ ≥ ૜(ࢉା࢈ାࢇ)

૜൫(࢈ାࢇିࢉ)ା(ࢇା࢈ିࢉ)ା(࢈ାࢉିࢇ)൯
= ૝࢖૛

૜
≥ 

≥ ૝√૜ࡿ ↔ ࡿ ≤ ૛࢖

૜√૜
. 

Solution 2 by Mehmet Șahin-Ankara-Turkey 

(࢞)ࢌ = ࢞૜

࢙ି࢞
 is concave, (૙ < ݔ <  Using Jensen Inequality .(ݏ

ࢌ ൬
ࢇ + ࢈ + ࢉ

૜
൰ ≤

૚
૜

(ࢇ)ࢌ] + (࢈)ࢌ +  [(ࢉ)ࢌ

૚
૛ࢌ ൬

ࢇ + ࢈ + ࢉ
૜ ൰ ≤

૚
૛ ⋅

૚
૜ ⋅

(ࢇ)ࢌ] + (࢈)ࢌ +  [(ࢉ)ࢌ

૚
૛

(ࢇ)ࢌ] + (࢈)ࢌ − [(ࢉ)ࢌ ≥
૜
૛
ࢌ ൬
ࢇ + ࢈ + ࢉ

૜
൰ ≥

૜
૛
⋅

ቀࢇ + ࢈ + ࢉ
૜ ቁ

૜

ࢇ + ࢈ + ࢉ
૛ − ࢇ + ࢈ + ࢉ

૜

 

≥
૜
૛
⋅

ࢇ) + ࢈ + ૜(ࢉ

૛ૠ
⋅

૟
ࢇ + ࢈ + ࢉ

≥
૚
૜

ࢇ) + ࢈ + ૛(ࢉ =
૝
૜
࢙૛ ≥ ૝√૜ ⋅  ࢤ

Solution 3 by Nirapada Pal – Jhargram – India  

෍
૜ࢇ

࢈ + ࢉ − ࢇ
= ෍

૝ࢇ

࢈)ࢇ + ࢉ − (ࢇ ≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(૛ࢇ∑)

ࢇ∑ ࢈) + ࢉ −  (ࢇ

= ൫∑ࢇ૛൯
૛

૛∑ࢇ∑ି࢈ࢇ૛
≥ ૛(࢈ࢇ∑)

૛∑࢈ࢇ∑ି࢈ࢇ
. As ∑ࢇ૛ ≥ ࢈ࢇ∑ ;࢈ࢇ∑ ≥ ૝√૜ࡿ 

Solution 4 by Soumava Chakraborty-Kolkata-India 

૜ࢇ

࢈ + ࢉ − ࢇ
+

૜࢈

ࢉ + ࢇ − ࢈
+

૜ࢉ

ࢇ + ࢈ − ࢉ
≥⏞
(૚)

૝√૜ࡿ 

(1) ⇔ ૜ࢇ

ࢇି࢙
+ ૜࢈

࢈ି࢙
+ ૜ࢉ

ࢉି࢙
≥⏞
(૛)

ૡ√૜ࡿ 

WLOG, we may assume ࢇ ≥ ࢈ ≥ Then, ૚ .ࢉ
ࢇି࢙

≥ ૚
࢈ି࢙

≥ ૚
ࢉି࢙
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∴ LHS of (2) ≥ ૚
૜

(૜ࢇ∑) ቀ∑ ૚
ࢇି࢙

ቁ  (Chebyshev) 

≥⏞
૚ࡳି࡭

૜
⋅ (૜ࢉ࢈ࢇ)

∑{࢙૛ − ࢈)࢙ + (ࢉ + {ࢉ࢈
∏(࢙ − (ࢇ  

= ૝࢙࢘ࡾ
(૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛)࢙

࢘૛࢙૛
 

=
૝࢘ࡾ૛࢙૛

࢘૛࢙૛
(૝ࡾ + ࢘) = ૝ࡾ(૝ࡾ + ࢘) 

≥⏞
࢘ࢋ࢒࢛ࡱ

ૡ࢘(૝ࡾ + ࢘) ≥⏞
࢚ࢎࢉ࢛࢘ࢀ

	ૡ࢘൫࢙√૜൯ = ૡ√૜ࡿ 

Solution 5 by Seyran Ibrahimov-Maasilli-Azerbaidian 

∑ ૜ࢇ

ࢇିࢉା࢈
≥⏞

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯
૚
૜

૜ࢇ) + ૜࢈ + (૜ࢉ ቀ ૚
ࢇିࢉା࢈

+ ૚
࢈ିࢇାࢉ

+ ૚
ࢉି࢈ାࢇ

ቁ ≥  

≥
૜(ࢇ૜ + ૜࢈ + (૜ࢉ

ࢇ + ࢈ + ࢉ
≥⏞

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ
ࢇ + ࢈ + ࢉ

= ૛ࢇ + ૛࢈ +  ૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡿ  (Ionescu-Weizenböck) 

Solution 6 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૜ࢇ

૛(࢖ − (ࢇ = ෍
૜ࢇ

൫ඥ૛ ⋅ ࢖) − ൯(ࢇ
૛ ≥⏞
ᇲ࢙࢔࢕ࢊࢇࡾ

 

≥
ࢇ) + ࢈ + ૜(ࢉ

൫∑ඥ૛ ⋅ ࢖) − ൯(ࢇ
૛ =

ࢇ) + ࢈ + ૜(ࢉ

൫ඥ૛(࢖ − (ࢇ + ඥ૛(࢖ − (࢈ + ඥ૛(࢖ − ൯(ࢉ
૛ ≥⏞
ࡿ࡮࡯

 

≥
ࢇ) + ࢈ + ૜(ࢉ

(૚૛ + ૚૛ + ૚૛) ⋅ ൫૛(࢖ − (ࢇ + ૛(࢖ − (࢈ + ૛(࢖ − ൯(ࢉ
=

ࢇ) + ࢈ + ૜(ࢉ

૟࢖ = 

=
ࢇ) + ࢈ + ૜(ࢉ

૜(ࢇ + ࢈ + (ࢉ =
ࢇ) + ࢈ + ૛(ࢉ

૜ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૝√૜ࡿ 

True 
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329. In ࢤ	࡯࡮࡭: 

ටቀ෍ࢇ૛࢘࢈࢘ࢇቁ ቀ෍ࢇ૛࢘ࢉ࢘࢈ቁ ቀ෍ࢇ૛࢘ࢇ࢘ࢉቁ
૟

≤
૛ࡾૢ

૛  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ඥ(∑ࢇ૛࢘࢈࢘ࢇ)(∑ࢇ૛࢘ࢉ࢘࢈)(∑ࢇ૛࢘ࢇ࢘ࢉ)૟ ≤ ૛ࡾૢ

૛
 

Teniendo en cuenta las siguientes desigualdades e identidades en un 

࢈࢘ࢇ࢘ ࡯࡮࡭ࢤ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘ = ࢙૛,ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ࢙ ,૛ (Leibniz)ࡾૢ ≤ ૜√૜ࡾ
૛

 

Aplicando MA ≥ MG 

࢈࢘ࢇ૛࢘ࢇ∑ + ࢉ࢘࢈૛࢘ࢇ∑ + ࢇ࢘ࢉ૛࢘ࢇ∑ ≥ ඥ(∑ࢇ૛࢘࢈࢘ࢇ)(∑ࢇ૛࢘ࢉ࢘࢈)(∑ࢇ૛࢘ࢇ࢘ࢉ)૜   

෍ࢇ૛࢙૛ ≥ ૜ටቀ෍ࢇ૛࢘࢈࢘ࢇቁቀ෍ࢇ૛࢘ࢉ࢘࢈ቁ ቀ෍ࢇ૛࢘ࢇ࢘ࢉቁ
૜

 

⇔ ඥ(∑ࢇ૛࢘࢈࢘ࢇ)(∑ࢇ૛࢘ࢉ࢘࢈)(∑ࢇ૛࢘ࢇ࢘ࢉ)૟ ≤ ࢙ඥࢇ૛ା࢈૛ାࢉ૛

√૜
≤ ૜√૜ࡾ⋅ඥૢࡾ૛

૛√૜
= ૛ࡾૢ

૛
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ටቀ෍ࢇ૛࢘࢈࢘ࢇቁ ቀ෍ࢇ૛࢘ࢉ࢘࢈ቁ ቀ෍ࢇ૛࢘ࢇ࢘ࢉቁ
૟

≤⏞
(૚)ૢࡾ૛

૛
 

෍ࢇ૛࢘࢈࢘ࢇ = ࢈࢘ࢇ૛࢘ࢇ + ࢉ࢘࢈૛࢘࢈ +  ࢇ࢘ࢉ૛࢘ࢉ

= ૛ࢤ ቈ
૛ࢇ

(࢙ − ࢙)(ࢇ − (࢈ +
૛࢈

(࢙ − ࢙)(࢈ − (ࢉ +
૛ࢉ

(࢙ − ࢙)(ࢉ −  ቉(ࢇ

=
࢙)૛ࢇ}૛ࢤ − (ࢉ + ࢙)૛࢈ − (ࢇ + ࢙)૛ࢉ − {(࢈

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  

=
૛࢙ࢤ
૛ࢤ ቀ࢙෍ࢇ૛ −෍࢈ࢇ૛ቁ =⏞

(࢏)

࢙૛෍ࢇ૛ − ࢙෍࢈ࢇ૛ 
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෍ࢇ૛࢘ࢉ࢘࢈ = ࢉ࢘࢈૛࢘ࢇ + ࢇ࢘ࢉ૛࢘࢈ +  ࢈࢘ࢇ૛࢘ࢉ

= ૛ࢤ ቈ
૛ࢇ

(࢙ − ࢙)(࢈ − (ࢉ +
૛࢈

(࢙ − ࢙)(ࢉ − (ࢇ +
૛ࢉ

(࢙ − ࢙)(ࢇ −  ቉(࢈

=
࢙)૛ࢇ}૛ࢤ − (ࢇ + ࢙)૛࢈ − (࢈ + ࢙)૛ࢉ − {(ࢉ

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  

=
૛࢙ࢤ
૛ࢤ

ቀ࢙෍ࢇ૛ −෍ࢇ૜ቁ =⏞
(࢏࢏)

࢙૛෍ࢇ૛ − ࢙෍ࢇ૜ 

෍ࢇ૛࢘ࢇ࢘ࢉ = ࢇ࢘ࢉ૛࢘ࢇ + ࢈࢘ࢇ૛࢘࢈ +  ࢉ࢘࢈૛࢘ࢉ

= ૛ࢤ ቈ
૛ࢇ

(࢙ − ࢙)(ࢉ − (ࢇ +
૛࢈

(࢙ − ࢙)(ࢇ − (࢈ +
૛ࢉ

(࢙ − ࢙)(࢈ −  ቉(ࢉ

=
૛࢙ࢤ
૛ࢤ

࢙)૛ࢇ} − (࢈ + ࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ −  {(ࢇ

= ࢙ ቀ࢙෍ࢇ૛ −෍ࢇ૛࢈ቁ =⏞
(࢏࢏࢏)

࢙૛෍ࢇ૛ − ࢙෍ࢇ૛࢈ 

(1) ⇔	 ඥ(∑ࢇ૛࢘࢈࢘ࢇ)(∑ࢇ૛࢘ࢉ࢘࢈)(∑ࢇ૛࢘ࢇ࢘ࢉ)૜ ≤⏞
(૛)

ૡ૚ࡾ૝

૝
 

Now, LHS of (2) ≤⏞
࡭ஸࡳ

ࢇ࢘ࢉ૛࢘ࢇ∑ାࢉ࢘࢈૛࢘ࢇ∑ା࢈࢘ࢇ૛࢘ࢇ∑
૜

 

=
(࢙૛∑ࢇ૛ − (૛࢈ࢇ∑࢙ + (࢙૛∑ࢇ૛ − (૜ࢇ∑࢙ + (࢙૛∑ࢇ૛ − (࢈૛ࢇ∑࢙

૜
 

(using (i), (ii), (iii)) 

=
૜࢙૛∑ࢇ૛ − ࢙൫∑ࢇ૜ + ࢈૛ࢇ∑ + ૛൯࢈ࢇ∑

૜  

=
૜࢙૛(∑ࢇ૛) − ࢙{૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛ − (࢈ࢇ∑ + ૛࢙)࢈ࢇ∑ − {(ࢉ

૜
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=
૜࢙૛∑ࢇ૛ − {૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛) − ૛࢙(∑࢈ࢇ) + ૛࢙(∑࢈ࢇ) − ૜ࢉ࢈ࢇ}

૜
 

=
૜࢙૛(∑ࢇ૛) − ૛࢙૛(∑ࢇ૛)

૜
=
࢙૛(∑ࢇ૛)

૜
 

≤⏞
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૛ૠࡾ૛

૝
ቀ∑ࢇ

૛

૜
ቁ ≤⏞
ࢠ࢚࢏࢔࢈࢏ࢋࡸ

૛ૠࡾ૛

૝
⋅ ࡾૢ

૛

૜
= ૡ૚ࡾ૝

૝
⇒ (2) is true  (Proved) 

 

330. In ࢤ	࡯࡮࡭: 

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛

࢈࢓ࢇ࢓ ࢉ࢓࢈࢓+ + ࢇ࢓ࢉ࢓
+

࢙૛

࢙૛ + ࡾ)࢘ − ૛࢘) ≥ ૛ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Soumava Chakraborty-Kolkata-India 

࢈࢓ࢇ࢓ ≤
૛ࢉ૛ା࢈ࢇ

૝
 , etc ∴ ࢈࢓ࢇ࢓∑ ≤

૛∑ࢇ૛ା∑࢈ࢇ
૝

 

∴
ࢇ࢓∑

૛

࢈࢓ࢇ࢓∑
≥

૜
૝ (૛ࢇ∑) ⋅ ૝
૛∑ࢇ૛ + ࢈ࢇ∑

=
૜∑ࢇ૛

૛∑ࢇ૛ + ࢈ࢇ∑
 

=
૟(࢙૛ − ૝࢘ࡾ − ࢘૛)

࢙૛ + ૝࢘ࡾ + ࢘૛ + ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) =
૟࢙૛ − ૛૝࢘ࡾ − ૟࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛
 

∴
ࢇ࢓∑

૛

࢈࢓ࢇ࢓∑
− ૛ ≥⏞

(૚)૟࢙૛ − ૛૝࢘ࡾ − ૟࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛ − ૛ 

=
૟࢙૛ − ૛૝࢘ࡾ − ૟࢘૛ − ૟࢙૛ + ૡ࢘ࡾ + ૛࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛
=

−૚૟࢘ࡾ − ૝࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛
 

(1)⇒ it suffices to prove: 

−૚૟࢘ࡾ − ૝࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛ +
࢙૛

࢙૛ + ࢘ࡾ − ૛࢘૛ ≥ ૙ ⇔
࢙૛

࢙૛ + ࢘ࡾ − ૛࢘૛ ≥
૚૟࢘ࡾ + ૝࢘૛

૜࢙૛ − ૝࢘ࡾ − ࢘૛ 

⇔ ࢙૛(૜࢙ − ૝࢘ࡾ − ࢘૛) ≥ (૚૟࢘ࡾ + ૝࢘૛)(࢙૛ + ࢘ࡾ − ૛࢘૛)  (2) 
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Now, ૜࢙૛ − ૝࢘ࡾ − ࢘૛ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૜(૚૟࢘ࡾ − ૞࢘૛)− ૝࢘ࡾ − ࢘૛ 

= ૝૝࢘ࡾ − ૚૟࢘૛ 

⇒ ࢙૛(૜࢙૛ − ૝࢘ࡾ− ࢘૛) ≥ ࢙૛(૝૝࢘ࡾ − ૚૟࢘૛)   (3) 

(2),(3) ⇒ it suffices to prove:  

࢙૛(૝૝࢘ࡾ − ૚૟࢘૛) ≥ (૚૟࢘ࡾ + ૝࢘૛)(࢙૛ + ࢘ࡾ − ૛࢘૛) 

⇔ ࢙૛(૚૚ࡾ − ૝࢘) ≥ (૝ࡾ + ࢘)(࢙૛ ࢘ࡾ+ − ૛࢘૛) 

⇔ ૚૚࢙ࡾ૛ − ૝࢙࢘૛ ≥ ૝࢙ࡾ૛ + ૝ࡾ૛࢘ − ૡ࢘ࡾ૛ + ࢙࢘૛ ૛࢘ࡾ+ − ૛࢘૜ 

⇔ ࢙૛(ૠࡾ − ૞࢘) ≥ ૝ࡾ૛࢘ − ૠ࢘ࡾ૛ − ૛࢘૜    (4) 

Gerretsen ⇒ ࢙૛(ૠࡾ − ૞࢘) ≥ (૚૟࢘ࡾ − ૞࢘૛)(ૠࡾ − ૞࢘)   (5) 

(4),(5) ⇒ it suffices to prove:  

(૚૟࢘ࡾ − ૞࢘૛)(ૠࡾ − ૞࢘) ≥ ૝ࡾ૛࢘ − ૠ࢘ࡾ૛ − ૛࢘૜ 

⇔ ૚૚૛ࡾ૛ − ૚૚૞࢘ࡾ + ૛૞࢘૛ ≥ ૝ࡾ૛ − ૠ࢘ࡾ − ૛࢘૛ 

⇔ ૚૙ૡࡾ૛ − ૚૙ૡ࢘ࡾ + ૛ૠ࢘૛ ≥ ૙ 

⇔ ૝ࡾ૛ − ૝࢘ࡾ + ࢘૛ ≥ ૙ ⇔ (૛ࡾ − ࢘)૛ ≥ ૙ → true (Proved) 

 

331. In ࢤ	࡯࡮࡭ the following relationship holds: 

૛ࢇ࢓

࢈࢘ + ࢉ࢘
≥ ࢙࢕ࢉ

࡮ − ࡯
૛

 

Proposed by Bogdan Fustei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

࢈࢘ + ࢉ࢘ =
ઢ

࢙ − ࢈ +
ઢ

࢙ − ࢉ =
ઢ(૛࢙ − ࢈ − (ࢉ
(࢙ − ࢙)(࢈ − (ࢉ =

ઢࢇ
(࢙ − ࢙)(࢈ −  (ࢉ

= (ࢉି࢙)(࢈ି࢙)(ࢇି࢙)ඥ࢙ࢇ
(ࢉି࢙)(࢈ି࢙)

= (ࢇି࢙)ඥ࢙ࢇ
ඥ(࢙ି࢈)(࢙ିࢉ)

→   (1) 
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By (1) and ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
, ࡿࡴࡸ ≥ ቀ࢈ାࢉ

ࢇ
ቁට࢙(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)

(ࢇି࢙)࢙ࢉ࢈
 

=
૝ࡾ ૛࡭ܛܗ܋ ܛܗ܋

࡯ష࡮
૛

ࢇ
ܖܑܛ ࡭

૛
= ቀ૛ࡾ ࡭ܖܑܛ

ࢇ
ቁ ܛܗ܋ ࡯ି࡮

૛
= ܛܗ܋ ࡯ି࡮

૛
   (Done) 

 

332. In ∆࡯࡮࡭ ∶ 

࢞૛ + ࢟૛ + ૛ࢠ ≥ ૚૛࢘૛ 

 
Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

In any ࢤ	ࡺ࡭,࡯࡮࡭૛ + ૛ࡺ࡮ + ૛ࡺ࡯ ≥ ૚૛࢘૛, Where ࡺ → nine – point center 

For any point ࡼ in the plane of ࢤ	ࡼ࡭∑ ,࡯࡮࡭૛ = ૜ࡳࡼ૛ +  (૛ࡳ࡭)∑

∴ ૛ࡺ࡭∑ = ૜ࡳࡺ૛ + = (ࡺ as ࡼ choosing)   (૛ࡳ࡭)∑ ૜ ቀ૚
૟
ቁࡴࡻ

૛
+ ૝

ૢ
⋅ ૜
૝
 ૛ࢇ∑

=
૛ࡴࡻ

૚૛ +
૛ࢇ∑

૜ =
૛ࡾૢ − ૛ࢇ∑

૚૛ +
૛ࢇ∑

૜  

=
૛ࡾૢ + ૜∑ࢇ૛

૚૛
=
૜ࡾ૛ ૛ࢇ∑+

૝
=
૜ࡾ૛ + ૛࢙૛ − ૡ࢘ࡾ − ૛࢘૛

૝
 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૜ࡾ૛ − ૡ࢘ࡾ − ૛࢘૛ + ૜૛࢘ࡾ − ૚૙࢘૛

૝
 

= ૜ࡾ૛ା૛૝ି࢘ࡾ૚૛࢘૛

૝
≥⏞

࢘ࢋ࢒࢛ࡱ
૜൫૝࢘૛൯ା૛૝࢘(૛࢘)ି૚૛࢘૛

૝
= ૚૛࢘૛  (Proved) 
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333. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

෍
૛ࢇ) − ࢈ࢇ + ૛)૛࢈

૛ࢇ + ૝࢈ࢇ + ૛࢈ ≥
૛ࡿ
√૜

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triángulo ࡯࡮࡭ ∑ ൫ࢇ૛ି࢈ࢇା࢈૛൯
૛

૛࢈ା࢈ࢇ૛ା૝ࢇ
≥ ૛ࡿ

√૜
.  

Tener en cuenta las siguientes desigualdades 

૟(ࢇ૛ − ࢈ࢇ + (૛࢈ ≥ ૛ࢇ + ૝࢈ࢇ + ૛࢈ ⇔ ૞(ࢇ − ૛(࢈ ≥ ૙ 

࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૝ࡿ√૜. La desigualdad propuesta es equivalente 

෍
૛ࢇ) − ࢈ࢇ + ૛)૛࢈

૛ࢇ + ૝࢈ࢇ + ૛࢈
≥
૛ࢇ − ࢈ࢇ + ૛࢈

૟
+
૛࢈ − ࢉ࢈ + ૛ࢉ

૟
+
૛ࢉ − +ࢇࢉ ૛ࢇ

૟
= 

= ૛∑ࢇ૛ି∑࢈ࢇ
૟

≥ ࢈ࢇ∑
૟

≥ ૝ࡿ√૜
૟

= ૛ࡿ
√૜

. 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૛ࢇ) − ࢈ࢇ + ૛)૛࢈

૛ࢇ + ૝࢈ࢇ + ૛࢈ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ ቀ૛ ⋅ ૛ࢇ) + ૛࢈ + (૛ࢉ − ࢈ࢇ) + ࢉ࢈ + ቁ(ࢇࢉ

૛ ⋅ ૛ࢇ) + ૛࢈ + (૛ࢉ + ૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ  

≥
࢈ࢇ∑૛ஹࢇ∑ ૛ࢇ∑) + ࢈ࢇ∑ − ૛(࢈ࢇ∑

૛ ⋅ ࢇ) + ࢈ + ૛(ࢉ =
૛(૛ࢇ∑)

૛ ⋅ ૛(ࢇ∑) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

 

≥
૚
૝(ࢇ∑)⋅ૢ

૛⋅(∑ࢇ)૛ = ૚
૚ૡ

૛(ࢇ∑) = ૝
૚ૡ
⋅ ૛࢖ = ૛

ૢ
૛࢖ ≥ ૛

ૢ
⋅ ࢖ ⋅ ૜√૜࢘ = ૛ࡿ

√૜
. 

 

334. In ࢤ	࡯࡮࡭: 

ඨࢇ࢓
૛࢈࢓

૛ + ࢈࢓
૛ࢉ࢓

૛ ࢉ࢓+
૛ࢇ࢓

૛

૛ࡿૢ ≥
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + ࢇ࢓ࢉ࢓
 

Proposed by Adil Abdullayev – Baku – Azerbaidian  
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Solution by Soumava Chakraborty-Kolkata-India 

 

In ࢤ	ࡰࡳ࡮ᇱ,ࡰࡳᇱ = ૛
૜
ࡳ࡮,ࢇ࢓ = ૛

૜
ᇱࡰ࡮ and ࢈࢓ = ૛

૜
  ࢉ࢓

∵ ∴ ,ᇱࡰ࡮࡭	ࢤ is a median in ࡳ࡮ ૛ࢠ = ૛࢞ ⇒ ࢠ = ࢞ 

∵ ∴ ,ᇱࡰ࡯࡭	ࢤ is a median in ࡳ࡯ ૛࢟ = ૛࢞ ⇒ ࢞ = ࢟ 

∴ ࢞ = ࢟ = ࢠ ∴ (ᇱࡰࡳ࡮	ࢤ)	ࢉ࢘ࢇ = ૛࢞ =
૚
૜

(૟࢞) =
૚
૜ࢉ࢘ࢇ	

(࡯࡮࡭	ࢤ) =⏞
(૚) ࡿ
૜ 

For any ࢤ	࡯࡮࡭, Hadwiger Finsler inequality ⇒ ૛∑࢈ࢇ − ૛ࢇ∑ ≥ ૝√૜ࡿ 

Applying this on ࢤ	ࡰࡳ࡮ᇱ, we get,   

૛ ቀ૝
ૢ
ቁ࢈࢓ࢇ࢓∑ −

૝
ૢ

ࢇ࢓∑)
૛) ≥ ૝√૜ ቀࡿ૜ቁ  (from (1)) 

⇒ ૛෍࢈࢓ࢇ࢓ −෍ࢇ࢓
૛ ≥ ૜√૜ࡿ 
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⇒ ૛෍࢈࢓ࢇ࢓ ≥෍ࢇ࢓
૛ + ૜√૜ࡿ 

⇒
૛∑࢈࢓ࢇ࢓
ࢇ࢓∑

૛ ≥ ૚ +
૜√૜ࡿ
ࢇ࢓∑

૛ = ૚ +
૜√૜ࡿ ⋅ ૝
૜ ૛ࢇ∑

= ૚ +
૝√૜ࡿ
૛ࢇ∑

 

⇒ ૛∑࢈࢓ࢇ࢓
ࢇ࢓∑

૛ ≥ ࡿ૛ା૝√૜ࢇ∑
૛ࢇ∑

⇒ ࢈࢓ࢇ࢓∑
ࢇ࢓∑

૛ ≥ ࡿ૛ା૝√૜ࢇ∑
૛∑ࢇ૛

  (2) 

Now, ∑ࢇ࢓
૛࢈࢓

૛ =
∑൛൫૛࢈૛ା૛ࢉ૛ିࢇ૛൯൫૛ࢉ૛ା૛ࢇ૛ି࢈૛൯ൟ

૚૟
= ૛࢈૛ࢇ∑ૢ

૚૟
   (on simplification) 

∴ ࢇ࢓∑
૛࢈࢓

૛

૛ࡿૢ
= ૛࢈૛ࢇ∑ૢ

૚૟⋅ૢࡿ૛
= ૛࢈૛ࢇ∑

૚૟ࡿ૛
⇒ ට∑ࢇ࢓

૛࢈࢓
૛

૛ࡿૢ
= ඥ∑ࢇ૛࢈૛

૝ࡿ
≥
(૜) ට૚

૜
૛(࢈ࢇ∑)

૝ࡿ
   (Chebyshev) 

= ࢈ࢇ∑
૝√૜ࡿ

; (2), (3) ⇒ ට∑ࢇ࢓
૛࢈࢓

૛

૛ࡿૢ
⋅ ࢈࢓ࢇ࢓∑

ࢇ࢓∑
૛ ≥

(૝)
ቀ∑࢈ࢇ
૝√૜ࡿ

ቁ ቀ∑ࢇ
૛ା૝√૜ࡿ
૛∑ࢇ૛

ቁ 

(4) ⇒ it suffices to prove: ∑࢈ࢇ
૝√૜ࡿ

⋅ ࢇ∑
૛ା૝√૜ࡿ
૛∑ࢇ૛

≥ ૚ 

⇔ ቀ෍࢈ࢇቁ ቀ෍ࢇ૛ቁ + ૝√૜ࡿ ቀ෍࢈ࢇቁ ≥ ૡ√૜ࡿ ቀ෍ࢇ૛ቁ 

⇔ ૛∑࢈ࢇ ൫∑ࢇ૛ + ૝√૜ࡿ൯ ≥ ૚૟√૜ࡿ(∑ࢇ૛)   (5) 

Now, Hadwiger – Finsler inequality 

⇒ ૛෍࢈ࢇቀ෍ࢇ૛ + ૝√૜ࡿቁ ≥ ቀ෍ࢇ૛ + ૝√૜ࡿቁ ቀ෍ࢇ૛ + ૝√૜ࡿቁ = 

= ൫∑ࢇ૛ + ૝√૜ࡿ൯
૛
≥⏞
ࡳି࡭

૝(∑ࢇ૛)൫૝√૜ࡿ൯ = ૚૟√૜ࡿ(∑ࢇ૛) ⇒ (5) is true  

 

335. If in ࢉ࢈ࢇ,࡯࡮࡭ࢤ = ૚ then: 

૛ࡾ ൬
ࢇ࢘ࢇ

ࢇ࢘
+
࢈࢘࢈

࢈࢘
+
ࢉ࢘ࢉ

ࢉ࢘
൰ ቆ

ࢇࢎࢇ

ࢇࢎ
+
࢈ࢎ࢈

࢈ࢎ
+
ࢉࢎࢉ

ࢉࢎ
ቇ ≥ ૝ 

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

ࢇ࢘ࢇ ቀ ૚࢘ࢇ
ቁ + ࢈࢘࢈ ቀ ૚࢘࢈

ቁ + ࢉ࢘ࢉ ቀ ૚࢘ࢉ
ቁ

∑ ૚
ࢇ࢘

≥
ࡳି࡭	ࢊࢋ࢚ࢎࢍ࢏ࢋ࢝

	 ට(ࢇ࢘ࢇ)ቀ
૚
ࢇ࢘
ቁ(࢈࢘࢈)ቀ

૚
࢈࢘
ቁࢉ࢘ࢉቀ

૚
ࢉ࢘
ቁ

ቀ∑ ૚
ࢇ࢘
ቁ

= 

= ࢉ࢈ࢇ√
ቀ∑ ૚
ࢇ࢘
ቁ

= ૚	(∵ ࢉ࢈ࢇ = ૚) ⇒෍
ࢇ࢘ࢇ
ࢇ࢘

≥
(૚)

෍
૚
ࢇ࢘

=
૚
࢘ 

Again, ࢇࢎࢇ ቀ ૚
ࢇࢎ
ቁ + ࢈ࢎ࢈ ቀ ૚

࢈ࢎ
ቁ + ࢉࢎࢉ ቀ ૚

ࢉࢎ
ቁ ≥
ࡳି࡭	ࢊࢋ࢚ࢎࢍ࢏ࢋ࢝ ට(ࢇࢎࢇ)ቀ

૚
ࢇࢎ
ቁ(࢈ࢎ࢈)൬

૚
࢈ࢎ
൰ࢉࢎࢉቀ

૚
ࢉࢎ
ቁ

ቀ∑ ૚
ࢇ࢘
ቁ

 

= ࢉ࢈ࢇ√
ቀ∑ ૚
ࢇ࢘
ቁ

= ૚(∵ ࢉ࢈ࢇ = ૚) ⇒෍
ࢇࢎࢇ
ࢇࢎ

≥
(૛)

෍
૚
ࢇࢎ

=
૚
࢘ 

(1), (2) ⇒ ࡿࡴࡸ ≥ ૛ࡾ

࢘૛
≥

࢘ࢋ࢒࢛ࡱ
૝ (proved) 

 

336. If in ࢤ	ࡿ,࡯࡮࡭ = ૚
૛
 then: 

,࢈,ࢇ)ܖܑܕ (ࢉ ≤
૛ࢇ + ૛࢈ + ૛ࢉ

࡭ܖܑܛ)ࢉ࢈ࢇ + ࡮ܖܑܛ + (࡯ܖܑܛ ≤ ,࢈,ࢇ)ܠ܉ܕ  (ࢉ

Proposed by Dan Radu Seclaman – Romania  

Solution by Adil Abdullayev-Baku-Azerbaidian 

Let ࢇ ≤ ࢈ ≤ ࢉ࢈ࢇ.ࢉ = ૝ࡿࡾ = ૛ࢇ .ࡾ ≤ ૛ࢉ૛ା࢈૛ାࢇ

ࡾ૛ࢉశ࢈శࢇ⋅ࢉ࢈ࢇ

≤ ࢉ ↔ ࢇ ≤ ૛ࢉ૛ା࢈૛ାࢇ

ࢉା࢈ାࢇ
≤ ࢉ ↔ 

↔ ૛ࢇ + ࢈ࢇ + ࢉࢇ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ ≤ ࢉࢇ + ࢉ࢈ +  ૛ࢉ

 

337. In acute ࢤ	࡯࡮࡭: 

૚

ට࡭ܖ܉ܜ૛

+
૚

ට࡮ܖ܉ܜ૛

+
૚

ට࡯ܖ܉ܜ૛

≥ ૜ඨ૝ −
૛࢘
ࡾ

૝

 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 
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Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. ࢖૛ ≥ ࢘૛ ቀ૝ − ૛࢘
ࡾ
ቁ
૜

  (Stronger inequality Mitrinovic) 

Lemma 2. ࢘ࢉ࢘࢈࢘ࢇ = ૛࢖࢘ ܖ܉ܜ			. ࡭
૛

= ࢇ࢘
࢖

. 

ࡹ࡭ ≥ ࡹࡳ → ࡿࡴࡸ = ඨ
࢖
ࢇ࢘

+ ඨ
࢖
࢈࢘

+ ඨ
࢖
ࢉ࢘
≥ ૜ ⋅ ඩඨ

૜࢖

ࢉ࢘࢈࢘ࢇ࢘

૜

= 

= ૜ ⋅ ට
࢖
࢘

૟
≥ ૜ ⋅ ඩඨ൬૝ −

૛࢘
ࡾ
൰
૜૟

=  ࡿࡴࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥⏟
(૚)

ฏ
ࡳି࡭

૜ඩ
૚

ට࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛ ܖ܉ܜ

࡯
૛

૜  

= ૜
ඪ

૚

ඨට(࢙ − ࢙)(࢈ − ࢙)(ࢉ − ࢙)(ࢉ − ࢙)(ࢇ − ࢙)(ࢇ − (࢈
࢙(࢙ − (ࢇ ⋅ ࢙(࢙ − (࢈ ⋅ ࢙(࢙ − (ࢉ

૜  

= ૜
ඪ

૚

ඨ
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

૜ = ૜ඩ
૚

ට࢘
૛࢙૛
࢙૛࢙࢘

૜ = ૜ඨට
࢙
࢘

૜

 

(1) ⇒ it suffices to prove: ቀ࢙
࢘
ቁ
૚
૟ ≥ ቀ૝ିࡾ૛࢘

ࡾ
ቁ
૚
૝ 

⇔ ቀ࢙
࢘
ቁ
૛
≥ ቀ૝ିࡾ૛࢘

ࡾ
ቁ
૜
⇔ ࢙૛ࡾ૛ ≥ ࢘૛(૝ࡾ − ૛࢘)૜    (2) 
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LHS of (2) ≥⏟
(૜)

ฏ
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	(૚૟࢘ࡾ − ૞࢘૛)ࡾ૜ 

(2), (3) ⇒ it suffices to prove: (૚૟ࡾ − ૞࢘)ࡾ૜ ≥ ૡ࢘(૛ࡾ − ࢘)૜ 

⇔ ૚૟࢚૝ − ૟ૢ࢚૜ + ૢ૟࢚૛ − ૝ૡ࢚ + ૡ ≥ ૙   (where ࢚ = ࡾ
࢘

)  

⇔ (࢚ − ૛){(࢚ − ૛)૛(૚૟࢚ + ૛ૠ) + ૟૟(࢚ − ૛) + ૛૙} ≥ ૙ 

→ true ∵ ࢚ = ࡾ
࢘
≥ ૛  (Euler) (Proved) 

 

338. Let ࡯࡮࡭ be a triangle and ࢉ࢓,࢈࢓,ࢇ࢓ are the medians. 

Prove that 

ࢇ࢓
૛ ࢈࢓+

૛ + ࢉ࢓
૛ ≥

࢙૛ + ૜࢘૛ + ૚૛࢘ࡾ
૛  

where ࢙,࢘ and ࡾ semiperimeter, inradius and circumradius of ࡯࡮࡭ 

respectively. 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Daniel Sitaru – Romania  

ࢇ࢓∑
૛ = ૜

૝
૛ࢇ∑ = ૜

૝
⋅ ૛(࢙૛ − ࢘૛ − ૝࢘ࡾ) ≥ ࢙૛ା૜࢘૛ା૚૛࢘ࡾ

૛
  (to prove) 

૜࢙૛ − ૜࢘૛ − ૚૛࢘ࡾ ≥ ࢙૛ + ૜࢘૛ + ૚૛࢘ࡾ 

࢙૛ ≥ ૜࢘૛ + ૚૛࢘ࡾ  (to prove) 

࢙૛ ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

	૚૟࢘ࡾ − ૞࢘૛ ≥ ૜࢘૛ + ૚૛࢘ࡾ ↔ 

૝࢘ࡾ ≥ ૡ࢘૛ ↔ ࡾ ≥ ૛࢘ 
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339. In ࢤ	࡯࡮࡭: 

૛ อ
࢙ + ૛ࢇ ࢈ࢇ ࢉࢇ
࢈ࢇ ࢙ + ૛࢈ ࢉ࢈
ࢉࢇ ࢉ࢈ ࢙ + ૛ࢉ

อ

࢙૛
≥ ૡ√૜ࡿ + ૜√૝ࡿࡾ૜  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

To show:   

૛
࢙૛
൬

(࢙ + ࢙)}(૛ࢇ + ࢙)(૛࢈ + (૛ࢉ − {૛ࢉ૛࢈ + ૛ࢉ࢈ࢇ}࢈ࢇ − ࢙)࢈ࢇ + {(૛ࢉ +
૛࢈ࢉࢇ}ࢉࢇ+ − ࢙)ࢉࢇ + {(૛࢈

൰ ≥ 

≥ ૡ√૜ࡿ + ૜√૝ࡿࡾ૜  

ࡿࡴࡸ =
૛
࢙૛
ቀ(࢙ + ૛)(࢙૛ࢇ + ૛࢈࢙ + (૛ࢉ࢙ + (࢙−)૛࢈૛ࢇ +  ૛(−࢙)ቁࢉ૛ࢇ

=
૛
࢙૛ ቀ࢙

૜ + ࢙૛(ࢇ૛ + ૛࢈ + ૛)ቁࢉ = ૛࢙ + ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

= ࢇ) + ࢈ + (ࢉ + ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

Now, * ࢇ + ࢈ + ࢉ ≥ ૜ ⋅ ૜ࢉ࢈ࢇ√  (AM ≥ GM) = ૜√૝ࡿࡾ૜    (1) 

Now, ૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૡ√૜ࡿ 

⇔ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૝ૡࡿ૛ = ૝ૡ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

⇔ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૝ૡ ൬
ࢇ + ࢈ + ࢉ

૛
൰ ൬
࢈ + ࢉ − ࢇ

૛
൰ ൬
ࢉ + ࢇ − ࢈

૛
൰ ൬
ࢇ + ࢈ − ࢉ

૛
൰ 

⇔ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૜((ࢇ + ૛(࢈ − ૛ࢉ)(૛ࢉ − ࢇ) −  (૛(࢈

⇔ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૜(ࢉ૛(ࢇ + ૛(࢈ − ૛ࢇ) − ૛)૛࢈ − ૝ࢉ + ࢇ)૛ࢉ −  (૛(࢈
⇔ ૝ࢇ + ૝࢈ + ૝ࢉ + ૛ࢇ૛࢈૛ + ૛࢈૛ࢉ૛ ≥ ૜(૛ࢉ૛(ࢇ૛ + (૛࢈ + ૛ࢇ૛࢈૛ − ૝ࢇ − ૝࢈ −  (૝ࢉ

⇔ ૝ࢇ૝ + ૝࢈૝ + ૝ࢉ૝ − ૝ࢇ૛࢈૛ − ૝࢈૛ࢉ૛ − ૝ࢉ૛ࢇ૛ ≥ ૙ 

⇔ ૛ࢇ૝ + ૛࢈૝ + ૛ࢉ૝ − ૛ࢇ૛࢈૛ − ૛࢈૛ࢉ૛ − ૛ࢉ૛ࢇ૛ ≥ ૙ 

⇔ ૛ࢇ) − ૛)૛࢈ + ૛࢈) − ૛)૛ࢉ + ૛ࢉ) − ૛)૛ࢇ ≥ ૙ which is true 
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* ∴ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૡ√૜(2)   ࡿ 

(1) + (2) ⇒ ࢇ + ࢈ + ࢉ + ૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૡ√૜ࡿ + ૜√ࡿ૜  (QED) 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭. Probar que:  

૛ ൥
࢙ + ૛ࢇ ࢈ࢇ ࢉࢇ
࢈ࢇ ࢙ + ૛࢈ ࢉ࢈
ࢉࢇ ࢉ࢈ ࢙ + ૛ࢉ

൩ ≥ ૡ√૜࢙ࡿ૛ + ૜√૝ࡿࡾ૜ ࢙૛ 

૛࢙ = perimetro, ࡿ = Área de región triangular 

૛(࢙ + (૛ࢇ ൤࢙ + ૛࢈ ࢉ࢈
ࢉ࢈ ࢙ + ૛ࢉ

൨ − ૛࢈ࢇ ቂ࢈ࢇ ࢉ࢈
ࢉࢇ ࢙ + ૛ቃࢉ + ૛ࢉࢇ ൤࢈ࢇ ࢙ + ૛࢈

ࢉࢇ ࢉ࢈
൨ ≥ 

≥ ૡ√૜࢙ࡿ૛ + ૜√ࢉ࢈ࢇ૜ ࢙૛ 

૛(࢙ + ࢙)](૛ࢇ + ࢙)(૛࢈ + (૛ࢉ − [૛ࢉ૛࢈ − ૛࢈ࢇ[(࢙ + (࢈ࢇ)(૛ࢉ − [࢈ࢇ૛ࢉ + 

+૛࢈]ࢉࢇ૛ࢉࢇ − (࢙ + [(ࢉࢇ)(૛࢈ ≥ ૡ√૜࢙ࡿ૛ + ૜√ࢉ࢈ࢇ૜ ࢙૛ 

⇒ ૛(࢙ + ࢙)࢙](૛ࢇ + ૛࢈) + [(૛ࢉ − ૛[࢈ࢇ࢙]࢈ࢇ + ૛[ࢉࢇ࢙−]ࢉࢇ ≥ 

≥ ૡ√૜࢙ࡿ૛ + ૜√ࢉ࢈ࢇ૜ ࢙૛. Divididiendo (÷ ࢙૛) a la desigualdad: 

⇒ ૛࢙૛ା૛࢙ࢇ૛ା૛࢙൫࢈૛ାࢉ૛൯ା૛ࢇ૛࢈૛ା૛ࢇ૛ࢉ૛ି૛ࢇ૛࢈૛ି૛ࢇ૛ࢉ૛

࢙
≥ ૡ√૜ࡿ + ૜√ࢉ࢈ࢇ૜   

⇒ ૛࢙ + ૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૜√ࢉ࢈ࢇ૜ + ૡ√૜ࡿ 

૛࢙ = ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ ⇔ Válido por: (MA ≥ MG) 

Por lo cual falta demostrar que: ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡿ 

⇒ ૝ࡾ૛(ܖܑܛ૛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ (࡯ ≥ ૝√૜(૛ࡾ૛ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ (࡯ → 

→
࡮)ܖܑܛ + (࡯
࡮ܖܑܛ ܖܑܛ ࡯

+
࡭)ܖܑܛ + (࡯
࡭ܖܑܛ ܖܑܛ ࡯

+
࡭)ܖܑܛ + (࡮
࡭ܖܑܛ ࡮ܖܑܛ

≥ ૛√૜ 

⇒ ૛(࡭ܜܗ܋ + ࡮ܜܗ܋ + (࡯ܜܗ܋ ≥ ૛√૜ → ࡭ܜܗ܋ + ࡮ܜܗ܋ + ࡯ܜܗ܋ ≥ √૜ → 

→ (Válido en un triángulo ࡯࡮࡭) 
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340. In ࢤ	࡯࡮࡭: 

ෑቆ
ࢇ࢓

ૡ + ࢈࢓
ૡ

ࢇ࢓
૟ + ࢈࢓

૟ ⋅
ࢇ࢝
ૡ + ࢈࢝

ૡ

ࢇ࢝
૟ + ࢈࢝

૟ ⋅
ૡࢇࢎ + ૡ࢈ࢎ

૟ࢇࢎ + ૟࢈ࢎ
ቇ ≥ ቆ

૛ࡿ૛

ࡾ ቇ
૟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ∏൬ࢇ࢓
ૡା࢈࢓

ૡ

ࢇ࢓
૟ା࢈࢓

૟ ⋅
ࢇ࢝
ૡା࢝࢈

ૡ

ࢇ࢝
૟ା࢝࢈

૟ ⋅
࢈ࢎૡାࢇࢎ

ૡ

࢈ࢎ૟ାࢇࢎ
૟൰ ≥ ቀ૛ࡿ

૛

ࡾ
ቁ
૟

 

1) Siendo ࢞,࢟ > 0 se cumple la siguiente desigualdad 

࢞ૡ + ࢟ૡ ≥ ࢞࢟(࢞૟ + ࢟૟) 

Proof → ૠ࢞ૡ + ࢟ૡ ≥ ૡඥ(࢞ૡ)ૠ࢟ૡૡ = ૡ࢞ૠ࢟, ૠ࢟ૡ + ࢞ૡ ≥ ඥ(࢟ૡ)ૠ࢞ૡૡ = ૡ࢞࢟ૠ࢞ 

⇔ ૡ(࢞ૡ + ࢟ૡ) ≥ ૡ࢞࢟(࢞૟ + ࢟૟) ⇔ ࢞ૡ + ࢟ૡ ≥ ࢞࢟(࢞૟ + ࢟૟) 

2) Recordar las siguientes desigualdades e identidad en un ࢤ	࡯࡮࡭ 

ࢇ࢝ ≥ ࢈࢝,ࢇࢎ ≥ ࢉ࢝,࢈ࢎ ≥ ࢉࢎ࢈ࢎࢇࢎ,ࢉࢎ =
ૡࡿ૜

ࢉ࢈ࢇ
=
ૡࡿ૜

૝ࡿࡾ
=
૛ࡿ૛

ࡾ
 

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓,(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓,(࢈ ≥ ඥ࢙(࢙ − ࡾ,(ࢉ ≥ ૛࢘ 

ࢉ࢓࢈࢓ࢇ࢓⇔ ≥ ඥ࢙૛ ⋅ ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = ࡿ ⋅ ࢙ = ࡿ ⋅
ࡿ
࢘ =

૛ࡿ

࢘  

Aplicando 1) ∧ 2) en la desigualdad propuesta  

ෑቆ
ࢇ࢓

ૡ + ࢈࢓
ૡ

ࢇ࢓
૟ + ࢈࢓

૟ ⋅
ࢇ࢝
ૡ + ࢈࢝

ૡ

ࢇ࢝
૟ + ࢈࢝

૟ ⋅
ૡࢇࢎ + ૡ࢈ࢎ

૟ࢇࢎ + ૟࢈ࢎ
ቇ ≥ෑ(࢈࢓ࢇ࢓ ⋅ ࢈࢝ࢇ࢝ ⋅ (࢈ࢎࢇࢎ = 

= ࢉ࢓࢈࢓ࢇ࢓) ⋅ ࢉ࢝࢈࢝ࢇ࢝ ⋅ ૛(ࢉࢎ࢈ࢎࢇࢎ ≥  ૝(ࢉࢎ࢈ࢎࢇࢎ)૛(ࢉ࢓࢈࢓ࢇ࢓)

⇒ ૝(ࢉࢎ࢈ࢎࢇࢎ)૛(ࢉ࢓࢈࢓ࢇ࢓) ≥
૝ࡿ

࢘૛ ⋅
૚૟ࡿૡ

૝ࡾ ≥
૟૝ࡿ૚૛

૝࢘૛ ⋅ ૝ࡾ ≥
૟૝ࡿ૚૛

૟ࡾ = ቆ
૛ࡿ૛

ࡾ ቇ
૟

 

(LQQD) 
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

:ࢤ ࢞;࢟ > 0 ⇒ ࢞ૡ + ࢟ૡ ≥ ૚
૛
⋅ (࢞૟ + ࢟૟) ⋅ (࢞૛ + ࢟૛)  (Chebyshev) 

ෑ(࢓)ࢌ ⋅ (࢝)ࢌ ⋅ (ࢎ)ࢌ ≥ෑ
૚
૛૜ ⋅ ൫ࢇ࢓

૛ ࢈࢓+
૛൯ ⋅ ൫࢝ࢇ

૛ + ࢈࢝
૛൯൫ࢇࢎ૛ + ૛൯࢈ࢎ ≥

࢟ࢎࢉ࢛ࢇ࡯
 

≥ෑ
૚
૛૜ ⋅ ૛

૜ ⋅ ࢇ࢓) ⋅ (࢈࢓ ⋅ ࢇ࢝) ⋅ (࢈࢝ ⋅ ࢇࢎ) ⋅ (࢈ࢎ = 

= ࢇ࢓) ⋅ ࢈࢓ ⋅ ૛(ࢉ࢓ ⋅ ࢇ࢝) ⋅ ࢈࢝ ⋅ ૛(ࢉ࢝ ⋅ ࢇࢎ) ⋅ ࢈ࢎ ⋅ ૛(ࢉࢎ ≥ 

≥
ࢇࢎஹࢇ࢒ஹࢇ࢓

ࢇࢎ) ⋅ ࢈ࢎ ⋅ ૟(ࢉࢎ = ቆ
ૡ ⋅ ૜ࡿ

ࢉ࢈ࢇ
ቇ
૟

= ቆ
ૡ ⋅ ૜ࡿ

૝ࡿࡾ
ቇ
૟

= ቆ
૛ࡿ૛

ࡾ
ቇ
૟

 

 

341. In ࢤ	ࢹ,࡯࡮࡭ - first BROCARD point: 

૛ࢹ࡭ ⋅ ૛ࢹ࡮ + ૛ࢹ࡮ ⋅ ૛ࢹ࡯ + ૛ࢹ࡯ ⋅ ૛ࢹ࡭ ≤ ૝ࡾ૛ࡿ ⋅  ૑ܖ܉ܜ

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Daniel Sitaru – Romania  

 
ࢹ࡭

−࡮)ܖܑܛ ࣓) =
૛ࡾ ࡯ܖܑܛ
࡮ܖܑܛ → ࢹ࡭ =

૛ࡾ (࣓−࡮)ܖܑܛ ࡯ܖܑܛ
ܖܑܛ ࡮  

ࢹ࡭ ⋅ ࢹ࡮ ⋅ ࢹ࡯ = ૡࡾ૜ ࡭)ܖܑܛ −࣓) ࡮)ܖܑܛ − ࣓) ࡯)ܖܑܛ − ࣓) = ૡࡾ૜  ૜࣓ܖܑܛ

෍(ࢹ࡭ ⋅ ૛(ࢹ࡮ ≥⏞
ࡹࡳିࡹ࡭

૜ඥ(ࢹ࡭ ⋅ ࢹ࡮ ⋅ ૝૜(ࢹ࡯ = ૝ૡࡾ૝ ૝ܖܑܛ ࣓ ≤ ૝ࡾ૛ࡿ ࣓ܖ܉ܜ ↔ 

↔ ૚૛ࡾ૛ ⋅ ૝ܖܑܛ ࣓ ≤ ࡿ  ࣓ܖ܉ܜ
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૜ࡾ૛ ૚૟ࡿ૝

૛(૛࢈૛ࢇ∑) ≤
૛ࡿ

૛ࢇ∑ ; 	૜ࢇ૛࢈૛ࢉ૛෍ࢇ૛ ≤ ቀ෍ࢇ૛࢈૛ቁ
૛
↔෍(ࢇ૛ − ૛)૛࢈ ≥ ૙ 

 

342. In ࢤ	࡯࡮࡭: 

ૢ࢘ ≤ ඥࢇ࢘ࢇ࢓ + ඥ࢈࢘࢈࢓ + ඥࢉ࢘ࢉ࢓ ≤ ૝ࡾ + ࢘ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru-Romania 

෍ඥࢇ࢘ࢇ࢓ ≥⏞
ࡹࡳିࡹ࡭

૜ටෑࢇ࢓ ⋅ෑ࢘ࢇ
૟

≥ ૜ටෑ࢘ࢇ
૜

= ૜ඥ࢙࢘૛૜ ≥ 

≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

	૜ඥ࢘(૚૟࢘ࡾ − ૞࢘૛)૜ ≥ ૢ࢘ ↔ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૛ૠ࢘૛ ↔ ࡾ ≥ ૛࢘ 

෍ඥࢇ࢘ࢇ࢓ ≤⏞
ࡿ࡮࡯

ට෍ࢇ࢓ ⋅෍࢘ࢇ ≤⏞
ࡺࡵࡴࡿࡱࡾࡱࢀ

ඨ෍
૛࢈ + ૛ࢉ

૝ࡾ ⋅ (૝ࡾ + ࢘) = 

= ඨ૝ࡾ + ࢘
૝ࡾ

⋅ ૛෍ࢇ૛ = ඨ૝ࡾ + ࢘
ࡾ

⋅ (࢙૛ − ࢘૛ − ૝࢘ࡾ) ≤⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

 

≤ ඨ૝ࡾ + ࢘
ࡾ ⋅ (૝ࡾ૛ + ૛࢘૛) ≤ ૝ࡾ + ࢘ ↔

૝ࡾ૛ + ૛࢘૛

ࡾ ≤ ૝ࡾ + ࢘ ↔ ࡾ ≥ ૛࢘ 

 

343. In ࢤ	࡯࡮࡭: 

૜ࢇ + ࢙
૜√૜࢘ + ࢉ૛࢈

⋅
૜࢈ + ࢙

૜√૜࢘ + ࢇ૛ࢉ
⋅

૜ࢉ + ࢙
૜√૜࢘ + ࢈૛ࢇ

≥ ૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 
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૜ࢇ) + ૜࢈)(࢙ + ૜ࢉ)(࢙ + ࢙) ≥ ൫૜√૜࢘+ ൯൫૜√૜࢘ࢉ૛࢈ + ൯൫૜√૜࢘ࢇ૛ࢉ +  ൯࢈૛ࢇ

Tener en cuenta la siguiente desigualdad en un ࢤ	࡯࡮࡭ ࢙ ≥ ૜√૜࢘ 

Como ࢈,ࢇ, ࢉ > 0. Por la desigualdad de Holder 

૜࢈) + ૜࢈)(࢙ + ૜ࢉ)(࢙ + ࢙) ≥ ࢉ૛࢈) + ࢙)૜    (A) 

૜ࢉ) + ૜ࢉ)(࢙ + ૜ࢇ)(࢙ + ࢙) ≥ ࢇ૛ࢉ) + ࢙)૜    (B) 

૜ࢇ) + ૜ࢇ)(࢙ + ૜࢈)(࢙ + ࢙) ≥ ࢈૛ࢇ) + ࢙)૜   (C) 

Multiplicando (A) ⋅ (B) ⋅ (C)  

૜ࢇ) + ૜࢈)(࢙ + ࢙)૜(ࢉ૜ + ࢙)૜ ≥ ࢉ૛࢈) + ࢙)૜(ࢉ૛ࢇ + ࢙)૜(ࢇ૛࢈ + ࢙)૜ 

⇔ ૜ࢇ) + ૛࢈)(࢙ + ૜ࢉ)(࢙ + ࢙) ≥ ࢉ૛࢈) + ࢇ૛ࢉ)(࢙ + ࢈૛ࢇ)(࢙ + ࢙) ≥ 

≥ ൫࢈૛ࢉ + ૜√૜࢘൯൫ࢉ૛ࢇ + ૜√૜࢘൯൫ࢇ૛࢈ + ૜√૜࢘൯ 

(LQQD) 

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

૜ࢇ) + ૜࢈)(࢙ + ૜ࢉ)(࢙ + ࢙) ≥ ൫૜√૜࢘+ ൯൫૜√૜࢘ࢉ૛࢈ + ൯൫૜√૜࢘ࢇ૛ࢉ +  ൯࢈૛ࢇ

࢙ ≥ ૜√૜࢘ = ࢞ 

૜ࢇ) + ૜࢈)(࢞ + ૜ࢉ)(࢞ + ࢞) ≥ ࢈૛ࢇ) + ࢉ૛࢈)(࢞ + ࢇ૛ࢉ)(࢞ + ࢞) 

૜࢈૜ࢇ) + ૜࢞ࢇ + ૜࢞࢈ + ࢞૛)(ࢉ૜ + ࢞) ≥ ࢉ૛ࢇ૜࢈) + ࢞࢈૛ࢇ + ࢞ࢉ૛࢈ + ࢞૛)(ࢉ૛ࢇ + ࢞) 

૜ࢉ૜࢈૜ࢇ + ૜࢞࢈૜ࢇ + ૜࢞ࢉ૜ࢇ + ૜࢞૛ࢇ + ૜࢞ࢉ૜࢈ + ૜࢞૛࢈ + ૜࢞૛ࢉ + ࢞૜ 

≥ ૜ࢉ૜࢈૜ࢇ + ࢞ࢉ૛ࢇ૜࢈ + ࢞࢈૛ࢉ૜ࢇ + ૛࢞࢈૛ࢇ + ࢞ࢇ૛࢈૜ࢉ + ૛࢞ࢉ૛࢈ + ૛࢞ࢇ૛ࢉ + ࢞૜ 

(1) ൝
૜ࢉ૜ࢇ + ૜ࢉ૜ࢇ + ૜࢈૜ࢇ ≥ ૜ࢇ૜ࢉ૛࢈
૜ࢉ૜࢈ + ૜ࢉ૜࢈ + ૜ࢉ૜ࢇ ≥ ૜ࢉ૜࢈૛ࢇ
૜࢈૜ࢇ + ૜࢈૜ࢇ + ૜ࢉ૜࢈ ≥ ૜࢈૜ࢇ૛ࢉ

⇒ (2)൝
૜ࢇ + ૜ࢇ + ૜࢈ ≥ ૜ࢇ૛࢈
૜࢈ + ૜࢈ + ૜ࢉ ≥ ૜࢈૛ࢉ
૜ࢉ + ૜ࢉ + ૜ࢇ ≥ ૜ࢉ૛ࢇ

 

(1)+(2) → completely proved ࢞ = ૜√૜࢘ 
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344. If ૙ ≤ ࡭ ≤ ࡮ ≤ ࡯ < ࣊

૛
 then: 

ฬܖ܉ܜ
࡭ − ࡮
૛

ฬ+ ฬܖ܉ܜ
࡮ − ࡯
૛

ฬ+ ฬܖ܉ܜ
࡯ − ࡭
૛

ฬ ≥ ࡯ −  ࡭

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

For ૙ ≤ ࢞ ≤ ࢟ < ࣊
૛
⇒ − ࣊

૛
< ݔ − ݕ ≤ 0 ⇒ 0 ≤ ݕ − ݔ < ࣊

૛
 

∴ ቚܖ܉ܜቀ
࢞ − ࢟
૛

ቁቚ = − ܖ܉ܜ ቀ
࢞ − ࢟
૛

ቁ = ܖ܉ܜ ቀ
࢟ − ࢞
૛

ቁ ≥
࢟ − ࢞
૛

 

Thus,  ቚܖ܉ܜ ቀ࡮ି࡭
૛
ቁቚ ≥ ࡭ି࡮

૛
 and ቚܖ܉ܜ ቀ࡯ି࡮

૛
ቁቚ ≥ ࡮ି࡯

૛
. Also, as ૙ ≤ ࡯ − ࡭ < ࣊

૛
 

ቚܖ܉ܜ ቀ࡭ି࡯
૛
ቁቚ = ܖ܉ܜ ቀ࡭ି࡯

૛
ቁ ≥ ࡭ି࡯

૛
. Thus  

ቚܖ܉ܜ ቀ࡮ି࡭
૛
ቁቚ + ቚܖ܉ܜ ቀ࡯ି࡮

૛
ቁቚ+ ቚܖ܉ܜ ቀ࡭ି࡯

૛
ቁቚ ≥ ࡭ି࡮

૛
+ ࡮ି࡯

૛
+ ࡭ି࡯

૛
= ࡯ −  .࡭

 

ℝ:ࢌ  .345 → ℝ,ࢌ(࢞) = ተ

૚ ૚ ૚ ૚
ࢇ ࢈ ࢉ ࢞
૛ࢇ ૛࢈ ૛ࢉ ࢞૛
૝ࢇ ૝࢈ ૝ࢉ ࢞૝

ተ ,࢈,ࢇ,  ࡯࡮࡭ࢤ sides in scalene ࢉ

Prove that: ࢌ
ᇲ(࢙)
(࢙)ࢌ > ૡ

࢙
 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

(࢞)ࢌ = ተ

૚ ૚ ૚ ૚
ࢇ ࢈ ࢉ ࢞
૛ࢇ ૛࢈ ૛ࢉ ࢞૛
૝ࢇ ૝࢈ ૝ࢉ ࢞૝

ተ 

As ࢌ(࢞) = ૙ when ࢈ = ࢈,ࢇ = ࢉ,ࢉ = ࢞,ࢇ = ࢞,ࢇ = ࢞,࢈ =  ,ࢉ

ࢇ) − ,(ࢉ ࢇ) − ,(࢈ ࢈) − ,(ࢉ (࢞ − ,(ࢉ (࢞ − ,(ࢇ (࢞ −  (࢞)ࢌ are factors of (࢈
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Also, ࢌ(࢞) is a homogenous expression of degree ૠ in ࢈,ࢇ,  ࢞,ࢉ

∴ (࢞)ࢌ ≡ ࢈)࢑ − ࢇ)(ࢉ − ࢇ)(࢈ − ࢞)(ࢉ − ࢞)(ࢉ − ࢞)(ࢇ − ࢞)(࢈ + ࢇ + ࢈ +  (ࢉ

where ࢑ is a constant. When ࢞ = ૙, 

(૙)ࢌ = − อ
ࢇ ࢈ ࢉ
૛ࢇ ૛࢈ ૛ࢉ
૝ࢇ ૝࢈ ૝ࢉ

อ = − อ
ࢇ ࢈ − ࢇ ࢉ − ࢇ
૛ࢇ ૛࢈ − ૛ࢇ ૛ࢉ − ૛ࢇ
૝ࢇ ૝࢈ − ૝ࢇ ૝ࢉ − ૝ࢇ

อ 

= ࢈)− − ࢉ)(ࢇ − (ࢇ อ
ࢇ ૚ ૚
૛ࢇ ࢈ + ࢇ ࢉ + ࢇ
૝ࢇ ૜࢈ + ࢇ૛࢈ + ૛ࢇ࢈ + ૜ࢇ ૜ࢉ + ࢇ૛ࢉ + ૛ࢇࢉ + ૜ࢇ

อ 

૜ࡾ → ૜ࡾ − ૚ࡾ૛ࢇ ૛ࡾ, → ૛ࡾ −  ૚ࡾࢇ

(૙)ࢌ = ࢈)− − ࢉ)(ࢇ − (ࢇ อ
ࢇ ૚ ૚
૙ ࢈ ࢉ
૙ ૜࢈ + ࢇ૛࢈ ૜ࢉ + ࢇ૛ࢉ

อ 

= ࢈)ࢇ− − ࢉ)(ࢇ − (ࢇ ቚ ࢈ ࢉ
૜࢈ + ࢇ૛࢈ ૜ࢉ +  ቚࢇ૛ࢉ

= ࢈)ࢉ࢈ࢇ− − ࢉ)(ࢇ − (ࢇ ቚ ૚ ૚
૛࢈ + ࢈ࢇ ૛ࢉ +  ቚࢇࢉ

= ࢈)ࢉ࢈ࢇ− − ࢉ)(ࢇ − ࢉ)(ࢇ − ࢇ)(࢈ + ࢈ +  (ࢉ

Also, ࢌ(૙) = ࢈)࢑ − ࢇ)(ࢉ − ࢇ)(࢈ − ࢇ)ࢉ࢈ࢇ(૚−)(ࢉ + ࢈ +  (ࢉ

= ࢈)ࢉ࢈ࢇ࢑ − ࢉ)(ࢇ − ࢉ)(ࢇ − ࢇ)(࢈ + ࢈ + ∴ (ࢉ ࢑ = −૚. Thus, 

(࢞)ࢌ = ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − ࢞)(ࢇ − ࢞)(ࢇ − ࢞)(࢈ − ࢞)(ࢉ + ࢇ + ࢈ +  (ࢉ

|(࢞)ࢌ|܏ܗܔ = ࢇ)|܏ܗܔ − ࢈)(࢈ − ࢉ)(ࢉ − |(ࢇ + ࢞|܏ܗܔ − |ࢇ + ࢞|܏ܗܔ − |࢈ + 

+ ࢞|܏ܗܔ − |ࢉ + ࢞|܏ܗܔ + ࢇ + ࢈ +  |ࢉ

⇒
(࢞)ᇱࢌ
(࢞)ࢌ =

૚
࢞ − ࢇ

+
૚

࢞ − ࢈
+

૚
࢞ − ࢉ

+
૚

࢞ + ࢇ + ࢈ + ࢉ
 

(࢙)ᇱࢌ
(࢙)ࢌ =

૚
࢙ − ࢇ

+
૚

࢙ − ࢈
+

૚
࢙ − ࢉ

+
૚

࢙ + ࢇ + ࢈ + ࢉ
 

≥
ૢ

(࢙ − (ࢇ + (࢙ − (࢈ + (࢙ − (ࢉ +
૚
૜࢙

=
ૢ
࢙

+
૚
૜࢙

=
૛ૡ
૜࢙

>
ૡ
࢙
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346. In ࢤ	࡯࡮࡭: 

ࢇ࢝

ࢇࢎ
+
࢈࢝

࢈ࢎ
+
ࢉ࢝

ࢉࢎ
≤

࢙
࢘√૜

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

We have, ࢝ࢇ ≤ ඥ࢖)࢖ − ࢈࢝,(ࢇ ≤ ඥ࢖)࢖ − ࢉ࢝ and (࢈ ≤ ඥ࢖)࢖ −  (ࢉ

∴ ࢇࢎ = ૛ࢤ
ࢇ

࢈ࢎ, = ૛ࢤ
࢈

 and ࢉࢎ = ૛ࢤ
ࢉ

 then, 

෍
ࢇ࢝

ࢉ࢟ࢉࢇࢎ

≤
࢖)࢖ඥࢇ − (ࢇ

૛ࢤ +
࢖)࢖ඥ࢈ − (࢈

૛ࢤ +
࢖)࢖ඥࢉ − (ࢉ

૛ࢤ  

=
ඥ࢖
૛ࢤ

൫ࢇඥ࢖− ࢇ + −࢖ඥ࢈ ࢈ + ࢖ඥࢉ −  ൯ࢉ

≤⏞
࢖ඥࡿᇲࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯

૟ࢤ
ࢇ) + ࢈ + ࢖൫ඥ(ࢉ − ࢇ + ඥ࢖− ࢈ + ඥ࢖−  ൯ࢉ

ቈ
ࢇ	࢚ࢋ࢒ ≥ ࢈ ≥ ࢔ࢋࢎ࢚	ࢉ

ඥ࢖− ࢇ ≤ ඥ࢖ − ࢈ ≤ ඥ࢖−  ቉ࢉ

≤⏞
࢖ඥࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡿࡺࡱࡿࡺࡱࡶ

૟ࢤ	
ࢇ) + ࢈ + ࢖)ඨ૜෍(ࢉ − (ࢇ

ࢉ࢟ࢉ

=
࢖
࢘√૜

 

(Proved) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 In  ࢤ	ࢇ࢝,࡯࡮࡭

ࢇࢎ
+ ࢈࢝

࢈ࢎ
+ ࢉ࢝

ࢉࢎ
≤ ࢙

࢘√૜
. WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

Then, ࢝ࢇ ≤ ࢈࢝ ≤ ࢇࢎ and ࢉ࢝ ≤ ࢈ࢎ ≤ ࢉࢎ ⇒
૚
ࢇࢎ
≥ ૚

࢈ࢎ
≥ ૚

ࢉࢎ
 

∴ by Chebeyshev, LHS ≤ ૚
૜

(ࢇ࢝∑) ቀ∑ ૚
ࢇࢎ
ቁ 
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≤⏞
૚ࡿି࡮ି࡯

૜√૜
ට෍࢝ࢇ

૛ ⋅ ૛ࡾ
૛࢙
 ࢉ࢈ࢇ

≤
(ࢇି࢙)ஸඥ࢙ࢇ࢝

√૜
૜
ඥ∑࢙(࢙ − (ࢇ ⋅ ૝࢙ࡾ

૝࢙࢘ࡾ
= √૜

૜
⋅ ࢙
࢘

= ࢙
࢘√૜

 (Proved) 

 

347. In ࢤ	࡯࡮࡭ the following relationship holds: 

ෑቆࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

ቇ ≥ ඥࢉ࢓࢈࢓ࢇ࢓ࢉ࢝࢈࢝ࢇ࢝ࢉࢎ࢈ࢎࢇࢎ
૚૟  

Proposed by Bogdan Fustei-Romania 

Solution by Daniel Sitaru-Romania 

ࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

≥  (1)  ࢇࢎ

ቆࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

ቇ
૜

≥  (2)  ࢇ࢓

ቆࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

ቇ
૚૛

>  (3)  ࢇ࢝

By multiplying (1), (2), (3) → ቆࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

ቇ
૚૟

> ࢇ࢝ࢇ࢓ࢇࢎ → 

ࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

> ඥࢇ࢝ࢇ࢓ࢇࢎ
૚૟  

ෑቆࢇࢎ + ට࢝ࢇ + ඥࢇ࢓
૝૜

ቇ > ඥࢉ࢓࢈࢓ࢇ࢓ࢉ࢝࢈࢝ࢇ࢝ࢉࢎ࢈ࢎࢇࢎ
૚૟  

 

348. In ࢤ	࡯࡮࡭: 

ඥ(ࢇ࢓ + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + ૢ(ࢉ࢘ ≥
ඥࢉ࢓࢈࢓ࢇ࢓
ૢ + ૢࡿ࢙√

√૝૜  

Proposed by Daniel Sitaru – Romania  
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Solution  by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࡯࡮࡭ ඥ(ࢇ࢓ + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + ૢ(ࢉ࢘ ≥ ඥࢉ࢓࢈࢓ࢇ࢓
ૢ ା ૢࡿ࢙√

√૝૜  

Tener en cuenta la siguiente identidad ࢘ࢉ࢘࢈࢘ࢇ =  ࡿ࢙

Aplicando la desigualdad de Holder 

ට(ࢇ࢓ା࢘ࢇ)(࢈࢓ା࢘࢈)(ࢉ࢓ା࢘ࢉ)(૚ା૚)(૚ା૚)(૚ା૚)(૚ା૚)(૚ା૚)(૚ା૚)
૛૟

ૢ
≥ ඥࢉ࢓࢈࢓ࢇ࢓

ૢ ାඥ࢘ૢࢉ࢘࢈࢘ࢇ

√૝૜ =  

= ඥࢉ࢓࢈࢓ࢇ࢓
ૢ ା ૢࡿ࢙√

√૝૜   

349. In ࢤ	࡯࡮࡭: 

૜√૜࢙࢘ ≤ ඥ࢈࢘ࢇ࢘࢈࢓ࢇ࢓ + ඥࢉ࢘࢈࢘ࢉ࢓࢈࢓ + ඥࢇ࢘ࢉ࢘ࢇ࢓ࢉ࢓ ≤
૜√૜
૛

 ࡾ࢙

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࡯࡮࡭ 

૜√૜࢙࢘ ≤ ඥ࢈࢘ࢇ࢘࢈࢓ࢇ࢓ + ඥࢉ࢘࢈࢘ࢉ࢓࢈࢓ + ඥࢇ࢘ࢉ࢘ࢇ࢓ࢉ࢓ ≤
૜√૜
૛

 ࡾ࢙

Tener en cuenta las siguientes desigualdades e identidades en un ࢤ	࡯࡮࡭ 

࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + ࢇ࢓ࢉ࢓ ≤ ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ =

૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≤ 

≤ ૜
૝
⋅ ૛ࡾૢ = ૛ૠࡾ૛

૝
  (Leibniz) 

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘ = ࢙૛, ࢉ࢘࢈࢘ࢇ࢘ = ࢙ࡿ = ࡿ ⋅
ࡿ
࢘

=
૛ࡿ

࢘
, ࡿ = ࢙࢘ ≥ ૜√૜࢘૛ 

ࢇ࢓ ≥ ඥ࢙(࢙ − (ࢇ = ඥ࢘࢈࢓,ࢉ࢘࢈ ≥ ඥ࢘ࢉ࢓,ࢉ࢘ࢇ ≥ ඥ࢘࢈࢘ࢇ ⇔ 

⇔ ࢉ࢓࢈࢓ࢇ࢓ ≥  En RHS. Aplicando la desigualdad de Cauchy .ࢉ࢘࢈࢘ࢇ࢘

ඥ࢈࢘ࢇ࢘࢈࢓ࢇ࢓ + ඥࢉ࢘࢈࢘ࢉ࢓࢈࢓ + ඥࢇ࢘ࢉ࢘ࢇ࢓ࢉ࢓ ≤ 
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≤ ඥ(࢈࢓ࢇ࢓ ࢉ࢓࢈࢓+ + ࢈࢘ࢇ࢘)(ࢇ࢓ࢉ࢓ + ࢉ࢘࢈࢘ + (ࢇ࢘ࢉ࢘ ≤ 

≤ ට૛ૠࡾ૛

૝
⋅ ࢙૛ = ૜√૜࢙ࡾ

૛
. En LHS. Aplicando MA ≥ MG 

ඥ࢈࢘ࢇ࢘࢈࢓ࢇ࢓ + ඥࢉ࢘࢈࢘ࢉ࢓࢈࢓ + ඥࢇ࢘ࢉ࢘ࢇ࢓ࢉ࢓ ≥ ૜ඥ(ࢉ࢓࢈࢓ࢇ࢓ ⋅ ૛૟(ࢉ࢘࢈࢘ࢇ࢘ ≥ 

≥ ૜ඨ
ࡿ
࢘૛
⋅ ૜ࡿ

૜
≥ ૜ට૜√૜ࡿ૜

૜
= ૜√૜ࡿ = ૜√૜࢙࢘ 

 

350. In ࢤ	࡯࡮࡭: 

࢙
ࡾ ≤

ඥ࢘ࢉ࢘࢈
ࢇ +

ඥ࢘ࢇ࢘ࢉ
࢈ +

ඥ࢘࢈࢘ࢉ
ࢉ ≤

࢙
૛࢘ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru – Romania  

෍
ඥ࢘ࢉ࢘࢈
ࢇ

≤⏞
ࡿ࡮࡯

ඨ෍࢘ࢉ࢘࢈ ⋅෍
૚
૛ࢇ

≤ ඨ࢙૛ ⋅
૚
૝࢘૛

=
࢙
૛࢘

 

෍
ඥ࢘ࢉ࢘࢈
ࢇ = ෍

ඥ࢙(࢙ − (ࢇ
ࢇ = ෍

ࢉ࢈√ ⋅ ૛࡭ܛܗ܋
ࢇ =

૚
૛ࡾ෍

ࢉ࢈√ ⋅ ૛࡭ܛܗ܋
ࢇ = 

=
૚
૝ࡾ෍

ࢉ࢈
ඥ(࢙ − ࢙)(ࢇ − (࢈

≥⏞
ࡹࡳିࡹ࡭ ૚

૝ࡾ ⋅ ૜ඨ
૛࢙ࢉ૛࢈૛ࢇ

૛ࡿ
૜

= 

= ૜
૝ࡾ
ට૚૟ࡾ૛ࡿ૛࢙

૛ࡿ
૜

≥ ࢙
ࡾ

   (to prove) ↔ 

↔ ૛ૠ
૟૝ࡾ૜

⋅ ૚૟ࡾ૛࢙ ≥ ࢙૜

૜ࡾ
↔ ࢙૛ ≤ ૛ૠࡾ૛

૝
↔ ࢙ ≤ ૜√૜

૛
 (MITRINOVIC)  ࡾ
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351. ቀ ࢞
ࢉ࢈
ቁ
૛

+ ቀ ࢟
ࢇࢉ
ቁ
૛

+ ቀ ࢠ
࢈ࢇ
ቁ
૛
≤ ૚

૚૛࢘૛
 

 
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey 

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,   Probar que .࡯࡮࡭	ࢤ los lados de un ࢉ

ቀ
࢞
ቁࢉ࢈

૛
+ ቀ

࢟
ቁࢇࢉ

૛
+ ቀ

ࢠ
ቁ࢈ࢇ

૛
≤

૚
૚૛࢘૛ 

Donde ࢞ = ,࡭ࡷ ࢟ = ࢠ,࡮ࡷ = ࡯ࡷ →  ”Symmedian Point“ ࡷ

Recordar la siguientes identidades siendo →  :”Symmedian Point“ ࡷ

࡭ࡷ = ૛ࢇ૛ିࢉ૛ା૛࢈ඥ૛ࢉ࢈

૛ࢉ૛ା࢈૛ାࢇ
࡮ࡷ, = ૛࢈૛ିࢇ૛ା૛ࢉඥ૛ࢇࢉ

૛ࢉ૛ା࢈૛ାࢇ
࡯ࡷ, = ૛ࢉ૛ି࢈૛ା૛ࢇඥ૛࢈ࢇ

૛ࢉ૛ା࢈૛ାࢇ
  

La desigualdad propuesta es equivalente ቀ࡭ࡷ
ࢉ࢈
ቁ
૛

+ ቀ࡮ࡷ
ࢇࢉ
ቁ
૛

+ ቀ࡯ࡷ
࢈ࢇ
ቁ
૛
≤ ૚

૚૛࢘૛
 

૛࢈૛ା૛ࢉ૛ିࢇ૛

૛(૛ࢉ૛ା࢈૛ାࢇ) + ૛ࢉ૛ା૛ࢇ૛ି࢈૛

૛(૛ࢉ૛ା࢈૛ାࢇ) + ૛ࢇ૛ା૛࢈૛ିࢉ૛

૛(૛ࢉ૛ା࢈૛ାࢇ) = ૜
૛ࢉ૛ା࢈૛ାࢇ

≤ ૚
૚૛࢘૛

  

Es necesario demostrar ૜
૛ࢉ૛ା࢈૛ାࢇ

≤ ૚
૚૛࢘૛

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૜૟࢘૛ 

Como: ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ

= ૚
૛࢘ࡾ

⇔ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૚ૡ࢘ࡾ (Válido por 

desigualdad de Cauchy) 

⇒ Por lo tanto: ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૚ૡ࢘ࡾ ≥ ૜૟࢘૛ (LQQD) 
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352. In ࢤ	࡯࡮࡭: 

ඨ૝࢘ࢉ࢘࢈࢘ࢇ
૛ࡾ

≤ ඨ
࢈ࢎࢇࢎ
ࢉ࢘

+ ඨ
ࢉࢎ࢈ࢎ
ࢇ࢘

+ ඨ
ࢇࢎࢉࢎ
࢈࢘

≤ ඨ૛࢘ࢉ࢘࢈࢘ࢇ
ࡾ࢘

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ට૝࢘ࢉ࢘࢈࢘ࢇ
૛ࡾ

≤ ට࢈ࢎࢇࢎ
ࢉ࢘

+ ටࢉࢎ࢈ࢎ
ࢇ࢘

+ ටࢇࢎࢉࢎ
࢈࢘

≤ ට૛࢘ࢉ࢘࢈࢘ࢇ
ࡾ࢘

 

Tener en cuenta las siguientes identidades y desigualdades en un ࢤ	࡯࡮࡭ 

ࢇࢎ =
૛ࡿ
ࢇ ࢈ࢎ, =

૛ࡿ
࢈ ࢉࢎ, =

૛ࡿ
ࢉ ࢉࢎ࢈ࢎࢇࢎ, =

ૡࡿ૜

ࢉ࢈ࢇ ࡿ, =  ࢘࢖

ࢇ࢘ = ࡿ
ࢇି࢙

, ࢈࢘ = ࡿ
࢈ି࢙

, ࢉ࢘ = ࡿ
ࢉି࢙

ࢉ࢘࢈࢘ࢇ࢘, = ࢖ࡿ = ૛࢘࢖ = ૛ࡿ

࢘
, ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ

= ૚
૛࢘ࡾ

 

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

=
૚
࢘

ࢉ࢈ࢇ, = ૝࢘࢖ࡾ,૛࢖ ≤ ૜√૜ࡾ ⇔ ૚૟࢖૝ ≤ ૜૟ࡾ૝ 

En LHS, aplicando MA ≥ MG 

෍ඨ
࢈ࢎࢇࢎ
ࢉ࢘

≥ ૜ඨ
૛(ࢉࢎ࢈ࢎࢇࢎ)

ࢉ࢘࢈࢘ࢇ࢘

૟
= ૜ඨ

૟૝ࡿ૟

ࢉ࢘࢈࢘ࢇ૛࢘(ࢉ࢈ࢇ)

૟
=

૟ࡿ
ඥ(૚૟࢖૝)(ࡾ૛)(࢘૛)(࢘)૟ ≥ 

≥
૟ࡿ

ඥ(૜ࡾ)૟ ⋅ ࢘૜૟ =
૛ࡿ
૜√ࡾ

= ඨ૝࢘ࢉ࢘࢈࢘ࢇ
૛ࡾ

 

En RHS, por la desigualdad de Cauchy  

ඨ
࢈ࢎࢇࢎ
ࢉ࢘

+ ඨ
ࢉࢎ࢈ࢎ
ࢇ࢘

+ ඨ
ࢇࢎࢉࢎ
࢈࢘

≤ ඨ(࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + (ࢇࢎࢉࢎ ൬
૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘
൰ = 

= ඨ૝ࡿ
૛

૛࢘ࡾ ⋅
૚
࢘ = ඨ૝࢘ࢉ࢘࢈࢘ࢇ

૛࢘ࡾ = ඨ૛࢘ࢉ࢘࢈࢘ࢇ
ࡾ࢘  
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353. Let ࢤ	ࡲࡱࡰ be the Gergonne’s triangle of ࢤ	࡯࡮࡭ and ࢉࡾ,࡮ࡾ,࡭ࡾ 

circumradii of 

 :Prove that .ࡰࡱ࡯	ࢤ respectively ࡲࡰ࡮	ࢤ,ࡱࡲ࡭	ࢤ

૛࢘ࡾ − ࢘૛ ≤ ૛࡭ࡾ + ૛࡮ࡾ + ૛࡯ࡾ ≤ ૛ࡾ − ࢘ࡾ + ࢘૛ 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Rajsekhar Azaad-India 

૛ࢇࡾ =
࢙ − ࢇ

૛࡭ܛܗ܋
⇒ ૝࡭ࡾ૛ =

(࢙ − ૛(ࢇ

૛࡭૛ܛܗ܋
=
࢙)ࢉ࢈ − (ࢇ

ࡿ
 

∴ ૝෍ࢇࡾ૛ =
ࡿ ⋅ ࢈ࢇ∑ − ૜ࢉ࢈ࢇ

ࡿ = ࢙૛ + ࢘૛ + ૝࢘ࡾ − ૚૛࢘ࡾ 

૝∑࡭ࡾ૛ = ࢙૛ + ࢘૛ + ૡ࢘ࡾ   (i) 

Now, ૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૝ࡾ૛ + ࢘ࡾૢ + ૜࢘૛  (Gerretsen) 

૚૟࢘ࡾ − ૞࢘૛ + ࢘૛ − ૡ࢘ࡾ ≤ ࢙૛ + ࢘૛ − ૡ࢘ࡾ ≤ ૝ࡾ૛ + ࢘ࡾૢ + ૜࢘૛ + ࢘૛ − ૡ࢘ࡾ 

⇒ ૡ࢘ࡾ − ૝࢘૛ ≤ ૝∑࡭ࡾ૛ ≤ ૝ࡾ૛ − ࢘ࡾૢ + ૢ࢘૛   {from (i)} 

⇒ ૛࢘ࡾ − ࢘૛ ≤ ૛࡭ࡾ∑ ≤ ૛ࡾ − ࢘ࡾ + ࢘૛ (proved) 

 

354. In ࡯࡮࡭ࢤ: 

ૡ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ ≤ෑ൬ܜܗ܋

࡭
૛

+ ܜܗ܋
࡮
૛
൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 

ૡ ൬ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛൰ ≤ ൬ܜܗ܋

࡭
૛ + ܜܗ܋

࡮
૛൰ ൬ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛൰ ൬ܜܗ܋

࡯
૛ + ܜܗ܋

࡭
૛൰ 

Como → ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
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ܜܗ܋
࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛ = ܜܗ܋

࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛ 

Siendo ࢞,࢟,  ା se cumple la siguiente desigualdadࡾ números ࢠ

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) ≥ ૡ࢞࢟ࢠ,	 donde 

 ࢞ = ܜܗ܋ ࡭
૛

> ݕ,0 = ࡮ܜܗ܋
૛

> 0, ݖ = ܜܗ܋ ࡯
૛

> 0 

⇒ ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛
൰ ൬ܜܗ܋

࡮
૛

+ ܜܗ܋
࡯
૛
൰൬ܜܗ܋

࡯
૛

+ ܜܗ܋
࡭
૛
൰ ≥ ૡ ܜܗ܋

࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛

 

Solution 2 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. ۱ܜܗ ࡭
૛

= ࢖
ࢇ࢘

. 

Lemma 2. ૚
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

= ૚
࢘
ࢇ࢘).  + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ = ૝࢖ࡾ૛. ࢘ࢉ࢘࢈࢘ࢇ =  .૛࢖࢘

ࡿࡴࡸ = ૡ࢖ ⋅
૚
࢘

=
ૡ࢖
࢘
	 ࡿࡴࡾ. = ૜࢖ ⋅

ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘
૛(ࢉ࢘࢈࢘ࢇ࢘)

=
૝࢖ࡾ
࢘૛

. 

ࡿࡴࡸ ≤ ࡿࡴࡾ ↔ ૡ࢖
࢘
≤ ૝࢖ࡾ

࢘૛
↔ ࡾ ≥ ૛࢘   (EULER). 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛
≥
ࡳି࡭

૛ටܜܗ܋ ࡭
૛
࡮ܜܗ܋

૛
࡮ܜܗ܋ (1)     

૛
+ ܜܗ܋ ࡯

૛
≥
ࡳି࡭

૛ට࡮ܜܗ܋
૛
ܜܗ܋ ࡯

૛
     (2) 

ܜܗ܋ ࡯
૛

+ ܜܗ܋ ࡭
૛
≥
ࡳି࡭

૛ට࡯ܜܗ܋
૛
ܜܗ܋ ࡭

૛
    (3) 

(1)⋅(2)⋅(3) ⇒ ∏ቀܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛
ቁ ≥

(૝)
ૡ∏ ܜܗ܋ ࡭

૛
 

= ૡඨ
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ૜࢙(ࢉ

(࢙ − ࢙)(࢈ − ࢙)(ࢉ − ࢙)(ࢉ − ࢙)(ࢇ − ࢙)(ࢇ − (࢈ =
ૡ࢙ ⋅ ࢙࢘
∏(࢙ − (ࢇ =

ૡ࢙૜࢘
࢘૛࢙૛

=
ૡ࢙
࢘

 

∴ (4) ⇒ it suffices to prove: ܜܗ܋ ࡭
૛

+ ࡮ܜܗ܋
૛

+ ܜܗ܋ ࡯
૛
≤ ࢙

࢘
     (5) 

෍ܜܗ܋
࡭
૛

= √࢙ቌඨ
࢙ − ࢇ

(࢙ − ࢙)(࢈ − (ࢉ + ඨ
࢙ − ࢈

(࢙ − ࢙)(ࢉ − (ࢇ + ඨ
࢙ − ࢉ

(࢙ − ࢙)(ࢇ −  ቍ(࢈
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≤
ࡿ࡮࡯

√࢙√࢙ − ࢇ + ࢙ − ࢈ + ࢙ − ඨࢉ
૚

(࢙ − ࢙)(࢈ − (ࢉ +
૚

(࢙ − ࢙)(ࢉ − (ࢇ +
૚

(࢙ − ࢙)(ࢇ −  (࢈

= ࢙ට
࢙

(ࢉି࢙)(࢈ି࢙)(ࢇି࢙) = ࢙ට ࢙૛

࢘૛࢙૛
= ࢙

࢘
⇒ (5) is true (Proved) 

Solution 4 by Richdad Phuc-Vietnam 

Denote ࢞ = ܜܗ܋ ቀ࡭
૛
ቁ ,࢟ = ܜܗ܋ ቀ࡮

૛
ቁ , ࢠ = ܜܗ܋ ቀ࡯

૛
ቁ 

We have ࢞ + ࢟ + ࢠ = ࢠ࢟࢞ ⇒ ࢠ࢟࢞ ≥ ૜√૜ ⇒ ࢞࢟ + ࢠ࢟ + ࢞ࢠ ≥ ૜(࢞࢟ࢠ)
૛
૜ ≥ ૢ	 

Use ૢ(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) ≥ ૡ(࢞࢟+ ࢠ࢟ + ࢞)(࢞ࢠ + ࢟ +   and (ࢠ

࢞࢟ + ࢠ࢟ + ࢞ࢠ ≥ ૢ ⇒ (࢞ + ࢟)(࢟ + ;(ࢠ ࢠ)	 + ࢞) ≥ ૡ(࢞ + ࢟+  (ࢠ

Solution 5 by Rozeta Atanasova-Skopje 

ࡿࡴࡾ = ෑ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛
൰ ≥
ࡹࡳିࡹ࡭

ෑ૛ඨܜܗ܋
࡭
૛
ܜܗ܋

࡮
૛

 

= ૡܜܗ܋
࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛

= ૡ ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ =  ࡿࡴࡸ

Solution 6 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܜܗ܋
࡭
૛ = ඨ

(࢞ + ࢟ + (ࢠ ⋅ ࢞
ࢠ࢟ , ܜܗ܋

࡮
૛ = ඨ

(࢞ + ࢟ + (ࢠ ⋅ ࢟
ࢠ࢞ , ܜܗ܋

࡯
૛ = ඨ

(࢞ + ࢟ + (ࢠ ⋅ ࢠ
࢞࢟ 	 

ࢠૡ൭ට࢞ା࢟ା:ࡿࡴࡸ
ࢠ࢟࢞

⋅ (࢞+ ࢟ + ࢞(ࢠା࢟ା࢞)ቆට∏:ࡿࡴࡾ ;൱(ࢠ
ࢠ࢟

+ ට(࢞ା࢟ାࢠ)࢟
ࢠ࢞

ቇ = 

= ඨ
࢞ + ࢟ + ࢠ

࢞ ⋅ ඨ
࢞ + ࢟ + ࢠ

࢟ ⋅ ඨ
࢞ + ࢟ + ࢠ

૛ ⋅ ቌඨ
࢞
࢟ + ට

࢟
࢞
ቍ ⋅ ቌට

࢟
ࢠ + ඨ

ࢠ
࢟
ቍ ⋅ 

⋅ ቆට
ࢠ
࢞ + ට

࢞
ቇࢠ = ඨ

࢞ + ࢟ + ࢠ
ࢠ࢟࢞ ⋅ (࢞ + ࢟ + ෑቌඨ(ࢠ

࢞
࢟ + ට

࢟
࢞
ቍ 
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ૡ൮ඨ:ࡿࡴࡸ
࢞ + ࢟ + ࢠ
ࢠ࢟࢞ ⋅ (࢞ + ࢟ + ൲(ࢠ ≤ ඨ

࢞ + ࢟ + ࢠ
ࢠ࢟࢞ ⋅ (࢞ + ࢟ + (ࢠ ⋅ 

⋅ ∏ ൬ට
࢞
࢟

+ ට࢟
࢞
൰ = 	:ࡿࡴࡸ   ,.ࡿࡴࡾ ૡ ≤ ∏൬ට

࢞
࢟

+ ට࢟
࢞
൰

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢟ࢎࢉ࢛ࢇ࡯

=  ࡿࡴࡾ

Solution 7 by Soumitra Mandal-Chandar Nagore-India 

ܜܗ܋
࡭
૛ =

࢖)࢖ − (ࢇ
ࢤ , ܜܗ܋

࡮
૛ =

࢖)࢖ − (࢈
ࢤ , ܜܗ܋

࡯
૛ =

࢖)࢖ − (ࢉ
ࢤ ࢤ, =  ࢘࢖

and ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ࢘૛ + ૝࢘ࡾ. Now ࡭
૛

, ࡮
૛

, ࡯
૛
∋ ቀ૙, ࣊

૛
ቁ 

∴ ܜܗ܋ ࡭
૛

, ܜܗ܋ ࡮
૛

, ܜܗ܋ ࡯
૛

> 0 for ࢞,࢟, ࢠ ≥ ૙ we have, 

ૢෑ(࢞ + ࢟)
ࢉ࢟ࢉ

≥ ૡቌ෍࢞
ࢉ࢟ࢉ

ቍቌ෍࢞࢟
ࢉ࢟ࢉ

ቍ 

replacing ࢞,࢟, ܜܗ܋ for ࢠ ࡭
૛

, ܜܗ܋ ࡮
૛

, ܜܗ܋ ࡯
૛

 

ૢෑ൬ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛൰

ࢉ࢟ࢉ

≥ ૡቌ෍ܜܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍቌ෍ܜܗ܋
࡭
૛ ܜܗ܋

࡮
૛

ࢉ࢟ࢉ

ቍ = 

= ૡቌ෍ܜܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍ
૛࢖

૛ࢤ
ቌ෍(࢖ − −࢖)(ࢇ (࢈
ࢉ࢟ࢉ

ቍ 

= ૡቌ෍ܜܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍ
૛࢖

૛ࢤ
࢈ࢇ) + +ࢉ࢈ ࢇࢉ − (૛࢖ = ૡቌ෍ܜܗ܋

࡭
૛

ࢉ࢟ࢉ

ቍ
࢘+ ૝ࡾ
࢘ ≥ ૠ૛ቌ෍ܜܗ܋

࡭
૛

ࢉ࢟ࢉ

ቍ 

∵ ࢘ା૝ࡾ
࢘

≥ ૢ and ࡾ ≥ ૛࢘. So we have, ∏ ቀܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛
ቁࢉ࢟ࢉ ≥ ૡቀ∑ ܜܗ܋ ࡭

૛ࢉ࢟ࢉ ቁ 

 Solution 8 by Uche Eliezer Okeke-Anambra-Nigeria 

In ࡯࡮࡭ࢤ, show 

ૡ∑ ܜܗ܋ ࡭
૛
≤ ∏ ቀܜܗ܋ ࡭

૛
+ ࡮ܜܗ܋

૛
ቁࢉ࢟ࢉࢉ࢟ࢉ
∗
.  We know: ܖ܉ܜ ࡭

૛
= ࢘

૚
૛

[ࢇିࢉା࢈]
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1) ∑ ܜܗ܋ ࡭

૛
= ૚

૛࢘
࢈)∑ + ࢉ − ࢉ࢟ࢉ(ࢇ = ࢙

࢘
 

2) ∏ ܜܗ܋ ࡭
૛ࢉ࢟ࢉ = ૚

(૛࢘)૜
∏ ࢈) + ࢉ − ࢉ࢟ࢉ(ࢇ = ૚

࢘૜
	∏ (࢙ − ࢉ࢟ࢉ(ࢇ  

3) ∑ ܜܗ܋ ࡭
૛ࢉ࢟ࢉ = ࢙

࢘
= ࢙૛࢘૛

࢘૜࢙
= ૚

࢘૜
⋅ ࢤ

૛

࢙
= ∏ ܜܗ܋ ࡭

૛ࢉ࢟ࢉ  

We proceed thus 

∗ࡿࡴࡾ = ෑ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛
൰

ࢉ࢟ࢉ

≥
ࡹࡳିࡹ࡭

ૡෑܜܗ܋
࡭
૛

ࢉ࢟ࢉ

=
(૜)

ૡ෍ܜܗ܋
࡭
૛

ࢉ࢟ࢉ

 

 

355. In ࢤ	࡯࡮࡭: 

ࢇ࢝
૛ + ࢈࢝

૛ + ࢉ࢝
૛

࢈࢝ࢇ࢝ + ࢉ࢝࢈࢝ + ࢇ࢝ࢉ࢝
≤

ࡾ
૛࢘

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

ࢇ࢝
૛ା࢝࢈

૛ା࢝ࢉ
૛

ࢇ࢝ࢉା࢝ࢉ࢝࢈ା࢝࢈࢝ࢇ࢝
≤ ࡾ

૛࢘
. Teniendo en cuenta las siguientes desigualdades en 

un ࢤ	ࢇ࢝ .࡯࡮࡭ ≤ ඥ࢙(࢙ − ࢈࢝,(ࢇ ≤ ඥ࢙(࢙ − ࢉ࢝,(࢈ ≤ ඥ࢙(࢙ −  (ࢉ

⇔ ࢇ࢝
૛ + ࢈࢝

૛ ࢉ࢝+
૛ ≤ ࢙(࢙ − (ࢇ + ࢙(࢙ − (࢈ + ࢙(࢙ − (ࢉ = ࢙૛ 

ࢇ࢝ ≥ ࢈࢝,ࢇࢎ ≥ ࢉ࢝,࢈ࢎ ≥  ࢉࢎ

⇔ ࢈࢝ࢇ࢝ + ࢉ࢝࢈࢝ + ࢇ࢝ࢉ࢝ ≥෍࢈ࢎࢇࢎ = ૝ࡿ૛ ൬
૚
࢈ࢇ +

૚
ࢉ࢈ +

૚
൰ࢇࢉ =

૝ࡿ૛

૛࢘ࡾ = 

= ૝࢙૛࢘૛

૛࢘ࡾ
= ૛࢙૛࢘

ࡾ
. Por lo tanto ࢝ࢇ

૛ା࢝࢈
૛ା࢝ࢉ

૛

ࢇ࢝ࢉା࢝ࢉ࢝࢈ା࢝࢈࢝ࢇ࢝
≤ ࢙૛

૛࢙૛࢘
ࡾ

= ࡾ
૛࢘

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢝
૛ ≤ ࢙(࢙ − ∴ .etc (ࢇ ࢇ࢝∑

૛ ≤⏞
(૚)

࢙(૜࢙ − (ࢇ∑ = ࢙(૜࢙ − ૛࢙) = ࢙૛ 
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Again, ∵ ࢇ࢝ ≥ ∴ ,etc ࢇࢎ ࢈࢝ࢇ࢝∑ ≥ ࢈ࢎࢇࢎ∑ ≥
(૛࢙)ࢉ࢈ࢇ
૝ࡾ૛

= (૚૝࢙࢘ࡾ)(૛࢙)
૝ࡾ૛

= ૛࢙࢘૛

ࡾ
 

⇒ ૚
࢈࢝ࢇ࢝∑

≤ ࡾ
૛࢙࢘૛

     (2) 

(1) × (2) ⇒ ࢇ࢝∑
૛

࢈࢝ࢇ࢝∑
≤ ࡾ

૛࢙࢘૛
⋅ ࢙૛ = ࡾ

૛࢘
 (Proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࡮ܖܑܛ + ܖܑܛ ࡯ ≤ ૛ ⋅ ܛܗ܋ ࡭
૛

ܖܑܛ ࡯ + ࡭ܖܑܛ ≤ ૛ ⋅ ࡮ܛܗ܋
૛

࡭ܖܑܛ + ࡮ܖܑܛ ≤ ૛ ⋅ ܛܗ܋ ࡯
૛⎭
⎪
⎬

⎪
⎫

  ASSURE 

ܖܑܛ ࡮ + ࡯ܖܑܛ = ૛ ⋅ ܖܑܛ
࡮ + ࡯
૛ ⋅ ܛܗ܋

࡮ − ࡯
૛ ≤ ૛ ⋅ ܖܑܛ

࡮ + ࡯
૛ = ૛ ܖܑܛ ൬

࣊
૛ −

࡭
૛൰ = ૛ܛܗ܋

࡭
૛ 

࡮ܖܑܛ + ܖܑܛ ࡯ ≤ ૛ ⋅ ܛܗ܋
࡭
૛ ⇔

࢈
૛ࡾ +

ࢉ
૛ࡾ ≤ ૛ ܛܗ܋

࡭
૛ ⇔ 

૚
૛ࡾ
≤

૛⋅࡭ܛܗ܋૛
ࢉା࢈

⇔ ࢉ࢈
૛ࡾ
≤

૛࡭ܛܗ܋⋅ࢉ࢈૛
ࢉା࢈

= ૛ࢉ࢈
ࢉା࢈

⋅ ට(ࢇି࢖)࢖
ࢉ࢈

⇔ ࢉ࢈
૛ࡾ
≤ ૛ඥ(ࢇି࢖)⋅࢖⋅ࢉ࢈

ࢉା࢈
=  .ࢇ࢒

Similarly ࢉࢇ
૛ࡾ
≤ ;࢈࢒ ࢈ࢇ

૛ࡾ
≤ ࢉ࢒  

ࢇ࢝∑ (1 ⋅ ࢈࢝ = ∑ ࢇ࢒ ⋅ ࢈࢒ ∑
૛ࢉ࢈ࢇ

૝ࡾ૛
= ૚

ࡾ
⋅ ࢉ࢈ࢇ
૝ࡾ

⋅ ࢇ) + ࢈ + (ࢉ = ࡿ
ࡾ
⋅ ૛࢖ = ૛࢖૛⋅࢘

ࡾ
 

૛ࢇ࢒ (2 + ૛࢈࢒ + ૛ࢉ࢒ = ∑ ૛ࢇ࢒ = ∑ ૛ඥ(ࢇି࢖)⋅࢖⋅ࢉ࢈
ࢉା࢈

≤ 

≤෍
૛√࢈ࢉ ⋅ ඥ࢖ ⋅ ࢖) − (ࢇ

૛√ࢉ࢈
= ෍࢖ ⋅ ࢖) − (ࢇ =  ૛࢖

૛ࢇ࢒∑ (3

࢈࢒⋅ࢇ࢒∑
≤ ૛࢖

૛࢖૛⋅࢘
ࡾ

= ࡾ
૛࢘

 

356. In ࢤ	ࡲ࡯,ࡱ࡮,ࡰ࡭,࡯࡮࡭ are NAGEL’S cevians. Prove that: 

૛ࡰ࡭ + ૛ࡱ࡮ + ૛ࡲ࡯ ≥ ࢙૛ 

Proposed by Mehmet Șahin – Ankara – Turkey  
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Solution by Soumava Chakraborty-Kolkata-India 

 

Using Stewart’s theorem, ࢈
૛(࢙ିࢉ)ାࢉ૛(࢙ି࢈)

ࢇ
= ૛ࡰ࡭ + (࢙ − ࢙)(࢈ −  (ࢉ

= ૛ࡰ࡭ + ࢙૛ − ࢙(૛࢙ − (ࢇ + ࢉ࢈ = ૛ࡰ࡭ − ࢙૛ + ࢙ࢇ +  ࢉ࢈

⇒ ૛ࡰ࡭ =⏞
(૚) ૛࢈)࢙ + (૛ࢉ − ࢉ૛࢈) + (૛ࢉ࢈

ࢇ
+ ࢙૛ − ࢙ࢇ −  ࢉ࢈

Similarly, ࡱ࡮૛ =⏞
(૛)

࢙൫ࢉ૛ାࢇ૛൯ି൫ࢉ૛ࢇାࢇࢉ૛൯
࢈

+ ࢙૛ − ࢙࢈ −  ,and ,ࢇࢉ

૛ࡲ࡯ =⏞
(૜) ૛ࢇ)࢙ + (૛࢈ − ࢈૛ࢇ) + (૛࢈ࢇ

ࢉ
+ ࢙૛ − ࢙ࢉ −  ࢈ࢇ

(1)+(2)+(3) ⇒ ૛ࡰ࡭∑ = ૜࢙૛ − ࢙(૛࢙)− ࢈ࢇ∑ + 

+
+ࢉ૜࢈)࢙ ૜ࢉ࢈ + ࢇ૜ࢉ + ૜ࢇࢉ + ࢈૜ࢇ + −(૜࢈ࢇ +࢈)૛ࢉ૛࢈} (ࢉ + ࢉ)૛ࢇ૛ࢉ + (ࢇ + +ࢇ)૛࢈૛ࢇ {(࢈

ࢉ࢈ࢇ  

= ࢙૛ −෍࢈ࢇ +
ࢉ)૜࢈}࢙ + (ࢇ + ࢇ)૜ࢉ + (࢈ + ࢈)૜ࢇ + {(ࢉ

ࢉ࢈ࢇ − 

−
૛(૛࢙ࢉ૛࢈} − (ࢇ + ૛(૛࢙ࢇ૛ࢉ − (࢈ + ૛(૛࢙࢈૛ࢇ − {(ࢉ

ࢉ࢈ࢇ
 

= ࢙૛ −෍࢈ࢇ +
૜(૛࢙࢈}࢙ − (࢈ + ૜(૛࢙ࢉ − (ࢉ + ૜(૛࢙ࢇ − {(ࢇ

ࢉ࢈ࢇ
− 
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−
૛࢙(∑ࢇ૛࢈૛) − (࢈ࢇ∑)ࢉ࢈ࢇ

ࢉ࢈ࢇ
 

= ࢙૛ −෍࢈ࢇ + ෍࢈ࢇ +
૛࢙૛(∑ࢇ૜) − (૝ࢇ∑)࢙ − ૛࢙(∑ࢇ૛࢈૛)

ࢉ࢈ࢇ
 

= ࢙૛ +
૛࢙૛(∑ࢇ૜) − ૝ࢇ∑)࢙ + ૛∑ࢇ૛࢈૛)

ࢉ࢈ࢇ = ࢙૛ +
૛࢙૛(∑ࢇ૜) − ૛(૛ࢇ∑)࢙

ࢉ࢈ࢇ  

= ࢙૛ +
࢙

ࢉ࢈ࢇ ቊቀ෍ࢇቁ ቀ෍ࢇ૜ቁ − ቀ෍ࢇ૛ቁ
૛
ቋ≥⏞

?

࢙૛ 

⇔ ቀ෍ࢇቁቀ෍ࢇ૜ቁ − ቀ෍ࢇ૛ቁ
૛
≥⏞
?

૙ 

⇔෍ࢇ૝ + ࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + ⏞≤(࢈
?

෍ࢇ૝ + ૛෍ࢇ૛  ૛࢈

⇔ ࢈૜ࢇ) + (૜࢈ࢇ + ࢉ૜࢈) + (૜ࢉ࢈ + ࢇ૜ࢉ) + ⏞≤(૜ࢇࢉ
?

૛෍ࢇ૛  ૛࢈

⇔ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + ⏞≤(૛ࢇ
?

૛∑ࢇ૛࢈૛   (4) 

Indeed, ࢇ)࢈ࢇ૛ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ ≥ 

≥⏞
ࡳି࡭

(࢈ࢇ૛)࢈ࢇ + (ࢉ࢈૛)ࢉ࢈ + (ࢇࢉ૛)ࢇࢉ = ૛∑  ૛ ⇒ (4) is true (Proved)࢈૛ࢇ

357. In ࢤ	࡯࡮࡭: 

૚

૛࡭૝ܛܗ܋
+

૚

૛࡮૝ܛܗ܋
+

૚

૝ܛܗ܋ ૛࡯
≥
૜૟ࡾ૛

࢙૛  

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triángulo ܋܍ܛ :࡯࡮࡭૝ ࡭
૛

+ ૝܋܍ܛ ࡮
૛

+ ૝܋܍ܛ ࡯
૛
≥ ૜૟ࡾ૛

࢙૛
 

Tener en cuenta la siguiente identidad en un triángulo ࡯࡮࡭ 
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࢙ = ૝ࡾ ܛܗ܋ ࡭

૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
. La desigualdad propuesta es equivalente 

ቌ
૛࡮ܛܗ܋ ܛܗ܋

࡯
૛

૛࡭ܛܗ܋
ቍ

૛

+ ቌ
૛࡯ܛܗ܋ ܛܗ܋

࡭
૛

૛࡮ܛܗ܋
ቍ

૛

+ ቌ
૛࡭ܛܗ܋ + ૛࡮ܛܗ܋

૛࡯ܛܗ܋
ቍ

૛

≥
૜૟
૚૟ =

ૢ
૝ 

IRAN INEQUALITY. Siendo ࢞,࢟, ࢠ ≥ ૙ se cumple la siguiente desigualdad 

(࢞࢟ + ࢠ࢟ + (࢞ࢠ ቀ ૚
(࢞ା࢟)૛ + ૚

(࢟ାࢠ)૛ + ૚
૛ቁ(ା࢞ࢠ) ≥

ૢ
૝

   (A) 

Siendo ࢞ = ܖ܉ܜ ࡭
૛

> ݕ,0 = ܖ܉ܜ ࡮
૛

> 0, ݖ = ܖ܉ܜ ࡯
૛

> 0 

Se cumple → ࢞࢟+ ࢠ࢟ + ࢞ࢠ = ૚,࢞ + ࢟ =
૛࡯ܛܗ܋

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛

, ࢟+ ࢠ =
૛࡭ܛܗ܋

૛࡮ܛܗ܋ ܛܗ܋
࡯
૛

, 

ࢠ + ࢞ =
૛࡮ܛܗ܋

૛࡯ܛܗ܋ ܛܗ܋
࡭
૛

. Luego en (A) → ∑ቆ
૛࡮ܛܗ܋ ܛܗ܋

࡯
૛

૛࡭ܛܗ܋
ቇ
૛

≥ ૢ
૝
	. (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૚

૛࡭૝ܛܗ܋
+ ૚

૛࡮૝ܛܗ܋
+ ૚

૛࡯૝ܛܗ܋
≥⏞
(૚)

૜૟ࡾ૛

࢙૛
 ∵ ૝ܛܗ܋ ࡭

૛
= ࢙૛(࢙ିࢇ)૛

૛ࢉ૛࢈
 etc 

∴ (1) ⇔ ૛ࢉ૛࢈

૛(ࢇି࢙) + ૛ࢇ૛ࢉ

૛(࢈ି࢙) + ૛࢈૛ࢇ

૛(ࢉି࢙) ≥ ૜૟ࡾ૛ 

⇔
૛ࢉ૛࢈

(࢙ − ૛(ࢇ +
૛ࢇ૛ࢉ

(࢙ − ૛(࢈ +
૛࢈૛ࢇ

(࢙ − ૛(ࢉ ≥
⏞

(૛) ૜૟ࢇ૛࢈૛ࢉ૛

૚૟࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

ቀ∵ ࡾ = ࢉ࢈ࢇ
૝ࢤ
ቁ. Let ࢙ − ࢇ = ࢞,࢙ − ࢈ = ࢟, ࢙ − ࢉ =  ࢠ

Then, ࢙ = ࢞ + ࢟+ ࢇ and ࢠ = ࢟ = ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟ 

∴ (2) ⇔ ૛(࢞ା࢟)૛(ା࢞ࢠ)

࢞૛
+ (࢞ା࢟)૛(࢟ାࢠ)૛

࢟૛
+ (࢟ାࢠ)૛(ࢠା࢞)૛

૛ࢠ
 

≥
ૢ
૝ ⋅

(࢞ + ࢟)૛(࢟ + ࢠ)૛(ࢠ + ࢞)૛

(࢞ + ࢟ + ࢠ࢟࢞(ࢠ  

⇔ ૝{࢟૛ࢠ૛(ࢠ + ࢞)૛(࢞+ ࢟)૛ + ࢞)૛࢞૛ࢠ + ࢟)૛(࢟ + ૛(ࢠ + ࢞૛࢟૛(࢟ + +ࢠ)૛(ࢠ ࢞)૛} ≥ 
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≥ +࢞)ࢠ࢟࢞ૢ ࢟)૛(࢟ + ࢠ)૛(ࢠ + ࢞)૛ 

⇔ ૝࢞૞(࢟૝ + (૝ࢠ + ૝࢟૞(ࢠ૝ + ࢞૝) + ૝ࢠ૞(࢞૝ + ࢟૝) + ૛࢞࢟ࢠቀ෍࢞૜࢟૜ቁ + ૟࢞૜࢟૜ࢠ૜ 

≥⏞
(૜)

࢞૞(࢟૜ࢠ + (૜ࢠ࢟ + ࢟૞(ࢠ૜࢞ + (૜࢞ࢠ + ૞(࢞૜࢟ࢠ + ࢞࢟૜) + ૟൫࢞૞࢟૛ࢠ૛ + ࢟૞ࢠ૛࢞૛ + ૞࢞૛࢟૛൯ࢠ + 

+૛࢞૝(࢟૜ࢠ૛ + ࢟૛ࢠ૜) + ૛࢟૝(࢞૜ࢠ૛ + ࢞૛ࢠ૜) + ૛ࢠ૝(࢞૜࢟૛ + ࢞૛࢟૜) 

Now, Schur ⇒ ∑࢞૜࢟૜ + ૜(࢞࢟)(࢟ࢠ)(࢞ࢠ) ≥ 

≥ (࢞࢟)૛(࢟ࢠ) + ૛(ࢠ࢟)(࢟࢞) + (࢞ࢠ)૛(ࢠ࢟) + ૛(࢞ࢠ)(ࢠ࢟) + (࢟࢞)૛(࢞ࢠ) +  ૛(࢟࢞)(࢞ࢠ)

⇒ ૛࢞࢟ࢠ ቀ෍࢞૜࢟૜ + ૜࢞૛࢟૛ࢠ૛ቁ 

≥⏞
(૝)

૛(࢞૜࢟૝ࢠ૛ + ૜࢟૝࢞૛ࢠ + ࢟૜ࢠ૝࢞૛ + ࢞૜ࢠ૝࢟૛ + ૜࢞૝࢟૛ࢠ + ࢟૜࢞૝ࢠ૛) 

= ૛࢞૝(࢟૜ࢠ૛ + ࢟૛ࢠ૜) + ૛࢟૝(ࢠ૜࢞૛ + (૛࢞૜ࢠ + ૛ࢠ૝(࢞૜࢟૛ + ࢞૛࢟૜) 

Now, 
૛࢞૞(࢟૝ + (૝ࢠ ≥ ૝࢞૞࢟૛ࢠ૛

૛࢟૞(ࢠ૝ + ࢞૝) ≥ ૝࢟૞ࢠ૛࢞૛

૛ࢠ૞(࢞૝ + ࢟૝) ≥ ૝ࢠ૞࢞૛࢟૛
ቑ Adding, 

૛࢞૞(࢟૝ + (૝ࢠ + ૛࢟૞(ࢠ૝ + ࢞૝) + ૛ࢠ૞(࢞૝ + ࢟૝) ≥ ૝࢞૞࢟૛ࢠ૛ + ૝࢟૞ࢠ૛࢞૛ + ૝ࢠ૞࢞૛࢟૛   (5) 

Again, ૛࢞૞(࢟૝ + (૝ࢠ ≥⏞
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૛ ቀ૚
૛
ቁ࢞૞(࢟+ ૜࢟)(ࢠ + (૜ࢠ = 

= ࢞૞(࢟ + ૜࢟)(ࢠ + (૜ࢠ ≥⏞
(࢏)

࢞૞(࢟ + (ࢠ ⋅ +࢟)ࢠ࢟  (ࢠ

= ࢞૞࢟ࢠ(࢟૛ + ૛ࢠ + ૛࢟ࢠ) = ࢞૞(࢟૜ࢠ + (૜ࢠ࢟ + ૛࢞૞࢟૛ࢠ૛. Similarly,  

૛࢟૞(ࢠ૝ + ࢞૝) ≥⏞
(࢏࢏)

࢟૞(ࢠ૜࢞ + (૜࢞ࢠ + ૛࢟૞ࢠ૛࢞૛ , and  

૛ࢠ૞(࢞૝ + ࢟૝) ≥⏞
(࢏࢏࢏)

૞(࢞૜࢟ࢠ + ࢞࢟૜) + ૛ࢠ૞࢞૛࢟૛  

(i)+(ii)+(iii)⇒ ૛࢞૞(࢟૝ + (૝ࢠ + ૛࢟૞(ࢠ૝ + ࢞૝) + ૛ࢠ૞(࢞૝ + ࢟૝) ≥ 

≥ ࢞૞൫࢟૜ࢠ+ ૜൯ࢠ࢟ + ࢟૞൫ࢠ૜࢞ + +૜൯࢞ࢠ ૞൫࢞૜࢟ࢠ + ࢞࢟૜൯+ ૛࢞૞࢟૛ࢠ૛ + ૛࢟૞ࢠ૛࢞૛ + ૛ࢠ૞࢞૛࢟૛     (6) 

∴ (4) + (5) + (6) ⇒  (3) is true (Proved) 
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358. 

 
If in ࢤ	ࡲ࡯,ࡱ࡮,ࡰ࡭,࡯࡮࡭ – altitudes, ࡴ – orthocenter then: 

૚૟࢘૛ ൬
ࢇࢎ

ࢇࢎ ࡰࡴ−
+

࢈ࢎ
࢈ࢎ ࡱࡴ−

+
ࢉࢎ

ࢉࢎ − ࡲࡴ
൰ ≤

࢈ࢇ
࡯࢙࢕ࢉ

+
ࢉ࢈

࡭࢙࢕ࢉ
+

ࢇࢉ
࡮࢙࢕ࢉ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

 
࢈ࢇ
ܛܗ܋ ࡯

= ࡯ܖܑܛ⋅࢈ࢇ
࡯ܖܑܛ ࡯ܛܗ܋

= ૛࢙
࡯ܖܑܛ ࡯ܛܗ܋

= ૝࢙
ܖܑܛ ૛࡯

⇒ ∑ ࢈ࢇ
ܛܗ܋ ࡯

= ૝࢙ ⋅ ∑ ૚
ܖܑܛ ૛࡭

   (1) 

ࢇࢎ ࡰࡴ− = ࡴ࡭ = ૛ࡾ ࡭ܛܗ܋ ⇒
ࢇࢎ

ࢇࢎ ⋅ ࡰࡴ
=

૛ࡿ
ࢇ

૛࡭ܛܗ܋ࡾ
= 

࢙
ࢇࡾ ࡭ܛܗ܋

= ࢙
૛ࡾ૛⋅࡭ܖܑܛ ࡭ܛܗ܋

= ࢙
૛ࡾ ܖܑܛ ૛࡭

⇒ ∑ ࢇࢎ
ࡰࡴିࢇࢎ

= ࢙
૛ࡾ
∑ ૚
ܖܑܛ ૛࡭

   (2) 

From (1)+(2) inequality becomes: ૚૟࢘૛ ⋅ ࢙
૛ࡾ
⋅ ∑ ૚

ܖܑܛ ૛࡭
≤ ૝࢙∑ ૚

࡭૛ܖܑܛ
⇔ 
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૝࢘૛

૛ࡾ
≤ ૚ ⇔ ૝࢘૛ ≤ ૛ࡾ ⇔ ૛࢘ ≤  .True .ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

૚૟࢘૛
ࢇࢎ

ࢇࢎ ࡰࡴ− ≤
ࢉ࢈
ܛܗ܋ ࡭ ⇔

૚૟࢘૛(ࢉ࢈)
૛ࡾ ⋅ ࡴ࡭ ≤

ࢉ࢈
࡭ܛܗ܋ ⇔

૚૟࢘૛(ࢉ࢈)
૝ࡾ૛|࡭ܛܗ܋| ≤

ࢉ࢈
ܛܗ܋ ࡭ ⇔ ૝ࡾ૛|(ࢉ࢈)|࡭ܛܗ܋ 

≥
(૚)

૚૟࢘૛ ࡭ܛܗ܋  (ࢉ࢈)

If ࡭ is obtuse, ࡭ܛܗ܋ < 0 ⇒ RHS of (1) < 0	& LHS of (1) > 0 ⇒ (1) is true. 

If ࡭ ≤ ૢ૙°, LHS of (1) = ૝ࡾ૛ ܛܗ܋ ࡭ (ࢉ࢈) ≥
࢘ࢋ࢒࢛ࡱ

૚૟࢘૛ ࡭ܛܗ܋ (ࢉ࢈) =  of (1) ࡿࡴࡾ

⇒ (1) is always true ⇒ ૚૟࢘૛ࢇࢎ
ࡰࡴିࢇࢎ

≤
(ࢇ) ࢉ࢈

ܛܗ܋ ࡭
. Similarly, ૚૟࢘

૛࢈ࢎ
ࡱࡴି࢈ࢎ

≤
(࢈) ࢇࢉ

ܛܗ܋ ࡮
	& ૚૟࢘૛ࢉࢎ

ࡲࡴିࢉࢎ
≤
(ࢉ) ࢈ࢇ

ܛܗ܋ ࡯
 

(a)+(b)+(c) ⇒ given inequality is true (Proved) 

 

359. In ࢤ	࡯࡮࡭: 

૛ࢇࢎ + ૛࢈ࢎ + ૛ࢉࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ
≤
ࡾ
૛࢘ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡾ :࡯࡮࡭
૛࢘
≥ ࢈ࢎ૛ାࢇࢎ

૛ାࢉࢎ૛

ࢇࢎࢉࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ
 

Teniendo en cuenta las siguientes identidades y desigualdades en un 

૚ :࡯࡮࡭	ࢤ
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘૛
, ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ

= ૚
૛࢘ࡾ

ࢇࢎ, = ૛ࡿ
ࢇ

࢈ࢎ, = ૛ࡿ
࢈

ࢉࢎ, = ૛ࡿ
ࢉ

 

El lado derecho es equivalente: ࢇࢎ૛ା࢈ࢎ
૛ାࢉࢎ૛

ࢇࢎࢉࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ
=

૚
૛ࢇ
ା ૚
૛࢈
ା ૚
૛ࢉ

૚
ା࢈ࢇ

૚
ାࢉ࢈

૚
ࢇࢉ

≤
૚
૝࢘૛
૚
૛࢘ࡾ

= ࡾ
૛࢘

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =

(૛࢈૛ࢇ∑)
૝ࡾ૛

ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ
૝ࡾ૛

=
૛࢈૛ࢇ∑

૝࢙࢘ࡾ(૛࢙) ≤
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૝ࡾ૛࢙૛

૝࢙࢘ࡾ(૛࢙) =
ࡾ
૛࢘ 
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Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛ࢇࢎ∑

ࢇࢎ∑ ⋅ ࢈ࢎ
=
૝ ⋅ ૛ࡿ ⋅ ∑ ૚

૛ࢇ

૝ࡿ૛ ⋅ ∑ ૚
࢈ࢇ

=
૛(࢈ࢇ)∑

૛(ࢉ࢈ࢇ) ⋅
ࢉ࢈ࢇ

ࢇ + ࢈ + ࢉ
= 

=
૛(࢈ࢇ)∑

ࢉ࢈ࢇ ⋅ ࢇ) + ࢈ + (ࢉ =
૛(࢈ࢇ∑) − ૛ࢉ࢈ࢇ ⋅ ࢇ) + ࢈ + (ࢉ

ࢉ࢈ࢇ ⋅ ࢇ) + ࢈ + (ࢉ =
૛(࢈ࢇ∑)

ࢉ࢈ࢇ ⋅ ࢇ∑
⋅ ૛ ≤

ࡾ
૛࢘

 

૛(࢈ࢇ∑)

ࢇ∑⋅ࢉ࢈ࢇ
≤ ା૝࢘ࡾ

૛࢘
   (ASSURE) 

૛(࢈ࢇ∑)

ૡ࢘ࡾ ⋅ ૛࢖ =
૛࢖) + ૝࢘ࡾ+ ࢘૛)૛

ૡ࢘ࡾ ⋅ ૛࢖ ≤
ࡾ + ૝࢘
૛࢘  

૝࢖ + ૛ ⋅ (૝࢘ࡾ + ࢘૛) ⋅ ૛࢖ + (૝࢘ࡾ + ࢘૛)૛ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࡿࡴࡸ

≤ ૛࢖ ⋅ (૝ࡾ૛ + ૚૟࢘ࡾ)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ࡿࡴࡾ

    (*) 

ࡿࡴࡾ = ૛࢖ ⋅ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) + (૚૛࢘ࡾ − ૜࢘૛) ⋅ ૛࢖ ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

 

≥ ૝࢖ ⋅ (૚૛࢘ࡾ − ૜࢘૛) ⋅ ૛࢖ = ૝࢖ + (૚૛࢘ࡾ − ૜࢘૛) ⋅  ૛࢖

(*) ⇒ ૝࢖ + ૛ ⋅ (૝࢘ࡾ + ࢘૛) ⋅ ૛࢖ + (૝࢘ࡾ + ࢘૛)૛ ≤ ૝࢖ + (૚૛࢘ࡾ − ૜࢘૛) ⋅  ૛࢖

ASSURE 

(૝࢘ࡾ − ૞࢘૛) ⋅ ૛࢖ ≥ (૝࢘ࡾ + ࢘૛)૛ 

(૝࢘ࡾ − ૞࢘૛) ⋅ ૛࢖ ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

(૞࢘ࡾ − ૞࢘૛)(૚૟࢘ࡾ − ૞࢘૛) ≥⏞
ࡱࡾࢁࡿࡿ࡭

(૝࢘ࡾ + ࢘૛)૛ 

(૟૝ࡾ૛ − ૚૙૙࢘ࡾ + ૛૞࢘૛) ≥ ࢘૛(૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛) 

૝ૡࡾ૛ − ૚૙ૡ࢘ࡾ + ૛૝࢘૛ ≥ ૙; ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥ ૙| ⋅ ࢘૛ 

૝࢚૛ − ૢ࢚+ ૛ ≥ ૙ ⇒ ૝ (࢚ − ૛)ᇣᇧᇤᇧᇥ
ஹ૙

⋅ ൬࢚ −
૚
૝൰ᇣᇧᇤᇧᇥ

வ଴

≥ ૙ 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

We have, ࢇࢎ = ૛ࢤ
ࢇ

࢈ࢎ, = ૛ࢤ
࢈

ࢉࢎ, = ૛ࢤ
ࢉ

ࢇ, + ࢈ + ࢉ = ૛࢖ and  
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࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ࢘૛ + ૝ࢇࢎ ;࢘ࡾ૛ା࢈ࢎ
૛ାࢉࢎ૛

ࢉࢎࢇࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ
≤ ࡾ

૛࢘
⇔

૚
૛ࢇ
ା ૚
૛࢈
ା ૚
૛ࢉ

૚
ା࢈ࢇ

૚
ାࢉ࢈

૚
ࢇࢉ

≤ ࡾ
૛࢘

 

⇔
૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢉ૛ࢇ

ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤
ࡾ
૛࢘

⇔
૛࢖) + ࢘૛ + ૝࢘ࡾ)૛

ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤
ࡾ + ૝࢘
૛࢘

 

⇔
૝࢖ + ࢘૝ + ૚૟ࡾ૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ + ૡ࢖ࡾ૛

ૡ࢖࢘ࡾ૛
≤
+ࡾ ૝࢘
૛࢘

 

⇔ ૝࢖ + ࢘૝ + ૚૟ࡾ૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ + ૡ࢖࢘ࡾ૛ ≤ ૝ࡾ૛࢖૛ + ૚૟࢖࢘ࡾ૛ 

⇔ ૝࢖ + ࢘૝ + ૚૟ࡾ૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ ≤ ૝ࡾ૛࢖૛ + ૡ࢖࢘ࡾ૛ 

We know, ࢖૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛, then we need to prove, 

૛ࡾ૛(૝࢖ + ૝࢘ࡾ+ ૜࢘૛) + (࢘૛ + ૝࢘ࡾ)૛ + ૛࢖૛࢘૛ ≤ ૝ࡾ૛࢖૛ + ૡ࢖࢘ࡾ૛ 

⇔ ૛(૞࢘૛࢖ − ૝࢘ࡾ) + (࢘૛ + ૝࢘ࡾ)૛ ≤ ૙ ⇔ ૛࢖ ≥
(࢘૛ + ૝࢘ࡾ)૛

૝࢘ࡾ − ૞࢘૛  

Again, we know, ࢖૛ ≥ ૚૟࢘ࡾ − ૞࢘૛, we will show, ૚૟࢘ࡾ − ૞࢘૛ ≥ ൫࢘૛ା૝࢘ࡾ൯
૛

૝ି࢘ࡾ૞࢘૛
 

⇔ ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥ ࡾ) − ૛࢘)(૝ࡾ − ࢘) ≥ ૙, which is true. 

 

360. In ࢤ	࡯࡮࡭, ࡵ − incentre, ࢇࡾ ࢉࡾ,࢈ࡾ, − circumradii in ࢤ	ࢤ,࡯ࡵ࡮	ࢤ,࡭ࡵ࡯	࡮ࡵ࡭: 

ࢉ࢘࢈࢘ࢇ࢘ ≤
૛ૠ
ૡ  ࢉࡾ࢈ࡾࢇࡾ

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Daniel Sitaru – Romania  

ࢇࡾ =
ࢇ

૛ܖܑܛ ቀ࣊ − ࡮ + ࡯
૛ ቁ

=
૛	ࡾ ࡭ܖܑܛ

૛࡭ܛܗ܋
= ૛ܖܑܛࡾ

࡭
૛

 

ෑ࢘ࢇ ≤
૛ૡ
ૡ
ෑࢇࡾ ↔ ࢙࢘૛ ≤

૛ૠ
ૡ
⋅ ૡࡾ૜ෑܖܑܛ

࡭
૛
↔ 

↔ ࢙૛ ≤ ૛ૠࡾ૛

૝
↔ ࢙ ≤ ૜√૜ࡾ

૛
   (MITRINOVIC) 
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361. In ࢤ	࡯࡮࡭: 

ቌ෍ඨܛܗ܋
࡭
૛ቍቌ

෍ ඨܛܗ܋
࡭
૛

૝

ቍቌ෍ ඨܛܗ܋
࡭
૛

ૡ

ቍ ≤ ૛ૠ ඨ൬
૜
૝
൰
ૠ૚૟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ቆ∑ටܛܗ܋ ࡭
૛
ቇ ቆ∑ ටܛܗ܋ ࡭

૛

૝
ቇቆ∑ ටܛܗ܋ ࡭

૛

ૡ
ቇ ≤ 

≤ ૛ૠ ටቀ૜
૝
ቁ
ૠ૚૟

. Por la desigualdad de Cauchy  

∑ටܛܗ܋ ࡭
૛
≤ ට૜ቀܛܗ܋ ࡭

૛
+ ࡮ܛܗ܋

૛
+ ܛܗ܋ ࡯

૛
ቁ ≤ ට૜ ⋅ ૜√૜

૛
= ૜ √૜૝

૛
   (A) 

∑ ටܛܗ܋ ࡭
૛

૝
≤ ඨ૜ቆටܛܗ܋ ࡭

૛
+ ට࡮ܛܗ܋

૛
+ ටܛܗ܋ ࡯

૛
ቇ ≤ ට૜ ⋅ ૜ √૜

૝

√૛
= ૜ √૜ૡ

√૛૝    (B) 

∑ ටܛܗ܋ ࡭
૛

ૡ
≤ ඨ૜ቆටܛܗ܋ ࡭

૛

૝
+ ට࡮ܛܗ܋

૛

૝
+ ටܛܗ܋ ࡯

૛

૝
ቇ ≤ ට૜ ⋅ ૜ √૜

ૡ

√૛૝ = ૜ √૜૚૟

√૛ૡ    (C) 

Multiplicando (A), (B), (C) 

⇒ ቌ෍ඨܛܗ܋
࡭
૛ቍቌ

෍ ඨܛܗ܋
࡭
૛

૝

ቍቌ෍ ඨܛܗ܋
࡭
૛

ૡ

ቍ ≤
૜√૜૝

√૛
⋅
૜√૜ૡ

√૛૝ ⋅
૜ √૜૚૟

√૛ૡ = 

= ૛ૠ⋅ ඥ૜૝૚૟ ⋅ ඥ૜૛૚૟ ⋅ √૜૚૟

ඥ૝૝૚૟ ⋅ ඥ૝૛૚૟ ⋅ √૝૚૟ = ૛ૠ ටቀ૜
૝
ቁ
ૠ૚૟

 (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

In ࢤ	࡯࡮࡭: ቆ∑ ටܛܗ܋ ࡭
૛

૛࢔ష૛
ቇ ⋅ ቆ∑ ටܛܗ܋ ࡭

૛

૛࢔ష૚
ቇ ⋅ ቆ∑ ටܛܗ܋ ࡭

૛

૛࢔
ቇ ≤ ૛ૠ ⋅ ටቀ૜

૝
ቁ
ૠ૛࢔శ૚
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෍ܛܗ܋
࡭
૛ = ࢑ 

࢔ࡵ = ෍ ඨܛܗ܋
࡭
૛

૛࢔

≤ ඥ૜ ⋅ ૚ି࢔ࡵ ≤ ට૜ඥ૜ ⋅ ૛ି࢔ࡵ ≤ ⋯ ≤ ඥ૜૛ି࢔૚ ⋅ ࢑૛࢔ = ඥ૜૛࢔శ૚ି૛ ⋅ ࢑૛
૛࢔శ૚

 

૚ି࢔ࡵ = ∑ ටܛܗ܋ ૛࡭
૛࢔−૚

≤ Similarly ≤ ට૜૛
૚−࢔

⋅ ࢑
૛࢔−૚

= ට૜૛
૚−૝+࢔ ⋅ ࢑૝

૛࢔+૚

 

૛ି࢔ࡵ = ෍ ඨ࡭ܛܗ܋૛
૛࢔−૛

≤ ⋯ ≤ ට૜૛
૛−࢔

⋅ ࢑
૛૛
૛−࢔

= ට૜૛
૚−ૡ+࢔ ⋅ ࢑ૡ

૛࢔+૚

 

࢔ࡵ − ૚ି࢔ࡵ ⋅ ૛ି࢔ࡵ ≤ ඥ૜૛࢔శ૚ି૛ ⋅ ࢑૛
૛࢔శ૚

⋅ ඥ૜૛࢔శ૚ି૝ ⋅ ࢑૝
૛࢔శ૚

⋅ ඥ૜૛࢔శ૚ିૡ ⋅ ࢑ૡ
૛࢔శ૚

= 

= ඨ(૜૜)૛࢔శ૚ ⋅ ൬
࢑
૜
൰
૚૝૛࢔శ૚

= 

= ૜૜ ටቀ࢑
૜
ቁ
૚૝૛࢔శ૚

≤ ૛ૠ ⋅ ටቀ૜√૜
૛⋅૜
ቁ
૚૝૛࢔శ૚

= ૛ૠ ⋅ ටቀ૜
૝
ቁ
ૠ૛࢔శ૚

. ࢑ = ܛܗ܋∑ ࡭
૛
≤ ૜√૜

૛
 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

We know, ∑ ܛܗ܋ ࡭
૛ࢉ࢟ࢉ ≤ ૜√૜

૛
 for all ࡯,࡮,࡭ ∈ (૙,࣊) 

෍ඨܛܗ܋
࡭
૛

ࢉ࢟ࢉ

≤ ૜ඩ
૚
૜ቌ෍ܛܗ܋

࡭
૛

ࢉ࢟ࢉ

ቍ ≤ ૜ඨ
√૜
૛ = ૜ ඨ൬

૜
૝൰

૝૚૟

 

෍ඨܛܗ܋
࡭
૛

૝

ࢉ࢟ࢉ

≤ ૜ඩ
૚
૜ቌ

෍ܛܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍ
૝

≤ ૜ඨ
√૜
૛

૝

= ૜ ඨ൬
૜
૝
൰
૛૚૟

 

෍ඨܛܗ܋
࡭
૛

ૡ

ࢉ࢟ࢉ

≤ ૜ඩ
૚
૜ቌ

෍ܛܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍ
ૡ

≤ ૜ඨ
√૜
૛

ૡ

= ૜ ඨ૜
૝

૚૟
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ቌ෍ඨܛܗ܋
࡭
૛

ࢉ࢟ࢉ

ቍቌ෍ ඨܛܗ܋
࡭
૛

૝

ࢉ࢟ࢉ

ቍቌ෍ ඨܛܗ܋
࡭
૛

ૡ

ࢉ࢟ࢉ

ቍ ≤ ૛ૠ ඨ൬
૜
૝൰

ૠ૚૟

 

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria 

First we need to study the function ࢌ(࢞) = ටܛܗ܋ ቀ࢞
૛
ቁ

࢔
≡  (૛ࢌ)૚ࢌ

Where ࢌ૚(࢞) = ࢔࢞√ (࢞)૚ᇱᇱࢌ, =
૚
ቀ࢔

૚ష࢔
࢔ ቁ

࢞૛࢔ష૚
< 0			∀݊ ≥ 2, ݔ > 0 

Also ࢌ૛(࢞) = ܛܗ܋ ቀ࢞
૛
ቁ , (࢞)૛ᇱᇱࢌ = −ቀ૚

૝
ܛܗ܋ ቀ࢞

૛
ቁቁ < ݔ∀				0 ∈ (૙,࣊) 

Without doubts since … ࢌ(࢞) = (૛ࢌ)૚ࢌ ⇒ (࢞)ᇱᇱࢌ = ૚ᇱࢌ૛ᇱᇱࢌ (૛ࢌ) + 

૛ᇱࢌ)+ )૛ࢌ૚ᇱᇱ(ࢌ૛) ⇔ ૛ᇱᇱࢌ < 0, and ࢌ૚ᇱ (૛ࢌ) = ૚
ష૚࢔࢞࢔

> 0, and ࢌ૚ᇱᇱ(ࢌ૛) < 0 

⇒ ቈࢌᇱᇱ(࢞) < 0 … (࢞)݂	݋ݏ = ටܛܗ܋
࢞
૛
	

࢔
࢔	∀	ࢋ࢜ࢇࢉ࢔࢕ࢉ	࢙࢏	 ≥ ૛, ࢞ ∈ (૙,࣊)቉ 

We now proceed with the Inequality… 

∑ቆටܛܗ܋ ࡭
૛
ቇ ≤
࢔ࢋ࢙࢔ࢋࡶ

૜ ቀ૜
૝
ቁ
૚
૛    (1) 

∑ቆටܛܗ܋ ࡭
૛

૝
ቇ ≤
࢔ࢋ࢙࢔ࢋࡶ

૜ ቀ૜
૝
ቁ
૚
૝    (2) 

∑ቆටܛܗ܋ ࡭
૛

ૡ
ቇ ≤
࢔ࢋ࢙࢔ࢋࡶ

૜ ቀ૜
૝
ቁ
૚
ૡ    (3) 

We do… (1) × (2) ×  (3) 

⇒ ቆ∑ටܛܗ܋ ࡭
૛
ቇቆ∑ ටܛܗ܋ ࡭

૛
૝

ቇ∑ቆටܛܗ܋ ࡭
૛

ૡ
ቇ ≤

(૚)(૛)(૜)
૛ૠቀ૜

૝
ቁ
ૠ
૚૟ (Proved) 

GENERALIZATION: In any triangle ࡯࡮࡭, prove: 
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ෑ෍൬ܖܑܛ
࡭
૛൰

ࢉ࢟ࢉ

࢔

࢐ୀ૚

૚
(૛)࢐

≤ ૜࢔ ⋅ ૛ି૛
∑ ૛࢐ష૚࢔
࢐స૚
૛࢔శ૚  

GENERALIZATION: In any triangle ࡯࡮࡭, prove: 

ෑ෍൬ܛܗ܋
࡭
૛൰

૚
૛࢐

ࢉ࢟ࢉ

࢔

࢐ୀ૚

≤ ૜
∑ ૛࢐ష૚࢔
࢐స૚
૛࢔శ૚ ା࢔ ⋅ ૛ି૛

∑ ૛࢐ష૚࢔
࢐స૚
૛࢔శ૚  

 

362. In  ࢤ	ࡼ,࡯࡮࡭− first Brocard point, ࢇࡾ ࢉࡾ,࢈ࡾ, −circumradii in 

 :࡮ࡼ࡭ࢤ,࡭ࡼ࡯ࢤ,࡯ࡼ࡮	ࢤ

ࢉ࢘࢈࢘ࢇ࢘ ≤
૛ૠ
ૡ  ࢉࡾ࢈ࡾࢇࡾ

Proposed by Mehmet Șahin – Ankara – Turkey 

Solution by Daniel Sitaru – Romania  

 

ࢇࡾ =
ࢇ

૛ ൫࣊ܖܑܛ − ࣓ − ࡮) − ࣓)൯
=
૛࡭ܖܑܛࡾ
૛ ࡮ܖܑܛ  
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ෑ࢘ࢇ ≤
૛ૠ
ૡ ෑࢇࡾ ↔ ࢙࢘૛ ≤

૛ૠ
ૡ ෑ

ܖܑܛࡾ ࡭
࡮ܖܑܛ ↔ 

↔ ࢙࢘૛ ≤ ૛ૠࡾ૜

ૡ
↔ ࢙૛ ≤ ૛ૠࡾ૜

ૡ࢘
   (to prove)  

࢙૛ ≤⏞
࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ

૛ૠࡾ૛

૝
≤ ૛ૠࡾ૜

ૡ࢘
↔ ૛࢘ ≤  (EULER)  ࡾ

 

363. In ࢤ	࡯࡮࡭ 

૜(૚૛࢘)࢖ ≤ ૟෍
࢈)૝ࢇ + (ࢉ
ࢇ࢘ − ࢘

≤  ૜(ࡾ૟)࢖

Proposed by Marin Chirciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India  

࢙(૚૛࢘)૜ ≤⏞
(૚)

૟෍
࢈)૝ࢇ + (ࢉ
ࢇ࢘ − ࢘ ≤⏞

(૛)

࢙(૟ࡾ)૜ 

࢈)૝ࢇ + (ࢉ
ࢇ࢘ − ࢘ =

࢈)૝ࢇ + (ࢉ
ࢤ

࢙ − ࢉ −
ࢤ
࢙

=
࢈)૝ࢇ + ࢙)࢙(ࢉ − (ࢇ
࢙)ࢤ − ࢙ + (ࢇ  

=
࢈)૝ࢇ + ࢙)࢙(ࢉ − (ࢇ

࢙࢘ ⋅ ࢇ =
࢈)૜ࢇ + ࢙)(ࢉ − (ࢇ

࢘  

Similarly, ࢈
૝(ࢉାࢇ)
࢘ି࢈࢘

= (࢈ି࢙)(ࢇାࢉ)૜࢈
࢘

, and, ࢉ
૝(ࢇା࢈)
࢘ିࢉ࢘

= (ࢉି࢙)(࢈ାࢇ)૜ࢉ
࢘

 

∴ (1) ⇔ ૟{ࢇ૜(࢈ + ࢙)(ࢉ − (ࢇ + +ࢉ)૜࢈ ࢙)(ࢇ − (࢈ + +ࢇ)૜ࢉ ࢙)(࢈ − {(ࢉ ≥ ૚ૠ૛ૡ࢙࢘૝ 

⇔ ࢈)૜ࢇ + ࢙)(ࢉ − (ࢇ + +ࢉ)૜࢈ ࢙)(ࢇ − (࢈ + +ࢇ)૜ࢉ ࢙)(࢈ − (ࢉ ≥ ૛ૡૡ࢙࢘૝    (3) 

LHS of (3) ≥
ࡳି࡭

૜ඥࢇ૜࢈૜ࢉ૜(࢈ + ࢉ)(ࢉ + ࢇ)(ࢇ + (࢈ + (࢙ − ࢙)(ࢇ − ࢙)(࢈ − ૜(ࢉ  

= ૜ࢉ࢈ࢇඨ(ࢇ+ ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ
࢘૛࢙૛

࢙

૜

 

≥
ࡳି࡭

૚૛࢙࢘ࡾඥૡࢉ࢈ࢇ	࢘૛࢙૜ = ૛૝࢙࢘ࡾ	ඥ૝࢙࢘ࡾ ⋅ ࢘૛࢙૜  
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≥
࢘ࢋ࢒࢛ࡱ

	૝ૡ࢘૛࢙ඥૡ࢘૝ ⋅ ࢙૛૜ ≥
࢙ஹ૜√૜࢘

	ૢ૟࢘૛࢙ඥ૛ૠ࢘૟૜ = ૛ૡૡ࢘૝࢙ 

⇒ (3) is true ⇒ (1) is true 
(2) ⇔ ૟{ࢇ૜(࢈ + ࢙)(ࢉ − (ࢇ + ࢉ)૜࢈ + ࢙)(ࢇ − (࢈ + +ࢇ)૜ࢉ ࢙)(࢈ − {(ࢉ ≤ ૛૚૟ࡾ૜࢙࢘ 

⇔ ࢈)૜ࢇ + ࢙)(ࢉ − (ࢇ + ࢉ)૜࢈ + ࢙)(ࢇ − (࢈ + ࢇ)૜ࢉ + ࢙)(࢈ − (ࢉ ≤ ૜૟ࡾ૜࢙࢘ 

= ૛ࡾૢ ⋅ ૝࢙࢘ࡾ = ૛ࡾૢ ⋅  ࢉ࢈ࢇ

⇔ ࢈)૛ࢇ + (ࢉ
࢙(࢙ − (ࢇ

ࢉ࢈
+ ࢉ)૛࢈ + (ࢇ

࢙(࢙ − (࢈
ࢇࢉ

+ ࢇ)૛ࢉ + (࢈
࢙(࢙ − (ࢉ
࢈ࢇ

≤  ૛࢙ࡾૢ

⇔ ࢈)૛ࢇ + (ࢉ ૛ܛܗ܋ ࡭
૛

+ ࢉ)૛࢈ + (ࢇ ૛ܛܗ܋ ࡮
૛

+ ࢇ)૛ࢉ + (࢈ ૛ܛܗ܋ ࡯
૛
≤  ૛࢙    (3)ࡾૢ

WLOG, we may assume ࢇ ≥ ࢈ ≥ ∴ ࢉ ࡭
૛
≥ ࡮

૛
≥ ࡯

૛
  and ૙ < ࡭

૛
, ࡮
૛

, ࡯
૛

< ࣊
૛

 

∴ ૛ܛܗ܋ ࡭
૛
≤ ૛ܛܗ܋ ࡮

૛
≤ ૛ܛܗ܋ ࡯

૛
. Now, ࢇ૛(࢈ + (ࢉ ≥ ࢉ)૛࢈ +  (ࢇ

⇔ ࢇ)࢈ࢇ − (࢈ + ࢇ)ࢉ + ࢇ)(࢈ − (࢈ ≥ ૙ 

⇔ ࢇ) − ࢈ࢇ)(࢈ + ࢉ࢈ + (ࢇࢉ ≥ ૙ ⇔ ࢇ ≥ ࢈ → true 

∴ ࢈)૛ࢇ + (ࢉ ≥ ࢉ)૛࢈ + ࢉ)૛࢈ ,Similarly .(ࢇ + (ࢇ ≥ ࢇ)૛ࢉ +  (࢈

∴ ࢈)૛ࢇ + (ࢉ ≥ ࢉ)૛࢈ + (ࢇ ≥ ࢇ)૛ࢉ +  (࢈

∴ LHS of (3) ≤⏞
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૚
૜

࢈)૛ࢇ} + (ࢉ + ࢉ)૛࢈ + (ࢇ + ࢇ)૛ࢉ +  {(࢈

൬ܛܗ܋૛
࡭
૛ + ૛ܛܗ܋

࡮
૛ + ૛ܛܗ܋

࡯
૛൰ 

=
૚
૜෍

ࢇ)࢈ࢇ} + {(࢈ ⋅
૚
૛ ൬૛ ܛܗ܋

૛࡭
૛ + ૛ ૛ܛܗ܋

࡮
૛ + ૛ ૛ܛܗ܋

࡯
૛൰ 

=
૚
૟෍

૛࢙)࢈ࢇ} − {(ࢉ ቀ૛+ ෍࡭ܛܗ܋ቁ =
૚
૟ቀ૛࢙෍࢈ࢇ − ૚૛࢙࢘ࡾቁ ቀ૜ + ૚ +

࢘
 ቁࡾ

=
૚
૟ ⋅ ૛࢙

(࢙૛ + ࢘૛ − ૛࢘ࡾ) ൬
૝ࡾ + ࢘
ࡾ ൰ 
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≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	
࢙(૝ࡾ + ࢘)

૜ࡾ
(૝ࡾ૛ + ૛࢘ࡾ + ૝࢘૛) ≤

?
 ૛࢙ࡾૢ

⇔ (૝ࡾ + ࢘)(૝ࡾ૛ + ૛࢘ࡾ + ૝࢘૛) ≤ ૛ૠࡾ૜ 

⇔ ૚૚ࡾ૜ − ૚૛ࡾ૛࢘ − ૚ૡ࢘ࡾ૛ − ૝࢘૜ ≥ ૙ 

⇔ ૚૚࢚૜ − ૚૛࢚૛ − ૚ૡ࢚ − ૝ ≥ ૙   (where ࢚ = ࡾ
࢘

) 

⇔ (࢚ − ૛)(૚૚࢚૛ + ૚૙࢚ + ૛) ≥ ૙ → true ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler) 

⇒ (3) is true ⇒ (2) is true (Proved) 

364. In ࢤ	࡯࡮࡭: 

൬
ࢇ࢘
ࢇ࢝

+
࢈࢘
࢈࢝

+
ࢉ࢘
ࢉ࢝
൰
૛
≥ ૜ ൬

૝ࡾ + ࢘
࢙

൰
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

We have:  ࢘ࢇ = ૛ࡿ
ࢇିࢉା࢈

ࢇ࢝; ≤ ඥ࢙(࢙ − ;(ࢇ ࢙ = ࢉା࢈ାࢇ
૛

ࡿ; =  ࢇࢋ࢘ࢇ

⇒ ࢇ࢘
ࢇ࢝
≥ ૛ࡿ

(ࢇି࢙)ඥ࢙(ࢇିࢉା࢈)
. Similarly ࢘࢈

࢈࢝
≥ ૛ࡿ

(࢈ି࢙)ඥ࢙(࢈ିࢇାࢉ)
ࢉ࢘ ;
ࢉ࢝
≥ ૛ࡿ

(ࢉି࢙)ඥ࢙(ࢉି࢈ାࢇ)
 

⇒ ቀ࢘ࢇ
ࢇ࢝

+ ࢈࢘
࢈࢝

+ ࢉ࢘
ࢉ࢝
ቁ
૛
≥ ૝ࡿ૛

࢙
⋅ ቌ∑ ૚

ට࢈శࢉషࢇ
૛ (ࢇିࢉା࢈)⋅

ቍ

૛

   (1) 

Other: ૜ ቀ૝ࡾା࢘
࢙
ቁ
૛

= ૜ ⋅ ቈ
ࢉ࢈ࢇ
ࡿ ା ૛ࡿ

ࢉశ࢈శࢇ
࢙

቉
૛

 

= ૜ ቈ
ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૛ࡿ૛

ࡿ ⋅ ࢇ)࢙ + ࢈ + (ࢉ ቉
૛

= ૜ ቈ
ૡࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૚૟ࡿ૛

૝ࢇ)ࡿ + ࢈ + ૛(ࢉ ቉
૛

 

= ૜ ⋅ ቂ(ࢇା࢈ାࢉ)૛⋅[∑(࢈ାࢇିࢉ)(ࢉା࢈ିࢇ)]
૝ࡿ(ࢇା࢈ାࢉ)૛ ቃ

૛
= ૜[∑(࢈ାࢇିࢉ)(ࢉା࢈ିࢇ)]૛

૚૟ࡿ૛
  (2) 
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(1), (2) ⇒ ቀ∑ ࢇ࢘
ࢇ࢝
ቁ
૛
≥ ૜ቀ૝ࡾା࢘

࢙
ቁ
૛

. We will prove that: 

૝ࡿ૛

࢙
⋅

⎝

⎛෍
૚

ට(࢈ + ࢉ − ૜(ࢇ
૛ ⎠

⎞

૛

≥
૜

૚૟ࡿ૛
⋅ ቂ෍(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ቃ(࢈

૛
 

⇔
૟૝ࡿ૝

࢙
⋅

⎝

⎛෍
૚

ට(࢈ + ࢉ − ૜(ࢇ
૛ ⎠

⎞

૛

≥ ૜ ቂ෍(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ቃ(࢈
૛

 

⇔
ࢇ) + ࢈ + ૛(ࢉ ⋅ ࢈)∏ + ࢉ − ૛(ࢇ

૟(ࢇ + ࢈ + (ࢉ ⋅

⎝

⎛෍
૚

ට(࢈ + ࢉ − ૜(ࢇ
૛ ⎠

⎞

૛

≥ 

≥ ቂ෍(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ቃ(࢈
૛

 

⇔ ቀ෍ࢇቁෑ(࢈ + ࢉ − ૛(ࢇ ⋅

⎝

⎛෍
૚

ට(࢈ + ࢉ − ૜(ࢇ
૛ ⎠

⎞

૛

≥ 

≥ ૟ቂ෍(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ቃ(࢈
૛

 

⇔ ቀ෍ࢇቁෑ(࢈ + ࢉ − ૛(ࢇ ⋅ ቆ෍
૚

ඥ(࢈ + ࢉ − (ࢇ
ቇ
૛

≥ 

≥ ૜[∑(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ −  (3)    [(࢈

Put: ൝
࢈ + ࢉ − ࢇ = ࢞ > 0
ࢉ + ࢇ − ࢈ = ࢟ > 0
ࢇ + ࢈ − ࢉ = ࢠ > 0

; (3) ⇔ (∑࢞)∏࢞૛ ⋅ ൬∑ ૚
ඥ࢞૜

൰
૛
≥ ૜(∑࢞࢟)૛	 

⇔ (∑࢞) ቀ∑ඥ࢞૜࢟૜ቁ
૛
≥ ૜࢞࢟ࢠ(∑࢞࢟)૛    (6) 
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Other, by Holder: ቀ∑ඥ࢞૜࢟૜ቁ ቀ∑ඥ࢞૜࢟૜ቁ (૚ + ૚ + ૚) ≥ (∑࢞࢟)૜ 

⇒ ቀ∑ඥ࢞૜࢟૜ቁ
૛
≥ (∑࢞࢟)૜

૜
   (4) 

AM-GM: (∑࢞)(∑࢞࢟) ≥ ૜ඥ࢞࢟ࢠ૜ ⋅ ૜ඥ࢞૛࢟૛ࢠ૛૜ =  (5)   ࢠ࢟࢞ૢ

(4), (5) ⇒ (∑࢞) ቀ∑ඥ࢞૜࢟૜ቁ
૛
≥ ૜࢞࢟ࢠ(∑࢞࢟)૛ ⇒ (6) True ⇒ (3) True 

⇒ ቀ∑ ࢇ࢘
ࢇ࢝
ቁ
૛
≥ ૜ቀ૝ࡾା࢘

࢙
ቁ
૛
⇒ Q.E.D. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢘
ࢇ࢝

+
࢈࢘
࢈࢝

+
ࢉ࢘
ࢉ࢝

=
૛ࢇ࢘

ࢇ࢝ࢇ࢘
+

૛࢈࢘

࢈࢝࢈࢘
+

૛ࢉ࢘

ࢉ࢝ࢉ࢘
≥⏟
(૚)

ฏ
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

ࢇ࢝ࢇ࢘∑
 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢇ࢘ Then .ࢉ ≥ ࢈࢘ ≥ ࢇ࢝ and ࢉ࢘ ≤ ࢈࢝ ≤    ࢉ࢝

∴෍࢘ࢇ࢝ࢇ ≤⏞
૚࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૜
ቀ෍࢘ࢇቁ ቀ෍࢝ࢇቁ =

૚
૜

(૝ࡾ+ ࢘) ቀ෍࢝ࢇቁ 

≤⏞
ࡾ૝ࡿି࡮ି࡯ + ࢘

૜ √૜ට෍࢝ࢇ
૛ ≤⏟

(૛)

ฏ
(ࢇି࢙)ஸඥ࢙ࢇ࢝

√૜(૝ࡾ + ࢘)
૜

ට෍࢙(࢙ −  (ࢇ

=
√૜(૝ࡾ + ࢘)

૜
ඥ૜࢙૛ − ૛࢙૛ =

√૜(૝ࡾ + ࢘)
૜

⋅ ࡿ =
√૜࢙(૝ࡾ + ࢘)

૜
 

(1), (2) ⇒ ∑ ࢇ࢘
ࢇ࢝
≥ ૜(૝ࡾା࢘)૛

√૜࢙(૝ࡾା࢘) = ૜(૝ࡾା࢘)
√૜࢙

⇒ ቀ∑ ࢇ࢘
ࢇ࢝
ቁ
૛
≥ ૢ(૝ࡾା࢘)૛

૜࢙૛
= ૜ ቀ૝ࡾା࢘

࢙
ቁ
૛

 

Solution 3 by Soumitra Mandal-Chandar Nagore 

We know, ࢘ࢇ = ࢤ
ࢇି࢖

, ࢈࢘ = ࢤ
࢈ି࢖

, ࢉ࢘ = ࢤ
ࢉି࢖

ࢇ࢝, ≤ ඥ࢖)࢖ −  (ࢇ

࢈࢝ ≤ ඥ࢖)࢖ − ࢉ࢝,(ࢇ ≤ ඥ࢖)࢖ − ∑ and (ࢉ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈ = ࢘(࢘ + ૝ࡾ) 
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∴ ቌ෍
ࢇ࢘
ࢉ࢟ࢉࢇ࢝

ቍ

૛

= ቌ෍
ࢤ

࢖ − ࢇ
ࢉ࢟ࢉ

⋅
૚

ඥ࢖)࢖ − (ࢇ
ቍ

૛

≥⏞
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

 

≥ ൮
૚
૜ቌ෍

ࢤ
࢖ − ࢇ

ࢉ࢟ࢉ

ቍቌ෍
૚

ඥ࢖)࢖ − ࢉ࢟ࢉ(ࢇ

ቍ൲

૛

 

= ൮
૚
૜ ⋅

ࢤ
࢖) − ࢖)(ࢇ − ࢖)(࢈ − ቌ෍(ࢉ

࢖) − ࢖)(ࢇ − (࢈
ࢉ࢟ࢉ

ቍ ⋅ ቌ෍
૚

ඥ࢖)࢖ − ࢉ࢟ࢉ(ࢇ

ቍ൲

૛

 

≥⏞
ࡹࡳஹࡹ࡭

൮
ࢤ
૛ࢤ
࢖

⋅ ࢘(࢘ + ૝ࡾ) ⋅
૚
ඥ࢖

⋅
૚

ඥ(࢖ − ࢖)(ࢇ − ࢖)(࢈ − ૟(ࢉ
൲

૛

 

≥⏞
ࡹࡳஹࡹ࡭	ࢋ࢙࢘ࢋ࢜ࢋࡾ

ቌ࢘࢖
ࢤ
⋅ (࢘ + ૝ࡾ) ⋅ ૚

ඥ࢖
⋅ ૚

ට(࢖షࢇ)శ(࢖ష࢈)శ(࢖షࢉ)
૜

ቍ

૛

= ૜ ቀ࢘ା૝ࡾ
࢖
ቁ
૛

  

(Proved) 

 

365. Let ࢤ	࡯࡮࡭ and ࡹ is an arbitrary point in the domain of the triangle 

ࡰ;ࡲ,ࡱ,ࡰ .࡯࡮࡭ ∈ ࡱ;࡯࡮ ∈ ࡲ,࡭࡯ ∈ ࡲࡹ such that ࡮࡭ ⊥ ࡱࡹ,࡯࡮ ⊥ ࡲࡹ,࡭࡯ ⊥

ࡰࡹ Let .࡮࡭ = ࡱࡹ,࢞ = ࡲࡹ,࢟ =  Prove that .ࢠ

(࢞૛ + ૛)൫࢟૛ࢇࢎ + ૛ࢠ)૛൯࢈ࢎ + (૛ࢉࢎ ≥
૚૙૙૙
ૠ૛ૢ

 ૛(ࢉࢎ࢈ࢎࢇࢎ)

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 
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Solution by proposer 

 

We have (࢞૛ + ૛)൫࢟૛ࢇࢎ + ૛ࢠ)૛൯࢈ࢎ + (૛ࢉࢎ ≥ ૚૙૙૙
ૠ૛ૢ

૛(ࢉࢎ࢈ࢎࢇࢎ) ⇔ 

⇔ ቈ൬
࢞
ࢇࢎ
൰
૛

+ ૚቉ ቈ൬
࢟
࢈ࢎ
൰
૛

+ ૚቉ ቈ൬
ࢠ
ࢉࢎ
൰
૛

+ ૚቉ ≥
૚૙૙૙
ૠ૛ૢ

 

Let (ࢆ,ࢅ,ࢄ) = ቀ ࢞
ࢇࢎ

, ࢟
࢈ࢎ

, ࢠ
ࢉࢎ
ቁ ⇒ ࢆ,ࢅ,ࢄ > 0 and ࢄ + ࢅ + ࢆ = ૚ because 

+ࢄ ࢅ + ࢆ = ࢞
ࢇࢎ

+ ࢟
࢈ࢎ

+ ࢠ
ࢉࢎ

=
૚
૛࢞ࢇ
૚
૛ࢇࢎࢇ

+
૚
૛࢟࢈
૚
૛࢈ࢎ࢈

+
૚
૛ࢠࢉ
૚
૛ࢉࢎࢉ

= [࡯࡮ࡹ]
[࡯࡮࡭] + [࡭࡯ࡹ]

[࡯࡮࡭] + [࡮࡭ࡹ]
[࡯࡮࡭] = ૚  

We need to prove (ࢄ૛ + ૚)(ࢅ૛ + ૚)(ࢆ૛ + ૚) ≥ ૚૙૙૙
ૠ૛ૢ

 with ࢆ,ࢅ,ࢄ > 0, 

ࢄ + ࢅ + ࢆ = ૚. We have 

૛ࢄ) + ૚)(ࢅ૛ + ૚)(ࢄ૛ + ૚) = ࢅࢄ) + ࢆࢅ + ࢄࢆ − ૚)૛ + (૚ −  ૛(ࢆࢅࢄ

≥ ቈ૚ −
ࢅࢄ) + ࢆࢅ + ૛(ࢄࢆ

૜ ቉ ࢅࢄ) + ࢆࢅ + ࢄࢆ − ૚)૛ 

Let ࢚ = ࢅࢄ + ࢆࢅ + ࢄࢆ ⇒ ૙ < ݐ ≤ ૚
૜
 because   

ࢅࢄ + ࢆࢅ + ࢄࢆ ≤ ૚
૜

ࢄ) + ࢅ + ૛(ࢆ = ૚
૜
. Hence  

૛ࢄ) + ૚)(ࢅ૛ + ૚)(ࢄ૛ + ૚) ≥ (࢚)ࢌ = ቆ૚ −
࢚૛

૜ቇ
(࢚ − ૚)૛ =

࢚૝

ૢ +
࢚૛

૜ − ૛࢚ + ૛,	 
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૙ < ݐ ≤
૚
૜ 

(࢚)ᇱࢌ =
૝࢚૜

ૢ
+
૛࢚
૜
− ૛ < ݐ∀,0 ∈ ൬૙,

૚
૜
൨ ⇒ (࢚)ࢌ ≥ ൬ࢌ

૚
૜
൰ =

૚૙૙૙
ૠ૛ૢ

 

Hence (ࢄ૛ + ૚)(ࢅ૛ + ૚)(ࢆ૛ + ૚) ≥ ૚૙૙૙
ૠ૛ૢ

⇒ 

⇒ (࢞૛ + ૛)൫࢟૛ࢇࢎ + ૛ࢠ)૛൯࢈ࢎ + (૛ࢉࢎ ≥
૚૙૙૙
ૠ૛ૢ

 ૛(ࢉࢎ࢈ࢎࢇࢎ)

 

366. In ࢤ	࡯࡮࡭: 

࢈࢘ࢇ࢘

૛࡭ܖܑܛ ܖܑܛ
࡮
૛

+
ࢉ࢘࢈࢘

૛࡮ܖܑܛ ܖܑܛ
࡯
૛

+
ࢇ࢘ࢉ࢘

ܖܑܛ ૛࡯ ܖܑܛ
࡭
૛
≥

࢈ࢎࢇࢎ

૛ܖܑܛ ૛࡯
+

ࢉࢎ࢈ࢎ

૛ܖܑܛ ૛࡭
+

ࢇࢎࢉࢎ

૛࡮૛ܖܑܛ
 

Proposed by Hoang Tung Le Nhat-Hanoi-Vietnam 

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ࢘ ⋅ ࢈࢘

૛࡭ܖܑܛ ܖܑܛ
࡮
૛
≥෍

ࢇࢎ ⋅ ࢈ࢎ

૛ܖܑܛ ૛࡯
 

1) ∑ ࢈࢘⋅ࢇ࢘
૛࡭ܖܑܛ ܖܑܛ

࡮
૛

= ∑ ૛ࡿ

(ࢇష࢖)(࢈ష࢖)(ࢉష࢖)(ࢇష࢖)ට⋅(࢈ି࢖)(ࢇି࢖)
ࢉ࢈ࢉࢇ

 

෍
ࢉ ⋅ ࢈ࢇ√ ⋅ ૛ࡿ

∏ ࢖) − (ࢇ ⋅ ඥ(࢖ − ࢖)(ࢇ − ࢤ(࢈
= ૛ࡿ ⋅෍

ࢉ

∏ ࢖) − (ࢇ ⋅ ට(࢖ − ࢖)(ࢇ − (࢈
ࢤ࢈ࢇ

= 

= ૛ࡿ

(ࢇି࢖)∏ ⋅ ∑
ࢉ

૛࡯ܖܑܛ
= ࢖ ⋅ ∑ ࢉ

૛࡯ܖܑܛ
    (*) 

2) ∑ ࢈ࢎ⋅ࢇࢎ
૛࡯૛ܖܑܛ

= ૝ࡿ૛∑ ૚

૛࡯૛ܖܑܛ⋅࢈ࢇ
= 

= ૝ ⋅ ૛ࡿ ⋅෍
૚

࢈ࢇ ⋅ ࢖) − ࢖)(ࢇ − (࢈
࢈ࢇ

= ૝ ⋅ ૛෍ࡿ
૚

࢖) − ࢖)(ࢇ − (࢈ = 
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= ૝ ⋅ ૛ࡿ ⋅
૚

࢖)∏ − (ࢇ ⋅෍(࢖ − (ࢉ = ૝࢖ ⋅෍(࢖ − (ࢉ = 

= ૝࢖(૜࢖ − ૛࢖) = ૝࢖૛    (**) 

(*), (**) ⇒ ࢖ ⋅ ∑ ࢉ

૛࡯ܖܑܛ
≥ ૝࢖૛    (ASSURE) 

࢖ ⋅ ∑ ࢉ

૛࡯ܖܑܛ
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ࢖
૜
∑ࢇ∑ ૚

૛࡭ܖܑܛ
= ૛࢖૛

૜
⋅ ∑ ૚

૛࡭ܖܑܛ
≥ ૛࢖૛

૜
⋅ ૜
૟࣊ܖܑܛ

= ૝࢖૛; 

(࢞)ࢌ =
૚

ܖܑܛ ࢞૛
⇒ (࢞)ᇱᇱࢌ ≥ ૙ 

 

367. If in ࢤ	࡯࡮࡭, ࡵ − incentre, ࢉࡾ,࢈ࡾ,ࢇࡾ − circumradii of  

 ࡮ࡵ࡭	ࢤ,࡭ࡵ࡯	ࢤ,࡯ࡵ࡮	ࢤ

૜√૟࢘ ≤ ඥࢇࡾࢇ࢓ + ඥ࢈ࡾ࢈࢓ + ඥࢉࡾࢉ࢓ ≤
૜√૟ࡾ
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭, siendo, ࡵ − incentro, ࢉࡾ,࢈ࡾ,ࢇࡾ  circunradios de los 

triángulos ࡮ࡵ࡭,࡭ࡵ࡯,࡯ࡵ࡮. Probar que 

૜√૟࢘ ≤ ඥࢇࡾࢇ࢓ + ඥ࢈ࡾ࢈࢓ + ඥࢉࡾࢉ࢓ ≤
૜√૟
૛

 ࡾ

Tener en cuenta las siguientes identidades y desigualdades 

ࢇࡾ = ૛ࡾ ܖܑܛ
࡭
૛

࢈ࡾ, = ૛ܖܑܛࡾ
࡮
૛

ࢉࡾ, = ૛ܖܑܛࡾ
࡯
૛

ࡾ, ≥ ૛࢘ 

Lo cual implica → ࢇࡾ + ࢈ࡾ + ࢉࡾ = ૛ࡾ ቀܖܑܛ ࡭
૛

+ ܖܑܛ ࡮
૛

+ ܖܑܛ ࡯
૛
ቁ ≤ ૛ࡾ ⋅ ૜

૛
= ૜ࡾ 

ࢉࡾ࢈ࡾࢇࡾ = ૡࡾ૜ ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ = ૡࡾ૛ ⋅

࢘
૝ࡾ = ૛ࡾ૛ ⋅ ࢘ ≥ ૡ࢘૜ 
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ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ට૜൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ = ටૢ

૝
૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ටૢ

૝
⋅ ૛ࡾૢ = ࡾૢ

૛
  

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓,(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓,(࢈ ≥ ඥ࢙(࢙ − (ࢉ ⇔ 

ࢉ࢓࢈࢓ࢇ࢓⇔ ≥ ࡿ ⋅ ࢙ = ࢙૛࢘ ≥ ૛ૠ࢘૜. Aplicando MA ≥ MG 

ඥࢇࡾࢇ࢓ + ඥ࢈ࡾ࢈࢓ + ඥࢉࡾࢉ࢓ ≥ ૜ඥࢉ࢓࢈࢓ࢇ࢓ ⋅ ૟ࢉࡾ࢈ࡾࢇࡾ ≥ ૜ඥ૛ૠ࢘૜ ⋅ ૡ࢘૜૟ = 

= ૜√૟૜૟ ࢘ = ૜√૟࢘  (LQQD). Por la desigualdad de Cauchy 

ඥࢇࡾࢇ࢓ + ඥ࢈ࡾ࢈࢓ + ඥࢉࡾࢉ࢓ ≤ ඥ(ࢇ࢓ + ࢈࢓ + ࢇࡾ)(ࢉ࢓ + ࢈ࡾ + (ࢉࡾ ≤ 

≤ ටૢࡾ
૛
⋅ ૜ࡾ = ૜√૟

૛
 (LQQD)    ࡾ

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૟√૜࢘ ≤ ඥ૛ ⋅ ࢇࡾ ⋅ ࢇ࢓ + ඥ૛ ⋅ ࢈ࡾ ⋅ ࢈࢓ + ඥ૛ ⋅ ࢉࡾ ⋅ ࢉ࢓ ≤ ૜√૜ࡾ. 

i) ܖܑܛ ࡭
૛

+ ࡮ܖܑܛ
૛

+ ܖܑܛ ࡯
૛

≤
ᇲᇲஸ૙ࢌ

૜ ⋅ ࢌ ቀ࡭ା࡮ା࡯
૟

ቁ = ૜
૛
 

ii) ∑ࢇ࢓ ≤
ૢ
૛
 ࡾ

iii) ∏ ܖܑܛ ࡭
૛

= ࢘
૝࡭ࡾ  

iv) ࢇ࢓ ≥ ඥ࢖ ⋅ ࢖) − ࢇ࢓∏     (ࢇ ≥ ࢖ ⋅  ࡿ

ࡿࡴࡾ (1 ⇒ ∑ඥ૛ ⋅ ࢇࡾ ⋅ ࢇ࢓ = √૛ ⋅ ∑ඥࢇࡾ ⋅ ࢇ࢓ ≤ 

≤ √૛ ⋅ ට෍ࢇࡾ ⋅෍ࢇ࢓ = √૛ ⋅ ඨ૛ࡾ ⋅෍ܖܑܛ
࡭
૛
⋅෍ࢇ࢓ ≤

(࢏࢏);(࢏)
 

≤ ૛ ⋅ ࡾ ⋅ ඨ
૜
૛
⋅
ૢ
૛

=
૛ࡾ
૛
⋅ ૜√૜ = ૜√૜ࡾ 

ඥ૛∑:ࡿࡴࡸ (2 ⋅ ࢇࡾ ⋅ ࢇ࢓ ≥ √૛ ⋅ ૜ ⋅ ටඥࢇࡾ ⋅ ࢈ࡾ ⋅ ࢉࡾ ⋅ ࢇ࢓ ⋅ ࢈࢓ ⋅ ࢉ࢓
૜
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= ૜√૛ ⋅ ඨૡࡾ૜ ⋅ෑܖܑܛ
࡭
૛

ࢤ

⋅ෑࢇ࢓
ࢤ

૟ ≥
(࢜࢏);(࢏࢏࢏)

૜√૛ ⋅ ටૡࡾ૜ ⋅
࢘
૝ࡾ

⋅ ࡿ࢖
૟

= 

= ૜√૛ ⋅ ඥ૛ࡾ૛ ⋅ ࢘૛ ⋅ ૛૟࢖ ≥

૛ஹ૛ૠ࢘૛࢖
ஹ૛࢘ࡾ

૜√૛ ⋅ ඥૡ ⋅ ૛ૠ ⋅ ࢘૟૟ = 

= ૜√૛ ⋅ √૛ ⋅ ૜ ⋅ ࢘ = ૟√૜࢘ (ࡿࡴࡸ) 

 

368. In ࢤ	࡯࡮࡭: 

൬
ࢇ࢓

ࢇ࢙
+
࢈࢓

࢈࢙
+
ࢉ࢓

ࢉ࢙
൰
૛

+
૛࢘
ࡾ
≥ ૚૙ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triàngulo ࡯࡮࡭: ቀࢇ࢓

ࢇ࢙
+ ࢈࢓

࢈࢙
+ ࢉ࢓

ࢉ࢙
ቁ
૛

+ ૛࢘
ࡾ
≥ ૚૙ 

Tener en cuenta las siguientes identidades y desigualdades en un ࢤ	࡯࡮࡭ 
ࢇ࢓

ࢇ࢙
=
૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ ,
࢈࢓

࢈࢙
=
૚
૛
ቀ
ࢉ
ࢇ

+
ࢇ
ࢉ
ቁ ,
ࢉ࢓

ࢉ࢙
=
૚
૛
൬
ࢇ
࢈

+
࢈
ࢇ
൰ 

ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ+ ૛࢘

ࡾ
≥ ૚૙. Es suficiente demostrar 

൬
ࢇ࢓

ࢇ࢙
+
࢈࢓

࢈࢙
+
ࢉ࢓

ࢉ࢙
൰
૛
≥ ࢇ) + ࢈ + (ࢉ ൬

૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ

൬૚
૛
ቀ࢈
ࢉ

+ ࢉ
࢈

+ ࢉ
ࢇ

+ ࢇ
ࢉ

+ ࢇ
࢈

+ ࢈
ࢇ
ቁ൰

૛
≥ ૜+ ࢈

ࢉ
+ ࢉ

࢈
+ ࢉ

ࢇ
+ ࢇ

ࢉ
+ ࢇ

࢈
+ ࢈

ࢇ
, donde 

࢞ =
࢈
ࢉ

+
ࢉ
࢈

+
ࢉ
ࢇ

+
ࢇ
ࢉ

+
ࢇ
࢈

+
࢈
ࢇ
≥ ૟ 

⇔ ࢞૛

૝
≥ ૜ + ࢞ ⇔ ࢞૛ − ૝(૜ + ࢞) = (࢞ − ૟)(࢞ + ૛) ≥ ૙, lo cual es cierto ya 

que ࢞ ≥ ૟. Por lo tanto 
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⇒ ൬
ࢇ࢓

ࢇ࢙
+
࢈࢓

࢈࢙
+
ࢉ࢓

ࢉ࢙
൰
૛

+
૛࢘
ࡾ
≥ ࢇ) + ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ +

૛࢘
ࡾ
≥ ૚૙ 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

:ࢤ ࢇ࢙ =
૛ࢉ࢈ ⋅ ࢇ࢓

૛࢈ + ૛ࢉ
						

ࢇ࢓

ࢇ࢙
=
૛࢈ + ૛ࢉ

૛ࢉ࢈
 

൬෍
ࢇ࢓

ࢇ࢙
൰
૛

= ቆ෍
૛࢈ + ૛ࢉ

૛ࢉ࢈
ቇ
૛

=
૚
૝
⋅ ൬෍

ࢇ + ࢈
ࢉ

൰
૛

=
૚
૝
⋅ ቆ
࢈૛ࢇ)∑ + (૛࢈ࢇ

ࢉ࢈ࢇ
ቇ
૛

= 

=
૚
૝ ⋅ ቆ

૛࢖ − ૛࢘ࡾ + ࢘૛

૛࢘ࡾ ቇ
૛

≥
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ ૚

૝ ⋅ ቆ
૚૟࢘ࡾ − ૞࢘૛ − ૛࢘ࡾ + ࢘૛

૛࢘ࡾ ቇ
૛

= 

=
૚
૝
⋅ ቆ
૚૝࢘ࡾ − ૝࢘૛

૛࢘ࡾ
ቇ
૛

=
૚
૝
⋅ ൬ૠ −

૛࢘
ࡾ
൰
૛

=  ࡿࡴࡸ

⇒ ૚
૝
ቀૠ − ૛࢘

ࡾ
ቁ
૛

+ ૛࢘
ࡾ
≥ ૚૙    (ASSURE); ૛࢘

ࡾ
= ࢚    (૚ − ࢚ ≥ ૙) Euler 

૚
૝
⋅ (ૠ − ࢚)૛ + ࢚ ≥ ૚૙; (ૠ − ࢚)૛ + ૝࢚ ≥ ૝૙ ⇔ ૝ૢ − ૚૝࢚ + ࢚૛ + ૝࢚ ≥ ૝૙ 

࢚૛ − ૚૙࢚+ ૢ ≥ ૙; 	(࢚ − ૚)ᇣᇧᇤᇧᇥ
ஸ૙

⋅ (࢚ − ૢ)ᇣᇧᇤᇧᇥ
ழ଴

≥ ૙ 

 

369. In ࢤ	ࡻ,࡯࡮࡭ − circumcentre, ࢇࡾ ࢉࡾ,࢈ࡾ, − circumradii in 

 ࡮ࡻ࡭	ࢤ,࡭ࡻ࡯	ࢤ,࡯ࡻ࡮	ࢤ

ࢉ࢘࢈࢘ࢇ࢘ ≤
૛ૠ
ૡ
 ࢉࡾ࢈ࡾࢇࡾ

Proposed by Mehmet Șahin – Ankara – Turkey 

Solution by Daniel Sitaru – Romania  

ࢇࡾ =
ࢇ

૛ ܖܑܛ ૛࡭
=

૛ࡾ ࡭ܖܑܛ
૛ ⋅ ૛ ࡭ܖܑܛ ࡭ܛܗ܋

=
ࡾ

૛ ࡭ܛܗ܋
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ෑ࢘ࢇ ≤
૛ૠ
ૡ
ෑࢇࡾ ↔ ࢙࢘૛ ≤

૛ૠ
ૡ
⋅

૜ࡾ

ૡ ࡭ܛܗ܋ ࡯ܛܗ܋࡮ܛܗ܋
↔ 

↔ ࢙࢘૛ ⋅ ૡ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤
૛ૠࡾ૜

ૡ
 

࢙࢘૛ ⋅ ૡ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤ ࢙࢘૛ ⋅ ૡ ⋅ ૚
ૡ
≤ ૛ૠࡾ૜

ૡ
   (to prove) 

↔ ࢙࢘૛ ≤ ૛ૠࡾ૜

ૡ
↔ ࢙૛ ≤ ૛ૠࡾ૜

ૡ࢘
 (to prove) 

࢙૛ ≤⏞
࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ

૛ૠࡾ૛

૝
≤ ૛ૠࡾ૜

ૡ࢘
↔ ૛࢘ ≤  (EULER) ࡾ

 

370. In ࢤ	࡯࡮࡭: 

૚ૡ࢖ ⋅ (૛࢘)૜ ≤෍
૞ࢇ

ࢇ࢘ − ࢘
≤ ૚ૡ࢖ ⋅  ૜ࡾ

Proposed by Marin Chirciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

૚ૡ࢖ ⋅ (૛࢘)૜ ≤⏞
(૚)

෍
૞ࢇ

ࢇ࢘ − ࢘ ≤
⏞

(૛)

૚ૡ࢖ ⋅ ;૜ࡾ 	
૞ࢇ

ࢇ࢘ − ࢘ =
૞ࢇ

ࢤ
࢙ − ࢇ −

ࢤ
࢙

=
૞ࢇ ⋅ ࢙(࢙ − (ࢇ
࢙)ࢤ − ࢙ +  (ࢇ

= (ࢇି࢙)࢙⋅૝ࢇ
࢙࢘

=⏞
(૜)

(ࢇି࢙)૝ࢇ
࢘

 ∴ using (3), (1) ⇔ ૝ࢇ∑ (࢙ − (ࢇ ≥ ૚૝૝࢙࢘૝   (4) 

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ =  ࢠ

∴ ࢙ = ࢞ + ࢟ + ࢇ and ࢠ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟ 

∴ (4) ⇔ (࢟ + ૝࢞(ࢠ + ࢠ) + ࢞)૝࢟ + (࢞ + ࢟)૝ ⋅ ࢠ ≥ 

≥ ૚૝૝࢙ ൬
ࢤ
࢙
൰
૝

=
૚૝૝࢙ ⋅ ૝ࢤ

࢙૝
=
૚૝૝࢙૛(࢙ − ࢙)૛(ࢇ − ࢙)૛(࢈ − ૛(ࢉ

࢙૜
 

=
૚૝૝(࢙ − ࢙)૛(ࢇ − ࢙)૛(࢈ − ૛(ࢉ

࢙ =
૚૝૝࢞૛࢟૛ࢠ૛

࢞ + ࢟ + ࢠ  
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⇔ {(࢟ + ૝࢞(ࢠ + ࢠ) + ࢞)૝࢟+ (࢞ + ࢟)૝ࢠ}(࢞ + ࢟ + (ࢠ ≥     

≥ ૚૝૝࢞૛࢟૛ࢠ૛  (4a) 

Now, {(࢟ + ૝࢞(ࢠ + ࢠ) + ࢞)૝࢟ + (࢞ + ࢟)૝ࢠ}(࢞ + ࢟ + (ࢠ ≥ 

≥⏞
ࡳି࡭

(૚૟࢟૛ࢠ૛࢞ + ૚૟ࢠ૛࢞૛࢟ + ૚૟࢞૛࢟૛ࢠ)(࢞ + ࢟ + (ࢠ = 

= ૚૟࢞࢟ࢠ ቀ෍࢞࢟ቁቀ෍࢞ቁ ≥⏞
ࡳି࡭

૚૟࢞࢟ࢠ ⋅ ૜ඥ࢞૛࢟૛ࢠ૛૜ ⋅ ૜ඥ࢞࢟ࢠ૜  

= ૚૝૝࢞૛࢟૛ࢠ૛ ⇒ (4a) is true ⇒ (1) is true 

Using (3), (2) ⇔ ࢙)૝ࢇ∑ − (ࢇ ≤ ૚ૡࡾ૜࢙࢘ 

⇔ ૛෍ࢇ૝ (࢙ − (ࢇ ≤ ૜૟ࡾ૜࢙࢘ = ૛ࡾૢ ⋅ ૝࢙࢘ࡾ =  ࢉ࢈ࢇ૛ࡾૢ

⇔ ૛ቊ
࢙)૝ࢇ − (ࢇ

ࢉ࢈ࢇ +
࢙)૝࢈ − (࢈
ࢉ࢈ࢇ +

࢙)૝ࢉ − (ࢉ
ࢉ࢈ࢇ ቋ ≤  ૛ࡾૢ

⇔ ૛ቊࢇ૜ ⋅
࢙(࢙ − (ࢇ

ࢉ࢈
+ ૜࢈ ⋅

࢙(࢙ − (࢈
ࢇࢉ

+ ૜ࢉ ⋅
࢙(࢙ − (ࢉ
࢈ࢇ

ቋ ≤  ૛࢙ࡾૢ

⇔ ૛൬ࢇ૜ ૛ܛܗ܋
࡭
૛

+ ૜࢈ ૛ܛܗ܋
࡮
૛

+ ૜ࢉ ૛ܛܗ܋
࡯
૛
൰ ≤  ૛࢙ࡾૢ

⇔ ૜(૚ࢇ + (࡭ܛܗ܋ + ૜(૚࢈ + (࡮ܛܗ܋ + ૜(૚ࢉ + (࡯ܛܗ܋ ≤  ૛࢙ࡾૢ

⇔෍ࢇ૜ + ૜ࢇ) ࡭ܛܗ܋ + ૜࢈ ࡮ܛܗ܋ + ૜ࢉ (࡯ܛܗ܋ ≤  ૛࢙ࡾૢ

⇔ ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁ +෍ࢇ૜ ࡭ܛܗ܋ ≤  ૛࢙ࡾૢ

⇔ ૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) + ෍ࢇ૜ ࡭ܛܗ܋ ≤  ૛࢙ࡾૢ

⇔ ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) + ૜ࢇ)∑ (࡭ܛܗ܋ ≤  ૛࢙   (5)ࡾૢ

Now, ∑ࢇ૜ ࡭ܛܗ܋ = ૜ࢇ ࡭ܛܗ܋ + ૜࢈ ࡮ܛܗ܋ + ૜ࢉ  ࡯ܛܗ܋

=
૛࢈)૜ࢇ + ૛ࢉ − (૛ࢇ

૛ࢉ࢈ +
૛ࢉ)૜࢈ + ૛ࢇ − (૛࢈

૛ࢇࢉ +
૛ࢇ)૜ࢉ + ૛࢈ − (૛ࢉ

૛࢈ࢇ  
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=⏞
(૟) ૛࢈૝ࢇ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + ૝࢈૛ࢇ + ૝ࢉ૛࢈ + ૝ࢇ૛ࢉ − ૟ࢇ∑

૛ࢉ࢈ࢇ
 

Schur ⇒ ∑࢞૜ + ૜࢞࢟ࢠ ≥ ࢞૛࢟ + ࢟૛ࢠ + ૛࢞ࢠ + ࢞࢟૛ + ૛ࢠ࢟ +  ૛࢞ࢠ

⇒෍ࢇ૟ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ૛࢈૝ࢇ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + ૝࢈૛ࢇ + ૝ࢉ૛࢈ +  ૝ࢇ૛ࢉ

(taking ࢞ = ૛ࢇ ,࢟ = ,૛࢈ ࢠ =  (૛ࢉ

⇒ ૛࢈૝ࢇ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + ૝࢈૛ࢇ + ૝ࢉ૛࢈ + ૝ࢇ૛ࢉ −෍ࢇ૟ ≤ ૜ࢇ૛࢈૛ࢉ૛ 

⇒
૛࢈૝ࢇ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + ૝࢈૛ࢇ + ૝ࢉ૛࢈ + ૝ࢇ૛ࢉ − ૟ࢇ∑

૛ࢉ࢈ࢇ ≤⏞
(ૠ)૜ࢇ૛࢈૛ࢉ૛

૛ࢉ࢈ࢇ  

= ૜
૛

(૝࢙࢘ࡾ) = ૟(7) ,(6) ;࢙࢘ࡾ ⇒ ૜ࢇ∑ ࡭ܛܗ܋ ≤ ૟(8)    ࢙࢘ࡾ 

૛࢙(࢙૛ − ૟࢘ࡾ− ૜࢘૛) ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛࢙(૝ࡾ૛ − ૛(9)     (࢘ࡾ 

(8), (9) ⇒ LHS of (5) ≤ ૛࢙(૝ࡾ૛ − ૛࢘ࡾ) + ૟࢙࢘ࡾ 

= ࢙(ૡࡾ૛ + ૛࢘ࡾ) ≤⏞
࢘ࢋ࢒࢛ࡱ

࢙(ૡࡾ૛ + (૛ࡾ =  ૛࢙ࡾૢ

= RHS of (5)⇒ (5) is true ⇒ (2) is true (Proved) 

 

371. Prove that in ∆࡯࡮࡭: 

૚૚ࢇ

࢈ + ࢉ − ࢇ +
૚૚࢈

ࢉ + ࢇ − ࢈ +
૚૚ࢉ

ࢇ + ࢈ − ࢉ ≥ ૚૙ࢇ + ૚૙࢈ +  ૚૙ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

෍
૚૚ࢇ

࢈ + ࢉ − ࢇ
≥෍ࢇ૚૙ ⇔෍ࢇ૚૙ ⋅ ቀ

ࢇ
࢈ + ࢉ − ࢇ

− ૚ቁ ≥ ૙ 

⇔෍ࢇ૚૙ ⋅
ࢇ) − (࢈ + ࢇ) − (ࢉ

࢈ + ࢉ − ࢇ ≥ ૙ 
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⇔ ∑ቆ
૚૙ࢇ

+࢈ ࢉ − ࢇ −
૚૙࢈

ࢉ + ࢇ − ቇ࢈
ࢇ) − (࢈ ≥ ૙ 

⇔෍
૚

+࢈) ࢉ − ࢉ)(ࢇ + ࢇ − (࢈ ⋅
ࢇ) − ࢇ)](࢈ − ૚૙ࢇ)(࢈ + ࢈ૢࢇ + ⋯+ ૢ࢈ࢇ +  (૚૙࢈

૞ࢇ൫ࢉ+ + ࢇ)૞൯࢈ − ૝ࢇ)(࢈ + ࢈૜ࢇ + ⋯+ ૜࢈ࢇ +  (૝࢈

ࢇ)࢈ࢇ− − ૡࢇ)(࢈ + ࢈ૠࢇ + ⋯+ ૠ࢈ࢇ + [(ૡ࢈ ≥ ૙	 

⇔ ∑ ૚
(࢈ିࢇାࢉ)(ࢇିࢉା࢈)

⋅ ૚૙ࢇ] + ૚૙࢈ 	+ ૞ࢇ൫ࢉ + ૝ࢇ)૞൯࢈ + +࢈૜ࢇ ⋯+ ૜࢈ࢇ + ࢇ)[૝࢈ − ૛(࢈ ≥ ૙  

It’s true! 

Solution 2 by Boris Colakovic-Belgrade-Serbia 

ࡿࡴࡸ ≥
࢜ࢋࢎ࢙࢏࢈ࢋࢎ࡯ ૚

૜
൬

ࢇ
࢈ + ࢉ − ࢇ

+
࢈

ࢉ + ࢇ − ࢈
+

ࢉ
ࢇ + ࢈ − ࢉ

൰ ૚૙ࢇ) + ૚૙࢈ +  (૚૙ࢉ

Substitution ࢈ + ࢉ − ࢇ = ࢞; ࢉ + ࢇ − ࢈ = ࢇ;࢟ + ࢈ − ࢉ =  ࢠ

ࢇ =
࢟+ ࢠ
૛

࢈, =
ࢠ + ࢞
૛

, ࢉ =
࢞ + ࢟
૛

 

૚
૜
൬

ࢇ
࢈ + ࢉ − ࢇ

+
࢈

ࢉ + ࢇ − ࢈
+

ࢉ
ࢇ + ࢈ − ࢉ

൰ =
૚
૜
൬
࢟ + ࢠ
૛࢞

+
ࢠ + ࢞
૛࢟

+
࢞ + ࢟
૛ࢠ

൰ = 

=
૚
૟ ൬

࢞ + ࢟
ࢠ +

࢟ + ࢠ
࢞ +

ࢠ + ࢞
࢟ ൰ = 

=
૚
૟
൬
࢞
ࢠ

+
ࢠ
࢞

+
࢟
ࢠ

+
ࢠ
࢟

+
࢞
࢟

+
࢟
࢞
൰ ≥
ࡹࡳିࡹ࡭ ૚

૟
(૛ + ૛ + ૛) ≥ ૚ 

ࡿࡴࡸ ≥ ૚૙ࢇ + ૚૙࢈ +  ૚૙ࢉ

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࢇ ≥ ࢈ ≥  ࢉ

෍
૚૚ࢇ

࢈ + ࢉ − ࢇ ≥
࢜ࢋࢎ࢙࢏࢈ࢋࢎ࡯ ૚

૜ ⋅ ቀ෍ࢇ૚૚ቁ ⋅ ൬෍
૚

࢈ + ࢉ − ൰ࢇ ≥ ૜ ቀ෍ࢇ૚૚ቁ ൬
૚
൰ࢇ∑ ≥ 

≥
ࢇ∑૚૚ஹ૚૜൫ࢇ∑

૛൯(∑ࢇ)

	෍ࢇ૚૙ 
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Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૚૚ࢇ

૛ ⋅ ࢖) − (ࢇ =
૚
૛ ⋅෍

૚૚ࢇ

࢖ − ࢇ ≥
࢜ࢋࢎ࢙࢏࢈ࢋࢎ࡯

 

≥
૚
૟ ⋅෍ࢇ૚૚ ⋅෍

૚
࢖ − ࢇ ≥

૚
૚ૡ ⋅ ቀ෍ࢇቁ ቀ෍ࢇ૚૙ቁ ⋅෍

૚
࢖ − ࢇ = 

= ൬
૚
૚ૡ

⋅෍ࢇ ⋅෍
૚

࢖ − ࢇ
൰ ⋅෍ࢇ૚૙ ≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
 

≥
૚
ૡ
⋅෍ࢇ ⋅

ૢ
૜࢖ − ૛࢖

⋅෍ࢇ૚૙ = ෍ࢇ૚૙ 

Solution 5 by Sanong Hauerai-Nakon Pathom-Thailand 

૚૚ࢇ

ࢇିࢉା࢈
+ ૚૚࢈

࢈ିࢇାࢉ
+ ૚૚ࢉ

ࢉି࢈ାࢇ
= ૛૙ࢇ

૚૙ࢇିࢉૢࢇା࢈ૢࢇ
+ ૛૙࢈

૚૙࢈ିࢇૢ࢈ାࢉૢ࢈
+ ૛૙ࢉ

૚૙ࢉି࢈ૢࢉାࢇૢࢉ
  

≥
૚૙ࢇ) + ૚૙࢈ + ૚૙)૛ࢉ

࢈ૢࢇ + ࢉૢ࢈ + ࢇૢࢉ + ࢇૢ࢈ + ࢉૢࢇ + ࢈ૢࢉ − ૚૙ࢇ + ૚૙࢈ +  ૚૙ࢉ

≥
૚૙ࢇ) + ૚૙࢈ + ૚૙)૛ࢉ

૚૙ࢇ + ૚૙࢈ + ૚૙ࢉ + ࢇૢ࢈ + ࢉૢࢇ + ࢈ૢࢉ − ૚૙ࢇ) + ૚૙࢈ +  (૚૙ࢉ

=
૚૙ࢇ) + ૚૙࢈ + ૚૙)૛ࢉ

ࢇૢ࢈ + ࢉૢࢇ + ࢈ૢࢉ
≥

૚૙ࢇ) + ૚૙࢈ + ૚૙)૛ࢉ

૚૙ࢇ + ૚૙࢈ + ૚૙ࢉ
 

= ૚૙ࢇ + ૚૙࢈ +  ૚૙ࢉ

Because ࢇ + ࢈ > ܿ, ܾ + ܿ > ܽ, ܿ + ܽ > ܾ 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

Let ࢇ ≥ ࢈ ≥ then ૚ ࢉ
ࢇିࢉା࢈

≥ ૚
࢈ିࢇାࢉ

≥ ૚
ࢉି࢈ାࢇ

 

∴ ෍
૚૚ࢇ

࢈ + ࢉ − ࢇ
ࢉ࢟ࢉ

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜ ቌ
෍ࢇ૚૚

ࢉ࢟ࢉ

ቍቌ෍
૚

࢈ + ࢉ − ࢇ
ࢉ࢟ࢉ

ቍ 
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≥ ቌ෍ࢇ૚૚

ࢉ࢟ࢉ

ቍ൬
૜

ࢇ + ࢈ + ࢉ
൰ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜ቌ
෍ࢇ૚૙

ࢉ࢟ࢉ

ቍ ࢇ) + ࢈ + (ࢉ ൬
૜

ࢇ + ࢈ + ࢉ
൰ 

= ૚૙ࢇ + ૚૙࢈ +  ૚૙ࢉ

 

372. In acute ࢤ	࡯࡮࡭: 

ૡ + ෑ࡭܋܍ܛ ≥ ૝෍܋ܛ܋૛࡭ 

Proposed by Kevin Soto Palacios – Huarmey – Peru  

Solution by Mehmet Sahin-Ankara-Turkey 

ૡ + ෑ ࡭܋܍ܛ
ࢉ࢏࢒ࢉ࢟ࢉ

≥ ૝ ⋅ ෍ ࡭૛܋ܛ܋
ࢉ࢏࢒ࢉ࢟ࢉ

 

ૡ +
૚

࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ ૝ ൬
૚

࡭૛ܖܑܛ +
૚

࡮૛ܖܑܛ +
૚

૛ܖܑܛ  ൰࡯

(࢞)ࢌ = ૚
૛ܖܑܛ ࢞

 is convex function in ቀ૙,࣊
૛
ቁ 

ࢌ ൬
࡭ + ࡮ + ࡯

૜
൰ ≤

૚
૜

(࡭)ࢌ] + (࡮)ࢌ +  [(࡯)ࢌ

⇔ (࡭)ࢌ + (࡮)ࢌ + (࡯)ࢌ ≥ ૜ ⋅ ࢌ ൬
࡭ + ࡮ + ࡯

૜
൰ 

≥ ૜ ⋅
૚

ቂܖܑܛ ቀ࡭ + ࡮ + ࡯
૜ ቁቃ

૛ ≥ ૜ ⋅
૚

ቆ√૜૛ ቇ
૛ = ૝ 

⇔ ૡ +
૚

࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ࡯ܛܗ܋
≥ ૝ ⋅ ૝ ⇔

૚
࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ࡯ܛܗ܋

≥ ૡ 

⇔ ࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ܛܗ܋ ࡯ ≤
૚
ૡ

 

࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ ≥ ૜√࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ܛܗ܋ ૜࡯  
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૜
૛ ≥ ૚ +

࢘
ࡾ ≥ ૜√࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ૜࡯ܛܗ܋  

⇔ ࡭ܛܗ܋ ⋅ ࡮ܛܗ܋ ⋅ ࡯ܛܗ܋ ≤ ૚
ૡ
 as desired ∴ 

 

373. In ࢤ	࡯࡮࡭: 

(࡯,࡮,࡭)ܠ܉ܕ = ૚૛૙° ⇔ ࢙√૜ = ࢘ + ૜ࡾ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

(࡯;࡮;࡭)ܠ܉ܕ = ࡭ = ૚૛૙° 

ܖ܉ܜ (1 ࡭
૛

= ࢘
ࢇି࢖

 

࡭ܖܑܛ (2 = ࢇ
૛ࡾ
⇒ ܖܑܛ ૚૛૙° = ࢇ

૛ࡾ
⇒ ࢇ = √૜ࡾ   (*) 

1) ⇒ ܖ܉ܜ ૚૛૙°
૛

= ࢘
ࢇି࢖

⇔ √૜ = ࢘
ࢇି࢖

⇒ 

⇒ ૜ ⋅ ࢖) − (ࢇ = √૜࢘ ⇒ ૜ ⋅ ൬
࢈ + ࢉ − ࢇ

૛
൰ = √૜࢘ ⇒ 

⇒
૜ ⋅ ࢈) + (ࢉ

૛ −
૜ࢇ
૛ = √૜࢘ ⇒

૜ࢇ
૛ − ૜ࢇ +

૜(࢈ + (ࢉ
૛ = √૜࢘ 

૜ ⋅ ቀࢇା࢈ାࢉ
૛

ቁ = √૜࢘ + ૜ࢇ; ૜࢖ = √૜࢘ + ૜ࢇ| ⋅ √૜; ૜ ⋅ √૜࢖ = ૜ ⋅ ࢘ + ૜√૜ࢇ 

√૜࢖ = ࢘ + √૜ࢇ ⇒
(∗)
√૜࢖ = ࢘ + ૜ࡾ 

374. If in ࢤ	ࡻ,࡯࡮࡭ − circumcentre, 

ࢇࢊ = ࢈ࢊ,(࡯࡮,ࡻ)ࢊ = ࢉࢊ,(࡯࡭,ࡻ)ࢊ =  (࡮࡭,ࡻ)ࢊ

ࢇࢊ
ࢇ࢘

+
࢈ࢊ
࢈࢘

+
ࢉࢊ
ࢉ࢘

≥ ૚ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡻ,࡯࡮࡭ − circuncentro, ࢇࢊ = ࢈ࢊ,(࡯࡮,ࡻ)ࢊ =  ,(࡯࡭,ࡻ)ࢊ

ࢉࢊ = ࢇࢊ Probar que .(࡮࡭,ࡻ)ࢊ
ࢇ࢘

+ ࢈ࢊ
࢈࢘

+ ࢉࢊ
ࢉ࢘
≥ ૚ 

Tener en cuenta las siugientes desigualdad e identidades en un ࡯࡮࡭ 

ࢇࢊ = ࡭ܛܗ܋ࡾ ࢈ࢊ, = ࡮ܛܗ܋ࡾ ࢉࢊ, = ࡯ܛܗ܋ࡾ ࡾ, ≥ ૛࢘ (Inequality Euler) 

ࢇ࢘ =
ࡿ

࢙ − ࢇ
, ࢈࢘ =

ࡿ
࢙ − ࢈

ࢉ࢘, =
ࡿ

࢙ − ࢉ
, ࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ = ૚ +

࢘
ࡾ

=
ࡾ + ࢘
ࡾ

 

ࡿ
૛ࡾ૛

= ࡭ܖܑܛ + ࡮ܖܑܛ +   ,࡯ܖܑܛ

ܖܑܛ ૛࡭ + ࡮૛ܖܑܛ + ࡯૛ܖܑܛ = ૝࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ ࡯ = ૛ࡿ
૛ࡾ

  

La desigualdad propuesta s equivalente 
ࢇࢊ
ࢇ࢘

+
࢈ࢊ
࢈࢘

+
ࢉࢊ
ࢉ࢘

=
ࡾ
ࡿ ൫

(࢙ − (ࢇ ࡭ܛܗ܋ + (࢙ − (࢈ ࡮ܛܗ܋ + (࢙ − (ࢉ ൯࡯ܛܗ܋ ≥ ૚ 

⇔
ࡾ
࢙

࡭ܛܗ܋)࢙) + ࡮ܛܗ܋ + (࡯ܛܗ܋ − ࡭ܛܗ܋ࢇ − ࡮ܛܗ܋࢈ − ࢉ (࡯ܛܗ܋ ≥ ૚ 

⇔
ࡾ
ࡿ
⋅ ࢙ ൬

ࡾ + ࢘
ࡾ

൰ −
ࡾ
ࡿ
⋅ ࡭૛ܖܑܛ)ࡾ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯) ≥ ૚ 

⇔ ࡾ
࢙࢘
⋅ ቀࡾା࢘

ࡾ
ቁ − ࡾ

ࡿ
⋅ ૛ࡿ
ࡾ

= ା࢘ࡾ
࢘
− ૛ = ࢘ିࡾ

࢘
≥ ૛࢘ି࢘

࢘
= ૚ (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
ࢇࢊ⋅ࢇ
૛

+ ࢈ࢊ⋅࢈
૛

+ ࢉࢊ⋅ࢉ
૛

= ࡿ ⇔ ࢇ∑ ⋅ ࢇࢊ = ૛(1)     ࡿ 

෍
ࢇࢊ
ࢇ࢘

= ෍
࢖) − (ࢇ ⋅ ࢇࢊ

ࡿ =
࢖
࢙ ⋅෍ࢇࢊ −

૚
ࡿ ⋅෍ࢇ ⋅ ࢇࢊ = 

=
(૚) ૚

࢘
⋅ ∑ ࢇࢊ −

૚
ࡿ
⋅ ૛ࡿ = ૚

࢘
⋅ ∑ ࢇࢊ − ૛ ≥ ૚   (ASSURE) 

෍ࢇࢊ ≥ ૜࢘ ⇒෍ࢇࢊ = ෍ࡾ ⋅ ࡭ܛܗ܋ = ࡾ ⋅ ቀ૚ +
࢘
ࡾ
ቁ = ࡾ + ࢘ ≥

࢘ࢋ࢒࢛ࡱ
	૜࢘ 
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375. Prove that in an acute-angled triangle having the perimeter equal with ૚ 

we have: ܛܗ܋૜(࡭ࢇ + ࡮࢈ + (࡯ࢉ ≥ ૞૝࢘ࡾ ࡭ܛܗ܋  ࡯ܛܗ܋࡮ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

{cosݔ}ᇱᇱ = ࢞ܛܗ܋− ≤ ૙ for all ࢞ ∈ ቀ૙, ࣊
૛
ቁ 

hence, ࢞ܛܗ܋ is a concave function and ࢇ + ࢈ + ࢉ = ૚ then 

࡭ࢇ)ܛܗ܋ + ࡮࢈ + (࡯ࢉ ≥ ࡭ܛܗ܋ࢇ + ࢈ ࡮ܛܗ܋ + ࢉ  ࡯ܛܗ܋

࡭ࢇ)૜ܛܗ܋ + ࡮࢈ + (࡯ࢉ ≥ ࢇ) ࡭ܛܗ܋ + ࢈ ࡮ܛܗ܋ + ࢉ  ૜(࡯ܛܗ܋

= ૛ૠ	ࢉ࢈ࢇ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ૛ૠ ⋅ ૝࢖࢘ࡾ ⋅ෑ࡭ܛܗ܋
ࢉ࢟ࢉ

 

= ૛ૠ ⋅ ૛࢘ࡾ ⋅ ૛࢖ ⋅ෑ࡭ܛܗ܋
ࢉ࢟ࢉ

= ૞૝࢘ࡾෑ࡭ܛܗ܋
ࢉ࢟ࢉ

 

(Proved) ൤∵ ࢇ + ࢈ + ࢉ = ૚
૛࢖ = ૚ ൨ 

 

376. In ࢤ	࡯࡮࡭: 

ࢇ࢓) + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡ࢝ࢉ࢝࢈࢝ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭. Probar que:  

ࢇ࢓) + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡ࢝ࢉ࢝࢈࢝ࢇ 

Considerar lo siguiente en un triángulo ࡯࡮࡭: 

ࢇ࢓ =
√૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૛
࢈࢓, =

√૛ࢇ૛ + ૛ࢉ૛ − ૛࢈

૛
ࢉ࢓, =

√૛ࢇ૛ + ૛࢈૛ − ૛ࢉ

૛
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ࢉ࢘࢈࢘ࢇ࢘ = ࡿ,࢖ࡿ = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ −  (ࢉ

⇔ ࡿ = Área de región trianglular, ࢖ = semiperímetro 

ࢇ࢝ =
૛√ࢉ࢈ඥ࢖)࢖ − (ࢇ

࢈ + ࢉ
࢈࢝, =

૛√ࢉࢇඥ࢖)࢖ − (࢈
ࢇ + ࢉ

ࢉ࢝, =
૛√ࢉ࢈ඥ࢖)࢖ − (ࢉ

ࢇ + ࢈
 

Por: MA ≥ MG: (ࢇ࢓ + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡඥࢉ࢘࢈࢘ࢇ࢘ࢉ࢓࢈࢓ࢇ࢓ 

Ahora demostraremos que: ࢉ࢓࢈࢓ࢇ࢓ ≥   :Por .ࢉ࢘࢈࢘ࢇ࢘

ࡼࡹ ≥ ࡭ࡹ → ૛(࢈૛ + (૛ࢉ ≥ ࢈) + ૛(ࢉ → ૛(࢈૛ + (૛ࢉ − ૛ࢇ ≥ ࢈) + ૛(ࢉ −  ૛ࢇ

→ ඥ૛(࢈૛ାࢉ૛)ିࢇ૛

૛
≥ ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − ,૙)(ࢇ ૞) → ࢇ࢓ ≥ ඥ࢖)࢖ −  (A)   (ࢇ

Por lo tanto: ࢈࢓ ≥ ඥ࢖)࢖ − ࢉ࢓  ,(B)   (࢈ ≥ ඥ࢖)࢖ −   (C)    (ࢉ

Multiplicando: (A)(B)(C) → ࢉ࢓࢈࢓ࢇ࢓ ≥  :Por lo tanto .ࢉ࢘࢈࢘ࢇ࢘

ࢇ࢓) + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡඥࢉ࢘࢈࢘ࢇ࢘ࢉ࢓࢈࢓ࢇ࢓ ≥ 

≥ ૡ࢘ࢉ࢘࢈࢘ࢇ = ૡ࢖ࡿ
ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ
ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ ≥ 

≥ ૟૝࢖ࢉ࢈ࢇඥ(ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖
(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) = ૡ࢝ࢉ࢝࢈࢝ࢇ    (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

In ࡯࡮࡭ࢤ:	 ࢇ࢓)∏ + (ࢇ࢘ ≥ ૡ ⋅  ࢇ࢝∏

ࢇ࢓ (1 ≥ ඥ࢖ ⋅ ࢖) − ;(ࢇ ࢇ࢘	 = ࡿ
ࢇି࢖

 

ෑ(ࢇ࢓ + (ࢇ࢘ 	 ≥
ࡹࡳஹࡹ࡭

	ૡ ⋅ ඥࢉ࢓࢈࢓ࢇ࢓ ⋅ ඥ࢘ࢉ࢘࢈࢘ࢇ = 

= ૡටෑࢇ࢓ ⋅ ටෑ࢘ࢇ ≥ ૡ ⋅ ඨටෑ࢖ ⋅ ࢖) − (ࢇ ⋅ ඨ
૜ࡿ

࢖)∏ − (ࢇ = 

= ૡ ⋅ ට ࢖⋅૝ࡿ⋅࢖
࢖⋅(ࢇି࢖)∏

= ૡට࢖૛⋅ࡿ૝

૛ࡿ
= ૡ࢖ ⋅ ࢇ࢓)∏ ;ࡿ + (ࢇ࢘ ≥ ૡ࢖ ⋅  ࡿ
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ࢇ࢝ (2 ≤ ඥ࢖ ⋅ ࢖) − (ࢇ ⇒ ૡ∏࢝ࢇ ≤ ૡඥ࢖)࢖ − ࢖)࢖(ࢇ − ࢖)࢖(࢈ − (ࢉ = 

= ૡ ⋅ ࢖ ⋅  ࡿ

 

377. Siendo ࢈,ࢇ,  Probar que .࡯࡮࡭ los lados de un triángulo ࢉ

ࢉ࢈√ࢇ + ࢇࢉ√࢈ + ࢈ࢇ√ࢉ ≥ ૝࢘(૝ࡾ + ࢘) 

Proposed by Kevin Soto Palacios – Huarmey – Peru  

 Solution  by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢉ࢈√ࢇ + +ࢇࢉ√࢈ ࢈ࢇ√ࢉ ≥
ࡹࡳିࡹ࡭

૜ඥ(ࢉ࢈ࢇ)૛૜ = 

= ૜ඥ૚૟࢖૛ ⋅ ૛ࡾ ⋅ ࢘૛૜ ≥ ૝࢘ ⋅ (૝ࡾ + ࢘)   (ASSURE) 

૛ૠ ⋅ ૚૟࢖૛ ⋅ ૛ࡾ ⋅ ࢘૛ ≥ ૟૝࢘૜(૝ࡾ + ࢘)૜ ⇔
૛ૠ
૝
⋅ ૛࢖ ⋅ ૛ࡾ ≥ ࢘(૝ࡾ + ࢘)૜ 

⇒ (Gerretsen) ૛ૠ
૝
⋅ (૚૟࢘ࡾ − ૞࢘૛) ⋅ ૛ࡾ ≥ ࢘ ⋅ (૝ࡾ + ࢘)૜ ⇒ 

൬
ࡾ
૛

= ࢚൰ ⇒
૛ૠ
૝
⋅ (૚૟࢚ − ૞)࢚૛ ≥ (૝࢚ + ૚)૜ ⇔ ૚ૠ૟࢚૜ − ૜૛ૠ࢚૛ − ૝ૡ࢚ − ૝ ≥ ૙ 

(࢚ − ૛)ᇣᇧᇤᇧᇥ
⇓
࢚ஹ૛

⋅ (૚ૠ૟࢚૛ + ૛૞࢚ + ૛)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
⇓
வ଴

≥ ૙. TRUE. 

 

378. In ࢤ	࡯࡮࡭: 

ࣅ ⋅
ࡾ
࢘ +

૛࢖

(૝ࡾ + ࢘)૛ ≥ ૛ࣅ +
૚
૜ ࣅ, ≥

૛
૚૞ 

Proposed by Marin Chirciu – Romania  

 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࢔:࡯࡮࡭ ⋅ ࡾ
࢘

+ ૛࢖

(૝ࡾା࢘)૛ ≥ ૛࢔ + ૚
૜

, donde ࢔ ≥ ૛
૚૞
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⇔ ૛࢘ିࡾቀ࢔
࢘
ቁ + ૛࢖

(૝ࡾା࢘)૛ ≥
૚
૜

. Como ࢔ ≥ ૛
૚૞

ࡾ , − ૛࢘ ≥ ૙ (Inequality Euler), 

૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛   (Inequality Gerretsen). Por lo tanto 

൬࢔
ࡾ − ૛࢘

࢘ ൰+
૛࢖

(૝ࡾ + ࢘)૛ ≥
૛
૚૞൬

ࡾ − ૛࢘
࢘ ൰ +

૚૟࢘ࡾ − ૞࢘૛

(૝ࡾ + ࢘)૛  

Es suficiente probar: ૛
૚૞
ቀିࡾ૛࢘

࢘
ቁ+ ૚૟ି࢘ࡾ૞࢘૛

(૝ࡾା࢘)૛ ≥ ૚
૜
⇔ ૛ࡾ

૚૞࢘
+ ૚૟ି࢘ࡾ૞࢘૛

(૝ࡾା࢘)૛ ≥ ૜
૞
 

⇔ ૛ࡾ(૝ࡾ + ࢘)૛ + ૚૞࢘(૚૟࢘ࡾ − ૞࢘૛) ≥ ૢ࢘(૝ࡾ + ࢘)૛ 

⇔ ૜૛ࡾ૜ + ૚૟ࡾ૛࢘ + ૛૝૛࢘ࡾ૛ − ૠ૞࢘૜ ≥ ૚૝૝ࡾ૛࢘ + ૠ૛࢘૛ࡾ + ૢ࢘૜ 

⇔ ૜૛ࡾ૜ − ૚૛ૡࡾ૛࢘ + ૚ૠ૙࢘ࡾ૛ − ૡ૝࢘૜ = ૛(ࡾ− ૛࢘)(૚૟ࡾ૛ − ૜૛࢘ࡾ + ૛૚࢘૛) = 

= ૛(ࡾ − ૛࢘)(૚૟(ࡾ − ૛࢘) + ૛૚࢘૛) ≥ ૙   (LQQD) 

 

379. In ࢤ	࡯࡮࡭: 

ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘

≥
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ࢇ

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢘ :࡯࡮࡭
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
 

La desigualdad propuesta es equivalente: ࢙ି࢈
ࢇି࢙

+ ࢉି࢙
࢈ି࢙

+ ࢇି࢙
ࢉି࢙

≥ ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ

 

Como ࢈,ࢇ,  realizamos los siguientes ,࡯࡮࡭ son la dos de un triángulo ࢉ

cambios 
࢞ = ࢙ − ࢇ > ݕ,0 = ݏ − ܾ > 0, ݖ = ݏ − ܿ > 0 ⇔ ݔ + ݕ = ݕ,ܿ + ݖ = ܽ, ݖ + ݔ = ܾ  
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⇔ ࢟

࢞
+ ࢠ

࢟
+ ࢞

ࢠ
≥ ା࢟ࢠ

ା࢞ࢠ
+ ࢞ାࢠ

࢞ା࢟
+ ࢟ା࢞

࢟ାࢠ
. Realizamos los siguienes cambios de 

variables ࡼ =
૚ା࢟࢞
૛

> 0,ܳ =
૚ା࢟ࢠ
૛

> 0,ܴ =
૚ା࢞ࢠ
૛

> 0. Aplicando la desigualdad 

de Holder ૡࡾࡽࡼ = ቀ૚ + ࢟
࢞
ቁ ቀ૚ + ࢠ

࢟
ቁ ቀ૚+ ࢞

ࢠ
ቁ ≥ (૚ + ૚)૜ = ૡ ⇔ ࡾࡽࡼ ≥ ૚ 

Ahora bien en (A) 

ቀ࢟
࢞

+ ା࢟ࢠ
ା࢞ࢠ

ቁ+ ቀࢠ
࢟
− ࢞ାࢠ

࢞ା࢟
ቁ + ቀ࢞

ࢠ
− ࢟ା࢞

࢟ାࢠ
ቁ = (࢞ି࢟)ࢠ

(ା࢞ࢠ)࢞ + (࢟ିࢠ)࢞
࢟(࢞ା࢟) + (ࢠି࢞)࢟

(ࢠା࢟)ࢠ ≥ ૙  

⇔
࢟
࢞ − ૚

૚ + ࢞
ࢠ

+

ࢠ
࢟ − ૚

૚+ ࢟
࢞

+
࢞
ࢠ − ૚

૚ + ࢠ
࢟

=
૛(ࡼ − ૚)

૛ࡾ +
૛(ࡽ − ૚)

૛ࡼ +
૛(ࡾ − ૚)

૛ࡽ ≥ ૙ 

⇔ ࡼ
ࡾ

+ ࡽ
ࡼ

+ ࡾ
ࡽ
≥ ૚

ࡾ
+ ૚

ࡼ
+ ૚

ࡽ
. Como ࡾࡽࡼ ≥ ૚, donde ࡾ,ࡽ,ࡼ > 0 

Aplicando MA ≥ MG: ࡼ
ࡾ

+ ࡼ
ࡾ

+ ࡽ
ࡼ
≥ ૜ටࡽࡼ

૛ࡾ
૜

= ૜ටࡾࡽࡼ
૜ࡾ

૜
≥ ૜ට ૚

૜ࡾ
૜

= ૜
ࡾ

   (B) 

Análogamente para los siguientes términos ࡽ
ࡼ

+ ࡽ
ࡼ

+ ࡾ
ࡽ
≥ ૜

ࡼ
   (C) 

ࡾ
ࡽ

+ ࡾ
ࡽ

+ ࡼ
ࡾ
≥ ૜

ࡽ
   (D). Sumando (B) + (C) + (D) 

⇒ ૜ቀࡼ
ࡾ

+ ࡽ
ࡼ

+ ࡾ
ࡽ
ቁ ≥ ૜

ࡾ
+ ૜

ࡼ
+ ૜

ࡽ
⇔ ࡼ

ࡾ
+ ࡽ

ࡼ
+ ࡾ

ࡽ
≥ ૚

ࡾ
+ ૚

ࡼ
+ ૚

ࡽ
    (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭, ࢇ࢘
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥
(૚) ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
 

(1) ⇔ ࢈ି࢙
ࢇି࢙

+ ࢉି࢙
࢈ି࢙

+ ࢇି࢙
ࢉି࢙

≥
(૛) ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
 

ቀ∵ ࢇ࢘ = ࢤ
ࢇି࢙

࢙ ቁ. Letࢉ࢚ࢋ, − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ =  ࢠ

Then, ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢉ,࢞ = ࢞ + ࢟ 

∴ (2) ⇔ ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
≥ ࢟ାࢠ

ା࢞ࢠ
+ ା࢞ࢠ

࢞ା࢟
+ ࢞ା࢟

࢟ାࢠ
 



 
www.ssmrmh.ro 

 

⇔ ࢟૛ࢠାࢠ૛࢞ା࢞૛࢟
ࢠ࢟࢞

≥ (࢟ାࢠ)૛(࢞ା࢟)ା(ࢠା࢞)૛(࢟ାࢠ)ା(࢞ା࢟)૛(ࢠା࢞)
(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)   

⇔ (࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)(࢞૛࢟+ ࢟૛ࢠ + (૛࢞ࢠ − 

࢞)}ࢠ࢟࢞− + ࢟)૛(ࢠ + ࢞) + (࢟ + ࢞)૛(ࢠ + ࢟) + ࢠ) + ࢞)૛(࢟ + {(ࢠ ≥ ૙ 
⇔ ൫࢞૝࢟૛ + ࢟૝ࢠ૛ + +૝࢞૛൯ࢠ ൫࢞૜࢟૜ + ࢟૜ࢠ૜ + ૜࢞૜൯ࢠ ≥ ૜࢞૛࢟૛ࢠ૛ + ࢞૜࢟૛ࢠ+ ࢟૜ࢠ૛࢞ +  ૜࢞૛࢟    (3)ࢠ

Let ࢛,࢜,࢝ > 0. We have, ࢛૜ + ࢜૜ + ࢜૜ ≥
ࡳି࡭

૜࢛࢜૛,	 

࢜૜ + ࢝૜ + ࢝૜ ≥
ࡳି࡭

૜࢜࢝૛,࢝૜ + ࢛૜ + ࢛૜ ≥
ࡳି࡭

૜࢛࢝૛ 

Adding the above 3, ૜∑࢛૜ ≥ ૜∑࢛࢜૛ ⇒ ∑࢛૜ ≥ ∑࢛࢜૛ 

Putting ࢛ = ࢞࢟,࢜ = ࢝,ࢠ࢟ =  ,we get ,࢞ࢠ

෍࢞૜࢟૜ ≥
(૝)

૛(ࢠ࢟)࢟࢞ + ૛(࢞ࢠ)(ࢠ࢟) +  ૛(࢟࢞)(࢞ࢠ)

= ࢞૜࢟૛ࢠ + ࢟૜ࢠ૛࢞ + ૜࢞૛࢟. Again, ࢞૝࢟૛ࢠ + ࢟૝ࢠ૛ + ૝࢞૛ࢠ ≥
ࡳି࡭

૜࢞૛࢟૛ࢠ૛   (5) 

 (4) + (5) ⇒ (3) is true (Proved) 

 

380. In ࢤ	࡯࡮࡭: 

૚

ቀ࡭ܖ܉ܜ૛ + ૛ቁ࡮ܖ܉ܜ
૛࢔ା૛ +

૚

ቀ࡮ܖ܉ܜ૛ + ૛ቁ࡯ܖ܉ܜ
૛࢔ା૛ +

૚

ቀ࡯ܖ܉ܜ૛ + ૛ቁ࡭ܖ܉ܜ
૛࢔ା૛ ≥

૜࢔ା૛

૝࢔ା૚
࢔, ≥ ૙ 

Proposed by D.M. Bătinețu – Giurgiu and Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࡯࡮࡭: ૚

ቀ࡭ܖ܉ܜ૛ାܖ܉ܜ
࡮
૛ቁ

૛࢔శ૛ + ૚

ቀ࡮ܖ܉ܜ૛ାܖ܉ܜ
࡯
૛ቁ

૛࢔శ૛ + ૚

ቀ࡯ܖ܉ܜ૛ାܖ܉ܜ
࡭
૛ቁ

૛࢔శ૛ ≥
૜࢔శ૛

૝࢔శ૚
࢔, ≥ ૙ 

IRAN INEQUALITY. Siendo ࢞,࢟, ࢠ ≥ ૙ se cumple la siguiente desigualdad 

(࢞࢟ + ࢠ࢟ + (࢞ࢠ ቀ ૚
(࢞ା࢟)૛ + ૚

(࢟ାࢠ)૛ + ૚
૛ቁ(ା࢞ࢠ) ≥

ૢ
૝
    (A) 

Realizamos los siguientes cambios de variables 
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࢞ = ܖ܉ܜ ࡭

૛
> 0, ݕ = ܖ܉ܜ ࡮

૛
> 0, ݖ = ܖ܉ܜ ࡯

૛
> 0, ݕݔ + ݖݕ + ݔݖ = 1  

Por lo tanto tenemos en (A) ૚
(࢞ା࢟)૛ + ૚

(࢟ାࢠ)૛ + ૚
૛(ା࢞ࢠ) ≥

ૢ
૝

 

De la desigualdad ponderada de Cauchy 

ቀ ૚
శ૚࢔ࢇ

+ ૚
శ૚࢔࢈

+ ૚
శ૚࢔ࢉ

ቁ ⋅ ૜࢔ ≥ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
ା૚࢔

, donde ࢈,ࢇ, ࢉ > 0, ݊ ≥ 0 

Siendo ࢇ = (࢞ + ࢟)૛, ࢈ = (࢟ + ,૛(ࢠ ࢉ = ࢠ) + ࢞)૛ ⇔ ࢞,࢟, ࢠ > 0 

⇒ ૚
(࢞ା࢟)૛࢔శ૛ + ૚

(࢟ାࢠ)૛࢔శ૛ + ૚
శ૛࢔૛(ା࢞ࢠ) ≥

૚
૜࢔
ቀ ૚

(࢞ା࢟)૛ + ૚
(࢟ାࢠ)૛ + ૚

૛ቁ(ା࢞ࢠ)
ା૚࢔

≥  

≥ ૚
૜࢔
⋅ ቀૢ

૝
ቁ
ା૚࢔

= ૜࢔శ૛

૝࢔శ૚
 (LQQD) 

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

෍
૚

ቀ࡭ܖ܉ܜ૛ + ૛ቁ࡮ܖ܉ܜ
૛࢔ା૛ ≥

૜࢔ା૛

૝࢔ା૚
࢔∀; ≥ ૙ 

We have: ܖ܉ܜ ࡭
૛

= ࢞; ܖ܉ܜ ࡮
૛

= ࢟; ܖ܉ܜ ࡯
૛

= ࢠ ⇒ ࢞࢟ + ࢠ࢟ + ࢞ࢠ = ૚ 

Chebyshev: ∑ ૚
(࢞ା࢟)૛࢔శ૛ ≥

൬∑ ૚
(࢞శ࢟)૛࢔

൰൬∑ ૚
(࢞శ࢟)૛

൰

૜
   (1) 

AM-GM: ࢔ positive real numbers: 

૚
(࢞ + ࢟)૛࢔ +

૚

൬ ૛
√૜

൰
૛࢔ + ⋯+

૚

൬ ૛
√૜

൰
૛࢔ ≥ ࢔ ⋅

ඩ
૚

(࢞ + ࢟)૛࢔ ⋅ ൬ ૛
√૜

൰
૛࢔(ି࢔૚)

࢔  

⇒෍
૚

(࢞ + ࢟)૛࢔ + ෍
૛−࢔

൬ ૛
√૜

൰
૛࢔ ≥

࢔

(࢞ + ࢟)૛ ⋅ ቀ૝૜ቁ
 ૚ି࢔

⇒ ∑ ૚
(࢞ା࢟)૛࢔ ≥ ቀ૜

૝
ቁ
૚ି࢔

⋅ ࢔ ⋅ ∑ ૚
(࢞ା࢟)૛ −

૜(ି࢔૚)

ቀ ૛
√૜
ቁ
૛࢔       (2) 
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Because, inequality: ∑ ૚

(࢞ା࢟)૛ ≥
ૢ

૝∑࢞࢟
= ૢ

૝
    (2) 

⇒ ∑ ૚
(࢞ା࢟)૛࢔ ≥ ࢔ ⋅ ቀ૜

૝
ቁ
૚ି࢔

⋅ ૢ
૝
− ૜(ି࢔૚)

ቀ ૛
√૜
ቁ
૛࢔     (3) 

(1),(3) ⇒ ∑ ૚
(࢞ା࢟)૛࢔శ૛ ≥ ∑ ૚

(࢞ା࢟)૛࢔శ૛ ≥
൤࢔⋅૜

శ૚࢔

૝࢔ ି૜
శ૚࢔

૝࢔
൨⋅ૢ૝(૚ି࢔)

૜
⇒ ∑ ૚

(࢞ା࢟)૛࢔శ૛ ≥
૜࢔శ૛

૝࢔శ૚
 

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand 

Because ࡭ ࡮+ + ᇱ࡯ = ࣊,૙ < ,ܤ,ܣ ܥ <  we get ,ߨ

࡭ܖܑܛ + ࡮ܖܑܛ + ܖܑܛ ࡯ ≤
૜√૜
૛

; ࡭ܛܗ܋	 + ࡮ܛܗ܋ + ࡯ܛܗ܋ ≤
૜
૛

 

ܖ܉ܜ
࡭
૛

=
࡭ܖܑܛ

૚ + ࡭ܛܗ܋
, ܖ܉ܜ

࡮
૛

=
࡮ܖܑܛ

૚ + ࡮ܛܗ܋
, ܖ܉ܜ

࡯
૛

=
ܖܑܛ ࡯

૚ + ࡯ܛܗ܋
 

In ࢞ = ܖ܉ܜ ࡭
૛

,࢟ = ܖ܉ܜ ࡮
૛

, ࢠ = ܖ܉ܜ ࡯
૛

, we obtain 

(࢞ + ࢟) + (࢟ + (ࢠ + ࢠ) + ࢞) ≤ ૛√૜; 	
૚

(࢞ + ࢟) +
૚

(࢟ + (ࢠ +
૚

ࢠ) + ࢞) ≥
૜√૜
૛

 

૚
(࢞ + ࢟)૛ +

૚
(࢟ + ૛(ࢠ +

૚
ࢠ) + ࢞)૛ ≥

ቀ ૚
࢞ + ࢟ + ૚

࢟+ ࢠ + ૚
ࢠ + ࢞ቁ

૛

૜ ≥
૛࢟
૝
૜ =

ૢ
૝ 

૚
((࢞ା࢟)૛)(࢔శ૚) + ૚

((࢟ାࢠ)૛)(࢔శ૚) + ૚
(శ૚࢔)(૛(ା࢞ࢠ)) ≥

൬ ૚
(࢞శ૚)૛

ା ૚
(࢟శࢠ)૛

ା ૚
૛(శ࢞ࢠ)

൰
(శ૚࢔)

૜࢔
  

≥
ቀૢ૝ቁ

(ା૚࢔)

૜࢔ =

(ା૚࢔)ૢ

૝(࢔ା૚)

૜࢔ =
૜(૛࢔ା૛) ⋅ ૜(ି࢔)

૝(࢔ା૚) =
૜࢔ା૛

૝(࢔ା૚)  

Solution 4 by SK Rejuan-West Bengal-India 

ቀܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛
ቁ
૛
≤ ૛ቀܖ܉ܜ૛ ࡭

૛
+ ૛ܖ܉ܜ ࡮

૛
ቁ  [by Cauchy Inequality] 

= ૛ቊ
(࢙ − ࢙)(࢈ − (ࢉ

࢙(࢙ − (ࢇ +
(࢙ − ࢙)(ࢇ − (ࢉ

࢙(࢙ − (࢈ ቋ = ૛ ⋅
૛(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙(࢙ − ࢙)(ࢇ − (࢈  
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= ૝ቀ
࢙ − ࢉ
࢙ ቁ ⇒ ൬ܖ܉ܜ

࡭
૛ + ܖ܉ܜ

࡮
૛൰

૛

≤ ૝ ቀ
࢙ − ࢉ
࢙ ቁ 

⇒ ቀܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛
ቁ
૛࢔ା૛

≤ ૝࢔ା૚ ቀ࢙ିࢉ
࢙
ቁ
ା૚࢔

⇒ ∑ ૚

ቀ࡭ܖ܉ܜ૛ାܖ܉ܜ
࡮
૛
ቁ
૛࢔శ૛ ≥

૚
૝࢔శ૚

∑ቀ ࢙
ࢉି࢙

ቁ
ା૚࢔

   (1). Let, ࡼ = ∑ቀ ࢙
ࢉି࢙

ቁ
ା૚࢔

     (2) 

≥ ૜
૜࢔శ૚

ቀ∑ ࢙
ࢉି࢙

ቁ
ା૚࢔

   [by mth power theorem]≥ ૜
૜࢔శ૚

൜ ૢ
∑࢙షࢉ

࢙
ൠ
ା૚࢔

   [by A.M ≥ H.M] 

⇒ ࡼ ≥ ૜
૜࢔శ૚

⋅ ૜૛࢔ା૛   [∵ ∑ ࢉି࢙
࢙

= ૚] 

⇒ ࡼ ≥ ૜૛࢔ା૛ିି࢔૚ା૚ = ૜࢔ା૛ ⇒ ∑ ቀ ࢙
ࢉି࢙

ቁ
ା૚࢔

≥ ૜࢔ା૛      (3) 

[From (2) the value of ࡼ] ⇒ ૚
૝࢔శ૚

∑ቀ ࢙
ࢉି࢙

ቁ
ା૚࢔

≥ ૜࢔శ૛

૝࢔శ૚
      (4) 

Combining (1) & (4) we get, ∑ ૚

ቀ࡭ܖ܉ܜ૛ାܖ܉ܜ
࡮
૛
ቁ
૛࢔శ૛ ≥

૜࢔శ૛

૝࢔శ૚
 [Proved] 

 

381. In ࢤ	ࡳ,࡯࡮࡭ − centroid 

ቀ෍ܜܗ܋૛(∢࡮࡭ࡳ)ቁ ቀ෍ܜܗ܋૝(∢࡯࡮ࡳ)ቁ ቀ෍ܜܗ܋ૡ(∢࡭࡯ࡳ)ቁ ≥ ૜૚૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 

ቀ෍ܜܗ܋૛(∢࡮࡭ࡳ)ቁ ቀ෍ܜܗ܋૝(∢࡯࡮ࡳ)ቁ ቀ෍ܜܗ܋ૡ(∢࡭࡯ࡳ)ቁ ≥ ૜૚૙ 

Siendo ࡳ− centroide, tener en cuenta las siguientes identidades 

conocidas (࡮࡭ࡳ∢)ܜܗ܋ = ૜ࢉ૛ା࢈૛ିࢇ૛

૝ࡿ
, (࡯࡮ࡳ∢)ܜܗ܋ = ૜ࢇ૛ାࢉ૛ି࢈૛

૝ࡿ
, 
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(࡭࡯ࡳ∢)ܜܗ܋ = ૜࢈૛ାࢇ૛ିࢉ૛

૝ࡿ
. Lo cual implica 

(࡮࡭ࡳ∢)ܜܗ܋ + (࡯࡮ࡳ∢)ܜܗ܋ + (࡭ࡳ࡯∢)ܜܗ܋ =
૜(ࢇ૛ + ૛࢈ + (૛ࢉ

૝ࡿ ≥
૜ ⋅ ૝ࡿ√૜

૝ࡿ = ૜√૜ 

(Válido por Weitzenbock inequality) 

Aplicando la desigualdad de Cauchy se obtiene que 

(࡮࡭ࡳ∢)૛ܜܗ܋∑ ≥ ૚
૜

૛((࡮࡭ࡳ∢)ܜܗ܋∑) ≥ ૚
૜
⋅ ૛ૠ = ૜૛   (A) 

(࡯࡮ࡳ∢)૝ܜܗ܋∑ ≥ ૚
૜

૛((࡮࡭ࡳ∢)૛ܜܗ܋∑) ≥ ૚
૜
⋅ ૜૝ = ૜૜   (B) 

(࡭࡯ࡳ∢)૝ܜܗ܋∑ ≥ ૚
૜

૛((࡯࡮ࡳ∢)૝ܜܗ܋∑) ≥ ૚
૜
⋅ ૜૟ = ૜૞    (C) 

⇒ ((࡭࡯ࡳ∢)ૡܜܗ܋∑)((࡯࡮ࡳ∢)૝ܜܗ܋∑)((࡮࡭ࡳ∢)૛ܜܗ܋∑) ≥ ૜૛ ⋅ ૜૜ ⋅ ૜૞ = ૜૚૙  

 

382. In ࢤ	࡯࡮࡭, ࡵ − incentre, ࢇࡾ ࢉࡾ,࢈ࡾ, − circumradii of ࢤ	ࢤ,࡯ࡵ࡮	ࢤ,࡭ࡵ࡯	࡮ࡵ࡭ 

૚
ࡾ ≤

ࢇࡾ
૛ࢇ +

࢈ࡾ
૛࢈ +

ࢉࡾ
૛ࢉ ≤

ࡾ
૝࢘૛ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution  by Daniel Sitaru – Romania  

ࢇࡾ = ૛ܖܑܛࡾ
࡭
૛

,
૚
ࡾ
≤෍

ࢇࡾ
૛ࢇ

≤
ࡾ
૝࢘૛

↔
૚
૛ࡾ૛

≤෍
ܖܑܛ ૛࡭
૛ࢇ

≤
૚
ૡ࢘૛

 

෍
૛࡭ܖܑܛ
૛ࢇ

≤⏞
૚ࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯

૜
෍ܖܑܛ

࡭
૛
෍

૚
૛ࢇ

≤
૚
૜
⋅
૜
૛
⋅
૚
૝࢘૛

=
૚
ૡ࢘૛

 

෍
૛࡭ܖܑܛ
૛ࢇ ≥⏞

ࡹࡳିࡹ࡭

૜ඨ
૚

ܖܑܛ૛ෑࢉ૛࢈૛ࢇ
࡭
૛

૜

= ૜ඨ
૚

૚૟ࡾ૛ࡿ૛ ⋅
࢘
૝ࡾ

૜

=
૜
૝ࡾ

ට
࢘

࢘૛࢙૛
૜

≥
૚
૛ࡾ૛ 

↔ ૛ૠࡾ૜ ≥ ૡ࢙࢘૛ (to prove) 

ૡ࢙࢘૛ ≤⏞
࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ

ૡ࢘ ⋅
૛ૠࡾ૛

૝
≤⏞

ࡾࡱࡸࢁࡱ

	૝ࡾ ⋅
૛ૠࡾ૛

૝
= ૛ૠࡾ૜ 
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383. In ࢤ	ࡷ,࡯࡮࡭ − Lemoine’s point 

ࡷ࡭
૛࢈ + ૛ࢉ

+
ࡷ࡮

૛ࢉ + ૛ࢇ
+

ࡷ࡯
૛ࢇ + ૛࢈

≤
ࢇ࢓ + ࢈࢓ + ࢉ࢓

૛ࢇ + ૛࢈ + ૛ࢉ
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࡭ࡷ :࡯࡮࡭
૛ࢉ૛ା࢈

+ ࡮ࡷ
૛ࢇ૛ାࢉ

+ ࡯ࡷ
૛࢈૛ାࢇ

≤ ࢉ࢓ା࢈࢓ାࢇ࢓

૛ࢉ૛ା࢈૛ାࢇ
 

Recordar la siguientes identidades en: ࡷ − Lemoine’s Point 

࡭ࡷ = ૛ࢇ૛ିࢉ૛ା૛࢈ඥ૛ࢉ࢈

૛ࢉ૛ା࢈૛ାࢇ
࡮ࡷ, = ૛࢈૛ିࢇ૛ା૛ࢉඥ૛ࢇࢉ

૛ࢉ૛ା࢈૛ାࢇ
࡯ࡷ, = ૛ࢉ૛ି࢈૛ା૛ࢇඥ૛࢈ࢇ

૛ࢉ૛ା࢈૛ାࢇ
  

⇔ ࡭ࡷ =
૛ࢉ࢈ࢇ࢓

૛ࢇ + ૛࢈ + ૛ࢉ ࡮ࡷ, =
૛ࢇࢉ࢈࢓

૛ࢇ + ૛࢈ + ૛ࢉ ࡯ࡷ, =
૛࢈ࢇࢉ࢓

૛ࢇ + ૛࢈ +  ૛ࢉ

La desigualdad propuesta es equivalente 
࡭ࡷ

૛࢈ + ૛ࢉ
+

࡮ࡷ
૛ࢉ + ૛ࢇ

+
࡯ࡷ

૛ࢇ + ૛࢈
≤
ࢇ࢓ + ࢈࢓ + ࢉ࢓

૛ࢇ + ૛࢈ + ૛ࢉ
 

૛ࢉ࢈ࢇ࢓
(૛ࢉ૛ା࢈)(૛ࢉ૛ା࢈૛ାࢇ) + ૛ࢇࢉ࢈࢓

(૛ࢇ૛ାࢉ)(૛ࢉ૛ା࢈૛ାࢇ) + ૛࢈ࢇࢉ࢓
(૛࢈૛ାࢇ)(૛ࢉ૛ା࢈૛ାࢇ) ≤  

≤ ࢉ࢓ା࢈࢓ାࢇ࢓

૛ࢉ૛ା࢈૛ାࢇ
. La cual es evidente ya que ૛ࢉ࢈

૛ࢉ૛ା࢈
≤ ૚, ૛ࢇࢉ

૛ࢇ૛ାࢉ
≤ ૚, ૛࢈ࢇ

૛࢈૛ାࢇ
≤ ૚ 

 

384. In ∆࡯࡮࡭: 

ࡾ
࢘
≥ ૚ +

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡾ :࡯࡮࡭
࢘
≥ ૚+ ࢈૛ା࢘ࢇ࢘

૛ା࢘ࢉ૛

ࢇ࢘ࢉା࢘ࢉ࢘࢈ା࢘࢈࢘ࢇ࢘
 

Realizamos los siguientes cambios de variables 
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࢞ = ࢇ࢘ > ݕ,0 = ࢈࢘ > 0, ݖ = ࢉ࢘ > 0. Se verifica lo siguiente 

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = ૝࢖૛ࡾ, ࢠ࢟࢞ = ࢖ࡿ =  ૛࢘࢖

La desigualdad propuesta es equivalente (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

≥ ૚ + ࢞૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
 

Ahora bien (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

= ࢞ା࢟
૝ࢠ

+ ࢟ାࢠ
૝࢞

+ ା࢞ࢠ
૝࢟

+ ૚
૛

= 

= ૚
૝
ቀ࢞
࢟

+ ࢟
࢞
ቁ + ૚

૝
ቀ࢟
ࢠ

+ ࢠ
࢟
ቁ + ૚

૝
ቀࢠ
࢞

+ ࢞
ࢠ
ቁ + ૚

૛
. Aplicando la desigualdad de 

Cauchy (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

= ࢞૛ା࢟૛

૝࢞࢟
+ ࢟૛ାࢠ૛

૝࢟ࢠ
+ ૛ା࢞૛ࢠ

૝࢞ࢠ
+ ૚

૛
≥ 

≥
ቀඥ࢞૛ + ࢟૛ + ඥ࢟૛ + ૛ࢠ + ૛ࢠ√ + ࢞૛ቁ

૛

૝(࢞࢟ + ࢠ࢟ + (࢞ࢠ +
૚
૛ = 

=
૛(࢞૛ + ࢟૛ + (૛ࢠ + ૛∑ ቀඥ࢞૛ + ࢟૛ቁ ൫√࢞૛ + ૛൯ࢠ

૝(࢞࢟ + ࢠ࢟ + (࢞ࢠ +
૚
૛ ≥ 

≥ ૛∑࢞૛ା૛∑൫࢞૛ା࢟ࢠ൯
૝(࢞࢟ା࢟ࢠା࢞ࢠ) + ૚

૛
= ૝∑࢞૛ା૛∑࢞࢟	

૝∑࢞࢟
+ ૚

૛
= ૚ + ࢞૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
     (LQQD) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ࢇ࢘ = ࢤ
ࢇି࢖

, ࢈࢘ = ࢤ
࢈ି࢖

, ࢉ࢘ = ࢤ
ࢉି࢖

 and ∑ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈ = ࢘(࢘ + ૝ࡾ) 

ࡾ
࢘
≥ ૚+

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
⇔

ࡾ
࢘

+ ૚ ≥
ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
 

⇔
ࡾ
࢘

+ ૚ ≥
ቀ∑ ࢤ

࢖ − ࢉ࢟ࢉࢇ ቁ
૛

∑ ૛ࢤ
࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈

⇔
࢘ + ࡾ
࢘

≥
൫∑ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈ ൯

૛

࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ −  (ࢉ

⇔ ା࢘ࡾ
࢘
≥ ࢘૛(࢘ା૝ࡾ)૛

૛ࢤ
⇔ ૛࢖ ≥ ࢘(࢘ା૝ࡾ)૛

࢘ା࢘
; we know, ࢖૛ ≥ ૚૟࢘ࡾ − ૞࢘૛, we need 

to prove, ૚૟࢘ࡾ − ૞࢘૛ ≥ ࢘(࢘ା૝ࡾ)૛

࢘ାࡾ
⇔ (૚૟ࡾ − ૞࢘)(࢘ + (ࡾ ≥ (࢘ + ૝ࡾ)૛ 

⇔ ૜࢘(ࡾ − ૛࢘) ≥ ૙, which is true, Hence proved 
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385. In ࢤ	࡯࡮࡭: 

ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ ቀ෍ࢇૡቁ ≥
૝ૠ

ૡ૚
ࡾ) + ࢘)૚૝ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ acutángulo ࡯࡮࡭: (∑ࢇ૛)(∑ࢇ૝)(∑ࢇૡ) ≥ ૝ૠ

ૡ૚
ࡾ) + ࢘)૛ 

LEMMA → WALKER INEQUALITY 

En un triángulo acutángulo ࡯࡮࡭ se cumple la siguiente desigualdad 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝(ࡾ + ࢘)૛ 

SOLUCIÓN 

⇔ ૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ ࡯ ≥ ቀ૚ +
࢘
ࡾ
ቁ
૛

= ࡭ܛܗ܋) + ࡮ܛܗ܋ +  ૛(࡯ܛܗ܋

Recordar las siguientes identidades en un ࡯࡮࡭ࢤ 
૛ܖܑܛ ࡭ + ૛ܖܑܛ +࡮ ૛ܖܑܛ ࡯ = ૛ ࡮ܖܑܛ ࡯ܖܑܛ ܛܗ܋ +࡭ ૛ ࡯ܖܑܛ ࡭ܖܑܛ ࡮ܛܗ܋ + ૛ ܖܑܛ ܖܑܛ࡭ ࡮  ࡯ܛܗ܋

ܜܗ܋ ࡭ ࡮ܜܗ܋ + ࡯ܜܗ܋ ࡭ܜܗ܋ + ࡭ܜܗ܋ ࡮ܜܗ܋ = ૚ 
ܛܗ܋ ࡭

࡮ܖܑܛ ࡯ܖܑܛ
+ ࡮ܛܗ܋

࡯ܖܑܛ ࡭ܖܑܛ
+ ࡯ܛܗ܋

ܖܑܛ ࡮ܖܑܛ࡭
= − (࡯ା࡮)ܛܗ܋

࡮ܖܑܛ ࡯ܖܑܛ
− (࡭ା࡯)ܛܗ܋

࡮ܖܑܛ ࡯ܖܑܛ
− (࡮ା࡭)ܛܗ܋

ܖܑܛ࡭ܖܑܛ ࡮
  

࡭ܛܗ܋
࡮ܖܑܛ ࡯ܖܑܛ

+ ܛܗ܋ ࡮
࡯ܖܑܛ ܖܑܛ ࡭

+ ܛܗ܋ ࡯
ܖܑܛ ࡭ ࡮ܖܑܛ

= ࡮ܜܗ܋− ࡯ܜܗ܋ − ܜܗ܋ ࡯ ࡭ܜܗ܋ − ܜܗ܋ ࡮ܜܗ܋࡭ + ૜ = −૚ + ૜ = ૛  

Aplicando la desigualdad de Cauchy 

(૛ ࡮ܖܑܛ ܖܑܛ ࡯ ࡭ܛܗ܋ + ૛ ࡯ܖܑܛ ࡭ܖܑܛ +࡮ܛܗ܋ ૛ ܛܗ܋࡮ܖܑܛ࡭ܖܑܛ ቀ(࡯ ܛܗ܋ ࡭
૛ ࡮ܖܑܛ ࡯ܖܑܛ

+ ܛܗ܋ ࡮
૛ ࡭ܖܑܛ࡯ܖܑܛ

+ ܛܗ܋ ࡯
૛ ࡭ܖܑܛ ࡮ܖܑܛ

ቁ ≥  

≥ ܛܗ܋) +࡭ ܛܗ܋ ࡮ + ܛܗ܋  ૛(࡯

⇔ ࡭૛ܖܑܛ) + ࡮૛ܖܑܛ + ૛ܖܑܛ (࡯ ⋅ ૚ ≥ ࡭ܛܗ܋) + ࡮ܛܗ܋ +  ૛(࡯ܛܗ܋

⇔ ૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ ࡯ ≥ ࡭ܛܗ܋) + ࡮ܛܗ܋ +  ૛ (LQQD)(࡯ܛܗ܋

En la desigualdad propuesta. Aplicamos la desigualdad de Cauchy 

૛ࢇ∑ ≥ ૝(ࡾ + ࢘)૛   (A); ∑ࢇ૝ ≥ ൫∑ࢇ૛൯
૛

૜
≥ ૝૛(ࡾା࢘)૝

૜
    (B) 
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ૡࢇ∑ ≥ ൫∑ࢇ૝൯
૛

૜
≥

૝૝(ࡾశ࢘)ૡ

૜૛

૜
= ૝૝(ࡾା࢘)ૡ

૜૜
   (C). Multiplicando (A) ⋅ (B) ⋅ (C) 

(ૡࢇ∑)(૝ࢇ∑)(૛ࢇ∑) ≥ ૝(ࡾ + ࢘)૛ ⋅ ૝
૛(ࡾା࢘)૝

૜
⋅ ૝

૝(ࡾା࢘)ૡ

૜૜
= ૝ૠ

ૡ૚
ࡾ) + ࢘)૛ (LQQD) 

 

386. In ࢤ	࡯࡮࡭: 

ෑ(ࢇࢎ + ૝(࢈ࢎ ≤ ૞૚૛ෑ൫ࢇ࢓
૝ + ࢈࢓

૝൯ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 

Lemma 1: ࢇ࢓ ≥ ࢇ࢝ ≥  ࢇࢎ

Lemma 2: ૛ି࢔૚(࢔ࢇ + (࢔࢈ ≥ ࢇ) +  ࢔(࢈

Then: ૛૜൫ࢇ࢓
૝ + ࢈࢓

૝൯ ≥ ࢇ࢓) ;૝(࢈࢓+ 	૛ૢ∏൫ࢇ࢓
૝ ࢈࢓+

૝൯ ≥ ࢇ࢓)∏ +  ૝(࢈࢓

completely proved 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ࢤ = ࢇࢎ⋅ࢇ
૛

= ࢈ࢎ⋅࢈
૛

= ࢉࢎ⋅ࢉ
૛

; ࢇ࢓	 ≥
૛ࢉ૛ା࢈

૛ࡾ
࢈࢓, ≥

૛ࢇ૛ାࢉ

૛ࡾ
ࢉ࢓, ≥

૛࢈૛ାࢇ

૛ࡾ
 and ࢉ࢈ࢇ = ૝ࢤࡾ 

૞૚૛ෑ൫ࢇ࢓
૝ + ࢈࢓

૝൯
ࢉ࢟ࢉ

= ෑ൛ૡ൫ࢇ࢓
૝ ࢈࢓+

૝൯ൟ
ࢉ࢟ࢉ

≥ෑ(ࢇ࢓ + ૝(࢈࢓

ࢉ࢟ࢉ

 

൤∵ ࢞૝ା࢟૝

૛
≥ ቀ(࢞ା࢟)

૛
ቁ
૝
൨. We need to prove, 

ෑ(ࢇ࢓ (࢈࢓+
ࢉ࢟ࢉ

≥ෑ(ࢇࢎ + (࢈ࢎ
ࢉ࢟ࢉ

 

∴ෑ(ࢇ࢓ (࢈࢓+
ࢉ࢟ࢉ

≥
૚
૜ࡾ

ෑቆ
૛࢈) + (૛ࢉ + ૛ࢉ) + (૛ࢇ

૛
ቇ

ࢉ࢟ࢉ
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≥⏞
ࡹࡳஹࡹ࡭ ૚

૜ࡾ
ෑ(ࢇ૛ + (૛࢈
ࢉ࢟ࢉ

≥
૚
ૡࡾ૜

ෑ(ࢇ + ૛(࢈

ࢉ࢟ࢉ

≥
ࢉ࢈ࢇ
૜ࡾ

ෑ(ࢇ + (࢈
ࢉ࢟ࢉ

 

=
૟૝ࢤ૜

૛ෑ(ࢉ࢈ࢇ)
ࢇ) + (࢈

ࢉ࢟ࢉ

= ૡෑ൬
૛ࢤ
ࢇ

+
૛ࢤ
࢈
൰

ࢉ࢟ࢉ

> ෑ(ࢇࢎ + (࢈ࢎ
ࢉ࢟ࢉ

 

∴ ૞૚૛ෑ൫ࢇ࢓
૝ + ࢈࢓

૝൯
ࢉ࢟ࢉ

≥ෑ(ࢇࢎ + ૝(࢈ࢎ

ࢉ࢟ࢉ

 

 

387. In ࢤ	࡯࡮࡭: 

൬
ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
൰
૜
≥
૛ૠ(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ

ૡࢉ࢈ࢇ  

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ቀࢇ࢓

ࢇࢎ
+ ࢈࢓

࢈ࢎ
+ ࢉ࢓

ࢉࢎ
ቁ
૜
≥ ૛ૠ(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

ૡࢉ࢈ࢇ
 

Tener en cuenta las siguientes identidades y desigualades previas en un 

ࢇࢎ ࡯࡮࡭	ࢤ = ࢉ࢈
૛ࡾ

, ࢈ࢎ = ࢇࢉ
૛ࡾ

, ࢉࢎ = ࢈ࢇ
૛ࡾ

ࢇ࢓ ; ≥
૛ࢉ૛ା࢈

૝ࡾ
, ࢈࢓ ≥

૛ࢇ૛ାࢉ

૝ࡾ
, ࢉ࢓ ≥

૛࢈૛ାࢇ

૝ࡾ
. 

Aplicando en la desigualdad propuesta 

൬
ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
൰
૜
≥ ൭

૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ +

૚
૛
ቀ
ࢉ
ࢇ

+
ࢇ
ࢉ
ቁ +

૚
૛
൬
ࢇ
࢈

+
࢈
ࢇ
൰൱

૜

= 

= ૚
ૡ
൬ࢇ
࢈
ቀ૚+ ࢈

ࢉ
ቁ + ࢈

ࢉ
ቀ૚ + ࢉ

ࢇ
ቁ + ࢉ

ࢇ
ቀ૚+ ࢇ

࢈
ቁ൰

૜
. Como ࢈,ࢇ, ࢉ > 0 

Utilizando MA ≥ MG 

૚
ૡ
൭
ࢇ
࢈ ൬૚ +

࢈
+൰ࢉ

࢈
ࢉ
ቀ૚ +

ࢉ
ࢇ
ቁ +

ࢉ
ࢇ
ቀ૚ +

ࢇ
࢈
ቁ൱

૜

≥
૛ૠ
ૡ ⋅

ࢇ
࢈ ⋅

࢈
ࢉ ⋅

ࢉ
ࢇ ൬૚ +

࢈
൰ࢉ
ቀ૚ +

ࢉ
ࢇ
ቁ ቀ૚ +

ࢇ
࢈
ቁ = 
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= ૛ૠ(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)
ૡࢉ࢈ࢇ

. Pro transitividad: ቀࢇ࢓

ࢇࢎ
+ ࢈࢓

࢈ࢎ
+ ࢉ࢓

ࢉࢎ
ቁ
૜
≥ ૛ૠ(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

ૡࢉ࢈ࢇ
 

(LQQD) 

388. In ࢤ	࡯࡮࡭: 

൬
ࢇࢎ
࢈ࢎ

+
࢈ࢎ
ࢉࢎ

+
ࢉࢎ
ࢇࢎ
൰
૛

+
૛࢘
ࡾ
≥ ૚૙ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ቀࢇࢎ
࢈ࢎ

+ ࢈ࢎ
ࢉࢎ

+ ࢉࢎ
ࢇࢎ
ቁ
૛

+ ૛࢘
ࡾ
≥ ૚૙ 

LEMMA 

1) Siendo ࢞,࢟, ࢠ > 0 se cumple 

൬
࢞
࢟

+
࢟
ࢠ

+
ࢠ
࢞
൰
૛
≥ (࢞ + ࢟ + (ࢠ ൬

૚
࢞

+
૚
࢟

+
૚
ࢠ
൰ 

2) Siendo ࢈,ࢇ,  los lados de un triángulo se cumple ࢉ

ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ+ ૛࢘

ࡾ
≥ ૚૙. La desigualdad propuesta es 

equivalente ቀ࢈
ࢉ

+ ࢉ
࢈

+ ࢇ
ࢉ
ቁ
૛

+ ૛࢘
ࡾ
≥ ૚૙. Aplicando ૚ ∧ ૛ se obtiene 

ቀ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
ቁ
૛

+ ૛࢘
ࡾ
≥ ࢇ) + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ + ૛࢘

ࡾ
≥ ૚૙   (LQQD) 

 

389. In ࢤ	࡯࡮࡭: 

૚ ≤
ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯

ට૝ − ૛࢘
ࡾ

≤
૛ࡾ

૝࢘૛
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 

ඨ૝ −
૛࢘
ࡾ
≤ ࡭ܜܗ܋ + ࡮ܜܗ܋ + ࡯ܜܗ܋ ≤

૛ࡾ

૝࢘૛
⋅ ඨ૝ −

૛࢘
ࡾ

 

Recordar las siguientes identidades y desigualdades conocidas en un 

࡭ܜܗ܋ .࡯࡮࡭	ࢤ + ࡮ܜܗ܋ + ࡯ܜܗ܋ = ૛ࢉ૛ା࢈૛ାࢇ

૝ࡿ
 

ࡿ = ,࢘࢖ ࢖ ≥ ૜√૜࢘,			ࡾ ≥ ૛࢘, ૛ࢇ + ૛࢈ + ૛ࢉ ≤  ૛ࡾૢ

ܖ܉ܜ
࡭
૛ =

(࢙ − ࢙)(࢈ − (ࢉ
ࡿ =

൫ࢇ − ࢈) − ࢇ൯൫(ࢉ + −࢈) 	൯(ࢉ
૝ࡿ =

૛ࢇ − −࢈) ૛(ࢉ

૝ࡿ ≤
૛ࢇ

૝ࡿ 

ܖ܉ܜ
࡮
૛
≤
૛࢈

૝ࡿ
, ܖ܉ܜ

࡯
૛
≤
૛ࢉ

૝ࡿ
 

⇒ ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≤
૛ࢇ + ૛࢈ + ૛ࢉ

૝ࡿ
= ܜܗ܋ ࡭ + ࡮ܜܗ܋ +  ,࡯ܜܗ܋

ܖ܉ܜ
࡭
૛ + ܖ܉ܜ

࡮
૛ + ܖ܉ܜ

࡯
૛ ≥

ඨ૝−
૛࢘
ࡾ  

En el LHS: ࡭ܜܗ܋ + ࡮ܜܗ܋ + ࡯ܜܗ܋ ≥ ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛
≥ ට૝ − ૛࢘

ࡾ
 

En el RHS: ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ = ૛ࢉ૛ା࢈૛ାࢇ

૝ࡿ
≤ ૛ࡾૢ

૝࢘⋅૜√૜࢘
= ૛ࡾ

૝࢘૛
⋅ √૜ ≤ ૛ࡾ

૝࢘૛
ට૝− ૛࢘

ࡾ
 

 

390. In ∆࡯࡮࡭: 

ࡾ
࢘
≥ ૚ +

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡾ :࡯࡮࡭
࢘
≥ ૚+ ࢈૛ା࢘ࢇ࢘

૛ା࢘ࢉ૛

ࢇ࢘ࢉା࢘ࢉ࢘࢈ା࢘࢈࢘ࢇ࢘
 

Realizamos los siguientes cambios de variables 

࢞ = ࢇ࢘ > 0, ݕ = ࢈࢘ > 0, ݖ = ࢉ࢘ > 0 

Se verifica lo siguiente (࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = ૝࢖૛ࡾ, ࢠ࢟࢞ = ࢖ࡿ =  ૛࢘࢖

La desigualdad propuesta es equivalente: (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

≥ ૚ + ࢞૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
 

Ahora bien: (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

= ࢞ା࢟
૝ࢠ

+ ࢟ାࢠ
૝࢞

+ ା࢞ࢠ
૝࢟

+ ૚
૛

= 

= ૚
૝
ቀ࢞
࢟

+ ࢟
࢞
ቁ + ૚

૝
ቀ࢟
ࢠ

+ ࢠ
࢟
ቁ + ૚

૝
ቀࢠ
࢞

+ ࢞
ࢠ
ቁ + ૚

૛
. Aplicando la desigualdad de 

Cauchy (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

= ࢞૛ା࢟૛

૝࢞࢟
+ ࢟૛ାࢠ૛

૝࢟ࢠ
+ ૛ା࢞૛ࢠ

૝࢞ࢠ
+ ૚

૛
≥ 

≥
ቀඥ࢞૛ + ࢟૛ + ඥ࢟૛ + ૛ࢠ + ૛ࢠ√ + ࢞૛ቁ

૛

૝(࢞࢟ + ࢠ࢟ + (࢞ࢠ +
૚
૛

= 

=
૛(࢞૛ + ࢟૛ + (૛ࢠ + ૛∑ ቀඥ࢞૛ + ࢟૛ቁ ቀඥ࢞૛ + ࢟૛ቁ

૝(࢞࢟ + ࢠ࢟ + (࢞ࢠ +
૚
૛
≥ 

≥
૛∑࢞૛ + ૛∑(࢞૛ + (ࢠ࢟
૝(࢞࢟ + ࢠ࢟ + (࢞ࢠ +

૚
૛ =

૝∑࢞૛ + ૛∑࢞࢟
૝∑࢞࢟ +

૚
૛ = ૚ +

࢞૛ + ࢟૛ + ૛ࢠ

࢞࢟+ ࢠ࢟ +  ࢞ࢠ

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam  

૚ +
૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

ࢇ࢘∑ ⋅ ࢈࢘
= ૚ +

૛(ࢇ࢘∑) − ૛ ⋅ ∑ ࢇ࢘ ⋅ ࢈࢘
ࢇ࢘∑ ⋅ ࢈࢘

= 

= ૚ +
૛(ࢇ࢘∑)

ࢇ࢘∑ ⋅ ࢈࢘
− ૛ =

૛(ࢇ࢘∑)

ࢇ࢘∑ ⋅ ࢈࢘
− ૚ 

ࢇ࢘ (1 + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ 

ࢇ࢘∑ (2 ⋅ ࢈࢘ =  ૛࢖
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ࡾ
࢘

+ ૚ ≥
૛(ࢇ࢘∑)

ࢇ࢘∑ ⋅ ࢈࢘
⇔

ࡾ
࢘

+ ૚ ≥
(૝ࡾ + ࢘)૛

૛࢖
⇔ 

⇔ ૛࢖ ⋅ ା࢘ࡾ
૛
≥ (૝ࡾ + ࢘)૛ ⇒ ૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛   (GERRETSEN) 

(૚૟࢘ࡾ − ૞࢘૛) ⋅
ࡾ + ࢘
૛

≥ (૝ࡾ + ࢘)૛; 	(૚૟ࡾ − ૞࢘) ⋅ ࡾ) + ࢘) ≥ (૝ࡾ + ࢘)૛ 

૚૟ࡾ૛ − ૞࢘ࡾ + ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛; 	૜࢘ࡾ ≥ ૟࢘૛; ࡾ	 ≥ ૛࢘ 

Solution 3 by Mehmet Șahin – Ankara – Turkey  

ࢇ࢘ = ࢤ
ࢇି࢙

,					 ૛ࢇ࢘

ࢇ࢘ࢉା࢘ࢉ࢘࢈ା࢘࢈࢘⋅ࢇ࢘
= ૚

૛(ࢇି࢙) ⋅ ࢘
૛. Let us define the following 

function. ࢌ(࢞) = ૚
(࢙ି࢞)૛  is convex in (૙, ࢙). Using the Jensen inequality 

then ࢌ ቀࢇା࢈ାࢉ
૜

ቁ ≥ ૚
૜

(ࢇ)ࢌ] + (࢈)ࢌ +  [(ࢉ)ࢌ

⇒ (ࢇ)ࢌ + (࢈)ࢌ + (ࢉ)ࢌ ≤ ૜ ⋅ ࢌ ൬
ࢇ + ࢈ + ࢉ

૜
൰ 

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
≤ ૜࢘૛ ⋅

૚

ቀࢇ+ ࢈ + ࢉ
૛ − ࢇ + ࢈ + ࢉ

૜ ቁ
૛ ≤

૛ૠ࢘૛

࢙૛  

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘

ࢇ࢘ ⋅ ࢈࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
+ ૚ ≤

૛ૠ࢘૛ + ࢙૛

࢙૛
≤
ࡾ
࢘
⇔ ૛ૠ࢘૜ + ࢙૛ ⋅ ࢘ ≤ ࢙૛ ⋅  ࡾ

⇔ ૛ૠ࢘૜ + ૛ૠ࢘૜ ≤ ૛ૠ
૝
૛ࡾ ⋅ ࡾ ⇔ ૞૝ ⋅ ࢘૜ ≤ ૛ૠ

૝
⋅ ૜ࡾ ⇔ −ࡾ ૛࢘ ≥ ૙  (Euler) 

 

391. In ࢤ	࡯࡮࡭: 

෍
൫ࢇ√ࢇ + ൯࢈√࢈ ࡯ܖܑܛ

ࢇ√ + ࢈√
≤෍

൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ܖܑܛ ࡯
ࢇ√૛ࢇ + ࢈√૛࢈

 

Proposed by Daniel Sitaru – Romania  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭. Probar que: 

෍
൫ࢇ√ࢇ + ൯࢈√࢈ ܖܑܛ ࡯

ࢇ√ + ࢈√
≤෍

൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ࡯ܖܑܛ
ࢇ√૛ࢇ + ࢈√૛࢈

⇔ 

⇔෍
൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ܖܑܛ ࡯

ࢇ√૛ࢇ + ࢈√૛࢈
−෍

൫ࢇ√ࢇ + ൯࢈√࢈ ࡯ܖܑܛ

ࢇ√ + ࢈√
≥ ૙ 

Realizamos los siguientes cambios de variables: 

ࢇ√ = ࢞૛,√࢈ = ࢟૛,√ࢉ = ૛ࢠ ⇔ ,࢈,ࢇ ࢉ > 0, por la tanto ࢞, ࢟, ࢠ > 0 

⇒
൫ࢇ√ࢇ + ൯࢈√࢈ ܖܑܛ ࡯

ࢇ√ + ࢈√
≤
൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ܖܑܛ ࡯

ࢇ√૛ࢇ + ࢈√૛࢈
 

⇒ ࡯ܖܑܛ ቀ࢞
ૠା࢟ૠ

࢞૞ା࢟૞
− ࢞૜ା࢟૜

࢞ା࢟
ቁ ≥ ૙ → ࡯ܖܑܛ ൬൫࢞

ૠା࢟ૠ൯(࢞ା࢟)ି൫࢞૜ା࢟૜൯൫࢞૞ା࢟૞൯
(࢞ା࢟)൫࢞૞ା࢟૞൯

൰ ≥ ૙  

⇒ ࡯ܖܑܛ ࢞࢟൫࢞૟ା࢟૟൯ି࢞૜࢟૜൫࢞૛ା࢟૛൯
(࢞ା࢟)൫࢞૞ା࢟૞൯

≥ ૙ → ܖܑܛ ࡯ ࢞࢟ൣ࢞૟ା࢟૟ି࢞૛࢟૛൫࢞૛ା࢟૛൯൧
(࢞ା࢟)൫࢞૞ା࢟૞൯

≥ ૙  

⇒ ࡯ܖܑܛ
࢞࢟ቂ൫࢞૛ା࢟૛൯

૜
ି૝࢞૛࢟૛൫࢞૛ା࢟૛൯ቃ

(࢞ା࢟)൫࢞૞ା࢟૞൯
→ ࡯ܖܑܛ

࢞࢟൫࢞૛ା࢟૛൯ቂ൫࢞૛ା࢟૛൯
૛
ି૝࢞૛࢟૛ቃ

(࢞ା࢟)൫࢞૞ା࢟૞൯
≥ ૙  

⇒ ࡯ܖܑܛ ࢞࢟൫࢞૛ି࢟૛൯
૛

(࢞ା࢟)൫࢞૞ା࢟૞൯
≥ ૙    (A), Por la tanto: ࡭ܖܑܛ ૛൯ࢠ൫࢟૛ିࢠ࢟

૛

(࢟ାࢠ)൫࢟૞ାࢠ૞൯
≥ ૙    (B) 

⇒ ࡮ܖܑܛ ૛ି࢞૛൯ࢠ൫ࢠ࢞
૛

(࢞ାࢠ)൫࢞૞ାࢠ૞൯
≥ ૙      (C)  → Sumando: (A) + (B) + (C): 

෍
൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ܖܑܛ ࡯

ࢇ√૛ࢇ + ࢈√૛࢈
−෍

൫ࢇ√ࢇ + ൯࢈√࢈ ܖܑܛ ࡯

ࢇ√ + ࢈√
≥ ૙ 

 

392. In ࢤ	࡯࡮࡭: 

෍(࢈ + ࢉ − ૛(ࢇ ⋅෍(࢈ + ࢉ − ૜(ࢇ ≥ ૛૞ૢ૛√૜࢘૞ 

Proposed by Daniel Sitaru – Romania 
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Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 

Lemma 1: ࢞૛ + ࢟૛ + ૛ࢠ ≥ (࢞ା࢟ାࢠ)૛

૜
 

Lemma 2: ࢞૜ + ࢟૜ + ૜ࢠ ≥ (࢞ା࢟ାࢠ)૜

ૢ
 

෍(૛ࡿ − ૛ࢇ)૛ ⋅෍(૛ࡿ − ૛ࢇ)૜ ≥ ૛૞ૢ૛√૜࢘૞ 

ࡿࡴࡸ ≥
૜ࡿ૛

૜ ⋅
ૡࡿ૜

ૢ =
૝૞ࡿ૞

૜૜ ≥⏞
ஹ૜√૜࢘ࡿ ૛૞ ⋅ ૜ૠ√૜࢘૞

૜૜ = ૛૞ૢ૛√૜࢘૞ 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know, ૚
૜
∑ ࢞૛ࢉ࢟ࢉ ≥ ቀ࢞ା࢟ାࢠ

૜
ቁ
૛

 and ૚
૜
∑ ࢞૜ࢉ࢟ࢉ ≥ ቀ࢞ା࢟ାࢠ

૜
ቁ
૜

. So,  

෍(࢈ + ࢉ − ૛(ࢇ

ࢉ࢟ࢉ

⋅෍(࢈ + ࢉ − ૜(ࢇ

ࢉ࢟ࢉ

 

≥
૚
૜

ࢇ) + ࢈ + ૛(ࢉ ⋅
૚
ૢ

ࢇ) + ࢈ + ૜(ࢉ =
ࢇ) + ࢈ + ૞(ࢉ

૛ૠ
≥
൫૟√૜࢘൯

૞

૛ૠ
= ૛૞ૢ૛√૜࢘૟ 

 

393. In ࢤ	࡯࡮࡭: 

૜൫࢘ࢇ૛ + ૛࢈࢘ + ૛൯ࢉ࢘
ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘ ≥ ૚+

ࡾ − ૛࢘
૛ࡾ − ࢘

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

In ࢤ	࡯࡮࡭. Prove that: ૜൫࢘ࢇ
૛ା࢘࢈

૛ା࢘ࢉ૛൯
૛(ࢉା࢘࢈ା࢘ࢇ࢘) ≥ ૚ + ૛࢘ିࡾ

૛࢘ିࡾ
 

⇔
૜∑ቀ ૛ࡿ

࢈ + ࢉ − ቁࢇ
૛

ቀ∑ ૛ࡿ
࢈ + ࢉ − ቁࢇ

૛ ≥
૜(ࡾ − ࢘)
૛ࡾ − ࢘ ⇔ ૜ ⋅

∑ ቀ ૚
࢈ + ࢉ − ቁࢇ

૛

ቀ∑ ૚
࢈ + ࢉ − ቁࢇ

૛ ≥
૜ ⋅ ቀࢉ࢈ࢇ૝ࡿ − ૛ࡿ

૛ࢇቁ

૛ ⋅ ࡿ૝ࢉ࢈ࢇ − ૛ ࡿ
ࢇ∑
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⇔ ૜
∑ቀ ૚

࢈ + ࢉ − ቁࢇ
૛

ቀ∑ ૚
࢈ + ࢉ − ቁࢇ

૛ ≥
૜
૛ ⋅ ቈ

−(ࢇ∑)ࢉ࢈ࢇ ૡࡿ૛

−(ࢇ∑)ࢉ࢈ࢇ ૝ࡿ૛቉ 

⇔ ૜ ⋅
∑ቀ ૚

ቁࢇషࢉశ࢈
૛

ቀ∑ ૚
ࢇషࢉశ࢈

ቁ
૛ ≥

૜(૛ିࢉ࢈ࢇ∏(࢈ାࢇିࢉ))
૝ିࢉ࢈ࢇ∏(࢈ାࢇିࢉ)      (1); ൝

࢈ + ࢉ − ࢇ = ૛࢞
ࢉ + ࢇ − ࢈ = ૛࢟
ࢇ + ࢈ − ࢉ = ૛ࢠ

⇔ ൝
ࢇ = ࢟ + ࢠ
࢈ = ࢠ + ࢞
ࢉ = ࢞ + ࢟

 

(1) ⇔ ૜
∑ቀ૚

࢞
ቁ
૛

ቀ∑૚
࢞
ቁ
૛ ≥

૜[૛∏(࢞ା࢟)ିૡ࢞࢟ࢠ]
૝∏(࢞ା࢟)ିૡ࢞࢟ࢠ

⇔ ૜∑࢞૛࢟૛

(∑࢞࢟)૛ ≥
૜
૛
⋅ ቂ∏(࢞ା࢟)ି૝࢞࢟ࢠ
∏(࢞ା࢟)ି૛࢞࢟ࢠ

ቃ 

⇔ ૜
∑࢞૛࢟૛

(∑࢞࢟)૛ − ૚ ≥
૜
૛ ⋅ ቈ

∏(࢞ + ࢟) − ૝࢞࢟ࢠ
∏(࢞ + ࢟) − ૛࢞࢟ࢠ −

૛
૜቉ 

⇔
∑࢞૛(࢟ − ૛(ࢠ

(∑࢞࢟)૛ ≥
∑࢞(࢟ − ૛(ࢠ

૛[∑࢞࢟(࢞ + ࢟)] ⇔෍(࢞ − ࢟)૛ ⋅ ቈ
૛ࢠ૛

(∑࢞࢟)૛ −
ࢠ

∑࢞࢟(࢞ + ࢟)቉ ≥ ૙ 

⇔෍(࢞ + ࢟)૛ (࢟૛ࢠ૛ + ࢞૛ࢠ૛ + ૛ࢠ૜(࢞ + ࢟) − ૛࢞࢟ࢠ૛ − ࢞૛࢟૛) ≥ ૙ 

ቐ
ࢇࡿ = ࢞૛࢟૛ + ࢞૛ࢠ૛ + ૛࢞૜(࢟ + (ࢠ − ૛࢞૛࢟ࢠ − ࢟૛ࢠ૛

࢈ࡿ = ࢞૛࢟૛ + ࢟૛ࢠ૛ + ૛࢟૜(࢞ + (ࢠ − ૛࢟૛࢞ࢠ − ࢞૛ࢠ૛

ࢉࡿ = ࢞૛ࢠ૛ + ࢟૛ࢠ૛ + ૛ࢠ૜(࢞ + ࢟) − ૛࢞࢟ࢠ૛ − ࢞૛࢟૛
 

Suppose: ࢞ ≥ ࢟ ≥ ࢠ ⇒ ࢇࡿ > 0 

࢈ࡿ = ૛࢟૛࢞(࢟ − (ࢠ + ࢞૛(࢟૛ − (૛ࢠ + ࢟૛ࢠ૛ + ૛࢟૜ࢠ > 0		(࢞ ≥ ࢟ ≥  (ࢠ

⇒ ࢇࡿ + ࢈ࡿ > 0 

࢈ࡿ + ࢉࡿ = ૛࢟૛ࢠ૛ + ૛࢟૜(࢞ + (ࢠ + ૛ࢠ૜(࢞ + ࢟)− ૛࢟૛࢞ࢠ − ૛࢞࢟ࢠ૛ 

= ૛࢟૛ࢠ૛ + ૛࢞(࢟૜ + (૜ࢠ + ૛࢟ࢠ(࢟૛ + (૛ࢠ − ૛࢞࢟ࢠ(࢟ +  (ࢠ

≥ ૛࢟૛ࢠ૛ + ૛࢞࢟ࢠ(࢟ + (ࢠ + ૛࢟ࢠ(࢟૛ + −(૛ࢠ ૛࢞࢟ࢠ(࢟ +  (ࢠ

= ૛࢟૛ࢠ૛ + ૛࢟ࢠ(࢟૛ + (૛ࢠ > 0 ⇒ ࢈ࡿ + ࢉࡿ > 0 

We have ࢈ࡿ > ࢈ࡿ;0 + ࢇࡿ > 0; ࢈ࡿ + ࢉࡿ > 0 ⇒ By ࡿࡻࡿ ⇒  .ࡰ.ࡱ.ࡽ
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Solution 2 by Mehmet Sahin-Ankara-Turkey 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ࢘ + ૝ࡾ 

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘ = (࢘ + ૝ࡾ)૛ − ૛࢙૛ 

૜ ⋅ ൫࢘ࢇ૛ + ૛࢈࢘ + ૛൯ࢉ࢘
ࢇ࢘) + ࢈࢘ + (ࢉ࢘

=
૜ ⋅ [(࢘ + ૝ࡾ)૛ − ૛࢙૛]

(࢘ + ૝ࡾ)૛ ≥ ૚ +
ࡾ − ૛࢘
૛ࡾ − ࢘ 

⇔ ૜ቈ૚ −
૛ ⋅ ࢙૛

(࢘ + ૝ࡾ)૛቉ ≥
૜(ࡾ − ࢘)
૛ࡾ − ࢘

 

⇔ ૚−
૛࢙૛

(࢘ + ૝ࡾ)૛ ≥
ࡾ − ࢘
૛ࡾ − ࢘ ⇔ ૛࢙૛(૛ࡾ − ૚) ≤ ࢘)ࡾ + ૝ࡾ)૛ 

⇔ ࢙૛ ≤ ૛(ࡾା૝࢘)ࡾ

(૝ିࡾ૛࢘)    … (1) 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛    (Gerretsen Inequality)   (2) 

From (1) and (2): ૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૛(ࡾା૝࢘)ࡾ

૝ିࡾ૛࢘
 

⇔ (૚૟࢘ࡾ − ૞࢘૛) ⋅ (૝ࡾ ⋅ ૛࢘) ≤ ࢘)ࡾ + ૝ࡾ)૛ 
⇔ ૚૟ࡾ૜ − ૞૟ࡾ૛࢘+ ૞૜࢘ࡾ૛ − ૚૙࢘૜ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ− ࢘)(૝ࡾ− ૞࢘) ≥ ૙ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

૜൫࢘ࢇ૛ + ૛࢈࢘ + ૛൯ࢉ࢘
ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

≥
(૚)

૚ +
ࡾ − ૛࢘
૛ࡾ − ࢘

 

(1)⇔ ૜൛(૝ࡾା࢘)૛ି૛࢙૛ൟ
(૝ࡾା࢘)૛ ≥ ૜(࢘ିࡾ)

૛࢘ିࡾ
 

⇔ (૛ࡾ − ࢘)(૝ࡾ + ࢘)૛ − ૛(૛ࡾ − ࢘)࢙૛ ≥ ࡾ) − ࢘)(૝ࡾ + ࢘)૛ 

⇔ ࡾ૝)ࡾ + ࢘)૛ ≥ ૛(૛ࡾ− ࢘)࢙૛ ⇔ ૛(૛ࡾ − ࢘)࢙૛ ≤ ࡾ૝)ࡾ + ࢘)૛ 

Rouche ⇒ (૝ࡾ − ૛࢘)࢙૛ ≤ 

(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛)(૝ࡾ− ૛࢘) + ૝(ࡾ − ૛࢘)(૛ࡾ − ࢘) ⋅ ඥࡾ૛ − ૛࢘ࡾ ≤ 

≤
?
ࡾ૝)ࡾ + ࢘)૛ 
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⇔ ࡾ) − ૛࢘)(ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛) ≥
?
૝(ࡾ − ૛࢘)(૛ࡾ − ࢘) ⋅ ඥࡾ૛ − ૛࢘ࡾ 

⇔ ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛ ≥
?
૝(૛ࡾ − ૛ࡾ√(࢘ − ૛࢘ࡾ ൫∵ ࡾ − ૛࢘ ≥ ૙	(࢘ࢋ࢒࢛ࡱ)൯ 

⇔ (ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛)૛ ≥
?
૚૟(૛ࡾ − ࢘)૛(ࡾ૛ − ૛࢘ࡾ) 

⇔ ૚૟ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ࢘૝ ≥
?
૙ →   true (Proved) 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

LEMMA: In any triangle ࡯࡮࡭, 

૝࢘(૚૛ࡾ૛ − ૚૚࢘ࡾ + ࢘૛)
૜ࡾ− ૛࢘ ≤ ૛࢖ ≤

࢘)ࡾ + ૝࢘)૛

૛(૛ࡾ − ࢘) ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ 

… … … … … … … … … … … … … … … … … … … … … … … … … … 

now, ࢘ࢇ = ࢤ
ࢇି࢖

, ࢈࢘ = ࢤ
࢈ି࢖

 and ࢘ࢉ = ࢤ
ࢉି࢖

, then 

෍(࢖ − ࢖)૛(ࢇ − ૛(࢈
ࢉ࢟ࢉ

= ቌ෍(࢖ − ࢖)(ࢇ − (࢈
ࢉ࢟ࢉ

ቍ

૛

− ૛ෑ(࢖ − (ࢇ
ࢉ࢟ࢉ

ቌ෍(࢖− (ࢇ
ࢉ࢟ࢉ

ቍ 

= ࢘૛(࢘+ ૝ࡾ)૛ − ૛࢖૛࢘૛ ቎෍(࢖− ࢖)(ࢇ − (࢈
ࢉ࢟ࢉ

= ࢘(࢘+ ૝(ࡾ	ࢊ࢔ࢇ	ෑ(࢖ − (ࢇ
ࢉ࢟ࢉ

=  ૛቏࢘࢖

∴
૜൫∑ ࢉ࢟ࢉ૛ࢇ࢘ ൯

൫∑ ࢉ࢟ࢉࢇ࢘ ൯૛
≥ ૚ +

ࡾ − ૛࢘
૛ࡾ − ࢘

=
૜(ࡾ − ࢘)
૛ࡾ − ࢘

 

⇔
∑૛ࢤ ૚

࢖) − ࢉ࢟ࢉ૛(ࢇ

૛ࢤ ቀ∑ ૚
࢖ − ࢉ࢟ࢉࢇ ቁ

૛ ≥
ࡾ − ࢘
૛ࡾ − ࢘ ⇔

∑ ࢖) − ࢖)૛(ࢇ − ࢉ࢟ࢉ૛(࢈

൫∑ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈ ൯૛
≥

ࡾ − ࢘
૛ࡾ − ࢘ 

⇔
࢘૛(࢘ + ૝ࡾ)૛ − ૛࢖૛࢘૛

࢘૛(࢘ + ૝ࡾ)૛ ≥
ࡾ − ࢘
૛ࡾ − ࢘

⇔
ࡾ

૛ࡾ − ࢘
≥

૛࢖૛

(࢘ + ૝ࡾ)૛ 

⇔ ૛(ࡾା૝࢘)ࡾ

૛(૛࢘ିࡾ) ≥  ૛, which is true. Hence proved࢖
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394. In ࢤ	࡯࡮࡭: 

ඨቆ
૜ࢇ + ૜࢈ + ૜ࢉ

૜
ቇ
૛૜

⋅ ඨቆ
૞ࢇ + ૞࢈ + ૞ࢉ

૜
ቇ
૛

૞

⋅ ඨቆ
ૠࢇ + ૠ࢈ + ૠࢉ

૜
ቇ
૛ૠ

≥ ቆ
૝√૜ࡿ
૜

ቇ
૜

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

ඨቆ
૜ࢇ∑

૜
ቇ
૛૜

⋅ ඨቆ
૞ࢇ∑

૜
ቇ
૛૞

⋅ ඨቆ
ૠࢇ∑

૜
ቇ
૛ૠ

≥ 

≥ ඨቆ
ࢇ∑
૜
ቇ
૟૜

⋅ ඨቆ
ࢇ∑
ૠ
ቇ
૚૙૞

⋅ ඨቆ
ࢇ∑
૜
ቇ
૚૝ૠ

≥ ቆ
ࢇ∑
૜
ቇ
૟

 

=
૛ࢇ∑) + ૛∑࢈ࢇ)૜

૜૟
≥ ቆ

࢈ࢇ∑
૜

ቇ
૜

≥ ቆ
૝√૜ࡿ
૜

ቇ
૜

 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ෑ

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ඨቆ

૜ࢇ + ૜࢈ + ૜ࢉ

૜ ቇ
૛૜

≥
ࡹࡳஹࡹ࡭

(ࢉ࢈ࢇ)
૛
૜

ඨቆ
૞ࢇ + ૞࢈ + ૞ࢉ

૜ ቇ
૛૞

≥ (ࢉ࢈ࢇ)
૛
૜

ඨቆ
ૠࢇ + ૠ࢈ + ૠࢉ

૜ ቇ
૛ૠ

≥ (ࢉ࢈ࢇ)
૛
૜

⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
∏ √	૜ ⋅∏ √	૞ ⋅∏ √	ૠ ஹ(ࢉ࢈ࢇ)૛				(∗)

ෑ	 

ܖܑܛ ࡭ ⋅ ࡮ܖܑܛ ⋅ ܖܑܛ ࡯ ≤ ૜√૜
ૡ

   (True) 

ࢉ࢈ࢇ
ૡࡾ૜

≤
૜√૜
ૡ

ቤ⋅
૛(ࢉ࢈ࢇ)

ૡ
⇔

૜(ࢉ࢈ࢇ)

૟૝ࡾ૜
≤
૜√૜
૟૝

⋅ ૛(ࢉ࢈ࢇ) ⇔ ቆ
૝√૜
૜

ቇࡿ
૜

≤
(∗)

 ૛(ࢉ࢈ࢇ)
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Solution 3 by Boris Colakovic-Belgrade-Serbia 

By Holder’s inequality ⇒ 

⇒
࢔ࢇ

࢞ +
࢔࢈

࢟ +
࢔ࢉ

ࢠ ≥
ࢇ) + ࢈ + ࢔(ࢉ

૜ି࢔૛(࢞ + ࢟ + (ࢠ ,࢈,ࢇ; ,࢟,࢞,ࢉ ࢠ ∈ (૙,∞); ࢔	 ∈ ࢔;ࡺ ≥ ૛ 

ටቀࢇ
૜ା࢈૜ାࢉ૜

૜
ቁ
૛૜
≥ ૛(ࢉା࢈ାࢇ)

૜૛
       (1) 

ටቀࢇ
૞ା࢈૞ାࢉ૞

૜
ቁ
૛૞
≥ ૛(ࢉା࢈ାࢇ)

૜૛
     (2) 

ටቀࢇ
ૠା࢈ૠାࢉૠ

૜
ቁ
૛ૠ
≥ ૛(ࢉା࢈ାࢇ)

૜૛
      (3) 

(1) ∗ (2) ∗ (3) ⇒ LHS ≥ ቀࢇା࢈ାࢉ
૜

ቁ
૟

ࢇ      + ࢈ + ࢉ = ૛࢖ (࢖ - perimeter) 

ࡿ = ࢘ ⋅ ࢖ = ࢉ࢈ࢇ
૝ࡾ

ࡾ			 ≥ ૛࢘  Euler’s inequality 

+ࢇ ࢈ + 	ࢉ ≥
ࡹࡳିࡹ࡭

	૜√ࢉ࢈ࢇ૜ ⇒ ࢇ) + ࢈ + ૜(ࢉ ≥ ૛ૠࢉ࢈ࢇ = ૛ૠ ⋅ ૝ࡾ ⋅ ࡿ ≥ ૛ૠ ⋅ ૡ࢘ ⋅ ࡿ ⇒  

⇒
ࢇ) + ࢈ + ૝(ࢉ

૛ ≥ ૛ૠ ⋅ ૡ ⋅ ૛ࡿ ⇒ ࢇ + ࢈ + ࢉ ≥ ૛ ⋅ ૜
૜
૝ ⋅ ࡿ√ ⇒

+ࢇ ࢈ + ࢉ
૜ ≥

૛√ࡿ
√૜૝  

ࡿࡴࡸ ≥ ቆ
૛√ࡿ
√૜૝ ቇ

૟

=
(૛૛ࡿ)૜

൫√૜൯
૜ = ൬

૝ࡿ
√૜

൰
૜

= ቆ
૝√૜ࡿ
૜ ቇ

૜

 

 

395. In ࢤ	ࢇࢊ,࡯࡮࡭ = ࢈ࢊ,(࡯࡮,ࡻ)ࢊ = ࢉࢊ,(࡭࡯,ࡻ)ࢊ =  	,(࡮࡭,ࡻ)ࢊ

ࡻ − circumcentre 

ࢇ .1
૛

૛ࢇࢊ
+ ૛࢈

࢈ࢊ
૛ + ૛ࢉ

૛ࢉࢊ
≥ ૜૟ 

ࢇࢊ .2
૛ା࢈ࢊ

૛ାࢉࢊ૛

૛ࢉ૛ା࢈૛ାࢇ
≥ ૚

૚૛
 

Proposed by Mehmet Șahin – Ankara – Turkey  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡻ,࡯࡮࡭ − circuncentro,  

ࢇࢊ = ࢈ࢊ,(࡯࡮,ࡻ)ࢊ = ࢉࢊ,(࡯࡭,ࡻ)ࢊ =  (࡮࡭,૙)ࢊ

Probar que 

ࢇ .1
૛

૛ࢇࢊ
+ ૛࢈

࢈ࢊ
૛ + ૛ࢉ

૛ࢉࢊ
≥ ૜૟ 

ࢇࢊ .2
૛ା࢈ࢊ

૛ାࢉࢊ૛

૛ࢉ૛ା࢈૛ାࢇ
≥ ૚

૚૛
 

Tener en cuenta las siguientes identidades y desigualdad en un ࢤ	࡯࡮࡭ 
ࢇࢊ = ࡭ܛܗ܋ࡾ ࢈ࢊ, = ࡮ܛܗ܋ࡾ ࢉࢊ, = ࡯ܛܗ܋ࡾ ࢇ, = ૛ࡾ ܖܑܛ ࡭ ࢈, = ૛࡮ܖܑܛࡾ , ࢉ = ૛ࡾ  ࡯ܖܑܛ

࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ = ૚ − ૛ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ ૚ −
૚
૝ =

૜
૝ 

Ahora bien: ࢇ
૛

૛ࢇࢊ
+ ૛࢈

࢈ࢊ
૛ + ૛ࢉ

૛ࢉࢊ
≥ ૜૟ ⇔ ࡭૛ܖ܉ܜ + ࡮૛ܖ܉ܜ + ૛ܖ܉ܜ ࡯ ≥ ૢ 

En un triángulo acutángulo ࡯࡮࡭:	 ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ ≥ ૜√૜ ⇔ 

⇔ ૛ܖ܉ܜ ࡭ + ࡮૛ܖ܉ܜ + ૛ܖ܉ܜ ࡯ ≥
૚
૜

࡭ܖ܉ܜ) + ࡮ܖ܉ܜ + ૛(࡯ܖ܉ܜ ≥
૚
૜ ⋅ ૛ૠ = ૢ 

(LQQD). Por último: ࢇࢊ
૛ା࢈ࢊ

૛ାࢉࢊ૛

૛ࢉ૛ା࢈૛ାࢇ
≥ ૚

૚૛
⇔ 

⇔ ૜(ܛܗ܋૛࡭ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ (࡯ ≥ ૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ  ࡯

⇔ ૜(ܛܗ܋૛࡭ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ (࡯ ≥ ૜ − ࡭૛ܛܗ܋) + ࡮૛ܛܗ܋ + ૛ܛܗ܋ (࡯ ⇔ 

⇔ ࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ ≥ ૜
૝
 (LQQD) 

 

396. In ࢤ	࡯࡮࡭, ࡵ − incentre, ࢇࡾ ࢉࡾ,࢈ࡾ, − circumradii in ࢤ	ࢤ,࡯ࡵ࡮	ࢤ,࡭ࡵ࡯	࡮ࡵ࡭ 

√૟ ≤ ඨ
ࢇࡾ
ࢇࢎ

+ ඨ
࢈ࡾ
࢈ࢎ

+ ඨ
ࢉࡾ
ࢉࢎ

≤ ඨ૜ࡾ
࢘  

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡵ − Incentro, ࢉࡾ,࢈ࡾ,ࢇࡾ circunradio en los triángulos 

 ࡯࡮࡭ Probar en un triángulo .࡮ࡵ࡭,࡭ࡵ࡯,࡯ࡵ࡮

√૟ ≤ ටࢇࡾ
ࢇࢎ

+ට࢈ࡾ
࢈ࢎ

+ ටࢉࡾ
ࢉࢎ
≤ ට૜ࡾ

࢘
. Tener en cuenta las siguientes identidades 

ࢇࡾ = ૛ܖܑܛࡾ
࡭
૛ ࢈ࡾ, = ૛ܖܑܛࡾ

࡮
૛ ࢉࡾ, = ૛ࡾ ܖܑܛ

࡯
૛ ࢉࡾ࢈ࡾࢇࡾ, = ૡࡾ૜ ⋅

࢘
૝ࡾ = ૛ࡾ૛࢘ 

⇔ ࢇࡾ ࢈ࡾ+ + ࢉࡾ = ૛ࡾ൬ܖܑܛ
࡭
૛ + ܖܑܛ

࡮
૛ + ܖܑܛ

࡯
૛൰ ≤ ૜ࡾ, ૛࢖ ≤ ૜√૜ࡾ,ࡾ ≥ ૛࢘ 

ࢇࢎ =
૛ࡿ
ࢇ ࢈ࢎ, =

૛ࡿ
࢈ ࢉࢎ, =

૛ࡿ
ࢉ ,

૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ

=
૚
࢘ 

⇔ ࢉࢎ࢈ࢎࢇࢎ = ૡࡿ૜

ࢉ࢈ࢇ
= ૡࡿ૜

૝ࡿࡾ
= ૛ࡿ૛

ࡾ
= ૛࢖૛࢘૛

ࡾ
≤ ૛ૠ࢘૛

૛
. Aplicando MA ≥ MG 

ඨ
ࢇࡾ
ࢇࢎ

+ ඨ
࢈ࡾ
࢈ࢎ

+ ඨ
ࢉࡾ
ࢉࢎ

≥ ૜ඨ
ࢉࡾ࢈ࡾࢇࡾ
ࢉࢎ࢈ࢎࢇࢎ

૟
= ૜ඩ

૛ࡾ૛࢘
૛࢖૛࢘૛
ࡾ

૟ ≥ ૜ඩ
૛ࡾ૛࢘
૛ૠ࢘૛
૛

૟ = 

= ૜ට ૝ࡾ
૛ૠ࢘

૟
≥ ૜ට ૡ

૛ૠ

૟
= ૜ට૛

૜
= √૟. Por la desigualdad de Cauchy 

ටࢇࡾ
ࢇࢎ

+ ට࢈ࡾ
࢈ࢎ

+ ටࢉࡾ
ࢉࢎ
≤ ට(ࢇࡾ + ࢈ࡾ + (ࢉࡾ ቀ ૚

ࢇࢎ
+ ૚

࢈ࢎ
+ ૚

ࢉࢎ
ቁ ≤ ට૜ࡾ

࢘
    (LQQD) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ࢇࡾ = ૛ܖܑܛࡾ ࡭
૛

࢈ࡾ, = ૛ܖܑܛࡾ ࡮
૛

ࢉࡾ, = ૛ܖܑܛࡾ ࡯
૛

ࢤ ; = ࢇࢎ⋅ࢇ
૛

= ࢈ࢎ⋅࢈
૛

= ࢉࢎ⋅ࢉ
૛

. Now, 

෍ඨ
ࢇࡾ
ࢉ࢟ࢉࢇࢎ

= ෍ඨࢇ	ࡾ ܖܑܛ
࡭
૛

ࢤ
ࢉ࢟ࢉ

= ෍ඩ
૛ࢇ ⋅ ૛ࡾ ૛࡭ܖܑܛ ܛܗ܋

࡭
૛

૝ࢤ ࢉ࢟ࢉ૛࡭ܛܗ܋

= ෍ඨ
ࢇ ⋅ ૛ࡾ ࡭ܖܑܛ

૝ࢤ ࢉ࢟ࢉ૛࡭ܛܗ܋
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=
૚

√૝ࢤ
෍

ࢇ

ට࡭ܛܗ܋૛
ࢉ࢟ࢉ

≥⏞
ࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯ ૚

૛√ࢤ
⋅
૚
૜ ⋅

ࢇ) + ࢈ + (ࢉ ⋅

⎝

⎛෍
૚

ට࡭ܛܗ܋૛
ࢉ࢟ࢉ

⎠

⎞ 

= ට
࢖
࢘ ⋅

૚
૜
⎝

⎛෍
૚

ට࡭ܛܗ܋૛
ࢉ࢟ࢉ

⎠

⎞ ≥ ට
࢖
࢘ ⋅ ඨ

૜

૛࡭ܛܗ܋ + ૛࡮ܛܗ܋ + ૛࡯ܛܗ܋
 

= ඩ૜√૜ ⋅
૜

૜√૜
૛

= √૟ ቎∵ ෍ܛܗ܋
࡭
૛

ࢉ࢟ࢉ

≤
૜√૜
૛

࢖	ࢊ࢔ࢇ	 ≥ ૜√૜࢘቏ 

again, ∑ ටࢇࡾ
ࢉ࢟ࢉࢇࢎ ≤⏞

ࢆࡾ࡭ࢃࡴ࡯ࡿିࢅࡴ࡯ࢁ࡭࡯

	ට൫∑ ࢉ࢟ࢉࢇࡾ ൯ ቀ∑ ૚
ࢉ࢟ࢉࢇࢎ ቁ 

= ඩ૛ࡾቌ෍ܖܑܛ
࡭
૛

ࢉ࢟ࢉ

ቍቌ෍
ࢇ
૛ࢤ

ࢉ࢟ࢉ

ቍ = ඩ
૛ࡾ
࢘ ቌ෍ܖܑܛ

࡭
૛

ࢉ࢟ࢉ

ቍ ≤ ඨ૜ࡾ
࢘
	቎∵ ෍ܖܑܛ

࡭
૛

ࢉ࢟ࢉ

≤
૜
૛
቏ 

Hence proved 

 

397. In ࢤ	࡯࡮࡭: 

൬
ࢇࢎ
࡭ +

࢈ࢎ
࡮ +

ࢉࢎ
࡯ ൰ ൬

࡭
ࢇࢎ

+
࡮
࢈ࢎ

+
࡯
ࢉࢎ
൰ ≥ ૚૙ −

૛࢘
ࡾ  

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ቀࢇࢎ
࡭

+ ࢈ࢎ
࡮

+ ࢉࢎ
࡯
ቁ ቀ ࡭

ࢇࢎ
+ ࡮

࢈ࢎ
+ ࡯

ࢉࢎ
ቁ ≥ ૚૙ − ૛࢘

ࡾ
 

Supongamos ܖܑܛ 	 pérdida de generalidad 

ࢇ ≥ ࢈ ≥ ࢉ ⇔
૚
ࢉ
≥
૚
࢈
≥
૚
ࢇ

, ࡭ ≥ ࡮ ≥ ࡯ ⇔
૚
࡯
≥
૚
࡮
≥
૚
࡭
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Aplicando la desigualdad de Chebyshev 

࡭ࢇ) + ࡮࢈ + (࡯ࢉ ≥ ૚
૜

ࢇ) + ࢈ + ࡭)(ࢉ ࡮+ +  (A) … (࡯

ቀ ૚
࡯ࢉ

+ ૚
࡮࢈

+ ૚
࡭ࢇ
ቁ ≥ ૚

૜
ቀ૚
ࢉ

+ ૚
࢈

+ ૚
ࢇ
ቁ ቀ૚

࡯
+ ૚

࡮
+ ૚

࡭
ቁ … (B) 

Multiplicando (A) ⋅ (B) y aplicando MA ≥ MG 

࡭ࢇ) + ࡮࢈ + (࡯ࢉ ൬
૚
࡯ࢉ +

૚
࡮࢈ +

૚
൰࡭ࢇ ≥ 

≥
૚
ૢ

࡭) + ࡮ + (࡯ ൬
૚
࡭ +

૚
࡮ +

૚
൰࡯

ࢇ) + +࢈ ൬(ࢉ
૚
+ࢇ

૚
࢈ +

૚
൰ࢉ ≥

+ࢇ) ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ

Por la tanto  

൬
ࢇࢎ
࡭ +

࢈ࢎ
࡮ +

ࢉࢎ
࡯ ൰ ൬

࡭
ࢇࢎ

+
࡮
࢈ࢎ

+
࡯
ࢉࢎ
൰ = ࡭ࢇ) + ࡮࢈ + (࡯ࢉ ൬

૚
࡯ࢉ +

૚
࡮࢈ +

૚
൰࡭ࢇ ≥ 

≥ ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૚૙ − ૛࢘

ࡾ
 (LQQD) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ቌ෍
ࢇࢎ
ࢇ

ࢉ࢟ࢉ

ቍቌ෍
ࢇ
ࢉ࢟ࢉࢇࢎ

ቍ = ቌ෍
૚
૛ࢇ

ࢉ࢟ࢉ

ቍቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍ ൤ࢤ =
ࢇࢎࢇ
૛ =

࢈ࢎ࢈
૛ =

ࢉࢎࢉ
૛ ൨ 

≥ ቌ෍
૚
࢈ࢇ

ࢉ࢟ࢉ

ቍቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍ = ൬
ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ

൰ቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍ =
૛࢖

૝࢖࢘ࡾ
⋅ ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) 

=
૛࢖ − ࢘૛ − ૝࢘ࡾ

࢘ࡾ
≥
૚૛࢘ࡾ − ૟࢘૛

࢘ࡾ
	[∵ ૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛] 

= ૚૙࢘ࡾା૛ି࢘ࡾ૝࢘૛ି૛࢘૛

࢘ࡾ
≥ ૚૙ − ૛࢘

ࡾ
 (Proved) 

398. In ࢤ	࡯࡮࡭: 

ࢉࢇ + ૛࢈

ࢇ࢘)࢈ + (ࢉࡾ +
ࢇ࢈ + ૛ࢉ

࢈࢘)ࢉ + (ࢇࡾ +
࢈ࢉ + ૛ࢇ

ࢉ࢘)ࢇ + (࢈ࡾ ≥
૝
ࡾ

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

In ࢤ	࡯࡮࡭ then (ࡿ = area of ࢉࢇ ;(࡯࡮࡭ା࢈૛

(ࢉࡾାࢇ࢘)࢈ + ૛ࢉାࢇ࢈

(ࢇࡾା࢈࢘)ࢉ + ૛ࢇା࢈ࢉ

(࢈ࡾାࢉ࢘)ࢇ ≥
૝
ࡾ

 

⇔෍
ࢉࢇ + ૛࢈

࢈ ቀ ૛ࡿ
ࢇ + ࢈ + ࢉ ⋅ ࢇ + ࢉ࢈ࢇ

૝ࡿ ⋅ ቁࢉ
≥

૝
ࢉ࢈ࢇ
૝ࡿ

 

⇔෍
ࢉࢇ + ૛࢈

൬࢈ࢇ ૛ࡿ
+ࢇ ࢈ + ࢉ + ૛ࢉ࢈

૝ࡿ ൰
≥
૚૟ࡿ
ࢉ࢈ࢇ ⇔෍

+ࢉࢇ) +ࢇ)(૛࢈ ࢈ + (ࢉ
૛ࡿ൫ૡ࢈ࢇ + +ࢇ)૛ࢉ࢈ ࢈ + ൯(ࢉ

≥
૝
 ࢉ࢈ࢇ

⇔෍
ࢉࢇ)ࢉ + ࢇ)(૛࢈ + ࢈ + (ࢉ

࢈)∏(ࢇ∑)] + ࢉ − (ࢇ + ૛ࢉ࢈૛(∑ࢇ)] ≥ ૛ 

⇔ ∑ ૛൯࢈ାࢉࢇ൫ࢉ
૛ࢉ࢈ା૛(ࢇିࢉା࢈)∏

     (3) 

We have: ∏(࢈ + ࢉ − (ࢇ ≤ ࢉ࢈ࢇ ⇒ ∑ ૛൯࢈ାࢉࢇ൫ࢉ
૛ࢉ࢈ା૛(ࢇିࢉା࢈)∏

≥ ∑ ૛൯࢈ାࢉࢇ൫ࢉ
૛ࢉ࢈ା૛ࢉ࢈ࢇ

 

⇔ ∑ ૛൯࢈ାࢉࢇ൫ࢉ
૛ࢉ࢈ା૛(ࢇିࢉା࢈)∏

≥ ∑ ૛࢈ାࢉࢇ

ࢉ࢈ା૛࢈ࢇ
≥ ૜ ⋅ ට (૛࢈ାࢉࢇ)∏

(ࢉ࢈ା૛࢈ࢇ)∏
૜

   (1) 

We prove that: ૛ૠ∏(ࢉࢇ + (૛࢈ ≥ ૡ∏(࢈ࢇ + ૛ࢉ࢈) 

⇔ ૛ૠ ቀ૛ࢇ૛࢈૛ࢉ૛ + ෍ࢇ૜࢈૜ + ૜ቁࢇ෍ࢉ࢈ࢇ ≥ ૡቀૢࢇ૛࢈૛ࢉ૛ + ૛ࢉ࢈ࢇ෍࢈ࢇ૛ + ૝ࢉ࢈ࢇ	෍ࢇ૛࢈ቁ 

⇔ ૛ૠ∑ࢇ૜࢈૜ + ૛ૠࢇ∑ࢉ࢈ࢇ૜ ≥ ૚ૡࢇ૛࢈૛ࢉ૛ + ૚૟࢈ࢇ∑ࢉ࢈ࢇ૛ + ૜૛ࢇ∑ࢉ࢈ࢇ૛(2)    ࢈ 

Because, by AM-GM: ૚૟ࢇ∑ࢉ࢈ࢇ૜ ≥ ૚૟࢈ࢇ∑ࢉ࢈ࢇ૛ 

૚૚ࢇ∑ࢉ࢈ࢇ૜ + ૛૚∑ࢇ૜࢈૜ ≥ ૜૛ࢇ∑ࢉ࢈ࢇ૛࢈; ૟∑ࢇ૜࢈૜ ≥ ૚ૡࢇ૛࢈૛ࢉ૛ 

Therefore ⇒ (2) true; (1), (2) ⇒ ∑ ૛൯࢈ାࢉࢇ൫ࢉ
૛ࢉ࢈ା૛(ࢇିࢉା࢈)∏

≥ ૛ ⇒ true ⇒ QED. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

෍
࢈ࢇ + ૛ࢉ

࢘࢈)ࢉ + (ࡾࢇ
ࢉ࢟ࢉ

= ෍
࢈ࢇ

࢘࢈)ࢉ + (ࡾࢇ
ࢉ࢟ࢉ

+ ෍
૛ࢉ

࢘ࢉ࢈ + ࡾࢉࢇ
ࢉ࢟ࢉ
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=
૚
ࢉ࢈ࢇ

෍
૛࢈૛ࢇ

࢘࢈ + ࡾࢇ
ࢉ࢟ࢉ

+ ෍
૛ࢉ

࢘ࢉ࢈ + ࡾࢉࢇ
ࢉ࢟ࢉ

 

≥⏞
ࡹࡾࡻࢀࡿࡳࡾࡱ࡮ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ

ࡾ) + ࢇ)ࢉ࢈ࢇ(࢘ + ࢈ + (ࢉ +
ࢇ) + ࢈ + ૛(ࢉ

ࡾ) + ࢈ࢇ)(࢘ + ࢉ࢈ +  (ࢇࢉ

= ૟
࢘ାࡾ

≥ ૛
૜ࡾ
⋅ ૟[∵ ࡾ ≥ ૛࢘] = ૝

ࡾ
 (proved) 

 

399. If ࢔ ∈ ቂ૚
૝

,૚ቃ then in ࢤ	࡯࡮࡭: 

ࡾ
૛࢘

≥ ࢔ + (૚ − (࢔ ⋅
૜ࢇ + ૜࢈ + ૜ࢉ

૜ࢉ࢈ࢇ
 

Proposed by Marin Chirciu – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

ࡾ
૛࢘ ≥ ࢔ + (૚ − (࢔

૜ࢇ + ૜࢈ + ૜ࢉ

૜ࢉ࢈ࢇ ⇔
ࡾ
૛࢘ − ૚ ≥ (૚ − ቆ(࢔

૜ࢇ + ૜࢈ + ૜ࢉ

૜ࢉ࢈ࢇ − ૚ቇ 

⇔
−ࡾ ૛࢘
૛࢘

⋅ ૜ࢉ࢈ࢇ ≥ (૚ − ࢇ൞ቌ෍(࢔
ࢉ࢟ࢉ

ቍ

૜

− ૜ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍൢ 

⇔ ૟ࡾ)࢖ࡾ − ૛࢘) ≥ (૚ − ૛࢖)࢖૛(࢔ − ૜࢘૛ − ૚૛࢘ࡾ) 

⇔ ૜ࡾ)ࡾ − ૛࢘) ≥
૜
૝

૛࢖) − ૜࢘૛ − ૚૛࢘ࡾ) ൤∵
૚
૝ ≤ ࢔ ≤ ૚ ⇒

૜
૝ ≥ ૚ − ࢔ ≥ ૙൨ 

⇔ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢖૛ ≥ ∴ ૛, which is true࢖ ࡾ
૛࢘
≥ ࢔ + (૚ − (࢔ ⋅ ࢇ

૜ା࢈૜ାࢉ૜

૜ࢉ࢈ࢇ
 

400. In any scalene ࢤ	࡯࡮࡭: 

෍
૝ࢇ + ૛ࢉ૛࢈

ࢇ) − ࢇ)(࢈ − (ࢉ <  ૛ࡾ96

Proposed by Daniel Sitaru – Romania  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	࡯࡮࡭ escaleno: ࢇ૝ା࢈૛ࢉ૛

(ࢉିࢇ)(࢈ିࢇ)
+ ૛ࢇ૛ࢉ૝ା࢈

(ࢇି࢈)(ࢉି࢈)
+ ૛࢈૛ࢇ૝ାࢉ

(࢈ିࢉ)(ࢇିࢉ)
<  ૛ࡾ96

Como el ࢤ	࡯࡮࡭ es escaleno → ࢇ ≠ ࢈ ≠ ࢉ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ <  ૛. Recordar lasࡾ9

siguiente identidades (ࢇ − −࢈)(࢈ ࢉ)(ࢉ − (ࢇ = ࢈)࢈ࢇ − (ࢇ + ࢉ)ࢉ࢈ − (࢈ + ࢇ)ࢇࢉ −  .(ࢉ

Ahora bien ൫ࢇ
૝ା࢈૛ࢉ૛൯(࢈ିࢉ)

(࢈ିࢉ)(ࢉିࢇ)(࢈ିࢇ)
+ ൫࢈૝ାࢉ૛ࢇ૛൯(ࢉିࢇ)

(ࢉିࢇ)(ࢇି࢈)(ࢉି࢈)
+ ൫ࢉ૝ାࢇ૛࢈૛൯(ࢇି࢈)

(ࢇି࢈)(࢈ିࢉ)(ࢇିࢉ)
= ∑൫ࢇ૝ା࢈૛ࢉ૛൯(࢈ିࢉ)

(ࢇିࢉ)(ࢉି࢈)(࢈ିࢇ)
. Es 

suficiente probar (ࢇ૝ + ࢉ)(૛ࢉ૛࢈ − (࢈ + ૝࢈) + ࢇ)(૛ࢇ૛ࢉ − (ࢉ + ૝ࢉ) + −࢈)(૛࢈૛ࢇ (ࢇ = 

= +ࢇ) ࢈ + ࢇ)૛(ࢉ − −࢈)(࢈ ࢉ)(ࢉ −  Demostración .(ࢇ

+ࢇ) ࢈ + −࢈)࢈ࢇ൫(ࢉ (ࢇ + ࢉ)ࢉ࢈ − (࢈ + ࢇ)ࢇࢉ − ൯(ࢉ = 

= ૛࢈)࢈ࢇ − (૛ࢇ + −࢈)ࢉ࢈ࢇ (ࢇ + ૛ࢉ)ࢉ࢈ − (૛࢈ + ࢉ)ࢇࢉ࢈ − (࢈ + ૛ࢇ)ࢇࢉ − (૛ࢉ + −ࢇ)࢈ࢇࢉ  (ࢉ

ࢇ) + ࢈ + ࢇ)(ࢉ − −࢈)(࢈ ࢉ)(ࢉ − (ࢇ = ૛࢈)࢈ࢇ − (૛ࢇ + ૛ࢉ)ࢉ࢈ − (૛࢈ + ૛ࢇ)ࢇࢉ −  (૛ࢉ

ࢇ) + +࢈ ࢇ)૛(ࢉ − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ = ࢇ) + ࢈ + (ࢉ ቀ࢈ࢇ൫࢈૛ +૛൯ࢇ− ૛ࢉ൫ࢉ࢈ +૛൯࢈− ૛ࢇ൫ࢇࢉ −  ૛൯ቁࢉ

ࢇ) + ࢈ + ࢇ)૛(ࢉ − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ = ෍࢈ࢇ ૛࢈) − +ࢇ)(૛ࢇ (࢈ + ૛࢈)ࢉ࢈ࢇ − (૛ࢇ + 

૛ࢉ)ࢇࢉ࢈+ − (૛࢈ + ૛ࢇ)࢈ࢇࢉ −  (૛ࢉ

+ࢇ) ࢈ + ࢇ)૛(ࢉ − −࢈)(࢈ ࢉ)(ࢉ − (ࢇ = ૛࢈)࢈ࢇ − +ࢇ)(૛ࢇ (࢈ + ૛ࢉ)ࢉ࢈ − +࢈)(૛࢈ (ࢉ + 

૛ࢇ)ࢇࢉ+ − +ࢉ)(૛ࢉ  Por último . (ࢇ

ࡱ = ૛࢈)࢈ࢇ − +ࢇ)(૛ࢇ (࢈ + ૛ࢉ)ࢉ࢈ − ࢈)(૛࢈ + (ࢉ + ૛ࢇ)ࢇࢉ − +ࢉ)(૛ࢉ  (ࢇ

ࡱ = +ࢇ૛࢈)࢈ࢇ ૜࢈ − ૜ࢇ − (࢈૛ࢇ + +࢈૛ࢉ)ࢉ࢈ ૜ࢉ − ૜࢈ − (ࢉ૛࢈ + +ࢉ૛ࢇ)ࢇࢉ ૜ࢇ − ૜ࢉ −  (ࢇ૛ࢉ

ࡱ = ૛ࢇ૜࢈ + −ࢇ૝࢈ ࢈૝ࢇ − ૛࢈૜ࢇ + ૛࢈૜ࢉ + ࢈૝ࢉ − ࢉ૝࢈ − ૛ࢉ૜࢈ + ૛ࢉ૜ࢇ + ࢉ૝ࢇ − 

ࢇ૝ࢉ− −  ૛ࢇ૜ࢉ

ࡱ = ࢉ૝ࢇ − ࢈૝ࢇ + ૛࢈૜ࢉ − ૛ࢉ૜࢈ + ࢇ૝࢈ − +ࢉ૝࢈ ૛ࢉ૜ࢇ − ૛ࢇ૜ࢉ + ࢈૝ࢉ − +ࢇ૝ࢉ ૛ࢇ૜࢈ −  ૛࢈૛ࢇ

ࡱ = ૝ࢇ) + ࢉ)(૛ࢉ૛࢈ − (࢈ + ૝࢈) + −ࢇ)(૛ࢇ૛ࢉ (ࢉ + ૝ࢉ) + ࢈)(૛࢈૛ࢇ −  (ࢇ

(LQQD). Finalmente 

૝ࢇ + ૛ࢉ૛࢈

ࢇ) − ࢇ)(࢈ − (ࢉ +
૝࢈ + ૛ࢇ૛ࢉ

−࢈) ࢈)(ࢉ − (ࢇ +
૝ࢉ − ૛࢈૛ࢇ

ࢉ) − ࢉ)(ࢇ − (࢈ = ࢇ) + ࢈ + ૛(ࢉ < 

< ૛ࢇ)3 + ૛࢈ + (૛ࢉ < ૛ࡾ27 <  ૛ࡾ96
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Its nice to be important but more important its to be nice! 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 


