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301. Ifin A ABC the orthocenter lies on the incircle then:

cosA+ cosB+cosC—1=2vcosAcosBcosC
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Kevin Soto Palacios — Huarmey — Peru

Sien un 4 ABC el ortocentro se encuentra en el circulo. Probar

cosA+cosB+cosC—1=2+vcosAcosBcosC.De lacondicion se

despernde: IH = r. Tener en cuenta las siguientes identidades en un

s2—4R%—4Rr—r?
4R?

AABC;cosAcosBcosC = ,cosA+cosB+cosC—1:£

Ademas IH? = 4R? + 4Rr + 312 — s2 © r2 = 4R?* + A4Rr + 3r?% — 52

sZ —AR? —ARr — r? B r2
4R? " 4R?

s2—4R?* —4Rr—-1r’=r?t &

1
cosAcosBcosC = Z(cosA +cosB + cosC —1)?> ©+cosAcosBcosC

= %(cosA +cosB+cosC—1) - cosA+cosB+cosC—1=+/2cosAcosBcosC

302.In A ABC, O — circumcentre, I — incentre, m(xB) > 90°:
[AOB] [BOoC] [COA] R
+ - =—+
[AIB] [BIC] [C1A] r
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

. o ., [A0B] [BOC] . [coA] _ 5
Si m(«B) > 90°. Probar en un triangulo ABC AT R IR

Siendo 0 — circuncentro, I — incentro, se cumple lo siguiente
R?|sin 2C|

R?|sin 24 R?|sin 2B
[AOB] = T' [BoC] = % [coA] = %
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cr ar br
[AIB] = —-, [BIC] = —-, [CIA] = —

Como m(xB) > 90° - m(xA4), m(xB) < 90

R%sin 2C R? sin 24 R? sin 2B
& [A0OB] = —— [BOC] = ———,[c0A] = ——
2 2 2
[AOB] [BOC] [COA] R?sin2C 2 R?sin24 2 RZ?sin2B 2
[AIB] [BIC] [CIA] 2 cr 2 ar 2 br

[AOB] [BOC] [c0A] R? /sin2C sin24 sin2B
[4IB] * [BIC] [CIA]l 1 (e " )=
_ E(Sin 2C N sin24 N sinZB)
r\2sinC 2sinA 2sinB

[A0B] [BOC] [C0A] _R

+ - =— C + A+ B) =
[AIB] ~ [BIC] [CIA] 7 (cosC +cosA + cosB)

[ a b

R r R
= (cosC+cosA+cosB):—(1+—) =—+1
r R r

303. In AABC , AA', BB’, CC’ Nagel’s Cevians. Prove that:
a’[AA')? + b%[BB']* + c%[CC']? = 4s*r(2R — 1)
a[AA']? + b[BB']? + c[CC']?> = 2sT(8R — 7T)
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo AA’, BB’, CC' Nagel’s Cevians. Probar en un triangulo ABC
a’(44")? + b*(BB')? + c%(€cC")? = 4p*>r(2R — 1)
Teniendo en cuenta las siguientes notaciones y desigualdad

a?(4A")? = —ga(a2 —2b% —2¢% — ab — ac + 4bo),
p% + 5162 > 16Rr (Gerretsen’s inequality)

b%(BB')? = —gb(b2 —2c¢%? —2a? — bc — ba + 4ca),

c?(cc)? = —gc(c2 —2a%® — 2b% — ca— cb + 4ab)

EL LHS es equivalente

_g(zas —22a<b2+02>—2“2<”+c)+ 12abc) =
_ _g(zas _3Zab(a+b) + 12abc)

- _g(ZP(PZ —3r2 — 6Rr) — 6p(p? — 2Rr + r?) + 48pRr)

= —g(—élp3 — 12pr? + 48pRr) = 2p*(p? + 3r%> — 12Rr)

Es suficiente probar 2p?(p? + 3r? — 12Rr) > 4s*r(2R —r)
& p? +3r2 — 12Rr > 4Rr — 2r? < p? + 5r% > 16Rr (LQQD)
Siendo AA’, BB’, CC' Nagel’s Cevians. Probar en un triangulo ABC
a(AA")? + b(BB')? + c(cC')? > 2pr(8R — 7r)

Teniendo en cuento las siguientes notaciones y desigualdad
a(44)? = —g(a2 —2b% —2¢% — ab — ac + 4bo),

p% + 5r? > 16Rr (Gerretsen’s Inequality)
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b(BB')? = —g(bZ — 2c¢%2—2a? — bc — ba + 4ca),

c(cc)? = —g(c2 —2a? — 2b? — ca — cb + 4ab)

EL LHS es equivalente
—g(—Baz —3b% —3c% + 2ab + 2bc + 2ca) = g(Baz +3b?% +3c? — 2ab — 2bc — 2ca)

o 2(6(172 — 12 —4Rr) - 2(p* +1r* + 4Rr)) = g(4p2 — 8r2 — 32Rr) =

= p(2p? — 4r? — 16Rr). Es suficiente demostrar lo siguiente
p(2p? — 4r* — 16Rr) > 2pr(8R — 7r) © 2p? — 4r?> — 16Rr > 16Rr — 1412
& 2(p? + 51%) > 32Rr © p? + 5r% > 16Rr (LQQD)

Solution 2 by Soumava Chakraborty-Kolkata-India

Let AA" = x, BB’ = y,CC' = z. By Stewart’s theorem,
b% (s —c¢) + c*(s—b) = a(xZ +(s—b)(s — c))
s> ax?=b*(s—c)+c*(s—b)—a(s—b)(s —c)
= s(b? + ¢?) — (b%*c + bc?) — a{s* — s(2s — a) + bc}
= s(b%? + ¢%) — be(b + ¢) — s(—s? + as + bc)

= s(b? + ¢?) — bc(b + ¢) + as? — a*s — abc
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= a’*x? = s(ab? + ac?) — abc(b + ¢) + a*s* — a®s — a’bc (1)
Similarly, b?y? @ s(bc? + ba?) — abc(c + a) + b*>s? — b3s — b%ca,
and, c%z> @ s(ca? + cb?) — abc(a + b) + c?s? — c3s — c%ab
(1)+(2)+(3) = LHS of @ s a’b + Y ab?) — abc(4s) +
+2s%(s* —4Rr —r?) —s {Babc + 25§ (Z a? — Z ab)} — abc(2s)
=s [Z{ab(Zs — c)}] — 24s*Rr + 25%(s* —4Rr — 1%) —

—s{12Rrs + 2s(s? — 12Rr — 312)}
= s{2s(s?> + 4Rr + %) — 12Rrs} — 24s*Rr + 25%(s*> — 4Rr — r?) —
—2s%(6Rr + s* — 12Rr — 31r%)
= 2s%(s®? +r%2 — 2Rr) — 24s%Rr + 25s%(s* — 4Rr — r?) —
—2s5%(s? — 6Rr — 31?)

= 2s%(s®* +1r%2 — 2Rr — 12Rr + s* — 4Rr — r* — s* + 6Rr + 31?%)
?
= 25%(s> — 12Rr + 3r%) > 4s*r(2R —r)
?
& s2 —12Rr + 3r? > 4Rr — 2r?

?
& s% > 16Rr — 51% - true by Gerretsen= (1) is proved. We earlier

proved that: ax? = s(b? + ¢2) — bc(b + ¢) + as? — a*s — abc (4)
.. (5)
Similarly, by? = s(c? + a?) — ca(c + a) + bs* — b%*s — abc,

(6)
and, cz? = s(a? + b?) — ab(a + b) + cs* — ¢*s — abc

(4)+(5)+(6) = LHS of (2)

=2s (Z az) — {Z ab (2s — c)} +s%2(2s)—s (Z az) — 12Rrs
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= 2s(s? — 4Rr — %) — 2s(s* + 4Rr + r%) + 12Rrs + 25> — 12Rrs
?
= 2s(s? — 8Rr — 2r?) > 2sr(8R — 7r)

?
& s% > 16Rr — 512 - true by Gerretsen = (2) is true

304. Prove that in any triangle ABC

4R +r
R

Ta b, Teg 3,
a b [ 2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar enun trlangquABC +12 > byles |3 (4R+r)

c Z R
4R+
Es suficiente demostrar lo siguiente - Ta by T Loyl Ta 2270
b b ¢ c a 2r

Tener en cuenta lo S|gU|ente

T, = 4Rsin§cos§cosg,rb = tLRsingcosgcosg,rC = 4Rsingcos§cos§
. . ,C ab
.y, = (2R sinA)(2R sin B) (cos E) S r ry = 7(1 + cos 0),

bc ca
rpr, = 7(1 +cosa),r.ro = 7(1 + cos B)

Tq Tp Tp T T, T 1+cosC 1+cosA 1+cosB
. + .

_c.a_ =
c a 2 2 2

44~
TR = 4§—R Aplicando la siguiente desigualdad paratodo R* x,y, z se

cumple la desigualdad propuesta

x+y+zZ\/3(xy+yz+zx),x:;,y:—,z:—
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305.In4 ABC:
hahbhc
r

moyw, +myw, +m.-w, =

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

b+c A 2bc A 2r2p?
My = —COS=, Wy = — = .
Lemmal m, > S COS_, W Py sz,h hyh,. = 2
A B c
Lemma 2. 4p? < 27R? cos= - cos- - cos= = &
2 2 2 4R
2A 2B C
LHS > bc - cos E+ca-cos E+ab-co 52

3 |(abey: - (cos} cosy-cos?) =
= anc (:OS2 (:OS2 (:OS2 =

3 P’ . 2rp’ 8r°p
=3 \/16R2r2p2-16R2 =3.-yrip*> 2 27 -rip* > ER

o ap? <R 4p? < 27R? < Z7—R o R > 2r (Euler)

Solution 2 by Kevin Soto Palacios — Huarmey — Peru
hahbhc

Probar enun triangulo ABCP =m, -w, + my - wp, + m, - w, = -
Tener en cuenta las siguientes desigualdades e identidad en un

. s 1 1 1 1
triangulo ABCm, > h,,my > hym, > h,—+—+—=-
ha hb hc r

Wq = hg,wy = hy,w,. = h.. Por latanto

P > h% + h2 + h% > hyh, + h.h, + hyhy, = h,hyh, (h +i+1)

a hp h,
(LQQD)

hahbhc

r
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306. Let ABC be a triangle and m,, m;,, m. are the medians and h,, hy, h,
Prove that
2 2 2 2 _ 2
m —
a m;j, N mg > 63r° —s
h, h, h, 4r

where r and s inradius and semiperimeter of ABC respectively.

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru — Romania

2
S
Z m2 BERGSTROM (Z /s(s — ) (Z G- b)(s = c)) AM>GM
h,

S (Z%)Z 1 s2+r2+4Rr 6312 —s?
=% = 28 -2,=25 — g =, (toprove)

2r(s?> +r?2 + 4Rr) > R(631r? — s%) &
s?(R + 2r) = 63Rr? — 2r? — 8Rr? (to prove)

GERRETSEN
s2(R+2r) S (R+2r)(16Rr — 512) > 63Rr? — 213 — 8Rr? (to prove)

4R* —7Rr —2r* >0 o (R—2r)(4R +1r) = 0 (Euler)

307. Prove that in any triangle ABC

9
(b+c)ryl, + (c+a)ryly, + (a+ b)r . < 2abc

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC la siguiente desigualdad
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(b+)ryly+ (c+ a)ryly + (a+ b)r . < Eabc
Teniendo en cuenta las siguientes notaciones y desigualdades en un

A B
AABC;r, = ptan;,rb = tan;,rc = ptanz

2bc A 2ca B 2ab C
la:b+ccosi,lb:a+bcosi,lcza+bcosi
siné+sin5+sin£<E siné< a sinE<L sin£< ¢
2 2 22 2 b+c’ 2 c+a’ 2 a+b

La desigualdad propuesta es equivalente

A B c
= psinE-Zbc+psinE-an+psini-2ab < Eabc

A 2 B 2
o (@+b+c)sinm-—+(b+c+a)sing-—+(c+a+b)sin--—<9
2 a 2 b 2 c

= Zsiné+25in5+ Zsin£+25iné-ﬂ+ ZsinE-H—a+Zsin£-a—+b <
2 2 2 2 a 2 b 2
<2-2+2-3=9(LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India

A j(s—b)(s—c)_\/s(s—a)(s—b)(s—c)_ a__

stanE:s s(s—a) s—a s—a
A 2bccos%
(b + C)Tala = (b + C) (S tan E)W

A s—b)(s—c)
= 2s bcsinE: 2s bcj( ;i ) = Zs\/bc(s—b)(s—c)

Similarly, (c + a)ryl, (é) 2s/ca(s — c)(s — ca), and,

(a+ b)r., (i) Zs\/ab(s —a)(s—b)
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(D)+(2)+(3)= LHS
= 25{\/bc(s — b)(s — c) + ca(s - c)(s — @) + /ab(s — a)(s — b)}
= 25{\/b(s = b)/c(s — ) + {c(s — c)/a(s — @) + Ja(s — @)\/b(s - b)}

a

S

_B_
< Zs\/b(s— b) +c(s—c)+a(s— a)\/c(s —c)+a(s—a)+ b(s—b)

= Zs\/s(Zs) — Z a? \/s(Zs) — Z a? = 2s{2s? — 2(s®> — 4Rr — r?)}
’9
= 2s(8Rr + 21r?%) < > abc = 18Rrs

? ?
< 8R + 2r < 9R < 2r < R — true (Euler) (Proved)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1) 5(b+ )L . PG

b+c

_ZZ-\/E-p(p—a)-\/(p—b)-(p—c)_
- e -

p—a=x
=sz-p\/(p—b)(p—c):{p—b=YI:
A

p—c=1z

=Y 2 G+ DG+ (x+y+2)-yz=
=20ty +2) Y Yo+ D 2x+y) <

:2.(x+y+z)'\/(x(y+z)+Y(Z+x)+Z(x+y))2:
=2(x+y+2z) 2(xy +yz+zx) =
= 4.(Z(x2y+xy2) +3xyz) =LHS

2) %abc zg-(x+y)(y+z)(z+x) = RHS
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LHS < RHS (ASSURE)
9
4- (D %y +xy?) + 3xy2) < S (x+ )y + D@ + )

8- (Z(xzy + xy?) + 3xyz) <9- (Z(xzy + xy?) + nyz)

6xyz < Y (x*y + xy?); GM < AM

308.In A4 ABC:

A B C s>—1%>—4Rr
m? tan25+ m? tan25+ m? tanzi < 5

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

. p A
Probar en un tridngulo no obtusangulo ABC Za > tan;

mg
Elevando al cuadrado la expresion se tiene lo siguiente
a? (s —b)(s — c)
2b2+2c2—-a2~ s(s—a)
e a?((b + ¢)? — a?) > (2(b% + ¢?) —a®)(a®? — (b — ¢)?)

Como es un triangulo no obtusangulo - cos4 = 0

s a’(b+c):—a*=>2a?b%*+c?) —a*—2(b*>+ c?)(b—c)?* + a%(b — c)?
& 0>2a%(b%+c%2—-2bc)—2(b*+c2)(b—c)* @ —-2(b>+c%2—-a®)(b—-c)* <0

& 4bccos A (b — c¢)? > 0. Andlogamente para los siguientes términos

B C .,
> tan—,i > tan > Probar en un triagulo ABC

2m, 2 m,

P—mztan2é+m tan? E+m tan2£<sz_r2_4Rr
a 2 b 2 2= 2

2 s% —4Rr

P< ”7+%: (LQQD)

a?
4
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Solution 2 by Soumava Chakraborty-Kolkata-India
Case 1. 4ABC is acute-angled.

A
m, < R(1+ cosA) = 2R coszi = m2 < 4R? cos4§

A@ A LA A ,4

. m2 tan? > < 4R? cos*— > tan? 2= = 4R? sin? > cos” 2

A A 1 a?
= in— —) = R%sin24==- i 2 -
(ZR smzcosz) R“sin“ A 4(2R sin 4) 2

N

2

) ;2 3

. B@Pp c
Similarly, m? tan?~ < —and m2tan?- < =
b 2 = 4 ¢ 2 = 4

(1)+(2)+(3)= LHS < 2= = Z= (proved)

Case 2: 4 ABC is right-angled. WLOG, we may assume m(£BAC) = 90°

) 2b% +2c:2—a? 2a% -a* a* a
= = =— = = —
a 4 4 g " Ma=7

m

. m2 tan? — (4)

Also, * £LB and «LC are acute, .. my < R(1 + cos B) etc, which will

2
ultimately yield m tan?Z <~ (5) and mz tan?< < Z (6)

(4)+(5)+(6)= Tm} tan? s < Z& = ST (proveq)

309. Prove that in any triangle ABC the following inequality holds
1 1 1 2R

(a+b+c)<—+—+—) <5+—

a b c r

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC la siguiente desigualdad
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1 1 1 2R
(a+b+c)(—+—+—)$5+—
a b c r
b+c c+a a+b»b 2R 2R b+c c+a a+b
& 3+ + + <5+— —+2> + +
a b [ r r a b [
abc b+c c+a a+b
ndyrmpyrups s Sl el (O

Siendo a, b, c los lados de un triangulo realizamos los siguientes
cambiosx=s—-a>0,y=s—-b>0,z=s5—-c>0,
x+y=c>0,y+z=a>0,z+x =>b>0.Locual tenemos en (A)

+ + + +z+2 +x+2 +y+2
(x +y)(y +2)(z x)+2>y zZ+2x zHx+2y x+y+2z

2xyz T y+z zZ+x x+y
x+y y+z  z+x 2y 2z
XY YrE T 32X L2 L 2 3 Por la desigualdad de
2z 2x 2y y+z z+z x+y

Yy
Cauchy +5>E( )§+222 ()_+§2m(p)

sumando (M) + (N) + (P) » 52 + 22 . 2% > 22 2V, 22 (| oop)

2x 2y y+z z+z x+y
Solution 2 by Soumava Chakraborty-Kolkata-India

(X ab) (X ab) - 2R + 57
4Rrs  2Rr ~ r

1 1 1
(a+b+c)(—+—+—):(23)

a b c
@Zabs2R(2R+5r):4R2+10Rr<:>sz+4Rr+r2S

< 4R? + 10Rr © s? < 4R? + 6Rr — r?. Now, Gerretsen = s? < 4R? +
+4Rr + 3r? .. it suffices to prove: 4R?* + 4Rr + 3r? < 4R* + 6Rr — r?
& 2Rr > 41% © R > 2r - true, by Euler (Proved)
310.In A ABC, G — centroid, I — incentre
AG -BG-CG+ Al -BI - CI > %(hahbhc + 2713)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo G - Centroid, I — Incentre. Probar en un 4 ABC la siguiente

desigualdad GA-GB - GC + 1A -IB - IC> (h hph, + 27r3)

Tener en cuenta las siguientes identidades y deS|guaIdades enun 4 ABC

GAZEma,GBZEmb,GCZEmC,IA=rcscé,IB=rcscE,IC=rcsc—
3 3 3 2 2 2
bc ca a a’b*c* 16s*r’R*> 2s%*r?

he=op M =g e =g el = g~ =g = ¢

m, >mmb mm >m@mmbm > sS=s%r

Luego GA - GB - 6C = —m mbmczziszr_—h hyh, (A)

IA-IB - IC—rcscArcsc resce=73 .22 =28 9713 (B)
2 2 2 r 27r

Sumando (A) + (B)= GA-GB -GC +IA-IB - IC> (h hyh, + 2713)

Solution 2 by Soumava Chakraborty-Kolkata-India

s 8 ., A B C
=—m,mym,+ 1> cSC—CSC—CSC—
27 @b 2 772772
mg=./s(s—a)
> 8 3(c _ — — + 13 bc ca ab
& VS - —b)s - o) +r D60\ G-aG-a -0 -5
_83-rs+ 3 abc _83 r+ 4Rrs? 83 r+4R
27 r (s—a)(s—-b)(s—c¢c) 27 r r2sz | 27 r*
rus = AR (@b G\ _4R-16R’r’s® o, @8s'r o,
~27r\ 8R? )= 727 x 8R°r Y r

(1),(2) > LHS = RHS (Proved)
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

X=p—a
y=p-b (N[46=T;m, > [1/plp—a) =

Z=p-—c



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

=28—7-\/p3(p—a)(p—b)(p—0)=2%-(x+y+2)-\/xy2(x+y+2)

— Xyz
e r _ T\ x+y+z
(IDHaAl =150 = = A_ sy
’ * |Masing =555

nAI—“(’”Y). ryz
4 xt+ty+z xt+ty+z

. _ [8:(x+y+2)3+27 [1(x+y)] . «
(”I) LHS: HAAG + HAAI = Z7-(x+y+z)\/m A XYZ ( )

4 (R, 2
(IV) RHS = — (r Hha+27Rr)

X _ R 88 _ [(x+y) 8xyz(x+y+2)xyz-(xty+2) _
g hatohe =5 e = Tane M(x+y) -

= 2-(x+y+z)-\/xyz(x+y+z)
27 M(x+y) xyz _ 27 [llx+y)/xyz

4 xyz(x+y+z) . x+y+z 4 . (x+y+2z)/x+y+z
Vi, (IV); (V), (V1) =
ﬁRHSZ%(Z-(x+y+z)\/xyz(x+y+z)+2—7 [Ix +y)yxyz >:

4 (x+y+z)fxtytz
_1 (8 x)3+27 [1(x+y) . o
= 5 (FEEE) gz ()

(VD) 27Rr? =

mg=./ P(P—a)
LHS > LHS (*) = RHS (**)
=0
311.In A ABC:
4 a b c \? R
9<b+c c+a a+b> 2r

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

., 4/( a b c 2 R
Probar en un trlangulo ABC—(—+—+—) < —
9 \b+c ct+a a+b 2r

Recordar las siguientes identidad y desigualdad en un 4 ABC

2 2 . 2 2 L1 1 1 1 : .
+b%+c% < —+—+—=— m
a* + b~ + c¢* < 9R* (Leibniz), Sttt == Lo cual implica, por
MA = MG: r , * , tr . t,*t,1t_1

(a+b)2  (b+c)2  (c+a)2 — 4ab 4bc 4ca  8Rr

Aplicando la desigualdad de Cauchy en la desigualdad propuesta

2
4 b 4 1 1 1 4 1 _ R
—(L+—+L) s—(a2+b2+c2)( + + )g-.gRZ._:_
9\b+c c+a a+b 9 (a+b)2  (b+c)2  (c+a)? 9 8Rr 2r

o 4( a b c\* _R
Por transitividad = 5 (E t—+ m) <5 (LQQD)

Solution 2 by Soumava Chakraborty-Kolkata-India
a b c Y{a(c + a)(a + b)} Y{a(X ab + a*)}
+ + = =
b+c c+a a+b ((b+c)(c+a)a+b) 2abc+Y a?b+ ) ab?

X ab)XTa)+Ya*  2s(Xab) + 3abc + 2s(¥ a* — Y ab)

- 2abc+Yab(2s—c¢) 2abc + 2s(3 ab) — 3abc
__12Rrs + 4s(s®* —4Rr —r?) _ 4s(s* — Rr —r?) @) 2(s* — Rr —r?)
"~ 2s(s2+4Rr +12) —4Rrs 2s(s2+1r2+2Rr)  s?+ 2Rr + 12

: : R _ 4 4(s®-Rr—r2)*
el el N
(1) = itsuffices toprove: - = (s2+2Rr+r2)?

© 9R(s? + 2Rr + %)% > 32r(s? — Rr —r?)? (2)

erretsen

G
LHS of (2) (%) 9R(s? + 2Rr + r?)(18Rr — 41?)

Gerretsen

Also RHS of (2) (%) 32r(s?2 — Rr — r%2)(4R? + 3Rr + 21?)

(3), (4) = it suffices to prove:
9R(9R — 21)(s% + 2Rr + r?) > 16(4R? + 3Rr + 2r%) - (s> — Rr — r?)
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& s2(17R? — 66Rr — 3212) + r(226R3 + 157R?>r + 62Rr?> +32r3) > 0 (5)

?
LHS of (5) = (16Rr — 572)(17R? — 66Rr — 321%) + r(226R3 + 157R*r + 62Rr* +321r3) > 0

?
< 498R3 — 984R%*r — 120Rr%2 + 19213 >0

?
& 2493 — 492t — 60t + 96 > 0 (where t =)

?
o (t—2){(t —2)(249t + 504) + 960} > 0 — true, =~ t =

S =

> 2 (Euler)

312. Prove that in any triangle ABC

ha 2h,h, 1

< + —
rp+re rc+7r, B (rb + rc) (rc + ra) 2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

. h h 2hah 1
Probar en un triangulo ABC ——+ —> < Al N

rptr,  retrg ~ (rp+r)otry) 2
La desigualdad es equivalente
25 2s 2s 25
b
zslzs+zslzsszs?zs'zslzs+
a+c—b ' a+b—c a+b—c ' b+c—a a+c—b ' at+b—c a+b—c ' b+c—a

(SN

(a+c-b)(a+b—c) (a+b—c)(b+c—a) (a+b-c)%(a+c-b)(b+c-a) 1
2a? * 2b2 = 2a2b? *3 (A)

Como a, b, c son lados de un triangulo, definase lo siguiente
x=b+c—-a=20y=a+c—-b=>20z=a+b—-c=>0
S x+y=2x,y+z=2a,2z+x=2b. Tenemos en (A)

2yz N 2zx - 8z%xy +1
O+ @+0l - (y+2)2(z+x)? 2

& 4yz(z + x)? + 4zx(y + 2)? — 162%xy < (z + y)?(z + x)?

© 423y + Ax’yz + Ay*zx + 423x = 4(2% + xy)(zy + zx) < (2% + xy + zy + zx)? =

=4



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

=(z+y)%(z+x)? & (MA= MG)
Solution 2 by Soumava Chakraborty-Kolkata-India

h (1)
a . hb < 2hahb + 1
Trp + re re + rq (rb + rc)(rc + ra) 2

h, = 2@ 2(s-b)(s—C) .. h, _ 2(s—c)(s—a)
= e =—3a = ~——— Similarly, = > 3)
Tp+7, E-l-; G0 a Te+ry b
_ _ Y _ _ _)2
(2)’ (3) N (1) o 2(s l;)z(s c) + 2(s LZZ(S a) < 8(s a)E:Zbl;)(s c) +1

& 4b%(s—a)(s—c) +4a*(s—c)(s—a) (;) 16(s — a)(s — b)(s — c¢)? + a?b?

s—a=x a=y+z,
Las—b:y};S=x+y+z:b=z+x
s—c=1z c=x+y

~(B) e 16xyz + (y+2)2(z+x)? —4(z + x)*yz— 4zx(y +2)> > 0
o x%y? + y2z% + 22x% + z* — 2y%zx + 27%xy —
—2x2%yz + 2z%xy — 223y — 223x > 0

& (xy — yz — zx + z%2)? > 0 - true (Proved)

313.In A ABC, I - incenter:
1 1 1 3
AI? N BI? N CI? = 2rR
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

sin 1
Lemmal —=—
r Al

Lemma2.cosA+cosB+cosC=1 +£

Sin2§+sin2§+sin2§ 1 3—(cos A+cos B+cos C) Z_% 3
LHS = Sgtsiniprsin’y 1 =285 2 R>2r .. (EULER)

r2 r2 2 2r2 — 2Rr
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Solution 2 by Kevin Soto Palacios - Huarmey — Peru
Siendo I —incentro. Probar en triangulo ABC R
AI>  BI> CI? — 2rR

Tener en cuenta las siguientes identidades y desigualdades en un 44ABC

IA = rcscg,IB = rcscg,IC = rcscg,R > 2r (Inequality Euler)

Coma—>A+B+C—”
2 2 2 2
. 2A . 2B . 2 C . A _ B _C 1 3
sin E+sm E+ sin E: 1 —Zsmismismiz 1 _Z:Z
. 1 1 1 sinzg sinzg sinzg 3 3 3
LHS es equivalente — + — + — = + >— = > —
AI?  BI?2 CI? r2 r2 r2 472 2r2r — 2rR

Solution 3 by Soumava Chakraborty-Kolkata-India

2 bc 2 abc

— _ 2 _
LHS = r—lzz sinzg _1 (s — b)(s — ) _ iZ{a(s s(b+c) + bc)}

_ 1 2s3-2s(s*+4Rr+1%)+12Rrs

{s%(2s) — 2s(3 ab) + 12Rrs} =

" 4Rr3S 4R13s
12Rrs — 2s(4Rr +r%) 2rs(6R —4R — 1)
- 4R13s - 4R13s
=2 é 2 o 2R-7 é 3reR é 2r — true (Euler) (Proved)
2Rr? 2Rr

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

. A yz _
S = x+y)-(x+2)" "

xXyz _R_(x+Y)(y+Z)(Z+x)
x+y+z’ 4/xyz- (x +y+ z)

AI:jx<x+z)<x+y),

xX+y+z T
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1 1
ZW:(x+y+Z)'Z:x(x+z)(x+y):LHS

.3 6-(x+y+z)
RHS: 2RT  (x+y)(y+2)(z+%)

1 +2z)yz
DAY e G
Y(y+2) zy _
xyz(x + y)(y +z)(z + x)
[y + xy®) + 7%z + y2®) + (2%x + zx)] Cachy
(xyz)(x + y)(y + 2)(z + x) -
_ (x+y+2)-6Yxby25  6-(x+y+z)
C(yn)(x+ )y +2)(z+x) (x+y)(y+z)(z+x)
Solution 5 by Martin Lukarevski-Stip

= LHS > RHS (ASSURE)

=(x+y+z)-

=(x+y+2)-

RHS

InA ABC: AI? = @. Henceby Y a(s — b)(s — c¢) = 2rs(2R —r)

1 1 1 S a 1 /2R 3
=+ —+ = Z = (— - 1) = —
AI? BI? CI? abclZu.s—a 2Rr\r 2Rr

314.In A ABC:

912 a2_|_b2_|_c2 >Sz<1+1+1>
4 \b2 c¢%2 a?)— a2 b? 2

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c los lados de un triangulo ABC A x,y,z nUmeros R, se
cumple (ya? + zb? + xc?)(za? + xb* + yc?) = (xy + yz + zx)(a*b? + b*c? + c*a?)
Solucion

yza* + yxa?b? + y*a?c? + z?a?b? + zxb* + zyb%c? + xza®c? + x*b*c* + xyc* >
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> (xy + yz + zx)(a®?b* + b%c* + c*a?)

© x2b*c? + y*c?a? + z2a®b? > yza®(b* + c* — a?) + zxb*(c* + a* — b?) + xyc*(a® + b? — ¢?)

x> y*> z* 2yzbccosA 2zxcacosB 2xyabcosC

S gtttz 2,2 * 22 * 22

a“ b* ¢ b<c ca a“b
2yzcosA = 2zxcosB ny cosC
> + +
a2  b%2 2 bc ca

(Lo cual demostraremos)

Partimos de la siguiente expresion
Xy z 2y z . \?
(E_ECOSC_ECOSB) +(EsmC—EsmB) >0

2 2 2
X . V4 . 2xy cos C 2zx cos B
==+ yb—z (sin? € + cos? C) + = (sin? B + cos? B) — =2 — —
a [

ab ca
2yz(cos B cos C — sin B sin () -
bc -
x% y2 2yzcosA . 2zxcosB ny cosC
> —=+= + — > + L D
a?  b%2 2 bc ca (LQQD)

Siendo x = Clz,y = %,z = % obtenemos Desigualdad de WALKER

a’ b*  ? , . (1 1 1
=3(ptat )z @A ()

a® b*  ? s g (1 1 1
=o(t gt ) 2@ ) (Gt o)z

1
2t ) Por transitividad

a’® b* c? ,(1 1 1\ 45°/1 1 1
=9(prata) @ (Grpra) = (et a)

912 a2+b2+cz >SZ(1+1+1)
@_— — — — — —
4 \b2 ¢z a2

(LQQD)

>(a+b+c)2(a +
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315.In A ABC:
C 9V3 5

h? -tané+ h? -tanE+ h%.-tan—<—R
“ 2 P 2 ¢ 2° 4
Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

9\/—R

Probar en triangulo ABC h? tan + h? tan + h2ta

(A)
Teniendo en cuenta la siguientes desigualdades en un trlangulo ABC

(a+(b 0)(a- (b+c)) a’?—(b-c)? _ a_2

2r<R2p<3\/_Rta

4s 4s T 48
b2 C c2
Analogamente para los siguientes términos tan> > 4 tan; < s

Utilizando las desigualdades previas en (A)

Rt A+th B+th C_ 4S? a2+452 b2+4SZ 02_35_
Mg T AN TN T a5 T b2 a5 2 as U
2
= 3pr<3.270.2= 225 (LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

: |o=b)-p-¢o) _\",, (@-b)p-—c)p-b)p—c)_
Zh“j AR R Po @G- BE-0
2

Cauchy < h? p—-b+p—c h? a
— <
Z P-D)p-0 = Y& ( 2 ) s a4

_ ZS 1 2 — S 2_35_
_Z(a) ‘a5 @ _Zaz'“ 0
_3 Ezier3 R_3R a+b+c _
—2pr s p'E_T'(T)_
_ 3R (2R -(sinA +sinB +sin() <9\/§ R2
2 2 =4
f'(x) =(sinx)" <0
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316.In A ABC:

COS+ - COS+H - COSH

2 2 2 NG
(1 —sing) (1 — sing) (1 — sing) =3

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Daniel Sitaru — Romania

sin x
r

<0

fx) = log (7). f'(x) =

cos? x
JENSEN

) (7 see

2 cosA
Zlog —A > log(\/_) 1_[ > 33
— si

n> — sm
2

317.In A ABC:

m, m, m, 1 1 1
Ly 24> (a+b+c)<—+—+—)
Sa Sp S¢ a b c

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios-Huarmey-Peru

Probar en un triangulo ABC—+ —+ > |(a+b+c) ( 4+ 1 + 1)

ﬂ.

Teniendo en cuenta las relaciones de las medians y simedians

ma B =t =T borlotanto

sq  2bc '’ b= "2¢a "¢ 2ab°
m, my, l(b C) 1,¢c ay, 1/a b
2+ 2+ Me_2 —+— +—(—+—)+—(—+—):
Sqa Sp S 2\c b 2\a c 2\b a
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2

_1(b+c+1)+1(a+c+1)+1(a+b+1) 3
B 2\ b 2\ ¢

a
mg , , my Mg _ 1 1 3 .
= —(a +b+c) ( +o+ ) -5 Es necesario demostrar lo

)22 fwrbra o)

. . 1 1
SIgUlenteE(a+b+ C) (Z+; p

dondex:(a+b+c)(%+—+%)29 (MA = MG)

x—3=2Vx o (Vx—3)(vVx+1) = 0,locual es cierto ya que
VX—3>0AVx+1>4>0(LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2bc-m,

Z Zb2+c a2+b2_ 1 Z 20 4+ B2e =
N 2ab  2abc ac €=

Sa —

2bc
a+b+c)(ab + bc + ca 3abc
Z(a2b+ab2) 1/( )( ) — _
Zabc abc
1 1 1 1 1 1 1
=_. (a+b+c)-(—+—+—)—3 > (a+b+c)(—+—+—)
2 a b c a b c
LHS RIS

(a+b+c)( +11,+1)—t<:>t29;%(t—3)2ﬁzt2—6t+924t

t?—-10t+9>0:(t-9)-(t—1)=>0
=0 0

Solution 3 by Soumava Chakraborty-Kolkata-India
b +c2 b2+c2 (1) Y a2b+Y. ab?

2bc m,
Sa = bZ+c? a €1C Saq 2bc etc -~ X, Sa 2 2bc 2abc

. . (Za?b+y abz)2 QCa)Xab)
(1)=> it suffices to prove: rZbE 2 abe
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= (Z a’b + Z abz)2 > 4abc (Z a) (Z ab)
& Z a*b? + Z a’b* + ZZ a3b3 + 2abc (Z a3) >

> 2a3b%c + 2a3bc? + 2a%b3c + 2a%bc3 + 3ab3c? + 2ab?*c3 + 6a?b?c?

Schur .
Now, Y x3 +3xyz = Y x%y+Yxy? - (i)

v 23S 3xyz (i)
() + (i) = 2Yx3 > T x%y = Y xy? - (iii)
(iii) = 2Y a®b® > a®b?c + a®bc? + a’b3c + a’bc3 + ab3c? + ab?c?, and
also2yY a® > Y a?b + ¥, ab?
= abc (ZZ a3) > a3b?c + a®bc? + a’b3c + a’bc + ab3c? + ab®c3

Also, AM —GM = Y a*b? + Y a’b* > 6a*b?*c? (5)
(3) + (4) + (5) = (2) is true (Proved)

318. In acute A ABC:

2
tanA-tanB-tanC>s—2

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC

2S 2sr 2r A B C
tanA4d - tanB ‘tanC > —=——=—=2tan—tan—tan—
s2 s2 s 2 2 2

B
S tanA-tanB-tanC- cotEcotEcotE > 2

Dado que es un triangulo acutangulo cosA,cos B ,cosC > 0
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Ademasx+y+z =xyz dondex =tan4A>0,y=tanB>0,z=tanC >0
Aplicando MA > MG
x+y+z>3%xyz o (xyz)? > 27xyz © xyz > 3+/3. De manera
, A B c A B C A B C
i - == ~+ -+ bl il - - >
analoga cot2 cot2 cot2 cot2 cot2 cot2 = cot2 cot2 cot2 > 3+/3
A B C
PorlotantotanA -tanB -tan C - cot;cot;cot; >27>2

Solution 2 by Ravi Prakash-New Delhi-India

(/]
2 tan(=
For0<6 <Z: tan@ :L(Z,), = 2 tan (2) = tane[l —tanzg] < tan6
2 1—tan2(i) 2 2
A B C
~tanA-tanB -tanC > 8tan (E) tan (E) tan (E)

3
=8 (s(sL1 a)) (s(sL1 b)) (s(sA— c)) - 2341 - i_f = i_f

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian
tanA+tanB +tanC > 3+/3;tanA4-tanB - tan C > 33

3\/§>§—f; 3V352 > 28r; a = 338 > 2r - 25 > 3V/3r

3V3r _ 27r.
2

a>3V3- ==-27>4

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

28

[lsind _ .2 28 2§

[lcosA pz_(sz+r)2 - pz—(2R+r)2; [ltanA = p?-(2R+r)?
4R
28 28
LHS:m>p—z,p2 >p2—(2R+r)2

Solution 5 by Soumava Chakraborty-Kolkata-India

1) 28

tanAtanBtanC > S—Z
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[Isin4 _ 2-2R%([] sin A)
(1) < [IcosA = s2

1S [IcosA <i(2) (~TlcosA=>0)
[Icos A s2 4R?

Now, [Tcos A (;) %; (2), (3) = it suffices to show: % < :—;2 & 252 > R? (4)
In an acute-angled triangle, s > 2R +r
= 252> 2R+ r)? > R? = (4) is true (Proved)
Solution 6 by Adil Abdullayev-Baku-Azerbaidian

Lemma 1. In acute ABCtanA-tanB -tanC >3,

r

Lemma 2. s > 27r2.

s 25
LH52;>S—2<—>SZ>2r2-32227r2>2r2.

h h h 3/2
_a+_b+_c23 _7'
w, WwWp, W, R

Proposed by Adil Abdullayev — Baku — Azerbaidjian

319.In A ABC:

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
ﬂ + ﬁ >3. 3 Z_T
wWg Wp W R

Probar en un tridngulo ABC a4

Teniendo en cuenta las siguientes notaciones

bc ca ab A B C

h, :ﬁ’hb = ﬁ,hc =o' P~ 4Rcosicosicosi
2bc A 2ca B 2ab C

w, = b+ccosi,wb = s acosi,wc = a+bcosi

Por lo tanto la desigualdad es equivalente
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b+ + +b
S — c>3 ApllcandoMA>MG
4R cos; 4R cos; 4R cos;

b+ + a+ 3 H(a+b 3 8abc 3 32pRr
4R cosé 4 cos— 4R cos— 16R?%p 16R2%p 16R2p

Solution 2 by Soumava Chakraborty-Kolkata-India
bc

ha _ 2R _ _b+c _ (b+oWbc a6 bc
Wa  2pc cos';1 4R cosé 4R,\/s(s — a) (1) 2R\/s(s — a)
b+ c
(2) (3)
. hy ca h, ab
Similarly, v 2 e & and, —= —m

hq ha 46 3 3 3 a’b?c?
Wa 2R |5 /s(s—a)(s—b)(s —c)

(using (1), (), @)= (Z) |[Er = (3) 42R7r = 3 \[7 \f

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

. A _ 1T
1) H“SIHE—4R

b+c\ _ p*+2Rr+r?
2) HA( ) 2Rr

3) p? > 16Rr — 5r? (GERRETSEN)
Z b+c (p-b)(p—o) (b+0)_
_A/b+c Cauchy b+c
—Zsmz( ; ) ﬂsm— [[5)=
_ 3| r pz+2Rr+r2 . 3 |p2+2Rr+r? 3(2r
=3 | e / 2 3( (ASSURE)
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p*+2Rr+r* _2r , GERRETSEN
SRZ 2F=>p > 14Rr —r =

p? = 16Rr — 512 > 14Rr — r? & R > 2r (EULER)

320. Let ABC be a triangle G, is Gergonne point of ABC. Contact points of
incircleare D,E and F. D € [BC),E € [AC], F € [AB]
Prove that

7213 —rR(r, + 1y +1,)
R
where r and R are inradius and circumradius, r,, 1, 1 are exradii of ABC.

|AD|? + |BE|? + |CF|? >

Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru — Romania

ZAD2>Zh2:4SZZl:452.S — 25 r(4R—T)+r(4R+r) _
LT a? 16R2S2

_ s*-2s2r(4R-r)+r?(4R+1)? > 7213 —rR(4R+1)
4R? R
GERRETSEN

s2 (sZ —2r(4R — r)) S (16Rr — 512)(16Rr — 51* — 8Rr + 2r2) >

(to prove)

> 288Rr3 — 4rR*(4r +r) — r*(4Rr + r)? (to prove)

§: t>2: (16t — 5)(8t — 3) > 288t — 4t2(4t + 1) — (4t + 1)?

463 +37t2 - 92t +4>0; (t—2)(4t2 +45t—-2)>0,t > 2
321.In acute A ABC:

1 1 1 4/ 2r
+ + >3 4—F
\/tané \/tang \/tang

2 2 2

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
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Solution by Soumava Chakraborty-Kolkata-India

1

A-G
LHS > 33

€)) A B C
\/tan 7 tan E tan 7

1

= 33
jJ@—bXs—dw—wX&—ww—aXs—w

s(s—a)-s(s—b) s(s—c)

=3 ! = g3 2 —31[\%
(s—a)(s—b)(s—c) 1252 "
s\/s(s —a)(s—b)(s—c) s°rs

1 1

(1)=it suffices to prove: G)E > (‘“:Zr)z

o () = () o 282 > r2(aR - 200 (2)

r

erretsen

LHS of (2) ‘ (% (16Rr — 51%)R3
(2), (3) = it suffices to prove: (16R — 57)R3 > 8r(2R — )3
& 16r* — 6913 +961% — 48t +8 > 0 (wheret = f)
e (t—-2){(t-2)’(16t+27)+66(t—2)+20}>0
- true, v t = § > 2 (Euler) (Proved)

322.In A ABC:

3V3 SMa My M
2 a b c
Proposed by George Apostolopoulos-Messolonghi-Greece

3v3
4

=

<
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Solution by Kevin Soto Palacios — Huarmey — Peru

3V3 _ma e 3V3R
2 a b c 4r

Probar en un triangulo ABC:
Aplicando MA > MG
4m? + 3a? = 4V3am, © 2(a? + b? + ¢?) = 4V/3am, © a® + b? + ¢ > 2v/3am,
4m? + 3b* > 4/3bm,, & a® + b? + c* > 2\/3bm,

4m? + 3¢%? > 4\/3cm, © a? + b? + ¢? > 2/3cm,

Por lo tanto
m, m, m, m2, mi m? 2v/3m?2 2+/3m? 2v/3m?
—+ 2+ == + + > + +
a b ¢ am, bm, cm, a*+b%>+c? a’+b?>+c? a’+b%+c?
m, m, m,_ 2V3(m:+mj+m?) 3 33
a b c a*+ b%+c 4 2

Teniendo en cuenta las siguientes desigualdades

27RZA1+1+1< 1
4 a? bz 27 4r?

Por la desigualdad de Cauchy

3
mﬁ+m§+m§ZZ(a2+bZ+cZ)SZ-9RZ=

me My mc_ (m2 +m? + Z)<1+1+1)< 27R? 1 _3V3R
a b c = (WMa™Myp T M)z T 2" 2) = 4 4r2  4r

323.In A ABC:

mampm, _ (a+b)(b+c)(c+a)
W WpW, 8abc

Proposed by Adil Abdullayev — Baku — Azerbaidjian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

m,mym (a+b)(b+c)(c+a)
a''thtc >
Lpl, — 8abc

Probar en un triangulo ABC

Teniendo en cuento las siguientes identidades y desigualdades
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_ 2bc A 2ca B 2ab C

= cos—,l, = cos—,l.= CcOoS—
“ b+c 2’ P T c+a

2'° a+b 2
m, = p(p —a), my =p(p —b),m.=pp—c)

= mompym, = +/p? - p(p — a)(p — b)(p — ¢) = pS = abc cosgcosgcosg.

A B C
mompm, abccos;cos;cosz . (a+b)(b+c)(c+a)
Por lo tanto = 2 e BT = ; (LQQD)
A hrc 902 era OS2 arn %2 Babe

Solution 2 by Soumava Chakraborty-Kolkata-India

1)
v Mg = \[TpTe ete, = [[mg = rorpr. = rs?.
. 1 b+c c+a a+b
Again, = i 5 =
WaWaW, 2bc cos; 2ca cos- 2ab cos=
n(a + b) [I(a+b) @ [l(a+b)
o s Ce-re 2
8a2bh2c? - s — 8abc s rs 8abcrs

[Im, rs?([I(a+b)) _ [1(a+b)
(1), ) = 105 2 abceed = sape (TOVed)

Solution 3 by Martin Lukarevski-Stip

(b+c)?

c .

Tsintsifas inequality: = > Hence

mamym. _ (a+b)*(b+ o) *(c+a)*  (a+b)(b+c)(c+a)
W WpW, 64a?b?c? ~ 8abc

324.In A ABC:

sin?A -sin?B sin?B -sin’C sin®C - sin? A
- 2 + - 2 + - 2
sin- C sin~ A4 sin- B

9
2 —_
4
Proposed by D. M. Batinetu — Giurgiu; Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC
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sin? Asin’B sin’Bsin?C sin?Csin?4 9
) + ) + ) =
sin“ C sin~ 4 sin“ B 4

Iran Inequality 1996. Siendo x,y,z > 0. Se cumple la siguiente

. 1 1 1 9
desigualdad (xy + yz + zx) ((x+y)2 tome (z+x)2) =2, (A)

Dondex = cotA>0, y=cotB, z=cotC>0=>xy+yz+zx=1

sin C sin4 sinC

x+y=cotd+cotB=—— y+z2=———— 2+ X= ———
y sin Asin B y sin B sin C sinAsin B

inZ Asin? B inZ Bsin?C _ sin?Csin?A4 _ 9
Por latanto tenemosen (A) > 2> ~>0 = Sn “om - SR "M 2520
sinZ C sin2 4 sinZ B 4
Solution 2 by Sanong Hauerai-Nakon Pathom-Thailand
(3v3)

Give x =sinA;y = sinB; z:sinC;Weobtainx+y+zST

5

xy+xy+zx§% (xy)4+---+(zx)4sz—4
(3v3) 23 1 £
(xyz) < S (xyz)* < VE oy = 3

and since (xylz)z > (xy)* + -+ (zx)*, hence (%)2 N (y_xz)z N (%)2

— ((xy)4+(yz)4+(zx)4)2 i £ _ i _9
= (ty2)? = (44) (33) = "7 Because 0 < x,y,z<1

325.In A ABC:

2 2
(a+b)(b+c)(c+a)> <36r )

Proposed by Mehmet Sahin — Ankara — Turkey

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

n(a+b):Za-Zab—abc:
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2p*(p? + 2Rr +1?
:2p-(Zab—2Rr): P (p )

p3
. 2,4, 2 2 2
2p23\/§r}22 274 -r*-(27r* + 4r +r)_
R>2r p3
272 .64-1°  36% .15 (361‘2)3
p? p? P

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
LHS > 8abc = 32RS = 32Rrs; 32Rrs* > 61 = R > 2r
64s* > 6°r*; s* > 36r*; s > 34/3r (Proved)
Solution 3 by Soumitra Mandal-Chandar Nagore-India

We have, ab + bc + ca = p? + r* + 4Rr,abc = 4Rrp,R > 2r and p > 3V3r

n(a+b): Za Zab —abc = 2p(p?* + r?> + 4Rr) — 4Rrp

cyc cyc cyc

__ 2p+2p*r?+4Rrpt > 2-397642.3646 4+ 4.21-1-36
B p3 - p?

- (36:2)3 (Proved)

326.In A ABC:

5. _yess

cos2

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

b + +b b+
Si:a,b,c>0. Probarque—+ +5>2402 4275 (A)
a  c¢t+b at+c b+a

Realizamos los siguientes cambios de variables:
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145
a

1
;r >0,R = > 0. Por la desigualdad de Holder:

=8o PQR>1

La desigualdad es equivalente:
(a c+a) + (b a+b) + (c b+c) __c(a-b) + a(b-c) + b(c—a) .

a b+a) b(c+b) c(c+a) ala+b) =

b c
=>5—1+;—1 5—1_2(13—1)+2(Q—1)+2(R—1)>0
b ¢ a2 2R 2P
1+2 1+= 1+7 Q
C a b
242, 851,1, 1 (Lo cual demostraremos)
Q R P~ Q R P

Desde que: P,Q,R > 0. Por: MA > MG

P_«(P,P R 3[PR _ 3 1_ 1

-7 T r T
Probar enuntrianguloABC =2 +2+-—<>—2+ —2+ 2
Ty, T Tq coszi cosZE cos2=

A B c 2B 2C 24

) . tanE tanE tanE sec 3 sec 2 sec )

La desigualdad es equivalente — + —¢ + —% > — a
tano  tan; tan; seCZE secZE seCZE

A B c B c A
tan- tan— tan- 1+tan2= 1+tan2Z 1+tan2Z

2 2 2 2 2 2
B+ c+ A2 2A+ ZB+ 2C (A)
tanE tanE tanE 1+tan 3 1+tan 3 1+tan 3

Siendo a = tang >0,y= tang >0,z= tang >0
Lo cual implica— ab+bc+ca=1
Ademas - 1+ b%>=ab+bc+ca+b*>=(b+a)(b+c)
Analogamente > 1 +a? = (a+ b)(a+c) A1+ c? = (c+ a)(c + b)
b c+b a+c b+a

a c
Eh(A »-"+—-—+->—H+ —+ —
() b c a” c+a a+b b+c
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Seax:%>0,y:§>O,Z:§>O(:xyz:1

z(y+1) + x(z+1) + y(x+1)

La desigualdad es equivalentex +y +z >
z+1 x+1 y+1

Sx+y+2)A+x)A+y)1+2)=z2(y+1)*(x+ 1) +
+x(z +1)?(y + 1) + y(x + 1)?>(z + 1). En el LHS
xx+y+21+x)A+y)A+2)=(x+y+z) A +x+y+z+xy+yz+2zx+ xyZz)
>x+y+2)A+x)A1+y)A+2)=x+y+z+(x+y+z)*+
+(x+y+2z)(xy+yz+zx)+ (x+y+z)xyz Enel RHS
= Yz(y +1)2(x + 1) = X(zx + 2)(y? + 2y + 1) = X (y?zx + 2yzx + zx + y?z + 2yz + 2)
:Zz(y+1)2(x+1)=xyz(x+y+z)+3(xy+yz+zx)+yzz+zzx+x2y+6xyz+x+y+z
Es suficiente probar
(x+y+2z2)?2+(x+y+z)(xy+yz+zx) >3(xy +yz+zx) + y?z+ z°x + x*y + 6xyz
Ahora - (x +y + z)? > 3(xy + yz + zx)
(x+y+2z2)(xy+yz+zx)=y*z+z?x + x’y + 2’y + x*z + y?’x + 3xyz >
> y?z + z%x + x%y + 6xyz (Valido por MA > MG)
Solution 2 by Soumava Chakraborty-KoIkata-India

Z (1) Z cos?

cos2

s—b s—c s—a
1 e + +
s—a S—b s-—c
() s(s — a) ca s(s—b) ab s(s—c¢) bc
> -+

~—  bc .s(s—b) ca .s(s—c) ab .s(s—a)

Lets—a=x,s—b=y,s—c=z ~s=x+y+z

sa=y+zb=z+xc=x+Yy
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(2)@y+z+ >(y+Z)x +(z+x)y +(x+y)z

Xy (z+x)y (+y)z (y+2)x
o y2z + z%x + x2y . zx*(y + 2)2(x + y) + xy?(z + x)*(y + 2)
xXyz - xyz(x + y)(y + z)(z + x)
yz*(x + y)*(z + x)

G NGOG O K FYEr & N0+ D@0

> xy*(y + 2)(z + x)* + yz*(z + x)(x + y)* + zx* (x + y) (y + 2)*

o xty? + y422 + 74x2 + xyz(3 x3) > 3x%y%z% + xyz(3 x
y:+y 2% + xyz(¥ x3) 2y2z% + xyz(T xy*) (3)

4-G
Now, x*y? + y*z* + z*x? > 3x*y®z®

@)

A-G
B+y3+yd > 3xy2\L =3 x%) 23X xy?)

_ 3 2
Also, .,3 3 3 A2¢ => XX = XXy

vy3+ 23+ 23 > 3yz?

23 + 23 + 53 Ag; 37202 > xyz(X x3) > xyz(Y xy?)
(4) + (5) = (3) istrue (Proved)

Solution 3 by Soumitra Mandal-Chandar Nagore-India

A A
Ta=—1p=——andr, = —
p-a p- p=
A
Z T, p—a p—b cta-b
- A p—a b+c—a
cyc cyc p _ b cyc cyc
1+cosA 1+ b
+cos 2b tc—a
Again, chc chc 1+cos B ZC}’C 2+c C—bz chc (c+a b)

2ca

Applying RAVI TRANSFORMATION,a =x+y,b=y+zandc=z+x

~a+b—-—c=2y,b+c—a=2zandc+ a— b = 2x. We need to prove,
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x+y X xz+yz
277 2.G+2)x= 2. G mwm) 20"
y+z/x z xy-+zx

cyc cyc cyc

& (xy+yz+zx)z

>
m@+ﬂ_

xy+yz+zx
C Xz + )+ )z + )

zﬁu—au+au+w >0
cyc

Xy +yz+ zx 3
= Zx y—xysz >0
xyz(x + y)(y + z)(z + x)
cyc cyc
Xy +yz + zx x? 0
@ +NG +2)(z+2) 27 *"y-z|zo0
(o
BERGSTROM
.. 2 ¥y oz R
whlchlstrue[v—+—+— = x+y+z]
z x y
COS
Dz,
cye cyccosZ

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

cos? p(p—a)
RHS = Z __bec _
cosz p(p — b)
ac
alp—a) - a)(p ~b+p=0) 1.(41) _—
_ - _ Ta \'p Tc/ __ b c
=2 b(p-b) =2 -b)p-atp-c) b)(P _etpc) L.(LJ,L) - z:ra+rc'
Tb a Tc

LHS;RHS=r,=x,r, =y r. =z

+ + + + +
Zx y z@z( +1) ytz x+y y+z z x2
y x+z x+z y z x
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+ + + + ) AM=G
2x y y+tz z+x Z(x"')’) (__ 1) Zz(x y) MZM

z+y x+z y+x z+y y(z+y)

> 3. 3 |z(x+y) . x(y+z) . y(x+2z)
- y(z+y) z(x+z) x(y+x)

= 3. True.

327.In A ABC:

k

h\* h,\3 21r\3
2.Ge) z3([[52) =3(F) >0
w, w, R
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
Solution 1 by Adil Abdullayev-Baku-Azerbaidian

=

Lemma. wowpw, < rp%. h hyh, =

k

MAzMGaZ(E) 23(1_[&) >3 & :3(2)
w, w, rp R

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

wl &
N
=
N
=

k k

5 (";_)k >3 (n";—z)g >3 (%)’. Aplicando M4 > MG

a

() = () e () () e e [

Ahora bien h, = E,hb =2 h, = a—b,p = 4R cos 2 cosZ cos<

2R 2R’ 2R 2 2 2
_ 2bc A _ 2ca B _ 2ab C
wa—b_l_ccosi,wb—C+acosE,wc—a+bcosE

Por lo tanto, aplicando MA > MG
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3 h, 32pRr\3 _
([ (Ter7p)

k
a + b)\3 8abc

= 3(Mas D) 5 (B0 )t (2208
16R?%*p 16R%*p 16R?%*p

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

K k k
3 3 3

COS Bgﬂ;:;gz —
bc _ a(p a) _
RS = Z cosz Z plp—b) Lib(p-b)
ac

(p—a)-[p—-b+p—c]-S? rb r Ty + 7,
(p—b) [p—a+p—c]-$? Zl ] Z

Te+ 71,

ro—Xx

“ X y ytz y+x z+y
rp=Y=>—+—+— > + +

= y z x x+z z+x x+Yy

(4

Cauch

¥ (-2 -y o

y x+z/ y(x + z) -

4

— A (2 w2 _ 2 2 _ 2 X2 _ —
= Gryro? ((x +xz—y?—yz)+ (Y2 +yx—z% —zx) + (22 +zy — x xy))

—__ 4 — X _ytz
T (xty+2)? =0; Z ( x+z) =0
328.In A ABC:
a3 b3 c3

+ +
b+c—a c+a—b a+b-c

> 4+/3§

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Adil Abdullayev-Baku-Azerbaidian
pZ

Lemma. § < 35
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(a+b+c)3 __ 4p?
=—>
3((b+c—a)+(a+c—b)+(b+a—c)) 3 -

Holder’s inequality - LHS >

>4\/_s<—>s<3f

Solution 2 by Mehmet Sahin-Ankara-Turkey

3
f(x) = S’i—x is concave, (0 < x < s). Using Jensen Inequality

b
(a + : + C) %[f(a) + f(b) + f(c)]
b
% (%) < % : % [f(a) + f(b) + f(c)]

arvre s (5

3

1 3
U@+ £b) - f@ 25 1 (

- 3 (a+b+c)’ 6
2 27 a+b+c
Solution 3 by Nirapada Pal — Jhargram — India

1 4
2§(a+b+c)2:§szz4\/§'d

Z a ~ Z a4_ Bergétrom (Z az)z
b+c—a a(lb+c—a) ~ Yab+c—a)

__(a)" _ _(zabp
T 2Yab-Ya2 = 2Yab-Yab’

AsY a? > Y ab:Y ab > 4V/3S

Solution 4 by Soumava Chakraborty-Kolkata-India

3 3 3 (D)
b c
S 435

a
+ +
b+c—a c+a—b a+b-c
(2)

b3 3

(1) e P 2 Sg3s

s—a s—b s—c

WLOG, we may assume a = b > c. Then,
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+LHS of (2) 2 7 (@) () (Chebyshev)

A-G

_ 2
o % (3abe) Y{s“ —s(b + ¢) + bc}

[1(s —a)
B (3s% —4s% + s + 4Rr +r?)s
= 4Rrs 7g2
4Rr%s?
=77 (4R +71) =4R(4R + 1)
Euler Trucht

S 8r(4R+r) = 8r(sV3)=8vV3S

Solution 5 by Seyran Ibrahimov-Maasilli-Azerbaidian
Chebyshev

al - 1, 3 3 3 1 1 1
> —(a’+ b°> +cc ( + + ) >
Z b+c—a - 3 ( ) b+c—a c¢+a-b a+b-c/ —

Chebysh
c3) Y (@ + b+ ¢)(a? + b? + ¢?)

a+b+c

3(a3+ b3+
>
a+b+c

a? + b? + ¢ > 4+/3S (lonescu-Weizenbéck)

Solution 6 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

23 23 Radon's
e =i
__f(a+b+c)p® _ (a+b+c)? CSS
VT e-®) (Ze-a+Ze-h +20-0)
N (a+b +c)3 :(a+b+c)3_
T (12+12+12)-(2(p—a)+ 2(p—b) + 2(p — ¢)) 6p

_(a+b+c)®* (a+b+c)

= = >ab + bc + > 4+/3S8
3(a+b+0c) 3 =a c+caz4V3

True



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

329.In A ABC:

(S atrars) (3 atrore) (Y arera) <%

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2

Probar en un triangulo ABC /(S ar,1r,) S ar,r,) (X a?r.rg) < 9%
Teniendo en cuenta las siguientes desigualdades e identidades en un
2 g2 B2 2 2 (1 aibhn 3V3R

AABC r ry + rpr.+r.r, =s“,a“ + b* + ¢“ < 9R“ (Leibniz), s < —

Aplicando MA > MG

Z azrarb + Z azrbrc + Z azrcra = 3;/(2 azrarb)(z azrbrc) (Z azrcra)

Z a’s? > 33\/(2 azrarb) (Z azrbrc) (Z azrcra)

va?+b%2+c2 _ 3V3R-/9R?  9R?
= YEaPra)Caryr)Qairas) < - <=5 =

Solution 2 by Soumava Chakraborty-Kolkata-India

(Sera) e (Lera) 25

Z a’r,r, = a*r,ry, + b*ryr, + c*r.r,
_ a2 N p2 N 2
B [(s—a)(s—b) (s—b)(s—0) (s—c)(s—a)]
_ A*{a*(s — c¢) + b*(s — a) + c*(s — b)}
B (s—a)(s—b)(s—rc)
(@)

A’s
:F(sZaZ—ZabZ)ESZZaZ—sZabZ




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Z a’ryr. = a’ryr, + b*r.r, + c*r,r,

o a? b? c?
A[@—M@—@*@—@@—@*@—@@—w]
_ A*a*(s — a) + b*(s — b) + c*(s — c)}
B (s—a)(s—b)(s—c)

Y-y a)EeY a5y a

Zarr = a’r,r, + b*r,r, + c*ryr,

2

— A2 a bz CZ

_A[@-mxs_@*xs—@@—bf+@—bxs—ﬂl
2

= —-{a*(s — b) + b*(s — ¢) + c*(s — a)}

(iii)

Za—zzb”—“‘sz Zzb

1 o YCa?rg,)C alryr)Q alrr ) 2 2 o

4

G=<A
2 2 2
Now, LHS of (2) < Xa rarb+za3r,,rc+ga rorg

—sYa3) +(s2Y a? —sY a’b)
3

(using (1), (ii), (iii))
_3s?Ya*-s(Xa? +Za2b+2ab2)
B 3

_ 3s%(X a?) — s{3abc + 2s(X a* — ¥ ab) + ¥ ab(2s — c)}
B 3

_(s*Y a* —sY ab?) + (s*Y a?
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_ 3s?Y a* —{3abc + 25(% a?) — 2s(X ab) + 2s(X ab) — 3abc}

3
_3s*(Xa®) - 25*(Y a?) _ s*’(Xa?)
B 3 -3
Mitr’L:I‘wvic 27R? (Y o Leig:litz 27R2 9R2 81R*
< . (T) < T 3 o (2) is true (Proved)
330.InA4 ABC:
m2 + m2 + m? s?

+— > 2
momy,+mym,+mm, s*+r(R-2r)

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Soumava Chakraborty-Kolkata-India

2 2
m,m, < 2c +ab etc~ Yym,m, < 22a thab
2 3 2 2

- Xmg - Z(Za)"l B 3Ya

“Ymym, 2Ya?+Yab 2Ya?+Yab
B 6(s®> —4Rr — r?) _ 6s®—24Rr — 617
" S2+4Rr +12+2(s2 —4Rr —1%2) 3s?2— 4ARr — 12

Y m? (é) 6s% — 24Rr — 61?2
CYm,m, ~ 3s2—4Rr —1r?

_ 6s%—24Rr — 61r% — 65> + 8Rr + 2r* _ —16Rr — 41?
B 3sZ — 4Rr — 12 "~ 352 —4Rr —r?
(1)= it suffices to prove:

—16Rr — 41r? s2 s2 16Rr + 4r?

+ >0 >
3s2 —4Rr —r2 s 2+ Rr—2r%¢ " s2+ Rr —2r2 = 3s2 — 4Rr —r?

& s%(3s —4Rr — %) > (16Rr + 41r?)(s? + Rr — 21?%) (2)
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Gerretsen

Now,3s? —4Rr —r2 S 3(16Rr — 5r%) — 4Rr — 12
= 44Rr — 16717
= s2(3s%2 — 4Rr — %) > s%(44Rr — 161%) (3)
(2),(3) = it suffices to prove:
s?(44Rr — 161?) > (16Rr + 41%)(s?> + Rr — 21?)
& s?(11R — 4r) = (4R + r)(s® + Rr — 2r?)

& 11Rs? — 4rs? > 4Rs? + 4R*r — 8Rr? + rs* + Rr? — 2r3
© s%(7R — 51) = 4R*r — 7Rr?* - 2r3 (4)
Gerretsen = s%(7R — 5r) = (16Rr — 5r%)(7R — 51) (5)
(4),(5) = it suffices to prove:

(16Rr — 5r%)(7R — 5r) = 4R?*r — 7Rr?* — 213
& 112R? — 115Rr + 25r? > 4R?* — 7Rr — 2r?

& 108R? — 108Rr + 271> > 0

& 4R?> —4Rr + 1% > 0 © (2R — r)? > 0 - true (Proved)

331.In 4 ABC the following relationship holds:

2m, B—-C
> cos

rp, +r,
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

A N A AQ2s—-b-c) _ alA
s—b s—c (s—b)(s—c) (s—b)(s—c)

ryt+r.=

_ a\/s(s—a)(s—b)(s—c) _ a\/s(s—a) N (1)

(s=b)(s—c) V(s=b)(s—c)
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b+c A b+c s(s—a)(s—b)(s—c)
By (l) and m, = TCOSE,LHS = (T) /W

4R cos% COS? . A 2RsinA
=———=—=35in-=

2

) cos% = cos% (Done)

332.In AABC :

x? +y? + 7% > 12r?

A

Nine Point - Center

(&

Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey
Solution by Soumava Chakraborty-Kolkata-India
Inany A ABC,AN? + BN? + CN? > 12r% Where N - nine — point center
For any point P in the plane of 4 ABC, Y AP? = 3PG? + Y.(AG?)

2
~ Y AN? = 3NG? + Y (AG?*) (choosingP asN)=3 (%OH) + % - %Z a?

_0H2_|_Za2_9R2—Za2+2a2
12 3 12 3

_9R*+3Ya* 3R*+Ya* 3R*+2s®-8Rr-—2r?
N 12 N 4 N 4
"'e"é“e" 3R? — 8Rr — 212 + 32Rr — 1012
= 4

Euler
__ 3R%+24Rr-1272 S 3(4r%)+24r(2r)-127?

— 2
2 > . = 12r“ (Proved)
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333. Prove that in any triangle ABC the following relationship holds:

z (a? — ab + b?%)? 2§

>

a? +4ab+b> ~ 3
Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios-Huarmey-Peru

2
. . (a?-ab+b?) 28
Probar en un triangulo ABC ), Eraabib? = T3

Tener en cuenta las siguientes desigualdades
6(a’?—ab+b?)>a*+4ab+b* ©5(a—-b)*>=>0

ab + bc + ca > 45+/3. La desigualdad propuesta es equivalente

z:(az—ab+b2)2 aZ—ab+b2+b2—bc+cz+cz—ca+a2_

> —
a? + 4ab + b%? — 6 6 6

_ 2% a%-Y ab > Y ab > 45«/§: gl
6 6 6 V3

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
(az —ab + bZ)Z Schwarz (2 : (aZ + b% + CZ) — (ab + bc + ca))
>
z:a2+4ab+b2 —  2-(a%?+ b%+c2)+4(ab + bc + ca)
Y a?=Y ab (Z az + Z ab — Z ab)z (Z aZ)Z Chebyshev
> = >

B 2. (a+b+¢)? ~2-Ca)? =~
1
9 - 2 —F 2 =22 £ . _2s
> T =Pt =Pt 2 p 3=
334.In A ABC:
mZm? + m2m?2 + mZm? N m2 + m2 + m2
95* - mgmy + mym,+mem,

Proposed by Adil Abdullayev — Baku — Azerbaidian
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Solution by Soumava Chakraborty-Kolkata-India

A
z
F Y E
G
gmb z y
T X
D
B C
xr €
21 ’
5 e
Dl

InABGD',GD' =>m,, BG =-mj,and BD' = m,
“ BGisamedianin4AABD', . 2z=2x=>z=x
v CGisamedianin 4 ACD’, .2y =2x=>x=y
sx=y=z-~arc(ABGD') =2x = §(6x) =arc (AABC) = 3
For any 4 ABC, Hadwiger Finsler inequality= 2 Y ab — ¥ a? > 4/3S

Applying thison 4 BGD', we get,
2 (32 mgmy) - (Xm2) = 4V3(3) (from (1))

:ZZmamb—ZmEEB\ES
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:ZZmamb22m3+3\/§S

2y mom, 3v/3S 3V3S5 -4 4+/3§

5> —>1+ =14+——=1+

Y m2 Y m2 3 Y a? Y. a?
2Y.m,my, Y a?+4+/3S Y.m,my Y a?+4/3S

R i s el C)

2b%+2c%*—a?)(2c*+2a?-b? 2p? . g -
Now, ¥ m2m?2 = 2{(2b7+2e a1)6( 20" b)) _ 921‘16 (on simplification)

2.2 272 272 ’ 2.2 25z 3) /E(Zab)z
Ymgmy _ 9% a"h” _ Ya'b = ZT:;lzrnb = Z4¢;b > 3 s (ChebySheV)

952 16952 1652

Ymim? Xmgmy (é) (Z ab) (Z a? +4—\/§S)

_ Xxab,
(2. @)= 952 Y m? 438 2Y a?

T 43S’

) . . xab Y a%+4/3s
(4) = itsuffices to prove: £2-- 2= >1

o (Z ab) (Z a?) + 43S (Z ab) > 8V3s (Z a?)
& 2Y ab (Y a* + 4v3S) = 16V3S(X a?) (5)
Now, Hadwiger — Finsler inequality

ﬁZZab(Za2+4\/§S)2 (Za2+4\/§5‘)(2a2+4\/§s):

A-G

= (Za2 +4v3S) S 4(Xa?)(4V3S) = 16v3S(Z a?) = (5) is true

335.1fin AABC,abc = 1 then:
aa b T\ (aha pM  che
R? ( +—+ ) +—+ > 4
Tq Tp re ha hb hc
Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

a’e (r_la) + b (r_lb) + ¢’ (rlc) welghtedA G
Iy,
(%) ae g1 _1
= Yabc=1(-abc=1)= > —=

Tq T

1

E J (@) ) (o)) e =

weighted A—G Z

Again, a's (ha) + b ( b) +che (h_lc) = E\](aha)(ﬁ) (bhb)(ﬁ)chc(hic)

:(Z_\)/ bc = 1(- abc—l):z ate (Z)Zh ==

Euler
(1),(2)= LHS > 5> 4 (proved)

336.1finA4 ABC,S = %then:

< max(a, b, ¢)

i ] bl S - - -
min(a, b, c) abc(sinA + sin B + sin C)

Proposed by Dan Radu Seclaman — Romania
Solution by Adil Abdullayev-Baku-Azerbaidian
a%+b?+c? a%+b?+c?

—amr =Ceoas
¢ 2R

Leta<b <c.abc=4RS =2R.a <

C &
a+b+c

o a?+ab+ac<a*+ b*+c%?<ac+ bc+ c?

337.Inacute A ABC:

1 1 1 4/ 2r

+ + >3 4—F
A B C
\/tani \/tani \/tan—

2

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

3
Lemma 1. p? > r? (4 — %r) (Stronger inequality Mitrinovic)

a

A r
Lemma 2. r rpr, = rp?. tan; =%

3
AM > GM — LHS = /£+ /£+ /223-
rq rp r¢
6D ¢ 2r\3
=3 |—=3: (4——) = RHS
r R

Solution 2 by Soumava Chakraborty-Kolkata-India

A-G
f-A—\ 1
LHS = 33
@ A B _C
tan 2 tan 2 tan 2
1

=33
(s—b)(s—c)(s—c)(s—a)(s—a)(s —b)
s(s—a)-s(s—=b) -s(s—c)

\/s(s —a)(s—b)(s—c)

=3 - = 39|2 :33\[\E
. . . TZSZ r
js (s—a)(s — b)(s—¢) /m

1 1

(1) = it suffices to prove: G)g > (‘“:Zr)z

o () = () o 282 > 2R -2 ()

T
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Gerrﬂsen
LHSof(2) =  (16Rr - 5r%)R3
3)

(2), (3) = it suffices to prove: (16R — 5r)R3 > 8r(2R —r)3
& 16t* — 69t3 + 9612 — 48t +8 > 0 (wheret = §)
e (t—2){(t-2)*(16t+27)+66(t —2) +20} >0

- true~t= § > 2 (Euler) (Proved)

338. Let ABC be a triangle and m,, m;, m. are the medians.
Prove that

s? +3r2 + 12Rr
2
where s,r and R semiperimeter, inradius and circumradius of ABC

m2 +mZ +m? >

respectively.
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru — Romania

3 3 24+3r2+12
ng :ZZaZ :Z'Z(SZ —1‘2 —4-RT) Zw (to prove)

3s%2 —3r2 — 12Rr > s? + 3r2 + 12Rr

s? > 3r?+ 12Rr (to prove)
GERRETSEN
2 2 a2 2
S > 16Rr — 51“ > 3r“ + 12Rr &

4Rr > 8r2 o R > 2r
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339.In A ABC:
s + a? ab ac
ab s+b* bc

2
ac___be SEC > 8V3s+3VaRs

2

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
To show:

((s + a®){(s + b*)(s + ¢?) — b%*c?} + ab{abc? — ab(s + c?)} +)
s2 +ac{acb? — ac(s + b?)} -

> 83S + 3¥4RS

2
LHS = S_Z((S + a?)(s? + sb? + sc?) + a?b?(—s) + a®c?(— s))

2
= S—Z(s3 +s%(a® + b* + cz)) = 2s + 2(a* + b* + ¢?)
=(a+b+c)+2(a®+ b*+c?)
Now, * a+ b + ¢ > 3 - Yabc (AM = GM) = 3Y4RS (1)
Now, 2(a? + b? + ¢?) > 8V3S
& (a%? + b? + ¢?)? > 4852 = 48s(s — a)(s — b)(s — ¢)

a+b+c\/b+c—a\/c+a—-—b\/a+b—-c
ey 2a8(——) (——) () ()
o (a* + b= +c%)= > 48 > > > >

e (a?+b*>+c®)?2>3((a+b)? - c?)(c? - (a —b)?

& (a? + b? +c?)? > 3(c*(a + b)? — (a? — b?)? — ¢c* + c%(a — b)?)
& a* + b* + ¢* + 2a?b? + 2b%c? > 3(2c¢%(a? + b?) + 2a®b? — a* — b* — ¢*)
& 4a* + 4b* + 4c* — 4a’b? — 4b%c? — 4c%a’ = 0
& 2a* + 2b* + 2¢* — 2a%b? — 2b%c? — 2¢%a? > 0

& (a? — b*»)? + (b? — ¢?)? + (¢ — a?)? = 0 which is true
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* . 2(a% + b% + ¢?) > 835 (2)
(1) + (2) = a+ b+ c+2(a? + b% + c?) > 835 + 35S (QED)
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC. Probar que:

s+a* ab ac .
2| ab s+b%> bc |=8V3Ss%+3V4RSs?
ac bc s+ c?

2s = perimetro S = Areade regién triangular

2
2(s+a2)[s+b ] 24 a ]+2ac[ab s+b]2
s + ¢ ac s+c ac bc

> 8V3Ss? + 3Vabcs?
2(s + a®)[(s + b?)(s + c%) — b%*c?] — 2ab[(s + c®)(ab) — c*ab] +
+2ac[b?ac — (s + b?)(ac)] = 8V3Ss? + 3Vabcs?
= 2(s + a®)[s(s + (b? + ¢?)] — 2ab[sab] + 2ac[-sac] >
> 8v/3Ss? + 33/abcs?. Divididiendo (= s2) a la desigualdad:

2s52+2sa?+2s(b2+c?)+2a%b%+2a%c*-2a%b%-2a?%c? 3
= ( ) > 8v3S + 3Vabc
s

= 25+ 2(a? + b? + c?) = 33abc + 8V3S
2s =a+ b+ c > 3Vabc o Valido por: (MA = MG)

Por lo cual falta demostrar que: a® + b? + c? > 4/3§
= 4R?%(sin? A + sin? B + sin? C) > 4v/3(2R? sin A sin B sin C) -

in(B+ C in(A+C in(4A+ B
. sin( ) . sin( ) . sin( ) > 2v3
sinBsinC sinAsinC sinAsinB

= 2(cotA + cot B + cotC) = 2V3 — cotA + cotB + cotC > /3 -
— (Valido en un triangulo ABC)
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340.In A ABC:

8 8 6

1—[ mé+md w8 +wd hd+hnd - 252
mé&+md wi+wd hS+hS)  \ R

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
6

.. 8+m8 wl+wd n8+hd 252
Probar en un triangulo ABC [] (m“ Tp YW Ca ”) > (—)

m§+m$ wi+w$ hS+h$ R
1) Siendo x,y > 0 se cumple la siguiente desigualdad
x8 +y8 > xy(x® + y°)

Proof — 7x8 + y8 > 8%/(x8)7y8 = 8x7y, 7y® + x8 > 3/(y®)7x8 = 8xy’x
© 8(x8 +y%) = 8xy(x® + y©) & x® +y8 > xy(x6 + y°)

2) Recordar las siguientes desigualdades e identidad enun 4 ABC
8s® 8s3 252

abc 4RS R

m, > /s(s—a), my, >+s(s—b),m.>+s(s—c),R=>2r
SZ

c}mambmcZJSZ'S(S_a)(S_b)(S_C):S'S:S';:T

W, = havwb = hbvwc = hcvhahbhc =

Aplicando 1) A 2) en la desigualdad propuesta

n<m3+m2 wa+wp hg+hy

m&+m$ wé+wé h§+ h

> = n(mamb "WaoWp - hahb) =

= (mambmc " WaWpWe - hahbhc)Z = (mambmc)z(hahbhc)4
6

2 4
= (mymym.)*(h hyh.) 2 7 Rpt 212 REZ Re R

(LQQD)

s* 165% _ 6452 _ 6451 (252>
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Axy>0=>x8+y8 > % - (x% + %) - (x% + y?) (Chebyshev)

nf(m) fw) - f(h)_l_[1 -(m2+mi)- (w2+wi)(hZ+h:) >

> 1. 23 (m,-my) - (Wg-wy) - (hy-hy) =

:(ma'mb'm) (Wa Wp - Wc) '(ha'hb'hc)22
6 6

Mazlazha . (8-S 8-s° 252
> = = = | —
= oemeno = () = (G) = (%)

341.1n A ABC, 22 - first BROCARD point:
A% - BO?* + BN? - CN% + CN? - AN? < 4R?’S - tan w

6

Proposed by Mehmet $ahin — Ankara — Turkey

Solution by Daniel Sitaru — Romania

o
e

AN 2R sin C 2R sin(B — w) sinC
= N =
sin(B — w) sin B sin B
AQ -B2 - C2 = 8R3sin(4 — w) sin(B — w) sin(€C — w) = 8R3 sin® w

AM—-GM
Z(A.Q .B2)? S 33/(A2 B2 - C2)* = 48R*sin* w < 4R’ Stanw ©

& 12R? - sin*w < Stanw
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165t 87 2
2 . 2122 2 22 2 _ Rn2)2
3R (Zalbz)zszaz,sabcEas(§ab)<—>§(a b?)2 >0

342.In A ABC:

9r < Jmgrg, + Jmyry, +/mr. <4R+r
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Daniel Sitaru-Romania

AM-GM

Z,/mara S Bi/nma-l_[ra233/ r,=3Vrs?>

GERR’ETSEN
>  3Yr(16Rr —5r%) > 9r & 16Rr — 5r% > 27r2 & R > 2r

cBS TERESHIN b2 + 2
Z,/mara < \/Zma-Zra < AR ‘(4R +71) =

4R+ 1 4R + r GERRETSEN
:\/ .ZZazz\/ -(SZ—T2—4-RT) g

4R R
4R+ T 4R? + 212
< 7 -(4R2+2r2)S4R+r<—>TS4R+r<—>R22r
343.In A ABC:
a’ +s b3 +s 3+s

: : > 1
3vV3r + b%c 3V3r +c2a 3V3r +a?b

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC
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(a3 + s)(b® + s)(c® + 5) = (3V3r + b2c)(3V3r + c?a)(3V3r + ab)
Tener en cuenta la siguiente desigualdad enun 4 ABC s > 3+/3r
Como a, b, c > 0. Por la desigualdad de Holder
(b3 + 5)(b% + 5)(c3 +5) = (b’c+5)® (A
(3 +s)(c2+5s)(a®+5s) > (c2a+5s)® (B)

(a3 + s)(a® + s)(b3 + s) > (a®b + 5)3 (C)
Multiplicando (A) - (B) - (C)

(a3 + s)(b3 + 5)3(c3 + 5)3 = (b%c + 5)3(c?a + s)3(a®b + s)3
& (a® + s)(b% + 5)(c3 + 5) = (b%c + s)(c’a + s)(a®b + s) >
> (b%c + 3V3r)(c?a+ 3V3r)(a’b + 3V3r)

(LQQD)

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
(a3 + s)(b® + s)(c® + 5) = (3V3r + b2c)(3V3r + c?a)(3V3r + ab)
s>3V3r=x
(a® + x)(b® + x)(c® + x) = (a®b + x)(b%*c + x)(c?a + x)
(a3b3 + a3x + b3x + x2)(c3 + x) = (b3a’c + a’bx + b%cx + x*)(c%a + x)
alb3c3® + adh3x + adc3x + a3x? + b3c3x + b3x? + 3x?% + &3

> al3bh3cd + b3a?cx + a3c?bx + a?bx? + c3b%ax + b*cx? + ctax? + x3

adcd +adcd +a®bd > 3a3c?h a® + a® + b® > 3a%b
(1) {b3c3 + b33 + ac3 = 3¢3b%a = (2)1b3 + b3 + ¢3 > 3b%¢
a3b3 + a3b3 + b3c3 > 3b3a’%c c3+c3+ad>3ca

(1)+(2) » completely proved x = 3/3r
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344, IfOSASBSC<§then:

A-B B-C

C-A
|tan |+|tan |+|tan > |ZC—A
Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

ForOSxSy<§=>—§<x—ySO=>OSy—x<§

|tan(x;y)| :—tan(x;y):tan(y_x)zy_x

2 2
Thus, |tan(AZB)|2 5 nd|tan( )|267 Also,as0 < C — A<—
tan CT)|—t ( TAThus
Jtan (557)] + [tan (57| + [ean (57)| = 57+ 7+ S = c -4
1 1 1 1
a b ¢ «x

345. fR-R, f(x) = .a, b, csidesin scalene AABC

f'(s)
f(s)

Proposed by Daniel Sitaru — Romania

Prove that: >

Solution by Ravi Prakash-New Delhi-India

1 1 1 1
a b cC X
f(x) = a® b? 2 A2
a* b* ¢t x*

Asf(x) =0whenb=a,b=c,c=a,x=a,x=b,x=rc,
(a—c),(a—b),(b—c),(x—c),(x—a), (x— b) are factors of f(x)
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Also, f(x) is a homogenous expression of degree 7 ina, b, ¢, x
s f(x)=k(b—c)(a—b)(a—c)(x—c)(x—a)(x—b)(x+a+b+c)

where k is a constant. When x = 0,

a b c a b—a c—a
f(0)=—|a® b? c*|=-|a* b?—-—a? c%?-a?
a* b* ¢t a* b*—a* c*-a*
a 1 1
= —(b - a)(c — a) |a? b+a cta
a* b3+b2a+bat+a® c3+cta+ca?+ad
R3 - R3 — ale,RZ - RZ — aR1
a 1 1
f(0)=—-(b—-a)(ic—a)lo0 b c
0 b3+b%a c3+cta
_ _ _ b [
=malb-a) (e =@ s g 3y cza|

1 1
+ab c*+ ca|
= —abc(b—a)(c—a)(c—b)(a+ b+ ¢)
Also, f(0) = k(b — c)(a — b)(a — c)(—1)abc(a + b + c)
= kabc(b — a)(c—a)(c—b)(a+ b +c) -~ k= —1.Thus,
fx)=(a-b)(b-c)c—a)x—a)(x—b)(x—c)(x+a+b+c)
log|f(x)| = log|(a — b)(b — c)(c — a)| +log|x — a| + log|x — b| +

= —abc(b — a)(c — a) |b2

+log|x — c| +log|x +a+ b + ¢|

fix) 1 1 1 1
= = + + +
fx) x—-a x—-b x—-c x+a+b+c
fiis) 1 1 1 1
= + + +
f(s) s—a s—b s—c s+a+b+c

g 9 L1_9 1 _28_38
“(s—a)+(s—b)+(s—c) 3s s 3s 3s s
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346.In A ABC:

W, W, W, s
__|___|__

h, h, h."ry3
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Soumitra Mandal-Chandar Nagore-India

We have,w, < /p(p —a),w, < {/p(p —b) andw. < /p(p — ¢)

ha:ﬂ,h —Ea dh, =—then
a

Z& _a/pp-a) b/p(p—b) c/plp—c)
Lih,~ 24 24 24

— P (o 5=+ bp =B+ /7 0)

CHEBYSHEV'S
’-A-\

< 6A(a+b+c)(\/p a+.p-b+,p—c)

leta>b > cthen ]
Jp—a<p-b< p-c

JENSENS'S INEQUALITY
2 g(a+b+c)\/32(p—a)zi

/3

cyc
(Proved)

Solution 2 by Soumava Chakraborty-KoIkata-India

In AABC—+—+—“< WLOG, we may assumea = b > ¢
h, hy h, T\/—

1
Then,wawachandhaShbShc=>h—2

= by Chebeyshev, LHS < %(Z wy) (X hi)
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wg<+/s(s—a)
@ V3 4Rs V3 s _ s
< Viskra) =y =g Proed

347.In A ABC the following relationship holds:

1_[ <ha + S/Wa + 4,/ma> > %/h hphwwywomomym,

Proposed by Bogdan Fustei-Romania

Solution by Daniel Sitaru-Romania

h, + 3/wa+ Yfmg > h, (1)
3
(ha + 3/wa + W) >m, (2)

12
(ha+3wa+4 ) > w, (3)

i

16
By multiplying (1), (2), (3) - <ha + lw, +* /ma> > hym,w, -

3 4 16
h,+ |[w,+/m,> /h,m,w,

I | 3
4 16
<ha + Wq + ma) = \/hahbhcwawbwcmambmc

i

:

348.In A ABC:

*fm,m,m, + /sS
Va

Proposed by Daniel Sitaru — Romania

i/(ma + ra) (mb + rb)(mc + rc) =
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Solution by Kevin Soto Palacios — Huarmey — Peru

9 9
Probar enun 4 ABC /(m, + 1) (my, + 1), +1.) = ,/mamg/r_:ﬁ Vss

Tener en cuenta la siguiente identidad r, r,r, = sS

Aplicando la desigualdad de Holder

9\/(ma+ra)(mb+rb)(mc+rc)(1+1)(1+1)(1+1)(1+1)(1+1)(1+1) S Amampme+3frarpre

26 - Vi
_ 9,/mambmc+2/§
Va

349.In A ABC:
33

3V3sr < \/m mpr,r, + Jmpymrpr.+ /man,rar, < TSR

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar enun 4 ABC
3V3

3V3sr < \/m myr,r, + Jmymryr.+ /man,rr, < — SR

Tener en cuenta las siguientes desigualdades e identidades en un 4 ABC

3
mymy, + mpym, + mem, < m2 + m + m? :Z(az + b?% +¢?) <

3 27R? I
<>.9R? =~— (Leibniz)
4 4
2 s’ /342
Tarp+1Tpr+ 1 rqg=Ss ,rarbrC:Ss:S-—ZT,S:srz 3V3r

r
m, =+ s(s—a) = T oMy = VTal'c: M 2 \Tqlp &

© moympym, > r,rpr.. EN RHS. Aplicando la desigualdad de Cauchy

JMmgmpr ry + Jmymerpr +\/mmgr r, <
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< \/(mamb + mpymg + mcma)(rarb + rpre + rcra) <

27R?  , _ 3V3sR
. S o
= 4 2

.En LHS. Aplicando MA > MG

Jmamyrgry + \Jmymrpr. + \/mimgror, = 3 (mompm, - T rpr.)? =
3|8 3
23 |5-5%23 3V3S$3 = 335 = 3V3sr

350.In A ABC:

- JTpTe N JTeT g N JTeT .5

S
R~ a b c 2r
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Daniel Sitaru — Romania

CBS
JTpT ¢ m 1 1 s
< . —_—< 2, =
Z a _\/ZT},TC Zaz_\/s 4r2 2r

Z\/y-‘l?:z\/sil—azz c-cos3 12 c-cos3

a

a 2R

1 Z bc AMéGM 1 33 a’b%c?s _
4RL. [(s—a)(s—b) 4R s?

3 3|16R?*S%s
"~ 4R 52

>~ (toprove) &

27
64R3

27R?

3
16R%s 2 5 o 52 < T8 s <23 R (MITRINOVIC)
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2 2 2
351. (%) * (i) * (ﬁ) = 121r2

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c los lados de un 4 ABC. Probar que
2 2

x y z \2 1
—) + (=) +(—) <—
(bc) (ca) (ab) ~ 12r2
Donde x = KA,y = KB,z = KC — K “Symmedian Point”
Recordar la siguientes identidades siendo — K “Symmedian Point”:

bcy2b2+2c%—a? cay2c?+2a?%-p2 ab+/2a2+2b%—c2
A= KB = KC =

a?+b%24+c2 ' aZ+b%2+c2 ' aZ+b%+4c?

K

La desigualdad propuesta es equivalente (KA)Z + (ﬂ)z + (KC)Z < 2

‘be ca ab) = 12r2

2b%2+2c?-a? = 2c¢*+2a%*-b?>  2a’+2b*-c? _ 3 1
(a?+b%+c?)?  (a?+b%+c?)?  (a?+b*+c?)?  a?+b%+c? — 12r?

. 3 1
Es necesario demostrar < & a? + b?% + ¢ > 3612
a?+b2+c? 1212

1 1 1

Como: — +++—=-- & ab+ bc + ca > 18Rr (Valido por
ab bc ca 2Rr

desigualdad de Cauchy)

= Por lo tanto: a? + b%? + ¢ > ab + bc + ca > 18Rr > 367r? (LQQD)
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352.In A ABC:

4rarbrcS hahb+ hbhc+ hchaS 2r,1pT,
R? T, Tq Ty TR

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru
. 4 hoh hy,h hch 2
Probar en un triangulo ABC\/—r“rzbr” S\/ 2 ”+\/ . “+\/ e < \/ TaTbTe
R T Ta Tp TR

Tener en cuenta las siguientes identidades y desigualdades en un 4 ABC

2S 2S 2§ 8s3
hazjvhszvhc:thahbhc b S_pT
S -5 _ e
ra_s—a'rb_s—b'rc_s— Tal'pTc Sp p r b+b +ca 2Rr
1 1 1 1

—+—+—=2=abc = 4Rpr,2p < 3V3R = 16p* < 3°R*
r, Tp T, r

En LHS, aplicando MA > MG

Z hahb > 36 (hahbhc)z . 36 645° . 6S >
re Talple o (abc)?reryr, ‘[16p(RE)2)(r)

- 6S 28 [Argryr,
~$BR)S -3 RV3 R?

En RHS, por la desigualdad de Cauchy

h,h, |h,h, |h.h, 1 1 1
+ + < + + )=
\/ T, \/ T, ry, (hahy + hyhe + heha) (ra T rc)

_ 482 1 Ar rpre |27 TpT,
2Rr 2Rr TR
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353. Let A DEF be the Gergonne’s triangle of A ABC and R4, Rg, R,
circumradii of
A AFE, A BDF respectively A CED. Prove that:
2Rr —r? <R3+ R4 + R%2 < R* — Rr +r?
Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Rajsekhar Azaad-India

s—a _(s—a)* _ be(s—a)

_ 2
2R = cos4 = cosl: S
2 2
S-)Yab— 3abc
:.4ZR§: 2 S =s%+1r2+4Rr — 12Rr

4Y R% =s*+1r?+8Rr (i)
Now, 16 Rr — 51% < s? < 4R? + 9Rr + 3r? (Gerretsen)
16Rr — 51> + 1> — 8Rr < s> +r? — 8Rr < 4R* + 9Rr + 31> + r* — 8Rr
= 8Rr — 41> < 4Y R% < 4R?> — 9Rr + 9% {from (i)}

= 2Rr — 1% < Y R3 < R? — Rr + r? (proved)

354.In AABC:
8( tA+ tB+ tC><1_[( tA+ tB)
cozco2 coz_ cozco2

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

8( 24 ot 4 tc)<( 2 tB)( i tc)( e tA)
COZ COZCOZ_COZ COZCOZCOZ COZ COZ
Como—a+24+8=T

2 2 2 2
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tA tB tC_ tA+ tB+ tC
COZCOZCOZ—CO2 CO2 CO2

Siendo x,y,z nimeros R* se cumple la siguiente desigualdad
(x +y)(y + z)(z + x) = 8xyz, donde

A B c
X = cotz> 0,y = cot;>0,z:cotz> 0

( tA+ tB)( tB+ tc)( tC+ tA)>8 tA tB tC
ﬁ J— J— J— —_ —_ J— J— J— —_
cot— +cot )| cot— + cot7 || cot + cot— | > 8 cot- cotcot-
Solution 2 by Adil Abdullayev-Baku-Azerbaidian
Lemma 1. Cot%1 =2
1,1, 1_1 _ 9
Lemma 2. —t+—+—=- (ro+ry)r,+r)a,+1r,) = 4Rp-. r,ryr, = rp>.
a b c
1 8 Tat+rp)ry,+r)r.+r 4R
Lhs =8p- 1= B2 pyg = p3. Lt 10T ”)Z(C o) _ id
r r (rarbrc) r

LHS < RHS & 2 < 2P & R > 2r (EULER).

Solution 3 by Soumava Chakraborty-Kolkata-India

4-G A-G
A B , A B B c , B_.C
cot=+cot- > 2 |cot=cot= (1)cot-+cot: = 2 [cot-cot- (2)
2 2 2 2 2 2 2 2
4 A4z6 / c_ A
~+ Z > = =
cot; +cot> > 2 [cot: coty 3

D-2)-3) =11 (cot% + cot g) (;) 8] cot%

_g (s —a)(s —b)(s — ¢)s3 _ 8s:rs _8s°r 8s
T s=b)(s=c)s—c)(s—a)(s—a)(s—b) [l(s—a) r2s® r
~ (4) = it suffices to prove: cot% + cotg + cotg < E

A_ s—a s—cC
thi‘ﬁ G-DG-0 |G-0G-a) |G-—aG-b
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CBS 1 1 :
< ﬁx/s—“+s_b+s_cj(S—b)(s—c)+(s—C)(s—a)+(s_“)(s_b)

_ s _ sz _ s .
=s /m =s /@ = —~= (5) istrue (Proved)

Solution 4 by Richdad Phuc-Vietnam

Denote x = cot (g) ,y = cot (5) 2 = cot (g)

2
Wehavex +y+z=xyz= xyz > 3V3 > xy+yz+zx > 3(xyz)3 > 9
Use9(x +y)(y +2)(z+x) = 8(xy+yz+zx)(x +y+2z)and
xy+yz+zx>9=>(x+y)(y+2), (z+x)=>8(x+y+2z)

Solution 5 by Rozeta Atanasova-Skopje

RHS A B\ AM-GM 9 A B

= | | —+cot—| > | | —cot—
(cot2 cotz) > cot2 cot2
A B C

= 8 cot tB tC—S( tA+ t—+ t)—LHS
= cozcozcoz— co2 co2 coz—

Solution 6 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

cot = (x+y+Z)-xcot§: (x+y+Z)-ycot§: (x+y+2z)z
2 yz T2 xz T2 xy
. x+y+z i . (x+y+2)x (x+y+2)y\ _
LH58< W(X"‘_’}’"‘Z)),RHSH( / vz + ’ o >—
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h+ +z xX+y+z
LHS:8 ——JL—~@+y+@ < ——l——(x+y+d-
xyz xyz

-]'[(\/§+\/%)=RHS., LHS:8SH<\/§+\/%)=RH5

Cauchy

Solution 7 by Soumitra Mandal-Chandar Nagore-India

B_ppp-b) C_plp-—c)  _
——7,coti— 1 4 =pr

2752 (03)

A plp-a

coti = 1 ,CO 2 1

and ab + bc + ca = p? + r? + 4Rr. Now >

coté,cotg,cotg > 0for x,y,z > 0 we have,

9n<x+y>zs<;x><;xy>

cyc

. A B c
replacing x, y, z for cotE,cotE,cotE

o (cot+ corZ) = 8 S cor )3 cothentZ | -
COZ C02 = C02 C02C02 =

cyc cyc cyc

_ (Z cog‘) Z—Z(Z(p _a)p- b))

cyc

2 | A2

cyc cyc

Solution 8 by Uche Eliezer Okeke-Anambra-Nigeria
In AABC, show

A A B\* )
8 Ycyc cot_ < [Teye (cot; + cot;) . We know: tan >

A\ p? A\r+4R
=8 ZCM— (ab + bc+ ca—p?*)=8 ZCME = >72 z

r+r4R >9and R = 2r. So we have, [y, (cot% + cot g) >8 (chc cot g)

1
E[b+c—a]
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1) Yeye coté = lZ(b +c—a)=

2) Hcyc COt (2 )3 Hcyc(b +c— a) = Hcyc(s - a)
A 2,.2 1 AZ
3) chc COtE =-= Sr; =3 = Hcyc

We proceed thus

RHS*—l_[( it tB)AM;GMsn 2 @82 e
- co 2 co 2 = co 2 - co 2

cyc cyc cyc

355.In A ABC:

wf,+wf,+w§ R

WoWp +wWyw, +ww, 2r
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

wZ+w? +w?

< £ Teniendo en cuenta las siguientes desigualdades en

WoWh+WpWe+w . w, 2r
unAd4 ABC.w, < s(s—a),wy, <. s(s—b),w. <.s(s—c)
e wi+wi+w?<s(s—a)+s(s—b)+s(s—c)=s?

w, = h,,wy, = hy,w, > h,

Zhh 452(1 1 1) 452
S wWWy FwWw, +waw, = = —t—+ — ) =—=
a"Vb bW cWa a’b b bc ca 2Rr
_ 4s%r? _ 2s%r wczl+w,2,+wc < s> _ R
" 2Rr R’ WoWptWpWetwew, . 2521 2r
R

Solution 2 by Soumava Chakraborty-Kolkata-India

(1)
w2 < s(s —a) etc. - Y w2 < s(3s — Y a) = s(3s — 25) = s?
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L . abc(2s) _ (14Rrs)(2s) _ 2rs?
Again, ww, = hgetc, - Y w,wy, =Y h,h, > TR e ==

1 R
= Y wowy = 2rs? @)

D> @) =5 ZW“ - < X -sZ::;r(Proved)

2rs?

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
sinB+sinC<2- cosg\l
sinC +sinA < 2- cos§¥ ASSURE

. ] C
sinA+sinB<2- cosE)

sinB+sinC=2-sinB+C-cosB_CS2-sinB+C=25in(E—é>=2cosé

2 2 2 2 2 2
. . A b c A
sinB+sinC<2- cosiﬁﬁ+ﬁ<2cos§@

2.cos2 2bc-coss
1 < cos; - bc < ccosy _ 2bc p(p-a) (:) S 2\/bcp-(p—a) _ =1,
2R b+c 2R b+c b+c bc 2R b+c

SimilarlyE < lb;a—b <l

b 1 ab s 2p?.
1)Zwa.wb:Zl le‘ZRCZZE %(a+b+c):32p:%
2\/bc-p-(p—a)
YU+ G+E=R =" "<
2 p-(p—a) _
DACETHCECE R
2
PP _R
3)211—2pr_2r

R

356.InA ABC,AD, BE, CF are NAGEL’S cevians. Prove that:
AD? + BE? + CF? > s?
Proposed by Mehmet Sahin — Ankara — Turkey
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Solution by Soumava Chakraborty-Kolkata-India

s—c D s—0b

2(c_ 2(c_
Using Stewart’s theorem, b7(s C)ZC (s=b) _ AD? + (s — b)(s — ¢)

= AD? + s* — s(2s —a) + bc = AD?> — s? + as + bc

W s(b? + ¢2) — (b%c + bc?)

= AD% = +s2—as— bc

a
(2

2 = s(c?+a?)—(c?a+ca?)
b

Similarly, B + s% — bs — ca, and,

®) s(a? + b2) — (a®b + ab?)

CF%2 = +s2—cs—ab

c
(1)+(2)+@3) = X AD? =3s*> —s(2s) — Y ab +
. s(b3c+ bc3 + c2a + ca® + a®b + ab?®) — {b*c*(b + c¢) + c?a*(c + a) + a’b?*(a + b)}
abc

3 3 3
:sz—Zab+S{b (c+a)+c Elc;’:-b)+a (b+c)}_

{b*c*(2s — a) + c?a*(2s — b) + a’b?*(2s — ¢)}
abc
) s{b3(2s — b) + c®*(2s — ¢) + a®(2s — a)}
-5 Z ab+ abc B
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B 25X a?b?) — abc (3 ab)

abc
2 3y 4y 212
=SZ—Zab+Zab+ZS Qa®) S(Z;ZC) 2s(X a”b®)
2 ZSZ(Z a3) - S(Z a* + ZZ azbz) o, ZSZ(Z a3) _ S(Z aZ)Z
-sT abc =s"+ abc

9

= D e)- (T s
(o) (Na)-(Net) S0

?
<:>z:a“+a3(b+c)+b3(c+a)+(:3(a+b)ﬂ2h‘z:a4+22:a2bZ

?
& (a3b + ab®) + (b3c + bcd) + (c3a + ca®) S 2 Z a? b?

?
& ab(a? + b?) + be(b? + ¢2) + ca(c? + a?) 52 ¥ a?b? (4)
Indeed, ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) >
-6
> ab(2ab) + bc(2bc) + ca(2ca) = 23, a’*b? = (4) is true (Proved)
357.In 4 ABC.:

1 1 1 - 36R?
+ +
A B C~—
4 F 4 = 4 =
CcoS 2 COS 2 COS 2

Proposed by Adil Abdullayev-Baku-Azerbaidian

SZ

Solution 1 by Kevin Soto Palacios-Huarmey-Peru

., A B C _ 36R?
Probar en un triangulo ABC: sec"; + sec“; + Sec45 >=

Tener en cuenta la siguiente identidad en un triangulo ABC
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B c . .
s =4R C0S COS > COS~. La desigualdad propuesta es equivalente

cos—cos£ i cosgcosé i cosé+cosE i 36 9
2 T2 (2772 2 2| S22 _Z
4 B C 16 4
cos> cos cos>
IRAN INEQUALITY. Siendo x,y,z = 0 se cumple la siguiente desigualdad
1 1 1 9
(xy +yz + zx) ((x+y)2 * (y+2)? * (z+x)2) = 4 (A)
Siendo x = tang >0,y = tang >0,z= tan & > 0
COS£ COSé
Secumple » xy+yz+zx=1,x+y=—25,y+z=—5%
COSE COSE COSE COSE
B B I 2
COS— COS—- COS 9
z+x =—%5 Luegoen (A)—>Z< 2 2) >-.(LQQD)
cos; cos;, 5 4
Solution 2 by Soumava Chakraborty-Kolkata-India
1 1 1 o 36R? A 2(s—a)?
™ . 4A — s“(s—a
cos4% * cos4§ * cos4§ = sz cos 2 b2c? etc
. b?c? c%a? a?b? 2
(e (s—a)? * (s—b)? * (s—c)? = 36R
b?c? c’a? a2p? @ 36a%b%c?
=3 + + >
(s—a)? (s—b)? (s—c)* " 16s(s—a)(s—b)(s—0)

abc

('.'R:E).Lets—a:x,s—b:y,s—c:z
Then,s=x+y+zanda=y=zb=z+x,c=x+Yy

(z+x)2(x+y)? | (x+y)2(y+2)? | (y+2)*(z+x)?
~(2Q)e = + 2 =

9 (x+y)*(y + 2)*(z + x)?
> .
4 (x+y+z)xyz

e 4{y?2%(z + x)*(x + y)* + Z2x*(x + y)*(y + 2)* + x2y*(y + 2)*(z + x)*} =
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= 9xyz(x + y)?(y + 2)*(z + x)?
& 4x5(y* + z%) + 4y5(z* + x*) + 425 (x* + y*) + 2xyz (z x3y3) + 6x3y323
3)
Now, Schur = Y x3y3 + 3(xy)(yz)(zx) =
> (xy)?(yz) + (xy)(y2)* + (y2)*(2x) + (yz)(zx)? + (2x)* (xy) + (zx)(xy)?
= 2xyz (z x3y3 + 3x2yzzz)
(4)
S 2(x3yt2% + ZPyta? + y3z4a2 + x32%y? + 3xty? + ydxtz?)
= 2x4(y322 + y223) + 2y*(23x2 + 22x3) + 224 (x3y? + x%y?)
2x°(y* + z%) > 4x>y?2?
Now, 2y°>(z* + x*) > 4y>z%x? ; Adding,
225 (x* + y*) > 42°x%y?
2x3(y* + z*) + 2y5(2* + x*) + 225 (x* + y*) > 4x5y22% + 4y52%x? + 425x%y? (5)
Chebyshev
Again, 2x5(y*+2z%) S 2 G) xX>(y+z)(y3 +23) =
@
=x’(y+2)(y* +2°) 2x°(y + 2) - yz(y + 2)
= x5yz(y? + 2% + 2yz) = x>(y3z + yz3) + 2x3y%z2. Similarly,
(id)
2y5(z* + x*) S y5(z3x + zx3) + 2y522x2 and
(i)
225(x* + y*) 2 2503y + xy3) + 225x%y2
(M)+(@D)+(iiD)= 2x5(y* + z%) + 2y5(2* + x*) + 225(x* + y*) >
> x5(y3z + yz8) + y°(28x + zx3) + 25(x3y + xy?) + 2x5y? 2% + 2y522x? + 225x%y*  (6)

= (4) + (5) + (6) = (3) is true (Proved)
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358.

B C
D

IfinA4A ABC,AD,BE, CF - altitudes, H — orthocenter then:

16 2( h, hy h, ) ab bc ca
T

+ + < + +
h,—HD h,—HE h.—HF cosC cosA cosB
Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursarescu-Romania

A

8 C
D
ab ab-sin C 2s 4s ab 1
== == =—=>=) =4s-) - 1)
cosC sinC cos C sinC cosC sin 2C cos C sin 2A
28
h, a

h, —HD = AH = 2R A= = =
@ cos h,-HD 2RcosA

(2)

From (1)+(2) inequality becomes: 16r% - = - ¥ —— < 4s% ——

h, _ s 1
h,—HD R%Z“'sin24

s _ s _ s =>Z

RacosA  2R%sinAcosA  R2sin24

=1
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2
%Sl@tlrz < R? © 2r < R. True.
Solution 2 by Soumava Chakraborty-Kolkata-India
h, bc 167r%(bc) bc 167r2%(bc) bc
16712 < = < = <
h,—HD ~ cosA 2R-AH ~—cosA  4R?|cosA| ~ cosA

< 4R?|cos A|(bc)

1)
> 1612 cos A (bc)
If Aisobtuse, cosA <0 = RHSof (1) <0&LHSof (1) >0 = (1) is true.

ule

Euler
If A <90° LHS of (1) = 4R*cos A(bc) = 16r%cosA(bc) = RHS of (1)

16r2h, (2) bc

1612hy, (2) ca 16r2h, © ab
hy,—HD — cosA’

hy,—HE ~— cosB h.—HF — cosC

(a)+(b)+(c) = given inequality is true (Proved)

= (1) isalways true =

Similarly,

359.In A ABC:

h2 + h% + h? _R
h,h, + hyh.+ h.h, = 2r

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

] R h3+h%+h?
, 2 s aT%p c
Probar en un triangulo ABC 2r = hohy+hyhothohe

Teniendo en cuenta las siguientes identidades y desigualdades en un

1 1 1 1 1 1 1 1 28 28 28
AABC - +—+-—-<— —4+—+4+—=— h. == h, == h.==
a2 b%2 2~ 4r2’ab bc ca 2Rr'?% a'''b bp' € c

1 1 1 1
. h2+hZ+h? 2te2t2 2 _ R
Ell rech ivalente: b ¢ —a b o <At —
ado derecho es equivalente M tho bt - L L= =5

ab bc ca 2Rr

Solution 2 by Soumava Chakraborty-Kolkata-India
a’b?
% _ D a’b? Goldstone 4RZ?s? R

= < _—
abc(a+b+c) 4Rrs(2s) ~  4Rrs(2s) 2r
4R?

LHS =
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Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1
> h? _4'52'Zﬁ_2(ab)2 abc
Y h, - h, 452'Zi (abc)? a+b+c

ab
B Y (ab)? _ (X ab)?—2abc-(a+b+c) (Xab)? ) < R
“abc-(a+b+c¢) abc-(a+ b + ¢) “abc-Ya T " 2r
 ab)? R+4r
S < T (ASSURE)
(X ab)* _ (p*+ 4Rr + 1?)? - R+ 4r
8Rr-p? 8Rr - p? - 2r
p*+2-(4Rr +1r?) - p* + (4Rr + r*)? < p? - (4R*> + 16Rr) (*»)
LHS RHS
GERRETSEN

-

RHS = p? - (4R? + 4Rr + 3r?) + (12Rr — 3r%) - p?> >

> p* .- (12Rr — 3r?%) - p? = p* + (12Rr — 31%) - p?

*)=>p*+2 - (4Rr +1%) - p*> + (4Rr + )% < p* + (12Rr — 31?) - p®
ASSURE
(4Rr — 51%) - p* > (4Rr + 1%)?
GERR’ETSEN AS.S"HRE

(4Rr — 51?%) - p? > (5Rr — 5r2)(16Rr — 5r%) > (4Rr + r?)?

(64R? — 100RT + 2572) > r2(16R? + 8Rr + 12)

48R% — 108Rr + 241% > 0; 4R?> — 9Rr + 21% > 0| - r?

1
4t2 — 9t + 2 20=>4(t—2)-(t—z) >0
0 T
Solution 4 by Soumitra Mandal-Chandar Nagore-India

Wehave,ha:%,hb:%,hC:%,a+b+c:2pand
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1 1 1
hZ+h?2+h? R 27272 _ R
ab+bc+ca=p*+r?+4Rr,—+ b < _— oL b < —
hohy+hyho+hgh, = 2r 2r

ab” bc ' ca
a’?b? + b*c? + a*c? - R  (p?+ 1%+ 4Rr)? <R+4r
— o
abc(a+b+c) ~ 2r abc(a+b+c¢c) ~ 2r
p* +r* + 16R?*r? + 2p*r? + 8Rr3 + 8Rp? _R+ar
8Rrp? - 2r
o p* +r* + 16R?*r? + 2p?r? + 8R13 + 8Rrp? < 4R*p? + 16Rrp*

=4

=4

& p* +r* + 16R*r? + 2p?r? + 8Rr3 < 4R?*p? + 8Rrp?
We know, p? < 4R? + 4Rr + 3r?%, then we need to prove,
p?(4R? + 4Rr + 31%) + (r? + 4Rr)? + 2p?r? < 4R*p? + 8Rrp?

(r? + 4Rr)?

= p2(5r2 —4Rr)+ (r*+4Rr)’ <0 o pz = ARr — 512

_ ) 2 i 2 (1‘2+4-Rr)2
Again, we know, p“ = 16Rr — 5r<, we will show, 16Rr — 51“ > ARr_5rZ

& 4R? —9Rr + 21?2 > (R — 2r)(4R — r) > 0, which is true.

360.1n 4 ABC,I — incentre, R,, Ry, R, — circumradiiin A4 BIC,A CIA, A AIB:
7
TalpTe < ?RaRbRc

Proposed by Mehmet Sahin — Ankara — Turkey

Solution by Daniel Sitaru — Romania

R a 2Rsin4A 2R si A
= = = sin—
a +

2 sin (n — BTC) cosé 2

28 , 27 TT. A
nraS?nRaH“‘ S?-SR nsmEH

27R? 3V3R

o s? < (MITRINOVIC)
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361.In A ABC:

(3 o) (32 o (3 et <2

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC: (Z /cos g) (Z 4/cos g) (Z 8/cos %) <

16/ 3\’ i
<27 (Z) . Por la desigualdad de Cauchy

4
Z\/cos <\/ cos +cosz+cosz)< /3 %—i (A)
A B c / 333 _3%3
Z cos \/3(\[c055+\[cos;+\/cos—>s B-W—ﬁ (B)
Z 3 4 é+4 E+4 - < 3.&5—@ C
cos cos cos > cos; | < / T ©)

Multiplicando (A), (B), (C)

e s E

A e B [
- 16 4%. 16\/— 1({/— 27 (LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

In 4 ABC: (z 2”@) . (Z 2"_1\/@> - (Z 2@) <27. ZM@

N

a
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D cosg =k
CoOS— =
2
2n A n n+1
I, = Z /cosi <3 I,;< /3,/3 T p << 321 k=" [32%1-2 k2
n-1 2n1 n—-1 2n*+1 n+1
I,,=Y" cos%‘s&:imilarlys \/32 k= \/32 4t
on—2 2""2 n— 2n+1 n+1
I, ,= cos—_ < \/ \/

In _ In—l . In—Z S 1/32"+1—2 . kZ . 2n+1\/32"+1—4— . k4— . 2n+1\/32"+1—8 . k8 =

14

2n+1 k
— 33 2n+1 . (_) —
j @) (5
2n+1 14 an+1 14 n+1
/ <27 / zf : / k Zcos < %—

Solution 3 by Soumitra Mandal-Chandar Nagore-India

We know, ¥.cyc cos%1 < ?for allA4,B,C € (0, )

<31 A <3 \/§_316 3\4
cosy 3 ZCOSE =202~ (Z)
cyc cyc
A 4\/§ 16| /3 2
— < — —
Zcosz —3J2 31/(4)
cyc cyc
<381 A <38\/§_3163
COS (IOS2 < 2 = 1
C}’C cyc

I/\
wlr-\
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(23T

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria

First we need to study the function f(x) = cos( ) f1(f2)

1/1-n
Wherefl(x)—"xf’l’(x)—"(")<0 vn=>2,x>0

x2n-1

Also f,(x) = cos( ) fr(x) = —( cos (2)) <0 Vvxe(0,m)
Without doubts since ... f(x) = f1(f,) = f”(x) = fyf1(f2) +
+(f*f1(f2) & f7 <0,and f1(f2) = —=>0,and f{(f;) <0

n, X
= [f”(x) <0..s0f(x) = COSE is concaveVn > 2,x € (0, m)

We now proceed with the Inequality...

Z( /cosé ]m;en 3 G)% (1)
2(2feos?) "E" () @
3(1feosd) "E" 3 @

We do... (1) x (2) x (3)

= (Z /cos g) (Z 4/cos g) ) (8/cos %‘) (1)?(3) 27 G)% (Proved)

GENERALIZATION: In any triangle ABC, prove:
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1 .
@y 71271

= A =
(15 )™ <o 2%

j=1 cyc
GENERALIZATION: In any triangle ABC, prove:

n _oj-1 Z]T.l=12]'—1

n A 1
2 t
1_[2 (COSE)ZJ S 3 ]2n+1 n . 2_2 2n+1

j=1 cyc

362.In A ABC, P — first Brocard point, R,, Ry, R, —circumradii in
ABPC,ACPA,AAPB:

27
TarpTe < —R,RyR,

Proposed by Mehmet $ahin — Ankara — Turkey

Solution by Daniel Sitaru — Romania

a _ 2Rsin A

R, = =
“ 2sin(m—w-(B-—w)) 2sinB
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27 RsmA
nraS? Ry < 1s S_l_[ sin B

27R3 27
ors?< = © st < ? (to prove)

MITRINOVIC
2 > 27R* _ 27R3

< <
4 8r

s < 2r < R (EULER)

363.1n 4 ABC
a*(b +c
p(12r)3 < 6Z¥ < p(6R)3
Tq—T

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India
(1) at
b +
s(12r)3 < 62 b+

a*(b+c) a*(b+ c) B a4(b +c)s(s — a)

) (2)
< s(6R)3

r,—r A4 A A(s—s+a)
s—¢c s
a*(b+c)s(s—a) _a’(b+c)(s—a)
B rs-a B T
4 3 _ 4 3 —
Similarly, b*(c+a) — b3 (c+a)(s b)’ and, c*(a+b) _¢ (a+b)(s—c)
rp—T T r.—T T

~(Q) e 6{al(b+c)(s—a)+b3(c+a)(s—b)+c3(a+b)(s—c)} > 1728sr*
e al(b+c)(s—a)+b3(c+a)(s—b)+c3(a+b)(s—c) =288sr* (3)

LHS of (3) > 3@+ Oc+ )@+ b) + - @) —b)(s —0)

\/ r2g2
= 3abc |(a+ b)(b+c)(c+ a)—

A—G
> 12Rrs3\/8abc 1r2s = 24Rrs 3\/ 4Rrs - ris
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Euler s=3V3r
> 48r%sy\/8rt-s2 > 96r2sy/27r6 = 288rts

= (3) istrue = (1) is true
@)e 6{a®(b+c)(s—a)+b3(c+a)(s—b)+c3(a+b)(s—c)} < 216R3sr
ealb+c)(s—a)+b3(c+a)(is—b)+c3(a+b)(s—c) <36R3sr
= 9R? . 4Rrs = 9R? - abc
s(s —b)
ca

sS\Ss—a S\Ss—C
—( ) b%*(c + a) ———=+ c%(a + b) ( ) < 9R?s
bc ab

e a’(b+c¢)

& a?(b +c) coszg+ b%*(c + a) cosZE + c?(a + b) cos?= < 9R?*s (3)

NIQ

c

WLOG, we may assumea = b = ¢ §>2 >-and0 <

<

N
N ™
NS
NI

N

A B c
cosZE < cosZE < cos? 5 Now, a’(b +c) = b%*(c + a)

s ab(a—b) +c(a+b)(a—b) =0
o (a—b)(ab+bc+ca)>0< a=>b - true
a’(b + ¢) = b%(c + a). Similarly, b?>(c + a) > c*(a + b)

a’(b +c¢) = b*(c + a) = c*(a + b)
Chebyshev
~LHSOf(3) 2 3{a’(b+c)+ b*(c+a)+ c*(a+b)}

A B C
2_ + cos?— + cos? —)
(cos 5+ cos® o+ cos® 5

1 1 A B C
= EZ{ab(a +b)}- 2 (2 coszi + 2 cos? > +2 coszi)

%Z{ab(Zs - c)} (2 + Z cos A) = %(232 ab — 12Rrs) (3 il %)
— % .2s(s% + 1% — 2Rr) (4RR+ r)
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Gerrétsen S(4-R + 1')
- 3R

< (4R +1)(4R? + 2Rr + 4r?) < 27R3

& 11R? — 12R*r — 18R  —41r3 > 0

?
(4R? + 2Rr + 41?%) < 9R%s

© 1163 — 122 — 18t - 4 > 0 (wheret =")
e (t-2)11t2 +10t+2) >0 >true~ t = g > 2 (Euler)

= (3) istrue = (2) is true (Proved)

364.In A ABC:
2

r r r.\2 4R +
oo 25(5)
w, wp, W, s

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham

25 a+b+c
We have: r, = W S Js(s—a);s= S, S=area

Ta>

25
w_a ~ (b+c—a)/s(s—a)’

=

.. Th 28 T¢ 2
Similarly = > ;— =
ywb (c+a—-b)/s(s—b)" w, (a+b-c

2

S
Js(s=c)

2 2
45 1
z(r_“+r_b+2) > | ) — (1)
Wa Wp W $ /—b+c_a-(b+c—a)
2

2

S )

4R+1\2 ey 2B
Other:3( r) =3. [—S “*”*“]

2

abc(a+ b + ¢) + 2521 _ _[8abc(a + b+ c) +16S?
S-s(a+b+c) B 4S(a + b + ¢)?

(a+b+c)2-[3(b+c-a)(c+a-b)] 2 __ 3[X(b+c—a)(c+a-b)]?

=3 4S(a+b+c)? 1652 2)
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(1), (2) = (Z ;—‘;)2 >3 (4Rs+r)2. We will prove that:

2
4_52 \Z (e a)3> > fog [+ e— @ ab)]

6454 (Z\/(b+c a)3> 3[Z(b+c a)(c+a-— b)]

2
@(a+b+c)2-l_[(b+c—a)2 / \ -

6(a+b+c) '\ZJ<b+1c_a)3/ -
2

> [Z(b+c—a)(c+a—b)]2

=N (Z a) 1_[(b+c—a)2 : (Z\/(b+1(:2 a)3> >
26[Z(b+c—a)(c+a—b)]2

@(Z“)n(b“%_a)z'(zm)zz

>3 (b+c—a)(c+a—-b)] ()

b+c—a=x>0 2
Put: {c+a—b=y>0; (3)@(296)1_[?62'(2\%) > 3(X xy)?

a+b—c=z>0

o (Ox) (Zw/x3y3)2 > 3xyz(Z xy)? (6)
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Other, by Holder: (£ /x%3) (£/x%%) (1 + 1+ 1) = (T xy)?
(Z \/xg_) (ny) (4)
AM-GM: (X x)(Z xy) = 33/xyz - 3W =9xyz (5)
(4),(5) = (€ (£V7) = 3xy2(Zxy)? = (6) True = (3) True
- (z2) 2 3(%2)" ~qeo

Wq

Solution 2 by Soumava Chakraborty-Kolkata-India

2 2 2 Bergstrom 2
r r r r r T —  (ro+r,+r.)
_lﬂ_F b 4._Ji;: a + b + c = a b c
Wq Wp W¢ raWq rpWp rewe (IS EITaWVa

WLOG,wemayassumea = b =>c.Thenr, >r,=>r.andw, <w, <w,
Chebyshev

rave 2 3OO wa) =5 @r+ (> wl)
8- ,f“““_ VBUR+T) R
2 4R+r\/_ z % ZS(S_a)

_ \/§(4§+T)m:\/§(‘1’§+r).S:\/§S(4'3R+7')

ra o 3U4RN? _ 3(4R+7) ra\% _ 9(4R+1)? _ _ [(4R+1\2
W@ =25z G =52 (E0) =25 =3(57)

Wq s

Solution 3 by Soumitra Mandal-Chandar Nagore

We know, razf,rb :%,rc=%,waSVP(P—a)

a p—-b p—c

<Jp(p—-a)w.<{p(p—-c)and X (p — a)(p — b) =r(r+ 4R)
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2
Chebyshev

2
re | _ A 1 o
<;W_a _<;p—a'\/p(p—a) )
2
1 A 1
A

1
-G DE-0 (Zyc(p ~a@-b @m

2

2

1
3

AM=GM
S (r + 4R) 1 !
> | —=-r(r P—
A2 Jp Y -a)p-b)p -c)
Reverse AM=GM 1 1 2 4R 2
~ pr S —3(r
- A (r+4R) Jp J(p—a)+(p—b)+(p—0) 3 ( p )
3

(Proved)

365. Let A ABC and M is an arbitrary point in the domain of the triangle
ABC.D,E,F;D € BC,E € CA F € AB suchthat MF L BC,ME 1 CA,MF L
AB.let MD = x, ME = y, MF = z. Prove that

1000
(x? + h2)(y* + h})(z® + h2) > m(hahbhc)z

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
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Solution by proposer

B

C

We have (x% + h2)(y? + hi)(z® + h2) > % (hghph.)? ©

1000
> —
729

=) oG+ GE +

Let (X,Y,Z) = (hihlbhi) = X,Y,Z>0andX + Y + Z = 1 because
30X, by | 37 _ [MBQ [McAl | [MAB] _

%Chc T [aBC] [ABC]  [ABCl ~

z
T 1 1
hc Eaha Ebhb

1

X Yy
X+Y+Z=—+—+
ha hb

We need to prove (X? + 1)(Y? +1)(Z%2+1) > %with X,Y,Z >0,

X+Y+Z=1.Wehave
X2 +1)Y?2+1D)X?+1)=(XY+YZ+ZX—-1)*+ (1 - XYZ)?

(XY + YZ + ZX)?
> |1 - 3

](xy+yz+zx-1)2

Lett:XY+YZ+ZX=>0<tS%because

XY+YZ+ZX§§(X+Y+Z)Z :g. Hence

2 4 2
(X2+1)(Y2+1)(X2+1)2f(t):(1—%>(t—1)2:%+%—2t+2,
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0<1:<1
=3
@) 4t3+2t 2<0Vte(0 1] © > (1) 1000
= —_— —_— —| = —_ = —
f 9 3 ! '3 f —f3 729
Hence(X2+1)(Y2+1)(ZZ+1)2%:

1000
= (&* + ho)(y* + hp) (2% + h7) = —-0- (hahy ho)?

366.In 4 ABC:
o T, r.T, - h,h, hyh, h.h,
Sinésing 1 E 1 g 1 g 1 __ g 2£ 1 Zé 1 22
> > Singsing  singsiny  sin®5  sin®5 sin®5

Proposed by Hoang Tung Le Nhat-Hanoi-Vietnam
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Z Ta'Tp >Zha'hb
A B~ C

= = = 2
sin 5 sin5 sin“ 5
2 2

2
)2 mré;;g =2 (p—a)(p—b) J(fa)(p_:ﬁ_b)(p_a)
Z c-Vab - 52 _g2. c _
Map-a) J@-a)p-b) (o — @) (p—aggp—b)_
- n(;saz—a> ' Zsi:,g R ZF:,; ®)

hqh 1
2) X2 =48} ¢ =
sin E

cin2%
ab-sin 2

—a.C2. 1 — 2. Q2 1 _
—s Zab,(p—a)gp—b)“‘ N emr e
a
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=4p(3p - 2p) = 4p* ()
(*). ()= p-T—¢ > 4p® (ASSURE)

Chebyshev

) =— = f"(x) 2 0

sinz
2

367.1fin A ABC,I — incentre, R,, Ry, R, — circumradii of
ABIC,ACIA AAIB

3V6R
2

Proposed by Adil Abdullayev-Baku-Azerbaidian

3v6r <./m,R, + /m,R, + /mR, <

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un tridngulo ABC, siendo, I — incentro, R,, Ry, R, circunradios de los
triangulos BIC,CIA, AIB. Probar que

36
3V6r < \JmuR, + JmyR, + Jm.R, < %_R

Tener en cuenta las siguientes identidades y desigualdades
A B C
R, = 2RsinE,Rb = 2RsinE,Rc = 2RsinE,R > 2r

Lo cual implica— R, + R, + R, = 2R (sin% +sin 2 +sin%) < 2R 2= 3R

R, R, R, = 8R3 si AinZsi C—8R2 r—ZRZ > 8r3
aBRpR: = smzsmzsmz— AR r=8r
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m, +m, +m, SJS(m§+m§+m§) = J%(az + b2 + c2) SJ%-9RZ =¥
m, =>+s(s—a),my,=>.s(s—b)ym,=>.s(s—c)
& momym, =S - s = s?r > 27r3. Aplicando MA > MG
JmgR, + JmuR, + /m R, = 35/m,;m,m,- R,R,R, > 3Y27r3 - 813 =
= 3Y63r = 3V6r (LQQD). Por la desigualdad de Cauchy

\/maRa + \/mbRb + \/mcRc = \/(ma +my + mc)(Ra + Ry + Rc) =

< /97"-312:%12 (LOQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

6V3r<.2-R, -mg+./2-R,-m,+,/2-R.-m < 3V3R

A B ¢ f'=0 A+B+C\ _ 3
i) sin-=+ sin-+sin- < 3-f( ):—
2 2 2 6 2
. 9
i) ZmaSER
. A—L
iii) l_[AsmE—M

iv) maz\/p'(p_a) HmaZP'S
1) RHS=> ¥ \/2 R, - m, =2 Y /R, -m, <

A @):(id)
S\/E-JZRa-Zma:ﬁ-jZR-ZsinE-Zma <

3 9 2R
<2-R- |>-===—-3V3=3V3R
< S 5= 3V3=3V3

2) LHS:ZJZ-Ra-maZ\/E-B-g\/\/Ra-Rb-Rc-ma-mb-mc
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(ul) (iv)
=3v2-°|8R3- nsm— nm > 3v2- \/8R3 — - pS =
p%=27r2
R=>2r
=3v2-Y2R? - r2.p? > 3V2-18-27-r6=
=3v2-v2-3-r=6V3r (LHS)

368.In A4 ABC:

2
m m m 2r
(_a+_b+_c> +—>10
Sa Sp S. R

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2
Probar en un triangulo ABC: (ﬂ + by ﬁ) + %r > 10

Sa Sp Sc

Tener en cuenta las siguientes identidades y desigualdades enun 4 ABC

ma_lbLo)m e, m_La,Dh
b a

c b))’

sb_Z

a ¢

S, 2

s, 2

(a+b+c) + 1 + - 1) + 2” > 10. Es suficiente demostrar
b R

m, m, my? 1 1 1
(—+—+—) 2(a+b+c)(—+5+—)
a

Sa  Sp S c

1/b c c a a b 2 b c c a a b
_(_+_+_+—+—+—) >3+-+5+54+24242 donde
2 \c b a c b a c b a c b a

b ¢ ¢ a a b
xX=—+—-+—+—+—+—2>6
c b a c¢c b a

x2

723+x<:>x —4(3+x)=(x—6)(x+2)=>0,locual esciertoya

gue x = 6. Por lo tanto
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+—2=>10

m, m, m,
=
R

a 2 2r 1 1 1\ 2r
—+—+—) +—> (a+b+c)(—+—+—)
Sqa Sp S¢ R a b c
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

A 2bc-m, m, b?*+c?
'S, = =
¢ b+ c? S, 2bc

0 = (205e) =5 (5 =5 (F) -

Sq/) 2bc 4 c 4 abc B

p? — 2Rr + 12\’ GERRETSEN 1 [16Rr — 512 — 2Rr + r2\’
2Rr 2Rr

4

—_ 4 *

1 (14Rr—4r?\" 1 (7 Zr)Z—LHS
4 2Rr 4 R/

1 2r\2 2 2
>2(7-%) += 210 (ASSURE); ==t (1 -t 0)Euler

%-(7—t)2+t210;(7—t)2+4t240@49—14t+t2+4t240

t2—-10t+9>0: (t—1)-(t—9) >0
<0 <0

369.In 4 ABC, 0 — circumcentre, R,, Ry, R, — circumradii in

ABOC,ACOA,AAO0B
27
Tarpre < ?RaRbRC

Proposed by Mehmet Sahin — Ankara — Turkey

Solution by Daniel Sitaru — Romania

R — a _ 2RsinA _ R
@7 2sin24 2-2sindcosA 2cosA
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27 R3
[Tre= 5 reers

Lrd
8 8cosA cosBcos(C

) 27R?
o rs“-8cosAcosBcosC <

2 27R3
-8cosAcosBcosC <rs“-8 5SS —5 (to prove)

27R3
ors?<

27R3
s? <=— (to prove)
8r
MITRINOVIC 27R2 27R3
m
s? < <

o 2r < R (EULER)

370.In A ABC:

5
a
18p - (2r)3 < <18p-R®
p-(2r) g p—— P

a

Proposed by Marin Chirciu — Romania
Solution by Soumava Chakraborty-Kolkata-India

€Y

5 () 5 5 5
a> a a a’-s(s—a)
18p - (2 325 2 18p - R3: = =
p-(2r)° < Ta—T p Ta—T A A A(s—s+a)
s—a s

__a*s(s—-a) (; a*(s—a)

rs

~using (3), (1) & Y a* (s — a) > 144sr* (4)
Lets—a=x,s—b=y,s—c=2z
s=x+y+zanda=y+zb=z+xc=x+Yy

c@@e @+r)tx+@+)ty+(x+y)tz>

MY 144s-4*  1445%(s — a)?%(s — b)%(s — ¢)?
21445(_) _ A ( )(3 )= ( )
S S S
_ 144(s — a)*(s — b)*(s — ¢)® _ 144x*y*z*
S

X+y+z
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o{y+)x+Z+0)ty+(x+y)zx+y+z) =
> 144x*y*z? (4a)

Now, {(y + 2)*x + (z+ x)*y + (x + y)*z}(x + y + 2) 2
A-G
> (16y*z*x + 16z*x%y + 16x%y?z)(x + y + z) =

A—G
= 16xyz (Z xy) (Z x) S 16xyz - 33/x2y2z% - 33/xyz
= 144x*y?z* = (4a) is true = (1) is true
Using (3), (2) © Y a*(s — a) < 18R3sr

o ZZ a* (s —a) < 36R3sr = 9R? - 4Rrs = 9R%*abc

a*(s—a) b*(s—-b) c*(s—c)
2 + +
abc abc abc

}S9R2

3.s(s—a)+b3.s(s—b)+cg.s(s—c)

o2 < 9R?
{a bc ca ab } N s

A B C
o2 (a3 cos? 2 + b3 cosZE + ¢3 cos? E) < 9R%s

& a®(1+cosA) + b3(1 + cosB) + c3(1 + cosC) < 9R?%s

o Za3 + (a® cos A + b3 cos B + c3 cos C) < 9R?s

& 3abe + 2s (Z az — Zab) +Z a3 cosA < 9R?s

& 12Rrs + 2s(s?> — 12Rr — 3r?) + Z a® cos A < 9R?s

& 25(s?> — 6Rr — 31r%) + Y.(a® cos A) < 9R?s (5)
Now, Y a3 cosA = a® cos A + b3 cos B + c® cos C
a3(b? + ¢ — a?) N b3(c? + a? — b?) N 3(a? + b? — c?)
2bc 2ca 2ab
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(’2\) a*b? + b*c? + c*a? + a?b* + b%*c* + c?a* — Y ab
2abc

Schur= Y x3 +3xyz > x?y + y*z+z

2 2

x+xy? +yz® + zx
= Z a® + 3a?b%c? > a*b? + b*c? + c*a? + a’b* + b*c* + c*at
(taking x = a%,y = b? z = ¢?)
= a*b? + b*c? + c*a? + a?b* + b?%c* + c?a* - Z a® < 3a?b?c?
a*b? + b*c? + c*a? + a’b* + b%*c* + c?a* - Y a® 7 3 a2p2c?
2abc = 2abc
3

=>(4Rrs) = 6Rrs; (6),(7) > La’ cosA < 6Rrs (8)

=

Gerrritsen
2s(s> —6Rr—3r%) < 2s(4R*-2Rr) (9)
(8), (9) = LHS of (5) < 2s(4R?* — 2Rr) + 6Rrs
Etier
= s(8R%* + 2Rr) < s(8R? + R%*) = 9R?s
= RHS of (5)= (5) is true = (2) is true (Proved)

371. Prove that in AABC:

11 bll 11

a
+ +
b+c—a c+a—b a+b-c

c

> q10 4 p10 4 (10

Proposed by Daniel Sitaru — Romania

Solution 1 by Nguyen Ngoc Tu-Ha Giang-Vietham

a'l 10 10 a
_ > o >
Zb+c—a_za @Za (b+c—a 1)_0

@Zalo.(a—b)+(a—c)20

b+c—a




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

@Z( a” - b7 >(a—b)20

b+c—a c+a-—-»>b

@2(b+c—a)1(c+a_b) ’ (a_b)[(a—b)(a10+a9b+...+ab9+b10)

+c(a® + b5)(a — b)(a* + a®b + -+ ab® + b*)
—ab(a—b)(a®+a’b+--+ab” +b®)] >0

1 . [A10 10 5 5\( 4 3 3 4 EEAY
@Z(bﬂ_a)(ﬁa_b) [al® + b0 +c(a® + b5)(a* + ab + -+ ab®+ b*](a—b)? = 0

It's true!

Solution 2 by Boris Colakovic-Belgrade-Serbia

LHS Chebishev 1 a b C
> — + +
- 3(b+c—a c+a—-b a+b-c

Substitutionb+c—a=x;c+a—-b=y,a+b—-c=12z

)(a“’ + b10 + ¢10)

_y+zb_z+x _x+y
T P T T T2
1( a b c ) 1(y+z Z+x x+y)
— + + = — =+ =+ =
3\b+c—a c+a—-b a+b-c 3\ 2x 2y 2z
1/x+ + +
__(x y+y z, z x):
6\ z X y

1/x z y z x y\AM-GM1
:—(—+—+—+—+—+—) > —(2+2+2)>1
6\z x z y y «x 6

LHS > al® + b0 + (10
Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

a>b>c

all Chebishev 1 1 1
e gL (S (S =3 (Lo )
Zb+c—a - 3 (Za ) b+c—a _3( @ )Za -
Yall 2%(2 a?)(Xa)

Sy
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Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

27 o-a 0o 2 D
25 2 Yty (Za)(Za“’)'Zpif
DX DX
2%- a.ﬁ.zamzzaw

Solution 5 by Sanong Hauerai-Nakon Pathom-Thailand

11 p11 11 20 p20 20

a
b+c—a c+ta-b a+b-c = a’b+a’c—-alf * b%+b%a-b10  %a+c?b—c10
(al® + p10 + (10)2
= @b+ boc+ Pa+ boa + a%c + b —ald + bi0 + 10
(al® + p10 + (10)2
= al® + b10 + ¢10 + h9q + a%¢ + ¢°b — (al® + b10 + ¢10)
(@l® + p10 + 10)2 (410 4 p10 4 (10)2
T Boa+a%c+c%h — ald+ 10 + ¢10

— q10 4+ p10 4 10

Cc a C

Becausea+b>c,b+c>a,c+a>>b

Solution 6 by Soumitra Mandal-Chandar Nagore-India
1 > 1 > 1
b+c—a c+a-b a+b—c

11 Chebyshev
Y R DI (DY
b+c—a - b+c—a

cyc cyc cyc

Leta > b > c then
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3 Chebyshev 1 3
e R R e
- Za a+b+c - 3 . (@+b+c) a+b+c

cyc cyc

— q10 4+ p10 4 10

372.In acute A ABC:

8+1_[secA 24zcsc2A

Proposed by Kevin Soto Palacios — Huarmey — Peru

Solution by Mehmet Sahin-Ankara-Turkey

8 + 1_[ secA>4- Z cscZ A

cyclic cyclic
8+ 1 - 4( 1 N 1 N 1 )
cosA-cosBcosC~ \sin?A4 sin?B sin?C
1

sin? x

fx) =
(A+B+C

is convex function in (Og)

1
- ) < [f(4) + £(B) + f(O)]
o f@+ B+ f© 23 F(F 2

[T =T

1 1
S 8+ >4-4 >
cosA -cosB - -cosC cosA -cosB - -cosC

>3

1
(:cosA-cosB-cosCS§

cosA +cosB + cosC > 33\/cosA -cosB -cosC
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3 r 3
52 1+EZB\/cosA-cosB-cosC

1 .
< cosA-cosB-cosC < g as desired ..

373.In A ABC:
max(4, B,C) =120° © sV3 =1+ 3R
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
max(A4;B;C) = A=120°
A

1) tan= = —
2

I —i I ozi - *
2) sinA=_=sin120°=_=a V3R (*)

120° r r
1) >tan—=—oV3=—>
2 p—a p—a

b+c—a
=>3'(p—a):\/§r=>3-(T):\/§r=>
3:(b+c 3a 3a 3(b+c
—(2 )—7:\/57':)7—30,"'—(2 ):\/ET

3-(“55) =V3r+3a;3p=V3r+3a| V3;3-V3p=3 -7+3V3a

()
V3p=r++v3a=>+V3p=r+3R
374.1fin A ABC, O — circumcentre,
d,=d(0,BC),d, =d(0,AC),d, = d(0,AB)

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
En un tridngulo ABC, 0 — circuncentro,d, = d(0, BC),d, = d(0, AC),

d
b+i>1
Tp re

d. = d(0,AB). Probar que %

Tener en cuenta las siugientes desigualdad e identidades en un ABC

d, =RcosA,d, =RcosB,d. = RcosC,R > 2r (Inequality Euler)

S S S r R+r
T = Ty =—— T = ,cC0SsA+cosB+cosC=1+—=
s—a s—b s—c¢C R R
izz sin4 + sinB +sinC,
2R
sin2A + sin2B + sin2C = 4sinAsinBsinC = 2—5;
La desigualdad propuesta s equivalente
d d, d

R
-4 —=—((s—a)cosA+(s—b)cosB+(s—c)cosC) > 1
Tg Tp T, S

R
@;(s(cosA+cosB+cosC) —acosA—bcosB—ccosC)>1

R R+r R
@E-s( R )—E-R(sin2A+sinZB+sinZC)21

R R+r R 2§ R+r
o ()5 R=m-2=""2"T=1(LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolla

Sy —SoYa-d, =25 (1)

Z Z(p—a)d pz a-d, =

1
(_)1 Sd,—3-25=1.%d,~2>1 (ASSURE)

Euler

ZdazBrdea:ZR-cosA:R-(1+E):R+r > 3r
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375. Prove that in an acute-angled triangle having the perimeter equal with 1
we have: cos3(ad + bB + ¢C) > 54Rr cos A cos B cos C
Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India
{cosx}' = —cosx < Oforallx € (Og)

hence, cos x is a concave function and a + b + ¢ = 1 then
cos(aAd+ bB +cC) >acosA+ bcosB+ccosC
cos3(ad + bB + ¢C) > (acosA+ bcosB + ccos ()3

=27 abccosAcosBcosC =27 -4Rrp - ncosA

cyc

=27 -2Rr-2p- ncosA = 54Rr1_[cosA

cyc cyc

a+b+c:1]
2p=1

(Proved) [
376.In A ABC:
(mg +1o)(my, +1p) (M + 1) = 8wwpw,
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
En un triangulo ABC. Probar que:
(mg +1r)(my, + 1) (M + 1) = 8wwpw,

Considerar lo siguiente en un triangulo ABC:

V2b2 + 2¢2 — a? _ V2a? +2c? — b2 _ V2a? +2b?% — 2
2 My = 2 e = 2
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rorprc = Sp,S = /p(p — a)(p — b)(p — ¢)
& § = Area de region trianglular, p = semiperimetro

_2Vbeyp(p—a) _2Jacyp(p—-b)  _2vVbc|p(p—c)

b+c Wb = a+c We a+b

a

Por: MA = MG: (m, + 1,)(mp, +1,)(m, + 1) = 8, /mgmymr,rpr,
Ahora demostraremos que: mymym, = r,rpr.. Por:

MP > MA - 2(b?> +c?) > (b+c)? - 2(b* + c®) —a? > (b + c)?* — a?
5 PORD s [+ e+ a)b+c—a)(0,5) »m, > pp—a) (A)
Por lo tanto: my, > /p(p — b) (B), m, > /p(p —c) (C)

Multiplicando: (A)(B)(C) » mym,m, = r,r,r.. Por lo tanto:

(ma + ra)(mb + rb)(mc + rc) = 8\/mambmcrarbrc =
(a+b)(b+c)(a+rc) -
(a+b)(b+c)a+c)

64abcp/p(p—a)(p-b)(p—c) _
(a+b)(b+c)(a+c)

> 8r,rpr. = 8Sp

= 8w, wpw,. (LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

In AABC: [[(m, +1,) =8 -[Iw,

Dmeg=2yp-(p—a), r,=—

p—a

AM=GM
n(ma + ra) = 8- \/mambmc ’ \/rarbrc =

=8 [ [ma [[[rezs jan ®-a) jﬂ(p 2

.s4. 2.¢
ﬂ}-\/ﬁzs\[}"s2 =8p-S;[Itm,+1r,)=>8p-S
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2)wa<p - (p—a)=8[lw,<8/plp-a)p(p-b)plp—-c)=

377. Siendo a, b, c los lados de un triangulo ABC. Probar que

avbc + bvca + cVvab = 4r(4R + 1)
Proposed by Kevin Soto Palacios — Huarmey — Peru

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

AM-GM
avbc + bVca+cvab > 33 (abc)? =
=33/16p%-R%2-r2>4r - (4R + 1) (ASSURE)

27
27 -16p*> -R* 12 > 641r3(4R+ 1)} & = p? - R>>r(4R+71)3

= (Gerretsen) 24—7 .(16Rr —5r%) -R*>>r-(4R+71)3 =

R 27
(E = t) = = (16t —5)t? > (4t +1)3 = 17613 — 327t>* —48t—4 >0

(t —2)-(176t* + 25t + 2) > 0. TRUE.

U U
t=>2 >0
378.In A ABC:
A R+ P’ > 22 ! A> 2
—_— + — R
r (4R+1r)2— 3’7~ 15

Proposed by Marin Chirciu — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

2

Probarenun A ABC:n -2+ —_>2n+1 donden >
r (4R+r)?2 3

2
15
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R-2r pz
o n( - ) + i 23 Como n > — R — 2r 2 0 (Inequality Euler),

p? > 16Rr — 5r? (Inequality Gerretsen). Por lo tanto
R-2r p? 2 (R—2r\ 16Rr — 5712
() ezl )
(4R +1)%2 ~— 15 T (4R +1)?

Es suficiente probar: = (R_Zr) 4 16Rr-5r% 1 2R | 16Rr-5r% _ 3
p " 15 r (4R+1r)2 — 3 157 (4R+1)2 ~— 5

r

& 2R(4R +1)? + 15r(16Rr — 51%) > 9r(4R + 1)?
© 32R3 + 16R*r + 242Rr? — 7513 > 144R?*r + 72r*R + 913
& 32R3 — 128R?*r + 170Rr? — 8413 = 2(R — 2r)(16R? — 32Rr + 21r?) =
=2(R-2r)(16(R —2r) + 21r%) > 0 (LQQD)

379.In A ABC:
T, Tp a b c
—+—+—> +—+—
r, 1. T, b ¢ a

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

b
Probar en un tridngulo ABC: =2 + & +—23 2+ =
T, T¢ b ¢ a
-b b
La desigualdad propuesta es equwalente LR -
s—a s-b s—c b c a

Como a, b, c son la dos de un triangulo ABC, realizamos los siguientes

cambios

x=s—a>0y=s5s—-b>0z=s—-c>0eox+y=cy+z=a,z+x=0>b
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z+ xX+z +x
PR AN A AN y— Realizamos los siguienes cambios de
X y z  z+x x+ty y+

Z 1+ 1+£
x z

Q y>OR_

>0,
deHoIderSPQR:(1+X)(1+§)(1+§)2(1+1)3=8<:>PQR2 1

variables P = > 0. Aplicando la desigualdad

Ahora bien en (A)

(y z+y) + (z x+z) + (x y+x) _ z(y—x) + x(z—y) + y(x—2z)

¥ Tix T x(z+x)  y(xe+y)  z(y+z) T

y x+y

z y+z

Y 1 2-1 X 4 2P-1) 2(0-1) 2(R-1)
@x _|_y +Z o -+ Q =+ >0

1+% 1+Y 1+%2 2R 2P 20
z X y
@£+2+521+1+1.C0moPQR2 1,donde P,Q,R >0
R P QTR P

Aplicando MA > MG: = + +2 >3\[:2 3/”133 >3\[Rz = (B)

Analogamente para los siguientes termlnos + ﬁ + — > = (O

Q
R R P 3
—+—+—->= + +
ALY (D). Sumando (B) + (C) + (D)
P Q R 3 3 3 P Q R_1_ 1 1
=>3(E+;+6)EE+;+6@E+;+EEE+;+6 (LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India
r (1)a b c
InanyAABC—+ +=>—+-+-
re Tq b ¢ a
_ _ )
(1) @ﬂ+ﬂ+ﬂzﬂ+2+£
s—a s-b s—c b c a

( ra::—a,etc).Lets—a:x,s—b:y,s—c:z

Then,a=y+zb=z+x,c=x+Yy

+ + +
L@ eteiatpyir i
y z z+x x+y y+z
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y2z+z2x+x%y > +2)2 (x+y)+(z4+x)2(y+2) +(x+y)% (z+x)

xyz (x+y)(y+2z)(z+x)

e (x+y)(y+2)(z +x)(xy + y?z + z°x) —
—xyz{(x + y)?*(z+x) + (y+ 2)’(x +y) + (2 + x)*(y +2)} = 0
o (xty? + ytz? + 2422) + (23y% + y32° + 2823) = 3a2y2z? + ¥yPz + y32x + 222ty (3)

A-G
Letu,v,w > 0. We have, u® + v +v® > 3uv?,

A-G A-G
v +wd+wd > 3vwiwd+ud+ud > 3wu?

Adding the above 3,3 Y u3 > 3 Y uv? = Y u? > Y uv?
Putting u = xy,v = yz,w = zx, we get,

Z x3y3 (é) xy(yz)? + (yz)(zx)* + (zx) (xy)?

A-G
= x3y2z + y3z%x + Z3x%y. Again, x*y? + y*z2 + zx? > 3x%2y?z% (5)

(4) + (5) = (3) istrue (Proved)

380.1n 4 ABC:
1 N 1 N 1 - 3nt+z >0
= n=
(anf+an2)™ (@nZvwnl) (wnS+wand) *
2 2 2 2 2 2

Proposed by D.M. Bdtinetu — Giurgiu and Neculai Stanciu — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

3n+2

Probar en un 4 ABC: 1 + 1 + 1

2n+2 2n+2
A B B C C
(tanz+tanE) (tan2+tanz) (tan2+tan

=0

N = 4n+1,n =
2)

IRAN INEQUALITY. Siendo x,y,z = 0 se cumple la siguiente desigualdad

1 1 1 9
(xy +yz + zx) ((x+y)2 * (y+2)? * (z+x)2) = 4 (A)

Realizamos los siguientes cambios de variables



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A B c
x:tan5>0, y:tan;>0, z:tan5>0, xy+yz+zx=1

1 1 9
Por lo tanto tenemos en (A) = +y)2 + Y + >

De la desigualdad ponderada de Cauchy

(1 + 1 +Cn+1) 3" > (i+%+%)n+1,dondea,b,c>O,nZO

an+1 bn+1

Siendoa=(x+y)%, b=(y+2)? c=(z+x) o xy2z>0

1 1 1 1( 1 1 1 )"+1
(x+y)2nt2 - (y+2)2"+2 - (z+x)2+2 T 30 \(x+y)?  (y+2)?  (z+x)?

1 9 n+1 3n+2
>5(3) =3 QD)
Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietham

1 3n+2 .
B2+ = gn+1 Vyn=0

(tan % + tan E)

A B C
We have: tano = x;tan_ =y tan- =z=>xy+yz+zx =1

_ 1)y
Chebyshev: 3, — > ) O (1)

)2n+2 - 3

AM-GM: n positive real numbers:

1 1 1 1
“+ oo 4 >n-n

(x + y)2n + (\/Z_g)zn . (\/Z_g)zn = (x4 y)2n (\/2_5)211(11—1)

Z(x+y)2" Zn : W= —

(Z)" w3
>y > (E)n_l I 3(:“1) )

(x+y)?n 4 (x+y)? (ﬁ)z"
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Because, inequality: ); (x:y)z = 4;xy = % ()

N\""1 9 3n-1)
=L zn(3) Ter O
73
n-3"+1 3n+1 9
1 1 [ o an ("‘1)]'1 1 gn+2
(1)’(3) = Z (x+y)2n+2 2 Z (x+y)2n+2 2 3 (x+y)2n+2 - 4_n+1

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand

BecauseA+B+C' =m0 < A,B,C <m, weget

3v3 3
sinA+sinB+sinCST; cosA+cosB+cosCSE

¢ A_ sinA ¢ B_ sin B ¢ C_ sinC
an2_1+cosA'an2_1+cosB'an2_1+cosC

A B C )
Inx = tan;,y = tan;,z = tanz, we obtain

1 1 1 3v3
+y)+(y+2)+(z+x) <2V3; + + >
G+ G+ @) <0 o o D 2
1 1 1 \* »
1 1 1 (x+y+y+z+z+x) Ty 9
+ + > = =
(x+y)2 (y+2)? (z+x)? 3 3 4
1.1 1 (n+1)
1 + 1 + 1 <(x+1)2 "(y+z)2 (z+x)2)
((x+y)2)(n+1) ((y+z)2)("+1) ((z+x)2)(n+1) - 3n
(n+1) (n+1)
(%) B —z(n = 3(2n+2) | g(-n) 3w
= 3n - og3n 4(n+1) - 4(n+1)

Solution 4 by SK Rejuan-West Bengal-India

A B\? A B :
(tan 5+ tan E) <2 (tanz 5+ tan? E) [by Cauchy Inequality]

_(G=b)(s—c) (s—-a)(s—c)) . 2(s—a)(s—b)(s—c)
_2{ s(s—a) + s(s—b) }_2. s(s—a)(s—b)
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= (S ; C) = (tang+tang)2 < 4(3;6)

=

A B 2n+2 =—
(tan5+tan5)

4n1+12 (L)n+1 (1) Let P = Z (SSTC)n+1 (2)

3 9 n+1
_ {z—} [by AM = H.M]

N

= P> 3Zn+2 [ Z__l]

3n+1

s n+1
= P> 32n+2—n—1+1 — 3n+2 = Z (_) > 3n+2 (3)
s—c

1 s n+1 3n+2
[From (2) thevalue of P] = —=% (=) 23 (4)
1

2n+2
A B n+1
(tan§+tanz) 4

Combining (1) & (4) we get, };

[P roved]

381.In4 ABC, G — centroid

(z cot2(<IGAB)) (z cot4(<IGBC)) (z cot8(<IGCA)) > 310

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

(Z cot2(<IGAB)) (Z cot4(<GBc)) (Z cot8(<IGCA)) > 310

Siendo G — centroide, tener en cuenta las siguientes identidades

3c2+b%—a? 3a%+c%2—b?

.cot(«xGBC) = TR

conocidas cot(<xGAB) =
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3b2+a?—c? o
cot(¥GCA) = %. Lo cual implica

3(a® +b%*+c%) 3-45V3
cot(<GAB) + cot(xGBC) + cot(xCGA) = ( 1S ) > T 3vV3

(Valido por Weitzenbock inequality)

Aplicando la desigualdad de Cauchy se obtiene que

Y. cot?(3GAB) = 1 (3 cot(<GAB))? > - 27 = 32 (A)
Y cot*(xGBC) > %(Z cot?(¥GAB))? > % 34 =33 (B)

Y cot*(xGCA) > %(Z cot*(XxGB())? > % .36=3% (0)

= (X cot?(xGAB)) (X cot*(xGBC)) (T cot®(2GCA)) > 3% .33 .35 =310

382.In 4 ABC,I — incentre, R, Ry, R, — circumradii of A BIC,A CIA,A AIB
1 R, R, R, R

<24 24 e
R a? b%2 c¢%2~ 412

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Daniel Sitaru — Romania

A
A1 R, R 1 siny 1
Ro=2RSinG 1< ) o8<iGoms) <5
ZsinEC"EB,ES”EHZ _ AZ 1 13 1 _1
a2 - 3L°M2La2732 4?7 82

A
sinZ AMZEM 51 q A 3| 1 r 3T 1
Z z =3 azbzcznsmi_3 16R?S?

—_— T — [N —
4R 4R\ 712%s%2 ™ 2R?

~ 27R3 > 8rs? (to prove)

MITRLI_‘VOVIC 27R2 EU’iER 27R2

2 < 8r - 2 < 4R 2 = 27R3

8rs
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383.In 4 ABC,K — Lemoine’s point

AK BK CK <ma+mb+mc
-+ -+
b2+c¢2 c2+a?2 a?+ b2~ a?+b%+c?

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

KA + KB KC mg+mp+m,
b2+c2  c2+a?  a?+b?2 T a?+b%2+c?

Probar en un A ABC:

Recordar la siguientes identidades en: K — Lemoine’s Point

bcvV2b2+2c2—a? cav2c?+2a?%-p2 ab+/2a2+2b%—c2
KA = KB = KC =

a’+b2+cz '’ a?+b2+c2 ' a?+b2+c2
KA 2m,bc KB 2myca 2m.ab
=9 = , = , =
La desigualdad propuesta es equivalente
KA KB KC m, +m,+m,
+ + <
2mg,bc 2myca + 2m.ab <
(a2+b%+c?)(b%+c?)  (a?+b%+c?)(c?+a?)  (a®+b%+c?)(a?+b%) —
mg+mp+m, . 2bc 2ca 2ab
et e — < < <
S .z Lacualesevidenteyaque — <1 5—<1—-—5<1
384. In AABC:
R r2+1ri +r?
—>1+ a b c
r Tarp T 1pre + 1.1,

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

rZ+ri+r?

Probar en un triangulo ABC: § >1+

Talp+rpTe+rery

Realizamos los siguientes cambios de variables
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x=r,>0,y=1r,>0,z=r,>0.Se verifica lo siguiente

(x +y)(y + z)(z + x) = 4p?R, xyz = Sp = p*r

. R + + + 2+ 2+ 2
La desigualdad propuesta es equivalente Z20+2@) o 4 | X'ty 4z
4xyz Xy+yz+zx

+ +z)(z+ + + +
k) +2)(z+x) _ x y vtz ztx
4xyz 4z 4x 4y

= 1 (g + %) + % e + i) + % (z + ’-Z‘) + % Aplicando la desigualdad de

Ahora bien %

+ +
4xyz 4xy 4yz 4zx

(x+y)(y+2)(z+x) _ x*+y? 2472 22442 1
Cauchy ~—22 =2X 47 +o2

2
(\/xz_,_yz_,_\/yz_,_zz_,_\/zz_,_xz) 1

>
. 4(xy + yz + zx) 2

~ 2(x2+y*+2z%2)+2Y (\/x2 + yz) (Vx2 + z2)
B 4(xy + yz + zx)

1
+=>
2

2y x2+2Y(x2+yz 1 43 x2+2 ' x 1 x% +y2 422
> (+yz) |1 _ 4%a2428xy 1 _ 4 *+yP+2? (LQQD)
4(xy+yz+zx) 2 4 xy 2 xXy+yz+zx

Solution 2 by Soumitra Mandal-Chandar Nagore-India

re=-=and Le,e(p — a)(p — b) = r(r + 4R)

A
p—a p-b’

2., .2, .2 2
re+ri+r R (ro+ry,+r1,)
> 1 a b c 1> a b c
Ty +Tpre+1r,r, T Torp+Tpre+71.1,

R (Zy 2 )2 r+R_ (Zepelp — a)(p — b))’
CCp_a CyC — J—
‘E’?“ZZ 22 "7 Thp-ap-bm-o
Y(p—a)(p—b)
r(r+4R)?2

R+ 2(r+4R)?
o r > r(r )
T A2

o pt> - we know, p? > 16Rr — 512, we need
2
to prove, 16Rr — 51% > % < (16R —5r)(r + R) = (r + 4R)?

< 3r(R — 2r) = 0, which is true, Hence proved
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385.In 4 ABC:

(2,a) (2 a) (2, = ;—i(R + )t

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un 4 acutangulo ABC: (3 a®)(X a*) (¥ a®) > g (R + )2

LEMMA —» WALKER INEQUALITY
En un triangulo acutangulo ABC se cumple la siguiente desigualdad
a? +b*+c?>4(R+1)?

SOLUCION
2

. 2 . 2 . 2 r 2
& sin“ A + sin“ B + sin“ C > (1+E) = (cosA + cosB + cos ()
Recordar las siguientes identidades en un AABC
sin? A + sin? B + sin? C = 2 sin Bsin C cos A + 2 sin C sin 4 cos B + 2 sin A sin B cos C

cotAcotB +cotCcotA+cotdAcotB=1

cos A + cos B + cosC cos(B+C) cos(C+A4) cos(A+B)
sin B sin C sinCsin A sin Asin B - sin B sin C sin B sin C sin Asin B
cosA cos B cos C

= —cotBcotC —cotCcotA—cotAcotB+3=-1+3=2

sinBsinC sinCsin A sin Asin B

Aplicando la desigualdad de Cauchy

(ZsinBsinCcosA+ZsinCsinAcosB+ZsinAsinBcosC)( cosA__ , _cosB  _ cosC )2

2sinBsinC  2sinCsinA 2sinAsinB

> (cos A + cos B + cos C)?

& (sin? A + sin? B+ sin?C) - 1 > (cos A + cos B + cos C)?
¢ sin? A + sin? B + sin? € > (cos A + cos B + cos €)% (LQQD)

En la desigualdad propuesta. Aplicamos la desigualdad de Cauchy

2\2 2 4
(z;) SEGLII

Ya?> 4R +1)? (A);Ya*> 3
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(Zat)? @ ey .
Ya® > —— = —4—=—_1— (C). Multiplicando (A) - (B) - (C)

2 4—(R+r)4 4*(R+1)8
33

Ea)Za)(Ta®) = 4R +1)* (R +1)? (LQQD)

386.In A4 ABC:

n(ha + hy)* < 512 n(mg +m?)
Proposed by Daniel Sitaru — Romania
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
Lemmal:m, 2w, = h,
Lemma 2: 2" 1(a™ + b™) > (a + b)"
Then: 23(m% + m}) = (m, + my,)*; 2°[[(md + m) > [1(m, + m,)*
completely proved

Solution 2 by Soumitra Mandal-Chandar Nagore-India

-h b-h -h b?+c? 2+a? 2 +b?
A="Te =200 =00y S22 gy > m, > and abc = 4RA
2 2 2 2R 2R 2R
512 n(m‘; +mp) = H{S(mﬁ +mj)} = n(ma +my)*
cyc cyc cyc
4yt +
[-- i A ((x Y) ] We need to prove,

[ [oma+m) =] [Cha+hi

cyc cyc

1 bZ 2 2 2
n(ma'Fmb)Zﬁl_[(( +c )'ZF(C +a ))

cyc cyc
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AMzGM 1

s r 1 abc
2 2 2
> ol @+ 255] [@rnrr =35 [@rp)

cyc cyc cyc

= (z:i; -—[(a +bh)=8 1_[ (E + E) n(ha + hy)

cyc cyc cyc

~ 512 n(m‘; +mp) = n(ha + hy)*

cyc cyc

387.In A ABC:

m, my, mn3 27(a+b)(b+c)(c+a)
—+—=+—") >
(ha h,, hc> 8abc

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

3
Probar en un triangulo ABC: (ﬂ + b 4 ﬁ) > 27(@tb)bte)(cta)
h, hy, h, 8abc

Tener en cuenta las siguientes identidades y desigualades previas en un

ca h _ab_m b?%+c? m c?+a? m a?+b?
2R’ €T 2R AT 4p 0 b= up 0 TR = g

AABCh, ==, hy =

Aplicando en la desigualdad propuesta

3
m, m, my3 1/b ¢ 1,¢c ay 1/a b
(—+—+—) > —(—+—)+—(—+—)+—(—+—) =
h, h, h, 2\c b 2\a c 2\b a

:%(%(1+§)+§(1+§)+§(1+%))S.Comoa,b,c>O

Utilizando MA > MG
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3
_ 27(a+h)(b+9(e+a) b0 transitividad: (ﬂ+ my ﬁ) > 27(a+b)(b+c)(c+a)
8abc h, hy h, 8abc

(LQQD)
388.In4 ABC:

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

. h,  hy, hN\%  2r
Probar en un triangulo ABC: (— + =+ —) +=>10
hy h, h, R

LEMMA
1) Siendo x,y,z > 0 se cumple
2 1 1 1
(£+X+E) 2(x+y+z)(—+—+—)
y z X X y z

2) Siendo a, b, c los lados de un triangulo se cumple

(a+b+0) G + % + %) + %r > 10. La desigualdad propuesta es

2
equivalente (b + % + %) + % > 10. Aplicando 1 A 2 se obtiene

c

b ¢  a\’ 2r 1 1 1 2r
(Z+Z+?) +?2(a+b+0)(z+;+z)+7210 (LQQD)
389.In A ABC:
cotA + cotB+cotC< R?
-x

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

Recordar las siguientes identidades y desigualdades conocidas en un

2 b2 2
AABC.cotA + cotB + cotC =2 +4S+C

S=pr, p=3V3r, R=2r, a?®+b?*+c?<9R?

ang:(S—b?g(S—c):(a—(b—c))(a+(b—c)) :az—(b—c)2<a2

48 48 =4S
t B< bZ t C< CZ
an— < —,tan— < —
2 45 2 45
= < 1S = cotA + cotB + cotC,
> |4 2r
- R
2
Enel LHS: cotA + cot B + cotC > > 4_%
} _a’+b%+c? 9R? __ R? R? 2r
En el RHS: cotA + cotB + cot € = 5 _4r.3ﬁr—m-\/§ﬁ— 4 —

390.In AABC:

2 2
r,+nr;+r
>1 a b c

R 2
T rogrp T 1rpr, + 1.1,

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

rZ+ri+r?

Probar en un tridngulo ABC: § >1+

TaTp+TpTc+Telg
Realizamos los siguientes cambios de variables
x=1,>0, y=1r,>0, z=r.>0
Se verifica lo siguiente (x + y)(y + z)(z + x) = 4p*R, xyz = Sp = p*r

(a+y)(y+2)(z+x) 1+ 24y 422

La desigualdad propuesta es equivalente: >
4xyz xXy+yz+zx

Ahora bien; ZRWHDE@D _ xty | yiz , zix
4xyz 4z 4x 4y

= % (g + %) + % e + i) + % (z + ’-Z‘) + % Aplicando la desigualdad de

(x+y) y+2)(z+x) _ x*+y? + y2+z2  z24x?

CaUChy 4xyz 4xy 4yz 4zx

(\/xz +yZ + \[y2+ 22 + V72 +x2)2 1
4(xy + yz + zx) 2
B 2(x% + y? +z2)+2§](\/x2 +y2) (\/x2 +y2)
4(xy + yz + zx)
>22x2+22(x2+yz)+1:42x2+22xy+1:1+ x% + y* + z%
4(xy + yz + zx) 2 4y xy 2 Xy +yz+zx

1
+= >
2

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietham

1'3"‘7'12,"'7'%_ +(Zra)2_2'zra'rb_
Z Tg Tp Z Tgq:Tp

LA LN
Z Tg Tp Z Tg Ty

Dry,+ry+r.=4R+r

1+

=1 1

2) Zra'rb:p2
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R 2 + )2
R, . Grd® R ___(R+1)
r Zra'rb r pZ

o p? 2T > (4R +1)? = p? > 16Rr — 5r% (GERRETSEN)

=
R+r
(16Rr — 512) T > (4R +1)%: (16R —57) - (R+71r) = (4R + 1)?

16R? — 5Rr + 16Rr — 512> > 16R? + 8Rr + r%; 3Rr > 61%, R > 2r
Solution 3 by Mehmet Sahin — Ankara — Turkey

2
r, = — L = —1_ .12 Letus define the following

s—a' ryrptrpretr.r,  (s—a)?

1
(s—x)?

function. f(x) = is convex in (0, s). Using the Jensen inequality

+b 1
then f (255) = 1 [f (@) + f(b) + £(c)]
a+b+c
S fl@)+ ) + &) <3+ f (2
r2 + 12 + 12 <32, 1 _ 2712
Tarp +1pre+11q (a+b+c_a+b+(:)2_ s2
2 3
2, .2, .2 2, 2
ré+ri+r 27r° + R
a b < +1§#§—@27r3+sz-rSsz-R
Tg Tp+TpTe+T.Tg s2 T

273 +27r <Z R R 54 1 <2 . R3 o R—2r 20 (Euler)

391.In A ABC:

z (ava + bVb) sinC - z (a®vVa + b3Vb) sinC
va ++b B a?va + b*/b

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC. Probar que:

Z (ava + bVb) sin C - Z (a®Va + b3Vb) sinC o

Va ++b a?va + b*Vb
(a®vVa + b3Vb)sinC B (ava + bVb) sinC
‘:’Z a’va + b?Vb Z Ja+vs 20

Realizamos los siguientes cambios de variables:
Va=x2+Vb=y%+Vc=2z* = ab,c>0, porlatantox,y,z >0
(ava + bVb) sinC - (a®vVa + b3Vb)sinC
=

va++b ~ a%Ja+ b%/b
= sinC (i::i: - xiif) >0 - sinC ((x7+y 7)(2‘::’})’)‘(%1;3;?(xs+y5)) >0
= sinC xy(xﬁ; }fg)_(,;zia;,(;zwz) > 0 - sin €2 [xﬁa}f y;’gi:i(;z;y )] >0
)

2_,2)? 2 2\2
= sin CM >0 (A),Por latanto: sinAM >0 (B)

(x+y) (x5 +y5) — (y+2)(y5+2°) —
2_.2\2
5 sinB% >0 (C) - Sumando: (A) + (B) + (C):
Z (a®Va + b3Vb) sinC Z (ava + bVb) sin € 0o
a?va + b*\b Va ++b B
392.InA ABC:

Z(b +c—a)?- Z(b + ¢ —a)® > 2592V3r°

Proposed by Daniel Sitaru — Romania
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Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian

(x+y+2z)?

Lemma 1: x% + y% + 2% > —

(x+y+z)3
9

Z(zs —2a)?- Z(zs — 2a)3 > 2592/3r°
352 853 4555533725 .37/3;5
. = > -
3 9 33 -
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Lemma 2: x3 + y3 + 23

LHS > = 2592/37r°

2 3
1 x+y+z 1 +y+
We know, gzcyc x? > ( : ) and EZC},C x3 > (w) . S0,

3
Z(b+c—a)2-2(b+c—a)3

cyc cyc

5
1 1 (a+b+c)> _(6V3r)
“(a+b+c)-=(a+b+c)3= > = 2592+/3r°
23 (a )" 5la )’ = 57 z-— V3r
393.In A ABC:
3(r2 +ri+7?) 1_|_R—2r
(ro+rp+r1r)% 2R —r

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham

3(ra+rb+rc) > 1 + -2r

(ro+rp+r)? — 2R-r
2 2
32(%)2 >3(R—r)@3,z(ﬁ)z>3'(z—?—%)
= 2R — — ., abc S
(Cpr—s) oo (Sp7c=a) 235 ’%a

In A ABC. Prove that;

=4
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) (Wl—a)

2

3 [abc(3 a) — 852
<3 725
1 2 |abc(F a) — 452
(Z b+c— )
2 b+c—a=2x a=y+z
(5 ~[(b+c-
o3 (b+i—a)2 > 322;2”;_1_1;[(;”:;_‘;)) (1); {c +a-b=2ye {b =z+x
(Zhrema) a+b—c=2z c=x+y
2
() S 3[2Tx+y)-8xyz] | 3%x%y* 3 [T(x+y)—4xyz
1e3 (Z )2 = 4T[(x+y)-8xyz < (X xy)? = 2 m]
LI 3 [n<x+y)—4xyz 2]
(Z y)2 2 [[I(x+y)—2xyz 3

Yxt(y—2)? Yx(y-—2z)? z
o 2 i m el & LE M (z xy)z DT y)] =

o Z(x +y)? (y?z% + x?2% + 223(x + y) — 2xyz® — x*y?) > 0

S, = x*y* + x?z% + 2x3(y + z) — 2x%yz — y*Z?
2,2

Sy = x*y? + y2z2 + 2y3(x + z) — 2y*xz — x%z
S, =x%2% + y*722 + 223 (x + y) — 2xyz? — x%y?
Suppose:x=>2y=>z=>5,>0
S, =2y*x(y —z) +x*(y* —z®) +y?22 +2y32>0 (x 2 y > 2)
=S5,+5,>0
Sp+S,=2y?22+2y3(x +z) + 223(x + y) — 2y*xz — 2xyz*
= 2y%z% + 2x(y° + 2°) + 2yz(y® + z%) — 2xyz(y + z)
> 2y%z% + 2xyz(y + z) + 2yz(y* + z%) — 2xyz(y + z)
=2y%22 +2yz(y* +2?) > 0=> S5, +5.>0
We have §;, > 0;5, +S,>0;5S,+S.>0=ByS0S = Q.E.D.
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Solution 2 by Mehmet Sahin-Ankara-Turkey
ro+r,+r.=r+4R
r2+7r2+7r2=(r+4R)? - 25>

3-(r2+rf+r2) 3-[(r+4R)? - 2s%] +R—2r

(ro+r,+r.) (r + 4R)? - 2R —r
al4 2. s2 3(R—71)
@ J—
(r+4R)%2|~ 2R-r
252 R—r ) )
o1 © 25“(2R —1) < R(r +4R)

— >
(r+4R)2 " 2R-r

2 _ R(r+4R)?
= (4R-21) - (1)

16Rr — 51% < s> < 4R* + 4Rr + 3r? (Gerretsen Inequality) (2)

&S

2
From (1) and (2): 16Rr — 51% < s? < Rr+4R)”
4R-2r
< (16Rr — 51r2) - (4R - 2r) < R(r + 4R)?
& 16R3® — 56R*>r +53Rr? - 10r3>0< (R—-2r)(4R—-1)(4R—-51r) >0

Solution 3 by Soumava Chakraborty-Kolkata-India

3(rZ +ri +1?) (;) 1+R—2r
(ro+rp+r)? — 2R—r
1) 3{(4R+1)?-25%} _ 3(R-1)

(4R+1)? ~ 2R-r
& 2R-1r)4R+71)? —2(2R—1)s* > (R —r)(4R +1)?
& R(AR +71)?> > 2(2R—1)s* © 2(2R —1)s* < R(4R + r)?
Rouche = (4R — 2r)s? <
(2R? + 10Rr — r2)(4R — 2r) + 4(R — 2r)(2R — 1) - /R? — 2Rr <

?
< R(4R +1)?
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?
& (R—-2r)(8R%2 —12Rr +12) > 4(R—-2r)(2R—-71) - VR? — 2Rt
?
& 8R? — 12Rr + 12 > 4(2R — r)VR? — 2Rr (= R — 2r > 0 (Euler))
?
& (8R?% — 12Rr +12)?2 > 16(2R — r)?*(R%? — 2RY)

?
& 16R*r? + 8Rr3 +1r* > 0 > true (Proved)
Solution 4 by Soumitra Mandal-Chandar Nagore-India

LEMMA: In any triangle ABC,

4r(12R2—11Rr+r2)< 2<R(r+4r)2<4R2+4R a2
3R - 2r =P =%0R-7) = reer
-4 . _4 — 4
now, r, = p_a,rb e andr, = — then

2
> (- a@-b) = <Z(p - &) —b)) 2| [@- <Z(p— a))

cyc cyc cyc cyc

= r2(r + 4R)? — 2p?*r? Z(p —a)(p—b) =r(r+4R) and H(p —a) = prZ]

cyc cyc

3(Zeyer?) -4 LR-2r_ 3(R—7)

.o —2 = — — —
(chcra) 2R —r 2R —r

A%y 1 2 2
o cyc(p_a)2>R—r@ZCyc(p—a) (p—b) >R—r
1 \2 2R-r _ _ 2= 2R-r

A2 (chc pTa) (chc(p a)(p b))

r?(r + 4R)? — 2p*r? _R-7 R 2p?
=
r2(r + 4R)? “2R—-1r 2R—-1r  (r+ 4R)?
R(r+4R)?

2 - -
2GR = P , Which is true. Hence proved
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394.In A ABC:

s[(a3+ b3 +c3\2 s|/aS+b5+c5\2 7|fa?+ b7 +cT\E  [4V3S\
. . > (-
3 3 3 - 3

Proposed by Daniel Sitaru — Romania

Solution 1 by Nirapada Pal-Jhargram-India
3 Za3 2 5 Zas 2 7 Za7 z
)15 15 =
>3 &6.5 &10.7 &14>&6
- 3 7 3 —\ 3

Ca?+2Yab)® [Yab\® [4V3S 3
- () = ()

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

(5 a3 + b3 + ¢3\* am=em 2
3 > (abc)3

; 2
1_[< \/<a5+1;5+c5> z(abc)% >1—[

7 a7 + b7 + C7 2 Z
( > > (abc)3
\ 3 )

N¥ Y- Vz(abo)? ()

3

sin4-sinB -sinC < %5 (True)

abc 33
<
8R3 8

3
(abc)? (abc)® 33 4+/3 ()
. < . 2 < 2

3 e caR® = ea (abc)” & 3 S| < (abc)
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Solution 3 by Boris Colakovic-Belgrade-Serbia
By Holder’s inequality =
a® b" " (a+b+c)"

=>7+7+?23n_2(x+y+z);a,b,c,x,y,ze (0,0); n€EN;n=>2

3| 7a3+b3+c3 2 (a+b+c)?
(=55) =275 O
5| /a5+b5+c5 2 (a+b+c)?
( 3 )> 32 @)
71 ra’+b7 +c7 2 (a+b+c)?
(=57) =275~ @

a+b+c)6

(1) *(2)* @) = LHS = ( a+b+c=2p (p-perimeter)

S=r-p= i—l;: R = 2r Euler’s inequality

AM-GM
a+b+c > 3Vabc>(a+b+c)®>27abc=27-4R-§>27-8r-5S>

(a+b+c)? a+b+c>2\/§

3
>27-8-S2=>a+b+c>2-3%-J/S=> 3 > 5

2\/§>6

) (ssy_ ()

LHS >
< (ﬁf V3 3
395.In4 ABC,d, = d(0,BC),d, = d(0,CA),d. = d(0,AB),

O — circumcentre

2 b2

+ R
d;

a 2

2

. >36

d_%_

1 +

d3+di+d? > 1
" a?+b%+c? T 12

Proposed by Mehmet Sahin — Ankara — Turkey
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Solution by Kevin Soto Palacios — Huarmey — Peru
En un triangulo ABC, O — circuncentro,
.=d(0,BC),d, =d(0,AC),d, = d(0,AB)

Probar que

dZ+d2+d? _ 1
" a?+b%24c¢2 T 12

Tener en cuenta las siguientes identidades y desigualdad en un 4 ABC
d, =RcosA,d, =RcosB,d. =RcosC,a=2RsinA,b=2RsinB,c=2RsinC

1 3
cos’?A+cos’?B+cos?C=1- 2cosAcosBcosC>1—Z:Z
- _a2 b2 C2 2 2 2
Ahorablen.?+ﬁ+3236@tan A+tan“B +tan“C >9

a b c

En un triangulo acutangulo ABC: tanA +tanB +tanC > 33 &

1 1
<:>tanZA+tasz+tan2Czi(tanA+tanB+tanC)2 25-27: 9

d2+d%+d? 1 N
aZ+b%4+c2 T 12

(LQQD). Por ultimo:

& 3(cos? A + cos? B + cos? C) > sin? A + sin? B + sin? C
& 3(cos?A+ cos?B + cos?C) =3 — (cos? A+ cos’B +cos? () &

& cos?A + cos?B + cos?C > % (LQQD)

396.In 4 ABC,I — incentre, R,, Ry, R, — circumradiiin A BIC,A CIA, A AIB

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo I — Incentro, R, Ry, R, circunradio en los triangulos
BIC,CIA, AIB. Probar en un triangulo ABC

\/_<\/7 \/E \/7 / . Tener en cuenta las siguientes identidades

¢ 3. T 2
R, —2Rsm ,Rp = 2Rsm R, = 2Rsin—,R,R,R. = 8R”> - — = 2R“r

2 2’ 2’ 4R
A B C
@Ra+Rb+RC:ZR(sinE+sinE+sinE)S3R,2p$3\/§R,R22r
28 28 281 1 1 _1
he = by =g e = T T

8_53 853 __ 28?2 2p2 27r

< hghyh, .Aplicando MA > MG

bc 4RS R
hb h hb Zp 7'2 = 277'2 B
2
_ o8|4R 68 _ 2 _ .
=3 /zw > 3\/; = 3\£ =+/6. Por la desigualdad de Cauchy
\/7 \[RT’ \[7 \/(R +Rb+R)( +—+ )g BTR (LQQD)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

ah, _bh, _ch,

—2Rsm Ry = 2Rsm R, —2Rsm A= S -, T . Now,
A A
Z aRsm Z 2a - 2Rsm2cos2 a-2RsinA
/ - A - Z A
cyc cyc cyc 4A coso cyc 4A coso
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CHEBYSHEV 4
—=-(a+b+c)-

1
\
s \F/

1 \ 7 3
> [—.
A “A\r A B C
COSE'F CoOS+ +CcosH

2 2

A 3V3
=v6 ':Zcos—ST and p > 3V3r

2
. ,Ra
agall"l, ZC)’C h_

—ZRZ'A Za_ZRz_A<3R” _A<3
= sm2 241~ |7 sm2 < 50" smz_2

cyc cyc cyc cyc

cyc

CAUCHY - SCHWARZ

{CoeRa) (Sorer)

Hence proved

397.In A ABC:
h, h, hn/A B C 2r
G me )=
A B C/\h, h, h, R
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

chy k(A B ¢ 2r
- —_ — ) > [ —
Probar en un triangulo ABC: (A Y C) (ha + ™ + hc) > 10 o

Supongamos sin pérdida de generalidad

1
a>b>cs—2=2

o N [

=

W=

=

| =

A=zB=Ce

S =
QIm
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Aplicando la desigualdad de Chebyshev

(aA+bB+cC)2§(a+b+c)(A+B+C)...(A)

cC bB ad 3\c b a/\C B A

Multiplicando (A) - (B) y aplicando MA > MG

(A+bB+C)1 1+1>
a4 C(c bB aA)_

1(A+B+C)< 1 1)( +b+ )<1+1+1>>( + b+ )<1+1+1)
-9 B Cc @ ¢ a b c/— @ ¢ a b c

Por la tanto

(ha hy hc)(A B
A B C

+C)—(A+bB+ C)(1+1 1)>
n, h, h) @ “C\ec B aa)©

1

> (a+b+c)(z+2+2)>10 -2 (LQQD)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

h, a 1 ) ah, bh, ch,
Z —_— Z — | = Z — Z a [A = = =
a h, a? 2 2 2

cyc cyc cyc cyc
1 a+b+c 2p
2 | — 2| —

— =|—- -2 —r“—4R
Z ab Z . ( abc ) Z . " 4Rrp rp ®* —7* r)
cyc cyc cyc

2_r2_4Rr 12Rr — 612
_P > [- p? = 16Rr — 51?]

Rr Rr

__ 10Rr+2Rr-412-27?
- Rr

>10 — % (Proved)
398.In4 ABC:

ac + b? N ba + c? N chb + a? >4
b(ra+ Rc) c(rb+Ra) a(rc+Rb) R

Proposed by Daniel Sitaru — Romania
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Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham

_ . ac+b? ba+c? cb+a? 4
In A ABC then (S = area of ABC); SGatRS) + “biRD) + 2GeiRD) =z
ac + b? - 4
i Z + abc . ) ~ abc
a + b ¥c ®7 a5 °¢) as
@z ac + b? 2165(:)21 (ac+ b?*)(a+b +¢) S 4
( 28 ch) abc ab(8S% + bc2(a+b +c))  abc
b(—22 —+°%
a+b+c 4§

c(ac+ b?)(a+ b +c)
< Z (S +c—a)+ 2bc2(za)] -

c(ac+b?)
[I(b+c—a)+2bc?

> (3)

c(ac+b?)
[I(b+c—a)+2bc?

c(ac+b?)
abc+2bc?

We have: [[(b + ¢ — a) < abc = ), >y

c(ac+b) ac+b? > 3. 3| [1(ac+b?) ( )
[I(b+c—a)+2bc? = ab+2bc — [1(ab+2bc)

X

We prove that: 27 [[(ac + b?) > 8[[(ab + 2bc)
©27 (22?72 + ) @®b* +abe ) a*) 2 8(9a?h2c* + 2abe ) ab®+ 4abc ) a’h)
© 27Y a®b® +27abcy a® > 18a*b*c? + 16abc Y ab? + 32abc Y a’b (2)
Because, by AM-GM: 16abc Y. a® > 16abc Y. ab?®
11abcy a® + 213 a®b3 > 32abcy. a’b; 6 Y, a®b® > 18a?b?c>

c(ac+b?)
[(b+c—a)+2bc% —

Therefore = (2) true; (1), (2) = X > 2 = true = QED.

Solution 2 by Soumitra Mandal-Chandar Nagore-India
2

ab + ¢ ab
Z c(br + aR) Z c(br + aR) bcr + acR

cyc cyc
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1 Z a?b? N Z c?
" abc br + aR bcr + acR

cyc cyc

BERGSTORM  (qbh + bc + ca)? (a + b + ¢)?

(R+1r)abc(a+b+c¢) (R+r1)(ab+ bc + ca)
6

-5 -2 6l —4
=223 6[ R = 2r] R(proved)

399.1fn € E 1] thenin A4 ABC:

a3+ b3+ c3
§2n+(1—n)- 3abc
Proposed by Marin Chirciu — Romania
Solution by Soumitra Mandal-Chandar Nagore-India
al+b3+c> R <a3+b3+c3 >

1> —
3abc < 2r 12(1-n) 3abc

R
—>n+(1-n)
2r

3

R - 2r
o > -3abc > (1 —n) Za -3 Za Zab

cyc cyc cyc

< 6Rp(R — 2r) = (1 — n)2p(p? — 3r% — 12Rr)

3 1 3
<:>3R(R—2r)21(p2—3r2—12Rr)[vZSnS1=>ZZ1—n20]

ad3+b3+c3
3abc

© 4R? + 4Rr + 3p? > p?, which is true . % >n+(1-n)-
400. In any scalene A ABC:
a4— + bZCZ
(a—b)(a—c)

Proposed by Daniel Sitaru — Romania

< 96R?
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Solution by Kevin Soto Palacios — Huarmey — Peru

a*+b?c? b*+c%a? ct+a?p? 2
(a-b)(a—c) (b—c)(b-a) (c—a)(c—b)<96R

Probar en un 4 ABC escaleno:

Comoel A ABC esescaleno —» a # b # ¢ & a? + b? + ¢? < 9R?. Recordar las
siguiente identidades (a — b)(b — ¢)(c — a) = ab(b — a) + bc(c — b) + ca(a — ¢).

. (a4+b2c2)(c—b) (b4+c2a2)(a—c) (c4+a2b2)(b—a) _ Z(a4+b2c2)(c—b)
Ahora bien o e eh T ot T caeht-a)  (a-nb-dca) =

suficiente probar (a* + b%c?)(c — b) + (b* + c?a?)(a — ¢) + (c* + a?b?*)(b— a) =
=(a+ b+ c)*(a—b)(b- c)(c— a). Demostracion
(a+b+ c)(ab(b —a)+ bc(c—b) + cala— c)) =
= ab(b? — a?) + abc(b — a) + bc(c? — b?) + bca(c — b) + ca(a? — ¢?) + cab(a — c)
(a+b+c)la—b)(b-—c)(c—a)=ab(b? - a?)+ bc(c?* — b?) + cala? — c?)

(a+b+c)a—b)(b—c)c—a)=(a+b+c) (ab(b2 —a?) + bc(c? — b?) + ca(a? - cz))

(a@a+b+c)a-b)(b-c)c—a)= z ab (b? — a?)(a + b) + abc(b? — a?) +

+bca(c? — b?) + cab(a? — ¢?)
(a+b+c)?(a—-b)(b—c)(c—a) =ab(b?—-a?*)(a+ b) + bc(c> —b?)(b+c) +
+ca(a? — c?)(c + a) . Por ultimo
E = ab(b? — a?)(a + b) + bc(c? — b?)(b + ¢) + ca(a? — c?)(c + a)

E = ab(b?a + b3 — a® — a?b) + bc(c?b + ¢ — b3 — b?%c) + ca(a®?c + a® — ¢ — c?a)
E = b3a’ + b*a— a*b — a®b? + 3b* + ¢*b — b*c — b3c? + a3c? + a*c —
—c*a— c2a?

E = a*c— a*b + c3b? — b3c?* + b*a — b*c+ a3c? — c3a? + ¢*b — c*a+ b3a® — a’b?
E = (a* + b%c?)(c — b) + (b* + c?2a?)(a—c) + (c* + a?b?*)(b — a)

(LQQD). Finalmente
a* + b%c? b* + c%a? c* — a’b?
(@-b)a—0) (b-o)b-a)  (c-a)c—b)
< 3(a® + b* + ¢%) < 27R? < 96R*

=(a+b+c)?<
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Its nice to be important but more important its to be nice!
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



