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1. In AABC

mg +mb me 3> 27(a 4+ b)(b+ ¢)(c + a)
hg hy he B 8abc

Proposed by Abdullayev - Baku - Azerbaidian

Remark.
The inequality can be strengthened:
2. In AABC
3
mg myp me 2])2
<ha + hb + hc> - R’I"
Marin Chirciu - Romania
Proof.
We prove that following Lemma.
Lemma 1.
3. In AABC
Ma | Mo | Me o PEA T = 2Ry
ha hb hc 4R’I"
Proof.
2, .2

, formula h, = ;—; and the known

Using Teresin’s inequality mg >

b + 2 _p2+r2—2Rr
be 2Rr

inequality in triangle Z , we obtain:

2 52
Z%>Zb:}% :lzb2+c2:p2+7’2—2RT
ha — Qb—lc% 2 be 4Ry

Equality holds if and only if the triangle is equilateral.




2 MARIN CHIRCIU

Remark.
We can write the inequalities:
4. In AABC
a c 2+r2-2R TR —2
ma  my me pPtri-2Rr TR—2r
hg hy he — 4Rr - 2R
Proof.

The first inequality is Lemma 1, the second inequality follows from
Gerretsen’s inequality p?> > 16 Rr — 512, and the third inequality follows from Euler’s
inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

O
Lemma 2.
5. In AABC
2
Mg mp Me 2p2
AL
h, hy h. 3Rr
Proof.
2412 —2Rr\2 _ 2p?
Using Lemma 1, is enough to prove that: (%) > BTZ;?" &
3p*+p? (612 —44Rr)+12R*r? —12Rr*+-3r* > 0 < p?(3p*+-6r°* —44Rr)+3r*(2R—7)? > 0
O

We distinguish the cases:
1) If 3p? 4+ 6172 — 44Rr > 0, the inequality is obvious.
2) If 3p? + 672 — 44Rr < 0, inequality we can rewrite:

p*(44Rr — 6r% — 3p*) < 3r%(2R — )2, true from Gerretsen’s inequality:
(4R? + 4Rr + 3r2) [4437« — 6r2 — 3(16Rr — 57“2)} <322R—1)? &
S 4R? — 2R*r — 9Rr? — 6r® > 0 < (R — 2r)(4R* + 6Rr 4+ 3r%) > 0
obviously from Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
Remark 2.

We can rewrite the inequalities:

6. In AABC
2
2
(ma " mp n mc> S 2p S 9(a+b)(b+c)(c+ a) > 0.

— 3Rr — 8abc
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Proof.
First inequality is Lemma 2.
Let’s prove the second inequality.
Using the known identities in triangle: (a + b)(b+ c)(c + a) = 2p(p® 4+ r* + 2Rr)
and abc = 4Rrp, the second inequality:
2p? .9 2p(p? + 72 + 2Rr)
3Rr — 8-4Rrp
which follows from Gerretsen’s inequality: p*> > 16 Rr—5r%and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

& 32p2 > 27(p? + 1% + 2Rr) < 5p® > 27(r* + 2Rr)

O

The third inequality is the well known inequality (a+b)(b+c)(c+a) > 8abe (Cesaro)

m m m
We’ve obtained a strengthened inequality in triangle h—a + h—b + h—c > 3.
a b c

Moy I ey, 207

Let’s pass to solving inquality 2:(

he "y he) T Rr
Base on Lemma 2 and the the last inequality from Remark 1 we obtain:
(fhe . @)L(w my &)z.(&+@+&) LW W
hq hy  he hq hy — he he hy he 3Rr Rr
Equality holds if and only if the triangle is equilateral.

Remark 3.
Inequality 2 is stronger then inequality 1:
7. In AABC
3 _2p% _ 27 b)(b
(&+@+E) > 27 2@+ b)(b+o)(c+a)
ha hb hc T 8abc
Proof.

The first inequality is 6.
Let’s prove the second inequality.

Using the known identities in triangle: (a + b)(b+ c)(c+ a) = 2p(p® +r* + 2Rr)

and abc = 4Rrp, the second inequality:
2p? L2 2p(p? + 12 + 2Rr)

Rr — 8-4Rrp

which follows from Gerretsen’s inequality: p*> > 16Rr—5r% and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

& 32p% > 27(p* + % + 2Rr) & 5p? > 27(r + 2Rr)

O

Remark 4.
We can write the inequalities:
8. In AABC

2
<ma mp mc)3 > 2p* > 27(a+b)(b+ ¢c)(c+ a)
T 8abc

h, +Tb+ h.

> 27
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Proof.
See 7 and Cesaro’s inequality (a + b)(b+ ¢)(c + a) > 8abe
Remark 5.
Inequality 2 can also be strengthened:
9. In AABC
Mg My Me\3 p? 2r
te g 0, e s 7=
(ha+hb+hc) _3Rr( R)
Proof.

Base on Lemma 2 and on the second inequality from Remark 1 we obtain:

ha by ko) T\ hy R b Thy
Equality holds if and only if the triangle is equilateral.

(ma me mc)3_(ma mp mc)2 (ma mp mc)>2p2 TR—2r

— 3Rr 2R

Remark 6.
Inequality 9. is stronger then inequality 2.:
10. In AABC
3 2 2 2 2
(Mo g Moy Moyt B 2y W
hg hy h. 3Rr Rr
Proof.

See inequality 9. and Fuler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark 7.

We can write the inequalities:

11. In AABC

(ma mp mc)3 S P ( 21’) > 2p* > 27(a+b)(b+ c)(c+ a) >

e The T he " 8abe

Proof.
See 10. and 8.

Equality holds if and only if the triangle is equilateral.

p2

3Rr

(

2r
72
R

7.

)
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We’ve obtained again a strengthening of the well known inequality in triangle

— +—+—2>3
ha + hy + he —
Finally we can propose a development of inequality 2.:
12. In AABC
m m M\ 2p?
(—a—l——b—i-—c) 23"_3-L, where n > 2.
h, hy h. Rr

Proof.

Base on Lemma 2 and the last inequality from Remark 1 we obtain:
- 2 2
Ma M %)” :(% my @)2.(@ my @)" 22207 gna_gnos 207
(haJrh;g,thc hathbJrhc haJrhbJrhC ~ 3Rr Rr’
Equality holds if and only if the triangle is equilateral.
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