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1. In ∆ABC

m2
a + m2

b + m2
c

mamb + mbmc + mcma

+
p2

p2 + r(R − 2r)
≥ 2.

Proposed by Adil Abdullayev - Baku - Azerbaidian

Proof.

We prove the following lemma:

Lemma.
2. In ∆ABC

m2
a + m2

b + m2
c

mamb + mbmc + mcma

≥
6(p2 − r2 − 4Rr)

5p2 − 3r2 − 12Rr

Proof. ∑
m2

a =
3

4

∑
a2 =

3

4
· 2(p2 − r2 − 4Rr) =

3

2
(p2 − r2 − 4Rr)

Using the known inequality in triangle 4mbmc ≤ 2a2 + bc, wherefrom:∑
mbmc ≤

1

4

∑
(2a2+bc) =

1

4

(
2
∑

a2+
∑

bc
)
=

1

2
·(p2−r2−4Rr)+

1

4
·(p2+r2+4Rr) =

=
1

4
(5p2 − 3r2 − 12Rr).

We obtain
m2

a +m2
b +m2

c

mamb +mbmc +mcma
≥

3
2 (p

2 − r2 − 4Rr)
1
4 (5p

2 − 3r2 − 12Rr)
=

6(p2 − r2 − 4Rr)

5p2 − 3r2 − 12Rr

�

Let’s pass to solving the problem from enuntiation.

Based on Lemma it is enough to prove that:

6(p2 − r2 − 4Rr)

5p2 − 3r2 − 12Rr
+

p2

p2 + r(R− 2r)
≥ 2⇔ p4+5p2r2−16p2Rr ≥ 0⇔ p2 ≥ 16Rr−5r2

which is Gerretsen’s inequality.

The equality holds if and only if the triangle is equilateral.

Remark.

Inequality 1. can be devoloped:
1
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3. In ∆ABC

m2
a + m2

b + m2
c

mamb + mbmc + mcma

+ n ·
p2

p2 + r(R − 2r)
≥ n + 1, where n ≤ 1

Proposed by Marin Chirciu - Romania

Base on Lemma it is enough to prove that:

6(p2 − r2 − 4Rr)

5p2 − 3r2 − 12Rr
+

np2

p2 + r(R− 2r)
≥ n+ 1⇔

p4+p2
[
(10n−5)r2−(5n+11)Rr

]
+(12n−12)R2r2+(21−21n)Rr3+(6−6n)r4 ≥ 0⇔

p2
[
p2+(10n−5)r2−(5n+11)Rr

]
+(12n−12)R2r2+(21−21n)Rr3+(6−6n)r4 ≥ 0.

We have p2+(10n−5)r2−(5n+11)Rr ≥ 0, for n ≤ 1, because using Gerretsen’s inequality

p2 ≥ 16Rr − 5r2, we obtain:

p2 + (10n− 5)r2 − (5n+ 11)Rr ≥ 16Rr − 5r2 + (10n− 5)r2 − (5n+ 11)Rr =

= (5−5n)Rr+(10n−10)r2 = 5(1−n)r(R−2r) ≥ 0, obviously from R−2r ≥ 0 and 1−n ≥ 0.

It suffices to prove that:

(16Rr−5r2)5(1−n)r(R−2r)+(12n−12)R2r2+(21−21n)Rr3+(6−6n)r4 ≥ 0⇔

(1−n)
[
(16R−5r)5(R−2r)+12R2−21Rr−6r2

]
≥⇔ (1−n)(R−2r)(17R−7r) ≥ 0,

obviously from Euler’s inequality and condition n ≤ 1.

Equality holds if and only if the triangle is equilateral.
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