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TRIGONOMETRIC SUBSTITUTIONS IN PROBLEM SOLVING
PART 2

IOAN SERDEAN, DANIEL SITARU

ABSTRACT. In this paper are indicated a few useful trigonometric substitutions
for solving problems. Solved problems are also a part of this article.

Problem 23. If z,y,z > 0,2y + yz + zx = 1 then:

T Yy 3z

<410
1—|—w2+1—+—y2+1—|—z2 -

Proof.

z,y,z>0=(3)A,B,C 6(&%);

t t B t ¢
r=tan —;y = tan —; z = tan —
27 2 2
T tan% sin% 9 .
= = - €OS” — = sin — cos —
1+ a2 1+tan2§ cos% 2 2 2
Y . B B z . C C
—~2— =¢in — cos —; —— = sin — cos —
1+ 92 2 271+ 22 2 2

A A B B C C
singcosi+sin§cos§+3sin§cos§ <V10

sin A +sin B+ 3sinC < 2v10
A+ B B-C

A ‘W B — 9si
sin A + sin Sin 5 Ccos 5

C
= 2cos — < 2cos —
cos - Cos < 2cos 5

C C C C
QCOSE—I—SSinC’Z26055+Gsin§cos— <

C C
SQCOSE 4+ 6sin — =

2
c o A2 [,C c
:2(cos5+381n5) < 2412432, sin2§+00525
—2.v/10-1=2V10
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Problem 24. If x,y,z > 0;2y 4+ yz + z& = 1 then
T Y z

\/1+w2+\/1+y2+\/1+z2

3
< Z
-2

Proof.
™
z,y,2 > 0 then (3)A, B,C e(o, §>;

x = cot A;y = cot B; z = cot C
T Yy z
———— =cos A; ——— = cos B; ——— = cos C
V14 x2 V14192 V1422

Inequality to prove become a known one:

3
cos A+ cosB +cosC < 3

Problem 25. If x,y,z > 0;x + y + z = xyz then:
(@ —1)(y* -1 —1) < V(@2 + 1) (2 + 1)(22 + 1)

Proof.
If x,y,2z > 0 then (3)A,B,C € (0,m)

B
T =cot —;y =cot —; 2z = cot —

2 2 2
Inequality to prove become:
22—1 y2—-1 22-1 1
2241 P2+1 2+1° V@2 + 1) (2 +1)(22 + 1)
ij;i = cos A; Zi;i :cosB;% = cos C
1 A 1 . B 1 C

——— =sin —; —— =sin —; ——= =sin
vz +1 2’ y2+1 2722+ 1 2
Inequality to prove can be written:
C

A
cos Acos BeosC < sin 3 sin 5 sin 5

cos Acos B = % [cos(A — B) 4 cos(A + B)} =

[COS(A — B) — cos C} <

1
—(1 — cos C) = sin® ¢

1
2
<
-2 2

Analogous:
A B
cos B cos C < sin? 5; cos C cos A < sin? 5

and by multiplying its obtained the asked inequality.
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Problem 26. If x,y,z > 0;xy + yz + zx = 1 then:
3v3
T Yy n z > V3

1—|—:cz—+_1—|-y2 14+22— 4

Proof.

z,y,z > 0 then (3)A, B,C 6(07 g)

r=tanA;y =tan B;z = tanC
x tan A sinA cos? A
= = . — si A A
1+22 1+tan’A cosAd 1 St £ cos
tan B

an =sinC cos C

vy
1+y2 1+tan’B
Inequality to prove can be written:

:SinBcosB;L
14 22

3V3

sin Acos A + sin B cos B + sin C cos C' > o

sinA+sin B +sinC > 3—\2/3
f:(0,m) = R; f(z) = sinx;
J'(z) = cosz; f'(x) = —sinz < 0
f concave. By Jensen:
A+B+C 1
i Bt
(m5—) 25 (FW+1®) +1(0)
3sin g > sin 24 + sin 2B + sin 2C
3v3
2

sin2A4 + sin 2B +sin2C < ——

Theorem 1. If A, B,C € (0,7); A+ B + C = 7 then:
A

A B
tan—tan——{—tan—tan;—l—tangtang=1

Theorem 2. If A,B,C € (0,7);A+B+C =~
. 2A . 2B . 2C . A . B . C
sin® — + sin E—i—sm ——f—2sm—sm551n5=l

Problem 27. If z,y,z € (0,00); 2% + y2 + 22 + 2zyz = 1 then
Yy +yz + zx < %
Proof.
x,y,z € (0,00) = (A, B,C € (0,7)
<1 Ac <1 Ba 31 C
T =sin oy =sin_;z=sin-
Inequality to prove becomes:
. A . B . B . . . A 3
sm—sm; +s1n551n§ +Sln551n§ < Z
By Jensen’s inequality:
T . A+ B+C S

1
— =sin — = sin
2 6 6 -
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>}(S' é—ks' E—l—s' 9)

23 1n2 11[12 1n2

Sin——|-sin§—l-sing<§
2 2~
On the other hand:

. y L . L c . A <

Sin 2 Sin 2 Sin 2 Sin 2 Sin Sin ~
< 1( A e B i C>2 <
~ 3 Sin 2 Sin 2 Sin 2

1y- 53

Problem 28. If x,y,z > 0; 2 + y2 + 22 + 2zyz = 1 then:
r+y+z2>4ryz+1

Proof.

x,y,2>0= (A, B,C E(Qg);
x=cosA;y=cosB;z=cosC
Inequality to prove can be written:

cosA+cosB+cosC >4cosAcosBcosC +1
A+ B A—-B C
2 cos —; cos 5 +1—2Sin2§Z4COSACOSBCOSC+1
- C A—-B C
T 5 cos 5 —281n2§ > 4 cos Acos BcosC

2 cos

C C
2sin§cos 5 —2sin2524cosAcosBcosC

C A-B C
O A-B O\
2sin 5 (cos 5 sin 2) > 4cos Acos BcosC
. C A—-B T—C
251n—~(cos —
2

5 cos 5 ) > 4cos Acos BceosC
C A-B | n—C —-C _ A-B
2sin — - 2 - sin —2 2

5 sin 5 > 4cos Acos BcosC

4sin§singsin5 > 4 cos Acos BcosC

Remains to prove:

. A B . C
cos A cos B cos C' < sin — sin — sin —

2 2
A B)? C A-B C
cos Acos B < w = sin? = cos?® — < sin® —

Analogous:
.2 A .2 B
cos B cosC < sin 5; cos C' cos A < sin® —
By multiplying:
2 2 2 .o A o B .
cos” A cos® B cos® C < sin® — sin 5 sin 5
A B C
cos A cos B cos C < sin — sin 5 sin 5
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Proposed problems

29. If a € R;|a| > 1 then:

30.

31.

32.

33.

34.

35.

36.

1 T 37
Use: a = 3D 6{0, —)U[W, —)
cos p 2 2

If a € R then:

<1

3a 4a?
Vi+a? /(1+a2)3

T T
Use: a = tanp;p E(— E,E>

If a € R then:

5 12a* 4 8a® + 3

2~ (1 + 2a2)2

1 T T
<Use: a = Etanp;p E( - 2,2)>

If a € R then:

B 6a + 4|a? — 1| 5

= —a2-|-1 =

If a € [1, 3] then:

|[4a® — 24a® + 450 — 26| < 1

(Use: a—2= cosa:)

If £ € R then:
z(1 — x?)(z* — 622 + 1) < 1
(1 + x2)4 - 8
(Use: xr = tanp)
Ifa,b,c,d € R;a? + b2 = c? +d? = 1 then:

—V2<a(c+d) +blc—d) <2
(Use: a =sinx;b =cosx;c =siny;d = cosy)
If a,b € R;a? 4+ b? = 1 then:
(a® + %)er(b2 + biz)z > %

<Use: a = sinx;b = cos a:)
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37. If a,b € R;a? + b%? — 2a — 4b+ 4 = 0 then:
|a? — b% + 2v/3ab — 2(1 +2v3)a + (4 — 2V3)b+4vV3 —3| < 2

(Use: a—1=sinx;b—2 :cosaz)

38. If a € [0,2];b € [0, 3] then:
4<a’?+b>+ab++/4—a%2-/9—-b2<19

iy
(Use: a=2cosxz;b=3cosy;x,y 6[0, 2})

39. If m,n € [1,00) then:

nvm—1+mvn—1<mn

U 1 1 E[O 7\'}
se: m = ‘= — 'z z
cos2z’ cos?y’ Y 2

40. If m,n € (0,00);m > n then:
Vm2 —n2+2mn —n2>m

(Use: o sin x; x 6[0, ﬁ})
m 2

41. If z,y € R x| < 1;|y| < 1 then:
Vi—224+/1-y2 < Va— (z+y)?

(Use: r =sinp;y = sinq)
42. If ¢4, x2,...,zn € [-1,1);23 + 23 + ... + 23 = 0 then:

n
$1+$2+---+$n§§

(Use: x; = cosp;;p; € [0,7]51 € 1,n>

TO BE CONTINUED!
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