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TRIGONOMETRIC SUBSTITUTIONS IN PROBLEM SOLVING
PART 1

IOAN SERDEAN, DANIEL SITARU

ABSTRACT. In this paper are indicated a few useful trigonometric substitutions
for solving problems. Solved problems are also a part of this article.

Case 1: Ifz,y,z € R;p,q,r e(—g’g>

1+a? =1+tan’p; 1+ 3% = 1+ tan® ;1 + 2% = 1 + tan®r

1 1 1
F(l+a? 149214+ 2%) = G i i )
cos?2p’ cos?q’ cos?r

Case 2: Ifz,y,z€R;p,q,7 6(0, g)

1 1 1
/ o _ _* ./ 2_ ../ 2 _
1+2%= cosp’ I+y ~ cosq’ 1+25=

cosT”r

1 1 1 )
cosp’ cosq’ cosr

F(\/1+x2,\/1—|-y2,\/1—|—22) :G(
Case 3: Ifx,y,z€ R,m >0,p,q,r G(O, g)

V2 +m? =mtanp;\/y? +m2 = mtang; /22 +m? = mtanr
F(VaZbm2, 2 +m?, o2 m?) = G 2 )

Case 4: If z,y,z € R, p,q,r € [0, 27]

cosp’ cosq’ cosr

4a® — 3z = cosp;dy® — 4y = cos q; 42> — 4z = cosr
F(4x3 — 33493 — 3y,42° — 32) = F(cosp, cosq, cosr)
Case 5: Ifz,y,2 € R, p,q,7 € [0, 27|
3z — 4a® = sinp; 3y — 4y = sing; 3z — 423 = sinr
F(3x — 4233y — 4y, 32 — 42%) = F(sinp, sin g, sinr)
Case 6: If z,y,2 € R;p,q,r € [0, 27]
222 —1 =cosp; 2y* — 1 = cosq; 222 — 1 = cosr
F(22® — 1;2y* — 1;22% — 1) = F(cosp, cos ¢, cos )
Case 7: Ifz,y,z € R,p,q,7 6( -3, %)
2z

Key words and phrases. Trigonometric substitutions.
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F( 2z : 2y : 2z
1—2271—9y2"1— 22
Case 8: If;v,y,zeR;p,q7re(_%,g>
2x 2y

14+ 2 1_|_y2

( 20 2y 2z

1422 14y2" 1422

. . ™ 3
Case 9: Ifx,y,z € R;p,q,r 6[07§)U[77,7)

1 1 1

) = G(tanp, tan ¢, tanr)

t t 722 t
= tan p; = tang; =tanr
p q1+22

) = G(sin 2p, sin 2¢, sin 2r)

cosp;y cosq’ cosT
F(2? — 1;9* — 1;2° — 1) = G(tan? p, tan? ¢, tan® r)
Case 10: 1fa,y,2 € R fal,lyl, || > 1,p,q,7 €[0,5)

F(\/a:2 —1; \/y2 —1; \/z2 — 1) = G(tanp, tan g, tanr)
1 1 1

cosp;y cosq’ cosT
Case 11: 1f 2,y,2 € R;[a],[y], 2| = m,p,q.7 €[0,3)

m m m

cosq’ cosT

F(\/.’L‘2 —m2,\/y? —m2,\/z2 —m?) = G(mtanp, mtanq, mtanr)
Case 12: Ifx,y,2z € Rixy # L;yz # 1,z # 1,p,q,r € R

Y
cosp

r =tanp;y =tang; 2z = tanr

r+y y+z z+$>
(1—1:y 1—yz'1—zz an(p + q), tan(q + r), tan(r + p)

Problem 1. If z € R; |z| < 1;n € N then:
I-2)"+Q+z)"<2"

Proof.
lz] < 1= (It E[O7 g},x = cos 2t
Remains to prove:
(1 —cos2t)" + (1 +cos2t)” < 2"
(2sin? )™ + (2cos? )™ < 2"
sin®" ¢ + cos?"t < 1
which is obviously because:
sin?” ¢ < sin’t

) ) = sin?" ¢ + cos®™ t < sin®t + cos?t = 1
cos“™t < cos”t

Problem 2 If ¢ € (—o0,—1) U (1, 00) then:

Vaz—1+ 3 <2|a|
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Proof.
1 T
>1= ()lal = ——aelo,7)
al > 1= @Yol = ——saefo,
Remains to prove:

[ 1 2 2
——14+V3<—— & tana+V3<
COs“ Cos CoS «

1
§sina+\/§cosa <1 @sin(a—i— g) <1

Problem 3
If a € (0,1) then:

[4(a® = /(T =a2)?) = 3(a — V1-a?)| < V2

Proof.
la| <1= )= 6[0, g);a = CoS T
The inequality can be written:
|4(cos® 2 — /(1 — cos? x)3) — 3(cos = — mﬂ <V2
|4(cos® z — sin® z) — 3(cos z — sinz)| < V2
|(4cos® z — 3cosz) + (3sinz — 4sin® z)| < V2
| cos 3z + sin 3z| < V2

2 2
‘cos3x-g+sin3x~%’ <1

™
in(3 7)‘<1
51n(:13+4 <

Problem 4
If x,y,z € R then:

(z+y)(1 —zy)

(1+22)(1+y?) =

1
2

Proof.
z,y € R= (I)p, ¢ 6(— g,g);x:tanp;y = tangq
(r+y)(1—2y) (tanp+tang)(l —tanptanq)

(14 22)(1+y?) (1 + tan? p)(1 + tan? q)

_ sin(p + q) cos(p + q) cos? pcos? g
N COS P COs g sin p sin q

=sin(p+ q)cos(p+q) =

1
=3 sin2(p + q)

Remains to prove that:

& |sin2(p+9)| <1

N

1
3 sin2(p+q)| <
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Problem 5
If a,b € R then:
a?(14+ ") +0*(1 4+ a*) < (1 +a*)(1 4+ %)
Proof.
a®>>0,0>>0= Ip,q E[O, g),a2 = tanp, b> = tangq
tanp(1 + tan? q) + tan ¢(1 + tan® p) < (1 + tan® p)(1 + tan®q)
1 1
cos?p ~ cos?p cos?q

1
tanp - —— +tang
Cos~ q

tanp COSQp + tan qcos2 q<1
sinpcosp+ singcosqg < 1
2sinpcosp + 2singcosq < 2
sin 2p 4 sin 2g < 2
which its obvious because sin2p < 1;sin2¢q <1

Problem 6
Ifz,y>0;x+y =1 then:

(e el )=
x2 Y y2/ = 2

Proof.
z,y>0= (I)p € [0,27);z = sin® p;y = cos’p

1
+ costp+ =

sin p + sin® p

cosZp

1
4 4
= (sin” p + cos p)(l—&-ﬁ) =
sin® pcos* p

. 16
=(1- 281n2pcos2p)(1 + T) =
sin” 2p

:(1_sin22p)<1+ 16 )>
2 sin*2p/ —

2(1—%)(1+§):317:E

Problem 7
If a,b € R then:

Proof. If b = 0 inequality ca be written:

L. 35

- 2

2a a2<ﬁ>a2(1+\/5)20

If b # 0, dividing by b?:
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3—V5H
tan?p + (tanp — 1)? > 2\[

(tan?p + 1)

3-V5
2

3-V5
2

2—}—281112])—281112])23—\/5

sin? p 4 (sinp — cosp)? >

1 +sin?p — 2sinpcosp >

1—2sin®p + 2sin2p < V5
cos2p + 2sin2p < V5

2
—=cos2p+ —=sin2p <1

V5 V5
(75) +(5) =1=@uc(0.3):

=sing; = cosq

1 2
5 5
sin g cos 2p 4+ cosgsin2p < 1

sin(2p+¢) <1

Problem 8
If a,b € [0, 1] then:

lay/1— b2+ by/1 — a2 + V3(ab — /(1 — a2)(1 - b2))| < 2
Proof.

a,be[0,1] = (I)p,q 6{0, g},a =sinp,b=sing
sinpy/1 — sin? g+sin gy/1 — sin? p+\/§(sinp sin qf\/(l —sin” p)(1 — sin® q)) ‘ <2

sin pcosq + sinqcosp + \/g(sinpsinq — cospcosq)‘ <2

sin(p+q) = V3cos(p+ q)| <2

3
’fsm p+q) —gcos(p—l—q)‘ <1

‘sin(p—i—q—%)‘ <1

Problem 9:
Solve the following equation:

23— 3z +a(l —32%) =0;a €R
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Proof.
T

xER:HbE(—E,i);x:tanb

3tanb — tan® b

a(l —3tan?b) = 3tanb —tan®*b = a = 5
1 —3tan“b

1 k
aztanSb:>3b:arctana+k7r;kEZ:>b=garctana—kg;kez

1 k
T =tanb= tan(g arctan a + %),k e {-2,0,2}
If a = 1 the equation: x> — 322 — 32 + 1 = 0 has the solutions:

T km T T T
x tan<12—|— 3 ), €{-2,0,2},r; = tan 13 %2 tan4,$3 tan 1

If a = 2 the equation: z® — 622 — 32 + 2 = 0 has the solutions:

1 km
T = tan(f arctan 2 + —)
3 3

1 1 2 1 2
ke {-2,0,2}, 21 = tan(f arctanQ);J;g = tan(f arctan 2+l>;l‘3 = tan(f arctanQ—l)
3 3 3 3 3
[
Problem 10:
Solve the following equation:
42° —dz +a(z* —62° +1) =0;a € R
Proof.
zre€R=3b 6( — g, g),x = tanb;a(tan?b — 6tan® b+ 1) = 4tanb — 4 tan’ b

4tanb — 4tan®b N tandb = b 1 . . (1 . +k7r> cel
a= a = tan = —arctana; z = tan( - arctan a+— );
tan* b — 6 tan® +1 4 4 4

If a = 1 the equation z* + 423 — 622 — 42 + 1 = 0 has the solutions:

X an L an ;L an
1 167 2 167 3

Problem 11.
Find the formula of the general term of the sequence given by the relationships:

r1=aja € [-1,1], 204 =222 —1;n > 1
Proof.
x1=a€[-1,1] = (I)b € [0,27];a = cosb; b = arccos a
Ty =227 —1=2cos?b— 1 = cos(2b); 3 = 225 — 1 = 2cos?(2b) — 1 = cos(2%b)
x4 =223 — 1 = 2cos?(2%b) — 1 = cos(2°b).
Through induction we can prove that:

., = cos(2"1b) = cos(2" ! arccos a)
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Problem 12.
Find the formula of the general term of the sequence given by the relationships:
vy =aja € [-1,1;xp =1-222;n>1
ro=1-222 =1—2cos?b=cos(2b); 23 = 1 — 223 = 1 — 2cos?(2b) = cos(2°D)
x4 =1—223 =1 —2cos?(2%b) = cos(2°b)
Through induction we can prove that:
T, = cos(2"1b) = cos(2" ! arcsin a)
Problem 13.
Find the formula of the general term of the sequence given by the relationships:
1 =aja € [~1,1]; 241 = 2,(3 —422);n > 1
Proof.
x1=a€[-1,1] = ()b € [0,27];a = sinb; b = arcsina
Ty = x1(3 — 42?) = sinb(3 — 4sin? b) = sin(3b)
r3 = xo(3 — 422) = sin 3b(3 — 4 sin? 3b) = sin(3%h)
w4 = 23(3 — 422) = sin(32D) (2 - 4sin4(32b)> — sin(3%h)
Through induction we can prove that:

T, = cos(3"'b) = cos(3" ! arccos a)

Problem 14
Find the formula of the general term of the sequence given by the relationships:

1 =aja € [~1,1];x,41 = 2, (422 —3);n > 1
Proof.
ry =a;a € [—1,1] = ()b € [0,27];a = cos b; b = arccosa
Ty = x1 (42} — 3) = cosb(4 cos? b — 3) = cos(3b)
T3 = xo(4a3 — 3) = cos 3b(4 cos® 3b — 3) = cos(3%b)
Through induction we can prove that:

x, = cos(3"'b) = cos(3" ! arccos a)

Problem 15.
Find the formula of the general term of the sequence given by the relationships:
2x,
1— 22

n

r1=0a;a € Rjrp = im>1

Proof.
si=ac[-1,1] = (3)be<— gg
21 2tanb 2x9 2 tan(2b)
= = = t 2b N = =
1—2? 1-—tan?b an(20); s 1—23 1-—tan?(2b)

Through induction we can prove that:

z, = tan(2"'b) = tan(2" ! arctan a)

);a = tanb;b = arctana

= tan(22b)

T2
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Problem 16.
Find the formula of the general term of the sequence given by the relationships:
3z, — a3
X1 a;a € IRy Ty 1731‘% n =
Proof.
T T
1 =a€[-1,1=3)b 6( o 5);@ = tanb; b = arctana
31— 23  3tanb—tan®b 3zy — 3 3tan(3b) — tan3(3b) 9

SR e s AR gy 1 — 3tan(3b) an(3°0)

Through induction we prove that:

r, = tan(3"7'b) = tan(3" "' arctana)

Proposed Problems:

Ve—1+yz(WVex—1)<zx
1 T
(USG. Tr = m,p €|:0, 2))
18. If |a| < 1 then:

\/Hm[\/(Ha)S— (T—aP] <2v3+ 12— 202

(Use: a = cosp;p € |0, 7r]>

17. If x > 1 then:

19. If || <1 then:

3—-2 3+2
fz g\/§x2+as\/1—az:2s\fT+

(Use: x = cosp;p € [0, 77])
20. If a € [0, 2] then:
1V2a — a? — V3a + V3| < 2
(Use: a—1=cosp;p€ [0,7‘(’])
21. If |a| > 1 then:

‘\/a2—1+\/§‘<2
| =

1 3
Use: a = ——:;p 6{0, z)U[W, —ﬂ-)
cosp 2 2

_ 2 _
PR N

a

22. If |a| > 1 then:



TRIGONOMETRIC SUBSTITUTIONS 9

TO BE CONTINUED!
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