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1. Find: 

ࢹ = ܕܑܔ
∞→࢔

෍
૚

࢏)࢏ + ૚)(࢏ + ૛)(࢏ + ૜)

࢔

ୀ૚࢏

 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios-Huarmey-Peru 

Hallar: ࢹ = ∑ஶ→࢔ܕܑܔ
૚

(ା૜࢏)(ା૛࢏)(ା૚࢏)࢏
࢔
ୀ૚࢏  

Trabajando la expresión el lado derecho: 

⇒
૚
૜

࢏) + ૜) − (࢏)
࢏)࢏ + ૚)(࢏ + ૛)(࢏ + ૜) =

૚
૜ ൬

૚
࢏)࢏ + ૚)(࢏ + ૛)−

૚
࢏) + ૚)(࢏ + ૛)(࢏ + ૜)൰ 

Si: ࢏ = ૚ → ૚
૜
ቀ ૚
૚×૛×૜

− ૚
૛×૜×૝

ቁ 

⇒ ࢏ = ૛ →
૚
૜൬

૚
૛ × ૜ × ૝ −

૚
૜ × ૝ × ૞൰ 

⇒ ࢏ = ૜ →
૚
૜൬

૚
૜ × ૝ × ૞ −

૚
૝ × ૞ × ૟൰ 

................................................................................................................................ 

⇒ ࢏ = ࢔ →
૚
૜൬

૚
࢑)࢑ + ૚)(࢑ + ૛) −

૚
(࢑ + ૚)(࢑ + ૛)(࢑ + ૜)൰ 

⇒ ܕܑܔ
ஶ→࢔

෍
૚

࢏)࢏ + ૚)(࢏ + ૛)(࢏ + ૜)

࢔

ୀ૚࢏

=
૚
૜ ൬

૚
૟ −

૚
࢔) + ૚)(࢔ + ૛)(࢔ + ૜)൰ 

⇒
૚
૚ૡ − ܕܑܔ

ஶ→࢔

૚
૜

૚
࢔) + ૚)(࢔ + ૛)(࢔ + ૜) =

૚
૚ૡ 
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2. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

∫࢔ ൣ√࢞൧࢔૛

૚ ࢞ࢊ

∫ ൣ√࢞൧
૜࢔

૚ ࢞ࢊ
, [∗] −  ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢘ࢋࢍࢋ࢚࢔࢏	࢚ࢇࢋ࢘ࢍ

Proposed by Daniel Sitaru – Romania 

Solution by Francis Fregeau – Quebec – Canada  

Let ࢼ be a natural number. ࢼ૛ < ݔ ≤ ࢼ) + ૚)૛ ⇒ ൣ√࢞൧ = ࢼ + ૚ 

Let ࢔ be a perfect square, and ૚ ≤ ࢞ ≤  into (૛࢔,૚) ૛. Divide the interval࢔

the partition: (૚, ૝] ∪ (૝, ૢ] ∪ …∪ (࢑૛, (࢑ + ૚)૛] ∪ …∪ ࢔)) − ૚)૛,࢔૛).Now: 

න ൣ√࢞൧

(࢐ା૚)૛

࢐૛

࢞ࢊ = න (࢐ + ૚)

(࢐ା૚)૛

࢐૛	

࢞ࢊ = (૛࢐ + ૚)(࢐ + ૚) = ૛࢐૛ + ૜࢐ + ૚ 

න ൣ√࢞൧
૛࢔

૚

࢞ࢊ = ෍ න ൣ√࢞൧

(࢐ା૚)૛

࢐૛

૚;࢞ࢊ ≤ ࢐ ≤ ࢔ − ૚ 

Let ࢔ − ૚ =  ࢓

෍ න ൣ√࢞൧

(࢐ା૚)૛

࢐૛

࢓

૚

࢞ࢊ = ෍૛࢐૛ + ૜࢐ + ૚
࢓

૚

=
૛࢓૜ + ૜࢓૛ + ࢓

૜
+
૜࢓)࢓ + ૚)

૛
+  ࢓

=
૝࢓૜ + ૚૞࢓૛ + ૚ૠ࢓

૟
 

න࢔ ൣ√࢞൧
૛࢔

૚

࢞ࢊ = +࢓) ૚) ⋅
૝࢓૜ + ૚૞࢓૛ + ૚ૠ࢓

૟
= ࢔ ⋅

૝(࢔ − ૚)૜ + ૚૞(࢔ − ૚)૛ + ૚ૠ(࢔ − ૚)
૟

 

But ࢔૜ is also a perfect square since ࢔ is a perfect square. 
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⇒ න ൣ√࢞൧
૜࢔

૚

࢞ࢊ = ෍૛࢐૛ + ૜࢐ + ૚ ;૚ ≤ ࢐ ≤ ࢔
૜
૛ − ૚ 

න ൣ√࢞൧
૜࢔

૚

࢞ࢊ =
૝ ൬࢔

૜
૛ − ૚൰

૜
+ ૚૞൬࢔

૜
૛ − ૚൰

૛
+ ૚ૠ ൬࢔

૜
૛ − ૚൰

૟
 

⇒ ܕܑܔ
ஶ→࢔

࢔ ⋅ ∫ ൣ√࢞൧࢔૛

૚ ࢞ࢊ

∫ ൣ√࢞൧
૜࢔

૚ ࢞ࢊ
= ܕܑܔ

ஶ→࢔

࢔)ቀ૝࢔ − ૚)૜ + ૚૞(࢔ − ૚)૛ + ૚ૠ(࢔ − ૚)ቁ

૝ ൬࢔
૜
૛ − ૚൰

૜
+ ૚૞ ൬࢔

૜
૛ − ૚൰

૛
+ ૚ૠ ൬࢔

૜
૛ − ૚൰

 

Applying De l’Hôpital’s rule four times yields: ࢔ܕܑܔ→ஶ
∫⋅࢔ ൣ√࢞൧

૛࢔

૚ ࢞ࢊ

∫ ൣ√࢞൧࢔૜
૚ ࢞ࢊ

= ૙ 

when ࢔ is a perfect square. But for every real number ࡾ, there exists a 

perfect square ࢔ such that ࡾ < ݊. 

ܕܑܔ
ஶ→ࡾ

ࡾ ⋅ ∫ ൣ√࢞൧
૛ࡾ

૚ ࢞ࢊ

∫ ൣ√࢞൧
૜ࡾ

૚ ࢞ࢊ
= ܕܑܔ

ஶ→࢔

࢔ ⋅ ∫ ൣ√࢞൧
૛࢔

૚ ࢞ࢊ

∫ ൣ√࢞൧
૜࢔

૚ ࢞ࢊ
= ૙ 

 

3. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඩෑିࢋቀ
࢑
ቁ࢔

૛࢔

࢑ୀ૚

࢔

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Myagmarsuren Yadamsuren – Mongolia  

ࢹ = ܕܑܔ
ஶ→࢔

ඩෑିࢋቀ
࢑
ቁ࢔

૛࢔

࢑ୀ૚

࢔

= ܕܑܔ
ஶ→࢔

ට
ࢋ
ିቆቀ૚࢔ቁ

૛
ା⋯ାቀ࢔࢔ቁ

૛
ቇ

࢔

= 
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= ܕܑܔ
ஶ→࢔

૚

ࢋ
ቆቀ૚࢔ቁ

૛
ା⋯ାቀ࢔࢔ቁ

૛
ቇ⋅૚࢔

=
૚

ࢋ ಮ→࢔ܕܑܔ
∑ ቀ࢔࢑ቁ

૛
࢔
࢑స૚ ⋅ ૚࢔

= 

=
૚

ࢋ ಮ→࢔ܕܑܔ
૚
࢔ ⋅ ∑ ቀ࢔࢑ቁ

૛
࢔
࢑ୀ૚

=
૚

∫ࢋ ࢞૛૚
૙ ࢞ࢊ

=
૚
૜ࢋ√  

Solution 2 by Togrul Ehmedov-Baku-Azerbaidjian 

ࢹ = ܕܑܔ
ஶ→࢔

ඩෑିࢋቀ
࢑
ቁ࢔

૛࢔

࢑ୀ૚

࢔

= ܕܑܔ
ஶ→࢔

ටିࢋ൤
૚૛ା૛૛ା⋯ା࢔૛

૛࢔ ൨
࢔

= 

= ܕܑܔ
ஶ→࢔

ࢋ
ିቈ૚

૛ା૛૛ା⋯ା࢔૛
૜࢔ ቉

= ିࢋ ܕܑܔ
ಮ→࢔

൬൤࢔(࢔ା૚)(૛࢔ା૚)
૟࢔૜ ൨൰ = ିࢋ

૚
૜ 

 

4. Calculate: 

ࢹ = ܕܑܔ
ஶ→࢔

⎩
⎨

⎧ ටቀ࢔ + ૚
૚ ቁ ቀ࢔ + ૚

૛ ቁ… ቀ࢔ + ૚
࢔ + ૚ቁ

శ૚࢔

ࢋ
(ା૚࢔)
૛ ࢔) + ૚)ି

૜
૛

−
ටቀ࢔૚ቁ ቀ

࢔
૛ቁ… ቀ࢔࢔ቁ

࢔

ࢋ
࢔
૛ି࢔

૜
૛

⎭
⎬

⎫
 

Proposed by Soumitra Moukherjee – Kolkata – India  

Solution 1 by proposer 

ࢹ = ܕܑܔ
ஶ→࢔

⎩
⎨

⎧ ටቀ࢔ + ૚
૚ ቁ ቀ࢔ + ૚

૛ ቁ… ቀ࢔ + ૚
࢔ + ૚ቁ

శ૚࢔

ࢋ
(ା૚࢔)
૛ ࢔) + ૚)ି

૜
૛

−
ටቀ࢔૚ቁ ቀ

࢔
૛ቁ… ቀ࢔࢔ቁ

࢔

ࢋ
࢔
૛ି࢔

૜
૛

⎭
⎬

⎫
 

= ܕܑܔ
ஶ→࢔

ටቀ࢔૚ቁ ቀ
࢔
૛ቁ… ቀ࢔࢔ቁ

࢔

ࢋ
࢔
૛ି࢔

૚
૛

 

Applying Reverse Caesaro – Stolz  
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⇒ ࢹܖܔ = ܕܑܔ
ஶ→࢔

૚
࢔
൝෍ ܖܔ !࢔
࢔

࢑ୀ૚

−෍ !࢑ܖܔ
࢔

࢑ୀ૚

−෍࢔)ܖܔ− ࢑)!
࢔

࢑ୀ૚

ൡ −
૚
૛ ஶ→࢔ܕܑܔ

࢔ +
૚
૛ ஶ→࢔ܕܑܔ

ܖܔ  ࢔

= ܕܑܔ
ஶ→࢔

૚
࢔ ൝

࢔) + ૚) ܖܔ −!࢔ ૛෍ !࢑ܖܔ
࢔

࢑ୀ૚

ൡ −
૚
૛ ࢔ஶ→࢔ܕܑܔ +

૚
૛ ஶ→࢔ܕܑܔ ܖܔ  ࢔

= ܕܑܔ
ஶ→࢔

൝(࢔ + ૚) ܖܔ −!࢔ ૛෍(࢔ + ૚ − ࢑) ࢑ܖܔ
࢔

࢑ୀ૚

ൡ −
૚
૛
ܕܑܔ
ஶ→࢔

࢔ +
૚
૛
ܕܑܔ
ஶ→࢔

ܖܔ  ࢔

= ܕܑܔ
ஶ→࢔

൝૛෍࢑ ࢑ܖܔ
࢔

࢑ୀ૚

− ࢔) + ૚) ܖܔ ൡ!࢔ −
૚
૛
ܕܑܔ
ஶ→࢔

࢔ +
૚
૛
ܕܑܔ
ஶ→࢔

ܖܔ  ࢔

= ૛ ܕܑܔ
ஶ→࢔

૚
࢔ ܖܔ

(૚ ⋅ ૛૛ ⋅ ૜૜ ⋅… ⋅ −(࢔࢔ ܕܑܔ
ஶ→࢔

൬૚ +
૚
൰࢔ !࢔ܖܔ −

૚
૛ ஶ→࢔ܕܑܔ

+࢔
૚
૛ ஶ→࢔ܕܑܔ

ܖܔ  ࢔

Glaisher – Kenkelin constant: ࢔࡭ = ૚⋅૛૛⋅૜૜⋅…⋅࢔࢔

࢔
ቆ࢔
૛
૛ శ࢔૛శ

૚
૚૛ቇࢋష

૛࢔
૝

 

⇒ ࢔࡭ܖܔ = ૚)ܖܔ ⋅ ૛૛ ⋅ ૜૜ ⋅ … ⋅ −(࢔࢔ ቆ
૛࢔

૛
+
࢔
૛

+
૚
૚૛
ቇ ࢔ܖܔ +

૛࢔

૝
 

again, ࢔! = √૛࣊࢔ቀࢋ࢔ቁ
࢔
൬૚ + ቀ૚ࡻ

࢔
ቁ൰ 

ܖܔ !࢔ =
૚
૛
ܖܔ ૛࣊ +

૚
૛
࢔ܖܔ + ࢔ ࢔ܖܔ − ࢔ + ܖܔ ቆ૚+ ൬ࡻ

૚
࢔
൰ቇ 

∴ ܕܑܔ
ஶ→࢔

൬૚ +
૚
൰࢔ !࢔ܖܔ = ܕܑܔ

ஶ→࢔

૚
૛ ൬૚ +

૚
൰࢔ ܖܔ ૛࣊ + ܕܑܔ

ஶ→࢔
൬૚ +

૚
൰࢔ ൬

૚
૛ + ൰࢔ −ܖܔ ܕܑܔ

ஶ→࢔
࢔) + ૚) 

∴ ࢹܖܔ = ૛ ܕܑܔ
ஶ→࢔

࢔࡭
࢔ + ܕܑܔ

ஶ→࢔
൬࢔ +

૜
૛+

૚
૟࢔൰ ࢔ܖܔ − ܕܑܔ

ஶ→࢔
࢔ −

૚
૛ ஶ→࢔ܕܑܔ ൬૚ +

૚
൰࢔  ૛࣊ܖܔ

− ܕܑܔ
ஶ→࢔

൬࢔ +
૜
૛ +

૚
૛࢔൰ +ܖܔ ܕܑܔ

ஶ→࢔
࢔) + ૚) 

⇒ ࢹܖܔ = ૚ − ૛࣊√ܖܔ = ܖܔ ࢋ
√૛࣊

⇒ ࢹ = ࢋ
√૛࣊

    (Ans :) 
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Solution 2 by Yubian Andres Bedoya Henao – Medellin – Colombia  

Let ࢔ࡼ =
ටቀ࢔૚ቁቀ

࢔
૛ቁ…൫࢔࢔൯

࢔

ࢋ
࢔
૛࢔ష

૜
૛

	⇒ ࢹ = ା૚࢔ࡼ)ஶ→࢔ܕܑܔ −  (࢔ࡼ

= ܕܑܔ
ஶ→࢔

ା૚࢔ࡼ ࢔ࡼ−
࢔ + ૚ − ࢔

ࢠ࢒࢕࢚ࡿ= ܕܑܔ
ஶ→࢔

࢔ࡼ
࢔

 

= ܕܑܔ
ஶ→࢔

ටቀ࢔૚ቁቀ
࢔
૛ቁ… ቀ࢔࢔ቁ

࢔

ࢋ
࢔
૛ି࢔

૚
૛

= ܕܑܔ
ஶ→࢔

!࢔	࢔√ (!࢔)
૚
࢔

ࢋ
࢔
૛(૚!૛! (!࢔…

૛
࢔
	 ; 

= ܕܑܔ
ஶ→࢔ ඩ

൫√࢔࢔ ൯
࢔
!࢔ ࢔(!࢔)

ࢋ
૛࢔
૛ (૚!૛! ૛(!࢔…

࢔
= 

=
࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

൫√࢔ + ૚൯
࢔)ା૚࢔ + ૚)! ࢔)] + ૚)!]࢔ା૚

ࢋ
૛(ା૚࢔)

૛ (૚!૛! … ࢔) + ૚)!)૛

࢔√
࢔
!࢔ ࢔(!࢔)

ࢋ
૛࢔
૛ (૚!૛! ૛(!࢔…

= 

= ܕܑܔ
ஶ→࢔

࢔√ + ૚ቆට૚+ ૚
ቇ࢔

࢔

࢔) + ૚)(࢔ + ૚)! ࢔) + ૚)࢔

ࢋ
ା૚࢔
૛ ࢔) + ૚)!૛

= 

= ஶ→࢔ܕܑܔ
ࢋ
૚
૛√࢔ା૚(࢔ା૚)࢔

ࢋ
૚
૛࢔࢔ࢋ!

⋅ ૚ (Stirling from ૚ = ஶ→࢔ܕܑܔ
!࢔

√૛ࢋ࢔࢔࢔࣊࢔ష࢔
) 

= ܕܑܔ
ஶ→࢔

࢔√ + ૚(࢔ + ૚)࢔

!࢔࢔ࢋ ⋅ ܕܑܔ
ஶ→࢔

!࢔
√૛࣊࢔ିࢋ࢔࢔࢔

= 

= ܕܑܔ
ஶ→࢔

૚
√૛࣊

ඨ૚ +
૚
࢔
൬૚+

૚
࢔
൰
࢔

=
ࢋ

√૛࣊
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5. If ࢔ࡱ ≔ ቀ૚ + ૚
࢔
ቁ
࢔

࢔ࡴ, ≔ ૚ + ૚
૛

+ ⋯+ ૚
࢔

, then: 

ܕܑܔ
ஶ→࢔

൫࢔ࡱା૚
శ૚࢔ࡴ − ࢔ࡱ

൯࢔ࡴ =  ,ࢽࢋ

where ࢋ and ࢽ are well known Euler’s constants. 

Proposed by Dorin Marghidanu – Romania  

Solution  by Soumitra Mandal – Kolkata – India  

࢔ࡱ = ቀ૚+ ૚
࢔
ቁ
࢔

 and ࢔ࡴ = ૚+ ૚
૛

+ ૚
૜

+ ⋯+ ૚
࢔

 

ܕܑܔ
ஶ→࢔

൫࢔ࡱା૚
శ૚࢔ࡴ − ࢔ࡱ

൯࢔ࡴ = ܕܑܔ
ஶ→࢔

ା૚࢔ࡱ
శ૚࢔ࡴ ࢔ࡱ−

࢔ࡴ

࢔ + ૚ − ࢔
= ܕܑܔ

ஶ→࢔

࢔ࡱ
࢔ࡴ

࢔
 

 (Caesaro – Stolz Lemma)  

= ܕܑܔ
ஶ→࢔

ቀ૚+ ૚
ቁ࢔

(࢔ܖܔା࢔ࢽ)࢔

࢔
=
൜ܕܑܔ
ஶ→࢔

ቀ૚ + ૚
ቁ࢔

࢔
ൠ
ܕܑܔ
ಮ→࢔

(࢔ࢽା࢔ܖܔ)

ܕܑܔ
ஶ→࢔

࢔
= 

= ܕܑܔ
ஶ→࢔

࢔ࢽା࢔ܖܔࢋ

࢔
= ܕܑܔ

ஶ→࢔
࢔ࢽࢋ =  ࢽࢋ

 

6. From the book: “Math Phenomenon” 

ܕܑܔ
ஶ→࢔

෍൬
૚

૚!૛! ૜! ⋅ … ⋅ ࢑!
൰
૚
࢑

࢔

࢑ୀ૚

≤ ࢋ)ࢋ − ૚) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࢑ࢇ = ቀ ૚
૚!૛!૜!⋅…⋅࢑!

ቁ
૚
࢑. We show that ࢑ࢇ ≤

૛࢑ି૚
࢑!

	∀	࢑ ≥ ૚ 

For ࢑ = ૚,࢑ࢇ = ૚ ≤ ૛૚ି૚
૚!

. Assume that ࢑ࢇ = ૚
࢑!
൫૛࢑ − ૚൯ for some ࢑ ∈ ℕ 
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⇒
૚

૚!૛! ⋅ … ⋅ ࢑! ≤ ൬
૚
࢑!൰

࢑

൫૛࢑ − ૚൯
࢑

=
૚

૚!૛! ⋅ … ⋅ ࢑! (࢑ + ૚)! 

≤ ൬
૚
࢑!
൰
࢑

൫૛࢑ − ૚൯
࢑ ૚

(࢑ + ૚)!
 

We now show that ቀ૚
࢑!
ቁ
࢑
൫૛࢑ − ૚൯

࢑ ૚
(࢑ା૚)!	

≤ ቀ ૚
(࢑ା૚)!	

ቁ
࢑ା૚

൫૛࢑ା૚ − ૚൯
࢑ା૚

 

⇔ ቆ
(࢑ + ૚)!

࢑!
ቇ
࢑

൫૛࢑ − ૚൯࢑ ≤ ൫૛࢑ା૚ − ૚൯࢑ା૚ 

⇔ (࢑ + ૚)࢑൫૛࢑ − ૚൯࢑ ≤ ൫૛࢑ା૚ − ૚൯࢑ା૚   (1) 

 ࡿࡴࡸ

(࢑ + ૚)࢑൫૛࢑ − ૚൯ ≤ ൫૛࢑ା૚ − ૚൯࢑൫૛࢑ା૚ − ૚൯ = ൫૛࢑ା૚ − ૚൯࢑ା૚ 

ൣ∴ ࢑ + ૚ ≤ ૛࢑ା૚ − ૚	∀࢑ ∈ ℕ൧ ∴ (૚) is true 

Thus, ࢑ࢇ ≤
૚
࢑!
൫૛࢑ − ૚൯ ⇒ ∑ ࢔࢑ࢇ

࢑ୀ૚ ≤ ∑ ૚
࢑!

࢔
࢑ୀ૚ ൫૛࢑ − ૚൯ 

⇒ ܕܑܔ
ஶ→࢔

෍࢑ࢇ

࢔

࢑ୀ૚

≤ ૛ࢋ − ࢋ = ࢋ)ࢋ − ૚) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let ࢑ࢇ = ૚
࢑!

 where ࢑ = ૚,૛, …  Applying CARLEMANS Inequality .࢔,

෍ඥࢇ૚ࢇ૛ ࢑࢑ࢇ…

࢔

࢑ୀ૚

< ૛ࢇ)݁ + ૜ࢇ + ⋯+  (࢔ࢇ

∴ ෍ ൬
૚

૚!૛! …࢑!൰

૚
࢑

࢔

࢑ୀ૚

< ݁ ൬
૚
૛! +

૚
૜! + ⋯+

૚
 ൰!࢔

∴ ܕܑܔ
ஶ→࢔

෍൬
૚

૚!૛! … ࢑!
൰
૚
࢑

࢔

࢑ୀ૚

< ࢋ)݁ − ૚) 
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7. Solve for natural numbers: 

૚૝

࢞ +
૛૝

࢞ + ૚ +
૜૝

࢞ + ૛ + ⋯+
૚૙૝

࢞ + ૢ = ૜૙૛૞ 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios – Huarmey-Peru  

Resolver la ecuación: ૚
૝

࢞
+ ૛૝

࢞ା૚
+ ૜૝

࢞ା૛
+ ⋯+ ૚૙૝

࢞ାૢ
= ૜૙૛૞ ⇔ ࢞ > ૙ 

⇒ ૚૝

࢞
+ ૛૝

࢞ା૚
+ ૜૝

࢞ା૛
+⋯+ ૚૙૝

࢞ାૢ
= (૞૞)૛. Desde que: 

෍࢏૜
࢔

ୀ૚࢏

= ቆ
࢔)࢔ + ૚)

૛ ቇ
૛

 

Si: ࢔ = ૚૙ ⇔ ૚૜ + ૛૜ + ૜૜ +⋯+ ૚૙૜ = (૞૞)૛ 

૚૝

࢞ +
૛૝

࢞ + ૚ +
૜૝

࢞ + ૛ + ⋯+
૚૙૝

࢞ + ૢ = ૚૜ + ૛૜ + ૜૜ + ⋯+ ૚૙૜ 

൬
૚
࢞ − ૚൰ + ൬

૚૟
࢞ + ૚ − ૡ൰+ ൬

ૡ૚
࢞ + ૛ − ૛ૠ൰ + ⋯+ ൬

૚૙૙૙૙
࢞ + ૢ − ૚૙૙૙൰ = ૙ 

൬
૚ − ࢞
࢞

൰ +
ૡ(૚ − ࢞)
࢞ + ૚

+
૛ૠ(૚ − ࢞)

(࢞ + ૛) +
૚૙૙૙(૚ − ࢞)

(࢞ + ૢ) = ૙ 

(૚ − ࢞) ൬
૚
࢞ +

ૡ
࢞ + ૚ +

૛ૠ
࢞ + ૛ + ⋯+

૚૙૙૙
࢞ + ૢ൰ = ૙ ⇔ 

⇔ ቀ૚
࢞

+ ૡ
࢞ା૚

+ ૛ૠ
࢞ା૛

+ ⋯+ ૚૙૙૙
࢞ାૢ

ቁ > ૙, ya que: ࢞ > ૙. Por la tanto: ࢞ = ૚ 

 

8. Solve in natural numbers: 

૚ −෍
࢑

√࢑! ൫࢑ + ૚ + √࢑ + ૚൯

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

Proposed by Daniel Sitaru – Romania 
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Solution by Kevin Soto Palacios-Huarmey-Peru: 

Resolver en números naturales. 

૚ −෍
࢑

√࢑! ൫࢑ + ૚ + √࢑ + ૚൯

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −෍
࢑

√࢑! ൫√࢑ + ૚൯൫√࢑ + ૚ + ૚൯

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −෍
࢑൫√࢑ + ૚ − ૚൯

ඥ(࢑ + ૚)!	൫√࢑ + ૚+ ૚൯൫√࢑ + ૚ − ૚൯

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −෍
࢑൫√࢑ + ૚ − ૚൯
ඥ(࢑ + ૚)! (࢑)

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −෍ቆ
√࢑ + ૚

ඥ(࢑ + ૚)࢑!
−

૚
ඥ(࢑ + ૚)!

ቇ
࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −෍
૚
√࢑!

࢔

࢑ୀ૚

+ ෍
૚

ඥ(࢑ + ૚)!

࢔

࢑ୀ૚

≤
૚

૚૛√૞
 

⇒ ૚ −
૚
√૚!

+
૚
√૛!

−
૚
√૛!

+
૚
√૜!

−⋯+
૚

ඥ(࢑ + ૚)!	
≤

૚
૚૛√૞

 

⇒
૚

ඥ(࢑ + ૚)!
≤

૚
૚૛√૞

→ ඥ(࢑ + ૚)! ≥ ૚૛√૞ → (࢑ + ૚)! ≥ ૠ૛૙ → 

→ (࢑ + ૚)! ≥ ૟! → ࢑ ≥ ૞ 

9. Find ࢞ ∈ ℕ such that: 

෍
࢞ + ࢑
૜࢑ + ૛

࢔

࢑ୀ૚

= ෍
࢑ + ૚

࢞ + ૜࢑ + ૚

࢔

࢑ୀ૚

 

Proposed by Daniel Sitaru – Romania  
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Solution by Kevin Soto Palacios –Huarmey- Peru  

෍
࢞ + ࢑
૜࢑ + ૛

࢔

࢑ୀ૚

= ෍
࢑ + ૚

࢞ + ૜࢑ + ૚

࢔

࢑ୀ૚

⇔ ࢞ ∧ ࢔ > 0 

⇒
࢞ + ૚
૞ +

࢞ + ૛
ૡ +

࢞ + ૜
૚૚ + ⋯+

࢞ + ࢔
૜࢔ + ૛ =

૛
࢞ + ૝ +

૜
࢞ + ૠ +

૝
࢞ + ૚૙ + ⋯+

࢔ + ૚
࢞ + ૚ + ૜࢔ 

⇒ ൬
࢞ + ૚
૞

−
૛

࢞ + ૝
൰ + ൬

࢞ + ૛
ૡ

−
૜

࢞ + ૠ
൰+ ൬

࢞ + ૜
૚૚

−
૝

࢞ + ૚૙
൰+⋯+ ൬

࢞ + ࢔
૜࢔ + ૛

−
࢔ + ૚

࢞ + ૚ + ૜࢔
൰ = ૙ 

⇒
࢞૛ + ૞࢞ − ૟
૞(࢞ + ૝) +

࢞૛ + ૢ࢞ − ૚૙
ૡ(࢞+ ૠ) +

࢞૛ + ૚૜࢞ − ૚૝
૚૚(࢞ + ૚૙) + ⋯+

(࢞ ࢞)(࢔+ + ૚ + ૜࢔) − ࢔) + ૚)(૜࢔ + ૛)
(૜࢔ + ૛)(࢞ + ૚ + ૜࢔) = ૙ 

⇒ (࢞ି૚)(࢞ା૟)
૞(࢞ା૝) + (࢞ି૚)(࢞ା૚૙)

ૡ(࢞ାૠ) + (࢞ି૚)(࢞ା૚૝)
૚૚(࢞ା૚૙) + ⋯+ ࢞૛ା࢞ା૝࢞࢔ା࢔ା૜࢔૛ି૜࢔૛ି૞ି࢔૛

(૜࢔ା૛)(࢞ା૚ା૜࢔) = ૙  

⇒
(࢞ − ૚)(࢞ + ૟)

૞(࢞ + ૝) +
(࢞ − ૚)(࢞ + ૚૙)

ૡ(࢞ + ૠ) +
(࢞ − ૚)(࢞ + ૚૝)
૚૚(࢞ + ૚૙) + ⋯+

࢞૛ + ࢞(૝࢔ + ૚) −૝࢔ −૛
(૜࢔ + ૛)(࢞ + ૚ + ૜࢔) = ૙ 

⇒
(࢞ − ૚)(࢞ + ૟)

૞(࢞ + ૝) +
(࢞ − ૚)(࢞ + ૚૙)

ૡ(࢞+ ૠ) +
(࢞ − ૚)(࢞ + ૚૝)
૚૚(࢞+ ૚૙) +⋯+

(࢞ − ૚)(࢞ + ૝࢔ + ૛)
(૜࢔ + ૛)(࢞ + ૚ + ૜࢔) = ૙ 

⇒ (࢞ − ૚) ൬
࢞ + ૟

૞(࢞ + ૝) +
࢞ + ૚૙
ૡ(࢞ + ૠ) +

࢞ + ૚૝
૚૚(࢞+ ૚૙) + ⋯+

࢞+ ૝࢔ + ૛
(૜࢔ + ૛)(࢞+ ૚ + ૜࢔)൰ = ૙ 

⇒ Por la tanto: ࢞ = ૚, ya que: 

൬
࢞ + ૟

૞(࢞ + ૝) +
࢞ + ૚૙
ૡ(࢞ + ૠ) +

࢞ + ૚૝
૚૚(࢞ + ૚૙) + ⋯+

࢞ + ૝࢔ + ૛
(૜࢔ + ૜)(࢞+ ૚ + ૜࢔)൰ > 0 ⇔ 	ݔ ∧ ݊ > 0 

 

10. Solve in natural numbers: 

෍ቆቀ
࢑
૛ቁ
૛
ቇ

࢞

࢑ୀ૜

≤ ૚૟ૡ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

ቀ࢑૛ቁ = ૚
૛
࢑)࢑ − ૚) = ∴ (say)   ࢓ ቆቀ

࢑
૛ቁ
૛
ቇ = ቀ࢓૛ ቁ = ૚

૛
−࢓)࢓ ૚) 

=
૚
ૡ࢑

(࢑ − ૚)[࢑૛ − ࢑ − ૛] =
૚
ૡ ࢑

(࢑ − ૚)(࢑ + ૚)(࢑ − ૛) = 
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=
૜
૛૝

(࢑ + ૚)࢑)࢑ − ૚)(࢑ − ૛) = ૜ ቀ࢑ + ૚
૝ ቁ 

෍ቆቀ
࢑
૛ቁ
૛
ቇ

࢞

࢑ୀ૜

= ૜෍ቀ࢑ + ૚
૝ ቁ

࢞

࢑ୀ૜

= ૜ ቂቀ૝૝ቁ + ቀ૞૝ቁ+ ⋯+ ቀ࢞ + ૚
૝ ቁቃ = 

= ૜ ቂቀ૞૞ቁ+ ቀ૞૝ቁ + ⋯+ ቀ࢞ + ૚
૝ ቁቃ = ૜ ቂቀ૟૞ቁ+ ቀ૟૝ቁ +⋯+ ቀ࢞ + ૚

૝ ቁቃ = 

= ૜ ቂቀૠ૞ቁ + ቀૠ૝ቁ + ⋯+ ቀ࢞ + ૚
૝ ቁቃ = ⋯ = ૜ ቀ࢞ + ૛

૞ ቁ 

Thus, ૜ ቀ࢞ + ૛
૞ ቁ ≤ ૚૟ૡ ⇒ ቀ࢞ + ૛

૞ ቁ ≤ ૞૟. As ቀ࢘࢔ቁ = ૙ for ࢔ <  ,ݎ

࢞ = ૚, ૛,૜, ૝,૞, ૟ 

Solution 2 by Soumava Pal-Kolkata-India 

We know ቆቀ
࢑
૛ቁ
૛
ቇ = ૜ ቀ࢑૜ቁ+ ૜ ቀ࢑૝ቁ ,࢑ ≥ ૜ (where ቀ૜૝ቁ = ૙ defined) 

෍ቆቀ
࢑
૛ቁ
૛
ቇ

࢞

࢑ୀ૜

≤ ૚૟ૡ ⇒ ૜൭෍ቀ࢑૜ቁ
࢞

࢑ୀ૜

+ ෍ቀ࢑૝ቁ
࢞

࢑ୀ૜

൱ ≤ ૚૟ૡ 

⇒ ቆቀ૜૜ቁ + ቀ૝૜ቁ+ ⋯+ ቀ࢞૜ቁ + ቀ૜૝ቁ + ቀ૝૝ቁ+ ⋯+ ቀ࢞૜ቁቇ ≤ ૞૟ 

(where ቀ૜૝ቁ = ૙) we check that for ࢞ = ૜, ࡿࡴࡸ = ૚ 

࢞ = ૝,ࡿࡴࡸ = ૟; ࢞ = ૞, ࡿࡴࡸ = ૛૚; 	࢞ = ૟,ࡿࡴࡸ = ૞૟ 

so possible values of ࢞ are ૜, ૝,૞,૟ 

Solution 3 by Saptak Bhattacharya – Kolkata – India  

∑ ቄቀ࢑૜ቁ + ቀ࢑૝ቁቅ
࢞
࢑ୀ૜ ≤ ૞૟ ⇒ ∑ ቀ࢔૝ቁ

࢞ା૚
࢑ୀ૝ ≤ ૞૟ (Pascal). Now,  

෍ቀ࢔૝ቁ
࢞ା૚

࢑ୀ૝

= ෍ ቀ࢔− ૝ + ૞ − ૚
૞ − ૚ ቁ

࢞ି૜

૝ୀ૙ି࢔

=  (࢚ࢋ࢒)ࢀ
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= ૚ࢻ + ૛ࢻ + ⋯+ ૞ࢻ ≤ ࢞ − ૜. We introduce a 6th variable 

૟ࢻ = ࢞ − ૜ − ∑ ૞࢏ࢻ
࢑ୀ࢏ . So, ∑ ૟࢏ࢻ

࢑ୀ૚ = ࢞ − ૜ has ࢀ two integer solutions 

⇒ ࢀ = ቀ࢞ − ૜ + ૟ − ૚
૟ − ૚ ቁ = ቀ࢞ + ૛

૞ ቁ. Thus, ቀ࢞ + ૛
૞ ቁ ≤ ૞૟ ⇒ ࢞ = ૜,૝, ૞,૟ 

 

11. Solve for real numbers: 

૝࢞ + ૛૞
૚
࢞ + ૝࢞ ⋅ ૛૞

૚
࢞ = ૚૙૚ 

Proposed by Marian Ursarescu-Romania 

Solution by Radu Butelca-Romania 

ࡱ = ૝࢞ + ૛૞
૚
࢞ + ૝࢞ ⋅ ૛૞

૚
࢞ = ૚૙૚; ࢞ < 0 ⇒ ૝࢞ + ૛૞

૚
࢞ + ૝࢞ ⋅ ૛૞

૚
࢞ < 3 < 101: false 

If ࢞ > 0, we notice that ࢞ = ૛ and ࢞ = ૝܏ܗܔ ૞ satisfies the equation. 

Let ࢌ:ℝା
∗ → (૙, (࢞)ࢌ,(∞+ = ૝࢞ + ૛૞

૚
࢞  

We prove that ࢌ is strictly decreasing on ൫૙,√ࢻ൯ and strictly increasing on ൫√ࢻ, +∞൯, 

where ࢻ = ૝܏ܗܔ ૛૞; ૝܏ܗܔ૝ ૛૞ = ૛૞ ⇒ (࢞)ࢌ = ૝࢞ + ૝
ࢻ
࢞ 

Suppose that √ࢻ ≤ ࢞ ≤ ࢟ ⇒ (࢟)ࢌ − (࢞)ࢌ = (૝࢟ − ૝࢞) + ൬૝
ࢻ
࢟ − ૝

ࢻ
࢞൰ = 

= ૝࢞(૝࢟ି࢞ − ૚) − ૝
ࢻ
࢟ ൬૝

(ష࢞࢟)ࢻ
࢟ష૚ ൰. But ࢻ <  ݕݔ

⇒ (࢟)ࢌ − (࢞)ࢌ > ૝࢞(૝࢟ି࢞ − ૚) − ૝
ࢻ
࢟(૝࢟ି࢞ − ૚) = 

= (૝࢟ି࢞ − ૚) ൬૝࢞ − ૝
ࢻ
࢟൰

࢟ > ݀݊ܽ	ݔ ࢻ
࢟

< ࢻ√ < ݔ
ቑ ⇒ −(࢟)ࢌ (࢞)ࢌ > 0 ⇔ ݂(࢟) > (ݔ)݂ ⇔ ݂ is strictly increasing 

on ൫√ࢻ, +∞൯	. Similar for ൫૙,√ࢻ൯ ⇒ (࢞)ࢌ = ૝࢞ + ૛૞
૚
࢞  is strictly convexe (1) 

Let ࢍ:ℝା
∗ → (૙, (࢞)ࢍ,(∞+ = ૝࢞ା

ࢻ
࢞; ૝࢞ ⋅ ૛૞

૚
࢞ = ૝࢞ ⋅ ૝

ࢻ
࢞ = ૝࢞ା

ࢻ
࢞ ࢻ, = ૝܏ܗܔ ૛૞ 

(࢞)ࢍ = ૝࢞ା
ࢻ
࢞ ⇒

ࢊ
ࢌ࢞ࢊ

(࢞) = ૝࢞ା
ࢻ
࢞ ૝ܖܔ ቀ૚ −

ࢻ
࢞૛
ቁ 
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ࢊ
૛࢞ࢊ ࢌ

(࢞) = ܖܔ ૝ ቀ૚ −
ࢻ
࢞૛
ቁ
ࢊ
࢞ࢊ ࢌ

(࢞) = ૝࢞ା
ࢻ
࢞ ܖܔ ૝ࢻ

૛࢞
࢞૝ = 

= ૝࢞ା
ࢻ
࢞ ܖܔ ૝ᇣᇧᇧᇤᇧᇧᇥ
வ଴

ቀ૚ − ࢻ
࢞૛

+ ࢻ ૛
࢞૜
ቁᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

૚ − ࢻ
࢞૛

+ ࢻ ૛
࢞૜

= ࢞૜ି࢞ࢻା૛࢞
࢞૜

> 0
ൢ ⇒ (࢞)ᇱᇱࢍ > 0 ⇒ ݃ is strictly convexe (2) 

ࡱ = (࢞)ࢌ + ⇒ which is a sum of 2 strictly convexe functions ,(࢞)ࢍ  has maximum 2 ࡱ

solutions which are 	࢞ = ૛ and ࢞ = ૝܏ܗܔ ૞ 

 

12. Find: 

ࢹ = නቀ࢞૚૙ + ඥ૚ + ࢞૛૙ቁ
૛૚
૚૙ ,࢞ࢊ ࢞ ∈ ℝ 

Proposed by Nishant Kumar – Jamshedpur – India  

Solution 1 by proposer 

∫൫࢞૚૙ + √૚ + ࢞૛૙൯
૛૚
૚૙ putting ࢞૚૙ ࢞ࢊ + √૚ + ࢞૛૙ = ࢚ 

using the fact 

ቈ૚૙࢞ૢ +
૚૙࢞૚ૢ

√૚ + ࢞૛૙
቉ ࢞ࢊ =  ࢚ࢊ

ቀඥ૚+ ࢞૛૙ + ࢞૚૙ቁ ቀඥ૚+ ࢞૛૙ − ࢞૚૙ቁ = ૚ 

૚૙࢞ૢቀඥ૚ା࢞૛૙ା࢞૚૙ቁ

ඥ૚ା࢞૛૙
࢞ࢊ = ૚૙࢞ ,࢚ࢊ + √૚ + ࢞૛૙ = ࢚ 

√૚ + ࢞૛૙ − ࢞૚૙ = ૚
࢚
,  ૚૙൫࢚

૛ି૚൯
ૢ
૚૙⋅࢚⋅(૛࢚)

(૛࢚)
ૢ
૚૙⋅(࢚૛ା૚)

࢞ࢊ =  ࢚ࢊ

On adding we get √૚ + ࢞૛૙ = ࢚૛ା૚
૛࢚

.   On substractiong we get ࢞૚૙ = ࢚૛ି૚
૛࢚

 

࢞ࢊ =
(૛࢚)

ૢ
૚૙⋅൫࢚૛ା૚൯

૛૙⋅࢚૛(࢚૛ି૚)
ૢ
૚૙
ૢ࢞  ,࢚ࢊ = ቄ࢚

૛ି૚
૛࢚
ቅ
ૢ
૚૙ 
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න
࢚
૛૚
૚૙ ⋅ (૛࢚)

ૢ
૚૙(࢚૛ + ૚)࢚ࢊ

૛૙࢚૛ ⋅ (࢚૛ − ૚)
ૢ
૚૙

=
૚
૛૙

න
࢚
૚
૚૙ ⋅ (૛࢚)

ૢ
૚૙(࢚૛ + ૚)

(࢚૛ − ૚)
ૢ
૚૙

 ࢚ࢊ

૚

૛
૚
૚૙ ⋅ ૛૙

න
૛࢚ ⋅ (࢚૛ + ૚)

(࢚૛ − ૚)
ૢ
૚૙

࢚ࢊ =
૚

૛
૚
૚૙ ⋅ ૛૙

൤૚૙(࢚૛ − ૚)
૚
૚૙(࢚૛ + ૚) −න૛࢚ ⋅ (࢚૛ − ૚)

૚
૚૙  ൨࢚ࢊ

૚

૛
૚
૚૙ ⋅ ૛૙

൤૚૙(࢚૛ − ૚)
૚
૚૙(࢚૛ + ૚) −

૚૙
૚૚

(࢚૛ − ૚)
૚૚
૚૙൨ 

૚

૛
૚૚
૚૙
቎(࢚૛ − ૚)

૚
૚૙(࢚૛ + ૚) −

(࢚૛ − ૚)
૚૚
૚૙

૚૚ ቏ +  ࢉ

where ࢚ = ൣ࢞૚૙ + √૚ + ࢞૛૙൧ 

Solution 2 by Ravi Prakash - New Delhi – India  

ࢹ = නቀඥ࢞૛૙ + ૚ + ࢞૚૙ቁ
૛૚
૚૙ 

= න
ൣ൫√࢞૛૙ + ૚ + ࢞૚૙൯൫√࢞૛૙ + ૚ − ࢞૚૙൯൧

૛૚
૚૙

ൣ√࢞૛૙ + ૚ − ࢞૚૙൧
૛૚
૚૙

࢞ࢊ = 

= නቂ࢞૚૙ ቀඥ૚+ ࢞ି૛૙ − ૚ቁቃ
ቀି૛૚૚૙ቁ

࢞ࢊ = න࢞ି૛૚ ቂඥ૚+ ࢞ି૛૙ − ૚ቃ
ି૛૚૚૙  ࢞ࢊ

Put √૚ + ࢞ି૛૙ = ࢚ ⇒ ࢞ି૛૙ = ࢚૛ − ૚,  −૛૙࢞ି૛૚࢞ࢊ = ૛࢚	࢚ࢊ 

∴ ࢹ = න൬−
૚
૛૙
൰ (࢚ + ૚)ି

૛૚
૛૙(૛࢚)	࢚ࢊ = (࢚ + ૚૙)ି

૚
૛૙(૛࢚) − ૛න(࢚ + ૚)ି

૚
૛૙  ࢚ࢊ

=
૛࢚

(࢚ + ૚)
૚
૛૙
−
૛	 × 	૛૙
૚ૢ

(࢚ + ૚)
૚ૢ
૛૙ +  ࢉ

=
૛√૚ + ࢞ି૛૙

ൣ૚+ √࢞ି૛૙ + ૚൧
૚
૛૙
−
૝૙
ૢ
ቀ૚ + ඥ࢞ି૛૙ + ૚ቁ

૚ૢ
૛૙ +  ࢉ
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Solution 3 by Myagmarsuren Yadamsuren – Ulaanbataar – Mongolia  

නቀ࢞૚૙ + ඥ૚+ ࢞૛૙ቁ
૛૚
૚૙ ࢞ࢊ = න ൥

൫√૚ + ࢞૛૙ + ࢞૚૙൯ ⋅ ൫√૚ + ࢞૛૙ − ࢞૚૙൯
√૚ + ࢞૛૙ − ࢞૚૙

൩

૛૚
૚૙

 ࢞ࢊ

= න
૚

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૛૚
૚૙
࢞ࢊ = න

૚

࢞૛૚ ⋅ ቆට૚+ ૚
࢞૛૙ − ૚ቇ

૛૚
૚૙
࢞ࢊ = 

= −
૚
૛૙

න
ቀ૚ࢊ + ૚

࢞૛૙ቁ

ቆට૚+ ૚
࢞૛૙ − ૚ቇ

૛૚
૚૙

= ൬૚ +
૚
࢞૛૙

= ࢟൰ = 

= −
૚
૛૙

⋅ න
࢟ࢊ

൫ඥ࢟ − ૚൯
૛૚
૚૙

= −
૚
૛૙

ቈ−
૛૙
૚૚

⋅ නඥ࢟ ⋅ ൫ඥ࢟ࢊ − ૚൯
ି૚૚૚૙቉ = 

=
૚
૚૚

⋅ ቆඥ࢟ ⋅ ൫ඥ࢟ − ૚൯
ି૚૚૚૙ −න൫ඥ࢟ − ૚൯

ି૚૚૚૙ࢊ൫ඥ࢟൯ቇ = 

=
૚
૚૚ ⋅ ൮ඥ࢟ ⋅ ൫ඥ࢟− ૚൯

ି૚૚૚૙ −
૚
૛ ⋅ න

૚

ඥ࢟ ⋅ ൫ඥ࢟ − ૚൯
૚૚
૚૙
൲࢟ࢊ = 

=
૚
૚૚ ⋅ ቆඥ࢟ ⋅ ൫ඥ࢟ − ૚൯

ି૚૚૚૙ −
૚
૛ ⋅ ቈ−૛૙ ⋅ නࢊ൫ඥ࢟ − ૚൯

ି ૚
૚૙቉ቇ = 

=
૚
૚૚

⋅ ቆඥ࢟ ⋅ ൫ඥ࢟− ૚൯
ି૚૚૚૙ + ૚૙ ⋅ ൫ඥ࢟ − ૚൯

ି ૚
૚૙ + ቇ࡯ = 

=
૚
૚૚

⋅ ൦
ඥ࢟

൫ඥ࢟ − ૚൯
૚૚
૚૙

+
૚૙

൫ඥ࢟ − ૚൯
૚
૚૙

+ ൪࡯ = 
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=
૚
૚૚

⋅

⎣
⎢
⎢
⎢
⎢
⎡

ට૚+ ૚
࢞૛૙

ቆට૚ + ૚
࢞૛૙ − ૚ቇ

૚૚
૚૙

+
૚૙

ቆට૚+ ૚
࢞૛૙ቇ

૚
૚૙

⎦
⎥
⎥
⎥
⎥
⎤

+ ࡯ = 

=
૚
૚૚

⋅ ൦
࢞ ⋅ √૚ + ࢞૛૙

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚૚
૚૙

+
૚૙࢞

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚
૚૙
൪ + ࡯ = 

=
૚
૚૚

൦
࢞ ⋅ √૚ + ࢞૛૙

൫√૚ + ࢞૛૙ − ࢞૚૙൯
૚૚
૚૙

+
૚૙࢞

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚
૚૙
൪ +  ࡯

Solution 4 by Yen Tung Chung – Taichung – Taiwan  

නቀ࢞૚૙ + ඥ૚+ ࢞૛૙ቁ
૛૚
૚૙ = නቆ

(૚ + ࢞૛૙) − ࢞૛૙

√૚ + ࢞૛૙ − ࢞૚૙
ቇ

૛૚
૚૙
࢞ࢊ = 

= නቀඥ૚+ ࢞૛૙ − ࢞૚૙ቁ
ି૛૚૚૙࢞ࢊ = නቀඥ૚+ ࢞ି૛૙ − ૚ቁ

ି૛૚૚૙ ⋅ ࢞ି૛૚࢞ࢊ 

ቀ࢛ = ඥ૚+ ࢞ି૛૙ − ૚ ⇒ ࢞ି૛૙ = ࢛૛ + ૛࢛,−૛૙࢞ି૛૚࢞ࢊ = (૛࢛ + ૛)࢛ࢊቁ 

= න࢛ି
૛૚
૛૙ ⋅ ൤−

૚
૚૙

(࢛ + ૚)൨ ࢛ࢊ = −
૚
૚૙

න൬࢛ି
૚
૛૙ + ࢛ି

૛૚
૛૙൰ ࢛ࢊ = 

= −
૚
૚૙ ൬

૛૙
૚ૢ࢛

૚ૢ
૛૙ − ૛૙࢛ି

૚
૛૙൰ + ࡯ = 

= −
૛
૚ૢ

ቀ૚ −ඥ૚ + ࢞ି૛૙ቁ
૚ૢ
૛૙ + ૛ ቀ૚ − ඥ૛+ ࢞ି૛૙ቁ

ି ૚
૛૙ +  ࡯
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13. Find: 

ࢹ = නቀ࢞૚૙ + ඥ૚ + ࢞૛૙ቁ
૛૚
૚૙ ,࢞ࢊ ࢞ ∈ ℝ 

Proposed by Nishant Kumar – Jamshedpur – India  

Solution 1 by proposer 

∫൫࢞૚૙ + √૚ + ࢞૛૙൯
૛૚
૚૙ putting ࢞૚૙ ࢞ࢊ + √૚ + ࢞૛૙ = ࢚, using the fact 

൤૚૙࢞ૢ + ૚૙࢞૚ૢ

ඥ૚ା࢞૛૙
൨ ࢞ࢊ = +൫√૚ ;࢚ࢊ ࢞૛૙ + ࢞૚૙൯൫√૚ + ࢞૛૙ − ࢞૚૙൯ = ૚ 

૚૙࢞ૢቀඥ૚ା࢞૛૙ା࢞૚૙ቁ

ඥ૚ା࢞૛૙
࢞ࢊ = ૚૙࢞  ,࢚ࢊ + √૚ + ࢞૛૙ = ࢚ 

ඥ૚+ ࢞૛૙ − ࢞૚૙ =
૚
࢚

,
૚૙(࢚૛ − ૚)

ૢ
૚૙ ⋅ ࢚ ⋅ (૛࢚)

(૛࢚)
ૢ
૚૙ ⋅ (࢚૛ + ૚)

࢞ࢊ =  ࢚ࢊ

On adding we get √૚ + ࢞૛૙ = ࢚૛ା૚
૛࢚

. On substractiong we get ࢞૚૙ = ࢚૛ି૚
૛࢚

 

࢞ࢊ =
(૛࢚)

ૢ
૚૙ ⋅ (࢚૛ + ૚)

૛૙ ⋅ ࢚૛(࢚૛ − ૚)
ૢ
૚૙
;࢞ࢊ 	࢞ૢ = ቊ

࢚૛ − ૚
૛࢚

ቋ

ૢ
૚૙

 

න
࢚
૛૚
૚૙ ⋅ (૛࢚)

ૢ
૚૙(࢚૛ + ૚)࢚ࢊ

૛૙࢚૛ ⋅ (࢚૛ − ૚)
ૢ
૚૙

=
૚
૛૙

න
࢚
૚
૚૙ ⋅ (૛࢚)

ૢ
૚૙(࢚૛ + ૚)

(࢚૛ − ૚)
ૢ
૚૙

 ࢚ࢊ

૚

૛
૚
૚૙ ⋅ ૛૙

න
૛࢚ ⋅ (࢚૛ + ૚)

(࢚૛ − ૚)
ૢ
૚૙

࢚ࢊ =
૚

૛
૚
૚૙ ⋅ ૛૙

൤૚૙(࢚૛ − ૚)
૚
૚૙(࢚૛ + ૚) −න૛࢚ ⋅ (࢚૛ − ૚)

૚
૚૙  ൨࢚ࢊ

૚

૛
૚
૚૙ ⋅ ૛૙

൤૚૙(࢚૛ − ૚)
૚
૚૙(࢚૛ + ૚) −

૚૙
૚૚

(࢚૛ − ૚)
૚૚
૚૙൨ 

૚

૛
૚૚
૚૙
൥(࢚૛ − ૚)

૚
૚૙(࢚૛ + ૚)− ൫࢚૛ି૚൯

૚૚
૚૙

૚૚
൩ + ࢚ where ,ࢉ = ൣ࢞૚૙ + √૚ + ࢞૛૙൧ 
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Solution 2 by Ravi Prakash - New Delhi – India  

ࢹ = නቀඥ࢞૛૙ + ૚ + ࢞૚૙ቁ
૛૚
૚૙ ࢞ࢊ = 

= න
ൣ൫√࢞૛૙ + ૚ + ࢞૚૙൯൫√࢞૛૙ + ૚ − ࢞૚૙൯൧

૛૚
૚૙

ൣ√࢞૛૙ + ૚ − ࢞૚૙൧
૛૚
૚૙

࢞ࢊ = 

= නቂ࢞૚૙ ቀඥ૚+ ࢞ି૛૙ − ૚ቁቃ
ቀି૛૚૚૙ቁ

࢞ࢊ = න࢞ି૛૚ ቂඥ૚+ ࢞ି૛૙ − ૚ቃ
ି૛૚૚૙  ࢞ࢊ

Put √૚ + ࢞ି૛૙ = ࢚ ⇒ ࢞ି૛૙ = ࢚૛ − ૚; −૛૙࢞ି૛૚࢞ࢊ = ૛࢚	࢚ࢊ 

∴ ࢹ = න൬−
૚
૛૙
൰ (࢚ + ૚)ି

૛૚
૛૙(૛࢚)	࢚ࢊ = 

= (࢚+ ૚૙)ି
૚
૛૙(૛࢚) − ૛∫(࢚ + ૚)ି

૚
૛૙ ࢚ࢊ = ૛࢚

(࢚ା૚)
૚
૛૙
− ૛	×	૛૙

૚ૢ
(࢚ + ૚)

૚ૢ
૛૙ + ࢉ =  

=
૛√૚ + ࢞ି૛૙

ൣ૚+ √࢞ି૛૙ + ૚൧
૚
૛૙
−
૝૙
ૢ
ቀ૚ + ඥ࢞ି૛૙ + ૚ቁ

૚ૢ
૛૙ +  ࢉ

Solution 3 by Myagmarsuren Yadamsuren – Ulaanbataar – Mongolia  

නቀ࢞૚૙ + ඥ૚+ ࢞૛૙ቁ
૛૚
૚૙ ࢞ࢊ = න ൥

൫√૚ + ࢞૛૙ + ࢞૚૙൯ ⋅ ൫√૚ + ࢞૛૙ − ࢞૚૙൯
√૚ + ࢞૛૙ − ࢞૚૙

൩

૛૚
૚૙

 ࢞ࢊ

= න
૚

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૛૚
૚૙
࢞ࢊ = න

૚

࢞૛૚ ⋅ ቆට૚+ ૚
࢞૛૙ − ૚ቇ

૛૚
૚૙
࢞ࢊ = 

= −
૚
૛૙න

ቀ૚ࢊ + ૚
࢞૛૙ቁ

ቆට૚+ ૚
࢞૛૙ − ૚ቇ

૛૚
૚૙

= ൬૚ +
૚
࢞૛૙ = ࢟൰ = 



 
www.ssmrmh.ro 

 

= −
૚
૛૙

⋅ න
࢟ࢊ

൫ඥ࢟ − ૚൯
૛૚
૚૙

= −
૚
૛૙

ቈ−
૛૙
૚૚

⋅ නඥ࢟ ⋅ ൫ඥ࢟ࢊ − ૚൯
ି૚૚૚૙቉ = 

=
૚
૚૚

⋅ ቆඥ࢟ ⋅ ൫ඥ࢟ − ૚൯
ି૚૚૚૙ −න൫ඥ࢟ − ૚൯

ି૚૚૚૙ࢊ൫ඥ࢟൯ቇ = 

=
૚
૚૚

⋅ ൮ඥ࢟ ⋅ ൫ඥ࢟− ૚൯
ି૚૚૚૙ −

૚
૛
⋅ න

૚

ඥ࢟ ⋅ ൫ඥ࢟ − ૚൯
૚૚
૚૙
൲࢟ࢊ = 

=
૚
૚૚ ⋅ ቆඥ࢟ ⋅ ൫ඥ࢟ − ૚൯

ି૚૚૚૙ −
૚
૛ ⋅ ቈ−૛૙ ⋅ නࢊ൫ඥ࢟ − ૚൯

ି ૚
૚૙቉ቇ = 

=
૚
૚૚ ⋅ ቆඥ࢟ ⋅ ൫ඥ࢟− ૚൯

ି૚૚૚૙ + ૚૙ ⋅ ൫ඥ࢟ − ૚൯
ି ૚
૚૙ + ቇ࡯ = 

=
૚
૚૚

⋅ ൦
ඥ࢟

൫ඥ࢟ − ૚൯
૚૚
૚૙

+
૚૙

൫ඥ࢟ − ૚൯
૚
૚૙

+ ൪࡯ = 

=
૚
૚૚

⋅

⎣
⎢
⎢
⎢
⎢
⎡

ට૚+ ૚
࢞૛૙

ቆට૚ + ૚
࢞૛૙ − ૚ቇ

૚૚
૚૙

+
૚૙

ቆට૚+ ૚
࢞૛૙ቇ

૚
૚૙

⎦
⎥
⎥
⎥
⎥
⎤

+ ࡯ = 

=
૚
૚૚

⋅ ൦
࢞ ⋅ √૚ + ࢞૛૙

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚૚
૚૙

+
૚૙࢞

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚
૚૙
൪ + ࡯ = 

=
૚
૚૚

൦
࢞ ⋅ √૚ + ࢞૛૙

൫√૚ + ࢞૛૙ − ࢞૚૙൯
૚૚
૚૙

+
૚૙࢞

൫√૚+ ࢞૛૙ − ࢞૚૙൯
૚
૚૙
൪ +  ࡯

 



 
www.ssmrmh.ro 

 
Solution 4 by Yen Tung Chung – Taichung – Taiwan  

නቀ࢞૚૙ + ඥ૚+ ࢞૛૙ቁ
૛૚
૚૙ = නቆ

(૚ + ࢞૛૙) − ࢞૛૙

√૚ + ࢞૛૙ − ࢞૚૙
ቇ

૛૚
૚૙
࢞ࢊ = 

= නቀඥ૚+ ࢞૛૙ − ࢞૚૙ቁ
ି૛૚૚૙࢞ࢊ = නቀඥ૚+ ࢞ି૛૙ − ૚ቁ

ି૛૚૚૙ ⋅ ࢞ି૛૚࢞ࢊ 

ቀ࢛ = ඥ૚+ ࢞ି૛૙ − ૚ ⇒ ࢞ି૛૙ = ࢛૛ + ૛࢛,−૛૙࢞ି૛૚࢞ࢊ = (૛࢛ + ૛)࢛ࢊቁ 

= න࢛ି
૛૚
૛૙ ⋅ ൤−

૚
૚૙

(࢛ + ૚)൨ ࢛ࢊ = −
૚
૚૙

න൬࢛ି
૚
૛૙ + ࢛ି

૛૚
૛૙൰ ࢛ࢊ = 

= −
૚
૚૙ ൬

૛૙
૚ૢ࢛

૚ૢ
૛૙ − ૛૙࢛ି

૚
૛૙൰ +  ࡯

= −
૛
૚ૢ

ቀ૚ −ඥ૚ + ࢞ି૛૙ቁ
૚ૢ
૛૙ + ૛ ቀ૚ − ඥ૛+ ࢞ି૛૙ቁ

ି ૚
૛૙ +  ࡯

 

ࢹ .14 = ஶ→࢔ܕܑܔ ܖܑܛ ൬
૚
∫࢔

࢞ࢊ
ඥ(࢞ି࢔)(࢔ା૚ି࢞)

ା૚࢔
࢔ ൰ 

True or false: 

−૚ < ߗ < 1 

Proposed by Daniel Sitaru – Romania  

Solution by Togrul Ehmedov-Baku-Azerbaidjian 

࢔ࡵ = න
࢞ࢊ

ඥ(࢞ − ࢔)(࢔ + ૚ − ࢞)

ା૚࢔

࢔

= ܕܑܔ
࣐૚→૙శ
࣐૛→૙శ

න
࢞ࢊ

ඥ(࢞ − ࢔)(࢔ + ૚ − ࢞)

ା૚ି࣐૛࢔

ା࣐૚࢔

= 

= ܕܑܔ
࣐૚→૙శ
࣐૛→૙శ

න ቌඨ
࢔ + ૚ − ࢞
࢞ − ࢔

+ ට
࢞ − ࢔

࢔ + ૚ − ࢞ቍ

ା૚ି࣐૛࢔

ା࣐૚࢔

 ࢞ࢊ
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ࡵ = නቌඨ
࢔ + ૚ − ࢞
࢞ − ࢔

+ ට
࢞ − ࢔

࢔ + ૚ − ࢞ቍ
 ࢞ࢊ

࢔ + ૚ − ࢞
࢞ − ࢔ = ࢚૛ ⇒ ࢞ = ࢔ +

૚
૚ + ࢚૛ ⇒ ࢞ࢊ = −

૛࢚
(૚ + ࢚૛)૛  ࢚ࢊ

ࡵ = −න൬࢚ +
૚
࢚൰ ൬

૛࢚
(૚ + ࢚૛)૛ ൰࢚ࢊ = −૛ܖ܉ܜ܋ܚ܉ ࢚ = −૛ܖ܉ܜ܋ܚ܉ඨ

࢔ + ૚ − ࢞
࢞ − ࢔  

࢔ࡵ = ܕܑܔ
࣐૚→૙శ
࣐૛→૙శ

ቌ−૛ܖ܉ܜ܋ܚ܉ඨ
࢔ + ૚ − ࢞
࢞ − ࢔ ቍ ฬ࢔ + ૚ − ࣐૛

࢔ + ࣐૚
= 

−૛ ܕܑܔ
࣐૚→૙శ
࣐૛→૙శ

ቌܖ܉ܜ܋ܚ܉ඨ
࣐૛

૚ − ࣐૛
− ඨܖ܉ܜ܋ܚ܉

૚ −࣐૚

࣐૚
ቍ = −૛ ⋅ ቀ−

࣊
૛
ቁ = ࣊ 

ࢹ = ܕܑܔ
ஶ→࢔

ܖܑܛ ൬
૚
࢔
൰࢔ࡵ = ܕܑܔ

ஶ→࢔
ܖܑܛ ቀ

࣊
࢔
ቁ = ૙ 

True  or false 

−૚ < ߗ < 1 

 

15. True or false: If ࢓ ∈ ℕ∗ then: 

࢓ࡵ = න
࢞)࢞ࢋ√ + ૜)

(࢞ + ૚)√࢞ࢋ + ࢓

૚

૙

࢞ࢊ < 1 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

࢓ࡵ = න
࢞)࢞ࢋ√ + ૜)

(࢞ + ૚)√࢞ࢋ + ࢓

૚

૙

 ࢞ࢊ
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Put ࢚ = (࢞ + ૚)√࢞ࢋ + ࢞ When  ,࢓ = ૙, ࢚ = ࢓ + ૚ 

࢞ = ૚, ࢚ = ࢓ + ૛√ࢋ 
࢚ࢊ
࢞ࢊ

= (࢞ + ૚) ૚
૛√ࢋ

࢞ + ࢞ࢋ√ = ૚
૛

(࢞ + ૜)√࢞ࢋ. Thus, 

࢓ࡵ = ૛ න
࢚ࢊ
࢚

ࢋ√ା૛࢓

ା૚࢓

= ૛ ܖܔ ቆ
࢓ + ૛√ࢋ
࢓ + ૚

ቇ ; ࢓ࡵ	 < 1 

⇔ ቆܖܔ
࢓ + ૛√ࢋ
࢓ + ૚ ቇ <

૚
૛ ⇔ ࢓ + ૛√ࢋ < ࢓) + ૚)√ࢋ 

⇔ ࢋ√ < ൫√ࢋ − ૚൯࢓ ⇔ ࢓ < −࢓) ૚)√ࢋ 

Not true for ࢓ = ૚,૛. True, for ࢓ ≥ ૜ 

Solution 2 by Redwane El Mellass-Morocco 

࢓ࡵ = න
(࢞ + ૚)√࢞ࢋ + ࢓ + ૛√࢞ࢋ ࢓−

(࢞ + ૚)√࢞ࢋ + ࢓

૚

૙

࢞ࢊ = න૚ −
−࢓ ૛√࢞ࢋ

(࢞ + ૚)√࢞ࢋ + ࢓

૚

૙

࢞ࢊ = 

= ૚ − න
−࢓ ૛√࢞ࢋ

(࢞ + ૚)√࢞ࢋ + ࢓

૚

૙

 ࢞ࢊ

ቊ ૛√࢞ࢋ ࢓− < 3 −݉
(࢞ + ૚)√࢞ࢋ + ࢓ ≥ ૛ + ࢓

⇒
૛√࢞ࢋ ࢓−

(࢞ + ૚)√࢞ࢋ
൜
< 0	݂݅	݉ = 1,2
> 0	݂݅	݉ ≥ 3 ⇒ 

⇒ வଶ࢓ࡵ < 1 and ࡵ૚ஸ࢓ஸ૛ > 1 (false) 

Solution 3 by Saptak Bhattacharya – Kolkata – India  

By MVT,  ࢓ࡵ = ࢋ
ࢉ
૛(ࢉା૜)

ࢋ(ା૚ࢉ)
ࢉ
૛ା࢓

 for some ࢉ ∈ (૙, ૚); ࢓ࡵ	 < 1 implies ࢋ
ࢉ
૛ < ࢓

૛
 

For ࢓ = ૚ and ૛. However, we have  ࢋ
ࢉ
૛ < ૚

૛
 and ࢋ

ࢉ
૛ < 1 

which is impossible if ࢉ ∈ (૙,૚) 
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Solution 4 by Soumava Chakraborty – Kolkata – India  

Let (࢞ + ૚)√࢞ࢋ + ࢓ = ࢓)ࢠ ∈ ࢞) ,We have .(ࡺ + ૜)√࢞ࢊ࢞ࢋ = ૛࢚ࢊ 

∴ (࢓)ࡵ = ૛∫ ࢚ࢊ
࢚

 … from limits (૚ + +to ൫૛√૜ (࢓  ൯࢓

= ૛ from limits (૚ … |࢚|ܖܔ ࢋ√to ൫૛ (࢓+ +  ൯࢓

= ૛ൣܖܔ൫૛√ࢋ ൯࢓+ − ૚)ܖܔ + ൧(࢓ = ૛ ܖܔ ቈ
૛√ࢋ + ࢓
૚ + ࢓ ቉ 

∴ (࢓)ࡵ < 1 ⇔ ܖܔ ቈ
૛√ࢋ + ࢓
૚ + ࢓ ቉ <

૚
૛ =  ࢋ√ܖܔ

⇔
૛√ࢋ + ࢓
૚ ࢓+

< ࢋ√ ⇔ ૛√ࢋ + ࢓ < ࢋ√ +  ࢋ√࢓

⇔ ࢋ√ < ݉൫√ࢋ − ૚൯ ⇔ ࢋ√
૚ିࢋ√

< ݉ ⇔ 2 ⋅ 54 (approx.) < ݉ ⇔ ݉ ≥ 3 

∴ (࢓)ࡵ < 1 is true if ࢓ ≥ ૜ and (࢓)ࡵ > 1 for ࢓ = ૚, ૛ 

Solution 5 by Yen Tung Chung – Vietnam  

∵
ࢊ
࢞ࢊ ቈ૛ ܖܔ ቆ

(࢞ + ૚)ࢋ
࢞
૛ + ቇ቉࢓ = ૛ቌ

ࢋ
࢞
૛ + ૚

૛ (࢞ + ૚)ࢋ
࢞
૛

(࢞ + ૚)ࢋ
࢞
૛ ࢓+

ቍ =
(࢞ + ૜)√࢞ࢋ

(࢞ + ૚)√࢞ࢋ + ࢓
 

∴ ࢓ࡵ = න
+࢞)࢞ࢋ√ ૜)

(࢞+ ૚)√࢞ࢋ + ࢓

૚

૙

࢞ࢊ = ૛න
૚
૛ (࢞ + ૜)ࢋ

࢞
૛

(࢞+ ૚)ࢋ
࢞
૛ + ࢓

૚

૙

࢞ࢊ = ૛න
࢞)ቆࢊ + ૚)ࢋ

࢞
૛ + ቇ࢓

(࢞ + ૚)ࢋ
࢞
૛ + ࢓

૚

૙

 

= ૛ ቀܖܔ ቚ(࢞ + ૚)ࢋ
࢞
૛ + ቚቁ࢓ ቚ૚૙ = ૛൫ܖܔ൫૛√ࢋ + −൯࢓ +૚)ܖܔ ൯(࢓ = ૛ ቆܖܔ

૛√ࢋ + ࢓
૚ + ࢓ ቇ 

࢓ࡵ < 1 ⇒ ૛ ܖܔ ቆ
૛√ࢋ+ ࢓
૚+ ࢓

ቇ < 1 ⇒
૛√ࢋ + ࢓
૚ + ࢓

< ࢋ√ ⇒ ࢓ >
ࢋ√

ࢋ√ − ૚
≈ ૛.૞૝ 
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16. If ࢹ = ∫
൫࢞૛ା૚൯

૛

ቆ࢞
૚૚૜
૛૞ ା૚૚૜ ࢞

૟૜
૛૞ା૚૚࢞

૚૜
૛૞ቇ

૞࢞ࢊ = ࢛൫࢞ࢇ + ࢈࢞ࢋ + ൯࢑ࢉ࢞ࢌ +  ࡽ

Find: ࣖ = − ૞
࢑

ࢇ) + ࢈ +  (ࢉ

Proposed by Nishant Kumar-Jamshedpur-India 

Solution 1 by proposer 

∫ ൫࢞૛ା૚൯
૛

ቆ࢞
૚૚૜
૛૞ ା		૚૚૜ 	࢞

૟૜
૛૞	ା	૚૚	࢞

૚૜
૛૞ቇ

૞࢞ࢊ= ∫ ࢞૝ା૛࢞૛ା૚	

ቆ࢞
૚૚૜
૛૞ ା		૚૚૜ 	࢞

૟૜
૛૞	ା	૚૚	࢞

૚૜
૛૞ቇ

૞  ࢞ࢊ

Multiplying   ࢞ቀି
૜
૞
ቁ to numerator   and denominator 

= ∫ ࢞
૚ૠ
૞ ା૛࢞

ૠ
૞ା	࢞ష

૜
૞

ቆ࢞
૛૛
૞ ା	૚૚૜ 	࢞

૚૛
૞ ା૚૚	࢞

૛
૞	ቇ

૞ ࢞						 Putting .࢞ࢊ
૛૛
૞ + 	૚૚

૜
	࢞

૚૛
૞ + ૚૚	࢞

૛
૞ = t 

 (૛૛
૞
࢞
૚ૠ
૞ + ૝૝

૞
࢞
ૠ
૞ + ૛૛

૞
࢞ି

૜
૞	)࢞ࢊ = dt,  (࢞

૚ૠ
૞ + ૛࢞

ૠ
૞ + ࢞ି

૜
૞		)࢞ࢊ			 =				 ૞

૛૛	
 ࢚ࢊ

૞
૛૛ ∫

࢚ࢊ
࢚૞	

   = − ૞
ૡૡ࢚૝

 + constant (Q) 

− ૞
ૡૡ࢚૝

 + Q     =  − ૞
ૡૡ
ቀ	࢞

૛૛
૞ + 	૚૚

૜
	࢞

૚૛
૞ + ૚૚	࢞

૛
૞ቁ
ି૝

 

Therefore Ω = − ૞
ૡૡ
ቀ	࢞

૛૛
૞ + 	૚૚

૜
	࢞

૚૛
૞ + ૚૚	࢞

૛
૞ቁ
ି૝

 + Q    

Comparing constants we get a =  ૛૛
૞

 , b=  ૚૛
૞

 , c=  ૛
૞
 , k = -4 

ϑ = − ૞
࢑

ࢇ) + ࢈ + ૞ = (ࢉ
૝
ቀ૛૛
૞

+ ૚૛
૞

+ ૛
૞
	ቁ ;	ϑ = 9. 

Solution 2 by Yen Tung Chung-Taichung-Taiwan 

න
(࢞૛ + ૚)૛

൬࢞
૚૚૜
૛૞ + 		૚૚૜ 	࢞

૟૜
૛૞	 + 	૚૚	࢞

૚૜
૛૞൰

૞ ࢞ࢊ	 = න
࢞૝ + ૛࢞૛ + ૚

࢞
૜
૞ ൬࢞

૛૛
૞ + ૚૚

૜ ࢞
૚૛
૞ + ૚૚࢞

૛
૞൰

૞  ࢞ࢊ
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= න
૚

൬࢞
૛૛
૞ + ૚૚

૜ ࢞
૚૛
૞ + ૚૚࢞

૛
૞൰

૞ ⋅ ൬࢞
૚ૠ
૞ + ૛࢞

ૠ
૞ + ࢞ି

૜
૞൰  ࢞ࢊ

 (let = ࢞
૛૛
૞ + ૚૚

૜
࢞
૚૛
૞ + ૚૚࢞

૛
૞ ⇒ ࢛ࢊ = ૛૛

૞
ቀ࢞

૚ૠ
૞ + ૛࢞

ૠ
૞ + ࢞ି

૜
૞ቁ   ( ࢞ࢊ

= න
૚
࢛૞

⋅
૞
૛૛

࢛ࢊ = −
૞
૛૛

⋅
૚
૝
࢛ି૝ + ࡽ = −

૞
ૡૡ

൬࢞
૛૛
૞ +

૚૚
૜
࢞
૚૛
૞ + ૚૚࢞

૛
૞൰

ି૝

+  ࡽ

∴ ࣖ = −
૞

(−૝) ൬
૛૛
૞ +

૚૛
૞ +

૛
૞൰ = ૢ 

Solution 3 by Ravi Prakash - New Delhi – India  

Write ቀ࢞
૚૚૜
૛૞ + ૚૚

૜
࢞
૟૜
૛૞ + ૚૚࢞

૚૜
૛૞ቁ

૞
= ቀ࢞

૛
૛૞ቁ

૞
ቂ࢞

૚૚૙
૛૞ + ૚૚

૜
࢞
૟૙
૛૞ + ૚૚࢞

૚૙
૛૞ቃ

૞
= 

= ࢞
૜
૞ ቀ࢞

૛૛
૞ + ૚૚

૜
࢞
૚૛
૞ + ૚૚࢞

૛
૞ቁ
૞

. Now, 

ࢹ = න
࢞ି

૜
૞൫࢞

૝ା૛࢞૛ା૚൯

൬࢞
૛૛
૞ + ૚૚

૜ ࢞
૚૛
૞ + ૚૚࢞

૛
૞൰

૞࢞ࢊ = න
࢞
૚ૠ
૞ + ૛࢞

ૠ
૞ + ࢞ି

૜
૞

൬࢞
૛૛
૞ + ૚૚

૜ ࢞
૚૛
૞ + ૚૚࢞

૛
૞൰

૞  ࢞ࢊ

Put ࢞
૛૛
૞ + ૚૚

૜
࢞
૚૛
૞ + ૚૚࢞

૛
૞ = ࢚ 

࢚ࢊ = (
૛૛
૞
	࢞
૚ૠ
૞ +

૚૚
૜
࢞
૚૛
૞
࢞
ૠ
૞ +

૛૛
૞
࢞ି

૜
૞)࢞ࢊ =

૛૛
૞
൬࢞

૚ૠ
૞ + ૛࢞

ૠ
૞ + ࢞ି

૜
૞൰  ࢞ࢊ

∴ ࢹ =
૞
૛૛

න
࢚ࢊ
࢚૞

=
૞
૛૛

න ࢚ି૞ ࢚ࢊ = −
૞
ૡૡ

࢚ି૝ + ࢉ = 

= −
૞
ૡૡ ൬࢞

૛૛
૞ +

૚૚
૜ ࢞

૚૛
૞ + ૚૚࢞

૛
૞൰

ି૝

+ 			ࢉ ∴ ࢇ =
૛૛
૞ ࢈, =

૚૛
૞ , ࢉ =

૛
૞ ,࢑ = −૝ 

Thus ૔ = − ૞
ܓ

ࢇ) + ࢈ + (ࢉ = ି૞
ି૝
ቀ૛૛
૞

+ ૚૛
૞

+ ૛
૞
ቁ = ૞

૝
ቀ૜૟
૞
ቁ = ૢ 
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17. Find: 

ࢹ = න
࢞૛ + ૛
࢞૟ + ૚

ஶ

૙

 ࢞ࢊ

Proposed by Togrul Ehmedov-Baku-Azerbaidian 

Solution by Togrul Ehmedov-Baku-Azerbaidian 

ࢹ = න
࢞૛ + ૛
࢞૟ + ૚

ஶ

૙

࢞ࢊ = 	න
࢞૛

࢞૟ + ૚

ஶ

૙

࢞ࢊ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

૚ࡵ

+૛න
૚

࢞૟ + ૚

ஶ

૙

࢞ࢊ
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

૛ࡵ

 

૚ࡵ = න
࢞૛

࢞૟ + ૚

ஶ

૙

;࢞ࢊ 	࢞૟ = ࢟ ⇒ ࢞ࢊ =
૚
૟࢟

ି૞૟࢟ࢊ 

૚ࡵ = න
࢞૛

࢞૟ + ૚

ஶ

૙

࢞ࢊ =
૚
૟න

࢟ି
૚
૛

࢟+ ૚

ஶ

૙

 ࢟ࢊ

૚
࢟ + ૚

= ૚ − ࢚ ⇒ ࢟ࢊ =
૚

(૚ − ࢚)૛
 ࢚ࢊ

૚ࡵ =
૚
૟න ࢚ି

૚
૛

ஶ

૙

(૚ − ࢚)ି
૚
૛࢚ࢊ =

૚
૟
ࢣ ቀ૚૛ቁࢣ ቀ

૚
૛ቁ

ࢣ ቀ૚૛+ ૚
૛ቁ

=
૚
૟ ࢣ

૛ ൬
૚
૛൰ =

࣊
૟ 

૛ࡵ = ૛න
૚

࢞૟ + ૚

ஶ

૙

࢞ࢊ = ૛ ቎
࣊

૟ ܖܑܛ ቀ࣊૟ቁ
቏ =

૛࣊
૜  

ࢹ = න
࢞૛ + ૛
࢞૟ + ૚

ஶ

૙

࢞ࢊ = ૚ࡵ + ૛ࡵ =
࣊
૟

+
૛࣊
૜

=
૞࣊
૟
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18. Let  ࢌ: [࢈,ࢇ] → (૙,∞) be a continuos function. 

If ࢓ = ܖܑܕ ࢌ ࡹ,(࢞) =  :then (࢞)ࢌܠ܉ܕ

ቌනࢌ(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
૚

(࢞)ࢌ

࢈

ࢇ

ቍ࢞ࢊ ≤
൫(࢓ + ࢈)(ࡹ − ൯(ࢇ

૛

૝ࡹ࢓
 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Tran Van Hien-Vietnam 

[࢈,ࢇ]ࢌ → (૙,ࡾ)	ࢌ continuous ࢌܠ܉ܕ(࢞) = (࢞)ࢌܖܑܕ;ࡹ = ࢞∀࢓ ∈  [࢈;ࢇ]

Prove that 

නࢌ(࢞)
࢈

ࢇ

න࢞ࢊ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

≤
ࡹ) + ࢈)૛(࢓ − ૛(ࢇ

૝࢓ࡹ
 

(࢞)ࢌ = (࢞)ࢍ࢓ࡹ√ ⇒ ࢓ ≤ (࢞)ࢌ ≤ ࡹ ⇒ ૚ ≤ (࢞)ࢍ ≤ ඨࡹ
࢓

 

ቌනࢌ(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ = ቌන࢞ࢊ࢓ࡹ√(࢞)ࢍ
࢈

ࢇ

ቍቌන
࢞ࢊ

(࢞)ࢍ࢓ࡹ√

࢈

ࢇ

ቍ = 

= ቌන࢞ࢊ(࢞)ࢍ
࢈

ࢇ

ቍቌන
࢞ࢊ
(࢞)ࢍ

࢈

ࢇ

ቍ 

We have ࢈ࢇ ≤ ૛(࢈ାࢇ)

૝
 and ∫ ࢈(࢞)ࢌ

ࢇ ࢞ࢊ = ࢈)(ࢉ)ࢌ − ࢉ With (ࢇ ∈  [࢈,ࢇ]

⇒ ቀ∫ ࢈(࢞)ࢍ
ࢇ ቁ࢞ࢊ ቀ∫ ࢞ࢊ

(࢞)ࢍ
࢈
ࢇ ቁ ≤

∫ ቀࢍ(࢞)ା ૚
ቁ(࢞)ࢍ

૛࢈
ࢇ

૝
=

૛ቆ(ࢇି࢈) ૚
ࢍା(ࢉ)૛ࢍ

૛(ࢉ)ቇ

૝
  

Put ࢎ(࢚) = ࢚૛ + ૚
࢚૛

; ࢚
૛ି૚
࢚૛

⇒ (࢚)ࢎ ≤ ࢎ ቆටࡹ
࢓
ቇ 
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⇒ (࢞)૛ࢍ +
૚

(࢞)૛ࢍ ≤
ࡹ
࢓ +

࢓
 ࡹ

⇒ න൬ࢍ(࢞) +
૚

൰(࢞)ࢍ
૛࢈

ࢇ

࢞ࢊ = න൭
૚

(࢞)૛ࢍ + ૛ + ૛(࢞)൱ࢍ
࢈

ࢇ

࢞ࢊ ≤ 

≤
ቀࡹ࢓ + ૛࢓ࡹቁ ࢈) − ૛(ࢇ

૝
≤

࢈) − ࡹ)૛(ࢇ + ૛(࢓

૝࢓ࡹ
 

Solution 2 by Ravi Prakash-New Delhi-India 

࢓ ≤ (࢞)ࢌ ≤ ࢇ,ࡹ ≤ ࢞ ≤ ࢈ ⇒ ൫࢓ − −ࡹ൯൫(࢞)ࢌ ൯(࢞)ࢌ ≤ ૙ 

⇒ −ࡹ࢓ ࢓) (࢞)ࢌ(ࡹ+ + ૛(࢞)ࢌ ≤ ૙ ⇒
ࡹ࢓
(࢞)ࢌ −

࢓) + (ࡹ + (࢞)ࢌ ≤ ૙ 

[∵ (࢞)ࢌ > 0] ⇒
ࡹ࢓
(࢞)ࢌ + (࢞)ࢌ ≤ ࢓) +  (ࡹ

⇒ නࡹ࢓
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

+ න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

≤ ࢓) + ࢈)(ࡹ −  (ࢇ

Let ࡶ = ∫ࡹ࢓ ࢞ࢊ
(࢞)ࢌ

࢈
ࢇ ࡴ, = ∫ ࢈(࢞)ࢌ

ࢇ  ࢞ࢊ

ࡶ ࡴ+ ≤ ࢓) + ࢈)(ࡹ − (ࢇ ⇒ ૛ࡶ + ࡴࡶ ≤ ࢓) + ࢈)(ࡹ −  	ࡶ(ࢇ

⇒ ࡴࡶ ≤
૚
૝

࢓) + ࢈)૛(ࡹ − ૛(ࢇ − ൤
૚
૛

࢓) + ࢈)(ࡹ − (ࢇ − ൨ࡶ
૛

 

⇒ ࡴࡶ ≤
૚
૝

࢓) ࢈)૛(ࡹ+ −  ૛(ࢇ

⇒ (࢞)ࢌනࡹ࢓
࢈

ࢇ

න࢞ࢊ
૚

(࢞)ࢌ

࢈

ࢇ

࢞ࢊ ≤
࢓) + ૛(ࡹ

૝ࡹ࢓
࢈) −  ૛(ࢇ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

࢓ = (࢞)ࢌܖܑܕ ≤ (࢞)ࢌ ≤ (࢞)ࢌܠ܉ܕ =  ࡹ
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⇒ (࢞)ࢌ) (࢞)ࢌ)(࢓− (ࡹ− ≤ ૙ ⇒ (࢞)૛ࢌ ࢓ࡹ+ ≤ ࡹ)  (࢞)ࢌ(࢓+

⇒ (࢞)ࢌ + ࢓ࡹ
(࢞)ࢌ ≤ ࢓ + (࢞)ࢌ ,since ,ࡹ ≠ ૙, ࢌ is continuous hence ࢌ is ࡾ – 

Integrable 

⇒ නࢌ(࢞)
࢈

ࢇ

࢞ࢊ + න࢓ࡹ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

≤ ࡹ) + ࢞ࢊන(࢓
࢈

ࢇ

= ࡹ) + ࢈)(࢓ −  (ࢇ

⇒ ࢈) − ࡹ)(ࢇ + (࢓ ≥⏞
ࡹࡳஹࡹ࡭

	૛ඩ࢓ࡹቌනࢌ(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ 

∴ ቌනࢌ(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ ≤
൫(࢈ − ࡹ)(ࢇ ൯૛(࢓+

૝࢓ࡹ
 

 

19. If ૙ < ࢇ <  :then ࢈

૛
࣊
ܖܔ ൬

࢈
ࢇ
൰࢈ − ࢇ <

࣊
૛
න

࢞ࢊ
ܖ܉ܜ܋ܚ܉ ࢞

࢈

ࢇ

<
࣊
૛
ܖܔ ൬

࢈
ࢇ
൰ + ࢈ −  ࢇ

Proposed by Daniel Sitaru – Romania 

Solution by Francis Fregeau-Quebec-Canada: 

Let ࢌ(࢞) = ࣊
૝
࣊࢞ା૛

= ࢞࣊૛

૝ା૛࣊࢞
 and ࢎ(࢞) = ࣊

࣊
࢞ା૛

= ࣊࢞
૛࢞ା࣊

 

For ࢞ > ૙, both ࢌ(࢞) and ࢎ(࢞) are strictly increasing and 

continuos on the interval ቀ૙, ࣊
૛
ቁ 

Let ࣘ(࢞) = (࢞)ࢌ − (࢞)ܖ܉ܜ܋ܚ܉ ; 	࣒(࢞) = −(࢞)ࢎ  (࢞)ܖ܉ܜ܋ܚ܉

(૙)ࢌ − (૙)ܖ܉ܜ܋ܚ܉ → ૙;ࢎ(૙) − (૙)ܖ܉ܜ܋ܚ܉ → ૙ 

(∞)ࢌ − (∞)ܖ܉ܜ܋ܚ܉ → ૙;ࢎ(∞) − (∞)ܖ܉ܜ܋ܚ܉ → ૙ 
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ࣘ′(࢞) =
࣊૛

(࣊࢞ + ૛)૛ −
૚

(࢞૛ + ૚) ; 	ࣘ′(࢞) = ૙ ⇒ ࢞ =
࢞૛ − ૝
૝࣊

=  ࢾ

(ࢾ)ࣘ > ૙;ࣘ′(ࢾ − ࣕ) > ૙;ࣘ′(ࢾ+ ࣕ) < ૙ for ࣕ > ૙ 

Hence ࣘ(࢞) can be considered as bounded monotone sequence on the 

intervals (૙, ૙ ,(∞,ࢾ) and [ࢾ < ࣘ(࢞) < ࢞ for ࢾ > ૙ 

⇒ (࢞)ܖ܉ܜ܋ܚ܉ < ࢞ for (࢞)ࢌ > ૙. Similarly: 

࣒′(࢞) =
࣊૛

(૛࢞ + ࣊)૛ −
૚

(࢞૛ + ૚) ; 	࣒′(࢞) = ૙ ⇒ ࢞ =
૝࣊

࣊૛ − ૝ = ࣌ 

࣒(࣌) < ૙; 	࣒′(࣌ − ࣕ) < ૙; 	࣒′(࣌ + ࣕ) > ૙ 

Hence ࣒(࢞) can be considered as bounded monotone sequence on the 

intervals (૙,࣌] and (࣌,∞) 

−࣌ < ࣒(࢞) < ૙ for ࢞ > ૙ ⇒ (࢞)ࢎ < ࢞ for (࢞)ܖ܉ܜ܋ܚ܉ > ૙ 

Let ࢞ > ૙; (࢞)ࢎ	 < (࢞)ܖ܉ܜ܋ܚ܉ <  (࢞)ࢌ

⇒
࣊

࣊
࢞ + ૛

< (࢞)ܖ܉ܜ܋ܚ܉ <
࣊

૝
࣊࢞ + ૛

⇒
૛
࣊
૚
࢞

+ ૚ <
࣊
૛

૚
(࢞)ܖ܉ܜ܋ܚ܉ <

࣊
૛
૚
࢞

+ ૚ 

Let ૙ < ࢇ <  ࢈

න൬
૛
࣊
૚
࢞

+ ૚൰
࢈

ࢇ

࢞ࢊ <
࣊
૛
න

૚
(࢞)ܖ܉ܜ܋ܚ܉

࢈

ࢇ

࢞ࢊ < න൬
࣊
૛
૚
࢞

+ ૚൰
࢈

ࢇ

 ࢞ࢊ

⇒
૛
࣊
ܖܔ ൬

࢈
ࢇ
൰ + ࢈ − ࢇ <

࣊
૛
න

૚
(࢞)ܖ܉ܜ܋ܚ܉

࢈

ࢇ

࢞ࢊ <
࣊
૛
ܖܔ ൬

࢈
ࢇ
൰ + ࢈ −  ࢇ
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20. If [࢈,ࢇ] ⊂ ቀ૙, ࣊
૛
ቁ then: 

නܖܑܛ ࢞
࢈

ࢇ

࢞ࢊ > ඥ࢈૛ + ૚ − ඥࢇ૛ + ૚ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India  

ܛܗ܋ ࢇ − ࢈ܛܗ܋ > ඥ࢈૛ + ૚ − ඥࢇ૛ + ૚ 

⇔ ࢇܛܗ܋ + ૛ࢇ√ + ૚ > ࢈ܛܗ܋ + ૛࢈√ + ૚,∀	࢈,ࢇ ∈ ቀ૙, ࣊
૛
ቁ    (1) 

Let ࢌ(࢞) = ܛܗ܋ ࢞ + √࢞૛ + ૚,∀࢞ ∈ ቀ૙, ࣊
૛
ቁ ; (࢞)ᇱࢌ	 = ܖܑܛ− ࢞ + ࢞

ඥ࢞૛ା૚
 

Now, ∀࢞ ∈ ቀ૙,࣊
૛
ቁ ,࢞ < ܖ܉ܜ ࢞ ⇒ ࢞૛ + ૚ < 1 + ૛ܖ܉ܜ ࢞ 

⇒ ࢞૛ + ૚ < ૛܋܍ܛ ࢞ ⇒
૚

࢞૛ + ૚
> ૛ܛܗ܋ ࢞ ⇒

૚
࢞૛ + ૚

> 1 − ૛ܖܑܛ ࢞ 

⇒ ૛ܖܑܛ ࢞ > 1 −
૚

࢞૛ + ૚ ⇒ ૛ܖܑܛ ࢞ >
࢞૛

࢞૛ + ૚ ⇒
࢞

√࢞૛ + ૚
− ࢞ܖܑܛ < 0 

⇒ (࢞)ᇱࢌ < 0 ⇒ ݂(࢞) = ࢞ܛܗ܋ + √࢞૛ + ૚ is decreasing on ቀ૙, ࣊
૛
ቁ 

࢈ > ܽ; (࢈)݂ < (ࢇ)݂ ⇒ ࢇܛܗ܋ + ඥࢇ૛ + ૚ > ࢈ܛܗ܋ +ඥ࢈૛ + ૚ 

⇒ (1) is proved. 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

න࢞ܖܑܛ
࢈

ࢇ

࢞ࢊ > ඥ࢈૛ + ૚ − ඥࢇ૛ + ૚; ࢈,ࢇ	 ∈ ቀ૙,
࣊
૛
ቁ ; 	 ܖ܉ܜ ࢞ > 			ݔ ቀ૙ < ݔ <

࣊
૛
ቁ 

නܖܑܛ ࢞
࢈

ࢇ

࢞ࢊ > න
࢞

√࢞૛ + ૚

࢈

ࢇ

 ࢞ࢊ
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= න
૚

√࢞૛ + ૚

࢈

ࢇ

(࢞૛ + ૚)ᇱ࢞ࢊ = ቂඥ࢞૛ + ૚ቃ
ࢇ

࢈
= ඥ࢈૛ + ૚ − ඥࢇ૛ + ૚ 

⇔ ቀ
ܛܗ܋ ࢞
ܖܑܛ ࢞

ቁ
૛

<
૚
࢞૛

⇔
૚

૛ܖܑܛ ࢞
< 1 +

૚
࢞૛

⇔ ܖܑܛ ࢞ >
࢞

√࢞૛ + ૚
			ቀ૙ < ݔ <

࣊
૛
ቁ 

 

21. If ࢍ,ࢌ: [࢈,ࢇ] → (૙,∞) integrable, such that ࢌ(࢞) + (࢞)ࢍ ≤ ૡ then: 

න
(࢞)ࢍඥ(࢞)ࢌ + (࢞)ࢌඥ(࢞)ࢍ

(࢞)ࢌ − ඥࢍ(࢞)ࢌ(࢞) + (࢞)ࢍ

࢈

ࢇ

࢞ࢊ ≤ ૝(࢈ −  (ࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Anas Adlany - El Jadida – Morroco  

We have for all ࢚, ࢠ > ࢚√ࢠାࢠ√࢚ ;0
࢚ା࢚ࢠ√ିࢠ

= ࢚ࢠ√ ⋅ ࢚√ାࢠ√
࢚ା࢚ࢠ√ିࢠᇣᇧᇧᇤᇧᇧᇥ

ಱ√࢚ࢠ

≤ ࢠ√ + √࢚ ≤ ඥ૛(ࢠ + ࢚) 

(because ࢞ + ࢟ ≤ √૛ඥ࢞૛ + ࢟૛). So put ࢠ = ࢚ and (࢞)ࢌ =  :to find (࢞)ࢍ

(࢞)ࢍඥ(࢞)ࢌ + (࢞)ࢌඥ(࢞)ࢍ

(࢞)ࢌ −ඥࢍ(࢞)ࢌ(࢞) + (࢞)ࢍ
≤ √૛ට൫ࢌ(࢞) + ൯(࢞)ࢍ ≤ ૝ ⇒ 

⇒ න
(࢞)ࢍඥ(࢞)ࢌ + (࢞)ࢌඥ(࢞)ࢍ

−(࢞)ࢌ ඥࢍ(࢞)ࢌ(࢞) + (࢞)ࢍ

࢈

ࢇ

࢞ࢊ ≤ ૝(࢈ −  (ࢇ

22. If ࢌ: [૙,૚] → (૙,∞),ࢌ derivable, ࢌ′ continuous,  

(࢞)′ࢌ = ૚)′ࢌ − ࢞),∀	࢞ ∈ [૙,૚] then: 

නࢌ(࢞)
૚

૙

࢞ࢊ ≥ ඥࢌ(૙) ⋅  (૚)ࢌ

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Safal Das Biswas – Chinsurah – India  

 (i) ࢌ: [૙, ૚] → (૙,∞);	(ii) ࢌ is derivable; (iii) ࢌᇱ is continuous 

(iv) ࢌᇱ(࢞) = ᇱ(૚ࢌ − ࢞)∀࢞ ∈ [૙, ૚]. Let, ∫ ૚(࢞)ࢌ
૙  ,࢞ࢊ

then applying the property that ∫ ࢈(࢞)ࢌ
ࢇ ࢞ࢊ = ∫ ࢇ)ࢌ + ࢈ − ࢈(࢞

ࢇ  ࢞ࢊ

on ࡵ we have ࡵ = ∫ ૚)ࢌ − ࢞)૚
૙  Thus we have .࢞ࢊ

૛ࡵ = ∫ ૚(࢞)ࢌ
૙ ࢞ࢊ + ∫ ૚)ࢌ − ࢞)૚

૙  Which finally results .࢞ࢊ

ࡵ =
૚
૛
න{ࢌ(࢞) + ૚)ࢌ − ࢞)}
૚

૙

 .࢞ࢊ

Now let assume that ࢌ(࢞) + ૚)ࢌ − ࢞) =  so we have that (࢞)ࢍ

ࡵ = ૚
૛∫ ૚(࢞)ࢍ

૙ (࢞)ᇱࢍ ,Now .࢞ࢊ = (࢞)ᇱࢌ − ᇱ(૚ࢌ − ࢞).  

Now, ࢌᇱ(࢞) = ᇱ(૚ࢌ − ࢞)	∀࢞ ∈ [૙,૚] is given hence 

(࢞)ᇱࢍ = (࢞)ᇱࢌ − ᇱ(૚ࢌ − ࢞) = ૙	࢞ ∈ [૙,૚].  

Hence ࢍ(࢞) must be a constant function ∀	࢞ ∈ [૙, ૚]. As 

ࡵ = ૚
૛∫ ૚(࢞)ࢍ

૙  then ,࢞ࢊ

ࡵ =
(࢞)ࢍ
૛ න࢞ࢊ

૚

૙

=
(࢞)ࢍ
૛ =

(࢞)ࢌ + ૚)ࢌ − ࢞)
૛ 	∀࢞ ∈ [૙,૚] 

Then ࡵ = (૚ି࢞)ࢌା(࢞)ࢌ
૛

= (૚)ࢌା(૙)ࢌ
૛

 

Thus by applying ࡹ.࡭.≥ (૚)ࢌା(૙)ࢌ ,we have .ࡹ.ࡳ
૛

≥ ඥࢌ(૙) ⋅   .(૚)ࢌ

Hence we have, ࡵ ≥ ඥࢌ(૙) ⋅  ,So .(૚)ࢌ

නࢌ(࢞)
૚

૙

࢞ࢊ ≥ ඥࢌ(૙) ⋅  (૚)ࢌ
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Solution 2 by Soumitra Moukherjee - Chandar Nagore – India  

Let 

ࡵ = නࢌ(࢞)
૚

૙

࢞ࢊ = ୀ૙࢞ୀ૚࢞[(࢞)ࢌ࢞] − න࢞ࢌᇱ(࢞)࢞ࢊ
૚

૙

= (૚)ࢌ −න࢞ࢌᇱ(૚ − ࢞)
૚

૙

 ࢞ࢊ

= (૚)ࢌ + න࢞
૚

૙

−ᇱ(૚ࢌ ૚)ࢊ(࢞ − ࢞) = (૚)ࢌ + නࢌᇱ
૚

૙

(૚ − ૚)ࢊ(࢞ − ࢞) −න(૚ − −ᇱ(૚ࢌ(࢞ −૚)ࢊ(࢞ ࢞)
૚

૙

 

 

Let ࢠ = ૚ − ࢞ then, ࢞ࢊ = ࢞ and when ࢠࢊ− = ૙, then ࢠ = ૚: ࢞ = ૚, ࢠ = ૙ 

= (૚)ࢌ + නࢌᇱ(ࢠ)
૙

૚

ࢠࢊ −නࢌࢠᇱ(ࢠ)ࢠࢊ
૙

૚

= (૚)ࢌ + (૙)ࢌ + න൤
ࢊ
ࢠࢊ

ࢠࢊ൨	ࢠࢊ(ࢠ)ᇱࢌන(ࢠ)
૙

૚

 

= (૚)ࢌ + (૙)ࢌ − න(ࢠ)ࢌ
૚

૙

ࢠࢊ = (૚)ࢌ + (૙)ࢌ −  .ࡵ

So, ࡵ = (૙)ࢌା(૚)ࢌ
૛

≥ ඥࢌ(૙) ⋅   .(૚)ࢌ

Proved. 

 

23. If ૙ ≤ ࢞ ≤ ,ࢇ ૙ ≤ ࢟ ≤ ,࢈ ࢉ > 0 

ષ૚ = නቌනඥ࢞૛ + ࢟૛ − ૛࢞ࢇ + ૛ࢇ
ࢉ

૙

ቍ࢞ࢊ
ࢉ

૙

 	,	࢟ࢊ

ષ૛ = නቌනඥ࢞૛ + ࢟૛ − ૛࢟࢈ + ࢞ࢊ૛࢈
ࢉ

૙

ቍ
ࢉ

૙

 ࢟ࢊ

then ષ૚ + ષ૛ ≤ ࢇ) +  ૛ࢉ(࢈

Proposed by Daniel Sitaru – Romania  
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Solution by Subhajit Chattopadhyay-Bolpur-India 

૚ࢹ + ૛ࢹ = නනቀඥ࢞૛ + ࢟૛ − ૛࢞ࢇ + ૛ࢇ + ඥ࢞૛ + ࢟૛ − ૛࢟࢈ + ૛ቁ࢈
ࢉ

૙

ࢉ

૙

 ࢟ࢊ	࢞ࢊ

Now, ඥ࢞૛ + ࢟૛ − ૛࢞ࢇ + ૛ࢇ +ඥ࢞૛ + ࢟૛ − ૛࢟࢈ + ૛࢈ = 

= ඥ(ࢇ − ࢞)૛ + ࢟૛ + ඥ(࢈ − ࢟)૛ + ࢞૛ 

Again, ඥ(ࢇ − ࢞)૛ + ࢟૛ ≤ ࢇ − ࢞ + ࢟; 	[૙ ≤ ࢞ ≤  [ࢇ

and ඥ(࢈ − ࢟)૛ + ࢞૛ ≤ ࢈ − ࢟ + ࢞ 

Hence, ඥ(ࢇ − ࢞)૛ + ࢟૛ + ඥ(࢈ − ࢟)૛ + ࢞૛ ≤ ࢇ − ࢞ + ࢟ + ࢈ − ࢟+ ࢞ = ࢇ +  ࢈

૚ࢹ + ૛ࢹ ≤ නන(ࢇ + (࢈
ࢉ

૙

ࢉ

૙

࢟ࢊ	࢞ࢊ = ࢇ) +  ૛ࢉ(࢈

 

24. If ૙ ≤ ࢞ ≤ ૜,૙ ≤ ࢟ ≤ ૝,ࢇ > 0 

૚ࢹ = නቌනඥ࢞૛ + ࢟૛ − ૟࢞ + ૢ
ࢇ

૙

ቍ࢞ࢊ
ࢇ

૙

 ࢟ࢊ

૛ࢹ = නቌනඥ࢞૛ + ࢟૛ − ૡ࢟ + ૚૟
ࢇ

૙

ቍ࢞ࢊ
ࢇ

૙

 ࢟ࢊ

then: ࢹ૚ + ૛ࢹ >  ૛ࢇ5

Proposed  by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash - New Delhi – India  

࡭ࡼ + ࡮ࡼ = ඥ࢞૛ + ࢟૛ − ૟࢞ + ૢ + ඥ࢞૛ + ࢟૛ − ૡ࢟ + ૚૟ 

= ඥ(࢞ − ૜)૛ + ࢟૛ + ඥ(࢞૛) + (࢟ − ૝)૛ ≥ ඥ૜૛ + ࢟૛ = ૞ 
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૚ࢹ + ૛ࢹ = නቌනቀඥ࢞૛ + ࢟૛ − ૟࢞ + ૢ + ඥ࢞૛ + ࢟૛ − ૡ࢟ + ૚૟ቁ࢞ࢊ
ࢇ

૙

ቍ
ࢇ

૙

࢟ࢊ ≥ 

≥ නቌන૞࢞ࢊ
ࢇ

૙

ቍ
ࢇ

૙

࢟ࢊ = ૞ࢇ૛ 

Solution 2 by SK Rejuan – West Bengal – India  

૙ ≤ ࢞ ≤ ૜,૙ ≤ ࢟ ≤ ࢇ,ૢ > 0 

૚ࢹ = නቌනඥ࢞૛ + ࢟૛ − ૟࢞ + ૢ
ࢇ

૙

ቍ࢞ࢊ
ࢇ

૙

࢟ࢊ = නቌනඥ(૜ − ࢞)૛ + ࢟૛
ࢇ

૙

ቍ࢞ࢊ
ࢇ

૙

࢟ࢊ ≥ 

≥ න ൝න
૚
√૛

(૜ − ࢞ + ࢞ࢊ(࢟
ࢇ

૙

ൡ
ࢇ

૙

࢟ࢊ =
૚
√૛

න ൥න{(૜ + ࢟) − ࢞ࢊ{࢞
ࢇ

૙

൩
ࢇ

૙

࢟ࢊ = 

=
૚
√૛

නቊቈ(૜ + ࢟)࢞ −
࢞૛

૛ ቉૙

ࢇ

	ቋ
ࢇ

૙

࢟ࢊ =
૚
√૛

න ቊ(૜ + ࢇ(࢟ −
૛ࢇ

૛ ቋ
ࢇ

૙

࢟ࢊ = 

=
૚
√૛

ቈ૜ࢇ +
࢟૛

૛
ࢇ −

૛ࢇ

૛
࢟቉

૙

ࢇ

=
૚
√૛

ቆ૜ࢇ૛ +
૜ࢇ

૛
−
૛ࢇ

૛
ቇ =

૜
√૛

 ૛ࢇ

⇒ ૚ࢹ ≥
૜
√૛
 ૛      (1)ࢇ
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૛ࢹ = නቌනඥ࢞૛ + ࢟૛ − ૡ࢟ + ૚૟
ࢇ

૙

ቍ࢞ࢊ
ࢇ

૙

࢟ࢊ = නቌනඥ࢞૛ + (૝ − ࢟)૛࢞ࢊ
ࢇ

૙

ቍ
ࢇ

૙

࢟ࢊ = 

≥ න൝න
૚
√૛

(࢞ + ૝ − ࢞ࢊ(࢟
ࢇ

૙

ൡ
ࢇ

૙

 ࢟ࢊ

⇒ ૛ࢹ ≥
૚
√૛

න൥න{࢞ + (૝ − ࢟)}
ࢇ

૙

൩࢞ࢊ
ࢇ

૙

࢟ࢊ =
૚
√૛

න ቊቈ
࢞૛

૛
+ (૝ − ࢟)࢞቉

૙

ࢇ

ቋ
ࢇ

૙

࢟ࢊ = 

=
૚
√૛

න ቊ
૛ࢇ

૛ + (૝ − ቋࢇ(࢟
ࢇ

૙

࢟ࢊ =
૚
√૛

ቈ
૛ࢇ

૛ ࢟ + (૝࢟ࢇ)−
࢟૛

૛ ቉ࢇ
૙

ࢇ

= 

=
૚
√૛

ቆ
૛ࢇ

૛
+ ૝ࢇ૛ −

૜ࢇ

૛
ቇ = ૛√૛ࢇ૛ 

⇒ ૛ࢹ ≥ ૛√૛ࢇ૛      (2) 

૚ࢹ + ૛ࢹ ≥
૜
√૛

૛ࢇ + ૛√૛ࢇ૛ = ൬
૜+ ૢ
√૛

൰ࢇ૛ ⇒ ૚ࢹ + ૛ࢹ ≥
ૠ
√૛

૛ࢇ = ൬
ૠ
૛൰√૛ࢇ

૛ 

⇒ ૚ࢹ + ૛ࢹ ≥ ૜ ⋅ ૞√૛ࢇ૛ > ૛ࢇ5 ⇒ ૚ࢹ ૛ࢹ+ >  ૛ࢇ5

 

25. ∫ ∫ (࢞૛ + ૜૝࢟૛ − ૚૙࢞࢟ − ૟࢟ + ૛)૛࢞ࢊ	࢟ࢊ૚
૙

૚
૙ ≥ ૚ 

Proposed by Sameer Shihab-Riyadh-Saudi Arabia 

Solution by Ravi Prakash-New Delhi-India 

࢞૛ + ૜૝࢟૛ − ૚૙࢞࢟ − ૟࢟ + ૛ = 

= (࢞૛ + ૛૞࢟૛ − ૚૙࢞࢟) + (ૢ࢟૛ − ૟࢟ + ૚) + ૚ = 

= (࢞ − ૞࢟)૛ + (૜࢟ − ૚)૛ + ૚ ≥ ૚ 

නන(࢞૛ + ૜૝࢟૛ − ૚૙࢞࢟ − ૟࢟ + ૛)૛࢞ࢊ	࢟ࢊ
૚

૙

૚

૙

≥ ૚ 
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26. If ࢔ ∈ ℕ,࢔ ≥ ૛,࢔ − fixed, ࢌ: [૚,࢔] → (૙,∞),ࢌ − integrable, ࢏ ∈ ૚,࢔ − ૚ 

ࢹ = නࢌ(࢞)
࢔

૚

,࢞ࢊ ૙ ≤ ࢻ ≤ ቌනܖܑܕ (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ ≤ ቌනܠ܉ܕ (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ ≤  ࢼ

then: 

࢔) − ૚)ࢼࢻ + ෍ቌන (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ

૛ି࢔૚

ୀ૚࢏

≤ ࢻ) +  ࢹ(ࢼ

Proposed by Daniel Sitaru - Romania  

Solution by Soumitra Moukherjee-Chandar Nagore-India 

We know, 

ቌනܖܑܕ (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ ≤ න (࢞)ࢌ
ା૚࢏

࢏

࢞ࢊ ≤ ቌනܠ܉ܕ (࢞)ࢌ
ା૚࢏

࢏

 ቍ࢞ࢊ

ࢻ ≤ ቌනܖܑܕ (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ ≤ න (࢞)ࢌ
ା૚࢏

࢏

࢞ࢊ ≤ ܠ܉ܕ ቌන (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ ≤  ࢼ

ቌන (࢞)ࢌ
ା૚࢏

࢏

࢞ࢊ − ቍቌනࢻ ࢞ࢊ(࢞)ࢌ
ା૚࢏

࢏

− ቍࢼ ≤ ૙ 

⇒ ࢼࢻ + ቌන (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ

૛

≤ ࢻ) + න(ࢼ (࢞)ࢌ
ା૚࢏

࢏

 ࢞ࢊ

⇒ ෍ࢼࢻ
૚ି࢔

ୀ૚࢏

+ ෍ቌන (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ

૛ି࢔૚

ୀ૚࢏

≤ ࢻ) + ෍න(ࢼ (࢞)ࢌ
ା૚࢏

࢏

૚ି࢔

ୀ૚࢏

 ࢞ࢊ
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࢔) − ૚)ࢼࢻ + ෍ቌන (࢞)ࢌ
ା૚࢏

࢏

ቍ࢞ࢊ

૛ି࢔૚

ୀ૚࢏

≤ ࢻ) +  ࢹ(ࢼ

 

27. If ࢌ: [࢈,ࢇ] → (૙,∞),ࢇ <   ,continuous ,࢈

࢓ = (࢞)ࢌܖܑܕ ࡹ, = (࢞)ࢌܠ܉ܕ ࢔, ∈ ℕ∗ then: 

ቀ
࢓
ࡹ
ቁ
(ା૚࢔)࢔

૛ ࢈) − ࢔૛(ࢇ ≤ෑቌන࢑ࢌ(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
૚

࢞ࢊ(࢞)࢑ࢌ
࢈

ࢇ

ቍ
࢔

࢑ୀ૚

≤ ൬
ࡹ
൰࢓

(ା૚࢔)࢔
૛

−࢈)  ࢔૛(ࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Anas Adlany-El Jadida-Morroco 

We have for all ࢞ ∈ ;[࢈,ࢇ] 	૙ < ݉ ≤ ݂(࢞) ≤ ࡹ ⇒ ൝
࢑࢓ ≤ (࢞)࢑ࢌ ≤ ࢑ࡹ

૚
࢑ࡹ ≤

૚
(࢞)࢑ࢌ ≤

૚
࢑࢓

 

⇒

⎩
⎪⎪
⎨

⎪⎪
࢈)࢑࢓⎧ − (ࢇ ≤ න࢑ࢌ(࢞)

࢈

ࢇ

≤ ࢈)࢑ࡹ − (ࢇ

૚
࢑ࡹ ࢈) − (ࢇ ≤ න

૚
(࢞)࢑ࢌ

࢈

ࢇ

≤
૚
࢑࢓ ࢈) − (ࢇ

⇒ ቀ
࢓
ࡹ
ቁ
࢑

࢈) − ૛(ࢇ ≤ 

≤ ቌන࢑ࢌ(࢞)
࢈

ࢇ

ቍቌන
૚

(࢞)࢑ࢌ

࢈

ࢇ

ቍ ≤ ൬
ࡹ
࢓
൰
࢑

࢈) −  ૛(ࢇ

⇒ෑቆቀ
࢓
ࡹ
ቁ ࢈) − ૛ቇ(ࢇ

࢔

࢑ୀ૚

≤ෑቌන࢑ࢌ(࢞)
࢈

ࢇ

ቍ
࢔

࢑ୀ૚

ቌන
૚

(࢞)࢑ࢌ

࢈

ࢇ

ቍ ≤ෑቆ൬
ࡹ
൰࢓

࢑

࢈) − ૛ቇ(ࢇ
࢔

࢑ୀ૚

 

⇒ ൭ቀ
࢓
ࡹ
ቁ
(ା૚࢔)࢔

૛ ࢈) − ൱࢔૛(ࢇ ≤ෑቌන࢑ࢌ(࢞)
࢈

ࢇ

ቍ
࢔

࢑ୀ૚

ቌන
૚

(࢞)࢑ࢌ

࢈

ࢇ

ቍ ≤ ቌ൬
ࡹ
൰࢓

(ା૚࢔)࢔
૛

࢈) −  ቍ࢔૛(ࢇ

since  ∑ ࢔࢑
࢑ୀ૚ = (ା૚࢔)࢔

૛
	. 
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28. If ࢋ ≤ ࢇ ≤ ࢉ ≤ ࢈ ≤  :૛ thenࢋ

࢈) − න(ࢇ
࢞

܏ܗܔ ࢞

ࢉ

ࢇ

࢞ࢊ ≤ ࢉ) − න(ࢇ
࢞

܏ܗܔ ࢞

࢈

ࢇ

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution Soumitra Moukherjee – Chandar Nagore – India 

Let ࢌ(࢚) = (࢚ − ∫(ࢇ ࢞
܏ܗܔ ࢞

࢈
ࢇ ࢞ࢊ + ࢈) − ∫(ࢇ ࢞

࢞܏ܗܔ
ࢇ
࢚    for all ࢚ ∈ ,ࢋ]  [૛ࢋ

(࢚)ᇱࢌ = න
࢞

࢞܏ܗܔ

࢈

ࢇ

࢞ࢊ − ࢈) − (ࢇ
࢚

܏ܗܔ ࢚
 

න
࢞

܏ܗܔ ࢞

࢈

ࢇ

࢞ࢊ = ቈ
࢞૛

࢞܏ܗܔ
቉
ࢇ

࢈

+ න
࢞(૚ − (࢞܏ܗܔ

૛(࢞܏ܗܔ)

࢈

ࢇ

 ࢞ࢊ

where: ∫ ࢞(૚ି࢞܏ܗܔ)
࢞(࢞܏ܗܔ)

࢈
ࢇ ࢞ࢊ ≥ ૙. Let ࣐(࢚) = ࢚૛

܏ܗܔ ࢚
 for all ࢚ ∈  ,[૛ࢋ,ࢋ]

࣐ᇱ(࢚) = ࢚(૛ ܏ܗܔ ࢚ି૚)
܏ܗܔ) ࢚)૛ ≥ ૙ for all ࢚ ∈  [૛ࢋ,ࢋ]

so, ࣐(࢚) is continuous on [ࢋ,ࢋ૛],࣐ᇱ(࢚) ≥ ૙ for all ࢚ ∈ ,ࢋ]  [૛ࢋ

so, for ࢇ ≤ ࢚ ≤ (ࢇ)࣐,࢈ ≤  (࢈)࣐
૛࢈

࢈܏ܗܔ
− ૛ࢇ

܏ܗܔ ࢇ
≥ ૙ where ࢈,ࢇ ∈ ,ࢋ] ∫ ,૛], soࢋ ࢞

࢞܏ܗܔ
࢈
ࢇ ࢞ࢊ ≥ ࢈) − (ࢇ ࢚

܏ܗܔ ࢚
 

where ࢚ ∈ (࢚)ᇱࢌ;[࢈,ࢇ] ≥ ૙ for all ࢚ ∈ [࢈,ࢇ] ⊂  [૛ࢋ,ࢋ]

so, ࢌ(࢚) is increasing and for ࢉ ∈ [࢈,ࢇ] ⊂ (ࢉ)ࢌ,[૛ࢋ,ࢋ] ≥ ૙ 

ࢉ) − න(ࢇ
࢞

࢞܏ܗܔ

࢈

ࢇ

࢞ࢊ ≥ ࢈) − න(ࢇ
࢞

܏ܗܔ ࢞

ࢉ

ࢇ

 ࢞ࢊ

(proved) 
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29. If ૙ < ܽ < ܾ < 1 then: 

૚
࢈ − +න൬૚ࢇ

૚
૚ିܖܑܛ ࢞൰

࢈

ࢇ

൬૚ +
૚

૚ିܛܗ܋ ࢞൰࢞ࢊ ≥ ൬૚ +
૝
࣊൰

૛

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash - New Delhi – India  

Let ૙ < ࢈,ࢇ < ૚. For ࢇ ≤ ࢞ ≤  ,࢈

૚
૚ିܖܑܛ ܠ

+
૚

૚ିܛܗ܋ ܠ
≥

૝
૚ିܖܑܛ ܠ + ૚ିܛܗ܋ ܠ

=
ૡ
ૈ

 

and √ିܖܑܛ૚ ܠ ૚ିܛܗ܋ ܠ ≤ ૚
૛

૚ିܖܑܛ) +ܠ ૚ିܛܗ܋ (ܠ = ૈ
૝
⇒ ૚

ష૚ܖܑܛ ష૚ܛܗ܋ܠ ܠ
≥ ૚૟

ૈ૛
 

൬૚ +
૚

૚ିܖܑܛ ൰ܠ ൬૚+
૚

૚ିܛܗ܋ ൰ܠ ≥ ૚ +
ૡ
ૈ +

૚૟
ૈ૛  

⇒
૚

܊ − න൬૚܉ +
૚

૚ିܖܑܛ ൰ܠ ൬૚ +
૚

૚ିܛܗ܋ ൰ܠ
܊

܉

ܠ܌ ≥
܊ − ܉
܊ − ܉ ൬૚ +

ૡ
ૈ +

૚૟
ૈ૛൰ = ൬૚ +

૝
ૈ൰

૛

 

Solution 2 by Soumava Pal –Kolkata- India  

૚ିܖܑܛ ࢞ + ૚ିܛܗ܋ ࢞ ≥ ૛ ⋅ ඥିܖܑܛ૚ ࢞ ૚ିܛܗ܋ ࢞ 

 (AM – GM)  

⇒
࣊
૛ ≥ ૛ඥିܖܑܛ૚ ࢞ ૚ିܛܗ܋ ࢞ ⇒

૚
૚ିܖܑܛ√ ࢞ ૚ିܛܗ܋ ࢞

≥
૝
࣊ ⇒

૚
૚ିܖܑܛ ࢞ ૚ିܛܗ܋ ࢞ ≥ ൬

૝
࣊൰

૛

 

⇒
࣊
૛ + ૚

૚ିܖܑܛ ૚ିܛܗ܋࢞ ࢞
≥ ൬

૝
࣊
൰
૛

ቀ
࣊
૛

+ ૚ቁ = ૛ ⋅
૝
࣊
⋅ ૚ + ൬

૝
࣊
൰
૛

 

⇒ ૚ +
૚ିܖܑܛ ࢞ + ૚ିܛܗ܋ ࢞ + ૚

૚ିܖܑܛ ࢞ ૚ିܛܗ܋ ࢞
≥ ૚ + ૛ ⋅

૝
࣊
⋅ ૚ + ൬

૝
࣊
൰
૛

 

⇒ ૚+
૚

૚ିܖܑܛ ࢞
+

૚
૚ିܛܗ܋ ࢞

+
૚

૚ିܖܑܛ ૚ିܛܗ܋࢞ ࢞
≥ ൬૚ +

૝
࣊
൰
૛
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⇒ න൬૚ +
૚

૚ିܖܑܛ ࢞
൰ ൬૚ +

૚
૚ିܛܗ܋ ࢞

൰
࢈

ࢇ

࢞ࢊ ≥ න൬૚+
૝
࣊
൰
૛࢈

ࢇ

࢞ࢊ = ൬૚ +
૝
࣊
൰
૛

࢈) −  (ࢇ

⇒
૚

࢈ − ࢇ
න ൬૚ +

૚
૚ିܖܑܛ ࢞

൰ ൬૚ +
૚

૚ିܛܗ܋ ࢞
൰ ≥ ൬૚ +

૝
࣊
൰
૛࢈

ࢇ

 

 

30. If ࢈,ࢇ, ࢉ ∈ (૛,∞),(ࢇ)ࢹ = ∫ ૚ି࢞૛

૚ା࢞ࢇ૛ା࢞૝
૚
૙  :then ࢞ࢊ	

૛(ࢇ)ࢹࢉ࢈ + ૛(࢈)ࢹࢉ + ૛(ࢉ)ࢹ࢈ࢇ < ૛ࢇ + ૛࢈ +  ૛ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash - New Delhi – India  

For ࢇ ≥ ૛, let ષ(܉) = ∫ ૚ିܠ૛

૚ାܠ܉૛ାܠ૝
૚
૙  ܠ܌

ષʹ(܉) = ∫
൫૚ିܠ૛൯(ି૚)ܠ૛

(૚ାܠ܉૛ାܠ૝)૛
૚
૙ ܠ܌ < ૙ ⇒ ષ(܉) is strictly decreasing on [૛,∞). 

Also, ષ(૛) = ∫ ૚ିܠ૛

૚ା૛ܠ૛ାܠ૝
૚
૙ ܠ܌ = ∫ ି૚ିܠ૛ା૛

(૚ାܠ૛)૛
૚
૙ ܠ܌ = ∫ ቂ ૛

(૚ାܠ૛)૛ −
૚

૚ାܠ૛
ቃ૚

૙  ܠ܌

But, 

ૈ
૝ = න

ܠ܌
૚ + ૛ܠ

૚

૙

=
ܠ

૚ + ૛ܠ ቚ
૚
૙ + න

(ܠ૛)ܠ
(૚ + ૛)૛ܠ

૚

૙

ܠ܌ =
૚
૛ +න

૛(ܠ૛ + ૚) − ૛
(૚ + ૛)૛ܠ

૚

૙

ܠ܌ = 

= ૚
૛

+ ૈ
૝
− ષ(૛) ⇒ ષ(૛) = ૚

૛
. Thus, ૙ < ષ(܉) < ૚

૛
܉	∀    > ૛. Now, 

૛܋܊ષ(܉) + ૛܉܋ષ(܊) + ૛܊܉ષ(܋) < 

< ܋܊ + ܉܋ + ܊܉ ≤
૚
૛

૛܊) + (૛܋ +
૚
૛

૛܋) + (૛܉ +
૚
૛

૛܉) + (૛܊ = ૛܉ + ૛܊ +  ૛܋
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31. ∫ ૛(૚܏ܗܔ + ૚(࢞ࢋ
૙ ࢞ࢊ < ቀ∫ ૚)܏ܗܔ + ૚࢞ࢊ(࢞ࢋ

૙ ቁ
૛

+ ૚
૚૛

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Daniel Sitaru-Romania 

Let be ࢌ: [૙, ૚] → ℝ;ࢌ(࢞) = ૚)܏ܗܔ +  .(࢞ࢋ

(࢞)ᇱࢌ =
࢞ࢋ

૚ + ࢞ࢋ
; (࢞)ᇱᇱࢌ =

࢞ࢋ)ᇱ(࢞ࢋ) + ૚) − ࢞ࢋ)࢞ࢋ + ૚)ᇱ

࢞ࢋ) + ૚)૛ =
࢞ࢋ

࢞ࢋ) + ૚)૛ > 0 

ࡹ = (࢞)ᇱࢌܠ܉ܕ = ᇱ(૚)ࢌ = ࢋ
:ࢎ,ࢍ ૛. Let be(ା૚ࢋ) [૙, ૚] → ℝ;  

(࢞)ࢍ = ૚)܏ܗܔ + (࢞ࢋ −
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞; (࢞)ࢎ	 = ૚)܏ܗܔ + (࢞ࢋ +
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞ 

(࢞)ᇱࢍ = (࢞)ᇱࢌ − ࢋ
૛(ା૚ࢋ) ≤ ૙ ⇒  decreasing ࢍ

(࢞)ᇱࢎ = (࢞)ᇱࢌ + ࢋ
૛(ା૚ࢋ) ≥ ૙ ⇒  increasing ࢎ

By  Cebyishev – integral form: 

න൫ࢍ(࢞) ⋅ ൯(࢞)ࢎ
૚

૙

࢞ࢊ ≤ ቌන࢞ࢊ(࢞)ࢍ
૚

૙

ቍቌන࢞ࢊ(࢞)ࢎ
૚

૙

ቍ 

න൬܏ܗܔ(૚ + (࢞ࢋ −
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞൰
૚

૙

൬܏ܗܔ(૚ + (࢞ࢋ +
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞൰ ࢞ࢊ ≤ 

≤ න൬܏ܗܔ(૚ + (࢞ࢋ −
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞൰
૚

૙

࢞ࢊ ⋅ න൬܏ܗܔ(૚ + (࢞ࢋ +
ࢋ

ࢋ) + ૚)૛ ⋅ ࢞൰
૚

૙

 ࢞ࢊ

න ૛(૚܏ܗܔ + (࢞ࢋ
૚

૙

࢞ࢊ −
૛ࢋ

ࢋ) + ૚)૝ ⋅
࢞૜

૜
ቚ૚૙ ≤ ቌන ૚)܏ܗܔ + (࢞ࢋ

૚

૙

ቍ࢞ࢊ

૛

−
૚
૝
⋅

૛ࢋ

ࢋ) + ૚)૝ 
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න ૛(૚܏ܗܔ + ࢞ࢊ(࢞ࢋ
૚

૙

−
૛ࢋ

૜(ࢋ + ૚)૝ ≤ ቌන ૚)܏ܗܔ + (࢞ࢋ
૚

૙

ቍ࢞ࢊ

૛

−
૛ࢋ

૝(ࢋ + ૚)૛ 

න ૛(૚܏ܗܔ + ࢞ࢊ(࢞ࢋ
૚

૙

≤ ቌන ૚)܏ܗܔ + ࢞ࢊ(࢞ࢋ
૚

૙

ቍ

૛

+
૛ࢋ

૜(ࢋ + ૚)૝ −
૛ࢋ

૝(ࢋ + ૚)૝ 

න ૛(૚܏ܗܔ + ࢞ࢊ(࢞ࢋ
૚

૙

≤ ቌන܏ܗܔ(૚ + (࢞ࢋ
૚

૙

ቍ࢞ࢊ

૛

+
૛ࢋ

૚૛(ࢋ + ૚)૝ < 

< ቌන ૚)܏ܗܔ + (࢞ࢋ
૚

૙

ቍ࢞ࢊ

૛

+
૚
૚૛ 

Solution 2 by Soumitra Moukherjee - Chandar Nagore – India  

Applying A.M ≥ G.M: 

૚
૚૛ቌ

න ૚)܏ܗܔ + (࢞ࢋ
૚

૙

ቍ࢞ࢊ

૛

≥
૚
√૜

ቌන ૚)܏ܗܔ + (࢞ࢋ
૚

૙

 ቍ࢞ࢊ

we need to show: 

૚
√૜

න ૚)܏ܗܔ + (࢞ࢋ
૚

૙

࢞ࢊ > න ૛(૚܏ܗܔ + (࢞ࢋ
૚

૙

 ࢞ࢊ

⇔ ૚
√૜

> ૚)܏ܗܔ + ࢞ for all (࢞ࢋ ∈ [૙,૚] 

૙ ≤ ࢞ ≤ ૚ ⇔ ૛ ≤ ૚)܏ܗܔ + (࢞ࢋ ≤ ૚)܏ܗܔ + (ࢋ ≈ ૙.૞ૠ૙૜ and ૚
√૜
≈ ૙.૞ૠૠ૜ 

so, ૚
√૜

> ૚)܏ܗܔ + ࢞ for all (࢞ࢋ ∈ [૙,૚], so,  
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૚
૚૛

+ ቌන ૚)܏ܗܔ + (࢞ࢋ
૚

૙

ቍ࢞ࢊ

૛

> න ૛(૚܏ܗܔ + (࢞ࢋ
૚

૙

 ࢞ࢊ

(proved) 

 

32. Determine all functions ܎ with the following property: They are defined 

for all real numbers except ૚
૜
 and − ૚

૜
, and for each of those real numbers the 

equality ࢌ ቀ ࢞ା૚
૚ି૜࢞

ቁ + (࢞)ࢌ = ࢞ holds. 

Germany NMO 

Solution 1 by Marian Ursarescu-Romania 

ࢌ ൬
࢞ + ૚
૚ − ૜࢞൰ + (࢞)ࢌ = ࢞૚		∀࢞ ≠

૚
૜ ,࢞ ≠ −

૚
૜ 

࢞ →
࢞ + ૚
૚ − ૜࢞ ⇒ ቌࢌ

࢞ + ૚
૚ − ૜࢞ + ૚

૚ − ૜ (࢞ + ૚)
૚ − ૜࢞

ቍ + ࢌ ൬
࢞ + ૚
૚ − ૜࢞൰ =

࢞ + ૚
૚ − ૜࢞ ⇒ 

ࢌ ቀ ࢞ି૚
૜࢞ା૚

ቁ + ࢌ ቀ ࢞ା૚
૚ି૜࢞

ቁ = ࢞ା૚
૚ି૜࢞

   (1) 

࢞ →
࢞ − ૚
૜࢞ + ૚ ⇒ ቌࢌ

࢞ − ૚
૜࢞ + ૚ + ૚

૚ − ૜ ቀ ࢞ + ૚
૜࢞ + ૚ቁ

ቍ + ࢌ ൬
࢞ − ૚
૜࢞ + ૚൰ =

࢞ − ૚
૜࢞ + ૚ ⇒ 

⇒ (࢞)ࢌ + ࢌ ቀ ࢞ି૚
૜࢞ା૚

ቁ = ࢞ି૚
૜࢞ା૚

   (2) 

From hypothesis and (1) and (2) ⇒ 

⎩
⎪
⎨

⎪
⎧ ࢌ ൬

࢞ + ૚
૚ − ૜࢞൰+ (࢞)ࢌ = ࢞

ࢌ ൬
࢞ − ૚
૜࢞ + ૚൰ + ࢌ ൬

࢞ + ૚
૚ − ૜࢞൰ =

࢞ + ૚
૚ − ૜࢞

(࢞)ࢌ + ࢌ ൬
࢞ − ૚
૜࢞ + ૚൰ =

࢞ − ૚
૜࢞ + ૚

 

−− −− −− −− − − −− −− −− 
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ໄ૛ቆࢌ(࢞) + ൬ࢌ
࢞ + ૚
૚ − ૜࢞൰+ ࢌ ൬

࢞ − ૚
૜࢞ + ૚൰ቇ = ࢞ +

࢞ + ૚
૚ − ૜࢞+

࢞ + ૚
૜࢞ + ૚ 

⇒ (࢞)ࢌ + ࢌ ൬
࢞ + ૚
૚ − ૜࢞൰+ ࢌ ൬

࢞ − ૚
૜࢞ + ૚൰ =

૚
૛൬࢞ +

࢞ + ૚
૚ − ૜࢞ +

࢞ + ૚
૜࢞ + ૚൰ 

ࢌ ൬
࢞ − ૚
૜࢞ + ૚൰ + ࢌ ൬

࢞ + ૚
૚ − ૜࢞൰ =

࢞+ ૚
૚ − ૜࢞ 

−− −− −− −−− −− −− − − −− 

(࢚)ࢌ⊝ =
૚
૛ ൬࢞ +

࢞ + ૚
૚ − ૜࢞ +

࢞ + ૚
૜࢞ + ૚൰ −

࢞ + ૚
૚ − ૜࢞… 

Solution 2 by Abdallah El Farissi-Bechar-Algerie 

࢞ ≠ ૚
૜

,− ૚
૜
 and ࢌቀ ૚ା࢞

૚ି૜࢞
ቁ + (࢞)ࢌ = ࢞. We have 

⎩
⎪
⎨

⎪
⎧ ቀࢌ ࢞ା૚

૚ି૜࢞
ቁ + (࢞)ࢌ = ࢞

ࢌ ቀ ࢞ା૚
૚ି૜࢞

ቁ + ࢌ ቀ ࢞ି૚
૚ା૜࢞

ቁ = ࢞ା૚
૚ି૜࢞

(࢞)ࢌ + ࢌ ቀ ࢞ି૚
૚ା૜࢞

ቁ = ࢞ି૚
૚ା૜࢞

 

then ࢌ(࢞) = ૚
૛
ቀ࢞ − ૚ା࢞

૚ି૜࢞
+ ࢞ି૚

૚ା૜࢞
ቁ 

 

33. Find all continuous functions ࢌ:ℝ → ℝ such that: 

(࢞)ࢌ + (૜࢞)ࢌ + (࢞ૢ)ࢌ = ૢ૚࢞૛ + ૛૟࢞ + ૜ 

Proposed by Marian Ursarescu-Romania 

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam 

(࢞)ࢌ + (૜࢞)ࢌ + (࢞ૢ)ࢌ = ૢ૚࢞૛ + ૛૟࢞ + ૜    (3) 

Put ࢍ(࢞) = −(࢞)ࢌ ࢞૛ − ૛࢞ − ૚. We have 

(1) ⇒ (࢞)ࢍ + ࢞૛ + ૛࢞ + ૚ + (૜࢞)ࢍ + ૢ࢞૛ + ૟࢞ + ૚ + (࢞ૢ)ࢍ + ૡ૚࢞૛ + ૚ૡ࢞ + ૚ = 

= ૢ૚࢞૛ + ૛૟࢞+ ૜ ⇒ (࢞)ࢍ + (૜࢞)ࢍ + (࢞ૢ)ࢍ = ૙   (2) 

Put ࢞ → ૜࢞, we have (2)⇒ (૜࢞)ࢍ + (࢞ૢ)ࢍ + (૛ૠ࢞)ࢍ = ૙ (3) 

(2) and (3) ⇒ (࢞)ࢍ =  (4)   (૛ૠ࢞)ࢍ

Put ࢞ → ࢞
૛ૠ

, we have (4) ⇒ (࢞)ࢍ = ࢍ ቀ ࢞
૛ૠ
ቁ   (5) 

Put ࢞ → ࢞
૛ૠ

, we have (5) ⇒ ቀࢍ ࢞
૛ૠ
ቁ = ቀࢍ ࢞

૛ૠ૛
ቁ 
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Similarly, we have ࢍ(࢞) = ࢍ ቀ ࢞

૛ૠ
ቁ = ࢍ ቀ ࢞

૛ૠ૛
ቁ = ⋯ = ࢍ ቀ ࢞

૛ૠ࢔
ቁ	∀࢔ ∈ ℕ. 

The sequence (࢛࢔) such that ࢛૙ = ା૚࢔࢛,࢞ = ࢞
૛ૠ࢔

. We have ࢔ܕܑܔ→ାஶ ࢔࢛ = ૙ 

We have ࢍ(࢛૙) = (૚࢛)ࢍ = ⋯ = (࢔࢛)ࢍ = ࢔࢛)ࢍ + ૚) = ⋯ = ஶ→࢔ܕܑܔ)ࢍ (࢔࢛ =  (૙)ࢍ

Put ࢞ → ૙, we have (2) ⇒ ૜ࢍ(૙) = ૙ ⇒ (૙)ࢍ = ૙ ⇒ (࢞)ࢍ = ૙	∀࢞ ∈ ℝ 

So, ࢌ(࢞) = ࢞૛ + ૛࢞+ ૚			∀࢞ ∈ ℝ 

We have (1) ⇒ ࢞૛ + ૛࢞ + ૚ + ૢ࢞૛ + ૟࢞ + ૚ + ૡ૚࢞૛ + ૚ૡ࢞+ ૚ = ૢ૚࢞૛ + ૛૟࢞ + ૜  

(True). Therefore ࢌ(࢞) = ࢞૛ + ૛࢞ + ૚		∀࢞ ∈ ℝ 

 

34. If ࢈,ࢇ, ࢉ ∈ (૙,∞) then: 

൬૚ +
࢈
൰ࢇ

ࢉ

ቌන࢞ିࢋ૛
૚

૙

ቍ࢞ࢊ

ା૚ࢉ

+ ቀ૚ +
ࢇ
࢈
ቁቌන࢞ࢋ૛

૚

૙

ቍ࢞ࢊ

ା૚ࢉ

≥ ቌන൫࢞ିࢋ૛ + ࢞ࢊ૛൯࢞ࢋ
૚

૙

ቍ

ା૚ࢉ

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Ravi Prakash - New Delhi – India  

Let ࡭ = ∫ ૛૚࢞ିࢋ
૙ ࡮,࢞ࢊ = ∫ ૛૚࢞ࢋ

૙   Consider .࢞ࢊ

(࢚)ࢌ = ൬૚ +
૚
࢚
൰
ࢉ

ା૚ࢉ࡭ + (૚ + ,ା૚ࢉ࡮ࢉ(࢚ ࢚ > 0 

(࢚)ᇱࢌ = ࢉ ൬૚ +
૚
࢚
൰
૚ିࢉ

൬−
૚
࢚૛
൰ࢉ࡭ା૚ + +૚)ࢉ ା૚ࢉ࡮૚ିࢉ(࢚ =

= ࢉ ൬૚+
૚
࢚
൰
ା૚ࢉ࡮૚ିࢉ

࢚૛
ቈ࢚ࢉା૚ − ൬

࡭
࡮
൰
ା૚ࢉ

቉ 

Note that ࢌᇱ(࢚) < 0 for ૙ < ݐ < ࡭
࡮

, ᇱ(૙)ࢌ > 0 for ࢚ > ࡭
࡮

 

࢚ is least when (࢚)ࢌ = ࡭
࡮

. Thus, ࢌ(࢚) ≥ ࢌ ቀ࡭
࡮
ቁ	∀	࢚ > 0 ⇒ ࢌ ቀࢇ

࢈
ቁ ≥ ࢌ ቀ࡭

࡮
ቁ 

⇒ ൬૚ +
࢈
ࢇ
൰
ࢉ

ቌන࢞ିࢋ૛
૚

૙

ቍ࢞ࢊ

ା૚ࢉ

+ ቀ૚+
ࢇ
࢈
ቁ
ࢉ
ቌන࢞ࢋ૛

૚

૙

ቍ࢞ࢊ

ା૚ࢉ

≥ 
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≥ ൬૚ +
࡭
࡮
൰
ࢉ

ା૚ࢉ࡮ + ൬૚ +
࡮
࡭
൰ࢉ࡭ା૚ = ࡭) + ࡮ࢉ(࡮ + ࡭) + ࡭ࢉ(࡮ = 

= ࡭) + ା૚ࢉ(࡮ = ቌන൫࢞ିࢋ૛ + ૛൯࢞ࢋ
૚

૙

ቍ࢞ࢊ

ା૚ࢉ

 

Solution 2 by Soumitra Moukherjee - Chandar Nagore – India  

Applying Holder’s Inequality 

൞൬૚ +
࢈
ࢇ
൰
ࢉ

ቌන࢞ିࢋ૛
૚

૙

ቍ࢞ࢊ

ା૚ࢉ

+ ቀ૚ +
ࢇ
࢈
ቁ
ࢉ
ቌන࢞ࢋ૛

૚

૙

ቍൢ൜൬࢞ࢊ
ࢇ

ࢇ + +࢈
࢈

ࢇ + ࢈
൰൬

ࢇ
ࢇ + ࢈ +

࢈
ࢇ + ࢈

൰…  ൠ(࢙ࢋ࢓࢏࢚	ࢉ)

≥

⎩
⎪
⎨

⎪
⎧

ඩ൬૚ +
࢈
ࢇ
൰
ࢉ

ቀ
ࢇ

+ࢇ ࢈
ቁ
ࢉ
ቌනࢋ−࢞૛
૚

૙
ቍ

ା૚ࢉ
శ૚ࢉ

+ ඩቀ૚ +
ࢇ
࢈
ቁ
ࢉ
൬

࢈
+ࢇ ࢈

൰
ࢉ

ቌන ૛࢞ࢋ
૚

૙
ቍ

ା૚ࢉ
శ૚ࢉ

⎭
⎪
⎬

⎪
⎫
ା૚ࢉ

 

൬૚ +
࢈
ࢇ
൰
૛

ቌන ૛࢞−ࢋ
૚

૙
ቍ

ା૚ࢉ

+ ቀ૚ +
ࢇ
࢈
ቁ
ࢉ
ቌන ૛࢞ࢋ
૚

૙
ቍ࢞ࢊ

ା૚ࢉ

≥ ቌන ൬ࢋ−࢞૛ + ࢞ࢊ૛൰࢞ࢋ
૚

૙
ቍ

ା૚ࢉ

 

 

35. Let ࢌ: [૙,૚] → (−૚,૚) be a continuous function so that 

නࢌ(࢞)
૚

૙

࢞ࢊ ∉ {−૚,૚} 

Prove that: 

∫ࢋ ૚(࢞)ࢌ
૙ ࢞ࢊ

૚ + ∫ࢋ ૚(࢞)ࢌ
૙ ࢞ࢊ

≤ න
(࢞)ࢌࢋ

૚ + (࢞)ࢌࢋ

૚

૙

 ࢞ࢊ

Proposed by Soumitra Mandal - Kolkata – India  

Solution by Daniel Sitaru – Romania  

(࢞)ࢍ =
(࢞)ࢌࢋ

૚ +  (࢞)ࢌࢋ



 
www.ssmrmh.ro 

 

ࢋ
૚

૚ష૙∫ ૚࢞ࢊ൯(࢞)ࢍ൫܏ܗܔ
૙ ≤ ૚

૚ି૙∫ ૚(࢞)ࢍ
૙   (AM-GM – integral form) – ࢞ࢊ

∫ࢋ ൫܏ܗܔି(࢞)ࢌ൫૚ାࢌࢋ(࢞)൯൯࢞ࢊ૚
૙ ≤ න

(࢞)ࢌࢋ

૚ + (࢞)ࢌࢋ

૚

૙

 ࢞ࢊ

∫ࢋ ૚(࢞)ࢌ
૙ ࢞ࢊ

∫ࢋ ቀ܏ܗܔቀ૚శࢌࢋ(࢞)ቁቁ࢞ࢊ૚
૙

≤ ∫ (࢞)ࢌࢋ

૚ାࢌࢋ(࢞)
૚
૙  (1)   ࢞ࢊ

࣐(࢞) = ૚)܏ܗܔ + (࢞ࢋ ,࣐ᇱ(࢞) =
࢞ࢋ

૚ + ࢞ࢋ
,࣐ᇱ(࢞) =

࢞ࢋ

(૚ + ૛(࢞ࢋ > 0 

܏ܗܔ ቀ૚+ ∫ࢋ ૚(࢞)ࢌ
૙ ቁ࢞ࢊ ≤

࢔ࢋ࢙࢔ࢋࡶ
න൫܏ܗܔ൫૚+ ൯൯(࢞)ࢌࢋ
૚

૙

 ࢞ࢊ

૚

૚ାࢋ∫ ૚(࢞)ࢌ
૙ ࢞ࢊ

≤ ∫ࢋ ૚(࢞)ࢌ
૙ ࢞ࢊ

∫ࢋ ቀ܏ܗܔቀ૚శࢌࢋ(࢞)ቁቁ࢞ࢊ૚
૙

    (2) 

By (1), (2): ૚

૚ାࢋ∫ ૚(࢞)ࢌ
૙ ࢞ࢊ

≤ ∫ (࢞)ࢌࢋ

૚ାࢌࢋ(࢞)
૚
૙  ࢞ࢊ

 

36. If ࢈,ࢇ ∈ ℝ then: 

૛(࢈ − ࢈ାࢇࢋ૛ඥ(ࢇ ≤ ૡ ቀ√ࢇࢋ − ඥ࢈ࢋቁ
૛
≤ ൫ࢇࢋ + −࢈)൯࢈ࢋ  ૛(ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal -Kolkata – India  

Let ࢌ(࢞) = ࢞ for all ࢞ࢋ√ ∈ ࢇ where [࢈,ࢇ] < ܾ 

[WLOG let us assume ࢇ < ܾ] 

(࢞)ᇱᇱࢌ = ࢞ࢋ√

૝
> 0, hence ࢌ(࢞) is strictly convex 

Applying HERMITE – HADAMARD Inequality 
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൬ࢌ
ࢇ + ࢈
૛

൰ ≤
૚

࢈ − ࢇ
නࢌ(࢞)
࢈

ࢇ

࢞ࢊ ≤
(ࢇ)ࢌ + (࢈)ࢌ

૛
 

⇒ ࢋ
࢈ାࢇ
૝ ≤

૚
࢈ − ࢇ

න√࢞ࢋ
࢈

ࢇ

࢞ࢊ ≤
ࢇࢋ√ + ࢈ࢋ√

૛
 

⇒ ࢋ
࢈ାࢇ
૝ ≤

૛
࢈ − ࢇ ቀ

ඥ࢈ࢋ − ቁࢇࢋ√ ≤
ࢇࢋ√ + ࢈ࢋ√

૛  

⇒ ࢋ
࢈ାࢇ
૛ ≤

૝
࢈) − ૛(ࢇ ቀ

ඥ࢈ࢋ ቁࢇࢋ√−
૛
≤
൫√ࢇࢋ + ൯࢈ࢋ√

૛

૝
≤
࢈ࢋ + ࢇࢋ

૛
 

⇒ ૛(࢈ − ࢈ାࢇࢋ૛ඥ(ࢇ ≤ ૡ ቀඥ࢈ࢋ − ቁࢇࢋ√
૛
≤ ൫࢈ࢋ + −࢈)൯ࢇࢋ  ૛(ࢇ

Solution 2 by Sameer Shihab-Riyadh-Saudi Arabia 

Let ࢌ(࢞) =   is concave up (࢞)ࢌ since . ࢞ࢋ√

൬ࢌ
ࢇ + ࢈
૛

൰ ≤
૚

࢈ − ࢇ
නࢌ(࢞)
࢈

ࢇ

࢞ࢊ ≤
(ࢇ)ࢌ + (࢈)ࢌ

૛
 

ටࢋ
࢈ାࢇ
૛ ≤

૚
࢈ − ࢇ

න√࢞ࢋ
࢈

ࢇ

࢞ࢊ ≤
ࢇࢋ√ + ࢈ࢋ√

૛
 

ටࢋ
࢈ାࢇ
૛ ≤ ൤

૚
࢈ − ࢇ

૛√࢞ࢋ൨
ࢇ

࢈

≤
ࢇࢋ√ + ࢈ࢋ√

૛
 

ටࢋ
࢈ାࢇ
૛ ≤

૛
࢈ − ࢇ

ቀඥ࢈ࢋ ቁࢇࢋ√− ≤
ࢇࢋ√ + ࢈ࢋ√

૛
 

ࢋ
࢈ାࢇ
૛ ≤

૝
࢈) − ૛(ࢇ ቀ

ඥ࢈ࢋ ቁࢇࢋ√−
૛
≤ ቆ

ࢇࢋ√ + ࢈ࢋ√

૛
ቇ
૛

	 

but 
ቀ√ࢇࢋାඥ࢈ࢋቁ

૛

૝
≤ ࢇࢋ

૛
+ ࢈ࢋ

૛
   Bergstrom’s inequality 
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ࢋ
࢈ାࢇ
૛ ≤

૝
࢈) − ૛(ࢇ ቀ

ඥ࢈ࢋ− ቁࢇࢋ√
૛
≤
ࢇࢋ

૛
+
࢈ࢋ

૛
 

૛(࢈ − ૛(ࢇ ⋅ ࢋ
ࢇା࢈
૛ ≤ ૡ ቀඥ࢈ࢋ − ቁࢇࢋ√ ≤ ࢈) − ࢇࢋ૛൫(ࢇ +  ൯࢈ࢋ

Solution 3 by Vinhhop Tran-Quang Tri-Vietnam 

For the LHS inequality: ૛(࢈ − ࢈ାࢇࢋ√૛(ࢇ ≤ ૡ൫√ࢇࢋ − ൯࢈ࢋ√
૛

 

⇔ ൬
࢈ − ࢇ
૛ ൰

૛

≤
ࢇࢋ − ૛ࢋ

࢈ାࢇ
૛ + ࢈ࢋ

ࢋ
࢈ାࢇ
૛

⇔ ൬
࢈ − ࢇ
૛ ൰

૛

≤ ࢋ
࢈ିࢇ
૛ + ିࢋ

࢈ିࢇ
૛ − ૛ 

⇔ ࢚ࢋ + ࢚ିࢋ − ࢚૛ − ૛ ≥ ૙, ࢚ = ࢈ିࢇ
૛

. 

WLOG, assume that ࢚ ≥ ૙. Let consider function ࢌ(࢚) = ࢚ࢋ + ࢚ିࢋ − ࢚૛ − ૛,	 

࢚ ∈ [૙; 	+∞) 

We need to prove ࢌ(࢚) ≥ ૙	∀࢚ ≥ ૙ 

(࢚)ᇱࢌ = ࢚ࢋ − ࢚ିࢋ − ૛࢚,ࢌᇱᇱ(࢚) = ࢚ࢋ + ࢚ିࢋ − ૛ > 0	∀∈ (૙;∞). So the function 

;ᇱ(࢚) increases on the interval [૙ࢌ +∞), implies ࢌᇱ(࢚) > ᇱ(૙)ࢌ = ૙	∀࢚ ∈

(૙; +∞). This shows that ࢌ(࢚) is an increasing function on the interval 

[૙; 	+∞). Hence, ࢌ(࢚) ≥ (૙)ࢌ = ૙	∀	࢚ ≥ ૙. 

2. For the ࡿࡴࡾ inequality ૡ൫√ࢇࢋ − ൯࢈ࢋ√
૛
≤ ൫ࢇࢋ + ࢈)൯࢈ࢋ −  ૛(ࢇ

⇔ ૡ
൫√ࢇࢋ − ൯࢈ࢋ√

૛

ࢇࢋ + ࢈ࢋ ≤ ࢈) − ૛(ࢇ ⇔ ૡ
ࢇࢋ − ૛ࢋ

࢈ାࢇ
૛ + ࢈ࢋ

ࢇࢋ + ࢈ࢋ ≤ ࢈) −  ૛(ࢇ

⇔ ૡ− ૚૟
ࢋ
࢈ାࢇ
૛

ࢇࢋ + ࢈ࢋ
≤ ࢈) − ૛(ࢇ ⇔ ૡ− ૚૟

૚

ࢋ
࢈ିࢇ
૛ + ିࢋ

࢈ିࢇ
૛

≤ ࢈) −  ૛(ࢇ

⇔
૝

࢚ࢋ + ࢚ିࢋ + ࢚૛ − ૛ ≥ ૙, ࢚ =
ࢇ − ࢈
૛ . 

WLOG, assume that ࢚ ≥ ૙. Let consider function  
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(࢚)ࢍ = ૝

ష࢚ࢋା࢚ࢋ
+ ࢚૛ − ૛, ࢚ ∈ [૙;∞).We need to prove ࢍ(࢚) ≥ ૙	∀࢚ ≥ ૙. 

(࢚)ᇱࢍ =
−૝(࢚ࢋ − (࢚ିࢋ

࢚ࢋ) + ૛(࢚ିࢋ
+ ૛࢚,ࢍᇱᇱ(࢚) = ૛ −

૝
࢚ࢋ + ࢚ିࢋ

+ ૡ
࢚ࢋ) − ૛(࢚ିࢋ

࢚ࢋ) + ૜(࢚ିࢋ
> 0	 

∀࢚ ∈ (૙; +∞). So the function ࢍᇱ(࢚) increases on the interval [૙; +∞), 

implies ࢍᇱ(࢚) > ࢚∀	ᇱ(૙)ࢍ ∈ (૙; +∞). This shows that ࢍ(࢚) is an increasing 

function on the interval [૙; +∞). Hence, ࢍ(࢚) ≥ (૙)ࢍ = ૙	∀	࢚ ≥ ૙. 

 

37. Find ࢔,࢓ ∈ ℕ∗ such that ࢞૛ − ࢞ + ૜ divide (࢞ + ૛)࢓ − (࢞૛ + ૛)࢔, ࢞ ∈ ℝ. 

Proposed by Marian Ursarescu-Romania 

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam 

We have (࢞ + ૛)࢓ − (࢞૛ + ૛)࢔ = (࢞૛ − ࢞ + ૜).(1)  (࢞)ࡽ 

Put ࢞ = ૚ା࢏√૚૚
૛

, we have (1) ⇒ ቀ૞ା࢏√૚૚
૛

ቁ
࢓

= ቀି૚ା࢏√૚૚
૛

ቁ
࢔

  (2) 

Put ࢞ = ૚ି࢏√૚૚
૛

, we have (1) ⇒ ቀ૞ି࢏√૚૚
૛

ቁ
࢓

= ቀି૚ି࢏√૚૚
૛

ቁ
࢔

  (3) 

Put (૛)
(૜)

, we have ቀૠା૞࢏√૚૚
૚ૡ

ቁ
࢓

= ቀି૞ି࢏√૚૚
૟

ቁ
࢔
⇒ ቀି૞ି࢏√૚૚

૟
ቁ
૛࢓

= ቀି૞ି࢏√૚૚
૟

ቁ
࢔

  (4) 

Put ࢻ is the angle satisfy ࢻܛܗ܋ = ି૞
૟

 and ܖܑܛ ࢻ = ି√૚૚
૟

 

We have (4) ⇒ (ࢻ࢓૛)ܛܗ܋ + ࢏ ⋅ (ࢻ࢓૛)ܖܑܛ = (ࢻ࢔)ܛܗ܋ + ࢏ ⋅  (ࢻ࢔)ܖܑܛ

⇒ ൜ܛܗ܋
(૛ࢻ࢓) = (ࢻ࢔)ܛܗ܋ 	(૞)

(ࢻ࢓૛)ܖܑܛ = (ࢻ࢔)ܖܑܛ 		(૟) 

We have (5) ⇒ ൤૛ࢻ࢓ = ࢻ࢔ + ࢑૛࣊					(ૠ)
૛ࢻ࢓ = ࢻ࢔− + ࢑૛࣊		(ૡ) 

Lemma: If ࣊
ࢼ

 is a rational number, we have ࢼܛܗ܋ ∈ ቄ±૚; ± ૚
૛
ቅ. Prove 

We have ࣊
ࢼ

 is a rational number ⇒ ࢼ = ࢘࣊	(࢘ ∈  (ࡽ

With De Moivre’s Formula we deduce that ܛܗ܋ ࢘࣊+ ࢏ ⋅ ܖܑܛ ࢘࣊ and ܛܗ܋ ࢘࣊ − ࢏ ⋅ ܖܑܛ ࢘࣊ 

are algebraic integers ⇒ ૛ܛܗ܋ ࢘࣊ is an algebraic integer. 
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But ૛ ܛܗ܋ ࢘࣊ ∈ ࡽ ⇒ ૛ܛܗ܋ ࢘࣊ ∈  ࢆ

Now from −૛ ≤ ૛ܛܗ܋ ࢘࣊ ≤ ૛ so we have ૛ ܛܗ܋ ࢘࣊ ∈ {−૛; 	−૚;૙;૚; ૛	}  

or ࢼܛܗ܋ ∈ ቄ±૚; 	± ૚
૛
ቅ 

We have (7) ⇒ (૛࢓− ࢻ(࢔ = ࢑૛࣊ ⇒ ૛࢔−࢓ = ૙ (since ࣊
ࢻ
∈ ⇒ (ࡵ ૛࢓ =  (9)   ࢔

We have (8) ⇒ (૛࢓ + ࢻ(࢔ = ࢑૛࣊ ⇒ ૛࢓ + ࢔ = ૙ (since ࣊
ࢻ
∈ ⇒ (ࡵ −૛࢓ =  (10)   ࢔

We have (10) ⇒ (ࢻ࢔)ܖܑܛ− = (ࢻ࢔)ܖܑܛ ⇒ (ࢻ࢔)ܖܑܛ = ૙ ⇒ ࢻ࢔ = ࢗ)	૛࣊ࢗ ∈ (ࢆ ⇒ ࢔ = ૙ 

(since ࣊
ࢻ
∈ ⇒ We have (9) .(Absurd) (ࡵ (ࢻ࢔)ܖܑܛ =  (True)   (ࢻ࢔)ܖܑܛ

Therefore with ૛࢓ = ૛࢞,࢔ − ࢞ + ૜ divide (࢞ + ૛)࢓ − (࢞૛ + ૛)࢔, ࢞ ∈  ࡾ

 

38. If ૙ < ܽ < ܾ < ࣊
૛

 then: 

ૠන࢞૜ ܖ܉ܜ ࢞ ቀܖܑܛ
࢞
૛

+ ܖ܉ܜ
࢞
૛
ቁ

࢈

ࢇ

ܖܑܛ√ ࢞ ܖ܉ܜ ࢞ࢊ࢞ > ૠ࢈ −  ૠࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

We first prove that ∀࢞ ∈ ቀ૙, ࣊
૛
ቁ , ࢞ܖܑܛ > ܛܗ܋√ݔ ࢞ 

⇔ ૛ܖܑܛ ࢞ > ࢞૛ ܛܗ܋ ࢞ ⇔ ૚ − ૛ܛܗ܋ ࢞ > ࢞૛  ࢞ܛܗ܋

⇔ ૚ > ࢞ܛܗ܋ (࢞૛ + ܛܗ܋ ࢞) ⇔ ࢞܋܍ܛ > ࢞૛ + ܛܗ܋ ࢞     (1) 

Let ࢌ(࢞) = ࢞܋܍ܛ − ࢞૛ − ܛܗ܋ ࢞    ∀	࢞ ∈ ቂ૙, ࣊
૛
ቁ 

(࢞)ᇱࢌ = ܋܍ܛ ࢞ ܖ܉ܜ ࢞ − ૛࢞ + ܖܑܛ ࢞ =  (say)   (࢞)ࢍ

(࢞)ᇱࢍ = ૜܋܍ܛ ࢞ + ܖ܉ܜ ࢞ ࢞܋܍ܛ ܖ܉ܜ ࢞ − ૛ +  ࢞ܛܗ܋

= ܋܍ܛ ࢞ (૚ + ૛ܖ܉ܜ ࢞) + ܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞ − ૛ + ܛܗ܋ ࢞ 

= ܋܍ܛ) ࢞ + ࢞ܛܗ܋ − ૛) + ૛ ࢞܋܍ܛ ૛ܖ܉ܜ ࢞ 

≥
ࡳି࡭

૛√࢞܋܍ܛ ܛܗ܋ ࢞ − ૛ + ૛ ܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞ 
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= ૛ − ૛ + ૛܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞ = ૛ ࢞܋܍ܛ ૛ܖ܉ܜ ࢞ ≥ ૙ 

∴ (࢞)ࢍ = (࢞)ᇱࢌ ≥ (૙)ࢍ = ૙ ⇒ (࢞)ࢌ ≥ (૙)ࢌ = ૙ 

∴ ࢞܋܍ܛ − ࢞૛ − ࢞ܛܗ܋ ≥ ૙, equality at ࢞ = ૙ 

⇒ ∀࢞ ∈ ቀ૙,
࣊
૛
ቁ , ࢞܋܍ܛ − ࢞૛ − ࢞ܛܗ܋ > 0 

⇒ ܖܑܛ ࢞ > ܛܗ܋√ݔ ࢞   (from (1)) 

⇒ ૛ܖܑܛ ࢞ > ࢞૛ ࢞ܛܗ܋ ⇒
૛ܖܑܛ ࢞
ܛܗ܋ ࢞

> ࢞૛ ⇒ ܖܑܛ ࢞ ܖ܉ܜ ࢞ > ࢞૛ ⇒ ܖܑܛ√ ࢞ ܖ܉ܜ ࢞ >  ݔ

Also, ܖܑܛ ࢞
૛

+ ܖ܉ܜ ࢞
૛
≥
ࡳି࡭

૛ටܖܑܛ ࢞
૛
ܖ܉ܜ ࢞

૛
> 2 ቀ࢞

૛
ቁ = ࢞ 

∴ ࢞૜ ܖ܉ܜ ࢞ ቀܖܑܛ
࢞
૛

+ ܖ܉ܜ
࢞
૛
ቁ√࢞ܖܑܛ ܖ܉ܜ ࢞ 

> ࢞૜ ⋅ ࢞ ⋅ ࢞ ⋅ ࢞ = ࢞૟ ቀ∵ ∀࢞ ∈ ቀ૙,
࣊
૛
ቁ , ܖ܉ܜ ࢞ >  ቁݔ

∴ ࡿࡴࡸ > 7න࢞૟
࢈

ࢇ

࢞ࢊ = ૠ ൬
૚
ૠ൰

[࢞ૠ]࢈ࢇ = ૠ࢈ −  ૠࢇ

Solution 2 by Daniel Sitaru – Romania  

ܖܑܛ ࢞ ܖ܉ܜ ࢞ − ቀ૛ ܖ܉ܜ ࢞
૛
ቁ
૛

= ૛ܖܑܛ ࢞
ܛܗ܋ ࢞

−
૝ܖܑܛ૛࢞૛
૛࢞૛ܛܗ܋

=
૝ ૛࢞૛ܖܑܛ

࢞ܛܗ܋ ૛࢞૛ܛܗ܋
ቀܛܗ܋૛ ࢞

૛
− ૚ቁ

૛
> 0  

ܖܑܛ√ ࢞ ܖ܉ܜ ࢞ > 2 ܖ܉ܜ ࢞
૛

> 2 ⋅ ࢞
૛

= ࢞,       (1) 

:ࢌ ቀ૙,
࣊
૛
ቁ → ℝ,ࢌ(࢞) = ܖܑܛ ࢞ + ܖ܉ܜ ࢞ − ૛࢞,ࢌᇱ(࢞) = ܛܗ܋ ࢞ + ૛ܖ܉ܜ ࢞ − ૚ 

(࢞)ᇱᇱࢌ =
ܖܑܛ ࢞ (૛ − ૜ܛܗ܋ ࢞)

૜ܛܗ܋ ࢞ > 0, ܎ܖܑ (࢞)ᇱࢌ = ܎ܖܑ (࢞)ࢌ = ૙ → (࢞)ࢌ > 0 

ܖܑܛ ࢞ + ܖ܉ܜ ࢞ > 2࢞ → ܖܑܛ ࢞
૛

+ ܖ܉ܜ ࢞
૛

>  (2)     ,ݔ

ܖ܉ܜ ࢞ >  (3)     ,ݔ

By multiplying (1), (2), (3) → 
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࢞૜ ܖ܉ܜ ࢞ ቀܖܑܛ
࢞
૛

+ ܖ܉ܜ
࢞
૛
ቁ√ܖܑܛ ࢞ ܖ܉ܜ ࢞ > ࢞૟ 

න࢞૜ ܖ܉ܜ ࢞ ቀܖܑܛ
࢞
૛+ ܖ܉ܜ

࢞
૛ቁ

࢈

ࢇ

࢞ܖܑܛ√ ܖ܉ܜ ࢞ࢊ࢞ >
૚
ૠ

ૠ࢈) −  (ૠࢇ

 

39. Let ࢌ:ℝା → ℝା be integrable and satisfying 

࢚࢞)ࢌ + (૚ − ࢚)࢟) ≤ (࢞)ࢌ࢚ + (૚ − ࢟,࢞ where (࢟)ࢌ(࢚ ∈ ℝା and ࢚ ∈ (૙,૚) 

Show that: 

૚
ࢇܖܔ

නࢌ൫࢞૝൯
ࢇ

૚

࢞ࢊ +
૚
࢈ܖܔ

නࢌ൫࢞૝൯
࢈

૚

࢞ࢊ ≥ ૛න(࢈ࢇ)
࢞
૛

૚

૙

૝࢞ࢇ൫ࢌ ࢞࢈૜࢞ࢇ− + ૛࢞࢈૛࢞ࢇ − ૜࢞࢈࢞ࢇ +  ࢞ࢊ૝࢞൯࢈

where ࢈,ࢇ > ૙. 

Proposed by Soumitra Mandal-Chandar Nagore-India 

Solution by Daniel Sitaru – Romania  

࢞ = ࢟ࢇ →
૚

܏ܗܔ ࢇ
නࢌ(࢞૝)
ࢇ

૚

࢞ࢊ = නࢌ࢟ࢇ(ࢇ૝࢟)
૚

૙

 ࢟ࢊ

૚
ࢇ܏ܗܔ

නࢌ(࢞૝)
ࢇ

૚

࢞ࢊ +
૚

܏ܗܔ ࢈
නࢌ(࢞૝)
࢈

૚

࢞ࢊ = 

= නቀࢌ࢞ࢇ(ࢇ૝࢞) + ቁ(૝࢞࢈)ࢌ࢞࢈
૚

૙

࢞ࢊ ≥⏞
ࡺࡱࡿࡺࡱࡶ

 

≥ න(࢞ࢇ + ࢌ(࢞࢈ ቆ
૞࢞ࢇ + ૞࢞࢈

࢞ࢇ + ࢞࢈ ቇ
૚

૙

࢞ࢊ ≥⏞
ࡹࡳିࡹ࡭
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≥ ૛න√࢞࢈࢞ࢇ
૚

૙

૝࢞ࢇ)ࢌ − ࢞࢈૜࢞ࢇ + ૛࢞࢈૛࢞ࢇ − ૜࢞࢈࢞ࢇ +  ࢞ࢊ(૝࢞࢈

 

40. If ૙ < ܽ < ܾ < ࣊
૛

 then: 

න
ܛܗ܋ ࢞

ܖܑܛ ࢞ + ૝࢞ ܛܗ܋ ࢞

࢈

ࢇ

࢞ࢊ <
૚
૞
൬܏ܗܔ

࢈
ࢇ
൰

૝
૞
⋅ ඨ܏ܗܔ൬

ܖܑܛ ࢈
ࢇܖܑܛ

൰
૞

 

Proposed by Daniel Sitaru – Romania  

Solution by Abdallah El Farissi – Bechar – Algerie  

න
࢞ܛܗ܋

ܖܑܛ ࢞ + ૝࢞ܛܗ܋ ࢞

࢈

ࢇ

࢞ࢊ ≤
ࡹࡳିࡹ࡭ ૚

૞
න
૚

࢞
૝
૞
ቀ
ܛܗ܋ ࢞
࢞ܖܑܛ

ቁ
૚
૞

࢈

ࢇ

 ࢞ࢊ

and by Holder inequality 

න
࢞ܛܗ܋

࢞ܖܑܛ + ૝࢞ ࢞ܛܗ܋

࢈

ࢇ

࢞ࢊ ≤
૚
૞ቌන

࢞ࢊ
࢞

࢈

ࢇ

ቍ

૝
૞

ቌන
࢞ܛܗ܋
ܖܑܛ ࢞

࢈

ࢇ

ቍ࢞ࢊ

૚
૞

=
૚
૞ ൬ܖܔ

࢈
൰ࢇ

૝
૞
൬ܖܔ

ܖܑܛ ࢈
൰ࢇܖܑܛ

૚
૞

 

< ൬ܖܔ
࢈
ࢇ
൰

૝
૞
൬ܖܔ

࢈ܖܑܛ
ܖܑܛ ࢇ

൰

૚
૞

 

 

 

41. For ࢈,ࢇ, ࢉ ∈ (૙,∞); ࢇ	 < ܾ < ܿ; ݂: [૙,ࢇ] → [૙,࢈];ࢍ: [૙,࢈] → [૙,  [ࢉ

continuous, bijectifs and strictly increasing functions prove that: 

૚
ࢉ
න(ࢍ ∘ ૛(ࢌ
ࢇ

૙

࢞ࢊ(࢞) +
૚
ࢇ
න(ିࢌ૚ ∘ ૚)૛ିࢍ
ࢉ

૙

࢞ࢊ(࢞) ≤  ࢉࢇ
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Proposed by Daniel Sitaru – Romania 

Solution by Daniel Sitaru – Romania  

ࢍ) ∘ (࢞)(ࢌ ∈ [૙, [ࢉ ⇒ ࢍ) ∘ (࢞)(ࢌ ≤ ;ࢉ (∀)࢞ ∈ [૙,ࢇ] 

૚
ࢉ න

ࢍ) ∘ ૛(ࢌ
ࢇ

૙

࢞ࢊ(࢞) ≤
૚
නࢉ ࢉ ⋅

ࢇ

૙

ࢍ) ∘ ࢞ࢊ	(࢞)(ࢌ = න(ࢍ ∘ (࢞)(ࢌ
ࢇ

૙

 ࢞ࢊ

૚ିࢌ) ∘ (࢞)(૚ିࢍ ∈ [૙,ࢇ] ⇒ ૚ିࢌ) ∘ (࢞)(૚ିࢍ ≤ ࢞(∀)ࢇ ∈ [૙,ࢉ] 

૚
ࢇ
න(ିࢌ૚ ∘ (࢞)૚)૛ିࢍ
ࢉ

૙

࢞ࢊ ≤
૚
ࢇ
නିࢌ)ࢇ૚ ∘ (૚ିࢍ
ࢉ

૙

࢞ࢊ(࢞) = න(ିࢌ૚ ∘ (૚ିࢍ
ࢉ

૙

 ࢞ࢊ(࢞)

૚
ࢉ න

ࢍ) ∘ ૛(ࢌ
ࢇ

૙

࢞ࢊ(࢞) ≤ න(ࢍ ∘ (ࢌ
ࢇ

૙

 ࢞ࢊ(࢞)

૚
ࢇ
න(ିࢌ૚ ∘ ૚)૛ିࢍ
ࢉ

૙

࢞ࢊ(࢞) ≤ න(ିࢌ૚ ∘ (࢞)(૚ିࢍ
ࢉ

૙

 ࢞ࢊ

૚
ࢉ
න(ࢍ ∘ ૛(ࢌ
ࢇ

૙

࢞ࢊ(࢞) +
૚
ࢇ
න(ିࢌ૚ ∘ ૚)૛ିࢍ
ࢉ

૙

࢞ࢊ(࢞) ≤ 

≤ න(ࢍ ∘ (࢞)(ࢌ
ࢇ

૙

࢞ࢊ + න(ିࢌ૚ ∘ (૚ିࢍ
ࢉ

૙

࢞ࢊ(࢞) =  ࢉࢇ

 

 

42. If ૙ < ܽ < 1, ݂: ቂࢇ, ૚
ࢇ
ቃ → ℝ,ࢌ convexe and increasing function then: 

૚ − ૛ࢇ

ࢇ ቆࢌ
૚ + ૛ࢇ

૛ࢇ ቇ ≤ නቆ
૚ + ࢞૛

૛࢞૛ ቇ

૚
ࢇ

ࢇ

࢞ࢊ(࢞)ࢌ ≤
૚ − ૛ࢇ

૛ࢇ ቆ(ࢇ)ࢌ + ࢌ ൬
૚
 ൰ቇࢇ
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Proposed by Abdallah El Farissi-Bechar-Algerie 

Solution  by proposer 

,ࢇis increasing  convex function on ቂ ࢌ ૚
ࢇ
ቃ then ࢌ ቀ૚

࢞
ቁ is convex too, then by 

H-H inequality we have 

૛ࢌቆ
૚ + ૛ࢇ

૛ࢇ
ቇ ≤

ࢇ
૚ − ૛ࢇ

⎝

⎜
⎛
නࢌ(࢞)

૚
ࢇ

ࢇ

࢞ࢊ + නࢌ൬
૚
࢞
൰

૚
ࢇ

ࢇ

࢞ࢊ

⎠

⎟
⎞
≤ ቆ(ࢇ)ࢌ + ൬ࢌ

૚
ࢇ
൰ቇ 

in the second integral we use the changment ࢟ = ૚
࢞
 we get the inequality  

 

43. If ࢈,ࢇ, ࢉ ∈ ቀ૙,࣊
૝
ቁ then: 

૙ ≤ නቌනቌනቀ෍(࢞ܖ܉ܜ + ૛ ࢟ܖ܉ܜ (ࢠܖ܉ܜ + ૝ෑ࢞ܖ܉ܜቁ࢞ࢊ
ࢉ

૙

ቍ࢟ࢊ
࢈

૙

ቍࢠࢊ
ࢇ

૙

≤  ࢉ࢈ࢇ

Proposed by Daniel Sitaru – Romania 

Solution by Soumitra Mandal – Kolkata – India  

Let ࢌ: [૙, [ࢉ → ℝା defined by 
(࢞)ࢌ = ܖ܉ܜ ࢞ (૝ ࢟ܖ܉ܜ ࢠܖ܉ܜ − ૛ ࢟ܖ܉ܜ − ૛ ࢠܖ܉ܜ + ૚) + ܖ܉ܜ ࢟ + ܖ܉ܜ ࢠ − ૛ ࢟ܖ܉ܜ ܖ܉ܜ  ࢠ

for all ࢞ ∈ [૙,  ,Now .[ࢉ

(࢞)ᇱࢌ = ૛܋܍ܛ ࢞ (૝ ࢟ܖ܉ܜ ܖ܉ܜ ࢠ − ૛ ܖ܉ܜ ࢟ − ૛ ܖ܉ܜ ࢠ + ૚) ≥ ૙ since  

࢞ ∈ (૙, (ࢉ ⊆ ቀ૙,
࣊
૝ቁ 

and ࢟, ࢠ ∈ ቀ૙, ࣊
૝
ቁ. So, ࢌ is continuous on [૙, (࢞)ᇱࢌ and [ࢉ ≥ ૙ hence 

,is increasing on [૙ ࢌ ࢌ ,So .[ࢉ ቀ࣊
૝
ቁ ≥ (ࢉ)ࢌ ≥ (࢞)ࢌ ≥  (૙)ࢌ
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⇒ ૝ ࢟ܖ܉ܜ ܖ܉ܜ ࢠ − ૛ ࢟ܖ܉ܜ − ૛ ܖ܉ܜ ࢠ + ૚ ≥ (࢞)ࢌ

≥ ࢟ܖ܉ܜ + ܖ܉ܜ ࢠ − ૛ ܖ܉ܜ ࢟ ܖ܉ܜ  ࢠ

⇒ (૛ ܖ܉ܜ ࢟ − ૚)(૛ ܖ܉ܜ ࢠ − ૚) ≥ (࢞)ࢌ ≥
૚
૛
−
૚
૛

(૛ ࢟ܖ܉ܜ − ૚)(૛ ܖ܉ܜ ࢠ − ૚) 

⇒ ૚ ≥ (࢞)ࢌ ≥ ૙ for all ࢟, ࢠ ∈ ቀ૙, ࣊
૝
ቁ 

∴ ૙ ≤ නቌනቌනቀ෍(࢞ܖ܉ܜ + ૛ ࢟ܖ܉ܜ (ࢠܖ܉ܜ + ૝ෑ࢞ܖ܉ܜቁ ࢞ࢊ
ࢉ

૙

ቍ࢟ࢊ
࢈

૙

ቍࢠࢊ
ࢇ

૙

≤  ࢉ࢈ࢇ

 

44. If ࢈,ࢇ, ࢉ > 0 then: 

∫ࢇ∑ࢋ
࢞૝ା૚
࢞૟ା૚
ࢉ
࢈ ࢞ࢊ ≤ ቀ

ࢉ
ቁ࢈

ࢇ
⋅ ቀ
ࢇ
ቁࢉ

࢈
⋅ ൬
࢈
൰ࢇ

ࢉ

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Nishant Kumar-Jamsedhpur-India 

නࢇ
࢞૝ + ૚
࢞૟ + ૚

ࢉ

࢈

࢞ࢊ = ࢇ ൤ିܖ܉ܜ૚ ࢉ +
૚
૜
૚ିܖ܉ܜ ૡࢉ − ૚ିܖ܉ܜ ࢈ −

૚
૜
૚ିܖ܉ܜ  ૡ൨࢈

let ࢌ(࢞) = ૚ିܖ܉ܜ ࢞ + ૚
૜
૚ିܖ܉ܜ ࢞ૡ − ܏ܗܔ ࢞ ; 	࢞ > 0;	 

(࢞)ᇱࢌ = ૚
૚ା࢞૛

+ ࢞ૡ

૚ା࢞૟
− ૚

࢞
< 0; ࢞	∀ is decreasing (࢞)ࢌ	 > 0.  

If ࢇ ≤ (ࢇ)ࢌ ;࢈ ≥  (࢈)ࢌ

૚ିܖ܉ܜ ࢇ +
૚
ૡ
૚ିܖ܉ܜ ૡࢇ − ࢇ܏ܗܔ ≥ ૚ିܖ܉ܜ ࢈ +

૚
૜
૚ିܖ܉ܜ ૡ࢈ − ܏ܗܔ  ࢈

૚ିܖ܉ܜ ࢈ +
૚
૜
૚ିܖ܉ܜ ૡ࢈ − ૚ିܖ܉ܜ ࢇ −

૚
૜
૚ିܖ܉ܜ ૡࢇ ≤ ܏ܗܔ ࢈ −  ࢇ܏ܗܔ

න
࢞૝ + ૚
࢞૟ + ૚

࢈

ࢇ

࢞ࢊ ≤ ܏ܗܔ
࢈
ࢇ

; නࢉ	
࢞૝ + ૚
࢞૟ + ૚

࢈

ࢇ

࢞ࢊ ≤ ࢉ ܏ܗܔ
࢈
ࢇ

= ܏ܗܔ ൬
࢈
ࢇ
൰
ࢉ
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∫ࢉࢋ
࢞૝శ૚
࢞૟శ૚

࢈
ࢇ ࢞ࢊ ≤ ቀ࢈

ࢇ
ቁ
ࢉ
     (1) 

similarly for ࢈ ≤ ࢉ = ∫ࢇࢋ
࢞૝శ૚
࢞૟శ૚

࢈
ࢇ ࢞ࢊ ≤ ቀࢉ

࢈
ቁ
ࢇ

    (2) 

and for ࢉ ≤ ࢇ = ࢈ࢋ ∫
࢞૝శ૚
࢞૟శ૚
࢈
ࢇ ࢞ࢊ ≤ ቀࢇ

ࢉ
ቁ
࢈

        (3) 

multiplying (1), (2) and (3) we get the result   

∫ࢇ∑ࢋ
࢞૝ା૚
࢞૟ା૚
ࢉ
࢈ ࢞ࢊ ≤ ቀ

ࢉ
ቁ࢈

ࢇ
⋅ ቀ
ࢇ
ቁࢉ

࢈
⋅ ൬
࢈
൰ࢇ

ࢉ

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

࢞૟ + ૚ − ࢞ − ࢞૞ where ࢞ ∈ (૙,∞) 

= ࢞૞(࢞ − ૚) − (࢞ − ૚) = ൫࢞૞ − ૚൯(࢞ − ૚) 

= (࢞ − ૚)૛(࢞૝ + ࢞૜ + ࢞૛ + ࢞ + ૚) ≥ ૙ 

∴ ࢞૝ା૚
࢞૟ା૚

≤ ૚
࢞
 . Now,  ࢇ∑ࢋ∫

࢞૝శ૚
࢞૟శ૚
ࢉ
࢈ ࢞ࢊ = ∏ቆࢋ∫

࢞૝శ૚
࢞૟శ૚
ࢉ
࢈ ቇ࢞ࢊ

ࢇ

≤ 

≤ෑ൬ࢋ∫
࢞ࢊ
࢞

ࢉ
࢈ ൰

ࢇ

ࢉ࢟ࢉ

= ෑ൫࢈ܖܔିࢉܖܔࢋ൯ࢇ

ࢉ࢟ࢉ

= ෑቀ
ࢉ
࢈
ቁ
ࢇ

ࢉ࢟ࢉ

 

Solution 3 by Redwane El Mellass-Casablanca-Morocco 

Let (࢞ > 0) = ࢞૝ା૚
࢞૟ା૚

 . 

∴ −(࢞)ࢌ
૚
࢞

=
࢞૞ + ࢞ − ࢞૟ − ૚

࢞(࢞૟ + ૚) =
−(࢞ − ૚)૛(࢞૝ + ࢞૜ + ࢞૛ + ࢞ + ૚)

࢞(࢞૟ + ૚) ≤ ૙. 

⇒ (࢞)ࢌ ≤
૚
࢞
⇒ ∫ࢇ∑ࢋ ࢉ࢞ࢊ(࢞)ࢌ

࢈ ≤ ∫ࢇ∑ࢋ
૚
࢞
ࢉ
࢈ ࢞ࢊ = ࢇ∑ࢋ ቀܖܔ

ࢉ
ቁ࢈ = ෑቀ

ࢉ
࢈
ቁ
ࢇ

. 

Solution 4 by Abdallah El Farissi-Bechar-Algerie 

For all ࢞ > 0 we have (૚ − ࢞)૛(૚ + ࢞ + ࢞૛ + ࢞૜ + ࢞૝) ≥ ૙ then 
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(૚ − ࢞)൫૚ − ࢞૞൯ ≥ ૙ it follow that ૚ା࢞
૝

૚ା࢞૟
≤ ૚

࢞
 

ܘܠ܍ ൝෍ࢇන
૚ + ࢞૝

૚ + ࢞૟

ࢉ

࢈

ൡ࢞ࢊ ≤ ܘܠ܍ ൝෍ࢇන
૚
࢞

ࢉ

࢈

 ൡ࢞ࢊ

= ܘܠ܍ ൝ࢇන
૚
࢞

ࢉ

࢈

ൡ࢞ࢊ ܘܠ܍ ൝࢈න
૚
࢞

ࢇ

ࢉ

ൡ࢞ࢊ නࢉቐܘܠ܍
૚
࢞

࢈

ࢇ

 ቑ࢞ࢊ

= ܘܠ܍ ൜ܖܔ ቀ
ࢉ
࢈
ቁ
ࢇ
ൠ ܘܠ܍ ቊܖܔ ቀ

ࢇ
ࢉ
ቁ
࢈
ቋ ܖܔቊܘܠ܍ ൬

࢈
ࢇ
൰
ࢉ

ቋ = ቀ
ࢉ
࢈
ቁ
ࢇ
ቀ
ࢇ
ࢉ
ቁ
࢈
൬
࢈
ࢇ
൰
ࢉ

 

Solution 5 by Ravi Prakash-New Delhi-India 

For ࢞ > 0; 	࢞
૝ା૚
࢞૟ା૚

≤ ૚
࢞
⇔ ࢞૞ + ࢞ ≤ ࢞૟ + ૚ 

⇔ ࢞૟ − ࢞૞ + ૚ − ࢞ ≥ ૙ ⇔ ࢞૞(࢞ − ૚) − (࢞ − ૚) ≥ ૙ 

⇔ (࢞ − ૚)൫࢞૞ − ૚൯ ≥ ૙ ⇔ (࢞ − ૚)૛(࢞૝ + ࢞૜ + ࢞૛ + ࢞ + ૚) ≥ ૙ 

∴ න
࢞૝ + ૚
࢞૟ + ૚

ࢉ

࢈

࢞ࢊ ≤ න
૚
࢞
࢞ࢊ = ܖܔ ቀ

ࢉ
࢈
ቁ

ࢉ

࢈

⇒ ∫ࢇࢋ
࢞૝ା૚
࢞૟ା૚࢞ࢊ
ࢉ
࢈ ≤ ࢇࢋ ቀܖܔ

ࢉ
ቁ࢈ = ቀ

ࢉ
࢈
ቁ
ࢇ

 

Similarly for other expressions. Thus ࢇ∑ࢋ∫
࢞૝శ૚
࢞૟శ૚
ࢉ
࢈ ࢞ࢊ ≤ ቀࢉ

࢈
ቁ
ࢇ
ቀࢇ
ࢉ
ቁ
࢈
ቀ࢈
ࢇ
ቁ
ࢉ
 

Solution 6 by Saptak Bhattacharya-Kolkata-India 

By power mean: ට࢞૟ା૚
૛

૟
≥ ට࢞૝ା૚

૛

૝
⇒ ൫࢞૟ା૚൯

૛

૝
≥ ൫࢞૝ା૚൯

૜

ૡ
 

⇒ ቆ
࢞૝ + ૚
࢞૟ + ૚

ቇ
૛

≤
૛

(࢞૝ + ૚) ⇒
࢞૝ + ૚
࢞૟ + ૚

≤
√૛

√࢞૝ + ૚
 

By AM ≥ GM: ࢞૝ + ૚ ≥ ૛࢞૛ ⇒ ૚
ඥ࢞૝ା૚

≤ √૛࢞. Thus,࢞
૝ା૚
࢞૟ା૚

≤ ૚
࢞
. So,  

∫ࢇ∑ࢋ
࢞૝ା૚
࢞૟ା૚
ࢉ
࢈ ࢞ࢊ ≤ෑ൬ࢋ∫

࢞ࢊ
࢞

ࢉ
࢈ ൰

૟
= ෑቀ

ࢉ
࢈
ቁ
ࢇ
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45. Prove that: 

න൬࢞ܖ܉ܜ܋ܚ܉ ܖ܉ܜ܋ܚ܉
૚
࢞
൰

࣊
૜

࣊
૟

࢞ࢊ ≤
࣊૜

ૢ૟
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdallah Ell Farissi – Bechar – Algerie  

Let ࢌ(࢞) = (࢞)ܖ܉ܜ܋ܚ܉ ቀ૚ܖ܉ܜ܋ܚ܉
࢞
ቁ for all ࢞ ∈ (૙,∞) we have  

(࢞)ᇱࢌ =
૚

࢞૛ + ૚
൬ܖ܉ܜ܋ܚ܉൬

૚
࢞
൰ −  ൰(࢞)ܖ܉ܜ܋ܚ܉

then ࢌ increasing on (૙, ૚) and decreasing on (૙, +∞) it follow that for 

all ࢞ ∈ (૙, (࢞)ࢌ,(∞+ ≤ (૚)ࢌ = ࣊૛

૚૟
. 

නܖ܉ܜ܋ܚ܉(࢞)ܖ܉ܜ܋ܚ܉ ൬
૚
࢞൰

࣊
૜

࣊
૟

࢞ࢊ ≤
࣊
૟ ࢌ

(૚) =
࣊૜

ૢ૟ 

 

 

 

Solution 2 by Anouy Chakraborty – India  

න ૚ିܖ܉ܜ ࢞

࣊
૜

࣊
૟

૚ିܖ܉ܜ
૚
࢞
≤
࣊૜

ૢ૟
; 	࢞ ∈ ቂ

࣊
૟

,
࣊
૜
ቃ , ૚ିܖ܉ܜ ࢞ > 0 

using AM ≤ AM, ቀିܖ܉ܜ૚ ࢞ ૚ିܖ܉ܜ ૚
࢞
ቁ ≤

ቀܖ܉ܜష૚ ࢞ାܖ܉ܜష૚૚࢞ቁ
૛

૝
   (*) 
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૚ିܖ܉ܜ
૚
࢞ = ૚ିܛܗ܋ ࢞ 	× ૚ିܖ܉ܜ ࢞ + ૚ିܛܗ܋ ࢞ =

࣊
૛ 

(*) ≤ ࣊૛

૚૟
 

It suffices to show that ∫ ࣊૛

૚૟

࣊
૜
࣊
૟

࢞ࢊ ≤ ࣊૜

ૢ૟
⇒ ࣊૛

૚૟
	× ࣊

૟
≤ ࣊૜

ૢ૟
 , which is true 

= න ૚ିܖ܉ܜ ࢞ ૚ିܖ܉ܜ
૚
࢞

࣊
૜

࣊
૟

࢞ࢊ ≤ න
૚ିܖ܉ܜ) ࢞ + ૚ିܛܗ܋ ࢞)૛

૝

࣊
૜

࣊
૟

=
࣊૜

ૢ૟ 

Solution 3 by Soumava Chakraborty – Kolkata – India  

Let ିܖ܉ܜ૚ ࢞ = ࣂ ∴ ૚ିܖ܉ܜ ࣊
૟
≤ ࣂ ≤ ૚ିܖ܉ܜ ࣊

૜
 

∴
࣊
૛ − ૚ିܖ܉ܜ ቀ

࣊
૜ቁ ≤

࣊
૛ − ࣂ ≤

࣊
૛ − ૚ିܖ܉ܜ ቀ

࣊
૟ቁ ⇒ ૙ <

࣊
૛ − ࣂ <

࣊
૛ 

Now, ࢞ = ࣂܖ܉ܜ ⇒ ૚
࢞

= ܖ܉ܜ ቀ࣊
૛
− ቁࣂ ⇒ ૚ିܖ܉ܜ ቀ૚

࢞
ቁ = ࣊

૛
− 			ࣂ ቀ∵ ૙ < ࣊

૛
− ࣂ < ࣊

૛
ቁ 

∴ (࢞)૚ିܖ܉ܜ ⋅ ૚ିܖ܉ܜ ൬
૚
࢞൰ = ቆටࣂቀ

࣊
૛ − ቁቇࣂ

૛

≤
ࡹࡳିࡹ࡭

	 ቌ
ࣂ + ࣊

૛ − ࣂ
૛ ቍ

૛

=
࣊૛

૚૟ 

∴ න(ିܖ܉ܜ૚ ࢞) ൬ିܖ܉ܜ૚
૚
࢞
൰

࣊
૜

࣊
૟

࢞ࢊ ≤ න
࣊૛

૚૟

࣊
૜

࣊
૟

࢞ࢊ =
࣊૛

૚૟
ቀ
࣊
૜
−
࣊
૟
ቁ =

࣊૜

ૢ૟
 

Solution 4 by Rovshan Pirguliyev – Sumgait – Azerbaidjian  

∫ ࢞ܖ܉ܜ܋ܚ܉ ⋅ ܖ܉ܜ܋ܚ܉ ૚
࢞

࣊
૜
࣊
૟

࢞ࢊ ≤ ࣊
ૢ૟

  (*) 

࢞ ∈ ቂ
࣊
૟ ,
࣊
૜ቃ , ࢞ܖ܉ܜ܋ܚ܉ > ܖ܉ܜ܋ܚ܉,0

૚
࢞ > 0 

࢞ܖ܉ܜ܋ܚ܉ ⋅ ܖ܉ܜ܋ܚ܉
૚
࢞
≤

࢞ܖ܉ܜ܋ܚ܉) + ૛(࢞ܖ܉ܜ܋ܚ܉

૝
, ቆ࢈ࢇ ≤

ࢇ) + ૛(࢈

૝
ቇ 



 
www.ssmrmh.ro 

 

(࢞)ࢌ = ܖ܉ܜ܋ܚ܉ ࢞ + ࢞ܖ܉ܜ܋ܚ܉ ; (࢞)ᇱࢌ	 =
૚

૚+ ࢞૛ −
૚

૚ + ࢞૛ = ૙ ⇒ (࢞)ࢌ =
࣊
૛ 

࢞ܖ܉ܜ܋ܚ܉ ⋅ ܖ܉ܜ܋ܚ܉ ૚
࢞
≤

ቀ࣊
૛
ቁ
૛

૝
= ࣊૛

૚૟
. Hence (*) proved. 

Solution 5 by Soumitra Mandal - Chandar Nagore – India  

න ૚ିܖ܉ܜ ૚ିܖ܉ܜ ൬
૚
࢞
൰

࣊
૜

࣊
૟

࢞ࢊ ≤
૚
૝
න ൬ିܖ܉ܜ૚ ࢞ + ૚ିܖ܉ܜ

૚
࢞
൰
૛

࣊
૜

࣊
૟

 ࢞ࢊ

=
࣊૛

૚૟ න ࢞ࢊ

࣊
૜

࣊
૟

൤ିܖ܉ܜ૚ ࢞ + ૚ିܖ܉ܜ
૚
࢞ =

࣊
૛൨ =

࣊૜

ૢ૟ 

Solution 6 by Saptak Bhattacharya – Kolkata – India  

૚ିܖ܉ܜ ૚ିܜܗ܋࢞ ࢞ ≤ ቀܖ܉ܜ
ష૚ ࢞ାܜܗ܋ష૚ ࢞

૛
ቁ
૛
   (AM ≥ GM) = ࣊૛

૚૟
. So, 

න ૚ିܖ܉ܜ ૚ିܜܗ܋࢞ ࢞

࣊
૜

࣊
૟

࢞ࢊ ≤
࣊૛

૚૟
⋅ ቀ
࣊
૜
−
࣊
૟
ቁ =

࣊૛

ૢ૟
 

(Proved) 

 

46. Let ࢌ: [࢈,ࢇ] → ℝ be continuously differentiable function and  

න (࢞)ࢌ
࢈

ࢇ
࢞ࢊ = ૙. 

Prove that 

ቤන ࢞ࢊ(࢞)ࢌ࢞
࢈

ࢇ
ቤ ≤

࢈) − ૜(ࢇ

૚૛
:(࢞)ᇱࢌ}ܠ܉ܕ ࢞ ∈  {[࢈,ࢇ]
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Proposed by Duong Viet Thong 

Solution by Abdallah El Farissi – Bechar – Algerie  

Let ࡹ = ࢞,(࢞)ᇱࢌ}ܠ܉ܕ ∈ (࢞)ࢍ and {[࢈,ࢇ] = (࢞)ࢌ  is ࢍ clearly ,࢞ࡹ−

decreasing function then by Chebyshev inequality we have 

න (࢞)ࢌ࢞
࢈

ࢇ
࢞ࢊ ≤

૚
࢈ − ቆනࢇ (࢞)ࢍ

࢈

ࢇ
ቇቆන࢞ࢊ ࢞

࢈

ࢇ
 ቇ࢞ࢊ

then 

න (࢞)ࢌ࢞
࢈

ࢇ
࢞ࢊ ≤

૚
࢈ − ࢇ ቆන (࢞)ࢌ

࢈

ࢇ
ቇቆන࢞ࢊ࢞ࡹ− ࢞

࢈

ࢇ
ቇ࢞ࢊ + නࡹ ࢞૛

࢈

ࢇ
 ࢞ࢊ

= ൭නࡹ ࢞૛
࢈

ࢇ
࢞ࢊ −

૚
࢈ − ࢇ

ቆන ࢞ࢊ	࢞
࢈

ࢇ
ቇ
૛

൱ = ࡹ
࢈) − ૜(ࢇ

૚૛
	. 

 

47. Let ࢈,ࢇ, ࢉ > 0. Prove that 

૛නࢇ
ܖ܉ܜ܋ܚ܉ ࢞

࢞

࢈

૙

࢞ࢊ + ૛න࢈
࢞ܖ܉ܜ܋ܚ܉

࢞

ࢉ

૙

࢞ࢊ + ૛නࢉ
ܖ܉ܜ܋ܚ܉ ࢞

࢞

ࢇ

૙

࢞ࢊ < ૜ࢇ + ૜࢈ +  ૜ࢉ

Proposed by Daniel Sitaru – Romania  

 

 

Solution by Togrul Ehmedov – Baku – Azerbaidian 

૚ିܖ܉ܜ ࢞ − ૚ିܖ܉ܜ ૙
࢞ − ૙

=
૚

૚ + ૛ࢿ
≤ ૚; 	

૚ିܖ܉ܜ ࢞
࢞

≤ ૚ 

න
࢞ܖ܉ܜ܋ܚ܉

࢞

࢈

૙

࢞ࢊ < න࢞ࢊ
࢈

૙

=  ࢈
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૛ࢇ න
ܖ܉ܜ܋ܚ܉ ࢞

࢞

࢈

૙

࢞ࢊ + ૛න࢈
࢞ܖ܉ܜ܋ܚ܉

࢞

ࢉ

૙

࢞ࢊ + ૛නࢉ
ܖ܉ܜ܋ܚ܉ ࢞

࢞

ࢇ

૙

࢞ࢊ < ࢈૛ࢇ + ࢉ૛࢈ +  ࢇ૛ࢉ

൝
૜ࢇ + ૜ࢇ + ૜࢈ ≥ ૜ࢇ૛࢈
૜࢈ + ૜࢈ + ૜ࢉ ≥ ૜࢈૛ࢉ
૜ࢉ + ૜ࢉ + ૜ࢇ ≥ ૜ࢉ૛ࢇ

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ ≥ ࢈૛ࢇ + ࢉ૜࢈ +  ࢇ૛ࢉ

૛නࢇ
ܖ܉ܜ܋ܚ܉ ࢞

࢞

࢈

૙

࢞ࢊ + ૛න࢈
࢞ܖ܉ܜ܋ܚ܉

࢞

ࢉ

૙

࢞ࢊ + ૛නࢉ
ܖ܉ܜ܋ܚ܉ ࢞

࢞

ࢇ

૙

࢞ࢊ < ૜ࢇ + ૜࢈ +  ૜ࢉ

 

48. If ૙ < ܽ < ܾ < ࣊
૛

 then: 

૚
૛
න((࢞ܛܗ܋)ܖܑܛ + ܛܗ܋)ܖ܉ܜ ࢞))
࢈

ࢇ

࢞ࢊ > ࢈ܖܑܛ − ܖܑܛ  ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash - New Delhi – India  

Let ࢌ(࢞) = ܖܑܛ ࢞ + ܖ܉ܜ ࢞ − ૛࢞,૙ ≤ ࢞ ≤ ૚ 

(࢞)ᇱࢌ = ࢞ܛܗ܋ + ૛܋܍ܛ ࢞ − ૛ ≥ ૛ඥ࢞ܛܗ܋ ૛܋܍ܛ ࢞ − ૛ = ૛൫√࢞܋܍ܛ − ૚൯ > 0 

for ૙ < ݔ < 1. Thus, ࢌ(࢞) > ݂(૙) = ૙, for ૙ < ݔ < 1 

⇒ ܛܗ܋)ܖܑܛ ࢞) + (࢞ܛܗ܋)ܖ܉ܜ > 2 ܛܗ܋ ࢞ , ૙ < ݔ <
࣊
૛

 

⇒
૚
૛
න[ܛܗ܋)ܖܑܛ ࢞) + [(࢞ܛܗ܋)ܖ܉ܜ
࢈

ࢇ

࢞ࢊ > න࢞ܛܗ܋
࢈

ࢇ

࢞ࢊ = ࢈ܖܑܛ − ܖܑܛ  ࢇ

ቂ૙ < ܽ < ܾ <
࣊
૛
ቃ 

Solution 2 by Nishant Kumar – Jamshedpur – India  

We know ܖܑܛ ࢞ = ࢞ − ࢞૜

૜!
+ ࢞૞

૞!
− ࢞ૠ

ૠ!
+⋯ 
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ܖܑܛ ࢞ ≈ ࢞ for smaller value of ࢞; ܖ܉ܜ ࢞ = ࢞ + ࢞૜

૜
+ ૛࢞૞

૚૞
+ ⋯ 

ܖ܉ܜ ࢞ > ࢞ܖܑܛ :࢞ for smaller value of ݔ + ܖ܉ܜ ࢞ > 2࢞ 

(࢞ܛܗ܋)ܖܑܛ + ܛܗ܋)ܖ܉ܜ ࢞) > 2  ࢞ܛܗ܋

න(࢞ܛܗ܋)ܖܑܛ
࢈

ࢇ

+ ࢞ࢊ(࢞ܛܗ܋)ܖ܉ܜ > 2න࢞ܛܗ܋
࢈

ࢇ

 ࢞ࢊ

As ૙ < ܽ < ܾ < ࣊
૛

 

නܛܗ܋)ܖܑܛ ࢞)
࢈

ࢇ

+ ܛܗ܋)ܖ܉ܜ ࢞ࢊ(࢞ > ܖܑܛ)2 ࢈ − (࢈ܖܑܛ ቄ૙ < ࢇܛܗ܋ < 1
૙ < ܛܗ܋ ࢈ < 1ቅ 

Solution 3 by Richdad Phuc-Hanoi-Vietnam 

By Katsuura inequality: ܖܑܛ ࢞ + ܖ܉ܜ ࢞ > ૛࢞	,࢞ ∈ ቀ૙, ࣊
૛
ቁ 

ܛܗ܋)ܖܑܛ ࢞) + (࢞ܛܗ܋)ܖ܉ܜ > ૛ ܛܗ܋ ࢞ 

නܛܗ܋)ܖܑܛ ࢞)
࢈

ࢇ

+ ܛܗ܋)ܖ܉ܜ ࢞ࢊ(࢞ > ૛නܛܗ܋ ࢞
࢈

ࢇ

࢞ࢊ = ૛(ܖܑܛ ࢈ − ܖܑܛ  (࢈

૚
૛න

(࢞ܛܗ܋)ܖܑܛ) + ܛܗ܋)ܖ܉ܜ ࢞))
࢈

ࢇ

࢞ࢊ > ࢈ܖܑܛ − ܖܑܛ  ࢇ

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

We know ܖܑܛ ࢞ ≥ ࢞ − ࢞૜

૟
 for all ࢞ ≥ ૙ and ܖ܉ܜ ࢞ ≥ ࢞ + ࢞૜

૜
 for all ࢞ ≥ ૙ 

∴
૚
૛න

ܛܗ܋)ܖܑܛ) ࢞) + ܛܗ܋)ܖ܉ܜ ࢞))
࢈

ࢇ

࢞ࢊ ≥
૚
૛නቆܛܗ܋ ࢞ −

૜ܛܗ܋ ࢞
૟ + ܛܗ܋ ࢞ +

૜ܛܗ܋ ࢞
૜ ቇ

࢈

ࢇ

 ࢞ࢊ

=
૚
૛
නቆ૛࢞ܛܗ܋ +

૜ܛܗ܋ ࢞
૟

ቇ
࢈

ࢇ

࢞ࢊ > නܛܗ܋ ࢞
࢈

ࢇ

࢞ࢊ = ܖܑܛ ࢈ −  ࢇܖܑܛ
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.ࢇ .49 ૛ቀ∫ ૛૝࢞ିࢋ
૜ ቁ࢞ࢊ

૛
+ ૛ ቀ∫ ૛૜࢞ିࢋ

૛ ቁ࢞ࢊ
૛
≥ ቀ∫ ૛૝࢞ିࢋ

૛ ቁ࢞ࢊ
૛

 

૛࢞ିࢋቌන.࢈
૝

૛

ቍ࢞ࢊ

૛

≥ ቌන࢞ିࢋ૛
૝

૜

ቍ

૛

+ ቌන࢞ିࢋ૛
૜

૛

ቍ࢞ࢊ

૛

 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash - New Delhi – India  

Let ࢇ = ∫ ૛૝࢞ିࢋ
૜ ࢈,࢞ࢊ = ∫ ૛૜࢞ିࢋ

૛ ,	࢞ࢊ ࢇ + ࢈ = ∫ ૛૝࢞ିࢋ
૛  ࢞ࢊ

(a) ૛ࢇ૛ + ૛࢈૛ = ࢇ) + ૛(࢈ + ࢇ) − ૛(࢈ ≥ ࢇ) +  ૛(࢈

 (b) (ࢇ + ૛(࢈ = ૛ࢇ + ૛࢈ + ૛࢈ࢇ ≥ ૛ࢇ + ∵]			૛࢈ ࢈ࢇ > 0] 

 

50. If ࢈,ࢇ, ࢉ ≥ ૙ 

(ࢇ)ࢹ = නඨ
࢞(࢞૛ + ࢞ + ૚)

(࢞ + ૚)(࢞૝ + ࢞૛ + ૚)

ࢇ

૙

 ࢞ࢊ

then: 

൫(ࢇ)ࢹ + (࢈)ࢹ + ൯(ࢉ)ࢹ
૜
≥ෑ܏ܗܔቀඥࢇ૜ + ૚ + ඥࢇ૜ቁ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

(ࢇ)ࢹ = න
ඥ࢞(࢞૛ + ࢞ + ૚)

√࢞ + ૚√࢞૝ + ࢞૛ + ૚

ࢇ

૙

 

࢞૝ + ࢞૛ + ૚ = (࢞૛ + ૚)૛ − ࢞૛ = (࢞૛ + ࢞ + ૚)(࢞૛ − ࢞ + ૚) 
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∴ (ࢇ)ࢹ = න
√࢞

ඥ(࢞ + ૚)(࢞૛ − ࢞ + ૚)

ࢇ

૙

࢞ࢊ = න
√࢞

ඨ൬࢞
૜
૛൰

૛
+ ૚

ࢇ

૙

 ࢞ࢊ

Put ࢞
૜
૛ = ࢚, ૜

૛√࢞࢞ࢊ =  ࢞ࢊ

∴ (ࢇ)ࢹ =
૛
૜
න

࢚ࢊ
√࢚૛ + ૚

ࢇ
૜
૛

૙

=
૛
૜
ܖܔ ቀ࢚ + ඥ࢚૛ + ૚ቁ ቤࢇ

૜
૛

૙
=
૛
૜
ܖܔ ቀඥࢇ૜ + ૚+ ඥࢇ૜ቁ 

Now, (ࢇ)ࢹ (࢈)ࢹ+ + (ࢉ)ࢹ ≥ ૜ൣ൫(ࢇ)ࢹ൯൫(࢈)ࢹ൯൫(ࢉ)ࢹ൯൧
૚
૜ 

⇒ (ࢇ)ࢹ] + (࢈)ࢹ + ૜[(ࢉ)ࢹ ≥ ૛ૠ(ࢉ)ࢹ(࢈)ࢹ(ࢇ)ࢹ 

= ૡෑቂ܏ܗܔඥࢇ૜ + ૚ + ඥࢇ૜ቃ ≥ෑቂ܏ܗܔඥ(ࢇ૜ + ૚) + ඥࢇ૜ቃ 

Solution 2 by Saptak Bhattacharya-Kolkata-India 

૝ > 1 ⇒ ૝(࢞ + ૚)(࢞૝ + ࢞૛ + ૚) > (࢞ + ૚)(࢞૝ + ࢞૛ + ૚) 

⇒ ૝(࢞ + ૚)(࢞૛ + ࢞ + ૚)(࢞૛ − ࢞ + ૚) > (࢞ + ૚)(࢞૝ + ࢞૛ + ૚) 

⇒ ૝(࢞૜ + ૚)(࢞૛ + ࢞ + ૚) > (࢞ + ૚)(࢞૝ + ࢞૛ + ૚) 

⇒
࢞(࢞૛ + ࢞ + ૚)

(࢞ + ૚)(࢞૝ + ࢞૛ + ૚) >
࢞

૝(࢞૜ + ૚) 

⇒ ૜ඨ
࢞(࢞૛ + ࢞ + ૚)

(࢞ + ૚)(࢞૝ + ࢞૛ + ૚) >
૜࢞૛

૛ඥ࢞૜(࢞૜ + ૚)
 

૜ඨ
࢞(࢞૛ + ࢞ + ૚)

(࢞ + ૚)(࢞૝ + ࢞૛ + ૚) >
૚

√࢞૜ + ૚ + √࢞૜
ቆ

૜࢞૛

૛√࢞૜ + ૚
+

૜࢞૛

૛√࢞૜
ቇ 

⇒ Integrating from ૙ to ࢇ, 
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૜(ࢇ)ࢹ > න
૚

√࢞૜ + ૚ + √࢞૛

ࢇ

૙

ቆ
૜࢞૛

૛√࢞૛ + ૚
+

૜࢞૛

૛√࢞૜
ቇ࢞ࢊ 

⇒ ૜(ࢇ)ࢹ > න ࢊ ቄܖܔ ቀඥ࢞૜ + ૚ + ඥ࢞૜ቁቅ

૜ቁࢇ૜ା૚ାඥࢇቀඥܖܔ

૙

 

⇒ ૜(ࢇ)ࢹ > ૜ࢇ√൫ܖܔ + ૚+  ,૜൯. Thusࢇ√

૛ૠ	∏(ࢇ)ࢹ > ∏൫ࢇ√ܖܔ૜ + ૚+  ;૜൯. But by AM ≥ GMࢇ√

ቀ෍(ࢇ)ࢹቁ
૜
≥ ૛ૠෑ(ࢇ)ࢹ > ෑܖܔ ቀඥࢇ૜ + ૚ + ඥࢇ૜ቁ 

 

51. ∫ ܖܑܛ࢞√ ࢞
૚
૙ ࢞ࢊ > ૝ૢ

૚૜૞
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࢌ(࢞) = ܖܑܛ ࢞ − ቀ࢞ − ࢞૜

૟
ቁ ,૙ ≤ ࢞ ≤ ૚; (࢞)ᇱࢌ	 = ܛܗ܋ ࢞ − ቀ૚ − ૚

૛
࢞૛ቁ 

(࢞)ᇱᇱࢌ = ܖܑܛ− ࢞ + ࢞ > 0 for ૙ < ݔ < 1 ⇒ (࢞)ᇱࢌ ↑ on [૙, ૚] 

⇒ (࢞)ᇱࢌ > ᇱ(૙)ࢌ = ૙ for ૙ < ݔ ≤ 1 ∴ (࢞)ࢌ ↑ on [૙,૚] 

⇒ (࢞)ࢌ > 0 for ૙ < ݔ ≤ 1 ∴ ࢞ܖܑܛ > ݔ − ૚
૟
࢞૜,૙ < ݔ ≤ 1 

⇒ න√࢞ ܖܑܛ ࢞ࢊ࢞
૚

૙

> න൬࢞
૜
૛ −

૚
૟
࢞
ૠ
૛൰࢞ࢊ

૚

૙

=
૛
૞
−

૛
૟	 × 	ૢ

=
૝ૢ
૚૜૞

 

Solution 2 by Saptak Bhattacharya-Kolkata-India 

∫ √࢞ ૚࢞ܖܑܛ
૙ ࢞ࢊ = ૛∫ ࢞ ܖܑܛ ࢞

૛√࢞
૚
૙ ࢞√ Put;࢞ࢊ = ࢚; 
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= ૛න࢚૛ ܖܑܛ ࢚૛ ࢚ࢊ
૚

૙

 

Now, ܖܑܛ ࢑ > ݇ − ࢑૜

૜!
. So, ܖܑܛ ࢚૛ > ࢚૛ − ࢚૟

૟
⇒ ૛࢚૛ ܖܑܛ ࢚૛ > 2࢚૝ − ૛࢚ૡ

૟
 

⇒ ૛න࢚૛ ܖܑܛ ࢚૛࢚ࢊ
૚

૙

> 2නቆ࢚૝ −
࢚ૡ

૟ቇ
૚

૙

࢚ࢊ =
૛	 × 	૝ૢ
૞૝	 × 	૞ =

૝ૢ
૚૜૞ 

 

࢈,ࢇ .52 ∈ ቀ૙,࣊
૛
ቁ ࢇ, < ܾ 

Prove that exists ࢼ,ࢻ ∈  :such that (࢈,ࢇ)

ቌන ࢞ܖ܉ܜ
࢈

ࢇ

࢞ܜܗ܋ቍቌන࢞ࢊ
࢈

ࢇ

ቍ࢞ࢊ ≤
࢈) − ૛(ࢇ

ࢼܖܑܛ ࢻܛܗ܋
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

Let ࢌ(࢞) = ૚
ࢇܛܗ܋

 for all ࢞ ∈ ቀ૙, ࣊
૛
ቁ and ࢍ(࢞) = ૚ for all ࢞ ∈ ቀ૙, ࣊

૛
ቁ 

,are integrable on ቀ૙ (࢞)ࢍ and (࢞)ࢌ .1 ࣊
૛
ቁ 

,keeps the same sign on ቀ૙ (࢞)ࢍ .2 ࣊
૛
ቁ 

∴ න ࢞ܖ܉ܜ
࢈

ࢇ

࢞ࢊ ≤ න
࢞ࢊ
࢞ܛܗ܋

࢈

ࢇ

=
૚

࢞ܛܗ܋
࢈) −  (ࢇ

where ࢻ ∈  (࢈,ࢇ)

Similarly, ∫ ࢞ܜܗ܋ ࢈࢞ࢊ
ࢇ ≤ ∫ ࢞ࢊ

ܖܑܛ ࢞
࢈
ࢇ = ࢇି࢈

ࢼܖܑܛ
. where ࢼ ∈  (࢈,ࢇ)
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∴ ቌන ࢞ܖ܉ܜ
࢈

ࢇ

ቍቌන࢞ࢊ ࢞ܜܗ܋
࢈

ࢇ

ቍ࢞ࢊ ≤
࢈) − ૛(ࢇ

ࢼܖܑܛ ࢻܛܗ܋
 

 

53. ૙ < ݌ < ݍ < ࣊
૛

; ℝ:ࢌ → ℝ a continuous function,  

න (࢞)ࢌ

ܛܗ܋ࢗ ࢚

࢖ ܖܑܛ ࢚

࢞ࢊ ≤ න (࢞)ࢌ

ࢗ
√૛

࢖
√૛

࢚∀,࢞ࢊ ∈ ቀ૙,
࣊
૛
ቁ 

Prove that:  ࢌࢗ ቀ ࢗ
√૛
ቁ + ࢌ࢖ ቀ ࢖

√૛
ቁ = ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

Let ࡲ(࢞) = ∫ ࢞(࢚)ࢌ
૙  ࢚ࢊ

As ࢌ	 is continuous on ℝ,ࡲ is differentiable on ℝ, and ࡲᇱ(࢞) =  (࢞)ࢌ

Let ࡳ(࢚) = ∫ ࢗ(࢞)ࢌ ܛܗ܋ ࢚
࢖ ܖܑܛ ࢚ ,࢞ࢊ ࢚ ∈ ቀ૙, ࣊

૛
ቁ = ࢗ)ࡲ ܛܗ܋ ࢚) − ࢖)ࡲ ܖܑܛ ࢚) 

we have ࡳ is differentiable on ቀ૙, ࣊
૛
ቁ and ࡳ(࢚) ≤ ቀ࣊ࡳ

૝
ቁ	∀࢚ ∈ ቀ૙, ࣊

૛
ቁ 

⇒ ࢚ attains maximum value at ࡳ = ࣊
૝

 

∴ ᇱࡳ ቀ
࣊
૝
ቁ = ૙ ⇒ ܖܑܛࢗ− ቀ

࣊
૝
ቁࡲᇱ ൬

ࢗ
√૛

൰ − ܛܗ܋࢈
࣊
૝
ᇱࡲ ൬

࢖
√૛

൰ = ૙ 

⇒ ࢌࢗ ൭
ࢗ
√૛

+ ࢌ࢈ ൬
࢖
√૛

൰൱ = ૙. 

 

 

54. From the book “Math Phenomenon” 
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නඥ૚− ࢞૛
૚

ି૚

૚ିܛܗ܋ ࢞ࢊ࢞ >
૛ࢋ

૝
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

Let ିܛܗ܋૚ ࢞ = ࣂ,ࣂ ∈ [૙,࣊] 

නඥ૚− ࢞૛
૚

ି૚

૚ିܛܗ܋ ࢞ࢊ࢞ ⇒ ࢞ = ∵)					ࣂܛܗ܋ ,[࣊,૙]	࢔࢏ ࣂܖܑܛ ≥ ૙) 

⇒ ඥ૚− ࢞૛ = ඥܖܑܛ૛ ࣂ = ࣂܖܑܛ ; ࢞ࢊ	 = ࣂࢊࣂܖܑܛ− = නࣂܖܑܛࣂ (− (ࣂܖܑܛ
૙

࣊

 ࣂࢊ

= −
૚
૛
න ૛−)ࣂ ࣂࢊ(ࣂܖܑܛ
࣊

૙

= −
૚
૛
නܛܗ܋)ࣂ૛ࣂ − ૚)ࣂࢊ
࣊

૙

 

= − ૚
૛
൫∫ ࣂ ࣊ࣂࢊࣂܛܗ܋
૙ − ∫ ࣊ࣂࢊࣂ

૙ ൯ →   (1) 

නܛܗ܋ࣂ૛ࣂࢊࣂ = නࣂ ࣂࢊࣂ૛ܛܗ܋ −
૚
૛නܖܑܛ ૛ࣂࢊࣂ 

=
ࣂ
૛

ܖܑܛ) ૛ࣂ) +
૚
૝
ܛܗ܋ ૛ࣂ + ࢉ ∴ නܛܗ܋ࣂ૛ࣂࢊࣂ

࣊

૙

= ൤
ࣂ ܖܑܛ ૛ࣂ

૛
+
ࣂ૛ܛܗ܋
૝

൨
૙

࣊

 

= ൬
࣊
૛ ܖܑܛ ૛࣊ +

ܛܗ܋ ૛࣊
૝ ൰ − ൬

૙ ⋅ ܖܑܛ ૙
૛ +

ܛܗ܋ ૙
૝ ൰ = ૚ − ૚ = ૙ 

∴ (1) ⇒ ∫ √૚ − ࢞૛૚
ି૚ ૚ିܛܗ܋ ࢞ ࢞ࢊ = − ૚

૛
ቀ૙ − ૚

૛
 ૙࣊ቁ[૛ࣂ]

= −
૚
૛ቆ−

࣊૛

૛ ቇ =
࣊૛

૝ ∵ ࣊ > ݁ ∴
࣊૛

૝ >
૛ࢋ

૝  

 

55. Solve for real numbers: 
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൞
࢞૛ + ඥ࢟૛ + ૚૛ = ඥ࢟૛ + ૟૙

࢟૛ + ඥࢠ૛ + ૚૛ = ඥࢠ૛ + ૟૙

૛ࢠ + ඥ࢞૛ + ૚૛ = ඥ࢞૛ + ૟૙

 

Proposed at Spanish-TST 

Solution 1 by Abdallah El Farissi-Bechar-Algerie 

Let ࢌ(࢞) = √࢞ + ૟૙ − √࢞ + ૚૛, ࢞ ∈ [૙, +∞[, we note that ࢞ = ૝ is an 

unique fixed point of ࢌ) ࢌ is contractant function on [૙, +∞[,	 

−(࢞)ࢌ| |(࢟)ࢌ ≤ ቀ ૚
૝√૚૞

+ ૚
૝√૜

ቁ |࢞ − ࢟| ≤ ૚
૛

|࢞ − ࢟|) 

Let ࢍ(࢞) = ࢌ ∘ ࢌ ∘ ࢞ we have (࢞)ࢌ = ૝ is an unique fixed point of ࢌ) ࢍ is 

contractant function then ࢍ too) 

൞
࢞૛ = ඥ࢟૛ + ૟૙ − ඥ࢟૛ + ૚૛

࢟૛ = ඥࢠ૛ + ૟૙ − ඥࢠ૛ + ૚૛

૛ࢠ = ඥ࢞૛ + ૟૙ − ඥ࢞૛ + ૚૛

⇒ ቐ
࢞૛ = (૛࢟)ࢌ
࢟૛ = (૛ࢠ)ࢌ
૛ࢠ = (૛࢞)ࢌ

⇒ ቐ
࢞૛ = (૛࢞)ࢍ
࢟૛ = (૛࢟)ࢍ
૛ࢠ = (૛ࢠ)ࢍ

 

then ࢞૛ = ࢟૛ = ૛ࢠ = ૝. The set of solutions of the system is  

࡭ = ൛(࢞,࢟, ,(ࢠ ࢞,࢟, ࢠ ∈ {−૛, ૛}ൟ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Find all ࢞,࢟, ࢠ ∈ ℝ satisfying: 

࢞૛ + ඥ࢟૛ + ૚૛ = ඥ࢟૛ + ૟૙ →  (a) 

࢟૛ + ૛ࢠ√ + ૚૛ = ૛ࢠ√ + ૟૙ →  (b) 

૛ࢠ + √࢞૛ + ૚૛ = √࢞૛ + ૟૙ →  (c) 

૛ࢇ√ + ૟૙ − ૛ࢇ√ + ૚૛ > or < 4 ⇔ ૛ࢇ√ + ૟૙ > or < 4 + ૛ࢇ√ + ૚૛ 

⇔ ૛ࢇ + ૟૙ > or < 16 + ૛ࢇ + ૚૛ + ૡ√ࢇ૛ + ૚૛ ⇔ ૝ > or < ૛ࢇ√ + ૚૛ 

⇔ ૚૟ > or < ૛ࢇ + ૚૛ ⇔ ૛ࢇ < or > 4 
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∴ ૛ࢇ√ + ૟૙ − ૛ࢇ√ + ૚૛ > 4 ⇔ ૛ࢇ < 4 →   (1) 

and √ࢇ૛ + ૟૙ − ૛ࢇ√ + ૚૛ < 4 ⇔ ૛ࢇ > 4 →  (2) 

Let us assume ࢞૛ > 4 ∴ (a) ⇒ ඥ࢟૛ + ૟૙ −ඥ࢟૛ + ૚૛ > 4 ⇒ ࢟૛ < 4 (by (1)) 

∴ (b) ⇒ ૛ࢠ√ + ૟૙ − ૛ࢠ√ + ૚૛ < 4 ⇒ ૛ࢠ > 4 (by (2)) 

∴ (c) ⇒ √࢞૛ + ૟૙ − √࢞૛ + ૚૛ > 4 ⇒ ࢞૛ < 4 (by (1)), thus leading to a 

condition. Hence, ࢞૛ ≯ ૝ →  (i) 

Similarly, if we assume ࢞૛ < 4, we shall obtain ࢞૛ > 4, this again leading 

to a contradiction. Hence ࢞૛ ≮ ૝ → (ii) 

(i), (ii) ⇒ ࢞૛ = ૝ ∴ (c) ⇒ ૛ࢠ = ૝ ∴ (b) ⇒ ࢟૛ = ૝ 

∴ ൭
࢞ = ૛
࢟ = ૛
ࢠ = ૛

൱ ,൭
࢞ = ૛
࢟ = ૛
ࢠ = −૛

൱ ,൭
࢞ = ૛
࢟ = −૛
ࢠ = ૛

൱ ,൭
࢞ = ૛
࢟ = −૛
ࢠ = −૛

൱ ,൭
࢞ = −૛
࢟ = ૛
ࢠ = ૛

൱ ,൭
࢞ = −૛
࢟ = ૛
ࢠ = −૛

൱ ,൭
࢞ = −૛
࢟ = −૛
ࢠ = ૛

൱ ,൭
࢞ = −૛
࢟ = −૛
ࢠ = −૛

൱ 

are all possible solutions. 

 

56. If ࢈,ࢇ, ࢉ > 0 then: 

න
૛࢞ࢋ + ૛࢞ିࢋ

૛࢞ + ૚

ࢇ

ࢇି

࢞ࢊ + න
૛࢞ࢋ + ૛࢞ିࢋ

૜࢞ + ૚

࢈

࢈ି

+ න
૛࢞ࢋ + ૛࢞ିࢋ

૞࢞ + ૚

ࢉ

ࢉି

࢞ࢊ > ૜ࢉ࢈ࢇ√6  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece 

Let’s say that ࡵ૚ = ∫ ష࢞૛ࢋ૛ା࢞ࢋ

૛࢞ା૚
ࢇ
ࢇି  (1)    ࢞ࢊ

We transform as: ࢛ = −࢞. Then easy ࡵ૚ = ∫
૛࢞ቀ࢞ࢋାࢋష࢞૛ቁ

૛࢞ା૚
ࢇ
ࢇି  (2)   ࢞ࢊ

So by (1) + (2) 
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૛ࡵ૚ = න൫࢞ࢋ + ૛൯࢞ିࢋ
ࢇ

ࢇି

࢞ࢊ ≥ න૛࢞ࢊ
ࢇ

ࢇି

= ૝ࢇ ⇒ ૚ࡵ ≥ ૛ࢇ 

(since ࢞ࢋ + ૛࢞ିࢋ ≥ ૛,∀࢞ ∈ ℝ). Working on the same idea, we have 

૛ࡵ = න
࢞࢞૛ + ૛࢞ିࢋ

૜࢞ + ૚

࢈

࢈ି

࢞ࢊ ⇒ ⋯૛ࡵ૛ ≥ ૝࢈ = ૙ 

૛ࡵ ≥ ૛࢈ and finally if   ࡵ૜ = ∫ ష࢞૛ࢋ૛ା࢞ࢋ

૞࢞ା૚
ࢉ
ࢉି ⇒ ૜ࡵ ≥ ૛ࢉ 

So: ࡵ૚ + ૛ࡵ + ૜ࡵ = ૛(ࢇ + ࢈ + (ࢉ ≥
ࡹࡳିࡹ࡭

૟√ࢉ࢈ࢇ૜  

Solution 2 by Ravi Prakash-New Delhi-India 

For ࢇ > 0, ݇ > 0, let ࡵ = ∫ ష࢞૛ࢋ૛ା࢞ࢋ

ା૚࢞ࢇ
࢑
ି࢑   (1) 

Put ࢞ = −࢚, so that ࡵ = ∫ ష࢚૛ࢋ૛ା࢚ࢋ

ష࢚ା૚ࢇ
ି࢑
࢑ (−૚)࢚ࢊ = ∫

ష࢞૛ቁࢋ૛ା࢞ࢋቀ࢞ࢇ

ା૚࢞ࢇ
࢑
ି࢑  (2)   ࢞ࢊ

Adding (1) and (2), we get 

૛ࡵ = න൫࢞ࢋ૛ + ࢞ࢊ૛൯࢞ିࢋ
࢑

ି࢑

⇒ ࡵ = න൫࢞ࢋ૛ + ࢞ࢊ૛൯࢞ିࢋ
࢑

૙

≥ ૛න = ૛࢑
࢑

૙

 

∴ න
૛࢞ࢋ + ૛࢞ିࢋ

૚ + ૛࢞

ࢇ

ࢇି

࢞ࢊ + න
૛࢞ࢋ + ૛࢞ିࢋ

૚ + ૜࢞

࢈

࢈ି

࢞ࢊ + න
૛࢞ࢋ + ૛࢞ିࢋ

૚ + ૞࢞	

ࢉ

ࢉି

 ࢞ࢊ

≥ ૛(ࢇ + ࢈ + (ࢉ ≥ ૟(ࢉ࢈ࢇ)
૚
૜ 
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57. If ࢇ > 0,݂: [૙,ࢇ] → ℝ,ࢌᇱ(ࢇ) = (ࢇ)ࢌ = ૙, 

ࢌ ∈ ᇱᇱࢌᇱࢌ,([ࢇ,૙])૛࡯ ∈  :then ([ࢇ,૙])૚࡯

૟૙ቌනࢌ(࢞)
ࢇ

૙

ቍ࢞ࢊ

૝

≤ ᇱ(࢞)൯ࢌૡቌන൫ࢇ
૛
࢞ࢊ

ࢇ

૙

ቍቌන൫ࢌᇱᇱ(࢞)൯
૛
࢞ࢊ

ࢇ

૙

ቍ 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Greece and independently by Soumitra Mandal-

Chandar Nagore-India 

(ࢇ)ࢌ = (ࢇ)ᇱࢌ = ૙ 

ቌන࢞ࢊ(࢞)ࢌ
ࢇ

૙

ቍ

૛

= ቌ[࢞ࢌ(࢞)]࢞ୀ૙࢞ୀࢇ − න࢞ࢌᇱ(࢞)࢞ࢊ
ࢇ

૙

ቍ

૛

≤ ቌන࢞૛࢞ࢊ
ࢇ

૙

ቍቌන൫ࢌᇱ(࢞)൯
૛
࢞ࢊ

ࢇ

૙

ቍ 

= ૜ࢇ

૜
൭∫ ቆࢌ′(࢞)ቇ

૛
ࢇ࢞ࢊ

૙ ൱. again,  

ቌන࢞ࢊ(࢞)ࢌ
ࢇ

૙

ቍ

૛

= ቌන࢞ࢌᇱ(࢞)࢞ࢊ
ࢇ

૙

ቍ

૛

= ቌቈ
࢞૛

૛
ᇱ(࢞)቉ࢌ

࢞ୀ૙

࢞ୀࢇ

−
૚
૛
න࢞૛ࢌᇱᇱ(࢞)࢞ࢊ
ࢇ

૙

ቍ

૛

 

= ቌ
૚
૛න࢞૛ࢌᇱᇱ(࢞)࢞ࢊ

ࢇ

૙

ቍ

૛

≤
૚
૝
ቌන࢞૝࢞ࢊ

ࢇ

૙

ቍቌන൫ࢌᇱᇱ(࢞)൯
૛
࢞ࢊ

ࢇ

૙

ቍ =
૞ࢇ

૛૙
ቌන൫ࢌᇱᇱ(࢞)൯

૛
࢞ࢊ

ࢇ

૙

ቍ 

∴ ቌන࢞ࢊ(࢞)ࢌ
ࢇ

૙

ቍ

૝

≤
ૡࢇ

૟૙ቌන൫ࢌ
ᇱ(࢞)൯

૛
࢞ࢊ

ࢇ

૙

ቍቌන൫ࢌᇱᇱ(࢞)൯
૛
࢞ࢊ

ࢇ

૙

ቍ 
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58. If ࢈,ࢇ, ࢊ,ࢉ > 0,ܽ + ܾ + ܿ + ݀ =  ߨ

(ࢇ)ࢹ = න
࢞)ܖ܉ܜ܋ܚ܉ + ૚)

࢞

૛ࢇ

ࢇ

 ࢞ࢊ

then: (ࢇ)ࢹ + (࢈)ࢹ + (ࢉ)ࢹ + (ࢊ)ࢹ < ૚)ߨ + ܏ܗܔ ૛) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Anas Adlany-Zemamra-Morroco 

We have known that for any ࢞ ≥ ૙, (࢞)ܖ܉ܜ ≤ ࢞ that is: 

෍(ࢇ)ࢹ ≤෍න
࢞)ܖ܉ܜ܋ܚ܉ + ૚)

࢞

૛ࢇ

ࢇ

࢞ࢊ ≤෍න
࢞ + ૚
࢞

૛ࢇ

ࢇ

࢞ࢊ = 

= ࢇ∑ + (૛)ܖܔ < ૚)ߨ +  .Hence proved .((૛)܏ܗܔ

Solution 2 by Michel Rebeiz-Hamra-Lebanon 

(࢞)ࢌ = ࢞)૚ିܖ܉ܜ + ૚) ; (࢞)ᇱࢌ	 > 0 

 ∞                                                         ∞− ݔ

݂ᇱ(ݔ) + 

− (ݔ)݂ గ
ଶ

                                                           గ
ଶ

 

(࢞)ࢌ < ࣊
૛

 and ࢇ < ݔ < ࢇ2 → ࢞ > 0; (࢞)ࢌ	
࢞

=
࣊
૛
࢞

 

න
(࢞)ࢌ
࢞

૛ࢇ

ࢇ

࢞ࢊ <
࣊
૛
න
૚
࢞

૛ࢇ

ࢇ

;࢞ࢊ (ࢇ)ࢹ	 <
࣊
૛
ܖܔ ૛ ; 	෍(ࢇ)ࢹ < 4	 ×

࣊
૛
ܖܔ ૛ 

෍(ࢇ)ࢹ < 2࣊ ܖܔ ૛ < ߨ + ߨ ܖܔ ૛ 
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59. Find: 

ࡸ = ܕܑܔ
∞→࢔

⎝

⎜
⎛
න ࢔࢞√൫ܖܑܛ ൯

ቀ࣊૛ቁ
࢔

૙

࢞ࢊ

⎠

⎟
⎞

 

Proposed by Regragui El Khammal-Morocco 

Solution by Daniel Sitaru-Romania 

࢞ −
࢞૜

૟
< ࢞ܖܑܛ , ࢔࢞√ −

√࢞૜࢔

૟
< ࢔࢞√൫ܖܑܛ ൯ 

࢞
૚
ା૚࢔

૚
࢔ + ૚

อቀ
࣊
૛
ቁ
࢔

૙
−
૚
૟
⋅
࢞
૜
ା૚࢔

૜
࢔ + ૚

อቀ
࣊
૛
ቁ
࢔

૙
< න ࢔࢞√൫ܖܑܛ ൯

ቀ࣊૛ቁ
࢔

૙

 ࢞ࢊ

ቀ࣊૛ቁ
ା૚࢔

࢔ + ૚
࢔

−
૚
૟
⋅
ቀ࣊૛ቁ

ା૜࢔

࢔ + ૜
࢔

< න ࢔࢞√൫ܖܑܛ ൯

ቀ࣊૛ቁ
࢔

૙

 ࢞ࢊ

∞ = ܕܑܔ
∞→࢔

ቀ
࣊
૛ቁ

ା૚࢔
⋅ ቌ

૚
࢔ + ૚
࢔

−
ቀ࣊૛ቁ

૛

࢔ + ૜
࢔

ቍ ≤ ࡸ ⇒ ࡸ = ∞ 

 

࢔ࢹ .60 = ૙→࢞ܕܑܔ ቌ
૚

(૛࢞ି૚)࢔ −
૚

൬࢞܏ܗܔ ૛
૚! ା(࢞ ܏ܗܔ ૛)૛

૛! ା⋯ା(࢞ ܏ܗܔ ૛)࢔

!࢔
൰
ቍ࢔ ࢔; ∈ ℕ∗ 

Find: 

ࢹ = ܕܑܔ
ஶ→࢔

෍࢑ࢹ

࢔

࢑ୀ૚

 

Proposed by Daniel Sitaru – Romania  
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Solution by Ravi Prakash-New Delhi-India 

Let: ࢇ = ࢞ ૛܏ܗܔ
૚!

+ ࢞૛(܏ܗܔ૛)૛

૛!
+ ⋯+ ࢔(૛܏ܗܔ)࢔࢞

!࢔
; ࢈	 = ܏ܗܔ)శ૚࢔࢞ ૛)࢔శ૚

!(ା૚࢔)
+⋯  .Now, 

ࢇ + ࢈ = ෍
(࢞ ࢑(૛܏ܗܔ

࢑!

ஶ

࢑ୀ૚

= ࢞ࢋ ૛܏ܗܔ − ૚ = ૛࢞ − ૚ ⇒ ࢇ) + ࢔(࢈ = (૛࢞ − ૚)࢔ 

࢔ࢹ = ܕܑܔ
࢞→૙

൤
૚

ࢇ) + ࢔(࢈ −
૚
࢔ࢇ
൨ = ܕܑܔ

࢞→૙
቎
− ቀ࢔૚ቁࢇ

࢈૚ି࢔ − ቀ࢔૛ቁࢇ
૛࢈૛ି࢔ −⋯− ࢔࢈

ࢇ) + ࢔ࢇ࢔(࢔
቏ 

Coefficient of ࢞૛࢔ in ି࢔ࢇ૚࢈ in the numerator: − శ૚࢔(૛܏ܗܔ)ష૚࢔(૛܏ܗܔ)

!(ା૚࢔)
 

Coefficient of ࢞૛࢔ in (ࢇ + ࢔(૛܏ܗܔ)࢔(૛܏ܗܔ) :is ࢔ࢇ࢔(࢈

(૚!)࢔(૚!)࢔
 

Also, on the terms except first in the numerator involve ࢞૜࢔ and higher 

powers of ࢞. ࢔ࢹ = −ቀ࢔૚ቁ
૚

!(ା૚࢔)
࢔	∀	 ≥ ૚; ࢔ࢹ	 = − (ା૚ି૚࢔)

	!(ା૚࢔)
; 

࢔ࢹ = −൬
૚
−!࢔

૚
࢔) + ૚)!	൰ ⇒ ෍࢔ࢹ

ஶ

ୀ૚࢔

= −൬
૚
૚!−

૚
૛!൰ − ൬

૚
૛!−

૚
૜!൰… ⇒ ࢹ = −૚ 

 

࡭ .61 = ቀ૙ ૚
૚ ૚ቁ ࢔࡭, = ൬࢔ࢇ ࢔࢈

࢔ࢉ ࢔ࢊ
൰ ࢔, ∈ ℕ∗ 

ࢹ = ܕܑܔ
ஶ→࢔

൬
࢔ࢇ + ࢔࢈
࢔ࢉ + ࢔ࢊ

൰ 

Prove that:  ࢹ < 1 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Francis Fregeau – Quebec – Canada  

࡭ = ቂ૙ ૚
૚ ૚ቃ , ૚ࣅ =

૚ + √૞
૛

૛ࣅ; =
૚ − √૞
૛
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⇒ ૚ࡱ = ൬−૚ + √૞
૛

൰ ૛ࡱ; = ൬−૚ − √૞
૛

൰ 

∴ ࡹ = ૚ࡱ ∪ ૛ࡱ ⇒ ࡭ = ;૚ିࡹࡰࡹ ࡰ	 = ൤ࣅ૚ ૙
૙ ૛ࣅ

൨ ⇒ ࢔࡭ =  ૚ିࡹ࢔ࡰࡹ

=
૚
૚૙

ቈ
૞ࣅ૚࢔ − √૞ࣅ૚࢔ + ૞ࣅ૛࢔ + √૞ࣅ૛࢔ ૞ࣅ૚࢔ − ૜√૞ࣅ૚࢔ + ૞ࣅ૛࢔ + ૜√૞ࣅ૛࢔

૛√૞ࣅ૚࢔ − ૛√૞ࣅ૛࢔ −૞ࣅ૚࢔ + √૞ࣅ૚࢔ − ૞ࣅ૛࢔ − √૞ࣅ૛࢔
቉ 

ܕܑܔ
ஶ→࢔

࢔૛ࣅ = ૙ ∴ ࡸ =
૚
૚૙

ܕܑܔ
ஶ→࢔

૚૙ࣅ૚࢔ − ૝√૞ࣅ૚࢔

−૞ࣅ૚࢔ + ૜√૞ࣅ૚࢔
=

૚૙ − ૝√૞
૚૙൫૜√૞ − ૞൯

< 1 

Solution 2 by Manish Moryani – Satna – India  

Let be the sequence ࢌ૙ = ૙;ࢌ૚ = ૚; ା૛࢔ࢌ = ࢔ࢌ +  ା૚ with the࢔ࢌ

characteristic equation ࣅ૛ − ࣅ − ૚ = ૙ 

૚,૛ࣅ =
૚ ± √૞
૛

; ࢔ࢌ = ቆࢻ
૚ + √૞
૛

ቇ
࢔

+ ቆࢼ
૚ − √૞
૛

ቇ
࢔

 

૙ࢌ = ࢻ + ࢼ = ૙;ࢌ૚ = ࢻ ⋅
૚ + √૞
૛

+ ࢼ ⋅
૚ − √૞
૛

= ૚ 

ࢻ =
૛
√૞

ࢼ; = −
૛
√૞

; ࢔ࢌ	 =
૛
√૞

ቆ
૚+ √૞
૛ ቇ

࢔

−
૛
√૞

ቆ
૚ − √૞
૛ ቇ

࢔

 

࡭ = ൬
૙ࢌ ૚ࢌ
૚ࢌ ૛ࢌ

൰ and we prove by induction that: 

࢔࡭ = ൬
૚ି࢔ࢌ ࢔ࢌ
࢔ࢌ ା૚࢔ࢌ

൰ ࢔; ≥ ૚; ା૚࢔࡭	 = ࢔࡭ ⋅ ࡭ = ൬
૚ି࢔ࢌ ࢔ࢌ
࢔ࢌ ା૚࢔ࢌ

൰ ቀ૙ ૚
૚ ૚ቁ = 

= ൬ ࢔ࢌ ૚ି࢔ࢌ + ࢔ࢌ
૚ି࢔ࢌ + ࢔ࢌ ࢔ࢌ + ା૚࢔ࢌ

൰ = ൬ ࢔ࢌ ା૚࢔ࢌ
ା૚࢔ࢌ ା૛࢔ࢌ

൰ = ൬࢔ࢇ ࢔࢈
࢔ࢉ ࢔ࢊ

൰ 

ࡸ = ܕܑܔ
ஶ→࢔

൬
࢔ࢇ + ࢔࢈
࢔ࢉ + ࢔ࢊ

൰ = ܕܑܔ
ஶ→࢔

࢔ࢌ + ା૚࢔ࢌ
ା૚࢔ࢌ + ା૛࢔ࢌ

= ܕܑܔ
ஶ→࢔

ା૛࢔ࢌ
ା૜࢔ࢌ

= 
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= ܕܑܔ
ஶ→࢔

૛
√૞

ቆ૚ + √૞
૛ ቇ

ା૛࢔

− ૛
√૞

ቆ૚ − √૞
૛ ቇ

ା૛࢔

૛
√૞

ቆ૚ + √૞
૛ ቇ

ା૜࢔

− ૛
√૞

ቆ૚ − √૞
૛ ቇ

ା૜࢔ =
૛

√૞ + ૚
=
√૞ − ૚
૛

< 1 

 

62. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඩෑିࢋቀ
࢑
ቁ࢔

૛࢔

࢑ୀ૚

࢔

 

Proposed by Daniel Sitaru – Romania  

Solution by Togrul Ehmedov – Baku – Azerbaidian 

ࢹ = ܕܑܔ
ஶ→࢔

ඩෑିࢋቀ
࢑
ቁ࢔

૛࢔

࢑ୀ૚

࢔

= ܕܑܔ
ஶ→࢔

ටିࢋ൤
૚૛ା૛૛ା⋯ା࢔૛

૛࢔
൨

࢔

= 

= ܕܑܔ
ஶ→࢔

ࢋ
ିቈ૚

૛ା૛૛ା⋯ା࢔૛
૜࢔ ቉

= ିࢋ ܕܑܔ
ಮ→࢔

൬൤࢔(࢔ା૚)(૛࢔ା૚)
૟࢔૜

൨൰ = ିࢋ
૚
૜ 

 

63. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൬
૚

૚+ ૛૙૚૟࢔
+

૚
૛ + ૛૙૚૟࢔

+ ⋯+
૚

૝૙૜૛࢔
൰ ⋅ ܖܔ  ࢔

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumitra Mandal – Kolkata – India  

ࢹ = ܕܑܔ
ஶ→࢔

൬
૚

૚ + ૛૙૚૟࢔ +
૚

૛+ ૛૙૚૟࢔ +⋯+
૚

૝૙૜૛൰࢔ ܖܔ  ࢔

We have, ૚
૚ା࢔૛૙૚૟

< 1, ૚
૛ା࢔૛૙૚૟

< ૚
૛

, … , ૚
૝૙૜૛࢔

< ૚
࢔
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Similarly, −૚ < ૚

૚ା࢔૛૙૚૟
,− ૚

૛
< ૚

૛ା࢔૛૙૚૟
, … ,− ૚

࢔
< ૚

૝૙૜૛࢔
 

∴ −
૚
࢔
− ⋯−

૚
૛
− ૚ <

૚
૚ + ૛૙૚૟࢔

+
૚

૛ + ૛૙૚૟࢔
+ ⋯+

૚
૝૙૜૛࢔

< 

< 1 +
૚
૛

+⋯+
૚
࢔

 

∴ − ࢔ܖܔ ൬૚+
૚
૛

+⋯+
૚
࢔
൰ < ܖܔ ൬

૚
૚+ ૛૙૚૟࢔

+
૚

૛ + ૛૙૚૟࢔
+ ⋯+

૚
૝૙૜૛࢔

൰ 

< ࢔ܖܔ ൬૚ +
૚
૛

+ ⋯+
૚
࢔
൰ 

− ࢔ܖܔ ࢔ࢽ) + ܖܔ (࢔ < ߗ < ܖܔ ࢔ ࢔ࢽ) +  (࢔ܖܔ

where ࢔ࢽ = ૚ + ૚
૛

+ ૚
૜

+⋯+ ૚
࢔
− ܖܔ  Euler’s Constant ࢔

ࢹ| − ࢔ܖܔ ܖܔ) ࢔ + |(࢔ࢽ <  such that 	࢑ will hold. only if there exists a ߝ

࢑ = [࢔૛ܖܔ] + ܖܔ] ࢔ ⋅ [࢞] where [࢔ࢽ =gif  function 

∴ ܕܑܔ
ஶ→࢔

ࢹ = ܕܑܔ
ஶ→࢔

ܖܔ ࢔ ࢔ܖܔ) + (࢔ࢽ = ܕܑܔ
ஶ→࢔

૛(࢔ܖܔ) + ࢽ ܕܑܔ
ஶ→࢔

ܖܔ  ࢔

where ࢽ = Euler’s Constant 

∴ ܕܑܔ
ஶ→࢔

൬
૚

૚ + ૛૙૚૟࢔ +
૚

૛ + ૛૙૚૟࢔ + ⋯+
૚

૝૙ૡ૛൰࢔ ܖܔ ࢔ = 

= ܕܑܔ
ஶ→࢔

ܖܔ) ૛(࢔ + ࢽ ܕܑܔ
ஶ→࢔

࢔ܖܔ = +∞ 

Solution 2 by Redwane El Mellass – Casablanca – Morocco  

∴ for ࢔ ≥ ૛,	 

෍
૚

࢑ + ૛૙૚૟࢔

૛૙૚૟࢔૝૙૜૟ି࢔

࢑ୀ૚

࢔ܖܔ >
૝૙૜૛࢔) − (૛૙૚૟࢔

૝૙૜૛࢔ ࢔ܖܔ = ൬૚ −
૚

૛૙૚૟൰࢔ ࢔ܖܔ >
ܖܔ ࢔
૛  

⇒ ܕܑܔ
ାஶ→࢔

෍
૚

࢑ + ૛૙૚૟࢔

૛૙૚૟࢔૝૙૜૟ି࢔

࢑ୀ૚

ܖܔ ࢔ = +∞ 
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64. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

࢔ ܖ܉ܜ ൬
!࢔ࢋ࣊
૞

൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Rovsen Pirguliyev – Sumgait – Azerbaidian  

ષ = ܕܑܔ
ஶ→࢔

࢔ࢇ࢚࢔ ቀࢋ ∙
࣊
૞ ∙ ቁ!࢔ = ܕܑܔ

ஶ→࢔
ቌ࢔ࢇ࢚࢔

࣊
૞ ∙ !࢔ ∙ ෍

૚
࢑!

ା૚࢔

࢑ୀ૙

+
࣊
૞ ∙ !࢔ ∙ ෍

૚
࢑!

ஶ

࢑ୀ࢔ା૛

ቍ = 

= ܕܑܔ
ஶ→࢔

࢔ࢇ࢚࢔ ൬࣊࢓ +
࣊

૞(࢔ + ૚)
൰ = ܕܑܔ

ஶ→࢔
࢔ࢇ࢚࢔ ൬

࣊
૞(࢔ + ૚)

൰ =
࣊
૞

 

Observation: 

૙ < ݊! ෍
૚
࢑!

ஶ

࢑ୀ࢔ା૛

= !࢔ ൬
૚

࢔) + ૛)! +
૚

࢔) + ૜)! +⋯൰ = 

= ૚
(ା૛࢔)(ା૚࢔)

+ ૚
(ା૜࢔)(ା૛࢔)(ା૚࢔)

+ ⋯ < ૚
(ା૛࢔)(ା૚࢔)

+ ૚
(ା૜࢔)(ା૛࢔)

+ ⋯  

< ൬
૚

࢔ + ૚
−

૚
࢔ + ૛

൰+ ൬
૚

࢔ + ૛
−

૚
࢔ + ૜

൰ + ⋯ <
૛

࢔ + ૚
 

Solution 2 by Anas Adlany-El Jadida-Morocco 

Using the fact that ࢋ = ૚ + ૚
૛

+ ⋯+ ૚
!࢔

+ ⋯ . We obtain 

ܖ܉ܜ ቀ
࣊
૞
ቁࢋ!࢔ = ൮ܖ܉ܜ

࣊
૞
!࢔ ൬૚ +

૚
૛

+ ⋯+
૚
!࢔

+ ⋯൰ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
࢔ࣕ

൲ = ܖ܉ܜ ൬࣊ ⋅
૚
૞
 ൰࢔ࣕ

Where ቊ
࢔ࣕ = ૚

ା૚࢔
+ ૚

(ା૛࢔)(ା૚࢔) + ⋯
࢔ࣕ → ૙

 . Since ૚
ା૚࢔

< ࢔ࣕ < ૚
࢔

. Hence 

ܕܑܔ
ஶ

࢔ ܖ܉ܜ ቀ
࣊
૞
!࢔ ቁࢋ = ܕܑܔ

ஶ
࢔ࣕ࢔ ⋅

ܖ܉ܜ ቀ࣊૞ ቁ࢔ࣕ

࢔ࣕ
=
࣊
૞
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Solution 3 by Shivam Sharma-New Delhi-India 

⇒ ቀ࣊
૞
ቁ ቆ(!࢔ࢋ࢔)ஶ→࢔ܕܑܔ

!࢔ࢋቀ࣊ܖ܉ܜ
૞
ቁ

!࢔ࢋ࣊
૞

ቇ. Then, ࡸ = ቀ࣊
૞
ቁ  As we .(!࢔ࢋ࢔)ஶ→࢔ܕܑܔ

know, 

࢞ࢋ = ∑ ࢞࢑

࢑!
ஶ
࢑ୀ૙ . Put ࢞ = ૚, we get, ࢋ = ∑ ቀ૚

࢑!
ቁஶ

࢑ୀ૙ . Using this, we get, 

⇒ ቀ࣊
૞
ቁ ା૚࢔ ,Now, applying the ratio test, we get .(࢔)ஶ→࢔ܕܑܔ

࢔
= ૚ + ૚

࢔
 

As ࢔ → ∞, so, ࢔ܕܑܔ→ஶ ቀ૚+ ૚
࢔
ቁ → ૚. So, we get, ࡸ = ࣊

૞
 

 

65. Let ࢔࢈,࢔ࢇ ∈ (૙,∞) and ࢔ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢔࢈	ࢊ࢔ࢇ	ࢇ = ܕܑܔ
ஶ→࢔

ට√૛! ⋅ √૜!૜ … ࢔࢔!࢔√
 

Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ ⋅ ା૚࢔࢈
࢔ + ૚ −

࢔ࢇ ⋅ ࢔࢈
࢔ ൰ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

ା૚࢔ࢇ)ஶ→࢔ܕܑܔ − (࢔ࢇ = ࢔࢈ and ࢇ = ஶ→࢔ܕܑܔ ඥ√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔࢔!࢔√
 

ࢹ = ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ ⋅ ା૚࢔࢈
࢔ + ૚

−
࢔ࢇ ⋅ ࢔࢈
࢔

൰ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ − ࢔ࢉ
࢔ + ૚ − ࢔

 

where ࢔ࢉ = ࢔࢈⋅࢔ࢇ
࢔

 for all ࢔ ≥ ૚ 

= ܕܑܔ
ஶ→࢔

࢔ࢉ
࢔
࢕࢘ࢇ࢙ࢋ࡯	ࢋ࢙࢘ࢋ࢜ࢋࡾ	ࢍ࢔࢏࢟࢒࢖࢖ࢇ]	 − [ࢠ࢒࢕࢚ࡿ = ܕܑܔ

ஶ→࢔

࢔ࢇ ⋅ ࢔࢈
૛࢔
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= ቀܕܑܔ
ஶ→࢔

࢔ࢇ
࢔
ቁ ൬ܕܑܔ

ஶ→࢔

࢔࢈
࢔
൰ = ቀܕܑܔ

ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
࢔ + ૚ − ࢔

ቁ	ቌܕܑܔ
ஶ→࢔

ඨ√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔!࢔√

࢔࢔
࢔

ቍ 

= ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ ⋅ ܕܑܔ
ஶ→࢔

൭
√૛! ⋅ √૜!૜ ⋅ … ⋅ ඥ(࢔ + ૚)!࢔శ૚

࢔) + ૚)࢔ା૚ ⋅
࢔࢔

√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔!࢔√ ൱ 

Applying Cauchy D – Alembert’s Theorem 

= ࢇ ⋅ ܕܑܔ
ஶ→࢔

൬
࢔࢔

࢔) + ૚)࢔ା૚ ⋅ ඥ(࢔ + ૚)!	࢔శ૚ ൰ 

= ࢇ ⋅ ܕܑܔ
ஶ→࢔

ඨ ࢔) + ૚)!
࢔) + ૚)࢔ା૚

శ૚࢔

ቀ૚+ ૚
ቁ࢔

࢔ =
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૛)!

࢔) + ૛)࢔ା૛ ⋅
࢔) + ૚)࢔ା૚

࢔) + ૚)!
ቇ 

(Cauchy D-Alembert’s Theorem)  

=
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

ቆ
࢔ + ૚
࢔ + ૛

⋅
࢔) + ૚)࢔ା૚

࢔) + ૛)࢔ା૚ቇ =
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

૚

ቀ૚ + ૚
࢔ + ૚ቁ

ା૚࢔ =
ࢇ
૛ࢋ

 

 

66. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ට૛‼√૜‼ √૞‼૜ ⋅ … ⋅ ඥ(૛࢔ − ૚)‼࢔࢔૛

 

Proposed by D.M. Bătinețu – Giurgiu, N. Stanciu – Romania  

Solution 1 by Rozeta Atanasova – Skopje 

ࢹ = ܕܑܔ
ஶ→࢔

ඩ૛‼ෑ ඥ(૛࢑ − ૚)‼࢑
࢔

࢑ୀ૛

૛࢔

⇒ ࢹܖܔ = ܕܑܔ
ஶ→࢔

૛ܖܔ + ∑ ܖܔ ඥ(૛࢑ − ૚)‼࢔࢑
࢑ୀ૛

૛࢔
 

Applying the First Cauchy’s theorem on limits ⇒ 
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ܖܔ ࢹ = ܕܑܔ
ஶ→࢔

ܖܔ ඥ(૛࢔ − ૚)‼࢔

࢔
= ܕܑܔ

ஶ→࢔

∑ ૛࢑)ܖܔ − ૚)࢔
࢑ୀ૚

૛࢔
 

Applying the First Cauchy’s theorem on limits ⇒ 

ࢹܖܔ = ܕܑܔ
ஶ→࢔

࢔૛)ܖܔ − ૚)
࢔ = ૙ ⇒ ࢹ = ૙ࢋ = ૚ 

Solution 2  by Soumitra Mandal-Chandar Nagore – India  

We know (૛࢔ + ૚)‼ = (૛࢔ା૚)!
૛࢔⋅࢔!

 

ࢹ = ܕܑܔ
ஶ→࢔

ට૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ − ૚)‼࢔࢔૛

= ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢉ  

Where ࢔ࢉ = ට૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ − ૚)‼࢔࢔
 

∴ ࢹ = ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢉ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
࢔ࢉ

۲	ܡܐ܋ܝ܉۱]	 −  [ܜܚ܍܊ܕ܍ܔۯ

= ܕܑܔ
ஶ→࢔

ට૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ + ૚)‼࢔࢔శ૚

ට૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ − ૚)‼࢔࢔
 

= ܕܑܔ
ஶ→࢔

൭
૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ + ૜)‼࢔శ૛

૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ + ૚)‼࢔శ૚ ⋅
૛‼√૜‼ √૞‼૜ … ඥ(૛࢔ − ૚)‼࢔

૛‼ √૜‼ √૞‼૜ … ඥ(૛࢔ + ૚)‼࢔శ૚ ൱ 

[Cauchy D-Alembert] 

= ܕܑܔ
ஶ→࢔

ඥ(૛࢔ + ૜)‼࢔శ૛

ඥ(૛࢔ + ૚)‼࢔శ૚ = ܕܑܔ
ஶ→࢔

ቆ
(૛࢔ + ૞)‼
(૛࢔ + ૜)‼ ⋅

(૛࢔ + ૚)‼
(૛࢔ + ૜)‼ቇ 

[Cauchy D-Alembert] 

= ܕܑܔ
ஶ→࢔

൮

(૛࢔+ ૞)!
૛࢔ା૛(࢔+ ૛)!

(૛࢔+ ૜)!
૛࢔ା૚(࢔+ ૚)!

⋅
(૛࢔ + ૚)!
૛࢔࢔!

(૛࢔ + ૜)!
૛࢔ା૚(࢔ + ૚)!

൲ = ܕܑܔ
ஶ→࢔

ቀ
࢔

࢔ + ૚
ቁ ⋅

࢔) + ૛)(૛࢔ + ૜)
࢔) + ૚)(૛࢔ + ૚) = ૚ 

Solution 3 by Dana Heuberger-Romania 
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We have: ࢒ = ಮ→࢔ܕܑܔࢋ
࢔࢞ܖܔ
૛࢔ , where ࢞࢔ = ܖܔ ቀ૛‼ ⋅ √૜‼ ⋅ √૞‼૜ ⋅ … ⋅ ඥ(૛࢔ − ૚)‼࢔ ቁ. 

Using Cesaro-Stolz theorem, we deduce: 

ܕܑܔ
ஶ→࢔

࢔࢞ܖܔ
૛࢔ = ܕܑܔ

ஶ→࢔

ܖܔ ା૚࢔࢞ − ࢔࢞ܖܔ
૛࢔ = ܕܑܔ

ஶ→࢔

ܖܔ ඥ(૛࢔ + ૚)‼࢔శ૚

૛࢔ + ૚ = 

= ܕܑܔ
ஶ→࢔

࢔૛)ܖܔ + ૚)‼
࢔) + ૚)(૛࢔ + ૚) = ܕܑܔ

ஶ→࢔

࢔࢟
	࢔ࢠ
	, 

where ࢟࢔ = ࢔૛)ܖܔ + ૚)‼ and ࢔ࢠ = ૛࢔૛ + ૜࢔ + ૚. 

Using again Cesaro-Stolz theorem, we obtain: 

ܕܑܔ
ஶ→࢔

ܖܔ ࢔࢞
૛࢔

= ܕܑܔ
ஶ→࢔

࢔࢟
࢔ࢠ

= ܕܑܔ
ஶ→࢔

ା૚࢔࢟ − ࢔࢟
ା૚࢔ࢠ − ࢔ࢠ

= ܕܑܔ
ஶ→࢔

࢔૛)ܖܔ + ૜)
૝࢔ + ૞

= ૙, 

therefore  ࢒ = ಮ→࢔ܕܑܔࢋ
࢔࢞ܖܔ
૛࢔ = ૙ࢋ = ૚. 

 

67. Let ࢔࢈,࢔ࢇ ∈ (૙,∞) and ࢔ ≥ ૚,  ࢔ܕܑܔ→ஶ(࢔ࢇା૚ − (࢔ࢇ =  ࢇ

and  

࢔࢈ = ܕܑܔ
ஶ→࢔

ට√૛! ⋅ √૜!૜ ⋅ … ∙ ࢔࢔!࢔√
 

find: 

ࢹ = ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ ⋅ ା૚࢔࢈
࢔ + ૚ −

࢔ࢇ ⋅ ࢔࢈
࢔ ൰ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

lim௡→ஶ(ܽ௡ାଵ − ܽ௡) = ࢔࢈ and ࢇ = ஶ→࢔ܕܑܔ ඥ√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔࢔!࢔√
 

ࢹ = ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ ⋅ ା૚࢔࢈
࢔ + ૚

−
࢔ࢇ ⋅ ࢔࢈
࢔

൰ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ − ࢔ࢉ
࢔ + ૚ − ࢔

 

where ࢔ࢉ = ࢔࢈࢔ࢇ
࢔

 for all ࢔ ≥ ૚ 
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= ܕܑܔ
ஶ→࢔

࢔ࢉ
࢔

ࢠ࢒࢕࢚ࡿି࢕࢘ࢇ࢙ࢋࢇ࡯	ࢋ࢙࢘ࢋ࢜ࢋࡾ= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ
૛࢔

 

= ቀܕܑܔ
ஶ→࢔

࢔ࢇ
࢔
ቁ ൬ܕܑܔ

ஶ→࢔

࢔࢈
࢔
൰ = ቀܕܑܔ

ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
࢔ + ૚ − ࢔

ቁቌܕܑܔ
ஶ→࢔

ඨ√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔!࢔√

࢔࢔
࢔

ቍ 

= ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ ⋅ ܕܑܔ
ஶ→࢔

൭
√૛! ⋅ √૜!૜ ⋅ … ⋅ ඥ(࢔ + ૚)!࢔శ૚

࢔) + ૚)࢔ା૚ ⋅
૛࢔

√૛! ⋅ √૜!૜ ⋅ … ⋅ ࢔!࢔√ ൱ 

=
ࢎࢉ࢛ࢇ࡯	ࢍ࢔࢏࢟࢒࢖࢖࡭ ࢓ࢋ࢘࢕ࢋࢎࢀ	࢙࢚࢘ࢋ࢈࢓ࢋ࢒࡭ିࡰ࢟	

ࢇ	 ⋅ ܕܑܔ
ஶ→࢔

൬
࢔࢔

࢔) + ૚)࢔ା૚ ⋅ ඥ(࢔ + ૚)!࢔శ૚ ൰ 

= ࢇ ⋅ ܕܑܔ
ஶ→࢔

ඨ ࢔) + ૚)!
࢔) + ૚)࢔ା૚

శ૚࢔

ቀ૚+ ૚
ቁ࢔

࢔ =
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૛)!

࢔) + ૛)࢔ା૛ ⋅
࢔) + ૚)࢔ା૚

࢔) + ૚)!
ቇ 

[Cauchy D-Alemberts Theorem] 

=
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

ቆ
࢔ + ૚
࢔ + ૛

⋅
࢔) + ૚)࢔ା૚

࢔) + ૛)૛࢔ା૚ቇ =
ࢇ
ࢋ
⋅ ܕܑܔ
ஶ→࢔

૚

ቀ૚+ ૚
࢔ + ૚ቁ

ା૚࢔ =
ࢇ
૛ࢋ

 

 

68. Solve for real numbers: 

൝
,࢈,ࢇ ࢉ > 0
ࢉ࢈ࢇ = ૚

࢈૝ࢇ + ࢉ૝࢈ + ࢇ૝ࢉ = ࢈ࢇ + ࢉ࢈ + ࢇࢉ
 

Proposed by Carmen Chirfot-Romania 

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 

࢈૝ࢇ + ࢉ૝࢈ + ࢇ૝ࢉ =
૝ࢇ

ࢉࢇ
+
૝࢈

࢈ࢇ
+
૝ࢉ

ࢉ࢈
≥

࢓ö࢚࢙࢘࢘ࢋ࡮ ૛ࢇ) + ૛࢈ + (૛ࢉ
ࢉࢇ + ࢈ࢇ + ࢉ࢈

≥ 

≥ ૛(࢈ࢇାࢉ࢈ାࢉࢇ)

࢈ࢇାࢉ࢈ାࢉࢇ
≥ ࢉࢇ + ࢉ࢈ +  (1)   ࢈ࢇ
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࢈ࢇ + ࢉ࢈ + ࢇࢉ = ࢈૝ࢇ + ࢉ૝࢈ + ࢇ૝ࢉ ≥
૛ࢇ) + ૛࢈ + (૛ࢉ
ࢉࢇ + ࢈ࢇ + ࢉ࢈

⇒ 

⇒ ࢉࢇ + ࢈ࢇ + ࢉ࢈ ≥ ૛ࢇ + ૛࢈ +   ૛, but (1)ࢉ

⇒ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢉࢇ + ࢈ࢇ + ࢉ࢈ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ = ࢈ࢇ + ࢉࢇ +  ࢉ࢈

ࢇ ”=“ = ࢈ = ࢉ ⇒ ࢉ࢈ࢇ = ૚ ⇒ ૜ࢇ = ૚,ࢇ = ૚,࢈ = ૚, ࢉ = ૚ 

,࢈,ࢇ) (ࢉ = (૚, ૚,૚) 

Solution 2 by Nguyen Thanh Nho-Vietnam 

,࢈,ࢇ ࢉ > 0;ܾܽܿ = 1 

ቆ
૜ࢇ

ࢉ + +ቇࢇࢉ ቆ
૜࢈

ࢇ + ቇ࢈ࢇ + ቆ
૜ࢉ

࢈ + ቇࢉ࢈ ≥ ૛ࢇ૛ + ૛࢈૛ + ૛ࢉ૛ ≥ ૛(࢈ࢇ + +ࢉ࢈  (ࢇࢉ

⇒
૜ࢇ

ࢉ +
૜࢈

ࢇ +
૜ࢉ

࢈ ≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

⇒ ࢉ࢈ࢇ ቆ
૜ࢇ

ࢉ
+
૜࢈

ࢇ
+
૜ࢉ

࢈
ቇ ≥ ૚(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇒ ࢈૝ࢇ + ࢉ૝࢈ + ࢇ૝ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  !Done  ࢇࢉ

“=” ⇔ ቄࢇ = ࢈ = ࢉ
ࢉ࢈ࢇ = ૚ ⇔ ࢇ = ࢈ = ࢉ = ૚ 

 

69. If ࢈,ࢇ ∈ ℕ,ࢇ < ܾ 

(࢈,ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

෍
૚

ࢇ) + ࢈)(࢏ + (࢏

࢔

ୀ૚࢏

 

then: 

(࢈,ࢇ)ࢹ ≥ ൬
!ࢇ
!࢈
൰

૚
ࢇି࢈

 

Proposed by Daniel Sitaru – Romania  
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Solution by Ravi Prakash - New Delhi – India  

෍
૚

ࢇ) + ࢈)(࢏ + (࢏

࢔

ୀ૚࢏

=
૚

࢈ − ࢇ
෍൬

૚
ࢇ + ࢏

−
૚

࢈ + ࢏
൰

࢔

ୀ૚࢏

 

=
૚

࢈ − ࢇ ൤
૚

+ࢇ ૚ +
૚

+ࢇ ૛ + ⋯+
૚

+ࢇ ࢈) − (ࢇ −
૚

࢔ + +ࢇ ૚ −
૚

+࢔ ࢇ + ૛ + ⋯+
૚

࢈ +  ൨࢔

=
૚

࢈ − ࢇ ൤
࢔

ࢇ) + ૚)(࢔+ ࢇ + ૚) +
࢔

+ࢇ) ૛)(࢔ + +ࢇ ૛) + ⋯+
࢔

+࢈)࢈  ൨(࢔

=
૚

࢈ − ෍ࢇ
቎

૚

+ࢇ) ࢑) ቀ૚ + +ࢇ ࢑
࢔ ቁ

቏
ࢇି࢈

࢑ୀ૚

 

∴ ܕܑܔ
ஶ→࢔

෍
૚

ࢇ) + +࢈	)(࢏ (࢏

࢔

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

૚
࢈ − ෍ࢇ

૚

+ࢇ) ࢑) ቀ૚ + +ࢇ ࢑
࢔ ቁ

ࢇି࢈

࢑ୀ૚

 

=
૚

࢈ − ෍ࢇ
૚

+ࢇ) ࢑)

ࢇି࢈

࢑ୀ૚

> ቌෑ
૚

ࢇ + ࢑

ࢇି࢈

࢑ୀ૚

ቍ

૚
ࢇି࢈

= ൬
!ࢇ
൰!࢈

૚
ࢇି࢈

 

 

70. If ࢈,ࢇ, ࢉ > 0, ܽ + ܾ + ܿ = 1, 

(࢈,ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢈√ + ૚࢔

࢔࢈√ + ࢇ√ + ૚࢔ ቇ
࢔

 

then: 

෍ඥࢇ)࢈ + ૚) ⋅ (࢈,ࢇ)ࢹ ≤ ૛ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Redwane El Mellas-Casablanca-Morocco 
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∴ (࢈,ࢇ)ࢹ = ܕܑܔ
࢚→૙శ

ቆ
࢚ࢇ + ࢈) + ૚)
࢚࢈ + ࢇ) + ૚)࢚ቇ

૚
࢚

= ܕܑܔ
࢚→૙శ

ࢋ
൯࢚(ା૚ࢇ)ା࢚࢈൫ܖܔ൯ି࢚(ା૚࢈)ା࢚ࢇ൫ܖܔ

࢚  

= ൯൯ᇲ(૙)࢚(ା૚ࢇ)ା࢚࢈൫ܖܔ൯ି࢚(ା૚࢈)ା࢚ࢇ൫ܖܔ൫ࢋ = ࢋ
(ା૚ࢇ)ܖܔି࢈ܖܔି(ା૚࢈)ܖܔାࢇܖܔ

૛ ୀ
(ା૚࢈)ࢇܖܔ
(ା૚ࢇ)࢈
૛ = 

= ඨ
࢈)ࢇ + ૚)
ࢇ)࢈ + ૚) 

(*) ∑ඥࢇ)࢈ + ૚)ࢹ	(࢈,ࢇ) = ∑ඥ࢈)ࢇ + ૚) ≤
ࡹࡳିࡹ࡭

√૜ඥ∑࢈)ࢇ + ૚) = 

= √૜ට෍࢈ࢇ + ૚ 

ቀ෍ࢇቁ
૛

= ૚ = ෍ࢇ૛ + ૛෍࢈ࢇ ≥
ࡹࡳିࡹ࡭

૜෍࢈ࢇ ⇒෍࢈ࢇ ≤
૚
૜ 

Finally ∑ඥࢇ)࢈ + ૚)(࢈,ࢇ)ࢹ ≤ √૜ට૚
૜

+ ૚ = ૛ with equality if  

ࢇ = ࢈ = ࢉ =
૚
૜

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

LEMMA: let ࢏ࢇ, ࢏ = ૚,૛, …  be positive real numbers, then ࢔,

ܕܑܔ
࢞→ஶ

ቆ√
૚࢞ࢇ + ૛࢞ࢇ√ + ⋯+ ඥ࢞࢔ࢇ

࢔
ቇ
࢞࢔

= ૚ࢇ ⋅ ૛ࢇ ⋅ … ⋅  ࢔ࢇ

∴ (࢈,ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢈√ + ૚࢔

࢔࢈√ + ࢇ√ + ૚࢔ ቇ
࢔

= ܕܑܔ
ஶ→࢔

൮
࢔ࢇ√ + +࢈√ ૚࢔

૛
࢔ࢇ√ + +࢈√ ૚࢔

૛

൲

࢔

	 = 

=
ඥ࢈)ࢇ + ૚)

ඥࢇ)࢈ + ૚)
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∴ ෍ඥࢇ)࢈ + ૚)
ࢉ࢟ࢉ

⋅ (࢈,ࢇ)ࢹ = ෍ඥ࢈)ࢇ + ૚)
ࢉ࢟ࢉ

	 ≤⏞
ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

 

≤ ඥ(ࢇ + ࢈ + ࢇ)(ࢉ + ࢈ + ࢉ + ૜) = ૛ (proved) 

71. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ቌ ඥ(࢔ + ૚)!࢔శ૚ − ඨ࢔! ൬૚ +
૚
૚!

+
૚
૛!

+ ⋯+
૚
!࢔
൰

࢔

ቍ 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Let ࢔ࡱ = ∑ ૚
࢑!

࢔
࢑ୀ૙  . Then ࢔ܕܑܔ→ஶ ࢔ࡱ =  ࢋ

∴ ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)!

+࢔) ૚)࢔ା૚ ⋅
࢔࢔

ቇ!࢔ =
૚
 ࢋ

∴ ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࡱ =⏞
࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

ା૚࢔ࡱ
࢔ࡱ

=
ࢋ
ࢋ = ૚ 

∴ ቀ ඥ(࢔ + ૚)!	࢔శ૚ – ඥ࢔࢔ࡱ!࢔ ቁ = ܕܑܔ
ஶ→࢔

ቆ
࢔!࢔√

࢔ ⋅ ࢔ࡱ√ ⋅
࢔࢛ − ૚
ܖܔ ࢔࢛

⋅ ܖܔ  ቇ࢔࢔࢛

where ࢛࢔ = ඥ(࢔ା૚)!࢔శ૚

ඥ࢔࢔ࡱ!࢔  for all ࢔ ∈ ℕ 

∴ ܕܑܔ
ஶ→࢔

࢔࢛ = ܕܑܔ
ஶ→࢔

൮
ඥ(࢔+ ૚)!࢔శ૚

࢔ + ૚ ⋅
࢔ + ૚
࢔ ⋅

૚
࢔!࢔√

࢔

⋅
૚
ඥ࢔࢔ࡱ

൲ 

= ൭ܕܑܔ
ஶ→࢔

ඥ(࢔+ ૚)!࢔శ૚

࢔ + ૚
൱൬ܕܑܔ

ஶ→࢔

࢔ + ૚
࢔ ൰൮ܕܑܔ

ஶ→࢔

૚
࢔!࢔√

࢔

൲ቆܕܑܔ
ஶ→࢔

૚
ඥ࢔࢔ࡱ ቇ = ૚ 

∴ as ࢛࢔ → ૚ then ࢛ି࢔૚
࢔࢛ܖܔ

→ ૚ as ࢔ → ∞ 
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Now, ࢔ܕܑܔ→ஶ ࢔࢔࢛ = ஶ→࢔ܕܑܔ ൭
૚

ඥ(࢔శ૚)!࢔శ૚

శ૚࢔

⋅ ૚
ା૚࢔

⋅ !(ା૚࢔)
!࢔

⋅ ૚
࢔ࡱ
൱ = ૚. So, 

ܕܑܔ
ஶ→࢔

ܖܔ ࢔࢔࢛ = ܖܔ ቀܕܑܔ
ஶ→࢔

ቁ࢔࢔࢛ = ૙ 

∴ ܕܑܔ
ஶ→࢔

ቌ ඥ(࢔ + ૚)!࢔శ૚ − ඨ࢔!൬૚ +
૚
૚! +

૚
૛! + ⋯+

૚
൰!࢔

࢔
ቍ = 

= ܕܑܔ
ஶ→࢔

ቆ
࢔!࢔√

࢔ ඥ࢔࢔ࡱ ⋅
࢔࢛ − ૚
ܖܔ ࢔࢛

⋅ ܖܔ ቇ࢔࢔࢛ = ૙ 

(Ans:) 

Solution 2 by Shivam Sharma-New Delhi-India 

ࡸ = ܕܑܔ
ஶ→࢔

ቌ൫(࢔ + ૚)!൯
૚

ା૚࢔ − ቆ࢔!൬૚ +
૚
૚! +

૚
૛! + ⋯+

૚
൰ቇ!࢔

૚
࢔
ቍ 

Applying Stirling’s formula in the first limit, we get, 

࢔) + ૚)! = ൬
࢔ + ૚
ࢋ ൰

ା૚࢔

ඥ૛࣊(࢔ + ૚) 

⇒ ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
ቆ൬
+࢔ ૚
ࢋ ൰

ା૚࢔

ඥ૛࣊(࢔+ ૚)ቇ

૚
ା૚࢔

−ቌ࢔!൭෍
૚
!࢓

࢔

ୀ૚࢓

൱ቍ

૚
࢔

⎠

⎟
⎞

 

⇒ ܕܑܔ
ஶ→࢔

൭
+࢔ ૚
ࢋ

ቀඥ૛࣊(࢔ + ૚)ቁ
૚

ା૚൱࢔ −  ૙ࢋ

Applying ratio test, we get, ࢔ା૚
࢔
→ ૚, as ࢔ → ∞, So ࢔ା૚

ࢋ
ቀඥ૛࣊(࢔+ ૚)ቁ

૚
శ૚࢔ → ૚ as ࢔ → ∞ 

⇒ ૚− ૙ࢋ ⇒ ૚ − ૚(OR), ࡸ = ૙	(Q.E.D.) 

72. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
න!࢔

((૚ − ࢔(࢞ + ࢞ࢊ࢞ࢋ(࢞࢔ܛܗ܋
૚

૙

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Nirapada Pal-Jhargram-India 

For all ࢞ ∈ [૙,૚], 

|[(૚ − ࢔(࢞ + |࢞ࢋ[࢞࢔ܛܗ܋ = |(૚ − ࢔(࢞ + |࡮࡭| since  |࢞ࢋ||࢞࢔ܛܗ܋ =  |࡮||࡭|

≤ |(૚ − ࢞ࢋ|࢔(࢞ + ࢞ࢋ since  ࢞ࢋ|࢞࢔ܛܗ܋| ≥ ૙ for all ࢞ 

≤ ૛࢞ࢋ   since (૚ − ࢔(࢞ ≤ ૚ for all ࢞ ∈ [૙, ૚]  and |࢞࢔ܛܗ܋| ≤ ૚ for all ࢔, for 

all ࢞ ≤ ૛ࢋ. So the integrand is bounded. Hence  

ܕܑܔ
ஶ→࢔

૚
!࢔
න[(૚ − ࢔(࢞ + ࢞ࢋ[࢞࢔ܛܗ܋
૚

૙

࢞ࢊ ≤ ܕܑܔ
ஶ→࢔

૚
!࢔
න૛ࢋ
૚

૙

࢞ࢊ = ܕܑܔ
ஶ→࢔

૛ࢋ
!࢔

= ૙ 

Solution 2 by Ravi Prakash-New Delhi-India 

For ૙ ≤ ࢞ ≤ ૚,૙ ≤ ૚ − ࢞ ≤ ૚ ⇒ ૙ ≤ (૚ − ࢔(࢞ ≤ ૚, |(࢞࢔)ܛܗ܋| ≤ ૚ 

∴ |(૚ − ࢔(࢞ + |(࢞࢔)ܛܗ܋ ≤ |(૚ − |࢔(࢞ + |(࢞࢔)ܛܗ܋| ≤ ૛ 

⇒ ቮන{(૚ − ࢔(࢞ + ࢞ࢋ{(࢞࢔)ܛܗ܋
૚

૙

ቮ ≤ න૛࢞ࢊ࢞ࢋ
૚

૙

= ૛(ࢋ − ૚) 

⇒ ቮ
૚
න!࢔

{(૚ − ࢔(࢞ + ࢞ࢊ࢞ࢋ{(࢞࢔)ܛܗ܋
૚

૙

ቮ ≤
૛
!࢔

ࢋ) − ૚) 

As ૛
!࢔

ࢋ) − ૚) → ૙ as ࢔ → ∞, 

ܕܑܔ
ஶ→࢔

૚
!࢔
න[(૚ − ࢔(࢞ + [(࢞࢔)ܛܗ܋
૚

૙

࢞ࢊ࢞ࢋ = ૙ 

Solution 3 by Shivam Sharma-New Delhi-India 

→ ܕܑܔ
ஶ→࢔

૚
!࢔
න(૚ − ࢞ࢊ࢞ࢋ࢔(࢞
૚

૙

+ ܕܑܔ
ஶ→࢔

૚
!࢔
න࢞ࢋ (࢞࢔)ܛܗ܋
૚

૙

 ࢞ࢊ
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As we can see the first integral is written in the form of “Incomplete 

gamma function”, so we get, 

න(૚ − ࢔(࢞
૚

૙

࢞ࢊ࢞ࢋ = ࢔)ࢣ]ࢋ + ૚)		࢔)ࢣ + ૚, ૚)] 

And, As we know, 

න࢞ࢇࢋ ࢞ࢊ(࢞࢈)ܛܗ܋
࢞ࢇࢋ

૛࢈|૛ࢇ
ࢇ⌋ (࢞࢈)ܛܗ܋ ࢈	|  ,࡯|⌊(࢞࢈)ܖܑܛ

which can be proved by applying I.B.P. putting ࢇ	|	࢈,	࢔ 

On putting the limits we get, 

න࢞ࢋ (࢞࢔)ܛܗ܋
૚

૙

࢞ࢊ =
࢔)ࢋ ((࢔)ܛܗ܋)ࢋ	|((࢔)ܖܑܛ − ૚

૚ + ૛࢔  

Putting all the values, we get, 

ࡸ = ܕܑܔ
ஶ→࢔

૚
!࢔ ࢣ൫ࢋൣ

−(૚|࢔) |൯൧(૚,૚|࢔)ࢣ ܕܑܔ
ஶ→࢔

૚
!࢔ ቈ

࢔)ࢋ ((࢔)ܖܑܛ + ((࢔)ܛܗ܋)ࢋ
૚ + ૛࢔ ቉ 

As we know, ࢣ(࢔|૚)				࢔!. Using this, we get, 

ࡸ = ܕܑܔ
ஶ→࢔

૚
!࢔
൤ࢋ ൬࢔! 			

૚
૚|࢔

൰൨ + ܕܑܔ
ஶ→࢔

૚
!࢔
ቈ
࢔)ࢋ ((࢔)ܖܑܛ + ((࢔)ܛܗ܋)ࢋ

૚+ ૛࢔
቉ 

→ (૙)ࢋ + ૙ → ૙	(OR) ࡸ = ૙. (Q.E.D) 

 

73. If ࢈,ࢇ > 0, |࢞| < 1, |࢟| < 1 

(࢞)ࢹ = ܕܑܔ
ஶ→࢔

෍
࢏(࢞−)

࢏ + ૚

࢔

ୀ૙࢏

 

then: 
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ࢇ) + ൬ࢹ(࢈
࢞ࢇ + ࢟࢈
ࢇ + ࢈

൰ ≤ (࢞)ࢹࢇ +  (࢟)ࢹ࢈

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

(࢞)ࢹ = ܕܑܔ
ஶ→࢔

෍
࢏(࢞−)

࢏ + ૚

࢔

ୀ૙࢏

= ܕܑܔ
ஶ→࢔

ቆ૚ −
࢞
૛

+
࢞૛

૜
+ ⋯+

(−૚)࢔࢞࢔

࢔ + ૚
ቇ 

∴ (࢞)ࢹ࢞ = ܕܑܔ
ஶ→࢔

ቆ࢞ −
࢞૛

૛
+
࢞૜

૜
+ ⋯+

(−૚)࢔࢞࢔ା૚

࢔ + ૚
ቇ = ૚)܏ܗܔ + ࢞) 

∴ (࢞)ࢹ =
૚)܏ܗܔ + ࢞)

࢞
⇒ (࢞)ᇱࢹ =

૚
࢞૛ + ࢞

−
૚)܏ܗܔ + ࢞)

࢞૛
 

(࢞)ᇱᇱࢹ = −
૛࢞ + ૚

(࢞૛ + ࢞)૛ −
૚

࢞૛(૚ + ࢞) +
૛ ૚)܏ܗܔ + ࢞)

࢞૜ = 

=
૛(૚+ ࢞)૛ ૚)܏ܗܔ + ࢞) − (૜࢞૛ + ૛࢞)

࢞૜(૚ + ࢞)૛  

Let ࢌ(࢞) = ૛(૚ + ࢞૛) ૚)܏ܗܔ + ࢞) − (૜࢞૛ + ૛࢞) for all ࢞ ∈ [૙, ૚] 

(࢞)ᇱࢌ = ૛(૚ + ࢞) + ૝(૚ + ࢞) ૚)܏ܗܔ + ࢞)− ૟࢞ − ૛ = 

= (૚ + ࢞) ቀ܏ܗܔ(૚ + ࢞) −
࢞

૚ + ࢞
ቁ ≥ ૙ 

ቂ∵ ૚)܏ܗܔ + ࢞) ≥ ࢞
૚ା࢞

࢞	࢒࢒ࢇ	࢘࢕ࢌ	 ≥ ૙ቃ. So, ࢌ is increasing ࢌ(࢞) ≥ (૙)ࢌ = ૙ 

∴ (࢞)ᇱᇱࢹ ≥ ૙ for all |࢞| < 1. Hence, ࢹ is convex. So, 

ࢹ ൬
࢞ࢇ + ࢟࢈
ࢇ + ࢈

൰ ≤
(࢞)ࢹࢇ
ࢇ + ࢈

+
(࢟)ࢹ࢈
ࢇ + ࢈

∴ (࢞)ࢹࢇ + (࢟)ࢹ࢈ ≥ ࢹ ൬
࢞ࢇ + ࢟࢈
ࢇ + ࢈

൰ 

 

74. Find: 

ࡸ = ܕܑܔ
ஶ→࢔

൭ ෍
૚
࢑

૛૙૙࢔

࢑ୀ૚ା૚૙૙࢔

+ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૛૙૙࢔

+ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૜૙૙࢔

൱ 
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Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

ܕܑܔ
ஶ→࢔

൭ ෍
૚
࢑

૛૙૙࢔

࢑ୀ૚ା૚૙૙࢔

+ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૛૙૙࢔

+ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૜૙૙࢔

൱ 

= ܕܑܔ
ஶ→࢔

൭ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૚૙૙࢔

+ ෍
૚
࢑

૝૙૙࢔

࢑ୀ૚ା૜૙૙࢔

൱ = ܕܑܔ
ஶ→࢔

൭෍
૚

૚૙૙࢔ + ࢑

૜૙૙࢔

࢑ୀ૚

+ ෍
૚

૜૙૙࢔ + ࢑

૚૙૙࢔

࢑ୀ૚

൱ 

= ૜૙૙ ܕܑܔ
ஶ→࢖

૚
෍࢖

૚

૚૙૙ + ૜૙૙࢖࢑

࢖

࢑ୀ૚

+ ૚૙૙ ܕܑܔ
ஶ→ࢗ

૚
෍ࢗ

૚

૚૙૙ + ૜૙૙ࢗ࢑

ࢗ

࢑ୀ૚

 

= ૜૙૙	න
ܠ܌

૚૙૙ + ૜૙૙ܠ

૚

૙

+ ૚૙૙න
ܠ܌

૜૙૙ + ૚૙૙ܠ

૚

૙

 

= න
૚૙૙)܌ + ૜૙૙ܠ)
૚૙૙ + ૜૙૙ܠ

ୀ૚ܠ

ୀ૙ܠ

+ න
૜૙૙)܌ + ૚૙૙ܠ)
૜૙૙ + ૚૙૙ܠ

ୀ૚ܠ

ୀ૙ܠ

 

= ૚૙૙)ܖܔ + ૜૙૙࢞) ቚ࢞ = ૚
࢞ = ૙ ܖܔ

(૜૙૙ + ૚૙૙࢞) ቚ࢞ = ૚
࢞ = ૙ 

= ܖܔ ૝૙૙ − ૚૙૙ܖܔ + ૝૙૙ܖܔ − ૜૙૙ܖܔ = ܖܔ
૚૟
૜

 

Solution 2 by Daniel Sitaru – Romania  

Let be ࢔ࢇ = ૚ + ૚
૛

+ ૚
૜

+ ⋯+ ૚
࢔

 

ࡸ = ܕܑܔ
ஶ→࢔

࢔૛૙૙ࢇ) − ࢔૚૙૙ࢇ + ࢔૝૙૙ࢇ − ࢔૛૙૙ࢇ + ࢔૝૙૙ࢇ − (࢔૜૙૙ࢇ = 

= ܕܑܔ
ஶ→࢔

(૛ࢇ૝૙૙࢔ − ࢔૚૙૙ࢇ − (࢔૜૙૙ࢇ = 

= ܕܑܔ
ஶ→࢔

൬૛ࢇ૝૙૙࢔ − ૛ ࢔૝૙૙܏ܗܔ − ࢔૚૙૙ࢇ + ܏ܗܔ ૚૙૙࢔− ࢔૜૙૙ࢇ + ܏ܗܔ ૜૙૙࢔+ ܏ܗܔ
૝૙૙࢔ ⋅ ૝૙૙࢔
૚૙૙࢔ ⋅ ૜૙૙࢔

൰ 

= ૛ࢽ − ࢽ − ࢽ + ܏ܗܔ
૚૟
૜

= ܏ܗܔ
૚૟
૜
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75. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൭
࣊૛

૟ − ൬
૚
૛૛ +

૚
૜૛ +⋯+

૚
૛൰൱࢔

࢔

 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Shivam Sharma-New Delhi-India 

ࡸ = ܕܑܔ
ஶ→࢔

ቈ
࣊૛

૟
− ൬

૚
૛૛

+
૚
૜૛

+
૚
૝૛

… +
૚
૛࢔
൰቉
࢔

⇒ ܕܑܔ
ஶ→࢔

൥
࣊૛

૟
−෍൬

૚
࢑૛
൰

࢔

࢑ୀ૛

൩
࢔

 

⇒ ܕܑܔ
ஶ→࢔

ቈ
࣊૛

૟ − ቀ࢔ࡴ
(૛) − ૚ቁ቉

࢔

⇒ ܕܑܔ
ஶ→࢔

ቈ
࣊૛

૟ − ࢔ࡴ
(૛) + ૚቉

࢔

 

As we know, ࣒૚(࢔ + ૚) + ࢔ࡴ
(૛) = ࣊૛

૟
 (OR) ࡴ૛

(૛) = ࣊૛

૟
−࣒૚(࢔ + ૚).  

Using this, we get, 

⇒ ܕܑܔ
ஶ→࢔

ቈ
࣊૛

૟
+ ࣒૚(࢔ + ૚)−

࣊૛

૟
+ ૚቉

࢔

⇒ ܕܑܔ
ஶ→࢔

[࣒૚(࢔ + ૚) + ૚]࢔ 

As we know, ࣒૚(࢔ + ૚) = ࣒૚(࢔) − ૚
૛࢔

. Using this, we get, 

⇒ ܕܑܔ
ஶ→࢔

൤࣒૚(࢔) −
૚
૛࢔

+ ૚൨
࢔

 

Now, applying Root test, we get, ቂቀ࣒૚(࢔) − ૚
૛࢔

+ ૚ቁ
࢔
ቃ
૚
࢔ → ࢔ as ,ࢋ → ∞ 

Hence, ࡸ =  (Q.E.D) .ࢋ

 

76. In ࢤ	࡯࡮࡭: 

ࢻ =
ܖܑܛ ૛࡭

࡮ܖ܉ܜ + ܖ܉ܜ ࡯
ࢼ, =

ܖܑܛ ૛࡮
ܖ܉ܜ ࡭ + ࡯ܖ܉ܜ

, ࢽ =
ܖܑܛ ૛࡯

࡭ܖ܉ܜ + ࡮ܖ܉ܜ
 

Solve in real numbers: 
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૛࢞ࢻ − ૛࢞ࢼ + ࢽ = ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Peru  

En un triángulo ࡯࡮࡭. 

ࢻ =
࡭૛ܖ܍ܛ

࡯ܖ܉ܜ + ࡮ܖ܉ܜ
ࢼ, =

࡮૛ܖ܍ܛ
ܖ܉ܜ ࡭ + ࡯ܖ܉ܜ

, ࢽ =
࡯૛ܖ܍ܛ

࡭ܖ܉ܜ + ࡮ܖ܉ܜ
 

Resolver en ℝ: ࢞ࢻ૛ − ૛࢞ࢼ + ࢽ = ૙. Recordar lo siguiente: 

ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟ =
࢞)ܖ܍ܛ + ࢟)
࢞ܛܗ܋ ࢟ܛܗ܋

	∧ ૛࢞ܖ܍ܛ = ૛ ࢞ܖ܍ܛ  ࢞ܛܗ܋

⇒ ࢻ =
࡭૛ܖ܍ܛ

࡯)ܖ܍ܛ + (࡮
࡯ܛܗ܋ ࡮ܛܗ܋

=
࡭૛ܖ܍ܛ ࡯ܛܗ܋ ࡮ܛܗ܋

࡭ܖ܍ܛ
= ૛ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

De forma análoga se llega que:  

ࢼ = ૛ ࡭ܛܗ܋ ࡮ܛܗ܋ ࢽሥ	࡯ܛܗ܋ = ૛ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

⇒ Se puede concluir que: ࢻ = ࢼ =  ࢽ

࢞ = ૛ࢼ±ඥ૝࡮૛ି૝ࢽࢻ
૛ࢻ

→ ࢞ = ૚ (Raíz doble) ⇔ ࢤ = ૙ 

 

77. Solve in real numbers: 

࢞૛ − ૛࢞࡭ + ૛࡮ = ૙ 

࡭ = ෍ࢇ࢘ࢇࢎ ࡮, = ࢘෍(ࢇࢎ + ૛࢘ࢇ) 

࢘ − inradius, ࢘ࢇ − exradius, ࢇࢎ − height 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios –Huarmey- Peru  

Resolver en números reales: ࢞૛ − ૛࢞࡭ + ૛࡮ = ૙ 
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࡭ = ෍ࢇ࢘ࢇࢎ , ࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) 

En un triángulo ࡯࡮࡭ tener presente lo siguiente: 

࢘ = ૝ܖ܍ܛࡾ
࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛
 (࡭)				

࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ − ૚ = ૝ ܖ܍ܛ
࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛
 (࡮)				

૛ܖ܍ܛ +࡭ ࡮૛ܖ܍ܛ + ૛ܖ܍ܛ ࡯ = ૛(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  (࡯)				(࡯ܛܗ܋

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ 
૛ ࡭ܛܗ܋࡯ܖ܍ܛ࡮ܖ܍ܛ + ૛ ܖ܍ܛ ࡮ܛܗ܋࡯ܖ܍ܛ࡭ + ૛ ࡭ܖ܍ܛ ܛܗ܋࡮ܖ܍ܛ ࡯ = ૛ܖ܍ܛ ࡭ + ૛ܖ܍ܛ ࡮ + ૛ܖ܍ܛ  (ࡰ)				࡯

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛࡯ܖ܍ܛ࡮ܖ܍ܛࡾ൬૝ࡾ ܖ܍ܛ
࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛൰ 

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛ࡾ૛ ࡮ܖ܍ܛ ൬૛࡯ܖ܍ܛ ܖ܍ܛ
࡭
૛൰ ൬૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛൰ 

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛ࡾ૛ ࡮ܖ܍ܛ ൬૛࡯ܖ܍ܛ ܛܗ܋ ൬
࡮ + ࡯
૛ ൰൰ ቆ൬ܛܗ܋

࡮ + ࡯
૛ ൰+ ܛܗ܋ ൬

࡮ − ࡯
૛ ൰ቇ 

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛ࡾ૛ ܖ܍ܛ࡮ܖ܍ܛ ൬૛࡯ ૛ܛܗ܋ ൬
࡮ + ࡯
૛ ൰ + ࡮ܛܗ܋ +  ൰࡯ܛܗ܋

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛ࡾ૛ ࡯ܖ܍ܛ࡮ܖ܍ܛ (૚ + ࡮)ܛܗ܋ + (࡯ + ࡮ܛܗ܋ + ܛܗ܋  (࡯

࡭ = ෍ࢇ࢘ࢇࢎ = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ (૚ − ࡭ܛܗ܋ + ࡮ܛܗ܋ + ܛܗ܋  (࡯

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ࢘෍ࢇࢎ + ૛࢘෍࢘ࢇ → ࡮ = ࢘෍ࢇࢎ + ૛࢘(૝ࡾ+ ࢘) 

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ૝ࡾ ܖ܍ܛ
࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛෍૛࡮ܖ܍ܛࡾ  +࡯ܖ܍ܛ

+ૡࡾ ൬૝ࡾ ܖ܍ܛ
࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛൰+ ૛ ൬૝ܖ܍ܛࡾ

࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛൰

૛

 

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ቀ෍૛ࡾ૛ ࡯ܖ܍ܛ࡮ܖ܍ܛ + ૡࡾ૛ቁ ࡭ܛܗ܋) + ࡮ܛܗ܋ + ܛܗ܋ ࡯ − ૚) + 

+૝ࡾ૛(૚ − ܛܗ܋ ૚)(࡭ − ૚)(࡮ܛܗ܋ − ܛܗ܋  (࡯

࡮ = ࢇࢎ)∑࢘ + ૛࢘ࢇ) = (∑૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ + ૡࡾ૛)(∑࡭ܛܗ܋ − ૚) + ૝ࡾ૛ − ૝ࡾ૛ ܛܗ܋∑ ࡭ +  



 
www.ssmrmh.ro 

 
+૝ࡾ૛෍࡭ܛܗ܋ ࡮ܛܗ܋ − ૝ࡾ૛ෑ࡭ܛܗ܋ 

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ ቀ෍࡭ܛܗ܋ቁ −෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ + 

+૝ࡾ૛෍࡭ܛܗ܋ + ૝ࡾ૛෍࡭ܛܗ܋ ܛܗ܋ ࡮ − ૝ࡾ૛ ቀ૚ + ෑ࡭ܛܗ܋ቁ 

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ ቀ෍࡭ܛܗ܋ቁ −෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ − 

−૝ࡾ૛෍࡮)ܛܗ܋ + (࡯ + ૝ࡾ૛෍࡭ܛܗ܋ ࡮ܛܗ܋ − ૛ࡾ૛ ቀ෍ܖ܍ܛ૛  ቁ࡭

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ ቀ෍࡭ܛܗ܋ቁ + ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ − 

−૛ࡾ૛ ቀ෍૛࡮ܖ܍ܛ ࡯ܖ܍ܛ  ቁ࡭ܛܗ܋

࡮ = ࢘෍(ࢇࢎ + ૛࢘ࢇ) = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ ቀ෍࡭ܛܗ܋ + ૚ − ૛  ቁ࡭ܛܗ܋

࡮ = ࢇࢎ)∑࢘ + ૛࢘ࢇ) = ∑૛ࡾ૛ ࡯ܖ܍ܛ࡮ܖ܍ܛ (૚ − ܛܗ܋ ࡭ + ࡮ܛܗ܋ + (࡯ܛܗ܋ = ࢇ࢘ࢇࢎ∑ =   ࡭

Por la tanto, si: ࡭ = ࡮ → La ecuación: 

࢞૛ − ૛࢞࡭ + ૛࡮ = ૙ → (࢞ − ૛(࡭ = ૙ → ࢞ =  (Raíz doble)   ࡭

࢞ = ࡭ = ෍૛ࡾ૛ ࡮ܖ܍ܛ ࡯ܖ܍ܛ (૚ − ࡭ܛܗ܋ + ࡮ܛܗ܋ + (࡯ܛܗ܋ = ෍ࢇ࢘ࢇࢎ 

 

:ࢍ,ࢌ .78 (૙,∞) → ℝ 

(࢞)ࢌ = ܖܑܛ ቆܖܔ
࢞(࢞ + ૚)
࢞ + ૛

ቇ + ܖܑܛ ቆܖܔ
(࢞ + ૚)(࢞ + ૛)

࢞
ቇ 

(࢞)ࢍ = ܖܑܛ ቆܖܔ൫࢞(࢞ + ૚)(࢞ + ૛)൯ − ܖܔቆܖܑܛ
࢞(࢞ + ૛)
࢞ + ૚ ቇቇ 

Solve the equation: ࢌ(࢞) =  .(࢞)ࢍ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܖܔ ࢑(࢞) ⇒ ࢑(࢞) > 0 
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࢞ ⋅ (࢞ + ૚)
࢞ + ૛

> 0;
(࢞ + ૚)(࢞ + ૛)

࢞
> ࢞)ݔ;0 + ૚)(࢞ + ૛) > 0 

࢞(࢞ା૛)
࢞ା૚

> 0 ⇒ :(࢞)ࡰ ࢞ ∈] − ૛; 	−૚[ࢁ]	૙; +∞[   (1) 

(࢞)ࢌ (1 = (࢞)૚ࢌ +  (࢞)૛ࢌ

(࢞)૚ࢌ = ܖܑܛ ൬ܖܔ(࢞ + ૚) − ܖܔ
࢞ + ૛
࢞ ൰ ; (࢞)૛ࢌ	 = ܖܑܛ ൬ܖܔ(࢞ + ૚) + ܖܔ

࢞ + ૛
࢞ ൰ 

(࢞)ࢌ = ૛ ⋅ ܖܑܛ ൬ܖܔ(࢞ + ૚) ⋅ ቀܖܔ ࢞ା૛
࢞
ቁ൰   (*) 

(࢞)ࢍ (2 = (࢞)૚ࢍ +  (࢞)૛ࢍ

(࢞)૚ࢍ = ܖܔ)ܖܑܛ ࢞ (࢞ + ૛) + ࢞)ܖܔ + ૚)) 

(࢞)૛ࢍ = ܖܔ)ܖܑܛ ࢞ (࢞ + ૛)− ࢞)ܖܔ + ૚)) 

(࢞)ࢍ = ૛ ⋅ ࢞ܖܔ൫ܛܗ܋ (࢞ + ૛)൯ ⋅ ࢞)ܖܔ)ܖܑܛ + ૚))  (**) 

3) (1), (*), (**) ⇒ :(࢞)ࡰ ࢞ ∈ ]૙, +∞[  (2) 

(࢞)ࢌ (4 = (࢞)ࢍ ⇒ ૛ ⋅ ࢞)ܖܔ)ܖܑܛ + ૚)) ⋅ ൫ܛܗ܋൫࢞ܖܔ (࢞ + ૛)൯൯ − ܖܔቀܛܗ܋ ࢞ା૛
࢞
ቁ 

= ૛ ⋅ ܖܔ)ܖܑܛ ࢞) ⋅ ࢞)ܖܔ)ܖܑܛ + ૚)) ⋅ ࢞)ܖܔ)ܖܑܛ + ૛)) = ૙ 

(࢞ܖܔ)ܖܑܛ = ૙
࢞)ܖܔ)ܖܑܛ + ૚)) = ૙
࢞)ܖܔ)ܖܑܛ + ૛)) = ૙

⇒
࢞ = ࢑⋅࣊ࢋ ⇒

࢞ = ࢑࣊ࢋ − ૚ ⇒
࢞ = ࢑࣊ࢋ − ૛ ⇒

⇒ (2)  (࢞)ࡰ	
࢞ = ࢑	࢑⋅࣊ࢋ ∈ ℤ

࢞ = ࢑࣊ࢋ − ૚	࢑ ∈ ℤା
࢞ = ࢑࣊ࢋ − ૛		࢑ ∈ ℤା

 

Solution 2 by Shivam Sharma-New Delhi-India 

Firstly we solve ࢌ(࢞), As we know, (࡯)ܖܑܛ | ૛    (ࡰ)ܖܑܛ ܖܑܛ ቀ࡯ାࡰ
૛
ቁ ܛܗ܋ ቀ࡯	ࡰ

૛
ቁ 

Using this we get, ࢌ(࢞) = ૛ ܖܑܛ ቀ૛ (ା૚࢞)ܖܔ
૛

ቁ ܛܗ܋ ቆ
૛ܖܔቀ ࢞

࢞శ૛
ቁ

૛
ቇ (OR) 

(࢞)ࢌ = ૛ ((૚|࢞)ܖܔ)ܖܑܛ ܛܗ܋ ቀܖܔ ቀ ࢞
࢞ା૛

ቁቁ. Then we solve ࢍ(࢞). As we know, 

(࡯)ܖܑܛ − (ࡰ)ܖܑܛ 		૛ ܖܑܛ ቀ࡯		ࡰ
૛
ቁ ܛܗ܋ ቀ࡯ାࡰ

૛
ቁ. Using this, we get, 
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(࢞)ࢍ = ૛ ࢞)ܖܔ)ܖܑܛ + ૚)) ࢞)൫࢞ܖܔ൫ܛܗ܋ + ૛)൯൯. Now, according to question, 

(࢞)ࢌ =  (࢞)ࢍ

૛ ((૚|࢞)ܖܔ)ܖܑܛ ܛܗ܋ ቀܖܔ ቀ
࢞

࢞ + ૛
ቁቁ 		૛ ((૚|࢞)ܖܔ)ܖܑܛ  ൫࢞(࢞|૛)൯൯ܖܔ൫ܛܗ܋

((૚|࢞)ܖܔ)ܖܑܛ 			૙, ܛܗ܋ ቀܖܔ ቀ
࢞

࢞ + ૛ቁቁ − ൫࢞(࢞|૛)൯൯ܖܔ൫ܛܗ܋ 				૙ 

࢞)ܖܔ + ૚) = ࢞ ,We get .࣊࢔ =  ,૚. Now				࣊࢔ࢋ

ܛܗ܋ ቀܖܔ ቀ ࢞
࢞ା૛

ቁቁ − ൫࢞(࢞|૛)൯൯ܖܔ൫ܛܗ܋ 				૙. As we know, 

(࡯)ܛܗ܋ − (ࡰ)ܛܗ܋ 		૛ ܖܑܛ ቀ࡯ାࡰ
૛
ቁ ܖܑܛ ቀࡰ			࡯

૛
ቁ. Using this, we get, 

૛ ((࢞)ܖܔ)ܖܑܛ ࢞)ܖܔ)ܖܑܛ + ૛)) = ૙. We get, 

((࢞)ܖܔ)ܖܑܛ = ૙, ࢞)ܖܔ)ܖܑܛ + ૛)) = ૙; 	 (࢞)ܖܔ = ,࣊࢔ ࢞)ܖܔ + ૛) =  ࣊࢔

We get, ࢞ = ࢞,࣊࢔ࢋ = ࢞ ,૛. So, finally we get				࣊࢔ࢋ =  ࣊࢔ࢋ

࢞ = ∨	;૚				࣊࢔ࢋ ࢔ ← ࣊࢔ࢋ			࢞ ;|ࢆ − ૛. (Q.E.D) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

:ࢍ,ࢌ (૙,∞) → (࢞)ࢌ,ࡾ = ܖܑܛ ቀܖܔ ࢞(࢞ା૚)
࢞ା૛

ቁ + ܖܑܛ ቀܖܔ (࢞ା૚)(࢞ା૛)
࢞

ቁ and  

(࢞)ࢍ = ࢞)൫࢞ܖܔ൫ܖܑܛ + ૚)(࢞ + ૛)൯൯ − ܖܑܛ ቆܖܔ
࢞(࢞ + ૛)
࢞ + ૚

ቇ 

Solve the equation: ࢌ(࢞) =  (࢞)ࢍ

(࢞)ࢌ = ૛ ܖܑܛ ቊ
(శ૚࢞)࢞ܖܔ

࢞శ૛ ାܖܔ(࢞శ૚)(࢞శ૛)
࢞

૛
ቋܛܗ܋ ቊ

(శ૚࢞)࢞ܖܔ
࢞శ૛ (శ૛࢞)(శ૚࢞)ܖܔି

࢞
૛

ቋ =  

= ૛ ܖܑܛ ቊ
࢞))ܖܔ + ૚)૛)

૛ ቋ ൞ܛܗ܋
ܖܔ ൬ቀ ࢞

࢞ + ૛ቁ
૛
൰

૛ ൢ 

= ૛(ܖܑܛ ࢞)ܖܔ + ૚)) ቀܛܗ܋ ܖܔ ቀ
࢞

࢞ + ૛
ቁቁ		(∵ ࢞ > 0) 
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(࢞)ࢍ = ૛ ቐܛܗ܋
࢞)൫࢞ܖܔ + ૚)(࢞ + ૛)൯ + ܖܔ ࢞(࢞ + ૛)

࢞ + ૚
૛

ቑ 

ܖܑܛ ቐ
࢞)൫࢞ܖܔ + ૚)(࢞ + ૛)൯ − ܖܔ ࢞(࢞ + ૛)

࢞ + ૚
૛

ቑ = ૛ܛܗ܋ ቊ
+࢞)࢞}ܖܔ ૛)૛}

૛ ቋ ܖܑܛ ቊ
࢞)ܖܔ + ૚)૛

૛ ቋ 

= ૛ܖܔ)ܛܗ܋ ࢞(࢞ + ૛)) ܖܑܛ) ࢞)ܖܔ + ૚))			(∵ ࢞ > 0) 

∴ (࢞)ࢌ = (࢞)ࢍ ⇒ ࢞)ܖܔ)ܖܑܛ + ૚)) = ૙ or  

ܖܔ)ܛܗ܋ ࢞(࢞ + ૛)) = ܛܗ܋ ቀܖܔ
࢞

࢞ + ૛ቁ  ࢎ࢚࢕࢈	࢘࢕,

࢞)ܖܔ)ܖܑܛ + ૚)) = ૙ ⇒ ࢞)ܖܔ + ૚) = ࣊࢔ ⇒ ࢞ + ૚ =  ࣊࢔ࢋ

⇒ ࢞ = ࣊࢔ࢋ − ૚ ∵ ࢞ > 0, ∴ ࣊࢔ࢋ > 1 ⇒ ࣊࢔ > 0 ⇒ ࢔ > 0 ⇒ ࢔ ∈ ℕ 

when ܖܔ)ܛܗ܋ ࢞(࢞ + ૛)) = ܛܗ܋ ቀܖܔ ࢞
࢞ା૛

ቁ, 

૛ܖܑܛ ቐ
ܖܔ ࢞(࢞ + ૛) + ܖܔ ࢞

࢞ + ૛
૛ ቑܖܑܛ ቐ

ܖܔ ࢞
࢞ + ૛ − ܖܔ ࢞(࢞ + ૛)

૛ ቑ = ૙ 

⇒ ૛ܖܑܛ ቆ
૛࢞ܖܔ

૛ ቇ ൞ܖܑܛ
ܖܔ ቀ ૚

࢞ + ૛ቁ
૛

૛ ൢ = ૙ 

⇒ ૛(ܖܑܛ ܖܔ ࢞) ൬ܖܑܛ ܖܔ
૚

࢞ + ૛൰ = ૙		(∵ ࢞ > 0) 

when ܖܔ)ܖܑܛ ࢞) = ૙, ܖܔ ࢞ = ࣊࢔ ⇒ ࢞ =  ࣊࢔ࢋ

when ܖܑܛ ቀܖܔ ૚
࢞ା૛

ቁ = ૙, ܖܔ ૚
࢞ା૛

= ࣊࢔ ⇒ ૚
࢞ା૛

=  ࣊࢔ࢋ

⇒ ࢞ + ૛ = ࣊࢔ିࢋ ⇒ ࢞ = ࣊࢔ି࢞ − ૛ ∴ ࢞ > 0, ∴ ࣊࢔ିࢋ − ૛ > 0 ⇒ ࣊࢔ିࢋ > 2 

⇒ ࣊࢔− > ܖܔ ૛ ⇒ ࣊࢔ < − ૛ܖܔ ⇒ ࢔ <
− ૛ܖܔ
࣊ ⇒ ࢔ ≤ −૚ 
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∴ solutions are ൭
࢞ = ࣊࢔ࢋ − ૚, ࢔∀ ∈ ℕ
࢞ = ,࣊࢔ࢋ ࢔∀ ∈ ࢆ

࢞ = ࣊࢔ିࢋ − ૛, ࢔∀ ∈ ିࢆ
൱ where, ିࢆ = ࢆ − (ℕ ∪ {૙}) 

The last set of solutions can also be written as: ࢞ = ࣊࢓ࢋ − ૛			∀࢓ ∈ ℕ 

Solution 4 by Ravi Prakash-New Delhi-India 

Let ࡭ = (࢞)ܖܔ ࡮, = ࢞)ܖܔ + ૚) ࡯, = ࢞)ܖܔ + ૛) 

∴ (࢞)ࢌ = ࡭)ܖܑܛ ࡮+ − (࡯ + ࡮)ܖܑܛ + ࡯ − (࡭ = ૛࡮ܖܑܛ ࡭)ܛܗ܋ −  (࡯

(࢞)ࢍ = ࡭)ܖܑܛ + ࡮ + (࡯ − ࡭)ܖܑܛ − ࡮ +  (࡯

= ࡮)ܖܑܛ + ࡭ + (࡯ + ࡮൫ܖܑܛ − ࡭) + ൯(࡯ = ૛࡮ܖܑܛ ࡭)ܛܗ܋ +  (࡯

(࢞)ࢌ = (࢞)ࢍ ⇒ ࡮ܖܑܛ = ૙ or ࡭)ܛܗ܋− (࡯ = ࡭)ܛܗ܋ +  (࡯

⇒ ࡮ܖܑܛ = ૙ or ࡭ܖܑܛ ܖܑܛ ࡯ = ૙ 

⇒ ࡭ܖܑܛ = ૙ or ࡮ܖܑܛ = ૙ or ܖܑܛ ࡯ = ૙ ⇒ ࡯,࡮,࡭ = ࢔,࣊࢔ ∈ ℤ 

⇒ ࢞ = ࣊࢔ࢋ or ࣊࢔ࢋ − ૚ or ࣊࢔ࢋ − ૛	for same ࢔ ∈ ℤ 

Solution 5 by Vidyamanohar Sharma Astakala-India 

Let us call ܖܔ ࢞ = ,࡭ ࢞)ܖܔ + ૚) = ,࡮ ࢞)ܖܔ + ૛) =  ࡯

(࢞)ࢌ = (࢞)ࢍ = ૙ results 

࡭)ܖܑܛ + ࡮ − (࡯ + ࡭−)ܖܑܛ ࡮+ + (࡯ = ࡭)ܖܑܛ ࡮+ + (࡯ − ࡭)ܖܑܛ − ࡮ +  (࡯

with trigonometric transformations. This results to  

࡭ܖܑܛ ⋅ ܖܑܛ ࡮ ⋅ ࡯ܖܑܛ = ૙ 

⇒ (࢞ܖܔ)ܖܑܛ = ૙ or ܖܔ)ܖܑܛ(࢞ + ૚)) = ૙ or ܖܔ)ܖܑܛ(࢞ + ૛)) = ૙ 

⇒ ࢞ = ,࣊࢔ࢋ,࣊࢔ࢋ ࣊࢔ࢋ − ૛ 

 

79. In ࢤ	࡯࡮࡭ the following relationship holds: 

ܛܗ܋√ෑቌන࢞ࢉ࢈ࢇ ࢞૜

࡮

࡭

ቍ࢞ࢊ ≤ ૡ࢙ࡿෑܖܑܛ
࡮ − ࡭
૛
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࢙ − semiperimeter, ࡿ − area 

Proposed by Daniel Sitaru-Romania 

 

Solution by Soumava Chakraborty-Kolkata-India 

In ࢤ	ࢉ࢈ࢇ,࡯࡮࡭∏ ቀ∫ ࡮૜࢞ܛܗ܋√࢞
࡭ ቁ࢞ࢊ ≤ ૡ࢙ࡿ∏ ࡭ି࡮ܖܑܛ

૛
 

Let us first prove that, ∀࢞ ∈ ቀ૙, ࣊
૛
ቁ , ܖܑܛ ࢞ > ૜࢞ܛܗ܋√࢞  

ܖܑܛ ࢞ > ૜࢞ܛܗ܋√࢞ ⇔ ૜ܖܑܛ ࢞ > ࢞૜ ܛܗ܋ ࢞ ⇔ ૛ܖܑܛ ࢞ ܖ܉ܜ ࢞ > ࢞૜   (1) 

Let ࢌ(࢞) = ૜ܖܑܛ ࢞ ܖ܉ܜ ࢞ − ࢞૜, ࢌ(૙) = ૙ 

(࢞)ʹࢌ = ૛ܖܑܛ ࢞ ૛܋܍ܛ ࢞ + ܖ܉ܜ ࢞ (૛ ࢞ܖܑܛ (࢞ܛܗ܋ − ૜࢞૛ 

= ૛ܖ܉ܜ ࢞ + ૛ ૛ܖܑܛ ࢞ − ૜࢞૛ = (૙)ࢍ ;(say) (࢞)ࢍ = ૙ 

(࢞)ʹࢍ = ૛ ܖ܉ܜ ࢞ ૛܋܍ܛ ࢞ + ૝ܖܑܛ ࢞ ܛܗ܋ ࢞ − ૟࢞ 

Let ࢻ(࢞) = ܖ܉ܜ ࢞ ૛܋܍ܛ ࢞ + ૛ ࢞ܖܑܛ ࢞ܛܗ܋ − ૜࢞; ࢻ(૙) = ૙ 

(࢞)ʹࢻ = ૛܋܍ܛ) ૛܋܍ܛ)(࢞ ࢞) + ܖ܉ܜ ࢞ (૛܋܍ܛ ࢞܋܍ܛ)(࢞ (࢞ܖ܉ܜ + ૛(ܛܗ܋૛ ࢞ − ૛ܖܑܛ ࢞) − ૜ 

= (૚ + ૛ܖ܉ܜ ࢞)૛ + ૛ ૛ܖ܉ܜ ࢞ (૚ + ૛ܖ܉ܜ ࢞) + ૛(૛ ૛ܛܗ܋ ࢞ − ૚) − ૜ 

= (૚ + ૛(ࢠ + ૛ࢠ(૚ + (ࢠ + ૝
૚ାࢠ

− ૞ (taking ࢠ = ૛ܖ܉ܜ ࢞ and ܋܍ܛ૛ ࢞ = ૚ +  (ࢠ

=
(૚ + ૜(ࢠ + ૛ࢠ(૚ + ૛(ࢠ + ૝ − ૞(૚ + (ࢠ

૚ + ࢠ  

= ૚ାࢠ૜ା૜ࢠା૜ࢠ૛ା૛ࢠା૛ࢠ૜ା૝ࢠ૛ି૚ି૞ࢠ
૚ାࢠ

= ૜ࢠ૜ାૠࢠ૛

૚ାࢠ
> ૙ (ࢠ = ૛ܖ܉ܜ ࢞ > ૙) 

(࢞)ʹࢻ > ૙ and ࢻ(૙) = ૙, ∀࢞ ∈ ቀ૙,࣊
૛
ቁ (࢞)ࢻ, >  (૙)ࢻ

⇒ (࢞)ࢻ > ૙ ⇒ (࢞)ʹࢍ = ૛ࢻ(࢞) > ૙ and ࢍ(૙) = ૙, 

∀࢞ ∈ ቀ૙,
࣊
૛ቁ (࢞)ࢍ, > (૙)ࢍ = ૙ ⇒ (࢞)ʹࢌ > ૙ 

(࢞)ʹࢌ > ૙ and ࢌ(૙) = ૙ ⇒ (࢞)ࢌ > (૙)ࢌ = ૙,∀࢞ ∈ ቀ૙,࣊
૛
ቁ 
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∀࢞ ∈ ቀ૙, ࣊
૛
ቁ , ૛ܖܑܛ ࢞ ܖ܉ܜ ࢞ − ࢞૜ > ૙ ⇒ ܖܑܛ ࢞ > ૜࢞ܛܗ܋√࢞  from (1) 

For ࢞ = ࣊
૛

, ܖܑܛ ࢞ > ૜࢞ܛܗ܋√࢞  

and for ࢞ ∈ ቀ࣊
૛

,࣊ቁ , ܛܗ܋√ ࢞૜ < ૙, ܖܑܛ ࢞ > ૜࢞ܛܗ܋√࢞  

∀࢞ ∈ (૙,࣊), ࢞ܖܑܛ > ૜࢞ܛܗ܋√࢞  

 

80. Solve in real numbers: 

൝
ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ܖ܉ܜ ࢠ = ૟

ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ ܖ܉ܜ ࢠ + ܖ܉ܜ ࢟ ܖ܉ܜ ࢠ = ૚૚
࢞ + ࢟ + ࢠ = ࣊

 

Proposed by Daniel Sitaru-Romania 

Solution by Kevin Soto Palacios-Peru 

Resolver en los números reales: ܖ܉ܜ ܠ ܖ܉ܜ ܡ ܖ܉ܜ ܢ = ૟…  (ۯ)

ܖ܉ܜ ܠ ܖ܉ܜ ܡ + ܖ܉ܜ ܡ ܖ܉ܜ ܢ + ܖ܉ܜ ܢ ܖ܉ܜ ܠ = ૚… (۰) 

Si: ܠ + ܡ + ܢ = ܖ܉ܜ :ૈ ܠ + ܖ܉ܜ ܡ + ܖ܉ܜ ܢ = ܖ܉ܜ ܠ ܖ܉ܜ ܡ ܖ܉ܜ  ܢ

⇒ ܖ܉ܜ +ܠ ܖ܉ܜ ܡ + ܖ܉ܜ ܢ = ૟… (۷) 

Desde que tenemos la suma y el producto, se puede construir una 

ecuación cúbica: 
ܠ) − ܠ)(ܠܖ܉ܜ − ܖ܉ܜ ܠ)(ܡ − ܖ܉ܜ (ܢ = ૙ ⇔ :࢔࢕࢙	࢙ࢋࢉ࢏ࢇ࢘	࢙ࢇ࢛࢟ࢉ ܖ܉ܜ ܠ , ܡܖ܉ܜ , ܖ܉ܜ  ܢ

૜ܠ − ܠܖ܉ܜ)૛ܠ + ܡܖ܉ܜ + (ܢܖ܉ܜ + ܠܖ܉ܜ)ܠ ܖ܉ܜ ܡ + ܖ܉ܜ ܡ ܢܖ܉ܜ + ܢܖ܉ܜ ܖ܉ܜ (ܠ − 

− ܖ܉ܜ ܠ ܖ܉ܜ ܡ ܖ܉ܜ ܢ = ૙ 

૜ܠ − ૟ܠ૛ + ૚૚ܠ − ૟ = ૙ → ܠ) − ૚)(ܠ − ૛)(ܠ − ૜) = ૙ 

Un posible coso es cuando: ܖ܉ܜ ܠ = ૚, ܖ܉ܜ ܡ = ૛ ∧ ܖ܉ܜ ܢ = ૜ 

⇒ ܠ = ૝૞°, ܡ = ૟૜,૞° ∧ ܢ = ૠ૚,૞° 
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81. SECLAMAN’S SEQUENCE 

࢔ࢇ = ૚ +
࢔)࢔ + ૚)
૚ + ૛࢔

+
૛࢔)૛࢔ + ૚)
૚ + ૝࢔

+ ⋯+
࢔࢔)࢔࢔ + ૚)
૚ + ࢔૛࢔

 

Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ቀ
࢔ࢇ

࢔ + ૚
ቁ

૚
(ା૚࢔)࢔

࢔, ∈ ℕ∗ 

Solution by Soumitra Moukherjee-Chandar Nagore-India 

࢔ ≥ ℕ i.e ࢔ ≥ ૚, now 

࢔ࢇ = ૚ +
࢔)࢔ + ૚)
૚ + ૛࢔ +⋯+

࢔࢔)࢔࢔ + ૚)
૚ + ࢔૛࢔ ≥ ૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ܛ܍ܕܑܜ	ା૚࢔
= ࢔ + ૚ 

࢔ࢇ
ା૚࢔

≥ ૚, again ࢔
(ା૚࢔)
૚ା࢔૛

≤ ା૚࢔
૛

 , since, (࢔ା૚)(ି࢔૚)૛

૛(૚ା࢔૛) ≥ ૙ 

similarly, ࢔
૛൫࢔૛ା૚൯
૚ା࢔૝

≤ ૚ା࢔૛

૛
, … , ࢔

(ା૚࢔࢔)࢔
૚ା࢔૛࢔

≤ ૚ା࢔࢔

૛
 

so, ࢔ࢇ ≤ ૚ + ା૚࢔
૛

+ ૚ା࢔૛

૛
+ ⋯+ ૚ା࢔࢔

૛
≤ ૚+ ࢔ + ૛࢔ + ⋯+  ࢔࢔

࢔ࢇ
૚ା࢔

≤ ૚ା࢔ା࢔૛ା⋯ା࢔࢔

૚ା࢔	
= ૚ + ૛࢔ + ૝࢔ + ⋯ ≤ ࢔࢔ + ࢔࢔ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢔࢔⋯

ܛ܍ܕܑܜ	࢔
=   ା૚࢔࢔

ቀ ࢔ࢇ
૚ା࢔

ቁ
૚

(శ૚࢔)࢔ ≤ ࢔࢔√ . So, ૚ ≤ ቀ ࢔ࢇ
૚ା࢔

ቁ
૚

(శ૚࢔)࢔ ≤ ࢔࢔√ ⇒ ૚ ≤ ࢹ ≤ ஶ→࢔ܕܑܔ ࢔࢔√ = ૚ 

so, by Sandwich Theorem, we have:  ࢹ = ஶ→࢔ܕܑܔ ቀ
࢔ࢇ
૚ା࢔

ቁ
૚

(࢔૚శ)࢔ = ૚		(ܛܖۯ) 

 

82. SHARP’S SEQUENCE 
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Find: 

ષ = ܕܑܔ
∞→࢔

ඨ૚
૜
൬૚ −

૚
૜ ⋅ ૜

+
૚

૜૛ ⋅ ૞
−

૚
૜૞ ⋅ ૠ

+ ⋯൰ 

Proof by Francis Fregeau – Quebec – Canada  

(࢞)૚ିܖ܉ܜ = ෍
(−૚)࢑

(૛࢑ + ૚)࢞
૛࢑ା૚

∞

૙

 

⇒ √࢞ ⋅ ૚൫√࢞൯ିܖ܉ܜ = ෍
(−૚)࢑

(૛࢑ + ૚)

∞

૙

൫√࢞൯
૛(࢑ା૚)

= ෍
(−૚)࢑

(૛࢑ + ૚)࢞
࢑ା૚

∞

૙

 

Let ࢞ = ૚
૜
; √࢞ ⋅ ૚൫√࢞൯ିܖ܉ܜ = ∑ (ି૚)࢑

(૛࢑ା૚)
∞
૙ ቀ૚

૜
ቁ
࢑ା૚

= ૚
૜
⋅ ቀ૚ − ૚

૜⋅૜
+ ૚

૜૛⋅૞
− ૚

૜૜⋅ૠ
+ ⋯ቁ 

⇒ ૚ −
૚

૜ ⋅ ૜
+

૚
૜૜ ⋅ ૞

−
૚

૜૜ ⋅ ૠ
+ ⋯ = ૜ ⋅

૚
√૜

૚ିܖ܉ܜ ൬
૚
√૜

൰ 

૚
√૜

⋅ ൬
૚

૜ ⋅ ૜ +
૚

૜૛ ⋅ ૞ −
૚

૜૜ ⋅ ૠ + ⋯൰ = ૚ିܖ܉ܜ ൬
૚
√૜

൰ =
࣊
૟ 

 

83. Solve for real numbers: 

ቐ

࢞
ඥ࢟

+
࢟
√࢞

= ࢞࢟

࢞૞ + ࢟૞ = ૡ࢞࢟
 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios-Huarmey-Peru: 

Resolver en números reales: ࢞
ඥ࢟

+ ࢟
√࢞

= ࢞࢟     (A); ࢞૞ + ࢟૞ = ૡ࢞࢟   (B) 

Se puede observar claramente que: ࢞, ࢟ > 0. Aplicando: ࡭ࡹ ≥  en (A) ࡳࡹ

࢞
ඥ࢟

+ ࢟
√࢞
≥ ૛ට

࢞
ඥ࢟

࢟
√࢞
	 ⇔ ࢞࢟ ≥ ૛ටඥ࢞࢟ ⇔ ࢞࢟ ≥ √૚૟૜    (M) 
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Aplicando: ࡭ࡹ ≥  en (B) ࡳࡹ

࢞૞ + ࢟૞ ≥ ૛ඥ࢞૞࢟૞ ⇔ ૡ࢞࢟ ≥ ૛ඥ࢞૞࢟૞ ⇔ √૚૟૜ ≥ ࢞࢟    (N) 

De (ࡹ) ∧ ࢟࢞ se puede concluir que (ࡺ) =: √૚૟૜ ⇔ ࢞ = ࢟ = √૝૜  

Solution 2 by Soumava Chakraborty-Kolkata-India 
࢞
ඥ࢟

+ ࢟
√࢞

= ࢞࢟   (1); ࢞૞ + ࢟૞ = ૡ࢞࢟ (2); ࢞,࢟ > 0 

 (1) ⇒ ૚
࢞√࢞

+ ૚
࢟ඥ࢟

= ૚ ⇒ ૜ࢇ + ૜࢈ = ૚	 ൬ ૚
√࢞

= ,ࢇ ૚
ඥ࢟

=  ൰࢈

࢞ = ૚
૛ࢇ

  and ࢟ = ૚
૛࢈
࢈,ࢇ)			 > 0) 

 (2) ⇒ ૚
૚૙ࢇ

+ ૚
૚૙࢈

= ૡ
૛࢈૛ࢇ

⇒ ૚૙ࢇ + ૚૙࢈ = ૡࢇૡ࢈ૡ 

ࡹ࡭ ≥ ࡹࡳ ⇒ ૚૙ࢇ + ૚૙࢈ ≥ ૛ࢇ૞࢈૞ 

⇒ ૡࢇૡ࢈ૡ ≥ ૛ࢇ૞࢈૞ ⇒ ૜࢈૜ࢇ ≥
૚
૝
⇒ ૝ࢇ૜࢈૜ ≥ ૚ 

⇒ ૝ࢇ૜࢈૜ ≥ ૜ࢇ) + ૜)૛࢈ ⇒ ૙ ≥ ૜ࢇ) − (૜࢈ ⇒ ૜ࢇ) − ૜)૛࢈ ≤ ૙ 

But (ࢇ૜ − ૜)૛࢈ ≥ ૙ ⇒ ૜ࢇ) − ૜)૛࢈ = ૙ ⇒ ૜ࢇ = ૜࢈ ⇒ ࢇ =  ࢈

૚
√࢞

=
૚

ඥ࢟
⇒ ࢞ = ࢟; 	

૛
࢞√࢞

= ૚ ⇒ √࢞ = √૛૜ ⇒ ࢞ = ࢟ = √૝૜  

 

84. Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ ࢞૛

૛૞ +
࢟૛

૚૟ = ૚

࢞૛ + ࢟૛ = ቆ
࢞૛

૞
+
࢟૛

૝
ቇ
૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 
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࢞૛

૛૞
+
࢟૛

૚૟
= ૚; 	࢞૛ + ࢟૛ = ቆ

࢞૛

૞
+
࢟૛

૝
ቇ
૛

⇒ ࢞૛ = ૛࢟			ࢇ =  ࢈

૚૟ࢇ + ૛૞࢈ = ૝૙૙ 

ࢇ + ࢈ =
૛ࢇ

૛૞
+
૛࢈

૚૟
+
࢈ࢇ
૚૙

=
૚૟ࢇ૛ + ૛૞࢈૛ + ૝૙࢈ࢇ

૝૙૙
=

(૝ࢇ + ૞࢈)૛

૝૙૙
 

૝૙૙(ࢇ + (࢈ = (૝ࢇ + ૞࢈)૛ 

(૚૟ࢇ + ૛૞ࢇ)(࢈ + (࢈ = (૝ࢇ + ૞࢈)૛ 

૚૟ࢇ૛ + ૚૟࢈ࢇ + ૛૞࢈ࢇ + ૛૞࢈૛ = ૚૟ࢇ૛ + ૛૞࢈૛ + ૝૙࢈ࢇ 

࢈ࢇ = ૙ ⇒ ࢇ = ૙			࢞ = ૙ ⇒ ૛૞࢈ = ૝૙૙					࢈ = ૚૟				࢟ = ±૝				 

answer (૙;૝)   and (૙; 	−૝) 

⇒ ࢈ = ૙				࢟ = ૙ ⇒ 			૚૟ࢇ = ૝૙૙				ࢇ = ૛૞			࢞ = ±૞	 

answer (૞;૙) and (−૞; 	૙) 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

⎩
⎪
⎨

⎪
⎧ ࢞૛

૛૞ +
࢟૛

૚૟ = ૚

࢞૛ + ࢟૛ = ቆ
࢞૛

૞
+
࢟૛

૝
ቇ
૛ ⇒ (࢞, ࢟) ∈ ℝ૛; 	

⎩
⎨

⎧
ࢇ
૛૞

+
࢈
૚૟

= ૚				(∗)

ࢇ + ࢈ = ൬
ࢇ
૞ +

࢈
૝൰

૛ 

ࢇ = ࢞૛ ≥ ૙; ࢈	 = ࢟૛ ≥ ૙. Cauchy – Schwarz 

ቆ
ࢇ√
૞ ࢇ√ +

࢈√
૝
ቇ࢈√

૛

≤ ൝ቆ
ࢇ√
૞
ቇ
૛

+ ቆ
࢈√
૝
ቇ
૛

ൡ ቄ൫√ࢇ൯
૛

+ ൫√࢈൯
૛
ቅ 

൬
ࢇ
૞

+
࢈
૝
൰
૛

≤ ૚ ⋅ ࢇ) +  (࢈

Equality: ቌ
ࢇ√
૞
࢈√
૝

ቍ = ൬√ࢇ
࢈√

൰&	(∗) ⇔ ࢈ࢇ = ૙	&	(∗) ⇔ (࢈,ࢇ) = (૛૞,૙), (૙, ૚૟) 
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Ans. (࢞,࢟) = (±૞,૙), (૙, ±૝) 

 

 

85. Solve in real numbers: 

ቐ

࢞

ඥ࢟
+

࢟
√࢞

= ࢞࢟

࢞૞ + ࢟૞ = ૡ࢞࢟
 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 
࢞
ඥ࢟

+ ࢟
√࢞

= ࢞࢟   (1); ࢞૞ + ࢟૞ = ૡ࢞࢟  (2); ࢞,࢟ > 0 

(1) ⇒ ૚
࢞√࢞

+ ૚
࢟ඥ࢟

= ૚ ⇒ ૜ࢇ + ૜࢈ = ૚,  ൬ ૚
√࢞

= ,ࢇ ૚
ඥ࢟

=  ൰࢈

࢞ = ૚
૛ࢇ

  and ࢟ = ૚
૛࢈

࢈,ࢇ)   > 0) 

 (2) ⇒ ૚
૚૙ࢇ

+ ૚
૚૙࢈

= ૡ
૛࢈૛ࢇ

⇒ ૚૙ࢇ + ૚૙࢈ = ૡࢇૡ࢈ૡ 

ࡹ࡭ ≥ ࡹࡳ ⇒ ૚૙ࢇ + ૚૙࢈ ≥ ૛ࢇ૞࢈૞ 

⇒ ૡࢇૡ࢈ૡ ≥ ૛ࢇ૞࢈૞ ⇒ ૜࢈૜ࢇ ≥
૚
૝
⇒ ૝ࢇ૜࢈૜ ≥ ૚ 

⇒ ૝ࢇ૜࢈૜ ≥ ૜ࢇ) + ૜)૛࢈ ⇒ ૙ ≥ ૜ࢇ) − ૜)૛࢈ ⇒ ૜ࢇ) − ૜)૛࢈ ≤ ૙ 

But (ࢇ૜ − ૜)૛࢈ ≥ ૙ ⇒ ૜ࢇ) − ૜)૛࢈ = ૙ ⇒ ૜ࢇ = ૜࢈ ⇒ ࢇ =  ࢈

૚
√࢞

=
૚

ඥ࢟
⇒ ࢞ = ࢟; 	

૛
࢞√࢞

= ૚ ⇒ √࢞ = √૛૜ ⇒ ࢞ = ࢟ = √૝૜  

Solution 2 by Kevin Soto Palacios-Huarmey-Peru: 

Resolver en números reales: ࢞
ඥ࢟

+ ࢟
√࢞

= ࢞࢟     (A); ࢞૞ + ࢟૞ = ૡ࢞࢟   (B) 

Se puede observar claramente que: ࢞,࢟ > 0 
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Aplicando: ࡭ࡹ ≥  en (A) ࡳࡹ

࢞
ඥ࢟

+ ࢟
√࢞
≥ ૛ට

࢞
ඥ࢟

࢟
√࢞
	 ⇔ ࢞࢟ ≥ ૛ටඥ࢞࢟ ⇔ ࢞࢟ ≥ √૚૟૜    (M) 

Aplicando: ࡭ࡹ ≥  en (B) ࡳࡹ

࢞૞ + ࢟૞ ≥ ૛ඥ࢞૞࢟૞ ⇔ ૡ࢞࢟ ≥ ૛ඥ࢞૞࢟૞ ⇔ √૚૟૜ ≥ ࢞࢟    (N) 

De (ࡹ) ∧ ࢟࢞ se puede concluir que (ࡺ) =: √૚૟૜ ⇔ ࢞ = ࢟ = √૝૜  

 

86. Find ࢞,࢟, ࢠ ∈ ℝ such that: 

൝
࢞ + ࢟ + ࢠ = ૜

૝(ܠ܉ܕ(࢞,࢟, (ࢠ ,࢟,࢞)ܖܑܕ− ૛((ࢠ ≥ ૜෍|࢞ − ࢟|૛ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

Let ࢞ ≥ ࢟ ≥ ,࢟,࢞}ܠ܉ܕ then ,ࢠ {ࢠ = ,࢞}ܖܑܕ,࢞ ࢟, {ࢠ =  ࢠ

૝(ܠ܉ܕ(࢞, ࢟, (ࢠ ,࢞)ܖܑܕ− ࢟, ૛((ࢠ ≥ ૜෍|࢞ − ࢟|૛ 

⇒ ૝(࢞ − ૛(ࢠ ≥ ૜[(࢞ − ࢟)૛ + (࢟ − ૛(ࢠ + ࢠ) − ࢞)૛] 

⇒ (࢞ − ૛(ࢠ ≥ ૜(࢞ − ࢟)૛ + ૜(࢟ −  ૛(ࢠ

⇒ [(࢞ − ࢟) + (࢟ − ૛[(ࢠ ≥ ૜(࢞ − ࢟)૛ + ૜(࢟ −  ૛(ࢠ

⇒ (࢞ − ࢟)૛ + (࢟ − ૛(ࢠ + ૛(࢞ − ࢟)(࢟ − (ࢠ ≥ ૜(࢞ − ࢟)૛ + ૜(࢟ −  ૛(ࢠ

⇒ (࢞ − ࢟)૛ + (࢟ − ૛(ࢠ − (࢞ − ࢟)(࢟ − (ࢠ ≤ ૙ 

⇒ ൤࢞ − ࢟ −
૚
૛

(࢟ − ൨(ࢠ
૛

+
૜
૝

(࢟ − ૛(ࢠ ≤ ૙ ⇒ ࢞ −
૜
૛࢟+

૚
૛ࢠ = ૙,࢟ =  ࢠ

⇒ ࢞ = ࢟ = ࢠ ∴ ࢞ = ࢟ = ࢠ = ૚ 

87. Find ࢞, ࢠ,࢟ ∈ (૙,∞): 
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ቐ
࢞ + ࢟+ ࢠ = ࢠ࢟࢞

࢞
࢟૜ࢠ૛

+
࢟

૜࢞૛ࢠ
+

ࢠ
࢞૜࢟૛

=
૚
૜

 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios – Huarmey-Peru 

Hallar: ࢞,࢟, ࢠ ∈	< ૙,∞ >. ࢞ + ࢟ + ࢠ = ࢞ ;ࢠ࢟࢞
࢟૜ࢠ૛

+ ࢟
૜࢞૛ࢠ

+ ࢠ
࢞૜ࢠ૛

= ૚
૜

 

Desde que: ࢞, ࢠ,࢟ ∈	< ૙,∞ > 

࢞ = ࡭ܖ܉ܜ , ࢟ = ܖ܉ܜ ࡮ , ࢠ = ࡯ܖ܉ܜ ⇔ ࡭ + ࡮ + ࡯ = ࣊ 

Reemplazando en la segunda condición: 
ܖ܉ܜ ࡭

૛ܖ܉ܜ࡮૜ܖ܉ܜ ࡯
+

࡮ܖ܉ܜ
૜ܖ܉ܜ ࡯ ࡭૛ܖ܉ܜ

+
ܖ܉ܜ ࡯

૜ܖ܉ܜ ࡭ ࡮૛ܖ܉ܜ
=
૚
૜

 

Por desigualdades entre las medias: 

࡭ࡹ ≥ ࡳࡹ ⇔ ࡭ܖ܉ܜ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > ૙ 
ܖ܉ܜ ࡭

࡮૜ܖ܉ܜ ૛ܖ܉ܜ ࡯ +
࡮ܖ܉ܜ

૜ܖ܉ܜ ࡯ ૛ܖ܉ܜ ࡭ +
࡯ܖ܉ܜ

૜ܖ܉ܜ ࡭ ࡮૛ܖ܉ܜ ≥ ૜ඥܜܗ܋૝࡭ ૝ܜܗ܋࡮૝ܜܗ܋ ૜࡯  

൬
૚
ૢ൰

૜

≥ ૝ܜܗ܋ ࡯૝ܜܗ܋࡮૝ܜܗ܋࡭ ⇒ ൬
૚
૜൰

૟

≥ ૝ܜܗ܋ ૝ܜܗ܋࡮૝ܜܗ܋  ,࡯

૚
૜√૜

≥ ࡭ܜܗ܋ ࡮ܜܗ܋  ࡯ܜܗ܋

La cual es cierto en un ࢤ	࡯࡮࡭ equilátero, la igualdad se alcanza cuando: 

࢞ = ࢟ = ࢠ = √૜ 

 

88. Find ࢞,࢟, ࢠ ∈ (૙,∞) such that: 

ቐ
࢞ + ࢟+ ࢠ = ࢠ࢟࢞

࢞
࢟૜ࢠ૛

+
࢟

૜࢞૛ࢠ
+

ࢠ
࢞૜࢟૛

=
૚
૜
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Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Peru  

Hallar: ࢞,࢟, ࢠ ∈< 0,∞ >. ࢞ + ࢟ + ࢠ =  ࢠ࢟࢞
࢞

࢟૜ࢠ૛
+ ࢟

૜࢞૛ࢠ
+ ࢠ

࢞૜࢟૛
= ૚

૜
. Desde que: ࢞, ࢟, ࢠ ∈< 0,∞ > 

࢞ = ࡭ܖ܉ܜ , ࢟ = ܖ܉ܜ ࡮ , ࢠ = ࡯ܖ܉ܜ ⇔ ࡭ + ࡮ + ࡯ = ࣊ 

Reemplazando en la segunda condición: 
ܖ܉ܜ ࡭

૜ܖ܉ܜ ࡮ ૛ܖ܉ܜ ࡯
+

࡮ܖ܉ܜ
૜ܖ܉ܜ ࡯ ૛ܖ܉ܜ ࡭

+
ܖ܉ܜ ࡯

૜ܖ܉ܜ ࡮૛ܖ܉ܜ
=
૚
૜

 

Por la desigualdades entre las medias: 

࡭ࡹ ≥ ࡳࡹ ⇔ ࡭ܖ܉ܜ , ܖ܉ܜ ࡮ , ࡯ܖ܉ܜ > 0 

ܖ܉ܜ ࡭
࡮૜ܖ܉ܜ ૛ܖ܉ܜ ࡯

+
࡮ܖ܉ܜ

૜ܖ܉ܜ ࡯ ૛ܖ܉ܜ ࡭
+

࡯ܖ܉ܜ
૜ܖ܉ܜ ࡭ ࡮૛ܖ܉ܜ

≥ ૜ඥܜܗ܋૝࡭ ૝ܜܗ܋࡮૝ܜܗ܋ ૜࡯  

൬
૚
ૢ൰

૜

≥ ૝ܜܗ܋ ૝ܜܗ܋࡭ ૝ܜܗ܋࡮ ࡯ ⇒ ൬
૚
૜൰

૟

≥ ૝ܜܗ܋ ૝ܜܗ܋࡭ ૝ܜܗ܋࡮ ࡯ ,
૚
૜√૜

≥ ܜܗ܋ ܜܗ܋࡭ ࡮  ࡯ܜܗ܋

La cual es cierto en un ࢤ	࡯࡮࡭ equilátero, la igualdad se alcanza cuando: 

࢞ = ࢟ = ࢠ = √૜ 

 

89. Solve for real numbers: 

൞
૚+ ૛ඥ࢟ = ૛√࢞ + ૚

૛ඥ࢟
૚૛࢟ + ૚

+
√࢞ + ૚
࢞ + ૝

+
૛ඥ࢟(࢞ + ૚)
૜࢞ + ૝࢟ + ૜

=
૜
૝

 

Proposed by Ngo Minh Ngoc Bao – Vietnam  

Solution by Soumava Chakraborty – Kolkata – India  

Solve for ࢞,࢟ ∈ ℝ satisfying: ૚ + ૛ඥ࢟ = ૛√࢞ + ૚     (1) 
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૛ඥ࢟
૚૛࢟ା૚

+ √࢞ା૚
࢞ା૝

+ ૛ඥ࢟(࢞ା૚)
૜࢞ା૝࢟ା૜

= ૜
૝
   (2) 

(2) ⇒ ඥ࢟
૚૛࢟ା૚

+ ૚ା૛ඥ࢟
૚૜ା૝ඥ࢟ା૝࢟

+ ૛ඥ࢟ା૝࢟
૜ା૚૛ඥ࢟ା૛ૡ࢟

= ૜
ૡ

 

⇒
࢚

૚૛࢚૛ + ૚ +
૚ + ૛࢚

૚૜ + ૝࢚+ ૝࢚૛ +
૛࢚ + ૝࢚૛

૜ + ૚૛࢚ + ૛ૡ࢚૛ =
൫࢛࢙ࢍ࢔࢏	(૚)൯ ૜

ૡ 

൫࢚ = ඥ࢟൯ 

⇒ ૛૝ૢ૟࢚૟ − ૛ૡ૚૟࢚૞ + ૜૝૝૙࢚૝ − ૚ૠ૛ૡ࢚૜ + ૚૝ૡ࢚૛ − ૚૟૙࢚ + ૢ૜ = ૙ 

⇒ (૛࢚ − ૚)૛ (૟૛૝࢚૝ − ૡ૙࢚૜ + ૟૛૝࢚૛ + ૛૚૛࢚ + ૢ૜)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࢋ

= ૙ 

Now, ૟૛૝࢚ + ૟૛૝࢚૛ ≥
ࡳି࡭

૚૛૝ૡ࢚૜ > 80࢚૜ 

(when ࢚ > 0 and ࢚ = ඥ࢟ ≥ ૙) ⇒ ࢋ > ݐ	∀,0 > 0 

For ࢚ = ૙,ࢋ = ૢ૜ > 0 ⇒ ݐ	∀ ≥ 0, ݁ > 0 

∴ ૛࢚ = ૚ ⇒ ࢚ =
૚
૛
⇒ ඥ࢟ =

૚
૛
⇒ ࢟ =

૚
૝
⇒ ࢞ = ૙ 

∴ only solution is (࢞,࢟) = ቀ૙, ૚
૝
ቁ. At ࢚ = ૚

૛
(࢚)ᇱᇱࢌ    = − ૜

ૡ
< 0 

∴ at ࢚ = ૚
૛

∵ attains a maxima, and (࢚)ࢌ,  never attains a minima (࢚)ࢌ

∀	࢚ ≥ ૙, ∴ (࢚)ࢌ ≤ ࢌ ቀ૚
૛
ቁ = ૜

ૡ
. But (1) ⇒ (࢚)ࢌ = ૜

ૡ
  ∴ ࢚ = ૚

૛
⇒ ඥ࢟ = ૚

૛
⇒ ࢟ = ૚

૝
 

Putting, ࢟ = ૚
૝

 in (1), √࢞ + ૚ = ૚ ⇒ ࢞ = ૙ ∴	 only solution is (࢞,࢟) = ቀ૙, ૚
૝
ቁ 

 

90. Find ࢠ ∈ ℂ such that: 

ቊ ࢠ| − ૠ − |࢏ = ૜√૛
ࢠ| − ૚ − ૠ࢏| ≤ ૜√૛

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Ravi Prakash - New Delhi – India  

Two circles |ࢠ − ૠ − |࢏ = ૜√૛ and |ࢠ − ૚ − ૠ࢏| = ૜√૛ 

touch each other externally as |(ૠ + (࢏ − (૚ + ૠ࢏)| = ૟√૛ = ૜√૛ + ૜√૛ 

Thus, |ࢠ − ૠ − |࢏ = ૜√૛     (1) and |ࢠ − ૚ − ૠ࢏| ≤ ૜√૛ 

meet exactly at one point viz. the mid – point ૝ + ૝࢏ of segment ࡮࡭ 

where ࡭(ૠ + ૚)࡮,(࢏ + ૠ࢏) 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

Let ࢠ = ࢞ + Then: ቊ .࢏࢟
(࢞ − ૠ)૛ + (࢟ − ૚)૛ = ૚ૡ
(࢞ − ૚)૛ + (࢟ − ૠ)૛ ≤ ૚ૡ

			… 					(∀) 

We seek first for solutions of system: 

ቊ
(࢞ − ૠ)૛ + (࢟ − ૚)૛ = ૚ૡ
(࢞ − ૚)૛ + (࢟ − ૠ)૛ = ૚ૡ

	~ ቊ࢞
૛ − ૚૝࢞ + ࢟૛ − ૛࢟ = −૜૛
࢞૛ − ૛࢞ + ࢟૛ − ૚૝࢟ = −૜૛

 

Substracting we get: ૚૛࢞ − ૚૛࢟ = ૙ ⇒ ࢞ = ࢟ 

Substrabting in first equation, we get: 

૛࢞૛ − ૚૟࢞ + ૜૛ = ૙ ⇔ ࢞૛ − ૡ࢞ + ૚૟ = ૙ ⇔ ࢞ = ૝. So ࢟ = ૝. 

Obviously circles are tangentially outside, so solution of initial system is 

(૝,૝). Conclusion: Solution is ࢠ = ૝ + ૝࢏. 

 

91. Solve in real numbers: 

⎩
⎨

⎧૜
࢞ + ૜࢟ + ૜ࢠ + ૜࢚ = ૛૝
ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ ࢚ = ࢟
࢞

࢞૝ + ࢟૛
+

࢟
࢞૛ + ࢟૝

=
૚
࢞࢟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Redwane El Mellass – Morocco  
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- from the equation 2: ࢞, ࢚, ࢠ ≠ ૚ > 0. 

- from the equation 3: ࢞૛࢟
࢞૝ା࢟૛

+ ࢟૛࢞
࢞૛ା࢟૝

= ૚	(⋇) with ࢟૛࢞
࢞૛ା࢟૝

≤
ࡹࡳିࡹ࡭ ૚

૛
࢟૛࢞
࢞࢟૛

= ૚
૛
 

it follows ࢞૛࢟
࢞૝ା࢟૛

= ૚ − ࢟૛࢞
࢞૛ା࢟૝

≥ ૚
૛
⇒ ࢟ > 0. Now we can use AM-GM in (⋇), 

we get ࢞૛࢟
࢞૝ା࢟૛

+ ࢟૛࢞
࢞૛ା࢟૝

≤ ૚
૛
ቀ࢞

૛࢟
࢞૛࢟

+ ࢞࢟૛

࢞࢟૛
ቁ = ૚ ⇒ ࢞ = ࢟ 

So (⋇) ⇒ ૛࢞
૚ା࢞૛

= ૚ ⇔ (࢞ − ૚)૛ = ૙ ⇒ ࢞ = ࢟ = ૚. 

- from the equation 2, ܏ܗܔ(࢚) = (ࢠ)܏ܗܔ = ࢚ =  .ࢠ

- from the equation 1, ૛ ⋅ ૜ࢠ + ૟ = ૛૝ ⇒ ૜ࢠ = ૢ ⇒ ࢠ = ࢚ = ૛ 

Finally (࢞,࢟, ,ࢠ ࢚) = (૚,૚,૛,૛). NB: The trap of the problem is we 

can’t know at first if ࢟ < 0 or ࢟ > 0! 

Solution 2 by Ravi Prakash – New Delhi – India  

Clearly, ࢞ > 0, ݐ > 0, ݖ > ݖ,0 ≠ 1. From 3rd equation 

൬
૚
૛࢞࢟

−
࢞

࢞૝ + ࢟૛
൰ + ൬

૚
૛࢞࢟

−
࢟

࢞૛ + ࢟૝
൰ = ૙ 

⇒
(࢞૝ + ࢟૛ − ૛࢞૛࢟)
૛࢞࢟(࢞૝ + ࢟૛) +

(࢞૛ + ࢟૝ − ૛࢞࢟૛)
૛࢞(࢞૛ + ࢟૝) = ૙ ⇒

(࢞૛ − ࢟)૛

(࢞૝ + ࢟૛) +
(࢞ − ࢟૛)૛

࢞૛ + ࢟૝ = ૙ 

⇒ ࢞૛ − ࢟ = ૙,࢞ − ࢟૛ = ૙ ⇒ ࢟૝ = ࢞૛ = ࢟ ⇒ ࢟(࢟૜ − ૚) = ૙ 

⇒ ࢟ = ૚			[∵ ࢟ ∈ ℝ,࢟ ≠ ૙] ∴ ࢞ = ૚. From 2nd equation 

ࢠ܏ܗܔ ࢚ = ࢟ = ૚	[∵ ࢠ܏ܗܔ ࢞ = ૙] ⇒ ࢚ =  From first equation .ࢠ

૜ + ૜ + ૜ࢠ + ૜ࢠ = ૛૝ ⇒ ૛(૜ࢠ) = ૚ૡ ⇒ ࢠ = ૛ ∴ ࢞ = ૚,࢟ = ૚, ࢠ = ૛, ࢚ = ૛ 

 

92. Solve the system of equations: 

ቊ
√࢞ +ඥ࢟+ ࢠ√ + ૚ = ૝ඥ࢞࢟ࢠ

࢞࢟ + ࢠ࢟ + ࢞ࢠ + ૜ = ૛ ⋅ ൫√࢞૝ + ඥ࢟૝ + ૝ࢠ√ ൯
         (1) 
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Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

 

Solution 1 by Hoang Le Nhat Tung – Hanoi – Vietnam 

- We have: ࢞ ≥ ૙,࢟ ≥ ૙, ࢠ ≥ ૙ 

- Put ቐ
√࢞ = ࢇ
ඥ࢟ = ࢈
ࢠ√ = ࢉ

; ࢇ) ≥ ૙,࢈ ≥ ૙, ࢉ ≥ ૙) ⇔ ቐ
࢞ = ૛ࢇ
࢟ = ૛࢈

ࢠ = ૛ࢉ
 

- Therefore, (1): ⇔ ൜
+ࢇ ࢈ + ࢉ = ૚ = ૝ࢉ࢈ࢇ

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૜ = ૛൫√ࢇ+ ࢈√ +  ൯     (2)ࢉ√

* Lemma: Let ࢈,ࢇ, ࢉ ≥ ૙ such that: ࢇ + ࢈ + ࢉ = ૚ = ૝ࢉ࢈ࢇ then:  

࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ࢇ + ࢈ +  (3)    ࢉ

- Considering 3 terms: ࢇ − ૚;࢈ − ૚; ࢉ − ૚. Considering Dirichle, 

Suppose: (ࢇ − ૚)(࢈ − ૚) ≥ ૙ 
⇔ −࢈ࢇ −ࢇ +࢈ ૚ ≥ ૙ ⇔ ࢈ࢇ ≥ ࢇ + ࢈ − ૚ ⇔ +࢈ࢇ ࢉ࢈ + ࢇࢉ ≥ ࢉ࢈ + ࢇࢉ + ࢇ + ࢈ − ૚  (4) 

+ Since (3), (4), we need to prove: 
ࢉ࢈ + ࢇࢉ + ࢇ + ࢈ − ૚ ≥ ࢇ + ࢈ + ࢉ ⇔ ࢉ࢈ + ࢇࢉ ≥ ࢉ + ૚ ⇔ ࢇ)ࢉ + (࢈ ≥ ࢉ + ૚         (5) 

- Other: ࢇ + ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ ⇔ +ࢇ ࢈ + ૚ = −࢈ࢇ૝)ࢉ ૚) ⇔ ࢉ = ା૚࢈ାࢇ
૝࢈ࢇ−૚      (6) 

Since (6) and (5). Therefore inequality: 

⇔
ࢇ) + +࢈ ૚)(ࢇ+ (࢈

૝࢈ࢇ − ૚ ≥
+ࢇ ࢈ + ૚
૝࢈ࢇ − ૚ + ૚ ⇔

ࢇ) + ૛(࢈ + +ࢇ) (࢈
૝࢈ࢇ − ૚ ≥

ࢇ + ࢈ + ૚ + ૝࢈ࢇ − ૚
૝࢈ࢇ− ૚  

⇔ +ࢇ) ૛(࢈ + +ࢇ) (࢈ ≥ ૝࢈ࢇ+ +ࢇ) (࢈ ⇔ +ࢇ) ૛(࢈ ≥ ૝࢈ࢇ ⇔ ࢇ) − ૛(࢈ ≥ ૙     (True) 

⇒ Inequality (5) True ⇒ (૜) True: ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ࢇ + +࢈  (7)        ࢉ

⇒ Lemma is proven. * : Since inequality AM-GM for 2 real numbers: 

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૜ = ൫ࢇ૛࢈૛ + ૚൯+ ൫࢈૛ࢉ૛ + ૚൯+ ൫ࢉ૛ࢇ૛ + ૚൯ ≥ ૛࢈ࢇ+ ૛ࢉ࢈+ ૛ࢇࢉ = 

= ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇔ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૜ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (8)        (ࢇࢉ

- Since (7), (8) ⇒ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૜ ≥ ૛(ࢇ + ࢈ +  (9)       (ࢉ
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-: Since inequality AM-GM for 2 real numbers: 

૛൫√ࢇ+ +࢈√ ൯ࢉ√ = ૛√ࢇ ⋅ ૚ + ૛√࢈ ⋅ ૚ + ૛√ࢉ ⋅ ૚ ≤ ࢇ) + ૚) + ࢈) + ૚) + ࢉ) + ૚) = ࢇ + ࢈ + ࢉ + ૜   (10) 

- Other, Since inquality AM-GM for 3 real numbers: 

ࢇ + +࢈ ࢉ ≥ ૜ ⋅ ૜ࢉ࢈ࢇ√ ࢉ࢈ࢇ⇔ ≤ ቆ
+ࢇ +࢈ ࢉ

૜ ቇ
૜

=
+ࢇ) +࢈ ૜(ࢉ

૛ૠ  

- Since (2) ⇒ ࢇ + ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ ≤ ૝(ࢇା࢈ାࢉ)૜

૛ૠ
⇔ ૝(ࢇ + ࢈ + ૜(ࢉ ≥ ૛ૠ(ࢇ + ࢈ + (ࢉ + ૛ૠ   (11) 

+ Put ࢇ+ ࢈ + ࢉ = ࢚ ≥ ૙. Therefore (11): 

⇔ ૝࢚૜ ≥ ૛ૠ࢚ + ૛ૠ ⇔ ૝࢚૜ − ૛ૠ࢚ − ૛ૠ ≥ ૙ 

⇔ ૝࢚૛(࢚ − ૜) + ૚૛࢚(࢚ − ૜) + ૢ(࢚ − ૜) ≥ ૙ ⇔ (࢚ − ૜)(૝࢚૛ + ૚૛࢚ + ૢ) ≥ ૙ 

⇔ (࢚ − ૜)(૛࢚ + ૜)૛ ≥ ૙	 ⇔ ࢚ − ૜ ≥ ૙ ⇔ ࢚ ≥ ૜ (Because (૛࢚ + ૜)૛ > 0,∀	࢚ ≥ ૙) 

⇔ ࢇ + ࢈ + ࢉ ≥ ૜ ⇔ ૜ ≤ ࢇ + ࢈ +  (12)       ࢉ

- Since (10), (12) ⇒ ૛൫√ࢇ + ࢈√ + ൯ࢉ√ ≤ ࢇ) + ࢈ + (ࢉ + ࢇ) + ࢈ + (ࢉ = ૛(ࢇ + ࢈ +  (13)   (ࢉ

- Since (9), (13) ⇒ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૜ ≥ ૛൫√ࢇ + ࢈√ +  ൯       (14)ࢉ√

- Since (2), (14) ⇒ Equality occurs if ൞
ࢇ) − ૚)(࢈ − ૚) = ૙;ࢇ = ࢈
+࢈ࢇ ࢉ࢈ + ࢇࢉ = ࢇ + ࢈ + ࢉ

ࢇ = ࢈ = ࢉ = ૚;࢈ࢇ = ࢉ࢈ = ࢇࢉ = ૚
ࢇ ≥ ૙;࢈ ≥ ૙; ࢉ ≥ ૙

⇔ ࢇ = ࢈ = ࢉ = ૚ 

⇔ √࢞ = ඥ࢟ = ࢠ√ = ૚ ⇔ ࢞ = ࢟ = ࢠ = ૚ 

So the system of equation: (࢞,࢟, (ࢠ = (૚,૚,૚) 

Solution 2 by Aditya Narayan Sharma-Kanchrapara-India 

Set ࢇ = ࢞
૚
૝,࢈ = ࢟

૚
૝, ࢉ = ࢠ

૚
૝ ∴ ࢞ = ࢟;૝ࢇ = ;૝࢈ ࢠ =   ,૝. Nowࢉ

૛ࢇ + ૛࢈ + ૛ࢉ + ૚ = ૝ࢇ૛࢈૛ࢉ૛      (1) 

૝࢈૝ࢇ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ + ૜ = ૛(ࢇ + ࢈ +  (2)     (ࢉ

By AM-GM: ࢇ૝࢈૝ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ + ૚ ≥ ૝ࢇ૛࢈૛ࢉ૛ 

⇒ ૛(ࢇ + ࢈ + (ࢉ − ૜
+૚ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ + ૚. [From (1); (2)] 

⇒ ࢇ) − ૚)૛ + ࢈) − ૚)૛ + ࢉ) − ૚)૛ ≤ ૙      (3) 
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But since they all are perfect squares, 

ࢇ) − ૚)૛ + ࢈) − ૚)૛ + ࢉ) − ૚)૛ ≥ ૙    (4) 

So (3); (4) imply, (ࢇ − ૚)૛ + ࢈) − ૚)૛ + ࢉ) − ૚)૛ = ૙ 

∴ ࢇ = ࢈ = ࢉ = ૚ ∴ ࢞ = ࢟ = ࢠ = ૚ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

Solve in ℝ: √࢞ + ඥ࢟ + ࢠ√ + ૚ = ૝ඥ࢞࢟(1)      ࢠ 

࢞࢟ + ࢠ࢟ + ࢞ࢠ + ૜ = ૛൫√࢞૝ + ඥ࢟૝ + ૝ࢠ√ ൯     (2) 

If ࢞ = ૙, (1) ⇒ ඥ࢟+ ࢠ√ + ૚ = ૙ 

But ඥ࢟+ ࢠ√ + ૚ ≥ ૚ ⇒ ඥ࢟+ ࢠ√ + ૚ = ૙ is impossible, ⇒ ࢞ ≠ ૙ 

Similalry, it can be concluded that ࢟, ࢠ ≠ ૙ ∴ ࢞,࢟, ࢠ ≠ ૙ ∴ ࢞,࢟, ࢠ > 0 

Let √࢞૝ = ,ࢇ ඥ࢟૝ = ,࢈ ૝ࢠ√ = ,࢈,ࢇ;ࢉ ࢉ > 0 

Then (1) ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ + ૚ = ૝ࢇ૛࢈૛ࢉ૛    (3) 

(2) ⇒ ૝࢈૝ࢇ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ + ૜ = ૛(ࢇ + ࢈ +  (4)   (ࢉ

Now, ࢇ૛ + ૛࢈ + ૛ࢉ + ૚ ≥
ࡳି࡭

૝√ࢇ૛࢈૛ࢉ૛૝  

∴ (3) ⇒ ૝ࢇ૛࢈૛ࢉ૛ ≥ ૝√ࢇ૛࢈૛ࢉ૛૝ ⇒ ૡࢉૡ࢈ૡࢇ ≥  ૛ࢉ૛࢈૛ࢇ

⇒ ૟ࢉ૟࢈૟ࢇ ≥ ૚ ⇒ ࢉ࢈ࢇ ≥ ૚ 

Now, ૛(ࢇ + ࢈ + (ࢉ ≤ ૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤
(૞)

૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

(∵ ૛ࢻ	 + ૛ࢼ + ૛ࢽ ≥ ࢼࢻ + ࢽࢼ + ࢻ where ,ࢻࢽ = ࢼ,࢈ࢇ = ࢽ,ࢉ࢈ =  (ࢇࢉ

(4), (5) ⇒ ૝࢈૝ࢇ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ + ૜ ≤ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇒ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૛(૛࢈૛ࢇ)) + ૛(૛ࢉ૛࢈) + (૛(૛ࢇ૛ࢉ) + ૜ 

≥ ൬
૚
૜

૛࢈૛ࢇ) + ૛ࢉ૛࢈ + ૛)૛൰ࢇ૛ࢉ + ૜ 

(∵ ૜(࢛૛ + ࢜૛ + ࢝૛) ≥ (࢛ + ࢜ + ࢝)૛, where ࢛ = ૛࢈૛ࢇ ,࢜ = ࢝,૛ࢉ૛࢈ =  (૛ࢇ૛ࢉ
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⇒ ૛࢚ ≥ ࢚૛

૜
+ ૜ (where ࢚ = ૛࢈૛ࢇ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇒ ૟࢚ ≥ ࢚૛ + ૢ ⇒ (࢚ − ૜)૛ ≤ ૙  

But (࢚ − ૜)૛ ≥ ૙ 

∴ (࢚ − ૜)૛ = ૙ ⇒ ࢚ = ૜ ⇒ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ = ૜   (6) 

But ∑ࢇ૛࢈૛ ≥
ࡳି࡭

૜√ࢇ૝࢈૝ࢉ૝૜ ≥ ૜		(∵ ࢉ࢈ࢇ ≥ ૚), 

equality when ࢇ = ࢈ = ∴ ࢉ ૛࢈૛ࢇ∑ = ૜ ⇒ ࢇ = ࢈ =  (7)   ࢉ

∴ ૜ࢇ૝ = ૜ (from (6), (7)) ⇒ ࢇ = ૚ ⇒ ࢇ = ࢈ = ࢉ = ૚ 

⇒ ࢞ = ࢟ = ࢠ = ૚ is the only solution 

Solution 4 by Saptak Bhattacharya-Kolkata-India 

Clearly ࢞,࢟, ࢠ > 0 

∑√࢞ + ૚ = ૝ඥ࢞࢟ࢠ    (i) 

૛൫∑ √࢞૝ ൯ − ૜∑࢞࢟    (ii) 

(i) – (ii) gives 

෍൫√࢞− ૛√࢞૝ + ૚൯ + ૚ = ૝√࢞ + ࢠ −෍࢞࢟ 

⇒ ∑൫√࢞૝ − ૚൯
૛

+ ૚ = ૝ඥ࢞࢟ࢠ − ∑࢞࢟    (iii) 

Clearly ࡿࡴࡸ ≥ ૚. So: ࡿࡴࡾ ≥ ૚. Thus: ∑࢞࢟ + ૚ ≤ ૝ඥ࢞࢟ࢠ 

But by AM ≥ GM:  ∑࢞࢟ + ૚ ≥ ૝ඥ࢞࢟ࢠ. Thus; ∑࢞࢟ + ૚ = ૝ඥ࢞࢟ࢠ 

Thus; equality holds; possible if  ࢞ = ࢟ = ࢠ = ࢑ (let). Thus, from (iii) 

෍൫√࢞૝ − ૚൯
૛

= ૙ ⇒ ࢞ = ࢟ = ࢠ = ૚ 

 

93. Solve for integers: 
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ቐ
࢞(࢟ + (ࢠ = ࢟૛ + ૛ࢠ − ૟
ࢠ)࢟ + ࢞) = ૛ࢠ + ࢞૛ − ૟
࢞)ࢠ + ࢟) = ࢞૛ + ࢟૛ − ૟

 

Proposed by Marin Chirciu – Romania  

Solution 1 by Serban George Florin-Romania 

Ec (1) – ec (2) ࢠ(࢞ − ࢟) = ࢟૛ − ࢞૛ , ࢞)ࢠ − ࢟) + (࢞ − ࢟)(࢞ + ࢟) = ૙, (࢞ − ࢟)(࢞ + ࢟ + (ࢠ = ૙, Case 1: 

࢞ − ࢟ = ૙,࢞ = ࢟, ൜࢞(࢞ + (ࢠ = ࢞૛ + ૛ࢠ − ૟
૛࢞ࢠ = ૛࢞૛ − ૟

, ൜࢞ࢠ = ૛ࢠ − ૟
ࢠ࢞ = ࢞૛ − ૜

, ૛ࢠ − ࢞૛ = ૜, ࢠ) − +ࢠ)(࢞ ࢞) = ૜ 

ቄࢠ − ࢞ = ૚
+ࢠ ࢞ = ૜ ࢠ, = ૛, ࢞ = ૚,૛ ⋅ ૚ = ૛૛ − ૟,૛ = −૛ (F) 

ቄࢠ − ࢞ = ૜
ࢠ + ࢞ = ૚, ࢠ = ૛, ࢞ = ࢟ = −૚,૛ ⋅ (−૚) = ૛૛ − ૟,−૛ = −૛ (A), ૛ ⋅ (−૚) = (−૚)૛ − ૜ (A). 

ቄࢠ − ࢞ = −૚
ࢠ + ࢞ = −૜ , ࢠ = −૛, ࢞ = −૚, (−૛) ⋅ (−૚) = (−૛)૛ − ૟,૛ = −૛ (F), 

ቄࢠ − ࢞ = −૜
ࢠ + ࢞ = −૚, ࢠ = −૛,࢞ = ࢟ = ૚, (−૛) ⋅ ૚ = (−૛)૛ − ૟,−૛ = −૛ (A), (−૛) ⋅ ૚ = (−૚)૛ − ૜ (A) 

Case 2: 

࢞+ ࢟ + ࢠ = ૙,ቐ
࢞ ⋅ (−࢞) = ࢟૛ + ૛ࢠ − ૟

࢟ ⋅ (−࢟) = ࢞૛ + ૛ࢠ −૟, ࢞૛ + ࢟૛ + ૛ࢠ = ૟,࢟૛ + ૛ࢠ = ૟ − ࢞૛ ≥ ૙,࢞ ∈ {−૛,−૚,૙,૚,૛}
ࢠ ⋅ (ࢠ−) = ࢟૛ + ࢞૛ − ૟

 

If ࢞ = −૛,࢟૛ + ૛ࢠ = ૛,࢟ + ࢠ = −࢞ = ૛, (−૛,૚,૚) sol. 

If ࢞ = ૛,࢟૛ + ૛ࢠ = ૛,࢟ + ࢠ = −࢞ = −૛, (૛,−૚,−૚) sol. 

If ࢞ = −૚,࢟૛ + ૛ࢠ = ૞,࢟ + ࢠ = −࢞ = ૚, (−૚,૛ − ૚), (−૚,−૚,૛) sol 

If ࢞ = ૚,࢟૛ + ૛ࢠ = ૞,࢟ + ࢠ = −࢞ = −૚, (૚,−૛,૚), (૚,૚,−૛) sol 

If ࢞ = ૙,࢟૛ + ૛ࢠ = ૟,࢟ + ࢠ = −࢞ = ૙ (F) 

ࡿ = {(−૚,−૚,૛), (૚,૚,−૛), (−૛,૚,૚), (૛,−૚,−૚), (−૚,૛,−૚), (૚,−૛,૚)} 

Solution 2 by Ravi Prakash-New Delhi-India 

࢞(࢟ + (ࢠ = ࢟૛ + ૛ࢠ − ૟    (1); ࢟(ࢠ + ࢞) = ૛ࢠ + ࢞૛ − ૟    (2) 

࢞)ࢠ + ࢟) = ࢞૛ + ࢟૛ − ૟  (3) 

Adding we get ૛(࢞࢟ + ࢠ࢟ + (࢞ࢠ = ૛(࢞૛ + ࢟૛ + ૛ࢠ − ૢ) 

⇒ ࢞࢟+ ࢠ࢟ + ࢞ࢠ = ࢞૛ + ࢟૛ + ૛ࢠ − ૢ   (4). From (1), (4) 
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ࢠ࢟ = ࢞૛ − ૜ ⇒ ࢞૛ − ࢠ࢟ = ૜   (5). Similarly ࢟૛ − ࢞ࢠ = ૜   (6) 

૛ࢠ − ࢞࢟ = ૜  (7) ∴ ࢞૛ − ࢟૛ − ࢠ࢟ + ࢞ࢠ = ૙ ⇒ (࢞ − ࢟)(࢞ + ࢟ + (ࢠ = ૙, etc. 

When ࢞ + ࢟ + ࢠ ≠ ૙, we get⇒ ࢞ = ࢟ =  Not possible in view of (5) .ࢠ

∴ ࢞ + ࢟ + ࢠ = ૙. From (1), we get −࢞૛ = ࢟૛ + ૛ࢠ − ૟ ⇒ ࢞૛ + ࢟૛ + ૛ࢠ = ૟ 

and ࢞࢟ + ࢠ࢟ + ࢞ࢠ = −૜  [from (4)] 

Also, ࢞૛ + ࢟૛ + (−࢞ − ࢟)૛ = ૟ ⇒ ࢞૛ + ࢞࢟ + ࢟૛ = ૜ 

⇒ ࢞૛ + ࢞࢟+ ࢟૛ − ૜ = ૙ 

⇒ ࢞ =
−࢟ ±ඥ࢟૛ − ૝(࢟૛ − ૜)

૛
=
૚
૛
ቀ−࢟± ඥ૜(૝ − ࢟૛)ቁ 

Thus, −૛ ≤ ࢟ ≤ ૛. Similarly, −૛ ≤ ࢞ ≤ ૛,−૛ ≤ ࢠ ≤ ૜ 

As ࢞,࢟,  are integers ࢠ
(࢞,࢟, (ࢠ = (−૛,૚,૚), (૛,−૚,−૚), (−૚,૛,−૚), (૚,−૛,૚), (૚,૚,−૛), (−૚,−૚,૛) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

࢞(࢟ + (ࢠ =
(૚)

࢟૛ + ૛ࢠ − ૟; ࢠ)࢟	 + ࢞) =
(૛)

૛ࢠ + ࢞૛ − ૟; ࢞)ࢠ	 + ࢟) =
(૜)

࢞૛ + ࢟૛ − ૟ 

(1) + (2) + (3) ⇒ ૛∑࢞૛ − ૛∑࢞࢟ = ૚ૡ 

⇒ (࢞ − ࢟)૛ + (࢟ − ૛(ࢠ + ࢠ) − ࢞)૛ = ૚ૡ 

∵ ࢞,࢟,  are integers, ∴ possible values of ࢠ

(࢞ − ࢟)૛ , (࢟ − ૛(ࢠ , ࢠ) − ࢞)૛ are (૚૟, ૚,૚, ) permutating and (ૢ, ૢ,૙) and 

permutations, considering all ૜ perfect square numbers whose  

sum = ૚ૡ. 

Case (1): (࢞ − ࢟)૛ = ૢ, (࢟ − ૛(ࢠ = ૢ, ࢠ) − ࢞)૛ = ૙ ∴ ࢠ = ࢞,࢞ − ࢟ = ±૜ 

Case (1/a): ࢠ = ࢞,࢞ − ࢟ = ૜ ⇒ ࢟ = ࢞ − ૜ 

∴ (3) ⇒ ࢞(૛࢞ − ૜) = ࢞૛ + ࢞૛ − ૟࢞ + ૢ − ૟ 

⇒ ૜࢞ = ૜ ⇒ ࢞ = ૚ ⇒ ࢟ = −૛, ࢠ = ૚ ⇒ (࢞, (ࢠ,࢟ = (૚,−૛,૚) is a solution. 



 
www.ssmrmh.ro 

 
Case (1/b): ࢠ = ࢞,࢞ − ࢟ = −૜ ⇒ ࢟ = ࢞ + ૜ 

∴ (3) ⇒ ࢞(૛࢞ + ૜) = ࢞૛ + ࢞૛ + ૟࢞ + ૢ − ૟ 

⇒ ૜࢞ = −૜ ⇒ ࢞ = −૚ ⇒ ࢟ = ૛, ࢠ = −૚ 

⇒ (࢞,࢟, (ࢠ = (−૚,૛,−૚) is a solution. 

Case (2): (࢟ − ૛(ࢠ = ૢ, ࢠ) − ࢞)૛ = ૢ, (࢞ − ࢟)૛ = ૙ ∴ ࢞ = ࢟, ࢟ − ࢠ = ±૜ 

Case (2/a): ࢞ = ࢟, ࢟ − ࢠ = ૜ ⇒ ࢠ = ࢟ − ૜ 

∴ (1) ⇒ ࢟(૛࢟ − ૜) = ࢟૛ + ࢟૛ − ૟࢟ + ૢ − ૟ 

⇒ ૜࢟ = ૜ ⇒ ࢟ = ૚ ⇒ ࢠ = −૛,࢞ = ૚ ⇒ (࢞,࢟, (ࢠ = (૚,૚,−૛) is a solution 

Case (2/b): ࢞ = ࢟,࢟ − ࢠ = −૜ ⇒ ࢠ = ࢟ + ૜ 

∴ (1) ⇒ ࢟(૛࢟ + ૜) = ࢟૛ + ࢟૛ + ૟࢟ + ૢ − ૟ ⇒ ૜࢟ − ૜ ⇒ ࢟ = −૚ 

⇒ ࢞ = −૚, ࢠ = ૛,∴ (࢞,࢟, (ࢠ = (−૚,−૚,૛) is a solution. 

Case (3): (ࢠ − ࢞)૛ = ૢ, (࢞ − ࢟)૛ = ૢ, (࢟ − ૛(ࢠ = ૙ ∴ ࢟ = ,ࢠ ࢠ − ࢞ = ±૜ 

Case (3a): ࢟ = ,ࢠ ࢠ − ࢞ = ૜ ⇒ ࢞ = ࢠ − ૜ 

∴ (2) ⇒ ࢠ૛)ࢠ − ૜) = ૛ࢠ + ૛ࢠ − ૟ࢠ + ૢ − ૟ ⇒ ࢠ = ૚ ⇒ ࢞ = −૛,࢟ = ૚ 

⇒ (࢞,࢟, (ࢠ = (−૛,૚,૚) is a solution. 

Case (3/b): ࢟ = ࢠ,ࢠ − ࢞ = −૜ ⇒ ࢞ = ࢠ + ૜ 

∴ (2) ⇒ ࢠ૛)ࢠ + ૜) = ૛ࢠ + ૛ࢠ + ૟ࢠ + ૢ − ૟ ⇒ ࢠ = −૚ ⇒ ࢞ = ૛,࢟ = −૚ 

⇒ (࢞,࢟, (ࢠ = (૛,−૚,−૚) is a solution 

Case (4): (࢞ − ࢟)૛ = ૚૟, (࢟ − ૛(ࢠ = ૚, ࢠ) − ࢞)૛ = ૚ 

∴ ࢟૛ + ૛ࢠ − ૛࢟ࢠ = ૛ࢠ + ࢞૛ − ૛࢞ࢠ ⇒ ࢟૛ − ࢞૛ = ૛ࢠ(࢟ − ࢞) 

⇒ ࢞ + ࢟ = ૛ࢠ ( ∵ ࢟ − ࢞ ≠ ૙ as (࢟ − ࢞)૛ = ૚૟) 

∴ ቀ࢞ା࢟
૛
ቁ (࢞ + ࢟) = ࢞૛ + ࢟૛ − ૟ (from (3))  

⇒ ࢞૛ + ૛࢞࢟ + ࢟૛ = ૛࢞૛ + ૛࢟૛ − ૚૛ ⇒ (࢞ − ࢟)૛ = ૚૛ 

But (࢞ − ࢟)૛ = ૚૟ ⇒ no solution. 
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Case (5): (࢟ − ૛(ࢠ = ૚૟, ࢠ) − ࢞)૛ = ૚, (࢞ − ࢟)૛ = ૚ 

∴ ૛ࢠ + ࢞૛ − ૛࢞ࢠ = ࢞૛ + ࢟૛ − ૛࢞࢟ ⇒ ૛ࢠ − ࢟૛ = ૛࢞(ࢠ − ࢟) 

⇒ ࢠ + ࢟ = ૛࢞ (∵ ࢠ − ࢟ ≠ ૙ as (ࢠ − ࢟)૛ = ૚૟) 

∴ ቀ࢟ାࢠ
૛
ቁ (࢟ + (ࢠ = ࢟૛ + ૛ࢠ − ૟ (from (1)) 

⇒ ࢟૛ + ૛ࢠ + ૛࢟ࢠ = ૛࢟૛ + ૛ࢠ૛ − ૚૛ ⇒ (࢟ − ૛(ࢠ = ૚૛ 

But (࢟ − ૛(ࢠ ⇒ no solution. 

Case (6): (ࢠ − ࢞)૛ = ૚૟, (࢞ − ࢟)૛ = ૚, (࢟ − ૛(ࢠ = ૚ 

∴ ࢞૛ + ࢟૛ − ૛࢞࢟ = ࢟૛ + ૛ࢠ − ૛࢟ࢠ ⇒ ࢞૛ − ૛ࢠ = ૛࢟(࢞ −  (ࢠ

⇒ ࢞ + ࢠ = ૛࢟ (∵ ࢞ − ࢠ ≠ ૙ as (࢞ − ૛(ࢠ = ૚૟) 

∴ ቀ࢞ାࢠ
૛
ቁ (࢞ + (ࢠ = ࢞૛ + ૛ࢠ − ૟ (from (2))⇒ (࢞ − ૛(ࢠ = ૚૛ 

But (࢞ − ૛(ࢠ = ૚૟ ⇒ no solution. ∴ all possible integer solutions are: 
(࢞,࢟, (ࢠ = (૚,−૛,૚), (−૚,૛,−૚), (૚,૚,−૛), (−૚,−૚,૛), (−૛,૚,૚), (૛,−૚,૚)  

 

94. Find ࢞,࢟, ࢠ ∈ (૙,∞) such that: 

⎩
⎪
⎨

⎪
⎧ ࢞૜ − ࢟૜ = ܖܔ ቀ

࢟
࢞
ቁ

࢟૞ − ૞ࢠ = ܖܔ ൬
ࢠ
࢟
൰

૛࢞࢟ + ૜࢟ࢠ + ૞࢞ࢠ = ૚૙

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Serban George Florin-Romania 

If ࢞ > ݕ ⇒ ࢞૜ > ࢟૜ ⇒ ࢞૜ − ࢟૜ > 0 ⇒ ܖܔ ቀ࢟
࢞
ቁ < 0   (F) 

If ࢞ < ݕ ⇒ ࢞૜ < ࢟૜ ⇒ ࢞૜ − ࢟૜ < 0 ⇒ ܖܔ ቀ࢟
࢞
ቁ > 0    (F) 

⇒ ࢞ = ࢟ 
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If ࢟ > ݖ ⇒ ࢟૞ > ૞ࢠ ⇒ ࢟૞ − ૞ࢠ > 0 ⇒ ࢠቀܖܔ
࢟
ቁ < 0     (F) 

If ࢟ < ݖ ⇒ ࢟૞ < ૞ࢠ ⇒ ࢟૞ − ૞ࢠ < 0 ⇒ ࢠቀܖܔ
࢟
ቁ > 0      (F) 

⇒ ࢟ = ࢠ ⇒ ࢞ = ࢟ =  ࢠ

૛࢞૝ + ૜࢟૛ + ૞࢞ࢠ = ૚૙ ⇒ ૛࢞࢞ + ૜࢞࢞ + ૞࢞࢞ = ૚૙ 

૚૙࢞࢞ = ૚૙ ⇒ ࢞࢞ = ૚,࢞ ∈ (૙,∞) ⇒ ࢞ = ૚ ⇒ ࢞ = ࢟ = ࢠ = ૚ 

Solution 2 by Rovshan Pirgullyiev-Sumgait-Azerbaidian 

࢞૜ − ࢟૜ = ܖܔ
࢟
࢞ ⇒ ࢞૜ − ࢟૜ = ࢟ܖܔ − ࢞ܖܔ ⇒ ࢞૜ + ܖܔ ࢞ = ࢟૜ = ܖܔ ࢟ 

(࢚)ࢌ = ࢚૜ + ܖܔ ࢚ injective ⇒ ࢞ = ࢟ 

࢟૞ − ૞ࢠ = ܖܔ
ࢠ
࢟
⇒ ࢟૞ + ܖܔ ࢟ = ૞ࢠ + ܖܔ  ࢠ

(࢚)ࢌ = ࢚૞ + ܖܔ ࢚  injective ⇒ ࢟ =  ࢠ

૛࢞૝ + ૜࢟૛ + ૞࢞ࢠ = ૚૙	 ⇒⏞
࢞ୀ࢟,࢟ୀࢠ

૚૙࢞࢞ = ૚૙ ⇒ ࢞࢞ = ૚ ⇒ ࢞ = ૚ 

Answer (૚;૚;૚) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

Find ࢞,࢟, ࢠ ∈ (૙,∞); 	࢞૜ − ࢟૜ =⏞
(૚)

ܖܔ ቀ࢟
࢞
ቁ ,࢟૞ − ૞ࢠ =⏞

(૛)

ܖܔ ቀࢠ
࢟
ቁ 

૛࢞૝ + ૜࢟ࢠ + ૞࢞ࢠ =⏞
(૜)

૚૙ 

(1) ⇒ ࢞૜ + ܖܔ ࢞ = ࢟૜ +  ࢟ܖܔ

Let ࢌ(࢛) = ࢛૜ + ܖܔ ࢛ ; (࢛)ᇱࢌ	 = ૜࢛૛ + ૚
࢛

> ݑ	∀,0 > 0 

∴ ∴ is increasing on (૙,∞) (࢛)ࢌ (࢞)ࢌ = (࢟)ࢌ ⇒ ࢞ = ࢟ 

(2) ⇒ ࢟૞ + ܖܔ ࢟ = ૞ࢠ + ܖܔ  ࢠ

Let ࢌ૙(࢜) = ࢜૞ + ܖܔ ࢜ 
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૙ᇱࢌ (࢜) = ૞࢜૝ + ૚

࢜
> ݒ	∀	0 > 0 ⇒  ૙(࢜) is increasing on (૙,∞)ࢌ

∴ (࢟)૙ࢌ = (ࢠ)૙ࢌ ⇒ ࢟ = ∴   ࢠ ࢞ = ࢟ =  ࢠ

∴ (3) becomes ૚૙࢞࢞ = ૚૙ ⇒ ࢞ = ૚ ∴ only solution is (࢞,࢟, (ࢠ = (૚, ૚,૚) 

Solution 4 by Geanina Tudose-Romania 

The system can be rewritten ቐ
࢞૜ + ܖܔ ࢞ = ࢟૜ + ࢟ܖܔ
࢟૞ + ܖܔ ࢟ = ૞ࢠ + ܖܔ ࢠ
૛࢞࢟ + ૜࢟ࢠ + ૞࢞ࢠ = ૚૙

 

Let ࢌ: (૙,∞) → (࢞)ࢌ,ࡾ = ࢞૜ + ܖܔ ࢞ a sum of strictly increasing functions, 

so ࢌ strictly increasing ⇒ ⇒ one to one ࢌ ࢞ = ࢟ 

:ࢍ (૙,∞) → ℝ,ࢍ(࢞) = ࢞૞ + ࢟ similarly we have ࢞ܖܔ =  ࢠ

The last equation becomes ૞࢞࢞ + ૞࢞࢞ = ૚૙ ⇔ ࢞࢞ = ૚ ⇔ ࢞ = ૚ 

Note for ࢞ > 1 ⇒ ࢞࢞ > 1 so ࢞࢞ = ૚ doesn’t have solutions for 

૙ < ݔ < 1, ݔ = ૚
ࢇ

ࢇ, > 1 ⇒ ቀ૚
ࢇ
ቁ
૚
ࢇ = ૚

ࢇ
૚
ࢇ

< 1, again with no solution 

Hence ࢞ = ࢟ = ࢠ = ૚. 

 

95. Solve in (૙, ૛࣊): 

૚)ܖܑܛ + ࢞) + ૚)ܖܑܛ + ૛࢞) +⋯+ ૚)ܖܑܛ + ૚૙࢞) = ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios-Huarmey-Peru 

Hallar los valores de ࢞ en el intervalo < 0,2࣊ >: 

૚)ܖ܍ܛ + ࢞) + ૚)ܖ܍ܛ + ૛࢞) + ⋯+ ૚)ܖ܍ܛ + ૚૙࢞) = ૙ 

Sumando los extremos, se tiene que: 

૚)ܖ܍ܛ + ࢞) + ૚)ܖ܍ܛ + ૚૙࢞) + ૚)ܖ܍ܛ + ૛࢞) + ૚)ܖ܍ܛ + ૢ࢞) + ⋯

+ ૚)ܖ܍ܛ + ૞࢞) + ૚)ܖ܍ܛ + ૟࢞) 
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Aplicando transformaciones trigonómetricas: 

૛ܖ܍ܛ ൬
૛ + ૚૚࢞

૛
൰ ܛܗ܋ ൬

ૢ࢞
૛
൰+ ૛ ܖ܍ܛ ൬

૛ + ૚૚࢞
૛

൰ ܛܗ܋ ൬
ૠ࢞
૛
൰+ ⋯+ ૛ ܖ܍ܛ ൬

૛ + ૚૚࢞
૛

൰ܛܗ܋ ቀ
࢞
૛
ቁ = ૙ 

૛ܖ܍ܛ ൬
૛ + ૚૚࢞

૛
൰ ൤ܛܗ܋

ૢ࢞
૛

+ ܛܗ܋
ૠ࢞
૛

+ ܛܗ܋
૞࢞
૛

+ ܛܗ܋
૜࢞
૛

+ ܛܗ܋
࢞
૛
൨ = ૙ 

૛ܖ܍ܛ ൬
૛ + ૚૚࢞

૛
൰ ൤ܛܗ܋

ૢ࢞
૛

+ ܛܗ܋
࢞
૛

+ ܛܗ܋
ૠ࢞
૛

+ ܛܗ܋
૜࢞
૛

+ ܛܗ܋
૞࢞
૛
൨ = ૙ 

૛ ܖ܍ܛ ൬
૛ + ૚૚࢞

૛
൰ ൤૛ ܛܗ܋

૞࢞
૛

+ ܛܗ܋
૝࢞
૛

+ ૛ ܛܗ܋
૞࢞
૛
ܛܗ܋

૛࢞
૛

+ ܛܗ܋
૞࢞
૛
൨ = ૙ 

૛ ൬ܖ܍ܛ
૛ + ૚૚࢞

૛
൰ ܛܗ܋

૞࢞
૛

[૛ ૛࢞ܛܗ܋ + ૛࢞ܛܗ܋ + ૚] = ૙ → 

→ ૛ ൬ܖ܍ܛ
૛ + ૚૚࢞

૛ ൰ ܛܗ܋
૞࢞
૛

[૝ ૛ܛܗ܋ ࢞ + ૛ ܛܗ܋ ࢞ − ૚] = ૙ 

Si: ܖ܍ܛ ቀ૛ା૚૚࢞
૛

ቁ = ૙ → ૛ା૚૚࢞
૛

= ࣊࢑ ⇔ ࢞ = ૛࣊࢑ି૛
૚૚

→ Válido para 

࢑ = ૚, ૛,૜, ૝, ૞,૟, ૠ,ૡ, ૢ, ૚૙,૚૚ → ࢑ ∈ ℤ 

Si: ܛܗ܋ ૞࢞
૛

= ૙ → ૞࢞
૛

= (૛࢔ + ૚) ࣊
૛
	⇔ ࢞ = (૛࢔ା૚)࣊

૞
→ 

Válido para ࢔ = ૙,૚, ૛, ૜,૝ → ࢔ ∈ ℤ 

⇒ ૝ܛܗ܋૛ ࢞ + ૛ ࢞ܛܗ܋ − ૚ = ૙ → ൬૛ ࢞ܛܗ܋ +
૚
૛൰

૛

=
૞
૝ → 

࢞ܛܗ܋ =
√૞ − ૚
૝ ࢂ	 ܛܗ܋ ࢞ =

−√૞ − ૚
૝  

Si: ࢞ܛܗ܋ = √૞ି૚
૝

→ ࢞ = ૛࣊
૞

, ૡ࣊
૞

. Si: ࢞ܛܗ܋ = ି√૞ି૚
૝

→ ࢞ = ૝࣊
૞

, ૟࣊
૞

 

 

96. Prove that ∀	࢞ ∈ ℝ: 

ቆට૛ ܖܑܛ ૜࢞ + ૜൫ܖܑܛ ࢞ + √૜ ܛܗ܋ ࢞൯
૜

ቇ
૛

+ ቆට૛ ૜࢞ܛܗ܋ + ૜൫√૜ ܖܑܛ ࢞ − ܛܗ܋ ࢞൯
૜

ቇ
૛

= ૝ 

Proposed by Maria Elena Panaitopol – Romania  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar que: ∀	࢞ ∈ ℝ: 

ࡱ = ቆට૛ ૜࢞ܖ܍ܛ + ૜൫࢞ܖ܍ܛ + √૜ ܛܗ܋ ࢞൯
૜

ቇ
૛

+ ቆට૛ ܛܗ܋ ૜࢞ + ૜൫√૜ ࢞ܖ܍ܛ − ܛܗ܋ ࢞൯
૜

ቇ
૛

= ૝ 

Recordar lo siguiente: Ángulo triple: ܖ܍ܛ(૜ࡹ) = ૜ (ࡹ)ܖ܍ܛ − ૝  (ࡹ)૜ܖ܍ܛ

(ࡹ૜)ܛܗ܋ = ૝ܛܗ܋૜(ࡹ) − ૜(ࡹ)ܛܗ܋ 

A) ૛ ૜࢞ܖ܍ܛ + ૜൫࢞ܖ܍ܛ + √૜ ܛܗ܋ ࢞൯ = ૛ܖ܍ܛ૜࢞ + ૟ቀ૚
૛
࢞ܖ܍ܛ + √૜

૛
ܛܗ܋ ࢞ቁ = 

= ૛ ૜࢞ܖ܍ܛ + ૟ ࢞)ܖ܍ܛ + ૟૙) 

૛ܖ܍ܛ(૜࢞ + ૚ૡ૙) = ૟ ࢞)ܖ܍ܛ + ૟૙) − ૡ ࢞)૜ܖ܍ܛ + ૟૙) 

⇒ −૛ܖ܍ܛ૜࢞ = ૟ ࢞)ܖ܍ܛ + ૟૙) − ૡ ࢞)૜ܖ܍ܛ + ૟૙) ⇔ 

⇔ ૛ܖ܍ܛ૜࢞ = −૟ܖ܍ܛ(࢞ + ૟૙) + ૡܖ܍ܛ૜(࢞ + ૟૙) 

⇒ ૛ܖ܍ܛ૜࢞ + ૟ܖ܍ܛ(࢞ + ૟૙) = ૡ ࢞)૜ܖ܍ܛ + ૟૙)      (A) 

B) ૛ܛܗ܋ ૜࢞ + ૜൫√૜࢞ܖ܍ܛ − ܛܗ܋ ࢞൯ = ૛ܛܗ܋ ૜࢞ − ૟ ቀ− √૜
૛
࢞ܖ܍ܛ + ૚

૛
ቁ࢞ܛܗ܋ = 

= ૛ ૜࢞ܛܗ܋ − ૟ ࢞)ܛܗ܋ + ૟૙) 

૛ ૜࢞)ܛܗ܋ + ૚ૡ૙) = ૡܛܗ܋૜(࢞ + ૟૙) − ૟ ࢞)ܛܗ܋ + ૟૙) 

⇒ −૛ܛܗ܋ ૜࢞ = ૡ ࢞)૜ܛܗ܋ + ૟૙) − ૟ ࢞)ܛܗ܋ + ૟૙) ⇔ 

⇔ ૛ܛܗ܋૜࢞ = −ૡܛܗ܋૜(࢞ + ૟૙) + ૟ ࢞)ܛܗ܋ + ૟૙) 

⇒ ૛ܛܗ܋૜࢞ − ૟ ࢞)ܛܗ܋ + ૟૙) = −ૡܛܗ܋૜(࢞ + ૟૙)     (B) 

De (A) ∧ (B) se llega a lo siguiente: 

ࡱ = ૝ ࢞)૛ܖ܍ܛ + ૟૙) + ૝ ࢞)૛ܛܗ܋ + ૟૙) = ૝ 

 

97. Solve for real numbers: 
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൝
૛࢞ܛܗ܋ + ૜࢟ܜܗ܋ = ܖ܉ܜ ૞ࢠ
ܜܗ܋ ૜࢟ + ܜܗ܋ ૞ࢠ = ܖ܉ܜ ૛࢞
ܜܗ܋ ૞ࢠ + ૛࢞ܜܗ܋ = ܖ܉ܜ ૜࢟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Seyran Ibrahimov – Maasilli – Azerbaidjan  

૛࢞ܜܗ܋ = ࢛			 ૜࢟ܜܗ܋ = 		࢏ ࢠ૞ܜܗ܋ = ࢙			࢛, ,࢏ ࢙ ≠ ૙ 

⇒ ࢛ + ࢏ = ૚
࢙
⇔ ࢙࢛ + ࢏࢙ = ૚   (1) 

⇒ ࢏ + ࢙ = ૚
࢛
⇔ ࢏࢛ + ࢙࢛ = ૚   (2) 

⇒ ࢙ + ࢛ = ૚
࢏
⇔ ࢏࢙ + ࢏࢛ = ૚   (3) 

(૚) = (૛)࢙࢛ + ࢏࢙ = +࢏࢛ ࢙࢛ = ૚ ⇔ ࢙ = ࢛
(૚) = (૜)࢙࢛ + ࢏࢙ = ࢏࢙ + ࢏࢛ = ૚ ⇔ ࢙ = 		࢏
(૛) = (૜)࢛࢏ + ࢙࢛ = ࢏࢙ + ࢏࢛ = ૚ ⇔ ࢛ = ࢏

→ ࢛ = ࢏ = ࢙ 

,࢏)࢛ ࢙) + ,࢏)࢛ ࢙) =
૚

,࢏)࢛ ࢙) 			࢛, ,࢏ ࢙ = ±
૚
√૛

 

૛࢞ܜܗ܋ = ࢛ = ±
૚
√૛

૜࢟ܜܗ܋					 = ࢏ = ±
૚
√૛

ࢠ૞ܜܗ܋					 = ࢙ = ±
૚
√૛

 

࢞ = ±
૚
૛
ܖ܉ܜ܋ܚ܉

૚
√૛

+
૚
૛
࣊࢑				࢟ = ±

૚
૜
ܖ܉ܜ܋ܚ܉

૚
√૛

+
૚
૜
ࢠ				࢑࣊ = ±

૚
૞
ܖ܉ܜ܋ܚ܉

૚
√૛

+
૚
૞
࣊࢑ 

࢙ > ݑ > ݅ 
࢙࢛ + ࢏࢙ = ૚
࢏࢛ + ࢙࢛ = ૚
࢏࢙ + ࢏࢛ = ૚

⇒ ࢙࢛ + ࢏࢙ > ݅ݏ +  (no answer)  ݅ݑ

answer ࢙ = ࢏ = ࢛ = ± ૚
√૛

 

Solution 2 by Soumava Chakraborty – Kolkata – India  

Let ܜܗ܋ ૛࢞ = ,ࢇ ૜࢟ܜܗ܋ = ,࢈ ࢠ૞ܜܗ܋ =  ࢉ

ܖ܉ܜ ૛࢞ , ܖ܉ܜ ૜࢟ , ܖ܉ܜ ૞ࢠ are defined, ܛܗ܋ ૛࢞ , ܛܗ܋ ૜࢟ , ܛܗ܋ ૞ࢠ ≠ ૙ ⇒ ࢉ,࢈,ࢇ ≠ ૙ 
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ࢇ + ࢈ = ૚

ࢉ
    (1) 

࢈ + ࢉ = ૚
ࢇ

    (2) 

ࢉ + ࢇ = ૚
࢈
    (3) 

 (1) – (2) ⇒ ࢇ − ࢉ = ૚
ࢉ
− ૚

ࢇ
⇒ ࢇ) − (ࢉ ቀ૚ − ૚

ࢉࢇ
ቁ = ૙   (4) 

(2) – (3) ⇒ ࢈ − ࢇ = ૚
ࢇ
− ૚

࢈
⇒ ࢈) − (ࢇ ቀ૚ − ૚

࢈ࢇ
ቁ = ૙  (5) 

(3) – (1) ⇒ ࢉ − ࢈ = ૚
࢈
− ૚

ࢉ
⇒ ࢉ) − (࢈ ቀ૚ − ૚

ࢉ࢈
ቁ = ૙   (6) 

If ૚ = ૚
ࢉࢇ

, then ૚
ࢉ

= ࢇ ⇒ ࢇ + ࢈ = ⇒ (form (1)) ࢇ ࢈ = ૙ 

If ૚ = ૚
࢈ࢇ

, then ૚
࢈

= ࢇ ⇒ ࢉ + ࢇ = ⇒ (from (3)) ࢇ ࢉ = ૙ 

If ૚ = ૚
ࢉ࢈

, then ૚
ࢉ

= ࢈ ⇒ ࢇ + ࢈ = ⇒ (from (1)) ࢈ ࢇ = ૙ 

But ࢈,ࢇ, ࢉ ≠ ૙,   ૚ ≠ ૚
ࢉࢇ

,૚ ≠ ૚
࢈ࢇ

, ૚ ≠ ૚
ࢉ࢈

 

 (4), (5), (6) ⇒ ࢇ = ࢈ =  ࢉ

Putting ࢈ = ࢉ = ࢇ ,in (1) ࢇ + ࢇ = ૚
ࢇ
⇒ ૛ࢇ = ૚

૛
⇒ ࢇ = ± ૚

√૛
 

(ࢉ,࢈,ࢇ) = ቀ ૚
√૛

, ૚
√૛

, ૚
√૛
ቁ or ቀ− ૚

√૛
,− ૚

√૛
,− ૚

√૛
ቁ 

૛࢞ܜܗ܋ = ૜࢟ܜܗ܋ = ࢠ૞ܜܗ܋ =
૚
√૛

⇒ ૛࢞ܖ܉ܜ = ܖ܉ܜ ૜࢟ = ܖ܉ܜ ૞ࢠ = √૛ 

⇒ ૛࢞ = ૚൫√૛൯ିܖ܉ܜ + ࣊࢔ ⇒ ࢞ =
૚
૛
൫ିܖ܉ܜ૚ √૛൯ +

࣊࢔
૛

 

࢟ =
૚
૜ ܖ܉ܜ

ି૚൫√૛൯+
ᇱ࣊࢔
૜ ; ࢠ =

૚
૞ ܖ܉ܜ

ି૚൫√૛൯ +
ᇱᇱ࣊࢔
૞  

Similarly, ܜܗ܋૛࢞ = ૜࢟ܜܗ܋ = ࢠ૞ܜܗ܋ = − ૚
√૛
⇒ ࢞ = − ૚

૛
૚൫√૛൯ିܖ܉ܜ + ࣊࢔

૛
 

࢟ = −
૚
૜
૚൫√૛൯ିܖ܉ܜ +

ᇱ࣊࢔
૜

; ࢠ	 = −
૚
૞
+૚൫√૛൯ିܖ܉ܜ

ᇱᇱ࣊࢔
૞
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solutions are: 

⎩
⎪
⎨

⎪
⎧ ࢞ = ± ૚

૛
+૚൫√૛൯ିܖ܉ܜ ࣊࢔

૛

࢟ = ± ૚
૜
૚൫√૛൯ିܖ܉ܜ + ᇲ࣊࢔

૜

ࢠ = ± ૚
૞
૚൫√૛൯ିܖ܉ܜ + ᇲᇲ࣊࢔

૞
	

 

98. Prove that without using a computer: 

࣊࣊ା૛ > (࣊ + ૚)࣊ା૚ 

Proposed by Regragui El Khammal-Morocco 

Solution by Daniel Sitaru-Romania 

:ࢌ (૙,∞) → ℝ; (࢞)ࢌ	 = (࢞ + ૛) ܖܔ ࢞ − (࢞ + ૚) ࢞)ܖܔ + ૚) 

(࢞)′ࢌ = ܖܔ ࢞ − ࢞)ܖܔ + ૚) + ૛
࢞

; (࢞)′′ࢌ	 = ૚
࢞(࢞ା૚) + ૛

࢞
> ૙ ⇒  increasing ′ࢌ

࢞ − ૚
࢞

≤ ܖܔ ࢞ ⇒ −
૚
࢞
≤ ܖܔ ቀ

࢞
࢞ + ૚

ቁ ⇒ ܖܔ ቀ
࢞

࢞ + ૚
ቁ +

૛
࢞
≥
૚
࢞

> ૙ 

(࢞)′ࢌ > ૙ ⇒ (࣊)ࢌ increasing ࢌ >  (૛)ࢌ

(࣊ + ૛) ࣊ܖܔ − (࣊ + ૚) ࣊)ܖܔ + ૚) > ૙ 

ା૛࣊࣊ܖܔ > ࣊)ܖܔ + ૚)࣊ା૚ ; 	࣊࣊ା૛ > (࣊ + ૚)࣊ା૚ 

 

99. Prove that: 

૚
ܖܔ ૝

+
૚
ܖܔ ૢ

+
૚

ܖܔ ૛૞
≥

૚
૟ܖܔ

+
૚

ܖܔ ૚૞
+

૚
૚૙ܖܔ

 

Proposed by Daniel Sitaru – Romania  

Solution by Myagmarsuren Yadamsuren – Mongolia  

ܖܔ ૝ = ૛ ⋅ ܖܔ ૛
ܖܔ ૢ = ૛ ⋅ ܖܔ ૜
ܖܔ ૛૞ = ૛ ⋅ ૞ܖܔ

ܖܔ ૟ = ܖܔ ૛ + ܖܔ ૜
ܖܔ ૚૞ = ૜ܖܔ + ૞ܖܔ
ܖܔ ૚૙ = ૞ܖܔ + ૛ܖܔ

 

ܖܔ ૛ = ࢞
૜ܖܔ = ࢟
ܖܔ ૞ = ࢠ

ൡ			
૚
૛
൬
૚
࢞

+
૚
࢟

+
૚
ࢠ
൰ ≥

૚
࢞ + ࢟

+
૚

࢟ + ࢠ
+

૚
ࢠ + ࢞
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෍
૚

࢞ + ࢟
ࢠ;࢟;࢞

=
૚
૝
෍

૝
࢞ + ࢟

ࢠ,࢟,࢞

=
૚
૝
⋅෍

(૚ + ૚)૛

࢞ + ࢟
≤⏞
૚ࡿ࡮࡯

૝
෍൬

૚
࢞

+
૚
࢟
൰ = 

= ૚
૝
⋅ ቆቀ૚

࢞
+ ૚

࢟
ቁ + ቀ૚

࢟
+ ૚

ࢠ
ቁ + ቀ૚

ࢠ
+ ૚

࢞
ቁቇ = ૚

૛
⋅ ቀ૚

࢞
+ ૚

࢟
+ ૚

ࢠ
ቁ. True 

 

100. Without Softs! Just Think!-2 

Prove that: 

ተ

ተ
ܖܔ

૛
૚૞

૝ܖܔ ૝ܖܔ

ૢܖܔ ܖܔ
૜
૚૙

ૢܖܔ

ܖܔ ૛૞ ܖܔ ૛૞ ܖܔ
૞
૟

ተ

ተ
> ܖܔ ૡ ૛ૠܖܔ ܖܔ ૚૛૞ 

Proposed by Daniel Sitaru – Romania  

Solution by Myagmarsuren Yadamsuren – Mongolia  

ተ

ተ
ܖܔ

૛
૚૞

૝ܖܔ ܖܔ ૝

ܖܔ ૢ ܖܔ
૜
૚૙

ܖܔ ૢ

૛૞ܖܔ ܖܔ ૛૞ ܖܔ
૞
ૢ

ተ

ተ
> ܖܔ ૡ ⋅ ૛ૠܖܔ ⋅ ૚૛૞ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥܖܔ

૛ૠ࢞࢟ࢠ
 

࢞ = ૛ܖܔ ; 	࢟ = ܖܔ ૜ ; ࢠ	 =  ૞ܖܔ

ቮ
࢞ − (࢟ + (ࢠ ૛࢞ ૛࢞

૛࢟ ࢟ − (࢞ + (ࢠ ૛࢟
૛ࢠ ૛ࢠ ࢠ − (࢞ + ࢟)

ቮ = 

= ૝࢞࢟ࢠ + ૝࢞࢟ ⋅ (࢟ + ࢞) + ૝࢟ࢠ ⋅ (࢟ + (ࢠ + 

+૝࢞ࢠ ⋅ ࢠ) + ࢞) − (࢞ + ࢟ − (ࢠ ⋅ (࢟ + ࢠ − ࢞) ⋅ ࢠ) + ࢞ − ࢟) ≥⏞
ܕܗܚܜܛ܏ܚ܍۰
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≥ ૜࢞࢟ࢠ + ૝࢞࢟ࢠ ⋅ ൭൬
࢞
࢟

+
࢟
࢞
൰ + ൬

࢟
ࢠ

+
ࢠ
࢟
൰ + ቀ

ࢠ
࢞

+
࢞
ࢠ
ቁ൱ ≥⏞

ܡܐ܋ܝ܉۱

૛ૠ࢞࢟ࢠ 
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Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


