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1. Find:
n

_ 1
2 _JLL‘E_ L i+ 1D +2)@i +3)

L=

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios-Huarmey-Peru

. —_ 1z n 1
Hallar: 2 = lim,,_,, 2.}-¢ D 2)(53)

Trabajando la expresion el lado derecho:

1 @+3)-@ 1 1 1
= 3ii+ 1) +2)(i+3) E(i(i +1)+2) @G+ E+2)i+ 3))
. 1/ 1 1
S':l_1%§(1x2x3_2x3x4)
1,01 1
=>'_2_’§(2><3><4_3><4><5)
a1 1 1
== _>§(3><4><5_4><5><6)

1 1 1
=>‘"Hi(k(k+1)(k+2)_(k+1)(k+2)(k+3))
B S S 1 S S
n—>ooi=11(l+1)(l+2)(l+3) 36 (n+1)(n+2)(n+3)
1 1 1 1

= — — lim

18 noe3(m+1D@n+2)n+3) 18
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2. Find:

2
_nf] [Va]dx . .
2 = lim — ,[x] — great integer function
n—>0o
J; [Vx]dx
Proposed by Daniel Sitaru — Romania

Solution by Francis Fregeau — Quebec — Canada
Let B be anatural number. 2 <x < (B+1)? = [Vx]| =8 +1
Let n be a perfect square, and 1 < x < n?. Divide the interval (1, n?) into
the partition: (1,4] U (4,9]U ..U (K%, (k+ 1)?] U ..U ((n — 1)? n?).Now:
(+1)? (+1)?

f [Vx] dx = f (G+Ddx=(2j+1)(+1)=22+3j+1
j? j2

n? (+1)?

f[\/;]dxzz f [Vx]dx;1<j<n-1

1
Letn—1=m

m U+D? m

2m3 + 3m? + 3 +1
> WRlax =)z esie1 =T R mm D) m
1 j2 1

3 2

B 4m3 + 15m? +17m
B 6

n2
4m3 +15m? + 17m 4n-1)3+15(n—-1)?*+17(n—-1
nf[ﬁ]dx:(m+1)- _ ( ) ( ) ( )
1

n
6 6

But n3 is also a perfect square since n is a perfect square.
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3

n
3
=>f[ﬁ]dx:22j2+3j+1;13j3n7—1
1

n3

jwz]dxf(

1

L n S Edx_m (4 —1)* +15(n - 1)§ +17(n-1))

e[ [Vxldx " 4(117—1) +15(n7—1) +17(n7—1)

n flnz [\/}] dx 0
17 [Vl ax

3 3 3 2 3
nZ—l) +15(n2—1) +17(n2—1)

6

Applying De I'Hopital’s rule four times yields: lim,,_,

when n is a perfect square. But for every real number R, there exists a
perfect square n such that R < n.

R [\ WEldx _ [ [VEldx

lim = lim

e PlElde ™0 [[Va]dx

3. Find:

=1

Proposed by Daniel Sitaru — Romania

Solution 1 by Myagmarsuren Yadamsuren — Mongolia
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: 12+22+---+n2]
e n2 =

12422 +---+n?
n3

— lim

:e n—-oo

([w) 1
=e

6n3 3

= lime

n—>oo

4. Calculate:

02 = lim

n—->oo

[EED-GED D66

(n+1) o
)

3 no_
k e 2 (n+1)2 ezn
Proposed by Soumitra Moukherjee — Kolkata — India

N W

Solution 1 by proposer

a0 G2 TDE)-C)
e k ew(n + 1)_% e%n_% )
D6 -6

Applying Reverse Caesaro — Stolz
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n
=InN = lim— {z Inn!— z Ink! — z In(n— k)'} ——=limn +—llm Inn
n-oon n—>oo n—>00

1 1
= lim — {(n+ 1) Inn! — 22]nk']——hmn+—llm Inn

n-oon 2 n—>o 2 n—>o

n—>oo n—>oo n—>oo

1 1
= lim{(n+1)lnn!—22(n+1—k)lnk]—Elimn+—limlnn

1 1
= lim {22klnk—(n+ 1)lnn!]—ilimn+—lim Inn

n—->oo n—>oo n—->oo

1 1 1 1
=2lim—In(1-2%2-3%....-n") — lim <1+;)lnn!——limn+—limlnn

n-on n— oo m lim
2223, n
Glaisher — Kenkelin constant: 4,, = %
n(T+7+ﬁ)e—T
=>InAd,=In(1-22-33....-n")— "_2+n+l lnn+n—2
" 2 2 12 4

again, n! =v2mn (g)" (1 +0 (%))

1 1 1
Innl=—In2r+-Inn+nlnn—n+In 1+0(—)
2 2 n

1 1 1 1\ /1
~ lim (1 +—)lnn! = lim—(l +—) In2m + lim <1+—) <—+n)ln—lim(n+ 1)
n n n/\2

n—-oo n—-oo n—oo n—-oo

A, 3 1 1 1
~In2 =21im —+ lim (n+—+—)lnn—limn——lim (1+—)ln21t
2 6n n

n-o nNn n—oo n—oo n—oo

3 1
— lim (n+—+—)ln+lim(n+ 1)
2 2n

n—->oo n—>oo

—_° .
=>In2=1-Inv2n anﬂ Tz (AnS.)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 2 by Yubian Andres Bedoya Henao — Medellin — Colombia

VG-

Let P,=————=>0= limn_)oo(PnH — Pn)
ezn 2
. Pn+1_PnStOIZ . Pn
=lim—— = lim—
n-oo n + 1 —-—n n-o N
nl/M n n 1
DG mwmn
o n 1 = lim — Z
ezn 2 ez(1!2!..nn

x| (An) n! (nl)" B

n-
ez (1!2!..n!)?2

= lim

n—->oo

(Va+ )"+ 1) [+ D1+

(n+1)2
Cauchy-D'Alembert li e 2 (1! 21 (n + 1)!)2
= im =
100 Va n! (n)n
)
ez (1!2!..n!)?2

\/7n+1< 1+%> (n+1)(n+ 1) (n+ 1)

= lim =

n—oo n+1
ez (n+1)2
1
s ezyn+1(n+1)" . - . n
= lim,_,, B 1 (Stirling from 1 = lim,,_,, —mnne-n)
— 1 vn+1(n+ 1)" n! B
Tale T emml  nooyZmnnten
| 1 - 1 (1 . 1)" e
= lim — — —) =—
n—oo 211- n n 1/2"'.
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n
5.1fE, = (1+%) H, = 1+§+ +% then:

lim (Efrit — Efn) = o7
n—>0oo
where e and y are well known Euler’s constants.
Proposed by Dorin Marghidanu — Romania

Solution by Soumitra Mandal — Kolkata — India

1\ 1 1 1
E, = (1+—) andH,=1+-+-+--+=
n 2 3 n
Hn+1 E”n EHn
. H H . - .
lim (E, ™' — E,") = lim 1 —"_ = |im
nooot N n-o n+1—n n-o N

(Caesaro - Stolz Lemma)

1 n(y,+Inn) . 1\" r}irgo(lnn+yn)
(1 + —) lim (1 + —)
= lim n = 2% n =
n—-oo n limn
n—-00
elnn+yn
= lim = lim e’n» = e¥
n—oo n n—oo

6. From the book: “Math Phenomenon”
n 1
1 k
lim ( ) <e(e—1)

n—oo 112130 .- k!
k=1

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

1

1 .
L )".Weshowthatak Szk—,1 vk>1

Let ay = (m

1_
Fork=1,a,=1< 21—,1 Assume that a;, = %(2" —1) for some k € N
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1
RET I (k') (2"~ 1)f T120- .kl (k+1)!

I/\

( ) (2~ 1)k(k:1)!

e+l
We now show that( ) (2F - l)k(kjl)! < ((k-l-ll)!) ' (21 — 1)

o ((k ;1)!> (2k - l)k < (2+1 - 1)k+1

IA

o (k+1DF(2k-1)" < (21 - 1) (1)
LHS
e+ DH(2A - 1) < (241 - 1) (241 - 1) = (241 - )
[~ k+1<2k1l_1vkeN]. (1)istrue
Thus, a; < (2" 1) = Yo < Yoy g - (2k-1)

n

=lim ) q,<e*—e=e(e—1)
n—>0oo

k=1
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Leta, = %Where k=12, .., n Applying CARLEMANS Inequality

n
Z ’i/alaz oAy < e(az =+ as 4+ oo 4 an)
k=1

- 1 1 1
el—+—+ .- 4+ —

Z (1'2| ) (2! 3! n!)

k=1
n 1
K

. 3 1
= lim (1!2! k!) <e(e—1)
k=1

wlr-t
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7. Solve for natural numbers:
14 24 34 104

— 4+ + + oo 4 =
x x+1 x+2 x+9 3025

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey-Peru

14 24 34 104
Resolver la ecuacion: —+ —+ —+ ...+ —=3025< x>0
X x+1 x+2 x+9
1+ 24 34 2
= —4+ —+ —+. + — =
—t L+t — = (55)“. Desde que:

Sin=10< 13 +23+33+...+ 103 = (55)?
14 24 34 104

x x+1 x+2 x+9

1 16 81 10000
(——1)+(——8)+( —27)+-..+( —1000):0
X x+1 x+2 x+9

(1 —x) . 8(1-x) 27(1—-x) 1000(1-x) _

+ +
x+1 (x+2) (x+9)
1 8 27 1000

z* )

=13+23+33+...4103

X

x+1 x+2 x+9

=0

o (1+i+2—7+-..+%)>0,yaque:x>0.Por|atanto:x= 1

8. Solve in natural numbers:

k 1
1—2 <
VKl (k+1+VEk+1) " 12V5

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios-Huarmey-Peru:
Resolver en niUmeros naturales.

k 1
l—z <
LVl (k+1+Vk+1)  12V5
n

=>1_Z\/F(\/k+1)k(\/k+1+1)S121x/§
k=1 )
_Z k(VE+1-1) - 1
SVk+ D (VE+T+1)(Vk+1-1) 1275
_z":k(\/m—1)< 1
= J(k+1)I(k) ~ 12V5

=>1- i( ! >< 1
J(k+1)kl JEk+ 1)) T 12v5

k=1
1 1 1
:1_;ﬁ+;1/(k+1)!s12\/§
1 1 1 1 1 1
+ - + — e+ <
VI V21 V21 V3l JE+1)! ~ 12V5

= —(ki 5 < 121\/5 - J(k+1)!=>12V5 - (k+1)! > 720 -

»(k+1)!>6!>k>5

=>1-—

9. Find x € N such that:
n

n
z z k+1
x+3k+1

k=1 =1

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios —Huarmey- Peru

Sox+k v k+1 .
= _— >
;3k+2 Zx+3k+1=””\"

k=1
x+1 x+2 x+3 xX+n 2 3 4 n+1
= + + + -+ = + + + -+
5 8 11 3n+2 x+4 x+7 x+10 x+1+3n
x+1 2 x+2 3 x+3 4 xX+n n+1
) ) ) (k) =
5 x+4 8 x+7 11 x+10 3n+2 x+1+3n
x2+5x—6 x*+9x—10 x*+13x-14 (x+n)x+1+3n)—(n+1)(Bn+2)
= + + + o+ =0
5(x +4) 8(x+7) 11(x + 10) Bn+2)(x+1+3n)
(x-1D(x+6) (x-1)(x+10)  (x—-1)(x+14) x?+x+anx+n+3n?-3n2-5n-2 0
5(x+4) 8(x+7) 11(x+10) (3n+2) (x+1+3n) -
x-Dkx+6) (x-1DKE+10) (k-1D(x+14) x2+x(An+1) —4n -2
+ + + e+ =0
5(x +4) 8(x+7) 11(x + 10) (Bn+2)(x+1+3n)
x—-1Dx+6) (x—-1Dxx+10) (x-1)(x+14) (x—-1Dx+4n+2)
+ + + e+ =
5(x +4) 8(x+7) 11(x + 10) Bn+2)(x+1+3n)
( 1)< x+6 . x+10 . x+ 14 - x+4n + 2 _
2O 5G+a) 8+ 11x+10) T Bn+r)Gx+ 1+ 3n)) -

= Por la tanto: x = 1, ya que:

( xX+6 x+10 x+ 14 x+4n + 2

5(x+4)+8(x+7)+11(x+10)+m+(3n+3)(x+1+3n))>O@x An=>0

10. Solve in natural numbers:

$((5)< 10

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

(IZ() = %k(k —1)=m (say) -~ ((g)) = (7;) — %m(m ~1)

= %k(k— 1)[k?* — k — 2] =%k(k— 1)(k+1)(k—-2) =
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_ 3 _ . (k+1
_ﬁ(k+1)k(k—1)(k—2)—3( )

Qe (3]
O+ (§)r+(31)-

|=-=3¢3?

=0forn<r,

)+ Q)+ (3] =3

~—
IA
(=)
>
»
A~
) S
~—

x=1,23,4,56

Solution 2 by Soumava Pal-Kolkata-India

We know ((g)) =3 (’;) +3 (Z) ,k = 3 (where (i) = 0 defined)
Z((g)) <168 3 (,Z (¥)+ kZ; (Z)) < 168

= (@) + @)+ r () + )+ () + -+ () <56

(where (i) = 0) we check thatforx =3,LHS = 1

xXx=4,LHS =6;x=5LHS =21, x=6,LHS =56
so possible values of x are 3,4,5,6

Solution 3 by Saptak Bhattacharya — Kolkata — India

i {(5) + (§)} = 56 = 73t (3) < 56 (Pascal). Now.

x+1 x-3

S (@)= (ETE ) =re

k=4 n—4=0
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=ay+ay+ -+ as < x— 3. Weintroduce a 6t variable
g =x—3—Yr_;a;.50,Y8_; a; = x — 3 has T two integer solutions

x—3+6—1):(x+2)..|.hus’(x+2

=>T:( 6—1 5 5

)§56zx=&&&6

11. Solve for real numbers:

1 1
4* + 25x + 4% . 25x = 101

Proposed by Marian Ursarescu-Romania

Solution by Radu Butelca-Romania

1 1 1 1
E=4*+25x4+4*.25x =101; x < 0 = 4* + 25x + 4* . 25x < 3 < 101; false

If x > 0, we notice that x = 2 and x = log, 5 satisfies the equation.

1
Let f: R} — (0,+00), f(x) = 4* + 25%
We prove that f is strictly decreasing on (0,\/5) and strictly increasing on (\/E, +oo),

where a = log, 25; 41°8425 = 25 = f(x) = 4* + 4

SupposethatVva <x <y = f(y) — f(x) = (47 —4%) + (45 - 4%) =
a ;s aly-x)
=4*(47*-1) — 4 (4 y-1 ) Buta < xy

5 F() = F(x) > 45 (@7 — 1) — Y (@* — 1) =

= (4% - 1) (4" - 45)}
o = f(y) — f(x) >0 e f(y) > f(x) & f isstrictly increasing
y>x and; <‘Ja<x

1
on (va, +) . Similar for (0,va) = f(x) = 4* + 25x is strictly convexe (1)
a 1 a a
Let g: R — (0,+00), g(x) = 4%, 4% - 25x = 4% . 4x = 4% a = log, 25

« d « a
g(x) = 4% > —f(x) = 4" xIn4 (1- ﬁ)
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d a\ d a 2x
Wf(x) = ln4-(1 —?)af(x) :4x+xln4aF:

=4 ma(1-5+al)
e e X X
> ~——— = g"(x) > 0> gisstrictly convexe (2)
a 2 — X3 —ax+2x >0

E = f(x) + g(x), which is a sum of 2 strictly convexe functions = E has maximum 2

solutions which are x = 2 and x = log, 5

12. Find:
21

ﬂ:f(x1°+\/1+x2°)ﬁdx,xe]l%

Proposed by Nishant Kumar — Jamshedpur — India

Solution 1 by proposer

21
J(x1 + V1 + x29)" dx putting x1° + V1 +x20 = ¢

using the fact

[ o . 10xV
10x” + ———=|dx = dt
1+ x20
( [1 + 20 +x10)( /1+x2°—x1°) —1
10x9(\/m+x1°)

dx = dt, x10 +V1 +x20 = ¢

v 14+x20

9

2_1)10.¢.
VI a0 - x10 = 1 D00 g g
' (20T0.(12+1)

2 2 _
On adding we get V1 + x20 = % On substractiong we get x10 = %

9 9

20)10-(£2+1 2_1)10

dx:(t) (t+9)dt, xgz{t }10
20-2(¢2-1)10 2t
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21 9 1 9
f t10 - (2)0(t* +1)dt 1 [ t10 - (2£)T0(¢t* + 1) it
T 20

9 9
20¢2 - (12 — 1)ﬁ (t2 — 1)10
1 2t- (2 +1
1 f ( +9 )dt -
210207 (2 — 1)ﬁ 210 - 20

10(¢t% — 1)10(tZ +1)— | 2t- (¢% - 1)10 dt
— J ]

[10(t2 _1)T0(2 +1) — —(tz - 1)10]
210 20

1 t2 —1)10
11 (tz—l)ﬁ(tz"'l)—% +c
210

where t = [x1° + V1 + x29]

Solution 2 by Ravi Prakash - New Delhi — India
21

2= f (m+ xlo)ﬁ
21

f [(W_,_ x10)( 220 + 1 x10)]ﬁ
VAT 5T - x10]10
(-30) 2
= f [xlo (\/ 1+ x"20 — 1)] X = fx‘“ [\/ 1+ x720 — 1] 10 dx
PutVi+x 20 =t =x20=¢> -1, —20x"2'dx = 2t dt

A= f (— %) (t +1)720(2¢) dt = (¢ + 10)20(2¢) — 2 f (t +1)770 dt

dx =

2t 2 x20 19
= T (t+1)20 + ¢
(t+1)20
2V1+x 20 40 20

= : —?(1+\/x‘20+1)20+c
[1+\/T]_°
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Solution 3 by Myagmarsuren Yadamsuren — Ulaanbataar — Mongolia

21

21 10 20 10\]10

10 0., (V1 + x20 + x10) . (V1 + x20 — x10)

s
f 1

1
de:f de:
1/ 20 _ ,10)10 10
(1+x X ) le,( 1+i0_1>

1
:_l d(1+x20) - (1+i:)’):

2 x20
( Bz 1 - 1)
d x20

- (f (-1 [(5-1a(3)) =

(5ot
VY- (Vv - 1)“’

(f (-1 -3 [-20- [ a5 -1 7))
—%-(ﬁ-(ﬁ—1)‘%+m-(ﬁ—n‘%+c)=
1 Jy 10 B

:H- E+ i0'|'C—

Wy-D* (y-1)!
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1
1 1+ 70 10 _
_H. E+ T +C =
1 10 1 \10
_ 1+W_1 1+W |
1 x-V1+ x20 10x B
_H. £+ T +C =
(,/1 T x20 _ x10)10 (,/1 T 420 _ x10)10
1 x-V1+ x20 10x

~11 it |+ C
(,/1 + x20 _ xlo)ﬁ (,/1 + x20 _ xlo)ﬁ
Solution 4 by Yen Tung Chung — Taichung — Taiwan

21
21 20 20\ 10
10 , | 70\0 _ [[((A+xT)—x _
[ (oot = [ () -
_21 _21
:f(\/1+x20—x10) 10dx:f( 1+x‘20—1) 10 x21gx
(u: 1+x‘20—1=>x‘20:u2+2u,—20x_21dx:(2u+2)du)

21 1 . 1 121 p
e 20 . | — — —+ = - — 20 + 20 e
f“ [ T 1)] v 10](“ u ) u

1,20 19 1
= — —— | — 20 — 20 ) + e
10(19“ 20u ) ¢

19

= —1(1—m)ﬁ+2(1— 2+x20) P

19

ol"‘
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13. Find:
21

0= f (xl(’ +4/1 +x2°)ﬁdx,x € R
Proposed by Nishant Kumar — Jamshedpur — India

Solution 1 by proposer

21

[(x10 + VI + 220 xzo)ﬁ dx putting x1° + V1 + x2% = ¢, using the fact
10x19 — 4 20 10 20 10) —
m]dx—dt,(\/1+x +x10)(V1+x20 —x10) =1

10x9(\/ 1+x2°+x1°)
v 1+x20

1 10(¢% — 1 10 t- (2t
,/1+x20_x10:? ( -t (2) dx = dt
(2t)10 (12 +1)

[10x9 +

dx =dt, x1°+V1+x20=1¢

2_
On adding we get v1 + x20 = 1 0n substractiong we get x10 = %
2 2 2
Ztﬁ- t“+1 t2 —1)10
R
2t

20 - t2(t? — 1)10

21 9 1 9
ftﬁ -2O)10(t* +1)dt 1 (¢10- (28)T0(¢* + 1) it

o0 9

10(¢t% — 1)10(tZ +1)— | 2t- (¢% - 1)10 dt
— J ]

9
20¢% - (t2 — 1)ﬁ
1 2t- (2 +1
1 f ( 9 )dt -
210207 (2 — 1)ﬁ 210 - 20

[10(t2 _1)T0(2 +1) — —(tZ - 1)10]
210 20

210

= l(tZ — 1)10(tZ +1)— 1) ‘ + ¢, where t = [x1% + V1 + x20]
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Solution 2 by Ravi Prakash - New Delhi — India
21

0= f (\/xzo +1 +x1°)ﬁdx =

21

x20 + 1 + x10 x20 + 1 x10 10
f[(V )( )]
VBT — 10|10
( 21

= [ (Vivx® - 1)] ) gy - |2 Ve - 1] s

PUtvVl+x20 =t = x 20 =2 — 1: —20x%ldx = 2t dt

dx =

L= f (— %) (t+ 1)‘%(20 dt =

1 1 « 19
=(t+10)2(2t) -2 [(t+1) 0dt = —~ 1 -2 1920 (t+1)d+c=
(t+1)20
2V1 + x20 40 b

= : —?(1+\/x‘20+1)20+c
[1+\/T]_°

Solution 3 by Myagmarsuren Yadamsuren — Ulaanbataar — Mongolia
21
21 / 20 10 20 10\]10
——— 1+xY+x") - (V1I+x2Y —x
f(x10+ 1+x20)10 dx — f ( ) ( ) dx
f 1

1
21dx:f dx =
\/ 20 _ ,10)10 10
(1+x X ) x21,< 1_|_x_]2'0_1>

a1

=
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1 dy 1[ 20 B
R ~zo| 1) -0 =
( y — )10

- (V7 (-0 [ -1 e =

7 (F- 1) )

1

(B -2 2o [aq- 1))
—%-(ﬁ-(ﬁ—1)‘ﬁ+1e-(ﬁ—1)‘%+c)=

_111.<\/;.(\/;1)13;f

1 Jy 10

_T'I £+ 1+C“:

Wy-D* (y-1¥
1
1 1+W 10
:H- £+ i'|'C:
1 10 1 \10

([resto=)” (Jrsh

1 x-V1+ x20 10x
= . 11+ 1 + C =
(VT+ 78 — x19)10 (15 220 _ x10)T0

1 x-V1+ x20 10x
= it |+ C
(,/1 T 20 _ x10)10 (1/1 T 20 _ x10)10
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Solution 4 by Yen Tung Chung — Taichung — Taiwan

21 21

21 20 20\ 70
10, | o\To _ [(((A+x7) —x _
[ (oot = [ () -
_21 _21
:f(\/1+x20—x10) 10 dx:f(\/1+x‘2°—1) 10 21y
(u: 1+x‘20—1=>x‘20:u2+2u,—20x‘21dx:(2u+2)du)
21 21
:fu 20 - [——(u+1)]du———f u20+u zo)du:
1,20 19 L
= ——| — —_ 20 -+
10(19“ 20u ) ¢

19 1

= 21T+ )P+ 2(1-y27 2 ) B

. . (1 m+1  dx
14.02 = lim,,_,, sin (n fn (x—n)(n+1—x)>

True or false:

-1<0<1

Proposed by Daniel Sitaru — Romania
Solution by Togrul Ehmedov-Baku-Azerbaidjian

n+1 n+l-¢,
f dx dx
Ja-nm+1-x) zljgj wip NE=mm+1- 0
n+1-¢;
. n+1-x
= lim
91-0% n+1-x

@,-0F ntQq
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n+1—x

n+1—x

n+1—x_ 9 N 1 dx = 2t d
Tx—n U ErERY I p e AT g eyt

I= f(t+1)( 2t dt)— 2arctant = —2arctan |- %
= i)\ a2 = arctant = arctan P
n+1-—x +1 -
I, = lim | —2arctan |—— |n 1= =
91-0F xX—n n+e@,

@2—0*

1- T
—2 lim [ arctan P2 — arctan P1 =-2- (— —) =7m
¢1-0" 1-¢; P1 2
@2—-0*

2= timsin (11,) = tim sin (%) =
= 11m sin nn = 11m sin n -

n—>oo n—->oo

True| or false

-1<0<1

15. True or false: If m € N* then:

VeX(x + 3)

I.. = dx <1
m ) (x +1)Ve* +m

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

[ = VeX(x + 3)
m_o (x +1)VeX + m

X
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Putt=(x+1)Ve*+m, Whenx=0,t=m+1
x=1t=m+ 2\e
& = (x+1) 2VeF + VeF = 1 (x + 3)Ve®. Thus

dx
m+2Ve
I, =2 dt—ZI m+2Ve I, <1
n=z | (TR )i
m+1

@ln(M><1@m+2\/E<(m+1)\/E

m+1 2

evJe<(Ve—1)me m< (m-1)Je
Not true form =1,2. True,form > 3

Solution 2 by Redwane EI Mellass-Morocco
1

1
(x+ 1)\/ex+m+2\/ex—md fl m — 2+/e*
= X = —
" ) (x+1)Ve*+m (x +1)Ve* +m

dx

1
4 f m — 2/e*
B 0(x+1)\/?+m
{ 2Ve*—m<3-m ﬁz—ex_m{<0ifm:112
(x+1)Ver+m=2+m (x+1)/ex(>0ifm=3

Solution 3 by Saptak Bhattacharya — Kolkata — India

By MVT, I, = LJZB) for some ¢ € (0,1); I,,, < 1implies eg <Z
(c+1ez+m 2

< 1 4
For m = 1 and 2. However, we have ez < Eand ez<]1

which is impossible if ¢ € (0,1)

dx =
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Solution 4 by Soumava Chakraborty — Kolkata — India
Let (x + 1)Ve* + m = z(m € N). We have, (x + 3)Ve*dx = 2dt
~I(m) =2 f% .. from limits (1 + m) to (2v/3 + m)

= 21Inlt| ... from limits (1 + m) to (2vVe + m)
2\/E+m]

= 2[In(2Ve + m) — In(1 + m)] =Zln[ T

1

~I(m)<leln [@]

2\1/__|_+m<\/_<:>2\/_+m<\/_+m\/_

& Ve <m(Ve - 1)<:> \/— ;<m & 2-54(approx) <mem=3

~I(m) <1listrueifm=>3andI(m)>1form=1,2

Solution 5 by Yen Tung Chung — Vietnam

X 1 x
x 5 1 x
% [2 " ((x R m)] _, <e2 + 5 (x:- )e2> _ (x + 3)Ve*

(x+1)ez+m (x +1)Ve* +m

f Ver(x+3) xzzf %(x+3)e% _, 1d<(x+1)87+m>
( J (x

dx =
x+1)Ve*+m +1)e%+m 2 (x+1)e%+m
2
=2 (In|(x + ez + m]) |(1) = 2(In(2Ve +m) — In(1+m)) = Zln< ﬁ:n)

2Ve+m 2Ve+m Ve
Im<1=>21n<—><1 <Je=>m> ~ 2.54
1+m 1+m Ve—1
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(x2+1)

13 .63 13
X 25 +?x25+11x25

16.1f2 = | de:u(x“+exb+fxc)k+Q

Find: 9 = —%(a+ b+ c)
Proposed by Nishant Kumar-Jamshedpur-India

Solution 1 by proposer

x241)° 41222 +1
f ( ) 5 aAX= f == sdx
13 4, 63 13 13 4, 63 13
<x 25 + ?x25 +11 x25> <x 25 + ?x25 +11 x25>
e (_E) i
Multiplying x\ s/ to numerator and denominator

7 7 3
f xX5+2x5+x 5

22 4, 012 2
x5+?x5+11x5

i 22 1q 12 2
= dx. Putting x5+?x5+11x5:t

22 17 44 7 22 17 7 5
(—xs +?x5+?x s)dx dt, (x5 +2x5+x5)dx = Zdt
5 dt 5
=4
2 —gep T constant (Q)
22 2, —4
__5 +Q = 5(x5+Ex5+11x5)
88tt 88 3
22 2, —4

Thereforeﬂ=—i(xs + x5 +11x5) +Q
88 3

Comparing constants we geta = % , b= % , C= % k=-4
- _5 _5(22 12 . 2Y. 9
8——;(a+b+c)—4(5+5+5),8—9.

Solution 2 by Yen Tung Chung-Taichung-Taiwan

(x? + 1)? xt+2x%+1
f 5 dx:f dx

113 63 13 3/ 22 12 2
(xZS + TxZS + 11x25) x5(x5 +Tx5 +11x5)
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1 17 7 3
:f 5 (5 + 265+ x75) dx
22 11 12 2

(xT + Tx? + 11x§)

11 12 220 17 7 3
(Iet—xs +?x5 +11x5=>du—?(x5 +2x5 +x S)dx)

1 5 5 1 5,22 11 12 2y ~*
= |t =gy gt 0= gg(xF gt 1) e
5 22 12 2y
"*9——@(?*?*5)—

Solution 3 by Ravi Prakash - New Delhi — India

5 5
113 63 13 110 44 60 10

Write (xE + %xﬁ + 11x£) (xzs) [x 25 + ?xzs + 11x25] =

3,22 qq 12 2,5
= X5 (xs +?xs + 11x5) . Now,

3 17 7 3
x_§(x4+2x2+1) X5 +2x5+x 5
ﬂ:f de:f de
22 11 12 2 22 12 2
(xs +Tx5 +11x5) (xS +Tx5 +11x5)
2z 11 12 2
Put x5 +?x5 +11xs =t
dt = 22 15_7+11 12 %+22 _%d —22( 15_7+2 %+ _%)d
—(5 x 3 x = x = x 5)dx = = x x5+ x
_ 5 (dt_ 5 5 gp = 5 4o
~22) B 22 ~ 88 €=
5 252+11 152+11§‘4+ _22b_12 Zk_ 4
- ss(x 3% x) € A== 5T T

Thusﬁ———(a+b+c)——4(252+%+§):5(§):9
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17. Find:

0N = x2+2d
_fx6+1 .
0

Proposed by Togrul Ehmedov-Baku-Azerbaidian

Solution by Togrul Ehmedov-Baku-Azerbaidian

0= x2+2d = x* d +2oo 1 d
_fx6+1 x_fx6+1 o fx6+1 o
0 0 0

I I,

rx? 6 1 5
Ilzfx6+1dx;x :y=>dx:gy 6dy
0

y+1
1 ; 1r(1)r(1) 1
Ilzgoft (1-6)2dt = r(2%+%2) EFZ(E)_E
IZZf 1 dx =2 m :211'
: x6+1 6sin(%) 3
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18. Let f:[a, b] — (0, ) be a continuos function.

If m = min f (x), M = max f(x) then:

‘ ‘ ((m+M)(b - @)
m —Qa
(ff(")dx>< oo ) amM

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Van Hien-Vietnam

fla,b] - (0, R) f continuous max f(x) = M; min f(x) = mVx € [a; b]

Prove that
‘ { dx (M + m)%(b — a)?
f fx) d"f S aMm
fx)=VMmg(x)>m<f(x) <M=>1<g(x) < g

Q

b b b b
dx dx
(af f(x) dx) (a W) = (af g(x)VMmdx)( Mmg(x)> =

(a +b)

We have ab < and f f(x)dx = f(c)(b — a) With ¢ € [a, b]

b b d f:(g(x)+%)2 ( a)2<ﬁ+92(0)>
> (f2 g ax) (/! (i)) <2t - -

=+({%)

Put h(t) = t?
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= g%(x) + 1 <M+m
g-x g*(x) " m M

b b
=>f gx) +—— (x) dx—f< Z()+2+g(x)>dx<

m
< (M“Lzﬁ)(b -a)° _ (b - a)*(M +m)”
- 4 - 4Mm
Solution 2 by Ravi Prakash-New Delhi-India

me(x)SM,anSb=>(m—f(x))(M—f(x))SO

=>mM — (m+M)f(x)+f(x)Z<0=> —(m+M)+f(x) <0

f()

[ f(x)>0]=> +f(x)<(m+M)

f(x)

b
:me)%+ff(x)de(m+M)(b—a)

b dx
f()

J+H<(m+M)b—-a)=J?>+]JH< (m+ M)(Db-a)]

LetJ=mM [ — H = ff(x)dx

o JH < (m+ M2 - a)? — [1(m+M)(b—a) —]]2
4 2
= JH < 1(m+M)2(b —a)?

_(m~+ M)?

f() S C

b
= mef(x) dx

Solution 3 by Soumitra Mandal-Chandar Nagore-India

m=min f(x) < f(x) <maxf(x) =M
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= (f(x) —m)(f(x) — M) < 0= f2(x) + Mm < (M +m)f(x)
= f(x) + o

( ysm+ M, since, f(x) # 0, f is continuous hence fis R -

Integrable

=>ff(x)dx+Mmff +m)fdx:(M+m)(b—a)

AMzGM

=> (b -a)(M+m) é Mm ff(x) dx)( f‘zx)>

( f ) dx>< o )> (b - i m))’

19.1f 0 < a < b then:

b
2 T b
—ln —f —ln<>+b—a
1[4 2 ) arctanx a
a
Proposed by Daniel Sitaru — Romania

Solution by Francis Fregeau-Quebec-Canada:

X

T 4+2m and h(x) = _2 = 2xtnm

Let f(x) = %+ =
For x > 0, both f(x) and h(x) are strictly increasing and
continuos on the interval (O,E)
2
Let ¢p(x) = f(x) — arctan(x) ; PY(x) = h(x) — arctan(x)

f(0) — arctan(0) - 0; h(0) — arctan(0) - 0

f(00) — arctan(co) — 0; h(c0) — arctan(co) — 0
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— . =0>x=
mx+2? 2+l P X = am

P(8)>0,¢p(6—€)>0;p(6+€)<0fore=>0

=6

¢'(x) =

Hence ¢ (x) can be considered as bounded monotone sequence on the
intervals (0, 6] and (6,00),0 < ¢p(x) <dforx >0
= arctan(x) < f(x) for x > 0. Similarly:
, 2 1 , 4w

Y(o) < O0; IIJI(O'— €)<O0; ‘!I),(O"F €)>0

Hence ¥ (x) can be considered as bounded monotone sequence on the

-0

intervals (0, 6] and (o, )
—o <Y(x) <0forx>0= h(x) <arctan(x) forx >0
Let x > 0; h(x) < arctan(x) < f(x)
=>nL<arctan(x)< T :,'El+1<E ! wl

- e
LU} i+2 X 2 arctan(x) 2x
X X

+1

Let0<a<bhb
b b b
21 (4 1 y
f(——+1)dx<—f—dx<f(——+1)dx
TX 2 J arctan(x) 2x
a

a a
b
2 b (4 1 (4 b
=>—ln(—)+b—a<—f—dx<—ln(—)+b—a
T \a 2 ) arctan(x) 2 a
a
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20. If [a, b] (0;—’) then:

b
fsinxdx>\/b2+1—\/a2+1
a

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

cosa—cosb>+b2+1—+a?2+1

& cosa+Va?+1>cosb+Vb%2+1,Vabe (Og) @)

Let f(x) = cosx+Vx2+1,Vx € (Og) f'(x) = —sinx +

x2+1

Now, Vx € (0,%),x< tanx > x2+1<1+tan?x

2 2 1 2 1 . 2
= x*+1<sec’x= — > cos’x = — >1 —sin®x
xc+1 x“+1
. L 1 . x? x _ 0
= sin“x>1- = sin“x > = —sinx <
x2+1 x2+1  x2Z+1

= f'(x) < 0= f(x) = cosx + Vx% + 1is decreasing on (Og)

b>a;f(b) <f(a)=>cosa++a%2+1>cosb++b%2+1
= (1) is proved.
Solution 2 by Kunihiko Chikaya-Tokyo-Japan
b
fsinxdx> \/b2+ 1—\/a2 +1;abc€ (O,E); tanx > x (0 <x <E)
2 2

a

b b
X
fsinxdx>f dx
xZ2+1
a a
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b
1 b
:f (x® +1)'dx = [\/x2+1] =Jb2+1—+a2+1
o x2+1 a
cosx2<1 1 <1+1 .. 0 < _T
@(sinx) 2" sin?x xz oS x2 +1 ( * E)

21.1f f,g:[a, b] - (0,) integrable, such that f(x) + g(x) < 8 then:
f (x)yg(x) + g(x)y/ f(x)
2 f(x) = f(x)g(x) + g(x)

Proposed by Daniel Sitaru — Romania
Solution by Anas Adlany - El Jadida — Morroco

<4(b-a)

We have for all t,z > 0; t\/—+f/‘£ Vzt - Vit <Vz+Vt<2(z+1t)

t+z \/— -
T
(because x + < v2y/x% +y?). So put z = f(x) and ¢ = g(x) to find:
f(x)\/m+ g(x) /f(
<v2 <4
f(x) - f(x)g(x) + g(x) \/(f(x) +g(x)<4=
f(x)\/g(x) + g(x)m

x<4(b—
ﬂw—¢ﬂ5m5+gu) (b-a

22.1f f:[0,1] - (0, 00), f derivable, f continuous,

f(x) =f(1—-x),Vxe[0 1] then:

1
fﬂ@deJﬂM:ﬂD
0

Proposed by Daniel Sitaru — Romania
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Solution 1 by Safal Das Biswas — Chinsurah — India
() f:10,1] - (0, =); (ii) f is derivable; (iii) f' is continuous
(iv) f/(x) = f'(1 - x)vx € [0,1]. Let, [ f(x) dx,
then applying the property that f: f(x)dx = f: fa+b—x)dx
onIwehavel = fol f(1 — x) dx. Thus we have

21 = fol f(x)dx + fol f(1 — x) dx. Which finally results

1
= %f{f(x) + f(1 —x)}dx.
0

Now let assume that f(x) + f(1 — x) = g(x) so we have that
=3Iy 9(x) dx.Now, g'(x) = ' (x) = (1 - ).
Now, f'(x) = f'(1 — x) Vx € [0,1] is given hence
g@x)=fx)-fQA-x)=0xe[01]
Hence g(x) must be a constant function vV x € [0, 1]. As

1= 1flg(x) dx, then

vx € [0, 1]

_9() f g(x) _f)+f(A-x)
2

f)+fA-x) _ f(O+f(1)
2 2

Thus by applying A.M.> G. M. we have, f(0)+f(1) > .,/f(0)- f(1).

Hence we have, I = ./ f(0) - f(1). So,
1
[ r@ax = V7@ 7@
0

ThenI =
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Solution 2 by Soumitra Moukherjee - Chandar Nagore — India

Let
1 1

1
I = f £(x) dx = [xf (O] — f xf' (x)dx = F(1) — f xf'(1 - x) dx
0 0

0

1 1 1
=f(1)+fxf’(1—x)d(1—x) =f(1)+ff' (1—x)d(l—x)—f(l—x)f’(l—x)d(l—x)
0 0 0

Letz =1—- xthen,dx = —dzandwhenx =0,thenz=1.x=1,z=0
0

:f(l)"'ff’(z)dZ—fo'(Z)dZZf(l)+f(0)+f[%(2)ff’(z)dz]dz

1

1
= £(1) + £(0) - f f(z)dz = f(1) + f(O) —1I.
0

so, 1 =120 > /50y £ (D).

Proved.

23.f0<x<a,0<y<bc>0

c c
ﬂl:f<f\/x2+y2—2ax+a2dx>dy,
0

0

c

c
92:f< \/x2+y2—2by+b2dx>dy
0

0

then Q; + Q, < (a + b)c?

Proposed by Daniel Sitaru — Romania
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Solution by Subhajit Chattopadhyay-Bolpur-India

cC C

!21+!22:ff(\/x2+y2—2ax+a2+\/x2+y2—2by+b2)dxdy
00

Now, \/x% + y2 — 2ax + a% +/x2 + y2 — 2by + b% =
— [@ T+ B R

Again,/(a—x)2+y2 <a—-x+y; [0 <x<d]

and\/(b—y)2+x2Sb—y+x

Hence,/(a—x)2+y2+ /(b—y)2+x2<a—-x+y+b—-y+x=a+bh

c C
!21+!22Sff(a+b)dxdy:(a+b)cz
00

24.1f0<x<3,0<y<4a>0

a

a
.(llzf f\/x2+y2—6x+9dx dy
0 \0

a

a
.(22:f f\/x2+y2—8y+16dx dy
0 \0

then: 2, + 2, > 5a?
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash - New Delhi — India

PA+PB=x2+y2—6x+9+x2+y2—8y+16

=J(x =32+ Y2+ /(D) + (y -9 =32+ )2 =5
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B(0,4) P

A(3,0)

a a
nl+nz:f(f(Jx2+y2—6x+9+Jx2+y2—8y+16)dx>dyz
0 0

(i)

0 \0

Solution 2 by SK Rejuan — West Bengal — India

0<x<30<5y<9a=>0

:f<f x2 + y2 _6x+9dx>dy f(f\/(B—x)2+y2dx>dy>
0

0

a 1 1 a
(_[\/—E(B—x+y)dx]dy \/—Eb[lf{(3+y)—x}dx

1 e 214 1 2
Y
0
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0

Of{f (x+4 - y)dx]dy

ﬂ{[ ra-] Jar=

()f(f\/x2+y2_8y+16dx>dy=f<ofmdx>dy:

=>.(222\/l_ Ux+(4 y)}dx

a

1 2 1 Ta? y2
=/ {z @ -nafar= |7y dan -7 -
0
2 3
:%<%+4a2—%>—2\/_a

=02, >2V2a* (2)

3+9 7
2,.+0 >— +2 2—(—) Z50,+0 >— (—) 2a?
1 2 \/_a \/_a \/i a 1 2 \/_a 2 \/_a

=0, +2, >3-5V2a% > 5a% = 2, + 2, > 5a?

25. [ [(x? + 34y — 10xy — 6y + 2)?dx dy > 1
Proposed by Sameer Shihab-Riyadh-Saudi Arabia
Solution by Ravi Prakash-New Delhi-India
x%+34y? —10xy — 6y +2 =
= (x?2+25y*—10xy) + (9y* —6y+1)+1 =
=(x-5y)+@By—-1)?+1>1

11
ff(x + 34y? — 10xy — 6y + 2)?dxdy > 1
00
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26.1fn e N,n > 2, n —fixed, f:[1,n] - (0,), f — integrable,i € 1,n — 1

n i+1 i+1
0= ff(x)dx,o <a< min(f f(x)dx) < max(f f(x)dx) <pB

1 i i

then:

n—1 /i+1 2
(n—Dap+) (f £(x) dx> < (a+p)2
i=1 \ i

Proposed by Daniel Sitaru - Romania
Solution by Soumitra Moukherjee-Chandar Nagore-India

We know,

i+1 \ i+1 i+1 \
min<f f(x)dx | < f f(x)dx < max(f f(x)dx

i+1 i+1 i+1
aSmin(f f(x)dx\ Sf f(x)demax(f f(x)dx\ <pB

i+1 i+1
<f f(x)dx—a><f f(x)dx—p)go

i+1 2 i+1
S af + <f f(x)dx> < (a+p)f £(x) dx

n

[y

n—

:Zaﬂ+

i i=1

1 /i+1 2 n1i+1
<f f(x)dx> < (a+p) ff(x)dx
=1

i t i
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n—1 /i+1 2
(n—1)ap + Z (f f(x) dx) <(a+p)2
i=1 \ i

27.1f f: [a, b] - (0, 0),a < b, continuous,
m = min f(x), M = max f(x),n € N* then:

m nnt1) n (b b 1 u n(nz+1)
(M) z (b—a)? < | | <f E(x) dx) <f de) < <E> (b — a)2"

Proposed by Daniel Sitaru — Romania

Solution by Anas Adlany-El Jadida-Morroco

mk < fk(x) < M¥
Wehaveforallxe[a,b];0<m§f(x)SM=>{ 1 _ 1 1
Mk = fk(x) = mk
b
(
m (b — a) < f X (x) < M¥(b — a)
k

= a :(g) (b—a)? <

i(b— )<f 1 <i(b— )

kMk a) = k(x) — mk a

m n(n+1) n b b 1 " n(nz+1)
= <(M) 2 (b — a)Zn) < (f f"(x)) (f W) < ((E) (b - a)2">

. +1
since Y7 . k = n(nz ).
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28.1fe < a <c<bh < e?then:

X

(b—a)f x dxs(c—a)f dx

log x log x

Proposed by Daniel Sitaru — Romania
Solution Soumitra Moukherjee — Chandar Nagore — India
= (t — b_x_ _ a_x_ 2
Let f(t) = (t — a) fa 10gxdx +(b—a) ft ogs for all t € [e, ]

t
logt

b
x
f(t):f@dx—(b—a)

b
x
f dx =
log x

a

2 b b
x x(1 —logx)
+ | —————dx
logx]| (log x)?

. rbx(1-logx)
where: fa ~log"

, __ t(2logt-1)
¢ (t) o (logt)?

2
dx > 0. Let o(t) = ;;for all t € [e, e?],

> 0 forallt € [e, e?]

s0, @(t) is continuous on [e,e?], ¢’ (t) = 0 for all t € [e, e?]
so,fora<t < b, ¢(a) < ¢(b)

b? a?

> 0 where a, b € [e, e?], so, ffédx > (b — a)@

logh loga
wheret € [a, b]; f'(t) > 0 for all t € [a, b] c [e, e?]

so, f(t) is increasing and for c € [a,b] c [e,e?],f(c) = 0

b c
x x
(c—a)f de(b—a)f—dx
log x log x
a a

(proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

29.1f0 < a < b < 1then:
b

1 1 1 4
(o st o+ ez (143
b—a sin~1x cos 1x T

a

2

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash - New Delhi — India

Let0O<ab<1l.Fora<x<bhb,

1 1 4 8
—1. T 1e -
sin“1x cos 1x “sin“1x+cos 1x ™
— — 1, . _ _ T 1 16
and Vsin-1xcos 1x <-(sin"lx+cos 1x) =- — > =
2 4 sin-1xcos~1x — w2
1 1 8 16
1+——)(1+——)21+=+—
sin—1x cos—1x T T

b

R 1 f(1+ 1 )(1+ 1 )d >b—a(1+8+16)_(1+4)
b—a sin-1x cos1x X_b—a Tt w2 1

a

Solution 2 by Soumava Pal —Kolkata- India

1

sin"lx+cos 1x>2-sin"1xcos1x
(AM - GM)
s _ 1 4 1 4\2
:>—22\/sm‘1xc05‘1x:> >— = — - 2(_>
2 Vsin-lxcos-1x m sinlxcos™lx \&m
T
7 +1 N 4 42
-z () G y=a el
sinTtxcos 'x (4 2 (4 (4
sin"lx+cos 1x+1 4 42
sin"lxcos1x T T

2

1 1 1 4
=21+ =+ VR — o=\ 1+—
sin™'x cos™'x sin'xcos 'x 4
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2

b b
1 4
=>f(1+ — )(1 dxzf 1+ (1+ ) (b —a)
sin~1x coSs~
a a

b
1 f 1 1 4\?
= 5—a) (1) (1 eez) 2 (1+3)
b—a sin~1x cos 1x T
a

30.1fa,b,c € (2,),2(a) = | 11 dx then:

0 1+ax2+x*
2bc2(a) + 2¢2(b) + 2ab2(c) < a? + b? + ¢?
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash - New Delhi — India

Fora > 2, Ietﬂ(a)_foﬁ
—x2)(-1)x2
Q(a) = (1A

0 ey X < 0 = Q(a) is strictly decreasing on [2, ).

_ 1-x?2 1 —1—x2+2
Also, 0(2) = f; et X = oy ey 4X= g [(1+x2)2 1ix 2] dx
But,
1 1 1

T dx X |1 x(2x) 1 2(x2+1) -2

—_ = f = + | —m——dx=—+ f dx =
4 1+x2 1+x2l0 (1 + x2)2 2 (1 + x2)2

0 0

:%+E_Q(2)=>Q(2) :E.Thus,0<ﬂ(a)<§ Va> 2. Now,

2bcQ(a) + 2caQ(b) + 2abQ(c) <

1 1 1
<bc+ca+abSi(bz+c2)+i(c2+a2)+i(a2+b2):a2+b2+c2
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31. fol log?(1 + e*) dx < (f01 log(1 + e*) dx)2 + %
Proposed by Daniel Sitaru — Romania
Solution 1 by Daniel Sitaru-Romania
Let be f:[0,1] - R; f(x) = log(1 + &%).
ex (e®)'(e*+1) —e*(e*+1) e*

Tre ) )= @17 ez °

f'(x)=

M=maxf'(x) =f'(1) = 1)2 Let be g, h:[0,1] - R;

- x; h(x) =log(1 + *) +

g(x) = log(1 + e*) — ﬁ

e
(e+1Z "
g'(x)=f'(x) - ﬁ < 0 = g decreasing
h'(x) = f'(x) + ? +1)2 > 0 = hincreasing

By Cebyishev - integral form:

1 1 1
f (g(x) - h(x))dx < ( f g(x)dx> < f h(x)dx>
0 0

0

1
f (log(l + e¥) — (e—:;l)z . x) (log(l + e¥) + ﬁ . x) dx <
0
1
f (log(l + e¥) — e+ 1)2 dx f log(l + e¥) + (e—:;l)z . x) dx
0 0

1
1 e?

2
flog2(1+ex)dx—( 13 |0_< log(1+ex)dx> RO

0
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1 1 2
e? e?
2(1 + e* R — < + e S —
flog (1+e¥)dx e+ 1) = <flog(1 e )dx) e+ 1)
0 0

2 eZ

1 1 i
e
flogz(l +e¥)dx < <f log(1 + e%) dx) + 3(e+1)* 4(e+1)*

0 0

1 1 2
f log?(1+ e*) dx < flog(l +e)dx | + L <
- 12(e + 1)*

0 0

1 2
1
X
<<flog(1+e )dx) +—12

0
Solution 2 by Soumitra Moukherjee - Chandar Nagore — India
Applying AM > G.M:

1 2 1
1 1
B (f log(1 + e%) dx) > \/_§ ((}f log(1 + e%) dx)

0

we need to show:
1 1 1
— | log(1 + €* dx>f1021+ex dx
ﬁf g(1+e) g2(1+ e?)
0 0
1
V3

Ost1@2SIog(1+ex)310g(1+e)z0.5703and%z0.5773

& — > log(1 + e*) forall x € [0, 1]

SO, % > log(1 + e*) for all x € [0, 1], so,
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1 2 1

1
7t f log(1+e¥)dx | > f log?(1 + e*) dx
0 0

(proved)

32. Determine all functions f with the following property: They are defined

1 1
for all real numbers except 3 and — 3 and for each of those real numbers the

equalltyf( ) + f(x) = x holds.

Germany NMO
Solution 1 by Marian Ursarescu-Romania
(x+1)+ (x)=x; v qtl * !
fggg) P =x vx#g.0% 3
x+1
x+1 1-3z 71 x+1 x+1
X - = fl —F— +f( ): >
1-3x 1_3(x+1) 1-3x 1—-3x
1-3x

f(;x_+11) +f(:j31x) =2 (1)

1
_)x—1:>f 3x+1+1 +f(x—1):x—1:>
3x+1 x+1 3x+1 3x+1
1—3( )

3x+1

= f(X) f(3x+1) = 3x+1 ( )
From hypothesis and (1) and (2) =

f(1x+3 )+f(x)_x

)y 222
l f+f (3xx_+11) = 3xx_+11
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@ <f )+ f (1 31x) S (3xx_+11)> —xT 1x = 31x " 3xxtrl1
= fx)+f (1 31x) *f (3xx_+11) - ( 1x—+ 31x+ 3xx:11)

1

2\*
X — x+1 x+1
f(3x+1) (1 Bx) 1-3x

x+1 . x+1) x+1
1-3x 3x+1 1—-3x"

Solution 2 by Abdallah El Farissi-Bechar-Algerie
(F(ED)+r@=x

O fW=5(x+

x;t———a df(1+")+f(x)—xWehave!f(”l) ( )_1x+31x
f(x) f(1x+3x 1+_3x
then f(x) = %(x—% %)

33. Find all continuous functions f: R — R such that:

f(x) + f(3x) + f(9x) = 91x% + 26x + 3

Proposed by Marian Ursarescu-Romania

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

f(x)+ f(Bx) + f(9x) =91x*> +26x+3 (3)

Put g(x) = f(x) — x* — 2x — 1. We have
QD)=>gx)+x*+2x+1+gBx)+9x* +6x+1+g(9x) +81x*> +18x +1 =
=91x2 +26x+3 = g(x) + gBx)+g(9x) =0 (2)
Put x - 3x, we have (2)= g(3x) + g(9x) + g(27x) = 0 (3)
(2)and (3) = g(x) = g(27x) (4)
Putx — % wehave(4)=>gx)=g (%) (5)

Putx — %, we have (5) = g (%) -9 (#)
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X

Similarly, we have g(x) = g (:—7) =g (#) =..=g (ﬁ) vn € N.

The sequence (u,,) such that uy = x, up+1 = Z% We have lim,,_, ;o 4, = 0
We have g(uo) = g(uy) = -+ = g(u,) = g(u, +1) = -+ = g(lim,,, u,) = g(0)
Putx —» 0,we have (2) = 39g(0)=0=9g(0)=0=>g(x) =0Vx€ER
So, f(x) =x*+2x+1 VxeR
Wehave (1) = x? +2x+1+9x* +6x+ 1+ 81x* +18x+ 1 =91x* + 26x + 3

(True). Therefore f(x) = x> +2x+1 Vx€R

34.1fa, b, c € (0, ») then:

(1 + g)f <f e dx) + (1 + %) <f er’ dx) = <j(e‘x2 + exz)dx>

0 0

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash - New Delhi — India

LetA = fol e dx,B = fol e dx. Consider

c

1
£ = (1 + ?) AL 4 (1+ £)°BH ¢ > 0

AN |
F@=c(1+3) (-5)a +c@+01pert =

1 c—1 Bc+1 A c+1
(il e
t t2 B

Note that f'(t) <O0for0 <t < %, f'(0) >0fort >%

A

f(t) is leastwhen t = %. Thus, f(t) > f(g) Vt>0=f (%) > f (E)

c+1 1 c+1
c

1
b 2 a € 2
— —X _ X
=>(1+a) fe dx +(1+b) fe dx >

0 0
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c

A B
> (1 + E) B¢t + (1 + Z) Al = (A+ B)B+ (A+ B)°A =
1 c+1

=(A+ B)C+1 — <f(e—x2 + exz)dx
0

Solution 2 by Soumitra Moukherjee - Chandar Nagore — India

Applying Holder’s Inequality

oot (o]t s o) coome

0

1 c+1 1
c+1 bc a c _xz c+1 a~ ¢ b c x2
et (o) et (o)
0 0
c+1 1 c+1 c+1

(HS)Z(je—xZ) +(1+§)‘<fex2dx> 2<f1<e‘x2+ex2)dx>

0

c+1

35. Let f:[0,1] — (—1, 1) be a continuous function so that

1
ff(x) dx ¢ {—1,1}
0

Prove that:

<

1+ o5 ¥
0

oo FGdx f of ®

1+ efol f(x)dx

Proposed by Soumitra Mandal - Kolkata — India
Solution by Daniel Sitaru — Romania
ef(x)

g(X) = 1+ ef(x)
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1

1
eizolo log(g(0)dx ﬁ fol g(x) dx — (AM-GM - integral form)
1
f(x)
el F@-log(1+e/)ax o [ _ & 4
1+ef®
0
eJo F(dx 1 of®

efol(log(1+ef(x)))dx = fO 1+ef) dx (1)

X X

e
,tp(x)=m>0

¢(x) =logl +€%),¢'(x) =

1
Jensen

log (1 + efolf(x)dx) < f(log(l +e/®)) dx
0
1 eJo F@dx

<
1+ef01 fxydx — efol(log(1+ef(x)))dx

(2)

1 1 ef®
By (1), (2): </, 1j.ef(x) dx

Y

36.1fa,b € R then:

2(b — a)?/e** < 8 (Ve - \/5)2 < (v + e?) (b — a)?
Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal -Kolkata — India
Let f(x) = +e* for all x € [a, b] wherea < b

[WLOG let us assume a < b]

f'(x) = g > 0, hence f(x) is strictly convex

Applying HERMITE - HADAMARD Inequality
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b
b 1 b
SO P
b
ﬁeaT-i-bSmf\/? XS\/e_;-m

2
= 2(b—a)*>ye*? < 8 (\/E— \/F) < (e? +e*)(b— a)?
Solution 2 by Sameer Shihab-Riyadh-Saudi Arabia

Let f(x) =+/e* . since f(x) is concave up

2

a+b Ve + eb
\/ <—f\/?dx< >

a+b \/?+\/_

e 2 <

\/e“? " (Ver - m) m+r

a+b \/F_F\/;Z
¢ SG_ar a)z(r ver) ( 2 )

Vea+ . .
bu( J—) _% % Bergstrom’s inequality
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7 < (Ver —ver) <<+

_(b— (b - a)? 2
Z(b_a)z'ebTaSS(\/E—\/E)S(b—a)Z(ea+eb)

Solution 3 by Vinhhop Tran-Quang Tri-Vietnam

N|‘°=.

2
For the LHS inequality: 2(b — a)>Ve*? < 8(ve? — Veb)

a+b

b—a\’? e*—2e2 +eb b — a\? a-b _a-b
(:)( > ) < pA (:)( 2 ) <ez2 +e 2 -2
e 2

_ -b
sel+e t—tZ—ZZO,t:aT.

WLOG, assume that t > 0. Let consider function f(t) = et +e™t — t? — 2,
t € [0; +o0)

We need to prove f(t) =0Vt =0
flt)=et—et—-2t,f"'(t) =e'+et —2>0Ve (0; ). So the function
f'(t) increases on the interval [0; +), implies f'(t) > f'(0) = 0Vt €
(0; +). This shows that f(t) is an increasing function on the interval
[0; +c0). Hence, f(t) = f(0) =0Vt =0.

2. For the RHS inequality 8(Ve® — @)2 < (e +e?)(b— a)?

a+b

(\/F \/_) e®—2e 2 +eb
— )2 N2
Sa ¥ b <(b—-a) 8 Sat ob <(b-—a)
atb
e 2 2 2
@8—16ea+ebs(b—a) @8—16‘1;1, _a__bs(b—a)
e 2 +e 2
4 a—b>b

et + e—t
WLOG, assume that t > 0. Let consider function
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g() = etfe_t + t? — 2,t € [0; ©).We need to prove g(t) > 0 Vt > 0.
: —4(e —e™) . 4 (et — )2
g1 = (et+e02 269" =2 - =+ S(et e 03 0

vt € (0;+0). So the function g'(t) increases on the interval [0; +),
implies g'(t) > g'(0) vt € (0; +x). This shows that g(t) is an increasing
function on the interval [0; +x). Hence, g(t) = g(0) =0V t > 0.

37. Find m, n € N* such that x2 — x + 3 divide (x + 2)™ — (x? + 2)*, x € R.
Proposed by Marian Ursarescu-Romania

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam
Wehave (x +2)™ — (x2 +2)" = (x2 —x+3).Q(x) (1

1411 5+iVIT\ T _ [(—1+iVIT\"
Putx = ;o we have (1) = ( 5 ) = ( > ) (2)
. . m . n
Put x = =22 \we have (1) = (5_12'11) = (_1_2“11) (©))

7+5iﬂ)m _ (—s—iM)" N (—s—iM)Zm _ (—s—iM)" @)

Put@ we have( 5 A A .

(€))

Put a is the angle satisfy cos a = %5 and sina = _T‘/H

We have (4) = cos(2ma) + i - sin(2ma) = cos(na) + i - sin(na)

cos(Zma) = cos(na) (5)
{sin(Zma) = sin(na) (6)

2ma =na + k2w (7)
2ma = —na + k2w (8)

We have (5) = [
Lemma: If% is a rational number, we have cos 8 € {il; i%} Prove
We have% is a rational number = g =rn (r € Q)

With De Moivre’s Formula we deduce thatcosrm + i -sinrmandcosrm —i-sinrm

are algebraic integers = 2 cos rrm is an algebraic integer.
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But2cosrme Q = 2cosrme€Z
Now from —2 < 2cosrm < 2sowehave2cosrme {—-2; —1;0;1;2}
orcospf € {il; i%}
Wehave (7)=> 2m—n)a=k2r=>2m-n=20 (Sincege N=>2m=n (9)
Wehave (8) > 2m+n)a=k2r=>2m+n=20 (Sinceg elN=-2m=n (10)
We have (10) = —sin(na) = sin(na) = sin(na) =0=>na=q2n(qeZ)>n=0
(sinceg € I) (Absurd). We have (9) = sin(na) = sin(na) (True)

Therefore with 2m = n,x? — x + 3 divide (x + 2)™ — (x2 + 2)", x €R

38.1f0<a<b <72—rthen:

b

3 . ¥ X . 7 7

71 x tanx(smi+tani)\/smxtanxdx>b —a
a

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

We first prove that vx € (0, g) ,sinx > x+/cos x

2 2 2 2

S sin“x>x“cosx < 1—cos“x > x“cosx

© 1> cosx(x?2+cosx) © secx > x2+cosx (1)
Let f(x) = secx —x* —cosx VxE€E [Og)

f'(x) =secxtanx — 2x + sinx = g(x) (say)

3

g'(x) =sec’x +tanxsecxtanx — 2 + cosx

= secx (1 + tan?x) + secxtan’?x — 2 + cos x

= (secx + cosx —2) + 2secx tan® x

A-G
> 2+/secxcosx —2 + 2secxtan?x
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=2—-2+2secxtan’x =2secxtan’x>0

~gx)=f'(x)=g0)=0> f(x) =f(0)=0

. secx —x%—cosx > 0, equalityatx =0

n 2
> Vx € (O,E),secx—x —cosx>0

= sinx > xvcosx (from (1))
L ) sinx ) :
= sin®*x > x* cosx = > x* = sinxtanx > x“ = Vsinxtanx > x
cosx

A-G
Also, sinZ + tanz > 2 /sinftanf> 2(5) = x
2 2 2 2 2

3 X X i
~x’tanx (smi + tan E) Vsinx tan x

(4
< SR -
>x XX X=X ( VxE(O,Z),tanx>x)
: 1
~ LHS > 7fx6dx: 7(7) [x"12=b" —a’
a

Solution 2 by Daniel Sitaru — Romania

2 in2 4sin22 4sin22 2
. x sin? x x
sin x tan x — (2 tan —) = —-—F= 2+ (cos2 - — 1) >0
2 cos x cos“3 cos x cos”> 2

\/sinxtanx>2tan§>2-§:x, (D)
4
f: (OE) - R, f(x) =sinx + tanx — 2x, f'(x) = cosx + tan’ x — 1

sin x (2 — cos3 x)

f'(x) = > 0,inf f'(x) = inf f(x) = 0 - f(x) >0

cos3 x

= - X X
sinx +tanx > 2x — sinz + tan_ > x, (2)

tanx >x, (3)

By multiplying (1), (2), (3) »
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X X

x3 tan x (sini + tan E) Vsin xtan x > x®

b
b b 1
fx3 tanx(sini+ tani)\/sinxtanxdx > ?(b7 —a’)
a

39. Let f: R* - R* be integrable and satisfying
fxt+ @A —-t)y) <tf(x)+(@1—-t)f(y)wherex,y € Rtand t € (0,1)
Show that:

a b 1
ﬁ 1 f(x*)dx + ﬁ 1 f(x*)dx =2 Oj (ab)z f(a** — a¥b* + a?*b? — a*b¥ + b*)dx
wherea,b > 0.
Proposed by Soumitra Mandal-Chandar Nagore-India

Solution by Daniel Sitaru — Romania
1

1 a
x=a’->—— | f&Hdx = | a?f(a?)dy
logalf of

1
loga

a b

1
ff(x4) dx + logh f f(xY) dx =
1 1

JENSEN

1
= f(axf(a‘”‘) + bxf(b4x)) dx =
0

a5x + b5x AM:_\GM
—]dx =
a* + b*

1
> | (a* + bx)f<
/



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1
> 2 f Va*b* f(a® — a®*b* + a?*b* — a*b3* + b**)dx
0

40.1f0<a<b <72—rthen:

b 4

COS X 1 b\5 5 sinb
f - dx<—(log—> . log( - )
sinx +4xcosx 5 a sina

a

Proposed by Daniel Sitaru — Romania

Solution by Abdallah El Farissi — Bechar — Algerie

b b 1
CcoS X AM-6M1 (1 ,cOSX\E
- dx < = —4( - ) dx
sinx +4xcosx 5 s \sinx
a a X

and by Holder inequality
4

Uil =

b b 5/b 4 1
COS X 1 dx CcCOS X 1 b\5 sin b\5
f - dx < - f— f - dx =—(ln—) (ln - )
sinx +4xcosx 5 X sinx 5 a sina
a a a
4 1
5

sin b\5
(ln - )
sina

(w2

41.Fora,b,c € (0,); a< b <c;f:[0,a] - [0, b]; g:[0,b] - [0, c]

continuous, bijectifs and strictly increasing functions prove that:

1/ 1
[ @ep? @ax+ [ e g7 (v < ac
0 0
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Proposed by Daniel Sitaru — Romania

Solution by Daniel Sitaru — Romania

(gof)(x) €ef0,c]=(geo Hlx) <c;(V)x€[0,a]

a

f (g0 f)? (Wdx < - f ¢ (gof)x) dx = f (g f)(x) dx

0
(flogHel0,al=(fog ) <a(mxeloc]

gf(f‘ o g )2 (x)dx < - fa(f tog™) (n)dx = f(f tog™) (x)dx
0 0
~[ (@7 ax < f (g f) (X)ax
0 0
[t egy axs [ e g0 dx
0 0

~[@epr ax+2 [( e g7 @ax <
0 0

< f(g o f)(x)dx + f(f‘1 o g ) (x)dx = ac
0 0

42.1f0<a <1, f: [a,l] - R, f convexe and increasing function then:

1 - a? <1+a> f( 1_aa2<f(“)+f(%)>

>f(x)dx <
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Proposed by Abdallah El Farissi-Bechar-Algerie

Solution by proposer
- . i 1 1) .
f is increasing convex function on [a, ;] then f (;) is convex too, then by

H-H inequality we have

QIH

a

1
2
2f<1+a>sl_aaz(ff(x)dx+ )< fl@+f )>
1

2a

a

in the second integral we use the changmenty = ~we get the inequality

43.1fa, b, c € (0,%) then:

0<f(f(f(z:(tanx+2tanytanz)+41_[tanx)dx>dy>dz<abc
0o \0o \0

Proposed by Daniel Sitaru — Romania
Solution by Soumitra Mandal — Kolkata — India
Let £: [0, c] - R* defined by
f(x) =tanx(4tanytanz—2tany —2tanz+1)+tany +tanz—2tanytanz
for all x € [0, c]. Now,

f'(x) =sec’?x(4tanytanz—2tany — 2tanz + 1) > 0 since

x€(0,¢c) c (Og)

andy,z € ( ) So, f is continuous on [0, c] and f'(x) = 0 hence

f is increasing on [0, c]. So, f(g) > f(c) = f(x) = f(0)
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=S 4tanytanz —2tany —2tanz+ 1 > f(x)

>tany +tanz—2tanytanz
1 1
> (2tany—1)2tanz—-1) > f(x) = E—E(Ztany— 1)(2tanz —1)

>1>f(x)>0forally,ze (O,E)

a/b
0Sf<f (f Z(tanx+2tanytanz)+41_[tanx)dx>dy>dzsabc
0 \0

44 If a, b, c > 0O then:

cxt +1 a b 4
e (%) (3 (2)
c a
Proposed by Daniel Sitaru — Romania

Solution 1 by Nishant Kumar-Jamsedhpur-India

x6+1
b

x*+1 1 1
af dx=a [tam_1 c+ Etam‘1 c8—tan"1p — Etam‘1 bS]

let f(x) =tan1x + %tan_lx8 —logx; x > 0;

x8

1+x2 1+x6

Ifa < b; f(a) > f(b)

f'(x) =

— % < 0; f(x) is decreasing V x > 0.

1 1
tan la+ gtam‘1 a® —loga >tan™1b + Etan‘1 b® —logh

1 1
tan‘1b+§tan‘1b —tan™ 1a—§tan a® <logh —loga

c

b b
x*+1 b (x*+1 b b
fx6+1delogE’ cfx6+1declogE—log(E)
a a
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bxt+1 c
cl, L b
“E L o
bxt+1 a
similarly for b < ¢ = e®exe1% < (i) (2)

bx%t+1 b
b d
andfor ¢ < a = e?ew1® < (g) (3)

multiplying (1), (2) and (3) we get the result

eax*+1 a b c
e < (@) ()
Solution 2 by Soumitra Mandal-Chandar Nagore-India
x®+1 — x — x° where x € (0, )
=x°(x-1)-(x-1)=(x*-1)(x-1)

=(x-1D*(x*+x3+x2+x+1)>0

4 4 a
4 cx*+1 cx*+1
X +1 < 1 . NOW’ ezafbx6+1dx = l_[ (efbx6+1dx> <

Cxb+1 T x -
cdx\ ¢ a
<[ (%) =] e =] [()
cyc cyc cyc

Solution 3 by Redwane El Mellass-Casablanca-Morocco

ot
Let(x>0)—x6+1.
. ) 1 x*+x—-x0-1 —(x—-1D*(x*+x3+x>+x+1)
A x  x(x6+1) x(x6+1)

ey e o - o) (5
X

Solution 4 by Abdallah El Farissi-Bechar-Algerie

For all x > Owe have (1 — x)?2(1 + x + x%2 + x3 + x*) > 0 then
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1+x*

(1-x)(1—-x°) 2 0itfollow that

exp(Ya f;j’; ]Sexp{zaﬁdx]

b
= fld bfld fld
—expabxxexp Lax(expyc [ —dx
a

c

= expfin (§)Jexo im (%) exn fin (%) ] = (5 ()’ (2

Solution 5 by Ravi Prakash-New Delhi-India

1
x

c

xt+1
x6+1

1
For x > 0; <;<:>x5+xSx6+1

ext-xS+1—-x>0eox(x-1D-(Kx-1)=>0

Sx-DE*-1)z200(x—-1)>2@*+x3+x2+x+1) >0
C C

x4—_|_1 1 B c fcx+1d 15— c\ 2
.'.fx6+1dxsf;dx—ln(b)=>e bxb+1 < e n(b)—(z)
b b

Similarly for other expressions. Thus ezaf;i:_ﬁdx < (E)a (g)b (E)C

b c a

Solution 6 by Saptak Bhattacharya-Kolkata-India

6 4 [yt 641)% 4.1)3
x+12\/x+1$(x+1)>(x+1)

6
Bypowermean.\/2 > T = s

x4+12< 2 ¥+l V2
> | — —
x6+1) " (x*+1) x6+1_\/x4+1

,61 So

20 25 g sn(ef”c%) :1—[(%)“
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45. Prove that:

n
3
1 3
(arctan x arctan —) dx < —
X 96
T
6

Proposed by Daniel Sitaru — Romania

Solution 1 by Abdallah Ell Farissi — Bechar — Algerie

Let f(x) = arctan(x) arctan G) for all x € (0, ) we have
1 1 ()
1 (arctan (;) — arctan(x )

then f increasing on (0, 1) and decreasing on (0, +) it follow that for

f(x)=

A

all x € (0,+0),f(x) < fF(1) =Z.

n
3
f tan(x) arct (l)d Try=T
”arcanx arctan | x_6f =96
6
Solution 2 by Anouy Chakraborty — India

VA

3

ft 1xt ‘11<”3 e[nn]t 1x>0
an 'xtan  —<—; x€|—,=|,tan ' x

J x~ 96’ 6 31"

6

2
1
(t::m‘1 x+tan‘1—)

()

using AM < AM, (tan‘1 xtan~1 i) <
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1 T
tan 1-—=cos1x xtan lx+cos1x= >

2
* <Tt_

3 2 T 77.'3 - -
—_— [— [— - <_
It suffices to show that ﬁ, dx = 56 = 16 X 6 = 96,WhICh IS true

T

LU r
3 3
f can-1x tan-1 1 Iy < f (tan"'x+ cos 1x)? m3
= | tan"lxtan ! =dx < =—
X 4 96
T T
6 6
— India

Solution 3 by Soumava Chakraborty — Kolkata

Lettan 1x =0 - tan_lg <0 <tan!
T T T T T T T
c—o—tanl(z)<--0<--tan'l(=)20<--0<—-

2 (3) 2 2 (6) 2 2

_ 1 _ b4 _ 1\ _=m .. b4

NOW,x—tanB:;—tan(E—B):>tan1(;)—;—0 (.0<E—0<E)

2 n 2
aM-¢m [0+ 5 —0 T

~tan"1(x) - tan™?! (;) = ( 0 (g — 0)) < + =Te

Wiy

RI”
w
o))

f (tan1x) (tan - dx f

L3
6
Solution 4 by Rovshan Pirguliyev — Sumgalt — Azerbaidjian

T
3 1
J: arctanx - arctan ~dx < % *)

1
X E [ ,arctanx > 0, arctanx >0
(arctan x + arctan x)? (a + b)?
arctanx - arctan— < 2 , ab < T

X
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1 1
1+x2 1+ x2

f(x) = arctanx + arctanx; f'(x) =

(%)

arctanx - arctan .
Solution 5 by Soumitra Mandal - Chandar Nagore — India

=0$ﬂﬁ=g

= —. Hence (*) proved.

T T

3 ) 3 )
ft “l¢an~1 — dx —f tan 1y +tan” 1—) dx
4 X
T T
6 6

11'2

dx [tan‘1 x +tan~?! 1_ n] =
1 x 2]

O A— Wy

Solution 6 by Saptak Bhattacharya — Kolkata — India

-1 —1.42 2
tan lxcot lx < (W) (AM = GM) = 711—6. So,

3
ftan xcotlxdx < m (E—E)—n—z
J ~16 \3 6 96
6

(Proved)

46. Let f: [a, b] — R be continuously differentiable function and

b
f f(x)dx=0
a
Prove that

(b—a)?

7 max{f'(x): x € [a, b]}

b
f xf(x)dx| <
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Proposed by Duong Viet Thong
Solution by Abdallah El Farissi — Bechar — Algerie
Let M = max{f'(x),x € [a, b]} and g(x) = f(x) — Mx, clearly g is

decreasing function then by Chebyshev inequality we have

fabxf(x) dx < bT1a<fabg(x) dx) (fabx dx)

then

fbxf(x)dx Sﬁ(fbf(x)—dex)(fbxdx>+bex2dx

b b 2 . 3\3
:M(f xzdx—bia<fxdx>>:M%.

47.Lleta, b, c > 0. Prove that

b c a

Zfarctanx farctanx Zfarctanx

a 3

dx + b? dx + c dx < a®+b3+c¢

0 0 0
Proposed by Daniel Sitaru — Romania

Solution by Togrul Ehmedov — Baku — Azerbaidian

1 1

x—tan~10 1 tan~1x
= S]_,
x—0 1+ g2 X
b

b
arctanx
f—dx<fdx: b
0

tan™

X
0



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

c

b a
arctan x arctan x arctan x 2 2 2
dx < a“b + b“c + c“a
0 0

0

b3 + b3 + 3 > 3b%c = a® + b3 + 3 > a’b + b3c + c?a
c3+c3+ad>3c%a

b c a

, [arctanx , [arctanx , [arctanx 3 3 . 3
a* | ——dx+b° | ———dx+c* | ———dx<a’+ b’ +c
x x x

{a3 + a3 + b3 > 3a?b

0 0 0

48.1f0<a<b <72—rthen:

b

Ef(sin(cos x) + tan(cos x)) dx > sinb — sina
a

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash - New Delhi — India

Let f(x) =sinx+tanx—2x,0<x <1
f'(x) = cosx +sec’x —2 > 2+y/cosxsec?x —2 = 2(vsecx—1) >0
for0 <x <1.Thus, f(x) >f(0)=0,for0<x<1

[
= sin(cosx) + tan(cosx) > 2cosx,0 <x < 3

b b
= Ef[sin(cos x) + tan(cos x)] dx > f cosxdx =sinb —sina

a a

[0<a<b<§]

Solution 2 by Nishant Kumar — Jamshedpur — India

LS

Weknowsinx =x —=—+=——-=—+
31 5 7
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. x3 2x°
sin x =~ x for smaller value of x; tanx = x + ?+ E_"

tan x > x for smaller value of x: sinx + tanx > 2x

sin(cos x) + tan(cos x) > 2cosx

b b
fsin(cos x) + tan(cos x) dx > 2] cos x dx
a a

m0<a<b<§
b
f sin(cos x) + tan(cos x) dx > 2(sin b — sin b) {

a

0<cosa<1}
0<cosb<l1

Solution 3 by Richdad Phuc-Hanoi-Vietnam
By Katsuura inequality: sinx + tanx > 2x ,x € (Og)

sin(cos x) + tan(cosx) > 2 cos x

b b
f sin(cos x) + tan(cos x) dx > 2 f cosxdx = 2(sin b — sin b)
a a
b

1
Ef(sin(cos x) + tan(cos x)) dx > sinb — sina
a

Solution 4 by Soumitra Mandal-Chandar Nagore-India

3 3
We know sin x 2x—%forallx2 0 and tan x 2x+%forallx >0

b b
1 1
—f(sin(cos x) + tan(cos x)) dx > Ef <cosx —
a

cos3 x cos3 x
+cosx + x

2

a

N =

b 3 b
CoSs’ x . .
2cosx + o dx > | cosxdx =sinb — sina
a a
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49.a.2 (f: e dx)2 + 2 (f; e dx)2 > (f: e dx)2

,,.< fe dx):( fe-xz>:< feo dx)z

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash - New Delhi - India
Leta = f: e dx,b = f23 e“dx, a+b= f; e dx
(@) 2a®+2b%= (a+b)?+ (a—b)? = (a+b)?
(b) (a + b)? = a®? + b?> + 2ab > a* + b* [+ ab > 0]

50.Ifa,b,c >0

: (x2+x+1)
2(a) = j X dx
i

x+ 1D+ x2+1)
then:

(2(a) + 2(b) + 2(0))’ = | [1og(Va?+1+a?)

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

a

Jx(x? +x+1)
s Vx+ IWxt+x2+ 1

2 +1=0(2+1)2 -2 =2 +x+ D)2 —x+1)

2(a) =
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s 0 (a) =

f v dx:dex
J Jax+1)(x2 —x+1) J 2

-

‘:)%Zgln(\/a3+1+\/a3)

3
Putxz = t,%\/}dx =dx

2 dt 2
. _z _z 2
...(l(a)—30 = 3ln(t+\/t +1)

Now, 2(a) + 2(b) + 2(c) > 3[(2(a))(2(b))(2(c))]?
= [2(a) + 2(b) + 2(c)]? = 272(a)2(b)2(c)

:8n[logm+\/ﬁ]2n[log\/m+\/ﬁ]

Solution 2 by Saptak Bhattacharya-Kolkata-India
4>1254x+ 1) +x2+1)> (x+ 1) (x* +x% + 1)
54 +1D)E2+x+1D)2—x+1D)> G+ 1D +x2+1)
243+ D2 +x+1D) >+ D +x2+1)

x(x?+x+1) - X
=
(x+1D*+x2+1) 4(x3+1)

3 x(x2+x+1) 3x?
G+ DO +22+1) 2 /53G3 + 1)

3 x(x2+x+1) 1 3x? N 3x?
>
x+1D)(*+x2+1) B3 r1+Va3\2vVa3+1 2Va3

= Integrating from 0 to a,



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

30(a) > 3x 3x d
“ fvxs—++v_<zm z@) *

n(VaF1+/a)
= 30(a) > j a{in (V7 +1+x%)}

0

= 30(a) > In(Va® + 1+ Va3). Thus,
27 [12(a) > [1(InVa3 + 1+ Va3). But by AM > GM;

(Z .(l(a))3 > 271_[.(2(a) > 1_[ In (Ja3 +1++a3)

49
51. f Vasinxdx >~

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India
Let f(x) = sinx — (x——) 0<x<1; f'(x) =cosx— (I—Exz)
f'(x)=—=sinx+x>0for0<x<1= f'(x) Ton[0,1]
> f'(x)>f(0)=0for0<x<1-f(x)Tonlo0,1]

:f(x)>0for0<x§1.'.sinx>x—%x3,0<xS1

1

f\/_ d >f( g 1 Z)d 2 2 49
= - — - — —
x sin x dx X 6x X = = 6><9 135

0
Solution 2 by Saptak Bhattacharya-Kolkata-India

f\/_smxdx—Zflxsmxd Puty/x =t
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1
= thzsintzdt
0

. k3 . to . 2t8
Now, sink > k — —. So, sin t? > t2 - 2t2 sin t? > 2t* -

1
=>2ft2' tzdt>2f t* dt—2x49—49
St 54 x 5 135
0 0

52abe@2)a<b

Prove that exists a, B € (a, b) such that:
b
ftanxdx fcotx dx | <

a a

(b — a)?
sinff cosa
Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India
Let f(x) = ﬁfor all x € (Og) and g(x) = 1forall x € (Og)
1. f(x) and g(x) are integrable on (Og)

2. g(x) keeps the same sign on (Og)

b b

dx 1
.-.ftanxdxsf = (b — a)

Cos X COoS X

a a

where a € (a, b)

Similarly, f cotxdx < [P-2 =222 \yhere g € (a,b)

a sinx smﬁ
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b b
2
(f tanxdx) (f cotxdx> < %

a a

53.0<p<g< %;f: R — R a continuous function,

qcost \/if
f f(x)dx < f f(x) dx, vt € (o,g)
psint %

Prove that: qf (%) +pf (%) =0
Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India
Let F(x) = [, f(t) dt
As f is continuous on R, F is differentiable on R, and F'(x) = f(x)

Let G(t) = qu:iflsttf(x) dx.te (0, g) = F(qcost) — F(psint)

we have G is differentiable on (Og) and G(t) < G G) vVt € (Og)

s

4

-G (g) =0 = —qsin (g) F' (\%) — bcos%F’ (%) =0

> qf (%+ bf(%)) =0.

= @ attains maximum value at t =

54. From the book “Math Phenomenon”
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2

e
4

1
f\/l —x%2cos 1xdx >
1

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

Letcos 1x=0,0 € [0, r]

1
f\/l —x2cos 1xdx=x=cos@ (~in[0,m] sind > 0)
Z1

0
= /1—x2=+/sin20 =sin@: dx = —sin 8d0 = fesine(—sine)de
w

3 3

1 1
= _Ef 0(—2sin@)do = _Ef 0(cos260 — 1)do
0 0

= _g(f(;'ecosede—f:ede) - (1)

1
f@cosZOdOzefcoszede—ifsinzede

0 1 ; 0sin20 cos20("
:E(sm20)+zc0520+caf@cosZOdOZ[ > + i
0
T COS 2T 0-sin0 cosO
:(ESIHZTE+ )—( > + 2 ):1—1:0

. 1 -1 —_1 1rn2
~(1)= [, V1 —x*cos xdx——E(O—E[O ]’0')

1 2 2 m?:  e?
=—-——]=—"m>e..—>—
T>e 2 2

55. Solve for real numbers:
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x2+.y2 +12 = y% + 60
y2 +4/z2 +12 = /22 + 60
22 +x2+12=+/x2+60
Proposed at Spanish-TST

Solution 1 by Abdallah El Farissi-Bechar-Algerie

Let f(x) = Vx+ 60 —vx + 12, x € [0,+0co[, we note that x = 4 is an

unique fixed point of f (f is contractant function on [0, +oo,

F) = FO < ;7 +755) Ik — ¥ < 5 lx = yl)

Let g(x) = f o f o f(x) we have x = 4 is an unique fixed point of g (f is
contractant function then g too)
X2 = \/yz + 60 — \/yZ +12 X2 = f(y2) X2 = g(xZ)

y2 =22+ 60 — 22 + 12 = {¥? = f(2?) = {y* = g(»?)
2=Z+60—xZ+12 ‘2 =fC") \2*=g(z)

then x? = y? = z2 = 4. The set of solutions of the system is
A={(x,y,2),x,y,z€{-2,2}}
Solution 2 by Soumava Chakraborty-Kolkata-India

Find all x,y, z € R satisfying:

x2+y?+12 =./y? +60 - (a)

y2 +Vz2 +12 =Vz%2 + 60 > (b)

z2 +Vx2+12 = Vx2 + 60 - (¢)
Va2 +60 —Va2+12>or<d4 o Va2 +60>or<4++Va?2+12
sSa?+60>or<16+a?+12+8Va2+12 o4 >o0r<+Va?2+12

©16>or<a’+12oa’*<or>4
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cVa2+60-Va2+12>4 a2 <4-5 (1)

andvVaZ+60—-Va2+12<4 o a?>4- (2)

Let us assume x2 > 4 . (a) = /y2 + 60 — /y2 + 12 > 4 = y* < 4 (by (1))

~(b)=>VzZ + 60 —VzZ + 12 < 4 = 7% > 4 (by (2))

(€)= Va2 + 60 — Va2 + 12 > 4 = x? < 4 (by (1)), thus leading to a
condition. Hence, x? » 4 — (i)
Similarly, if we assume x? < 4, we shall obtain x? > 4, this again leading
to a contradiction. Hence x? < 4 — (ii)
(i), (i) x2=4:.C)=22=4:-(b)=>y> =4

x=2 x=2 x=2 x=2 x=-2 x=-2 x=-2 x=-2
’ y:2>’ y:2>’ y:_2>’ y:_2>’ y:2>’<y:2>’<y:_2>’<y:_2>
z=2 z=-2 z=2 z=-2 z=2 z=-2 z=2 z=-2

are all possible solutions.

56.Ifa, b,c > 0 then:

ae"2+e‘x2 be"2+e‘x2 Ce +e ¥
dex+ fW‘Ff 5x + 1 dx>6\/
-a -b -c

Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Greece

a e"‘2 +e""2

Let's say that Iy = [ “——

dx (1)

o 25(er+e )

We transform as: u = —x. Theneasy I; = | e 2ir1

dx (2)
So by (1) + (2)
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a a
21, = f(ex+e‘x2)dx2 dex:4a=>11 > 2a
-a -a
(since e* + e* >2 Vxe R). Working on the same idea, we have
b

xx2+e—x
IZ = deX$21224b:0
-b

x2 | ,—x2
I, > 2bandfinally if I, = [, ===

=13 = 2c
AM—GM
So:l;+I,+I;=2(a+b+c) > 63abc
Solution 2 by Ravi Prakash-New Delhi-India

2. 2
Fora >0k >0, letl= [ “>=

(1)

At -2 x( px2 4 ,—x2
Putx = —t sothatl = [ kea+i1 (-1)dt = f_kkde (2)

U a*+1
Adding (1) and (2), we get
k k k
2] = f(e"2 +e ™ )dx=1= f(e"2 +e ) dx > Zf =2k
“k 0 0

a exz + e—xz b exz + e—xz ¢ exz + e—xz
|l ———dx+ | —————dx+ | —————dx
f 1+ 2% 1+ 3% 1+ 5%
-a -b -

1
>2(a+b+c)=6(abc)3
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57.1fa>0,f:[0,a] - R, f'(a) = f(a) =0,
f € c%([0,al), f'f" € c'([0,a]) then:

60 ( f F(x) dx> < a® ( fa (f’(x))zdx> ( fa (f”(x))zdx>

Proposed by Daniel Sitaru — Romania
Solution by Chris Kyriazis-Greece and independently by Soumitra Mandal-

Chandar Nagore-India

fla=f(a)=0

a 2 a 2 a a
( f f(x)dx> = ([xf(x)]§3 — f xf’(x)dx) < ( f xzdx> ( f (f’(x))zdx>
0 0

0 0

_ “;3<f(;1 <f'(x)>2 dx). again,

2 xX=a
(f f(x)dx> = (f xf’(x)dx> = ([%f’(x)] —%f xzf”(x)dx>
0 0

0 x=0

2
a a a 5 a
- (% [ xzf”(x)dX> s i(f d) ( | U"(x)fdx) - %(f Y ”("”Zd">
0 0 0

0

(ff(x)dx) < %(f(i’(@)%lx) (f(f”(x))zdx>
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58.Ifa,b,c,d >0,a+b+c+d=m

2a

2(a) = f arctan;x +1) dx

a

then: 2(a) + 2(b) + 2(c) + 2(d) < (1 + log 2)

Proposed by Daniel Sitaru — Romania
Solution 1 by Anas Adlany-Zemamra-Morroco

We have known that for any x > 0,tan(x) < x that is

2a 2a
arctan(x + 1) x+1
Zﬂ(a)SZf deZf dx =
x x
a

=Y a+1n(2) < (1 +log(2)). Hence proved.
Solution 2 by Michel Rebeiz-Hamra-Lebanon

f(x) =tan"!(x +1); f'(x) >0

X —00 0
f'(x) T
fix) == e A
2 - 2
f(x)<fanda<x<2a_>x>o;@:%

2a
ff(x) f dx; ﬂ(a)<§ln2; Zﬂ(a)<4 xglnz

Zﬂ(a) <2ntIln2<m+mln2
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59. Find:

L =lim | sin(Vx) dx |
n—oeo

0

Proposed by Regragui El Khammal-Morocco

Solution by Daniel Sitaru-Romania

3 n—s
X Vx
x-= <sinx,Vx — - < sin(Vx)

. &

3
@ LG < [ smmas
=+1] 0 —+1l 0

m\"+1 \"+3 3"
(7) 1 (7) < f sin(Vx) dx

1 1

(2x—-1)n N xlog2 (xlog2)2  (xlog2)" "
1 2t T

60.2,, = lim,_, ;n € N*

Find:
n

2=1m ) 0,
n—o>00

k=1
Proposed by Daniel Sitaru — Romania
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Solution by Ravi Prakash-New Delhi-India

xlog2  x%(log2)? x"(log2)" ant1(log2)nt1
Let: a = 8 + (log2) + .o+ (log 2) ;b:#+... .Now,
1! 2! n! (n+1)!

= (xlog2)k
a+b:Z—( 82) =82 _1=2"-1= (a+b)" =" -1)"

k!
k=1
_ n\ n-1 _ n\ n-2;2 e vei_ PN
2, = lim|[———— 1] = lim () e ()" b
T x50 (a+b)" an x—-0 (a + n)"a™

(log2)* 1(log 2)"+1

Coefficient of x2™ in a™ 1b in the numerator: —

(n+1)!
2n - n (log2)*(log2)™
Coefficient of x*™ in (a + b)"a™ is: Ay
Also, on the terms except first in the numerator involve x3™ and higher
_ _(n _ __ (@m+1-1),
powers of x. 2,, = (1) s D)} vn=>1, 2, = D
2, = ! S 0 1 1t 1 N=-1
"__(n' (n+1)')=>z n (_'_5) (5_5)=> T
n=1
61.4 = (0 1) Am = (“" b") neN*
1 1/ c, d,)
a,+b
Q= lim( = ")
n-o \C, + dn

Prove that: 2 <1
Proposed by Daniel Sitaru — Romania
Solution 1 by Francis Fregeau — Quebec — Canada

0 1 1++/5 1-+5
A:[ ' 11: 2 ,AZZT
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= E = (—1““‘@);152 - (—1—\/3)

“M=E{UE,>A=MDM™1: D= [0 A]=>A"—MD"M‘
2

1 [5/1" VBAT + 547 + V548 517 — 3V5AT + 5% + 3\/3115‘]

10 2V54% — 2v/521% —51% + V54 — 543 — V543

1 104} —4V52F  10-445
lim A7 =0~ L =—1lim = <1
n—co 10n->0 —527 + 3547 10(3V5 - 5)

Solution 2 by Manish Moryani — Satna — India
Let bethesequence fo =0;f1 =1, fns2 = fn + fne1 With the

characteristic equation 4> —1—-1=0

lix/g;fn:a<1+\/§> +B<1—2\/§>

Ao =
12 2 2

1++/5 1-+5

fo=a+B=0f1=a ——+p ——=1

_<1+\/§>" 2 (1-V5)\"
=) E= )

) and we prove by induction that:

2. ,__ 2 . _
\/’g’ﬂ_ \/’g’fn_
(fo f1
fi 12

o=t g )meva=ara= ()@ )=

(o Do T = (0 = @)
(an+b ) fo*fara _ o foiz _

=lim— = 1lim
c, +d, "_)oofn+1 +fn+2 n—oo fn+3

a =

L = lim

n—>oo



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

i 1+\/§ n+2_£ 1_\/§n+2
Js\ 2 Vs\ 2 2 _VJ5-1
m = = <1

2

o o <1+\/§>n+3 2 (1—\/§>n+3_\/§+1_ 2
2 (1+V5 2 (15

V5 V5

62. Find:

=1
Proposed by Daniel Sitaru — Romania

Solution by Togrul Ehmedov — Baku — Azerbaidian

2 n 12422 4... 2
1_[3_(5) = lim \/e_[ . n-; = ] =

n—>oo

12422 +.--+n?

~ lim <[n(n+1)(2n+1) ) _ e_l

= lim e_ n3 = e n-ow 6n3 3
n—>0oo
63. Find:
. 1 1
@ = lim 1+ 2016 + 3 3 2016 n4032> ‘Inn

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal — Kolkata — India

) 1 1 1
N = 1!11_)1130 1 + 12016 + 2 + n2016 Tt n4032 Inn
1 1 1 1 1
We have, 1+n2016 "9 +n2016 < 27" 4032 < n
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1 1 1 1 1

Similarly, -1 < m"f pywerTE ,,,,—;<

1 1 1 1 1
—lnn(l +E+ "';) <In (1 T 12016 + 2 + 12016 e +n4032)

1 1
<lnn(1+—+---+—)
2 n

—Inn(y,+Inn) <N <Inn(y, +Inn)
wherey, =1 +%+%+ +%— In n Euler’s Constant

|2 — Inn(Inn + y,)| < e will hold. only if there exists a k such that
k = [In?n] + [Inn - y,,] where [x] =gif function

~1lim 2 =limInn(Inn+7y,) =lim(nn)?+ylimlnn
n—-00 n—>0oo

n—>0oo n—>0oo
where y = Euler’s Constant

( 1 1 1

1 + n2016 + 2 + n2016 Foeet 4082

~ lim

n—>oo

)lnn =
= lim(Inn)? + ylimInn = +oo
n—-0o n—>0oo

Solution 2 by Redwane El Mellass — Casablanca — Morocco

~forn=>2,
n4036_n2016
1 (n1032 _ 2016) 1 Inn
Z T+ 2016 Inn > T Inn=1{1- 72016 Inn > 5
k=1
n4036_n2016
lim ) L
= lim ———~—Inn = +o
n—+00 k + n2016

k=1
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64. Find:

mwen!
ﬂ:limntan< s )

n—->oo

Proposed by Daniel Sitaru — Romania

Solution 1 by Rovsen Pirguliyev — Sumgait — Azerbaidian

ﬂ—limntan(e-z-n')—limntan f-n|.n+1_+f.n|. i l —
T oo 5 /) noow 5 k' 5 k')
k=0 k=n+2
=1 + T — 1 T m
= lim nean (mm -+ £o=) = i mean (52 = 5
Observation:
o< |§: 1 |( 1 1 )_
" kK- ""\m+2)" (n+3) -

k=n+2
_ 1 1 o< 1 1
T (n+D)(n+2) (n+1)(n+2)(n+3) (m+1)(n+2) (n+2)(n+3)

1 1 1 1 2
< - + - o< —
(n+1 n+2) (n+2 n+3) n+1
Solution 2 by Anas Adlany-El Jadida-Morocco

Using the factthate = 1 +%+ +%+ ---. We obtain

T T 1 1 1
tan (En!e) = tan En! (1 +E+ et —+ ) = tan (”'gfn)

n!
en
1 1
en - -+ =+ ... ) 1 1
Where n+l  (n+1)(n+2) . Since — < €,, < -. Hence
n+1 n
€, 0

T
limn tan (gn! e) = limne,, - tang—gen) = g
@ *® n
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Solution 3 by Shivam Sharma-New Delhi-India

= (g) lim,,_, ., (nen!) (tann(en? )> Then, L = (g) lim,_...(nen!). As we

5

know,
X — [00] xk — _ 00 1 - .
et = Zk=0F Putx = 1,weget,e =X, (E) Using this, we get,
T . . . n+1 1
> (E) lim,,_,.,(n). Now, applying the ratio test, we get, —=1+-

T
5

Asn — oo, so, lim,,_, ., (1 + %) — 1.So,weget, L =

65.leta,, b, € (0,0)andn > 1

lim(a,,; — a,) = aand b, = lim V2T A3 Vnl
n—>0o

n—>0oo
Find:
0 = lim (an+1 ’ bn+1 _ a, - bn)
n—-oo n+1 n

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Mandal — Kolkata — India

limn—>oo(an+1 - an) = a and bn = limn—)oo V@ : W T W
(an+1 “bpiq . an - bn) Cn+1 — Cn

= lim
n+1 n n~oon+1—n

02 = lim

n—>0oo
a,b,
wherec, =——foralln>1
n

a, b,

c
= lim — [applying Reverse Cesaro — Stolz] = lim >
n-oo n n—oo n
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( a, bo\ /.. Qui1—Qny [ "[V21-31- .- Wnl
lim )(llm ) = (llm —) lim
n-o N/ \now n nboon+1—n n-oo nn
= li li \/? 3\/j'---'m-\l/ (n+1)| n"
= nL‘?o(“n+1 —ay) - m (n+ 1)n+1 @ 33Tl
Applying Cauchy D — Alembert’s Theorem
nn n+1
= I / I
- 1111_5?0 ((n +1)n+l’ (n+1) )
nt| (n+1)!
_ ’ (n+ 1)n+1 _a . n+2)! (n+ 1)n+1
- N e mes\m+2)™2  (n+ 1)
(1+3)
n
(Cauchy D-Alembert’'s Theorem)
_a n+1 (n+ 1)1 _a 1 _a
—;-nl_)rg n+2 (n+2)ntl PR 1 "1 g2
( n+ 1)

66. Find:

Q= lim 2” ~N@2n=1)!

n—->oo

Proposed by D.M. Bdtinetu — Giurgiu, N. Stanciu — Romania

Solution 1 by Rozeta Atanasova — Skopje

2 n n k
n In2+ Y} ,Iny/(2k — 1)!!
Q = lim 2!!| |’i/(2k—1)u = InQ = lim Z"‘an ( )
n—>oo
k=2

n—->oo

Applying the First Cauchy’s theorem on limits =
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o Iny@n-1) YE_;In(2k-—-1)
In2 = lim = lim

n—oo n n—oo 'n_2

Applying the First Cauchy’s theorem on limits =

In2n-1
lnﬂ:lim¥:0=>ﬂ:e°:

n—>oo

Solution 2 by Soumitra Mandal-Chandar Nagore — India

We know (2n + 1)!! = (22?:111')!
n2
Q=1lim [21yV31%51..Y/(2n—1)! = lim %/c,
n—oo Iim

c
ZH [Cauchy D — Alembert]

n

~ 2 =lim §/c, = lim
n—>0oo

n—>oo

= lim
n—0o

(2!!\/5!! V5. "™ @2n+3)! 2uy3ui51.. Y/ (2n - 1! )

[Cauchy D-Alembert]

"VY@n+3)t /@2n+5)! 2n+ 1!
lim U ont DI lim ((Zn +3)Il (2n+ 3)!!)

[Cauchy D-Alembert]

_(@2n+5) (20 +1)!
— lim <2"+Z(n +2)! 2™nl )

n ) (n+2)2n+3)

= lim ( mED@n D)

n-oo\n+1

2n+3)!  (2n+3)!
20t i(n+1)! 27t i(n + 1)!

n—-oo

Solution 3 by Dana Heuberger-Romania
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Inxy

We have: I = ™=z wherex, = In (2!! 3050 .- (2n - 1)!!).
Using Cesaro-Stolz theorem, we deduce:

Inx, . Inxpy—Inx, = In™J@n+1! _

lim = lim = lim
n—o N2 n—oo n2 n—oo 2n+1

i In2n+1)!!' i 21
Tabom+1D)@n+1)  noe z, '

wherey,, =In(2n+1)!'and z,, = 2n? + 3n + 1.
Using again Cesaro-Stolz theorem, we obtain:

. lnxn_ . Yn_ .. Yn+1— Yn _ .. ln(2n+3)_
lim 2 =lim—=lim————=lim——— =
n-o N n>©z, n-ooZ,.q4—2Z, n-oo 4n+5

Inxy

lim,,_, ,n
therefore [=e ™2 =% = 1.

67.Leta,, b, € (0,0)andn > 1, lim,_(a,;;1 — a,) = a

and

b, = lim |v2I-¥31- .- Vnl

n—>oo

find:

An+1 bn+1 . a, - bn)

2= (
m n+1 n

n—>oo

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

iMy 00 (Ans1 — @) = @and by, = lim,,_,., VV21- 331 ... Val
Ani1° byiq Gy bn) Cni1— Cn

= lim
n+1 n n~oon+1—n

ﬂ:lim(

n—>oo

b
where ¢, = %for alln>1
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. Cn Reverse Caesaro-Stolz .. anbn
= lim — = lim 5
n-oo n n-oo N

= (tim 2 (lim b—") = (1im 2”2 gy jx/f V3T Nm

n-o N n-owo N non+1—-n n—oo nn

= lim (a1 — a,) - lim (m V3L "+ 1) . n® )
n->to nsch (n + 1)1 J21- 331 Y
. n
Applying Cauchy D—:Alemberts Theorem a. Tlll_)lg ((n +n1)n+1 . n+m)
"+1’ (n+1)!
=a-lim O =Z . lim ( ez . e 1)n+1>
n—00 (1 N 1)" e noo\(n+2)"2 (n+1)!
n
[Cauchy D-Alemberts Theorem]
ST <"+1.(n+1)n+1>:3.1im 1 _a
e noo\n+2 (n+2)2m+l ntl g2

T

68. Solve for real numbers:

a,b,c>0
abc =1
a*b + b*c + c*a = ab + bc + ca

Proposed by Carmen Chirfot-Romania
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
a4' b4' C4 Berstréom (aZ + b2 + CZ)

4 4 4, _
a*b+ b*c+cta=—+—+— > =
ac ab bc ac + ab + bc

(ac+bc+ab)?

= + +
~  act+bctab = ac+bc+ab (1)
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(a® + b + ¢?)

ab + bc + ca = a*b + b*c + c*a >
ac + ab + bc

= ac+ ab + bc > a? + b? + ¢?,but (1)
sa’+b*+c*>ac+ab+bc=>a*+b*+c*=ab+ac+bc
“=gq=b=c=>abc=1=2a’=1a=1b=1c=1
(a,b,c)=(1,1,1)
Solution 2 by Nguyen Thanh Nho-Vietnam

a,b,c>0;abc=1

a® b3 c3
<?+ca>+<;+ab>+<g+bc>22a2+2b2+2c222(ab+bc+ca)

ai b3 3

> —+—+—>ab+ bc+ca
[ a b
ai b3 3
> abc|—+—+—|>1(ab + bc + ca)
[ a b

= a*b + b*c + c*a > ab + bc + ca Done!

“_,,@{a:b:c

= abc:l@a:bZCZI

69.1fa,beN,a<b

N 1
a.b) = iL‘?oZ @+ +1D)

then:

1
al

2(a, b) > (E>m

Proposed by Daniel Sitaru — Romania
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Solution by Ravi Prakash - New Delhi — India

1 _ 1 Z( 1 1 )
1(a+i)(b+i)_b—a_1 a+i b+i
= i=

1[1 1 1 1 1 1]
b—a

+ + .+ — — + ...
a+1 a+2 a+(b—a) n+a+1 n+a+2 b+n

n n
“b-a (a+1)(n+a+1)+(a+z)(n+a+z)+"'+b(b+n)]

1
b_ak1[(a+k)( a;k)]

b-a

1
~ lim = lim z
n—>oo n—co + k
(a+l)(b+l) b—a ~ (a +k) : )

1
b—a b-a b— 1
1 z 1 1 ( )b—a
= >
b—ak 1(a+k) a+k

k=1

70.Ifa,b,c >0,a+b+c =1,

2(a,b) = rllnglo <'V_+ 1;2)

then:

Z‘/b(‘” 1)-02(a,b) <2

Proposed by Daniel Sitaru — Romania

Solution 1 by Redwane El Mellas-Casablanca-Morocco
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In(at+(b+1)!)-In(bt+(a+1)?)
=~ 02(a,b) = lim t

t—0t

=lime
+

at+(b+1) %
(bt + (a+ 1)t>

| a(b+1)
Ina+In(b+1)-Inb-In(a+1) "b(a+1)
2 - 2 =

— e(In(at+(b+1D)-In(bt+(a+1)))'(0) = ,

_ |a(b+1)
~ Ib(a+1)

@O IVb@arD2@b) =3 Jab+1) < VI3 Ta®+1) =
=3 Zab+1

2 AM—-GM 1
(Za) :1:Za2+22ab > 3Zab=>zabs§
Finally Y. «/b(a + 1) 2(a,b) <3 §+ 1 = 2 with equality if

=b=c=-—
a c 3

Solution 2 by Soumitra Mandal-Chandar Nagore-India
LEMMA: let a;,i = 1,2, ..., n be positive real numbers, then

nx
| (’ral +yag+ ot x/_an> _
lim =aq

n

.az..“.an

X—00

Va+ YBri\"

Va+4i/b+1 " . 2
=~ 02(a,b) = lim =1 =
n>o \V/b+ Va+1 noo| Va+Vb+1
2

_Ja(b+1)
Jb(a+1)
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Cauchy—-Schwarz
Y b+ D 0@ b) =y Jab+D

’M-\
<
cyc

cyc

< J(@a+b+c)a+b+c+3)=2 (proved)
71. Find:

n 1 1 1
2 = lim "+\1/(n+ 1)!—\/n!<1+—+—+--.+—>
n—o 1! 2! n!

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

LetE, = 2:0%. Thenlim,_,E, =€

!
. n[—n! . - Cauchy l’)ﬁAlembert . (n+ 1)| n" 1
~ lim =lim |— = lim
n-oo N n-—-oo nn

B n—oo W'E>:Z

Cauchy—-D'Alembert

SMmyVE S

E e
lim—21="=1
n—oo En

. [n+1 n oy nn! n un_l
( \/(n+1)!—\/n!En)—}lL1£10< n -VE - Inw, -lnuﬁ)
n+l/,_— 7
where u,, = ,Vf:TH)!forallneN

n—oo

n+1
Jyin+1)! n+1 1 1
~ limu, = lim ( ) . ; .
n—-oo n+1

n Wl E,

n

n+1
J(n+1)! n+1 1 1
= lim # (lim —) lim— || lim =1
n—oo n+1 n-oo N n—oo W n-00 1\1/E_n
n

—>lasn - o

-1
~asu, - 1then =
Inu,

n
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Now, limn_,m uﬁ = limn_,m <ﬁ : n_:-l : % : Ein> = 1. So,
TS
limInul} =1In (lim uﬁ) =0
n—-oo n—oo
- lim n+1/(n_|_1)|_1l nl(]_ +l+l+...+l> =
oo ' ' 1! 2! n!
n! u, —1
— h n . . nj\| —
_rlano})< n VEn Inu, In u}} 0

(Ans:)
Solution 2 by Shivam Sharma-New Delhi-India

1
L= ,llLH.}O (((n + 1)!)"_}'1 - <n! (1 +%+%+ - ;))")

Applying Stirling’s formula in the first limit, we get,
n+1

(n+1) = ("Tfl) J2nm+1)

1

(5 e (o5.2)

m=1

n+1

1
= lim (T (JZn’(n + 1))"+1> —e
1
Applying ratio test, we get, "TH —1,asn — o, S0 "—:1 (w/Zn(n + 1))"+1 —»lasn - o
=1-e%=1-1(0R),L=0(QED)
72. Find:

1

1
2=1lim— | ((1 —x)"+ cosnx)e*dx
n-oo n!

0
Proposed by Daniel Sitaru — Romania
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Solution 1 by Nirapada Pal-Jhargram-India
For all x € [0, 1],
[[(1 — x)™ + cos nx]e*| = |(1 — x)™ + cos nx||e*| since |AB| = |A||B]
< |(1 — x)"e* + |cos nx|e* since e* > 0 for all x
< 2e* since (1 —x)" <1forallx €[0,1] and |cosnx| < 1 for all n, for

all x < 2e. So the integrand is bounded. Hence

1 1

1 1 2e

lim—f[(l —x)"+cosnxle*dx <lim— | 2edx =lim—=0

n—oo 'n| n—oo 'n| n—oo 'n|
0 0

Solution 2 by Ravi Prakash-New Delhi-India
For0<x<10<1-x<1=20<(1-x)"<1]cos(nx)| <1

+ (1 = x)" + cos(nx)| < |(1 — x)"| + |cos(nx)| < 2
1 1

= f{(l — x)" + cos(nx)}e*| < f 2e*dx = 2(e — 1)
0 0

1
1 2
= —f{(l —x)" + cos(nx)}e*dx| <—(e—1)
n! n!
0
AS%(B— 1) > 0asn — o,

1
1
lim Ef[(l —x)"+ cos(nx)] e*dx =0
n—>0oo .
0

Solution 3 by Shivam Sharma-New Delhi-India
1 1

n-oon!

i l — n,x : l x
- lim ' (1 — x)"e*dx + lim - e* cos(nx) dx
n-oon!
0 0
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As we can see the first integral is written in the form of “Incomplete

gamma function”, so we get,
1

f (1 - x)"e*dx = e[[(n+1) F(n+1,1)]
0

And, As we know,

ax

ax b d -
fe cos(bx) xa2|b2

la cos(bx) | b sin(bx)]|C,

which can be proved by applying I.B.P. puttinga | ,bn
On putting the limits we get,

X —
e* cos(nx)dx = T+ 2

f e(nsin(n))| e(cos(n)) — 1
0

Putting all the values, we get,

1 [e(n sin(n)) + e(cOS(n))]

- 1 i
L= 1111—{?0; le(F(n|1) — I'(n|1,1))]| 7111_{?0; 1 + n?

As we know, I'(n|1) n!. Using this, we get,

L =1lim
n-oo n!

1 | 1 L 1 [e(nsin(n)) + e(cos(n))
e ()] tim | SR )

- e(0)+0-0(OR)L=0.(Q.ED)

73.1fa,b>0,|x|<1|yl<1

n .

: =)

20 =m 2 T
1=

then:
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+b
(a+b).(2<ax
a+b

y> < a(x) + b2(y)

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

- —x)" 2 _q\n,n
2 = tim Y & =lim<1_;+x_+_”+( 1) x>

n—-oo i+1 n—-oo 3 n+1
i=0
xZ x3 (_l)nxn+1
= li e e+ )= +
x0(x) = lim (x 2 3 ) ) log(1 + x)
log(1 +x 1 log(1 + x
(%) = g( )=>.(2’(x): 1 g(Z )
x2+x x
2x+1 1 2log(1 +x
" (x) = - — + &( ) =
(x2+x)%2 x2(1+x) x3
_ 2(1+x)*log(1 + x) — (3x2 + 2x)
B x3(1 + x)2

Let f(x) = 2(1 + x?)log(1 + x) — (3x2 + 2x) for all x € [0, 1]
ff(x)=2(1+x)+4(1 +x)log(1+x)—6x—2 =

:(1+x)(log(1+x)—%)20

[ log(1+x) > ﬁ forall x > 0]. So, fisincreasing f(x) = f(0) =0

~ 2" (x) = 0 for all |x] < 1. Hence, 2 is convex. So,

0 (ax + by) < a(x) N bQ(y) .

ax+by)
a+b /" a+b a+b

.a.(l(x)+b.(2(y)2.(2( e

74. Find:

200n 400n 400n
. 1 1 z 1
= 11m —+ —+ —
n—oo k k k
k=1+100n k=1+200n k=1+300n



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Proposed by Daniel Sitaru — Romania

Solution 1 by Nirapada Pal-Jhargram-India

200n 400n 400n
. 1, 1, 1
im( > p+ > ¢ Z .

k=1+100n k=1+200n k=1+300n
400n 400n 300n 100n
(8 S (S e S s
- k - 100n + k 300n + k
k=1+100n k=1+300n
P
— 200 1im L 1 ' 1
=3001lim— k+100 im-— A

P2oP L~ 100 + 3005 e q 100 + 3003

1 1

=300 f dx + 100 f X
N 100 + 300x 300 + 100x
0 0

=1
~ Xf d(100 +300%) _ f d(300 + 100x)

100 + 300x 300 +100x
x=0

= In(100 + 300x) |x 110300 + 100x) |x

16
=In400—-In100+1n400 —In 300 = ln?

Solution 2 by Daniel Sitaru — Romania

1,1 1
=1+=+-+ . +=
Letbea, =1 >3 -

L= rlll_)lglo(azom — Q1000 + A100n — A200n + A400n — A300n) =

= lim (2a400n, — A100n — A300n) =
n—-00

=1li (2 21og400 +log 100 +1log300n +1 400".400")
= alm | 2@400n 0g n —ajoon + 108 n— azopon + 108 n+ 08 100n-300n

16 16
= 2y—y—y+log?:log?
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75. Find:

o [T (L, 1 1\)
= —_—— = —=+ o+ —
noes | 6 (22 32 n2>

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Shivam Sharma-New Delhi-India

" 111 1\]"
L = lim __(§+§+E"'+F) = lim

k=2
71'2 " 11'2 "

: _ 2 _ . A 7 1))
= tim |~ (2 )| = tim 2 1]

2 2
As we know, Ypl(n + 1) + H? = % (OR) H? = % —yYl(n+1).

Using this, we get,

2 2 "
= lim [?+IIJ1(11+ 1)—?+ 1] = lim[yl(n + 1) + 1"
n—>0oo

n—>oo

As we know, Ppl(n+ 1) = pl(n) - n—lz Using this, we get,
. 1 1 "
= i [y) — 55+ 1]
s
Now, applying Root test, we get, [(1/)1(11) — n—lz + 1) ]" > e,asn - o

Hence, L = e. (Q.E.D)

76.In A ABC:

sin 24 sin 2B sin2C
a = B = Y =
tanA + tan B

" tanB+tanC'®’ tanA+tanC

Solve in real numbers:
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ax* —2Bx+y =0
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru

En un triangulo ABC.

_ sen 24 _ sen2B _ sen2C
« B 'y_tanA+tanB

" tanC+tanB'® tanA+tanC

Resolver en R: ax? — 2Bx + y = 0. Recordar lo siguiente:

sen(x +y)
tanx+tany = —— Asen2x = 2senxcosx
COS X COS Y
_ sen2A _senZAcochosB_2 2 B c
*=sen(C+B) sen 4 — £ €0SACOSTCOS

cosCcosB

De forma analoga se llega que:
B =2cosAcosBcosC /\y =2cosAcosBcosC

= Se puede concluirque:a =g =y

2_
x =BT, v = 1 (Raiz doble) & 4= 0

77. Solve in real numbers:

x2—2Ax+B*=0

A= Zhara,B = rZ(ha+ 2r,)

r — inradius, r, — exradius, h, — height
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios —-Huarmey- Peru

Resolver en nimeros reales:; x2 — 24Ax + B2 =0
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A:Zhara, B:rZ(ha+2ra)

En un tridngulo ABC tener presente lo siguiente:
c

r = 4R senEsenEsenE (4)
A B C
cosA+cosB+cosC—1= 4senEsenEsenE (B)

sen? A+ sen?B +sen’?C =2(1+ cosAcosBcosC) (C)
rg+r,+r.=4R+r

2senBsenCcosA+2senAsenCcosB +2senAsenBcosC =sen?A4+sen?B+sen?C (D)

A B c
A= Zhara = z 2R senBsenC<4R senEcosEcosE)

A B C
A= z h,r, = z 2R?>senB senC (2 sen E) (2 cosicos E)

B+C B+ C B—-C
AZZharaZZZRZsenBsenC<2cos< > )) (cos > )+cos< > )
B+C
AZZharaZZZRZsenBsenC<2cosZ< 5 )+cosB+cosC)

A ZZhara = Z:ZRZ senBsenC (1 + cos(B + C) + cos B + cos C)

A ZZhara ZZZRZsenBsenC(l—cosA+cosB+cosC)
B ZrZ(ha+2ra) ZrZha+2rZra—>B ZrZha+2r(4R+r)

A B C
B = rZ(ha +2r,) = 4R senEsenEsenEz 2RsenBsenC +

vk (4R sen2 sen sens) + 2 (4R sen Ssen 2 sent)
senzsenzsenz) senzsenzsenz)

B= rZ(ha +2r,) = (z 2R? senBsenC+8RZ) (cosA+cosB+cosC—1)+

+4R?*(1 — cos A)(1 — cos B)(1 — cos C)
B=rY(h,+2r,) = (2R*senBsenC + 8R?*)(3XcosA—1) + 4R* —4R?Y cos A +



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

+4R? z cos A cos B — 4R? 1_[ cos A

B = rZ(ha+ 2r,) = z 2R? senBsenC(z cosA) —Z:ZRZ sen Bsen C +
+4RZZCOSA +4R22cosAcosB — 4R? (1 + ncosA)
B = rZ(ha+ 2r,) = z 2R? senBsenC(z cosA) —Z:ZRZ sen Bsen C —

—4R? z cos(B + C) + 4R? z cos Acos B — 2R? (z sen? A)

B = rZ(ha+ 2r,) = z 2R? senBsenC(z cosA) +Z:2RZ sen Bsen C —

—2R? (z 2 sen B sen C cos A)

BZrZ(ha+2ra)ZZZRZsenBsenC(2cosA+1—2cosA)
B=rY(h,+2r,)=Y2R?>senBsenC(1—cosA+cosB+cosC)=Yh,r,=A
Por la tanto, si: A = B — La ecuacion:
x?—2Ax+B*=0-(x—A)?=0-x=A4 (Raizdoble)

x=A :ZZRZ senBsenC (1 —cosA+ cosB+cosC) = Zhara

78.f,9:(0,0) > R
f(x) = sin <ln%> + sin <ln (x+1)(x+ 2))

X

g(x) = sin <ln(x(x +1)(x +2)) — sin <ln %))

Solve the equation: f(x) = g(x).
Proposed by Daniel Sitaru — Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Ink(x) = k(x) >0
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x-(x+1) (x+1D(x+2)
> 0;
xX+2

x(x+2)
x+1

>0 x(x+1)(x+2)>0

>0= D(x):x €] —2; —1[U] 0; +o[ (1)
1) f(x) = f1(x) + f,(x)

x+2

f1(x) = sin (ln(x +1)—1In o ); f2(x) = sin (ln(x +1)+ lnx:

x+2

f(x) =2-sin (ln(x +1)- (ln T)) *)
2) g(x) = g1(x) + g,(x)
g1(x) =sin(Inx (x + 2) + In(x + 1))
g2(x) =sin(Inx (x + 2) — In(x + 1))
g(x) =2 cos(Inx (x + 2)) - sin(In(x + 1)) (**)
3) (D), (™), (* = D(x):x €]0,+o[ (2)
4) f(x) = g(x) = 2 - sin(In(x + 1)) - (cos(Inx (x + 2))) — cos (ln x:—z)

=2 -sin(Inx) - sin(In(x + 1)) - sin(In(x + 2)) =0

sin(lnx) =0 xr=e"k > x=e"kkez
sin(lIn(x +1)) =0=>x=¢e™ —1=D(x) Q)= x=e"™—-1ke 7zt
sinln(x +2)) =0 x=e™-2> x=e™ -2 kezt

Solution 2 by Shivam Sharma-New Delhi-India

Firstly we solve f(x), As we know, sin(C) | sin(D) 2 sin (GTD) cos (CZ—D)

n(x In(——
Using this we get, f(x) = 2 sin (%) cos (2(2—""2)) (OR)

f(x) = 2sin(In(x|1)) cos (ln (ﬁ)) Then we solve g(x). As we know,

sin(C) — sin(D) 2 sin (CTD) cos (HTD) Using this, we get,
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g(x) = 2 sin(In(x + 1)) cos(In(x(x + 2))). Now, according to question,

f(x) =gx)
2 sin(In(x|1)) cos (ln (x _T_ 2)) 2 sin(In(x|1)) cos(In(x(x|2)))

sin(In(x|1)) 0, cos (ln (xjc_ 2)) — cos(In(x(x]2))) ©
In(x + 1) = nm. We get, x = e™™ 1. Now,
cos (ln (xi—z)) — cos(In(x(x]2))) 0. Aswe know,

cos(C) — cos(D) 2sin (C;D) sin (DZ C). Using this, we get,

2 sin(In(x)) sin(In(x + 2)) = 0. We get,
sin(In(x)) = 0,sin(In(x + 2)) = 0; In(x) = nmr,In(x + 2) = nmw
We get, x = e™™, x = e 2.So, finally we get, x = e™"
x=e" 1:Vvn« Z,x e —2.(Q.ED)

Solution 3 by Soumava Chakraborty-Kolkata-India

. — i x(x+1) . (x+1)(x+2)
f,9:(0,00) > R, f(x) = sin (ln — ) + sin (IHT) and

g(x) = sin(In(x(x + 1)(x + 2))) — sin (lnx(xx: 12)>

Solve the equation: f(x) = g(x)

lnx(x+1) =1n(x+1)(x+2) lnx(x+1) ln(x+1)(x+2)
COS

f(x) — 2 Sin{ x+2 X x+2 X

2 2

2
D, In ((xzf ) )

= 2(sinln(x + 1)) (cos In (x X

+ 2)) (- x>0)
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x(x +2)

In(x(x +1)(x +2)) +1n <71

2

g(x) =2 cos

2 2 2

. {ln(x(x DG D) e xgcx:f)} {ln{x(x + 2)2}} i {l"(x +1)?
sin = 2cos sin

=2cos(Inx(x +2)) (sinln(x +1)) (~x>0)
s f(x) = g(x) = sin(In(x + 1)) = 0 or

x
cos(Inx(x + 2)) = cos (lnx 3

sin(ln(x+1)=0=>In(x+1)=nr=>x+1=e""

) ,0r both

sSx=e—-1+x>0,~e">1>nr>0>n>0=>n€eN

when cos(In x(x + 2)) = cos (lnxx:),

x x
Inx(x+2)+1In In —Inx(x+2)
2 sin x+2 sin x+2 =0
2 2
1 \2
In x? In
= 2sin sin M =0
2 2
= 2(sinln x) (sinln ) =0 (~x>0)
x+2

whensin(lnx) = 0,lnx =nwr > x = e™™

. 1 1 1
when sin (ln—) =0ln—=nm=>—=¢e""
x+2 x+2 x+2

Sx+2=e™M=sx=x"M-2.:.x>0,.e™M-2>0=2>e™™M>2

—In2

>n<-1

S>—nr>In2>nr<-In2=>n<

j
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x=e"™-1, VneN
=~ solutions are ( x=e"", VneZz > where,Z~- =7 — (N u {0})
x=e ™M -2 VnezZ"

The last set of solutions can also be writtenas: x = e™ —2 YmeN
Solution 4 by Ravi Prakash-New Delhi-India
LetA =1In(x),B=In(x+1),C =In(x + 2)
s f(x) =sin(A+B —C) +sin(B+ C—A) = 2sinBcos(4 — C)
g(x) =sin(A+ B+ C) —sin(A— B + ()
=sin(B + A+ C) +sin(B — (A + C)) = 2sin B cos(4 + C)
f(x) =g(x) =sinB =0o0rcos(4— C) =cos(4+ ()
=>sinB=0o0rsinAsinC =0
=>sindA=0orsinB=0orsinC=0=>A4AB,C=nmnnelwk
>x=e"ore"™ —1ore" —2forsamen €Z
Solution 5 by Vidyamanohar Sharma Astakala-India
Letuscalllnx =4, In(x+1)=B,In(x+2)=C
f(x) = g(x) = 0 results
sin(A+B—-C)+sin(-4A+B+C)=sin(A+B+C) —sin(A—B+0C)
with trigonometric transformations. This results to
sinA -sinB-sinC =0

= sin(Inx) = 0 or sin(In(x + 1)) = 0 or sin(In(x +2)) =0

nmw onmw _ 9

> x=e" " e

79.1n A ABC the following relationship holds:

B

abcl_[ fo\/cosxdx SSSsl_[sin

A

B—-A
2
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s — semiperimeter, S — area

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India
InA ABC,abc]] (fABx3\/cosx dx) <8Ss]] sinBZ;A

Let us first prove that, Vx € (Og) sinx > xVcosx

3 3

= 3 = =
sinx > xy/cosx & sin cosx & sin’xtanx > x3 (1)

Let f(x) = sin®xtanx — x3, f(0) =0

b g ¢

Z x + tan x (2 sin x cos x) — 3x?

f'(x) = sin® x sec
= tan® x + 2 sin? x — 3x% = g(x) (say); g(0) =0

2

g (x) = 2tanxsec? x + 4sinx cosx — 6x

Let a(x) = tan xsec?x + 2 sinxcosx — 3x; a(0) =0
a'(x) = (sec? x)(sec? x) + tan x (2 sec x)(secx tan x) + 2(cos? x — sin? x) — 3

=(1+tan®x)? +2tan’x (1 +tan’x) + 2(2cos’x—1) — 3
= (1+z)2+Zz(1+z)+ﬁ—5(takingz:tan2xand sec’x=1+2)

1+2)3+2z(1+2)2%+4—-5(1+2)
1+z

1+73+32+32%+22+273 +42%2-1-5z 373 +77%
= = >0 (z=tan?x > 0)
1+z 1+z

a'(x) > 0and a(0) = 0, vx € (o,g) “a(x) > a(0)
= a(x) > 0= g'(x) =2a(x) > 0and g(0) =0,
Vx € (0,121) gx)>g0)=0>f(x)>0

f(x)>0and f(0) =0 = f(x) > f(0) =0,vx € (Og)
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Vx € (Og) ,sin? xtan x — x3 > 0 = sin x > x3/cos x from (1)

T - 3
Forx = 2 sinx > xi/cosx

and for x € (gn) Vcosx < 0,sinx > x3/cosx

vx € (0, ), sinx > x3/cos x

80. Solve in real numbers:

tanxtanytanz =6
tanxtany+tanxtanz + tanytanz = 11
X+y+z=m

Proposed by Daniel Sitaru-Romania
Solution by Kevin Soto Palacios-Peru
Resolver en los nimeros reales: tanxtanytanz = 6 ... (A)
tanxtany + tanytanz +tanztanx = 1... (B)
Six+y+z=mtanx+tany+ tanz = tanxtanytanz
= tanx+tany+tanz = 6... (I)
Desde que tenemos la sumay el producto, se puede construir una
ecuacion cubica:

(x — tanx)(x — tany)(x — tanz) = 0 © cuyas raices son:tanx, tany, tanz
x3 — x%(tanx + tany + tanz) + x(tanxtany + tany tanz + tanz tanx) —
—tanxtanytanz =0
x3-6x2+11x-6=0->(x—1)(x-2)x-3)=0
Un posible coso es cuando: tanx = 1,tany = 2 Atanz = 3
=>x=45°y=63,5°Az="71,5°
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81. SECLAMAN’S SEQUENCE

nn+1) n?n?+1) n*(n"™ + 1)
a. = + o — 2
n 1 + n2 1+n? 1+ n2n
Find:

1

. a, \n(n+1) .
2= lim (C22)™ " e

Solution by Soumitra Moukherjee-Chandar Nagore-India

n>Nien>1, now

nn+1) n"(n" + 1)
a,=1+ — e t+— " >1+1+-+1=n+1
1+ n? 1+ n2n .
n+1 times
a, . nn+1) n+1 . (n+1)(n-1)2
>1 in <—,since, —————=>0
ne1 = o again=oem S =, since, 2(1+n2)
.. nz(n2+1) 1+n2 n*(n"+1) 1+n"
<
similarly, 1+t T 2 77 14m?n T 2
1 1+n? 1+nn
n+ tn® 4 L <1+n+n2+-+n"

SO, a, < 1+T+

A 1+n+n?+--+n"

< =1+n?+nt+.-<n*+n"+--n"*=n"*1
1+n 1+n

n times

1 1
(&)n(rﬂ-l)g%.SO,IS(:_—nn)n(n*-l)g%ﬁlsﬂslimn—)oo%:1

1+n
1

so, by Sandwich Theorem, we have: 2 = lim,,_., ( n )"(“") =1 (Ans)

1+n

82. SHARP’S SEQUENCE
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Find:

Q=1 1(1 ! + ! ! + )
~ a3 3.3 32.5 35.7

Proof by Francis Fregeau — Quebec — Canada

CD* ke
(2k + 1)

tan"1(x) =

k
= V- tan™i(Vx) = Z(2k+1) (W) = ;D e

(2k+1)
k k+1
Letx = tan‘l(\/_) ZO ((Zki-)l)( ) :%- (1—%+ﬁ_33_1'7+...)
11 P _1(1)
=1- — e =3 . — S
3.3 33.5 33.7 N AW

1(1+1 1+_t_11_1t
/3 3.3 32.5 33.7 ")_an (ﬁ)_e

83. Solve for real numbers:

x .y
—+—==x
ooE
x> +y5 = 8xy

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios-Huarmey-Peru:

Resolver en nlmeros reales: =+~ =xy (A); x> + y°> = 8xy (B)

Jy o Vx

Se puede observar claramente que: x,y > 0. Aplicando: MA = MG en (A)

2 %\% S xy =2 ’,/xy@xy23v16 (M)

Sl
\Y

=+
Jy
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Aplicando: MA > MG en (B)
x5 +y5 > 2./x5y5 © 8xy > 2/x5yS o Y16 = xy (N)
De (M) A (N) se puede concluir que xy =: Y16 @ x = y = V4
Solution 2 by Soumava Chakraborty-Kolkata-India

X

+E==xy (1);2°+y°=8xy(2);xy>0

Jy o Vx
S S 3.p3=1(L=p L=
(1)=>x\/§+y\/§ 1=>a’°+b 1(\/; a,ﬁ b)

x:%andy:% (a,b > 0)

1 1 _ 8 10 10 — 9818
(2)=>ﬁ+ﬁ__a2b2=>a + b =8a®b

AM > GM = al® + b1° > 2a°b°
1
= 8a8h® > 2a°b® = a3b3 > 2> 4a3b® > 1
=4a’h? > (@ +b3)2=20=>(a®-b3)=(a®-b3)2<0

But(a®—-b03)2>0=>@-p3)?=0=>a*=b>>a=0»b

1 1 2
—=—sx=y, ——=1=23Vx=V2=2x=y=4
vx ]y yx\/x Y

84. Solve for real numbers:

x2 y22
2 4 yv2 = —4+2
o= (5%

Proposed by Daniel Sitaru — Romania

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
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2 2 2 2\ 2

XY o2 2 (XY 2 _ 2 _

—+—=1 + = —+ = = =b

25 16~ F Y (5 4) Cx ey
16a + 25b = 400

a’? b* ab 16a*+25b%+40ab (4a+ 5b)>
a+b=—+ = =

25 16 10 400 T 400

400(a + b) = (4a + 5b)?

(16a + 25b)(a + b) = (4a + 5b)?

16a* + 16ab + 25ab + 25b* = 16a® + 25b* + 40ab
ab=0=>a=0 x=0=25b=400 b=16 y==+4

answer (0;4) and (0; —4)

=>b=0 y=0= 16a=400 a=25 x==5
answer (5;0) and (-5; 0)
Solution 2 by Kunihiko Chikaya-Tokyo-Japan

2

( x>y a b

| —+ = (— —=

) 2516 | AR TR
, 2= (xy) €R b
5 4 5 4-

a=x*>0; b =y? > 0. Cauchy - Schwarz

(\/_\/_ ‘/_\/_> {(f) +<g>2]{(\/5)2+(\/3)2}

2

2

o) <t

Equality: /B

*|Saly

_ (\/5) &(+) & ab = 0&(+) & (a b) = (25.0),(0,16)
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Ans. (x,y) = (£5,0), (0, +4)

85. Solve in real numbers:

5T

x> +y° = 8xy
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

=+ =xy (1);x°+y°=8xy (2);x,y>0

Jy o Vx
(1):xf+%/"_1:’a3+b3 1, (\/}:a,%:b)
x:%andy:b—lz(a,b>0)
(2) > 5+ 75 = =5 = al® + b1° = 8a®h®

AM > GM = al° + b1° > 2a4°b°
1
= 8a8h® > 2a°b® = a3b3 > 2> 4a3b® > 1

=4a3p} > (@ +b3)2=20=(a®-b3)? = (a® -b3)?2 <0

But(a3—b3)220=>(a3—b3)2:0=>a3:b3=>a:b

! :—=>x—y, \2/_—1=>\/_ V2=ax=y=4

=0

Solution 2 by Kevin Soto Palacios-Huarmey-Peru:

Resolver en nlmeros reales: =+~ =xy (A); x> +y°> =8xy (B
Yy Yy Yy

Jy o Vx

Se puede observar claramente que: x,y >0
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Aplicando: MA > MG en (A)

\7;+\/l} 2 %\% @xyzzﬁ@xyzm (M)
Aplicando: MA > MG en (B)
x5+ 795 > 2./x5y5 © 8xy > 2/x5yS o Y16 = xy (N)
De (M) A (N) se puede concluir que xy =: Y16 @ x = y = V4

v

86. Find x,y,z € R such that:
x+y+z=3
4(max(x,y,z) — min(x,y, z))? > 3 le —y|?

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

Letx > y = z, then max{x,y, z} = x, min{x,y,z} = z
4(max(x,y,z) — min(x,y,z))?> > 3 le — y)?
= 4(x—2)? 23[(x - y)* + (y — 2)* + (z— x)*]
=x-2?23(x-y)?+3(-2)°
= [(x —y) + (y — 2)]? =2 3(x — y)* + 3(y — 2)*
= @x-y)+ (-2 +2(x-y)y—2) 23(x—-y)*+3(y - 2)°
> @-y)?+(@-2-(x-y@y-2)<0

1 2 3 ) 3 1
= x—y—i(y—z)] +Z(y—Z) §0=>x—§y+iz=0,y=z

zx:y:z,-,x:y:z:]_
87.Findx,y,z € (0, 0):
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xX+y+z=xyz

X N y N z 1
y3z2  Z3x2  x3y?2 3

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey-Peru

Hallar: x,y,z€ < 0,00 > x+y+ 2z = xyz, 4+
y

372 73 x2

X
Desde que: x,y,z € < 0,00 >

x=tand,y=tanB,z=tanC< A+B+(C=m

Reemplazando en la segunda condicion:

tan A tan B tanC 1

+ + =—

tan3 Btan?C tan3Ctan?A tan3Atan’B 3
Por desigualdades entre las medias:
MA > MG & tanA,tanB ., tanC > 0

tan 4 N tan B N tan C
tan3Btan?C tan3Ctan?4 tan3Atan?B
1,3 1,6
(6) > cot* Acot* Beot*C = (E) > cot* cot* B cot* C,

> 33/cot* 4 cot? B cot* C

1
——>cotAcotBcotC

3V3
La cual es cierto en un 4 ABC equilatero, la igualdad se alcanza cuando:
X = y =7 = \/§

88. Find x,y,z € (0, ) such that:

x+y+z=xyz
X y z 1

+
y322 73 x2 x3y2 3



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru

Hallar: x,y,z €<0,00 >. x+y+z = xyz

x y z

1
= - : < oo >
GEZ R T e 3 Desde que: x,y,z €< 0,

x=tand,y=tanB,z=tanC< A+B+(C=m
Reemplazando en la segunda condicion:
tanA tan B tanC 1
+ + =—
tan3 Btan2C tan3Ctan?A tan3tan’?B 3
Por la desigualdades entre las medias:
MA > MG  tand ,tan B ,tanC >0

tan 4 tan B tan C
+ +
tan3Btan?C tan3Ctan?4 tan3Atan?B
1,3 1\° 1
(6) > cot*Acot*Bceot* C = (5) > cot* Acot* Bcot* C,—— > cot Acot B cotC

3vV3
La cual es cierto en un 4 ABC equilatero, la igualdad se alcanza cuando:

> 33/cot* 4 cot? B cot* C

89. Solve for real numbers:

1+2/y=2Vx+1
2.[y LVx+1 2Jy(x+1) 3

12y+1 x+4 3x+4y+3 4
Proposed by Ngo Minh Ngoc Bao — Vietham

Solution by Soumava Chakraborty — Kolkata — India

Solve for x,y € Rsatisfying:1+2,/y=2Vx+1 (1)
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2 Vx¥l 2 +1 3
VY VT 2)yG+D) 3

y+1 x+4 3x+4y+3 4

2) > Jy + 1+2,/y + 2/y+4y  _ 3

12y+1  13+4.,[y+4y 3+12ﬁ+28y_8

t 1+ 2t 2t + 4t> (using (1)) 3
= + =+ = —
1262 +1 13 +4t+4t2 3+ 12t + 28¢2 8

(t=5)

= 2496t°% — 2816t° + 3440t* — 17283 + 148t2 — 160t +93 =0

= (2t — 1)? (624t* — 80t + 624t* + 212t +93) =0

e

A-G
Now, 624t + 624t> > 1248t3 > 80¢3
(whent>0andt=,y>0)=e>0,Vt>0
Fort=0,e=93>0=>VvVt>0e=>0
2t=1=t 1 1 1 0
= >t=—> = = =
2 TNYTRT YT TX

~only solutionis (x,y) = (0,%), Att = % f'(t) = _% <0

satt= %,f(t) attains a maxima, and - f(t) never attains a minima

vez 0, fO)<f(5)=2But() = fO =2 t=3> [y=2=y=1

y
Putting, y = % in(1),vx+1=1=x=0. onlysolutionis (x,y) = (0,%)

90. Find z € C such that:
{ lz—7—-i| =3V2
lz—1-7i| <3V2

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ravi Prakash - New Delhi — India
Twocircles|z—7 —i| =3V2and|z—1 - 7i| = 32
touch each other externally as |[(7 + i) — (1 + 7i)| = 6v/2 = 3V2 + 32
Thus,|z—7—i|=3v2 (Q)and|z—1-7i| <3V2
meet exactly at one point viz. the mid — point 4 + 4i of segment AB
where A(7 +i),B(1 + 7i)
Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo

(x-7)+(@y-1)7*=18

(x-1)2+(y—-7)2%<18 ¥)

Letz = x + yi. Then: {

We seek first for solutions of system:
{(x—7)2+(y—1)2 =18 ~{x2 — 14x + y*> — 2y = —32
(x—1)2?+(@y—-7)?=18 |(x*-2x+y*—14y=-32
Substractingwe get: 12x — 12y =0=>x =y
Substrabting in first equation, we get:
2x* —16x+32=0=x*-8x+16=0=x=4.S0y = 4.
Obviously circles are tangentially outside, so solution of initial system is

(4,4). Conclusion: Solution is z = 4 + 4i.

91. Solve in real numbers:

(3x+3y+3z+3t:24

log,x +log, t=1y
X y 1

x4+y2+x2+y4:E
Proposed by Daniel Sitaru — Romania

Solution 1 by Redwane EI Mellass — Morocco
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- from the equation 2: x,t,z # 1 > 0.

AM-GM 1y2x 1

. x%y y*x . y2x
- . + —— = X
from the equation 3: 2 g = 1 () with 2yt

2xy2 2

- xzy yzx 1 .
=1- =>-=>v>0. - *
it follows iy? 2yt 22> 0. Now we can use AM-GM in (x),
x2y yix 1 /x%y xyz)
=+ ) =1 >=>2x =
we get xt+y?  xZ+yt T2 (xzy xy? 1 r=Yy
: 2x 2 — oy —
So(*):1+x2—1<:>(x—1) =0=>x=y=1.

- from the equation 2, log(t) = log(z) =t = z.
- fromtheequation1,2:-32+6=24=>3?=9=z=t=2
Finally (x,y,z,t) = (1,1,2,2). NB: The trap of the problem is we
can't know at firstify <Oory > 0!
Solution 2 by Ravi Prakash — New Delhi — India

Clearly,x > 0,t >0,z >0,z # 1. From 3rd equation

oy 777) * (ay~459) =
2xy x*+y? 2xy x2+yt)
(x* +y% —2x%y) (2% +y* —2xy%) (**-y)? (x-yH)?
+ =0> + =

2xy(xt + y?) 2x(x2+y%) T T (xt+y?) a2yt

>x2—-y=0x-y*=0=2yt=x*=y=>y(*-1)=0
=>y=1 [“yeR,y+ 0] x=1.From2ndequation
log,t =y=1[~log,x = 0] = t =z From first equation
3+3+32+37=24=>2(3%)=18=>z=2.x=1,y=1,z=2t=2

92. Solve the system of equations:

{ Vx+ Jy+Vz+1=4/xyz

xy+yz+zx+3:2.(w+w+w) (1)
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Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Hoang Le Nhat Tung — Hanoi — Vietnam

- Wehave:x>0,y>0,z=>0

Vx=a x = a?
- Put{\/y=b;(a=0,b=0,c>0) o{y=b>
\/E:c Z:C2

a+b+c=1=4abc

- Therefore, (1): {azbz + b2 + c2a? +3 = 2(Va + VB +¢) (2)
* Lemma: Leta,b,c = 0 suchthat: a + b + c =1 = 4abc then:
ab+bc+ca=a+b+c (3)

- Considering 3terms: a — 1; b — 1; ¢ — 1. Considering Dirichle,
Suppose: (a—1)(b—1) =0
©ab—-a-b+1>0oab>a+b—1sab+bc+ca>bc+ca+a+b—1 (4)
+ Since (3), (4), we need to prove:

bc+ca+a+b—-1>a+b+cSbc+ca>c+1cla+b)=>c+1 (5)

a+b+1

—Other:a+b+c+1=4abc<:>a+b+1=c(4ab—1)<:>c=4ab_1 (6)

Since (6) and (5). Therefore inequality:

(a+b+1)(a+b)>a+b+1+ o (a+b)2+(a+b)>a+b+1+4ab—1
4ab -1 ~ 4ab-1 4ab -1 - 4ab -1
o (a+b)?+(a+b)>4ab+ (a+b) = (a+b)>>4ab <= (a—b)>>0 (True)
= Inequality (5) True = (3) True:ab+bc+ca=a+b+c (7)
= Lemma is proven. * : Since inequality AM-GM for 2 real numbers:
a’b? + b*c? + c*a® + 3 = (a®b* + 1) + (b%c* + 1) + (c*a® + 1) = 2ab + 2bc + 2ca =
= 2(ab + bc + ca)

& a’b? + b?’c? +c*a’* +3 > 2(ab+ bc+ca) (8)

-Since (7), (8) = a?b? + b*>c®> + c*a’> +3>2(a+b+c) (9)
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-: Since inequality AM-GM for 2 real numbers:

2(Va+Vvb+Ve)=2va-1+2Vvb-1+2Vc-1<(a+1)+(b+1) +(c+1)=a+b+c+3 (10)
- Other, Since inquality AM-GM for 3 real numbers:

a+b+c 3_(a+b+c)3
3 o 27

a+b+c23-3\/abc=>abCS<

3
-Since (2) > a+b+c+1=4abc< 4(a+b+c)

o4(a+b+c)3=>27(a+b+c)+27 (11)
+Puta+b+c=t=0.Therefore (11):
S4t3>227t+27 2 43 - 27t - 2720
S 4t2(t—-3)+12t(t—-3)+9(t-3)>0< (t —3)(4t> +12t+9) >0
o (t-3)2t+3)2>0 ©t—3>0<t >3 (Because (2t+3)2>0,vt>0)
©a+b+c=>233<a+b+c (12
-Since (10), (12) = 2(Va+Vb++c)<(a+b+c)+(a+b+c)=2(a+b+c) (13)
-Since (9), (13) = a?b? + b*c? + c?a? +3 = 2(a+Vb +c) (14)

(a-1)(b—1)=0;a=0»
. . . ab+bc+ca=a+b+c o — . —
- Since (2), (14) = Equality occurs if a=b=c=1;ab=bc=ca=1®a_b_c_1

a=>0b=>0,c=0
@ﬁ:\/}:ﬁ:l@x:y:z:l
So the system of equation: (x,y,z) = (1,1,1)

Solution 2 by Aditya Narayan Sharma-Kanchrapara-India

1 1 1
Seta = x3,b = ys,c =z+ . x = a*;y = b*; z = ¢* Now,

a’ + b%* + c? + 1 = 4a®’b*c* (1)
a*b* + b*c* +c*a*+3=2(a+b+c) (2)

By AM-GM: a*b* + b*c* + c*a* + 1 > 4a®b?c?

31 > a? + b% + ¢ + 1. [From (1): (2)]

s@-1)?2+b-1)>2*+(c-1)?<0 (3

=s2(a+b+c)—
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But since they all are perfect squares,
(a—1)?2+b-1)2+(c-1)%2=0 (4
So (3); (4) imply, (a —1)* + (b —1)* + (c — 1)* =
csa=b=c=1-x=y=z=1
Solution 3 by Soumava Chakraborty-Kolkata-India
Solve inR:Vx + . [y +Vz+1=4/xyz (1)
xy+yz+zx+3=2(Vx+iy+Vz) (2
Ifx=0(1)=> /y+Vz+1=0
But,[y+vVz+1>1= y++z+1=0isimpossible,= x # 0
Similalry, it can be concluded thaty,z+# 0 -~ x,y,z# 0 . x,y,2> 0
Let¥x=a,*/y=b,Yz=c,ab,c>0
Then (1) = a? + b? + ¢? + 1 = 4a®b?*c?* (3)
(2) = a*b* + b*c* + c*a*+3=2(a+b+c) (4)
Now, @2 + b2 +c2+1 > 4YaZbEe?
~ (3) = 4a?b*c? = 4Va?b%c? = aPb8¢® > a?b?c?
= ab%c® > 1> abc>1
Now, 2(a+ b + ¢) < 2abc(a+ b + ¢) (;) 2(a?b? + b%c? + c*a?)
(v a®>+ B%+y%> > af + By +ya, wherea = ab, 8 = bc,y = ca)
(4), (5) = a*b* + b*c* + c*a* + 3 < 2(a?b? + b*c? + c*a?)
= 2(a2b? + b2¢? + c2a?) > ((a2b2)? + (b2c?)? + (c2a?)?) + 3
> (§ (a?b? + b%*c* + ¢ az)z) +3

(~ 3(u? +v? +w?) > (u+v+w)? whereu = a?b? v = b?>c?, w = c%a?)
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2
= 2t2%+3(wheret: a’b? + b*c? + c%a?)
>6t>t?+9=(t—-3)2<0
But (t—3)%2>0

~(t—3)2=0=t=3=a?*b?+b*c?*+c%a’ =3 (b)
But ¥ a®b? S 3Yaipici > 3 (+ abc = 1),
equalitywhena=b=c.Ya*h*=3=a=b=c (7)
~3a*=3(from(6),(7))=a=1=2>a=b=c=1
= x =y = z = 1is the only solution
Solution 4 by Saptak Bhattacharya-Kolkata-India

Clearly x,y,z >0
YVx+1=4/xyz (i)
2(XVx) -3 xy (ii)
(i) — (ii) gives
Y (WE-24x+1)+1= 4Tz - ) xy
SY(Wx—1)+1=4a/xyz-Jxy (iii)
Clearly LHS > 1.S0: RHS > 1. Thus: ¥ xy + 1 < 4,/xyz
Butby AM>GM: X xy+1> 4\/x_yz. Thus; Y xy +1 =4,/xyz

Thus; equality holds; possible if x =y = z = k (let). Thus, from (iii)

Z(4x—1)2:0=>x:y:z:1

93. Solve for integers:
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x(y+z)=y*+22-6
y(z+x)=2z*+x*—-6
zx+y)=x*+y* -6

Proposed by Marin Chirciu — Romania

Solution 1 by Serban George Florin-Romania

Ec(l)-ec(Qz(x—y)=y* -2 z(x—y)+(x—y)(x+y) =0,(x —y)(x +y +z) = 0, Case 1:

x(x+z):x2+zz—6{xz:zz—6 2 .2
, Z¢P—x*=3,(z—-x)(z+x)=3
2xz=2x%*—-6 2 )

x—y=0,x=y,{
xz=x“-3

5 lam2x=12.1-2-62=220
{z—x=3 _ o a2 _ B ,
tx=12=2%¥=y=-12-(-1)=2"-6-2=-2(A),2-(-1) = (-1’ -3 (A)
{ilii:;’Z:_27":—1,(—2)'(—1)2(—2)2—6,2=—2(F),
o B m2a=y =12 1=(-22-6-2=-2(A),(-2) 1=(-1* -3 ()

Case 2:

x-(—x)=y*+z*-6
X+y+z=03y - (-y)=x?+22-6,x2+y?+72 =6,y +7z2=6—-x*>0,x€{-2,-1,0,1,2}
z-(—z)=y*+x* -6

fx=-2y2+2z2=2y+z=-x=2,(-2,1,1) sol.
fx=2y2+22=2y+z=—-x=-2,(2,—-1,-1) sol.
Ifx=-1,y2+2z2=5y+z=-x=1,(-1,2-1),(-1,-1,2) sol
Ifx=1,y*+z>=5y+z=-x=-1,(1,-2,1),(1,1,-2) sol
Ifx=0y*+2z2=6,y+z=—-x=0(F)
s={(-1,-1,2),(1,1,-2),(-2,1,1),(2,-1,-1),(-1,2,-1),(1,-2,1)}
Solution 2 by Ravi Prakash-New Delhi-India

x(y+z)=y*+z2-6 (L);y@z+x)=2z>+x*-6 (2)
z(x+y) =x2+y* -6 (3)

Adding we get 2(xy + yz + zx) = 2(x? + y? + z> — 9)

=S xy+yz+zx =x*+y>+2z> -9 (4).From (1), (4)
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yz=x?>-3=x?>—-yz=23 (5).Similarly y> —zx =3 (6)
zZ2—xy=3 (7))~ x*—y*—yz+zx=0=> (x—y)(x +y+z) = 0, etc.
When x +y + z # 0, we get= x = y = z. Not possible in view of (5)
~x+y+z=0.From(l),weget—x*=y*+2z2-6=>x*+y*+22=6
andxy +yz + zx = -3 [from (4)]
Also, x>+ y* + (—x—y)?=6=>x*+xy+y? =
>x2+xy+y>-3=0

=>x= e EEOR %(—yi,/s(zt—yz))

2
Thus, -2 <y < 2.Similarly, -2 <x<2,-2<z<3

As x,y, z are integers
(x,y,2z) =(-2,1,1),(2,-1,-1),(-1,2,-1),(1,-2,1),(1,1,-2),(-1,-1,2)
Solution 3 by Soumava Chakraborty-Kolkata-India

= y2 + 72 — 6; +x) =z22+x2 -6 +v) = x2+vy2 —
x(y+z)(1)y 72— 6; y(z x)(z)z x2—6; z(x y)(g)x y: -6

WD+ +@B)>2Yx*-2Yxy=18
=>@x-y)P+@-2>+(@z-x)*=18

“ X,Y, z are integers, - possible values of

(x —y)?,(y — 2)% (z — x)? are (16,1, 1,) permutating and (9,9, 0) and
permutations, considering all 3 perfect square numbers whose
sum = 18.
Case (1):(x—y)?=9,(y —2)?=9,(z—x)>*=0.z=x,x—y==3
Case(1/a)iz=x,x—y=3=>y=x—3
~(A)=2>xQ2x—-3)=x*+x*-6x+9-6

>3x=3=>x=1=>y=-2,z=1= (x,y,z) = (1,-2,1) is asolution.
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Case(1/b):z=x,x—y=-3=>y=x+3
() =2>xQRx+3)=x*+x2+6x+9-6
>3 x=-3>x=-1=>y=22z=-1
= (x,y,z) = (—1,2,—1) is a solution.

Case (2):(y—2)2=9,(z—x) =9, (x—y)?>=0.x=y,y—z==3
Case(2/a):x=y,y—z=3=>z=y-3
~(D)=>y2y-3)=y*+y*-6y+9-6

>3y=3=>y=1=>z=-2,x=1= (x,y,z) = (1,1,-2) is asolution
Case (2/b):x=y,y—z=-3=>z=y+3

~(D)=2>yRy+3)=y*+y’+6y+9-6=>3y—-3>y=—
>x=-1,z=2,.(xy,2z) =(—1,—-1,2) is asolution.

Case(3):(z—x)!=9.(x—y)>=9,(y—-2)?=0.y=2zz—x==%3
Case(3a).y=zz—x=3=>x=z—-3

2 (2 222z-3)=z2>+z2*-6z+9-6=>z=1=>x=-2y=1

= (x,y,z) = (—2,1,1) is asolution.
Case (3/b):y=z,z—x=-3>x=z+3
2 (2)2zQ2z+3)=2*+22+6z+9-6=>z=-1=>x=2y=-1
= (x,y,z) = (2,—1,—1) isasolution
Case (4):(x—y)?=16(y—-2)?*=1,(z-x)*=1
wyt+ 7z —2yz=2% +x* - 2zx = y? — x? = 2z(y — x)
>x+y=2z(vy—x+0as(y—x)?=16)
+ (B2) (x +y) = 2% + ¥ — 6 (from (3))
S>x2+2xy+y?=2x2+2y* - 12> (x —y)? =

But (x — y)? = 16 = no solution.
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Case (5):(y—-2)?2=16,(z-x)?*=1,(x—-y)* =1
nzt+xt—2zx=x*+y? - 2xy=>z>—y?* =2x(z— y)
>z+y=2x(~z—-y+0as(z—y)? =16)

+ (B2) (v +2) = y2 + 22 — 6 (from (1))

:y + 72 +2yz:2y + 2272 —12=>(y—z)2:12
But (y — z)? = no solution.

Case (6):(z—x) =16,(x—-y)?=1,(y-2)%*=1
wx2+y?—2xy=y*+ 2> -2yz>x* - z?> = 2y(x — z)
=>x+z=2y(~x—z#0as(x—2z)*=16)
acﬂyx+ﬂ—x-+z—6Gme»zQwJV:12
But (x — z)? = 16 = no solution. . all possible integer solutions are:
(x.y,2) =(1,-2,1),(-1,2,-1),(1,1,-2),(-1,-1,2),(-2,1,1),(2,-1,1)

94.Find x,y, z € (0, ) such that:

y
f'f—f:mb)
| yoe=n()

I y n y
kay +3y*+5z* =10

Proposed by Daniel Sitaru — Romania

Solution 1 by Serban George Florin-Romania
fx>y=x*>y>x°-y*>0=m(2)<0 (F)
fx<ysx*<y’=sx -y <0=m(2)>0 (F)

>X=y
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Ify>z=>y5>z5=>y5—z5>o=>]n(§)<o (F)
Ify<z=>y5<z5=>y5—z5<o=>]n(§)>o (F)
Sy=zS5Xx=y=2z
2x* +3y% + 5z = 10 = 2x* + 3x* + 5x* = 10

10x*=10=>x*=1,x€(0,0)2x=1>x=y=z=1

Solution 2 by Rovshan Pirgullyiev-Sumgait-Azerbaidian
x* - y® :ln¥=>x3 —y3=Ilny—-Inx=x3+Inx=y3=Iny
f(®) =3 +Intinjective=> x =y

z
y5—25:ln;=>y5+]nyzz5+]nz

f(t) =t> +1Int injective > y =z

X=y,y=Z
2x*+3y2+52 =10 3 10x*=10=>x*=1=>x=1

Answer (1;1;1)
Solution 3 by Soumava Chakraborty-Kolkata-India
6] (2)

Find x,y,z € (0,»0); x* —y3 2 1n e),y5 —2z°=1n G)

3)
2x*+3y? +5z* 2 10

LD =x3+Inx=y3+1Iny
Let f(w) = u? + Inu; f'(u) = 3u? +i> O,Vvu=>0
~ f(u) isincreasingon (0,o) = f(x) = f(y) =>x=y
2)=y’+Iny=2z>+Inz

Let fo(v) = v°> +Inv
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fo(w) =5v*+ % >0Vwv>0>= fy(v) isincreasing on (0, x)
“fo=fo(2)=>y=2z ~x=y=1z
~ (3) becomes 10x* = 10 = x = 1 -~ only solutionis (x,y,z) = (1,1,1)
Solution 4 by Geanina Tudose-Romania

x3+Inx=y3+Iny
The system can be rewritten{ y5 +Iny = z°> +Inz
2xY +3y*+ 5z =10

Let £: (0,0) - R, f(x) = x3 + In x a sum of strictly increasing functions,
so f strictly increasing = fonetoone=>x =y
g:(0,0) > R, g(x) = x*> + Inx similarlywe have y = z
The last equation becomes 5x* +5x* =10 o x* =1 x=1

Note for x > 1 = x* > 1 so x* = 1 doesn’t have solutions for

1
O<x<l1lx= %,a >1= G)“ = 11 < 1, again with no solution

aa

Hencex=y=z=1.

95. Solve in (0, 2m):

sin(1 + x) +sin(1 + 2x) +---+sin(1 +10x) = 0

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios-Huarmey-Peru
Hallar los valores de x en el intervalo < 0,2 >:
sen(1+ x) +sen(1+2x)+--+sen(1+10x) =0
Sumando los extremos, se tiene que:
sen(1 + x) + sen(1 + 10x) + sen(1 + 2x) + sen(1 + 9x) + -

+ sen(1 + 5x) + sen(1 + 6x)
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Aplicando transformaciones trigonometricas:
2 (2 + 11x) (9x) . (2 + 11x) (7x) I (2 + 11x) (x) ~ 0
sen 2 COoSs 2 sen 2 COoSs 2 sen 2 COoSs 2 =

2+ 11x 9x 7x 5x 3x X
2sen (—) [c057+ c057+ c057+ c057+ cos—] =0

5 (2+11x)[ 9x+ x+ 7x+ 3x+ 5x — 0o
sen cosS > cos2 CcoSs > cosS > cosS 7| =

2+11x 5x 4x 5x 2x 5x
2 sen (—)

2 €05 —- + COS—-+ 2 €0S - cos —- + cos—-| =0
COoS COoS 2 COoS 2 COoS 2 COoS 2

2+11x 5x
T) cosT[Z cos2x+2cosx+1]=0-

2+11x 5x[4
2 )cos 2 cosS

Z+11x) -0 Z+11x 2mk—2

Zsen(

2

—>Zsen( x+2cosx—1]=0

Si: sen(

k © x =

— Valido para

k=1,234,56,789,10,11 > k€ Z

(2n+1)1‘t
_)

Si:cossz—xZO ——(2n+1) & x .

Validoparan=10,1,2,3,4 > neZ

1\2 5
:4coszx+2cosx—1:0—>(2cosx+i) :Z—>

x/§—1V _—V/5-1
1 COSX—T

. _V5-1 2w _ —V5-1 __4m ém
Sl.cosx———>x———S| cosx = > X=—,—
4 5'5 4 5'5

COoS X —

96. Prove thatV x € R:

2

2
<3\]2 sin 3x + 3(sinx ++/3 cos x)) + <3\]2 cos 3x + 3(\/§ sin x — cos x)> =

Proposed by Maria Elena Panaitopol — Romania
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Solution by Kevin Soto Palacios — Huarmey — Peru

Probar que: V x € R:

2 2

E = <3\]2 sen3x + 3(senx + /3 cos x)) + <3\]2 cos 3x + 3(\/§senx - cosx)) =4

Recordar lo siguiente: Angulo triple: sen(3M) = 3 sen(M) — 4 sen3(M)
cos(3M) = 4 cos3(M) — 3 cos(M)

A) 2sen3x + 3(senx + /3 cosx) = 2sen3x + 6(%senx+?cosx) =

= 2sen3x + 6 sen(x + 60)
2sen(3x + 180) = 6 sen(x + 60) — 8 sen®(x + 60)
= —2sen3x = 6sen(x + 60) — 8sen3(x + 60) &
& 2sen3x = —6sen(x + 60) + 8sen3(x + 60)

= 2sen3x + 6sen(x + 60) = 8sen3(x + 60) (A)
B) 2 cos3x + 3(vV3senx — cosx) = 2 cos 3x — 6(—?senx+%cosx) =

= 2cos3x — 6 cos(x + 60)

2 cos(3x + 180) = 8 cos3(x + 60) — 6 cos(x + 60)
= —2cos3x = 8cos?(x + 60) — 6 cos(x + 60) &
& 2cos3x = —8cos3(x + 60) + 6 cos(x + 60)
= 2cos3x — 6 cos(x + 60) = —8cos3(x + 60) (B)
De (A) A (B) se llega a lo siguiente:

E = 4sen?(x + 60) + 4 cos?(x + 60) = 4

97. Solve for real numbers:
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cos2x + cot3y = tan 5z
cot3y + cot5z = tan 2x
cot5z + cot2x = tan 3y

Proposed by Daniel Sitaru — Romania

Solution 1 by Seyran Ibrahimov — Maasilli — Azerbaidjan

cot2x =u cot3y =i cotS5z=s u,i,s+0
:u+i:%<=su+si:1 (1)
=>i+s:%<:>ui+su:1 (2)
:s+u:%<=si+ui:1 3)

D=Q)su+si=ui+su=1s=u
(D=@)su+si=si+tui=1os=i ->u=i=s
2)=Q@l)ui+su=situi=1ou=i

1 1
u(l,s)+u(l,s):m u'l'S:i\/_f
cot2x:u:ii cot3y:i:ii cotSZ:s:ii

V2 V2 V2
x=ilarctani+1n’k y=ilarctani+1n’k z=ilarctani+—n’k
2 V2 2 3 V2 5 V2 5
s>u>1i

su+si=1
ui+su=1 = su+si>si+ui (nNoanswer)
situi=1

answers =i=u==+

sl

Solution 2 by Soumava Chakraborty — Kolkata — India
Letcot2x = a,cot3y = b,cot5z =

tan 2x,tan 3y, tan 5z are defined, cos 2x,cos3y,cos5z# 0 = a,b,c # 0
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a+b:% (1)

b+c== (2)

c+a:% (3)
W-@=a-c=-->s(@-c)(1--)=0 (4)
(2)—(3)=>b—a:%—%=>(b—a)(l—a—lb)zo(5)
(3)—(1)=>c—b=%—%=>(c—b)(l—i)zo (6)

If1=$,then%=a=>a+b=a(form(1))=>b=0

1

If1=—,
ab

then%:a=>c+a=a(from(3))=>c=0
If1=i,then%=b=>a+b=b(from(1))=>a=O
Buta,b,c #0, 1#— 1%~ 1%—
ac ab bc

4),5),(6)=>a=b=c

N | =
NIl

Puttingb:c:ain(l),a+a:%=>a2:—=>a:i
(L L1 11 1
(aybyc)_(ﬁyﬁyﬁ)or( \/E, \/E, \/E)
1
cot2x:cot3y:cotSZ:\/—E:tan2x:tan3y:tan522\/i

1
= 2x =tan }(V2) +nr > x = E(tan_1 V2) + nz_n

1 ! 1 14
y= Etan_l(\/i) + - n;z = Etan_l(\/i) + n51t

3

o — — - _1 S PO | nn
Similarly, cot2x = cot3y = cot5z = -5 =x=—;tan (V2) + 2

n'n
5

1 ' 1
y = —Etan‘l(\/f) + n31t; z= —Etan‘l(\/f) +
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(
I
solutions are: 4 y==

98. Prove that without using a computer:
ﬂ"+2 > (1t+ 1)1r+1

Proposed by Regragui El Khammal-Morocco
Solution by Daniel Sitaru-Romania

f(0,0) > R; f(x)=(x+2)Inx— (x+1)In(x + 1)

7 _ Z. ” _ 1 2 7. .
f(x)=Inx—In(x+ 1) += f (x)= e +-> 0 = f increasing

x—1 1

e Lam) oni)2eloo

f'(x) > 0 = fincreasing f(r) > f(2)
(m+2)lnr—(r+DIn(mx+1)>0

99. Prove that:

1 1 1 1 1 1
+ + > + +
In4 In9 In25 In6 In15 1In10

Proposed by Daniel Sitaru — Romania
Solution by Myagmarsuren Yadamsuren — Mongolia

In4=2:-In2 In6=In2+1In3
In9=2:-In3 In15=1In3 +1In5
In25=2:In5 In10=In5+1In2

1“2:"] 1,1 1 1 1 1 1
]n3:y —(—+—+—)> +

> +
InS = 7 2\x y z x+y y+z z+x
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Z Z (1+1)2"BS1 (1 1)
x;yzx+y 4xyzx+y 4 x+y y
S (E DG )= E Gty

100. Without Softs! Just Think!-2

Prove that:

l —
"5

In9

In 25

In4
|3
"o

In 25

In4
In9

l_
s

>In8In271n 125

Proposed by Daniel Sitaru — Romania

Solution by Myagmarsuren Yadamsuren — Mongolia

lnE In4 In4
3
In9 In— In9/>In8:1In27 -1In125
27xyz

In25 1In25 lna

x=In2; y=In3; z=1In5
x—(y+2z) 2x 2x

2y y—(x+2) 2y =

2z 2z z—(x+y)
=4xyz+4xy- (y+x)+4yz-(y+z) +

Bergstrom
+4zx-(z+x)—(x+y—2) - (y+z—%x) - (z+x—y) 3
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Cauchy
> 3xyz + 4xyz - (E+X)+(X+E)+(E+f) S 27xyz
=Xy y y X z y X Zz - y
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



