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PROBLEM 135 - TRIANGLE MARATHON 101 - 200

MARIN CHIRCIU
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2. In ∆ABC
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Proof.

Using the CBS inequality, we have:(∑
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∑

ab = 2p · (p2 + r2 + 4Rr)

Gerretsen︷︸︸︷
≤

≤ 2p · (4R2 + 4Rr + 3r2 + r2 + 4Rr) =

= 2p · 4(R+ r)2, wherefrom
∑
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√
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√
2p

The equality holds if and only if the triangle is equilateral.
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Remark

We can write the double inequality:

3. In ∆ABC
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√
a ≤ 2(R + r)

√
2p ≤ 3R

√
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Proof.

Taking into account Euler’s inequality we obtain 2(R+ r)
√
2p ≤ 3R

√
2p.

The equality holds if and only if the triangle is equilateral.
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Remark.

In the same note we can propose:

4. In ∆ABC
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Proof.
Using CBS inequality we have:(∑
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√
b+ c

)2

=

(∑√
a
√
a(b+ c)

)2∑
a·
∑

2bc = 4p·(p2+r2+4Rr)

Gerretsen︷︸︸︷
≤

4p·(4R2+4Rr+3r2+r2+4Rr) = 4p·4(R+r)2, wherefrom
∑

a
√
b+ c ≤ 4(R+r)

√
p.

Taking into account Euler’s inequality we obtain 4(R+ r)
√
p ≤ 6R

√
p.

The equality holds if and only if the triangle is equilateral.
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Remark

The inequality can be strengthened

5. In ∆ABC

a
√
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√
a + nb ≤ 2(R+r)

√
2(n + 1)p ≤ 3R

√
2(n + 1)p, where n ≥ 0.
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Proof.
Using CBS inequality we have:(∑
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(∑√
a
√
a(b+ nc)

)2

≤
∑

a·
∑

(n+1)bc = 2(n+1)p·(p2+r2+4Rr)

Gerretsen︷︸︸︷
≤

= 2(n+ 1)p · (4R2 + 4Rr + 3r2 + r2 + 4Rr) = 2(n+ 1)p · 4(R+ r)2, wherefrom∑
a
√
b+ nc ≤ 2(R+ r)

√
2(n+ 1)p.

Taking into account Euler’s inequality we obtain 2(R+r)
√

2(n+ 1)p ≤ 3R
√
2(n+ 1)p.
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Remark

For n = 0 in 5. we obtain 3., and for n = 1 in 5. we obtain 4.
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